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ABSTRACT 

High shaft speeds of turbo machinery which are needed to achieve high energy 

densities and flow rates cause problems with shaft whirl, vibrations and 

rotordynamic instability. 

Most of the rotordynamic analysis can be carried out using a symmetrical rotor 

mounted on bearings with a mass imbalance. This is modeled as an oscillating 

spring-mass system with one or two degrees of freedom. 

Different combinations of elasticlrigid shaft with rigidlflexible bearings are 

discussed using Time History curves, Phase portraits, Poincare maps, Orbits and 

Velocity Profiles. The motion of an unbalanced elastic rotor on rigid bearings is 

categorized with respect to the ratio of the ForcinglNatural frequency of the 

system as Harmonic, Subharmonic, Ultraharmonic, Ultrasubharmonic and 

Quasi periodic. 

The stability and the limits of the journal motion in the bushing for Hydrodynamic 

bearings with linear1 nonlinear elastic and damping properties are discussed and 

are compared with the results given in literature. 
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NOMENCLATURE 

Chapter 2.1 

x, y, z - rectangular Cartesian coordinate system. 

x - in direction of the undeformed shaft axis; y, z - in plane of the disc 

m - mass of the disc 

k - effective stiffness of all bearings 

k, - bearing stiffness 

E - modulus of elasticity of the shaft material 

I - inertia of the shaft cross-section 

I - shaft length 

F(t) - centrifugal force acting on the disc at rotation 

o = (Wm)05 - natural frequency of the system 

R,, - critical speed of the system 

n,, - critical speed of the rotor 

Chapter 2.2 

x, y, z - rectangular Cartesian coordinate system 

X, Y, Z - dimensionless rectangular Cartesian coordinate system 

x, X - in direction of the undeformed shaft axis; y, Y & z, Z - in the plane of the 

disc 

W - disc center 



S - mass center 

m - mass of the disc 

k,, - stiffness of the shaft 

o = (kll/m)O-s - natural frequency of the system 

E - mass eccentricity 

cp - angle between WS and z-axis (see Figure 2.2.1.b) 

Q - angular velocity of the rotating disc (forcing frequency) 

p - integration constant (phase angle) 

2, - maximum displacement 

Z,,, - dimensionless displacement of W in z direction 2, 

q - ratio of the forcing frequency $2 I natural frequency o 

T - dimensionless time (~=wt) 

p - phase angle 

"e" (dot) - differentiation by t 

" I " (prime) - differentiation by r. 

YI," , 2;; - second derivatives with respect to the dimensionless time t. 

0 = R t = vr - longitudinal angle- Poincare Map (see Figure 2.2.6.7.1) 

0, = o t = r - latitudinal angle - Poincare Map (see Figure 2.2.6.7.1) 
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Chapter 3 8 Chapter 4 

xw, y,, zw - rectangular Cartesian coordinate system 

x, - in direction of the undeformed shaft axis; y,, zw - in the plane of the disc 

(Figure 3.2.1 .a) 

x,, y,, z, - rectangular Cartesian coordinate system 

x, - in direction of the undeformed direction of the shaft axis; y,, z, - in the mid 

plane of the bushing of length I (Figure 3.2.1 .b) 

0 -bushing Center 

L -journal Center 

D, R - diameter and radius of the bushing; 

AR- bearing clearance; 

a- rotating speed of the rotor 

ci,- coefficients of the damping matrix of bearing 

ki,- coefficients of the elasticity matrix of bearing 

E - eccentricity of the mass center S 

m - mass of the disc 

F,, =rng/2 - static load on bearing (Figures 3.1.2.1 & 3.2. I .b) 

So - Sommerfeld number (F, y2/IDq~) 

y = (D-d)/d - relative clearance 

I - bearing length 

D - bearing inner diameter 

xviii 



d -journal diameter 

q - viscosity of oil 

a - angle of the Line of Centers with the vertical 

8 - angle measured from the Line of Centers (anti-clockwise) 

R, - threshold speed 

p - dimensionless shaft deflection (WAR) 

f - deflection of the shaft due to its own weight (mglk) 

k - stiffness of the shaft 

So, - reference Sornmerfeld number (So. R l w )  

a = (klm)05 - natural frequency of the system 

Chapter 5 
- - -  
x y z - rectangular Cartesian coordinate system 

x, y, z - dimensionless rectangular Cartesian coordinate system 

- 
z , z - direction of the shaft axis; x, x 8 7 , y - mid plane of the length I of 

the bushing 

F,, - load per bearing 

D = 2R - bearing diameter 

C - radial clearance of the bearing 

E - mass imbalance eccentricity 

I - bearing length 



- 
h - oil film thickness 

h - dimensionless oil film thickness 
- 
p - oil film pressure 

p - dimensionless oil film pressure 

p, - reference pressure 

p - dynamic viscosity 

R - journal angular velocity 

t - time 

r - dimensionless time (Rt) 

F, - fluid film force in x -direction 

F, - fluid film force in y -direction 

f, - dimensionless fluid film force in x -direction 

f, - dimensionless fluid film force in y-direction 

M - one half rotor mass one half rotor mass 

rn- dimensionless one half rotor mass 

o - modified Sornmerfeld number 

p - dimensionless mass imbalance eccentricity 



Chapter 1 : Introduction 

1 .I Review of Literature of Rotordynamics 

Rotordynamics is a special area of the study of vibrations. In normal vibration 

studies the vibration is considered about a static equilibrium position. In 

rotordynamics the system vibrates about a steady motion, for example, rotating 

shafts, discs, blades etc. The engineering components concerned with the 

subject of rotordynamics are the rotors of machines, especially of turbines, 

generators, motors, compressors, blowers, etc. 

Turbo machinery produce or absorb an amazing amount of power in a relatively 

small package. This can be achieved only by high shaft speeds which allows 

high energy densities and flow rates. Along with high speed come high inertial 

loads and potential problems with shaft whirl, vibrations and rotordynamic 

instability which are addressed in rotordynamic analysis. 

In rotordynamic analysis a remarkable amount can be explained by considering 

the dynamics of the rotor as single degree of freedom oscillator. The mechanical 

replacement model is a simple spring-mass system. 

Rankine, Laval, Dunkerley and Foppl can be named as the pioneers who worked 

on rotordynamics. In 1869 Rankine [I] observed and discussed the existence of 
- 

critical speeds. In 1883 Laval built a steam turbine with an operation speed 

ranged up to 40,000 rpm and named it after him. In this turbine he used an 



extremely flexible shaft. He observed and found engineering solutions for most 

problems of rotordynamics, such as whirling, critical speeds and acceleration 

beyond the critical speed [2]. 

In 1895 the fundamental investigations of Dunkerley [3] and Foppl appeared. 

The appearance of several critical speeds of a shaft and that they were same as 

the natural frequency of a non-rotating shaft under certain circumstances was 

recognized by Dunkerley. Calculation of the critical speed of cylindrical shafts 

with several discs and bearings, gyroscopic effect and its dependency on speed 

were also discussed by Dunkerley. Foppl was the first to give a satisfactory 

theory for shaft whirling and did extensive experimental work on the dynamics of 

the single-d isc rotor, which he called ,,Lava1 Rotor" [4]. 

In 1910 Stodola presented [S] a graphical procedure to calculate critical speeds, 

which was widely used until the appearance and use of the digital computers. 

Most of the work upto 1957 in oil-fim bearings in rotordynamics was done by 

Newkirk. The phenomenon of instability was described in detail by Newkirk [6, 71. 

He explained them in a very detailed and graphic way. Thereafter Lund [8] 

gives an overview of the field upto 1 987 and the latest results can be found in 

the reference by Someya [9] among others. 



The literature in Rotordynamics that are used in this work for comparison of the 

results are by Gasch & Pfiitzner [IO], Vance [ I  I ] ,  Dimarogonas (21, Kramer [12], 

Chong- Won-Lee [13], Loewy & Piarulli [14 1. 

In all the literature mentioned above a ,,simple rotor model" i.e. a disc with mass 

imbalance, mounted at the middle of a shaft was considered for basic 

rotordynamic analysis. This was modeled as an oscillating spring-mass system 

and its motion was considered in one and two degrees of freedom. The 

possible combinations of elasticlrigid shaft with rigidlflexible bearings were 

discussed. The elastic and damping properties of Hydrodynamic bearings were 

considered to be linear. The stability of the motion was analyzed using Routh- 

Hurwitz Stability criterion , where the operating speed of the rotor was compared 

with the calculated threshold speed given as a function of the sornmerfeld 

number in diagrams [2, 10, 1 I] .  The motion of the disc center was explained by 

Orbit diagrams. 

1.2 Nonlinearity in Physical Systems 

When physical systems are considered, in most of the cases certain idealizing 

assumptions or limitations are introduced. One of the most critical assumptions is 

that of the linearity between the two variables (force and displacement, stress 

and strain, current and voltage, etc.) - 



In a real physical system it is almost impossible to find an ideal as linear 

behavior under all conditions. 

The nonlinearity of the system can be caused by one of the following [2]: 

Material nonlinearity: 

Relation between stress and strain in rubber like materials. 

Deformation of materials beyond the elastic limit. 

Geometric nonlinearity: 

Caused due to nonlinear relation between force and deformation even within the 

elasticity limit of materials due to large deflections, contact stresses, closing gaps 

& backlash. 

Kinematic nonlinearity: 

Can be caused due to large motions, which change the system configuration 

continuously such as in 'linkages'. 

When a physical system is analyzed, its behavior can be modeled in a 

mathematical form as an equation. If the system is assumed to behave as 

linear, a linear equation can be used to express this system. If the system is 

assumed to behave as nonlinear the equation which represents the system will 

be nonlinear. Solving a nonlinear differential equation is much more complex 
- 

than solving a linear differential equation. Exact or approximate solutions are 

known only for a few nonlinear differential equations. These equations can be 



solved by rational approximate methods or by purely numerical methods [I 51. 

With the help of modern computer most nonlinear problems can be solved at 

moderate computation effort. 

Nonlinearity of a system is a certain factor, which could contribute to cause a 

chaotic behavior of a system. For the analysis of nonlinear systems the following 

can be used and they are explained in literature such as by Moon [16], Baker 8 

Gollub [17]. 

Phase portrait 

Poincare Map 

Equilibrium points 

Limit Cycles 

Periodic and Quasiperiodic motion 

Chaotic motion 

Stability of motion 

1.3 Chaos and Nonlinearity 

We very often say observations are chaotic when there is no desirable regularity 

or order. For example, if a spatial pattern appear to have less symmetry than 
C 

other more ordered states, we would refer it to be chaotic. 



However these observations are not of random events such as Ripping of a coin. 

Chaotic dynamics refers to deterministic development with chaotic outcome [I 81. 

This means that the system evolves from moment to moment in a deterministic 

way. This is the difference from random system where the present observations 

have no casual connection to the previous one. The result of a coin toss does 

not depend anyway to the previous one. A system, which shows chaotic 

dynamics, evolves in a deterministic manner, but if measurements are made on 

this system they do not help to predict the state of the system moderately far into 

the future. Nonlinearity of a system can cause dynamical chaos under certain 

conditions. 

In the case of chaos we find that chaos is not possible without nonlinearity. 

Nonlinear relations are not sufficient for chaos, but some form of nonlinearity is 

necessary for chaotic dynamics. 

1.4 Dynamic Descriptors for a Rotor 

Dynamic behavior of a rotor system may be observed by using one or more of 

the following descriptors [I 91. 



f.4.1 Time History (& vs. r) 8 r / ,  vs. s) 

Time History is shown on a plane where the displacement and time are the 

coordinates. The displacement of motion with variation of time is shown. It is 

known that typical nonlinear dissipative systems exhibit a start up transient, after 

which the common motion settles down towards some form of long-term 

recurrent behavior. When the motion is periodic, it is repeated at regular 

intervals, but when it is chaotic it has a random-like appearance (1 91. 

7.4.2 Phase Portrait (z, vs. Z J, r / ,  vs. YJ 

The phase portrait can be understood as a projection of a 3-D orbit of a motion 

on to a plane of displacement & velocity. The third coordinate of the 3-D orbit is 

'time'. The parameter 'time' does not appear explicitly. The phase portrait is a 

graphical construction that retains more information about system behavior than 

a graphical solution for x(t) would give. This portrait is a closed orbit when the 

motion is periodic. For a chaotic motion, the trajectory of the motion is very 

complex. It does not constitute a closed orbit: nevertheless the motion remains 

bounded. 

Sometimes in nonlinear analysis the long time phase portrait as well as the time 

history and frequency spectrum reveal little about any underlying structure that 

may exist [20]. These can be uncovered by using a Poincare Map. 



Some of the complexities, which we find in the phase trajectories associated with 

nonlinear differential equations, can be illustrated by examples taken from the 

domain of the linear differential equations where these equations contain forcing 

functions [21]. 

1.4.3 Poincare Map (2, vs. 2 J 

A Poincare Map is a device invented by Henri Poincare, a French 

mathematician, as a means of simplifying space diagrams of complicated 

systems. Phase portrait or time history does not uncover all the properties of a 

motion. In order to uncover these properties a new way of visualizing these 

properties is necessary. Poincare map is constructed by viewing the phase 

space diagram stroboscopically in such a way that the motion is observed 

periodically. 

To construct a Poincare Map, for example, consider a vibrating system with a 

natural frequency a, which undergoes a harmonic excitation of a frequency Q. 

Pick arbitrarily a starting time record the point [x(L), I&)], and plot the point in 

the phase plane. Then wait until the excitation has gone through one full cycle, 

so that t = t, = 1, + 2x1R (ifR > o) and record and plot [x(t,), ;(t,)]. Continue this 

process of recording and plotting x and ; at time intetvals ~t = 2nlR, that is n.t = 

1, + 2xnIf2. Do this until a large number of points have been plotted. This plot 

consists of a set of discrete points rather than a continuous curve in the phase 



plane. This general method is used mostly to construct a Poincare map. For the 

case R < a, how to construct the Poincare map and the choice of the frequency 

are discussed in detail in Section 2.2.6.6. 

Henri Poincare explored nonlinear dynamics extensively in the nineteenth 

century and paved the way for analysis of nonlinear behavior. 

1.4.4 Orbit Analysis (Z, vs. Y J 

The Orbit is shown on a plane where the displacements in two orthogonal 

directions are the coordinates. This shows the real trajectory of the motion of the 

point considered. The stability and the maximum displacement can be read 

directly from the diagram. Whether the journal rubs the bushing can be directly 

observed from the diagrams as the total motion of the journal on y-z plane is 

given. 

1.4.5 Spectrum Analysis 

The time evolution of a dynamical system is represented by the time variation 

f(t) or (when sampled at regular intervals) time series of its dynamical variables. 

Any function f(t) may be usefully represented as a superposition of periodic 

components. The determination of their relative strengths is called spectral 

analysis. If f(t) is periodic, then the spectrum may be expressed as a linear 

combination of oscillations (Fourier sefies) whose frequencies are integer 

multiples of a basic frequency. If f(t) is not periodic, then the spectrum must be 



expressed in terms of oscillations with a continuum of frequencies. Such a 

spectral representation is called Fourier transform of f(t). This representation is 

especially useful for chaotic dynamics [I 91. 

1.5 Subjects Concerned in the Thesis 

The main objective of this work is to analyze the motion of rotors on bearings 

using Phase-portrait and Poincare map. The rotor under study consists of a 

disc and a shaft. The disc is mounted perpendicular to the shaft axis and 

symmetrical to the bearings. The rotor is supported on two identical bearings. 

The disc of the rotor is assumed to have a mass imbalance. This is the same 

simple rotor model analyzed in the literature by Gasch & Pfijtzner [I 01, Vance 

[I I], Dimarogonas [2], Kramer [12], Chong- Won-Lee [13], Loewy & Piarulli [I4 1. 

In the above mentioned literature no attempt has been made to explain the 

motion of the rotor using Phase portraits (Velocity vs. Displacement) or by 

Poincare maps. These tools are widely used in non linear analysis. This 

triggered an idea to analyze the motion of a linear rotor using Phase portraits 

and Poincare maps. In this work rotordynamic analysis is carried out using Time 

History curves, Phase portraits, Poincare maps, Orbits and Velocity Profiles and 

the results are compared with the the results given in literature. Using the same 

technique a rigid rotor on nonlinear hydrodynamic bearings are analyzed and the 

results obtained are compared with the work done by Russo [22]. 



Phase portraits, Poincare maps & Orbits are used in this work to obtain following 

vital results and answer the questions raised below on the motion of a rotor : 

Linear elastic unbalanced rotor on rigid bearings: 

Categorization of the motion with respect to the ratio of the forcinglnatural 

frequency of the system as Harmonic, Subharmonic, Ultraharmonic, 

Ultrasubharmonic and Quasiperiodic (23, 241. Use this categorization to 

determine physical properties of a rotor. 

Study the stability of the motion. Is the motion periodic or Quasiperiodic? 

Rigid I linear elastic unbalanced rotor on hydrodynamic bearings: 

Study the stability of the motion. Is the motion periodic? Is the displacement 

of the oscillation constant or monotonically increase? 

Study the motion of the journal in the bearing. Does the journal rub the 

bushing? 

Rigid unbalanced rotor on non-linear hydrodynamic bearings: 

Study the stability of the motion. Is the motion periodic, Quasiperiodic or 

chaotic? 



Rotor and Bearing combinations with different shaft and bearing properties, 

studied in this work are given below. 

ia) Rigid Rotor on Linear Elastic Bearings (One Dimensional; with mass 
imbalance) 

ib) Elastic Rotor on Rigid Bearings (One Dimensional; with mass imbalance)) 

iia) Elastic Rotor on Rigid Bearings (Two Dimensional; no mass imbalance) 

iib) Elastic Rotor on Rigid Bearings (Two Dimensional; with mass imbalance) 

iii) Rigid Rotor on Linear Hydrodynamic Bearings (Two Dimensional; with mass 
imbalance) 

iv) Elastic Rotor on Linear Hydrodynamic Bearings (Two Dimensional; with 
mass imbalance) 

v) Rigid Rotor on Non Linear Hydrodynamic Bearings (Two Dimensional; with 
mass imbalance) 

ia) Rigid Rotor on Linear Elastic Bearings (One Dimensional) 8 
ib) Elastic Rotor on Rigid Bearings (One Dimensional) 

This is the simplest model used for Rotordynamic analysis and only one 

dimension of the lateral motion is considered [I I]. The rotor model is reduced to 

a simple spring-mass system and by equating the natural frequency of the 

system to the rotor angular velocity the I st critical speed of the rotor is 

determined. This same method is used in Case ib, instead of the bearing 

stiffness, the stiffness of the shaft is considered. To observe the total motion of 

the rotor both dimensions of the plane of the disc are to be considered. 

(All the other cases studied are in two dimensions) 



iia) Elastic Rotor on Rigid Bearings (Two Dimensional; no mass imbalance) 
iib) Elastic Rotor on Rigid Bearings (Two Dimensional) 

In case iia) an elastic rotor on rigid bearings is considered. Case iia has been 

studied in most of the Rotordynamic analysis literature [2, 10, 11, 12, 13 8 141. 

The orbit of the disc centre for different initial condition has been given in Kramer 

In case iib), this study forms the main portion of the thesis work. The motion of 

the plane of the disc in two orthogonal directions (y-z) is considered. The motion 

of the disc centre for various ratios of the Forcing frequency1Natural frequency of 

the system is studied and categorized. This is categorized as Harmonic, 

Subharmonic, Ultraharmonic, Ultrasubharmonic and Quasiperiodic. Nggins 

[25], Nayfeh & Mook [26] have given this type of categorization for a forcing 

system. 

The Equations of motion are non-dimensionalized and solved numerically. It was 

found convenient to use the non-dimensional equations because the variable 

(frequency ratio) appeared only once in the equation. 

The numerical results are presented in the form of diagrams such as Time 

History Curves, Phase Portraits, Poincare Maps, Orbits and Velocity Profiles. 

The Phase Portrait and the Poincare Map give more information on the motion 

of the rotors than the Time History curve alo5e. The Poincare Maps drawn on 0 - 



0, plane given by Wiggins and the Poincare Maps drawn on z- z' plane are 

compared and discussed. 

As a conclusion of this study it is explained how to categorize the motion and to 

determine the natural frequency of the rotor system for a given response of the 

rotor. 

iii) and iv) Rigid I Elastic Rotor on Linear Hydrodynamic Bearings (Two 
Dimensional) 

The hydrodynamic bearings are considered to have linear elastic and linear 

damping properties. In case iii, the rotor shaft is considered to be rigid and in 

Case iv it is considered to be linear elastic. The stability of the motion of the rotor 

is discussed in literature [ Z ,  10, 11, 12 & 131. In this literature, the threshold 

speed of the rotor was determined using the Routh-Huwitz Stabilty criterion. 

The Threshold speed was given in a diagram as a function of the Somrnerfeld 

number. This diagram shows the stable and unstable regions which is of great 

importance to the rotor designer. In this study the equations of motion 

established for the disc centre and for the journal centre were numerically solved 

using the 4m Order Runge-Kutta-Method. The results giving the motion of the 

disc center and the journal centre are given in diagrams as Time History Curves, 

Phase Portraits and Orbits. From these diagrams it is possible to determine 

whether the motion is stable or not. These results are compared with the results 

given in [I 01. In addition to the stability of the motion, it could be determined from 



the diagrams whether the journal rubs the bushing or not. This aspect is of great 

importance to the rotor designer and is not mentioned in the literature [2, 10, 1 1, 

12 8 131. 

v) Rigid Rotor on Non Linear Hydrodynamic Bearings 

In this case the rotor shaft is considered to be rigid and the bearings are 

considered to be having nonlinear elastic and damping properties. The bearing 

forces generated by the rotor motion are derived from the Reynold's Equation 

and are applied to a short bearing. The equations are based on some 

modifications of the equations derived by Capone [27]. The equation of motion 

of the journal center is established using the Newton's 2nd Law of motion and 

substituting them in the equations of the nonlinear bearing forces [22, 27 8 281. 

In this study the equations of motion given for the journal centre in [22, 27 8 281 

have been simplified and are numerically solved using the 4m Order Runge- 

Kutta-Method. The results of the motion journal centre are given in the diagrams 

Time History Curves, Phase Portraits. Poincare Maps and Orbits. The results 

obtained by numerically solving the Equations of motion are compared with the 

results given by Russo [22] on the stability map. 



Chapter 2: Rigid and Elastic Rotor on Rigid and Elastic 
Bearings 

By considering a rotor (a disc and a shaft) mounted on bearings as a simple 

single degree of oscillating spring-mass system, the first critical speed of the 

rotor can be approximated by the natural frequency of this spring-mass model 

2.1 Rotor Model (One Dimensional) 

Consider a simple rotor, which consists of a disc and a shaft [Figure 2.1.a and 

2.1 .b]. The disc center W is mounted at the middle of the shaft and the mid plane 

of the disc is perpendicular to the shaft axis. The rotor shaft ends are mounted 

on bearings. The mass center of the shaft S is eccentric to the geometric center 

W of the shaft by E .  A right handed-rectangular Cartesian coordinate system 

with the origin 0 at W is considered. The x-axis lies in the shaft direction; y and 

z-axes lie on the plane of the disc. 

When the disc rotates it is excited by the generated centrifugal force due to its 

mass eccentricity. 

The vibration model of this rotor system can be represented by a simple spring- 

mass model with a single degree of freedom[~igure 2.1 .c], i.e. the mass which is 

connected from one side to the spring vibrates laterally only in one direction. 



Assumptions 

1. In one case the Rotor shaft is assumed to be rigid compared to the elastic 

bearings (see Figure 2.1 .a), in the second case the Rotor shaft is elastic 

compared to the bearings which are assumed to be rigid (see Figure 2.1.b). 

2. The shaft is considered to be massless. 

3. The mass of the disc is concentrated at the mass center S. 

4. The disc is mounted perpendicularly to the shaft axis and symmetrically to the 

bearing ends. 

5. For rigid shaft on elastic bearings the effective stiffness is the stiffness of all 

the bearing supports considered in parallel. 

6. The stiffness of the bearings is equal. 

7. For elastic shaft on rigid bearings the effective stiffness is the stiffness of the 

shaft. 

~t - :  

Figure 2.l.a: Rigid Rotor on Linear Elastic Bearings with a Single Degree of 
Freedom [I I] 



Figure 2.1.b: Elastic rotor on Rigid Bearings with a Single Degree of 
Freedom [I I] 

k- effective stiffness; F(t) - Centrifugal force acting on the disc at rotation 

Figure 2.l.c: Spring-Mass Model of the Rotor on Linear Elastic Bearings with a 
Single Degree of Freedom (1 I] 



The vibration of the spring-mass system can be expressed by the following 

equations: 

Applying Newton's 2" law of motion in z direction we can write 

M f w +  kz,,. = F  ( t )  (2.1) 

and dividing both sides of Equation (2.1) by m, we get 

F(t) - Centrifugal force acting on the disc at rotation 

M - mass of the disc 

Rigid shaft on elastic bearings; 

The effective stiffness k of all bearings considered in parallel can be written as 

k = 2k, (2.3) 

k, - bearing stiffness. 

Elastic shaft on rigid bearings; 

The effective stiffness k is the stiffness of the shaft in bending and can be 

calculated as 

E - Elasticity module of the shaft material - 

I - Inertia of the shaft cross section 



I - shaft length 

Substituting Urn by o2 we can rewrite Equation (2.2) as 

zjv +O 'zlV = F ( f )  (2.5) 

where o is the natural frequency of the system. 

The first critical frequency Rdl of the rotor is, when the natural frequency o of the 

system is equal to the rotating frequency ( forcing frequency) of the rotor. 

Therefore the Is' critical speed n,, of the rotor is, 

2.2 Elastic Rotor on Rigid Bearings (Two Dimensional) 

The simplest model of a rotor system, is a disc located at the center of an elastic, 

massless shaft. Both ends of the shaft are assumed to be identically supported 

on rigid bearings. It is assumed that the disc remains in one plane so that 

gyroscopic effects do not manifest themselves [14]. This requires that any 

imbalance always occurs symmetrically with respect to the disc. Equations of 

motion for this linear system are derived by applying the Newton's second law of 
- 

motion with respect to the mass center of the disc in Gasch 8 Pfutzner [ lo] and 

also in Dimarogonas (21. The vibration amplitude is assumed to be small. This 



motion is described by two equations in a right handed-rectangular Cartesian 

coordinate system (two-degree-of-freedom). 

This rotor is commonly called as Laval Rotor. Laval rotor is named after the 

Swedish engineer Carl Gustav Patric de Laval(1845 - 191 3) who observed and 

found engineering solutions for most problems of rotor dynamics, such as 

whirling, critical speeds and accelerating beyond the critical speed. Laval rotor 

analysis is sometimes inaccurately credited to Jeffcott and the Laval rotor is 

sometimes misnamed the Jeffcott rotor [2]. 

The advantage of this model compared to the rotor model described in Section 

2.1 is, that the vibration of the rotor is considered in 2 directions, i.e. 2-degree-of- 

freedom system. 

2.2.1 Rotor Model 

A space fixed right handed-rectangular Cartesian coordinate system (x, y, z) is 

introduced with its x-axis lying in the direction of the shaft and coincides with the 

bearing centerline and y, z-axes lying in the mid plane of the disc (Figure 

2.2.1 .a). The disc is considered to be moving about x-axis and in y and z plane. 

The disc remains parallel to itself and perpendicular to x-axis. The origin 0 of the 

coordinate system and point W where the disc is mounted on the shaft coincide 

at the undeformed position. An isotropic shaR is considered and the static 

deflection of the rotor system because of its own weight is not considered. The 



mass center of the disc S (y,, z,) is considered to be having an eccentricity E to 

the Geometric Center of the disc W(y, ,z*), see Figures 2.2.1 .a and 2.2.1 .b. 

z 

Figure 2.2.1 .a: Elastic Symmetrical Rotor on Rigid Bearings [I 01 

W- Geometric Center of the disc; S- Mass center of the disc; E - eccentricity 

Figure 2.2.1.b: Disc on Space fixed y-z Plane [I 01 
C 



2.2.2 Assumptions 

1. Rotor shaft is elastic compared to the bearings. 

2. The disc is mounted perpendicularly to the shaft axis and located 

symmetrically with respect to the bearing ends. 

3. The deflection of the shaft due to centrifugal force is relatively small. 

4. The shaft is considered to be massless. 

5. Total mass of the disc is concentrated at the mass center. 

6. The stiffness of the shaft is equal in y 8 z directions. 

2.2.3 Equations of Motion (with Harmonic Excitation) 

The components of the elastic force acting at the center of the disc W in the 

direction of 0 are k,,y, and k,,z,, where k,, is the stiffness of the shaft which can 

be either calculated using the material properties and the equations of the 

bending of beams or can be determined by static experiments. 

In the rotating system the inertial forces of the disc and the elastic forces of the 

shaft must be taken into account for the equation of motion. 

For the translational motion of the disc applying the Newton's 2nd law of motion 
C 

to the mass center of the disc, the following equations can be obtained (see 

Figure 2.2. I .b). 



mzS =- k,, z,, 

Between the coordinates of the mass center S and the geometric center W of the 

disc there exist the following geometric relationship. 

Z, = z,,. +E C O S ~  (2.8.a) 

y, = y,, +&sin9 (2.8.b). 

where 

E - eccentricity 

cp - angle between WS and z-axis (see Figure 2.2.1.b) 

The geometric center of the disc W can be measured more easily during rotor 

motion than the mass center of the disc. Therefore it is sensible to develop the 

equations of motion for the point W. Equations of motion (2.7.a) & (2.7.b) can be 

written for point W (yw, 2,) by eliminating S(y, , 2,). 

mf, + k,, z , = m ~ @  'coscp+ rn&@ sincp (2.9.a) 

mj;,+ k,, y,v=ms$ 'sincp- ma@ coscp (2.9.b). 



For stationary operation the Angular acceleration 

therefore 

d = const = C2 
and 

where p is an integration constant that can be made zero. 

Substituting Equations (2.1 1) and (2.12) in (2.9.a) and (2.9.b) respectively, we 

can write 

m il, + k, ,z,, = ma Q' cos(Qt + p ) 

m jjlY + kllyIf = rns ~'sin(C2t + P ) 

where 

m - mass of the disc 

E - eccentricity 

Q - angular velocity of the rotating disc 

p - integration constant (phase angle) 

Equations (2.13.a) 8 (2.13.b) are two independent 2"* order ordinary linear non- 

autonomous equations. The centrifugal force maa2 acts on the mass center of 

the disc, and is generated at rotation due to the eccentricity E of the mass. 



There exist closed form solutions for these differential equations. To observe the 

qualitative behavior of the motion of the shaft at the point W it is sufficient to 

consider the equation of motion in one direction. 

2.2.4 Non Ditnensionalising the Equations of Motion 

To observe the behavior of the motion of the disc center W for different ratios of 

forcing frequency R to the natural frequency of the system a, Equations (2.1 3.a) 

& (2.1 3.b) were transformed to a non-dimensional form [29]. The transformation 

procedure is similar in both equations, and therefore it is shown only for one 

equation. 

rn i,,, + k ,  ,z,, = ma R' cos(S2t + p ) 

Let the natural frequency of the system be o 

and w = ,/? 
where 

k,, is the stiffness of the shaft and m is the mass of the disc. 

Define 

Maximum displacement z, 



where m, k,,, R and E +O. 

Let the dimensionless displacement of W in z direction be Zw, 

Let q be the ratio of the forcing frequency I natural frequency , 

and dimensionless time T 

and the phase angle P 

Z,, q and r are dimensionless. 

By differentiating Equation (2.1 8) 



we can write 

dt = [I/&] ds 

and 

(dt)2 = [1/a2] ( d ~ ) ~  

The notations "e" (dot) represents differentiation by t and " I " (prime) 

represents differentiation by r. 

Substituting Equation (2.16) in Equation ( 2.13.a) and dividing both sides of the 

equation by 'm' 

we get 

Dividing both sides of Equation (2.22) by z, & using Equation (2.14) 

we can write 

E R2 zjv +a ?ZW = - COS (RI) 
7 

Multiplying both sides of the Equation (2.23) by l / w 2  

1 E R2 z l v + z w  = - cos (nt) 
0 zoo ' 

Substituting Equation (2.21) in Equation (2.24), we get 



Substituting Equations (2.17) 842.18) in Equation (2.25) and simplifying 

we can write 

Z i  +Z, = C O S ( ~  r ) 

Similarly by non-dimensionalising the Equation (2.1 3.b) we can write for y 

direction 

where I;': , Z; are the second derivatives with respect to the dimensionless 

time s. 

2.2.5 Solving the Differential Equations = Numerical Analysis 

Equations (2.26) 8 (2.27) are 2" order non-homogeneous linear uncoupled 

ordinary differential equations. Closed form solutions for these equations are 

available in literature. The general solution of such an equation consists of 

superposition of a solution of homogeneous equation and the solution of the 
* 

non-homogeneous differential equation. 



For a totally balanced shaft where the eccentricity E =O only the homogeneous 

solution can be considered (see Equations (2.13.a) & (2.13.b)). 

To find the homogeneous solution of the Equations (2.13.a) & (2.13.b), the right 

hand side is set to zero (by substituting E =0) and solved numerically using the 

4m order Runge-Kutta-method (It is not necessary to use this method as the 

solution is available in literature). The two sets of initial conditions are selected 

as for t=O ; y,= z,,,, =0.1, and b= iw =0.2 & for t=O ; yw=0.3, z, =0.1, and 

=0.4, i, =0.2. The results are given in the following section. 

For E $0 the non-dimensional Equations (2.26) & (2.27) are numerically solved 

using the 4" order Runge-Kutta-method and a step size of 0.0 1 is used. Initial 

conditions are selected as for r =O; Y,= Z, = 0, Y',= z', = 0. For constant 

value of q, by integrating these differential equations two times, the velocity and 

the displacement are calculated. This computation is repeated by varying q= N o  

and the diagrams of Time history, Phase portrait, Poincare Map, Orbit of the disc 

center W and the Velocity profile of the disc center W are drawn. 



2.2.6 Numerical Results and Observations - Qualitative Analysis 

E =O - 

The results of the homogeneous solution of the Equations (2.13.a) 8 (2.13.b) for 

the initial conditions for t=O ; yw = z, =0.1, and y,,,, = i, =0.2 & for t=O ; y,,,,=0.3, 

zw =0.1, and h = 0 . 4 ,  z, =0.2 are given as the orbit of the shaft center W (y,, 2,) 

in Figure 2.2.6.1. This shows two orbits of the natural motion for the two 

different initial conditions as a line and as an ellipse. A straight line appears for 

the initial conditions of r=O ; y, = z, =0.1, and y, = i, =0.2 and the ellipse has 

the initial conditions for t=O ; y,,,, =0.3, z, =O. 1, and i,,,, =0.4,1, =0.2 . 

The size and the position (angle) of the straight line and the ellipse vary with the 

initial conditions. These natural motions for a rotor have been given as solutions 

of the homogeneous equations in Kramer [ 121. 

Equations (2.26) & (2.27) are solved for different q values as described in 

Section 2.2.5. All the solutions are given for the center W of the disc and they 

are represented in diagrams such as Time history curve, Phase portrait, 

Poincare Map, Orbit and the Velocity profile. 

The coordinates of Time History Curve, Phase Portrait & Poincare Map. Orbit & 

Velocity Profile are selected as (2, vs. T), (2, vs. &) & (z', vs. Z,,,,), (t, vs. Y,) 

& (z', vs. Y',) respectively. The diagrams of the 'Orbit' 8 the 'Velocity Profile' 



reflect the response in Y 8 Z direction where as the other diagrams shcw the 

response in Z direction. Two Time History curves (Y, vs. T) & (Y; vs. r) and a 

Phase Portrait C(:, vs. Y,) are given as examples of the motion in Y-direction for 

the Subharmonic case q=2. The motion of the disc center W for various ratios of 

q are categorized and given in the following Map. 

Definition of a Kink on Time Historv Curve: 

A kink is a relative maximum, that appears on the Time History Curve. 

The number of kinks on Time History Cutves are counted. 

2.2.6.1 Harmonic Response 

q=min; m=n=l 

q is the ratio of the Forcing frequency (m) to the Natural frequency (n) of the 

system where m, n are integers. For harmonic response m = n =I; i.e. q =I. 

Time History Curve (&, vs. r) 8 (Y, vs. z) 

Time history curve for Z,,,, vs. r for q = I is given in Figure 2.2.6.1 .I .a. This shows 

a sinusoidal waveform with monotonically increasing amplitude with time. The 
- 

oscillation has a constant period of 2n/l where 1 is the natural frequency of the 



system. In this case the forcing frequency is equal to the natural frequency of the 

system. 

Phase Portrait (z', vs. Z,,,,) 

Phase portrait of z', vs. Z, for q = 1 is given in Figure 2.2.6.1 .I .b. This shows a 

spiral which starts with the initial conditions Z,,,, = z', =O at r = 0 and spiraling out 

with increasing time. 

Poincare Map (z', vs. Zw) 

Poincare map of 2, vs. r for q = 1 is given in Figure 2.2.6.1.1 .c. Considering the 

Equation (2.26), it can be seen that the forcing frequency of this equation q=l  

as well as the natural frequency o = 1. Poincare Map is drawn for the period T 

=2x/q= 2x11. Figure 2.2.6.1 .c shows that all the Poincare points lie on a straight 

line. The Poincare points lie symmetrically about the velocity axis Zw=O but 

shows no symmetry about the displacement axis 2; =O. 

Orbit (Z, vs. Y,,,,) 

Figure 2.2.6.1 .I .d shows the orbit of the disc center W (Y,, Z,). This also shows 

a similar diagram as the phase portrait described above. The spiral spirals out 

starting from the center from Y, = Z, =0 at r = 0. The displacement in both Y 8 Z 

directions increase infinitely with time. 



Velocity Profile (z', vs. Y',) 

Figure 2.2.6.1.1 .e shows the velocity profile of the disc center W (Y',, z',). This 

also shows similar diagrams (spiral) as phase portrait & the orbit of W described 

above. The spiral, spirals out starting from the center from Y', = z', =O at s = 0. 

The velocity in both Y & Z directions increase infinitely with time. 

2.2.6.2 Subharmonic Response 

q=rnln; m>1, n=l and m-integer 

q is the ratio of the Forcing frequency (m) to the Natural frequency (n) of the 

system where rn, n are integers. For Subharmonic response m >I and n =I;  i.e. 

q >I. 

To study the behavior of the curves with respect to the value of q and be able to 

make any statements about them, two odd numbers and two even numbers for q 

were selected in Subharmonic and Ultraharmonic cases. 

Time History Curve (Z, vs. t), (Y, vs. r), (Y', vs. r) 

Time history curves of 2, vs. z, Y,,,, vs. r & Y'-, vs. r for q = 2 are given in Figures 

2.2.6.2.1 .a, 2.2.6.2.2.a & 2.2.6.2.3.a. Time history curves of Z,,,, vs. r for q = 3, 5 



and 6 are given in Figures 2.2.6.2.4.a, 2.2.6.2.5.a, 2.2.6.2.6.a. Corresponding to 

the value of q similar number of kinks can be seen before the wave form repeats. 

For example, when q=2 Figure 2.2.6.2.1 .a shows two kinks before the oscillation 

repeats. 

The period of the total oscillation is T = (2nlq) x (number of kinks). 

For q=2 8 6 , Figures 2.2.6.2.1 .a and 2.2.6.2.6.a show that the maximum and 

minimum displacements in Z-direction are not equal. For q=3 8 5 Figures 

2.2..6.2.4.a and 2.2.6.2.5.a show that the maximum and minimum displacements 

in 2-direction are equal. But for any q the maximum and minimum displacements 

in Y-direction are equal (see Figure 2.2.6.2.2.a and also diagrams of 'Orbit (2, 

vs. Y,)' for q=2, 3,5 & 6 ) .  

The maximum and minimum displacements in Z & Y -directions are given in 

Table 2.2.1 .c in the column Orbit of W. 

For q=2 Figure 2.2.6.2.2.a (Y, vs. r) shows two kinks before the oscillation 

repeats. Figure 2.2.6.2.3.a ( Y ' ~  vs. t) shows a similar waveform as Figure 

2.2.6.2.1 .a (2, vs. t) with the same period. 



Phase Portrait (z', vs. Z,,,,) & (Y', vs. Y,) 

Phase portraits of z', vs. Z, & Y', vs. Y,,,, for q = 2 are given in Figures 

2.2.6.2.1 .b & 2.2.6.2.2.b and the curves of z', vs. Z, for q = 3, 5 and 6 are given 

in Figures 2.2.6.2.4.b. 2.2.6.2.5. b, and 2.2.6.2.6.b respectively. Corresponding to 

a value of the same number of closed trajectories (ellipses) can be seen in the 

Phase portraits of z', vs. Z, before the oscillation repeats. For example, when 

q=2 Figure 2.2.6.2.1 .b shows two ellipses with different sizes where one lies 

within the other but connected to each other at a certain point. For any value of q 

the figures show a symmetry about the Displacement axis (z', =O), where as 

about the Velocity axis (Z,=O) the cunies are symmetrical only when q is an odd 

number. For example for q =3 there is a symmetry about the velocity axis (Z,=O) 

as seen in Figure 2.2.6.2.4.b. 

The phase portrait (Y', vs. Y,) of Figure 2.2.6.2.2.b shows a closed trajectory 

with a kink at (0.0). This curve is symmetrical about the Velocity axis (Y,,,,=O) but 

not symmetrical about the Displacement axis (Y', =O). 

On Phase portraits the Poincare points are marked with filled circles. These 

Poincare points were calculated from one of the two possible periods T =27r/q 

and T=2x/1 which ever gives more number of points. 

The path of the Phase portraits of z', vs. Z, can be explained using an example 

such as for q=2 Figure 2.2.6.2.1 .b as follows. Starting by the given initial 



conditions Z,(r=O)=O, z', (r=O)=O the point moves from (0,O) and completes half 

of its path on the small ellipse in the clockwise direction and then changes its 

path to the large ellipse at the tangentiai point of the two ellipses. After 

completion of its path on the large ellipse the point moves again on the 

uncompleted path of the small ellipse and returns to the initial point (0,O). 

Thereafter it repeats the same path. 

Poincare Map (z', vs. 2,) 

Considering the Equation (2.26), it can be seen that the forcing frequency for this 

equation is q and the natural frequency is 1. Poincare Maps were drawn for z', 

vs. 2, considering both periods T =2n/tl and T =2a11. 

Poincare Map for T =2n/q; q = 2, 3, 5 and 6 are given in Figures 2.2.6.2.1 .c, 

2.2.6 .2 .4 .~~ 2.2.6.2.5.c & 2.2.6.2.6.c and for T =2nll; q = 2 & 3 are given in 

Figures 2.2.6.2.1 .d, 2.2.6.2.4.d. 

Corresponding to q values (for T =2n/q), q#l the same number of points are 

obtained in Poincare Map (Figures 2.2.6.2.1.c, 2.2.6.2.4.c , 2.2.6.2.5.c, 

2.2.6.2.6.c). All these points lie on a closed curve symmetrically placed with 

respect to the Displacement axis (z', =O).  They are located by moving in anti- 

clockwise direction and by skipping [m-(n+l)] positions. Where q=m/n; m>l, n=l  

and m-integer. The values of displacement in z- direction Z, 10. 



For T =2nll and for any q value only one point can be seen on the Poincare Map 

(Figures 2.2.6.2.1 .dl 2.2.6.2.4.d) which lies at the origin and symmetrical about 

both the Displacement and Velocity axes. 

Orbit of the Disc Center W (2, vs. Y,) 

For q= 2, 3, 5 & 6 the Orbits (2, vs. Y,) are given in Figures 2.2.6.2.1 .e, 

2.2.6.2.4.e, 2.2.6.2.5.d and 2.2.6.2.6.d respectively. The Phase portrait (Y', vs. 

Y,) for q= 2 in Figure 2.2.6.2.2.b and the Orbit in Figure 2.2.6.2.1 .e (2, vs. Y,) 

have the same form (closed trajectory with a kink at (0,O)). For q= 3 Figure 

2.2.6.2.4.e (Z, vs. Y,) shows two closed trajectories with similar size contacting 

to each other at (0,O). For q= 5, Figure 2.2.6.2.5.d shows similar trajectories as in 

q= 3 but with two additional smaller closed trajectories which lie inside the larger 

trajectories and connected to them at the points (Ywmm, 0) and (Y,,,, 0). Figure 

2.2.6.2.6.d shows for q= 6 a closed trajectory with a kink at (0,O) and with 4 

loops. For any value of q the curves are symmetrical about the Displacement 

axis (Y, =O). Only for odd values of q such as 3 8 5 the curves are also 

symmetrical about the Displacement axis (Z, =0). 

The maximum and minimum displacement values in Z and Y are read from the 

diagrams and given in Table 2.2.1 .c. 



Velocity Profile (z', vs. Y',) 

For q= 2, 3, 5 8 6 the Velocity Profiles (z', vs. Y',) are given in Figures 

2.2.6.2.1 .f, 2.2.6.2.4.f, 2.2.6.2.5.e and 2.2.6.2.6.e respectively. The form of these 

diagrams and the trajectory of a point with increasing time is similar to the Phase 

portraits of (z', vs. 2,) of the Subharmonic response discussed earlier. The 

symmetry of the diagrams about the Velocity axis (z', =0) is the same as about 

the Displacement axis (z', =0) given in the Phase Portraits (z', vs. 2,). For 

example compare Figure 2.2.6.2.1 .b with Figure 2.2.6.2.1 .f. The symmetry of 

the diagrams about the Velocity axis (Y', =0) is the same as about the Velocity 

axis (2, =0) given in the Phase Portraits (z', vs. Zw). For example compare 

Figure 2.2.6.2.4.b with Figure 2.2.6.2.4.f. 

The maximum and minimum velocity values in Y', and z', are read from the 

diagrams and given in Table 2.2.1 .c. 

2.2.6.3 Ultraharmonic Response 

q=mln; n>1, m=l and n-integer 

q is the ratio of the Forcing frequency (m) to the Natural frequency (n) of the 

system where m, n are integers. For ~ltraharrnonic response n > I  and m =I; i.e. 

q <I. 



Time History Curve (2, vs. r) 

Time history curves for q = %, 113, 115 and 116 are given in Figures 2.2.6.3.1 .a, 

2.2.6.3.2.a. 2.2.6.3.3.a 8 2.2.6.3.4.a. Two, three, five and six kinks respectively 

can be seen in time history curves before the wave form repeats. The period of 

the total wave form is T = (2x11) x (number of kinks). 

For q=112 & 116, Figures 2.2.6.3.1 .a and 2.2.6.3.4.a show that the maximum 

and minimum displacements of the total wave form in Z-direction are not equal. 

For q=1/3 & 115 Figures 2.2.6.3.2.a and 2.2.6.3.3.a show that the maximum and 

minimum displacements of the total wave form in 2-direction are equal. But for 

any q the maximum and minimum displacements in Y-direction are equal (see 

diagrams of 'Orbit (Z, vs. Y,)' for q=1/2, 113, 115 & 116). 

The maximum and minimum displacements in Z & Y -directions are given in 

Table 2.2.1 .c in column for 'Orbit of W. 

Phase Portrait (zfW VS. ZW) 

Phase portraits for q = %, 113, 115 and 1/6 are given in Figures 2.2.6.3.1.b, 

2.2.6.3.2.b, 2.2.6.3.3.b & 2.2.6.3.4.b. Two, three, five and six closed trajectories 

(ellipses) can be seen before the wave form repeats. These ellipses are joined to 

each other at some points. Motion on phase trajectories can be explained for 

each case similarly as explained in Section 2.2.6.2. for Phase Portraits under the 

Subharrnonic case. 



For any value of q the figures show a symmetry about the Displacement axis 

(z', =O), where as about the Velocity axis (Zw=O) the curves are symmetrical 

only when q= 113 or11 5 (odd numbers of n). 

On Phase portraits the Poincare points are marked with filled circles. These 

Poincare points were calculated from one of the two possible periods T =2nlq 

and T=2nll whichever gave more number of points. 

Poincare Map (z', vs. Z,,,,) 

Considering the Equation (2.26), it can be seen that the forcing frequency for this 

equation is q and the natural frequency is 1. Poincare Maps are drawn for both 

periods considering T =2xlq and T =2nll. 

Poincare Map for T =2n/q; q = %,I13 are given in Figures 2.2.6.3.1 .c & 

2.2.6.3.2.c and for T =2n/l; q = %, 113, 115 and 116 are given in Figures 

2.2.6.3.1 .d, 2.2.6.3.2.d, 2.2.6.3.3.c and 2.2.6.3.4.c respectively. 

For period T=2xlq for any value of q only one Poincare point appears at (0.0) 

and is symmetrical about both Displacement axis z', =O and about Velocity axis 

zw=o. 

For T=2nll; 2,3,5 & 6 points appear for q=112, 113, 115 & 116 respectively. 

Corresponding to the value of n similar number of points are obtained in 

Poincare Map. All these points lie on a closed curve symmetrical only to the 



displacement axis z', =O. The points locate by moving anti-clockwise and by 

skipping [n-(m+l)] positions. For any q there is no symmetry about Velocity axis 

(Z,=O). 

Orbit of the Disc Center W (2, vs. Y,) 

For q= 1/2, 113, 115 & 116 the Orbits (2, vs. Y,) are given in Figures 2.2.6.3.1 .e, 

2.2.6.3.2.e, 2.2.6.3.3.d and 2.2.6.3.4.d respectively. The shape of the figures for 

various values of q in Subharmonic case and the corresponding figures for its 

inverse l / q  in Ultraharmonic case are similar but differ in size. In Ultraharmonic 

case the figures are in general larger than those in the Subharmonic case. The 

maximum and minimum displacements in 2-direction for the Ultraharmonic case 

are q2 times larger than those of the Subharmonic case. 

The maximum and minimum displacements in Y-direction for the Ultraharmonic 

case is q times larger than of the Subharmonic case. 

For any value of q the curves are symmetrical about the Displacement axis Y, 

=O. Only for odd values of r( such as 3 8 5 the curves are also symmetrical 

about the Displacement axis Z, =0, as in Subharmonic case. 

The maximum and minimum displacement values in Z and Y are read from the 

diagrams and given in Table 2.2.1 .c. 



Velocity Profile (z', vs. Y',) 

For q= 112, 113, 1.5 & 116 the Velocity Profiles (z', vs. Y',,,,) are given in Figures 

2.2.6.3.1.f, 2.2.6.3.2.f. 2.2.6.3.3.e and 2.2.6.3.4.e respectively. The form of these 

diagrams and the trajectory of a point with increasing time is similar but differs 

from the size to the Phase portraits of (z', vs. Zw) of the Ultraharmonic response 

discussed earlier. 

The maximum and minimum velocities in 2-direction for the Ultra harmonic case 

are q times larger than those of the Subharmonic case. 

The maximum and minimum velocities in Y-direction for the Ultra harmonic case 

and of the Subharmonic case are the same. 

The maximum and minimum velocity values of z', and Y', are read from the 

diagrams and given in Table 2.2.1 .c. 

The Velocity profile (z', , Y',) with respect to the Velocity axis (z', =0) is for 

integral values of q. They are also symmetric with respect to the Velocity axis 

(Y', =0) but only for the odd integral values of q. 

The symmetry of the diagrams about the Displacement axis (z', =0) is the same 

as about the Displacement axis (z', =0) given in the Phase Portraits of 

Ultraharmonic case. The symmetry of the diagrams about the Velocity axis 



(Y,=O) is the same as about the Velocity axis (Zw=O) given in the Phase 

Portraits. 

The maximum and minimum velocity values of z', and Y', are read from the 

diagrams and given in Table 2.2.1 .c. 

2.2.6.4 Ultrasubharmonic Response 

q = mln ; m, n > 1; rn and n- relatively prime integers 

q is the ratio of the Forcing frequency (m) to the Natural frequency (n) of the 

system where m, n are integers. For Ultrasubharmonic response rn, n >I and rn 

and n are relatively prime integers i.e. all common factors of mln have been 

divided out (251. 

Time History Curve (2, vs. r) 

Time history curves for q = 3/2, 1 111 0, 213, 314, 711 0 are given in Figures 

2.2.6.4.1.a1 2.2.6.4.2.a, 2.2.6.4.3.a, 2.2.6.4.4.a, 2.2.6.4.5.a respectively & 3. I I, 

3, 4, 10 kinks can be seen in these curves respectively before the oscillation 

repeats. Periods of the oscillation for q = 312, 1111 0 are T = (Zn/q)x(number of 

kinks) 8 for q = 213, 314, 7/10 are T = (2n/l)x(number of kinks). 

For q = 11110 Figure 2.2.6.4.2.a shows the beat phenomenon. The amplitude 

increases and decreases periodically as the ratio q is close to 1. 



Phase Portrait (2; vs. 4) 

Phase portraits for q = 312, 1 111 0, 2/3, 314, 711 0 are given in Figures 2.2.6.4.1. b, 

2.2.6.4.2.b, 2.2.6.4.3.b, 2.2.6.4.4.b & 2.2.6.4.5.b respectively & 3, 11, 3, 4, 10 

closed trajectories (ellipses) can be seen on these curves before the wave form 

repeats. These ellipses touch each other at some points. The motion on phase 

trajectories can be explained similarly as explained in the Section 2.2.6.2. For 

any qthe phase diagrams are symmetrical about the Displacement axis z', =O 

but not symmetrical about the Velocity axis Z,,=O, for any value of q. 

Poincare Map (z', vs. Z,,,,) 

Poincare Map is drawn for two different periods, which correspond to the forcing 

and natural frequency of the Equation (2.26), which are, q & 1 respectively. 

Poincare Map for period T = 2 x 4  where q = 312, 11/10, 213, 314 & 711 0 are given 

in Figures 2.2.6.4.1.c, 2.2.6.4.2.~~ 2.2.6.4.3.c, 2.2.6.4.4.c & 2.2.6.4.5.c 

respectively. The number of Poincare points appearing on the above mentioned 

diagrams are 3, 11, 2, 3 & 7 respectively. It can be seen for q = 312, 11/10 the 

Poincare points fill in anti-clockwise direction by skipping 3-(2+1)=0,11-(10+1)=0 

points respectively. The position of all the points is Z,I 0. For q = 213, 3/4 & 

7/10 the Poincare points fill in clockwise direction by skipping 3-(2+1)=0 , 4- 

(3+1)=0 and1 0-(7+1)=2 points respectively and the position of all the points are 

zw2 0. 



Poincare Map for period T = 2x11 ; q = 312, 11110, 213, 314 & 7/10 are given in 

Figures.2.2.6.4.l.d, 2.2.6.4.2.d1 2.2.6.4.3.d, 2.2.6.4.4.d & 2.2.6.4.5.d respectively 

and 2, 10, 3, 4 & 10 Poincare points can be seen in each respective figure. For q 

= 312, 11/10 the Poincare points fill in clockwise direction by skipping 3-(2+1) = 0 

, 11-(10+1)=0 points respectively. The position of all the points is Z,,,, 2 0. For q 

= 213, 314 8 711 0 the Poincare points fill in anti-clockwise direction by skipping 

3-(2+1)=0 ,4-(3+1)=0 & 10-(7+1)=2 points respectively and the position of all the 

points are 2, < 0. 

For any value of q and for any of the two periods considered the Poincare points 

are symmetrical about the displacement axis (z', = 0) and are not symmetrical 

about the velocity axis (Z, = 0) for any q. 

Orbit of the Disc Center W (z', vs. Y,) 

For q= 312, 1 111 0, 213, 3/4 & 711 0 the Orbits (z', vs. Y,) are given in Figures 

2.2.6.4.1 .el 2.2.6.4.2.e, 2.2.6.4.3.e and 2.2.6.4.4.e & 2.2.6.4.5.e respectively. All 

diagrams show a kink at (0,O). For any value of q the curves are symmetrical 

about the Displacement axis Yw =O. For any value of q the curves are not 

symmetrical about the Displacement axis Z, =O. 

The maximum and minimum displacement values in Zw and Y,are read from the 

diagrams and given in Table 2.2.1 .c. 



Velocity Profile (z', vs. Y',) 

For q =  312, 1 111 0, 213, 3/4 & 711 0 the Velocity Profiles (z', vs. Y',,,,) are given in 

Figures 2.2.6.4.1.f, 2.2.6.4.2.f, 2.2.6.4.3.f and 2.2.6.4.4.f & 2.2.6.4.5.f 

respectively. 

For the same q value the figures have the similar form and the same number of 

closed trajectories as the Phase portraits in the Ultrasubharmonic case 

described earlier. 

For any value of 7 the cuwes are symmetrical about the Velocity axis z', =O and 

are not symmetrical about the Velocity axis Y', =O. 

2.2.6.5 Quasiperiodic Response 

q-min; m#n; m andlor n-irrational 

q is the ratio of the Forcing frequency (m) to the Natural frequency (n) of the 

system where m, n are integers. For Quasiperiodic response m and/or n are 

irrational and m ;tn. 

The Time History Cuwe (2, vs. s), Phase Portrait (z', vs. Zw) & the Poincare 

Map for the period T =2xlq (zfw vs. ZW), Orbit of the Disccenter W (Zwvs. Y,,,,) & 

the Velocity Profile (z', vs. Y',) are given in Figures 2.2.6.5.1 .a, 2.2.6.5.1 .b, 

2.2.6.5.1 .c, 2.2.6.5.1.e & 2.2.6.5.1 .f. respectively. 



The Time History Curve has infinite number of kinks before the oscillation 

repeats and the Period of the oscillation before it repeats is a. 

A point on the phase curve wanders in a series of loops (infinite) throughout the 

interior of a nearly elliptical region. 

In the Poincare Map infinite number of points are obtained when time varies 

infinitely. All these points lie on a closed curve. 

Orbit of the Disc Center shows also an infinite number of curves filling in an 

enclosed region. 

The Velocity Profile has a similar form as the Phase diagram only with a different 

size in Velocity Y, direction. 

All the trajectories in the diagrams and the Poincare points do not show any 

symmetry about their vertical and horizontal axes passing through (0,O) as the 

number. of curves and the number of points are infinite with increasing time. 





























-0.5 0.0 
displacement Y, 

Fiaure 2.2.6.2.1 .e : Subharmonic response; Orbit for frequency ratio q=rnln=n/6)=211 
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Fiaure 2.2.6.2.4.b: Subharmonic response; Phase portrait for frequency ratio q=mln=n/o=3/1; T=2nlq 
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Figure 2.2.6.2.5.e : Subharmonic response; Velocity Profile for frequency ratio 1~=m/n=n/o=5/1 
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Fiaure 2.2.6.3.l.c : Ultraharmonic response; Poincare map for frequency ratio q=rnln=R/o=1/2; T=Pn/q 





Fisure 2.2.6.3.1 .e: Ultraharmonic response; Orbit for frequency ratio 11=m/n=Wo)=1/2 



Fisure 2.2.6.3.1 .f: Ultraharmonic response; Velocity Profile for frequency ratio q=m/n=R/o=I f2 





displacement Z 

Fiaure 2.2.6.3.2.b : Ultraharmonic response; Phase portrait for frequency ratio q=mln=n/o=1/3; T=2nll 



displacement 2, 

Fiaure 2.2.6.3.2.c : Ultraharmonic response; Poincare map for frequency ratio 1\=mln=R/o=1/3; T=2n/q 
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Fiaure 2.2.6.4.4.b: Ultrasubharmonic response; Phase portrait for frequency ratio q=mln=No=3/4; T=2nll 

























displacement Z 

Fiaure 2.2.6.5.l.b: Quasiperiodic response; Phase portrait for frequency ratio q=mln=SUo=q2/1; T=Zn/q 



displacement Z 

Fiaure 2.2.6.5.1 .c: Quasiperiodic response; Poincare map for frequency ratio q=rn/n=Rlo=\12/1; T=Pnlq 





displacement Yw 

Fiaure 2.2.6.5.1 .e: Quasiperiodic response; Orbit for frequency ratio ~ = r n l n = ~ o = \ / 2 / 1  





I z ;  + z,,, = C O ~ T  )] I Y;,"+Y;, = sin (r7l- )/ I l = m ~ n = n / o j  

Time tiistory 

(2"" vs. r) 

Table 2.2.1.a: Summary-Response of the disc center W; Time History & Phase Portrait 

Phase Portrait 

(2; vs. ZW) 

'~annonic response: 
q = mln; m= n=1; m, n-integer 

Subharmonic response: 
q = mln; m>l, n=l; m.n-integer 

Ultraharmonic response: 
q = mtn; n>l, m=1; m,n-integer 

UItrasubharrnonic response: 
q = mln ; m, n > 1 ; m and n- 
relatively prime integers; rn > n 

n > m 

Quasiperiodic response: 
q = mln; 
m and/or n-irrational 

Frequency 
ratio 

11 = N m  

1 

2 
3 
5 
6 
112 
113 
115 
1 /6 

312 

11/10 

213 
314 
711 0 

421 I 
h 

No. of 
kinks 

a 

2 
3 
5 
6 
2 
3 
5 
6 

3 

1 1  

3 
4 
10 

a 

Period of 
oscillation 

T 

(2n11)'1=6.283 

(2n/2)'2 = 6.283 
(2n/3)'3 = 6.283 
(2n/S)'6 = 6.283 
(2n/6)'6 = 6.283 
(2nIl)'Z = 12.57 
(2n/J )'3 = 18.85 
(2n/1)'5= 31.415 
(2n/l)*6 = 37.699 

(2nt3Y2.3 = 12.567 

( 2 / l ) 1 0 * 1 =  
62.832 

(2n/1)'3 = 18.85 
(2n/1)"4=25.133 
(2nIt)'lO = 62.832 

( r ~  

. 
No. of 
closed 
loops 

0 
(spiral) 

2 
3 
5 
6 
2 
3 
5 
6 

3 

3 
4 
10 

MI 

Symmetry 
about 

Displacement 
axis (zk =O) 

no 

Yes 
yes 
Yes 
Yes 
Yes 
Y es 
Yes 
Yes 

Yes 

Yes 

Yes 
Yes 
Yes 

I' 

no 

Symmetry 
about 

Velocity axis 
(zw =0) 

Yes 

no 
Yes 
Yes 
no 
no 
Yes 
Yes 
no 

no 

no 

no 
no 
no 

I 

no 
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2.2.6.6 Discussion of the Results 

The response of the disc center W is given in the format of diagrams and text in 

Sections, 2.2.6.2, 2.2.6.3, 2.2.6.4 8 2.2.6.5. They are summarized in tabular 

form in Tables 2.2.l.a. 2.2.1.b & 2.2.l.c. 

The Laval rotor considered on these observations is assumed to have an elastic 

shaft with linear elastic properties and its ends are mounted on rigid bearings so 

that the plane of the disc is equi-distant to the bearing ends. The mass center of 

the disc has an eccentricity to the geometrical center of the disc W. The disc is 

mounted on the shaft so that shaft axis passes through the disc center W and 

the plane of the disc is perpendicular to the shaft axis. When the rotor is in 

motion the shaft deflects to induce an elastic force, which is in balance with the 

centrifugal force generated due to the mass eccentricity. 

Equations (2.1 3.a) & (2.13.b) give the equations of motion of the disc center W 

on the y-z plane. To study the behavior of the rotor in motion only with respect to 

the variable parameter q=No [Forcing frequency (rotating frequency of the rotor) 

I Natural frequency of the rotor system], Equations (2.1 3.a) & (2.13. b) were 

transformed to a non-dimensional form (see Equations (2.26) 8 (2.27)). Results 

obtained by solving these equations are valid for any rotor of the type mentioned 

above so that general statements can be made about the behavior of the motion. 



The categorization of the motion is possible mainly because of the use of the 

Phase Plane (i.e. Phase Portrait & Poincare Map). The period of the oscillation 

and the number of kinks can be directly read from Time History Curve. The Orbit 

and the Velocity Profile give the total motion on Y-Z plane (in both directions). All 

calculations were carried out considering the initial conditions as r=O ; Y,,,,=Z= 

Y', = z', =o. 

Using the diagrams Time History Curve, Phase Portrait, Poincare Map, Orbit & 

Velocity profile & the Tables mentioned above, following conclusions on the 

behavior of the motion of the center of the disc W can be made. 

The analytical solution of Equation (2.26) i.e. 2,:. +Z,, = COS(TJ r ), can be 

written as follows. 

The total solution of Equation (2.26) is 

Lh - Homogeneous solution and 

Zwp - Particular solution. 

Therefore the total solution of Equation (2.26) can be written as 



Where a, & a, are constants and are determined by the initial conditions. 

Differentiating Equation (2.2.6.2) with respect to r 

Substituting the initial conditions Z,(O) = 0 in Equation (2.2.6.2) and z', (0)=0 in 

Equation (2.2.6.3) a, & a, can be determined. 

Therefore the total solution is 

Similarly the total solution of Equation (2.27) for the initial conditions Y,,,,(O) = 0, 

Y',(o)=o is 

The response Z,(r) is a superposition of two cosine functions . The cosine 

function in the homogeneous solution contains the natural frequency (=I) of the 

system and the cosine function in the particular solution contains the forcing 

frequency q of the system. 

From Equations (2.2.6.4) and (2.2.6.5) it can be shown that the following 

diagrams are of similar form. 



2. (z', vs. Z,,,,) & (z', vs. Y',) 

3- (Y', vs. Y,) 8 (2, vs. Y,,,,). 

Time History Curve 

Number of kinks before the wave form repeats 

It can be seen for any q, i.e. for all categories Harmonic, Subharmonic, 

Ultraharmonic 8 Ultrasubharmonic, the number of kinks are equal to the higher 

number in the numerator or in the denominator of q. For the harmonic case only 

one kink can be seen. For Quasiperiodic response, infinite number of kinks 

appear before the waveform repeats. 

Period of oscilfation 

Of the four cases studied, i-e. Harmonic. Su bharmonic, Ultraharmonic 8 

Ultrasubharmonic, it can be generally said that the period of oscillation is equal 

to the period of one kink multiplied by the number of kinks. 

The period of one kink T,,, can be calculated as follows: 

Harmonic response: T,, = 21r/q= 2x11 

Subharmonic response: T,, = 2xIq - 

Ultraharmonic response: T,, = 2x11 



Ultrasubharmonic response: if m>n T,,, = 2n/q; if mcn T,,, = 2nfl 

By considering Equations (2.26) & (2.27) which are used for all these studies, it 

can be seen that the forcing frequency and the natural frequency of these 

equations are 11 & 1 respectively. Therefore generally it can be stated that the 

period of one kink T,,, is equal to 2 x  divided by the larger frequency of the two 

frequencies. 

For Quasiperiodic response, the period of oscillation is m before the waveform 

repeats. 

The Harmonic response where q =I is called the resonance case and the 

amplitude of the oscillation increases infinitely with time. The period of the 

oscillation is constant T = 2 x 1 ~  = 27111. 

In subharmonic case for any q the period of oscillation remains the same (see 

Table 2.2.1 .a). 

In ultraharmonic case the period of oscillation increases with the decrease of q 

(see Table 2.2.1 .a). 

Phase Portrait 

Number of closed loops 



The number of closed loops appears before the oscillation repeats for different q 

values of the cases studied (Subharmonic, Ultraharmonic & Ultrasubharmonic ) 

are as follows; 

The number of loops are equal to the higher number in the numerator or in the 

denominator of q. In Harmonic case a spiral (no closed loop) can be seen. For 

Quasiperiodic response, infinite no of loops appear in an enclosed area before 

the oscillation repeats. 

The appearance of closed loops means that the motion is periodic and stable. In 

the Harmonic case the motion is unstable and is shown in the phase portrait as a 

spiral, spiraling out. In Quasiperiodic case the motion is stable but not periodic. 

Symmetry 

For any value of q the phase curves are symmetrical about the Displacement 

axis (z', = 0) except for the cases of Harmonic & Quasiperiodic responses. 

For Subharmonic and Ultraharmonic cases if the ratio q >I is an 

odd number the phase diagram is symmetrical about the Velocity axis 

(2, = 0). If the digit is an even number the phase diagram shows no 

symmetry about the Velocity axis (Z, = 0). There is no symmetry of the phase 

curve about Velocity axis (& = 0) in the case of Quasiperiodic Response. 



Poincare Map 

Poincare Maps are drawn for the two different periods, correspond to the 

forcing and natural frequency of the Equation (2.26), which are, q & 1 

respectively. 

Number of Points 

Period T = 2xIq 

For Subharmonic, Ultraharmonic and Ultrasubharmonic responses the 

number of points that appear on the Poincare Map are equal to the number 

on the numerator of q. 

Period T = 2x11 

For Subharmonic, Ultraharmonic and Ultrasubharmonic responses the 

number of points appearing on the Poincare Map are equal to the number 

on the denominator of q. 

Generally it can be stated, that more number of points appears on the Poincare 

Map if it is drawn using the smaller period of the two periods (i.e. the larger 

frequency of the two frequencies q or 1). 

Infinite number of points appears on Poincare Map for Quasiperiodic response 

no matter which period is considered for the construction of the Poincare map. 



Except in the Harmonic and Quasiperiodic cases, a discrete number of points 

lies on a closed trajectory. This shows the repetition of the motion periodically. 

The motion is also stable. In the Quasiperiodic case the period is not constant 

but the motion is stable as the points lie on a closed curve which fills in with time. 

Symmetry 

Period T = 2nlq 

For any value of q the Poincare points are symmetrical about the 

Displacement axis (z', = 0) except in the cases of Harmonic & Quasiperiodic 

response. 

In Harmonic case and Ultraharmonic case (for any ) the points are 

symmetrical about the Velocity axis Zw=O. In Subharmonic, Ultrasubharmonic 

& Quasiperiodic cases for any q the Poincare points are not symmetric about 

the Velocity axis Z,=O. 

Period T = 2nll 

For any value of q the Poincare points are symmetrical about the 

Displacement axis (z', = 0) except in the cases of Harmonic & Quasiperiodic 

response. 

In Harmonic case and Subharmonic case (for any q ) the points are 

symmetrical about the Velocity axis Z,,,,=O. In Ultra harmonic, Ultrasu b harmonic 



& Quasiperiodic cases for any q the Poincare points are not symmetric about 

the Velocity axis Zw=O. 

Filling Order 

It is described as the number of points skipped by the filling of points. 

The filling order is given in Table 2.2.1 .b for any of the cases (Subharmonic, 

Ultraharmonic & Ultrasu bharmonic), where q=mln. 

Period T = 2nhq 

If m> n the filling order is rn- (n+l) and the filling of the points is in the 

anti-clockwise direction. The position of the Poincare points is ZdO.  

If me n the filling order is n- (m+l) and the filling of the points is in the 

clockwise direction. . The position of the Poincare points is Z&O. 

Period T = 2xlS 

If rn> n the filling order is m- (n+l) and the filling of the points is in the 

clockwise direction. . The position of the Poincare points is ZGO. 

If m< n the filling order is n- (m+l) and the filling of the points is in the 

anti-clockwise direction. . The position of the Poincare points is Z&O. 

For Harmonic and Quasiperiodic response a filling order cannot be defined. In 

the Harmonic case the points do not lie on a closed loop but on a straight line. 



From the filling order it is possible to draw the nature of the motion in the phase 

plane. The filling order may give the division of the period of oscillation into sub 

periods in which the direction of motion in phase portrait can be determined. 

Orbit 

Minimum and maximum Displacement Z,,,,, and L,, 

From Table 2.2.1 .c it can be seen that in Ultraharmonic case the Min. and Max. 

Displacements Z,,,,, and Z,,,,, are q2 times larger than in the Subharmonic case. 

In Subharmonic case the amount of the maximum and minimum Displacement 

decreases with the increase of q(see Table 2.2.1 .c). 

Minimum and maximum Displacement Y,,,, and Ywma, 

The Minimum and maximum Displacements Y,,, and Y,,, in Ultraharmonic 

case are q times larger than in the Subharmonic case (see Table 2.2.1 .c). 

In Subharmonic case the amount of the maximum and minimum Displacement 

decreases with the increase of q(see Table 2.2.1 .c). 

Symmetry 

About Displacement axis &=O 



The diagrams are not symmetrical for any value of q in Harmonic, 

Ultrasubharmonic & Quasiperiodic cases, but symmetrical in Subharmonic and 

Ultraharmoinc cases for odd numbers in q. 

About Displacement axis Y,=O 

The diagrams are symmetrical for any value of q in Subharmonic, Ultraharmonic 

and Ultrasubharmonic cases whereas they are not symmetrical in Harmonic and 

Quasiperiodic cases. 

Velocity Profile 

Minimum and maximum Velocity Z,,,,,, and &,,,, 

From Table 2.2.1 .c it can be seen that the Min. and Max. Velocities &,,, and 

&,,, are the same in value and in Ultraharmonic case the Min. and Max. 

Velocities G,, and I, are r( times larger than in the Subharmonic case. 

In Subharmonic case the amount of the maximum and minimum Velocity 

decreases with the increase of q(see Table 2.2.1 .c). 

In Ultraharmonic case the amount of the maximum and minimum Velocity 

decreases with the decrease of q(see Table 2.2.1 .c). 



Minimum and maximum Velocity Y,,, and Y,,, 

The minimum and maximum Velocities Y,,, and Y,,, in Ultraharmonic case are 

the same as in the Subharmonic case (see Table 2.2.1 .c). 

In Subharmonic case the amount of the maximum and minimum Velocity 

decreases with the increase of  see Table 2.2.1 .c). 

In Ultraharmonic case the amount of the maximum and minimum Velocity 

decreases with the decrease of q(see Table 2.2.1 .c). 

Symmetry 

About Velocity axis Zw=O 

The diagrams are symmetrical for any value of 7 in Subharmonic, Ultraharmonic 

and Ultrasubharmonic cases whereas they are not symmetrical in Harmonic and 

Quasiperiodic cases. 

The diagrams are not symmetrical for any value of q in Harmonic, 

Ultrasubharmonic 8 Quasiperiodic cases, but symmetrical in Subharmonic and 

Ultraharmoinc cases for odd numbers in q. 

About Displacement axis Y,=O 

The diagrams are not symmetrical for any value of q in Harmonic, 

Ultrasubharmonic & Quasiperiodic cases, but symmetrical in Subharmonic and 

Ultraharmoinc cases for odd numbers in q. 



2.2.6.7 Poincare Map (0 -0, Plane) for Multi-Frequency Systems 

Until now, for each q value two Poincare Maps (z', -2, Plane) were constructed 

and discussed using the two periods T=2n/q & T=2n/l of the Forcing and the 

Natural frequencies of the system. It was observed that more Poincare points 

appear when the minimum possible period is used. 

By considering the motion on z', -ZwO space (0 - angle) and deriving from it, if 

the motion is shown on 0-0, Plane, where 8 is the angle of the Forcing frequency 

& 0,-is the angle of the Natural frequency of the system, the diagram gives the 

trajectory of motion as lines with respect to the both frequencies, i.e. the number 

of Poincare points with respect to the Forcing frequency and to the Natural 

frequency are indicated simultaneously [25]. The method of this type of 

construction of the Poincare Maps and the results obtainable for different q 

values are explained below. 

Harmonic Response q=l (i.e. R = a) 

Consider the motion on a z',, Z,,,,, 8 space with 0 = R t = qr as the angle of the 

forcing frequency 8 8, = o t = t as the angle of the natural frequency. The motion 

traces out a spiral which can be viewed as lying on a surface of a cylinder 

(Figure 2.2.6.7.1) with a length of 8 and having an angle about the center line of 



I54 

the cylinder of 8, The cylinder can be imagined as the extension of the trajectory 

(circle) on z', -2, plane into 8 direction. 

Figure 2.2.6.7.1: The trajectory of the solution of Equation (2.26) for harmonic 
Response [25]. 

Since 0 is periodic, the ends of the cylinder can be joined to become a torus, and 

the trajectory traces our curve on the surface of the torus which makes one 

complete revolution on the torus before closing. The cylinder (cut opened torus) 

can be parameterized by two angles. The angle 8 = R t = qs is the longitudinal 

angle and the angle 8, = o t = r is the latitud-inal angle. The angle 8, gives the 

circular trajectory that turns on the z',, &,,,plane. The two ends of the cut opened 



torus (cylinder) shall be identified and then again cut along the longitudinal angle 

0 and flatten it out into a square as in Figure 2.2.6.7.2. For harmonic response 

the trajectory is indicated as a straight line connecting the two corners (left lower 

to right upper) of the square. 

The square is really a torus if we identify the two vertical sides and the two 

horizontal sides. This means that a trajectory that runs off the top of the square 

reappears at the bottom of the square at the same 0 value where it intersected 

the top edge. 

Figure 2.2.6.7.2: Trajectory of the harmonic response q=mln=lll 



Subharmonic Response 

The solution makes m longitudinal circuits and one latitudinal circuit around the 

torus before closing up. The m distinct points of intersection that the trajectory 

makes with 0 = 0 are all period m points of the solution. Examples for q=2. 3, 5 

are shown in Figures 2.2.6.7.3.a, 2.2.6.7.3.b & 2.2.6.7.3.c. 

Figure 2.2.6.7.3.a: Trajectory of the subharmonic response q=mln=2/l 



Figure 2.2.6.7.3.b: Trajectory of the subharmonic response q=rn/n=3/1 

Figure 2.2.6.7.3.c: Trajectory of the subharmonic response q=mln=5/1 



Ultraharmonic Response 

The solution makes n latitude circuits and one longitudinal count before closing 

up. Examples for q=1/2, 113, 115 are shown in Figures, 2.2.6.7.4.a, 2.2.6.7.4.b & 

2.2.6.7.4.c. 

Figure 2.2.6.7.4.a: Trajectory of the ultraharmonic response q=mln=ll2 



Figure 2.2.6.7.4.b: Trajectory of t h e  Ultraharmonic response q=m/n=113 

Figure 2.2.6.7.4.c: Trajectory of the Ultraharmonic response q=m/n=l/5 



Ultrasubharmonic Response 

The solution makes m longitudinal 8 n latitudinal circuits around the torus before 

closing up. Examples for q=312 & 314 are shown in Figures 2.2.6.7.5.a & 

2.2.6.7.5.b. 

Figure 2.2.6.7.5.a: Trajectory of the ultrasu b harmonic response q=mln=213 



Figure 2.2.6.7.5.b: Trajectory of the ultrasubharmonic response q=m/n=3/4 

Quasiperiodic Response 

The orbit of the point densely fills out. 



Poincare maps 

The Poincare maps that are drawn on 0 -8, plane as the solution of Equation 

(6.26) show parallel straight lines (number of lines depending on q) with 

increasing time. In Poincare Map drawn on z', -Z, plane these lines are 

represented as points, because the information is taken periodically (for a certain 

time interval). 

For example, consider Subharmnoic response for q = 3. The Poincare Map of 

z', -Z, plane for periods T =2x/q & T =2n/l is given in Figures 2.2.6.2.4.c & 

2.2.6.2.4.d, respectively. The Poincare map of 0 -8, plane is given in Figure 

2.2.6.7.3.b. This shows 3 straight lines. If the plane 0-0, is intersected by another 

plane perpendicularly and parallel to the 0, axis at any place on the 0 axis, the 

map of this plane would give 3 points. Similarly, if the plane 0 -8, is intersected 

by another plane perpendicular and parallel to the 0 axis, this plane will intersect 

always only one of the 3 straight lines and this would appear as 1 single point. 

These points are represented on the two Poincare Maps that are given in 

Figures 2.2.6.2.4.c & 2.2.6.2.4.d. 

Generally speaking, the Poincare map drawn on 8 -$ plane for multi frequency 

system gives information about both frequencies simultaneously where as the 

Poincare Map drawn on z', -Z, plane gives information depending on the 

frequency for which it was constructed. 



From the foincare Maps drawn on 8-8, Plane, the number of Poincare points 

with respect to the Forcing frequency and to the Natural frequency can be 

obtained. But this diagram does not give the information such as Displacement 

(2,) and Velocity (z',,,,) of a point on the trajectory. Therefore the Filling order of 

the points cannot be interpreted using this diagram. 

2.2.6.8 Determining the Natural Frequency of a Rotor from the Response of 
the Disc Center W 

Using the conclusions of the categorization of the motion of the rotor described in 

Section 2.2.6.6 for any q, it is possible to determine the Natural frequency o of 

the rotor for a given motion. 

The Equations of motion of the rotor are given in Section 2.2.3 as follows: 



Substitute a2 = [klllm] 8 suppose P=O in the above equations & we get, 

Z,, +a ' z,,. =E 0' cos ( ~ t  ) (2.2.6.6.a) 

j i ,  +a ' y,,. =E 0' sin ( ~ t )  (2.2.6.6.b) 

Suppose that the following data is available: 

Forcing frequency (rotating frequency R of the rotor) 

Time History curve 

Phase portrait 

Poincare Map constructed for period T = 2xlQ and the filling order 

Unknown: Natural frequency of the rotor o 

Determination of q = No: 

For any q=x/y (x, y integers; if x 8 y #I then x & y are relatively prime ), the 

Time History Curve and corresponding Phase Diagram shall give x number of 

kinks & closed loops respectively. Suppose x>l 

Check Poincare Map: 

if number of points = x (q=xll or q=xly where x>y, y tl) 

if q=x/l; Subharmonic Case: Filling order must be x-(l+l); confirm x by 

the number of kinks on thelime History Curve & the number of closed 

loops on the Phase Portraits. Result: n is determined, so is a. 



if q=x/y where x>y, x, y s l ;  Ultrasubharmonic Case: Filling order must 

be x-(y+l);y can be determined; confirm x by the number of kinks on the 

Time History Curve 8 by the number of closed loops on the Phase 

Portraits. 

Result: TI is determined, so is a. 

if number of points = y (y #I) 

then q=x/y where yzx; Ultrasubharmonic Case: Filling order must be y- 

(x+l); x can be determined; confirm x by the number of kinks on the 

Time History Curve & by the number of closed loops on the Phase 

Portraits. 

Result: TI is determined, so is a. 

if number of points = 1 

then q='I/x; x>1; Ultraharmonic Case: Filling order must be x-(I + I ) ;  

confirm x by time history curve & phase portraits. 

Result: TI is determined. so is o. 

If infinite number of kinks appear in the Time History Curve, infinite number of 

loops fill in a closed boundary in the Phase Portrait 8 infinite number of points fill 

on a closed loop in the Poincare Map, then the motion can be categorized as 

Quasiperiodic. 



If the amplitude increases infinitely with time in the Time History curve, a spiral 

spiraling out in the Phase Portrait and the points lie on a straight line in the 

Poincare Map, then the motion is harmonic. This is the resonance case and 

q=Rlo=l. 



Chapter 3: Rigid Rotor on Linear Hydrodynamic Bearings 

A rigid rotor on linear elastic bearings with a single degree of freedom is 

discussed in Section 2.1. In this Chapter a rigid rotor on flexible bearings with 

linear elastic and damping properties and in two-degrees-of-freedom is 

considered. This model is more realistic to the actual behavior of the rotor than 

the model discussed in Section 2.1 

Before considering the model of the rotor it is worthwhile to consider the 

influence of the bearings on the rotor and the types of bearings used in rotor 

applications. 

3.1 Effect of Bearings on the Rotor 

Generally, bearing systems fall into two main categories. They are "Fluid Film 

Bearings" and "Rolling Element Bearings". Rolling element bearings use rollers 

or balls to support the shaft load with low frictional resistance. These bearings 

are lubricated by spraying a mist of oil into the bearing or by packing grease in 

the space between the rollers. Although the supporting structure formed by the 

rolling element is discontinuous and moving , the bearing as a whole may still be 

treated as though it was a solid elastic spring like element. The support forces 

are produced by elastic contact deformation of the balls or rollers, of the races 

and of the local bearing structure. This bearing can be modeled as a linear or 



nonlinear bi-directional spring with very little or no damping and without cross 

coupling of the stiffness. Spring constants of the bearing act in series with the 

shaft and can be evaluated using reciprocal summation equation. The stiffness 

of the bearing can lie in a range of one to two million pounds per inch in the 

direction of the applied load [30]. 

3.1.1 Hydrostatic Bearings 

In hydrostatic bearings lubricating fluid must be supplied at a regulated pressure 

continuously from the inlets distributed around the bearing into the space 

between journal and the bushing. Because of this inconvenience smaller number 

of hydrostatic bearings are used as compared with the hydrodynamic bearings. 

If the journal moves off the center of the bearing due to a load applied to the 

rotor (e.g. the rotor weight) the discharge flow from the pockets will be unequal 

due to the variation of clearance around the bearing and a pressure will be 

generated exactly in the opposite direction to the applied force from the oil mass. 

The hydrostatic bearing acts like a spring. Forces are also produced here by 

journal velocity, due to viscous andlor compressibility effects, so the bearing also 

acts as a damper. 



3. I. 2 Hydrodynamic Bearings 

In hydrodynamic bearings, the fluid support pressure is generated entirely by 

motion of the journal. This generated pressure depends on the viscosity of the 

lubricating fluid. 

If there is an insufficient supply of fluid, or due to another factor if enough 

pressure is not generated in the fluid film to support the load, then the 

hydrodynamic film breaks down and the journal contacts the bearing surface. If 

this continuously occurs in a bearing then it is called "boundary-lubricated" 

bearing. 

Hydrodynamic bearings offen act as a boundary-lubricated bearing during the 

initial phase of a machine start-up, when the journal rotation speed is too slow to 

generate sufficient hydrodynamic pressure to support the load. 

Fig. 3.1.2.1 shows how the hydrodynamic film pressure p(0) is generated in a 

journal bearing. 0 is the center of the bushing and L is the center of the journal. 

The journal eccentricity is e and the line connecting 0 & L is called the Line of 

Centers. R is the rotating speed of the journal. F is the applied load on the 

bearing. 

The lubricating fluid is forced into the converging wedge, which is generated by 

the off-center-displacement of the journal. The viscous shear force, which pulls 



the fluid film into the wedge, is generated by the rotation of the journal and the 

induced relative velocity along the film walls [I 11. 

1 Fsta+ Static Equilibrium 

Figure 3.1.2.1 : Velocity Profile of the Lubricant and the Hydrodynamic Pressure 
Generated by the Rotation 'of the Journal in Cylindrical 
Hydrodynamic Bearing 



As in hydrostatic bearings, there is an equilibrium position in hydrodynamic 

bearings where the support force developed by the fluid-film pressure equals the 

applied load F of the journal. Hydrodynamic bearings also act like a spring. With 

the increasing speed of the shaft the journal center moves towards the bearing 

center. In Figure 3.1.2.2, the position of the journai center at different speeds 

and the geometry of the journal in cylindrical bearing is shown. 

0- Bushing Center; L -Journal Center; 0, R - Diameter and Radius of the 
bushing; hR- 8earing clearance; R- Rotating speed of the journal 

Figure 3.1.2.2: Position of the Journal Center at Different Speeds and the 
Geometry of the Journal in Cylindrical Bearing [I 01 



Translational velocity of the journal also induces hydrodynamic pressure in the 

film (with a resulting force), so that the bearing acts as a damper as well. 

The most desirable feature of a hydrodynamic journal bearing is its damping, 

which is high compared to the other type of bearings. 

3.2 Rotor Model 

The disc is considered to be mounted symmetrically & perpendicularly to the 

rigid shaft and each end of the rotor is mounted on an identical hydrodynamic 

bearing, (Figure 3.2.1 .a). The shaft is considered to be rigid. This means that the 

stiffness of the shaft is infinitely large. The threshold speed of the rigid rotor 

gives especially the stability characteristics of the bearings because the 

characteristics of the rotor (mass 8 elasticity) do not appear in the bearing 

equation. Due to this reason the stability behavior of the bearing can be 

established using the rigid rotor. The rotor with a rigid shaft can be considered as 

a border case of the elastic rotor on linear bearings. 

Suppose the journal center is L. For the fully balanced rotor, the locus of the 

static equilibrium point of L for different rotating speeds is a half circle LO shown 

in Figure 3.1 -2.2. The journal is at its static equilibrium position Figure 3.2.1 .b, 

when the fluid film forces exactly cancel the steady external force applied to the 

shaft. It can be assumed that the journal whirls relative to this equilibrium point 

0' and the incremental variations of the oil-film force on the journal shall be 



expressed in terms of the components along e (line of centers) 8 normal to e or 

in terms of y,-2,- components (Figure 3.2.1 .b). These force components are 

functions of the journal displacement, measured from the static operating point L 

and of its translational velocity and acceleration. 

The incremental force functions are linear only if the orbit is small enough. For 

large displacements from the static operating point, the functions are highly 

nonlinear. 

The origin of the space fixed coordinate system x,, y,, z, is at L. The 

coordinates of L (y,, z,)are on the plane of the journal and the coordinate x, is in 

the direction of the journal axis and passes through the disc center W. As the 

shaft is rigid, therefore the displacements y,= y, and z,=z,. 

3.3 Assumptions 

1 . Rotor shaft is rigid compared to the bearings 

2. The mass of the disc is concentrated at S. 

3. The disc is mounted perpendicularly to the shaft axis and symmetrically to the 

bearing ends. 

4. The shaft whirling amplitude is small so that the elastic and damping 

characteristics in the bearing are considered to be linear. Such a bearing 

system is herein called linear hydrodynamic bearing system. 



Figure 3.2.1 .a: Rigid Symmetrical Rotor on Linear Hydrodynamic Bearings 

Figure 3.2.1.b: "Detail B of Figure 3.2.1 .a " - Journal in Bushing 



3.4 Equations of Motion 

As the shaft is rigid the displacement of the geometric center W of the disc is the 

same as the displacement of the journal center L in the bearing (see Figures 

3.2.l.a & 3.2.l.b). 

Applying Newton's 2" law of motion to the mass center S and then by 

transforming the coordinates to the geometric center W of the disc and 

considering one bearing and half of the rotor mass, equation of motion of the 

system is obtained as: 

Where 

cii- coefficients of the damping matrix for bearing & 

kii- coefficients of the elasticity matrix for bearing. 

E - eccentricity of the mass center S 

m - mass of the disc 

R - rotor speed (angular velocity) 



Expanding the matrices we can write 

rn - E mR2 
- jSv + c , = ~ V  + c ~ ~ Y ~  - - + k.E~IY + k W ~ w  - 7 sin ( nt ) 2 - 

Multiplying both sides of the Equations (3.1 .a) & (3.1 .b) by So~R/F,, = 

2S,AR/mg; 

Where 

F,,, =mgl2 - Static load on bearing 

So - Sommerfeld number (F,, W211DqQ) 

lp = (D-d)/d - Relative clearance 

I - Bearing length 

D - Bearing inner diameter 

d - Journal diameter 

7 - dynamic viscosity of oil. 

By substituting the dimensionless damping and stiffness coefficients Pi, & yij 



where 

AR = (D-d)12 - Bearing clearance 

we get 

SOAR P, , E R'SOAR 
~ r v  + - ~ , v  + - ~ w  +Y pZ~r + Y-*YIv = n 12 

sin(Qt ) (3.4.b) 
g g 

rearranging Equations (3.4.a )& (3.4.b) 

SOAR .. 
d 

E R2SoAR P,= 
sin@) - - P, Yrr. - 21,. - PAY -Y .,?a -Y pY~r n (3.5.b) 

g g n 

rearranging the Equations (3.5.a) 8 (3.5.b) to solve for z,,,, & y, 

g 1  ylv = E n2 ~i.cnr) --[ -bFirr +,P,L 1 +v,r,, +v,yy,v I (3.6.b). 
SoAR R 

These two Equations (3.6.a, b) are non-autonomous second order linear coupled 

ordinary differential equations. These can be solved numerically by using the 4'" 



order Runge-Kutta-method. The equations were solved for a constant value of R 

(operating speed) and results were obtained for the velocity and displacement of 

the disc center W. 

Using Time History Curve, Phase Portrait 8 Orbit of the shaft center it is possible 

to study the motion of the journal center and its stability. 

To determine the Threshold speed of the rotor the Routh-Hunvitz stability criteria 

can be used which is given in the following section. 

3.5 Routh-Hurwitr Stability Criteria 

To study the stability of the system, assume the solutions of Equations (3.4.a) 

and (3.4. b) respectively, are as follows: 

* k  
21, = =Ire (3.7.a) 

and 



Substituting Equations (3.7.a) and (3.7.b) in the Equations of motion (3.4.a) & 

(3.4. b), . results in the following characteristic equation, 

where 

A, =P=Y,-P,Y=-(P,Y,-P,Y,) 

A2 = P,P, - P,P, 

A, = P, + P, 

A, =Y, +Y, 

Coefficients A, to A, include the dimensionless damping and elastic coefficients 

of the hydrodynamic bearing. 

SOAR *z a=- (3.10) 
g 

Applying the Routh-Humvitz Stability criterion to the polynomial of 4"' order 

Equation (3.8) yields, the stability condition 



CI'A, + A,(a A, + A &  A, + ~ ' A , A ,  = O  (3.1 1) 

substituting a and solving for q, we obtain the threshold speed Q for instability 

Above the threshold speed R, the bearing becomes unstable. R, is a function of 

the Sommerfeld number So. The coefficients A, to A, depend only on the 

Sommerfeld number. In Figure 3.5.1. RJ(~.AR)O.~ as a function of the So 

(Somrnerfeld number) for circular and elliptical bearings are plotted from [I 01. 

To draw Figure 3.5.1, Equation (3.12) has to be solved by iteration because the 

angular velocity in the Sommerfeld number here will be the Threshold speed. For 

rotating machinery design purposes this is not important. The designer should 

know if the system is stable at the operating speed. Therefore the Sommerfeld 

number is computed using the operating speed. If the threshold speed in the 

diagram is higher than the operating speed the system is stable; otherwise it is 

unstable. 



Figure 3.5.1: Threshold Speed of the Rigid Rotor with respect to the 
Sommerfeld Number for Circular and Elliptical Bearings [I 01. 

3.6 Numerical Solution 

Consider the simplified equations of motion given by Equations (3.6.a) 8 (3.6.b). 

These two equations are non-autonomous second order linear coupled ordinary 

differential equations. These were solved numerically by using the 4morder 

Runge-Kutta-method. The equations were solved for a constant value of R 

(operating speed) and the results were obtained for the velocity and 



displacement of the rotor geometric center W (or journal center L) for each time 

step. This was repeated by varying the operating speed L? (400, 1500 radls) and 

the respective time history curve, phase portrait and journal orbit were plotted. 

The values for the dimensionless bearing stiffness and damping coefficients ye, Pii 

(i,j = x,y,z) were read from the diagrams in Figure 3.6.1. 

The rotor and bearing data, the corresponding values of bearing stiffness y,, 8 

damping coefficients Pi, with respect to the Somrnerfeld number So, for different 

rotor speeds and the threshold speed calculated using Equation (3.13) are given 

in Table 3.6.1. 

It may be noted that the speed calculated using Equation (3.13) and given in 

Table 3.6.1 is not the exact threshold speed. This was calculated only for the 

purpose of comparison. This value was compared with the operating speed of 

the rotor to get an idea as to how close is the operating speed to the threshold 

speed. For this calculation the bearing stiffness yii & damping coefficients pi, with 

respect to Sommerfeld number. So, of the operating speed R of the rotor were 

used. To calculate the correct threshold speed, Q, Equation (3.1 3) should 

contain the bearing stiffness yi, 8 damping coefficients pi, with respect to the 

threshold speed. This can be done by an iterative process. 



Figure 3.6.1: Dimensionless Bearing Stiffness y,, 8 Damping Coefficients Pi, with 
respect to the Somrnerfeld Number (So). For full Circular Bearing 
with VD = 0.8; = 1 . 5 ~ 1  O 3  [I 01. 



Rotor and Bearing Data 

Calculating the Threshold speed 

Table 3.6.1: Rotor, Bearing Data and the Summary of Results (Rigid Rotor) 
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To find out whether the journal rubs the bushing for the calculated motion of the 

given rotor the bearing clearance relative to the static equilibrium point L (Figure 

3.1.2.1) of the journal must be determined. This can be done by first calculating 

the journal eccentricity e in the bearing. The bearing clearance shall then be 

compared with the motion of the journal either in Phase portrait or in Journal 

Orbit diagrams. To calculate the journal eccentricity e the following equations 

can be used. It is derived for Short Bearings from the Reynold's Equation 

(generated fluid film force in hydrodynamic bearing). The dependency of the 

Sommerfeld Number (So) on the bearing geometry and the journal eccentricity 

ratio 6 is given in Equation (3.6.1) as follows [12]. 

Bearing clearance on the Line of Centers: 

Minimum & maximum bearing clearances (component in y, z- direction) at 

operating speed R are given by 



h i i n  min =(M -e)cosa (3.6.3.a) 

= (M - e)sina (3.6.3.b) 

k ~ n  max =(M + e)cosa (3.6.4.a) 

AyLn,, =(AR + e)cosa (3.6.4.b) 

where a is the angle between the direction z, and the Line of Centers Figure 

3.1.2.1. The calculated bearing clearances for R=400 rad/s and $2=1500 radls 

are given in Table 3.6.1. 

3.7 Comparison of the Results Obtained with the Results in 

"Rotordynarni k" [I 01 and Discussion 

The results obtained by numerically solving the Equations of motion (3.6.a) and 

(3.6.b) were compared with the results discussed in "Rotordynamik" by Gasch & 

Pfutzner [I 01 for the rigid rotor on elastic bearings. For a journal velocity of 400 

rad/s the following diagrams were plotted: 

Time history curve; Figure 3.7.1 .a, The time variation of the Displacement of 

the Disc Center W / Journal Center L. 

Phase Portrait, Figure 3.7.l.b, of the Disc Center W I Journal Center L, 

between its position in z, and velocity z',. 



Journal orbit, Figure 3.7.1 .c, The position of the Disc Center W / Journal 

Center L (y,, z,) at any time. 

The time history curve and the phase portrait show a stable motion (disregarding 

the transients). The phase portrait shows that the motion ends up similar as in a 

limit cycle. The journal orbit shows the trajectory of the journal center in the 

bearing. These three diagrams confirm a stable motion. The maximum and 

minimum bearing clearances in y-z directions are drawn on the Orbit diagram 

Figure 3.7.1 .c. It can be seen in the diagram that at some instances the journal 

rubs the bushing. This can be avoided by selecting proper initial conditions and 

acceptable rotor and bearing parameters. For the rotor studied here the whirling 

amplitude can be reduced by reducing the mass eccentricity E of the disc. 

Comparing the obtained results here to the results in Figure 3.5.1 it can be seen 

that the motion for R = 400 radfs and a Sommerfeld number of 0.48 the value 

N ( ~ . A R ) ~ . ~  lies under the threshold speed which confirms that the motion is 

stable. 

Similarly for a journal velocity of 1500 radls the following diagrams were plotted: 

Time history curve; Figure 3.7.2.a, The time variation of the Displacement of 

the Disc Center W / Journal Center L. 

Phase Portrait, Figure 3.7.2.b, of the Disc Center W 1 Journal Center L, 

between its position in zw and velocity i,. 



Journal orbit, Figure 3.7.2.c. The position of the Disc Center W I Journal 

Center L (y,, z,,,,) at any time. 

The time history cuwe and the phase portrait show an unstable motion 

(disregarding the transients). The displacement increases rapidly with time. The 

phase portrait shows the motion to be spiraling out. The journal orbit shows the 

trajectory of the journal center in the bearing. As the motion is unstable and the 

journal amplitude increases rapidly with time it can be seen in Figure 3.7.2.c that 

the journal rubs the bearing within a few milliseconds after start. Therefore the 

max. and min. bearing clearances do not need to be calculated for this case. The 

results were compared with those in Figure 3.5.1, it can be seen that the motion 

for R = 1500 radls and a Sommerfeld number of 0.1 3 the value $2/(g.~R)'.~ lies 

above the threshold speed, which confirms that the motion is unstable. 

In the book "Rotordynamik" only the stability of the rotor is discussed from the 

diagrams generated by using Equation (3.1 3) (Routh-Huwitz Stability criterion) 

for calculating the threshold speed. There in the book the equations of motion 

were not solved to find the displacement or velocity of the journal and the 

diagrams Time history curve, Phase Portrait and the Journal orbit were not 

shown. Therefore the rotor motion was shown and the rubbing of the journal in 

the bushing was not discussed. This shows the advantage of drawing the Phase 

Portrait or the Orbit of the center of the journal. 
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Figure 3.7.2.c: Rigid Rotor on linear bearings; Orbit of the Journal Center L & the 
Geometric Center of the disc W(z,=z,); c=0.5xl 04m, a= 1 500 radls 



Chapter 4: Elastic Rotor on Linear Hydrodynamic Bearings 

In Chapter 3 a rigid rotor on linear hydrodynamic bearings with two-degrees-of- 

freedom was considered. In this chapter an elastic rotor supported on linear and 

damped bearings with two degrees of freedom is considered. Thus the bearing 

system remains the same as in Chapter 3 i.e. a linear hydrodynamic bearings. 

4.1 Rotor Model 

The disc is considered to be mounted symmetrically perpendicular to the elastic 

shaft and each end of the rotor is mounted on identical linear hydrodynamic 

bearings (Figures 4.1. I .a 8 4.1.1 .b). 

Suppose the journal center is L. For the fully balanced rotor, the locus of the 

static equilibrium point of L for different rotating speeds is a half circle shown in 

Figures 4.1. l .a & 4.1.1 .b. It can be assumed that the journal whirls relative to this 

equilibrium point and the incremental variations of the oil-film force on the journal 

shall be expressed in terms of components along e (line of centers) & normal to 

e or in terms of y,-2,- components (Figure 3.2. I .b). These force components are 

functions of the journal displacement, measured from the static operating point 

(static equilibrium point) L and of its translational velocity and acceleration. 



Figure 

Figure 4.1 -1.b: 

' z o  

"Detail 6 of Figure 4.1 .l .a " - Journal Bushing 

Bearings 



The incremental force functions are linear only if the orbit is small enough. For 

large displacements from the static operating point, the functions are highly 

nonlinear. 

The origin of the space fixed coordinate system x,, y,, z, is at L. The 

coordinates of L y,, z, are on the plane of the journal and the coordinate x, is in 

the direction of the journal axis and passes through the disc center W. 

4.2 Assumptions 

1. Rotor shaft is isotropic and linear elastic. 

2. Damping of the shaft is negligible. 

3. The mass of the disc is concentrated at S. 

4. The disc is mounted perpendicularly to the shaft axis and symmetrically to the 

bearing ends. 

5. The shaft whirling amplitude is small so that the elastic and damping 

characteristics of the bearings are considered to be linear. 

6. The acceleration of the journal during journal whirl in the bearing is 

considered to be very small and therefore as negligible. 



4.3 Equations of Motion 

Considering the spring force induced by the shaft deflection and applying 

Newton's 2nd L ~ W  of motion to the mass center of the rotor, Figure 4.1 . l a  

m k  = k(yIv -Y,)  (4. I .b) 

where k is the stiffness of the shaft, rn - mass of the disc 

To transform the coordinates from the mass center S to the geometric center W 

of the disc the following equations can be used. 

z .  = z,,. + E cos(Rt) (4.2.a) 

ys = yi,. + E sin(!&) (4.2.b) 

Using Equations (4.1 .a), (4.1 .b) 8 Equations (4.2.a) , (4.2.b) the mass center 

S(z,, y,) can be substituted by the geometric center W (z, 8 y,) and the 

following equations can be written. 

M =,, + k(z,, - zL) = E m ~ '  c o s ( ~ t )  (4.3.a) 

rn jS,. + k(y, - y,) = E mRZ sin@) (4.3.b) 

Elastic force exerted on the journal by the fluid film in the bearing 



Damping force exerted on the journal by the fluid film 

where 

c,- coefficients of the damping matrix for bearing & 

k,,- coefficients of the elasticity matrix for bearing. 

Equilibrium of forces in the bearing, is expressible as: 

Multiplying both sides of the Equations (4.6.a) 8 (4.6.b) by S,AR/F,,, to introduce 

the dimensionless coefficients y,, & pi, instead of kij & c, (I,j = y, z) following 

equations can be written. 

SOAR SOAR SOAR SOAR 
c-i, + - SoM k 

k-zL - + - kTyL + - - C ? Y ~  --- (zW - z L )  = (I L, L, L L L2 



and 

similarly 

Substituting 

in Equations (4.3.a) 8 (4.3.b) we can write 

z , ~  +o'(z,  - z ~ )  = E n2 cos (nt) 

jj,,, + w ' (yIY - yL ) = E n2 sin ( ~ t  ) 

and solving for zIv, & 



similarly 

similarly 

then 



similarly eliminating z, from Equations (4.14.a) & (4.14.b) 

we get 

writing Equations (4.1 3.a), (4.13.b), (4.17.a), (4.17.b) 



Consider the four Equations (4.1 3.a), (4.13.b), (4.17.a), and (4.17.b). All four 

equations are coupled and the Equations (4.1 3.a) & (4.1 3.b) are non- 

autonomous second order linear ordinary differential equations. Equations 

(4.1 7.a) & (4.1 7.b) are autonomous first order coupled linear ordinary differential 

equations. The two second order differential equations are written as four first 

order differential equations and then the 6 equations are solved numerically by 

using the 4th order Runge-Kutta-method for a constant value of S2 (operating 

speed). Results were obtained for the velocity, displacement of the rotor 

geometric center W and for the journal center L . 

Using the Time History Curve, Phase Portrait 8 Orbit diagrams it is possible to 

study the motion of the journal center and its stability. 



4.4 Routh-Hurwitz Stability Criteria 

To study the stability of the system assume 

and 

y,,. = 91r eu 

to be the solution of Equations (4.3.a,b) 8 (4.6.a,b) . 

On substitution of Equations (4.1 8.a,b) in Equations (4.13.atb) & (4.17a,b) one 

obtains the characteristic equation as a polynomial in 

where 



and where 

Application of the Routh-Hurwitz Stability criterion [I 01 on the polynomial of 

Equation 8.21 and solving for R, the threshold speed for instability can be 

obtained as 

where p = ~ / A R  and f = mglk is the static deflection of the shaft due to its own 

weight 



The threshold speed R, based on the natural frequency of the shaft in stiff 

bearings depends only on the Sommerfeld number So and on the parameter p. 

The coefficients A, to A, for a given bearing depend only on the Sommerfeld 

number. 

To draw a stability diagram Equation (4.22) has to be solved by iteration because 

the angular velocity in the Somrnerfeld number will be equal to the threshold 

speed. In rotating machinery design the designer needs to verify if the system is 

stable at the operating speed. Therefore the Sommerfeld number is computed 

using the operating speed. If the threshold speed is higher than the operating 

speed, the system is stable; otherwise it is unstable. 

To derive the design charts for the threshold speed of instability, the Reference 

Sommerfeld Number So, is introduced. This is based on the rigid bearing's 

natural frequency of the shaft o and is defined as: 

Figure 4.4.1 , shows the threshold speed of instability Rt vs. So,, as obtained by 

iteration for a circular bearing in [lo]. 
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Figure 4.4.1 : Threshold Speed of the Elastic Rotor with respect to the 
Reference Sommerfeld Number Son for Cylindrical Bearing [I 01. 



4.5 Numerical Solution 

Consider the four Equations (4.1 3.a), (4.1 3.b). (4.17.a) & (4.17.b). All four 

equations are coupled and Equations (4.1 3.a). (4.13.b) are non-autonomous 

second order linear ordinary differential equations. Equations (4.17.a) & (4.17.b) 

are autonomous first order coupled linear ordinary differential equations. The two 

second order differential equations are written as four first order differential 

equations and then the 6 equations are solved numerically by using the 4th order 

Runge-Kutta-method. The equations are solved for a chosen value of R 

(operating speed) and results are obtained for displacement and velocity of the 

rotor geometric center W and, the displacement and velocity of the journal center 

z, 8 y, for each time step. This was repeated for the operating speed R (R = 

400, 750 radls) and the respective time history curves, phase portraits, journal 

orbits were plotted. The values for the dimensionless bearing stiffness and 

damping coefficients yIjl Pi, (I,,j = y, z) were read from the diagrams in Figure 

3.6.1 

The dimensions of the rotor, bearings and the corresponding values of bearing 

stiffness yij 8 damping coefficients Pij with respect to the Sommerfeld number So 

for different rotor speeds are given in Table 4.5.1. 



Rotor and Beatinn Data 

Table 4.5.1: Rotor, Bearing Data and the Summary of Results (Elastic Rotor) 

Cmlculstlng the Threshold speed 

R 
750.69 
662.96 

~ & A O ~ + ~ & ,  g ~ ~ ~ ~ i , ~ ~  BMAZ~~~T .  
5.2404 
3.632 

;;J.~EA~~*#, 
7.3 

6.21 

:;:244: 3: : 
2.85 
1.38 

;e~xi::.~; 
396,2764 
21 1.4115 

7.5271 
3.3078 

95% U.L, 
0.0055767 
0.0081 527 

I 1.471 
8.553 



4.6 Comparison of the Results Obtained with those in "Rotordynarnik" 

[lo] and Discussion 

The results obtained by numerically solving the Equations (4.1 3.a). (4.13.b), 

(4.17.a) & (4.17.b) are compared with the results discussed in "Rotordynamik" 

[ I  01 for the elastic rotor on linear hydrodynamic bearings. For a journal angular 

velocity C2 of 400 radls the following diagrams are plotted: 

Phase Portrait (z', vs. z,,,,) of the disc geometric center W, for mass 

eccentricity of the disc s =0.5x104 m, Figure 4.6.1 .a 

Phase Portrait (z', vs. z,) of the journal center L in the bearings for a mass 

eccentricity of the disc E =0.5x104 rn, Figure 4.6.1 .b 

Journal orbit (y, vs. zJ for a mass eccentricity of the disc E =0.5x104 m, 

Figure 4.6.1 .c 

Time history curve of the displacement z, of the disc geometric center W for 

a mass eccentricity of the disc E =1x1 O4 m. Figure 4.6.2.a 

Phase Portrait (z', vs. 2,) of the disc geometric center W for mass 

eccentricity of the disc E =l x l  O4 m, Figure 4.6.2.b 

Time history curve of the displacement z, journal center L in the bearings for 

a mass eccentricity of the disc E 4 x 1  O4 m, Figure 4.6.2.c 



Phase Portrait (z', vs. z,) of the journal center L in the bearings for a mass 

eccentricity of the disc E =1 x l  O4 m, Figure 4.6.2.d 

Time history curve, phase portrait & Journal orbit show a stable motion for an 

eccentricity of the disc E =0.5x104 m (disregarding the transients). Phase 

portraits show that the motion ends up similar as in a limit cycle. The journal orbit 

shows the trajectory of the journal center in the bearing. 

Time history curve, phase portrait & Journal orbit show a stable motion for the 

eccentricity of the disc E =I .OxIO4 m (disregarding the transients). Phase 

portraits show that the motion ends up similar as in a limit cycle. The journal orbit 

shows the trajectory of the journal center in the bearing. 

For higher values of E the motion may become unstable. 

In Chapter 3 and in Chapter 4 the same bearing dimensions and the same rotor 

dimensions are considered with the exception that the shaft is rigid in Chapter 3 

and the shaft is elastic in Chapter 4. Therefore the journal eccentricity calculated 

for the journal rotating velocity R of 400 radls and the maximum and minimum 

bearing clearances calculated relative to the static equilibrium point of the 

journal, given in Table 3.6.1 are also valid for the case discussed here. The 

maximum and minimum bearing clearances relative to the static equilibrium point 

of the journal are indicated on Figures 4.6.1 .c (Orbit). Comparing the whirl 

amplitude of the journal center for mass eccentricity of the disc E =0.5x104 m 

and disc E =1 XI O4 m it can be seen that the amplitude is clearly smaller for the 



low mass eccentricity of the disc (Figures 4.6.1. b, 4.6.1 .c, 4.6.2.c. & 4.6.2.d). 

Figure 4.6.1 .c shows that the journal rubs the bushing for E =0.5x104 m. By 

decreasing the mass eccentricity of the disc or by choosing proper bearing and 

rotor parameters it would be possible to prevent this occurrence. 

Comparing the computed results to the results in Figure 4.4.1 it can be seen that 

for angular velocity C2 = 400 radls and a Reference Somrnerfeld number So, of 

0.38, the value t2Ja lies under the threshold speed which confirms that the 

motion is stable. 

In addition, for a journal angular velocity of i'2 = 1500 radls the following 

diagrams were plotted: 

Time history curve of the displacement z, of the disc geometric center W for 

a mass eccentricity of the disc E =O.SxI O4 m, Figure 4.6.3a 

Phase Portrait (z', vs. 2,) of the disc geometric center W for mass 

eccentricity of the disc E -0 .5~1 O4 m, Figure 4.6.3.b 

Time history curve of the displacement z, journal center L in the bearings for 

a mass eccentricity of the disc E =0.5~1 O4 m, Figure 4.6.3.c 

Phase Portrait (z', vs. 23 of the journal center L in the bearing for a mass 

eccentricity of the disc E =O.5~1 O4 m, Figure 4.6.3.d 

Time history curves show an unstable motion (disregarding the transients). The 

displacement increases rapidly with time. The phase portrait shows that the 



motion is spiraling out, which is unstable. The journal amplitude z, increases 

rapidly and the journal starts rubbing the bushing within a fraction of a second 

after start so that there is no need to check whether the journal rubs the bushing 

by indicating the bearing clearance limits on phase diagram. 

Comparing the results obtained above with the results in Figure 4.4.1 obtained 

from [ 61 it can be seen that the motion for S2 = 1500 radls and a Reference 

Somrnerfeld number, So, = 0.13 that the value RJo lies above the threshold 

speed, which confirms that the motion is unstable. 

In the book "Rotordynamik" only the stability of the rotor is discussed from the 

diagrams generated by using Equation (4.22) (Routh-Hurwitz Stability criterion) 

for calculating the threshold speed. In this book the equations of motion has 

been not solved to find the displacement or velocity of the journal and of the disc 

center and the diagrams Time history cuwe, Phase Portrait and the Journal orbit 

have been not drawn. Therefore the rotor motion has been not shown and the 

rubbing of the journal in the bushing has been not discussed. This shows the 

advantage of drawing the Phase Portrait or the Orbit. 
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Figure 4.6.1.a: Elastic Rotor on Linear Bearings; Phase Portrait of the Disc Center W; 
&=0.5xl 04m, G=400 radls. 



Figure 4.6.1.b: Elastic Rotor on Linear Bearings; Phase Portrait of the Journal Center L; 
E=O. 5x1 W4m, R=400 radls. 
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Figure 4.6.l.c: Elastic Rotor on Linear Bearings; Orbit of the Journal Center L; 
~=0.5x1 04m, R=400 radls. 
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Figure 4.6.3.c: Elastic Rotor on Linear Bearings; Time History Curve of the Journal Center 1; 
~=0.5xIO-~m, !2=750 radls. 





Chapter 5: Rigid Rotor Supported on Nonlinear Bearings 

Symmetrical rotors with rigid and elastic shafts on linear hydrodynamic bearings 

were studied in Chapters 3 and 4. The motion of the journal center in the 

bearings as well as the motion of the geometric center of the disc and their 

stability were investigated. In this chapter a symmetrical rotor with a rigid shaft 

supported on nonlinear bearings is considered and the motion of the journal 

center and its stability are discussed. 

5.1 Rotor Model 

The disc is considered to be mounted symmetrically and perpendicularly to the 

rigid shaft and the rotor is mounted on identical hydrodynamic bearings. The disc 

has a mass imbalance and the mass of the disc is 2M and the constant radiat 

load acting on both bearings is 2F,,,. Capone, Russo 8 Brancati [27, 22 & 281 

use this rotor model for the study of the stability of unbalanced rigid rotor on non- 

linear hydrodynamic bearings. 

5.2 Assumptions 

- - - 
A right handed-rectangular Cartesian coordinate system x y z with its origin 

0 at the center of the Bushing is selected. The 2 axis is perpendicular to the 



d - 
plane x, y and this plane coincides with the middle of the bushing of 

Length I. (see Figure 5.3.1) 

The rotor shaft is rigid and is mounted symmetrically on two hydrodynamic 

bearings. 

The bearings have non-linear elastic and damping properties and assumed to 

be short enough to apply the short bearing theory. 

The rotor disc has a mass imbalance and is mounted perpendicular to the 

rotor shaft axis. 

5.3 Rotor Model and Equations of Motion 

Figure 5.3.1: Journal on Non Linear Bearing [22] 



The journal in the non-linear bearing is shown in Figure 5.3.1. The symmetry of 

the system allows the analysis to be carried out only by considering one half of 

the rotor -bearing system i.e. one bearing & one half of the rotor ( rotor + shaft). 

The Journal Center is L , Q is a point on the Bushing at (8, 2). 

Reynold's Equation 

The governing equation of the fluid film pressure distribution p (0, z) for the given 

bearing for the area of the laminar and isothermic oil film is the Reynold's 

equation that can be written in the dimensionless form as follows [27]: 

where 

The dimensionless oil film pressure p, 

where p - oil film pressure; p, - reference pressure; 



The ratio, Bearing radius I Bearing length is denoted as 

Dimensionless Oil Film Thickness h, - 
h h = -  
C 

The dimensionless time t 

.r: =nt 

0 = 2R - Bearing Diameter 

C - Radial Clearance of the bearing 

I - Bearing Length 

h - Dimensionless Oil Film Thickness 

- 
h - Oil Film Thickness 

- 
p - Oil Film Pressure 

p - Dynamic Viscosity 

Sl - Journal Angular Velocity 

7 - dimensionless time 



A closed algebraic solution by Dubois and Ocvirk [31], allows the following 

qualitative conclusion on short bearings: 

For a relatively short bearing the change in pressure in the circumferential 

direction is small compared to the pressure change in the axial direction. Using 

Equation (5.1) and applying the Short bearing Theory [32 & 331. the pressure 

distribution is derived by Capone [27] as: 

3 ( ~  - 2j-9 sine - ( y  + 2.i.) cose 
~ ( 0 9 ~ )  = ( 4 2  - 1) 

( I  - xcose - sine)' 

This is valid between the limits u 4 0 I u + a & p =O at z = k % 

where 

-, y + 2 f  x y + 2 i  a 
a = tan x - 2 y  - - S i p (  1 ) - - ~ i g n ( ~ + 2 i )  (5.8) 

x - 2 y  2 

It has been shown by Capone [27] that the pressure distribution is such that the 

components f, and f, of the dimensionless film force can be obtained by 

integrating between a I 0 S a + x & p =O at z = + %. 



Fluid forces in the bearing 

substituting Equations (5.7) for p(0,z) in (5.9) and integrating with respect to z 

we get 

Integrating Equation (5.10) and taking into account the value of a from Equation 

(5.8) and simplifying 

we can write 



2 -, y cosa - x sina 
G(a,x3y) = (1 - ) (1 - x 2  - y ~ ) " z  I 

2 + (ycosa - xsina) G(a,s,y)  
with V ( a , x , y )  = 

1-x' - y 2  

[(X - 23)? + ( y  + 2 i ) 1 ] " 2  {;.I=- 1 - 2 - y 2  X 

with 

x cosa - y sina 
F(a ,x ,y )  = 

1 - (xcosa  - y  sinu)' 

For a symmetrical, rigid rotor supported on a cylindrical short lubrication bearings 

the equation of motion can be written as [22] 



Where the non linear fluid film forces f, and f, are given by Equation (5.1 5) and m 

is the one half rotor mass, o is the modified Somrnerfeeld number and p is the 

dimensionless mass imbalance eccentricity and can be calculated as 

M - one half rotor mass; Fmr Load per bearing ; E-mass imbalance eccentricity; 

C- radial clearance; Fx, F, -fluid film force components; W- load per bearing, 

f, = FjoW - dimensionless fluid film force component; 

x y t  
T, y, i - coordinates; x, y, z = - - - - Dimensionless coordinates. 

C'C '  I 

(The other notations are described earlier) - 



The solution x(r) , y(s) of the system of differential Equations (5.17) and (5.18) 

gives the orbit described by the journal axis. 

Equations (5. 17) and (5.1 8) are two non-autonomous second order non-linear 

coupled differential equations. These two equations can be written as four first 

order differential equations and can be numerically solved using the 4" order 

Runge-Kutta method. 





5.4 Stability of the Motion 

An analytical determination of the orbit described by the journal axis has been 

performed by searching for an approximated solution of the system of the non- - 

linear Equations (5.1 7) & (5.18) using the Fourier series development [22]. From 

this developments a synchronous and a sub-synchronous solution of the orbit 

has been determined. Furthermore Brancati and Russo [22] determined the 

stability of the periodic solution and for a given unbalance value of p the limit 

stability curves on the o - mo plane have been drawn and the areas for different 

dynamic behavior of the rotor have been identified ( see Figure 5.4.1) . 

The stability map in Figure 5.4.1 is drawn for p= 0.3. It shows different regions of 

synchronous orbit, periodic, non-periodic and chaotic whirl, half frequency whirl 

and oil whirl. 

The two second order non linear differential Equations (5.22) and (5.23) are 

written as four first order differential equations and are solved numerically for 

displacement and velocity of the journal center in x and y directions using the 4m 

order Runge-Kutta method. The following parameters are used. p = 0.3, cr = 0.3, 

rn = 6.67, 20.33 and 166.67. The results give the motion of the journal center 0' 

in x and y directions and are represented in Time History Curves, Phase 

Portraits, Poincare Maps and Orbits. They are given in the following section. 



Figure 5.4.1: Stability Map for p = 0.3 [22] 

5.5 Results and Discussion 

A constant step size is used for the numerical integration with 4' order Runge- 

Kutta-Method. Because of the divergence of the integration at some positions a 

very small time step has to be selected throughout the whole integration. This 



could be avoided by using a computer program with a variable time step for the 

integration. The constant step size integration demands a large computer store 

capacity, which is limited for the Graduate Students, and therefore the variable 

"time" of the integration has to be limited. This has consequences in drawing the 

Poincare Map as it does not give enough points in some of the cases to see a 

pattern of the motion to make a decision about the type of motion. The results 

obtained for various parameters are given in the following: 

p = 0.3. o = 0.3 and m = 6.67 

The results obtained by numerically solving the Equations of motion (5.22) and 

(5.23) are compared with the results given by Russo [22] in the stability map 

(Figure 5.4.1). The diagrams plotted are as follows: 

Time history curve of the journal center displacement x, Figure 5.5. I .a 

Phase Portrait of the journal center , between its position in x and velocity x 

in the bearing, Figure 5.5.1 .b 

Poincare Map , of the journal center, between its position in x and velocity x 

Figure 5.5.1 .c 

Journal orbit, the position of the journal center at any time in the bearing, 

Figure 5.5.1 .d 



The Time History curve. Phase Portrait . Poincare Map and the Orbit shows a 

stable motion (disregarding the transients). From the Time History curve it can be 

observed that the motion appears to be periodic and this is confirmed by the 

phase portrait. The frequency of the motion can be read from the Time History 

curve somewhat approximately and this shows that journal motion is 

synchronous with the rotor speed. The Poincare Map is constructed using the 

period of the rotor (equal to the period of the whirl of the journal center) T = 6.28. 

Disregarding the transients it appears one point on the Poincare Map. The 

trajectory of the journal center shows the motion is stable, with a relatively small 

amplitude the journal does not rub the bushing. Comparing this results with the 

Stability map (Figure 5.4.1, [22]) the point related to the parameters lie in the 

region " Stable Operation". The journal center describes an orbit that is 

synchronous with the rotating velocity and small in size (221. This confirms that 

the results on the stability map and the results obtained by the numerical 

integration agree with each other. 

p = 0.3. o = 0.3 and m = 20.33 

The results obtained by numerically solving the Equations of motion (5.22) and 

(5.23) were compared with the results given by Russo [22] in the stability map 

(Figure 5.4.1). The diagrams plotted are as follows: 

. Time history curve of the journal center displacement x, Figure 5.5.2.a 



Phase Portrait of the journal center, between its position in x and velocity x 

in the bearing, Figure 5.5.2.b 

Poincare Map , of the journal center , between its position in x and velocity x 

Figure 5.5.2.c 

Journal orbit, the position of the journal center at any time in the bearing, 

Figure 5.5.2.d 

The Time History curve, Phase Portrait , Poincare Map and the Orbit show a 

stable motion (disregarding the transients). From the Time History curve it can be 

observed that the motion appears to be periodic and this is confirmed by the 

phase portrait. The frequency of the motion can be read from the Time History 

curve somewhat approximately and this shows that journal motion is 

synchronous with the rotor speed. The Poincare Map is constructed using the 

period of the rotor (equal to the period of the whirl of the journal center) T = 6.28. 

Disregarding the transients it appears one point on the Poincare Map. The 

trajectory of the journal center shows the motion is stable, with a relatively small 

amplitude and the journal does not rub the bushing. Comparing this result with 

the Stability map (Figure 5.4.1) the point related to the parameters lies in the 

region " Half Frequency Whirln. This is a very small region and the selected point 

is just above the borderline of the "Synchronous Whirl". This could be the reason 

that the results on the stability map and the results obtained by the numerical 

integration do not agree to each other. 



The Time History curve, Phase Portrait , Poincare Map and the Orbit show a 

stable motion (disregarding the transients) 

p = 0.3. o = 0.3 and m = 33.33 

The results obtained by numerically solving the Equations of motion (5.22) and 

(5.23) were compared with the results given by Russo [22] in the stability map 

(Figure 5.4.1). The diagrams plotted are as follows: 

Time history cuwe of the journal center displacement x, Figure 5.5.3.a 

Phase Portrait of the journal center , between its position in x and velocity x 

in the bearing, Figure 5.5.3.b 

. Poincare Map , of the journal center , between its position in x and velocity x 

Figure 5.5.3.c 

Journal orbit, the position of the journal center at any time in the bearing, 

Figure 5.5.3.d 

.From the Time History curve Figure 5.5.3.a shows that the motion is not 

periodic. The shape of the phase portrait Figure 5.5.3.b suggests that the motion 

is non-linear. The phase trajectories lie within a certain region but spread over 

this region. The Poincare Map was constructed by using the period of the rotor T 

= 6.28. All Poincare points are scattered in a certain region. The trajectory of the 

journal center and all the other curves Time History, Phase Portrait and 

Poincare Map suggest that the motion is likely to be chaotic. To make an exact 



study more Poincare points are needed. The integration is limited because of the 

limited data store capacity allocated for Students from the Computer Center. 

The Orbit of the journal center shows that the motion is having a large amplitude 

but it remains within the limits of the bushing diameter and does not rub the 

bushing. Comparing this result with the Stability map (Figure 5.4.1) the point 

related to the parameters lies in the region " Periodic, Non periodic and Chaotic 

whirling". This confirms that the results on the stability map and the results 

obtained by the numerical integration agree with each other. 

p = 0.3. a = 0.3 and m = 166.67 

The results obtained by numerically solving the Equations of motion (5.22) and 

(5.23) were compared with the results given by Russo (221 in the stability map 

(Figure 5.4.1). The diagrams plotted are as follows: 

Time history curve of the journal center displacement x, Figure 5.5.4.a 

Phase Portrait of the journal center , between its position in x and velocity x 

in the bearing, Figure 5.5.4.b 

Poincare Map , of the journal center , between its position in x and velocity x 

Figure 5.5.4.c 

Journal orbit, the position of the journal center at any time in the bearing, 

Figure 5.5.4.d 



The Time History curve, Phase Portrait , Poincare Map and the Orbit show a 

stable motion. The Time history curve shows that the motion is not periodic. The 

phase trajectories lie within a certain region but are scattered and show that the 

motion is non-linear. The fundamental frequency of the motion can be read from 

the Time History curve somewhat accurately. The Poincare Map was 

constructed using the period of the rotor motion T = 6.28. All Poincare points are 

scattered and lie within a certain region in the Figure 5.5.4.c. The trajectory of 

the journal center shows the motion is stable, with a large amplitude and the 

journal does not rub the bushing. Figures 5.5.4.a, 5.5.4.b & 5.5.4.c show that 

the journal whirls with about 0.5 times the rotor speed but also having some sub 

frequencies. Comparing this result with the Stability map (Figure 5.4.1) the point 

related to the parameters lies in the region "Oil Whirl". The motion characterized 

by a large frequency component is close but not equal to 0.5 [ 221. This confirms 

that the results on the stability map and the results obtained by the numerical 

integration agree with each other. 
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Figure 5.5.2.c: Rigid Rotor on Non Linear Bearings; Poincare Map of the Journal Center 0'; 
p = 0.3, o = 0.3 and mo = 6.0. 
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Figure 5.5.2.d: Rigid Rotor on Non Linear Bearings; Orbit of the Journal Center 0'; 
p = 0.3, o = 0.3 and rno = 6.0. 
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Figure 5.5.3.c: Rigid Rotor on Non Linear Bearings; Poincare Map of the Journal Center 0'; 
p = 0.3, o = 0.3 and mo = 10.0. 
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Chapter 6: Conclusions and Future Research Possibilities 

The work in this thesis consists of an Analysis of Motion of Unbalanced Rotors 

on Rigid and Flexible Bearings. The disc of the rotor is considered to have a 

mass imbalance. Different combinations of rigid and flexible bearings with rigid 

and flexible rotor shafts were analyzed. In all cases it was assumed that the disc 

is mounted perpendicular to the shaft axis and symmetrical to the bearings and 

the rotor is supported on two identical bearings. The selected rotor-bearing 

combinations selected for the study are as follows: 

Case 
# 

ia 

ib 

iia 

iib 

iii 

iv 

Shaft 
Properties 

Rigid 

Elastic 

Elastic 

Elastic 

Rigid 

Elastic 

Bearing Bearing Type 
Properties 

Elastic I Roller element 
I bearings 

Rig id I Roller element 
I bearings 

Rig id Roller element i bearings 
Rigid Roller element i bearings 

Mass 
im- 

balance 
Yes 

Yes 

No 

Yes 

Yes 

Yes 

Elastic 
(Linear) 
Damping 
(Linear) 

Degrees 
of 

freedom 
1 lateral 
1 rotational 
I lateral 
1 rotational 
2 lateral 
1 rotational 
2 lateral 
1 rotational 
2 lateral 
1 rotational 

2 lateral 
1 rotational 

Hydrodynamic 

Elastic 
(Linear) 
Damping 
(Linear) 

Hydrodynamic 



Case ia: Rigid Rotor on Linear Elastic Bearings (One Dimensional) 

This case is studied in Section 2.1 of this thesis. The critical frequency of the 

rotor is determined by equating the rotor speed to the natural frequency of the 

rotor in the Equation of motion established for one direction. This is the very first 

method to estimate the critical frequency of a rotor [I I]. This method does not 

give the total motion of the disc as only one of the possible two lateral motions 

of the disc is considered. 

Degrees 
of 

freedom 
2 lateral 
1 rotational 

Case ib: Linear Elastic Rotor on Rigid Bearings (One Dimensional) 

Case 
# 

V 

This case is studied in Section 2.1 of this work. The critical frequency of the rotor 

is determined by equating the rotor speed to the natural frequency of the rotor 

considering the stiffness of the elastic shaft due to bending in the equation of 

motion established for one direction. This is used to estimate the critical 

frequency of a rotor [I I]. The method does not give information on the total 

motion of the disc because only one direction of the possible two lateral motions 

Bearing Type 

Hydrodynamic 

are considered. 

Mass 
im- 

balance 
Yes 

Shaft 
Properties 

Rigid 

Bearing 
Properties 

Elastic 
(Non Linear) 
Damping 
(Non Linear) 



Case iia: Elastic Rotor on Rigid Bearings with no Mass Imbalance (Two 
Dimensional) 

This case is discussed in Section 2.2. The main difference between the case 

discussed in Section 2.1 is that the lateral motion of the disc is considered in two 

directions (disc plane y-z). The equations of motion (2.13.a) and (2.13.b) are 

used and solved by substituting E = 0 for no mass imbalance. For a single 

frequency, depending on the Initial Conditions the trajectory of the resultant 

motion of the geometric centre of the disc can be a line , ellipse or a circle at any 

angle to the y - axis [Figure 2.2.6.11. The non dimensionalized equations of 

motion (2.26) & (2.27) cannot be used here as they have been derived by 

assuming E#O. 

Case iib: Elastic Rotor on Rigid Bearings (Two Dimensional) 

This study forms the main portion of this work. The main diference to the cases 

discussed in Section 2.1 is that the lateral motion of the disc is considered in two 

dierections (disc plane y-z) and the motion for various ratios, Forcing 

frequencyINatural frequency of the system, is thoroughly studied and 

categorized. The categorization is as follows: 

Harmonic response 

Subharmonicresponse 

a Ultraharmonic response 



Ultrasubharmonic response 

Quasiperiodic response 

The Equations of motion (2.1 3.a) and (2.1 3.b) are non-dimensionalized. The 

non-dimensionalized Equations (2.26) 8 (2.27) are solved numerically. It is 

easier to use these equations because the variable (frequency ratio) appeared in 

the equation only once. 

The numerical results are presented in the form of diagrams such as Time 

History Curves, Phase Portraits, Poincare Maps and Orbits and Velocity Profiles. 

Especially the use of Phase Portrait and the Poincare Map make it possible to 

show a new aspect of the motion in the plane of the displacement and the 

velocity. This allows the categorization of motion. The characteristics of the 

categorized motion is summarized and given in Table 2.2.1 .a, Table 2.2.1 .b 8 

Table 2.2.1 .c and discussed in detail in Section 2.2.6.6. The objective of the 

thesis work described in Section 1.5 is met as the categorization of the motion is 

achieved and the stability of the motion is determined. Using the categorization 

of the motion how the natural frequency of the rotor can be determined is 

explained in Section 2.2.6.8. 

The following characteristics of the diagrams are the important features used for 

the categorization of the motion: 



Time History Curve 

Number of kinks appear on the time history curve (a kink is a relative maximum 

on the time history curve), period of the oscillation and the max. and min. 

displacement are observed and discussed. 

Phase Portrait 

Number of closed loops, Symmetry about displacement and velocity axes are 

observed and discussed. 

Poincare Map 

Selection of the period for construction of the map, Number of points, Direction 

of the filling order of the points, Position of points, Symmetry about Displacement 

& Velocity axes are observed and discussed. The number of points and the 

position of the points show whether the motion is periodic quasi periodic or 

chaotic. 

Orbit 

Maximum, minimum displacement and Symmetry about the two Displacement 

axes y and z are observed and discussed. 

Velocity Profile 

Number of closed loops and maximum and minimum velocity are observed and 

discussed. 



The results of Poincare Maps drawn on Velocity-Displacement plane are 

compared with the type of Poincare Maps drawn on the plane of the two-phase 

angles of multi-frequency system discussed by Wiggins [25]. 

The categorization of the motion applied to a rotor with a linear elastic shaft done 

in this work has not been seen in literature. 

Conclusion of this study and its importance has been given in Section 2.2.6.8. 

This study explains the method to identify the category of a determined 

(measured) response of a rotor and to calculate its natural frequency for a given 

rotor speed. 

Case iii: Rigid Rotor on Linear Hydrodynamic Bearings (Two Dimensional) 

This case is discussed in detail in Chapter 3. The hydrodynamic bearings are 

considered to be having linear elastic and damping properties. The stability of 

the motion of the rotor is discussed in the literature [2, 10, 11, 12 & 131. In this 

study Routh-Hunvitz Stabilty criterion is used to determine the threshold speed of 

the rotor. The threshold speed is given in a diagram as a function of the 

Sommerfeld number (see Figure 3.5.1). This diagram shows the stable and 

unstable regions which is of great importance to the rotor designer. 

In this study the equations of motion established for the disc centre which is 

identical with the journal centre are numerically solved using the 4' Order 

Runge-Kutta-Method. The results are given in the form of Time History Curves, 



Phase Portraits and Orbits. From these diagrams it is possible to determine the 

stability of the motion by studying the period and displacement of the oscillation. 

These results are compared with those given in literature [lo]. In addition to the 

stability of the motion, from the diagrams it can be determined whether the 

journal rubs the bushing. This aspect is of great importance to the rotor designer 

and is not mentioned in the literature [lo]. 

Case iv: Linear Elastic Rotor on Linear Hydrodynamic Bearings (Two 
Dimensional) 

This case is discussed in detail in Chapter 4. The hydrodynamic bearings are 

considered to be having linear elastic and linear damping properties. In addition, 

the shaft is considered to be having linear elastic properties. The stability of the 

motion of the rotor is discussed in the literature [2, 10, 1 1, 12 & 131. In this study, 

the threshold speed of the rotor is determined by the use of Routh-Hurwitz 

Stabilty criterion. The Threshold speed is given in a diagram (see Figure 4.4.1) 

as a function of the Sommerfeld number. The diagram shows the stable and 

unstable regions which is of great importance to the rotor designer. 

In this study the equations of motion established for the disc centre and for the 

journal centre are numerically solved using the 4' Order Runge-Kutta-Method. 

The results of the motion of the disc center and the journal centre are given in 

Time History Curves, Phase Portraits and Orbits. From these diagrams it is 

possible to determine the stability of the motion by studying the period and 



displacement of the oscillation. These results are compared with the results 

given in literature [lo]. Phase portraits give the stability of the motion and from 

the Orbit diagram one can determine whether the journal rubs the bushing. This 

aspect is of great importance to the rotor designer and is not mentioned in this 

format in the literature [lo]. 

Case v: Rigid Rotor on Non Linear Hydrodynamic Bearings (Two 
Dimensional) 

In Chapter 5 this case is studied and the results are discussed in detail. The rotor 

shaft is considered to be rigid and the flexible bearings are considered to have 

non-linear elastic and damping properties. The bearing forces generated by the 

rotor motion have been derived from the Reynold's Equation and applied to a 

short bearing. With some modifications for simplifying the model, an equation of 

motion of a rotor supported on nonlinear hydrodynamic bearings has been 

derived by Capone (271. The equation of motion of the journal center has been 

established by using the Newton's 2M Law of motion and the equations of the 

equilibrium for the nonlinear bearing forces (271. 

In this study the equations of motion given for the journal centre in [27] are 

simplified (by rearranging) and are numerically solved using the 4" Order Runge- 

Kutta-Method. The motion of the journal centre is given in the diagrams such as 

Time History Curves, Phase Portraits, Poincare Maps and Orbits. To avoid 

divergence during numerical integration a very small step size has to be 

selected. This resulted in a vast amount of data for a selected "time" of the 



motion. This time could be optimized by using a variable step integration 

computer program. Because of the available limited data space the integration 

has to be kept short and it results to less Poincare points in the Poincare map. 

To confirm a chaotic motion the Poincare map with a large number of points is 

needed. In one combination of parameters the motion appears to be chaotic. But 

due to lack of obtained Poincare points the type of motion cannot be confirmed. 

The results obtained by numerically solving the Equations of motion are 

compared with the results given by Russo [22] on the stability map (Figure 

5.4.1). 

From the four different sets of parameters studied, except for one set of results 

(mo = 6.0 , 0=0.3) the other three sets agree with the results given by Russo 

[22]. The possible disagreement of this result could be the reason that the 

selected parameters are very close to two border lines dividing three regions on 

the stability map (Figure 5.4.1). The results obtained show the characteristics of 

the other side of the borderline. 

From Phase Portraits and Poincare Maps the stability of the motion and the type 

of motion i.e. periodic, quasiperiodic or chaotic is determined. This shows that 

the objectives of this thesis work given in Section 1 -5 are met. 



Future Research Possibilities 

In all cases of this study a symmetric rotor mounted on identical bearings is 

considered. 

All the other possible combinations of unsymmetrical rotor on non-identical 

bearings are to be studied. 

For a linear symmetric rotor on linear hydrodynamic bearings a computer 

program can be developed to analyze its motion. For a given rotor data the 

program shall give output data of the motion of the disc or journal center in 

graphic form of Time History Curve, Phase Portrait, Orbit. The threshold speed 

of the rotor can also be determined. From the diagrams it can be observed 

whether the journal rubs the bearing or not. 

The motion of an elastic symmetrical rotor on non-linear hydrodynamic bearings 

could be analyzed. The equations of motion are to be established. Stability maps 

could be generated, the equations could be solved numerically and the stability 

of the motion could be observed using Time History Curves, Phase Portraits, 

Poincate Maps & Orbits. 
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APPENDIX 

PROGRAM for 4TH ORDER RUNGE-KUTTA METHOD 1341 

C 
C PROGRAM 7.2 ONE-STEP METHODS FOR SYSTEMS OF EQUATIONS 
C 
C ITYPE= 1 (EULER'S METHOD) ITYPE= 2 (MODIFIED EULER'S 
METHOD) 
C ITYPE= 3 (MID-POINT RULE) ITYPE= 4 (4TH ORDER RUNGE-KUTTA) 
C 
C ALTER NEXT LINE TO CHANGE PROBLEM SIZE 
C 

PARAMETER(MEQ=I 0) 
C 

REAL Y(MEQ),YO(MEQ),KO(MEQ),Kl (MEQ),K2(MEQ),K3(MEQ) 
C 

OPEN(5, FILE='DATA.INf) 
OPEN(6, FILE='DATA.OUT') 
READ (5,') ITYPE,N,NSTEPS,H,X 
READ (5,') (Y(I),I=l ,N) 
WRITE (6;) (I******* SYSTEMS OF EQUATIONS******" ) 
WRlTE (6,') 
GO TO (1,2,3,4) ITYPE 

1 WRITE (6, *) (""**** EU LERS METHODS*********' 1 
WRlTE (6,') 
WRlTE (6,200) N 
DO 10 J = 0,NSTEPS 

WRITE (6,100) X, (Y(I),I=l ,N) 
CALL FUNC(k0,Y ,X) 
DO 11 l=I,N 

I 1  Y(I) = Y(I) + KO(I)*H 
10 X = X + H  

GO TO 50 
2 WRITE (6,') ("**"*** MODIFIED EULERS METHODe******" 1 
WRlTE (6,') 
WRlTE (6,200) n 
DO 20 J = 0,NSTEPS 



WRITE (6,100) X, (Y(I),l=I ,N) 
CALL FUNC(KO,Y,X) 
DO 21 1 = 1,N 

YO(I) = Y(I) 
21 Y(I) = YO(I) + KO(I)*H 

X = X + H  
CALL FUNC(K1 ,Y ,X) 
DO221=1,N 

22 Y(1) = YO(I) + .5'H* (KO(I)+KI (I)) 
20 CONTINUE 

GO TO 50 
3 WRITE (6,') ("""** MID-POINT RULE+*****+*' 1 
WRlTE (6,') 
WRlTE (6,200) N 
DO 30 J = 0,NSTEPS 

WRlTE (6,100) X, (Y(I),I=1 ,N) 
CALL FUNC(KO,Y,X) 
DO 31 1 = 1 ,N 

YO(I) = Y(I) 
31 Y(I) = YO(I) + .5'H*KO(I) 

X = X + .5*H 
CALL FUNC(K1 ,Y,X) 
DO321 = 1,N 

32 Y(I) = YO(I) + H*KI(I) 
30 X=X+.S*H 

GO TO 50 
4 WRITE (6,') ("**"**** 4TH ORDER RUNG€-KUTTA "****') 
WRlTE (6,') 
WRlTE (6,200) N 
DO 40 J = 0,NSTEPS 

WRITE (6,100) XI (Y(I), I=l,N) 
CALL FUNC(KO,Y,X) 
DO421=1,N 

YO(I) = Y(I) 
42 Y(I) = YO(I) + KO(I)*. 5"H 

X = X + W.5 
CALL FUNC(K1 ,Y,X) 
D O 4 3 I = l , N  

43 Y(I) = YO(I) + K I  (I)*.5'H 
CALL FUNC(K2,Y,X) 
DO441=1,N 

44 Y(I) = YO(!) + K2(I)'H 



X = X + H*.5 
CALL FUNC(K3,Y1X) 
DO45 1 = l , N  

45 Y (I) = YO(I) + (K0(1)+2.* (K1 (I)+K2(I))+K3(1))/6.*H 
40 CONTINUE 
50 CONTINUE 
100 FORMAT (1 0E13.5) 
200 FORMAT (' X Y(l), I = 1,',l2) 

STOP 
END 

C 
SUBROUTINE FUNC(F,Y,X) 

C 
C THIS SUBROUTINE PROVIDES THE VALUES OF F(X,Y) FOR EACH 
C EQUATION AND WILL VARY FROM ONE PROBLEM TO THE NEXT 
C 

REAL F(*),Y(*) 
C 

F(1) = ~ ( 2 )  
F(2) = -1 55.0*~(1)+ 4.0*~(1)"3 
RETURN 
END 



PROGRAM FOR POINCARE MAP 

character '8 input'output 
integer i 
real time-firstitime-step,time-test,timel ,time2, position 1 
real position2,velosityl ,velosity2,sitionl 'sition2 
real losityl ,losity2,time~minimum,time~maximum 
real pos,vel,ps ,ve 

print', 'Enter the name of the input file:' 
read', input 

print*, 'Enter the name of the output file:' 
read*, output 

open (1 0, file = input, status = 'old') 
open (20, file = output) 

print*, 'What is the time for the initial reading?' 
read*, time-first 

print*, 'What is the time increment between readings?' 
read*, time-step 

time-test = time-first 

read (1 0,') time-minimum 

do 10 i=1,1000000 
read ( I  O,*,END=I 00) time-maximum 

10 continue 

100 rewind (10) 

read (1 0,') time1 ,position1 ,velosityl 'sition I ,  
@ losityl 



if ( timel .gt. time-first ) then 
print*, 'The time for the inital reading is outside the' 
print*, 'time range!' 
got0 2000 

end if 

200 read (1 O,', END=2000) tirne2, position2,velosity2, 
@ sition2,losity2 

if ( time2 .ge. time-maximum ) then 
got0 2000 

end if 

if ( time2 .ge. time-test ) then 
pos=position 1 +(position2-position1 )/(time2-timel ) 

@ *(time-test-time1 ) 
vel=velosityl +(velosity2-velosityl )/(time2-timel ) 

@ *(time-test-time1 ) 
ps=sition I +(sition2-sition I )l(time2-timel ) 

@ '(time-test-time I )  
ve=losityl +(losity2-losityl)I(tirne2-time1) 

@ *(time-test-time1 ) 
write (20, *) pos,vel,ps,ve,tirne~test 
time-test = time-test + time-step 
if ( time-test .gt. time-maximum ) then 

got0 2000 
end if 

else 
timel = time2 
position 1 = position2 
velosityl = velosity2 
sitionl = sition2 
losityl = losity2 

end if 

2000 close (10) 
close (20) 
end 




