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The ability to separate a signal source from the distotion redting from noise 

and the transmission medium is the goal in many information recovery and 

extraction situations. In the fidd of tdecommunications, often a training 

sequence is w d  to construct a compensation or equalization filter. 

Unfortunately transmission of this training sequence is not always reiiable or 

even available. A similar situation occws in seismology, where it is not always 

possible to obtain or know the nature of the source wavelet or pulse. It is in these 

situations that a blind equalization technique is sought. 

Blind equalization is a challenging problem because in the identification of the 

unknown system or of its inverse, the phase needs to be known. This phase may 

be mixed phase and therefore higher order spectra is required to obtain the non 

minimum phase elements. Complex cepstra is employed to produce h e a r  

solutions to the problem. 

Initial approaches to the system identification involved the separation of the 

impulse response into minimum and maximum phase components. WhiIe such 

techniques have performed weU, inefficiencies in the use of higher order spectra 

ahe.  An alternative approach involving the separation of the impulse response 

into the magnitude and phase components has also been suggested. En this 

approach, the equaiization process may be separated into two parts each of 

which may even be strategically placed between the source and the receiver. 

Furthmore, this separation enables optimization of the amplitude and phase 

equalization iünctiom to be performed. 

iii 



An optimization of the separate amplihide and phase equaiization functions is 

proposed in this work. Second order spectra are used to construct a zero phase 

amplitude equalizer. Higher order spectra are then optimized by using the 

complex conjugate symmetry inherent in an d pass phase structure to constnict 

an improved blind phase equalizer. This optimization of the phase component 

results in a simplified structure for the phase equalizer. This amplitude and 

phase structure is dernonstrated to produce an improvement in the performance 

of the blind equalizer. 
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Chapter 1 
Inf roduction 

2.1 The Communications EnPironment 

The ultimate goal in any communications system is the transmission of 

information from one location to another. Unfortunately the signal being 

transmitted is subject to varyïng degrees of distortion which affects the ability 

and ease by which the transmitted signal is recoverable. One source of distortion 

which is that resultïng from the rnultipliaty of paths between the source and the 

receiver. These paths are referred to as the transmission channel and is descriied 

by an impulse response which represents a base band equivalent of a radio 

frequency (RF) Channel. The propagation characteristics of each of the multipath 

components gives rise to phase shifts which causes the components to add 

constructively or destmctively and causes fading or enhancement of the signal. 

In addition, if significant dispersion or delay distortion relative to a symbol 

interval occurs, then intersymbol interference (ISI) is observed. The received 

signal is also corrupted by noise which is usudy assumed to be additive, white 

and Gawian (AWGN). Finally, the nature of the Channel may also be time 

varyhg which complicates the techniques used to recover the transmitted signal. 

The impulse response of the Channel is equivalently characterized by the discrete 

Fourier domain system transfer fundion. In the Z domain, the system transfer 

fundion is decomposed into a minimum and a maximum phase component 

corresponding to the location of the zeros with respect to the unit cirde. 



2 
Minimum phase components are described by poles or zeros which are located 

inside the unit cirde while maximum phase components are descriied by those 

poles or zeros which are located outside- Altematively the system transfer 

function may also be described in terms of magnitude and phase corresponding 

to a minimum phase or zero phase part and an all-pass phase part. These 

factorizations are useful in the subsequent analysis and modeling of the Channel 

in that modeling may be attempted in terms of the minimum and maximum 

phase components or altematively in tenns of amplitude and phase. 

1.2 The Role of the Equalizer in the Receiver 

The main objective of the receiver is to recover the original transmitted signal 

sequence as precisely as possible. The most difficult distortion to compensate for 

is that which is induced by t h e  dispersion. The term "equalizer" is used to 

describe devices which attempt to eliminate or reduce the distortion effects 

caused by the channel. An equalizer is therefore a type of receiving filter which 

compensates for tirne dispersion or equivalently the nonideal frequency response 

characteristics of the Channel [Il. Similarly it may refer to an algorithm or device 

which is designed to deal with intersyrnbol interference [2]. 

Conventiod adaptive equalizers require a training sequence during the 

sequences of initialization and periodic training. This is required because the 

system's transfer fundion is unknown. An estimate of the system can be made 

by sending a known sequence through the system. Unfortunately the 

transmission of this training sequence uses up available symbols and therefore 



reduces the usable data rate and the available bandwidth. The irnplicit 

assumption is that the equaiizer is able to adequately characterize the unknown 

systern during the training period. This not guaranteed and the transmitter 

would not be aware of the success or faüure of this training. As the channel is 

time varying, the equalizer must continudy adapt to the changing environment 

whïch may not always be successful. Blind equalizers, ako known as self- 

adaptive equalizers, converge without the need of a training sequence. 

Both blind and non-blind traditional equalizers may be designed by modeling 

the inverse of the channe1 or by modeling the Channel's impulse response directly 

and then constructing a compensating filter. Several approaches may be applied 

to the blind equalization problem. In the Bwgang equalizer approadi [l J [3 J [4], 

an iterative deconvolution procedure is used to determine the inverse channe1 

filter. Some of the problems associated with this approach is that the 

performance surface is not well behaved and these sdiemes require mu& longer 

convergence perïods during startup and reinitialization. The inverse model 

might be sensitive to noise especially near nulls in the channei's frequency 

response [4]. 

Another category of blind equalizer types consists of those equalizers based on 

the higher order spectra of the received signal [l] [4] [5] [6]. These attempt to fist 

model the channel directly and subsequently construct a compensating filter 

which forms the actual equalizer. This inverse filter may be designed using the 

zero forcing constraint which attempts to invert the chamel. A compensating 

filter may also be designed under the minimum mean squared error constraint 
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which takes into account the spectral shape of the signai and the amount of 

additive noise- 

The purpose of implementing an equalizer in a communications systern is to 

recover information that has been distorted in some faShion. This suggests that 

the performance may be evaluated by comparing a systern's input and output 

symbol sequences. The performance is considered to be better as the number of 

differences, considered as errors, between the two sequences is reduced. The bit 

error probability is used as a performance measure and is representative of the 

statistical nature of the simulation results- 

1.3 Applications 

The use of higher order spectra to solve system identification and equaüzation 

problems is relatively new. The work which has been done so far may therefore 

be considered to be more of a theoretical approach rather than a practical one. It 

is the theoretical aspect of this approach which is examined in this work. A 

number of potential applications arke in the fields of speech coding, reflection 

seisrnology, image processing and in communications. These areas are discussed 

briefly in the following paragraphs. 

Speech coding is thought to be a potential application where cumuiants might 

offer a more efficient alternative to linear predictive coding. This alternative is 

suggested since it is felt that higher order statistics would potentially improve 

the speech data mode1 accuracy [4]. 



Reflection seismology r e q W  the removal of the source waveform from a 

seismogram. This is of extreme importance in the interpretation of the reflection 

data. Blind equalization or equivalently blind deconvolution has shown great 

promise in dus field [il. 

Image pmcessing problems often appear in medical applications where the 

image information is often unavailable or limited. The reconstruction of the 

image with partial or no information is a problem which may be suited to the 

area of b h d  equalization. One potential application is that when phase content 

is more diable than amphde content and reconstruction is attempted h m  the 

phase only [SI. Higher order spectra allows the phase to be identified from the 

recorded image. 

Blind equalizers based on higher order spectra find a number of potential 

appücations in the field of communications. The areas indude the telephone 

environment, multipoint data networks and high capacity line-of-sight digital 

radio [4] [SI. In the telephone environment, Channel equalization is required in 

high data rate transmission using modems. Ideaily, blind equalizers based on 

higher order spectra would perform this Channel equalization and may enable 

higher data rates to be used especially in the presence of colored line noise [5]. 

In a multipoint data network, a contrd unit is comected to several data 

te&&. A serious problem occurs when a parüdar unit is not able to link 

with the network witil a training sequence is sent from the control unit. In large 

or heavily loaded networks with a large amount of data traffic, it is diffidt to 
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ensure that all data links are continuously up. With blind equalization, the 

monitoring is facilitated as each link is independent and requices less tirne to 

establish a link. Thus the use of blind equaüzation would increase the overall 

performance of the mulapoint network. 

High capacity line-of-sight digital radio is also a g w d  application for blind 

equalization. A line-of-sight microwave radio Link has a wide-band, Iow noise 

channe1 This channel exhibits time dispersive multipath fading which could 

potentially be corrected by the use of blind equalization even if the fading is 

severe [9]. It is even suggested that blind equalization especiaily those based on 

cepstra techniques, would perform effectively in conditions such as those found 

in ionospheric HF and in indoor communication system environments where 

charnels are believed to be ody slowly fading. 

From the few applications referred to here, it is dear that blind equalization 

based on higher order spectra offers a potential solution to many important 

problems in a variety of fields. 

1.4 Approaches to  the System Idenrifcution Problem 

The estimation of the channe1 or of its inverse is an important elernent in the 

design of an equalizer. In blind equalization schemes, only the received signal is 

available to identdy the unknown system or channel. It is possible to identify a 

linear system from output signals if the input signal to the system is an impulse. 

In this case the output signal is the impulse response of the system. The system 
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may also be identified fiom the received signal if the input to the system is white. 

Taking the autocorrelation of the received signal wiU result in the howledge of 

the magnitude response of the system. This procedure corresponds to spectmm 

estimation in the frequency domain. Both the autocorrelation and spectrum 

estimation are second order statistics which are adequate to resolve minimum or 

maximum phase equivalent components but are not adequate to resolve rnixed 

phase components. The system identification may also be affected by the 

presence of noise. 

EZigher order statistics may be applied to the received output signal sequence in 

order to identify the unknown system. This is possible if the input to the system 

is multidimensionally white in which case the cumulant at the output of the 

system represents the multidimensional impulse response of the system. The 

relationship between the impulse response and the cumulant is a nonlinear 

relationship and the extraction of the impulse response is the central aim in any 

higher order spectrum estimation technique. 

A number of higher order spectra estimation techniques have been developed in 

recent years rnany of which are described in a tutorial paper by Mendel [4]. 

These tediniques employ higher order statistio, specifically cumulants. Many of 

the techniques use the discrete Fourier transform of the cumulant known as 

polyspectra. These are simüar to conventional spectra except that they are based 

on higher order üme domain functiom. Other techniques use the polycepstrum 

or the complex cepstnun and form an extension to the polyspectra based 

techniques which enables linear solutions to be obtained. The polycepstra refers 



8 
to the complex logarithn of the polyspectra while the complex cepstnun refers to 

the inverse discrete Fourier transfomi of the polycepstra. 

Higher order spectra &%it many properties whidi may be exploited to aid in 

the task of system identification. Perhaps the most significant property is that 

phase information is preserved [SI. In contrast second order statistics, such as the 

autocorrelation, are phase blind. Since the phase is unknown, the minimum 

phase component equivalents are assumed hem a factorkation of the spectnim. 

Another property of higher order staüstics is that they are theoretically blind to 

Gaussian processes [4]. As such, they may be considered to be a measure of the 

deviation of the process from Gaussianity. As a result of this property, 

cumulants tend to be biind to the Gaussian noise which is often present in 

communication receivers, but not to the input sequence whidi must not be and 

generdy is not Gaussian. 

A number of techniques employing higher order statistics have been developed 

which use ARMA paametric models and require the solution of highly 

nonllliear systems of equations. In order to avoid these nonlinear problerns, 

homomorphie filtering based on polycepstra techniques rnay be used [10][11]. 

These tediniques rnake use of the complex cepstrum whkh may be obtained 

indirectly or directly from the cumulants. ln the indirect approach, 

multidimensional Fourier transforrn (FFT) computations, logarithms and inverse 

multidimensional Fourier transformation are used. Alternatively in the direct 

approach, the complex cepstrum is obtained directly from the cumulants via 

cepstral and cumulant convolutional relationships. The direct method uses the 

method of least squares to solve for the complex cepstnun coefficients. The form 
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of these "cepstral equations" form the basis of the ciifferences between the various 

polycepstnim based equalizers- This direct approach avoids the logarithrn and 

phase unwrapping algorithms which is the disadvantage encountered in other 

homomorphie methods [12]. Once the cepstral coeffiaents are known the 

impulse response may be obtained by using well known recursive techniques 

[131. 

1.5 Higher Order Spectra Based Equalizers 

The identification of the system's impulse response using the higher order 

spectra obtained from the output of the unknown system is approached by 

considering the factorization of the channel or equivdently the impulse response 

of the system itself. The channel may be decomposed into a minimum and a 

maximum phase term. The Channel may also be decomposed into an amplitude 

and a phase representation. The amplitude part may be minimum phase 

resulting in a residual dl-pass phase tem. Altematively the amplitude may be 

constnibed to be zero phase leaving an d-pass phase term corresponding to the 

true phase of the system. These equivalent factorizations are presented as 

follows: 
H(z )  = I(z) O(z) 



where: 

H(z) represents the system tramfer function of the Channel 

( z )  represents the refiection of the system's pole and zero locations 

Z(z) represents the mirllmum phase components 

( Y )  represents the maximum phase equivalents of I(z) 

O(z) represents the maximum phase components 

08(1/z') represents the minimum phase equivalents of O(z) 

From the factorizations given, many diffeent equaluer configurations are 

possible. 

The Tricepstnim Equalizer Algorithm (TEA) method is a system identification 

procedure used to identify the Channel's impulse response in terms of the 

minimum and maximum phase cornponents [11][14]. This was the £irst c e p s t m  

based equalizer to be presented. In this aigorithm, a convolutional relatiomhip 

between the cumdants and the cornplex cepstnim is used to obtain the 

minimum and maximum phase components of the impulse response. From the 

knowledge of the minimum and maximum phase components various equaiizer 

structures such as a linear equalizer and a decision feedback type structure may 

be constructed [15][16]. 

If a diversity system is available, the Cross-Tricepstm Equalizer Algorithm 

(CTEA) which is based on relaüng crosscumulants to cepstral coefficients rnay be 

used[l7J. The method allows the simultaneous identification of independent 

nonminimum phase systems which are driven by a common input. The 

algo rithm is therefore applicable to multipleinput single-output equalization 

models such as in the case of diversity. The number of signals or systems for 
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which the method may be applied corresponds to the order of the aosscepstrum. 

This further irnplies that the number of parameters to be estimated will ïncrease 

by a multiple factor equal to the number of systems to be identified. Once the set 

of signal estimates is obtained a decision d e  is used to select the nnal signal 

estimate. This method has shown only modest improvement over the T ' A  

method depending on the diannel but at the cost of an increased computational 

complexity. 

The TEA method uülizes all the samples of the multidimensional polyspectnim, 

however, an alternative method is suggested by using ody a single dimensional 

slice of the polyspectnun. This method may be referred to as the slice-TEA [18] 

and allows the development of a one dimensional function which resdts in iess 

computation in determinhg the impulse response estimate. As in the basic TEA 

method, this method &O determines the minimum and maximum phase 

components. This method is especially interesthg in that the cumulants 

corresponding to the diagonal slice of the polyspectnun are thought to be the 

most phase sensitive. 

Another approach to the equahation problem is suggested by considering the 

a m p h d e  and phase parts problems separately. Thus far the amplitude and 

phase parts of the Channel were modeled simultaneously in t a n s  of minimum 

and maximum phase components and therefore it would be of interest to mode1 

these separately. When the charnel amplitude and phase estimation processes 

are separated it is natural to also perforrn the amplitude and phase equalization 

separately. Amplitude equalization requires second order staüstics oniy and 
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therefore does not require higher order staüsticdy based methods. Also, many 

amplitude equalization techniques exist already. 

The phase equalization may be accomplished by using one of two approaches. In 

the first approach a residual white sequence is obtained before the phase portion 

is identifïed. Cumulant estimation is therefore perforrned on a whitened 

sequence. In the second approach the phase equalization is independent of the 

amplitude equaiization and does not require a unity power spectrum. This 

second approach allows separate amplitude and phase equalization, in that the 

phase equalization process does not require a white sequence or equivalently 

prior amplitude equaiization. The advantage of having the equaüzation 

perforrned in two steps is that higher order spectra can be used to determine the 

phase portion exclusively. When the two functions are separated it is possible to 

perform pre-amplitude or pre-phase equalization at the terminai which ever is 

the most advantageous to the situation. An example of such a case is that of a 

base station which is stationary and has a higher processing capability versus a 

portable terminal which has limited processing capabilities and limited power 

availability. Another advantage of independent phase equalization is that 

sometimes the amplitude portion of the signal is not reliable and by knowing the 

phase of a MA system, it is possible to reconstruct the entire system by Hilbert 

transformation. 

The diffidty in obtaining a phase estimate is that the phase part has a 

magnitude response which is unity for all frequenaes and therefore passes all 

frequencies without any amplitude distortion. Sudi a filter, with a stable 

configuration, has al l  its poles located inside the unit arcle and al l  the zeros 
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Iocated outside the unit &de. The pole and zero locations are complex 

conjugate inverses of each other. The d - p a s  filter structure is therefore wefd  

for phase equaluation. When combined with an amplitude equalizer it ideally 

results in an overd Wear phase response or constant group delay. 

Unfortunately second order statistics are not adequate to resolve the pole and 

zero locations of the all-pass structure used to represent the system's phase. 

Resolution of these locations is offered through the use of higher order statistics 

based on the use of cumulants which are not phase blind. 

The Polycepstra and Prediction Equalization Algorithm (POPREA) is an 

approach to the equalization problem which is attempted in ternis of minimum 

phase amplitude and residual phase system identification [19]. The amplitude 

portion is obtained by using power cepstra. The TEA method is used to solve for 

the residual phase component, however, only the maximum phase components 

are used to construct the phase equalizer. As a result, only some of the cepstral 

coefficients are actually used which is wasteful. 

An alternative approach to system identification arises if the amplitude part is 

made to be zero phase. The phase part which remains is then the true phase of 

the system. The phase may be represented by an ail-pass structure. TEA method 

may be used to obtauied the phase of the system [8][20] by estimating the poles 

and zeros of the all-pass system. Although this is a solution to the problem, the 

performance of this phase-TEA method improves only somewhat over the TEA 

method's minimum and maximum phase estimation approach. 
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The Power Cepstrurn and Tricoherence Equalizer (POTEA) is an equalizer which 

is based on the use of both the cepstnun of the power spebiiun and the 

tricoherence [21]. The tricoherence is the complex cepstrum of the phase. In this 

algorithm the determination of the amplihide uses the power cepstrum based on 

second order spectra. The phase component is obtained from a system of 

equations using the tricoherence and involves a three dimensional convolution of 

the fourth order cumulants. This algorithm is very complex and requires 

signihcant amounts of computation, however, it is also reported to converge 

faster than the TEA algorithm. 

1.6 Suggested Approach 

An altemative approach to IIR system estimation would be to design a new 

algorithm whidi would incorporate the coIlStraint imposed by an d-pass system 

model. The procedure proposed in this work is to use complex cepstra in such a 

way as to exploit the complex conjugate inverse symmetry inherent in the all- 

pass structure. The result would irnprove the position accuracy of the pole and 

zero locations. This equalization sdieme is expected to yield superior equalizer 

performance. Efficient and effective optimization between the numerator and 

the denominator of the all-pass structure is accomplished using the complex 

cepstrum of the fourth order cumulant whidi is also referred to as the 

tricepstrum. The complex cepstnun coefficients are obtained from the cumulant 

estimates directly using a least squares approach. It is possible to ensure that the 

filter has a unity amplitude by adding a constraint to the solution of the least 

squares problem. This forces complex conjugate symmetry between the 
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numerator and the denominator polynomials with the r e d t  of causing the 

number of parameters to be esümated to be reduced by one half. This approach 

of a joint optimization, exploithg the cornplex conjugate symrnetry inherent in 

the ail-pass structure, forms an original component of the proposed method. 

The same type of analysis may be applied to the süce-TEA method. This method 

uses a trispectnim slice to determine minimum and maximum phase 

components. Selecting this slice results in cumulant averaging and yields a one 

dimensional fundion versus the thtee dimensional function given by the TEA 

method. Although this trispectrum slice is believed to contain the cumulant 

combinations which are the most sensitive to the system's phase, the 

performance of the slice-TEA method is inferior. Thus the best equalizer design 

wodd not be obtained using this approach. 

Once the cepstral coefficients are obtained, the Channel's impulse response may 

be reconstmcted by inverse transformation or by a more desirable recursive 

method whidi wouid avoid any Fourier transforrn operation [13]. The aii-pass 

phase channe1 mode1 may then be obtained directly from these coefficients. 

Phase equalization may then proceed by inversion of Uiis ali-pass model, perhaps 

using the dl-pass lattice. 

1.7 lmplementation of the Equalizer 

There are a number of methods by which the equillization process may be 

accomplished once the impulse response of the charnel is obtained. Maximum 



likelihood sequence estimators (MLSE) recover the unknown input signal 

sequence by effectively matching a l l  possible redting Channel outputs to the 

observed output and selecting the best match in a minimum mean square error 

sense. Although this type of structure performs extremely well, the disadvantage 

is the high cornputational and storage requirements [2]. Another approach is 

that of mean square error filtering where the filter is designed to minimize the 

error between the predided sequence provided by the equalizer and the original 

unobsemed input sequence. In this method, either hear or d e i o n  feedbadc 

structures may be used. The decision feedback structure performs well in the 

presence of spectral nulls and is very effective in its ability to cornpensate for ISI, 

unfortunately however it suffers fkom error propagation [22]. The zero forcing 

criterion based approach attempts to invert the Channel. In thiç method the 

complete cancellation of ISI is attempted. In this case noise enhancement kom 

inverse filtered receiver noise may be a problem [BI. It is the zero forcing 

approach which is used in this work. 

The effectiveness of the cepstnun based approaches when applied to 

equalization is demonstrated by cornparison of the TEA method to the maximum 

likeühood, suboptimum LMS linear and nonlinear adaptation schemes which are 

not b h d .  The performance of the TEA method depends on the availability of a 

significant length of the received data, the number of cepstral coefficients 

estimated and the locations of the channef tramfer funaion's singularities 

relative to the unit &de. From cornparisons obtained from simulations using 

real and complex finite impulse response (FIR) channels, the probability of error 

achieved has been shown to be very close to that achieved by the maximum 
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Lkelihood method and better than the 0th- hear and nonlinear L,MS schemes 

~91- 

The TEA method employing decision feedback equalization has also been 

examined and somewhat better performance has been indicated. Two decision 

feedbadc structures were constnicted. in one scheme the feed forward part is set 

to correspond to the inverse of the channei's maximum phase component. In the 

second scheme the feed forward component is set to correspond to an ail-pas 

component. In both structures the feed forward part is anticaual while the 

feedback portion consists of the remaining stable portion of the factorized 

transfer function. Of these two schemes, the second structure provided the best 

overd performance (151 [l6]. 

1.8 Summary of the Proposed Approach 

The approach whidi is investigated in this work is based on separating the 

amplitude and phase portions of the equalization into an amplitude and a phase 

component The amplitude portion is implemented using a zero phase equalizer 

rather than a minimum phase one. Linear prediction filtering can be used to 

detennine the amplitude component. Unfortunately, however, this method does 

not always whiten as well as one would desire. An amplitude equalizer based 

on the power cepstrum is therefore suggested for this implementation. This type 

of amplitude equaiizer uses power cepstral coefficients and appears to result in 

the best performance. 
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The phase equalization is to be accomplished by using an ail-pass structure. It 

has unity amplitude and does not affect the amplitude spectrum of the signal. 

An advantage of using this approach is that dl-pas equaiïzers have simpler 

structures than generai IIR filters of the same order [24]. In addition, the ail-pas 

structure has complex conjugate symmetry between the numerator and the 

denominator which results in the complex cepstra coefficients having a complex 

conjugate symmetry. This feature dows exploitation of the complex conjugate 

symmetry to yield a solution which exhibits less complexity than previous 

methods. It is possible to constrain the symmetry in the all-pas structure as only 

the phase identification part is based on higher order spectra. This opamization 

reduces the variance of the estimates and thuç implies a higher acmacy and 

achieves a faster convergence. This optirnization is an original component to the 

work presented here. It is important because as the performance of the higher 

order spectra techniques is improved, so will the number of applications be 

increased to whieh the technique rnay be applied to. 

Both the amplitude and the phase equalizer may be implemented under the zero 

forcing constraint. Under this criteria, a lattice fiIter is suggested for the 

amplihide equalizer while an ail-pas lattice filter [25] is suggested for the phase 

equalizer. The lattice structure is modular which implies that Secfions c m  be 

added without the reoptimization of lower order coefficients. Both structures 

facilitate inverse filtering in that the structure lends itseIf naturdy to inversion 

and tirne reversal. Stability of the filter is also easily verified by examination of 

the lattice coefficients. 



1.9 Summay 

In suuunary, the potential advantages and justification of the proposed method 

would be to yidd better blind equalization. An order of magnitude 

improvement over existing methods will be demonstrated. Separation of the 

amplitude and phase equalization components allows each individual part to be 

optimized in tenns of computation, performance and even placement depending 

upon the application. The method would be applicable to systems with complex 

signals (inphase and quadrature) which is critical since complex equalization 

capability is necessary in any quadrature modulation system. 

The disadvantage with higher order spectra methods appears to be the data 

length which is required to form the required cumulant estimates. The Channel 

should be weakly or pseudo stationary over this data blodc With the 

introduction of the suggested constraint and the use of cepstrums, this length 

requirement is reduced. 

System identification using higher order spectra is discussed in chapter 2. 

Homomorphie systems and complex cepstra is introduced in chapter 3. 

Tncepstnim equalizer algorîthm approaches are presented in chapter 4. This 

indudes the original tricepstnim equalizer aigorithm (TEA), the slice - 

tricepstrum equalizer algorithm (slice - TEA), as well as the proposed dl-pass 

tricepstnim equalizer algorithm (all-pas TM). The extension to complex data is 

also induded. The equaiizer structure using lattice filters is discussed in chapter 

5. System simulation and performance results are investigated in chapter 6. 

conclusions are summarized in chapter 7. 
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Chapter 2 
System Identification using Higher Order Spectra 

2.1 System Identification 

The extraction of the digital information fiom a received signal which has 

undergone hansmission from the trammitter source is the goal in a 

communications receiver. The desired compensation is generdy unknown 

because the Channel represents a partidar transmission path that the signal 

foIlowed ftom the source to the receiver. This path may be time v w g  and 

generally time dispersive. Compensation for this Channel often begins with first 

estimating it as an unknown system and is a procedure which constitutes a 

system identification problem. Either the actual c h a d  or its inverse may be 

estimateci. 

System identification techniques have for the past number of years centered 

upon the ideas of spectral estimation. In the pursuit of spectral estimation a 

number of approaches have been developed based on conventional Fourier Srpe 

methods which uidude the maximum likelihood, maximum entropy and 

minimum energy methods; signai modeling methods whidi employ MA, AR and 

ARMA parametric models; and harmonic decomposition methods that indude 

Prony, Pisarenko, MUSIC, ESPRIT and Singular Value Decomposition [6]. Other 

techniques based on aoss correlations require knowledge of the source symbol 

sequence. 



The power estimation methods are based on second order statistics such as the 

autocorrelation function which provides a meaçure of how one sequence sample 

is correlated to another sampie of the same sequence. These power estimation 

methods d e r  from the limitation that phase relations between the various 

frequency components are suppressed. Accurate phase reconstruction can be 

achieved only if the system is correctly assumeci to be either maximum phase or 

more cornmonly muiimum phase. The phase reconstiruction rnay also be affeded 

by the pïesence of additive and especially coloured noise. 

Higher order spectra, based on higher order statistics, provide a way in whidi 

more information can be extracted from a signal Such information indudes the 

measure of how Gaussian the process is, the identification, detection and 

charaderkation of nonlinearities in systems, and the identification of 

nonminimum phase systems. Furthmore, higher order statistics appear to 

suppress additive Gaussian noise which may even be coloured. These points [5] 

serve as the motivation to further investigate the area of higher order statistics. 

2.2 Second Order Statistics 

System parameters of interest in many applications are often detennined by 

using statistical analysis. Perhaps the most popular descriptors used to desaibe 

apparent random processes are those of mean and variance. 

The mean is dassified as a first order statistic and is defined as foiiows [26]: 

r =E[xl (2-1) 



where: 

p = the mean 

x = a random variable sample 

E [-] denotes an expectation operator. 

The variance is considered to be a second order statistic and is defined as foUows 

[28]: 

c? = E [(x - E [x])~] 

The mean and variance parameters completely descriie a process only if the 

process is t d y  Gaussian. 

The expectation of two random variables, also referred to as joint statistics, may 

ako be used to describe processes. Much information about the generating 

process may be revealed by the values of these estimates. For example, when 

two processes are independent, the expected values may be separated as [27]: 

E[~Y 1 = E k l  E[Y 1 (2-3) 

and the two processes are said to be uncorrdated- Also two processes are said to 

be orthogonal if [27]: 

E[wI= 0 (2.4) 

Second order statistics are also useful when it is desirable to extract underlying 

periodic components from a signal. This is determined from the observation of 

spectral lines in the Fourier transfom spectral representation of the 
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autocorrelation sequence. This spectrum also reveals the frequency content and 

distniution of a signal. 

When a process is modidied by a system, such as a signal source being modified 

by a Channel, the spectrum can be used to reveal some information about the 

system from output observations alone when the staüstics of the originating 

process are known. In the case of a discrete representation, the magnitude 

squared of the system's transfer function may be estimated. This is equivalent to 

the determination of the singuiarities of the unknown system. Unfortunately 

some ambiguities exist, such as whether the singularity is a maximum or a 

minimum phase component and also when two singulariües form an all pass 

pair. In this latter case, the singular pairs are not observable. Thuç the need 

arises for a way to resolve these components. 

2.3 Higher Order Spech.a: Moments and Cumulants 

Higher order spectra provide a method to obtain more information than that 

which can be obtained from traditional second order statistics alone. The higher 

order spedra exhibit properties that can be exploited to reveal information such 

as: the deviation from nonnality, phase estimation and knowledge which 

enables nonlinear properües to be detected and characterized [20][28]. 

The higher order spectra of a set of random variables are based on cumulants 

which are related to moments. The moment of order k of a zero mean random 

variable x is given by [4]: 



mk (rl , f 2?00* ï  rk-,) E [ x ( ~ )  x(n + r ' ) * * -x(n + 

where: 

n is the sample index 

k is the order 

x is the random variable 

E [p] is the expectation operator. 

In traditional methods, the minimum phase equivalent transfer function of a 

system may be obtained fiom output measurements when the input to the 

system is white. This is equivdent to having a source whose autocorrelation 

h c ü o n  is a single impulse. The same prinaple c m  be extended and applied to 

higher order spectra domains. The cumulants of white processes may be 

considered to be multidimensional impulse response functions with the 

corresponding polyspectrum being multidimensionally Bat [4]. Furthemore, the 

system function obtained from the polyspectnun is not restrïcted to be minimum 

phase. 

The relationship between the moment of a random process x( t )  and its cumulant 

is given by the following general expression [20]: 

c ~ , x ( . r ~ , . r ~ t * * * t ~ ~ - l )  = m k s ( 7 1 f 7 2 t * * * f r k L - 1 )  - m k , G ( ? l t  ?ktX-,) (2*6) 

In thiç expression, the last tenn refers to a Gaussian random process which has 

the same second order statistics as the process x(t). It is also evident from this 

expression that the cumulant is a measure of the deviation of the process from 

that of a Gaussian random process. 



The cumuiants for first, second and third orders are defined [4][20] and related to 

the moments as follows: 

In the case of the fourth order cumulantf an additional component is required to 

produce a multidimensional impulse response fundion. The fourth order 

So far the definitions of cumulants and moments have been restricted to 

processes with a zero mean. The expressions for the higher order spectra of 

nonzero mean random processes are obtained by applying the following 

substitution [4]: 

x(n, - 44 - ~[x(n)l (2.9) 

In subsequent analysis, zero mean random processes will be assumed since the 

input signalhg scheme is chose. to be symmetric about the origin. 
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Special ternis describe the case when the lag between the sarnples are zero. This 

zero lag component for zero mean is described as follows [20]: 

p = q =  mean 

d = ct(0) = variance 

K = c3 (O, O) = skewness 

y = c, (O, O, O) = kuaosis 

It is desirable to work with cumulants rather than with moments because 

cumulants exhibit certain properties that are useful. The property of the 

cumulant representing a multidimensional impulse response function is useful in 

the determination of the impulse response of a systern. This property may be 

termed higher order whiteness 141. In the case of a set of random variables being 

Gaussian, ail higher order mulants are identically zero. As such, higher order 

statistics are more robust to additive Gaussian noise, which may be either white 

or colored. Curnulants are able to distinguish non-Gaussian signals from 

Gaussian noise thereby boosting signal-to-noise ratios. In the case of statistically 

independent stationary random processes, the cumulant sum equals the sum of 

the cumulants of the individual random processes. This is not the case for higher 

order moments and thus this property dows  the use of the cumulant as an 

operator [4]. 

2.4 Cornplex Data 

The type of data encountered in a communications system may be either real or 

complex. In order to increase data rates and spectral efficiency, complex data 



systems are o h  employed. The received data is often deçcribed by the 

following convolutional rnodek 

where: 

x( t )  represents the received signal 

s ( t )  represents the trânsmitted symbol sequence 

h(t)  represents the impulse response of the Channel 

t, n represent time samples 

The real and imaginary components of the transmitted symbol sequence are 

generally independent and identically distributed. In the case of complex data, 

several possible ways exist to define the cumulant w k e  the ciifferences aise in 

the number of terms whkh are chosen to be conjugated [14]. Any potential 

definition for complex data must however also hold for real data. 

The relationship between the fourth order cumulant of a process x(t) and its 

moment is given by the foilowing expression [9][4]: 

c,(% = m x ( 7 1 r 7 2 1 5 )  - r x ( r 1 )  4 5  - 7 2 )  

From this expression it is observed that if the moment assumes a zero value, the 

cumulant will becorne dependent only upon the correlation terms. This situation 

is undesirable since second order statistics are phase bhd .  

If an ideal Channel is assumed, the cumuiant at the output of the systern must 

then be the same as that of the source sequence. It follows then that the moment 

of the source sequence mut  therefore also be nonzero. ln seleaing the 
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appropriate cumulant definition, the fourth order moment at zero lag is 

considered. Adjacent samples of the source sequence are generdy independent 

of each other and therefore the moment at zero lag is of prime importance to 

ensure a moment value which is nonzero. 

The first possible definition for the fourth order moment uses only one 

conjugated tenn and is as follows: 

mr r2, T ~ )  = ~ [ x * ( t )  ~ ( f  + TJ ~ ( t  + 7J ~ ( t  + f3)] 

This moment at zero lag is therefore: 

The expression can be expanded in terms of the real and imaginary components 

Since this definition of the moment yields a zero value, another better definition 

is sought. 

The next possibility is that two of the ternis are conjugated as foilows: 
m&, , t, , 7,) = ~ [ x ' ( t )  x(t + i,) x'(t + h) x(t + r3 )] (2.15) 
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This result suggests that the definition may contain two conjugated terms and for 

complex harmonic processes, the only cumulant dennition which yields a 

nonzero value is when two conjugated factors occur in the definition such that 

r41: 
c4,(r1, z 2 r  5 )  =CUM (xs(n)tx(n+ r1)rx8(n+ r,),x(n + s)) 

= E [xa(n) x(n + 7 1 )  x*(n + 7,) x(n + r3)] 

+ E [x'(n) x(n + q)] E [x8(n + r2) x(n + r3)] 

+ E [x'(n) x'(n + r,)] E [x(n t q) x(n + r,)] 
+ E [ ~ ' ( n )  x(n + r3)] E [x(n + r,) x8(n + r,)] 

Another interesthg point is that all third order cumdants of complex harmonic 

signals are always zero thus making it necessary to work with fourth order 

cumulantç [4]. 

The k a 1  possible definition for the moment is one which does not employ 

When the signal is assumed to be independent and identically distributed on 

both the real and imaginary axis, the nonzero lag moment becomes: 



If however the situation arises when T, = .t3 = r for an assumed independent and 

identically distributed signal, the nonzero lag moment becomes: 

The moment is therefore nonzero only when 7, = 7, = r, = O. This indicates that 

the process is white in the time domain. The moment for such an independent 

sequence may therefore be alternatively expresseci as: 

m~(?,f%r%) =Y a(%) 6 ( 4  5(5) 

The fourth order cumulant represents a mdtidimensional impulse response as 

does this moment definition. The fourth order cumulant and the fourth order 

moments are therefore identical when the second order terms of the cumulant 

This definition is the simplest of the various forms. 

The results here indicate that two possible definitions exist to describe the 

cumulant The two possible choices consist of the definition containing two 

conjugated terms and the definition containing no conjugated terms. 



2.5 Cumulants and the Impulse Response 

The purpose for using the cumulant is to identify the impulse response of a finite 

dimensional, linear, thne invariant system fiom output observations. Second 

order statistics are phase blind and therefore only contain spectrally equivalent 

minimum phase information. Cumulants on the other hand are phase sensitive 

which therefore enables a nonminimum phase impulse response to be recovered. 

This is possible since a relationship exists between the output cumulant and the 

impulse response even when the input is dmown. The input must be assumed 

to be stationary, non-Gaussian, independent and identically distributed. The 

development of this relationship begins with the definition of the cumulant given 

This expression may be simplified by considering the various ternis separately. 

The first term is observed to be the fourth order moment of the output signal and 

The output signal may also be expanded in tem-ts of the convolution between the 

input sequence and the impulse response as follows: 



This expression may be rearranged since the input sequence is independent of 

the impulse response so that the expectation term can be taken into the 

summation term resdting in: 
mr(71, 5) = 

7 y, h(k) h(1 + rl) h(m + r2) h(n + r,) E [ s ( ~  - k) s(t - 1 )  s(t - rn) s(t - n)] 
k l m n  

In this expression it is observed that the expectation term is also the fourth order 

moment of the input sequence at various delays, Le.: 

m, (k - 1, k - rn, k - n) = E [s( l  - k)  s(t - 1 )  s(t  - rn) s(f - n)] (2.29) 

The moment may be written in terms of its corresponding m u l a n t  in which 

case the expression becomes e q d  to: 
m,(k-1,k-m,k-n) =c(k-1,k-m,k-n) +r,(k-1) rs(rn-n) 

+ rs(k - rn) rs(Z - n) + rs(k - n) rs(Z - m) 

Evaluating the various terms resultç in: 

mx(71t ~ 2 ,  5) 

k l m n  

k l m n  

k l m n  

+ y y, h(k) h(l + 7 . )  h(m + z,) h(n + r,) n: 6(k  - n) 6(1- m) 
k l m n  

This expression may be further simplified to yield: 

m,(.r,, r3) = Y, h(k + 71) h(k + 5)  h(k + 5) 
k 
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This expression expresses the moment of the received signal in tenns of the 

impulse response of the system and of the second and fourth order statistics of 

the signal source. 

The second order terms in the cumulant expression may be expressed in terms of 

the impulse response of the system and of the statistics of the signal source. This 

alteration begins by expanding the autocorrelation functions as a convolutional 

sum between the signal and the impulse response as follows: 

5 (rd = E[M 4 t  + fl)] 

It similady foliows that: 

Substituting these expressions for each of the second order terms in the cumulant 

definition results in the following sets of equations: 

E [w x(f  + 71 )] E [x(t + 72) ~ ( t  + r3 )] 



These equations comprising the second order terms in 
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(2.37) 

the cumulant definition 

dong with the definition for the fourth order moment are substituted into the 

cumulant definition redting in the following expression: 

In this simplification the second order terms are obsewed to vanish and thus, thîs 

simplification results in an important expression. This expression dearly shows 

that the cumulant of the output signal is related to the staüstics of the source and 

the system's impulse response. 

The definition relating the cumulant to the impulse response can also be 

equivalently expressed in the dismete fiequency domain. The transformation 

Substituting for the cumulant in terms of the impulse response and 

interchanging the order of summation gives: 
C ( ~ , Z ~ , Z ~ )  = y, ~ ~ ~ ~ h ( k )  h(k+ q) h(k+ r2) h(k+ 5) 2 7  zir2 2T4 

At this point the transform is taken with respect to each axis by considering the 

following transform relationship: 
zk ~ ( z )  = ç h(7 + k)  fr  

r 

Thezefore by taking the Z transform for each variable the following form is 

ob tained: 
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Finally considering the final transform thus fields the desired result: 

C(Z~ZZ~%) = Y. H(z) WA H(VZ V% Vz3) (2.43) 

This expression relates the system hction to the freqpmcy domain 

representation of the fourth order cumulant which is also referred to as the 

trispecttum. It is also vaüd for complex data in the case where no conjugated 

temis are required in the cumulant definition. 

In the case of complex data where two conjugated terms are used, the m u l a n t  

may also be expressed in the time domain as: 

~ ( 7 , ,  r2, 5) = yszh' (k)  h(kt '1) h'(k+ ' 2 )  h(k + '3) 
k 

In the fiequency domain this expression becomes: 

C(zlfz2f '3) = Ys N ( ~ )  ~ ~ ( 4 )  H ( z 3 )  ~ ( ' 1 ~ ;  1/'; 1/Z;) 

This relationship is valid for real data as wd. 

The accurate extraction of the impulse response from the cumulant is a very 

diffidt and challenging problem as evidenced by the extensive and on going 

research in this area. It is remarkable and interesthg that a very simple but 

theoretical dosed form solution &ts from which it is possible to determine the 

parameters of a MA model. Apriori knowledge of the order of the system is 

required in order to use this method which is referred to as the C(q,k) formula 

[41 

The method seeks to identif' those points in the three dimensional cumulant 

space whidi correspond to the impulse response of the system. In order to 

adueve this objective appropriate lag values in the cumulant definition need to 

be selected. 



The C(q,k) formula is derived for a FIR system usina the cumulant definition in 

terms of the impulse response and by considering a number of interesting points. 

In this approadi, a reduction in the number of unknown impulse response te- 

is attempted and wd in order to express various cumuiants in terms of various 

impulse response components. 

A reduction in the number of unknown impulse response terms is achieved by 

considering that the first sample of the system's impulse response is always 

assurned to be unity i.e.: 

h(0) = 1 

Ano ther major simplification is possible b y noting that the cumulant vanishes for 

lags greater than the order of the impulse response of the system. This implies 

that nonzero elements appear in the summation only when the summation index 

is zero. This results in the elimination of the summation operation and yields a 

cumulant value whidi is the produd of impulse response samples at various 

lags. This operation is expressed as foIlows: 

The derivation of the C(q,k) f o d a  therefore proceeds by assigning the 

following lag values: 
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The unknown ternis in this expression are solved for by assigning the following 

lag values: 
r1=4 

r2 =O 
?. = O  

which yields: 

Combining these two equations yields the C(q,k) formula as: 

where because of symmetry the foIIowing holds [4]: 

c(qrOr0) = c(-q,-q,-q) 

The syrmnetry uidicates that there are other cumulant values from which the 

impulse response can be obtained. The C(q,k) equation uses only a one 

dimensional slice of the output cumulant which indicates the weakness of the 

method in the sense that since the cumulant is only an estimate, no filtering or 

averaging occurs to reduce the estimation error. 

The relationship between the impulse response of a system and its cumuiant is 

unfortunately a nonlinear one. The principle of superposition, which is a 

requirernent of a linear system, does not apply since, for example, a scaling of the 

impulse response does not result in a correspondhg 1inea.r scaling of the 

cumulant. The application of homomorphic techniques to the higher order 

spectral methods allows linear methods to be applied to the nonlinear 

relationships resulting in a variety of interesthg linear techniques. 



2.6 Summary 

The use of higher order spectra enables one to identify an unknown system from 

the output of the system without knowledge of the input source. It is important 

to realize Uiat the identification of the unknown system is based upon knowledge 

of the statistics of the input source sequence rather than knowledge of the actual 

symbol sequence. The system identified using higher order spectra wili yield the 

true phase of the system and not just the equivalent minimum phase of the 

system as is the case when deaüng with traditional second order statisticdy 

based methods. 

The systems encountered in the communications environment, as well as in 

many other environments, are not limited to real data. Thus, the definition of the 

cumulant must be valid for both complex data as well as for real data. The 

extraction of the impulse response from the cumulant is very difficult and a 

number of methods using homomorphic tediniques are introduced in the 

following two chapters. 



Chapter 3 
Homomorphie Systems & Cornplex Cepstra 

3.1 Hmomorphic Systems based on the complex Zogarithm 

The use of higher order spectra makes it possible to identify an unknown system 

using measurements obtained at the output of the systern to be identified. The 

identification requires the knowledge of the staüstics of the input source 

sequence rathex than the knowledge of the actual symbol sequence. The fourth 

order cumulant has been shown to contain information about the impulse 

response of the unknown system. Unfortunately, the extraction of the impulse 

response is a nonlinear problem. It is therefore the intent here to describe the 

method b y whidi a separation between the signal source and that of the impulse 

response is possible. Furthermore, this impulse response may the .  be recovered 

using a well known recursive technique [13]. 

The application of homomorphic techniques to higher order spectral methods 

provides a technique whereby the nonünear relationship between the cumulant 

and the impulse response may be transformeci into a h e m  one. A homomorphic 

system is a terni which refkrs to those dasses of nonlinear systems whïch obey a 

generalïzed principle of superposition [13]. In these systems, a translation is 

sought which transfonns a previously nonünear relationship, such as the one 

between the input and output components of a system, to that of a Iinear one. 

When such a transformation exists, the homomorphic system can be dealt with in 



40 

a sïmilar manner to a linear system thereby facilitating hear  filtering operations 

[W. 

Perhaps the most extensively encountered operations to which homornorphic 

signal processing is applied are those of multiplication and convolution. In a 

multiplicative homomorphic system, the signal is comprised of the product of 

two or more component signals. Linear filtering is ineffdve in its ability to 

distinguish these individual components even if they differ in frequency content. 

In this situation, applying a complex logarithm to the signal transforms the 

multiplied signal components into additive components which may Uien be 

filtered linearly. Inverse transformation of these individual components by the 

application of exponentiation restores the signal into its original domain. 

In the convolutional homomorphic system, the signal is comprised of the time 

domain convolution of various signal components and corresponds to 

multiplication in the frequency domain. This is in contrast to a multiplicative 

homomorphic system where the convolution occurs in the frequency domain. In 

order to facilitate the abiüty to distinguish t h e  domain convolved signals, a 

complex logarithm is applied to the Z transform of the signal, causing the signal 

components to now become additive. Inverse Z transformuig the signal into the 

equivalent time domain results in the complex cepstnim representation. In this 

domain the addition relation is preserved and allows many filtering operations 

to be easily irnplemented. The complex cepstnim therefore refers to the inverse 

Fourier transfonn of the complex logarithm of the Fourier transform of the 

signal. This differs from the cepstrum which refers to the inverse Fourier 

transform of the Iogarithm of only the magnitude of the Fourier transform which 
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does not depend on the phase. The inverse system transformation by the Z 

transform, exponentiation and inverse Z transformation returns the signal to the 

original domain. In both convolutional and multiplicative homomorphic 

systems, the basic function used in the transformation is the complex logarithm. 

It is, however, the convolutional mode1 whkh appears in the areas of seismology 

and in communications and is therefore the system of interest. 

The usefulness of the system becomes apparent if the output of a convolutional 

system is defined as foliows: 

x(n) = s(n) * h(n) 

where: 

x(n) is the output of the system 

s(n) is the unlaiown source sequence 

h(n) is the impulse response of the system 

This is equivalently expressed in the Z domain as: 

X ( Z )  = S(Z) H(z) (3.2) 

By applying the complex logarithm to this output sequence the decomposition 

into the source sequence and the system function components occurs as follows: 

X(z) = i, [x(z)] = S(z) + fi(z) (3-3) 

where 
S(z) = in S(z) 

A(z) = ln H ( z )  

Transformation into the equivalent üme domain yields the complex cepstnun 

and resdts in the foilowing fom: 

i ( n )  = 5(n) + 6(n) 
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The complex cepstrum of the source sequence and of the impulse response are 

thus observed to constitute additive components of the complex cepstrum of the 

system's output. 

The ultirnate goal in many signal processing applications is to recover the 

original sequence s(n) . This is generally accomplished by separating the signal 

component from the system function. In general these two components are not 

linearly separable, however in certain cases such as optics this is indeed the case. 

It will be shown that by applying homomorphic techniques to higher order 

spectra, a separation between the signal source and the impulse response is 

possible. 

The homomorphic system is described mathematicdy with the forward 

transfomi represenüng the complex cepstrum given as: 

?(n) = z-l [in ~ ( z ) ]  

and the inverse transform given as: 

x(n) = Z-l [ ~ ( z ) ]  = Z-' [exp IZ(z)] 

The basic operations just described are representative of a convolutional 

homomorphic system where the process of convolution is transformed into one 

of addition- This mapping operation may also be applied to higher order spectra 

to yield many interesting results. 
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3.2 Complex Logaràthm, Complex Cepstrum and Diflerential 

Cepstrum 

In a convolutional homomorphic system the mapping or transformation of the 

operation of convolution into that of addition is accomplished by obtaining the 

complex cepstnun. The complex logarithm is a key element in the definition of 

the complex cepstnim. The complex logarithm for a convolutional homomorphic 

system is defined as follows [13]: 

2 ( z )  = In X(z )  = In 1 X(z)l+ j arg[~(z)] (3-7) 

where: 

X ( z )  is the 2-transform of an arbitrary sequence 

k(z) represents the Z transfom of the complex cepstrum 

The problem with the use of this definition of the complex logarithm, is that the 

imaginary component corresponding to the phase or argument is not well 

defined. The argument must therefore not be restncted to only take on principal 

values. In order to ensure a continuous function, phase unwrapping is required 

~ 9 1 .  

The complex logarithm must have a convergent power series representation from 

which a valid transform can be extracted. The complex logarithrn must therefore 

be representable in the following manner: 
ni- 

n=-œ 

Stability is ensured by including the unit arde in the region of convergence. The 

sequence of coefficients of the power series then corresponds to the complex 
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The determination of the complex cepstrum may alternatively be obtained 

directly by differentiating the complev logarithm. This approach resolves the 

problems of the argument of the complex logarithm not being uniquely defined 

and discontinuous. The direct reiationship between the complex cepstnim and 

the s ystem's transform is established b y Merentiating the complex logarithrn as 

where: 

2 ( z )  is the complex logarithm representation 

&(z) is the differentiated complex logarithm 

X ( z )  is the Z transform of an arbitrary sequence 

Multiplying through by z X(z )  yields the foIIowing: 

The relationship between the complex cepstnun and the signal is obtained by 

transforming this equation into the time domain. h order to proceed further, the 

relationship between a thne advanced derivative of a Z domain function and its 

time domain equivalent needs to be determined. This begins by considering first 

the Z transform definition given by: 

The derivative of the Z domain fundion may be taken and yidds the following: 

From this fom, an advanced Z transform reiationship may be determined and 

yields a correspondhg advanced time domain equivalent as: 
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Similady the advanced complex cepstnun is given by: 

These transform reiationships may now be wd to transform the differentiated 

complex logarithm into the time domain to yield the complex cepstnim as 

follows: 

-n x(n) = (-n ?(n)) * x(n) (3.15) 

This expression resdts in a convolutional relationship between a signal and its 

comptex cepstrum. Expanding the convolution in terms of a series gives: 

Finally by rearranging the expression a bit hvther a relationship between a signal 

and its complex cepstrum is presented as follows: 
k=- k 

x(n) = - f (k)x(n - k), n t O 
a 

This equation resuits in a rdationship between the signal's complex ceps- 

X(n) and the signal represented by x(n). The use of the complex logarithm is 

avoided and thus diffidties with phase ambiguities are avoided. 

An alternative method to avoid the use of the cornplex logarithm is to use the 

differential cepstrum cürectly. The relationship between an arbitraxy signal and 

it's differentiai cepstra may be determined by recalling that 

By multiplying through by X(z) and transforming to the time domain the 

following expression is obtained: 
-(n - 1) x(n - 1) = x(n) * $(n) 

The convolutional part of this equation may be further expanded to yield the 

desired relationship between a signal and it's differential cepstra: 



k=-œ k=-0  

The relationship between the differentid cepstra and the complex cepstra rnay 

By transforming to the time domain the expression becomes: 

2Jn) = - (n - 1) ?(n - 1) (3 .2)  

These expressions indicate that the differential cepstrum is dosely connected to 

the complex cepstnun to the extent that the two fonns are almost 

interchangeable with each other except for a time varying scahg factor [12]. 

3.3 Cornplex Cepstrum of the Impulse Response 

The usefulness of the convolutional homomorphie systern, based on the cornplex 

logarithrn, is illustrated by considering the impulse response of the system. In 

the time domain representation, the impulse response of the communications 

Channel may be represented in terms of a convolutional relationship between the 

minimum and maximum phase components expressed as: 

h(n) = i(n) * o(n) (3.23) 

where: 

h(n) represents the impulse response of the channe1 

i(n) represents the minimum phase components 

o(n) representç the maximum phase components 
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The minimum phase term refers to d.I the poles and zeros which are located 

within the unit circle in the Z plane whiie the maximum phase term refers to 

those zems (and poles) whïch are located outside the unit cirde [30]. 

The system's funciion in the Z domain may equivalently be expressed as a 

multiplication of the transformed minimum and maximum phase components as 

follows: 

H(z) = 1(z) O(z) 

where: 

H ( z )  is the system fundion 

I(z) is the transfomed minimum phase components of the system 

O(z) is the transformed maximum phase components of the system 

The complex cepstnun is obtained by computing the complex logarithm of the 

system funciion and yields a linear relationship between the various components 

such that 

H(z) = Î(z) + Ô(z) (3.25) 

where: 

A(z) is the cornplex logarithm of the system function 

Î (z)  is the complex logarithm of the minimum phase components 

Ô(z) is the complex logarithm of the maximum phase components 

Transforming this equation into the thne domain by applying an inverse Z 

trawform results in the foliowing linear relationship: 

i ( n )  = i(n) + Ô(n) (3.26) 

where: 

h(n) refers to the cornplex cepstrum of the impulse response 

z(n) refers to the complex cepstrum of the minimum phase components 
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p, is the number of maximum phase poles 

The maximum phase component is observed to contain maximum phase poles 

which result in system instability. They are înduded here only for completeness 

and will not cause a problem in further derivations. 

The complex cepstnun of each of these terms is obtained by first taking the 

complex logarithm and then applying an inverse Z transfom. The complex 

logarithm of the minimum phase component is therefore: 

and the complex logarithm of the maximum phase component is: 

Each of the logarithmic ternis may be expanded into a power series since: 

This expansion is done in order to facilitate the determination of the inverse Z 

transform. The expansions for the two minimum and mcucimum phase 

components are therefore: 

and 

Since the complex logarithm is expressed in t m s  of a power series, the inverse 

Z transforrn may be determuied by inspection. Thus the inverse Z transform of 

an arbitrary function is simply the coefficient of the series, f (k), and is obtained 

by inspection from the Z transform given by: 



The complex cepstrum for each of the minimum and maximum phase 

components is therefore: 

and 

The various regions of the complex cepstra are listed as foilows: 

0 , n = O, arbitrary scaling 
'11 n PI n 

& z ) = ~ - ~ { l n ~ ( z ) } =  -x%+zL , n > O, minimum phase 
i=l n i=1 n 

h bi-n Pz di-. 

Z n - Z n  , n < 0, maximum phase 

From thiç list for the complex cepstra, it is observed that positive indexed 

cepstral coefficients correspond to minimum phase components while negative 

indexed cepstral coefficients correspond to the maximum phase components [q. 

To facilitate further computation it is useful to define the minimum and 

maximum phase cepstral coefficients such that [10][11]: 

and 
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Thus by using a convolutional homomorphie system based on the complex 

logai.ithm, it is possible to express the complex cepstnim of the impulse response 

as a linear sum and difference of the complex cepçtra of the minimum and 

maximum phase components corresponding to the system's pole and zero 

locations. This decomposition corresponds to the two regions of the interior and 

the exterior of the unit circle. 

3.4 Impulse Response Coefficients fiom CepstraL Coefiicients 

The impulse response coefficients are related to the cepstral coefficients through 

the difference equation developed earlier i-e. (eqn. 3.17): 
œ 1- 

This equation may be used to detennine the minimum and maximum phase 

impulse coefficients individually. The minimum phase impulse response 

coefficients may be obtained by first noting that for causal minimum phase 

sequences both the cepstral coeffiaents and the impulse response coefficients are 

[13]: 

x(n) = f (n) = O, ncO (3.40) 

The difference equation may therefore be modified for minimum phase systems 

to yield: 

where 

i(n) refers to the minimum phase components 

[(k) represents the minimum phase cepstral coefficients 



A maximum phase sequence has no poles or zeros inside the unit c ide  and the 

impulse response coefficients are therefore [13]: 

x(n) = ?(n) = 0 ,  n>O 

The difference equation is similarly modified for maximum phase systems to 

yield: 
-' k 

O(#) = - ô(k) o(n - k), n e 0  
k n  n 

where 

o(n) refers to the maximum phase components 

ô(k) represents the maximum phase cepstral coefficients 

The impulse response coefficients both begin with unity as: 

i(O) = o(O) = 1 (3 4-41 

In condusion, the impulse response of the system may be obtained in a recursive 

fashion from the cornplex cepstra of the system. Positive indexed cepstra 

correspond to the minimum phase terms while negative indexed cepstra 

correspond to the m h u m  phase temis of the impulse response. 

3.5 Complex Cepstra of Higher Order Spectra: The trt'cepstrum and 

cumulant relationship 

Higher order spectra which are also referred to as polyspectra are defined as the 

Fourier transfomi of higher order cucnulants. The polyspectra is able to preserve 

the phase charaber of non-Gaussian parametric signals [Il] even at the output of 

a systern where only knowledge of the non-Gaussian distrilution is required. 

Many procedures [4] have been developed using AR, MA and ARMA modehg 

tediniques using cumdants in an atternpt to identify the impulse response and 
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thus recover the original signal. These methods, however? require the solution of 

nonlinear systems of equations. 

Convolutional homomorphic filtering, based on the complex logarithm, is an 

approach which may be applied to higher order spectra and is an alternative 

method to the problem of nonminimum phase system identification. In this 

method, separation of the impulse response of the system from the input source 

signal occurs when the input source signal is white or coloured but non- 

Gaussian. Furthermore, the solution in the cepstral domain yields a linear 

system of equations with the added feature that apriori knowledge of the model 

order is not required. 

In convolutional homomorphic filtering involving higher order spectra, the 

complex logarithm is applied to the higher order spectra and inverse 

transformed to yield the complex cepstnim of the fourth order cumulant In this 

method, an attempt is made to recover the hue phase charader of the impulse 

response by using the complex cepstra to identify the minimum and maximum 

phase cornponents. The usefulness of the homomorphic system is based on 

establishg a direct relatiomhip between the fourth order cumulant and its 

complex cepstnun. The complex cepstrum of the fourth order cumulant is 

termed the tricepstrum [14]. This rdationship is dete.rxnined by considering the 

fourth order cumulant and its discrete Fourier transform, the hispectrum: 

c(m, n? 1) = ~ c ( z ,  g ,z, )] (3.45) 

The hicepstrum is the complex cepstrum of the fourth order cumulant. A direct 

relationship between the cumulant and the hicepstrurn is detennined by 
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differentiating the complex logarithm of the trispectrum with respect to one of 

the Z variables as follows [Il]: 

The choice of the variable whkh the differentiation is done with respect to does 

not matter as al l  variables are interdiangeable due to symmetry. Multiplying 

through by z, C(q, q, 23) yielh: 

Transforming this expression into the tirne domain yields the relationship 

between the fourth order cumulant and its complex cepstnun or the tricepstnun. 

The transformation thus yields: 

-m c(m, n, 1) = (-rn qm, n,l)) * c(m, n, 1)  (3.48) 

where 

m, n, 1 are various sample numbers of the cumulant sequence on each awis 

c(m, n,l) represents the fourth order cumulant 

E(m, n,Z) represents the corresponding tricepstrum 

This relationship is a three dimensional or triple convolutional equation and 

serves as the foundation from which many interesthg solutions may be derived. 

By further expansion, the convolutional relationship between the trïcepstnim 

and the fourth order cumulant may be equivalently expressed in terms of a triple 

sum as follows: 

This equation may be simplified by determining which complex cepstra terms 

contribute to the convolutional sum. The complex cepstnun is nonzero only at 

integer values dong each axis and dong the main dîagonal of the three 



55 
dimensional space 141. This r e d t  may be shown by considering the cumulant at 

the output of a system in terrns of the impulse response as follows: 
OD 

Transformùig this to the complex cepstra domain yieids the complex cepstra as: 

Z(rn,n,l) = ln y 6(m) 6(n) 6(l) + h(m) 6(n)6(1) + &n) 6(m)S(l) 
(3.51) 

+ 6(1) 6(m)6(n) + h(-m) S(m - n)6(n - 1 )  

It therefore foilows that the complex cepstra are identical on each of the axis and 

dong the common diagonal slice. Therefore the oniy contn'butions to the 

convolutionai surn resdts from values along the rn axis when k is not zero and 

along the diagonal axis i = j = k. 

The convolutional equation may therefore be expressed in a fashion to indicate 

the valid contributions from the complex cepstrum as: 

Further simplification yields: 

This fonn c m  be further simplifieci by identifymg the individual complex 

cepstrum (tricepstrum) tenns. 



The cornplex cepstrum in terms of the minimum and m&um phase 

components of the impulse response may be expressed as: 

t (m,  n, Z) = ln y S(m) S(n) 6(1) + ?(m) S(n)6(1) + Û(m) S(n) 6(1) 

+ z(n) 6(m)6(1) + ô(n) 6(m)S(I) 

+ @) 6(m)6(n) + Û(1) 6(rn)6(n) 

+ i(-m) 6(m - n)6(n - 1) + ô(-m) 6(m - n)6(n - 1 )  

This expression is useful because from it the complex cepstrum may be expressed 

in ternis of the cepstral coefficients of the minimm and maximum phase 

components of the impulse response. The minimum phase cepstral coefficients 

represent a right hand sequence which may be defined such that: 

~ ( k )  = - k qk), k > O (3.55) 

The maximum phase cepstral coefficients represent a left hand sequence which 

may &O be defined as: 

B(k) = - k ô(-k), k > O 

Substituting these cepstrd coefficients nit0 the previous expression yields: 

(3.57) 

The complex cepstrum expressed in this fashion may be w d  to further expand 

the convolutional equation. The complex cepstnun temw of interest are thus 

identified b y substituting the appropriate variables to yield: 



and 

k ~ ( k ,  k, k )  = - B(k), k > O 

Similarly the ternis corresponding to the negative axis are expressed as: 

k c(-k,O,O) = - B(k), k > O (3.60) 

and 

k c(-k,-k, -k) = - A(k), k > O 

The cepstral coefficients just developed may now be substituted into the 

convolutional equation to yield the cepstrai equation as follows: 
D 

-m c(m, n, 2 )  = ~ ( k )  [c(m - k, n, 2) - c(m + k, n + k, 1 + k)] 

where: 

p is the number of minimum phase cepstral coefficients 

q is the number of maximum phase cepstral coefficients 

This equation provides a direct relatiomhip between the cepstral coefficients A(k) 

and B(k) representing the minimum phase and maximum phase cepstral 

coefficients respectively and the fourth order cumulanis c(m, n,l) . 

The relationship between cumulants and cepstral coefficients is referred to as the 

cepstral equation. This equation forms the basis of the cepstral method and 

allows the cepstral coefficients to be caldated without the need of a logarithm 

or Fourier transform caldation. 



3.6 Summay 

In this chapter the concept of a homomorphic system is introduced. Such a 

system is usefui because it enables the transformation of a convolutional 

operation into one of addition. This transformation is achieved d i r d y ,  thereby 

avoiding the complex logarithm and Fourier transformation operatiom. The 

impulse response may then be recovered in a tecursive fashion fiom the complex 

cepstnim- 

The homomorphic system transformation may also be applied to higher order 

spectra. This enables a recovery of the system's impulse response in terms of the 

minimum and maximum phase cornponents. Other configurations will be 

explored in the following chapter. 
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Chapter 4 
Tricepsfnrm Equalizer Algorithm Approaches 

4.1 Cepstral Operation of Higher Order Spectra: 

The Tricepstrum Equalizer Algorithm (TEA) 

The relationship between the fourth order cumulant and the tricepstnim is used 

in the method known as the trïcepstrum equalizer algorithm (TEA) to estimate 

directly the minimum and maximum phase components of the impulse response. 

'I'his method was originally developed by Pan and Nikias [Il] and by Hatzinakos 

and Nikias [9]. The derivation of the TEA method involves the determination of 

the complex cepstnim h m  the cumulant using the relationship between the 

cumulant and the unknown system's complex cepstnun and then the recovery of 

the impulse response fiom the complex cepstrum. 

In the development of the TEA method, the objective is to identify the 

tricepstrum coefficients of the systern fundion corresponding to the system's 

pole and zero locations. These pole and zero locations are identified as king 

either minimum or maximum phase components. The identification of the 

tricepstral coefficients begins by considering the definition of the fourth order 

cumulant in tenns of the impulse response of the system. The fourth order 

where: 

ri represents the t h e  indices of the cumulant 



h(k) is the kth sample of the impulse response 

y is the kurtosis 

This equation may be equivalently expressed in the Z domain as [Il]: 

(4-3) 

The complex cepstrum of the system fundion may be further expanded into the 

minimum and maximum phase components. Thus the complex logarithm of the 

trispeanim in ternis of the minimum phase and the maximum phase 

where: 

î ( z )  represents the complex logarïthm of the minimum phase terms 

Ô(z) represents the complex logarithrn of the maximum phase terms 

Each of the individual terms is actualiy a three dimensional function and when a 

term appears as a function of only one variable it represents only one axh in the 

cumulant space. When the three variables appear as a produd, the 

representation implies the diagonal slice of the cumulant space. Taking the 

inverse Z transform yields the complex cepstrum of the cumulant or tricepstnim 

such that: 



where 

6(n) represents a kronecker delta function 

In the previous chapter the relationship between the tricepstrum and the fourth 

order m u l a n t  was determined and is equivalently expressed in the triple 

convolutional relationship as: 
- B o 0  

From the previous determination of the hicepstnim, it is obsemed that the 

cepstral coefficients are defined ody dong the three axis slices and along the 

common diagonal slice. Furthemore the values of the cepstral coefficients are 

identical along each of these axis and as such, it is suffiCient to express the triple 

convolutional reiationship as a one dimensional expression. Substituthg the 

complex cepstnim of the cumulant hto this equation yields: 

The minimum phase complex cepstra components are defined only for index 

values greater than zero and therefore it is suffiCient to express the summation 

limits starting from a value of one. Similarly the maximum phase complex 

cepstra components are defined only on the negative axis corresponding to 

negative index values which again dows the summation Mt to be reduced. 

Incorporating these limit changes results in: 



The minimum and maximum phase complex cepstra are more commody 

expressed in terms of the cepstral coefficients. These cepstrai coefficients are 

defined in ternis of the minimum and maximum phase complex cepstra as well 

as the individual pole and zero locations as follows (eqn. 3.38): 

i=l i=l 

and (eqn. 3.39) 

The last terms representing the pole and zero locations are obtained from the 

expansion of the complev logarithmic terms of the minimum and maximum 

phase components into a power series fiom which the inverse Z transform is 

easily determined. Thus substitution of these cepstral coeffiaents for each of the 

minimum and maximum phase complex cepstrum tenns yields the following [9]: 

-m c(rn,n,l) = CA(L) [c(m - k,n,l) - c(m + k,n + k,l+ k)]  
k=l 

This equation is referred to as the tricepstnun convolutional equation. It is 

observed that both minimum and maximum phase cepstral coeffiaents are used 

to weight cumulants of various lags in order to predict a central cumulant. This 

system of equations dows the direct determination of the tricepstnim 
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represented by the cepstral coefficients without the use of the Fourier transform 

and of the complex logarithm. The advantage in this rnethod is that phase 

unwrapping problems and methods are avoided. 

4.2 Complex TEA method 

Cornplex data systems consisting of an inphase and a quadrature channel are 

characteristic of digital communication systems. The inphase and quadrature 

channels although independent at the transmitter are not necessarily so at the 

receiver. Consequently cross talk would result from a channel having a complex 

impulse response. The implication of the complex data scenario is that the 

cumulant definition is affected. Two possible definitions for the cumulant are 

suggested. In the first case no conjugates are requïred resulting in the cumulant 

being defined as: 

In this case the TEA method is quivalent for both the real and complex cases. 

nie difference arises in the cumulant estimation procedure as discussed earlier. 

In the second case, two of the terms must be conjugated such that: 

This equation is equivalently expressed in the Z domain as: 

Since an expression is sought which relates the cumulant to its complex cepstrum 

the complex logarithm of the trispectrum is taken and results in the following: 



From this f om the system function may be expanded into the minimum and 

maximum phase components yielding: 

Finally, by inverse Z transformation the desired tricepstrum is obtained with 

respect to the individual minimum and maximum cepstrum components as 

The complex cepstra identified so far is now used in the mulant cepstral 

relationship developed earlier (eqn. 4.6) and given as: 
m m -  

Substituthg the complex cepstra into this equation and recalling that the 

relationship reduces to a one dimensional relationship yields: 

The minimum phase complex cepstrum is defined oniy on the positive axis 

represented by positive index values. Similarly the maximum phase complex 
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cepstrum is defined for negative index values. These regions of support result ui 

changes to the surmation iirnits resulting in: 

The complex cepstrum of the cumulant is expressed in t m  of the complex 

cepstnim of the minimum and maximum phase coefficients, however it is more 

common to ewpress the relationship in te- of the cepstral coefficients and the 

pole and zero locations defined as follows (eqn. 3.38): 
'Ir PI 

A @ ) = - k i ( k ) = x a f - C c : ,  k > O  

and (eqn. 3.39) 

The complex conjugate terms are also defined as: 

and 

Substituting these cepstral coefficients for each of the minimum and maximum 

phase complex cepstrum terms results in the following: 

This equation is the conjugated complex data equation for the TEA method- The 

equation is more complex than for the real case and for the case of unconjugated 
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cornplex data. It is observed that if the conjugated and unconjugated terms 

corresponding to the same tenn are equated the result wiU yield the 

unconjugated or real version of the TEA method developed previously. 

4.3 Cepstral Operations on Slices of Higher Order Spectra: 

The Slice Tricepstrum Equalizer Algorithm (slice-TEA) 

The tricepstnim equalizer algorithm developed in the previous section makes 

use of all the samples in the polyspectrum. This results in a three dimensional 

convolutional relationship f h n  which, because of iuas symmetry, it is possible to 

reduce the problem to a one dimensional one. Another approadi is to only use 

the diagonal slice of the polyspectrtun and is an approach whîch differs h m  the 

TEA method in that a one dimensional sequence is defined rather than a three 

dimensional sequence- This approadi is known as the siice-tricepstnun equalizer 

algorithm (slice-TEA) and was developed by Ashebeli et al. [18]. The slice-TEA 

method attempts to determine the minimum and maximum phase components 

of the system's impulse response by applying the cepstrd operations, derived 

from homomorphie techniques, to a diagonal siice of the fourth order spectnim 

of the output signal. 

The slice is defined by considering the fourth order spectrum and its relationship 

to the systern fundion described as (eqn. 4.2): 

c ( ~ f z 2 f z 3 )  = Y H ( ~ )  H ( z 2 )  H ( z 3 )  H(Y%Vq!/z3) 

The method utilizes the diagonal slice of the fourth order spectnim 

corresponding to z, = z, = z, = z. This implies that the corresponding 
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rdationship between the fourth order spectrum (trispectrum) and the system 

function be given by: 

G(z) = C(z, z, z) = y H~ (z )  H ( ~ / S )  

Although the system function could be determined from this expression by 

utilizing a root finding algorithrn, the use of the complex cepstrum operations 

provides an alternative approach. The cepstnim operations employ the method 

of least squares whidi fields a solution of the roots in a minimum mean square 

error sense versus an iterative approach. The cumulant slice expression is 

obtauied by transforming the tricepsturm siice ùito the time domain as foilows: 
g(k) = Z-'[~(z)] = 2-'[~(z, z, z)] 

Since a relationship is sought between the cumulant slice and the complex 

c e p s t m  of the minimum and maximum phase components of the system's 

impulse response, the complex cepstnun of the cumulant slice needs to be 

determined. The complex ceps- is determuied by first obtaining the complex 

logarithm of the diagonal slice as follows: 

C(z) = ln G(z) 

= In y + t î 3 ( ( z )  + Eî(l/z3) 

= in y + 3 Iî(z) + A(1/z3) 

The system  ansf fer function may be further expanded in terms of the minimum 

and maximum phase components to yield the following: 

e (~ )  = ~n y + 3 î ( ~ )  + 3Ô(2) + î ( i z 3 )  + ô(vz3) (4.24) 

The complex cepstrum is obtained from the complex logarithm by inverse Z 

transformation. The last two terms of the expression are observed to be 

expressed in terms of f3. The inverse Z transfonn of this expression is 

detemiined by considering the Z transform relation expressed as follows: 



where 

n%3 represents a modulo 3 o p e o n  

Thus performing the inverse Z transform on the complex logarithm yields the 

complex cepstrum of the slice as: 

g(n) = in y 8(n)  + 3 i (n)  + 3 ô(n) + i(-n/3) S(n%3) + ô(-n/3) @%3) (4.26) 

where the terrns containing the modulo operation represent nonzero samples 

only when the index is a multiple of three. 

It remains now to develop a direct relatiomhip between the complex cepstnun 

and the cumulant slice. This relationship may be detennined by differentiating 

the expression for the complex cepstra of the hispectnim slice such that: 

Multiplying through by z G(z) and rearranging yields: 

Finally applying the inverse transformation to this equation results in the desired 

convolutional relationship as: 

or equivalently: 

C m  a m )  A n  - 4 = n s(4 
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At this point it is desirable to relate the complex cepstra to the actual minimum 

and maximum phase cepstral coefficients. This relatïonship is determined by 

substituting the expression relating the minimum and maximum phase cepstral 

coefficients to the süce's cepstral coefficients into the convolutional relationship 

just developed. This substitution is as follows: 

(431) 

Since the fractionated last two ternis are undesirable the following variable 

substitution c m  be made: 

k=-m/3 * m = - 3 k  

which then results in: 

Grouping the minimum and maximum phase components together and 

changing the variables yields: - 

Since the minimum phase complex cepstnim is not defined for negative index 

values and the maximum phase complex ceps- does not exist for positive 

index values the limits over which the summation is perfomed may be reduced 

such that: 



Finally it remains only to define the cepstral coefficients in a consistent manner 

as before (eqn. 3.55) su& that: 

and (eqn. 3.56) 

Substituthg in these definitions for the actual cepstral coefficients yields: 

This equation forms the basis of the slice-TEA algorithm where the cepstrai 

coefficients are used in a recursive fashion to yield the minimum and maximum 

phase components of the impulse response. 

4.4 Complex slice-lEA Method 

The complex data scenario consisting of an inphase and quadrature part impacts 

the form of the slice-TEA method for complex data. The cornph data structure 

affects the spectral slice definition in that two cases are possible. The first case 

requires no conjugates to appear in the spectral slice definition (eqn. 4.21) as 
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The use of this form yields the same result as for the real case. The difierence 

between the real and complex case would arise in the cumulant estimation of the 

output data. 

The second case under consideration requires that two of the terms be conjugated 

such that: 

G(r) = y H 2 ( z )  ET(=*) H$l/z8)J) 

The desired tricepstrum of the slice is obtained by first takuig the complex 

logarithm of the expression yielding: 
G(z) = In G(z) 

= in y + 2 Ln H(r)  + In ~ ' ( z * )  + in H'((**)~) 

From this expression, the systern Fwiction is expanded into its nunimum and 

maximum phase components such that: 

e(,) = i, v. 2 î ( ~ )  + 2 ô(=) + ?(Y) + ô+*) t i*((1/=0)~) + ô$1/~-)3) 

Applying the inverse Z transfomi to this expression yields the tricepstnim of the 

slice as follows: 

The delta fimction appearing in the last two terms represents nonzero samples 

only when n is a multiple of three. 

This expression for the tricepstrum of the slice may now be used in the 

previously developed relationship between the tricepstrum and the cumulant 

slice (eqn. 4.30) which is repeated as follows: 



Substituting this into the expression for the tricepstnun slice now proceeds as 

follows: 

(4.41) 

This equation contains undesirable fractiondy indexed terms which may be 

elirninated by the following variable substitutions (eqn. 4.32): 

k=-m/3  m = - 3 k  

Applying the variable change redts in: 

Since the minimum phase complex cepstnim is not defined for negative index 

values and the maximum phase complex ceps- is not defïned for positive 

index values, the following expression results: 



Further rearranging and grouping results in: 

The final step remaining is to characterize the tricepstnun slice in terms of the 

individual pole and zero locations of the system's impulse response. These 

individual pole and zero locations are defined in tenns of cepstral coefficients 

(eqn. 3.55) as follows: 

A(k)=-k i (k) ,  k > O  

and (eqn. 3.56) 

B(k)=-kÔ(-k), k>O 

Substituting these cepstral coefficients for each of the minimum and maximum 

phase complex cepstra results in the foilowing desired form: 
OD a 

+z~*(k) [g(n - k) - 3g(n + 3 k)] 
k=i 

-% ~*(k) [&z + k) - 3 g(n - 3 k)] 
k=l 

This equation represents the slice-TEA for complex data with the assumption 

that the cumulant is estimated using two conjugated terms. It is observed that if 

the conjugated terms of the cepstral coefficients are equated to the unconjugated 

equivalents, the result will field the same solution as for the unconjugated or reai 

case. 



4.5 Representation in t e m s  of Magnitude and Phase 

An alternative to the representation of the system transfer function in temis of its 

minimum and maximum phase components is the equivalent magnitude and 

phase representation. This equivalent representation mggests an alternative 

method to system identification in temu of magnitude and phase. The 

decomposition into the magnitude and phase components is demonstrated in the 

phase 

Using this approach the magnitude and phase identification and ultimately the 

equaiization can be treated independently. This is advantageous because it 

allows flexibility in the equalizer configuration. The optimization of each 

component is then possible in terms of computational requirements and 

equdizer placement resdting in an improvement in performance. 

The independence assumption of the magnitude and phase functions dows one 

to consider the two components separately. ki the case of the magnitude 

identification this approach is suggested as second order statistics are adequate 

to recover the magnitude information. Since the magnitude component is 

dmposed of all the minimum and maximum phase quivalents it is not 

necessary to distinguish between them. Thus it is not necessary to use higher 

order statistics in order to recover magnitude information. 
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Knowledge of higher order statistics is required in order to identify the phase 

component of the system since second order statistics are not adequate to 

identifjr mixed phase systems. The phase term is seen to display inverse complex 

conjugate symmetry between the numerator and denominator terms whïch is a 

defïnïng characteristic of the ail-pass structure. All-pass filters are therefore used 

to impiement phase filters as ail frequencies will be passed without any 

amplitude distortion. Since second order statistics are not adequate to resolve 

the pole and zero locations of a system, higher order statistics whkh are not 

phase biind offer a solution to this problem. Finally applying higher order 

statistics to just the phase term should also reduce some of the variance 

experienced in methods which effectively determine both the magnitude and 

phase jointly as in algorithms which identify m-um and minimum phase 

components. 

Whitening is a term used to indicate a process which uncorrelates signal sarnples 

in the Lime domain [l]. In such a sequence the value of any given sample is 

uncorrelated with past and future values of the sequence. In the frequency 

domain this corresponds to the adjustment or equalization of the magnitude of 

the spectral components so that the spectrum appears flat Since all frequenaes 

are present, the signal appears "whitet hence the term whitening. The whitening 

process corresponds to ampiitude equalization. 
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A stationary stochastic data sequence may be whitened by the use of a prediction 

error filter. The design of sudi a filter may be approached from the idea of 

modehg the data so that the output of the designed filter corresponds to an 

error process [l]. The performance of the whitening filter is dependent upon the 

order of the filter. As this mode1 order is increased the correlation between 

successive signal samples of the output is reduced until a white error process is 

achieved. This principle is also applied in linear predictive coding for 

transmission and reception of digitized speech. 

An alternative approach to the design of a whitening filter is to use convolutional 

homomorphie techniques applied to second order statistics. Second order 

statistics are adequate to identify the minimum phase equivalents required in 

amplitude equalization. In Uiiç alternative method a relationship is sought 

between the autocorrelation function and its complex cepstrum or equivalently 

the power cepstnun. From the power cepshum the equivalent minimum and 

maximum phase components are easily obtained [13]. The use of diis direct 

relationship between the autocorrelation function and the power cepstrum 

avoids the use of the complex logarithm and the Fourier transform. As a result 

phase unwrappuig problems and aliasing are avoided. 

The power cepstrum and autocorrelation relationship is established by 

considering the autocorrelation and its transfomi shown as: 

R ( 4  = z[rWl (4.47) 

The power cepstrum is defined as the inverse discrete Fourier transfomi of the 

complex logarithm of the discrete spechum expressed as follows: 

?(m) = T'[ln ~ ( z ) ]  = 2-'[k(z)] (4.48) 
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The power cepstnun may also be obtained directly hom the autocorrelation 

function and as such avoids the use of the complex logaridim and the discrete 

Fourier hansform with the asmciated phase imwrapping problems and aliasing. 

This relationship is developed by differentiating the complex logarithm of the 

spectnim as follows: 

Multiplying through by z R(z)  yields: 

It remains to transform this equation into the time domain which will result in: 

-k r(k) = (-k f (k))  * r(k) (4.51) 

where: 

k is the lag value between samples 

r(k) is the autocorrelation function 

î(k) is the power cepstm 

This equation Uius yields a relationship between a sequence's power cepstnun 

and its autocorrelation. 

The convolutional equation may be written as a convolutional sum as follows: 

It remains to obtah an expression for the power cepstnun in ternis of the system 

fundion and its minimum and maximum phase components. This expression is 

obtained by k t  considering the discrete power spectrum which is defined at the 

output of a system fed by a white input as: 

R(z) = d H ( z )  H*(~/z') (4.53) 
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The minimum phase sequence is a right hand sequence while the maximum 

phase sequence is a left hand sequence. The limits of summation may therefore 

be reduced to yield: 
m 

This expression may be altered further so that the minimum and maximum 

phase components and theV equivalents are expressed in temis of the pole and 

zero locations. This is done by substituthg the minimum and maximum phase 

ternis by the following cepstral coefficients (eqn. 3.55) d h e d  as: 

and (eqn. 3.56) 

This substitution yields: 
OD 0 

This expression may be simplified by regrouping ternis to give: 

-k r(k) = z ( ~ ( n )  + ~'(n)) r(k - n) - g ( ~ * ( n )  + ~(n)) r(k + n) (4.60) 

From this expression it is dearly obsenred that the sum of the cepstral 

coefficients spedies the amplitude of the system as stated by Petropulu & Nikias 

[8]. A new amplitude cepstral coefficient representing the minimum phase 

equivalent may be thus be defined such that: 

S(k) = A(k) + B'(k), k > O 

Substituting this definition into the equation above yields: 
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This equation forms the whitening filter where the unknown cepstral coefficients 

are solved for by using the method of Ieast squares. The impulse response of the 

minimum phase equivalent is then obtained by recursion using these amplitude 

or minimum phase equivalent cepstral coefficients. 

4.7 Phase Equalization: Phase-TEA and Phase slice-TM methods 

The result of cascading the transmission dianne1 with the a m p h d e  equalizer 

yields ideally a system which can be modeled as an dl-pas system. Since an d- 

pass transfer function has a unity power spectnim, second order spectra is not 

adequate to resolve pole and zero locations of the system. Higher order spedra 

offers a solution to this problem and with the application of homomorphie 

techniques, desirable linear solutions are obtained. 

The TEA and slice-TEA methods both use higher order statistics to determine the 

minimum and maximum phase components of the system's impulse response. 

Knowledge of these components is considered to be adequate information to 

constmct the phase of the system. Nikias and Liu [31] have shown that the 

subtraction of the maximum phase cepstral coefficients from the minimum phase 

cepstral coefficients wiU give the phase cepstral coefficients. 

The identification of the phase begins by considering the phase of the system 

hansfer function given as: 
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where 

H(z)  represents the system transfer fundon 

( z )  represents the complex conjugate inverse of the system function 

From this expression the cornplex logarithm of the phase is determined such bat: 
îl, (2) = ln H, (2) 

1 1 1 1 
= - In ~ ( z )  + - ln ~ ( z )  - - ln r(l/z*) - - h ~ * ( l / z * )  

2 2 2 2 (4-64) 

The complex cepstrum of the system's phase is determined by inverse Z 

transformation to yield: 

The complex cepstra of the minimum and the maximum phase components are 

commonly expressed in terrns of the minimum and maximum phase cepstral 

coefficients (eqn. 3.55) defined as: 

A(k) = - k q k ) ,  k > O 

and (eqn. 3.56) 

B(k) = - k ô(+), k > O 

Substitution of these cepstral coefficients into the previous expression results in: 

At this point a symmetry between the minimum and maximum phase cepstral 

coefficients is observed. Grouping of the positive indexed tems and of the 

negative indexed temis leads to a definition of the phase cepstral coefficient 

given by: 

D(k) = A(k) - B*(k), k > O 

Substituthg the cepstral coefficient of the phase for the minimum and maximum 

phase cepstral coefficients fields: 



It is thus shown that the phase of the system is M y  demied  by the phase 

cepstral coefficients. It is therefore possible to construct a phase equaiizer from 

the minimum and maximum phase cepstral coefficients using the TEA or slice- 

TEA methods. An equalizer constructed in this manner s h d  conveniently be 

referred to as the "phase-TEK method. 

4.8 Phase Equalization: AU-pass TEA cepstral equation dmDvation 

The phase of a system may be obtained by using either the TEA or slice-TEA 

rnethods. ln both of the methods, the subtraction of the minimum from the 

maximum phase cepstral coefficients will yield the phase cepstral coefficients 

fkom which the phase may be caldated. This approach is çuboptimum because 

the inherent symmetry of the 4-pass structure is not taken into account A 

method is therefore proposed which applies a constraint to ensure that the 

complex conjugate symmetry between the numerator and denomuiator is 

maintained. This will better mode1 the all-pass structure with an anticipation of 

an irnprovement in the positional accuracy of the pole and zero locations. 

Correspondingly there is an expectation of superior equalizer performance. 

An all-pas system is dehed as having the numerator being the complex 

conjugate inverse of the denominator. In the case of an all-pass transfer hction 

the phase of a systemls function is represented as follows (eqn. 4.63): 

1' (l/z*) O*(@) 



H(z) represents the system tramfer hct ion 

~ ' ( v z ' )  represents the complex conjugate inverse of the system function 

The objective of this approach is therefore to apply cepstral operations to the 

phase of the system function. This begins by considering the cumulant of the 

phase and its relationship to the impulse response given by: 
m 

This relationship is valid whenever real data is assumed or whenever the 

mconjugated complex data definition is assumed. 

Substituting in the d-pass system function yields: 

q z 4 f z 3 )  

The complex cepstnun is detennined by first taking the complex Iogarithm to 

(4.72) 

Further expansion of the system function into the minimum and maximum 

phase components gives: 



1 1 1 I eT(z.q.s)= i.u + , î ( ~ ) - ~ î . ( 1 / 4 ) + ~ Ô ( 4 ) - ~ ô . ( 1 / 1 ; )  
l a  1 1 + - r ( q >  - f ~.(I/z;) + Ô(ZJ - - ôW(i/g) 
2 2 

1 1 1 + 5 ~ ( Z J  - - i.(l/<) + ô(zJ - ô*(i/z;) 
2 

1 
+ f f(v., P 2  w 3 )  - 5 i*(+X) 

+ 5 "If., Y., yz3) - f B( j4<) 

Inverse Z transformation of this expression yields the desired complex cepshum 

of the phase and is: 
ZV (m,n, 1 )  = in y 6 ( m )  S(n) S(1) 

+ ' ;(m) 6 ( n )  6(1) + ;(nt) $n) 6(1) 
2 2 

-- ;* (-rn) b(n)  6(1) - ô. (-m) 6(n)  S(1) 2 

+ l i ( n )  6 ( m )  S(1) + Ô(n) G(m) S(1) 
2 2 

1 - 1 ?* (-n) 6(m) s(l) - - ô* (-n) 6 (m)  b ( l )  
2 2 

1 + f(1) 6(m)  6(n) + 2 ô(1) 6(m) S(n) 
2 

-- ' ?(-1) 8(m) s(n) - - 1 ô*(-[) b(m) 6(n)  
2 2 
1 -  1 + - i(-rn) 6(m - n) S(n - 1) + - ô(-m) 6 ( m  - n) 6 ( n  - 1)  
2 2 

1 - ' ?(m) 6 ( m  - n) 6 (n  - 1)  - - ô*(rn) 6(m - n) 6(n - 1 )  
2 2 

The complex cepstrum of the phase having been detemiined may now be used in 

the convolutional relatiomhip between the cornplex cepstra and the cumulant. 

The cepstral relationship (eqn. 4.6) is recalled as being: 
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The complex cepstrum of the phase is substituted into the cepstral relationship to 

field: 

Further simplification may be brought about by changing the summation limits 

to correspond to the regions of support of the minimum and m;ucimum phase 

complex cepstra thus yielding: 

The complex cepstra of the minimum and maximum phase components are 

commonly expressed in terms of the minimum and maximum phase cepstral 

coefficients (eqn. 3.55) given as: 



and (eqn 3.56) 

Further replacement of the minimum and maximum phase cornplex cepstra 

terms by the minimum and maximum phase cepstral coeffiaents just defined 

In this equation a symmetry of the various coeffiaents is observed. This suggests 

a regrouping of the terms such that: 

This regrouping suggests a new cepstral coefficient in terms of the phase which 

may be defined as: 

Repladg the minimum and maximum phase cepstral coefficients by the phase 

cepstral coefficient into the previous expression yields: 



This equation may be rearranged to yield: 
" 1 

-m c(m,n,l) = ç - D(k) [c(m - k,n,l) - c(m + k,n + k,l + k)] 
k=l  2 (4.81) 
" 1 -ç- D'(k) [c(m- k,n-k,I-k) -c(m+k,n,l)] 

k=l  2 

This expression forms the all-pas TEA method and is valid for real data or for 

complex data under the assurnption of no conjugated t m  in the definition of 

the cumulant. 

4.9 Cornplex AIL-pass TEA method 

The all-pass TEA method will be somewhat different for the case of complex data 

where the cumulant as a fwiction of the impulse response is: 
œ 

The trispectrum is related to the system transfer fundion in the foilowing 

manner: 

Cap(z1fz2 , z3)  =Y H a p ( ~ )  H,(Z;) H ~ ( z 3 )  ~ i ( i <  V Z ; ~ / ~ ; )  (4.83) 

Substituting in the all-pass system function fields: 



(434) 

The next step is to determine the complex cepstrum by first taking the complex 

iogarithm to yield: 

C $ k f z 2 0 ~ 3 )  = C'3&fWJ 

= h y + Eî,(q) + Iî,(z;) + Eî,(z3) + fi;(l/<I/z;l/z;) 

Since it is desirable to express the system function in terms of the complex 

logarithm of the Lninilnum and maximum phase components, the foilowing 

expansion results in: 
1~ 1 1 1 

Sq(~*#s,z3) = in y +T I ( q )  -2î*(l/~) + 2ô(z) - -Ô8(l/<) 
2 

1 1 1 1 + - î8(.;) - - Î(l,/zJ + ô.(z;) - - Ô ( ÿ 4  
2 2 2 
1 -  1 1 +, ~ ( z , )  -2î*(l/z;) + Lô(z,)  - -ô*(l/z;) 

2 2 
1 

+ $ î* ( 1 1 ~  v< Vz; )  - f ( V 2 ~ 3 )  

+ ~ ~ ( i / i i / i i / i ) - ~ ô ( i s ~ i  
Inverse Z transformation of this expression yields the desired complex c e p s t m  

of the phase and is: 



t, (m, n,l) = ln y 6(m) S(n) 6(1) 
1 + 1 1(m) 6(n) 6(l)  + - ô(m) 6(n)  S(I) 

2 2 
1 - ?(-nt) a(n) 6(i)  - ô* (-rn) 6(n) 6(1) 

2 
1 1 + - ?(n) 6(m) 6(i)  + ô* (n)  S(m) a([) 
2 
1 1 - - :(-n) 6(m) S(2) - - ô(-n) 6(m) S(1) 
2 2 

1 + i(1) 6(m) 6(n) + 2 ô(1) S(m) 6(n) 
2 

The complex cepstnim of the phase having been determined may now be used in 

the convolutional relationship between the complex cepstra and the cumulant. 

The cepstral relationship (eqn 4.6) is recalled as being: 

The complex cepstm of the phase is substituted into the cepstral relationship to 

yield: 



Simplification may be brought about by changing the summation Limits to 

correspond to the regions of support of the minimum and maximum phase 

complex cepstra thus yielding: 

The complex cepstra of the minimum and maximum phase components are 

commonly expressed in terms of the minimum and maximum phase cepstal 

coefficients (eqn. 3.55) given as: 

and (eqn. 3.56) 



F d e r  replacement of the minimum and maximum phase complex cepstra 

terms by the minimum and maximum phase cepstral coefficients just defined 

yields: 

In this equation a symmetry is observed which suggests a regrouping of the 

terms such that: 

This regrouping suggests a new cepstral coefficient in terms of the phase may be 

defined as: 

Replacing the minimum and maximum phase cepstral coefficients by the phase 

cepstral coefficient into the previouç expression yields: 



Thk equation may be rearranged to field: 
" 1 

-m c(m,n,Z) = z- D(k) [c(m - k,n,l) - c(m - k,n - k,l- k)]  
k = l  2 

This expression forms the all-pass TEA method and is valid for complex data 

under the assumption of conjugated terms in the definition of the cumulant. The 

all-pass structure is constructed by obtaining the numerator term from the phase 

cepstral coefficient by recursion. The denominator term is then the complex 

conjugate time reversal of the numerator polynomial. 

4.10 Introduction to the Method of Least Squares 

The method of least squares may be used to solve problems which have a form 

similar to the cepstral equatiom. This type of problem contains a nurnber of 

equatiom and a solution is sought which minimizes the sum of the squared 

errors. The error refers to an estimation error and is defined as the difference 

between a desired response and the prediction of that response obtained by the 

weighting of data. The least squares solution may be performed on systems 

whidi are over or underdetennined. Special techniques sudi as singular value 
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decomposition (SVD) and total least squares would have to be performed on 

underdetennined systems. The method of least squares is often used in 

prediction problems where past values are used to predict future values. 

The least squares solution descrïïed here follows Haykin [l] and is obtained by 

rninimizing the s u m  of squared errors. The error is given by: 

e(i) = d(i) - wH ~ ( i )  (4.95) 

where: 

e(i) refers to a single sarnple error 

d(i)  refers to a desired response 

i refers to a sample index 

w refers to the filter tap weights 

u( i )  = [$(i)  ik(i) .. . u, (i)]' represents data samples 

The sum of magnitude squared mors may be expressed as follows: 

where: 

w refers to the filter tap weights 

M refers to the order of the system 

N is the number of equations 

The sum of squared errors may be more conveniently expressed in matrix form 

in terms of the estimation error vector as: 

c(w) = eHa 

where 
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The error vector may also be expressed as the difference between the desired 

response vector and the filter output as: 

~ = d - Y W  

where 

d = [d(l) d(2) . .. d ( ~ ) ] ~  is the desired response vector 

Y = [~(i) u(2) ... u(IV)lW is the input data matrix 

~ ( i )  = [%(i) %(i)  . .. U, (i)IH is the input data vector 

The minimization is accomplished by differentiating the sum of squared errors 

with respect to each of the tap weights of the filter. This operation is shown as 

When this gradient vector is zero, the least squares solution is obtained and the 

resulting expression is referred to as the detemunistic normal equation which is 

expressed as: 

Y ~ Y *  = 'PHd 

where w is the least squares solution vector. 

The minimum value of the solution given by the least squares method is assured 

if the second derivative of the error performance, the Hessian matrix, iç 

determined to be positive semidefinite. This is a necessary condition because 

when the gradient is zero, the solution may correspond to a minimum or a 

maximum value. When the condition is satisfied such that 

V(VE) s O (4.102) 

the error surface curves upward in ail directions and a minimum solution is 

ob tained. The Hessian matrk is obtained as folhws: 



If the Hessian ma& is positive semidefinite, which is ensured since the 

correlation matrix iç symmetric, then the least squares method yields the 

minimum solution value. 

4.11 Solving the Cepstral Equations using Least Squares 

In the cepstra equation various cumulant samples at a number of lags are 

weighted by cepstcal filter coeffiaents to yield the central cumulant at the 

corresponding sample values on each axis. This corresponds to a linear 

prediction of the central cumulant sample. These cepstral coefficients are 

determined using the method of least squares. In this arrangement, the data set 

is comprised of cumdants at a number of lags. The error to be minimized refers 

to the difference between the set of weighted cumulant values and the desired 

central cumulant- The weighting filter consists of the actual cepstral coefficients. 

The number of equations is dependent upon the range of the cumulant lags 

chosen and must be made suffiaently large enough to ensure that the resulting 

system of equations is overdetermined. This method may be applied to all the 

cepstral equations such as the TEA, phase TEA, all-pass TEA, sliceTEA and even 

the whitening. 

The least squares solution may operate on complex data diredy or an equivalent 

solution may be obtained using only red numbers- This is achieved by replacing 

every complex data elexnent by the equivalent real and imaginary components. 
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This is adùeved by rewriting the cepstrd equations in terms of the equivalent 

inphase and quadrature components. Once the expression is obtained, 

separation into the two parts of the inphase and quadrature components results 

in two separate equations. This has the benefït of optimizing the solution in 

certain cases such as in the dl-pass TEA method. A reduction in the number of 

unknown variables occurs as duplication hom conjugated and unconjugated 

complex variables is avoided. 

The solution of the cepstral coefficients using the TEA method is the first solution 

to consider. The application of the least squares approach to this problem begins 

by considering the equation of the TEA method for complex data with conjugates 

in the cumulant definition given b y (eqn. 4.20): 

where: 

p is the number of minimum phase cepstra coefficients 

q is the number of maximum phase cepstra coefficients 

This equation is rewritten so that it is separated into its inphase and quadrature 

components. This yields the following expression for the inphase part of the 

TEA method: 



-m ~ e ( c ( m ,  n, i)) = ~ e ( A ( k ) )  [ ~ e ( c ( m  - k, n,l)) - ~e(c ( rn  + k, n + k, 1 + k))] 
k=I 

-x h ( ~ ( k ) )  [~m(c(m - k, n, 1))  + ~m(c(rn + k, n + k, 1 + k))] 
k=l  

(4.104) 

and the corresponding quadrature part 
P 

-m kn(c(m,n,l)) = - x ~ e ( ~ ( k ) )  [h(c(rn + k, n + k, I + k))  - Im(c(rn - k,  n,l))] 
k=l 

P 

+ç h ( ~ ( k ) )  [ ~ e ( c ( m  + k, n + k, 1 + k))  + ~ e ( c ( m  - k, n, 1))] 
k=1 

<I 

+ç R e ( ~ ( k ) )  [Im(c(m - k, n - k, 1 - k) )  - Im(c(rn + k, n, 1))]  
k=l 

'? 

-ç 1 m ( ~ ( k ) )  [ ~ e ( c ( m  - k, n - k, 1 - k))  + Re(c(m + k, n, l))] 
k=1 

The slice-TEA method results in the foliowing expression (eqn. 4.45): 

where: 

p is the number of minimum phase cepstra coefficients 

q is the number of maximum phase cepstra coefficients 



Separation into the real and imaginary parts yieids: 

-n ~ e ( g ( n ) )  = 2 ~ e ( A ( k ) )  [3 ~ e ( ~ ( n  - k)) - 3 ~ e ( g ( n  + 3k))] 
k=l  

- k ~ m ( ~ ( k ) )  [ h ( d n  - k)) + 3 + 3k))j 
k=l 

Q 
- ç ~ e ( ~ ( k ) )  [3 ~ e ( ~ ( n  + k)) - 3 ~ e ( g ( n  - 3 k))] 

k=l 

k=l  

and -. Im(*(n)) = [3%(n - k)) - 3 W A n  + 3k))J 
k=2 

k=l  

The ail-pass TEA method yields the foilowing equation (eqn 4.94): 
1 -m c(m, n,l) = x- ~ ( k )  [c(m - k,n,l) - c(m - k, n - k,I - k)] 

k=l 2 
1 

+ z - ~ ' ( k )  [c(rn+k,n,l) -c(m + k,n + k, l+ k)] 
k=l  2 

where: 

p is the number of minimum phase cepstra coefficients 

Separation into the real and irnaginary parts yields: 
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[ ~ e ( c ( m  - k,n,l)) - ~ e ( c ( m  - k, n - k,l - k)) 

F ~ e ( c ( m  + k, n, 1)) - ~ e ( c ( m  + k, n + k, 1 + k))] 

- z i I m ( ~ ( k ) )  [h (c (m - k,n,l)) - h ( c ( m  - k,n - k,l - k)) 
&=I 

- lm(c(m + k, n, 1)) + ~m(c(m + k, n + k, 1 + k))] 

and 
D 4 

[h(c (m - k, n, 1)) - h ( c ( m  - k, n - k,l - k)) 

Irn(c(m + k, n, 1)) - h ( c ( m  + k, n + k,l + k))] 

[~e(c (m - k, n, 1))  - ~e(c(rn - k, n - k, 1 - k)) 

- ~e(c(m+k,n,l))  + ~e(c (rn  +k,n + k,l+ k))] 

(4-109) 

In al l  the equations listed the least squares method is used by assigning the 

cumulants on the right hand side of the equation to the data matrix, the cumulant 

on the left hand side of the equation to the desired vector and finally the 

unknown cepstral coefficients as the unknown vector to be detemiined. One 

equation is generated for eadi combination of integer values of m,n and 1 

selected. k e f o r e  the number of equations is given by: 

number of equations = (range numbe~)~*2 (4.110) 

where the range number refers to the number of integer values of the parameter 

rn selected. Each of the remaining parameters generally and for simpliaty take 

on the same range of values. The number of equations is observed to increase as 

the range number increases. The range must be chosen large enough to ensure 

an adequate nnumber of independent equations. A value of two was used in these 

simulations. 



The number of unknown cepstral coefficients may be arbitrarily set to the order 

of the system. In the case of the TEA and slice-TEA methods, the number of 

unknowns corresponding to the r d  and haginary parts is therefore 2(p + q) 

corresponding to the real and imagMsr parts while in the all-pass TEA method 

the number of unknowns is only 2 p .  The number of unknowns in the all-pass 

TEA method is thedore less than in the TEA and slice-TEA methods. 

4.E Conclusion 

The treatment of higher order spectra as a convolutionai homomorphie system 

has been shown to lead to a relationship between the cumulant of a system and 

the complex cepstnun of the impulse response- As a result, the use of the 

complex logaritlun has additiody transformed a previously nonünear 

relationship between a srçtem's impulse response and its associated cumulant 

into a linear one. This linear relationship allows one to use the method of least 

squares in order to obtain the unknown complex cepstrum of the impulse 

response and hence the impulse response. 

The application of higher order spectral techniques to determine the phase of the 

system exclusively yields to the introduction of a phase equalizer. The phase 

equalizer may be optimized by further consideration of the syrnmetry inherent in 

an all-pass structure whidi is representative of the phase. This leads to a 

computationally more efficient phase equalizer which wiU be shown to yield 
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superior performance- The implementation of the equalizer part will be 

addressed in the next chapter. 



Ckapter 5 
Equalization Structure 

5.1 Approaches to Equalization 

In the communications environment the term equalization is used to desmie a 

device WH attempts to equalue or compensate for Channel induced distortion. 

The distortion is a result of time dispersion which occurs fiom multipath 

propagation and results in a set of multiple copies of the original signal at 

different time delays. This corresponds to a frequency seledive distortion in the 

frequency domain. An equalizer is used when distortionless transmission is 

desired and is necessary in the case of severe intersymbol interference. Larger 

intersymbol interference results in a greater scattering of the received signal 

samples relative to the transrnitted signal points. The purpose of equalization is 

to attempt to compensate for the charnel induced tirne dispersive distortion. 

A variety of approaches to the equalization problem exist The approach 

depends on whether the estimate of the chme1 is available or whether the actual 

inverse is modded. Most traditional adaptive equalizer structures fall into this 

latter category. Su& traditional equalizers would indude linear equalizers and 

equalizers with decision feedback [32]. The Bussgang family of blind equalizers 

[4][1] is also classified in this category as these are based on an iterative 

deconvolution procedure. 



103 

In the 0 t h  main category of equalizer design approaches, an estirnate of the 

mode1 of the system is available. With the knowledge or estimate of the charnel 

an equalizer may be constniaed based on several philosophies. Some of the 

design approaches would be those based on the zero forcing criterion, the 

minimization of the mean square error and also maximum likelihood sequence 

estimation. 

Perhaps the most obvious approach to equalization is to attempt to invert the 

channel corresponding to a deconvolution operation. In the ideal case, 

convolving the received signal with the inverted dianne1 estimate should yidd a 

received signal with no diannd distortion. Reducing the multiple signal copies 

to a single component is referred to as zero forcing [2]. Unfortunately in the 

nonideal case compensation may be incomplete One source of inaccuracy arises 

when a f i t e  length equaiizer is used when an infinite length one is required. 

Another source d e s  because the chatmel estimate or its inverse estimate WU 

not be perfect. In addition inverting a Channel which has a frequency null will 

give large values resulting in noise enhancement. 

Another common approach to equalization results by attempting to minimize the 

mean square of the error between the actual symbol transrnitted and the estirnate 

of the symbol at the output of the equalizer [2]. Using uiiç type of equalizer an 

estimate of the transmitted symbol is made which takes into account additive 

noise. In the case of no noise the equalizer will tend to a zero forcing equalizer. 

ln contrast, such as in a high noise environment, the equalizer will tend towards 

a matched filter. A compromise is therefore made between the noise level and 

the signal distortion resulting from ISI [33]. 



Maximum Iikelihood equalization is another approach to the equalization 

problem [33]. This method requires a Channel mode1 through which ail possible 

input sequences are passed. The outputs corresponding to each input sequence 

are compared to the achial output. The output sequence which is closest to the 

actual received signal is selected as the maximum likelihood sequence. This 

approach requires a good dianne1 modei estimate and a good algorithm to 

increase the efficiency of the sequence estimation. 

The use of higher order spectra enables the estimation and hence identification of 

a nonminimum phase channel impulse response to be made. One of the 

interesting properties of cepstral coefficients is that the Channel estimate and its 

inverse have cepstral coefficients of opposite signs [14]. As a result, the zero 

forcing criterion, whïch attemp ts to invert the Channel, is directly and easily 

implemented. From this inverse estimate, a direct form fiiter structure or an 

equivalent lattice structure may then be used to împlement the zero forcing 

equaüzer. The use of the lattice structure allows the inverse filter to be 

constructed very easily. 

5.2 Lnttice Filters 

The realization of hear time-invariant discrete systems is often accomplished 

using a direct fonn structure however an equivdent lattice structure may &O be 

used. The lattice structure is suggested as it exhibits properties and syrnrnetries 

which simplify the realization of the system's equalizer. The description of the 

lattice filter follows from Proakis (201 [Ml. 



The lattice filter combines forward and backward prediction into one structure. 

Forward linear prediction deah with the prediaion of future values of a 

stationary random process from past observed values. The pst observed values 

are weighted by prediction coefEiaents and combined linearly. The linearly 

predicted value Ki &ect form is expressed as: 
rn 

2(n) = - Z a J i )  x(n - i) 

where: 

x(n) corresponds to the input data samples 

Z(n) corresponds to the output prediction samples 

a, ( i )  represents the forward prediction coefficients 

i ,  n are the sample indexes 

rn is a filter element 

M is the order of the filter 

Linear prediction may be viewed as a type of linear filtering where the input 

sequence, consisting of the observed samples, is weighted and summed to yield 

an output equal to the forward prediction error sequence [20]. The difference 

between the obsemed ment sarnple value and the predicted value is the 

forward vrediction error which in direct form is expressed as: 

where 

f m  (4 

in 

= a (i) ( n  - i) ; a, (O) = 1 
i=O 

represents the forward prediction error samples. 
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The badwards prediction £ilter operates in reverse order to that of the forward 

predidor. This i m p k  that future data samples are used to predid the m e n t  

data sample. Thus the data sequence x(n), x(n - l), . . . , x(n - m + 1) is used to 

predict the value of x(n - m). The direct form of the backward prediction is 

expressed as: 

where: 

B, ( i )  represents the backward prediction coefficients 

The backward prediction error is the difference between the obsewed value and 

the estimated value and is given by: 
g,(n) = x(n - m) - T(n - m) 

The transfa function associated with the forward predictor is the reciprocal or 

reverse polynomial of the badcward predidor for stationary signals. In the thne 

domain this is expressed as: 

& ( k ) = a i ( m - k ) ,  k = l ,  ... rn 
In the frequency domain Uiis relatiomhip may be equivalentiy expressed as: 

where the forward prediction system function is given by: 

4 (2) = xa, ( i )  z - ~  
i=O 

and the badcward prediction system function is also given by: 

These two system transfer functions are observed to form a matched filter pair. 
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The lattice structure is illustrated in Figure 5.1 and consists of a series of stages 

which are connected in cascade. The number of stages equals the order of the 

direct form realization. A typical lattice element or stage is illustrated in Figure 

5.2. Each stage in the form of a lattice element contains a reflection coefficient 

indicated by the parameter 4. Each lattice stage results in two outputs 

corresponding to forward prediction and backward prediction. 

second 
stage 

mth 
stage 

Figure 5.1 - Lattice Filter Structure 

Figure 5.2 - Lattice Element 

One of the advantages of using a lattice structure is that when the order of the 

fiiter needs to be inaeased, additional stages may be appended without affecting 

the previous caldations and results [l]. In order to append these stages the 

forward predidion system function needs to be written in an order update 

remive form. This fom is obtained by determining first the next forward 

prediction error in the lattice from Figure 5.2 as: 



The forward prediction system fwiction is obtained by dividing this equation by 

the input X ( z )  such that 

This function may be simplified by noting that: 

Using these relationships, the forward predktion system huiction is therefore 

The backward prediction system fundon may also be expressed in an order 

update recursive form by considering the expression for the backward prediction 

error given by: 

G&) = z-' G,&) + & Fm&) 
Dividing thk equation by the input X(z) fields the backward prediction system 

Finaily writing the backward predidion system fundion in terms of the fonvard 

prediction system function yields: 

B&) = zm A$/z*) = z-rn &-l(i/z*) + KL 4-&) 

The frequency domain symmetry between the forward and backward prediction 

lilters and the configuration of these within the lattice structure wiU be shown to 

be especially useful for invertuig general fiiters and partidarly aii-pass fîlters. 



The lattice filter is characterized by a set of rdection coefficients corresponding 

to each stage in the lattice structure. These reflection coefficients may also be 

cdculated from the direct form realization in a recursive manner. In addition if 

the magnitude of the ref'lection coefficients are all less than unity such that: 

1 ~ ~ 1 ~ 1 ;  i=1,2...M (5.16) 

then dl the roots of the forward prediction system function are located inside the 

unit arde. The forward prediction filter is therefore minimum phase and its 

inverse is eoswd to be stable [II. 

The series of reflection coefficients are determined by first considering the 

highest order rdection coefficient. This coefficient is obtained from the direct 

Using this refiection coefficient, a lower degree polynomia 

(5.17) 

i1 is computed using 

the following recursive equation: 

(5.18) 

From this new lower degree polynomial the corresponding refiection coefficient 

is determined since: 

Km-, = amm1(m - 1) (5.19) 

The process is continued in a step down fashion until all the reflection 

coefficients have been determined. 



5.4 IIR Systems - Inverse and All-pass Structures 

In order to implement an equalizer under the zero forcing aiterion, it is 

necessary to invert the lattice filter. Fortunately this operation is facilitated since 

a systern's lattice structure and its corresponding inverse latace structure are 

both charactded by the same set of reflection coefficients [34]. The poles of the 

W lattice fiiter are derived from an equivalent FIR structure desaibed by an aU- 

zero system fwiction. The inverse lattice filter structure may therefore be 

represented by an W system having an all-pole system hction. The W 

structure is obtained from the FIR structure by interdianging the roles of the 

input and output quantities as well as redefining the input and output of Figure 

5.1 as [34]: 

x(n) = fM (n) or X(z) = F,(z) (5.20) 

and 

Y (4 = f o  (4 or Y(z) = F,(4 (5.21) 

The resdting structure is illustrated in Figure 5.3. 

Figure 5.3 - Inverse Lattice Filter Structure 

This rearranging of the input and output quantities also introduces feedback 

terms and implies that the forward predidion errors now need to be computed in 
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a descending order. Expressing the forward prediction error in descending order 

yields: 

Fm- l ( z )=Fm(~) -~~- lGm- l ( z ) ;  m=M,M-1, ... 1 (5-22) 

The backward prediction error remains unchanged and is therefore the same in 

both lattice structures. Both lattice structures are also characterized by the same 

refiection coefficients. The forward prediction error coefficients however occur 

in reverse order to each other. The resulting inverse lattice element is illustrated 

in Figure 5.4. 

Figure 5.4 - Inverse Lattice Filter Element 

The two Iatüce structures of Figures 5.2 and 5.4 are thus observed to differ only 

in the interconnections within the lattice elements. This simple relationship 

between the two structures allows the inverse lattice filter element to be obtained 

from the lattice filter in a very simple manner. 

The ail-pole lattice also provides the basic structure necessary to implement IIR 

systems which contain both poles and zeros [XI. In an all-pass filter the poles 

and zeros are complex conjugate inverses of one another with respect to the unit 

c ide  in the 2-plane. The transfer functions of the forward and backward 

prediaion filters are also related in a similar fashion. The forward prediction 

filter contains zeros located inside the unit d e  and is termed a minimum phase 
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system [13]. The backward prediction filter on the other hand contains zeros 

located outside the unit &de and is termed a maximum phase system [13]. The 

inverse lattice structure is observed to yield a simple implementation of an all- 

pass filter when the W output of the mth order pole zero ladder is considered. 

From the structure for an d-pole lattice dement in Figure 5.4, the followuig set 

of equations can be obtained: 

From the structure diagram of the all-pole lattice illustrated ui Figure 5.3, the 

following relationships rnay also be obtained: 
Y(z) = F,(z) = C,(z) 

x(4 = F M  (4 
From these equations the system kction of the forward prediction error 

corresponding to an d-pole IR system is given by: 

It can be seen that the filter corresponding to this transfer function may be used 

to invert the general FIR function The backward prediction system function of 

the system is therefore given by: 

An ail-pass system function may then be obtained by combining the forward 

prediction system function and the backward prediction system function as a 

product such that: 



B (z) AM(**) =M= 

This result indicates that the lattice structure rnay be used to implement an all- 

pass filter. The dl-pass filter structure serves to a d  as a phase filter and thus 

may be also used for phase equalization. 

5.5 Imerse Filtering of Maximum Phase Components 

The impulse response of a channel is generally characterized by a combination of 

minimum and maximum phase components. The Channel is therefore not 

restrided to be minimum phase but may also be maximum phase or mixeci 

phase. The difficuity encountered with mixed phase and maximum phase 

systems is that upon inversion these terms become unstable unless they are 

ailowed to be noncausal. When a causal maximum phase system is allowed to be 

anticausal the system becornes stable. Although noncausai systems are not 

realizable by physical devices they are possible when processing off h e  because 

one has access to future as well as past inputs. The treatment of the maximum 

phase system begins by considering the convolution of the maximum phase 

where 

h(n) is the impulse response containing maximum phase poles oniy 

x(n) is the sequence to be filtered 
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y(n) is the output of the filter 

This relationship is equivalently expressed in the Z domain as: 

Y(z) = H(z )  X(z)  (5.29) 

The maximum phase system may be converted to an equivdent minimum phase 

system by reflecfing a l l  the maximum phase cornponents into the interior of the 

unit cirele. This operation is given by: 

Y (l/z*) = If* (l/z*) X? (l/z*) (5.30) 

This ewpression corresponds to a time reversai in the tirne domain and ïs 

equivalently expressed in the disaete time domain as: 

y *(-n) = ha(-n) * Y ( - n )  (5.31) 

This convolution is now stable and therefore may be performed. To obtain the 

actual non time reversed output, the output must be again time reversed and 

unconjugated to yidd the original convolution. One must be careful to deal only 

with the maximum phase components otheMnse instability fiom the thne 

reversed minimum phase components will result. It is thuç observed that 

maximum phase components may be inverted easily with the introduction of a 

delay. 

This procedure used to invert the maximum phase components is not required 

when deaiing with the all-pass phase structure as time reversal and inversion of 

the filter is not required. In the case of an all-pass structure the denominator is 

constrained so that it contains only minimum phase components sudi that: 

The inverse of this all-pass filter yields an unstable system due to the maximum 

phase terni in the denorninator as follows: 



the process of tirne reversal and inversion are combined, the original d- 

pass structure is obtained as follows: 

The convolution of the time reversed data with the original all-pass filter may 

now be performed yielding a time reversed output. To complete the procedure 

the output must be reversed in t h e  as before. Inverse filtering using an all-pass 

structure is thus easily performed. 

5.6 Summay 

In this chapter it has been shown that a system equalizer may be implemented 

wing a lattice filter stntcture- The use of the lattice structure is suggested as the 

inverse filter of the system required for equalization may be easily determined 

hom the system's model. It has also been demonstrated that phase equalization 

may be implemented using an ail-pass lattice structure. Finally, stability of the 

filter may also be easily checked from the magnitude of the refiection coefficients. 

From these observations it appears that the use of the lattice filter structure is of 

benefit in the equalizer irnplernentation required in this application. 



Chapter 6 
System Simulafion 6 Perfomance Results 

The availabüity of the computer dows a number of theoretical ideas to be 

verified and investigated through the use of computer simulation. This system 

simulation is also of benefit because insight into performance c m  be obtained 

without the need to build costly and complicated real thne systems. When it 

cornes time to actually implement a system the computer simulation serves as a 

guide to the actual system development. Another advantage to the simulation 

process is that system parameters rnay be easily verified without redesigning the 

complete system and therefore system parameters may be more easiiy optimized. 

The extraction of the digital information from a received signal which has 

undergone transmission from the trammitter source is the goal in a 

communications system. The compensation for the transmission Channel is 

generally unknown because it represents a partidar transmission path followed 

from the source to the receiver. This path may be t h e  varying and generally 

tirne dispersive. Compensation for this Channel often begins with first estirnating 

it as an unknown system. Either the actual channd or its inverse may be 

estimated. The algorithms investigated here attempt to estimate the channe1 and 

therefore constitute a system identification problem. 
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The simulation of the various blind equalization schemes is comprised of a 

transmitter section consisting of two level Pulse Amplitude Modulation (PAM) 

symbol generation for real systems and four level Quadrature Amplitude 

Modulation (QAMJ symbol generation for complex systems. The transmitted 

signal is then convolved with a transmission Channel followed by the addition of 

noise. The transmission Channel represents the environment of the system and is 

charaderized by a base band equivalent of an actud Channel at RF frequencies. 

The channe1 used here has been selected from previous work [9] and is given as: 

h(n) = 0.2197 6(n) - 0.747 6(n - 1) + 0.6085 6(n - 2) + 0.1533 6(n - 3) (6.1) 

The zeros of this channel are located at -0.2,1.8+j0.5 and 1.û-j0.5. The noise is 

added after convolution with the channe1 and is assurned to be zero mean, 

Gaussian and statistically independent from the input sequence. Other 

assumptions in this simulation indude perfed carrier recovery and frequency 

offset estimation. Sampling of the received sequence occurs at the symbol penod 

with no bandwidth assumptions. Accurate estimation of the transmission 

Channel in the presence of noise is of considerable importance in the performance 

of the blind equaiizer. 

At the receiver, cumulants are determined from bl& of data from which 

cepstral coefficients are detemiined indirectiy by the method of least squares. 

The estimate of the Channel's impulse response is determjned in a recursive 

fashion from this set of cepstral coefficients. The equalizer is detennined under 

the zero forcing criterion from the estimated impulse response of the channel. 

The zero-forcing equalizer structure faciritates inverse filtering in that an actud 

inverse of the Channel is attempted. This structure is not ideal in the case of 

severe fading as the inversion process results in noise enhancement. Noise 
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enhancement was not handled in this work In addition the frequency selective 

fades of the chamel's respome were not severe enough to cause a problem. The 

receiver structure presented consists of three basic parts. These parts consist of 

the cumulant estimation of the received data blocks, the channd estimation part 

which comprises the particular algorithm and the equaüzation implementation 

P*- 

The ultimate goal in a digital communications system is to recover the 

transmitted signal as accurately as possible. The performance is most often 

measured by obtaining probability of error values for various noise levels. These 

values will of course depend upon the type of environment desaibed by the 

transmission channel. The probability of m o t  is compared with respect to the 

ratio of energy in each bit to the noise power spectral density and is designated 

as the Bit Error Rate (BER). Equivalently this ratio may be thought of as the 

signal to noise ratio of the signal at the receiver. 

The performance of the b h d  equalization algorithms is dependent upon the 

selection of various parameters. These parameters of interest are those of the 

block length of the received data and the mode1 order of the Channel estirnate. 

Cumulant estimates are made from the received data and it follows that a longer 

block length will result in better cumulant estimates [Il]. The channel must be 

slowly fading or equivalently stationary over the blodc length [9]. Shorter block 

lengths are hence more desirable since this would d o w  the channel to vary more 

rapidly. However, an accurate Channel estimation becomes more diffidt to 

achieve on these shorter lengths. Longer blodc lengths &O require longer 
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processing times. The effect of b l d  length therefore needs to be investigated to 

yield a suitable compromise between these two conflicting features. 

The model order of the channd to be estimated is also a parameter of interest. If 

the model order is smaller than the actual channel order then fewer coefficients 

need to be estimated which results in estimates with smaller variances that are 

biased [18]. On the other hand, larger model orders result in larger variances and 

more caldations which may be necessuy to accurately estimate the channel. 

This chapter details the performance of the systern under the various scenarios to 

be described where the model order, block length and noise levels are to be 

varied. 

In system simulation it is important to verify the correct operation of the system. 

As such, sections of the system need to be isolated and the performance of each is 

verified by inputting ideal values and obsenring the effect at the output. The use 

of ideal cumulant estimates and an ideal channel are useful in the process of the 

verifkation of the processing scheme. The performance of the blind equaiization 

scheme is also dependent upon the input parameters to the algorithm as well as 

the type of environment characterized. The input parameters consist of the 

model order of the channel estimate as weU as the block length of the received 

signal. 



6.2 Performance Using Ideal Cumulant Estimates 

The performance of the b h d  equalization schemes based on higher order spectra 

is dependent upon the ability to obtain good cumulant estimates as cumulant 

estimates are used exclusiveiy to obtain the estimates of the Channel. If perfect 

cumulant estimates would be available then the validity of the various 

algorithms can be determined by examining how well the channel estimate is 

made. Cumulant estimates are obtained from the received data sequence by 

using temporal averages in place of the defined ensemble averages. The true 

cumulant value is defuied in tenns of the impulse response (eqn 3.51) as follows 

where: 

y is the kurtosis 

h(i) is an impulse response sample 

Perfect cumulant estimates are obtained by replacing the received data with the 

impulse response since the temporal averages of the cumulant then become 

deterministic. Thus perfect cumulant estirnates are obtained when the received 

signal is replaced by the Channel's impulse response. 

The equalizer constructed from the cumulants may then be convolved with the 

actual channel to yield a residual ISL sequence. Perfect equalization would result 

when this sequence is just an impulse, however, the ab* to achieve this is 

impaired by the presence of noise and by any tnuication efkcts arising hom both 

channel inversion as well as mode1 order selection. 
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The performance of the system is expected to improve as the residual ISI values 

tend towards zero. This performance measure is partidarly useful when perfect 

cumulant estimation is assumed since data is not transmitted and therefore bit 

errors cannot be detennined. The residual EI values using the perfed cumulant 

estirnates yielded values Uiat are close to zero. This therefore verifies that the 

impulse response estimates are being determined correctiy. This result &O 

indicates that the performance of blind equalizers Ïs affected significantly by the 

ability to make good cumulant estimates. 

6.3 System Identification 

The blind equalizer algorithms presented here attempt to estimate the 

transmission channel. It follows that the accuracy of this estimate c m  serve as a 

measure of the performance of the system identification. The channel esümates 

may be obtained for each blodc and compared to the actual channel. Each blodc 

differs only by the noise value as well as by the transmitted data sequence. The 

mean and standard deviation of the chamel estimates are determined 

statiçtically to give an idea of the performance of the channel estimation. A 

comparison of the impulse response estimates using the TEA and ske-TEA 

methods is illustrated in Table 1 and Table 2 for various block lengths. For 

comparison purposes mode1 orders using a value of two have been selected with 

a bit energy to noise power spectral density ratio of 30 dB. 



Table 1 - TEA Method block lenath svstem identification cornvarisons 1 
128 symbois 

mean stdev 

0.1549 0.1067 

-0.6150 0.1007 

0.6835 0.0997 

0.0749 0.1200 

1 Table 2 - slice-TEA Method blodc length r 
I 

256 symbols 

mean stdev 

0.1757 0.0833 

-0.6659 0.0680 

0.6722 0.0573 

0.1140 0.0923 

mean stdev 

0.1841 0.1673 

-0.6254 0.1753 

0.4960 0.2349 

0.0553 0.1730 

256 symbols 

mean stdev 

0.1828 0.1279 

4.6239 0.1338 

0.5462 0.2016 

0.0374 0.1301 

512 symbois 

mean stdev 

0.1891 0.0576 

-0.6866 0.0405 

0.6682 0.0390 

0.1221 0.0683 

- - - 

512 symbols 

mean stdev 

0.1818 0.1256 

-0.6261 0.0948 

0.6407 0.1528 

0.0362 0.1346 

1024 symbols 

mean stdev 

0.1930 0.0394 

-0.6991 0-0264 

0.6631 0.0285 

0.1347 0.0431 

1024 symbols 

mean stdev 

0.1700 0.0953 

-0.6302 0.0772 

0.6874 0.0778 

0.0339 0 .IO36 

stem identification cornparisons 

The comparisons between the various entries in Table 1 show that as the blodc 

length of the data is inaeased, the estimate of the Channel's impulse response is 

improved with a corresponding reduction in the variances of these esümates. In 

Table 2, the noticeable improvement occurs in the reduction of the variance as 

the block length is inaeased. The estimates using the TEA method are observed 

to be much better than those obtained from the slice-TEA method. 

L, 

II 

I 



6.4 Bit  Error Probability PNomance 

The performance of an equalizer is ultimatdy evaiuated by it's ability to recover 

transmitted data bits. This performance is measured by obtaining probability of 

error values for various environments descri'bed by the transmission Channel. 

The probability of mor is diçplayed with resped to the ratio of the energy in 

each bit to the noise power spectral density. The ratio may be equivdently 

thought of as the signal to noise ratio of the signal at the receiver. 

The probability of error is obtained by tcansmitting a sequence of data through 

the communications system and attempting to recover it at the receiver through 

the use of equalization. The recovered data is compared to the original data and 

errors in the data bits are then counted. These mors are then compared to the 

total number of transmitted data bits. The process is repeated for various noise 

levels. In order to achieve a correct cornparison between the original data 

sequence and the recovered data sequence, a time delay and a phase rotation 

needs to be applied to the recovered or estimated data sequence. This time delay 

and phase rotation is required in any blind equalization scheme. 

The bit error probability values will depend most si@cantIy upon the block 

length of the received data. Throughout ail the simulations the blodc length of 

the received data is varied in order to illustrate the effed of varying this 

parameter. It is expected that an inaease in block length will improve the 

performance of the algorithm. 



6.5 Sigrrificance of Model Order Estimation 

In any system identification method in order to propdy model an unknown 

system it is desirable to have an esümate of the model order of the unlcnown 

system of interest. The successful modeling of the unknown system will be 

dependent somewhat on the model order estimate used. An underestimation of 

this parameter resuits in a biased model estimate. This yields a migration of the 

pole locations towards the unit cirde and a smoothing of the impulse response. 

An overestirnation of the model order results in high variances as more model 

parameters need to be estimated. Model artifacts can appear which may result 

from the noise being modeled rather than the actual channel impulse response. 

The high variances may also result in instability which forces pole locations 

outside the wiit chde. 

The performance of the equalizer is affected by the selection of the model order 

estimate. The performance is also affected by the block length of the received 

data and therefore the optimum rnodel order estimate for one block length may 

not be the optimum choice for another block length. The effect on performance 

of the model order estimate with different data block lengths is compared in 

Figures 6.1 through 6.10 using the TEA and slice -TEA methods. Figures 6.1 

through 6.4 compare the model order estirnates for various block lengths using 

the TEA method while Figures 6.5 through 6.8 use the slice-TEA method. 

The estimated model order is varied from two through to ten. Real data is used 

for these simulations which implies a PAM symbol generation. An improvement 

in performance is observed when the bit error probability yields a lower value 

implying fewer errors. 



Figures 6.1 through 6.4 compare the BER performance of the TEA method for 

various mode1 order estimates for bhck lengths of 128,256,512 and 1024 

symbols respectively. The optimal model order estimate appears to be a value of 

four foUowed by an order of six and then an order of two. Thus the trade off 

between the acmacy attainable using a model order with a large number of 

parameters to be estimated and that of a model order which has an inadequate 

number of parameters to describe the model accurately is observed. The actual 

charnel's impulse response is comprised of two maximum phase components 

and one minimum phase comportent yielding a system order of three. It 

therefore appears that a slight over estimation of the model order is preferable to 

that of an underestimation of the model order. 

- --------- order 2 - -- order 4 

\ -....O 

I. \ 
order 6 

'\ - -- - order 8 

0.01 

-\ --- - -O--- - - O -  order 10 

1 I 1 I 1 
I 1 I m m I 

O 5 10 15 20 25 30 

Eb/No (dB) 

Figure 6.1 - 128 symbol TEA BER order cornparison 



- order 2 
--- order 4 

------ order 6 

order 8 
m m  ---- order 10 - - 

Eb/No (dB) 

Figure 6.2 - 256 symbol TEA BER order comparison 

0.001 

O 5 10 15 20 25 30 

EbINo (dB) 

Figure 6.3 - 512 symbol TEA BER order comparison 



O 5 10 15 20 25 30 

Eb/No (dB) 

Figure 6.4 - 1024 symbol TEA BER order cornparison 

Figures 6.5 through 6.8 compare the performance of various model orders using 

the slice-TEA method with block lengths of 128,256,512 and 1024 symbols 

respectively. The BER cornparisons differ hom the previous TEA method in that 

the performance w e s  are much flatter and are not as good. The performance 

of the slice-TEA method is not as aected by changes in the mode1 order 

estirnate. The best overall performance is obtained using a model order estimate 

of two very dosely followed by a value of four. 



Eb/No (dB) 

Figure 6.5 - 128 symbol slice-TEA BER order comparison 

0.01 .,-, 
O 5 10 15 20 25 30 

Eb/No (dB) 

Figure 6.6 - 256 symbol slice-TEA BER order comparison 



EbfNo (dB) 

Figure 6.7 - 512 symbol slice-TEA BER order comparison 

Eb/No (dB) 

Figure 6.8 - 1024 symbol slice-TEA BER order comparison 

In Figures 6.9 and 6.10 the performance of the various block lengths is compared 

usuig the TEA and slice-TEA methods. From all these figures it is observed that 



130 
longer block lengths are more desirable with the greatest improvement occurring 

between the block lengths of 128 to 256 symbols. Improvement occurs less 

drarnatically for larger block lengths. 

EbINo (dB) 

Figure 6.9 - TEA BER blodc length comparison 

Eb/No (dB) 

Figure 6.10 - slice-TEA BER block length comparison 



6.6 Examination of Cornplex Cumulant Definitions 

Signaling schemes such as Quadrature Amplitude Modulation (QAM) and 

Quadrature Phase Shift Keying (QPÇK) are typical digital modulation d e m e s  

which consist of a quadrature and an inphase part and therefore describe a 

complex data structure. The way in which this complex data is handled by the 

fourth order cumulant is an important concern. Two complex cumulant 

definitions are possible depending on whether or not the inphase and quadrature 

components are independent of each other. If the two components are not 

independent and identicdy distnbuted then the cumulant is defined as (eqn. 

2.16): 

c(m, n, 1) = E [xe(t )  x(t + m) x'(t + n) x(t + l ) ]  

- E [x' ( t )  x(t + m)] E [x* (t + n) x(t + I ) ]  

- E [x* (t) x' (t + n)] E [x(t  + rn) x(t + I ) ]  

- E [~ ' (r )  x(t + I ) ]  E [xS(t +n) x ( t  +m)] 

where: 

x(t) is the received signal 

m, n, l correspond to various lags of the signal 

On the other hand, if the inphase and quadrature components are independent of 

each other then the following simplified definition may be used for the cumulant 

and is (eqn. 2.24) given as: 

c(m, n, 1)  = E [x ( t )  x ( t  + rn) x(t + n) x(t  + l ) ]  

The difference between the two definitions is in the number of terms that are 

conjugated and in the addition of the second order t e m .  
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The partidar definition of the cumulant used has an effkct on the performance 

of the equalizer algorithm. This eflect is observed by comparing the performance 

of the two definitions using the TEA and the slice-TEA methods. The 

performance is evduated by comparing the two approaches for various model 

orders and for various data blodc lengh. Figures 6.11 through 6.18 compare the 

two definitions usmg a model order estimate of two. 

In Figures 6.11 through 6.14 the BER performance curves are presented for the 

conjugated and non-conjugated versions of the TEA method. In all four figures 

the conjugated versions of the cumulant defhition appear to ewhiit better 

performance. It is observed however that as the blodc length is inaeased the 

difference in the performance is not as great This seems to suggest that as the 

block sequences become longer the inphase and quadratute components become 

more independent which is an essentid requirernent in the unconjugated 

cumulant version. 

-conjugates 
0.1 - - - no conjugates 

. D . - - - 

EbfNo (dB) 

Figure 6.11 - 128 symbol TEA BER complex definition cornparison 



- conjugates 
- - - no conjugates 

Eb/No (dB) 

Figure 6.12 - 256 symbol TEA BER complex definition comparison 

EMNo (dB) 

- conjugates --- no conjugates 

Figure 6.13 - 512 symbol TEA BER complex definition comparison 



- conjugates 
- - - no conjugates 

EbINo (dB) 

Figure 6.14 - 1024 symbol TEA BER complex definition comparison 

In Figures 6.15 through 6.19 the BER performance of the conjugated and non- 

conjugated versions of the slice-TEA method are presented for various block 

lengths. In all figures the conjugated definitions of the cumulant exhibit superior 

performance. 

1 

. - 

.- - conjugates 

- - - no conjugates 

0.1 a I 1 I D I 
I 
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O 5 10 15 20 25 30 
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Figure 6.15 - 128 symbol slice-TEA BER complex definition comparison 
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- - - no conjugates 

Eb/No (dB) 

Figure 6.16 - 256 symbol slice-TEA BER complex definition cornparison 

-----O--- - - conjugates 
- - - no conjugates 

Eb/No (dB) 

Figure 6.17 - 512 symbol slice-TEA BER complex definition cornparison 
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0.01 

O 5 10 15 20 25 30 

Eb/No (dB) 

Figure 6.18 - 1024 symbol slice-TEA BER complex definition comparison 

- conjugates - - - no conjugates 

O 5 10 15 20 25 30 

Eb/No (dB) 

Figure 6.19 - 2048 symbol dice-TEA BER complex definition comparison 

h both the TEA and slice-TEA methods, it is observed that an irnproved 

performance, indicated by a lower BER, is achieved when using conjugated 

versions of the cumdants. 



6.7 Amplitude Q Phase decomposition 

In the previous methods, such as the TEA and siice-TEA methods, cumdants 

estirnated from the data aï the receiver are used to determine the minimum and 

maximum phase components of the çystem's impulse response. An attempt to 

improve upon the performance of the blind equalization schemes presented so 

far is sought by the alternative approach of the identification of the system in 

terms of the amplitude and phase components. The decomposition into these 

two components allows higher order spectral methods to be applied to the phase 

component of the system exdusively. The identification of the zero phase 

amplitude component requlles the use of second order statistics which are 

adequate to resolve minimum and maximum phase equivalent components. 

This decomposition into the amplitude and phase components resuits in a 

somewhat simplified smcture for the equalizer. 

The first concern to deal with is that of the amplitude equalization part. 

Amplitude equalization may be carried out using a number of whitening 

techniques such as predicüve filtering. The method suggested here is to use the 

power cepstra to detem-tine the minimum and maximum phase equivdent 

components. The performance of this amplitude equalizer is compared to one 

obtained using perfect cumulant estimates where the TEA method is used to 

obtain the phase portion. This amplitude and phase combination is referred to as 

the phase-TEA method. The cornparisons between the amplitude equalizers 

using ideal and actual cumulants appear in Figures 6.20 through 6.23 for various 

block lengths. The figures illustrate that the amplitude equalizeis performance 

using ideal cumulants is very close to that of the equalizer using actual cumulant 
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estirnates. The performance of the amplitude equalization using actual estimates 

irnproves as the blodc length is increased. 

Eb/No (dB) 

Figure 6.20 - 128 symbol Amplitude Equalization BER comparison 

- ideal c u m h t  

- - - actual cumulant 

EbINo (dB) 

Figure 6.21 - 256 symbol Amplitude Equalization BER comparison 



- ideal cumulant 
--- actual cumulant 

EbINo (dB) 

Figure 6.22 - 512 symbol Amplitude Equahation BER comparison 

- ideal cumulant 
- - - actual cumulant 

EblNo (dB) 

Figure 6.23 - 1024 symbol Amplitude Equalization BER comparison 
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6.8 Amplitude G, Phase decomposition using a constraitted TEA 

The TEA method is based on using cumulants estimated from the received data 

at the receiver and attempts to determine the minimum and maximum phase 

components separatdy. As suggested earlier, an alternative approach to the 

systern identification and hence to equalization is to separate the system to be 

identified into its amplitude and phase part It is understood that the phase part 

is not a residual phase resulting from causal minhum phase equivalent 

amplitude equalization. The identification of the amplitude component requires 

only the use of second order statistics which are adequate to resolve minimum 

phase equivalent components. This decomposition into the amplitude and d- 

pass phase component also results in a somewhat simplified structure for the 

phase equalizer. 

The cornparison of the BER performance of the TEA rnethod to that of the 

proposed whitening and all-pas TEA methods for various block lengths is 

illustrated in Figures 6.24 through 6.27. In ail figures the performance of an 

equalizer is also illustrated which has been constniaed using perfect cumulant 

estimates. This is equivalent to the construction of an equalizer using a known 

channel and yields an ideal bound. ln analyzing the performance curves, the 

most significant observation is that the performance is dependent upon the block 

length. The longer block length allows a better cumulant estimate to be made 

and is indicated as the performance of the various equalizers tend towards the 

bound as the block length is increased. The performance of the phase-TEA 

versus the TEA method is also improves as the block length is increased. In all 
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figures it is observed that the equalizer scherne utilizùig whitening and the all- 

pass TEA method out performs the other equalization schemes. The 

improvement in performance is quite sipificant in that an improvement of 

approximately an order of magnitude is observed at Iower noise leveis. 

-O--  ideal bound 

0.0001 

Eb/No (dB) 

Figure 6.24 - 128 symbol TEA based methods BER comparison 

Eb/No (dB) 

Figure 6.25 - 256 symbol TEA based methods BER comparison 
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Figure 6.26 - 512 symbol TEA based methods BER comparison 
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-AP 'IEA - - - TEA 
- - -ph-TEA 

- - - - ideal bound 

Figure 6.27 - 1024 symbol TEA based methods BER comparison 
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In Figure 6.27 it is furtkier observed that the BER performance of the various 

methods begins to converge. The performance at lower noise levels is however 

still better. 

6.9 Summary 

In this chapter, the performance of the various blind equalizers based on higher 

order spectra using homornorphic techniques is examined. The performance is 

evduated via cornputer simulation to produce bit error probabilities representing 

the number of errors probable during the recovery of the signal at the receiver. 

The results indicate that performance is dependent upon the ability to obiah 

good cumulant estimates. Better estimates are adueved with longer data block 

lengths which then requires a more stationary channel. 

In the simulations presented, a flattening out of the performance curves is 

observed. This effect implies a floor or a Limit on the performance which can be 

expected from the algorithm as measured by the bit error probability. This effect 

is observed to resuit from an inability to obtain good cumulant estimates. When 

perfect cumulant estimates are used this flattening of the BER performance 

curves does not occur. The cumulant estimate is improved as longer block 

lengths of data are ernployed and is observed to yidd an improved performance 

limit but at the expense of an increase in computational requirements. 

The decomposition of the channel into ampiitude and phase components rather 

than into minimum and maximum phase components d o w s  an alternative 
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approach to system identification. The amplitude part is equalized using an 

equalizer based on second order statistics while higher order spectra is used to 

determine the phase part. Both the amplihide and phase equalizer portions are 

able to handle non-causal systems (i.e. maximum phase zeros) by using a 

tec.?mique of data inversion as discussed earlier in section 5.5. 

In the proposed all-pass TEA method, the symmetry of the dl-pass structure is 

exploited to yield a constrained solution The performance of this approach is 

found to be significantly better than that of the previous methods with an 

additional redudion in the number of computations required. 

The computational complexity of the b h d  equaiization schemes based on the 

use of higher order spectra is of interest in an actual implementation. Each of the 

higher order spebia based blind equalization dgorithms contain certain 

operations that are common to all methods. These consist of the cumulant 

estimation, least squares solution and inverse channel fïltering. Oniy the 

cumulant estimation part has been separated out. In order to caldate the 

computational complexity of the ail-pass TEA method the following variables 

dong with the value used are defined as follows: 

L = 2 is the range of cumulant indexes 

p = 2 is the number of cepstrai coefficients 

N = 1024 is the block length 

M = 2 p  is the number of variables in the least squares problem 

K is the number of equations in the least squares solution 

The number of computations (additions and multiplications) required for the 

cumulant estimation is given by: 



15 cumulant ops = (L + p)(32N - 8) + 8N + -(z(L + p )  + lr - 2 
24 

The all-pass TEA method requües the foilowing number of computations in 

addition to the cumulant estimation: 
a i l  - pass TEA ops = 2 M2K + 2MK - 2~~ - 2M + 8.5p2 - 14.5~ + 16pN + 8 

= 42,624 

where K = 2(2L + = 25û 

The amplihide method requires the foLlowing number of computations in 

addition to the cumulant estimation: 
amplitude ops = 2 M2K + 2MK - 2M3 - 2M + 8.5p2 - 14.5~ + 32pN + 8 

= 65,813 

where K = 2(2L + 1) = 10 

The combined computational complexity of the amplitude ami ail-pass TEA for a 

block length of 1024, excluding the cumulant estimation part, is therefore given 

as: 

amplitude and all - p a s  TEA ops = 108,437 

and with the addition of the cumulant estimation the total combined 

computational complexity becomes: 

total ops = 248,123 

It is obsewed that the cumulant estimation comprises a significant portion of the 

computational reqWrernents. In addition, the cumulant estimation also has the 

greatest effect upon the performance of the algorithm. 



Chapter 7 
Conclusions 

Blind equalization may not just be a luxury but a necessity in many of the 

ciraunstances where a training sequence is not available. In a communications 

system these situations arise in multipoint environments, military situations and 

in those environments where the training sequence is unreliable because it 

cannot be found easily. BLind equalizers based on the use of higher order 

spectral techniques are able to identify non-minimum phase systerns. Through 

the use of the complex cepstrum, homomorphie methods enable linear solutions 

to be obtained. Using these methods, the use of the Fourier transfomi and 

complex 1oga.rith.m is not required and thus phase unwrapping issues are 

avoided. 

In a communications system, an equalizer is required in a frequency selective 

environment in an attempt to adiieve distortion free transmission The success 

of the equalization resdts in inaeased data rates. This is desirable in order to 

utilize available spectnun effiâently. The presence of training sequences reduces 

useful information transfer due to increased transmission overhead. The 

complexity of the receiver is reduced by eliminating the training sequence which 

is possible only by using blind equalization techniques. 

Until now the cepstral based blind equalization techniques, such as the TEA and 

slice-TEA methods, identified the unlmown system in terrns of the minimum and 

maximum phase components. in contrast, the proposed equalizer involves the 
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characterization of the system in terms of the amplitude and phase components. 

This separation allows optimization of the various equalization processes. It also 

allows the possibility to separate the equalization functions between the 

trammitter and receiver which may be of benefit in an adual irnplementation. 

The amplitude equalizer component is determined nom second order spectra. 

This is advantageous because second order spectra is adequate to determine 

amplitude components and also results in less variance. Higher order spectra is 

used to determine the phase equaiizer component. A phase equalizer, when 

implemented as an all-pass structure, yields a complex conjugate symmetry 

between its numerator and denominator polynomials. This special structure is 

used to obtain an optimized solution to the identification of the phase 

component. 

The proposed amplitude and all-pass phase blind equalizer is shown to yield 

superior performance compared to the TEA and slice-TEA cepstra based blind 

equalization methods. Supenor performance is indicated by fewer bit errors and 

implies a more reliable transmission. Performance cornparisons are made by 

simulating a digital co~~ununications environment using a 4 level QAM 

modulation scheme. The transmission channe1 used characterizes a fiequency 

selective Channel typical of a radio environment. Performance is evaluated by 

determining bit error probabilities for various noise levels. A very signihcant 

performance improvement increase of an order of magnitude is observed for 

many of the block lengths. 

The performance of the higher order spectra based methods is hindered by the 

ability to estimate the cumulant. Longer block lengthç of data are required to 
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improve the cumulant estimate. This situation is undesirable because the longer 

block lengths require an environment which is more stationary. In addition, the 

computational requiements to obtain a cumulant estimate will increase with 

longer blodc lengths. The estimation of the cumdants could possibly be 

achieved by using neural nets which may result in a reduced computation 

requirement. The investigation of this suggests a direction for future work. 

As a final note, higher order spectral estimation is a field which shows a lot of 

promise in çystem idenacation. Second order spectra estimation is Limited in its 

ability to extract information from a system. It can only be used to obtain 

amplitude and minimum phase equivalent information. It is also affected by the 

presence of noise. On the 0th- hand, higher order spectra may be used to obtain 

much more information from the system and it is not affected to the sarne degree 

by the presence of noise. The ability to obtain phase information is very 

important to the description of the system and cannot be overstated. The 

proposed d-pass TEA equalizer method provides a significant irnprovement in 

performance and provides a framework hom whidi more improvements and 

appücations may be thought of. 
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