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Abstract 

Parallel manipulators are uncontrollable at singularities due to the unfeasibly high 

actuator forces required. Existing remedies for singularities generally focus on actu

ation redundancy and singularity avoidance. While actuation redundancy increases 

cost and design complexity, singularity avoidance reduces the effective workspace of 

a parallel manipulator. 

This thesis presents a path tracking type of approach to operate parallel manip

ulators in the presence of singularities. We study motion feasibility in the singular 

neighbourhood and conclude that a parallel manipulator may track a singular path if 

its velocity and acceleration are properly constrained. Techniques for path verifica

tion and tracking are presented, and a modified control method that takes actuator 

bounds into account is examined. Simulation results are given to demonstrate the 

usefulness of this approach. 
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Chapter 1 

i 

Introduction 

1.1 Background 

With the increased dependency of our way of life on semiconductor products and 

high precision machinery, manufacturing of such products demands industrial robots 

with both high accuracy and high production capability. This in turn has brought 

an increase in the popularity of parallel manipulators among robotics researchers 

and in the industry due to parallel manipulators' high speed and good positional 

accuracy. Additionally, parallel manipulators tend to have higher payload to weight 

ratio, lower effective inertia, higher stiffness, and higher natural frequency compared 

to serial manipulators. The most popular type of parallel manipulator is the six 

degrees of freedom (DOF) Stewart Platform [13], which is composed of a platform 

connected to the base through six legs; each leg has a passive ball-socket joint and 

a passive universal joint at the ends, and an active prismatic joint that changes the 

leg's length. 

Although possessing the aforementioned advantages, parallel manipulators' weak

nesses lie in their small workspace, and their deteriorating capability at force sin

gularities. The deteriorating capability is the result of difficulties encountered in 

forward kinematics, forward velocity mapping, and inverse dynamics at force sin

gularities. In fact, parallel manipulators experience a loss of stiffness and a loss 

of controllability at force singularities [6]. This is analogous to serial manipulators 
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experiencing a reduced DOF at kinematic singularities. 

Existing research on remedies to force singularities usually take one or both of 

the following approaches: 1) Use of redundant sensors and actuators to eliminate 

singularities. 2) Motion planning or workspace design with singularity avoidance, 

which sometimes involves characterization of the singular surfaces. Since parallel 

manipulators are uncontrollable at force singularities, it is not surprising to find that 

very little attention has been paid to the possibility of operating parallel manipulators 

in the presence of force singularities. If there exists a method to operate parallel 

manipulators in the presence of force singularities, it would be an attractive and 

practical alternative to redundancy and singularity avoidance. The few research 

papers on this possibility have only addressed the difficulties in forward kinematics 

but have not adequately addressed the dynamics aspect of force singularities. It is 

not enough to operate parallel manipulators in the presence of singularities from a 

kinematics perspective alone. After all, the term force indicates the very nature of 

this type of singularities, and dynamics is the crucial factor governing the behaviour 

of parallel manipulators at force singularities. 

This thesis analyzes the motion feasibility of a class of parallel manipulators 

in the presence of force singularities, and presents an approach to operate parallel 

manipulators through such uncontrollable singular regions. The aim is to provide an 

alternative remedy to cope with force singularities, instead of following the traditional 

approaches using redundancy and singularity avoidance. 
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1.1.1 Singularities, Kinematics and Dynamics 

Gosselin and Angeles [16] identified three types of singularities of parallel manipula

tors. Type I singularity occurs where the inverse kinematics becomes indeterminate; 

it is also known as kinematic singularity. This is the type of singularity encountered 

by serial manipulators and the serial chains of parallel manipulators. Type II singu

larity occurs where the forward kinematics becomes indeterminate; it is also known 

as force singularity. Type III singularity occurs where both forward and inverse 

kinematics are indeterminate. 

Our analysis is restricted to the class of nonredundant parallel manipulators for 

which the configuration of the manipulator can be uniquely specified by the position 

of the end-effector in the task space. Many popular parallel manipulators belong 

to this class, including the Stewart Platform. The end-effector position and active 

joint position of an n D O F parallel manipulator of this class can be described by the 

inverse relationship: 

q = / (x) , (1.1) 

where q G R" represents position of the active joints, x € R™ represents the end-

effector position in the task space, and / : R n —> R n is a smooth mapping. Since 

the mapping / is unique for this class of parallel manipulators, only force (Type II) 

singularity is relevant here. 

The joint velocity q and the end-effector velocity x are related through the inverse 

velocity mapping: 

q = J ( x ) T x , (1.2) 

where J (x)¿ • = dfj/dxi. When J becomes rank deficient, the manipulator is at 
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force singularity. 

The dynamics of an n D O F parallel manipulator of the aforementioned class can 

be expressed as [14]: 

M(x)x + b(x,x) = J ( x ) r , (1.3) 

where M € R , r a x r e i s the inertia matrix, r e R™ represents the actuator forces, and 

b G R " is a vector representing the centrifugal, Coriolis, and gravitational terms. 

Operation of a parallel manipulator requires solutions of forward kinematics, 

forward velocity mapping, and inverse dynamics in real time as depicted in Figure 

1.1. Forward kinematics is the determination of a manipulator's end-effector position 

x given the actuator position q, which can be expressed as the mapping 

x = / - 1 ^ ) . (1.4) 

This mapping is not unique and multiple solutions of x can be determined for a 

unique set of q. The Stewart Platform, for example, has up to 40 possible forward 

kinematics solutions [33]. Two common approaches to solve the forward kinematics 

of parallel manipulators are the polynomial based approach [12], and the iterative 

approach [23]. The polynomial based approach can yield all theoretically possible 

solutions but the intensive computation involved and the ambiguity of the solutions 

means it cannot be used in real time. The iterative approach solves the equation 

q—/(x) = 0 as a root finding problem. It is fast and usually yields the actual position 

of the end-effector, which makes it the preferred approach for inverse kinematics 

calculation. However, the iterative approach runs into numerical difficulties at and 

near force singularities, often results in solutions that lie on an incorrect solution 

branch. 



5 

r,r 
Acceleration 
Command 
Generator 

x, x 

Inverse 
Dynamics 

T = J*(Mx+b) 
Manipulator 

Forward Kinematics Mapping 
x=f'(q) 

Forward Velocity Mapping 
x=(JTq 

q ,q 

Figure 1.1: A typical control loop for parallel manipulators. 

Forward velocity mapping is the linear mapping from q to x: 

x ^ x f r ' q - (1.5) 

At force singularities, J(x) becomes rank deficient and this mapping runs into diffi

culties. 

Inverse dynamics is the determination of actuator forces r required to move a 

manipulator for a given set of x, x, and x. Conventionally this is done by solving 

equation (1.3) using 

r = J(x) # (M(x)x + b(x,x)), (1.6) 

where J * is the pseudo-inverse of J (to be explained in section 2.1.3). When a 

manipulator is at or near singularities, equation (1.6) tends to produce an unfeasibly 

large r; this results in actuators being saturated and the manipulator moving in an 

uncontrolled fashion. It is also well known that parallel manipulators collapse along 

the singular directions of J at singularities [31]. 

Figure 1.2 shows a simple two DOF planar parallel manipulator of the class 



Figure 1.3: A planar two DOF parallel manipulator at force singularity. 

being discussed. It is driven by two active prismatic actuators in its legs. This 

manipulator becomes singular when the end-effector lies on the X\ axis (Figure 1.3), 

and the singular direction of J coincides with the direction of the xi axis. 

The difficulties encountered at force singularities impair the capability of a par

allel manipulator. Kinematic singularities tend to coincide with a manipulator's 

workspace boundary; therefore, they do not seriously affect the overall capability 

of a manipulator. Force singularities, on the other hand, tend to exist inside the 

workspace of a parallel manipulator, which further amplifies a parallel manipulator' 

main weakness: small workspace. To some extent, the lack of satisfactory remedies 
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in existing literature to the difficulties encountered at force singularities probably 

have dampened the growth in parallel manipulators' popularity. Nevertheless, some 

progress has been reported in recent years. 

1.1.2 Review of Existing Research 

One approach to deal with force singularities is to eliminate them with redundant 

sensors and actuators. Merlet [22] proposed an approach to eliminate the multiplic

ity of forward kinematics solutions of the Stewart Platform by adding three or four 

redundant sensors. Parenti-Castelli and Di Gregorio [30] proposed another approach 

to eliminate the multiplicity of solutions with just one redundant sensor. Although 

not the focus of [22] and [30], the use of redundant sensors should greatly reduce 

or eliminate the difficulties encountered in forward kinematics at force singularities. 

This is because force singularities occur where branches of the forward kinematics 

solutions meet; therefore, reducing or eliminating the multiplicity of solutions should 

also reduce or eliminate the indeterminacy of solutions at force singularities. It is 

also noteworthy to point out that practically, the addition of redundant sensors is 

much less involved than the addition of redundant actuators. The works of Merlet 

[21], Hao and McCarthy [17] identified the geometric conditions for which a cer

tain class of parallel manipulators become singular. These results are useful for the 

arrangement of actuation redundancy to eliminate force singularities. Collins and 

Long [7], for example, developed and utilized similar results to identify the singular 

configurations of a 6 D O F parallel manipulator and suggested a method to elimi

nate force singularities with three additional actuators. For a serial manipulator, 

actuation redundancy tends to increase the manipulator's capability. Unfortunately 
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this is not necessarily the case for a parallel manipulator as redundant actuators 

might introduce additional constraints on its workspace, which is already small by 

comparison to a serial manipulator of the same weight. Actuation redundancy also 

comes with increased design complexity and increased cost. 

Another approach to deal with singularities is to avoid them using singularity 

avoidance algorithms. Nakamura [24], for example, used optimization techniques to 

keep trajectories of redundant serial manipulators away from kinematic singularities. 

Redundancy is present as the result of redundant actuation (such as a 4 DOF planar 

manipulator performing a 3 D O F planar task), or as the result of incompletely spec

ified task (such as a 3 D O F planar manipulator performing only translation while 

orientation is unimportant), or as the result of sub-tasks having order of priority 

(such as translation assuming higher priority over orientation). With minor modi

fications, this kind of techniques should be applicable to parallel manipulators and 

force singularities. Similar approaches have been reported for parallel manipulators 

in recent years. Bhattacharya et al. [2] presented two methods to rearrange a time 

parameterized path around force singularities to satisfy limits of the actuators. Das-

gupta and Mruthyunjaya [10] proposed a method to rearrange a path around force 

singularities using an optimization approach. 

Techniques based on damped least square (DLS) have been reported for singularity-

robust inverse kinematics of serial manipulators (see [11], [24], and [27] for examples). 

Due of the nature of force singularities, these techniques are not directly applicable 

to parallel manipulators at force singularities. A n exception is the work of Perng 

and Hsiao [31], which adopts DLS based techniques to carry out force singularity 

avoidance. Nevertheless, DLS based techniques do not appear to be as applicable to 
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parallel manipulators as they are to serial manipulators. 

A complementary problem to singularity avoidance is the identification and rep

resentation of singular surfaces. A complete representation of the singular surfaces 

can be used to determine how a manipulator's workspace is separated by singular

ities, and whether singularity-free paths exist between the initial position and the 

desired final position. Gosselin [15] examined the constant-orientation stiffness map 

of two platform type of parallel manipulators, which also shows the loci of force 

singularities. Collins and McCarthy [8], Sefrioui and Gosselin [34] studied and char

acterized the singular surfaces of the 3-RPR planar parallel manipulator. Chablat 

and Wenger [4] addressed the workspace partitioning of some planar parallel manip

ulators by singularities. Still, more work in this area is required before it can play a 

significant role in motion planning. 

Singularity avoidance based motion planning techniques generally follow a similar 

pattern: a desired time parameterized path is given to the planner as an input and 

the planner attempts to restructure the path to avoid singularities. Their goal is 

to generate a non-singular path at the expense of deviation from the desired path. 

On the other hand, DLS based inverse kinematics techniques attempt to move a 

manipulator close to or through kinematic singularities without a total loss of control. 

Because DLS based techniques do not seek to avoid kinematic singularities but rather 

attempt to carry out a feasible motion as close to the desired one as possible, they 

tend to result in motion much closer to the desired one than those generated by 

singularity avoidance. 

The success of DLS based techniques with serial manipulators leads some re

searchers to consider motion feasibility of serial manipulators at kinematic singulari-
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ties. Nielsen et al. [29] studied the controllability of serial manipulators at kinematic 

singularities and determined it was possible for a serial manipulator to follow a geo

metric path through kinematic singularities. Chevallereau [5] studied and charac

terized the feasible trajectories of serial manipulators moving away from kinematic 

singularities. Kieffer [18] considered the inverse kinematics of serial manipulators at 

kinematic singularities using a path tracking type of approach. By parameterizing 

path with a parameter that is not time, it becomes possible to compute continuous 

inverse kinematics solutions at certain kinematic singularities with respect to the 

parameter. Timing is only assigned after the inverse kinematics solutions are deter

mined with respect to the parameter. Analysis presented by Kieffer [18] [19] opens 

up the possibility of path tracking through kinematic singularities as an alternative 

to singularity avoidance, by which timing along the path is scaled to enable path 

tracking through kinematic singularities. For a task being specified by a path pass

ing through or close to singularities, would it not be better to scale timing along 

the path than it is to alter the shape (and timing) of the path in order to complete 

the task? Many tasks performed by industrial robots are not critically dependent 

on time, especially if the task is assigned flexible enough to allow alteration of the 

path for singularity avoidance. Also, after the time scaling issues are resolved, it is 

possible to incorporate the results into an offline motion planning algorithm. Addi

tionally, singularities might offer some mechanical advantages that can be utilized. 

For example, serial manipulators acquire extra stiffness in the singular directions at 

kinematic singularities, and parallel manipulators gain additional actuations in the 

nonsingular directions at force singularities. It is also possible that the minimum 

time trajectory between two given points passes through singularities. On the other 
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hand, alteration of a pre-planned path could lead to a collision with the surrounding 

environment, causing injuries and damaging equipments. 

Inspired by the works of Kieffer [18] [19] and Nielsen et al. [29], a number of 

researchers have recently looked into the path tracking type of approach to operate 

serial manipulators in the presence of kinematic singularities. Nenchev et al. [25] 

pointed out that the approach taken by Kieffer [18] is equivalent to augmenting the 

original mechanism with the given path as a virtual link and treating the end-effector 

as a virtual joint sliding along the virtual link. Inverse kinematics can be consistently 

solved at kinematic singularities by treating the virtually augmented mechanism as 

being redundant. The authors named this method singularity-consistent. Lloyd and 

Hayward [20] considered the velocity and acceleration limits of the actuators and 

scaled timing along the path to satisfy these limits. The resultant trajectory (timed 

path) can then be tracked without causing actuator saturation in terms of velocity 

and acceleration at kinematic singularities. 

Nenchev and Uchiyama [28] considered an extension of the singularity-consistent 

formulation to parallel manipulators. This extension did achieve some success in 

providing forward kinematics solutions at force singularities, although it was pointed 

out that the results were not necessarily consistent because truly consistent solutions 

would require position and rate information of the passive joints. Nenchev et al. [26] 

paid some attention to the dynamics of parallel manipulators at force singularities. 

Their analysis indicates that depending on a path's instantaneous directions, it is 

possible to track a path through certain force singularities. Roughly speaking, the 

idea presented in [26] is that motion through a force singular position might be 

possible if equation (1.3) has a solution at this position. 
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Because kinematic singularities usually occur on the workspace boundaries of 

a manipulator, avoidance of kinematic singularities can often be achieved without 

affecting the manipulator's capability. Force singularities, on the other hand, tend to 

occur inside the workspace of a parallel manipulator, which is typically much smaller 

than the workspace of a serial manipulator with similar link dimensions. Avoidance 

of force singularities is therefore expected to severely reduce the useful workspace of 

a parallel manipulator. What is even more troublesome is that given the initial and 

final positions, the singularity avoidance algorithms might not find a singularity-free 

path even though it exists. The lack of complete representations of force singular 

surfaces means path planning algorithms generally do not have the tools to verify 

whether singularity-free paths exist between two given positions. These algorithms 

basically "wander in the dark" searching for a singularity-free path. The singularity 

avoidance algorithms for parallel manipulators presented in [2], [10], and [31] all 

share this drawback. 

Since our discussion is restricted to only force singularities, we will omit the term 

force and refer to force singularities simply as singularities in the remainder of this 

thesis, unless explicitly expressed otherwise. 

1.2 Objectives of Thesis 

Singularities present difficult challenges to the operation of parallel manipulators 

and interesting opportunities for researchers in Robotics. A path tracking type 

of approach to alleviate the detrimental affects of singularities should offer unique 

advantages over actuation redundancy and singularity avoidance. Let us assume a 
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pre-planned path is given to us by a planning algorithm that considers issues such 

as workspace boundaries, obstacle avoidance, and minimum time motion, etc., but 

makes no attempt to avoid singularities. Two questions that naturally arise are: 1) 

Is this path trackable? 2) If it is trackable, how would the manipulator track it in 

the presence singularities? 

This thesis attempts to answer to the above questions. It introduces a path 

tracking type of approach to remedy the difficulties encountered in inverse dynamics 

at singularities. Specifically, the objectives of this thesis are: 

1. Analyze the motion feasibility of a parallel manipulator along a singular path. 

The analysis is to be carried out with respect to the path parameter. This is 

the focus of sections 2.1 and 2.2. 

2. Provide a simple method to plan feasible motion with proper timing along a 

singular path so that the singular path can be tracked with feasible actuator 

forces. This is the focus of section 2.3. 

3. Adopt a modified control method that can provide satisfactory performance 

at singularities, because the conventional control method performs poorly at 

singularities due to actuator saturation. This is the focus of Chapter 3. 

Since we are only concerned with the dynamic aspect of singularities, problems 

encountered in forward kinematics and forward velocity mapping are assumed to 

have been eliminated with redundant sensors. Therefore, end-effector position of 

the manipulator is known at any given time. This thesis provides some insight on 

the dynamic behaviour of parallel manipulators at singularities, and a method to 
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operate parallel manipulators in the presence of singularities. We hope the concepts 

and techniques to be presented will one day lead to the development of new motion 

planning strategies which can utilize the full workspace of parallel manipulators. 
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Chapter 2 

Path Tracking and Trajectory Generation 

Because robotic manipulators encounter difficulties in kinematics at both kinematic 

and force singularities, existing studies generally only focus on the kinematic aspect of 

singularities. However, force singularities have a detrimental effect on the dynamics 

of a parallel manipulator; the manipulator loses one or more degrees of actuation and 

becomes incapable of resisting externally applied forces in the singular directions. 

Therefore, in our opinion, the operation of a parallel manipulator in the presence of 

singularities needs to be approached from the viewpoint of dynamics, in addition to 

resolving the difficulties in forward kinematics. This chapter presents an approach 

to remedy the problem of unbounded inverse dynamics solutions at singularities by 

relaxing the rigid constraint on timing. The rigid constraint on timing is caused 

by the parameterization of a trajectory with respect to time. The notions of path 

and trajectory need to be distinguished here in this approach. We define path as a 

geometrically constrained one dimensional entity in the task space parameterized by 

an artificial parameter that is not time. Trajectory is defined as path with timing 

specified along the path. There is a trend in recent years to change timing instead 

of path in order to move serial robots through kinematic singularities ([18], [19], 

[20], and [25]). In these studies, it has been shown that by softening up the timing 

constraint of a trajectory and treating it as a path, velocity along the path can be 

scaled such that passage through kinematic singularities does not cause the joint 

velocities to become unbounded. Our analysis follows this trend except we focus on 
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end-effector & payload: 
m„ = 7 kg 

lower link: 
l a = 0.35 m 
l c a = 0.15m 
m a = 5 kg 
1, = 0.051 kg-m 

upper link: 
l b = 0.35 m 
l c b = 0.175m 
m b = 3 kg 
Ib = 0.031 kg-m2 

gravity: 
[2 -8]Tm/s2 

actuator limits: 

Figure 2.1: Link and payload properties of the two D O F manipulator. 

the dynamic aspect of force singularities. 

Let us consider an example using the two DOF manipulator depicted in Figure 

1.2. The pair of legs of this manipulator is identical and the end-effector is holding 

a point mass payload. Properties of the manipulator links and payload are given in 

Figure 2.1. This manipulator is being asked to track the six parameterized paths of 

Figure 2.2. The determinant of J along these paths is plotted in Figure 2.3, where 

s is the path parameter to be discussed shortly. At the first glance, the prospect of 

this manipulator tracking these paths appears dim because almost all of the paths 

pass through singularities while path 4 comes very close to singularity. It will be 

demonstrated here that three of the six paths are in fact trackable, provided timing 

along these paths is properly constrained. This chapter presents a method to verify 

the trackability of a path for a parallel manipulator and a method to carry out path 

tracking in the presence of singularities. These methods are developed based upon 

the techniques of minimum time path tracking ([3], [32], [35], and [36]). 
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Figure 2.2: Parameterized paths. 
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2.1 Dynamics Under Path Parameterization 

2.1.1 Path Parameterization and Dynamics 

A convenient way to represent a path is to parameterize it with a single parameter. 

This parameterization allows us to represent a path in the n dimensional task space 

with a one dimensional parameter, and to analyze its trackability with respect to the 

parameter instead of the n variables in the task space. Let us parameterize a path 

x = r (s), for s E [SQ, sf], where r : R 1 —> R n is a C 1 vector-valued function and the 

parameter s is not time. This parameterization separates the path definition from 

time and we rely on this flexibility in timing to enable passage through singularities. 

To prevent the parametrization from causing numerical difficulties, r (s) is restricted 

such that r' (s) ^ 0, Vs G [so,sf], where ' denotes the derivative with respect to 

s. The reason for this will be explained in section 2.1.2. This parameterization 

is not unique and different parameterization schemes of a path do not affect the 

characteristics and trackability of a path. If a path's first derivative r' is discontinuous 

at a finite number of points, it can be parameterized into multiple C 1 continuous 

segments and the techniques presented in this chapter are still applicable to each 

segment, except the manipulator must pause at each connecting node between two 

consecutive segments. Table 2.1 shows one choice of path parameterization given for 

the six paths of Figure 2.2. These paths are parameterized between SQ = —2 and 

Sf = 5. 

The velocity and acceleration along the path in the task space are related to s 

and s by: 

(2.1) 
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# Parameterizat ion 
1 r = " 0.47 + 0.085cos(s), 0.05 + 0.085 cos(s) ] T 

2 r = 0.47 + 0.095cos(s), 0.03 + 0.095 sin(s) | r 

3 r = 0.47 + 0.085cos(s), -0.073 + 0.085 sin(s) ] T 

4 r = [ 0.47 +0.085 C O S ( S - T T / 4 ) , 0.095 + 0.085 sin(s - TT/4) •T 

f [ 0.56 + 0.075s, -0.075 - 0.04s2 ] T , S < 0 
5 r = < [ 0.56 + 0.075cos(s-TT/2), 0.075sin(s - TT/2) ] T , 

[ [ 0.56 - 0 .075(S-TT) , 0.075 + 0.04(s - TT) 2 ] T , 
0 < S < 7T [ 0.56 + 0.075cos(s-TT/2), 0.075sin(s - TT/2) ] T , 

[ [ 0.56 - 0 .075(S-TT) , 0.075 + 0.04(s - TT) 2 ] T , 7T < S 

6 r = -0.02s + 0.5, 0.005(s - 1.5)3 - 0.005 ] T 

Table 2.1: Path parameterization. 

and 

x = r'(s) s + r" (s) s 2. (2.2) 

Substituting (2.1) and (2.2) into (1.3) results in: 

M (s) r' (s) s + M (s) r" (s) s 2 + b (s, s) = J (s) r . (2.3) 

At singularities, J is rank deficient; the numerical solution of equation (2.3) 

produces an unbounded inverse dynamics solution of r for an arbitrarily defined 

finite acceleration. However, a necessary and sufficient condition for the existence of 

inverse dynamics solution is [24] 

rank ( [Mr 's + M r " s 2 + b J] ) = rank (J) . (2.4) 

This gives us hope that even when J is rank deficient by one, we can still find a 

bounded r if we restrict the choice of s in equation (2.3). However, the more rank 

deficient J becomes, the more unlikely it is to satisfy equation (2.4). When J is 

rank deficient by more than one, it is generally impossible to satisfy equation (2.4). 

Fortunately, the most commonly encountered singularities in practice have J being 

rank deficient by one and our analysis is restricted to such singularities. 
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The problem of unbounded inverse dynamics solution is, however, not just re

stricted to the situation where J is rank deficient. Practically, actuators can only 

produce limited forces and the solution of equation (2.3) tends to demand unfeasibly 

large forces for an arbitrarily defined acceleration in the neighbourhood of singular

ities. If we were to move the manipulator through singular regions, then we should 

determine what motion is feasible and only ask the manipulator to execute a feasible 

motion. 

Parameterization of the path simplifies the dynamics equation (1.3) of 2n states 

in x and x to equation (2.3) of two states in s and s [35]. This simplification enables 

us to determine the feasible motion along the path. Bounds of the actuator forces 

impose constraints on the feasible s and s along the path. By determining the 

feasible s and s along the path, we can determine the feasible motion for which the 

manipulator can carry out along the path. Analysis of motion feasibility plays a 

particularly important role for path tracking in the presence of singularities. 

Because we focus our discussion on the dynamics aspect of motion, it is rea

sonable to assume that adequate sensors and efficient algorithms exist to readily 

determine the states of the manipulator in x and x. Our discussion does not touch 

the traditionally focused problem of forward kinematics at singularities. 

2.1.2 Minimum and Maximum Accelerations 

For the purpose of path verification, tracking and control, we need a way to determine 

the minimum and maximum accelerations s m ¡ n and s'm a x that can be achieved at a 

given position and velocity (s, è). Rewrite equation (2.3) in the following form: 

a cs + b c = J r . (2.5) 
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Compare to equation (2.3), a c = Mr' and b c = Mr " s 2 + b; a c, b c , and J depend on 

the path parameter s and velocity s here. This formulation assumes the manipulator 

stays on the path and is adequate for the purpose of path verification and trajectory 

planning to be discussed in this chapter. Chapter 3 examines a tracking control 

method that requires equation (2.5) to represent manipulator dynamics both on and 

off the path. The formulation to be discussed in Chapter 3 requires b c to contain an 

additional component for the purpose of control; a c, b c, and J will be dependent on 

measured quantities x and x. 

Let us assume constant bounds for r such that T¿ G [ T ¿ M ¡ N , rimax] for the i-

th actuator. The bounded region of r in the joint space can be transformed by 

J r — b c to an (n — d) dimensional parallelepiped in terms of generalized forces in 

the task space, where d is the co-dimension of J . Figure 2.4 shows a two dimensional 

example of this transformation. If we are to obtain a feasible inverse dynamics 

solution, then the line directed by a c must intersect this transformed parallelepiped 

and a cs must be constrained within the intersection such that ¿ m ¡ n < s < ¿'max. 

Because a parallelepiped is convex, the intersection can be determined by checking 

the 2n facets1 of the parallelepiped.2 The following algorithms can determine s m ¡ n  

and s m a x for equation (2.5). Algorithm I works at both singular and non-singular 

positions. Algorithm II only works at non-singular positions, but it is more efficient 

than Algorithm I. 

1A facet is an (n — 1) dimensional face of an n dimensional polyhedron. 
2While the transformed parallelepiped in terms of generalized forces in the task space becomes 

degenerate at singularity, a facet only becomes degenerate when null(3) falls into the (n — 1) 
basis of the corresponding facet in terms of actuator forces in the joint space. We restrict our 
analysis to cases where a c only passes through non-degenerate facets, which are the typical situations 
encountered in practice. 
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T, J r b c 

T, 1 max Ti 

Figure 2.4: Bounded region of r in the joint space (a), and the transformed region 
in task space (b). 

Algorithm I: 

The actuator force r is bounded inside of a right parallelepiped in terms of forces in 

the joint space. The basis t of this right parallelepiped is defined as: 

t = diag {TI m a x — ri m j n , • • •, r 
ra max 1 ra m m 

Also define a vector 
l T 

TU 

The feasible r is constrained inside of a right parallelepiped which can be expressed 

as: 

T = r m i n + th, h hi h2 ••• hr, , hi e [o, i], Vi (2.6) 

Pairs of parallel facets exist and the ¿-th pair shares the same basis t¿ with hi = 0 

on one facet and hi = 1 on the other (Figure 2.5 (a)). The n x (n — 1) matrix t¿ is 

simply t without its ¿-th column. 
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Figure 2.5: Facets of the bounded region of r (a), and facets of the transformed 
region (b). 

Recall that the dynamics equation (2.5) is expressed in terms of generalized forces 

in the task space. We can transform basis t of the bounded region of r to basis T 

of the transformed region in terms of generalized forces by T = Jt. Subsequently, 

Tj = Jt¿ defines the basis of the i-ih pair of facets of the transformed region in terms 

of generalized forces (Figure 2.5(b)). Rearrange equation (2.5) to include actuator 

force bounds of (2.6): 

a cs = Th + (Jr r a i n - b c ) . (2.7) 

The intersection between the line directed by a c and the (n — 1) dimensional hyper-

plane containing the i-th. min facet in terms of generalized forces in the task space 

can be found by solving the equation3: 

h c = J r m i n - b c , (2.8) 

3 If abs {del ([ a« — T¿ ])) < e¿ where e¿ is a small positive real number to be specified, the 
¿-th pair of facets are considered either degenerate or being parallel to a c . 
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where h c = g h, c2 h, en 
and it is not the same as the h of equation (2.7); 

s represents a potential extremal parameter acceleration and a cs lies on the (n — 1) 

dimensional hyperplane containing the i-th min facet; hc2 • • • hcn have the same 

meaning as elements of h in equation (2.6). The line directed by a c passes through 

this facet if hcj G [0,1], Vj = 2, • • • ,n. Similarly, the intersection between the line 

directed by a c and the i-th max facet in terms of generalized forces in the task space 

can be found by solving: 

where r b ¿ is the i-th column of t, and the line directed by a c intersects this facet if 

hCj G [0,1], Vj = 2, • • •, n. Solve equation (2.8) for each min facet and equation (2.9) 

for each max facet; there should be either one pair of intersections between the line 

directed by a c and the 2n facets of the transformed parallelepiped or no intersections 

at all. If a pair of intersections are found, then the corresponding values of s are 

compared and assigned to s m i n and smax. Otherwise the line directed by a c does not 

intersect the transformed parallelepiped and no feasible acceleration exists; therefore, 

à'min and s m a x are not assigned by the algorithm. A flowchart of Algorithm I is shown 

in Figure 2.6. 

Example 1 — Extremal accelerations: J is not singular. 

Let us determine the extremal accelerations s m m and s m a x of the two D O F ma

nipulator at s = 1 on path 2, with s = 20. This manipulator has actuator force 

bounds of T i m i n = r 2 m i n = -1800 N , n m a x = r 2 r a a x = 2100 N . Properties at 

T , h c = J ( ''"min ~t" b c 
(2.9) 
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START, 

i= 1 

Check i-th min 
facet using eq. 
(2.8) 

No 

r 

Check i -th max 
facet using eq. 
(2.9) 

r 

Yes s is an 
extremal acc. 

i = i + 1 

Yes 

Assign acc. values 

No valid acc. 

Yes 

STOP, 

Figure 2.6: Minimum and maximum acceleration - Algorithm I. 
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this position and velocity are M = 
12.9 -0.0054 

-0.0054 11.5 
-0.080,0.051]5 

a c = Mr' = [-1.03,0.59]2", b c = [-299, -253] r , and J 
-0.975 0.224 

We need to obtain the vectors and matrices that appear in equations (2.8) and 

3900 0 

0.979 0.206 

r b l = [3900,0}\ r b 2 = 

-1.03 805 
h c = 

0.59 873 

-1800 -299 

-1800 -253 

(2.9): r m i n = [-1800,-1800] T, t 
0 3900 

[0,3900]T, ti = [0,3900]T, t 2 = [3900,0] r, T , = Jt x = [805,873]T and T 2 = J t 2 -

[3816, —3810]T. Substitute the variables into equation (2.8) and solve for h c of the 

first min facet. 

0.979 0.206 

-0.975 0.224 

This yields h c = [2101, —0.4]T. Because hC2 ¢. [0,1]T, the line directed by a c does 

not pass through this facet. Similarly we obtain h c = [506,0.344]T on the second 

min facet; because / i c 2 G [0,1]T, the line directed by a c passes through this facet 

and s = 506 is an extremal acceleration. Solutions of equation (2.9) yield h c — 

[—2542,0.8]T on the first max facet and h c = [—3298,1.2] on the second max facet. 

This means the line directed by a c passes through the first max facet and s = —2542 

is an extremal acceleration. Therefore, the extremal accelerations are s m m = —2542 

and s'max = 506.j 

Example 2 — Extremal accelerations: J is singular. 

Let's determine the extremal accelerations s m m and s m a x of the two D O F manip-
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ulator at s = -0.3213 on path 2, with s = 35. Now we have M 
13 0 

0 11.5 

1 0 
r' = [0.03,0.09] r, a c = Mr' = [0.39,1.03]T, b c = [-1451,542]T, and J = 

-1 0 

corresponding to a singular position. Solutions of equations (2.8) and (2.9) yie 

h c = [3172,-221370] on the first min facet, h c = [639,0.153]T on the second min 

facet, h c = [-1.3340,1222365]T on the first max facet, and h c = [639,0.153]T on the 

second max facet. Therefore the line directed by a c passes through the second min 

and max facets and s m ¡ n = smax = 639. Because the transformed parallelepiped de

generates at singularities, the feasible range of acceleration typically degenerates to 

¿ m i n = « m a x as well. 4 Execution of an arbitrarily defined acceleration at singularities 

is therefore impossible and results in an unfeasible inverse dynamics solution, J 

Algorithm II: 

When the end-effector is away from singularities, it is more efficient to rewrite equa

tion (2.5) in the form of 

â c s + b c = r (2.10) 

where a c = J _ 1 a c , b c = J _ 1 b c and use the algorithm proposed in [3], [36], and [37]. 

This algorithm is included here for completeness. 
4 A t singularity, s m ¡ n ^ s m a x iff a c G range(3) and the line directed by passes through the 

transformed parallelepiped, which is already degenerate. This situation rarely occurs in practice. 



29 

For i — 1, • • •, n, the i-th joint now imposes a bound on s: 

= < (rimax - 6ci) /Sci, Sci < 0 ( 2-!!) 

ac¿ = 0 

< 

and 

^ ¡ m a x ^c¿^ /û-ci, Qci ^ 0 

i r i m i n - £>Ci) /a c ¿, Sc¿ < 0 • (2-12) 

oo, ac¿ = O 

If ac¿ = O, then z-th actuator does not contribute bounds on s; s ¿ m m and ¿ '¿ m a x are 

then assigned —oo and oo for numerical convenience. s m m and s m a x are determined 

by: 

S m i n = max (Si m i n ) (2-13) 

¿ m a x min (¿i m a x ) • 

i 

If the calculation results in s m a x < s m i n , than no feasible acceleration exists; therefore 

no valid s m i n and s m a x are assigned by the algorithm. 

Example 3 — Extremal accelerations using Algorithm II : J is not singular. 

Repeat Example 1 using Algorithm II. First obtain â c — J _ 1 a c = [—0.840, —1.025]T 

and b c = J ^ b c = [-35.2,-1282] r Use equations (2.11) and (2.12) to determine 

the bounds on s imposed by the first joint: 

s ' imax = ( -1800-(-35.2)) / ( -0 .840) = 2101 

s ' l m i n = (2100 - (-35.2)) J (-0.840) = -2542 
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Similarly the bounds imposed by the second joint are ¿'2 max = 506 and ¿ 2 m i n = 

—3297. Using equation (2.13) to determine the overall bounds imposed on s results 

in s'min = —2542 and s m a x = 506, which are the same as the results obtained with 

Algorithm I . j 

Note that if r' = 0, then a c = Mr' = 0; both Algorithms I and II encounter diffi

culties determining s m m and smax. Therefore the parameterization r(s) is restricted 

such that r'(s) / 0, Vs G [so,Sf]-

We have so far discussed how to convert actuator bounds to constraints on s at 

a given state (s, s) in this subsection. Path tracking requires both s to be feasible 

and a consistent inverse dynamics solution of r to equation (2.5). The next section 

discusses a method to obtain a consistent inverse dynamics solution. 

2.1.3 Inverse Dynamics 

We can obtain a consistent inverse dynamics solution to equation (2.5) using the 

following equation: 

where J # is the pseudo-inverse of J . While equation (2.14) produces an exact solution 

if J is full rank, it produces an approximate solution if J is considered rank deficient. 

J # is obtained by first decomposing J using Singular Value Decomposition (SVD) 

r = J* (acs + b c ), (2.14) 

[24]: 

J = U E V r , (2.15) 
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where U and V are (n x n) orthogonal matrices and S is a diagonal matrix 

• 0 <7i 0 

0 a2 

, o-i > a2 > • • • > <rn > 0, 
: ••• ••• 0 

0 ••• 0 (7n 

and ai is the i-th. singular value of J . Calculation of the pseudo-inverse requires 

singular values less than a tolerance value a t o i to be discarded, namely a t o l > 

Cfc+i > > • • • > crn > 0. The pseudo-inverse of J can then be obtained as [24] 

1/ai 0 ••• 0 

o i/(72 '•• ; 

J # = V : ••. •.. o ' U T -

0 ••• 0 l/(7k 

0 (fc)x(n—fc) 
(2.16) 

0(n-fc)x(fc) 0(n-k)x(n-k) 

Example 4 — Inverse Torque Calculation: J is singular. 

We can calculate a consistent inverse dynamics solution for the feasible ac

celeration s — 639 of Example 2 using equation (2.14): r = J * (a cs + b c) = 

-1202 0.5 -0.5 -1202 

0 0 1202 0 
N . Verify this solution with equation 

T = Jr . The inverse actuator force solution is (2.5): acs" + b c = [-1202,1202 

consistent with equation (2.5). 

Without using a scheme such as equation (2.14), the inverse dynamics solution 

simply cannot be obtained when J is rank deficient. Furthermore, if s is not properly 

constrained, then the inverse dynamics solution will not be feasible. For example, if 
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s = 500, we obtain r = [-1.2,4729]T kN using equation (2.14), which violates the 

actuator bounds. In order for the manipulator to stay on the path, timing along the 

path has to be properly constrained so that s remains feasible, j 

2.1.4 Minimum and Maximum Velocities 

At a given position s along the path, the range of feasible acceleration [s m m , s m a x ] 

depends on the velocity s. A velocity s is said to be admissible if the range of feasible 

acceleration [ à m i n , s m a x ] is not null ([3] and [36]). In order for the manipulator to 

track the path, s needs to remain admissible along the path. This is because the 

manipulator will stray from the path if s becomes inadmissible. In fact, a path is 

trackable if the manipulator can move from so to st with s remaining admissible 

Vs G [so, St], even in the presence of singularities. Therefore, a method to establish 

the set of admissible s for a given s would be useful in path verification and trajectory 

generation. 

The admissibility of a given s can be determined using algorithms proposed in 

section 2.1.2 for s m ¡ n and s m a x - If an algorithm succeeds in computing valid s m i n and 

S m a x , then s is considered admissible; otherwise it is considered inadmissible. 

Three assumptions are required in order to establish a set of admissible s that 

is of practical interest. Firstly, let us assume the manipulator only moves in the 

direction of non-negative a,5 therefore narrowing the set to only positive admissible 

velocities. Secondly, frictions are ignored in the dynamics model. This eliminates 

the existence of gaps in the set of admissible velocities [36]. The first and second 
5 If s < 0, then the manipulator is moving backward along the path. It is not meaningful to have 

the manipulator moving backward in path tracking. 
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assumptions therefore restricts the admissible velocities to [ s m i n , s m a x ] , such that 

¿max > èmm > 0. If s = 0 is an admissible velocity, then assign á m ¡ n = 0. Thirdly, 

admissible velocity along the path is assumed to be bounded from above by ¿ u b . 

Wi th these three assumptions in place, s m m and i m a x can now be determined using 

the following algorithm (refer to Figure 2.7 for a flowchart of the algorithm and see 

Figure 2.8 for two examples): 

1. Check whether s = 0 is an admissible velocity. If it is admissible, then assign 

a variable s a d m = s m i n = 0 and go to step 4. 

2. Search between s = 0 and s = i u b for an admissible velocity. If an admissible 

velocity is found at s a d m, go to step 3. Otherwise the set of admissible velocities is 

null and no valid s m j n and s m a x exist; therefore the algorithm terminates. 

3. Search between s = 0 and s = saim for ¿ m ¡ n . 

4. Search between s = á a d m and á = i u b for á m a x . 

2.2 Path Verification and Boundary Curves in the Phase 

Space 

In order to verify the trackability of a path, we need to examine the path's charac

teristics in the s — s phase space. Path parameterization enables us to study the 

path's characteristics in a simplified phase (state) space in s and s instead of the 

full state space of the manipulator in x and x [35]. Analysis in the phase space 

determines how the manipulator's velocity is constrained along the path and this in 

turn verifies the trackability of the path. The results can be conveniently presented 

in a two dimensional graph. 
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Search between 
No 

w 
s = 0 and s = suh w 

W for an admissible 
velocity 4^. 

Search between 
S ~ 4dm ' 
for sm=v. 
è = 5adm and è = suh 

No admissible s. 

Yes 

Search between 
s = 0 and s = sadr 
for smi„. 

STOP 

Figure 2.7: Algorithm to determine mininum and maximum velocities. 
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Admissible 

Step 1. 

Step 4. 

i — • 

i — • 

[̂ minî̂ max] , 

•̂mm max 

(a) 

Admissible 
-I 1—• 
0 s„u s 

i — • 

Steps 1 & 2. 

-\ 1— 
0 4dm 4b è 

[4nin»4nax] 
H—I H—j • 
0 5min 5max5ub S 

Steps 3 & 4. 

(b) 

Figure 2.8: Minimum and maximum velocities: (a) s = 0 is admissible, (b) s = 0 is 
inadmissible. 

2.2.1 Velocity Limit Curves 

In section 2.1.4, we have discussed the admissibility of velocity s and presented an 

algorithm to determine the maximum and minimum velocities s m ¡ n and s m a x at a 

given position s. The curve connecting all á m a x , Vs G [so>Sf] in the phase space, is 

referred to as the Upper Velocity Limit Curve (UVC) [35] ; the curve connecting all 

¿mm where s m i n > 0, Vs G [SQ, s f ] , is referred to as the Lower Velocity Limit Curve 

(LVC). Figure 2.9 illustrates how admissible velocity in the phase space is bounded 

by the U V C from above and by the LVC and the s-axis from below. On the velocity 

limit curves, at least one actuator of the manipulator is operating at its limit [3]. A 

trajectory that crosses the U V C or the LVC acquires an inadmissible velocity and 

causes the manipulator to stray from the path due to actuator saturation. Because 

¿min > 0 implies s = 0 is an inadmissible velocity, the manipulator cannot pause (not 

even instantaneously) on the path at positions under the LVC. The presence of L V C 



36 

indicates the occurrence of actuator saturation at low velocities. L V C is unique to 

parallel manipulators and only occurs in the neighbourhood of force singularities.6 

2.2.2 Path Trackability 

Condition for Local Path Trackability 

The condition for local path trackability at a position s is the existence of an ad

missible set [smin, ¿max] of s at s. This also means a path is locally trackable at s 

if the U V C exists at s. Let us consider the two illustrative examples of the U V C 

and the L V C in Figure 2.9. Figure 2.9(a) shows the U V C and the L V C of a path 

that is locally trackable at all s, Vs G [so,Sf]; Figure 2.9(b) shows the U V C and 

the L V C of a path that is locally trackable for positions in [s0, si] and [s2, sf), while 

positions in [ « 1 , ^ 2 ] are locally untrackable. If a path is locally untrackable at some 

point s G [so,Sf], then it is globally untrackable in [so,sf]. The U V C and the L V C 

of the six paths illustrated earlier in Figure 2.2 are shown in Figure 2.10. Because 

path 4 and path 6 each has a region that does not satisfy the condition for local 

trackability, we conclude that path 4 and path 6 are untrackable. 

Condition for Global Path trackability 

The local trackability is insufficient to guarantee the global trackability of a path, 

even if it is locally trackable at all s, Vs G [SQ, s f]. The condition for global trackability 

of a path is the existence of a continuous trajectory connecting from (so, 0) to (s{, 0) 

in the s — s phase space. Besides the U V C and the L V C , various boundary curves 

(to be discussed in sections 2.2.3 and 2.2.4) restricts where a feasible trajectory can 
6It is generally safe to assume that a manipulator's actuators are powerful enough so that it can 

pause (at least instantaneously) at positions away from force singularities. 
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0 Inadmissible 

(a) 

s{ s 

(b) 

Figure 2.9: Illustrative examples of the U V C and the LVC. 

go in the phase space. The boundary curves exist because the slope of trajectory in 

the phase space is constrained. 

2.2.3 Slope of Trajectory 

Minimum and Maximum Slopes 

For a given point (s, s) with an admissible s in the phase space, algorithms in section 

2.1.2 can be used to determine the extremal accelerations s m m and s m a x . The ex

tremal accelerations dictate the minimum and maximum slopes of a trajectory that 

can enter and leave (s, s). The slope of a trajectory s' at (s, s) is related to s and s 

by [36] 
dà ds dt - (2.17) 
ds dt ds s. 

Therefore the minimum and maximum slopes are i ^ i n = ¿ r a m / ¿ and i ' m a x = s m a x / s , 

respectively, and a' is feasible if s' G [ s ^ , ^ ] . Consider the pair of 'arrows' at 



Figure 2.10: U V C (thick solid line) and L V C (thin solid line) of the six paths illus
trated in Figure 2.2. 



39 

unfeasible 
/ 

/ 

/ 
/ 

(S,S) 

-> 
S 

Figure 2.11: Feasible and unfeasible trajectories at (s, s). 

(s, s) in the phase space as shown in Figure 2.11 with slopes of á m i n and s m a x . The 

slope of feasible trajectory entering and leaving a point (s, s) is bounded by this 

pair of arrows [36]. These arrows' slopes vary with s and s. A plot of such arrows 

at discretized points in the phase space is known as a phase portrait. Figure 2.12 

contains an illustrative phase portrait with the arrowheads omitted for simplicity. 

Slope of Trajectory at Singularities 

At a point that is away from singular positions, and away from the U V C and L V C , 

¿min < ¿max holds and the trajectory has a range of slope to choose in [s'min, i ' m a x ] . 

At singular positions, however, s m i n = à m a x and therefore s'm i n = s'm a x; the range of 

trajectory slope degenerates to a single value. In order for a manipulator to track 

a path through singularities, its trajectory in the phase space must conform to the 

rigid constraint on slope at singularities. 

Slope of Trajectory on the Velocity Limit Curves 

Various terms characterize points on the U V C and the L V C with respect to the 

range of trajectory slope at these points, including critical, non-critical, sink, source, 
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s A 

Figure 2.12: Phase portrait. 

and tangency (see [32], [35], and [37]). These terms are introduced here so that 

they can be applied in section 2.2.4 for establishing boundary curves of trajectories 

in the phase space. The range of trajectory slope at points on the U V C and the 

L V C deserves our attention because this range generally reduces as a trajectory 

approaches the U V C or the L V C , and forces the trajectory to cross the U V C or the 

L V C . A trajectory that crosses the U V C or the L V C acquires an inadmissible velocity 

and causes the manipulator to stray from the path due to actuator saturation. 

Critical and Non-critical Points On the U V C and the L V C , the range of ac

celeration often degenerates to s = s n the range of trajectory slope is 

therefore constrained to a single value s' = s'min = s'm a x at such points. Let u(s) 

represent the U V C and l(s) represent the LVC. A given point (s, u(s)) on the U V C 
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(a) (b) 

Figure 2.13: Critical and non-critical points: (a) critical, (b) non-critical. 

is said to be critical if s'min ^ s'max, and non-critical if s'min = s'm a x [32]. Similarly, a 

given point (s, l(s)) on the L V C is said to be critical if s'min ^ s'm a x, and non-critical 

if s' • = s' 
"min max -

Whether a point is critical or not depends on how the line directed by a c intersects 

the transformed parallelepiped in terms of generalized forces in the task space (see 

Figure 2.13). This point is critical if a c is parallel to a pair of facets of the transformed 

parallelepiped, otherwise it is non-critical. This is what makes s'mìn ^ s m a x at a 

critical point and s'min = s'max at a non-critical point. We will discuss more about 

critical points in section 2.2.4. 

Sink, Source, and Tangency Points A point on the U V C is said to be a trajec

tory sink [32] if the maximum acceleration trajectory at this point moves towards an 

inadmissible velocity region [35]. On the L V C , a point is said to be a trajectory sink 
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if the minimum acceleration trajectory at this point moves towards an inadmissible 

velocity region. Mathematically, a trajectory sink on the U V C is a point (s,u(s)) 

where 

u(s) 

and a trajectory sink on the L V C is a point (s, l(s)) where 

S m ì n ^ S ) ) < H*-) • (2.19) 

Figure 2.14(a) and Figure 2.14(b) illustrate the above conditions for trajectory sink 

on the U V C and the LVC. 

Similarly, a point on the U V C is said to be a trajectory source [32] if the minimum 

acceleration trajectory at this point moves towards an admissible velocity region [35]. 

On the L V C , a point is said to be a trajectory source if the maximum acceleration 

trajectory at this point moves towards an admissible velocity region. Mathematically, 

a trajectory source on the U V C is a point (s, u(s)) where 

S m i n < u'(s+) (2.20) 
u(s) 

and a trajectory source on the L V C is a point (s, l(s)) where 

S m a x O M ( s ) ) > ^ ( 2 _ 2 1 ) 

1(8) 

Figure 2.14(c) and Figure 2.14(d) illustrate the above conditions for trajectory source 

on the U V C and the L V C . 

A tangency point occurs where the slope of feasible trajectory equals to slope of 

the velocity limit curve, and a tangency point is non-critical. Figure 2.15 illustrates 

the slope of trajectory at tangency points on the U V C and the L V C . 
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Figure 2.14: Sink and source points on the U V C and L V C . 
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Figure 2.15: Tangency points on the U V C and LVC. 
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Figure 2.16: Phase portrait of path 2. 

Example 5 Phase portrait of path 2. 

The phase portrait of path 2 is shown in Figure 2.16. This path passes through 

singularities at s % —0.32 and s « 3.46. Note that the range of trajectory slope 

degenerates not only at singularities and the velocity limit curves, it also degenerates 

in the singular neighbourhood and close to the velocity limit curves. Of the various 

marked points, pi and p 5 are critical points. Among the rest of the marked points, 

P3 is a tangency point, p 2 is a source, and P4 is a sink. In fact, points that lie between 

Pi and p3 on the U V C are trajectory sources, and points that lie between p3 and ps 

on the U V C are trajectory sinks, J 
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2.2.4 Boundary Curves 

Because the range of trajectory slope degenerates in the singular neighbourhood, and 

close to the U V C and LVC, there exist regions in the phase space that are inaccessible 

to trajectories, regions where trajectories are forced into crossing the U V C or the 

L V C , and regions where trajectories are forced into crossing the s-axis. A trajectory 

that is forced into crossing the U V C or the L V C acquires an inadmissible velocity 

and causes the manipulator to stray from the path. A trajectory that is forced into 

crossing the s-axis attains a negative velocity and starts to move backward; therefore 

not being able to complete path tracking. Because of the existence of these off-limit 

regions, the U V C and the L V C are not the true boundaries of feasible trajectory, 

and these off-limit regions must also be avoided. 

Let us consider the phase portrait of path 2 again to find examples of these 

regions. A trajectory for the manipulator to move from so to s f along a given path 

needs to stay admissible from s 0 to s f; it must not go into a sink point and cross 

a velocity limit curve, and it cannot originate from a source point either. If we 

integrate a trajectory forward with maximum acceleration from pi until it hits the 

U V C (Figure 2.17), any trajectories above this maximum acceleration trajectory 

must have originated from the source points between pi and p3 and must have been 

inadmissible prior to appearing at the source points on the U V C ([3], [32], and [36]). 

Therefore, the region above this trajectory is inaccessible, and feasible trajectories 

must stay below this maximum acceleration trajectory. Similarly, if we integrate a 

trajectory backward with minimum acceleration from ps until it hits the U V C , any 

trajectory that traverses above this minimum acceleration trajectory can only arrive 
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Figure 2.17: Boundary curves in the phase space. 

at sink points between P3 and ps and crosses the U V C ([3], [32], and [36]). Therefore, 

feasible trajectories must stay below this minimum acceleration trajectory as well. 

These are only two examples of off-limit regions and their associated boundary curves 

in the phase space. 

Switching Points 

The example off-limit regions discussed exist because the range of trajectory slope 

degenerates at regions close the velocity limit curves, and generally this range degen

erates further to a single value to make trajectory sources and sinks on the velocity 

limit curves. To identify the boundaries of the example off-limit regions, the first 

step is to identify switching points where the velocity limit curves switch from sink 
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to source [32]. Switching points are the only places where a trajectory can touch the 

velocity limit curves without becoming inadmissible [35]. 

To the right of a switching point, the velocity limit curve is a trajectory source, 

and there exists a region inaccessible to feasible trajectories because trajectories in 

this region must have been inadmissible prior to appearing at source points on the 

velocity limit curve (such as the example off-limit region to the right of pi). To 

the left of a switching point, the velocity limit curve is a trajectory sink, and there 

exists a region where trajectories are forced into crossing the velocity limit curve 

(such as the example off-limit region to the left of p 5 ). The boundary curves of such 

regions can then be obtained by integrating extremal acceleration trajectories from 

the switching points. The points pi and p 5 are, in fact, switching points. 

The switch from sink to source can occur at critical points [32], tangency points, 

and at discontinuity points of the velocity limit curves ([3] and [37]). 

Critical Points If a velocity limit curve changes from sink to source at a critical 

point, then this point qualifies as a switching point [32]. This requires the critical 

point to be both a sink and a source. Although not the focus of this thesis, we should 

mention that critical points can be further classified as critical regular and critical 

singular. Critical singularity refers to a phenomenon identified by Shiller and Lu [35] 

where the range of trajectory slope at a switching point is limited by the slope of the 

U V C instead of the extremal accelerations. Critical singularity is very different from 

force singularity studied in this thesis, and is rarely encountered in practice. In our 

present analysis, critical singularities occur at critical points on the U V C where [35] 

Smin (s> u(s)) . . / / \ /o OOÌ — < U [8-) [2.22) 
u[s) 
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> u'(s+) (2.23) 

or 
a'max (S,u(s)) 

u(s) 

(see Figure 2.18 for examples), and at critical points on the L V C where 

w 

or 

> I'(s-) (2.24) 

Smin(s,¿(s)) , . . , . 
— i ( ¡ ) — < ¿ ( s + ) ( 2 - 2 5 ) 

(see Figure 2.19 for examples). The presence of critical singularities does not affect 

the validity of our algorithm as long as we keep trajectories in the phase space away 

from boundary curves. Interested readers should refer to [35] for a more detailed 

explanation of critical singularities. 

Example 6 Critical switching point. 

Figure 2.20 zooms in on the phase portrait of path 2 around p i . Since pi is a 

critical point with the U V C being a sink to the left of pi and the U V C being a source 

to the right of p i , therefore pi is a switching point, J 

Tangency Points If a velocity limit curve changes from sink to source at a tan

gency point, then this point qualifies as a switching point ([35] and [37]). Unfortu

nately our six example paths do not possess tangency points that can act as switching 

points. However, example of tangency switching points can be found in [37]. 

Discontinuity Points Discontinuity of the U V C and the L V C occurs where v" 

is discontinuous ([3], [36], and [37]). Path 5 has two discontinuity points at s = 0 

and s = 7T. Let sd denotes the location of a discontinuity point on the path. A 



Figure 2.18: Examples of critical points on the U V C : (a) critical regular, (b), (c), 
(d), (e) critical singular. 
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Figure 2.19: Examples of critical points on the L V C : (a) critical regular, (b), (c), 
(d), (e) critical singular. 
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Figure 2.20: Phase portrait of path 2 around point p x ; pi is a switching point. 
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discontinuity point on the U V C is an upper switching point if it belongs to one of 

the types (a) or (b) shown in Figure 2.21. If u(sd—) < u(sd+) and (sd—,u(sd—)) is 

a sink, then (sd, u(sd—)) is an upper switching point and the vertical line segment 

at sd, for s E (u(sd—),u(sd+)), acts as a source (Figure 2.21(a)) ([3] and [36]). 

If u(sd—) > u(sd+) and (sd+,u(sd+)) is a source, then (sd,u(sd+)) is an upper 

switching point and the vertical line segment at sd, for s E (u(sd+), u(sd—)], acts as 

a sink (Figure 2.21(b)) ([3] and [36]). A discontinuity point on the L V C is a lower 

switching point if it belongs to one of the types (c) or (d) shown in Figure 2.21: If 

l(sd—) > l(sd+) and (sd—,l(sd—)) is a sink, then (sd,l(sd—)) is a lower switching 

point and the vertical line segment at sd, for s E [l(sd+), l(s¿—)) acts as a source 

(Figure 2.21(c)). If l(sd-) < l(sd+) and (s d+, l(sd+)) is a source, then (s d, ¿ (s d +)) is 

a lower switching point and the vertical line segment at sd, for s E [l(sd—), l(sd+)), 

acts as a sink (Figure 2.21(d)). 

Example 7 Discontinuity switching points. 

Consider the phase portrait around the discontinuity point of path 5 at s = 7i in 

Figure 2.22. Because points on the vertical segment are sinks and points to the right 

of the bottom corner are sources, the point at (3.14,23.61) satisfies the condition for 

a type (b) upper switching point.J 

Upper Boundary Curves 

Figure 2.23 illustrates the four types of upper boundary curves of feasible trajectories 

in the phase space identified in [3] and [36]. Two types of upper boundary curves are 

not related to the U V C : (a) Integrate a maximum acceleration trajectory forward 

from (SQ, 0); any other trajectories that originate from (SQ, 0) are bounded from above 
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Figure 2.21: Discontinuity switching points. 
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Figure 2.22: Phase portrait of path 5 around the discontinuity point at s = n, there 
is an upper switching point at (3.14, 23.61). 
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by this trajectory (Figure 2.23(a)). (b) Integrate a minimum acceleration trajectory 

backward from (s f,0); any other trajectories that arrive at (st,0) are bounded from 

above by this trajectory (Figure 2.23(b)). 

The other two types of upper boundary curves exist due to the degenerate range 

of trajectory slope close to and on the U V C : (c) Integrate a maximum accelera

tion trajectory forward from an upper switching point (Figure 2.23(c)); the region 

above this trajectory is inaccessible. The maximum acceleration trajectory that orig

inates from pi in Figure 2.17 is such a boundary curve, (d) Integrate a minimum 

acceleration trajectory backward from an upper switching point (Figure 2.23(d)); 

trajectories that traverse above this trajectory will be unable to slow down in time 

to avoid crossing the U V C at a sink. The backward minimum acceleration trajectory 

that originates from ps in Figure 2.17 is such a boundary curve. 

Trajectories connecting from (so,0) to (sf,0) are bounded from above by these 

four types of upper boundary curves. If an upper boundary curve hits the L V C , then 

no trajectories connecting (so,0) to (s f,0) can stay admissible; therefore, indicates 

the path is untrackable. Also, if an upper boundary curve hits the s-axis, then tra

jectories are bound to either become inadmissible, or acquire negative velocity and 

become unable to complete path tracking; therefore, indicates the path is untrack

able. If none of the upper boundary curves hit the L V C or the s-axis, then there exist 

continuous trajectories that connect from (SQ,0) to (s f,0) and the path is trackable. 

Example 8 Upper boundary curves of path 2 

The upper boundary curves of path 2 are superimposed on its phase portrait in 

Figure 2.24, and labeled according to their types. Some of the boundary curves lie 
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Figure 2.23: Types of upper boundary curves. 
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Figure 2.24: Upper boundary curves of path 2. 

very close to the U V C , which makes them indiscernible from the U V C . Note how the 

range of trajectory slope is constrained in regions on both sides of upper switching 

points, j 

Lower Boundary Curves 

Because the range of trajectory slope degenerates in the neighbourhood of singu

larities, there exist regions that are inaccessible to trajectories, and regions where 

trajectories are bound to cross the L V C or the s-axis. As mentioned earlier, a trajec

tory that crosses the L V C acquires an inadmissible velocity, and a trajectory that is 

forced to cross the s-axis acquires a negative velocity and is unable to complete path 

tracking. These regions are thus off-limit to trajectories and need to be identified 
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before trajectory generation can be carried out in the phase space. 

Away from singularities, s can take on both positive and negative values. In the 

neighborhood of singularities, s may become strictly positive or strictly negative on 

the s-axis, which means the trajectory slope is strictly positive or strictly negative 

on the s-axis in such regions. The phase portrait of path 2 (Figure 2.16) reveals two 

such regions in the phase space. One region is at s « —0.32, where trajectory slope 

is strictly negative, and the other region is at s « 3.46, where trajectory slope is 

strictly positive. 

Figure 2.25 illustrates the four types of lower boundary curves that exist in the 

phase space. The first two types are boundaries of the regions just mentioned, 

which are not related to the L V C : (a) Integrate a minimum acceleration trajectory 

forward from the left-most point of a region on the s-axis where s' is strictly positive 

(Figure 2.25(a)); the region below this trajectory is inaccessible to forward moving 

trajectories as trajectories in this region must have originated from under the s-axis. 

(b) Integrate a maximum acceleration trajectory backward from the right-most point 

of a region on the s-axis where s' is strictly negative (Figure 2.25(b)); trajectories 

that traverse below this trajectory will cross the s-axis, acquire a negative velocity 

and become unable to complete path tracking. 

The other two types of upper boundary curves exist due to the degenerate range 

of trajectory slope close to and on the LVC: (c) Integrate a minimum acceleration 

trajectory forward from a lower switching point (Figure 2.25(c)); the region below 

this trajectory is inaccessible because trajectories in this region are inadmissible prior 

to appearing at sources on the L V C . (d) Integrate a maximum acceleration trajectory 

backward from a switching point (Figure 2.25(d)); trajectories that traverse below 
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(c) (d) 

Figure 2.25: Types of lower boundary curves. 

this trajectory cannot speed up fast enough to avoid crossing the L V C or to avoid 

crossing the s-axis at a point where s' is strictly negative. 

Feasible trajectories connecting from (so, 0) to (s f, 0) are bounded from below by 

these four types of lower boundary curves and the s-axis. 

Example 9 Lower boundary curves of path 2. 

The lower boundary curves of path 2 shown in Figure 2.26 are of the types (a) 

and (b), caused by the degenerate range of trajectory slope in the neighbourhood of 

singularities, j 
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Figure 2.26: Lower boundary curves of path 2. 
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Figure 2.27: Lower boundary curves of path 3. 

Example 10 Lower boundary curves of path 3. 

The lower boundary curves of path 3 shown in Figure 2.27 are of types (c) and 

(d), caused by the degenerate range of trajectory slope near the L V C . J 

2.2.5 Summary 

The following steps verify the trackability of a path and determine the boundary 

curves of its trajectories in the phase space. 

1. From (s0,0), integrate a trajectory forward with s m a x until it reaches 

(a) the U V C or sf ([3] and [36]). Denote this point (s u 0 , s u 0 ) . 

(b) the L V C or the s-axis, path is untrackable. 
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Figure 2.28: Upper velocity boundary curves: Simple case without switching points. 

2. From (s f ,0), integrate a trajectory backward with s m m until it reaches 

(a) the U V C or so ([3] and [36]). Denote this point ( s u f , s u f ) . 

(b) the L V C or the s-axis, path is untrackable. 

If Suf < Suo, then this path is trackable (see Figure 2.28) and go to step 7 to 

determine the lower boundary curves. Otherwise, continue with step 3 to determine 

the remaining upper boundary curves. 

3. Determine the U V C and the L V C . If the U V C ceases to exist at some point in 

[suo> suf], then this path is untrackable. 

4. Identify all upper switching points on the U V C in [s u 0, s u f] ([3], [32], and [36]). 

5. From each upper switching point, integrate a trajectory forward with s m a x until 

it reaches 

(a) the U V C or s f ([3] and [36]). 
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(b) the L V C or the s-axis, path is untrackable. 

6. From each upper switching point, integrate a trajectory backward with s m i n 

until it reaches 

(a) the U V C or s 0 ([3] and [36]). 

(b) the L V C or the s-axis, path is untrackable. 

If this path has not been determined to be untrackable by now, then it is track-

able. Feasible trajectories connecting (so,0) and (s f,0) are bounded from above by 

the upper boundary curves obtained in steps 1, 2, 5, and 6. In order to use trajec

tory planning algorithms such as the method to be proposed in section 2.3.1 or the 

dynamic programming method [32], the lower boundary curves of the phase space 

needs to be determined. The remaining steps below establish the lower boundary 

curves: 

7. Identify all lower switching points on the L V C in [so, s f]. 

8. From each lower switching point, integrate a trajectory forward with s m m until 

it reaches the s-axis or the L V C . 

9. From each lower switching point, integrate a trajectory backward with s m a x 

until it reaches the s-axis or the LVC. 

10. Identify all regions along the s-axis for which s' is strictly positive. 

11. From the left-most point of each region identified in step 10, integrate a tra

jectory forward with s m i n until it reaches the s-axis. 



64 

12. Identify all regions along the s-axis for which s' is strictly negative. 

13. From the right-most point of each region identified in step 12, integrate a 

trajectory backward with s m i n until it reaches the s-axis. 

Example 11 Trackability of paths and boundary curves. 

Consider paths 1, 2, 3, and 5 illustrated in Figure 2.2. Each path is locally 

trackable, Vs G [so,sf], as shown in Figure 2.10. The boundary curves and 

switching points of the paths are shown in Figures 2.29 to 2.32. For path 1, 

the upper boundary curves hit the s-axis (Figure 2.29) and prevent trajectories 

from reaching (s f ,0). Therefore, path 1 is untrackable. The boundary curves 

of paths 2, 3, and 5 (see Figures 2.30 to 2.32) do not separate (s f,0) from 

(so,0) in the phase space, which means there exist trajectories that connect 

from (so,0) to (s f ,0). Therefore, paths 2, 3, and 5 are trackable, even through 

they all pass through singularities. 

2.3 Trajectory Tracking 

After verifying a path to be trackable and establishing its boundary curves in the s-s 

phase space, we need to determine a trajectory in the phase space which provides 

proper timing along the path in order to track the path. Pfeiffer and Johanni [32] 

proposed a dynamic programming method for trajectory planning in the phase space 

that optimizes some user defined criteria. Although it would be useful to have some 

sort of optimization involved in trajectory selection, optimization is not the focus of 

this thesis, and it is unclear at this point what the meaningful criteria are. Also, 
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Figure 2.29: Boundary curves of path 1 - untrackable. 
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Figure 2.30: Boundary curves of path 2 - trackable. 
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Figure 2.31: Boundary curves of path 3 - trackable. 
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Figure 2.32: Boundary curves of path 5 - trackable. 
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implementation of the dynamic programming approach involves discretization of the 

phase space, therefore, introduces errors to the trajectory, and parallel manipulators 

can be quite sensitive to such errors in the neighbourhood of singularities. For 

simplicity and to avoid the difficulties mentioned above, we use the following method 

to obtain feasible (properly timed) trajectories. 

2.3.1 A Heuristic Method of Trajectory Generation 

This method requires the user to generate trajectory segments in the phase space by 

trial and error and link the segments to obtain a trajectory connecting from (so,0) 

to (sf,0). For simplicity, the acceleration of each trajectory segment is given by: 

S = Vi^max ~ smm) + ¿'min> (2.26) 

where 77 E [0%, 100%] is the percentage acceleration ratio. Note that 77 specifies the 

value of s E [ s m i n , ¿ m a x ] , which in turn governs s'. Thus, the shape of a trajectory 

segment can be altered by changing the value of 77. By iteratively adding, removing, 

and modifying trajectory segments, one should be able to find a trajectory connecting 

(SQ, 0) to (s f , 0) in the phase space of a trackable path. 

Example 12 A planned trajectory for path 2. 

Figure 2.33 shows a number of trajectory segments for path 2. Segment a is ob

tained by forward integration from (-2,0) with 77 = 41%, and segment b is obtained 

by forward integration from (-1.45,0) with 77 = 86%. The properties of segments c, 

d, e, and f are given in Table 2.2, where F / B indicates whether a segment is obtained 

by forward or backward integration. A continuous trajectory connecting (srj,0) to 

(s f,0) is obtained by linking the segments together (Figure 2.34).j 
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Traj. Path 2 Path 3 Path 5 
— F / B From (s, s) v(%) F / B From V F / B From V 

a F (-2,0) 41 F (-2,0) 58 F (-2,0) 58.5 
b F (-1.45,0) 86 F (0,0) 77.7 B (1,0) 64 
c B (2.5,0) 45 F (1.3,13) 16 F (0.5,0) 90 
d F (2.3,0) 48 B (5,0) 40 B (3.2,0) 35 
e B (4.7,0) 13 — — — F (3.1,0) 65 
f B (5,0) 62 — — — B (5,0) 40 

Table 2.2: Properties of trajectory segments. 

Figure 2.33: Trajectory segments of path 2. 
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Figure 2.34: A planned trajectory for path 2. 

Example 13 Planned trajectories for path 3 and path 5. 

Figures 2.35 and 2.36 show trajectories for paths 3 and 5 generated with the 

proposed method. Properties of the trajectory segments are given in Table 2.2. J 

2.3.2 Trajectory Tracking 

Once we generate a trajectory in the phase space, timing along the path is determined 

by ([3] and [36]): 

8(8) 
ds, (2.27) 

which allows us to specify r as a function of time. Given a trajectory x = r(f), the 

actuator forces required to move the manipulator can be obtained by: 

T = J ( x ) # ( M (x)x + b(x,x)). (2 .28) 
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s 

Figure 2.35: A planned trajectory for path 3. 

Path 5 

Figure 2.36: A planned trajectory for path 5. 
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Example 14 Feasibility of trajectories 

Moving a parallel manipulator along a singular path without proper timing causes 

its actuators to saturate and results in large deviation from the path at singular 

positions. The techniques presented in this chapter provide the means to determine 

proper timing along a singular path. Consider the three trapezoidal velocity profiles 

shown in Figure 2.37; which represent typical trajectories a motion planner would 

have generated without the concepts and techniques presented in this chapter. Since 

these trajectories do not provide proper timing (they are not feasible) along the path, 

the manipulator is expected to perform poorly when tracking these trajectories. Let 

us denote the planned trajectory for each path from Examples 12 and 13 as trajectory 

0 and compare it with the typical trajectories 1, 2, and 3 of Figure 2.37. 

Figure 2.38 shows the actuator force required to move the manipulator along 

each path with the four trajectories. Because trajectory 0 provides proper timing 

along the path, it keeps the actuator forces bounded. Trajectories 1, 2, and 3, on 

the other hand, are not properly timed, therefore, cause actuator saturation at and 

near singularities, J 

2.3.3 Trajectory Tracking Control 

To carry out trajectory tracking, the following acceleration command generator is 

used for disturbance rejection [24]: 

x c = r - K p (x - r) - K v (x - r) - K i y (x - r) dt. (2.29) 

Note that r is now parameterized by time (which makes it a trajectory) and x 

represents the actual position of the manipulator. K p , K v , and K i are gain matrices. 
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Figure 2.37: Typical trajectories used in Robotics. 

The actuator forces are obtained through: 

r = J(x)* ( M (x) x c + b (x, x) ) . (2.30) 

Figure 2.39 illustrates the control system for trajectory tracking using equations 2.29 

and 2.30. We call it the conventional control method. 

Example 15 Trajectory tracking 

Let us simulate path tracking of paths 2, 3, and 5 using trajectories of the previous 

example, and the results are shown in Figures 2.40, 2.41, and 2.42. For each path, 

the properly timed (feasible) trajectory 0 keeps the manipulator on the given path, 

but the typical trajectories 1, 2, and 3 generally result in significant deviations from 

the path. 
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Figure 2.38: Actuator forces required for trajectory tracking. 
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Figure 2.39: Conventional control method. 

Plots of trajectories 1, 2, and 3 with the phase space boundary curves are shown 

in Figures 2.43, 2.44, and 2.45; these plots should shed some light on the results of 

the simulations. Consider trajectory 1 of path 2 in Figure 2.43, for example, crosses 

the lower boundary curve at s « —0.7, which indicates its velocity is too low and 

the manipulator will stall at a point under the lower boundary curve. This explains 

why the manipulator fails to stay on the path after it reaches s « —0.5 as shown 

in Figure 2.40(b). Similarly, trajectory 1 of path 5 crosses a lower boundary curve 

(Figure 2.45) and fails to stay on path 5 after reaching s « 1.3 (Figure 2.42(b)). 

Trajectory 3 of path 2 crosses the upper boundary curves; therefore, leads to poor 

tracking performance (Figure 2.40(d)). Although trajectory 2 of path 2 does not 

cross any boundary curves (Figure 2.43), it still results in poor tracking of the path 

(Figure 2.40(c)). This is simply because trajectory 2 is an unfeasible trajectory 

(it is not properly timed) and an unfeasible trajectory will almost certainly lead 

to poor path tracking performance in the neighbourhood of singularities, even if 

the trajectory does not cross any boundary curves in the phase space. A feasible 

trajectory is properly timed so that its slope is bounded by s'min and s'm a x for all 

s e [so, Sf}. In this simulation, only trajectory 0 is a properly timed trajectory along 
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each path. 

This example demonstrates the usefulness of our method for generating feasible 

(properly timed) trajectories along trackable paths. Without using a feasible ref

erence trajectory, path tracking will most likely result in poor performance or fail 

completely, even though the path is trackable. J 

Because our model is considered to be exact, trajectory tracking using the con

ventional control method of equations 2.29 and 2.30 gives satisfactory performance. 

However, this method does not take actuator bounds into account and will be demon

strated in Chapter 3 to give poor performance at and near singularities if more signif

icant errors are present. Chapter 3 adopts a modified control method which provides 

better performance than the conventional control method for path tracking in the 

presence of singularities. 
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Figure 2.40: Trajectory tracking along path 2 with the conventional control method. 
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Figure 2.41: Trajectory tracking along path 3 with the conventional control method. 
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;ure 2.42: Trajectory tracking along path 5 with the conventional control method. 
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Figure 2.43: Typical trajectories in the phase space of path 2. 

Figure 2.44: Typical trajectories in the phase space of path 3. 
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Figure 2.45: Typical trajectories in the phase space of path 5. 
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Path Tracking Control 

After a path has been verified to be trackable, a feasible (properly timed) refer

ence trajectory can be planned using the trajectory generation method presented 

in section 2.3.1. Execution of the reference trajectory requires feedback control to 

reduce sensitivities to modeling and numerical errors. It will be demonstrated that 

the conventional control method depicted in Figure 2.39 employing equations 2.29 

and 2.30 often provides unsatisfactory tracking performance in the neighbourhood 

of singularities due to actuator saturation. The conventional controller is too rigidly 

constrained to cope with the decreased degree of actuation at singularities, and the 

constraints must be relaxed if path tracking were to be achieved. A sensible method 

in the context of path tracking would be to soften up timing constraint of the ref

erence trajectory similar to the approach taken in Chapter 2; therefore, giving the 

controller some freedom to make up for the reduced degree of actuation at singular

ities. 

In this chapter, we adopt a modified control method to alleviate actuator sat

uration in the neighbourhood of singularities. This method takes actuator bounds 

into account and is originally developed for the minimum time path tracking control 

of serial manipulators. A serial manipulator tracking a minimum time trajectory 

has at least one actuator that is operating at its limit and cannot accommodate any 

control action. Dahl and Nielsen [9] proposed a method for torque-limited minimum 

time path tracking by time scaling the trajectory online. This method gives a higher 
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priority to keeping the manipulator on the path than to maintaining velocity along 

the path. Therefore, stay-on-path is favoured than timing-along-path. Arai et al [1] 

modified this method by introducing the concept of path-coordinates which divides 

the control action into a component along the path tangent and components normal 

to the path tangent. In practice, path-coordinates are difficult to define for a task in 

the n dimensional task space unless n < 2 and it does not offer meaningful advan

tages over the method proposed in [9]. Therefore, we choose to adopt the method of 

[9] to carry out path tracking control in the presence of singularities. 

3.1 Controller Commands 

Re-write equation (1.3) to include acceleration commands sc and x c 

M (x) (r' (s) s e + xc) + M (x) r" (s) s2 + b (x, x) = J (x) r . (3.1) 

Because the manipulator may be off the desired path, M , b, and J are functions of 

measured quantities x and x. 

Using the method proposed in section 2.3.1, we can generate a reference trajectory 

s r (s) for the path r (s). The relationship between acceleration s (s) and velocity s (s) 

is give by [32]: 
ds (s) ds 1 ds2 (s) , v 

S ( S ) = -JTdt = 2-ds— ( 3 - 2 ) 

Therefore, the reference acceleration is sr (s) = s'T (s) sT (s). 

The acceleration command x c is what the controller will try to satisfy first and 

if necessary, at the expense of s deviating from i r [9] : 
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x c = - K p (x - r) - K v (x - f ) - K i J (x - r) dt. (3.3) 

Note that the x c of equation (3.3) differs from the x c of equation (2.29) by r because 

equation (3.1) already contains a parameterized version of r. 

The acceleration command s c is responsible for maintaining the desired velocity 

along the path [9] : 

Sc = Sr (s) + (s¡ (s) - s 2) . (3.4) 

Replacing sc with s and substituting (3.2) into (3.4) results in 

±(sl(s)-s*)+a(sl(s)-s2)=0. (3.5) 

Thus the control law using (3.4) attempts to make s2 approach s2. if a > 0 [9]. 

3.2 Control under Actuator Bounds 

For path tracking, it is more important to keep the manipulator on the path than 

it is to maintain the reference velocity along the path. Therefore, the acceleration 

command x c is given a higher priority over sc. Rearrange equation (3.1) into the 

form of equation (2.5) with a c = M (x) r' (s) and b c = M(x)(r"(s)s 2 + x c ) +b(x, x); 

algorithms presented in section 2.1.2 can be used to determine the extremal accel

erations. If s'min and s m a x can be determined, then sc is assigned according to the 

saturation function [9] : 

S m i n ; Sc <C Sr 

Sc = < S 5ï Sc Smax (3-6) o °min _ •'max 

¿>max> S m a x < Sc 
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Generally the region [ s m ¡ n , smax] shrinks in the singular neighborhood and reduces to 

à'min = s'max a t singularities. This in turn will affect the velocity of the manipulator. 

The implication here is that a trajectory planning algorithm should keep trajectories 

away from boundary curves in the neighborhood of singularities. Otherwise the ma

nipulator's actual velocity could cross the boundary curves and lead the manipulator 

into difficulties. The planned trajectory should have ample margin to allow control 

action in the neighbourhood of singularities. 

The inverse dynamics solution to equation (3.1) is 

TC = J* (x) (M (x) (r' (s) Se + x c + r" (s) s2) + b (x, A)) . (3.7) 

If no extremal values of s are found, then neither x c nor sc can be realized. In this 

case keep x c and sc as they are obtained from equations (3.3) and (3.4) and let the 

actuators saturate. Even though the manipulator will leave the path due to actuator 

saturation, it is often possible to pull it back to the path quickly when the condition 

of J improves. 

The modified control method is depicted in Figure 3.1. The purpose of getting 

s c involved in this method is to give the overall system enough freedom so that we 

can obtain feasible inverse dynamics solutions in the neighbourhood of singularities. 

Overall, the path tracking type of approach presented in Chapters 2 and 3 greatly 

reduces the detrimental effect of force singularities and improves path tracking per

formance compared to the conventional trajectory tracking type of approach. 

Example 16 Path tracking control - paths 2, 3, and 5: modified vs. conventional 

control methods. 
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Figure 3.1: Modified control method. 

Let us compare the modified control method with the conventional control method. 

Tracking of paths 2, 3, and 5 are simulated using the trajectories generated in Ex

amples 12 and 13. Our 'actual' manipulator model has link and payload masses 

that are 10% greater than the estimated values, and has viscous friction factors of 1 

N-m-s/rad and 3 N - s / m in its revolute and prismatic joints. The controller gains are 

assigned K p = diag{10000,10000}, K v = diag{200,200}, K i = diag{40,4Q}, and 

a — 40. Figures 3.2, 3.3, and 3.4 show the simulated results and ||x — r|| the Euclid

ean norm of path deviation. While both the conventional and the modified control 

methods achieve satisfactory tracking of path 3, only the modified control method 

achieves satisfactory tracking of paths 2 and 5. This reinforces our belief that the 

conventional control is too rigidly constrained to function at and near singularities, 

and the modified method should be used instead, J 

Example 17 Path tracking control - path 3: robustness issue. 
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Figure 3.2: Path tracking along path 2: modified vs. conventional control methods. 
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Figure 3.3: Path tracking along path 3: modified vs. conventional control methods. 
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Figure 3.4: Path tracking along path 5: modified vs. conventional control methods. 
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Figure 3.5: Path tracking - path 3. 

Although the modified control method has been shown to successfully execute 

path tracking in the presence of singularities, there is still room for future work in 

terms of robustness. Let us simulate tracking of path 3 again, except this time the 

actual model now has link and payload masses 15% great than the estimated, and 

viscous friction factors of 3 N-m-s/rad and 6 N-s/m in its revolute and prismatic 

joints. The controller gains are the same as the previous example. The simulated 

result shown in Figure 3.5 is unsatisfactory, and we suspect this is caused by the 

modified control method sacrificing too much on velocity along the path to suppress 

positional error in the singular neighbourhood and end up with the manipulator 

having a velocity that is too low to stay on the path; the actual velocity might have 

crossed the L V C . 
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Example 18 Path tracking control - path 2: comparison of two trajectories. 

Because the modified control method takes precedence in keeping the manipulator 

on the path over maintaining velocity along the path, the actual velocity along the 

path can deviate significantly from the value specified by the reference trajectory. 

A reference trajectory in the phase space should therefore be kept away from type 

(b) and type (d) lower boundary curves to prevent the actual velocity from crossing 

them and becoming unable to complete path tracking. In this example we simulate 

path tracking with two reference trajectories shown in Figure 3.6 using the modified 

control method. Link and payload masses of the actual model are 20% greater than 

the nominal, and viscous frictional factors of 3 N-m-s/rad and 6 N- s /m are present 

in its revolute and prismatic joints. Figure 3.7 shows the simulated results. While 

trajectory 1 successfully moves the manipulator along the path, trajectory 2 results 

in the manipulator stalling in the singular region at s « —0.32 as its actual velocity 

is trapped below a type (b) lower boundary curve in the phase space, J 



Figure 3.7: Tracking path 2 with: (a) trajectory 1, (b) trajectory 
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Summary and Discussion 

4.1 Summary 

This thesis presents a path tracking type of approach to operate a class of parallel 

manipulators in the presence of singularities, from the viewpoint of dynamics. The 

actuators of parallel manipulators tend to saturate at and near singularities, render

ing motion control next to impossible at such regions. Existing research on remedies 

to singularities generally focus on only redundancy and singularity avoidance. A few 

researchers have looked into the possibility of operating parallel manipulators in the 

presence of singularities, but only the difficulties encountered in forward kinemat

ics have been addressed. Little attention has been paid to the dynamic aspect of 

singularities, even though dynamics is the crucial factor governing the behaviour of 

parallel manipulators at singularities. 

This thesis examines the motion feasibility of a parallel manipulator along a 

given path passing through or close to singularities, from the viewpoint of dynamics. 

Despite the fact that parallel manipulators are uncontrollable at singularities, our 

analysis concludes that parallel manipulators could track a path through singular 

regions. Out analysis also yields the following noteworthy findings: 

1. Verification of path trackability can be carried out in the phase space of the 

path parameter and speed. 
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2. Trajectory along a trackable path can be generated in the phase space of the 

path parameter and speed. 

3. Feedback control requires flexibility in trajectory timing to avoid actuator sat

uration. 

A desired path to be tracked is parameterized with a parameter s that is not time. 

This parameterization allows us to conveniently represent the dynamics of an n D O F 

manipulator along a path in two states s and s instead of 2n states x and x [35]. 

Separation of path definition from time means velocity and timing along the path 

can be scaled so that a manipulator's movement could conform to the constraints on 

acceleration experienced at and near singularities. 

A path's trackability can be analyzed in the phase space of s and s. Bounds of the 

actuators are transferred to constraints on velocity and trajectory slope in the phase 

space. These constraints cause certain regions in the phase space to be off-limit to 

trajectories, and boundary curves of the off-limit regions play an important role in 

path verification and trajectory generation. A path parameterized between so and st 

is trackable if there exists a continuous trajectory in the phase space that connects 

from (so, 0) to (s f, 0). In other words, a path is trackable if (so, 0) and (s f, 0) are not 

separated by boundary curves in the phase space. Sections 2.1 and 2.2 provide the 

techniques to establish boundary curves and to verify the trackability of a path. 

If a path is verified to be trackable, then how does the manipulator track it? 

Section 2.3 presents a method to generate feasible (properly timed) trajectories in 

the phase space. Trajectories generated with this method will provide proper tim

ing along the path which conforms to the constraints on acceleration experienced in 
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the neighbourhood of singularities. Properly timed trajectory allows a parallel ma

nipulator to carry out path tracking through singular regions with feasible actuator 

forces. 

To reduce sensitivity to modelling and numerical errors, feedback control is re

quired for trajectory execution. Unfortunately, the conventional control method 

causes actuator saturation in the neighbourhood of singularities, even though timing 

along the path is already properly scaled during trajectory generation. A modified 

feedback control method [9] is adopted in Chapter 3; it takes bounds of the actuators 

into account and scales timing along the path once again to avoid actuator saturation 

at singularities. 

For the six paths of Figure 2.2 that appear untrackable to the conventional wis

dom on singularities, we have determined that paths 2, 3, and 5 are in fact trackable. 

While the typical trapezoidal velocity profile trajectory generally result in either poor 

or failed tracking along trackable singular paths, trajectories which conform to the 

constraints in the singular neighbourhood result in successful path tracking. More

over, given a feasible trajectory, the conventional feedback control method causes 

actuators to saturate in the singular neighbourhood and results in poor tracking 

performance. The modified control method takes actuator bounds into account and 

results in good tracking performance. The simulated examples confirm that the 

existing approach for trajectory planning and tracking is simply i l l suited for the op

eration of parallel manipulators in the presence of singularities, whereas the proposed 

approach is well suited for such a task. 

The proposed approach does not attempt to avoid singularities, but carries out 

path tracking through singular regions instead. This means the desired path can be 
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tracked and the full workspace of a parallel manipulator can be utilized. Singularity 

avoidance algorithms, on the other hand, alter the desired path and greatly reduce 

the effective workspace of a parallel manipulator. The proposed approach also does 

not require redundant actuators; actuation redundancy increases design complexity 

and cost, and has the potential to reduce the workspace of a parallel manipulator. 

Therefore, the proposed approach should serve as a good alternative to singularity 

avoidance and actuation redundancy. 

4.2 Directions for Future Research 

This work opens the door to the operation of parallel manipulators in the presence 

of singularities. Although it provides some useful answers, it also brings a number 

of questions that deserve further considerations. 

From a practical point of view, the approach presented in this thesis is fairly 

complete. However, further study on the accuracies and tolerances of the techniques 

would be useful. 

Construction of the boundary curves in phase space requires determination of 

the switching points. Techniques presented in this thesis for determining switching 

points are carried out in two stages. Firstly, the velocity limit curves need to be 

established by determining the admissibility of discretized points in the phase space. 

This process is very time consuming and the computation time increases with an 

increase in the resolution of discretization (closeness between discretized points), and 

good resolution of the velocity limit curves is essential to identifying switching points. 

Secondly, search along the velocity limit curves for switching points. This process is 
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also quite time consuming and is sensitive to the errors introduced by discretization. 

Because of the computation time involved, our path verification method can only be 

applied offline. 

Since these techniques involve intensive search processes and are sensitive to dis

cretization errors, it would be of practical interest to find an improved method which 

simplifies the search processes. Slotine and Yang [37] identified the conditions for 

which switching points occur in the phase space for serial manipulators. The condi

tions are expressed with respect to the path parameter s only, therefore reduces the 

overall search space from two dimensions in s and s to just one dimension in s. A l 

though it is unclear whether their analysis is complete, their method greatly reduces 

computation time, making it practical for near real time applications. A meaning

ful future research topic would be to extend their method to parallel manipulators 

operating in the presence of singularities. 

Given a pre-planned path, the trackability of this path can be determined using 

the proposed techniques. If the path is determined to be untrackable, then it is 

discarded and the path planner wil l have to find an alternative path. Instead of 

simply telling the path planner that this path is untrackable, it would be helpful to 

suggest an alternative trackable path as close to the pre-planned one as possible. We 

hope that in the future, path planners will incorporate the techniques presented in 

Chapter 2 (or even just the concepts, as there are probably more efficient ways to 

implement these concepts) so that the planned paths not only satisfy requirements 

such as collision avoidance and time optimality, but are also trackable. 

The method presented in section 2.3.1 is chosen for trajectory generation instead 

of the dynamic programming method of [32] for simplicity. However, it would be 
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useful to implement the dynamic programming method for trajectory generation 

since this method does not require user interaction and carries out optimization as 

well. Issues such as optimization criteria and discretization errors should be examined 

prior to implementing this method. 

The question of robustness emerges in Example 17 as our method fails to provide 

satisfactory tracking due to large modelling errors. It is desirable to extend the 

proposed approach to provide robustness to uncertainties, which might include the 

following requirements: 

1. A robust control method that guarantees satisfactory tracking performance, 

for bounded uncertainties in the dynamics model. 

2. A trajectory planning method that guarantees the robust control method (re

quirement 1) will have enough margin to carry out control action. 

3. A path verification method that takes the trajectory planning method (require

ment 2) into consideration, therefore verifies whether a path is guaranteed to 

be trackable when trajectory planning and execution is carried out by methods 

satisfying requirements 1 and 2. 
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