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ABSTRACT 

The aim of this thesis is to review the recent literature on aggregation theory and apply 

the suggestions of this literature to the construction of the monetary aggregates M 1, M 2  and M3. 

Specifically, superlative indexes such as the Divisia and Fisher are used for this purpose. The 

need to use alternative techniques to construct MI,  M2 and M3 is prompted by the evidence that 

the simple sum monetary aggregates published by the Bank of Canada make highly unrealistic 

assumptions about the nature of the money market. The issue of whether the Divisia and Fisher 

aggregates constitute an improvement on the simple sum aggregates is briefly examined through 

a cursory set of empirical tests, including tests for a causality relationship between money and 

GDP or prices. The results provide little evidence that one aggregation methodology produces 

aggregates that are superior in terms of forecasting macroeconomic fluctuations. 
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Chapter I: A Brief Introduction 

There is already a substantial amount of literature dealing with the issue of how to 

measure the aggregate quantity of money in the economy. Much has been made in this 

literature of the potential inadequacies of the existing official monetary aggregates 

constructed by a method (so-called simple s u m  aggregation) that does not take advantage 

of the recommendations of existing aggregation theory. (The aggregation theory of most 

interest here is the aggregation of the monetary assets held by a single representative 

consumer.) 

Typically, in constructing the four popular aggregates of M1, M2, M3 and M2+, 

the Bank of Canada merely adds the component assets and deposit accounts contained in 

the definition of the aggregate to form the aggregate. The weakness o f  this simple method 

of measuring the money supply is that it involves no consideration of the relative prices 

of these component monetary assets. In so doing the implicit assumption is being made 

that the relative prices of these monetary assets are assumed to be constant and equal over 

time, and M e r  that the component monetary assets are perfect (and dollar-for-dollar) 

substitutes for each other. The empirical evidence indicates otherwise however. It is 

obviously the case that most economic agents hold a portfolio of monetary assets (that 

have significantly different opportunity costs), rather than a single asset with the lowest 

c o a  Given this, it is highly unlikely that economic agents regard component monetary 

assets as perfect substitutes for each other. 

Since most monetary assets are not regarded as perfect substitutes, it is necessary 

to consider what determines the elasticity of substitution between assets. Generally, the 



degree of "moneyness" of the asset is believed to be a factor in deciding the degree of 

substitution between monetary assets. Ultimately, an improved means of constructing 

monetary aggregates would assign weights to each component asset in accordance to the 

differing degrees to which the asset contains "money" properties. In the context of 

statistical index theory, indexes used to construct monetary aggregates in this fashion are 

referred to as "weighted" indexes. However, these indexes must weight monetary assets 

nonlinearly in the aggregation process otherwise assets must still be perfect (but not 

dollar-for-dollar) substitutes. The Divisia and Fisher Ideal indexes both weight 

component monetary asset data nonlinearly and both indexes will be discussed in the 

thesis. 

The use of Divisia and Fisher Ideal indexes (also known as superlative indexes) 

has its foundation in the microeconomic theory of a monetary economy. The monetary 

economy is thus represented in a microeconomic m e w o r k  through the consumer's 

opthizition problem in which the vector of monetary assets is included in the 

representative consurneh utility function along with all other goods and services 

available in the economy. The price of monetary assets (required in the budget consaaint 

of the model) is given by the user cost of these assets. (Later, it will be shown that these 

user costs will become the weights used in the Divisia index). The user coa  may easily 

be calculated by using the expected nominal holding period yield on the given asset, the 

expected holding period yield on an alternative "benchmark" asset and the true cost-of- 

living (price) index. 

See Barnett, Fisher and Serletis (1992, p2093) 



The two-stage theory of optimization is used to more effectively focus on the 

demand for monetary services. This theory is used as follows: In the first stage of 

optimization, the consumer allocates their expenditure among broad categories (such as 

consumption goods, leisure and monetary services) while in the second stage, 

expenditure is allocated within each category, or in this special case, among the monetary 

assets individually. In the first stage, the ailocation decision is guided by the price indices 

of the broad categories. For the second stage, the relative user costs of the individual 

monetary assets determine the allocation of consumption among the assetse2 

For the above general framework to hold, two principal assumptions must be 

satisfied. First, the use of a representative agent can only be allowed if Gonnan's 

condition is satisfied. Goman's condition requires that al l  consumers have linear and 

parallel Engel curves.3 This assumption (if satisfied) basically ensures that economic 

agents in the economy will not be so diverse and heterogeneous that the use of a 

representative consumer in the consumpdon allocation model for the economy is invalid. 

The second important assumption is that of weak separability. That is to say, it must be 

the case that the utility function in the opthizition model described above is weakly 

separable in the services of monetary assets? For a simple utility function where 

c represents the vector of the services of consumption goods, L is leisure time and m is 

the vector of monetary assets, weak separability allows the utility function to b e  given as 

l.4 = U[C? L? f (m)] 

' See Barnett, Fisher and Serietis (1992, p2094) 

3 See Anderson, Jones and Nesmith (1997, p23) 

See Barnett, Fisher and Serietis (2992, p2094) 



in which f defines the monetary subutility function. Technically, the property of weak 

separability means that the marginal rate of substitution between any two monetary assets 

is independent of the levels of cand L ~onsumed.~ The weak separability condition is 

absolutely necessary for the two-stage optimization approach to be possible. 

As long as the monetary subutility hc t ion ,  f (m) is first-degree homogeneous, it 

is a monetary quantity aggregator b ~ t i o n . ~  The second stage of the optimization 

problem is completed by deterraining the optimum quantities of each monetary asset; this 

is done by maximizing the subutility function subject to the expenditure constraint 

implied by the &-stage. Once these optimum quantities are inputted to the subutility 

function, an aggregation theoretic money quantity aggregate is determined. Thus the 

aggregator function itself provides a way to construct more accurate aggregates for MI, 

M2, M3 and M2+. 

The problem here is that the parameters of the quantity aggregator h c t i o n  must 

be estimated empirically unless statistical index number theory is applied. Estimating the 

aggregator fimction directly requires that specific assumptions be made about the 

firnctional forms of the subutility functions. Statistical index numbers obviate the need 

for the estimation of the specific function. Statistical index numbers contain no unknown 

parameters and are said to be exact if the index number tracks the aggregator function, 

evaluated at the optimum, without error? 

See Barnett, Fisher and Serletis (1992, p2094) 

"ee Anderson, Jones and Nesmith (1997, p38) 

See Anderson, Jones and Nesrnith (2997, p 90)  



The Divisia and Fisher Ideal indexes are examples of statistical index numbers. 

The continuous-time versions of these indexes are exact for the given quantity aggregator 

hction.  The discrete-time versions of the Divisia and Fisher indexes used here are not 

exact. There exist mathematical functions however that can provide second-order 

approximations to the unknown aggregator fimctions. These mathematical functions are 

known as flexible hctional forms.* There are also statistical index numbers that are 

exact for some of these flexible functional forms and these are referred to as superlative 

index numbers. (The discrete-time Divisia index is exact for the translog flexible 

hctional form, while the Fisher index is exact for the homogeneous quadratic functional 

Thus the superlative index numbers (such as the Divisia and Fisher Ideal indexes) 

are able to provide second-order approximations to the unknown aggregator hction. It 

is the aim of this thesis to use superlative indexes (primarily the Divisia, but also the 

Fisher and currency equivalent) to provide an aggregation theoretic means of measuring 

M1, M2, and M3 lo, for the purpose of providing an economic comparison with those 

aggregates. 

Chapter 2 will briefly describe the basic definitions and component data of the 

monetary aggregates in Canada. Chapter 3 will serve as a thorough m e w o r k  describing 

the microeconomic, aggregation theoretic and statistical index number foundations 

behind the aggregation approach used in this project. Chapter 4 will briefly descnie a 

theoretical extension of the Divisia index to allow for the existence of risk in money 

8 See Anderson, Jones and Nesmith (1997, p.4 1 )  

See Anderson, Jones and Nesmith (1997, p.42) 



markets and for the risk aversion of the consumer. Chapter 5 will describe in detail the 

data series and methodology used in the construction of monetary aggregates for MI,  M2 

and M3, and will briefly compare the aggregates as generated by the use of different 

index numbers. Finally, Chapter 6 will examine the money measures obtained for unit 

roots, and perfom cointegration and causality tests on the money measures and their 

relationship with aggregate price and income variables. Chapter 7 will serve as a brief 

conclusion. 

- - -  

lo M2+ aggregates are not calculated in this thesis due to dam availability problems. 



Chapter 2: A Discussion of the Definition of Monev 

I. Introduction 

While the definition of  what money consists of is not something that has to be 

discussed in most contexts, for the purpose of the monetary aggregation project 

performed in this thesis, a brief review of the nature of money may be useful. In the 

exchange and acquisition of resources, no development has contributed quite so much to 

efficiency and social welfare as the introduction of money. Money, in its most generic 

sense, is defined by whatever asset performs at least one of the following three functions: 

money can serve as a standard unit of account, a medium of exchange and a store of 

value. 

The alternative to the money economic system is the use of barter. Barter is the 

direct exchange of goods and services for other goods and senices, and the barter system 

preceded the introduction of money back to ancient times. Even though it has been 

displaced by the introduction of money for a variety of reasons, it still can be seen in even 

highly industrialized countries on a small scale. Any informal direct exchange o f  one 

good or service for another between individuals in the economy would qualify as an 

example of the use of barter. 

Finally, the issue of how the money supply is defined will be discussed. For the 

Bank of Canada, there are several official measures of the money supply which are 

published. Primarily, these consist of definitions (ranging from narrow to broad) M1 

through M3 and M2f. MI consists of currency in circulation plus current and personal 

chequing accounts. M2 adds personal savings deposits and notice deposits to MI, while 



M3 adds non-personal fixed term deposits and foreign currency deposits to M2. M2+ 

includes the deposit accounts of so-called alternative financial institutions in addition to 

M2. In addition, there are several methods that can be used to measure these definitions 

of the money supply, and these also will briefly be mentioned. 

II. Monetary Standards 

The first type of money used, in the move away from barter was commodity 

money. Its first function was to serve as a medium of account. 

Y n  the early pastoral societies everything was valued in terms of 

cattle, which were a symbol of wealth and prestige. It was only afir  their 

use ar a standard unit ofaccount that they also came to serve us a medium 

of exchange and a store of a value."" 

Obviously, however this kind of commodity money was inefficient and arbitrary in a 

number of respects. The simplest reason for this is that there is no standard cow, b d  or 

ox, and furthermore small transactions are difficult to arrange because cattle are not 

divisible. And, as a store of value, cattle are only as  useful as their life expectancy. 

The next development in the use of money was the move fiom the use of 

commodities such as cattle to the use of metals. Metals such as gold, silver and copper 

came to be minted and used in the form of coins or bars, and this became a long-lasting 

standard medium of exchange mostly because metals possess ail  of the essential 

characteristics required of any medium of exchange. Metals are relatively homogeneous, 

easily recognizable? highly durable, easily portable, and are divisible into any size 

" See Binhammer (1993, p-5) 



(facilitating the use of small transactions)." With the development of banks, the 

transportation of large deposits of metal from one bank to another created costs (in terms 

of the risk of robbery and the weight of transportation) which were avoidable by using 

paper receipts to represent a certain weight of a given precious metal. From such receipts 

the use of paper currency was born. From this, more sophisticated monetary standards 

were developed. 

In cases where the circulating medium of exchange is paper notes, such notes 

themsehes have no intrinsic value, but are backed by, and convertible into, a given 

precious commodity such as gold or are backed by the authority of the government. From 

this, development of the gold standard was achieved in which the market for gold dictates 

the value of money." The use of a relatively strict gold standard was maintained by the 

most of the western world fiom the time of the Napoleonic Wars until 1924. 

"Each major nation specifed the gold content of its currency, and anyone 

holding notes backed by that currency could redeem them on demand 

receiving the fice value in gold in effect, this regime fired the price of 

gold, rmd. at least theoretically. held exchange rate fruccuations within 

narrow limits. "14 

The stability of the exchange rate and of the price level were the principal contributions 

of the gold standard. However, this stability was bought at the price of leaving no room 

for discretionary monetary policy to be practiced by governments and central banks. The 

- - - - - - - 

" See Binhammer (l993, p.6) 

See SMos (1997, p24) 

'' See SikIos (2997, p-24) 



lack of room for discretionary policymaking and the inflexibility of the strict rules of the 

gold standard, can have serious consequences by exacerbating the difficulties imposed on 

an economy by recessions. Furthermore, since no country has enough gold to back all of 

its currency, the degree of backing by the government is an issue that creates the 

possibility of non-cooperation among countries participating in the gold standard. 

The alternative to the commodity backing of paper currency seen in the gold 

standard is the use of a fiat-money standard. With fiat money, the circulating medium is 

typically paper notes and coins with virtually no non-monetary function. The value of 

these coins and notes are determined by whatever the government says they are worth. 

Under such a paper money standard, "the value of the circulating currency is guaranteed. 

not by some precious commodity bur by the taxing and borrowing powers of the 

g~vernment."'~ Today, the fiat money standard is easily the dominant monetary standard 

of the entire industrialized world. 

With the adoption of fiat money, the national central banks became increasingly 

important The first duty of any central bank is the management and control of the 

country's money supply. Central banks are typically a part of the public sector and have a 

legally defmed relationship with the government of the day. In Canada, the United States, 

and many European countries, the relative independence of the central bank from the 

fiscal policy authority and other political authorities is seen as the ideal legally defined 

relationship to the government The reason for this view is the example provided by 

'' See Siklos (1997, p23) 



crises such as wan, in which a government may push its central bank to issue ever-larger 

quantities of money resulting in hyperinflation. 16 

III. Measuring the Money Supply 

If the central bank is to effectively manage and control the money supply, it must 

fust attempt to measure the size of the money supply. The issue is not an easy one, if only 

because disagreement exists as to which financial assets should be incorporated into the 

money supply. The simplest standard definition of the money supply (or the money 

stock) used by the Bank of Canada, is the amount of money that is easily available, at a 

given point in time, for use in the payment of other assets including other forms of 

money. 

Any asset that satisfies all three functions of money can be accepted without 

question, as part of the money supply. Finding such an asset that ideally satisfies all these 

hctions simultaneously is quite difficult however. Hence, it has become the custom to 

measure the money supply according to either narrow or broad definitions. 

"Narrow definitions include only those assets that the public holak as 

generally acceptable and immediately available media of exchange. These 

may be said to be the public's transaction balances, which can be 

transferred at little or no cost. Broad de3nitions of money, on the other 

hand, include assets that me held as stores of value. but may with some 

inconvenience and at some costs be sued as media of e~change."~' 

l6 See SikIos (1997, p-27) 

'' See Bi&ammer (1993, p 9 )  



The money supply as measured by the Bank of Canada, is fully defined by four 

categories, MI, M2, M3 and M2+. These categories are regularly supplied by the Bank of 

Canada in its Weekly Financial Statistics and monthly in the Bank of Canada Review. 

M1 is officially the narrowest definition of the money supply (or aggregate) provided by 

the Bank of Canada, while M2+ is the broadest monetary aggregate." 

Before giving the specific breakdown and the definitions of MI, M2, M3 and 

M2+ in terms of what assets and deposits are included in these measures of money, it is 

useful to review the types of banks and deposits found in Canada. 

IV. Types of Banks and Deposits 

In Canadian law, there used to be a strict distinction made between chartered 

banks (large institutions such as the Bank of Montreal, the Royal Bank, and the Bank of 

Nova Scotia) and other financial institutions such as trust companies, credit unions and 

Quebec's caisses populaires. These distinctions are no longer as strict as they used to be, 

but they still do make a difference in how the Bank of Canada measures its monetary 

aggregates. 

Distinctions are also made between deposits made by individuals and h s  at the 

banks. A depositor is essentially loaning his or her money to the deposit-taking 

institution, which is responsible for repaying it in future with interest Of course, deposits 

are assets to the lenders and liabilities to the deposit-takers. These types of deposits have 

vastly prouerated since the 197Qts but today the Bank of Canada basically classifies all 

deposits as being one of three types, chequing (or demand) deposits, savings (or notice) 

deposits, and term deposits. Their defhitions are described firrther below. 

'* See Binhammer (2993, p-9) 



Chequing/Demand Deposits typically allow depositors to write cheques against them 

but in turn pay IittIe or no interest. As the word demand in the tide indicates, the bank 

or financial institution must repay the deposit to the holder on demand, without 

requiring that prior notice is given for deposit withdrawal. 

SavingsMotice Deposits pay more interest than demand accounts and need not be 

chequable. Unlike demand deposits, prior notice may be required (at the discretion of 

the bank) before deposit withdrawals can be made by the depositor. 

Term Deposits are made for a fixed term. They pay typically fairly high interest, 

which may be forfeited upon early withdrawal. To further penalize early withdrawal 

of fixed term deposits prior notice (often not enforced) is required. These accounts are 

rarely, if ever, checpable. lg 

These deposits can be made by everyone, but statistics typically differentiate between 

"personal" deposits, made in the name of an individual or small group of individuals and 

"nonpersond" deposits (corporate or chartered bank deposits). 

As mentioned previously however, the nature of these types of deposits have 

evolved considerably over time. More specifically changes have occurred with the 

passage of federal legislation in 1992 that phased out the reserve requirements of banks 

over two years ending in June 1994. Since 1994, the characteristics of demand deposits 

and notice deposits have become very similar. The reason is that most chartered banks 

typically no longer offer personal deposits accounts that are non-&equable. They did not 

eliminate the old non-chequable accounts, but because there is very Little growth in these 

types of accounts, they are no longer offered. Second, although most popular savings 

l9 See SikIos (1997, p29) 



deposits have a notice requirement in the contractual agreement with the depositor, most 

banks never enforce this clause. So with regard to the two most important characteristics 

of notice and demand accounts (whether they are chequable or not, and whether or not 

they require prior notice of withdrawal) these two types of accounts seem to be 

practically identical at the present time. 

V. Cheques and Cheque Clearing 

The writing and cashing of cheques is a complicated process has some bearing on 

the definitions of the money supply, and so it is usell  to briefly describe the process by 

which cheques are written and cleared here. A cheque is a written order for a bank to 

transfer a specific amount of funds fiom the writer's account to another account. 

This process would not be overly complicated if only one bank existed in the 

national economy. Whether a person takes their cheque payment in cash or whether they 

simply allow the funds to be deposited in their account makes little difference for the 

bank It is just a matter of accurately recording the transactions in the form of 

bookkeeping entries. However none of the industrialized economies has only one bank. It 

will be more than commonplace to find a situation in which a cheque is written from an 

account at one bank, (say the Royal Bank) with the amount involved to be deposited in an 

account at the CIBC with the branches of these two banks being separated 

geographically. To add another complication, consider that in the very same day, the 

recipient at the CIBC could write a cheque against the new money deposited in his 

account for somebody who uses yet another bank It is easy to see that keeping track of 



all the myriad transactions accomplished through the use of cheques that occur in a single 

day becomes very complicated. 

To deal with this problem, a clearinghouse would be used to sort out net interbank 

payments and keep everyone's account straight. In Canada, ail banks and trust companies 

belong to the Canadian Payments Association, which uses a computerized automated 

cheque-clearing system. Computer technology has vastiy improved the speed and 

accuracy of cheque clearing. Even today however, the process still takes time, and some 

cheques remain "in transit" for periods greater than a day. As an example of this, consider 

that it is quite possible for a bank account receiving funds fiom another via a cheque may 

allow those h d s  to be withdrawn before those h d s  have actually been withdrawn from 

the first bank Hence, when the Bank of Canada is measuring the amount of the money 

contained in financial institutions, it would be easy to double count various deposits. To 

remove double counting fiom the official monetary aggregates, the Bank of Canada uses 

a so-called "private sector float" to adjust the demand deposit (and now the notice 

deposit) figures.20 

VI. The Definitions of the Canadian Money Supply 

The definitions of the money supply as reported by the Bank of Canada have 

always been changing over time, and so here only the current definitions will be given. 

Typically the quantities of various monetary asset are reported in the form of both 

seasonally adjusted and unadjusted figures. For the aggregation project performed in this 

thesis primarily seasonally adjusted figures were used but the differences between the 

two methods of reporting will be briefly discussed later in this chapter. Also, the structure 

" See SikIos (I  997, p 3 0 )  



of Canadian monetary aggregates is that one aggregate measure is nested within the next 

broadest measure. For example, the assets that comprise M1 are also included in M2 

along with a set of additional assets, and all the assets included in M2 are also included in 

M3 along with another set of asset categories. Hence, it is more convenient to describe 

these nested aggregates starting with the narrowest definition of the money supply, MI, 

and describing the assets contained within this measure as shown below. 

1. Currency in circulation. The very narrowest definition of the money supply is the 

amount of currency physically in circulation (that is to say currency outside of the 

banking system). These paper notes and coins are fiat money acceptable as a medium 

of exchange because it has been declared as legitimate by the government of Canada. 

The actual amount of currency in circulation is typically estimated by subtracting 

bank holdings of notes and coins from the amounts reported outstanding by the Bank 

of Canada and the Royal Canadian Mint. 

2. Current accounts + Personal chequing accounts + Currency = MI. Current accounts 

and personal chequing accounts basically comprise the demand deposits held by the 

chartered banks. These chequable accounts (net of the private sector float) are the 

other major component of M1. This narrow measure of money was long popular in 

economic studies of the impact of monetary policy because it is the definition of the 

money supply that contains only those monetary assets that most closely Wl the 

medium of exchange function. 

3. Ml + Personal savings deposits + Non-personal notice deposits = M.2. Personal 

savings deposits (which also are personal notice deposits) have gradually become 



like demand deposits over time in the sense that they are mostly chequable and hence 

can serve as a medium of exchange. Yet despite the similarity with demand deposits 

nowadays, they are still included in M 2  The so-called non-personal notice deposits 

are the notice deposits of firms. Another similarity between the notice deposits which 

are included in M1 and these notice deposits, as mentioned before, is that, in 

practice, banks practically never require a notice of withdrawal for someone to obtain 

the finds held in their notice account. 

Most of the assets contained in M 2  have ~ ~ c i e n t  liquidity to serve as a medium 

of exchange, and the M2 categories are designed to better take account of financial 

innovations than MI. This is exemplified by the fact that notice deposits have grown 

particularly rapidly in recent yean, much larger than the components of MI. The 

basic innovation of notice deposits that made them so attractive to depositors was the 

combination of the chequing features of demand deposits with the high interest rates 

that were the traditional purview of savings deposits. The period of primary growth 

was the 1980's and was of such a magnitude that by 1989,85% of M2 was composed 

of notice deposits.21 

4. M2 + Chartered bank non-personal fixed term deposits + the Canadian dollar value of 

chartered bank deposits denominated in foreign currencies (mostly US dollars) owned 

by Canadian residents = M3. This definition of the money supply is considerably 

broader than are provided by either M 1 or M2. In fact, the assets that compose M3 net 

of M2 tend to function less as a medium of exchange and more as a store of value 

which is why the definition is considered to be a broader one. 

" See Sikios (2997, p 3  1) 



5. M2 + Deposits at trust and mortgage loan companies + Deposits ac credit unions and 

caisses populaires + Life insurance company's annuities + Personal deposits at 

government savings institutions + Money market mutual funds = M2+. As financial 

institutions other than the chartered banks assumed greater importance with time, the 

Bank of Canada started reporting a new monetary aggregate M2+ which was defined 

by adding the deposits held by a variety of alternative financial institutions to M2. 

Since M2+ is indeed about 60% larger than M2, this suggests that ignoring the 

deposits of the alternative financial institutions would ignore a great deal of relevant 

economic activity to the economy as a whole. This is the reason why the Bank of 

Canada prefers to monitor movement in M2+ when making its decisions as to the 

course of monetary policy. In 1992, the Bank of Canada sought to broaden the 

definition of M2+ to include money market mutual h d s  (funds invested in short 

term instruments), deposits at the Province of Ontario Savings Office, personal 

deposits at Alberta Treasure branches, and life insurance company annuities." 

Finally, it is worth mentioning that although M2 had a greater rate o f  growth than M1 

in the 198OPs, M2+ had by far the greatest growth of all the measures of the money 

supply - 

n - See Binhammer (1993, p. 10) 



TABLE 1. THE DEFINITIONS OF THE CANADIAN 
MONEY SUPPLY 

CANSIM Series 
Money Accounts Seasonally Unadjusted Seasonally Adjusted 
Currency Outside Banks B2001 B1604 
Personal Chequing Accounts 8486 
Current Accounts M 8 7  
Adjustments to M I  B2050 
Gross M1 82054 
Of which: Chartered Bank Net 6478 
Demand Deposits 
Net M I  B2033 
Chartered Bank Non-Personal B47Zf73 
Notice Deposits 
Chartered Bank Personal B451 
Savings Deposits 
Adjustments to M2 82051 
M2 B2031 
Chartered Bank Non-Personal B475/82 
Term Deposits plus Foreign 
Currency Deposits 
Adjustments to M3 82052 
M3 62030 
(With M2 and not including M3) 
Deposits of Trust and 82038 
Mortgage Loan Company 
Deposits of Credit Unions and 82042 
Caisses Populaires 
Life Insurance Company B2046 
Annuities 
Personal Deposits at B2047 
Government Savings 
Institutions 
Money Market Mutual Funds B2048 
Adjustments to M2+ B2053 
M2+ 82037 

B1627 
None 

None 

82051 
81630 
None 

None 

None 

None 
B2053 
B1633 

As a final note on the various definitions of the money supply shown above (and in Table 

I), al l  of the measures exclude interbank and other inter-institution deposits as well as 

federal government deposits.23 Interbank and inter-institution deposits are frequently the 

temporary repository site for cheques "in transit", as described above, and hence are 

See Binhammer (1993. p.11) 



excluded to avoid double courting certain deposits in the money supply. Federal 

government deposits are typically excluded on the grounds that they are not public and 

thus do not satisfy the medium of exchange function. It is not the case however that the 

deposits at other levels of government are excluded. This serves as  a reminder that the 

choice of deposits to be included in money supply measures is somewhat arbitrary. " 

W. Possible Refinements to the Money Measures 

The extent to which one could broaden the definitions of the money supply, as it 

stands today, are practically unlimited. For example, it has been suggested by some that 

highly liquid assets such as Canada Savings Bonds (which are cashable anytime at little 

cost and are sometimes used as an alternative to bank deposits) be included in a broader 

money measure- 

One interesting and slightiy radical alteration to the definition of money would be 

to include the unused portion of credit card balances and other lines of credit, such as 

c o m e r  or residential credit. These monetary services are unlike no others mentioned 

or included by the Bank of Canada in their measures of money in that they are assets to 

the banking system, not Iiabilitie~.~ If one looks at methods of constructing monetary 

aggregates (such as MI, M 2  etc.) other than the so-called "simple sum" approach 

described above, the radical nature of the introduction of lines of credit becomes clear. in 

this project, the Divisia index will be used to aggregate across the various components of 

MI, M 2  and M3 and for this method of aggregation, a collection of user costs (which 

" See Binhammer (1993, 1 I) 

See Siklos (1997, p. 32) 



correspond to the individual monetary components of MI, M2 and M3) must be 

calculated. At the present time, there is no formula available for the calculation of these 

user costs when dealing with liabilities to the representative consumer.26 This might be a 

suggested area of future research concerning measures of the money supply. 

The Divisia index mentioned above is only one means of constructing alternate 

monetary measures to those provided by the Bank of Canada. The fhdamental reason 

why alternative measures are sought at all is because there is a d e f ~ t e  drawback to all of 

the simple sum money supply aggregates provided currently by the Bank of Canada: 

Each monetary aggregate such as MI, M2, etc. contains what people perceive as 

qualitatively different assets. 

"For example, moss people view currency and daily-interest accounrs as 

distinct kinds of assets, yes the M2 measure ad& them together. Partly as 

a response to such concerns, anaiysts have developed divisia indexes, 

which weigh the components of the various money measures according to 

the degree to which they provide liquidity. .'" 

Each monetary asset included in the official money aggregates is perceived to 

have a different degree of "moneyness" to a consumer, since each asset functions as 

money to a greater or lesser degree. Hence the simple sum index used by the Bank of 

Canada in aggregating across these assets (the method of simply adding up the 

component assets to form the desired aggregate) is obviously inadequate. Weighted 

indexes such as the Divisia construct the weights for the component monetary assets 

Lines of credit really are liabilities to the representative consumer, and as such can be considered to be 
"negative assets". The calculation of prices and user costs for negative assets is rarely performed in the 
context of the basic microeconomic utility maximization problem. 



through the user cost and the corresponding "price" of each asset. These weighted 

indexes are given a stronger microeconomic foundation since they are exact for flexible 

functional forms, which "approximate" the demand functions for the various monetary 

assets produced from the utility maximization of a representative consumer (representing 

the economy). The derivation of the Divisia index (and other weighted indexes) will be 

discussed in greater detail in subsequent chapters. 

As discussed above, the main area of contention in this discussion is the issue of 

what degree of liquidity or moneyness is required for an asset's inclusion in the measures 

of money. Some economists have attempted to resolve these issues by accepting currency 

and demand deposits as money and then employing various statistical techniques to 

calculate the degree of substitution between these and other potential money assets? 

These economists then define the degree of moneyness of other potential assets according 

to their degree of substitution with currency and demand deposits. The problem with this 

method is the same as for those who use liquidity to define what assets should be 

included in money measures in the first place: What degree of substitutability is required 

to give an asset money properties.'g 

Milton Friedman has used an entirely different approach to defining and 

measuring the money supply. He has proposed that the money suppiy "should include 

finnncial assets whose aggregate mount the monetary authorities can connol and which 

best describe the course of economic activity or important variables that directly 

- -  .- .- 

" See Siklos (1997, p33) 

See Feige, Edgar L. and Douglas K. Pearce, "The Substitutability of Money and Near-Monies: A Survey 
of the Time Series," Journal of Economic Literature, June 1977, pp- 439-69 

29 See Binhammer (1993, p-12) 



influence it." Central banks have, in fact, used this kind of logic to decide which 

monetary aggregate should be most closely watched in setting money supply growth 

targets. The preference of the Bank of Canada used to be to use the narrowest measure of 

money MI, but now with the tremendous growth of broader money measures which are 

seen to better represent economic activity. MZ and M2+ are the preferred money 

measures for economic analysis. 

This chapter has discussed two slightly different issues simultaneously; the issue 

of what monetary assets to include in the money measures, and the separate issue of how 

to measure the aggregates constructed fium those money assets. This thesis project 

mostly focuses on the latter issue. The fmal issue of what money assets to include in the 

money measures was bypassed because the same money assets included in MI, M2 and 

M3 by the Bank of Canada were used here in the construction of our aggregates 

measures. This was done for the purpose of comparing the Divisia monetary aggregates 

constructed in this project to the simple sum aggregates given by the Bank of Canada. 

WI?. Seasonal Adjustment 

The figures published by the Bank of Canada and used in this project are 

eequently seasonaIZy adjllted because the public's use of cash and chequing accounts is 

not evenly distributed over the course of a year. (For example, consumption activity is 

almost always at a peak during the Christmas holiday season.) Seasonal adjustments are 

made to smooth out some of the "normal" variations that occur in the course of a year 

long period. 

Unfortunately, more data is available in the seasonally unadjusted form than 

otherwise, making the consistent use of seasonally adjusted data in projects such as these 



somewhat difficult. The reason for the greater availability of unadjusted data is that the 

Bank of Canada collects information for the broader aggregates, and only publishes 

seasonally adjusted data for the narrow aggregates. Further the methods used by the Bank 

of Canada to effect seasonal adjustment are kept confidential within the institution. 

The disadvantage of using seasonally adjusted data is that it removes some 

information which can be of use to some analysts, mostly for those trying to make short 

term forecasts that depend on the amount of cash or the volume of cheques written in the 

economy?* The discrepancies between seasonally adjusted and unadjusted data grow less 

and less noticeable as one moves from narrow to broad definitions of the money supply. 

IX. Conclusion 

One of the most fundamental developments in economic history was the move 

fiom the barter system to the money system. Money greatly facilitates and simplifies 

exchange transactions over what would be possible in a barter economy. This is 

principally accomplished in two ways. First, money greatly reduces the number of prices 

in the economy that consumers must monitor. Second, money eliminates the double 

coincidence of wants between the parties of a transaction by separating buyers fiom 

sellers. Money typically serves as a medium of account, as a medium of exchange and as 

a store of value. Several empirical definitions of money are provided by the Bank of 

Canada, The narrowest, M1, consists of curxency and demand deposits. One of the 

broadest, M3, includes savings deposits, fixed term and foreign currency deposits. A 

relatively new broad definition, M2+, is designed to account for the deposits of 

30 See Bintaaxmner ( I  993, p34) 



alternative financial institutions such as trust companies and credit unions. Finally, the 

construction of aggregates such as M1 through M3 may be accomplished using many 

different statistical index number formulas such as the simple sum index number or so- 

called weighted indexes such as the Divisia index (indexes which weight the components 

of the aggregate according to their degree of "moneyness"). 



Cha~ter 3: A Theoretical Framework 

I. Introduction 

In order to construct measures of Canadian monetary aggregates consistent with 

aggregation theory, it is necessary to review the accepted precepts of recent research in 

such areas. One precept advanced by monetary aggregation theory today is that the use of 

simple summation in constructing monetary aggregates is generally inconsistent with 

microeconomic theory. Typically in applying the simple sum aggregation technique over 

a finite set of monetary assets, the relative prices of these monetary assets are assumed to 

be constant and equal over time. (Indeed with the simple sum method of aggregation, 

relative prices are normalized to unity). For this to be an accurate method of aggregation, 

microeconomic theory indicates that the component monetary assets must be  not only 

perfect substitutes, but dollar-for-dollar substitutes. The empirical evidence points to the 

fact that relative prices are neither constant nor equal across time, and thus, in fact 

monetary sub-aggregates are not dollar-for dollar substitutes for each other? 

Microeconomic theory generally regards each monetary asset as having different 

degrees of "moneyness". Thus at very least, it would be an improvement in the 

construction of monetary aggregates to assign weights to each monetary asset, that reflect 

the differing degrees to which assets contain "money" properties. The weights being 

between zero and unity. This assigning of different weights to each monetary asset differs 

fiom the procedure followed in the simple sum method, where each asset is given a 

31 See Barnett, Fisher and SerIetis (1992) 



weight of either zero or unity. Even if and when the weights can be determined. therc 

remains the question of whether a linear function for the construction of an aggregate is 

really the best approach that can be taken. Again the latest work in monetary aggregation 

theory suggests that as long as the summation process involves a linear weighting of the 

component assets, the assumption of perfect substitutability among the component assets 

must hold. However doilar-for-dollar substitutability need no longer hold for a linear 

weighting of assets. 

Despite these dificulties. attempts have been made to adjust the approach without 

having to abandon the simple s u m  method of aggregation entirely. Hicksian aggregation 

in fact attempts to reconcile the simple sum technique with more realistic assumptions 

regarding the demand for monetary assets. Hicksian aggregation itself makes rather 

restrictive assumptions. For example, for Hicksian aggregation to be possible, the relative 

prices (user costs) of various component monetary assets must remain constant over the 

sample period." It must also be the case that the constant relative user con between any 

two assets be equal to 1.0. As before, this condition can only be true if the component 

monetary assets are perfect substitutes. This is highly unlikely given that most financiai 

assets provide different services and have different own rates of return and thus the user 

costs that depend upon these yields. Additionally, these rates of re- (and hence user 

costs) change over time, 

Microeconomic aggregation theory advocates superior techniques to the simple 

sum method. This theory has two branches. one advocating the derivation of money 

demand functions fiom a series of equations "modeling the wealthholder's allocarion of 

3' See Barnerr, Fisher and Serletis (1 9 9 9  



funds among money and nonmoney the other branch advocating the use of 

nonparamevic statistical index number approximations to the parametric money demand 

functions mentioned above. Ultimately the use of statistical index numbers is the 

preferred approach used in this project, and in particular, a discrete-time version of the 

Divisia index formula will be used in the construction of the monetary aggregates. 

To justify the use of statistical index numbers, a brief review of recent monetary 

aggregation literature will require that both approaches be discussed in the following 

section. 

II. The Microeconomic Theory of Monetary Aggregation 

In aggregation theory, there are two distinct types of problems. aggregation across 

heterogeneous agents and the aggregation of the various goods purchased by a single 

consumer. This paper focuses on the aggregation of the monetary assets held by a single 

representative consumer. In other words, the discussion of microeconomic aggregation 

theory presented in this section proceeds from the assumption that consumers and firms 

are not so heterogeneous that Gorman's condition is not satisfied. Gorman's condition 

requires that all consumers have linear and parallel Engel cur~es.~" In such a case, the 

aggregate expenditure variable is merely the sum or mean of expenditures of all 

individual consumers and redistribution effects may be ignored. As a result aggregate 

consumer demand may be modeled as if all decisions are made by a single consumer, 

which is similar in practice to assuming that the economy is populated by identical 

33 See Barnem Fisher and Serletis (1992, p2092) 

3.1 See Andenon, Jones and Nesmith (1997, p.33) 



individuai~.~~ The weaknesses of assuming the existence of a representative consumer 

will be discussed at the end of the chapter. 

In addition to assuming the existence of a representative agent, three other 

assumptions are suffiicient conditions for the aggregation of a group of economic decision 

variables. These are: 

"(I) the existence of a theoretical aggregator ficnction defined over rhe 

group variables - that is, the existence of a subfunction defined over the 

group of variables that can be factored out of the economic agent's 

decision problem; (2) the eflcient allocation of resources over the group 

of variables and, (3) the absence of quantiy rationing within the group of 

variables. 1836 

As stated above, the following discussion will focus on the aggregation of 

monetary assets held by a price-taking representative consumer. The consumer 

maximizes an intertemporal utility function (in which current-period monetary assets are 

weakly separable tiom all other decision variables) subject to a set of multi-period budget 

constraints. 

The inclusion of monetary assets in the consumer's utility h c t i o n  is a somewhat 

controversial issue in microeconomics. There is however, a long history of the approach 

going back at least to the work of Walras (trans. 1954) and Sidrauski (1967). According 

to Arrow and Hahn (1971), if money has positive value in general equilibrium, largely 

fkom its role in facilitating transactions, there exists a derived utility function containing 

" See Anderson, Jones and Nesmith (1997, p34) 

36 See Anderson, Jones and Nesmith (1997, p34) 



money. Any system that produces an incentive for holding *money in equilibrium does 

indeed allow for the inclusion of money in the utility hct ion.  For such a system any 

model that does not include money in the utility function is ~ c t i o n a i l y  equivalent to one 

that does. "Hence, no generul i~  is lost, or gained by including money in the utility 

function. "" 

For the infinite horizon utility maximization problem, Clower ( I  967) advocated 

that the role of money in carrying out transactions be captured by the explicit introduction 

of a "transactions technology". This is the so-called cash-in-advance constraint. The other 

approach is to include money directly in the utility function, as done by Sidrauski (1967). 

Feenstra (1986) finds that the two approaches are equivalent, a result consistent with the 

work of Arrow and Hahn (1971). 38 

From this basic model, it can be shown that the weak separability assumption 

implies the existence of a theoretical aggregator function that can be d e h e d  over 

current-period monetary assets. Quantity rationing is simply ruled out while the 

maximization of utility means that the allocation of resources over the weakly separable 

group will be efficient? 

37 See Anderson, Jones and Nesmith (1997, p.34) 

As a final note before expounding upon the consumption model, it is worth mentioning that very similar 
models can be derived illustrating the microeconomic foundations of monetary aggregation from the 
vantage point of profit-maximizing firms and financial intermediaries- See Barnett, Jones and Nesmith 
(1997). 



Assume that in each period, the representative consumer maximizes intertemporal 

utility over a finite planning horizon of T periods. The consumer's intertemporal utility 

function in any period, t, is 

where for the set of periods contained in {r,r + 1, ..., i + T) , 

mt = (m,, ,..., m,) is a vector of real stocks of n monetary assets 

c, = (c , , , . . . ,~ ,  ) is a vector of quantities of h non-monetary consumption goods and 

services 

I ,  is the desired amount of leisure time 

A,+, is the real stock of a benchmark financial asset, held in the final period of the 

planning horizon, at date r + T . 

The utility function shown above is maximized subject to a set of T + I  period budget 

constraints, shown below, 

where y is fXl income (income accounting for expenditures on time as well as on goods 

and services), c is a vector of the prices of consumption goods and services, n is a 

vector of the user costs of the monetary assets, and w is the shadow price of leisure, all 

for periods t . The formula for the user coa  of the monetary services provided by asset i 

is given by, 



Here, the user cost measures the opportunity cost in terns of the interest foregone by 

holding monetary asset i for the given period. 5, is the expected nominal holding period 

yield on the ith asset at time t ,  while R is the expected holding-period yield on the 

benchmark (alternative) asset, and p; is the true cost-of-living index at time r .  The 

formula for the user cost of monetary assets given above can be derived from the 

intertemporal optimization problem itself!' 

A more appropriate way to structure the budget constraint fiom an intertemporal 

perspective would be the following: 

where A, is the real quantity of the benchmark asset that appears in the utility function in 

the fmal period, and L, is the number of hours of labor supplied, (related to leisure time 

by the formula l, = H - L, where H is the total number of hours in a period). A, appears 

in each budget constraint because the benchark asset is used to transfer wealth fiom 

period to period. However, the benchmark asset is only included in the utility function in 

the final period because only then does it contribute to utility as a monetary asset itself. 

To simplify notation, let the set of current-period monetary assets be represented 

by the vector mr = &, 9-- -3  ) and let the vector 

x, = (m,,, ,..., m,+,;c, ,..., c,+,;l, ,..., Z,,, ; At+,) include al l  remaining decision variables which 

contribute to utiIity. The utility fimction can then properly be written as U(mr ,xr). 

Finally, the vectors, rn; and x; will be the solution to the consumer's optimization 

See Barnett, Fisher and Serletis (1992, p.2094) 



problem, with m,, representing the consumer's optimal holdings of current-period 

monetary assets, while x; represents the optimal holdings of all other decision variables. 

The first order conditions resulting from the constrained optimization problem 

allow us to state that the marginal rate of substitution between current-period monetary 

assets mi, and m,, evaluated at the optimum takes the form 

The marginal rate of substitution between the current-period non-monetary consumption 

good c, , and the current-period monetary asset rn, evaluated at the optimum is 

As a general rule in simple microeconomics, marginal rates of substitution between two 

goods rate are equal to the goods' relative prices. The result above is consistent with the 

earlier statement that the opportunity cost (or user cost) of the current-period monetary 

asset is indeed 

The intuition behind the derivation of user costs for monetary assets is that such 

assets are treated in this procedure as durable goods. Hence, monetary assets 

simdtaneously provide services and depreciate (to some partial degree) during each 



period of time. The user corn is derived following the Diewert (1974, 1980) procedure in 

which the purchase price of the dumble good, the depreciation rate of the good, and a 

discount factor are required in the calculation." Assuming an agent buys one unit of a 

durable good and later sells the good one period later, the cost to the agent of "renting" 

that good for the one period (or the cost of the services the agent obtains through the use 

of the good for the period), is determined by the difference between the purchase price of 

the good and the present value of the amount received by the agent when the non- 

depreciated part of the one unit of the durable good is sold. As such, an explicit rental 

market for the good does not exist, thus the user cost determined by the formula is 

considered to be an implicit rental price or user cost, implicit as if one were renting the 

good to one for the period." 

Barnett derived the general formula for the user cost (or rental price) of monetary 

assets through the following procedure: The T t 1 period budget constraints of the 

general intertemporal consumption model are combined, solving each equation for A, 

(for each period s) and recursively substituting the equations backwards in time 

beginning with A,,, . The general form of the discounted nominal user c o s  X~ of each 

monetary asset (for all s contained in {t,t t 1, ..., t +T) is therefore 

where r, is the nominal holding period yield and the discount factor ps is d e h e d  by 

4 1 See Anderson, Jones and Nesmith (1997,p36) 

See Anderson, Jones and Nesmith (1997, p36) 



The general form for qgiven above can be modified somewhat for the special 

case of the current-period nominal user cost q, of monetary asset m,, , as 

The above is the same formula as the one given previously as the formula for the price of 

current period monetary assets. 

To proceed funher in the development of the demand for monetary assets, the 

theory of two-stage optimization should be discussed. To begin the two-stage 

optimization process, it is necessary to assume that the intertemporal utility M i o n  is 

weakly separable in the group of current monetary assets. In the first stage of the two- 

stage optimization process, the consumer allocates his expenditures optimally among the 

broad categories that contribute to utility (nonmonetary consumption goods and services, 

leisure and monetary services) for each period of the process. The second stage allocates 

expenditures optimally within each category. In the first stage of the problem. the 

expenditure allocation decision of the consumer is influenced by the relative prices 

among the general categories of goods in the utility function. For the second stage, the 

decision of how to allocate expenditure among the component monetary assets is guided 

by their relative prices." From an intertemporal standpoint, the £irst stage of the two- 

stage optimhtion process will aim to allocate expenditure between two broad categories, 

current-period monetary assets and the rest of the goods relevant to the consumer, 

43 See Barnett, Fisher and Serietis (1992, p-4094) 



including monetary assets consumed in future periods. For this to be possible the vector 

of current-period monetary assets must be weakly separable born the rest of the 

consumption goods in the utility function as shown below. 

'rf (m, 1, m,+, ,---? mr+r ; ' I  ? 7---,c,+T ; 7w--7zl+r; At+T] (1 1) 

Which may be more conveniently be written as u ( f  (rn,),~,) where x, was defined 

previous 1 ." 

Only the vector of current-period monetary assets rn, = (m,, ,..., m, ) is included in 

the category subutility b c t i o n  f (m,) . The weak separability assumption in this case 

does not also imply symmetry, which is to say that no other group of assets within the 

utility function is necessarily weakly separable. Without the weak separabiiity 

assumption, the optimization process for the representative consumer cannot be broken 

into two stages. Due to the ability to divide the expenditure allocation problem into two 

stages, as weak separability aliows, the marginal rate of substitution among current- 

period monetary assets is independent of the quantities of other goods chosen outside of 

the weakly separable group. This independence of the marginal rate of substitution as a 

result is illustrated mathematically as, 

(au 1 a m , , ) / ( a ~  / am, ) 
=O, i# j  (12) 

34 

where 4 is any component of the super-vector x, . 45 

See Anderson, Jones and Nesmith (1997) 

'-' See Barnet& Fisher and Serletk (1992, p2094) 



Much of the monetary demand literature uses the weakly separable assumption as 

an untested hypothesis due to the lack of effective methods for conducting an empirical 

test of whether the utility b c t i o n  is appropriately separable in monetary services. 

Whether the weakly separability of the utility h c t i o n  actually holds or not is an 

empirical question and the difficulties of performing such tests must count as a factor 

against using this microeconomic approach in constructing monetary aggregates. 

The optimal demand for the set of current-period monetary assets may thus be 

found through the maximization of the category subutility function subject to the income 

constraint derived fiom the fim-stage of the larger consumer optimization problem. This 

is shown below. 

Max f 0% 

Subject to m , x ,  = y, 

Where 

{ y, is the amount of expenditure on the broad category of current-period monetary assets 

derived fiom the in stage.) 

This establishes how the two-stage optimizing procedure is used to determine the 

optimal quantities of the individual current-period monetary assets. To review, the 

consumer chooses the optimal total expenditure y, and also the optimal quantities of the 

other monetary assets, goods, services, and leisure that comprise the utility function in the 

first stage. For the second stage, the coasumer determines his(her) optimal demand for 



the individual current-period monetary assets subject to the optimal total expenditure on 

current-period monetary assets chosen in the f k t  stage? 

The category subutility b c t i o n  f(.) may be termed a monetary quantity 

aggregator function dependent on the assumption that the function is first-degree 

homogeneous. A monetary quantity aggregate is obtained by inputting the optimal 

quantities of all the individual current-period monetary assets into the monetary quantity 

aggregator function (category subutility function), M, = f (m;). This money quantity 

aggregate may be treated as if it were the optimum quantity of a single-period elementary 

good, the elementary good being current-period monetary services." In Barnett's 

terminology, the 1" stage optimizing process involves a choice between two broad 

groups; monetary services (the money aggregate) and all other decision variables. 

The monetary quantity aggregate can be found as described above using the 

quantity aggregator function. If quantity and price aggregates are dual with respect to 

each other, then the price aggregate may easily be determined once the quantity aggregate 

is known. Duality (which follows fiom a property known as factor reversal) implies that 

the quantity aggregate multiplied by the price aggregate equals the total expenditure on 

all individual assets within the aggregate. The price aggregate (or user cost aggregate) in 

this case is n, and may be defined fiom the vector of nominal user costs of the set of 

current-period monetary assets in the form of a unit expenditure function as  shown 

below. 

.t6 See Anderson, Jones and Nesmith (1997,p36) 

" See Anderson, Jones and Nesmith (1997.~38) 



where R, = {zl1 ,..., B ,  J is the vector of user costs to correspond to the vector of current- 

period monetary assets. The duality of the quantity and price aggregates implies that the 

budget constraints in both the in and 2" 6 g e s  of the optimizing problem can be 

rewritten in terms of the aggregates M, and n,. B a r n  showed that the T+1 multi- 

period budget constraints of the 1" stage could be combined into one budget constraint. 

Current-period monetary assets enter this single budget constraint as 

The budget constraint evaluated at the optimum can be rewritten in terms of the 

aggregates M, and II, as shown below. 

Following duality and the conditions for the factor reversal property, the dual user 

cost is implicitly defined by 

To review, the two-stage budget/optimizing process allows expenditure to be 

allocated between the optimal quantities of monetary services M,md all other 

cozlsumption goods outside the weakly separable group of current-period monetary 

assets, subject to prices and a budget constraint where the price of monetary services is 



given by the dual opportunity cost n,. The first-stage decision determines the optimal 

total expenditures on current-period monetary assets. y, = M,z,. In the second-stage 

decision, this optimal expenditure is allocated among the individual current-period 

monetary assets. This allocation is irrelevant to the allocation of expenditures among the 

other goods and services contained in the utility function. Therefore, the aggregates 

M, and n, contain "all the information abour the consumer's porrfolio of current-period 

monetary assets that is relevant to other aspects of the representative conrumer's 

problem.""8 This result is ultimately dependent on the assumption that current-period 

monetary assets are weakly separable from all other decision variables, that the function 

f(.) is first-degree homogeneous so that it can serve as a quantity aggregator function. and 

finally on the assumption that the quantity and price aggregates are dual with respect to 

each other. 

III. Statistical Index Number Theory 

The problem of constructing monetary aggregates within the rnicroeconomic 

W e w o r k  of a utility maximintion problem of a representative agent depends clearly 

upon being able to estimate the parameters of f (.). Solving the system o f  demand 

equations for individual current-period monetary assets and using the available specific 

monetary data (user costs and so forth), the parameters of f (.) could be estimated using 

econometric techniques. This dependency upon parametric estimation has discouraged 

policymakers and government agencies f?om using mch an approach (as described in the 

previous section) in the c o ~ c d o n  of monetary aggregates. The reason is that for such 

48 See Anderson, Jones and Nesmith (1997, p.40) 



parametric techniques to be employed, one must make very specific assumptions about 

the fimctional forms of the utility or cost functions of the model. 

Statistical index numbers are specification and estimation free functions giving 

the relation between price and quantity aggregates across two or more time periods. 

" Unlike aggregator functions, statistical index numbers contain no unknown parameters. 

A statistical index number is said to be exact for an aggregaior function if the index 

number tracks the aggregator firnction, evaluated at the optimum, without error." ''' 
It is a general result of the monetary aggregation literature that the continuous- 

time version of the Divisia quantity index is an exact approximation for the monetary 

aggregate, M r .  Here the continuous-time version of the Divisia quantity index for 

monetary assets is denoted by M: and is defined for the differential equation shown 

below. 

where for i = l,..,,n, 

wit here represents the expenditure shares of the set of individual monetary assets. The 

Divisia continuous-time user cost index is defined below. 

J9 See Anderson, Jones and Nesmith (1997, p.40) 



The Divisia continuous-time quantity and price indexes also satisfy the desirable 

(and necessary) property of factor reversal. This means that the total expenditure on all 

assets included in the index is the product of the Divisia quantity and price indexes as 

shown below. 

The growth path of the monetary quantity aggregate itself may be found using 

only the 2" stage of the two-stage optimizing process, even though the functional form of 

the category subutility function is unknown. The quantity aggregate M, = f (m;) emerges 

fiom the second-stage consumer optinkation process as follows. 

n 

Max f (m) subject to m i x ,  = y, (23) 
:=I 

The variables of this optimization problem include only current-period monetary assets 

and their corresponding user costs. The Lagrangian -order conditions are 

d above is obviously the Kuhn-Tucker multiplier of the Lagrangian f h c t i ~ n . ~ ~  From 

Euler's equation, we can define the monetary quantity aggregate algebraically as follows. 

See Andenon, Jones and Nesmith (1 997, p Al) 



The aim of going through this algebraic procedure is to show that the continuous- 

time Divisia quantity index may be directly defined from the representative consumer's 

second-stage maximization problem. To continue. the next step is to take the derivative 

of the above aigebraic definition of the monetary quantity aggregate with respect to time, 

as shown below. 

Dividing the above expression by the previous one given in (E), the following 

expression is obtained- 

The above equation is exactly equal to the definition of the growth rate of the 

continuous-time Divisia quantity index, M:. Thus it has been shown that the Divisia 

continuous-time quantity index is indeed an exact approximate for the money quantity 

aggregate defined in the representative consumer's optimization problem. 



IV. The Discrete-Time Case 

In the case of discrete time, the above rules do not apply for there is no statistical 

index number which functions as an exact approximation for any given aggregator 

function. This does not mean that the use of statistical index numbers in the construction 

of aggregates is unnecessary. The reason is that there exist mathematical functions that 

can provide second-order approximations for unknown aggregator hctions. These 

mathematical functions may be classified as flexible functional forms. In turn, statistical 

index numbers are available which exactly approximate these mathematical functions. 

Statistical index numbers of this type (that are exact for certain specific flexible 

functional forms) have been termed superlative by Diewert (1976). For example, the 

discrete-time version of the Divisia index (which will be derived below) is an exact 

approximation for the linearly homogeneous flexible translog functional form and is 

therefore a member of the superlative class of statistical index numbers. 

There are two basic types of superlative index numbers; chained and fixed base 

indexes. A chained statistical index number is the description applied to an index number 

foxmula in which the prices and quantities used are taken fiom adjacent periods, (for 

example, monetary quantity data such as mil and mi,,,). Fixed base statistical index 

numbers use price and quantity data from the current period and a fixed base period such 

51 as monetary quantity data m, and fixed base, m,. In general, the use of chained 

superlative statistical index numbers is preferred over the fixed base indexes. The reason 

for this is that the remainder term of the second-order approximation for the chained 

indexes is typically smaller than for the fixed base indexes because changes in prices and 

See Anderson, Jones and Nesrnith (I997,p4I) 



quantities are typically smaller between adjacent periods than between the current period 

and a fixed base. Thus, chained superlative statistical index numbers will typically 

provide a better approximation for the unknown monetary aggregator function than does 

the fixed base statistical index number. Hence, the discrete-time Divisia index formula 

shown here will be in chained form. 

Two important superlative statistical indexes are the Fisher ideal index and the 

Tomqvist-Theil discrete-time approximation to the Divisia index (othedse known as the 

discrete-time Divisia index). The Fisher Ideal index generates results exactly identical to 

those of the quadratic flexible functional form. For the purposes of constructing a 

monetary quantity aggregate, M:, the Fisher ideal quantity index takes the form of the 

formula given below. 

I 1 4  t=I 

It is commonly observed that the growth rate of the Fisher ideal index is the geometric 

mean of the growth rates of the Paasche and Lasperyres quantity indexes which 

themselves are not superlative, since they are only first-order approximations of the 

underlying aggregator function. 

The discrete-time version of the Divisia index as mentioned previously is exact 

for the translog flexible hctional form. In the context of monetary aggregation, the 

quantity index MP will take the following form. 



where w, and wi ,-, are share equations for the individual monetary assets as described 

before. The user cost index dual to the discrete-time Divisia index is given by 

which is based on a weak form of factor reversal." 

V. Monetary Service Flows and Monetary Wealth 

So far, the discrete-time Divisia index as used in the monetary aggregation theory 

' advanced by Barnett, is only capable of measuring the flow of monetary services 

provided by the individual monetary assets contained in the representative consumer's 

utility function. However, this measurement is not the only perspective of interest to an 

economist. For example, it would also b e  quite usel l  to derive an expression for the 

stock of the consumer's monetary wealth. 

As for all economic goods, changes in the price of monetary services will affect 

both the supply and demand of monetary and nonmonetary goods and services. This 

raises the possibility that substitution and income effects must be considered with respect 

to the consumption of monetary services. 

A simple way to construct a measure of monetary wealth for the representative 

consumer is to h d  the discounted present value of the expected expenditure on monetary 

" See Anderson, Jones and Nesmith (1997, p.42) 



services for a given length of time. In fact, the discounted present value of expenditure on 

monetary services for the consumer's intertemporal optimization decision is included in 

the simple budget constraint, constructed (using Barnett's methodology (1 978, 1987)) 

from the multi-period budget constraint. The formula for the discounted present value of 

expenditure on monetary services is given below. 

for the periods (t,i + I, ..., t + T )  

The discount factor, shown above in the formula for V,  is defined as follows. 

p, = ~ , ~ ~ ~ ( l + R , ) / o r , r + l S s c t + ~  (32) 

The discounted nominal user costs n, have been defined previously. 

Expanding the length of the time horizon in the intertemporal decision problem 

fiom T to infioiq, and evaluating at the optimum, the formula given above becomes 

where yx is the optimal total expenditure on current-period monetary assets for period s. 

When V,  is expressed as an infinite time horizon sum of future expenditures on monetary 

services, its direct measurement becomes impossible.53 

If the admittedly unrealistic assumption of static expectations with regard to the 

& m e  prices and own rates of various assets is satisfied, the computation of V,  becomes 



possible. Specifically, the assumption of static expectations entails that the consumer 

does not believe that future prices and own rates will depart from their current values. 

Thus for s contained in (t,t+l , . . .,t+T) , E, [r,] = r, and E, [R, ] = R, where E is the 

expectations operator, based upon the information set available at time t . If this 

assumption holds (if hture prices and rates remain unchanged from today) the 

consequence will be that the consumer's optimal holdings of individual assets will also 

remain unchanged with the passage of time. Therefore, E, (mi) = mf where t is for the 

current period and s coven all future time periods. 

Given the static expectations assumption, Barnett (1991) has shown that a formula 

known as the Rotemberg currency-equivalent index, CE, , will calculate the value of the 

stock of monetary wealth. The f o d a  for the CE, is shown below, 

As it becomes possible to obtain a measure of the stock of monetary wealth, it also 

becomes possible to examine how consumer behaviour is affected by changes in this 

stock. 

To review, with the Divisia discrete-time index, the measurement of the flow of 

monetary services in the intertemporal context is possible. On the other hand, a measure 

of the stock of monetary wealth through the use of the Rotemberg currency equivalent 

index only becomes possible if the assumption of static expectations is made. Ln one 

special case, these two measurements will coincide and the currency equivalent index is 

able to measure the flow of monetary services. If the category subutility function f (.) , is 

a See Anderson, Jones and Nesmith (1997, p-43) 



quasi-linear in a monetary asset whose own rate is always zero, in addition to the 

assumptions that underlie the Divisia index (weak separability, etc.) then the CE index 

will measure the flow of monetary services.54 Given that these assumptions are more 

restrictive (and thus harder to satisfy), the CE index is statistically inferior compared to 

the discrete-time Divisia index as a measure of the flow of monetary services. 

There exists another index that can under the correct circumstances provide a 

measure both of the flow of monetary senices and the stock of monetary wealth. The 

simple sum index as described at some length previously, is only capable of hctioning 

as a means of monetary aggregation (and thus as a measure of the flow of monetary 

services following Barnett's logic) if the component monetary assets included in the 

index are peIfect substitutes. This means, in microeconomic theory, that the indifference 

curves generated by the comparison between two or more of these monetary assets would 

be linear and parallel. If these assets have different user costs, the relevant budget 

constraint, (the slope of which is determined by the ratio of these user costs) would differ 

fiom the indifference curve and hence, a corner soiution would be obtained at the 

optimum. The result of differing user costs for monetary assets that are perfect substitutes 

would be that the consumer would hold only one monetary asset in equilibrium, the one 

with the lower user cost As this is obviously not empirically observed the evidence does 

not support the use of the simple sum index as a measure of the flow of monetary 

services. 

The CE index (itself a measure of the stock of monetary wealth of the 

representative agent) is contained within the simple sum index formula, under the static 

" See Anderson, Jones and Nemith (1997, p-44) 



expectations assumption. Hence, indirectly, the simple sum index itself becomes a stock 

measure. The derivation of the CE, index fiom within the simple sum (SS, ) index is 

shown beIow. 

1  
I+- + 1 +..I (35, 

( I+  R,) ( 1 + ~ , ) '  

The first term in the decomposition above is the CE index while the second term 

is the discounted present value of ail current and future interest received on monetary 

assets again under the assumption of static expectations. Thus the simple sum index can 

have a role as a stock variable (one aspect being the measure of the stock of monetary 

wealth) but the simple sum index cannot however serve as an accurate measure of the 

flow of monetary s e ~ c e s .  

VI. Limitations and Extensions 

The microeconomic and statistical index theory methodology used so far in the 

construction of monetary aggregates has been dependent upon some relatively strong 

microeconomic assumptions. To review, these were: 

(I )  the existence of representative agent, (2) blockwise weak separability 

of current-period monemy assets. (3) homotheticity of the category 

subutiliryfnction and (4) perfect certainty 55 

" See Anderson, Jones and Nesmim (1997, p-44) 



All of these assumptions, if satisfied, will lead to the result that the discrete-time 

Divisia index will serve as a second-order approximation to the unknown aggregator 

function, M, . 

"Ifthe conditions that are necessary for the existence of a representative 

agent are not satisfied or if the weak separability of current-period 

monetary assets fiorn an agent's other decision variables is violated 

during some sample periods, then the growth rates of the optimal 

quantities of monetary assets, m,; ,..., r n ,  , user costs, n,; ,..., n:* are 

expenditure shares, w; ,..., w:, may contain information [hat is not 

contained in the discrete-time Tornqvist-Theil index."" 

Tests are available which aIlow for a measurement of the degree to which the 

discrete-time Divisia index does contain dl the available information. Thus indirectly 

these tests can provide some indication as to whether the four assumptions given above in 

fact hold. One tea of this variety which will in fact be covered here is the dispersion 

dependency test, suggested by Barnett and Serletis (1991), which in particular examines 

the Divisia index second moments (variances) of the growth rates of quantities, user costs 

and expenditure shares. 

To review, the log change or growth rate of the discrete-time Divisia quantity 

index is 

where for i = I,,.-,n 

'' See Anderson, Jones and Nesmith (1997, p.45) 



are the average expenditure shares of the monetary assets across adjacent periods. The 

growth rate of the quantity index here is basically expressed as the average expenditure 

share-weighted mean of the growth rates of the individual monetary components. The 

average individual expenditure shares here introduce of valid measure of probability, 

which thus allows the discrete-time Divisia quantity index to be thought of as the moment 

(mean) of a probability distribution. 

The log change or growth rate of the Divisia user cost index, Ily, is defined 

below. 

Once again, fiom an intuitive standpoint, the growth rate for the whole index may be 

thought of as the average expenditure share-weighted mean for the user costs of the 

component monetary assets. 

The growth rate of the discrete-time Divisia expenditure share index (not shorn 

previously) SF is defined by the formula below. 

This too is expressed as an average share weighted mean of (in this case) the component 

expenditure share growth rates of the monetary assets? 

57 See Anderson, Jones and Nesmith (1997, p-45) 



Theil (1967) illustrated that the three growth rates of the Divisia discrete-time 

indexes given above are related to each other by the expression 

Now to conduct the dispersion-dependency test, the second moments or variances of the 

growth rates of the discrete-time Divisia indexes given above will have to be determined. 

The formula for the Divisia quantity growth rate variance is shown to be 

n -  

K, = w,, [A log(m; ) - A l o g ( ~ r ) ] ~  

which basically is the variance of the growth rates of the component monetary assets. The 

Divisia user-cost variance formula given below. 

is defined as the variance of the growth rates of the user costs for the component assets. 

The formula for the Divisia expenditure-share growth-rate variance is 

The variance is for the growth rates of the expenditure shares of the component monetary 

assets. A final formula useful for the dispersion-dependency test is the covariance of the 

growth rates of the component quantities and user costs which is given as 

Theil (1967) gave a second identity relating the four second moments in the 

formula, 



Dispersion-dependency tests conducted by Barnett and Serletis and presented in Barnett 

and Serletis (1990) and Barnett, Jones and Nesrnith (1996), suggest that the Divisia 

second moments given above do in fact possess economic information not captured in the 

growth rates of the discrete-time Divisia quantity, user cost and expenditure share 

indexes. 

This result has the significant implication that some of the assumptions given at 

the beginning of the section, (requiring the existence of a representative agent, weak 

separability of current-period monetary assets, perfect certainty and the homotheticity of 

the category subutility function) may not hold. The dispersion-dependency ten above is 

particularly designed to test for the existence of a representative consumer and blockwise 

separability. The results of the tests suggest that 'Ifor at [east some time perioh, 

movements in the observed quantities and prices of monerary assets are not consistent 

with the movements that would be implied by the actions of a representative agent with a 

weakly separable utilityfuncti~n."~~ 

Since this is evidence against the soundness of the assumptions behind the 

aggregation process, the dispersion-dependency test results must be counted as slight 

evidence that maybe the discrete-time Divisia index is not an entirely satisfactory method 

of monetary aggregation. However rather than discarding the discrete-time Divisia index, 

(due to the current lack of an accepted superior alternative), Barnett and Serletis (1 990) 

propose including the Divisia second moments in macroeconornic models to provide 

some degree of correction for the aggregation error obse~ed .5~  

58 See Anderson, Jones and Nesmith ( t 997, p.46) 

39 See Anderson, Jones and Nesmith (1997, pA6) 



VII. Extensions 

A. Homothetic Preferences 

In this section, the case when the assumption of homothetic preferences is not 

satisfied will be considered. Unfortunately, it is rather unlikely that a category subutility 

function (utility function) will satisfy linear homogeneity (and thus homotheticity) since 

linear homotheticity is a rather strong assumption.60 In the case, that the category 

subutility b c t i o n  for current-period monetary assets, f (.), is not homothetic, the 

Divisia index will not track the utility fimction in continuous time. However, other 

indexes can correctly track the category subutility function even if the assumption of 

homotheticity is violated. So long as the representative agent's utility function is weakly 

separable in current-period monetary assets, the Konus and Malmquist indexes, for 

instance, correctly approximate the quantity and user cost aggregator functions even in 

the absence of homotheticity. 

Given a nonhornothetic category subutility function, f (.) , the monetary quantity 

agreegate becomes defined by the distance finction, d(m;. zT) which is defined implicitly 

as follows 

This distance function will always be linearly homogeneous in current period monetary 

assets ( m  ) whether or not the utility function (category subutility fimction) itself is 

linearly h0mo~eneous.6' 

" See BameK Fisher and Serletis (1992, p2110) 

" See B- Fisher and Serletis (1992, p21.12) 



The dual use cost aggregate is the expenditure f ' c t i on  evaluated at the reference 

utility level, C , and its formula is given as 

ml 

m, 
The quantity and price aggregates can be made exact by normalizing the indexes to equal 

one in a base period. The normalized quantity index is known as the Malmquist quantity 

index while the normatized user cost index is known as the Konus user-cost index. 

The Malmquist quantity index is defined by the following: 

The Konus user-cost index is defined in the formula below- 

Both indexes as can dearly be seen above will equal unity in the base period, t=O. 

The greatest shortcoming of these two statistical indexes is their reliance upon a 

reference utility level, Z.  However, given an appropriate method for selecting the 

reference utility level, Diewert (1976, pp.123-24) has shown that the discrete-time 

Divisia index itself does indeed provide a superlative approximation to the distance 

hct ion.  Therefore, the discrete-time Divisia index (unlike the continuous time Divisia 

index) provides a second-order approximation to the correct aggregator function 

regardless of whether the category subutility fimction is homothetic. This reliance on a 

reference utility level can be shown to vanish in the Malmquist and Konus indexes if the 

homotheticity assumption is satisfied, which clearly illustrates just how useful a property 



homotheticity is. If  homotheticity applies (if the category subutility function is fint- 

degree homogeneous) the distance function can be expressed as the product of the 

category subutility function and the proportionality factor, the reference utility level. 

The Malmquist index may thus be rewritten as follows: 

u(m,') =- 
dm; ) 

The expenditure function may also be rewritten (if the assumption of a fmt-degree 

homogeneous utility function is satisfied) as 

and thus the Konus index may be expressed as 

Both indexes are now clearly independent of a reference udlity level. To review, 

in the case that the assumption of a homothetic category subutility h c t i o n  is not 

satisfied, the Divisia index, will no longer form a satisfactory approximation to the 

aggregator function in continuous time. However, indexes do exist which will be exact 

for the quantity and w r  cost indexes and these are known as the Mahquist quantity 

index and the Konus user cost index respectively. Their only drawback is the reliance on 

a reference utility level which makes their empirical application considerably more 

troublesome. 



B. Perfect Certainty 

The fourth assumption required for the basic approach to monetary aggregation 

outlined in this literature review is clearly an unrealistic one, and therefore economists 

have been quite interested in constructing aggregates based upon assets with risky 

returns, the more common situation in reality. 

Fortunately, introducing risk to the given model constructing monetary aggregates 

in the case of risk-neutral consumers is easy. The user costs used in the discrete-time 

Divisia index (in the case of risk-neutral consumers) must be redefined as  the expected 

value of nominal current-period perfect certainty user costs. The altered user cost formula 

is given below. 

Constructing monetary aggregates wide allowing for the possibility of risk averse 

consumers is considerably more difficult however. In such a case, the modification to the 

user costs (shown above) does not hold because the component assets user costs become 

dependent on the representative consumer's marginal utility, which empirically speaking 

is quite difficult to determine. Generally speaking, for the case of risk aversion, the 

representative consumer's two-stage intertemporal decision problem as discussed in 

Section II becomes a stochastic optimal control problem for which dynamic 

programming methods are required." Several papers (among them Barnett and Liu 

(1994) and Barnett, Liu and Jensen (1997)) use a modXed Divisia quantity index in 

which the user costs are adjusted to account for risk, 

62 See Barnett, Fisher and Serietis (1992, p-2 1 12) 



'The size ofthe adjutment depends on the agent's degree of risk mrersion 

and on the covariance between the asset's rate of return and the agent5 

consumption stream. 1163 

It is noteworthy that in the above mentioned papers, little difference is found empirically 

between the original Divisia index and the version modified to account for risk. This 

provides evidence that the need to undertake an adjustment for risk will not be a 

significant issue in the construction of monetary assets using the Divisia index as in this 

project. 

C. Weak Separability 

The key indispensable assumption, as clearly shown by the above sections is the 

weak separability assumption. It "is the findamental existence condition without which 

aggregates and sectors do not exist.""~he requirement of this particular monetary 

aggregation approach is quite modest; only one group of assets or goods must satisfy 

weak separability. Considering this and the fact that nearly al l  current microeconomic 

intertemporal decision models are strongly separable, the b d  of intertemporal weak 

separability of monetary assets required by this method of monetary aggregation is not an 

unrealistic requirement. 

D. Final Extension 

It is worth mentioning that aggregation over economic agents has not been 

discussed at all in this chapter. Although the theory for aggregation over goods is 

" See Anderson, Jones and Nesmirh (1997, p.48) 

" See Barnen Fisher and Saletis (1992, p2lL3) 



independent fiom the theory of aggregation across economic agents, the theory for 

aggregation over goods for one economic agent remains relevant for any means of 

aggregation across economic agents. (Unlike the case of aggregating across goods, a 

unique solution does not exist for aggregation across agents. Any number of solutions 

exist for the problem of aggregation over agents conditional upon the model's 

"dependence on distribution Assuming ail agents possess linear and parallel 

Engel curves, the solution can be obtained by solving the standard microeconornic utility 

maximization problem by means of a representative consumer. If agents do not have 

linear and parallel Engel curves (in other words, they are sufficiently heterogeneous), 

Pareto's general stratification approach must be used, "which integrates utilily functions 

over the distribution jkncrionr of all variables ?hat can produce distribution effects,"66 

distribution functions for income or wealth or the demographic characteristics of the 

population. 

A compromise approach has been advanced by John Muellbauer that allows for 

the use of a representative consumer, although the second and fint moments of the 

distribution functions remain necessary. There is also Barnett's (1981, pp.58-68) 

stochastic convergence method, which does not assume the existence of a representative 

consumer but which at least requires that fewer assumptions are satisfied than John 

Muellbauer's method, 

The use of a representative consumer is more or less inappropriate depending on 

the importance of the distribution effects. If the distribution effects are considered to be 

" See Barneq Fisher and Serletis (1992, p.2113) 



significant, then one must use the Pareto stratification method. Barnett and Serletis 

(1990) have actually tested for the statistical significance of  such distribution effects 

(using Divisia second moments). Their results suggest that they actually had M e  

significance in improving the chances that Gorman's condition of parallel and linear 

Engel curves across agents can be satisfied. Thus, it is possible for the purposes of 

aggregation across agents that a representative consumer can be used in a microeconomic 

utility maximization model structure.67 

VIII. Conclusion 

This above chapter has reviewed the most recent developments in monetary 

aggregation theory, focussing mostly on recent attempts to develop approaches to 

monetary aggregation that have an improved foundation in microeconomic theory. The 

microeconomic foundation involved is the maximization of the utility of a representative 

consumer over a vector of consumption goods and s e ~ c e s ,  monetary assets and leisure. 

It is generally required that current-period quantities of monetary assets be weakly 

separable from other assets, goods and services and leisure. 

Once the weak separability condition is satisfied, the utility maximization process 

may occur in two stages The first stage allows the consumer to optimally allocate 

expenditure between current-period monetary assets as one block and al l  other assets and 

goods. For the second stage, the utility function used is defined over cment-period 

monetary assets (and is typically termed the category subutility hct ion) .  The consumer 

- - 

66 See Barnett, Fisher and SerIetis (1992, p2113) 

67 See Barnett, Fisher and SerIetis (1992, p2114) 



chooses the optimal quantities of the individual current-period monetary assets subject to 

the optimal total expenditure on current-period monetary assets. 

The category subutility function is in fact the correct aggregator h c t i o n  for the 

purposes of monetary aggregation. Typically, the form of the aggregator function is 

unknown and so parametric estimation becomes necessary. However, statistical index 

numbers do exist which exactly track certain flexible fbnctiond forms which in turn are 

second or third-order approximations for the unknown aggregator function. Both the 

quantity index and the user cost index are required for monetary aggregation. 

Finally, the four rnicroeconomic assumptions used in this approach to monetary 

aggregation were discussed and reviewed. (These four assumptions were: (1) the 

existence of a representative consumer; (2) the blockwise weak separability of current- 

period monetary assets; (3) the homotheticity of the category subutility function and (4) 

perfect certainty.) 



Cbaater 4: Extension to Adiust the Divisia Index in the Case of Risk Aversion 

I. Introduction 

The case of perfect certainty (in which the Divisia index exactly tracks any 

aggregator h c t i o n  through the flexible functional form), was thoroughly described in 

chapter 3. Risk aversion however, has not been discussed in any detail in this paper, yet it 

is worth showing that there indeed does exist a form of the Divisia index that will exactly 

track the aggregator fimction in the case of risk aversion. Further, this extended or 

generalized Divisia index, given additional assumptions, has a relation to the capital asset 

pricing model (CAPM)." It is the aim of this chapter to show the process by which 

Barnett's extended Divisia index may be derived and also its connection to the capital 

asset pricing model. 

IZ.(l) Risk Aversion 

In the case of risk aversion, the hst-order conditions of the representative 

consumer's utility maximization problem are Euler equations. This has the resulting 

implication that the ability of the usual Divisia iadex to track the aggregator function will 

be  compromised. "The degree io which the tracking ability degrades is afunction of the 

degree of risk aversion and the amount of risk"69 Nevertheless, the possibility exists that 

the Euler equations could be estimated by the generalized method of moments and by 

solving for the estimated exact rational expectations monetary aggregator function. Any 

" See Barnett, Liu and Jemen (1997, p-486) 

69 See Barnett, Liu and Jensen (1997, p.486) 



attempt at the estimation of the aggregator function however creates a situation where 

results are dependent on the particular parametric specification of the aggregator hnction 

and also, on the choice of regression estimator in determining the parameters of the 

aggregator function. This is precisely the situation that the introduction of statistical 

index number theory into the aggregation methodology is designed to avoid. The whole 

point in using the Divisia index in monetary aggregation is to produce a parameter-free 

method of aggregation that depends only on the relevant data. Therefore, another method 

is given here which is used to derive the extended Divisia index (for the case of risk 

aversion). Indeed it will also be shown that the extended Divisia index will reduce to the 

usual discrete-time Divisia index in the case of perfect certainty. 

E(2) The CAPM Connection to Index Number Theory 

The connection between the capital asset pricing model (CAPM) and the extended 

Divisia index discussed here is simple; According to the treatment of this given in 

Barnett, Liu and Jensen [1997], both the Divisia index and the CAPM are special nested 

cases of a broader theoretical Wework .  W e  the capital asset pricing model deals with 

the trade-off between the expected re- and risk of consumption assets, the Divisia 

index is structured in terns of a trade-off between investment return and liquidity. The 

broader theoretical W e w o r k  involves a three-dimensional trade-off between average 

return, risk and liquidity?' 

This structure fits particularly well into existing monetary aggregation theory, 

because 

" See Barnett, Liu and Iensen (1997, p.487) 



"money-marker assets are characterized by substanfiaiiy dzrering degrees 

of each of the three characteristics: mean rates of return, risk and 

liquidity especially when the collection of money-market assets includes 

those subject to prepayment penalties, such as series EE bonds and 

nonnegotiable certificares of deposit, and those subject to regulated low 

rates of return, such as nrrrency."'l 

The original set of monetary aggregates produced by central banks had fewer components 

and those components yielded no interest. Since the rate of return was exactly known for 

each component in this situation, the perfect certainty assumption was easily satisfied. 

Given zero rates of return for each component monetary asset, it was further the case that 

the user costs of each asset were known and identical. Thus, it was perfectly reasonable 

to use the simple summation index number to produce monetary aggregates since with 

zero user costs, dl assets could be assigned equal weights of unity because all component 

assets were perfect (and dollar-for-dollar) substitutes for each other. 

However, with nonzero and differing rates of return for all component monetary 

assets, monetary assets can by no means be viewed as perfect substitutes and therefore 

the assumptions required of the simple summation aggregation method are no longer 

satisfied. An additional wrinkle in the fabric of traditional monetary aggregation theory is 

provided by the fact that the rate of return on a component monetary asset is not a 

contn'bution to monetary services. Thus the capitalized vdue of the interest yield, 

"although embedded in the value of the stock of such assets, is nofparf of the economic 

'' See Barnett, Liu and Jensen (1997, p.487) 



monetary stock The capitulized value of the monetary service flow net of that interest 

yield is the economy's monetary stock."" 

The assumption of perfect certainty in turn is undermined by the fact that there is 

almost always, some degree of uncertainty about what the rate of return on component 

assets will emerge as, the rate of return of course being required in the calculation of the 

user costs (foregone interest of holding any interest-yielding monetary asset). With the 

introduction of risk and uncertainty into the model, it becomes clear that any index 

number used for aggregation must be capable of tracking a nonlinear aggregator 

fimction." 

Much of the recent literature on monetary aggregation maintains that the usual 

discrete-time Divisia index numbers produced fiom perfect-certainty fint-order 

conditions may be dlicient  to measure the monetary service flows of the current 

collection of component monetary assets, since these assets mostly have rates of retum 

witk low variance and low correlation with the consumption of other goods and services. 

However, as individuals receive a greater portion of their monetary service flows fiom 

common stock and bond funds, (which are characterized by substantial risk), the usual 

Divisia index, seems less and less likely to be a d c i e n t  index number for the 

production o f  accurate, economically valid monetary aggregates. In short, monetary 

aggregation stands to benefit a great deal by the development of statistical index numbers 

that can account for the existence of risk and the extent of risk aversion among 

consumers. 

" See Barnett, Liu and Jensen (1997, p.487) 

See Barnett, Liu and Jensen (2997, p.487) 



111. Consumer Demand for Monetary Assets 

To develop the extended Divisia index, it will be necessary to briefly review the 

representative consumer's utility optimization problem and the demand for monetary 

assets. Here, the representative consumer's stochastic decision problem is formulated 

over consumer goods and monetary assets, leaving leisure out of the utility function here 

for simplicity and convenience. 

The problem will be set for an infinite planning horizon broken into discrete time 

intervals, t,t c 1, ..., s. ...,a where r is the current-time period, and may also be used to 

represent any of the possible time periods in the range. The variables are defined as 

follows: 

"x, = n-dimensional vecror of real consumprion of goods and services 

duringperiod s . p ,  = n-dimensional vecror ofgoods and servicesprices 

and of the durable-goods rental prices during period s ,  a, = k- 

dimensional vector of real balances of monerary assets during period s . 
p, = k-dimensional of vecror of n o m i d  holding-period yields on 

monetary assets. A, = ho[dings of the benchmark user during period s . 

R, =the one-period holding yield on the benchmark asset during period 

s. I ,  =the sum of all other sources of income during period s, and 

P: = : ( p, ) the true cost of living index."" 

The consumer's consumption possibility set S(s) for period s (where y is defined 

to be the consumer's survival set is given below. 

'' See Barnett. Liu and fensen (1997, p.489) 



Due to the fact that the benchmark asset A , ,  provides no services other than its yield R, . 
the benchmark asset is not included in the consumer's contemporaneous utility h c t i o n .  

The consumer's subjective rate of time preference cis assumed to be constant and the 

single-period utility function u(a, ,x, ) is assumed to be increasing (in both monetary and 

consumption goods) and quasi-concave (as required by the Generalized Axiom of 

Reveded Preference). 

The consumer's decision problem (set up as an optimal control problem) is to 

choose the deterministic point (a,. xr . At ) and the stochastic process (a,,, x, , d4, ) , where 

subject to (a,, x, , A, ) E S(S) for S. I and also subject to the transversality condition 

"The ~ a m e r s a l i t y  condition rules out perpetual borrowing at the benchmark rate."" 

In the definition of the monetary aggregate, the model being considered here 

involves a partition of the monetary asset vector as into two distinct subvectors as shown 

by a, = (m, , h, ) . (Here the dimension of  the subvector m, is defined to be k, and the 



dimension of h, is k2. This means that the monetary asset interest rate vector p, must in 

turn be partitioned such that p, = (r, , i, ) . r, corresponding to the set of monetary assets 

contained in m,, i, corresponding to the set of assets contained in h, . As in the 

traditional model given in chapter 3, u is here assumed to be blockwise weakly separable 

in some subset of monetary assets, m, . Unlike the model shown last chapter however. the 

utility function is also weakly separable in the nonmonetary goods and services vector x, 

and strongly separable in the monetary subset vector h, . This breakdown of the utility 

h c t i o n  takes the Gorrnan form as shoun below. 

u(m, 3, , x, 1 = F [ W m ,  )? m, 11 + W h ,  1 (2) 

The aggregate consumption of  nonmonetary consumption goods and services is defued 

by c, = X ( x ,  ) . while the exact monetary aggregate is given by 

!M, = M(mJ (3 

Let the implied utility function V(m, , c, ) be defmed by 

Um,,c,) = F[Wm,) ,c ,  1 - 

:M,here is the monetary aggregator h c t i o n  and the category subutility function as 

defined in chapter 3. In the case of perfect certainty, if the monetary aggregator function 

is linearly homogeneous and the weak separability condition is satisfied. two-stage 

budgeting may be employed in the consumer's maximization problem. Funher, the two- 

stage budgeting procedure makes it clear that the consumer behaves as if the exact 

monetary aggregate were itself an elementary good. However, given weak separability 

75 See Barnett, Liu and Jensen (1997, p-490) 



and a linearly homogeneous aggregator function, two-stage budgeting theory is not 

applicable in any case in which risk is introduced. Nonetheless. even with risk, 

M(m, ) can still be treated as a quantity aggregate. 

Two important Euler equations (from the consumer's maximization problem in 

the case of risk), are given below. The first Euler equation shown is the general form of 

the equations for each of the monetary assets. m, . 

av P;(R, -GI * E ] = ~  
E, [;--- P 4 

0% Prri acvd 

for i = 1, ... k and for all s with p = 1/(1+<) as before where p: is the exact price 

aggregate that corresponds to the consumer good quantity aggregate. c,. The Euler 

equation given below is for the nomonetary goods aggregate c,  , 

The derivations of the two Euler equations given above are arrived at using Bellman's 

method of dynamic programming. 

To briefly review the results of the perfect-certainty case, the formula for the real 

user c o a  of the individual monetary assets for the current period t is 

The exact value of the quantity monetary aggregate can be exactly determined using the 

Divisia index, shown in continuous time notation 



The expenditure shares. s , ~ .  given above are defined as 

The Divisia index is capable of tracking the monetary aggregator function. M , even if its 

functional form is unknown. up to a third-order remainder term in the changes. " T h  

remainder term usually is less than the roundoff error in the component data and 

typically is negligible for data that me available with at least annual fiequency."76 

However. as mentioned before, the Divisia index in the form above is incapable of 

exactly tracking the unknown aggregator function. 

W. The Extended Divisia Index 

To begin the process of deriving the new extended Divisia index. it is necessary to 

use the Euler equations given in (4a) and (4b) to find a new form of real user cost that is 

appropriate for an accounting of  risk. The new definition for the contemporaneous risk- 

adjusted real user cost price is expressed as the marginal rate of substitution between a 

given monetary asset and consumer goods. as shown below. 

No expectations operator is needed in the above definition because the marginal utilities 

are known with certainty in the current period t . Where interest rates are used however. 

the presence of uncertainty prevents exact interest rates fiom being known 

76 See Barnett, Liu and Jensen (1997, p-49 I )  



contemporaneousIy 

become stochastic. 

and hence rhese expressions (requiring the use of interest rates) 

In the notation used here, nominal rates of return. r, and R, are 

expressed as real total rates of return 1 +r,: and 1 +R: by conversion through the 

following formulas. 

r,; and R: are known by themselves as the real rates of excess return. 

This alteration in notation allows the Euler equations given in (4a) and (4b) to be 

simplified to the following two equations. 

and 

Giving a more specific form to the definition of the contemporaneous risk- 

adjusted real user cost (fiom Defmition 1). it can be shown that the risk adjusted user cost 

of the services of monetary asset i under risk is given by 

n,, =*,I +Y,r (10) 

where IT,, = Er 4 - Err, 
I t E,Rr 

- - 
Cc, 4 

To show that (10) holds, recall that it is possible to rewrite equation (8) as 



Assuming that the marginal 

(13) 

utility and interest rates used in equation (13) above 

are uncorrelated, the rules of expectations operators can be used to rewrite the 

expectation of the product as the product of the expectations. However, under risky 

conditions, it is unlikely that the marginal utility of nomonetary consumption and 

interest rates will be uncorrelated. Equation (13) must therefore be expanded into the 

following inelegant expression shown below. 

With risk neutrality in the above expression. the covariances would become zero. 

However. since we are aiming to account for the consumer's degree of risk aversion. the 

covariances must remain in the expression. The Eder equation given in (9) can be used to 

get the following expression (again assuming the absence of risk neutrality). 

With some more manipulation of equations (14) and (lj), pE, [W/ac,,,] can be 

av 
etiminated, and - dV 

is related to - as follows. 

where 



and 

Converting the real rate of return in equations (1 8) and (17), (using the conversion 

formula implied by equation (7)), equation (18) becomes identical to equation (12) and 

equation (17) becomes equivalent to equation (1 1). Also it is clear that equation (16) 

becomes amlAv = a,, + (v,, = n,, 

which in turn means that equation ( 10) logically follows from Definition 1. 

It is easy to show that the risk-adjusted user cost formula becomes equal to 

equation (1 1 ), (something very close to the original user cost formula in the absence of 

any risk), assuming risk neutrality on the part of the consumer. If the consumer is not to 

any degree risk averse but is in fact risk neuaal, the covariances in equation (18) become 

equal to zero, and hence the risk-adjusted user cost I l l ,  reduces to q, as suggested 

above. " The only difference between risk-adjusted risk neuaal user costs and user costs 

as defined in the perfect certainty case is that in the presence of risk known risk interest 

rates are replaced by expected interest rates, 

"However. even under risk aversion the utility function is strictly concave in 

consumption, so that marginal utiliry is inversely related to c o m ~ p t i o n " ' ~  In the case of  

7 See Barnen, Liu and Jensen (1997, p-494) 

i s  See Barnett, Liu and Jensen ( 1997, p.494) 



a slightly risky investment. ir is possible that the interest rate on such an asset might 

actually reduce the risk of the investment. If the rate of return is positively correlated with 

marginal utility, the total risk facing a consumer is reduced by an investment. assuming 

an inverse relationship between consumption and marginal utility. 

In the case of a monetary asset with low risk and low volatility, the asset would 

contribute little to the riskiness of the household's consumption stream. On the other 

hand, a very risky monetary asset such as common stock will probably add to the mean 

risk of the household's consumption stream. In such a situation. the rate of return on the 

asset is positively correlated with consumption, and in turn is negatively correlated with 

the marginal utility of consumption, which is one of the central results of the 

Consumption Capital Asset Pricing (CCAPM). 79 

In the risk-adjusted user con formula, equation (12) can be considered the 

adjustment for risk aversion. Assume that the expression is normalized with respect to 

av - so that the denominator of equation (1 2) can be ignored. 
ZC, 

Zc, 

Supposing that the own rate of return on monetary asset i .  q,' , is positively correlated 

with the marginal utility of consumption the monetary asset should decrease the amount 

of risk facing the consumer. This should increase the covariance in the second term of 

equation (12) shown above. Therefore holding this monetary asset should reduce the risk- 

79 See Barnett. Liu and Jensen ( 1997, p.494) 



adjusted user cost price that the consumer would have to pay to hold that asset as the 

positive covariance increa~es.~' The opposite result holds if the covariance between the 

interest rate and the marginal utility of consumption is negative. An asset in that case will 

be increasing the risk facing the consumer and hence the risk-adjusted user costs of the 

asset will increase. 

In the case that there is a positive covariance between the benchmark rate and the 

marginal utility of consumption, the benchmark asset decreases consumption risk. With 

the decrease in consumption risk the oppormnity cost of foregoing the benchmark asset 

return by holding the monetary asset is increased. Thus, a positive covariance of the type 

described above will increase the risk-adjusted user cost, which is indeed the effect of the 

fun term of equation (12). 

"Conversely, iffhat covariance is negative, so that holding the benchmark 

asset increases the consumer's risk, [hen foregoing the benchmark asser in 

favor of monetary asset idecreoses risk and hence results in a 

subtraction from the risk-adj2lsted user cost, n,, of hotding asset i 

V. Generalized Divisia Index Under Risk Aversion 

We have shown above how the formula for the user costs of various individual 

monetary assets must be adapted to account both for the presence of risk and the presence 

of risk aversion on the part of the consumer. Ln this section, the necessary modifications 

to the usual Divisia index to account for risk aversion will also be shown. To do this. the 

-- 

80 See Barnett Liu and Jensen (1997, p.495) 

81 See Barnett. Liu and Jensen (1997, p.495) 



share equations used in the definition of the Divisia index must be appropriately 

modified. 

Previously, the share equations s,,(used in the Divisia index formula 

k, 

d log MI = x s , d  log m,, ) were defined as st, = i i , , m , , / ~ n , ,  m,, . Now, to account for 
14 1-1 

risk and risk aversion, the unadjusted user cons ntf must be replaced by the risk-adjusted 

user costs, IT,, as given in Definition 1. This will produce the adjusted share formula. 

If the weak separability assumption is satisfied (as reflected in 

V(m, ,c , )  = F [ M ( m , ) . c , ]  ) and if it is still true that the monetary aggregator function 

1M is linearly homogeneous. then the generalized Divisia index formula we have been 

seeking is shown below. 

In the next steps, this result will now be proven in a more rigorous fmhion. Under 

the weak separability assumption. (given V(m,  , c, ) = F[IM(M, ),c, ] ), it must be the case 

that 

Using equation (16) and (20) given above, the foIlowing expression holds, 

The total differential of LM, = M(m,  ) is 



It is clear that (21) can now be  substituted into (22) to produce 

If the function M is indeed linearly homogeneous. then by Euler's theorem for 

homogeneous functions, equation (22) may be rewritten as 

This now means that equation (23) may be modified into 

The modified or generalized Divisia index may easily be obtained by dividing (23) by 

(25). 

A thoroughiy satisfactory resdt is obtained through this process as the exact 

tracking of the Divisia index in its monetary application is not compromised so long as 

the adjusted user costs, r,, + yl, are used in the share equations of the index. The index 

shown above is applicable in both the cases of pefiect certainty and risk aversion; that is 

why it is referred to as the generalized Divisia index) To veri@ that this is indeed true, 

remember that it has already been shown that the adjusted user costs reduce to the usual 

user costs in the instance of perfect certainty and hence the share equations are dehned as 

in the usual case (and the generaiized Divisia index (19) consequently reduces to the 

usual Divisia index, (6))- 



For the case of risk neutrality, y,, = 0 and so the user con used in the Divisia 

index will be defined as shown in equation (17). Thus it is clear that the case of perfect 

certainty and risk neutrality are strictly nested special cases of the generalized Divisia 

index. This situation is M e r  described by Barnett, Liu and Jensen (1997) as a three- 

dimensional decision in terms of asset characteristics, 

"The monetary assets having nonzero own rates of return produce 

invesrment returns, contribure to risk and provide Iiquidity services. Our 

objective is to track the nested utiliry function M (m, ) , which measures 

only liquidiiy and is the true economic monetary aggregate. To do so, we 

must remove the orher w o  motives: investment yield and risk aversion. "" 

The ordinary Divisia monetary aggregate is capable of  removing the investment 

motive and can track the liquidity service flow above only in the absence of risk. The 

generalized Divisia index on the other hand removes both the investment motive and the 

aversion-to-risk motive to extract the liquidity service flow, with the consumer involved 

facing a three-way trade-off among mean investment return. risk aversion. and liquidity 

service consump tion. " 

VI. Conclusion 

In this chapter, the issue of risk and adjusting for risk within the Divisia index was 

extensively dealt with. Such an adjustment is of obvious value in the context of monetary 

aggregation projects such as the one presented in this paper. So fx,  little research has 

been conducted in the area of constructing statistical index numbers that can account and 

81' See Bamen Liu and Jensen ( 1997. p.496) 



compensate for the degree of risk aversion of the consumer. No monetary aggregates 

have yet been constructed which aimed to use such index numbers. The aggregates 

constructed in this project will not compensate for risk aversion although the theoretical 

approach suggested in this chapter suggests a useful methodology by which it can be 

done. 

Basically the pioneering work of Barnett, Liu and Jensen (1997) suggests that the 

normal Divisia index in the perfect certainty case is a nested case that can be derived 

from a generalized Divisia index described in their paper and shown here. The 

maximization problem of a representative consumer is set up as an optimal control 

problem, in which the standard assumption of the weak separability of current period 

monetary assets is satisfied. Using Bellman's method of dynamic programming, nvo 

Euler equations are derived. Using these two Euler equations. a user cost formula is 

developed which accounts both for the presence of risk and the degree of risk aversion. If 

this generalized user cost formula is used in the share equations of the Divisia index. the 

statistical index number is capable of  l l l y  accounting for risk. 

83 See Barnett, Liu and Jensen ( I  997, p.497) 



Chapter 5: Concepts, Data and Methods in the Construction of the New Monetarv 
&repates 

I. Introduction 

The purpose of this chapter is to provide a practical, detailed discussion of the 

methodology used in the construction of new monetary aggregates (using Canadian data) 

and of the results of such efforts. These new monetary aggregates are created in 

accordance with the latest aggregation and statistical index number theory (discussed 

previously in Chapter 2). 

It will be important to review the distinction beween red and nominal monetary 

indexes. In particular, it must be shown that the nominal monetary quantity aggregate 

generates not a nominal dual user cost index but rather a real dual user cost index. 

Another issue of importance is the difference between nominal monetary asset and real 

asset stock data. While the aggregation theory as developed in chapter 3 used real asset 

stock data in the aggregation approach, the actual monetary asset stock data are collected 

in nominal terms. " Ultimately. as shown in this chapter, it is just as easy to use nominal 

data as red data in the aggregation of monetary assets. 

With regard to the data itself; the own rate of return data used in the construction 

of the indexes is of particular interea This discussion fits directly into the means by 

which the calculation of the user costs of  the monetary assets included in the sample is 

84 See Anderson, Jones and Nesmith (1997, p33) 



achieved. Also relevant is the concept and defmition of a benchmark asset and the means 

by which the benchmark rate of return is constructed. 

Finally there are several methodological difficulties encountered in the 

construction of the various monetary indexes which must be carefully considered. A first 

and obvious difficulty encountered is the introduction of new monetary assets. and the 

resulting changes in the definition of what does and does not constitute a monetary asset. 

Lastly, the use of seasonally adjusted data must be discussed and justified. 

11. The Construction of the New Monetary Aggregates 

The theory behind the construction of the Divisia. Fisher and CE monetary 

aggregates has already been Wly discussed in the theoretical framework of this project. 

For a brief review of some basic concepts. the monetary quantity aggregate is a measure 

of the flow of monetary services received by the holders of monetary assets.s5 

Nonparametric estimation of the correct unknown aggregator function (produced from 

the standard representative consumer's utility maximization framework). is possible using 

superlative statistical index numbers. Specifically. these statistical index numbers can 

provide second-order approximations to monetary aggregates in discrete time. There are 

many superlative index numbers, yet the discrete-time Divisia index (or the Tornqvist- 

Theil index number) is the only one capable of retaining its second-order tracking 

capabilities when some common aggregation theoretic assumptions are violated. 86 

The new monetary quantity aggregates, Mrmd are constructed by the following 

formula. 

See Anderson. Jones and Nesrnith ( 1997, p 3 3  

86 See Caves, Christensen and Diewert (1982) or Anderson, Jones and Nesmith (1997) 



where w,, = (q'rm,:"' ly1) and w,,-, = ( q " ' , " : r n ~ ~  ly,_, ) are the expenditure shares of 

monetary asset i in periods t and r - 1. while the average expenditure share used in the 

- 1 
formula is w, = -(yI + yJ. 

3 - 

The price of a unit of monetary services can be measured with an index that is 

dual to MIRu'. If the product of the price index and the quantity index is equal to the total 

expenditure on the component assets included in the indeses. then the price index may be 

said to be dud to the quantity index. This property is known as factor reversal. 

"Dual to ~ ~ ~ * f  , is the nominal dual user cosr index, I l ~ " .  which is 

defined rising Fisher's (1 992) weak facror criterion by the forrnzila 

ny = n;y Y ,  iYt-1 1 [where rhe monetary services index, MSI, 
n/fS~~""' ' M s I , ' ~ ~  

here is equivalent to the Divisin monetary aggregate used above. :MIwJ' 

In this case, the real monetary quantity index, MId and its nominal dual user cost index 

IIy are constructed as chained superlative indexes. Indexes are said to be chained if the 

prices and quantities used in the index number formula are the prices and quantities of  

adjacent periods.88 

" See Anderson, Jones and Nesmith (1997, p.56) 

88 See Anderson. Jones and Nesmith ( 1997, p-4 I)  



The simple sum. currency equivalent, and Fisher Ideal indexes were also 

calculated from the component monetary asset and interest rate data available. mostly for 

the purposes of comparison to the discrete-time Divisia index. To review. the siniple sum 

index is generated by the following formula 

where nis the number of monetary assets. The simple sum index measures the flow of 

monetary services only if the representative consumer's indifference curves are parallel 

lines for monetary assets. In such a case, the agent regards all monetary assets as perfect 

substitutes. If monetary assets have different user costs however, the economic agent 

would arrive at a corner solution - a situation in which only one monetary asset is held by 

the consumer. an outcome that is not substantiated empirically. 

As such. in practical use by the B& of Canada in the construction of MI, M2. 

M3 and M2+. each monetary asset is assigned an equal unitary weight. thus p: = 1 for 

each m,: in the formula above. Therefore the simple sum aggregate is created through the 

simple addition of each of its components. 

Simple sum indexes were created for MI, M 2  and M3 here, for the purpose of 

providing a comparison with the Divisia aggregates generated (and not so much for 

comparing our simple sum aggregates to those of the Bank of Canada). As shown in the 

theoretical review of chapter 3. the simple sum index can be decomposed into two-terms: 

one measures the discounted present value of al l  current and hture interest received on 

monetary assets, and the other is the currency equivalent (CE) index the formula for 

which is shown below- 



The above formula assumes the use of real asset stock data. Since nominal 

monetary asset stock data was instead used, the formula used for the calcuIation of the 

CE index numbers becomes simply 

The intuitive basis for the CE index is that it provides a measure of the stock of 

monetary wealth. The CE index is only capable of measuring the flow of monetary 

services in the case. where. in addition to the assumptions required to satisfy the Divisia 

index the category subutility function (or aggregator function)89 u(.) is quasi-linear in a 

monetary asset whose own rate is always zero.90 Since the CE index requires additional 

assumptions to provide the same measurement as  the Divisia index. it is viewed as 

statistically inferior to the Divisia index. but is provided here for the purposes of contrast 

and comparison nonetheless. 

Finally, a fbll set of Fisher Ideal index numbers for LM~, M 2  and M3 were derived. 

(The full formula for the Fisher Ideal index is given in the section of this chapter devoted 

to the introduction of new monetary assets). The Divisia index is superlative in a stronger 

sense than the Fisher Ideal index and is therefore regarded as the superior index number. 

However. both indexes are in theory supposed to closely approximate each other and thus 

calculating the Fisher Ideal indexes for MI. M2, IMj is a useful means of verifying that 

" This is described in Chapter 3. 

90 See Anderson, Jones and Nesmith (1997, p .4 )  



the Divisia index numbers provided were indeed accurate. This was the principal reason 

that the Fisher index numbers were constructed. 

While the M1, M2 and M3 aggregates were calculated using all four index 

numbers (simple sum, currency equivalent, Fisher Ideal, and Divisia), M2+ was not 

derived. The reason was that most of the desirable asset categories were only available at 

quarterly frequencies. Further. it was considerably difficult to obtain suitable and 

accurate interest rate data for the various M2+ asset categories, in particular the credit 

mion and money market mutual fund assets. 

III. Extension of Theory to Allow for the Use of Nominal Monetary Data 

This section will briefly cover the distinction between real and nominal stocks of 

monetary assets. The reason this must be discussed is that the Bank of Canada collects its 

monetary asset stock data in nominal terms while the aggregation theory as described and 

developed here has dealt with the conditions required for the aggregation of real stock of 

monetary assets. The aggregation of nominal rather than red stocks of monetary assets 

should require some daboration of the existing aggregation theory. 

Of fundamental importance is the fact that the total expenditure on monetary 

assets can be  defined in two ways. F& total expenditure may be expressed as the sum of 

the products of the real asset stocks and their nominal user costs, or alternatively, as the 

sum of the products of the nominal monetary asset stocks and their corresponding real 

user costs. The fact that both means of defining total expenditure are ultimately 

equivalent is easily shown below. 



The implication of this is that the total expenditure on monetary asset stocks can 

be calculated without needing the price index pt4and W e r  that real monetary assets 

stocks are not required. Instead nominal monetary asset s~ocks (such as those provided by 

the Bank of Canada) are enough to obtain total expenditure. so long as real user cons can 

be accurately observed. It is now clear that the expenditure shares can be expressed in 

one of two ways: as either expenditure on real monetary asset stocks based on nominal 

user costs (as shown below) 

w,, = ( z y m , y  )/ y, 

or as total expenditure on nominal monetary asset stocks given real user costs. as 

illustrated below. 

It is clear given all this. that a monetary asset quantity index may be constructed 

using only the available nominal asset stock data and this index in turn can later be 

9 I See Anderson, Jones and Nesmith (1997, p.56) 



deflated using the price index. In practice, the initial discrete-time Divisia monetary 

quantity index is defined by 

- 1 
where w,, = ; (w, + w ,,,-, ) . The individual expenditure shares are the same regardless of 

whether nominal or real asset stock data are used, and thus the only modification made 

here to the discrete-time Divisia index as shown previously, is the use of nominal asset 

stocks in place of real monetary asset stocks in the index formula. Of course, the nominal 

dual user cost can no longer be used in the total expenditure formula. Instead the real dual 

user cost index, nyi (as defined below) becomes especially useful 

(As a final reminder, the red dual user coa index is of course dual only to the nominal 

monetary asset quantity index, Mym ). 

To show how the nominal quantity index may be deflated, the log change operator 

(defined as bln(z, ) = h(z, )- I&,-,) ) is necessary. The following identity shows how 

the nominal monetary quantity index is related to the real monetary quantity index. 

Basicdy, the log change of the real monetary quantity index is only equivalent to the log 

change of the nominal monetary quantity index deflated by the price index. In other 

words, just deflating the nominal quantity index by the price index is not sufEicient to 

produce the real monetary quantity index. 



Similarly, the real and nominal dud user cost indexes are related according to a 

similar identity. 

A ln(lI~"'/pp;)= A l n ( ~ : ~ )  

Using the expressions shown above, it is easily possible to obtain the real monetary 

quantity index by deflating the first-obtained nominal monetary quantity index. The 

actual deflating however, can be left to the user since the appropriate price index 

(deflator) used depends on the context and models in which these new monetary 

aggregates are being used. 

"In consumer demand models, the appropriate price index is the measure 

of the true cost of living. In firm factor demand models, the appropriate 

price index is an index offactor input prices."* 

There are a wide array of published indexes which could be used as a deflator, among 

them the Canadian Consumer Price index, producer price indexes and the GDP deflator. 

Or for some purposes, the monetary quantity indexes could be deflated using a measure 

of the red wage rate. 

See Anderson, Jones and Nesmith (1997, pp58-59) 



IV. The Impficit Rate of Return on Demand Deposits 

While it is traditionally assumed that the own rate of return on demand deposits 

(current accounts and personal chequing accounts) is zero, it is possible to construct a 

user cost for demand deposits. This is done by attempting to calculate the implicit rate of 

return on demand deposits. While typically explicit interest rates were not provided for 

demand deposits, there is still a possibility that financial institutions have paid implicit 

interest in the form of free or reduced-cost bank services, (or possibility of easier access 

to credit). Using an approach pioneered by Klein (1971) and later Staaz (1979), it is 

possible to find a simple formula which allows the implicit rate of return on demand 

deposits to be approximated knowing only the rate of return on an alternative asset, and 

the maxirnum required reserve ratio for demand deposits. The formula is given below. 

r,, =(I-c)r, 

where r, is the implicit interest rate on demand deposits, r,, is the interest rate on an 

alternative asset, and where c is an estimate of the maximum required reserve ratio on 

demand deposits. 

For the calculation of the implicit interest rate on demand deposits (in this case 

personal chequing accounts and current accounts included in MI), the interest rate on an 

alternative asset was given by the rate on 3-5 year Government of Canada marketable 

bonds (CANSIM series B 14010). The maximum required reserve ratio was constructed 

from both the primary reserve ratio on demand deposits and the secondary reserve ratio. 

The primary reserve ratio on demand deposits was dictated directly by the Bank of 

Canada from 1974 until June 1992, when the requirement was eliminated. In contrast to 

the primary reserve requirements, the secondary reserve ratio was maintained on total 



statutory deposits rather than on specific types of deposits such as demand, notice and 

foreign currency deposits. To calculate the secondary reserve ratio on demand deposits, it 

was necessary to multiply the secondary reserve ratio by the proportion of total statutory 

deposits consisting of demand deposits. 

Although the required reserve ratios were ended in 1992, the dollar amount of 

requirements was reduced from the average level of the 12 months preceding June 1992 

by 3 percent every 6 months until June 1994, when the remaining requirement was 

entirely eliminated. The required ratios for the phase out period were calculated by 

finding the dollar amount of required reserves for each month of the period from June 

1992 to June 1994, and dividing the dollar amount of requirements by the size of demand 

deposits. 

V. Yield Curve Adjustment 

Interest rates on monetary assets that have different maturities may have different 

term or liquidity premiums, and these term premiums must be removed from each own 

rate to make them comparable. This process is described as the yield curve a~$unnent of 

the own rates on monetary assets, and it is accomplished by using the yield curve for 

Treasury securities. The Treasury yield c w e  provides a relatively pure estimate of the 

term premium because these securities have no default risk 

The process is accomplished as follows. Let r, be the own rate for a monetary 

asset with a maturity of nmonths, let r,' be the own rate on Treasury securities that 

mature in n months, and let $be the secondary-market rate on a Treasury bill with a 3- 

month maturity. The interest rate r, is yield curve adjusted by subtracting the estimated 



liquidity premium (r: - r:) from the interest rate such that the yield curve adjusted own 

rate, r y  , is equal to r, -(r: - r:). This process is only achievable if all interest rates 

involved have already been converted to the same basis. 

The implicit rates on demand deposits, the own rates on chequable and none 

chequable personal savings deposits, chequable and non-chequable non-personal notice 

deposits and foreign currency deposits were not yield curve adjusted because these 

monetary assets do not have given maturities. Of those monetary assets which have fixed 

maturities, (personal fixed term deposits and non-personal term deposits), only personal 

fixed term deposits need be yield curve adjusted. The suggested own rate used for non- 

personal term deposits, the prime rate, is very closely tied to the interest rate on 3-month 

T-Bills. The size of the tern premium in this case is so small as to be insiguficant. 

However for personal fixed term deposits, the 5-year term deposit rate is adjusted 

because the term premium in this case is not insignificant. 

M. A Set of Methodo logical Difficulties 

There are several relevant methodological problems that must be faced and dealt 

with in the process of obtaining new monetary aggregates with a sounder basis in 

statistical index number theory. These are: 

"(I) the introduction of new monetary w e t s ,  (2) changes in the definition 

of the underlying monetary asset stock data, (3) the caZcuZation of 

monetuty service indexes and related indexes at dzrerent frequencies and 

(4) seasonal a&stment of the indexes. I"' 

93 See Anderson, Jones and Nesmith (1997, p.77) 



Issue (2) was not dealt with because, for the project, the accounts used to construct the 

monetary aggregates were consistently defined across the sample period. Also issue (3) 

was not a concern because the data were given in monthly terms and we wanted to 

construct monthly aggregates, and therefore there was no need to convert these 

aggregates into quarterly frequencies. Issues (1) and (4) will be discussed in the following 

two sections. 

VI.(l) The Problem of the Introduction of New Monetary Assets 

Over the past thirty years (the approximate time frame of this study), there have 

been a great many financial innovations in the means of payment and the forms in which 

wealth may be stored. As a result of these innovations, many new monetary assets have 

come into existence, and the indexes used in the aggregation process must be modified to 

include thernP4 

It is a well-known fact that the discrete-time Divisia index (suggested as the best 

overall method of aggregation in Chapter 3) is not well defined when new monetary 

assets enter the index. It is suggested by Anderson, Jones and Nesmith (1 997) and by Farr 

and Johnson (1985) that the Fisher Ideal index is more suitable for use under these 

conditions. The reason for this is that it remains well-defined over all periods in which 

new assets are introduced. (However, it remains true, as suggested by Coves and 

Christensen and Diewert (1982), that the discrete-time Divisia index is superior to the 

Fisher Ideal index in all periods for which data is available, because the Divisia index is 

superlative in a broader sense.) In any case, the real Fisher Ideal user cost index is given 

by 

94 See Anderson, Jones and Nesmith (1997, p-77) 



and the corresponding quantity index may be constructed using Fisher's factor reversal 

formula. 

To use the Fisher Ideal index in periods when new monetary assets are 

introduced, an estimate can be obtained for the new asset's user cost during the period 

prior to its introd~ction.~' One method that could be used in this situation is to define the 

user cost in this period as the reservation user cost, that is to say, the user cost that would 

be sufficient to ensure that the quantity demanded of the new monetary asset would be 

zero in the period prior, if the asset had in fact existed. The problem with this method is 

that it requires that the actual aggregator function be empirically estimated. This 

undermines the advantage provided by statistical index numbers, which are used in the 

frst place to avoid the need for parametric estimation. 

Anderson, Jones and Nesmith (1997) suggest an alternative method (to obtain the 

reservation user cost), introduced by Diewea (1980) and used in Diewert and Smith 

(7997). They describe this method as follows: 

"ln the period when a new monetary usset is introduced we calculated a 

Fisher Ideal urer cost index over all monetary assets except the new one, 

which we call 4". I f  monetary asset i is introduced in period t , P," will 

be defined by 

See Anderson, Jones and Nesmith (1997, p.78) 



Diewert (1 980) suggests that this procedure w 111 generate lower bias than any of the other 

available alternatives, and in fact the procedure (and 4") will be exactly correct if the 

new asset i in period t divided by the reservation user cost is equal to 

The best suggestion of all this previous literature is that during periods in which new 

monetary assets are introduced, the real user cost indexes are obtained by the Fisher Ideal 

index, (as opposed to the real dual price index of the discrete-time Divisia monetary 

. quantity index). During these periods, the dual monetary services index is calculated 

according to Fisher's weak factor reversal formula- 

When the Fisher Ideal index for M3 was calculated here, quantity data on foreign 

currency deposits was unavdable fiom 1974 until October 1981, while the interest rate 

proxy. BSUl5. was available for dl periods. The problem emerges in that the rate for the 

period before foreign currency deposits are introduced is not estimated to ensure the 

demand on the new asset is zero. Therefore we used the second method suggested above, 

that of ignoring the new monetary asset for the period of its introduction in the 

calculation of the Fisher index, The Divisia index is then normalized to this value of the 

Fisher Index for the period when the new monetary asset is introduced- The Divisia index 

is calculated as normal fiom this period on. In our results, for the whole sample period, 

% See Anderson, Jones and Nesmith (1997, p.78) 



the Fisher index corresponds very closely with the Divisia index for the aggregates MI, 

M2 and M3, which suggests that the methodology used to calculate both the Fisher and 

the Divisia indexes is at least approximately correct. 

VL(2) Seasonal Adjustment 

With regard to the issue of seasonality, it must be said that index number theoretic 

methods for dealing with seasonality do exist in treatments given by Diewen (1980, 

1983, 1996). Some of these methods are similar in some respects to the methodology 

used to transform indexes from one frequency to another. While the Bank of Canada does 

provide seasonally adjusted series for many monetary assets (mostly for the M1 assets) 

many assets needed for the construction of M2 and M3 were only available in seasonally 

unadjusted terms. Therefore, taking the unadjusted monetary asset series for MI, M2 and 

M3, the data were seasonally adjusted using the SAMA command of TSP 4.3 (Time 

Series Processor version 4.3) before the construction of the aggregates. TSP performs the 

seasonal adjustment of time series data by using a moving average method. 

VII. The Monetary Assets 

To begin constructing the Divisia, Fisher, currency equivalent and simple sum 

indexes for MI, M2, M3, it is necessary to describe exactly which monetary asset 

categories will be used to construct each aggregate. 

For M1, essentially three asset categories are used to define the aggregate. These 

are: currency outside banks (CANSIM series number B2001), personal chequing 

accounts (CANSIM series number B486) and current accounts (CANSIM series number 

B487). Included in M2 Less M1 are personal savings deposits at banks and non-personal 



savings or notice deposits. Personal savings deposits are broken down into chequable 

deposits (CANSIM series number B452), non-chequable deposits (CANSIM series 

number B453), and fixed term deposits (CANSIM series B454). The non-personal notice 

deposits are broken down into chequable (CANSIM series 8472) and non-chequable 

deposits (CANSIM series 8473). Finally, in M3 less M2, we have two additional deposit 

categories, non-personal term deposits and foreign currency deposits (CANSIM series 

numbers B475 and B482 respectively). 

For the purposes of this project all the data series described above (with one 

exception) begin in January 1974 and end in the month of August 1998. The exception 

described above are the foreign currency deposits, for which the CANSIM series begins 

in the month of November 198 1. 

AI1 of the data series described above are shown in Table 2, given below. 



TABLE 2. 
Money Stock Data CANSIM Series 

Number 
M I  

Currency Outside Banks 
Personal Chequing 
Accounts 
Current Accounts 

M2 Less M4 

Personal Savings 
Deposits 

Chequable 
Non-Chequable 
Fixed Term 

Non-Personal Notice 
Deposits 

Chequable 
Non-Chequabte 

M3 Less M2 

Non-Personal Term 
Deposits 
Foreign Currencv Deposits B482 

VZII. The Interest Rates 

Concerning the corresponding interest rates on M1, the interest rates on the 

currency outside banks account are by assumption, zero. However the interest rates on 

personal chequing accounts and current accounts (demand deposits) are implicit and must 

be calculated according to the methodology mentioned previously in this chapter. To do 

this, the required reserve ratios (ended as of June 1994), and the own rate on an 



alternative asset (in our case the rate on 3-5 year marketable Government of Canada 

bonds, CANSIM series B 140 10) are used. 

For M2 less M1, the interest rates on personal savings deposits with the exception 

of fixed term deposits are a composite of several interest rate series available from 

Statistics Canada and the Bank of Canada. The interest rate on chequable personal 

savings deposits (as used in the calculation of the user costs) is series B 14035 from the 

beginning of 1974 to September of 1982. From October of 1982 onwards to 1998, the 

interest rate on daily interest chequing accounts of SSOOO and over (DICA 5K+) is used. 

For non-chequable personal savings deposits (B453), the interest rate used for the 

calculation of user costs is a complex compilation of series Bl4019, the rate on daily 

interest savings deposits for accounts in excess of 25,000 (DISA 25) and the daily interest 

savings rate on deposits in excess of 75,000 (DISA 75). From the beginning of 1974 to 

December of 1986, series B 14019 alone is used as the rate for non-chequable penonal 

savings deposits. For the year of 1987 up to and including January 1988, the account 

DISA 25 is employed as the interest rate. From February of 1988 until August of 1998, 

the interest rate used is an average of DISA 25 & 75. For personal term deposits (B454), 

the 5-year term deposit rate (B 14045) is selected as the only interest rate needed. For the 

other portion of M2 less MI, non-personal notice (savings) deposits, the interest rate on 

90-day Canadian bonds (814043) is selected as the proxy for the natural rate on both the 

chequable (B472) and non-chequable ( '473)  types of these non-personal deposits. 

Concerning M3 less M2, non-personal term deposits (B479) are given the prime 

rate (B 14020) as the proq for the natural rate on this asset category. Finally? for foreign 

currency deposits (B482), the three-rnonth Eurodollar deposit rate in London (B54415), 



which is closely linked to the wholesale deposit rate in Canada, is used as the 

corresponding interest rate. A11 of the own rates that correspond to the given monetary 

stock data are shown below in Table 3. 

TABLE 3. 
Money Stock Data Interest Rate Data CANSIM Series Number 

Currency Outside Banks Zero 
Personal Chequing Implicit Interest Rate 
Accounts 
Current Accounts Implicit Interest Rate 

None 
See Bank of Canada Review an 
B14010 
See Bank of Canada Review an 
B14010 

M2 Less M I  

Personal Savings 
Deposits 

Chequable Selected Cda. Bond Yields, Daily Interest B14035 or DlCA 0-2K (1974:l t 
C hequing Accounts 1982~9) , DlCA 5K+ (1982:lO- 

I W8:8) 
Non-Chequable Selected Cda. Bond Yields, Daily Interest 81 40 1 9 (1 974: 1 to 1 986: 12), Dl 

Savings Accounts in excess of Z5K and 25 (1 98i':l to 1988:1), Average 
75K DISA 25 & DISA 75 (1988:2 to 

1998:8) 
Fixed Term 5 Year Term Deposit Rate B14045 from 1974: 1 to 1998:8 

Non-Personal Notice Deposits 

Chequable 90-Day Canadian Bonds 
Non-Chequable 90-Day Canadian Bonds 

81 4043 from l974:l to 1 W8:8 
Bl4O43 from 1974:l to 19983 

M3 Less M2 

Non-Personal Tern Prime Rate B14020 from 1 974: 1 to 1 998:8 
Deposits 
Foreign Currency Deposits Euro-US Deposit Rate B5441 5 from 1974: 1 to 1998:8 

Concerning the benchmark rate used for the calculation of the user costs, it must 

be mentioned that the benchmark series used here is not the rate on one asset- The reason 

is that there seemed to be no obvious relevant asset that generated an interest rate higher 



than all of the interest rates described above for every period in the sample. Instead, the 

benchmark rate is a construct of the following interest rates: the rate on Government of 

Canada marketable bonds with a term to maturity of over i 0 years (B 140 1 3 ,  the rate on 

5 year guaranteed investment certificates (B 14080), the rate on other long term bonds (all 

corporates, Scotia-McLeod, series 814048) and the rate on other mid-term bonds (all 

corporates, Scotia-McLeod, series B14049), and finally all the other rates series as 

chosen and constructed for all the monetary assets for M1 through M3 mentioned 

previously. 

The procedure used to construct the benchmark rate was simple: In each period, a 

program was created to select the highest available interest rate fiom the list given above. 

and add a small increment of 0.01. (This last step is done to avoid the possibility of zero 

user costs in the event that the benchmark rate and the rate on the given asset would be 

identical). 

IX. A Comparison 

.A set of graphs are provided in the appendix showing how each of the indexes for 

MI, M3 and M3 compare to each other. For MI, comparing the simple sum, currency 

equivalent and Divisia indexes, we see that these indexes closely correspond in the early 

periods of the sample. In later periods the Divisia index reached the highest values, while 

the currency equivalent and simple sum indexes follow the growth path of the Divisia 

index closely fioom underneath, though the currency equivalent seems to follow more 

closely than the simple sum aggregates. This is shown in Figure 1. 

As for the compzirison bemeen the Divisia, CE and simple sum index numbers for 

M2 and M3 (shown in Figures 3 and 5 respectively), one does see considerable 



divergence between the behavior of these three index aggregates over time 

and M3). Divisia M2 and M3 are more stable than any of their counterparts 

(for both M2 

while CE M2 

and M3 behave most erratically. The simple sum measures are more stable than the CE 

aggregates but also rise more sharply over the sample period than the Divisia aggregates. 

Figures 2, 4 and 6 show the comparison between the Divisia and Fisher indexes 

for MI, M2 and M3 respectively. It is a well-known property in the literature on 

statistical index number theory that these two superlative indexes often correspond very 

closely in their practical application. As these graphs show, the same is me for this 

project in that Divisia and Fisher MI, M 2  and M3 are almost exactly identical. Indeed, 

the differences between the Divisia and Fisher indexes for MI through M3 were within 

the round-off emor as Barnett (1980) showed. Each index provides a check for the other 

in the sense that a Iarge discrepancy between the Divisia and Fisher aggregates for some 

set of data might indicate the presence of a mistake in the calculation of one or  both of 

the indexes. Again, the Divisia index is regarded as the superior compared to the Fisher 

Ideal index because it is superlative in a stronger sense for all periods in which data is 

a~ailable.~' However, the Fisher Ideal index provides the advantage of remaining well- 

defined even for periods in which new assets are introduced unlike the Divisia index and 

that is another reason why the Fisher Ideal index was 

X Conclusion 

The purpose of this project was to construct a measure of monetary aggregates 

with a stronger microeconomic foundation than the simple sum aggregates currently 

97 See Caves, Christensen and Diewert (1 982) 

98 See Fan and Johnson (1985) 



published by the Bank of Canada. Following the pioneering work of Barnett and 

Diewen and closely following the study conducted by Anderson, Jones and Nesmith 

(1997), the discrete-time Divisia index provides a means of creating more "economically 

sound" aggregates. The monetary asset data were found in the Bank of Canada Review. 

The corresponding own rates to the stock data were selected carefully based partly on 

the helpfir1 suggestions of the Bank of Canada. The benchmark rate was constructed 

from a number of interest series, but in simple terms was merely the highest interest rate 

available for each period in the sample. 

From this data, the Divisia index, the Fisher Ideal index, the currency equivalent 

index and finally, the simple sum index were all used to construct measures of the 

aggregates MI. M 2  and M3. As the theory predicts, the Fisher and Divisia aggregates 

were nearly identical while there was considerable divergence between the Divisia 

aggregates on the one hand and the simple sum and currency equivalent indexes on the 

other. 
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Chapter 6: Some Empirical Tests 

I. introduction 

The purpose of this final chapter is to investigate the empirical relationship 

between money on the one hand and income and prices on the other. As with earlier 

papers investigating these relationships (specifically Serletis (1 988) and Serletis and King 

(1993)), the focus of interest is on the aggegation-theoretic monetary aggregates (or 

monetary services indexes) such as the Divisia and Fisher indexes calculated here. Since 

the Bank of Canada only publishes simple sum aggregates for MI, M 2  and M3. most 

empirical investigations into the relationships between money, prices and income define 

money according to the non-aggregation theoretic simple sum indexes. Hence, the 

alternative indexes provided here afford a richer perspective on the comparison between 

money, prices and income. 

There are basically three sets of tests that are conducted here on the money 

aggregates, prices and income. Fim, a series of univariate unit root tests are performed 

on the data, namely the Dickey-Fder test, the Weighted-Symmetric test and the Phillips- 

Perron test. Second, if the possibility exists that most if not al l  the data are nonstationary 

(in this case, possess unit mots), tests for cointegration between money and prices andor 

money and income become important. Finally, a set of Granger-causality tests between 

money. prices and income will be conducted. 



11. The Unit Root Tests 

Unit root tests are basically tests to see if a given variable follows a random walk. 

If a time series variable follows a random walk, it cannot be  a stationary stochastic 

process (is nonstationary). The property of stationarity allows one to model the given 

process or variable with one simple algebraic equation with fixed coefficients that can be 

estimated from past data.99 Hence it is quite important for the purposes of regression and 

equation estimation to know whether a given variable is or is not a random walk 

There are two standard mems by which nonstattionary series are converted into 

stationary series; denending (by regressing the series on time or a function of time) and 

differencing the series (using the differences between observation of the series to form 

the data set). In the case of a random walk series, detrending the variables will not correct 

for the nonstationary aspect of the series- Only first-differencing a random walk wiII 

make the series stationary.lo0 

Here. three unit root tests for a random walk are performed, the Dickey-Fuller test 

the Weighted-Symmetric and the Phillips-Perron test. We will start with the Dickey- 

Fuller unit root test. Suppose there exists a time-series variable y,, which has been 

growing over time. We can attempt to mode1 this growth as shown below. 

There are two possibilities as to why the growth in y, occurs. The k t  possibility is that 

the series could have a positive trend, ,8 r 0. In this case, detrending the series would 

remove the nofl~tationarities. Second, y,could be growing because it follows a random 

* See Pindyck and Rubinfeld (1997, p.493) 

See Pindyck and Rubinfeld (1997, p.507) 



walk with a positive drift ( a 2 0, ,8 = 0 and p = 1 ). In this event. detrending would not 

yield a stationary series. Instead, first-differencing y, would be the preferred method to 

make the series stationary1*' If we suspect y, of being a nonstationary series, it would 

not be possible to estimate equation (I), since the nonstationarities violate the required 

assumptions of OLS. In this case, if the true value of p is I ,  the OLS estimator is biased 

towards zero. 

The Dickey-Fuller test is basically a simple F-test of the random walk hypothesis 

(1 = 0, p = 1). First, the equation given in (1) must be modified as shown below. 

Y,  -Ye ,  = a + Pt + (P -UY,-, (2) 

Using OLS, one estimates the above formula as the unrestricted regression and then 

estimates the restricted regression 

Y ,  -Y*-, = (3) 

From these regressions, one calculates the test statistic in the same manner as the F test 

statistic used in models where the joint significance of a group of variables is being 

tested. The critical values to which the test statistic is compared in the Dickey-Fuller test 

are not derived &om the standard F distribution but rather according to a distribution 

derived by Dickey and Fuller. One important fact to note is that the Dickey-Fuller critical 

values are considerably higher than the corresponding F distributed critical values. This 

makes it considerably more difficult than it would otherwise be to reject the null 

hypothesis (of a unit root). 

'O' See Pindyck and Rubinfeid (1997, p.508) 



One disadvantage with the simple unit root test performed on equation (1) is that 

it makes the implicit assumption that there is no serial correlation of any kind in the error 

term &, . The augmented Dickey-Fuller test allows for serial correlation in E, while testing 

for a unit root in the series itself.'" The test is performed by expanding the equation 

given in (1) to include lagged changes in y, in the on the right-hand side of the equation. 

This is shown as beIow 

where A , ,  =y, -y,-, is the first-difference of series y, . The number of lags ( p ) to 

include in equation (4) is up to the discretion of the economist performing the test. 

(Usually the decision is made through an iteration of tests to see which equation best 

represents the expected results of a given model). The basic unit root test is performed 

using the same basic procedure as for the Dickey-Fuller unit root test. One runs an OLS 

regression on the unrestricted equation. 

and then on the restricted equation 

using the F ratio to test the null hypothesis of ( P  = k p  =l). One must use the 

distributions given by Dickey and Fuller to generate the critical values with which to 

compare the F-ratio . 

lo' See Pindyck and RubinfeId (1998, p509) 



In general, one should remember that the Dickey-Fuller test only allows one to 

reject or fail to reject the hypothesis that a variable is not a random walk. Accepting the 

null hypothesis of a unit root (and thus a random walk) provides only weak evidence that 

the time series involved is in fact a random walk. 

The Phillips-Perron test involves the ordinary least squares regression of 

y, = a + p ( l - T / 2 ) + p ~ , - ,  +&, (7) 

where T denotes the sample size. The test for unit roots involves a test ~f the null 

hypothesis, ,O = 0,  a = 1 . The Phillips-Perron test, unlike the simple Dickey-Fuller test 

shown above is robust to a "wide variep of serial correlation and time-dependent 

heteroskedasticity and accommodates models with a drift and a time nend so that ir may 

be used to discriminate between unit root s tat ianari~ and stationariiy about a 

deterministic trend. 1 ,  I03 

When examining the results of the unit root tests performed (some described 

above such as the Dickey-Fuller, the P hillips-Perron. and including another. the 

Weighted-Symmetric) the p-values are examined to determine whether the null 

hypothesis of a unit root can be rejected or accepted. For the purpose of our test, we 

compare the p-value generated by the given unit root test to see whether it is greater or 

smaller than the 5 % level. That is to say, we examine whether the p-value (conceptually 

defined here as the probability of committing a Type 1 error, the error of incorrectly 

rejecting the null hypothesis o f  a unit root) is less than 5% (0.05). I f  it is, then we feel 

safe in rejecting the hypothesis that the time series variable in question possesses a unit 

- - - - - - - 

lo' See King and Serietis (I 993, p.95) 



root. If the p-value is greater than 0.05, then we cannot reject the possibility that the 

given variable possesses a unit root with any certainty. 

The results of the unit root tests for the log levels of the relevant monetary 

aggregates, the price level series CPI, real GDP (the IPI index) and nominal GDP (the 

product of the CPI and IPI indexes) are presented in Table 1. It is clear fYom these that 

the unit root hypothesis cannot be rejected for any of these time series variables with the 

sole exception of currency equivalent MI. 

The first differences of the log levels of all variables are also tested for unit roots 

(shown in Table 5). The results of the tests performed under this circumstance show that 

first-differencing removes the unit root and thus generates a stationary series for all the 

variables except possibly simple sum M3, the CPI index, nominal GDP and real GDP. 

For these four variables however, the results across the three unit root tests differ with the 

Phillips-Perron test suggesting that these series are stationary while the Weighted- 

Symmetric and Dickey-Fuller tests suggest otherwise. 

III. Tests For Cointegration 

Once the tests for unit roots have been completed, it is use l l  to move on to 

perform cointegration tests. As stated before, first-differencing a random walk series (a 

series possessing unit roots) can convert the series back into a stationary form. Thus. in 

regressing one random walk series on another. differencing the series in question before 

using them in the regression is a good method to ensure that meaningfbl results can be 

obtained, 

However, the cost of using first-differencing as a corrective method to allow a 

proper regression analysis is that one may lose information as to the true long-run 



relationship between two variables.lM Therefore, it would be desirable indeed to be able 

to run a regression properly on the original random walk series in question without 

having to first-difference beforehand. 

The circumstance in which this would be possible occurs when two variables are 

random walks yet a linear combination of these variables will be stationary.105 In such a 

case, these two variables are said to be cointegrared which respect to each other. For 

example, assuming variables, x, and y, are random walks and cointegrated, we might 

have a variable z, = x, -Ay, which itself is stationary or integrated of order zero (I(0)). 

( A  here is termed the cointegrating parameter). Lntuitively, the explanation behind the 

cointegration in this example is that the "trends" in x, and y, cancel each other out. I06 In 

general, if two series are integrated of the same order. (for example - if series y is I( 1 ) 

and series xis I(l)), these wo series can be cointegrated. Nonetheless, despite this 

general rule. it is necessary to formally test for the possibility of cointegration between 

random walk series before linear regressions between the series can be assured of 

generating meaningfid results. 

Given the above example for series xand y . this is done by running an OLS 

regression of x, on y, , (in order that the cointegrating parameter 1 may be estimated). 

The residuals of  this regression can be used to test whether x, and y, are indeed 

104 See Pindyck and Rubinfeid (1 997. p.5 13) 

See Pindyck and Rubinfeid (1997, p513) 

I 0 6  See Gujarati (I 995, p.756) 



cointegrated.lo7 This is the basis for the test for cointegration developed by Engle and 

Granger (1 987). More formally, the Engle-Granger test is performed as follows. 

Assume fm of all, using the Dickey-Fuller test for unit root tests described 

earlier, that x, and y, are found to be random walks and fiuther, that the first-differenced 

series hx, and Ay, are stationary. It is then a simple matter to test for cointegration 

between x, and y, . First an OLS regression is run on x, and y, as shown below. 

x, =a+& +&, 

One then tests for unit roots in the residuals, E, , (ie. for nonstationary residuals). 

"if xr and yr are not cointegrated. any linear combination of them will be nomtationary 

and hence the residuais E, wiN be nonstationary." lo8 Therefore. one runs the following 

unrestricted regression on E, 

E, -5,-, = p + 8 1 + ( p - 1 ) ~ , - ,  

and then the restricted regression 

E, - &,-, = p . 

,4s before with the Dickey-Fuller test one caiculates the F ratio to test whether the null 

hypothesis of ( p  = 0. p  = 1) holds. Unlike before. however. one cannot use the Dickey- 

Fuller and (augmented Dickey-Fuller) critical significance values for the cointegration 

test on the residuals. Engle and Granger calculated critical values appropriate for the unit 

root test on the residuals accounting for the dependence of the estimated residuals on the 

'07 See Pindyck and RubinfeId (1998, p.514) 

'08 See Pindyck and RubinfeId (1998, p.514) 



estimated cointegrating parameter P given above.Iog The Dickey-Fuller (DF) and 

augmented Dickey-Fuller tests on the residuals in this context are known as the Engle- 

Granger (AEG) test. Here, as before the results of the Engle-Granger tests are provided 

with the p-values which indicate that are one can reject the null hypothesis of a unit root 

in the residuals when less than 0.05. 

The results of the Engle-Granger cointegration tests are presented in Table 6. Six 

columns are given: the era shows the results of a regression of the CPI index on the 

given money series, the second regression is of the money series on the CPI index, the 

third involves the regression of the P I  index (real GDP) on the money series and so on. 

Given the rather sizeable p-values obtained (all being higher than 0.05), it is clear that the 

hypothesis that these series are jointly nonstationary (possess unit roots in the residuals) 

cannot be rejected. Hence it seems that none of the variables are cointegrated. The only 

possible exception to this is the regression bemeen prices (and income) on the one hand 

and currency equivalent M1 on the other which might be cointegrated if regressed on 

each other in that order- 

N. Tests for Causality 

The third basic issue of relevance to this empirical investigation is the question as 

to whether money variables provide u s e l l  inlbrmation about recent or current economic 

conditions which is obviously a matter of great interest to the monetary policy-making 

authorities. 

"Of particular concern is whether the observation of a variable like the 

money stock are potentiaIIy wefil for mtic"I;paringfuture movements in 

109 See Gujarati (1995, p-727) 



macroeconomic goal variables [such as income and price levels or growth 

rates1 in which case [hey could be used ro indicate that insnument 

settings should perhaps be reconsidered m prevent undesirable f iure  

outcomes in ierms of goals." " O  

The above idea is known as the information variable approach and one of its 

implications is that the monetary authority need not base its policy-making on the 

movements of one monetary aggregate alone (unless one aggregate contains all the 

information needed to obtain the monetary authorities objectives, an idea which is belied 

by the empirical evidence). Therefore. fkom the monetary authority's perspective, it is 

advantageous to maximize the use of all available information in anticipating fbture 

movements in key macroeconomic variables. ' I  

The key question to evaluate the relevance of the information variable approach is 

whether the observed monetary aggregates (Divisia. Simple sum, CE and Fisher) can help 

predict future movements in income and prices, (the two key macroeconomic variables 

examined here through the PI and CPI indexes respectively). To answer this question, 

we will use a Granger-Sims causality test to determine the order of causality between 

money, income and prices. 

The idea behind the Granger-Sims causaliy test is simple: If the money stock 

hi,,. "causes" or influences income (PI) or prices (CPI), then changes in M,should 

precede changes in ( PI, ) or prices ( CPI, ). First, M, should help predict PI, (or CPI, ) 

"* See Serletis and King (1993, p.103) 

"' See Serletis and King (1993, p. 103) 



and second, IPI, (or CPI, ) should not help to predict MI . If the second condition were 

not true, a situation would exist whereby changes in one or more variables other than 

M I ,  IPI, and CPI, would be causing the observed changes in both M ,  and IPI, (or 

CPI, ) . 

The Granger test is designed to tea  whether both of these conditions hold. First 

one would test the null hypothesis that M, does not cause IPI, (or CPI,). To do this, 

regress IPI, (CPI, ) against lagged values of IPI, (CPI,) and lagged values of M,  (the 

unrestricted regression) and then regress IPI, (CPI,) against only lagged values of 

IPI, ( CPI, ) which serves as the restricted regression. 

A simple F-test can indicate whether M, contributes significantly to explaining 

PI, (CPI,), through the unrestricted regression. If t h s  is the case then, the null 

hypothesis that M, does not cause LPI, (CPI , )  is rejected and the data is thus consistent 

with M, causing [PI, (CPI, ). The null hypothesis that IPI, (CPI, ) does not cause M, is 

tested using the same steps given above. 

The fist null hypothesis, (that M, does not cause IPI, ( CPI, ) is tested by running 

the two regressions shown below. 

nr nr 

Unrestricted regression: P I ,  (CPI, ) = a, IPI, (CPI, ) c ~,IM,- ,  + E, 
1 4  ;=I 

m 

Restricted regression: PI, (CPI, ) = a, PI,-, (CPI,-, ) + E, 
r=l 



Using the sum of squared residuals fiom each regression to calculate an F-ratio. 

test whether the group of coefficients PI, ,02 ,...,A are significantly different fiom zero. If 

they are, one can reject the null hypothesis given above.'" 

To test the second assumption of the causality test that IPI, ( CPI, ) does not cause 

M ,  run the same regressions as above, but this time switching the place of M,and 

IPI, ( CPl, ) and test whether the lagged values of IPI,, ( CPI, ) are a significant influence 

on M, . To make the final conclusion that M ,  causes IPI, ( CPI, ), the hypothesis that 

1M, does not cause IPI, ( CPI, ) must be rejected and the hypothesis that IPI, ( CPI, ) does 

not cause M ,  must be accepted. 

As a final note on the theoretical structure of the Granger-Sims causality test, it is 

often the case that the direction of causality may depend on the number of lagged terms 

used in the test.'13 Therefore. it is generally a good idea to run the test for a number of 

values of rn and make sure the results are not sensitive to the number of lags chosen. 

The comprehensive set of results of the Granger causality tests between money 

and prices, and money and income are provided in Table 7 through 9. All the variables 

were given in terms of first-differenced log levels. which is equivalent to using the 

growth versions of the price, income and money variables. First differences were 

presumed sufEcient to eliminate the unit roots in the CPI, P I  and nominal GDP series 

based on the results of the Phillips-Perron test shown earlier. The postdated order of 

causality is shown in the column heading. The Schwartz Criterion was used to determine 

'I' See Pindyck and RubinfeId (1 998. p. 243) 

113 See Gujarati (1995, p.622) 



which combination of lag lengths in the band of 2 to 4 was optimal for use in the 

Granger-causality tests for both variables used in the unrestricted version of the 

regression. 

Once again if the p-values shown are greater than 0.05 then the null hypothesis 

that money does not cause or affect priceshcome (or vice versa) cannot be rejected. 

Since all of the p-values are significantly greater than the 5% level for all of the teas, the 

hypothesis that price growth (and income (GDP) growth) does not Granger-cause money 

growth can be accepted in each case. This is one requirement concluding that a causality 

relationship between money and prices (and income. both nominal and real) exists. The 

second requirement for the causality relationship is the rejection of the null hypothesis 

that money growth does not Granger-cause price or income growth. This null hypothesis 

cannot be rejected for any of the series. Indeed for all of the simple sum, currency 

equivalent and Divisia measures of money we accept the hypothesis that money growth 

does not Granger cause nominal or real income growth (or prices) at the 5% level. 

V. -4 Set of Comparisons 

It is useful at this point to compare the results of our empirical tests on the 

aggegation theoretic monetary aggregates obtained in our study to the results of s i d a r  

previous studies performed in the past. Firsf Serletis and King (1993) examine the 

empirical relationships between both summation and Divisia monetary aggregates and 

income or prices in Canada in a very similar manner as done here. Using quarterly data 

for the sample period 1968 to 1989, the results of their tests concerning the stationarity of 

the time series data indicate that "the unit root hypothesis c m o t  be rejected for any of 



the series." ' '' Further, they find no evidence of cointegration between money and prices 

or income. 

Regarding the causality tests, they accept the hypothesis that money does not 

Granger-cause prices at the 1% level for all of the aggregates except simple sum M2 and 

M2+. Tail area comparisons indicate that the growth rate of simple sum M2+ is the best 

leading indicator of inflation. 

The hypothesis that money growth does not Granger-cause nominal income 

growth would be accepted at the 1% level with all the summation aggregates except M1 

and M2+. Regarding the Divisia aggregates, the above hypothesis would be rejected for 

all Ievels of aggregation, meaning that they do find evidence that various money 

measures cause nominal income growth. Although, they find no evidence of a causality 

relationship between the broader aggregates and real income. the tail-area comparisons 

indicate that the narrow measures may Granger-cause real income. In contrast, they find 

support for the hypothesis that real income causes the broader sum aggregates such as 

M3. This provides some support for the view that money measures respond to changes in 

economic conditions, otherwise known as the endogenous money hypothesis. In the 

results shown in Tables 4 though 6, no support is found for the endogenous money 

hypothesis. 

The results of the unit root and cointegration tests given in Tables 4 through 9 are 

consistent with those of the Serletis and King (2993) study to a limited extent. However, 

no evidence is obtained in this study for the view that simple sum M2 and h42+ Granger- 

cause prices or that simple sum MI, M2+ and the Divisia measures Granger-cause 

114 See SerIetis and King (1993, p.96) 



nominal income. Nor do we find evidence here that the narrow measures simple sum MI 

and Divisia M1 are significantly correlated to real income. Finally, our causality results 

differ in that it does not appear that real income significantly affects the broader 

aggregates of either index. 

Another important study by Longworth and Atta-Mensah (1 995) performs similar 

empirical tests on the relationships between money, prices and income. Specifically, they 

compare the empirical performance of the simple sum aggregates and weighted monetary 

aggregates such as the Divisia and Fisher in terms of their information content and their 

ability to forecast variables such as prices. real output and nominal spending for the 

period 197 1 (quarter 1) to 1989 (quarter 3). 

As shown in the previous chapter, the Divisia and Fisher indexes are. under most 

circumstances nearly identical. That is why the Fisher results for the unit root. 

cointegration and causality tests were not included in the tables in this chapter. However 

for the Longworth and Am-Mensah (1995) study, they chose to construct the Fisher Ideal 

aggegates in place of the Divisia for their comparisons. Their basic conclusion is that the 

simple sum monetary aggregates appear to be empirically superior to the Fisher Ideal 

aggregates in terms of forecasting inflation, nominal spending and real output. 

Regarding unit root tests, Longworth and Atta-Mensah (1995) find that ail of the 

monetary aggregates (simple sum and Fisher Ideal), Mation and real income are 

integrated of order one. Using the methodology of Johansen and Juselius, they look for 

cointegrating vectors between the simple sum monetary aggregates, interest rates. real 

income and inflation measures, Indeed, they find evidence for the existence of 

"cointegrating reLationships among the monetary aggregates fin real terms), real income 



R90 [rhe interest rate on [he 90-day T-Bill' and inflution "'I5 (In contrast, they find that 

Fisher Ideal aggregates broader than Fisher MI are hardly ever cointegrated with price 

CPI or real income measures.) This is a result that differs radically from our study and the 

work of Serletis and King (1993) in which practically none of the variables are 

cointegrated. 

Longworth and Atta-Mensah (1995) also perform a series of short run causality 

tests, but instead of using the Granger methodology, they use a vector error-correction 

model (VECM) and "subject it to exclusion rests on the lags of each of the first- 

dzrerenced variables and on the logged coinregrating terms. (using [he coinregrating 

vecrors obtained earlier by the Johamen and Juselius rnethodol~g-y)."~'~ In summary the 

results of these tests relevant for the purposes of comparison to our results are as follows. 

1) Fisher MI is the only aggregate that has a significant impact on real income (GDP) in 

the short run. 2) Simple sum M2. MZ+ and M3 are the only aggregates that significantly 

innuence CPI in the short run. 

In general the results of their forecasting tests indicate that simple sum aggregates 

MI ,M2+ and real M1 provide the best explanation for the CPI. Fisher Ideal Ml  forecast 

for nominal spending in the short run. while simple sum M2+ provides the best forecast 

for the same variable at longer horizons, while unsurprisingly simple sum real M1 

provides the best forecasts for real GDP. 

Several older Canadian studies also End that simple sum monetary aggregates are 

better correlated with price and income measures than supedative or so-called "weighted 

' l5 See Longworth and Atta-Mensah ( 1995, p35) 

1 I6 See Longworth and Atta-Mensah (1995, p. 43) 



index aggregates such as the Fisher Ideal 

Cockerline and Murray ( I  98 1 ), Hostland, 

and Divisia. Among these are the work of 

Poloz and Storer (1 988) and Chrystal and 

McDonald (1994). In contrast, however. Serletis (1988) finds that Divisia monetary 

aggregates possess a more statistically significant causal relationship with real GNP than 

their simple sum counterparts. He also finds that the causality relationship for money to 

prices is significant for Divisia MI. M2 and L as well as simple sum MI, along with 

evidence of a causal relationship for prices to money. Also, recall that Serletis & King 

(1993) find that Divisia aggregates at all levels of aggregation serve as a better leading 

indicator of  nominal income than their simple sum counterparts. It is not clear yet 

whether superlative or simple sum monetary aggregates can most effectively forecast 

hture movements in prices and income. 

The results obtained here find no evidence of a causality relationship in any 

direction between monetary aggregates (at all levels of aggregation and for all of the 

simple sum, currency equivalent and Divisia measures) and prices (or income, both real 

and nominal) in any direction. In this sense our results differ significantly &om all of the 

studies discussed above. The results here do not allow any further insight into 

determining which money measures are superior to the others. 

The absence of a causality relationship between monetary aggregates and prices 

or income is substantiated by several studies conducted in the U.S- most notably those of 

Friedman (1988, 1989) and Friedman and Kutrner (1992). They find that including data 

fkom the 1980's sigdicantly reduces or eliminates (depending on the size of the sample 

period) evidence of causality between monetary aggregates (at dl levels) and prices or 

income. 



While the tests here do not seem to give any indication that superlative index 

aggregates are superior measures of the money supply to simple sum measures. there is 

another bias that factors into the calculations made by central banks regarding which 

aggregation methodology should be employed. Traditionally, central banks regard the 

simple sum index as the only practical means of constructing monetary aggregates due to 

the perceived high costs of obtzining interest rate data and the sophistication of the 

calculations required to construct Divisia money measures. However, these sort of 

codbenefit calculations do not disfavor the Divisia approach as much as central banks 

might believe. 

The computer programs required to use the Divisia index for aggregation are of 

trivial simplicity, and the data required for the interest rates corresponding to specific 

quantity series are already obtained and collected by the Bank of  Canada. Therefore. it is 

clear that the principle area of debate in the f h r e  should focus primarily on the 

economic merits of alternative aggregation approaches rather than on the perceived 

bureaucratic difficulties of implementing a different approach. 

VI. Conciusion 

This chapter examines the empirical relationships between money, prices and 

income in the Canadian economy. While cointegration and causality tests have been 

peIformed many times before on these variables. we rake advantage of the opportunity 

provided by the c o ~ c t i o n  of a new set of aggregation theoretic (and hopefully better) 

money measures to re-examine some of the key assumptions of monetary policy (namely 

that money supply fluctuations have an observable effect upon inflation and economic 

growth). 



First, a set of unit root tests were performed on all the variables, which not 

surprisingly indicate that all of the time series data save one were nonstationary. The first 

differenced log levels for all of the money measures corrected for the presence of unit 

roots. The effectiveness of first-differencing the price and income variables was more 

questionable given that the Phillips-Perron test strongly indicated the possibility that the 

nonstationarities were removed by first-differencing while the Weighted-Symmetric and 

Dickey-Fuller tests indicated otherwise. 

The mere presence of a unit root in the money, price and income measures does 

not mean that a consistent linear regression of money on either price or income measures 

will not be possible. If  it is possible, then money and prices (or income) are cointegrated. 

The cointegration tests provide no indication that a linear combination of the 

nonstationary money measures with prices (or income) will yield a stationary series. 

Hence it will not be possible to use an OLS regression to provide a consistent estimator 

of the parametric relationship between money and prices (and income). 

Most significantly however, the Granger causality tests give one no reason to 

think that money measures (whether they are aggregation theoretic or not) possess 

information which may be used to forecast hture movement in price or income variables. 

Indeed to the extent the relationship between money growth and the resulting movements 

in prices and income was examined, some (admittedly weak) evidence in favour of the 

neutrajity and superneutrality hypotheses is found* 

The dependability of the results of the causality tests is called into question 

somewhat by the conflicting indicators as to whether the M a e r e n c e d  log levels of 

the price (CPI) and income (nominal and real GDP) series are truly stationary. A usem 



extension of the work done here would be to conduct additional unit root tests on the 

price and income variables to more conclusively indicate whether the unit roots contained 

in the price and income variables can be fblly eliminated by first-differencing. 

Concerning the comparison between the ten results obtained and those of 

previous studies, most Canadian studies find some evidence of causal relationships 

between money variables and prices or income. while that is not the case for the thesis 

test results. Since no evidence is found for the view that money has a causality 

relationship with respect to prices or income in this study across all the money measures 

tested, no further insight is provided into the debate regarding the relative merits of 

aggregation theoretic money measures as opposed to simple summation. or other. 

measures. However. it is argued here that the costs of constructing Divisia money 

measures are not prohibitive as is often believed by many central banks, and this should 

not be used as a factor in deciding which aggregation methodology to employ. 



TABLE 4. SUMMARY OF UNIT 
ROOT TESTS 

Log Levels p-val ue(lags) 
Series Weighted- Dickey-Fuller P hillips-Perron 

Symmetric 
Simple Sum M I  0.98681 (4) 0.9856(3) 0.97328(3) 
Simple Sum M2 1 (4) 0.99528(5) 0.99478(5) 
Simple Sum M3 0.99996(8) 0.331 91 (1 3) 0.75691 (1 3) 
Currency Equivalent 0.00048341 (2) 0.000921 (2) 0.00025146(2) 
M I  
Currency Equivalent O.O36803(I 0) O.O68654(1 0) O.O88468(lO) 
M2 
Currency Equivalent 0.031 649(10) 0.0704(1 0) 0 .074.4226(10) 
M3 
Divisia M I  0.90482(13) 0.048356(13) 0.23344(13) 
Divisia M2 0,99999(2) 0.98496(2) 0-97263(2) 
Divisia M3 0.99801 (2) 0.55078(2) 0.6201 (2) 
CPI v13) 0.97106(13) 0.99321 (1 3) 
Nominal GDP 1 (1 3) 0.93238(13) 0.97570(1 3) 
Real GDP 0.99999(5) 0.85395(13) 0.93262(13) 

TABLE 5. SUMMARY OF UNIT ROOT TESTS 

First Differences of Log p-values(1ags) 
Levels 
Series WeightedSymmetric Dickey-Fuller Phillips-Perron 
Simple Sum M I  1-591 85E-1 O(2) 6.1 9001 E-15(2) 3.3871 4E-34(2) 
Simple Sum M2 
Simple Sum M3 
Currency Equivalent M? 
Currency Equivalent M2 
Currency Equivalent M3 
Divisia M I  
Divisia M2 
Divisia M3 
CPI 
Nominal GDP 



TABLE 6. COINTEGRATION TEST 
RESULTS 

Log Levels p- 
value(1ags) 

Series CPI to Money to lPl to Money Money to Nom.GDP to Money to 
Money CPI IPI Money Nom.GDP 

Simple Sum 0.81 1 O5(2) 0.68535(5) 0.981 1 i'(2) 0.94714(8) 0.9431 3(2) 0.81 181 (5) 
M I  
Simple Sum 0.9541 3(2) 0.931 62(2) 0.99714(2) 0.98273(2) 0.99059(2) 0.97088(2) 
M2 
Simple Sum 0.741 g(8) 0.97534(8) 0.84868(2) 0.96625(2) 0.75297(8) 0.99044(2) 
M3 
Currency 0.0032963(2) 0.99499(2) 0.0032425(2) 0.96902(5) 0.0032620(2) 0.97529(2) 
Equivalent 
M I  
Currency 0.17587(8) 0.99342(8) 0.1923(8) 0.98212(8) 0.18517(8) 0.99184(8) 
Equivalent 
M2 
Currency 0.1231 8(8) 0.98949(8) 0.1 46O4(8) 0.97536(8) O.I3526(8) 0.98672(8) 
Equivalent 
M3 
Divisia M1 0.4984(3) 0.9934 (8) 0.67327(3) 0.99279(7) 0.61 334(3) 0.99438(8) 
Divisia M2 0.96026(2) 0.95633(2) 0.991 23(2) 0.96647(2) 0.981 %(2) 0.961 65(2) 
Divisia M3 0.7649(2) 0.98091 (8) 0.81 773(2) 0.9591 2(5) 0.79265(2) 0.97834(8) 

TABLE 7. TAIL AREAS (P-VALUES) OF TESTS OF GRANGER- 
CAUSALITY BETWEEN MONEY AND PRICES 

Money to Prices Prices to Money 
Series Lag Lengths P-values Lag Lengths P-values 

Simple Sum M I  
Simple Sum M2 
Simple Sum M3 
Currency Equivalent 
M I  
Currency Equivalent 
M2 
Currency Equivalent 
M3 
Divisia M I  
Divisia M2 
Divisia M3 (42) 0.85733 (2,2) 0.3291 5 



TABLE 8. TAIL AREAS (P-VALUES) OF TESTS OF GRANGER- 
CAUSALITY BETWEEN MONEY AND REAL GDP (INCOME) 

Money to IPI IPI to Money 
Series Lag Lengths P-values Lag Lengths P-values 
Simple Sum M I  (312) 0.98479 (2,4) 0.3554 
Simple Sum M2 (3-3) 0.1602 (2.2) 0,10656 
Simple Sum M3 (32) 0.86207 (2,2) 0.1 7507 
Currency Equivalent (3,3) 0.09072 (4,2) 0.33028 
M I  
Currency Equivalent (3,3) 0.1 3925 (2,3) 0.28259 
M2 
Currency Equivalent (3 3) 0.14761 (2,3) 0.2061 5 
M3 
Divisia M I  (3,3) 0.14647 (2,4) 0.341 2 
Divisia M2 (3,3) 0.31 566 (2,2) 0.20371 
Divisia M3 (32) 0.9999 (2,2) 0.2931 9 

TABLE 9. TAIL m A S  (P-VALUES) OF TESTS OF GRANGER- 
CAUSALITY BETWEEN MONEY AND NOMINAL GDP 
(INCOME) 

Money to Nominal Nominal GDP to 
GDP Money 

Series Lag Lengths P-values Lag Lengths P-values 

Simple Sum M I  (42) 0.79761 (2,4) 0.64998 
Simple Sum M2 (3,3) 0.16187 (2,2) 0,07724 
Simple Sum M3 (32) 0.9481 3 (2,2) 0.1 31 93 
Currency Equivalent (42) 0.14298 (4,2) 0-44854 
M I  
Currency Equivalent (3,2) 0.38251 (2,2) 0.9951 6 
M2 
Currency Equivalent (3-2) 0-43495 (2.2) 0.99097 
M3 
Divisia M I  (4,3) 0-1 9437 (4,2) 0,83422 
Divisia M2 (32) 1 (22) 0-1 5309 
Divisia M3 (32) 1 (22)  0.24349 



This thesis study has examined the microeconomic theory of monetary 

aggregation. The theory is based upon the foundation provided by the aggregator 

hc t ions  of representative agents. To obtain the aggregator functions, it must be the case 

that current-period quantities of monetary assets be weakly separable from ail the other 

assets, goods, services and leisure (in the representative consumer's utility function). The 

aggregator h c h o n s  are a c ~ d l y  subutility hc t ions  contained in the larger utility 

fimctions in the first stage o f  the two-stage optimization process. 

Statistical index numbers are used to provide a second-order approximation of the 

aggregator fhctions so that parametric estimations of these functions are not required. 

(Parametric estimations generally require that restrictive assumptions be made regarding 

the functional form of the given aggregator function. Thus using a non-parametric 

approximation of the aggregator functions is seen as a good thing.) The Divisia index is 

the main such index of interest here, &though the Fisher and currency equivalent indexes 

are also described. 

The Divisia, Fisher and currency equivalent indexes are used to construct a set of 

aggregates, using the same data series and definitions for M1. M 2  and M3 as those of the 

official (simple sum) aggregates provided by the Bank of Canada. The Divisia aggregates 

have a better foundation in microeconomic and aggregation theory than the official 

aggregates and the work done here allows us to compare the official aggregates to those 

that were constructed for this study. Aggregation theory points to the superiority of the 

superlative indexes (such as the Divisia and Fisher Ideal) over the simple sum index 



(named as such because this method literally means that the component assets are added 

together to form the aggregate) because of some implicit assumptions of the simple sum 

index which are not empirically supported in the way consumers regard various monetary 

assets. In not taking account of the relative prices of various monetary assets in the 

aggregation procedure, the simple sum index assumes by implication that all monetary 

assets are perfect (and dollar-for-dollar) substitutes for each other. The fact that most 

economic agents hold a portf'olio of monetary assets that have significantly different 

oppormnity costs rather than a single asset with the lowest cost is strong evidence against 

the idea that owners regard these assets as perfect substit~tes."' 

The microeconomic theory of aggregation advocates that the component assets be 

weighted (in a nonlinear fashion) in the aggregation process, according to their degree of 

"moneyness". (Linear weighted aggregation still implies perfect but not dollar-for-dollar 

substitutability among the component assets.) The weights used in the aggregator 

functions described earlier (and in the Divisia and Fisher Ideal indexes) are the user costs 

of the assets. and these do account for the opportunity cost of holding the various 

component monetary assets relative to a benchmark asset. 

Once the Divisia, Fisher and currency equivalent aggregates for Ml, M2 and M3 

were constructed, it was then possible to compare and contrast these with the simple sum 

aggregates.I The aggegation Literature generally predicts that the numbers generated by 

the Divisia and Fisher Ideal indexes will closely correspond. and so constructing both 

was done here mostly as a means of verifying that the calculations regarding the Divisia 

Lt7 See Anderson, Jones and Nesmith ( 1997, p.3 I )  

"' M2t aggregates were not calculated here due to the difficulty in finding satisfactorily detailed data with 
regard to both asset categories and interest rate proxies- 



aggregates were done correctly. (The Divisia aggregates were chosen as the primary 

aggregation theoretic money measures over the Fisher because the Divisia index is 

superlative in a stronger sense. The advantage of the Fisher Ideal index over the Divisia is 

that it remains well defined in periods when new assets are introduced whereas this is not 

the case for the Divisia index. However. using the Fisher Ideal index to construct the 

aggregates in period for which new monetary assets are introduced and using the Divisia 

index to construct the aggregates for all other time periods compensates for this weakness 

of the Divisia index. In this sense. the Divisia aggregates discussed here have values in 

certain time periods which were determined using the Fisher Ideal index.) In comparing 

the various index numbers to each other, the Divisia and Fisher indexes correspond 

almost exactly as predicted. while the Divisia was more stable over time than either the 

currency equivalent or simple sum aggregates. The currency equivalent index is the least 

stable of the three. 

Once all the aggregates were obtained. unit root tests were performed on the 

logged levels of all these variables, the price level (the CPI index), red income or GDP 

(the IPI index) and nominal income or GDP (the product of the CPI and IPI indexes). The 

null hypothesis of a unit root could not be rejected for any of the h e  series variables. 

N e n  tests were performed to see whether any of the money measures were cointegrated 

to the price or income series. Only currency equivalent MI was found to be cointegrated 

with the price and income series out of all the monetary aggregates tested. 

FinaIly, sets of causality tests were performed on the money measures with 

respect to the price and income series. Once the unit roots were removed Eom all 

variabIes by firstHerencing them, at the 5% Ievel no evidence was found for a 



causality relationship between any of the money measures and prices or income. This 

contradicts other causality studies that have been performed in the past on the 

relationships between these variables have typically found some evidence of causality 

between money and prices or income in the economy. The results obtained here give no 

evidence that money measures possess information which may be used to forecast future 

movements in price or income variables. 

The frst-differenced variables allow one to look at the relationship between 

money growth measures and price and income growth. Since no indication was given of a 

significant relationship between money growth and price or income growth, some suppon 

is found for the neutrality and superneutrality of money hypotheses. 

Some previous studies examining the merits of aggregation theoretic money 

measures such as the Divisia and Fisher as compared to the simple sum. have supported 

the view that simple sum aggregates generally forecast price and income movements 

better than the Divisia and Fisher aggregates.119 Others, such as Barnett, Fisher and 

Serletis (1992) suggest that the simple sum index should be abandoned both as a source 

of research data and as an intermediate target or indicator for monetary policy. This is 

because they view the grounding of aggregation methodology in microeconomic theory 

and the nonlinear-weighting of monetary assets as being fundamentally imporrant and so 

the superlative class o f  aggregates is regarded as superior ftom this point of view. Since 

the causality tests give no indication that the simple sum aggregates perform better than 

See Longworth and Ana-Mensah (1995) 

'" See B a m e ~  Fisher and Serletis (1992, p.2115) 



the Divisia aggregates in terms of forecasting movements in price and income, no new 

evidence is found to give reason to prefer one set of aggregates over another. 

Some previous literature has also provided evidence in favor of the endogenous 

money hypothesis, the position that changes in economic conditions such as prices or 

income Granger-cause changes in money measures.12' No evidence is found for this order 

of causality between prices or income and the money measures in the tests conducted in 

chapter 6. Therefore no support is found for the endogenous money hypothesis. 

The empirical tests performed in this thesis were only cursory at best. and 

represent only the beginning of an investigation of the merits of constructing aggregation 

theoretic money measures. The database of Divisia Fisher and currency equivalent 

aggregates form an important resource for hrther investigation using the kinds of tests 

described above. Models of money demand may be created fkom the money aggregates 

constructed here. Investigation into the elasticities of substitution between various Divisia 

aggregates and the investigation into the aggregation bias featured in the construction of 

the simple sum and Divisia aggregates represent other important avenues for research. 

using the aggregates constructed here as a starting point. 

On the most general level, the fundamental issue concerning policymakers 

regarding the various methods of aggregation discussed in this thesis, are the benefits and 

corn of the Divisia method as opposed to the simple sum. The Bank of Canada and most 

central banks have refrained from constructing Divisia and Fisher aggregates because of 

the added costs associated with doing so. It is true that the simple sum aggregates will 

always be easier to construct. The fimdamentd beIief of the central banks to date has 

"' See Sertetis and King (1 993, p.96) 



been that the added costs of constructing the Divisia aggregates are prohibitive. At this 

time, no recommendation can be submitted to the central banks one way or the other as to 

whether this is correct. However, the primary purpose of the database of money measures 

constructed here is that further empirical studies may be conducted so that a more 

satisfactory answer can be obtained as to whether simple sum aggregates or Divisia 

aggregates indeed are the more reliable and accurate money measures. I t  would also be 

desirable for the difference in quality to be sufficient to allow a recommendation to be 

made. If the results do indeed favour the Divisia approach then the issue of cost is Iess 

significant than the central banks might believe. It is trivial to calculate the Divisia 

aggregates in the computer age, once the quantity data and interest rates series are 

selected and found- Nor is the issue of data availability a severe obstacle. since the Bank 

of Canada already provides a comprehensive set of accounts for virtually every monetary 

aggregate to at least the quarterly frequency. 

Therefore. here we stipulate that the cost issue is no longer a sufficient argument 

against using the Divisia index, More emphasis should instead be placed on the relative 

accuracy of one aggregation approach over another. There is enough evidence that the 

simple sum and Divisia indexes perform differently in terms of forecasting income and 

prices, if not from this study but rather in past studies. and this warrants hrther 

investigation. 
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