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ABSTRACT 

In this thesis a novel method for reconstruction of chaotic systems from their time series 

measurements is proposed. An attempt is made to handle the effect of white Gaussian 

measurement noise in the reconstruction process by the use of a novel improved least 

squares (ILS) parameter estimation technique. This estimation technique eliminates the 

bias in the parameter estimates of the nonlinear dynamical system in the presence of 

measurement noise. Further it is shown that genetic programming (GP), when 

augmented with a good parameter estimation technique, is very effective in 

reconstructing chaotic dynamical systems from their noisy time series measurements. 

Significant improvement is achieved in the reconstruction of chaotic systems by the use 

of ILS along with GP. Further, a new area has been discovered where techniques 

developed for chaotic systems can be applied. It is shown after extensive analysis that 

airborne radar sea clutter data can be modelled as a nonlinear dynamical system. Finally, 

the developed ILS-GP algorithm is applied to construct efficient predictors for airborne 

radar sea clutter data and it is shown via simulations that ILS-GP is able to generalize 

best when compared to other predictors. 
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CHAPTER 1 

INTRODUCTION 

Dynamical systems are an everyday occurrence in our lives ranging from 

biological processes to purely physical events such as the motion of stars and planets. 

Although chaotic dynamical systems as a field of physics and mathematics have been 

studied for a long time, the past few decades has seen an increasing interest in the field of 

nonlinear time series analysis. Deterministic chaos offers a striking explanation for 

irregular behaviour and anomalies in systems that do not seem to be inherently stochastic. 

The most direct link between chaos theory and the real world is the analysis of time series 

from real systems in terms of nonlinear dynamics. The framework of deterministic chaos 

constitutes a new approach to the analysis of irregular time series. Traditionally, 

nonperiodic signals have been modelled by linear stochastic processes. However even 

very simple chaotic dynamical systems can exhibit strongly irregular time evolution 

without random inputs. Chaos theory offers completely new concepts and algorithms for 

time series analysis that can lead to a thorough understanding of the signals. 

The use of chaos theory to explain phenomena is not restricted to any one field. 

The fields are varied and the applications too, but some of the equations that describe the 

systems are almost the same. For example, Lorenz developed a compact and minimal set 

of equations for convective fluid dynamics for the case of Rayleigh-Benard convection 

[1]. Later, Haken found that the equations of a single-mode laser field interacting with a 

homogeneously broadened two-level medium are exactly the same as those Lorenz 

equations [2]. The variables and parameters are interpreted differently, however, in the 
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two cases. In recent years, the use of chaos to detect and characterize the presence of 

disorders in patients based on multivariate physiological data has been seen [3]. In 

engineering too, the use of chaos theory to improve radar detection in sea-based radars 

has gathered a lot of attention in recent years. The chaotic nature of radar sea clutter, 

which refers to the backscattered signals from a patch of the sea surface illuminated by a 

transmitted radar pulse has been well documented [4, 5, 6]. This has led to the 

development of improved detection of small objects whose signatures are masked by the 

presence of radar sea clutter [7]. 

Apart from the application of chaos theory to explain physical phenomena, there 

is also one other significant area of research involving chaos. This is the application of 

chaotic systems in the area of spread spectrum communications and cryptography. 

Nonlinear dynamical systems possess many properties, which make them excellent 

candidates for use in generating spreading sequences for spread spectrum communication 

systems. The signals from such nonlinear dynamical systems are broadband, noise-like 

and indistinguishable from sampled white noise by use of standard linear methods. Thus, 

although stochastic in appearance, they are completely deterministic and can thus be 

exploited in secure communications applications. Also, chaotic systems are sensitive to 

initial conditions and thus even small differences in initial conditions will lead to the 

generation of very different signals from the same dynamical system. As there are an 

infinite number of sequences that can be generated by any chaotic system, exploiting 

such systems for generating spreading sequences for use in DS/SS systems has received a 

lot of attention in recent times [8, 9, 10]. Thus, the modelling of chaotic time series is not 
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only important from the point of view of better understanding the physical processes 

underlying the generation of the series but also from the perspective of improved 

applications of the hence gained knowledge. 

The techniques offered by chaos theory for time series analysis can be broadly 

classified as analytical and predictive techniques. Whether the data of a time series were 

created by a deterministic or by a random process is often decided indirectly, by 

estimating the fractal dimension [11] of the time series in successively higher embedding 

dimensions. If the dimension estimates converge as the embedding dimension increases it 

may be concluded that a deterministic dynamic underlies the time series. Further, in order 

to decide if the underlying deterministic dynamic is chaotic, the Lyapunov spectrum is 

estimated [12] and the presence of any positive Lyapunov exponents is a good indicator 

of chaos. The significant drawbacks of this method are, however, that massive amounts 

of data are needed and that it depends on visual inspection of the graphs. 

The other way to test determinism is by prediction. Successful prediction may be 

the most stringent proof of the data's deterministic origin. The scalar values of the time 

series can be forecast either by selecting a model based on observed data [13] or by 

expressing them as a function of the coordinates of points that are spatially close in 

embedding space, or by relating them to the time series' values in the immediate past: 

x(n) =J{x(n-l), x(n-2), ... , x(n-m)) (1.1) 

where m is the number of previous values that may appear in the equation. 

This thesis attempts to find an equation such as (1.1) that derives future values of 

the series from the previous values. The ideal condition is when the equation is identical 
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to the data-generating process; at the least, the equation should mimic the behaviour of 

the system such that good forecasts can be made. The technique developed is global in 

the sense that it allows prediction of future entries in any series generated by the process, 

starting at any given time. Local approximation techniques deal only with data that lie in 

a close neighbourhood in embedding space and require separate computations for 

predictions in different regions. During the past few years various nonlinear techniques 

have been developed to accomplish the task of prediction. Chaos theory suggested the 

method of nearest neighbours [14, 15] and of radial basis function predictors [16, 17], 

artificial intelligence led to the use of neural networks [18] and wavelets too have been 

used to predict chaotic time series [19]. The nearest neighbour technique, which requires 

massive amounts of data, embeds the time series in a space of sufficiently high 

dimension, and then seeks vectors in the historical series that are similar to the one to be 

predicted. Neural nets also use a historical series, and the backpropagation errors, to fine 

tune a set of parameters, and thereby build a forecasting function that links past values of 

the time series with future values. Predictions based on radial basis functions use global 

interpolation techniques and have proven useful in practice when only sparse data are 

available. Finally, wavelet analysis - like the Fourier transform - decomposes a time 

series into its basic components, thus allowing insight into its fine structure, and then uses 

a weighted sum of these wavelets for prediction purposes. 

While all the above algorithms have been used for the characterization and 

prediction of chaotic time series, their efficacy is in doubt when one is dealing with the 

presence of noise while measuring the state of the chaotic system or time series. 
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Although many noise-reduction techniques have been proposed to handle the problem of 

noise in chaotic systems [20], they are not very efficient if the underlying model of the 

chaotic system is unknown. Therefore functional reconstruction of chaotic systems in the 

presence of measurement noise assumes significance. Once the underlying chaotic 

dynamics has been reconstructed functionally the gained knowledge can be used to better 

estimate the state of the chaotic system even at low SNRs. This thesis proposes to use 

genetic programming (GP), a technique derived from evolutionary biology, to accomplish 

the task of functional reconstruction of the underlying dynamics of a given time series. In 

this thesis, the kind of measurement noise considered is Gaussian white noise. 

The thesis is structured in the following manner. 

Chapter 2 contains a brief introduction to the field of genetic programming 

In Chapter 3 the efficacy of traditional genetic programming techniques to search 

and optimise different objective functions is shown and thus the argument is built for the 

use of genetic programming for functional reconstruction of chaotic systems. The specific 

problem chosen in Chapter 3 is the use of GP to construct maps for use in chaotic spread 

spectrum communications. 

Chapter 4 addresses the problem of reconstruction of chaotic systems in the 

presence of measurement noise. It is shown that the use of novel estimation techniques 

can improve the ability of GP to identify the correct functional form of the underlying 

chaotic system from noisy time series measurements. It is also proven that GP search is 

efficient for determining the structure of the dynamical system while the use of efficient 
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estimation techniques leads to optimal estimates of the parameters of the dynamical 

system. 

Finally, in Chapter 5 the techniques of chaotic analysis are applied to airborne 

radar sea clutter data revealing that the time series of this dataset show strong chaotic 

characteristics. The GP developed in Chapter 4 is then applied to construct a good 

predictor of the radar time series. Thus, it is shown that GP can be successfully used to 

model real world chaotic time series data. 

Concluding remarks are given in Chapter 6 with some recommendations for 

future research. 
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CHAPTER 2 

GENETIC PROGRAMMING AS A SEARCH AND OPTIMIZATION 
PARADIGM 

2.1. Evolutionary programming - A historical perspective 

Evolutionary programming as a search and optimization paradigm has its roots in 

evolutionary biology. In nature, the evolutionary process occurs when the following four 

criteria are satisfied: 

i) An entity has the ability to reproduce itself. 

ii) There is a population of such self-reproducing entities. 

iii) There is some variety among the self-reproducing entities. 

iv) Some different in ability to survive in the environment is associated with the 

variety. 

Entities that are better able to perform tasks in their environment survive and 

reproduce at a higher rate; less fit individuals survive and reproduce, if at all, at a lower 

rate. This concept of survival of the fittest and natural selection described by Charles 

Darwin in his seminal work, On the Origin of Species by Means of Natural Selection, is 

the basis of all evolutionary programming techniques. Thus, over a period of time and 

many generations, the population as a whole comes to contain more individuals whose 

chromosomes are translated into structures and behaviours that enable those individuals 

to perform better at their tasks in their environment and survive and reproduce. This also 

leads to changes in the structure of the individuals over generations because of natural 

selection. When these visible and measurable differences in structure that arose from 
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differences in fitness are seen, it is said that the population has evolved. Thus, in this 

process structure arises from fitness. 

John Holland's pioneering work [21] provided a general framework for viewing 

all adaptive systems whether natural or artificial and then showed how the evolutionary 

process can be applied to artificial systems. Any problem in adaptation can generally be 

formulated in genetic terms. Once formulated in those terms the genetic algorithm (GA) 

can then solve such a problem. The genetic algorithm simulates Darwinian evolutionary 

processes by applying genetic operations, similar to naturally occurring ones on 

chromosomes, on the building blocks of the population undergoing evolution. Thus, the 

genetic algorithm is a highly parallel mathematical algorithm that transforms a set of 

individual mathematical objects. The mathematical objects are typically fixed-length 

character strings that are patterned after chromosomes strings that occur naturally. The 

genetic algorithm uses operations that are similar to the Darwinian operations of 

reproduction and survival of the fittest. Thus, operations similar to the naturally occurring 

sexual recombination operations are carried out on individuals of the population based on 

their fitness values. Thus, new populations are created from old ones and evolution is 

effected. 

Genetic algorithms have been used for optimization for many years now and they 

have been well understood from an evolutionary programming perspective [22-25]. 

Genetic algorithms have been used for design as well as optimization of various complex 

systems [26, 27], which would otherwise take ages to solve iteratively or mathematically. 
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The inherent parallelism in genetic algorithms makes them very useful as optimization 

tools [28-30]. 

Genetic algorithms, however, have the disadvantage of being able to use only 

fixed-length strings as members of the population on which they act. It is in this context 

that genetic programming provides a good alternative to genetic algorithms. Genetic 

programming, with its inherent flexibility uses trees to represent individuals in the 

evolving population, thus ensuring better search and optimization capabilities [31]. 

Genetic programming (GP) as a search and optimization technique is well known and has 

been applied to many problems [32-34]. Genetic programming is particularly useful in 

the specific application of inverse problems such as finding optimal mathematical 

expressions that fit certain criteria [35]. 

2.2. Basic concepts of genetic programming - The foundation 

In order to understand how a typical GP run works, one needs to know the basic 

structures that are being evolved, the way fitness is assigned to these structures and the 

process of natural selection effected by the operation of genetic operators on the 

individuals. Each of these issues will now be reviewed to enable a better understanding of 

the GP paradigm. 

2.2.1. Terminal set and functional set - The building blocks of individuals in GP 

In GP, individuals are represented as trees, in which the leaf nodes are input 

variables from the terminal set T, and internal nodes are operators from the functional set 

F[31]. 
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Definition 2.1: The terminal set T is comprised of inputs to the genetic program 

and includes, in this case, delay-embedded variables such as x(n-l) , x(n-2) , etc and 

random ephemeral constants to be used as parameters in the functions. 

Thus one sees that in GP each feature in the training set becomes part of the 

terminal set, from where the features are used as inputs for individuals representing 

different functions. 

Definition 2.2: The functional set F is composed of statements, operators and 

primitive functions available to GP to build individuals. The arity of a function is the 

number of inputs to or arguments of that function. 

The function set is application specific and is selected to fit the problem domain. 

In this thesis, the function set is chosen such that a broad range of chaotic systems can be 

reconstructed or designed. Another important property of the function set is that each 

function should be able to handle gracefully all values it might receive as input. This is 

called the closure property. The most common example of a function that does not fulfill 

the closure property is the division operator. The division operator cannot accept zero as 

an input to the denominator. Therefore, instead of a standard division operator a protected 

division operator is defined where a zero in the denominator will result in a very large 

output. The functional set used for the different applications will be defined at 

appropriate stages in future chapters. 

An example of an individual in GP represented as a tree is shown in Figure 2.1. In 

this example, F={+, *, mod}(where mod(a) = a (mod 1) )., and T={x(n-l), random 

ephemeral constant}. 



Figure 2.1. A GP function tree with T={x(t-l), random ephemeral constant} and F={+, 
*, mod}. Note that Ts occupy the leaf nodes, and that F's occupy the internal nodes. 

The system it represents is: ((3.56)*(x(t-l)))+(mod(x(t-l))) 

2.2.2. Initialization of GP- Creating the initial population 

An initial population of N random functions (trees) is initialized with the "ramped 

half-and-half method. An equal amount of trees are assigned to depths d={2, 3, 

D,nax}- At each depth, half the trees are generated with the "full" method, and half with 

the "grow" method. In the "full" method, all the leaf nodes have the same depth dc, 

internal nodes are randomly selected from F, and leaf nodes are randomly selected from 

T. The probability density among the choices for F and for T is uniform. The "grow" 

method starts by randomly choosing a function in F and an input in T for the root node 

(50% probability for each). Then a corresponding symbol is chosen from F or T. For 

each F that is chosen, the "grow" method is recursively applied to that node. Any nodes 

that attain depth d( must choose from T. 

2.2.3. Fitness and selection 

In order for evolution to occur, the individuals in the population need to 

recombine their constituent features and natural selection needs to be effected so that 

fitter individuals are able to pass on their features to the next generation. In order to 

simulate natural selection, a fitness value needs to be assigned to each individual. In 
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making this assignment, GP implements one of the most important parts of its model of 

organic evolutionary learning, viz. fitness-based selection. GP's evaluation metric is 

called a fitness function and the manner in which the fitness function affects the selection 

of individuals for genetic operators is referred to as the GP selection algorithm. 

Definition 2.3: Fitness is the measure used by GP during simulated evolution of 

how well a particular individual has learned to predict the outputs from the given set of 

inputs. 

There are four measures of fitness, which are reviewed here due to the use of 

these measures in later simulations. 

i) Raw fitness 

ii) Standardized fitness 

iii) Adjusted fitness 

iv) Normalized fitness 

Raw fitness is the measurement of fitness that is stated in the natural terminology 

of the problem itself [31]. For example, raw fitness in the functional reconstruction 

problem is the mean square prediction error of the time series by the individual. Fitness is 

usually evaluated over a set of fitness cases. These fitness cases provide a basis for 

evaluating the fitness of the individuals in the population over a number of different 

representative situations sufficiently large that a range of different numerical raw fitness 

values can be obtained. For example, in the map design problem addressed in Chapter 3, 

one would evaluate the fitness of each individual population by iterating the individual 



13 

using many different initial conditions thus obtaining a range of values of raw fitness, 

which in this case would be the correlation coefficients. 

The standardized fitness [31] just restates the raw fitness so that a lower 

numerical value is always a better value. Since in the applications chosen in this thesis, 

minimization of the objective function is intended, the standardized fitness is equal to the 

raw fitness. 

The adjusted fitness measure is obtained from the standardized fitness (in this 

case the raw fitness) as follows. The adjusted fitness of the j t h individual in the g t h 

population lies between 0 and 1 and is calculated from the raw fitness as [31]: 

fita4jU>g)=-—_ 1 , . : (2-1) 

The adjusted fitness has the advantage of exaggerating the importance of small 

differences in the raw fitness as the raw fitness approaches zero. Thus, as the population 

improves with generation, greater emphasis is placed on the small differences that make 

the difference between a good individual and a very good one. 

Since the method of selection is fitness proportionate, the concept of normalized 

fitness is essential. The normalized fitness is calculated from the adjusted fitness as [31]: 

fitnorm(J,8)= P

f i t a d j i j , 8 ) (2-2) 

where P is the number of individuals in the population, which is kept constant throughout 

a GP run. The normalized fitness has the desirable characteristic of ranging between 0 
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and 1, being larger for better individuals in the population and the sum of the normalized 

fitness values is 1. 

2.2.4. Genetic operators - Crossover and reproduction 

Once the fitness of the individuals in the population has been assigned, the 

process of Darwinian reproduction and sexual recombination is effected by the genetic 

operators. 

The reproduction operator for genetic programming is the basic engine of 

Darwinian natural selection and survival of the fittest. The reproduction operation is 

asexual in that it operates on only one parent and produces only one offspring. The 

operation consists of two steps. First, a single individual from the population is selected 

according to fitness proportionate selection. Second, the selected individual is copied, 

without alteration, into the next generation. Since fitness proportionate selection is being 

used, the probability of the particular individual being reproduced is equal to its 

normalized fitness value. Thus, this reproduction operator is called fitness-proportionate 

reproduction. 

The crossover operation for GP creates variation in the population by producing 

new offspring that consist of parts taken from each parent [31]. The crossover operation 

starts with two parental individuals and produces two offspring. The first parent is chosen 

from the population by the same fitness based selection method used for selection in the 

reproduction operation. In other words, the first parent is chosen with a probability equal 

to its normalized fitness. Similarly the second parent is also chosen with a probability 

equal to its normalized fitness. 
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The operation begins by selecting, using a uniform probability distribution, one 

random point in each parent to be the crossover point for that parent. The crossover 

fragment for a particular parent is the rooted subtree which has its root at the crossover 

point for that parent and which consists of the entire subtree lying below the crossover 

point. The first offspring is produced by deleting the crossover fragment of the first 

parent and inserting the crossover fragment of the second parent at the crossover point of 

the first parent. The second offspring is produced in a symmetric manner. An example of 

a typical crossover operation is shown in Figure 2.2. 

Figure 2.2. Crossover in GP. A subtree is randomly selected from parent function Pari, 
and another subtree is randomly selected from parent function Par2. The subtrees are 

swapped to create two new functions for the next generation C h i and Ch2. 
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The genetic operators along with the fitness assignment regime evolve the 

population over many generations to obtain the required solution to the given problem. 

Thus GP provides a very useful paradigm for searching and optimization because of the 

ability of GP to evolve a population of individuals towards the solution and thus realizing 

a parallel algorithm that is very effective. 

The following chapter shows how GP is effective in searching for good solutions 

to difficult problems. 
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CHAPTER 3 

DESIGN OF MAPS FOR CHAOTIC SPREAD SPECTRUM 
COMMUNICATIONS USING GENETIC PROGRAMMING 

3.1. Problem selection for proof of traditional GP capabilities 

In order to prove the ability of genetic programming as a search and optimization 

approach, the difficult problem of designing exploitable maps for generating spreading 

sequences for use in chaotic spread spectrum communication has been chosen. The 

problem of map design for chaotic spread spectrum communication was chosen because 

its solution can be represented in more than one way and involves the optimization of 

more than one objective. Thus, the optimization problem is in itself a complicated one 

and further the desired objectives are not easily achieved. This problem will therefore 

provide a good test for the GP's search and optimization capabilities. 

3.2. Introduction to chaotic spread spectrum communication 

Over the past few years, a number of applications of chaotic systems to 

communications have surfaced in the engineering community. The property of self-

synchronization of these systems have been reported and exploited for communication 

[36-38]. The different approaches include the masking of the information signal using a 

noise-like chaotic signal as well as using synchronization error to detect signal 

modulation. Other modulation schemes have since been proposed for use of chaotic 

systems in communication. The application of chaotic sequences generated by nonlinear 

dynamical systems to Direct Sequence Spread Spectrum (DS/SS) systems has also been 

proposed [39-41]. Nonlinear dynamical systems possess many properties, which make 

them excellent candidates for use in generating spreading sequences for spread spectrum 
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communication systems. The signals from such nonlinear dynamical systems are 

broadband, noise-like and indistinguishable from sampled white noise by use of standard 

linear methods. Thus, although stochastic in appearance, they are completely 

deterministic and can thus be exploited in secure communications applications. Also, 

chaotic systems are sensitive to initial conditions and thus even small differences in 

initial conditions will lead to the generation of very different signals from the same 

dynamical system. As there are an infinite number of sequences that can be generated by 

any chaotic system, exploiting such systems for generating spreading sequences for use 

in DS/SS systems has received a lot of attention in recent times [42-44]. Design of 

chaotic discrete sequences for digital communication and asymptotic correlation analysis 

using ergodic properties of chaotic systems have also been applied to one-dimensional 

chaotic systems over the recent years [45-47]. 

Of the various nonlinear dynamical systems that can be used to generate 

spreading sequences, polynomial maps like the logistic map [45] and chaotic Markov 

maps [44] are popular choices due to their good correlation properties. A proper choice of 

the map can ensure that the average choice of the initial conditions used to generate the 

sequences results in spreading codes with good correlation properties for use in DS/SS 

systems. The traditional analytical techniques for chaotic maps have used the Ergodic 

properties of chaotic maps to estimate their correlation performance. These are basically 

asymptotic performance measures and these bounds [48] are approached when the length 

of the sequences generated from the map are very long. Since useable sequences 

generated from sample trajectories are of much shorter length than what is required for 
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the performance to approach the asymptotic performance, the search for exploitable maps 

to generate short sequences with good correlation performance becomes necessary. 

Due to the ability of GP in searching for optimal structures, it is expected of GP to 

automatically search for exploitable maps for use in DS/SS systems. Since there are two 

criteria to be optimized in this search, viz. the autocorrelation and the crosscorrelation of 

the sequences generated by the maps, a multi-objective optimization framework is used 

along with GP in this search. 

Section 3.3 reviews some of the performance measures of spreading sequences 

generated from maps. The autocorrelation and cross-correlation factors are used to 

quantify the performance of the spreading sequences. Further the theoretical Bit Error 

Rate (BER) at the receiver is derived for a particular set of codes. 

Section 3.4 reviews some concepts of multi-objective Genetic Programming and 

how it is applied to the specific problem of searching for exploitable maps in the interval 

[0,1]. In Section 3.5 simulation results are shown of the GP runs and the GP generated 

maps are compared with previously used chaotic maps in a simulated DS/SS system on 

the basis of BER performance. 

3.3. Performance measures of maps in DS/SS systems 

The performance of a spreading code is determined by its ability to spread the 

data sequence from a particular user in such a way so as to minimize the interference 

between two different users. It has been shown that for good performance, the spreading 

codes must have good correlation properties. Specifically, sequences with autocorrelation 

close to the impulse function and cross-correlation close to zero for all time are 

considered good spreading sequences. These correlation properties can be expressed in 
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the following manner. For codes of length Lc, the correlation at shift / between the i t h and 

the j t h sequences is defined as [41]: 

C,(/) = X a ; + X (3-D 

Thus the measure of the autocorrelation function, the autocorrelation factor is defined as 

[41]: 

PA = max max —*— IC , (/) I (3.2) 

Similarly, the measure of the cross-correlation performance of the sequences are given by 

the cross-correlation factor, which is defined as [41]: 

Pc = max max — !— I C , (/) I (3.3) 

Sequences with lower values of the autocorrelation factor are better as they are closer to 

the impulse function. Also, lower values of the cross-correlation factor are better as that 

means there is little correlation between the sequences. 

Thus, maps which generate sequences with better autocorrelation and cross-

correlation factors on average for different initial conditions are better for DS/SS 

applications. These together are the performance criteria used to measure the 

performance of maps for DS/SS. 

Another measure of the performance of spreading sequences is given by the 

theoretical Bit Error Rate due to interference between the different users in a 

communication channel, the signals of each user being spread by a particular spreading 

sequence from the sequences being tested. Consider a phase coded asynchronous DS/SS 
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system, as shown in Figure 3.1. The noise in the channel, n(t), is assumed to be normally 

distributed white noise. 

Delay 

MO 

l2PaN(t)cos(wct + eN) 

Figure 3.1. Direct-sequence spread spectrum multiple-access system model 

The k t h binary information signal brft), of duration T, is modulated onto the carrier 

of carrier frequency to c to produce the transmitted signal for the kth user as [49]: 

sk (t) = ^2Pak (t)bk (t)cos(wct0k) 

Where, 0k is the phase of the k t h carrier and P i s a common signal amplitude scaling 

factor. The received signal r(t) is then given by [49]: 

N 

r(t) = £ V z P a , (r - rk )bk (t-Tk) cos(wrr + <pk) + n(t) 

Given that it is using codes of length Lc (time period Tc) and serving N users, and 

treating the time delays and data symbols as mutually independent random variables, the 
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interference terms between the different users can be treated as additional noise. There is 

£ th 
one code period of length Lc = T/Tc for each data symbol of duration T. If a y is the j 

element of the k code and a- is the j element of the i code, the discrete aperiodic 

cross-correlation function between the k t h and i t h codes is given as [49]: 

CkXD = 

Lr-l-l 

7=0 

Lr-l+t 

j-o 

0, 

0 < / < L c -1 

1-LC </<0 (3.4) 

\l£Lc 

Assuming that the time delays are zero, ie. the receivers are synchronized and also the 

phase of the carriers being zero, if the k t h user is given the code aK, the variance of the 

noise component at the k t h correlation receiver is given by [49]: 

Var{Zk} = 
N Lc-lU+DTc 

X S \Rtl(T) + Rk,l(T)dT + -NJ 
t=l 1=0 iTc 4 
k*i 

(3.5) 

where, P = common signal power, No/2 = two-sided spectral density of the channel noise, 

and 

Rt4 (r) = CkJ (I - Lc )Tc+[CkJ (/+1 - Lc ) - CkJ (/ - Ic)] • (T - ITC) 

Rkj(T) = Ckl(l)Tc+[Ckyl(.l + l)-CkJ(l)]-(T-lTc) for 0< ITc< r < (I + 1)TC <T (3.6) 

Substituting for Rkj and Rk,, and upon evaluating the integral, one finds that 
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Var{Zk } = 
( p j 2 \ N 

\2Ur 

\ c J 

X £ [ C l ( l - L c ) + CkJ(I - Lc)Q, (/ - L c +1) + C 2 , (l-Lc+ 1) 
t-l (=0 
k*i 

+ C 2 , (/) + C T , ( / )C M (/ + !) + C 2 , (/ + !)} + - AVT 

which, upon simple algebraic manipulation reduces to 

(3.7) 

PT2 

Var{Zk} = -
121' 

N Lc-\ 

2 £ { 2 C 2 , ( / ) + C M ( / ) Q , ( / + l)} 
t=l l=l-Lr 

+ -4N0T (3.8) 

The signal to noise ratio at the output of the k t h receiver is then given by 

PT 
SNR, = 

slVar{Zk} 

On substituting for Var{Zk} from the above equations one gets, 

SNRk = 
2E 6Ll k=l M-Lc 

{2Cl(l)+CkJ(l)Cl4(l+l)} (3.9) 

where,— = channel SNR 

From the SNR the probability of error or Bit Error Rate (BER) can be approximated as 

BERk -1 - <p(SNRk) ,where 0 is the well-known error function. (3.10) 

The probability of error can be used as a good measure of the performance of the 

spreading sequences and it is used later as the objective function that is to be optimized in 

GP design. 
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In the past few years, a lot of attention has been focused on chaotic and piece-

wise linear maps, which have been used to generate codes for spread spectrum 

applications. In these cases, a particular map is taken and iterated using a particular initial 

condition for a desired length of code and the time series generated by the map is 

converted into a binary signal using an appropriate threshold rule. The binary sequence 

generated by this operation is used as a spreading code and thus iterating the map under 

different initial conditions generates different spreading codes. In other words, iff is the 

map being used to generate the spreading code, the k t h code a k is generated by first 

iterating the map using the k t h initial condition xk(0) over Lc iterations and then 

converting the time series into a binary sequence by thresholding at the mean of the time 

series as follows: 

xk(n) = /"(JC*(0)), n = l ,2 , . . . ,L c (3.11) 

The sequences generated by the map is converted to spreading codes by: 

a" =g{xk(n)-E(xk(n))} (3.12) 

where g(x) = 1 if x > 0 and g(x) = -1 if x < 0. 

The codes generated by these maps are then evaluated according to one of the 

above mentioned performance measures and this measure is used for guiding the design 

process as described in the following section. 

3.4. Map design via genetic programming 

There are two ways of designing exploitable maps for use in spread spectrum 

communications based on the different performance measures of the maps. The first way 

is by using the two objectives defined in (3.2) and (3.3) together in order to fix the 



performance of a given map. The other way is by using the bit error rate as evaluated in 

(3.10) to assess the performance of a given map. Based on these two approaches, two 

kinds of genetic programs to design maps can be proposed. The first kind of GP uses the 

theory of multi-objective optimization to assign fitness to individuals in the population. 

The second kind of GP is the more commonly used GP, which optimizes a single 

objective function (in this case the BER). The fitness of individuals in this case is based 

on the estimated BER of the individual. 

3.4.1. Design via the evaluation of the correlation properties of the spreading sequences 

In the case of choosing a good map based on the correlation performance, one has 

to optimize not only the autocorrelation performance of the sequences generated but also 

the crosscorrelation performance. While in traditional GP, the objective to be optimized 

is encoded into just a single value and is therefore a single-objective optimization, one 

has multiple objectives to be optimized in this problem. 

When multiple objectives are involved, the optimal solution to the optimization 

problem is generally a family of points called the Pareto-optimal set [30]. Each point in 

this surface is optimal in the sense that no improvement can be achieved in one cost 

vector component that does not lead to a degradation in at least one of the remaining 

components. 

In the case of minimization of the multiple objectives, the following definitions 

apply [30]: 

i) Inferiority: A vector u = (ui,..., un) is said to be inferior to v =(vi,..., vn) iffy is 

partially less than u, ie. 
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V / e {l,...,n},vi <ui a 3 / € {l,...,n},vi < « . (3.13) 

ii) Superiority: A vector u = (ui,..., un) is said to be superior to v =(vi,..., vn) iff\ is 

inferior to u. 

iii) Non-inferiority: Vectors u = (ui,..., un) and v = (vi, . . . , v n) are said to be non-

inferior to one another if v is neither inferior nor superior to u. 

Thus each element in the Pareto-optimal set constitutes a non-inferior solution to 

the multi-objective problem. 

The genetic programming approach to optimization is effective because GP 

maintains a population of solutions and can thus search for the Pareto-optimal solution in 

parallel. In the context of designing a map to generate spreading sequences, the multiple-

objective problem is a bi-objective one and the two objectives are the auto and cross-

correlation performances of sequences generated by the individual map. Thus GP would 

store a population of maps and evaluate both the objectives, namely, PA and Pc for each 

map. The two objectives are then used to assign a fitness value to each individual of the 

population of maps. 

The simplest way to proceed in the optimization process is by first combining the 

two objectives into a single objective through the weighted sum approach and then 

evaluating the fitness of the individual based on the value of the combined objective. In 

this method, the objectives are scaled between zero and one and added together with 

equal weights. In this way, optimizing the separate objectives is reduced to optimizing 

just one objective. 
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While this approach to multi-objective optimization is simple, it has a few 

drawbacks. Firstly, two nondominated individuals will be sampled at different rates thus 

creating an undesired bias in the evolution of the genetic program. Secondly, in a concave 

trade-off surface, the population tends to split into different species, each of them being 

particularly strong in one of the objectives. Both of these are undesirable in that they are 

opposed to finding a Pareto-optimal solution to the multi-objective problem. 

In order to overcome the problem of bias in the evolution of the genetic program, 

the fitness of the individuals is assigned based on the rank of the individual evaluated 

from a Pareto-optimality perspective. Thus, the rank of each individual is assigned as one 

more than the number of individuals that dominate the particular individual. 

An example of assignment of ranks is shown in Figure 3.2. Selection in the 

evolutionary process is made using a method of ranking which favours nondominant 

members of the population [30]. 

* 3 X 5 

-*1 

-*1 

4 x i 

Figure 3.2. Ranking according to the Pareto-optimal criterion 
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The fitness of the individuals is assigned by interpolating from the best (rank 1) to 

the worst according to a linear fit. Then all the fitnesses of individuals of the same rank 

are averaged so that all of them will be sampled at the same rate. This kind of fitness 

assignment keeps the global population fitness constant while maintaining appropriate 

selective pressure. 

The GP-based map search algorithm can now be summarized as follows: 

1. For this study the functional set and the terminal set were defined as F = {+,*,-

,modl} (where modl(a) = a (mod 1)), and T={x(t-1), random ephemeral constant 

in the range [-10,10]}. 

2. An initial population of /V random functions (trees) is initialized with the "ramped 

half-and-half method as described in Chapter 2. 

3. Evaluate each individual according to the criteria P A and Pc and rank the 

individuals in the population as one more than the number of individuals that 

dominate each individual. Sort the population according to rank and assign fitness 

to the individuals as described earlier. 

4. Create a new population by reproducing or combining selected functions in the 

current population. The genetic operator of crossover is used to combine 

functions. 

5. Repeat steps 3 and 4 until convergence to an optimal solution or the maximum 

number of generations is exceeded. The maximum number of generations is set to 

be 51. 

6. The optimal function or the function selected at the end of the GP run is the 

Pareto-optimal map with the best autocorrelation and crosscorrelation properties. 
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This is chosen from the Pareto-set as that individual whose distance is the shortest 

from the origin of the plane of all possible autocorrelation and crosscorrelation 

factors. 

3.4.2. Design via the theoretical bit error rate of the spreading sequences 

In this design procedure, the theoretical bit error rate as calculated in (3.10) is 

used to evaluate the performance of the map. This reduces the multiple-objective 

optimization problem of the previous section to an optimization of a single objective. 

Thus, the theoretical BER is calculated for each individual of the population and the 

fitness of the individuals is assigned based on the BER. The lower the BER the more fit 

the individual is. 

Since the evolution strategy chosen is fitness proportional evolution, one needs to 

calculate the normalized fitness of the individuals. The calculation of normalized fitness 

of individuals proceeds as described in Chapter 2 with the raw fitness being assigned as 

the estimated BER of the individual. Once the fitness of the individuals is assigned, 

selection and the genetic operator of crossover as well as reproduction is done based on 

the fitness values of the individuals. The overall procedure is similar to that described in 

the previous section with the difference being only in the fitness evaluation procedure of 

the individuals. 

The best map is the one that has the lowest BER after convergence of the program 

or after time runs out. The advantage of using the method of theoretical BER to design 

maps is that one can design maps for different levels of channel SNR and thus hopefully 

optimize the performance for that particular level of channel noise. 
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3.5. Performance analysis 

In order to test the efficacy of the GP approach, computer simulations were 

carried out for various design conditions and the results compared with the performance 

of standard maps. Computer runs of the GP search was conducted for different 

parameters of the DS/SS system such as code length (Lc) and number of users (N). The 

correlation performance of the GP-generated maps are compared with the chaotic logistic 

map -

x(n + l) = 4 **(» )* (!-*(")) (3.14) 

and the (N,T) tailed shifts family of Markov maps: 

M(x) 

, \ i J n-t. t n-t (n-t)x(mod- ) + — I / 0 < J C < 
n n " f o r t<n/2 (3.15) 

n-t t 
t(x )(mod—) otherwise 

n n 

3.5.1. Design via the evaluation of the correlation properties of the spreading sequences 

Case 1: 

For code length Lc = 1023 and number of users N = 10, GP was made to search 

for an optimal map. Figures 3.3 and 3.4 show the evolution of the objective functions 

over the generations. 
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Figure 3.3. Evolution of the average autocorrelation factor P A in the GP-run for 
Lc = 1023 and N = 10 
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Figure 3.4. Evolution of the average crosscorrelation factor Pc in the GP-run for 
Lc = 1023 and N= 10 
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For this case, one can see that GP converged to the optimal value of the objective 

functions and hence the optimal map at the 41 s t generation of the 51-generation GP run. 

The map generated by GP after 51 generations was: 

x(n+l)=(modl((modl(((x(n))-(x(n))+((x(n))+(x(n)))))-((((-3.8258)+ 

(-4.7397)) *((-4.6931)-(x(n))))*(modl(( x(n)) + (x(n))))))) 

For the same code length but with the number of users N = 100, GP generated a 

different map after 51 generations, which is: 

x(n+l) = (modl(((x(n)) *(((6.8625)+(0.0156) *((x(n))-( 7.1164)))).* 

(((9.3962)+(0.0012)).*((2.6534)+(4.5433)))))) 

The sample autocorrelation and crosscorrelation functions of the first GP 

generated map are shown in Figures 3.5 and 3.6. 

0.8 

° 0.6 

o 

0.2 
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Figure 3.5. A sample autocorrelation function plot for the map generated by GP for 
Lc = 1023 and N = 10 
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-1000 -800 -600 -400 -200 0 200 400 600 800 1000 
/ 

Figure 3.6. A sample crosscorrelation function plot for the map generated by GP for 
Lc = 1023 and N = 10 

The table below compares the autocorrelation and crosscorrelation factors of the 

sequences generated by this map with those generated by the logistic and the (1000,1) 

tailed shift Markov maps. It can be seen from the table that the GP generated map 

performs better than the sequences generated by both the logistic as well as the (1000,1) 

tailed shift markov map. The above sequences were then used to transmit 5000 bits of 

data using a DS/SS communication system. The BER performance for each of the maps 

is shown in Figure 3.7. 
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Map Average 
Autocorrelation 

Average 
Crosscorrelation 

Best 
Crosscorrelation 

Worst 
Crosscorrelation 

Logistic 0.0988 0.1095 0.1019 0.2135 

Tailed 
Shift 

Markov 
0.0923 0.1033 0.0924 0.1093 

GP map for 
10 users 0.0898 0.0965 0.0803 0.1035 

Table 3.1. Comparison of the average autocorrelation and crosscorrelation figures of the 
sequences of length 1023 

10 

0 1 2 3 4 5 6 7 
SNR in dB 

Figure 3.7. BER Performance of sequences generated from the maps for 
Lc = 1023 and N = 10 
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As can be seen the BER performance of the GP generated maps are better than the 

other two maps. Also, one can see that the performance of the map generated by GP for 

10 users is almost the same as the performance of the map generated by GP for 100 users, 

when checked in a system with just 10 users. 

The performance of the maps generated by GP for 10 and 100 users in a system with 100 

users and code length 1023 is shown in Figure 3.8. 
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Figure 3.8. BER Performance of sequences generated from the maps for 

Lc = 1023 and N = 100 

One can see that the map generated for a lower number of users doesn't perform 

as well as a map generated for a higher number of users when the number of users is 

increased. Thus it is beneficial to use GP to generate maps for higher number of users as 

the same map can be effectively used in systems with smaller number of users. 
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3.5.2. Design via the evaluation of the BER of the spreading sequences 

Case 1: In this section the performance of the map generated by GP using the 

theoretical BER as the objective function is compared with the map generated using just 

the autocorrelation and crosscorrelation factors. The SNR of the channel is set at 8dB to 

calculate the theoretical BER of the map. After 51 generations GP evolved the following 

map: 

x(n+l)=(((modl(((((0.9767).*(x(n)))-((x(n))-((x(n)).*(x(n)))))-((modl((x(n)) 

.*((7.0421)).*((5.0153).*(8.3421))))-((-2.3345)+(x(n)))))-((((x(n)).* 

.*((1.722).*(x(n))))+((-0.847)-(((0.09767).*(x(n))).*((x(n)).*^ 

The evolution of the theoretical BER over the generations is given in Figure 3.9. 
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Figure 3.9. Evolution of BER over generations. SNR = 8db, Lc=1023, N = 10 
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Then the performance of this map was compared with the map evolved by the 

multiobjective GP in a Monte Carlo simulation, the result of which is shown in Figure 

3.10. 

1 0 1 1 1 1 1 1 ' 1 1 

0 1 2 3 4 5 6 7 8 
SNR 

Figure 3.10. BER Performance of sequences generated from the maps for 

Lc = 1023 and N = 10 

From Figure 3.10 one can see that the map designed by GP using the BER as the 

criterion has almost the same performance as the map generated by the multiobjective 

GP. This seems to suggest that using the theoretical BER which is, after all, derived from 

the correlation functions of the map gives a similar design performance. While the 

complexity of the GP is reduced by adopting the theoretical BER as the objective 

function, it was noticed that the evolution of the BER based GP required more time than 

the multi-objective GP. This is because, the most time consuming part of the genetic 
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program lies in fitness evaluation and therefore any increase in workload in the fitness 

evaluation stage invariably slows down the program. 

Case 2: Since the theoretical BER can be calculated for any given channel SNR, 

one can make the GP design maps for particular levels of channel SNR. In the following 

GP was made to design a map for a channel SNR of 8db as well as a channel SNR of 

2dB, while keeping constant the code length and the number of users at Lc = 1023 and 

N=10. The map generated by GP for a channel SNR of 2dB was: 

x(n+l)^modl((((x(n)).*(((7.1383)+(0.0161).*((x(n))-(4.2024)))).*((5.0153).* 

(8.3421))))+ ((0.0212).*((x(n)).^((modl(((x(n))+((x(n))-(-<).77133)))+(((-

1.3436)+(1.1707)).*((x(n)).*((x^ 

((x(n))-(-0.77133)))+(((-1.3436)+U ̂  

The performance of this map was compared with the map generated at 8dB SNR 

via a simulation and the result is shown in Figure 3.11. As can be seen from Figure 3.11, 

the map designed for an SNR of 2dB performs better than the map designed for an SNR 

of 8dB. Thus it is better to design maps at lower SNR as they work well at higher SNRs 

anyway. In this way one can design piece-wise maps for any level of SNR, number of 

users and code length by estimating the BER performance of the sequences generated by 

the maps. 
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10 

SNR 

Figure 3.11. BER Performance of sequences generated from the maps for SNR = 8dB 

and SNR = 2dB 

Case 3: Another advantage of using GP for designing maps for DS/SS systems is 

that one can design maps based on the average number of users that will be accessing the 

channel at any one point. Typically there is degradation in the performance of the chaotic 

maps as the number of users is increased for a given code-length. However, GP could 

design different maps for use under different number of users, thus leading to better 

performance of the system even as the number of users varies. 

In Figure 3.12, the performance of the Markov map was compared with the 

performance of the GP generated maps at different number of users. GP generated a 

different map for each case of different number of users and the performance of the map 

was tested against the Markov map. The code length for these tests was fixed at 511 and 

the SNR was fixed at 5dB. 
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Figure 3.12. BER Performance of the maps across different number of users, SNR = 5dB 

Lc=511 

As can be seen from the Figure 3.12, the GP generated maps outperformed the 

Markov map, which showed some degradation in performance as the number of users 

was increased. Thus the GP is able to design good maps for a specific number of users 

when the code length and the SNR are constant. 

Case 4: One can now check to see if the GP is able to design optimal maps under 

the condition of different code lengths. In Figure 3.13, keeping the number of users and 

the channel SNR constant, the performance of the markov map for different code lengths 

was compared with the performance of the GP generated maps for the respective code 

lengths. 
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Figure 3.13. BER Performance of the maps across different code lengths, 
SNR = 5dB N= 10 

From Figure 3.13 one can see that the GP generated maps for different code 

lengths are able to perform better than the standard Markov map. 

Thus GP can be used to design maps for different conditions of system and in all 

cases the GP is able to design maps, which outperform the standard chaotic Markov map. 

This ability of GP to be able to design maps tailored for specific system conditions can be 

further exploited in designing under more general system conditions, especially when the 

system is too complex to be analyzed analytically. 

3.6. Summary 

The proposed genetic programming framework is capable of finding maps in the 

interval [0,1] that perform better than the chaos based logistic and the (1000,1) tailed shift 

Markov maps. The ability of genetic programming to design maps for specific conditions 
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of the communication system, which allows for a more robust design of the 

communication system as a whole, is exploited here. It is shown that the correlation 

properties of the code sequences generated from the maps can be used to direct the 

evolution of more efficient maps for spread spectrum applications. It has been shown that 

it is advantageous to design maps for harsher system requirements like large number of 

users and low channel SNR since the performance of these maps doesn't degrade under 

better system conditions. It has also been shown that GP can design maps that perform 

better under specific conditions when compared to the use of a similar Markov map under 

all different conditions such as number of users, code length and channel SNR. Thus, 

genetic programming is an effective way of designing maps for use in spread spectrum 

applications. This is particularly true when one is working under very stringent system 

requirements. In the future, genetic programming can be used to design not only the 

sequences for spread spectrum communications but can also be applied to entire system 

design given the needs of the customer. 

Thus the efficacy of GP has been proved as a search and optimization algorithm. 

It is to be noted here that this GP did not have any associated parameter optimization 

algorithm. GP searched not only for the structure of the maps designed but also searched 

for their optimal parameters. The following chapter proposes to augment GP search with 

statistical parameter estimation techniques in order to further improve GP search. 
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CHAPTER 4 

RECONSTRUCTION OF CHAOTIC SYSTEMS FROM NOISY TIME 
SERIES MEASUREMENTS 

4.1. Need for functional reconstruction of chaotic dynamical systems 

Dynamical system identification or reconstruction is an important problem in 

many areas such as signal processing, control systems and communication systems. 

While linear system identification has been studied extensively, identification of 

nonlinear systems is still an active field of research [50, 51]. Since many real-world 

systems are nonlinear, it is important to consider the problem of nonlinear dynamical 

system identification. A nonlinear dynamical system model based on its m previous 

values can be described as: 

x{n)=f(crx{n-\),x{n-2), ... ,x{n-mj) (4.1) 

Reconstructing the dynamical system from the time series measurement {x(n), n=l,2, ...} 

involves finding the mapping function/, its parameters c, and the embedding dimension, 

m. The system described in (4.1) is an autonomous system and this thesis concerns itself 

only with autonomous systems. The problem of non-autonomous systems is not 

immediately relevant to the chaotic system approach taken in this work and will therefore 

be considered in future research. 

In recent years, many efforts have been devoted to techniques for determining a 

suitable embedding dimension of chaotic time series [52]. In more recent times, nonlinear 

prediction has been used to predict x(n) from {x(n-l), x{n-2), ... , x(n-m)} thus 

approximating the underlying dynamical system [16]. Since the underlying mapping/is 
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unknown, a nonlinear function f(c,x(n-l),x(n-2),...,x(n-rh)) with universal 

approximation capability is usually employed, such as polynomials [14], rational 

functions [54], radial basis functions (RBF), neural networks [53], and local techniques 

[16]. Assuming that the embedding dimension m is determined a priori, these functions 

approximate / by minimizing the prediction error with respect to the parameters of the 

nonlinear predictor. That is, 

J x(n)-f(c,x(n-l),...,x(n-m)) (4.2) 
c n = m + l 

where N is the number of training points. The nonlinear predictor/can be arbitrarily 

close to/provided that / is a universal approximator. 

Although this approach is found to be quite effective in predicting chaotic time 

series, it offers little insight about the underlying system dynamics. In addition, no 

matter what kind of universal approximator is employed, the approximator error \\f- / 1 | 

will never be equal to zero with a finite representation. 

Let us take, for example, a chaotic system with polynomial structure [77]: 

x(n)=-0.3401-1.316-4n-2)+0.8376-^^ 

0.2889-x(n-l) -JC(«-2)2 (4.3) 

If one does not assume prior knowledge of the structure of the above system, one 

can use an RBF predictor to predict the time series. Assuming an embedding dimension 

equal to 2, which is the correct embedding dimension of the dynamical system, an RBF 

neural network was trained on 3000 training points from the above time series. The time 

series were then recursively predicted up to 300 steps into the future with the trained RBF 
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network. Figure 4.1 shows the recursive prediction error of the time series of the above 

system. 
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Figure 4.1. Recursive prediction error of RBF neural network versus exact functional 

reconstruction 

As can be seen from the figure, accuracy of long-term recursive prediction by the 

RBF neural network is limited by the accumulation of the approximation error. The use 

of the exact function has zero recursive prediction error because it is exactly the same as 

the data generating process. 

Another area where determination of the exact functional form of the underlying 

dynamical system has many implications is in synchronization of chaotic systems [56]. 

Synchronization of chaotic systems has developed into a major field in the past few years 

and has applications in cryptography [57, 58] and communications [59, 60]. A l l these 

applications assume knowledge of the exact functional form of the dynamical system 
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underlying the time series measurements. Therefore approximation techniques such as 

the RBF neural networks and other prediction techniques do not lead to optimal 

performance in these applications. 

One therefore needs to obtain an estimate of / b y searching in a functional space 

{ / ' } along with estimating the parameters c of the function accurately: 

min min JLu ,. „ H 

- ^\\x(n)-f(c,x(n-l),...,x(n-m)\\ (4.4) 

J ^ n = m + l 

This thesis proposes to use genetic programming (GP) [31] to reconstruct the 

functional form of the dynamical system from a time series of measured data of the 

system. GP has been previously applied in communication systems [61] as shown in the 

previous chapter. GP has also been applied to predict chaotic time series [62]. In these 

approaches, GP had to evolve the function's parameters in addition to its functional form. 

Thus, parameter estimation in these approaches is a nonlinear optimization process and 

the added search for parameters increases search space considerably over just a pure 

structural search. Therefore a least-squares estimator has been incorporated [63] into the 

conventional GP approach to handle the second optimization problem in (4.4). In 

addition, to address the problem of measurement noise in a time series, this thesis 

proposes the use of an improved parameter estimation scheme called improved least 

squares (ELS) designed specifically to handle measurement noise along with an objective 

function that replaces the mean square error used in the least squares approach [35, 68]. 

While the least squares criterion minimizes the one-step prediction error, the ELS 

objective function minimizes the orthogonal Euclidean distance between every noisy 

output point and the hyper-surface defined by the equation. The proposed GP approach 
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also contains a time-delay operator, which is used to automatically determine a suitable 

embedding dimension. Through computer simulations, it is shown that the ILS-GP 

method can indeed reconstruct the exact chaotic dynamical system even when the time 

series measurement is corrupted by noise. 

Section 4.2 addresses the application of genetic programming to dynamical 

system reconstruction in the absence of measurement noise. The development of LS-GP 

is shown and it is proven to work better than traditional GP approaches. Section 4.3 

describes the Improved Least Squares Genetic Programming (ILS-GP) approach for 

system reconstruction in the presence of measurement noise. It is shown how ILS-GP 

automatically determines the structure of the dynamical system and then uses the ILS 

scheme to estimate the optimal parameters of the nonlinear system. Details of the 

implementation of ILS-GP in Matlab are also given. Section 4.4 shows the development 

of a theoretical framework to show how ILS-GP solves the problem of structure 

determination. Section 4.5 shows the evaluation and comparison of the performance of 

the ILS-GP method with other conventional GP methods. The problem of polynomial 

system reconstruction is addressed and a description of the Error Reduction Ratio (ERR) 

rule based Forward Orthogonal Regression Algorithm (FORA) is given. ILS-GP 

performance is then compared with the performance of FORA. The ability of ILS-GP is 

also shown in reconstructing other chaotic systems including a rational system of high 

order denominator and high embedding dimension. A brief summary is presented in 

Section 4.6. 
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4.2. Application of genetic programming to dynamical system reconstruction 

As described above, GP has been used to reconstruct the exact functional 

representation of dynamical systems. In all the previous approaches, GP had to identify 

both the system structure as well as the parameters of the system via evolutionary search. 

The objective function used in most of these approaches is the mean squared prediction 

error (Prediction MSE) of the functional representation. The minimization of the 

prediction M S E was the driving factor in the evolutionary dynamics of GP. These 

approaches are termed as the 'traditional GP' approaches. In order to improve the search 

capability of these traditional GP approaches, the use of statistical estimation techniques 

along with the powerful GP structural search ability was proposed [63]. It was proposed 

to use the statistical estimation techniques to estimate the parameters of the functions that 

appear in the population at every generation in traditional GP. In [63] the LS-GP 

algorithm was constrained to reconstruct only polynomial systems as they are linear in 

parameters and thus the standard linear least squares estimation method was used to solve 

the parameter optimization problem in (4.4). Thus the LS-GP algorithm basically differed 

from the traditional GP approaches in that the earlier ones would evaluate the fitness of 

each individual in the population straight away while LS-GP would first estimate the 

parameters of the individual in a least squares sense and then evaluate the mean squared 

prediction error of the individual to fix a fitness value to it. The details of the GP are 

presented next. 
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4.2.1. Implementation details of LS-GP 

In this section the LS-GP algorithm is described along with some implementation 

details. 

A. Functional and terminal sets 

Since one is searching in the space of nonlinear systems one sets F={+, *, z l} , 

where {+, *} are functions that accept two arguments the function z l is a special function 

that has been created to automatically include functions of higher embedding dimension. 

This function applies only to the members of the terminal set and is distributive over all 

the other functions in the function set. The initial terminal set Tjnitiai={x(n-1)}. Thus, as 

the GP progresses, the terminal set is extended by the z l operator, thus expanding the 

search space to include functions of higher embedding dimension. For example, (zl(x(n-

1) + (zl(x(n-l)))) is (x(n-2) + x(n-3)); T now has become (x(n-l), x(n-2), x(n-3)} from 

{x(n-l)}. 

B. Determining Fitness 

Since the evolution strategy chosen for the LS-GP is fitness proportional 

evolution, one needs to calculate the normalized fitness of the individual trees. In the case 

of LS based parameter estimation, the objective function is just the prediction MSE. In 

LS-GP, j t h function in the g t h population is first simplified by converting all the z l 

operators into increased delays in the terminals and then the individual is expanded into 

polynomial form. The linear parameters of the polynomial are estimated using the 

Singular Value Decomposition (SVD) and then the raw fitness of the individual is 
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calculated as its mean squared prediction error. Thus, the raw fitness of the j t h function in 

the g t h population, r(j,g) is 

r(j, g) = Prediction MSE(c) (4.5) 

Based on the above-explained steps, the LS-GP algorithm is summarized below: 

1. Generate an initial population of random functions based on the ramped half-and-

half method as described in Chapter 2. 

2. For each candidate function, find the parameters that best fit the data using the 

least squares method and then calculate the value of its fitness as defined in (4.5). 

Further, calculate the normalized fitness as defined in Chapter 2. 

3. Create a new population by applying the genetic operators on the candidate 

functions in the current population. 

4. Repeat steps 2 and 3 until the maximum number of generations is exceeded. 

5. The function that either exactly reconstructs, or at least approximates the system, 

is the function with the lowest objective function value. 

Thus the LS-GP can be used to reconstruct polynomial systems from their time 

series measurements. 

The LS-GP algorithm was used to reconstruct the polynomial system of (4.3) in 

the absence of any measurement noise. 10 trials were also run for conventional GP (GP 

without LS); identical in every other way except i) the population size was 500, ii) F also 

included and iii) T also included R. When R is chosen from T during tree 

initialization, a number is generated from a uniform random distribution between -4.0 
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and +4.0, and placed into a leaf node. None of these runs found the correct functional 

form after 51 generations; the lowest-fit error was 5xl0~3. 

Figure 4.2 compares the convergence ability of LS-GP in reconstructing the 

polynomial system of (4.3) with that of traditional GP. As can be seen from the figure, 

LS-GP was able to identify the system correctly before the maximum number of 

generations was reached. This clearly demonstrates traditional GP's weakness in finding 

parameters: because it could not efficiently find the best parameters for each candidate 

function, it could even search functional space well. The least-squares enhanced GP 

algorithm is obviously very beneficial, as it completely discards the need for GP to 

perform parameter search. 
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Figure 4.2. Convergence performance of LS-GP and traditional GP 

Now that the ability of LS-GP has been shown in reconstructing polynomial 

systems in the absence of noise, one can move on to the reconstruction of other nonlinear 
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systems along with polynomial systems in the presence of measurement noise. In order to 

make this transition, the techniques used for parameter estimation of nonlinear systems in 

the presence of noise are first described. The ELS algorithm is introduced and then the 

ELS-GP algorithm is described and its performance evaluated. 

4.3. Functional reconstruction in the presence of measurement noise -

Development of the ILS-GP algorithm 

Given the ability of LS-GP to reconstruct chaotic systems in the absence of noise-

as shown in the previous section, one can now go on to reconstruct a wider range of 

chaotic systems with the added uncertainty caused by the presence of measurement noise 

in the time series measurements. In order to successfully apply GP to this problem, it is 

augmented with an improved least squares estimation technique developed specifically 

for parameter estimation of dynamical systems in the presence of measurement noise. 

The ELS algorithm is now presented and then a description of how it is used in GP to 

create the ILS-GP algorithm for chaotic system reconstruction from noisy time series 

measurements is given. 

4.3.1. Nonlinear parameter estimation in measurement noise- ILS algorithm 

Consider a nonlinear system of embedding dimension m 

x(n.y= f(c,x(n -1), x(n — 2),x(n — 3),...,x(n - m)) (4.6) 

where c are the parameters of the function. In order to estimate the parameters of the 

system in the presence of measurement noise, a least squares based estimation technique 

is used. For the least-squares estimation of the parameters of the nonlinear system, the 

Levenberg-Marquardt method [64] has been chosen. Matlab's Optimization Toolbox has 
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a nonlinear least squares estimation algorithm based on the Levenberg-Marquardt 

method. The Matlab function Isqnonlin is used for least squares parameter estimation in 

the extension of LS-GP to nonlinear systems including non-polynomial systems. The 

system in (4.6) can be represented in the vector form as 

*(/!) =/ (c ,x(n- l ) ) (4.7) 

Assuming the time series is to be modeled as the above nonlinear system and given the 

measurement equation as 

y(n) = x(n) + e(n) (4.8) 

where e(n) is zero-mean additive Gaussian noise, the system identification approach will 

be to reconstruct the dynamical system of (4.6) such that 

i(/i) = / ( c ,y ( / i - l ) ) (4.9) 

where y ( / i - l ) = \y(n-1), y(n-2), y(n-m)]T 

A 

In the Least-Squares approach, the parameters c are selected to minimize the following 

criterion 

Prediction MSE(c) = E[(y(n)-x(n))2] (4.10) 

In other words, the least squares approach seeks to minimize the mean squares 

regression for y(n) with respect to the plane y(n-l). When measurement noise exists and 

y(n) # x(n), the statistics of the input signal to the identification system will be biased 

from the statistics of the ideal desired response signal. This results in a biased estimation 

of c [65, 66]. To handle this problem of measurement noise, the following objective 

function has been proposed [67, 68]: 



V(c) = E[d(n)2], where 
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(4.11) 

d2(n) = rnin[(y(n) - /(c, x(n -1))) 2 + (x(n -1) - y(n - l ) ) r (x (n- l ) -y (n-1) ) ] (4.12) 
x(n-l) 

This objective function minimizes the orthogonal Euclidean distance between the 

noisy point (y(n), y(n-l)) and the hypersurface defined by (4.7). Since the minimization 

operator in (4.12) is difficult to be applied, the approximation given in the following 

theorem is found to be more practical [68]. 

Theorem 4.1: (f(n) can be approximated as: 

(y(n)-/(c ,y(n-l))) 2 

dz(n) = 
l + V x / ( c , y ( n - l ) ) V r

x / ( c , y ( n - l ) ) 
(4.13) 

where, V x / = df 9/ 
dx(n - 1 ) ' dx(n - 2) ' dx(n - m) 

The objective function in (4.11) then becomes 

V(c) = E 

Proof: 

(y (n ) - / ( c ,y (n - l ) )y 
l + V x / ( c , y ( n - l ) ) V ^ / ( c , y ( / i - l ) ) 

(4.14) 

Let u2(n) = (y(n) - f(c,x(n -1)))2 + (x(/i -1) - y(n - 1))T (x(n -1) - y(n -1)). 

Differentiating u2(n) with respect to x(n-l), one gets 

du2 in) 
dx(n -1) 

= -2(y(n) - /(c,x(n - 1)))V^ /(c,x(n -1)) + 2(x(n -1) - y(n -1)), (4.15) 

Equating (4.15) to zero, the optimum for x ( « - l ) c a n be obtained by solving the 

following equation 

(y(n) - /(c, x(n - l)))V r

x /(c, x(n -1)) = x(n -1) - y(n -1) (4.16) 
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Assuming x(n -1) = y(n -1) , the first order approximation is taken, giving 

/ (c , x(n -1)) = / (c , y (n - l ) ) + V x / ( c , y ( n - l ) ) ( x ( n -1) - y(n -1)) (4.17) 

Substituting (4.17) in (4.16), one gets, 

(4.18) 
(y (n ) - / ( c ,y (n - l ) ) 

- V x f(c, y(n - l))(x(n -1) - y(n - 1)))V x / (c , x(n -1)) = x(n -1) - y(* -1) 

which on use of (4.17) again and a little algebraic simplification gives, 

Hn -1) - y(n _ p + W - / <«• '»> V /* / - ' » (4.19, 

Using the above equation, one gets, 

d2(n) ~ (y(n) -/(c,x(n -1))) 2 + (x(n - 1 ) - y ( n - l ) ) r (x(n -1) - y ( n -1)) 

and on substitution, one gets 

d\n)~ W - / ( c , y ( n - D ) ) 2

 ( 4 2 Q ) 

l + V x / ( c , y ( n - l ) ) V * / ( c , y ( / i - l ) ) 

To minimize this objective function with respect to the parameter vector c, the following 

stochastic gradient search technique is used: 

c > + l) = c > ) - ^ V e 2 (n ) , j fc=l ,2 ,3 , . . . ,Mc (4.21) 
2 

where, G2 (n) 
A2 

r (n) 
S(nY 

r{n) = y(n) - / (c(«) ,y(n -1)), 

8 (n) = 1 + V x / ( c (n ) ,y (n - l))V r

x /(c(n),y(/i -1)), 
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V C i 6 2 (n) is the k t h element of the instantaneous estimate of the gradient of V(c) with 

respect to the coefficient c k of the dynamical system. Thus, the coefficient vector c is 

estimated over the length of the time series (n = 1,2,...,N). The stochastic gradient search 

technique to evaluate the parameters has been used in order to ensure that further research 

on the development of a structure adaptive nonlinear filter based on GP is facilitated. 

Since that is indeed the final destination of this line of research, it was decided to use an 

online approach even though the same could be achieved by batch mode procedures. 

Z. Zhu and H. Leung first applied the above algorithm for the estimation of the 

parameters of polynomial systems [68] and significant improvement was shown in the 

accuracy of the estimated parameters even at low SNRs. This thesis proposes the use of 

the Improved Least Square (ILS) algorithm to estimate the parameters of different 

nonlinear systems in the presence of measurement noise. While the ILS method is in 

principle similar to the Total Least Squares (TLS) [69], the main difference between the 

ILS scheme and the TLS schemes is that while the TLS schemes do not incorporate 

proper structural information in the estimation process, the ELS scheme arrives at the 

optimal parameter estimates by minimizing the orthogonal distance between the noisy 

point to be predicted and the hypersurface described by the particular function / This 

efficient use of the structural information allows for a more direct solution to the 

estimation problem and has been achieved by using ELS in conjunction with GP. 

The ILS method will be compared in performance to the Levenberg-Marquardt 

nonlinear least squares method as implemented in the Matlab Optimization Toolbox. 
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4.3.2. System reconstruction - Details of the ILS-GP and LS-GP algorithms 

The proposed ELS-GP method uses genetic programming to search in the 

functional space {/'} to reconstruct the unknown nonlinear mapping/f-j in (4.6). DLS-GP 

holds a population of candidate functions. It evaluates the parameters of each of the 

functions using the ELS parameter estimation scheme. In order to implement the ELS 

parameter estimation scheme, DLS-GP uses the Symbolic Math Toolbox in Matlab to 

perform the differentiation needed in the parameter estimation algorithm. ELS-GP then 

assigns fitness to each function, based on how well it minimizes the objective function 

(4.14) in the training data. ELS-GP evolves these functions over a number of generations 

until the underlying dynamic is found, or until time runs out (in which a good 

approximation is generated). The LS-GP algorithm is similar to the ILS-GP algorithm in 

all aspects except the objective function and the parameter estimation algorithm. In the 

case of LS-GP, the objective function is the prediction mean squared error as described in 

(4.10) while the parameter estimation technique is the Levenberg-Marquardt nonlinear 

least squares estimation algorithm as implemented in Matlab's Isqnonlin function. 

The functional set for both LS-GP and ELS-GP are the same, with the following 

functions incorporated: F = {+, *, /, z l , cos, cos"1, sin, sin"1, exp, log, loglO}. The cos and 

sin functions are the cosine and sine functions respectively while the cos'1 and sin'1 

functions are the inverse cosine and inverse sine functions. The exp and log functions are 

exponential and logarithmic functions respectively while the loglO function is the 

logarithm in base 10. Similar to the earlier LS-GP algorithm, the initial terminal set 

Tinitiai={x(n-1)}. As LS-GP or ELS-GP progresses, its respective terminal set is extended 
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by the z l operator, thus expanding the search space to include functions of higher 

embedding dimension. 

The step size in the ELS algorithm is chosen as 0.005 for all the runs because the 

convergence time for the parameters in all the systems that have been tried has been 

lower than 3000 iterations at this step size. 

Given the above-described structure of the LS-GP and ELS-GP algorithms, one 

can now apply them to the reconstruction of different chaotic systems from their noisy 

time series measurements. The theoretical framework for the ability of the DLS-GP 

algorithm in functional reconstruction is addressed next. The theory developed for 

genetic algorithms is used and it is applied to the more complex case of genetic 

programming. 

4.4. Theoretical framework for the ability of ILS-GP in functional reconstruction 

The system identification problem can be divided into the search for the correct 

structure of the system and the search for the correct parameters. In DLS-GP, one uses 

genetic programming to search for the correct structure while one uses statistical 

parameter estimation techniques to find the optimal parameters of a given structure. The 

structural search in ELS-GP can be explained by the way populations of individuals in 

ELS-GP evolve over generations. 

Let the dynamical system needed to be reconstructed be: 

x(n)= /(c, x(n-1), x(n — 2), x(n-3),..., x(n - m)) (4.22) 

This function can be represented as a tree in GP and thus can be structured as a 

combination of different sub-trees. For example, the function can be a combination of 3 
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sub-trees rooted at specific points and thus combined to form a complete tree 

representation of the function. In order for GP to be able to reconstruct the above 

function, it needs to be able to find at least one copy of each of the sub-trees in the 

population and preferably more than one copy of each sub-tree. If the frequency of 

occurrence of the sub-trees in members of the population increases, the chances of GP 

constructing the specific combination that leads to the solution also increases. 

4.4.1. Modeling the dynamics of GP evolution 

In order to be able to prove GP's ability to converge to the correct functional form 

of the system generating the time series measurements, one first needs to develop a 

framework to analyze the dynamics of GP evolution. The dynamics of genetic algorithms 

(GA) have been well studied and one can therefore build on the dynamical model 

developed for G A evolution. 

Given S is the search space, the dynamical representation of a canonical genetic 

algorithm evolution is given as [72, 73]: 

v,: = ( l - a ) S + a £ £ T(i<r- jtk)W^ W L V * , for all ij,ke S (4.23) 
W jeskes W W 

where, a is the crossover probability, v,- is the frequency of individual i in the 

population, i = l,...,n, and v,' is the frequency of that individual in the next generation; 

w. is the fitness of the individual /; w = X;w<vi * s t n e m e a n fitness of the population; 

and T(i <- 7, it) is the probability that offspring type i is produced by parental types j and 

k as a result of the action of crossover on the representation. 
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Given the above dynamical representation of a canonical GA, one can now define 

a similar model specific to GP evolution. Since the individuals undergoing evolution in 

GP are trees and not fixed length strings as in the case of GAs, one needs to make a few 

changes in the representation. The following definitions are useful: 

B : The space of different blocks of code 

C(i\j) : The probability that the crossover operator picks out a particular block i 

from a program /'. 

pi : The frequency with which the crossover operator picks block i from a 

random program in the population 

w, : the schema fitness of block i of code is the average of the fitnesses of the 

programs that contain it weighted by the frequency of the block within the 

programs [70] 

Given the above definitions, the following three equations are immediately evident: 

5)C(i|j) = l for a l l i e s (4.24) 
ieB 

Pt^CiilflVj.ieB (4.25) 
jeS 

=— y C ( i | / > , v y , 16 5 (4.26) 
Pi jts 

With these definitions and properties in place, one can rewrite (4.23) specifically 

for the GP as: 

v; = ( l - a ) S - + a Y £ / > ( / < - j,k)W?J u"Ik (4.27) 
W jes keB W W 
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One should note that P(i <— j,k) is not symmetrical in the arguments j and k. 

When block k is added to program j to make program i, then as long as j * i, one knows 

that C(£ 10 > C(£ | ; ) . 

Now that one has a useable model of GP evolution, one can apply it to show how 

GP is able to reconstruct the exact functional form of the dynamics of time series 

measurements. Before one proceeds one defines the following terms and functions. For 

any given w, let R(w) be the probability that random search produces an individual fitter 

than w. Let the proportion of the population that has a fitness greater than w be defined as 

— — v u 

F(w). Then, F(w) = ^ F ( (w)v( where Fi (u>) = j 
0 w. <w 

w. > w 

The search bias for a parental pair {j, k} to be the excess in their chance of 

producing offspring fitter than w when compared to random search: 

0* M = £ F> M Pd <- M ) - RM (4.28) 

The average search bias for a population before selection can then be defined as 

= £ / ? , , ( w)v,/^ (4-29) 
jk 

The variance in the (relative) fitness of parental pairs is 

V a r ( - ^ ) = X - ^ - v ; ^ - l (4.30) 
W jk W 

The coefficient of regression of Pjk(w)on w-ukj-w for the population, which measures 

the magnitude of how (3jk (w) varies with WjUk / w i s defined as: 



Reg [J3jk(w) 
w i w k 

— 2 J 

W 

W i U k 

w 
wiwk V a r ( ^ ) 

w 
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(4.31) 

where Cov Wjuk 

w w 

Now that one has all the definitions and the model for GP evolution, one can 

proceed to prove the ability of GP to converge to the correct function. 

4.4.2. GP evolution and convergence 

Given a search space S, GP is to search for the function 

x(n)= f (c,x(n-l),x(n-2),x(n-3),...,x(n-m)) (4.32) 

Theorem 4.2: If g„ (c ,y (n - l ) ) is the best individual at the n t h generation during 

GP evolution, andwm a x= w(gn) is the fitness of gn, the probability that a succeeding 

population generates an individual whose fitness is better than the best fitness case in the 

present population is given as 

^(>Vax) + C0V 
V 

^jkOmax)' 

WjUk 

w 
(4.33) 

Proof. The probability that a succeeding population contains an individual whose 

fitness is greater than w(gn) is given by 

F(w(gn+l) > w(gn)) = £ Fi (wmax )v\ (4.34) 

substituting for v' in (4.34) from (4.27), one gets, 

W V • u n ^ j j uklJk F ( w ( i „ + 1 ) > w ( i J ) = 2^(w m a x ) U - a ) ^ - + a £ £ P ( i <-;,*) 
W jes k<=B W W 

(4.35) 
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Since V Fi (wm a x = 0, (4.35) becomes, 
w 

F (W(gn+l ) > W(gn )) = fl£ X E ^ ( W » x W <" *) 

i jeS k&B 

WJVJ <hPk 
w w 

(4.36) 

Defining 0Jk (w m a x ) = £ F, ( w ^ )P(i <- j, k), (4.36) becomes 

F(w(gn+l)>w(gn)) = a 
jeS keB ' V V 

(4.37) 

If one defines the population covariance between the parental fitness values and the 

measured values of their offspring as 

Cov 
WjUk 

IV . (4.38) 

where, ^ ( w ^ ) = ̂ ^ ^ ; j t ( w m a x ) v ; . p j t is the average offspring value in a population 
jeS keB 

reproducing without selection, and substitute these definitions into (4.37), one gets the 

GP equivalent of Price's famous covariance theorem [71]. Thus, (4.37) becomes, 

F(w(gn+l)>w(gn)) = a ^ m a x H C o v <V( W max)> 

wJuk 
w2 

(4.39) 

From Theorem 4.2 one can understand that the ability of GP to produce an 

individual who is fitter than g„(c ,y (n- l ) ) in the n+l'h population depends on the 

covariance between parental fitness and the offspring traits. 

One can now use Theorem 4.2 to show how GP search is better than random 

search. As one is comparing GP with random search, 0,* (w m a x ) and 0u(wrm!i) will be 
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replaced by the comparative (3» (w m a x ) and (5U ( w ^ ) . Therefore, substituting (4.28) and 

R(w ) + B (w ) + Cov 
V max / r^u V. "max ' 

^ j k ( W m a x ) > 

(4.29) in (4.39), one gets, 

F(w(g B + 1 )> w(g„)) = a 

From (4.31), one has, 

WjUk WjWk n

 W i W k 

Cov [0jk (wm a x ) , - ^ ] = V a r ( - ^ ) R e g [J3jk (wmiK) -> -L±] 
w 

Wjuk 

w 
(4.40) 

(4.41) 
w 

Substituting (4.41) into (4.40), one gets, 

F(w(gn+1)>w(gn)) = a 

R(w ) + B (w ) 
V max / r" u V max / 

+ Var( -^- )Reg[ /3 r t ( w ^ ) -» 
(4.42) 

w ; 

Therefore, from (4.42) one sees that in order for GP to perform better than 

random search in producing individuals fitter than g„(c ,y(n-l)) in subsequent 

generations, the search bias plus the parent-offspring regression scaled by the fitness 

variance must be positive. This value is positive in any GP because the transmission 

function or in this case the crossover operator is fitness proportionate. In the case of 

random search, both the search bias and the regression terms would be zero. 

Thus, from (4.42), one sees that if g n (c ,y(n-l))is the best individual in the n 

GP generation, the likelihood of the best individual in the n+l t h GP generation, ie. 

g n + 1 (c ,y(n-l)) being more fit than g n (c ,y(n-l)) has a non-zero probability and is 

tii 

implicitly dependent on the objective function being optimized. Thus, as the generations 
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progress, g n (c ,y(n- l))wil l get fitter and fitter until the correct structure has been 

identified. 

4.5. Performance evaluation of ILS-GP and comparative analysis 

In order to evaluate the performance of ILS-GP a simulation study was conducted 

using time series from different kinds of nonlinear systems. The time series from each of 

the systems were generated and then white Gaussian noise was added as measurement 

noise creating noisy time series at particular SNR values. The DLS-GP was compared 

with the traditional GP approach where GP searches both the parameters as well as the 

structure by evolutionary means. The DLS-GP performance was also compared in the case 

of polynomial system reconstruction with the least-squares approach (LS-GP) and the 

ERR rule based FORA. 

In the simulations, the parameters of the genetic program were as follows. The 

population size was chosen by trial and error to be equal to 100 in order to achieve both 

good convergence as well as reasonable run time since the time of the GP run in 

governed mainly by the fitness evaluation process and larger population size translates to 

longer fitness evaluation time. ILS step size was chosen as 0.005 since it was found that 

all the parameter estimates converged within 3000 iterations at this value. Probability of 

crossover (P c) vs. reproduction (PR) was chosen after extensive simulations, which are 

described in the following sections. The Elitist policy was chosen for reproduction 

wherein the fittest individual of the given generation always survives to the next 

generation. This encouraged GP to search the most promising local space around an 
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individual more thoroughly. Maximum number of generations was chosen as 51 in order 

to be consistent with standard GP literature. 

In order to compare the performance of the various algorithms, the mean square 

error of parameter estimation was used. It is defined as: 

MSE=^(c(n)-c(n))2 (4.43) 

Implicit in this definition of performance is the structural information of the 

function because each c(n) is associated with a specific structural location in the function. 

4.5.1. Reconstruction of the chaotic Chebyshev map 

The time series from the chaotic Chebyshev (shown in Figure 4.3) map were used 

in this simulation to guide the evolution of ELS-GP. The map has the following structure: 

;c(« + l)=cos(1.8 cos - 1 (*("))) (4.44) 

The time series of 3000 points were used to train the ELS-GP, LS-GP and 

the traditional GP. The LS-GP evolved raw individual and nonlinear least squares best-fit 

after 47 generations is given below. 

LS-GP Raw individual: (cos(cos"'(((xl)+(xl))))) 

LS best-fit: x(n+l) = cos(1.8000*cos"I(1.0000*x(n))) 

The corresponding ELS-GP evolved raw individual and ELS best-fit after just 35 

generations is given below 

ILS-GP Raw individual: (cos(cos-1(0d)))) 

ILS best-fit: x(n+l) = cos(1.8000*cos"1(1.000*x(n))) 
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Figure 4.3. The time series and the state space portrait of the chaotic Chebyshev map 

Thus it can be seen that the ILS-GP was able to easily reconstruct the chaotic 

Chebyshev map from its time series. 

In the case of traditional GP, the best-fit individual evolved after 51 generations 

was: 

(((cos((xl)*(6.2115))+((x2)*(xl)))+(((1.4431).*(x5)) +(zl(x4))))) 

+(cos(cos"1((xl)*(x6)))).*(zl((xl)-(7.7632))) 

The traditional GP was unable to reconstruct the exact functional form of the dynamical 

system even after 51 generations. 

At first, in order to understand the way in which GP is able to reconstruct the 

chaotic system, one can look at the evolution of the schema fitness, «,-, as defined in the 
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previous section. Since the reconstruction of the Chebyshev map involves the 

combination of the cos and cos"1 functions, all the occurrences of cos and cos"1 are 

tracked at every generation across the entire population. 

The calculation of the schema fitness is simple. For example, if one seeks to find 

the schema fitness of the cos function in a particular generation of the GP run, one 

averages the fitness of all the individuals in which this function is present. One then 

multiplies the averaged fitness by the average number of instances of the cos function in 

each individual to get the schema fitness of the cos function. 

The schema fitness of the cos and cos"1 functions was averaged over 30 ILS-GP, 

LS-GP and traditional GP runs at an SNR of 35dB and a crossover probability of 0.8. 

Figure 4.4 and Figure 4.5 show the results of the experiment. 

Generation 

Figure 4.4. The evolution of the schema fitness of the cos function, averaged over 30 
runs 
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Figure 4.5. The evolution of the schema fitness of the cos"1 function, averaged over 30 
runs 

From Figures 4.4 and 4.5, one can see that the schema fitness of the two important 

schemata in the GP runs increases with generation. This increasing trend in the schema 

fitness was caused by two factors. The first being the average number of instances of the 

schema increased within individuals. The second factor was that the number of 

individuals carrying the particular schema also increased. These factors combined with 

the improving fitness of the individuals carrying the schema to lead to a general increase 

in the schema fitness. It can also be seen from the figure that while the schema fitness 

trend is increasing, there are local fluctuations in the actual value of the schema fitness. 

This is mainly due to the fact that the genetic operators can also be destructive in the 

sense that they reduce schema fitness by placing schema in poor locations. 
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On the whole, however, the genetic operators lead to improved schema fitness and 

thus lead to eventual identification of the exact functional form as proved earlier. The 

implicit efficacy of the objective function is also shown in the figures because one can 

see that the schema fitness in DLS-GP tends to rise faster than the other two GP 

algorithms. 

Given the above analysis, one can proceed to check the convergence rate of the 

different GPs, 30 trials of each GP were performed at an SNR of 35dB and a crossover 

probability of 0.8. Figure 4.6 shows the average results of these trials. 

As can be seen from the figure, ELS-GP converged faster on average when 

compared to LS-GP. There is almost a 10 generation improvement in the convergence of 

DLS-GP when compared to LS-GP. This is consistent with the schema fitness analysis 

because if the schema fitness increases, the probability of the schema being picked 

together also increases and this leads to improved convergence capability. It is also 

noticed from the figure that traditional GP is unable to successfully reconstruct the 

structure of the chaotic map even after 51 generations. 
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Figure 4.6. Convergence of traditional GP, LS-GP and ELS-GP in reconstructing the 
chaotic Chebyshev map at an SNR of 35dB and crossover rate 0.8 

In order to check the effect of crossover probability on the convergence ability of 

the different algorithms, the time series from the Chebyshev map were used at an SNR of 

35dB and 30 trials were performed of each algorithm at different crossover probabilities. 

Figure 4.7 shows the results of this experiment. 

As can be seen from the figure, the convergence rate increases for both LS-GP 

and ILS-GP as one increases the crossover probability from 0.1 to 0.8. For ELS-GP, the 

probability of convergence reaches a maximum at 0.75 and 0.8 crossover probabilities, 

whereas the maximum is reached at a crossover probability of 0.8 for LS-GP. Beyond a 

crossover probability of 0.8, the convergence probability begins to fall again and reaches 

a minimum at a crossover probability of 0.99. 
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Figure 4.7. Convergence of ILS-GP and LS-GP versus crossover rate in reconstructing 
the chaotic Chebyshev map at an SNR of 35dB 

This is because the destructive nature of crossover tends to break up the evolved 

structures more often than constructively bringing together different schema at very high 

crossover probabilities. From these trials, one notices that a crossover probability of 0.8 is 

optimum for good convergence of the different GPs. 

Finally, in order to check the performance of the different reconstruction methods, 

the reconstruction was performed at different SNRs starting from 35dB to a low of OdB. 

The crossover probability was set to 0.8 and the reproduction probability to 0.2. Figure 

4.8 shows the average results of the 30 GP trials on the time series for different SNRs. 

As can be seen from the figure, DLS-GP performed better than LS-GP in that it 

was able to reconstruct the exact system upto an SNR of 15dB, while the LS-GP was able 

to reconstruct the exact system only up to an SNR of 25dB. 
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Figure 4.8. Performance comparison of LS-GP and DLS-GP in reconstructing the chaotic 

Chebyshev map 

In this case, DLS-GP was able to show an improvement of lOdB in its 

reconstruction ability. It is also evident from the figure that at lower SNRs, ILS-GP 

performed better than LS-GP in that the parameter M S E after 51 generations was lower 

than that of LS-GP. 

4.5.2. Reconstruction of chaotic polynomial system 

Before one can address the performance of the various GP algorithms, one has to 

note the existence of a well-documented approach to polynomial system reconstruction in 

the presence of measurement noise. This algorithm is based on the Error Reduction Ratio 

(ERR) principle and has been used extensively for polynomial system reconstruction. 

This algorithm called Forward Orthogonal Regression Algorithm (FORA) is now 

described. 
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4.5.2.1. Error reduction ratio (ERR) based polynomial system reconstruction 

Given the time series measurements in (4.8), Billings, S.A. and Chen, S. [74] 

proposed using orthogonal least squares methods to reconstruct the polynomial system. 

The method proposed by them was called forward regression orthogonal algorithm 

(FORA) using the concept of error reduction ratio (ERR) rules to choose the model 

structure. 

The first step in the orthogonal regression algorithm is to orthogonalize terms in 

(4.8) into an auxiliary orthogonal model: 

y(t) = fjWl(t)gi+n(t) (4.45) 

where wt(t) and g. denote orthogonal regressors and unknown parameters respectively. A 

popular means of orthogonalization is the classical Gram-Schmidt procedure as outlined 

in [74]. 

Once the auxiliary orthogonal model is obtained, the parameter estimation is achieved as 

N 

A £w,(f)y<fl 
g = ^ fori = 1,2, 3, ...n (4.46) 

The error reduction ratios for each candidate in the auxiliary model are computed as 

err = 

A N 

ft2 

i N 
for i — 1, 2, 3, n (4.47) 

thus giving a measure of the importance of each term in the auxiliary model. However, 

the value of each ratio depends on the order in which the candidate terms are 



orthogonalized into (4.45). Therefore, the forward orthogonal regression algorithm 

(FORA) [75, 76] was developed to solve the problem of choosing the right 

orthogonalization path in model reconstruction. 

Assuming that the total number of polynomial terms possible given the maximum 

order and the embedding dimension of the system is L the maximal system containing all 

the terms can be written as 

y(0 = i > , W + « ( 0 (4-48) 
i=i 

At the first step all the terms<pt{i), i = 1, 2, 3..., L are considered as possible candidates 

for the first term in the auxiliary orthogonal model of (4.45). In other words, 

w['\t) = (pi(t) \<i<L (4.49) 

The parameters for the terms are then estimated as 

g, =~N \<i<L (4.50) 

*=i 

And the error reduction ratios for each are estimated as 

fieri0 

err^ = ^—^ 1 < i < L (4.51) 

k=\ 

The term corresponding to the maximum error reduction ratio, say, ̂ .(7), is 

selected as the first term w,(f) in the auxiliary orthogonal model. 
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At the second step in the forward regression procedure, all other terms, 

except(Pjit) are considered as candidates to be orthogonalized into the auxiliary equation. 

Thus, one needs to compute, 

N 2>,(r)̂ (f) 
w f (0 = <p. (0 - ag w, (r) 1 < i < L, i*j where c$ = (4.52) 

k=\ 

Once all the w^OO have been computed, the parameters and the error reduction 

ratios are computed as before. The term with the maximum error reduction ratio is then 

selected to produce the second term w2 (f) . 

This procedure is continued until the desired accuracy in prediction is met. Thus 

when FORA is successful in reconstructing the polynomial system, the final auxiliary 

orthogonal model would have the same structure as the original system. 

Now that FORA has been described, one can continue with the performance 

analysis of the various algorithms for polynomial system reconstruction. 

4.5.2.2. Simulation and performance analysis 

In this simulation the time series were generated from the chaotic polynomial 

system: 

x(n) = -0.3401-1.316a(n-2)+0.8376x(n-l)+0.6050-x(n-2)2-0.6284-x(«-l) -x(n-2) 

+0.2889-Jc(n-l) x(n-2)2 (4.53) 

A sample time series from this system is shown in Figure 4.9. A total of 3000 

points of the time series generated by this system was corrupted by noise for different 



77 

SNR levels and the ELS-GP, LS-GP, traditional GP and FORA methods were used to 

reconstruct the system from the noisy time series. 

50 100 150 200 250 300 350 400 450 500 
n 

Figure 4.9. The time series of the chaotic polynomial map 

The raw function evolved by LS-GP at an SNR of 35dB is: 

((((((xl)+(xl))+(((zl(xl))+((xl)+(xl)))+(((xl).*^ 

))+(((((xl)+(xl)).*(^^ 

+(((((xl)+(xl)).*((xl)+(xl)))+((zl(xl))+((xl)+(xl^^ 

+(xl)))+(xl)))+((zl(xl))+((xl)+(xl))))+((zl(zl(xl))).*(z 

The corresponding best-fit polynomial as determined by the least squares 

parameter estimation algorithm is: 

-0.35821-0.63957*x2*xl+0.61436*x2.A2+0.29553*xl*x2.A2+0.82411*xl-1.35131*x2 
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At an SNR of 35dB, the raw function evolved by ILS-GP at the end of 51 

generations was: 

(((zl(xl))*(xl))+(((zl(xl)^ 

))+((xl)+(((zl((xl)*(xl)))+(xl^ 

* (z 1 (z 1 (z 1 (z 1 ((x 1 )+((((x 1 )+(x 1»^ 

*(xl)))+(xl))+(xl))))))+((xl)+(zl(xl)))))) 

The corresponding best-fit polynomial function as computed using the improved 

least squares technique employed in ILS-GP was: 

-0.35900-0.63293*x2*xl+0.61998*x2.A2+0.29961*xl*x2.A2+0.82600*xl-1.34659*x2 

As can be seen from the above results, ILS-GP and LS-GP were able to identify 

the chaotic polynomial system correctly along with an accurate estimate of the 

corresponding parameters of the polynomial system. The final parameter M S E of LS-GP 

was only slightly higher than ELS-GP (refer Figure 4.10). Finally, FORA was used to 

reconstruct the polynomial system from the time series at an SNR of 35dB. The FORA 

approach managed to identify all of the structural components but also ended up adding 

one extra term in the final determination. The model identified by FORA at 35dB SNR 

was: 

-1.37110*x2+0.61091*x2.A2 -0.62213*x2*xl -0.34619 + 0.28646*xl*x2 A2+ 

+0.02761 *x2 A3+0.84770*x 1 

The underlined term in the above equation is the spurious term identified by FORA. 
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Thus, the performance of ILS-GP was the best of the three algorithms as it not 

only identified the structure correctly but also had better parameter estimation capability 

than the other two. 

Figure 4.10 shows the evolution of the traditional GP, LS-GP and ELS-GP across 

generations while searching for the right structure and parameters of the chaotic 

polynomial system. 
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Figure 4.10. Evolution performance of the various GP algorithms in reconstructing the 

chaotic polynomial system 

As can be seen from the figure, the evolutionary performance of ELS-GP was 

better than that of traditional GP as well as LS-GP in that ELS-GP had the fastest rate of 

convergence amongst the different GP algorithms. The ability of ELS-GP to outperform 

the other two GP algorithms can be attributed to the improved parameter estimation 

capability of ELS-GP in the presence of measurement noise as well as the choice of 
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objective function (4.14). This ability of ILS-GP for quicker convergence is due to the 

ILS-GP objective function being better suited for times series with non-zero 

measurement noise. The convergence performance of ILS-GP versus LS-GP can also be 

seen from Figure 4.11. From over 30 trials at an SNR of 35db, the percentage of trials 

that had terminated to the correct structure at different generations for both ILS-GP and 

LS-GP is shown. 
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Figure 4.11. Percentage of successful runs that terminated at each generation for LS-GP 

and ILS-GP 

As can be seen from the figure, ELS-GP has a larger number of successful 

terminations at lower generation numbers than LS-GP. This proves that DLS-GP is able to 

identify the structure of the polynomial with better efficiency when compared to LS-GP. 
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The parameter estimation mean square error accuracy across different SNRs using 

the three algorithms (ELS-GP, LS-GP and FORA) was then compared. The results were 

averaged over 30 trials. Figure 4.12 shows the result of the comparative test. 

51 1 1 1 1 1 r 
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Figure 4.12. Performance comparison of the various algorithms in reconstructing a 

chaotic polynomial system 

As can be seen from the figure, ELS-GP has the best performance compared to the 

other two in identifying the parameters correctly. It was also noticed that both the ILS-GP 

and the LS-GP converged to the correct structure of the polynomial system at SNRs of 

25dB and higher while the FORA still produced an extra term in the identified model. 

Further, while both ELS-GP and LS-GP identified the structure of the dynamical system 

correctly beyond SNRs of 25dB, the ILS-GP had better parameter estimation accuracy 

than the LS-GP. 
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Finally, the predictive and generalization performance of ILS-GP, LS-GP and 

FOR A were checked. The prediction mean square error over the training sequence used 

by the algorithms for reconstruction were compared. Then the identified models were 

used to predict previously unseen points in the data sequence to evaluate the 

generalization ability of the algorithms. Figure 4.13 details the results of these 

comparisons. 
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Figure 4.13. Predictive performance of the various algorithms on a time series generated 

by a chaotic polynomial system 

From Figure 4.13 the following conclusions can be drawn: 

i . FORA was able to best fit the training data across all SNRs. 

i i . However, ILS-GP was able to better generalize on the testing data when 

compared to the other two algorithms across all SNRs. Also, ILS-GP 

converged to the correct system up to an SNR of 20dB as can be seen 
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from the coinciding of both the testing and training prediction M S E from 

an SNR of 20dB upwards. 

i i i . When neither ELS-GP nor LS-GP converged to the correct system 

structure ELS-GP was able to generalize better on the testing data. 

iv. At higher SNRs, when both ELS-GP and LS-GP had almost the same 

training and testing performance, FORA still differed because of 

occasional extra terms in the identified model. 

4.5.3. Reconstruction of the Mackey-Glass chaotic system 

In this experiment, the Mackey-Glass chaotic system having the following 

structure was chosen: 

Expressed as a flow, this is not only non-trivial, but is not explicitly solvable in 

the delayed embedding format being followed in this work. Therefore, for the purposes of 

this study, the above equation was discretized to a map as: 

dx(t) 
dt l + (*(f-30)) 

0.2x(r-30) 
10 

-O.Lc(f) 

x(n +1) = x(n) + 
0.2x(n-30) 

- 0. lx(n) , which is equal to 
l + (x(n-30)) to 

x(n + l) = 0.9x(n) + 
0.2x(n-30) (4.54) 

1+ (*(«-30)) 10 
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Figure 4.14. The time series of the Mackey-Glass equation 

This map retains its chaotic characteristics and a sample time series is shown in 

Figure 4.14. The time series generated by this map was corrupted by additive white 

Gaussian noise at different SNR levels and different reconstruction methods were used to 

identify the structure underlying the noisy chaotic time series. In this experiment as well, 

3000 points were used for training the different GP methods. 

A typical LS-GP evolved individual after 48 generations at an SNR of 60dB is 

shown below: 

( ( (x l ) )+( ( (z l ( (z l ( (z l ( (z l ( (z l^ 

((x23)*(x23)))))))))))))))))*(((zl((zl(((x21)*(x21))))))*(((zl(zl 

23)*(x23))*(((zl((zl((zl(((x20)*(x20)))))))))))))))) 

The corresponding LS-GP best-fit function with estimated parameters is: 

0.8890*xl+(0.1538*xl/(0.9037+0.9014*(x30)A10)) 
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A typical ILS-GP evolved individual at an SNR of 60dB after 47 generations is 

shown below: 

(((zl((zl((zl((zl((zl((x25))))))))))))y(((zl((zl((zl((zl̂  

zl((zl((zl(((x26)*(x26))))^ 

*(((x25)*(x25))))))))))))))))))) + (((xl)+(xl))+((xl)+(xl))) 

The corresponding best-fit ILS-GP function with estimated parameters is: 

0.8898*xl +(0.1572*xl/(l. 1013+1.1011*(x30)A10)) 

40 45 50 55 60 65 70 
SNR (dB) 

Figure 4.15. Probability of convergence of LS-GP and ILS-GP in reconstructing the 

chaotic Mackey-Glass equation 

In order to show the efficiency of GP to reconstruct this complex chaotic system, 

30 trials of both ELS-GP and LS-GP across different SNRs were conducted and the 

number of times they were able to converge to the correct structure in 51 generations was 

calculated. Figure 4.15 shows the results of this experiment. 
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As can be seen from the figure, the probability of either ELS-GP or LS-GP 

converging to the correct structure is zero at SNRs below 40dB. At progressively higher 

SNRs, the probability of GP converging to the correct structure slowly increases and 

finally reaches a maximum of around 0.98 at SNRs of 70dB and higher. One can also see 

that ELS-GP consistently performs better than LS-GP across all SNRs. This is a testament 

to ELS-GP's better performance when compared to LS-GP. 
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Figure 4.16. Performance comparison of LS-GP and ELS-GP in reconstructing the 

chaotic Mackey-Glass equation 

Figure 4.16 shows the identification performance of the different algorithms 

across SNR. As can be seen from the figure, the GP algorithms were able to identify the 

system correctly only at very high SNR levels. This is mainly due to the complexity of 

the given system and the high embedding dimension involved. Even here one can see that 

ILS-GP was able to perform better than LS-GP in that it was able to identify the system 
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correctly up to an SNR of 50dB whereas LS-GP was able to identify the system correctly 

only up to 55dB. 

4.6. Summary 

In this chapter, a novel method for functional reconstruction of chaotic dynamical 

systems from their time series measurements has been proposed. Using GP with the 

enhancements of nonlinear and linear least squares parameter estimation techniques, it 

was successfully shown theoretically that GP would be able to identify the correct 

dynamical system from a given time series. It was also shown via simulations that ELS-

GP reconstructs a range of chaotic dynamical systems from their time series. In the case 

of the presence of measurement noise, improved identification performance was shown 

over other GP approaches as well as ERR rule based algorithms. ELS-GP performed 

better than other GP approach in identifying the chaotic dynamical systems automatically 

from their time series measurements. ELS-GP is now ready to be applied to a real-world 

time series whose underlying dynamical structure has not yet been identified. 
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CHAPTER 5 

RECONSTRUCTION OF DYNAMICAL MODEL FOR AIRBORNE 
RADAR SEA CLUTTER SIGNAL 

5.1. Introduction 

The onset of synthetic aperture radars has led to a revolution in the geoscience 

and remote sensing fields over the past few years [78, 79]. Airborne radars have been 

used for many marine applications from tracking of objects at sea to classification and 

identification of sea-ice [80, 81]. Any radar operating in ocean environments has to deal 

with radar sea clutter. Radar sea clutter, which refers to the backscattered signals from a 

patch of the sea surface illuminated by a transmitted radar pulse, is an important research 

topic not only from a theoretical point of view but also from a practical viewpoint. This is 

because of the severe degradation it causes in the detection of "point targets" on or near 

the sea surface. Further, sea clutter is in itself a good indicator of the state of the sea 

surface and thus if one were able to accurately model/predict this phenomenon, it is then 

possible to reliably detect the presence of small objects as well as better information for 

oceanic research and remote sensing. 

For many years, radar sea clutter was modelled as a stochastic process using 

different non-Gaussian distributions. Sea clutter seen at a low grazing angle has to date 

been modelled by the K-distribution which is based on the random walk model [82]. In 

recent years, however, there has been growing consensus in the research community that 

radar sea clutter obtained from marine radars shows chaotic behaviour [4, 5, 6]. It 

becomes evident that deterministic chaos provides a very elegant explanation for clutter 
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time series that although appearing irregular cannot be considered as inherently 

stochastic. Thus, one can model the time series as the outcome of a measurement on a 

low dimensional non-linear dynamical system. Based on the experimental research on the 

chaotic behaviour of radar sea clutter, algorithms to detect the presence of signatures of 

small objects in sea clutter were developed. The development of techniques based on 

dynamical systems theory for the modelling and characterization of radar sea clutter has 

led to improvements in the detection capability of marine radars [7]. 

Given these studies, one is led to question whether sea clutter in airborne radar 

also has similar behaviour. The extension of the results obtained for marine radars to 

airborne radars would be very useful because of the increasing use of airborne radars in 

marine applications. In order to test if sea clutter obtained from airborne radar is chaotic, 

airborne radar data collected off the coast of Prince Edward Island, Canada was analysed. 

The analysis was conducted for different resolutions and rotation of the airborne radar 

across different ranges. 

In this part of the work, the tests for chaotic behaviour have been conducted using the 

specific algorithms as indicated below: 

(1) Test of nonlinearity using (i) surrogate data analysis based on the growth of inter-

point distances as the discriminating statistic and (ii) surrogate data analysis based 

on the correlation dimension as the discriminating statistic [87, 89]. 

(2) Embedding delay estimation using Shannon's mutual information criterion [84]. 
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(3) Global embedding dimension estimation using the method of false nearest 

neighbours [84]. 

(4) Correlation dimension estimation using the maximum likelihood principle as well 

as the estimation of local slopes of the correlation integral [11, 86]. 

(5) Lyapunov spectrum estimation and the estimation of the Lyapunov dimension 

from the spectrum [12, 88]. 

(6) Test of stationarity based on recurrence plots [90, 91, 92]. 

Once the chaotic dynamics of the time series was established, predictive 

modelling of the clutter time series was conducted using a radial basis function (RBF) 

predictor, a local phase space predictor and a linear predictor [14, 16]. The predictive 

modelling was conducted as a means for dynamic reconstruction. This thesis also 

proposes the use of the ILS-GP algorithm presented in the previous chapter to the 

modelling of the radar data. 

Section 5.2 briefly describes the airborne radar characteristics, the geometry of 

the data collection process and the extraction of the raw data for time series analysis. It 

also discusses the pre-processing of the data before moving on to present the analysis of 

the chaotic dynamics of the time series. In Section 5.3 a description of the criteria for 

assessing the chaotic dynamics of a physical time series along with the results of these 

criteria as applied to the clutter time series is presented. Section 5.4 addresses the 

implications of the chaotic dynamics of sea clutter from a radar signal processing 
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viewpoint. Section 5.5 deals with the description of the predictive modelling. A brief 

summary is presented in Section 5.6. 

5.2. Airborne clutter data collection and pre-processing 

The clutter data was collected by the Defense Research Establishment Ottawa 

Airborne Radar Data Acquisition System over the coast of Prince Edwards Island. The 

relevant specifications of the radar are: 

Frequency: 9.5-10 GHz 

Peak power: 500kW 

Azimuth beamwidth : 2.4 degrees 

Elevation beamwidth: 4 degrees 

Sidelobes: -20 dB 

Receiver noise figure: 7.5 dB 

The datasets that were collected are described in Table 5.1. 

File Names Resolution Description 

HDR472sl4to 
HDR472s21 

Super-high resolution 
(<lm) 

The datasets were collected with the 
antenna squinted at an angle of 85 

degrees. 
HDR472s95 to 

HDR472s96 
and 

HDR473s58 to 
HDR472s62 

Super-low resolution (5m) The antenna is rotating slowly at 1 
RPM. 

HDR475s29 to 
HDR475s37 

Super-low resolution 
(5m) Antenna rotating at 0.5 RPM. 

HDR418s39 to 
HDR418s40 

High resolution 
« l m ) 

Antenna is rotating at 6RPM and is 
sectoring over 20 degrees 

Table 5.1. List and description of the datasets used in the analysis 
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As can be seen from the table the datasets are organized into 4 groups according 

to the radar parameters. The raw data from each of the files was extracted and filtered 

using a range compression filter designed for each group of files from one of the files in 

the group [83]. After range compression, the I and Q channel time series [83], are 

combined together as real and imaginary numbers to give the magnitude of the time 

series which are used in the following analysis. Since the collected data may be 

influenced by measurement noise, due to quantization and receiver noise, the effects of 

the measurement noise must be minimized by suitable filtering of the recorded data. Care 

is taken to ensure that the smoothing filter does not affect the underlying dynamics of the 

system that produced the time series. A local averaging filter of the form given below 

was used to filter the time series [5]: 

kn)=i,\y(n+i-2) (5.1) 

The filtering reduces the speckle in the time series as can be seen from Figures 

5.1 and 5.2 of the unfiltered and filtered time series from the file FfDR472sl5, range 

bin 400. From the figures one can see that the filtering process not only smoothens the 

time series but also improves the phase-space smoothness of the embedded time series. 
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Figure 5.1. Effect of filtering on the time series from range bin 400, scene 15 of FIDR472 

Figure 5.2. Effect of filtering in the phase space portrait of the time series from range 
bin 400 of scene 15 of HDR472 
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5.3. Criteria for assessing the chaotic dynamics of radar sea clutter 

Given an experimental time series whose underlying dynamics are unknown, the 

answer to the question whether or not the time series is generated by a chaotic process is 

not straightforward. Rather, a rigorous set of criteria relating to the geometry and entropy 

of the attractor in question and its underlying dynamics, all of which must be satisfied if 

one is to be confident that the given time series is indeed the result of a chaotic process. 

The three primary criteria, all of which must be satisfied for a dynamical process to be 

chaotic are nonlinearity, fractal dimension and the existence of a positive Lyapunov 

exponent with the sum of all the exponents being negative. A brief explanation of the 

individual criteria with an analysis of the radar clutter time series follows. 

5.3.1. Estimation of embedding delay and embedding dimension 

If one is to model a time series as a measurement on a non-linear dynamical 

system, one first has to determine the phase space in which the time evolution of this 

system is defined. The problem therefore is, given a time series, how does one construct 

the phase space for the study of the system. This problem is solved using the method of 

delays. Let y„ be the scalar time series that one needs to model. The delay reconstruction 

in m dimensions is then formed by the vectors /?„, given as [84]: 

n ) (5.2) 

The time difference in number of samples v is referred to as the lag or delay time. 

In practice, the time delay v is chosen based on the first minimum of the mutual 

information function. Once the delay is chosen, one needs to now find the right 

embedding dimension for the given time series. One of the most popular techniques to 
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find an optimal value for m is based on the "false nearest neighbours" technique [84] 

(referred to as F N N from now on). For example, if an mo dimensional delay 

reconstruction is an embedding while mo-1 dimensional delay reconstruction is not, then, 

in passing from mo to mo -1 , one is simply projecting along some one coordinate and thus 

different parts of the attractor are mapped onto each other. Thus, if one finds that some 

points are close to each other in the mo-1 dimensional reconstruction, and can thus be 

considered as neighbours, it can very well happen that these points will be far away from 

each other in the mo dimensional reconstruction. Such neighbours are deemed false. 

Thus, a check is done on the number of false nearest neighbours and the optimal value for 

m is that where the number of these false nearest neighbours reduces to zero. 

0 5 10 15 20 25 30 
delay 

Figure 5.3. Mutual information plot for HDR473s60, range bin 200 

For each of the files, the phase space of the time series from different range bins 

was reconstructed by first calculating the delay for the embedding. The mutual 
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information function was calculated for different delays and plotted and the delay of the 

first minimum of the function was chosen as the embedding delay. 

Figure 5.3 shows a typical mutual information function plot where the chosen 

delay was 8. The embedding delay was estimated for all the different time series and it 

varied depending on the dataset. Once the embedding delay was chosen, the embedding 

dimension was estimated using the F N N technique as described before. 

Embedding dimension 

Figure 5.4. FNN plot for HDR473s60, range bin 200 

Figure 5.4 shows a sample embedding dimension plot for a time series taken from 

the 200 t h range bin of the dataset HDR473s58. As can be seen from the figure, the FNN 

reduced to zero beyond an embedding dimension of 7. Thus the embedding dimension 

chosen for the dataset was 7. The FNN estimation was conducted for different range bins 
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for all the datasets and it was noticed that the embedding dimension was either 6 or 7 in 

all the cases. 

5.3.2. Fractal dimension estimation 

One of the three main criteria to show the presence of a chaotic process is the 

fractal dimension. Of the various possible definitions of fractal dimension and their 

respective calculations, the correlation dimension is very popular as well as "easy" to 

determine. The correlation dimension estimation as defined by Grassberger basically 

requires one to calculate the correlation integral, which is as follows [86]: 

C ( r ) = T ^ T ^ E6(r-||s(0-s(;)||) (5-3) 
wv-i) 1 = i j = i 

Where 0 is the Heaviside function, s(i) and s(j) are vectors in the multidimensional 

space, and N is the total number of vectors in the state space. The correlation integral 

obeys the following scaling law [86]: 

lim Or)~r 2 (5.4) 

from which one can calculate D 2 as the slope of the log-log curves as will be shown in the 

coming results [86]: 

,. ln(C(r)) 

°2 =}™-wT (5-5) 

Although the definition of the correlation dimension is pretty simple, there are 

many possible pitfalls in the estimation of the correlation dimension from a finite time 

series. For one, the scaling region needs to be properly identified. It is best to plot the 
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correlation integral for different length scales and then work iteratively towards a proper 

scaling region. Once the scaling region is identified, the local slopes of the log-log plot of 

correlation integral are found using a least squares fit. The local slopes can be interpreted 

as the correlation dimension of the time series. This plot is made for different embedding 

dimensions. One looks then, for a "plateau" that is reached in a particular scaling range 

and is approximately at the same level for embedding dimensions at and above the 

optimal embedding dimension. It has been shown that the plateau occurs when the 

number of delay coordinates, ie. the embedding dimension first exceeds the correlation 

dimension [85, 86]. However, since the above-mentioned technique for estimation of the 

correlation dimension has certain drawbacks such as the need for noise-free datasets, the 

Maximum Likelihood principle for correlation dimension estimation as proposed by 

Schouten et al. [11] was also used. The correlation dimension was estimated for each 

time series obtained from the different range bins across all the files. The estimates were 

carried out for both the filtered and unfiltered time series. 

Range 

Bin 

HDR472sl4 HDR472s20 

Range 

Bin 
D 2

M L D 2

M L 
Range 

Bin 

Orig Filt. Orig Filt. Orig Filt. Orig Filt. 

200 3.76 3.93 3.55 3.73 3.96 4.12 3.77 3.98 

400 3.75 3.96 3.28 3.31 3.91 4.09 3.84 3.94 

600 3.80 4.02 3.39 3.47 3.89 4.16 3.61 3.73 

800 3.75 3.98 3.63 3.74 3.93 4.23 3.89 3.99 

Table 5.2. Correlation dimension estimates for datasets from Group 1 
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Range 

Bin 

HDR472s96 HDR473s60 

Range 

Bin 
D 2 ^ 

Range 

Bin 

Orig Filt. Orig Filt. Orig Filt. Orig Filt. 

200 5.64 5.76 4.98 5.13 5.07 5.46 4.98 5.01 

400 5.21 5.44 5.04 5.32 5.12 5.32 4.86 4.92 

600 4.95 5.16 4.61 4.84 5.03 5.45 4.72 4.81 

800 5.01 5.19 4.92 4.99 5.32 5.51 4.88 4.94 

Table 5.3. Correlation dimension estimates for datasets from Group 2 

Range 

Bin 

HDR475s29 HDR475s37 

Range 

Bin 
D 2

M L D 2 ^ 
Range 

Bin 

Orig Filt. Orig Filt. Orig Filt. Orig Filt. 

200 4.44 4.72 4.23 4.41 4.76 4.87 4.55 4.60 

400 4.25 4.45 4.18 4.29 4.62 4.74 4.57 4.63 

600 4.53 4.86 4.36 4.76 4.54 4.63 4.39 4.51 

800 4.46 4.55 4.45 4.91 4.57 4.65 4.36 4.46 

Table 5.4. Correlation dimension estimates for datasets from Group 3 
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Range 

Bin 

HDR418s39 HDR418s40 
Range 

Bin 
D 2

M L D 2

M L D 2 ^ 
Range 

Bin 

Orig Filt. Orig Filt. Orig Filt. Orig Filt. 

200 6.61 6.97 5.37 5.05 5.73 5.86 4.75 4.90 

400 4.62 4.83 4.63 4.73 5.13 5.34 5.02 5.13 

600 4.09 4.65 3.97 4.33 5.37 5.51 5.33 5.60 

800 4.55 4.60 4.49 4.52 5.44 5.69 5.03 5.56 

Table 5.5. Correlation dimension estimates for datasets from Group 4 

Tables 5.2, 5.3, 5.4 and 5.5 show the estimates of the correlation dimension using 

both the local slopes of the correlation integral as well as the maximum likelihood 

estimate of the correlation dimension for the time series drawn from different range bins 

of each scene. The estimates for both the filtered and non-filtered time series are shown. 

For the sake of brevity, the results of the estimations for two files from each group is 

shown in each table. 

As can be seen from the tables, the correlation dimension estimates for the filtered 

time series are consistently slightly higher than the estimates for the unfiltered time 

series. The dimension estimates are consistent with the embedding dimension estimates 

in that the embedding dimension is always higher than the correlation dimension 

although the equation D E = 2*D2+1 wasn't always attained. It must be noted however that 

the equation is only a sufficient condition and not a necessary one. Thus one has a strong 

indication that the underlying dynamical system has a fractal structure. 
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5.3.3. Lyapunov spectrum and Lyapunov dimension estimation 

One of the most striking features of chaotic systems is their unpredictability 

beyond a particular length of time. This property is a consequence of the inherent 

sensitive dependence on initial conditions. Thus, the trajectories of two points that are 

spatially close diverge exponentially for chaotic systems. A good measure of this 

divergence is given by the "Lyapunov exponents" which are properly averaged exponents 

of the increase in the separation between two spatially close points as they evolve in time. 

Many different techniques have been proposed for the estimation of the Lyapunov 

spectrum over the past years. This work has used the method suggested by Darbyshire 

and Broomhead (referred to as the DB technique from now on) [12, 88]. The reason this 

method was adopted was because it has been shown to perform better in the presence of 

noise and is also more stable when compared to the earlier techniques. Once the 

Lyapunov spectrum has been calculated, one can calculate the Lyapunov dimension 

(Kaplan-Yorke dimension) using the following formula [5]: 

K 

DKY=K + ff—-
I 4 M I (5.6) 

K K+l 
where A , > / l 2 . . . > A „ >0,and^A a >0,^A a <0 

Although Kaplan and Yorke conjectured that the Lyapunov dimension is equal to 

the correlation dimension, this needn't be true for real data because the estimation of the 

Lyapunov dimension uses only the region of the attractor where the trajectories reside 
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most of the time whereas the correlation dimension is used for measuring the point 

densities of the entire attractor. 

Figure 5.5 shows us a sample Lyapunov spectrum estimate of a time series of the 

600 t h range bin from the file HDR472s95. 
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Figure 5.5. Lyapunov spectrum estimate for HDR472s95 - Range bin 600 

It can be seen from the figure that the Lyapunov spectrum has one positive 

exponent and one exponent very close to zero. A l l the other exponents are negative. It 

can also be seen that the sum of all the exponents is negative, telling us that the 

dynamical system is dissipative in energy, which is usually the case for most naturally 

occurring dynamical systems. Table 5.6 shows the maximum Lyapunov exponent 

estimate for the files from different groups across different ranges. The table also shows 

the Lyapunov dimension estimate for each of the files. 
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Range Bin 200 Range Bin 400 Range Bin 800 

File Name Max. Max. Max. 

Lyap. D K Y 
Lyap. D K Y 

Lyap. D K Y 

Exp. Exp. Exp. 

HDR472sl4 0.0312 3.64 0.0351 3.71 0.0322 3.77 

HDR472s20 0.0187 3.88 0.0192 3.92 0.0188 3.90 

HDR472s96 0.0131 5.31 0.0133 5.19 0.0149 5.22 

HDR473s60 0.0163 4.51 0.0159 4.79 0.0170 4.83 

HDR475s29 0.0192 4.03 0.0182 4.14 0.0190 4.28 

HDR475s37 0.0132 4.64 0.0111 4.55 0.0173 4.39 

HDR418s39 0.0351 5.06 0.0339 4.14 0.0357 4.11 

HDR418s40 0.0210 5.11 0.0199 5.01 0.0198 4.89 

Table 5.6. Maximum Lyapunov exponent and Lyapunov dimension estimates 

The dimension estimates are very close to the correlation dimension estimates of 

the filtered data since the Lyapunov spectrum calculations were conducted on the filtered 

data. Thus the Lyapunov spectrum analysis shows that the clutter time series all have one 

positive maximum Lyapunov exponent and one zero exponent. This result indicates that 

the clutter time series has strong chaotic characteristics. Also, the Lyapunov dimension 

and the correlation dimension estimates indicate a very strong fractal nature of the time 

series. 
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5.3.4. Nonlinearity and stationarity of the time series 

In order to prove that the time series is generated by a nonlinear dynamical 

system, one has to find a way to reject the null hypothesis that the time series was the 

outcome of a Gaussian linear stochastic process. First, the method of surrogate data 

analysis [87, 89] was used here with the discriminating statistic being the correlation 

dimension. That is, surrogate data sets are created and they are then compared with the 

original data set with the correlation dimension being the discriminating statistic. The 

surrogate data sets are generated such that the Fourier transforms of the surrogate data 

and the original data set differ only in their phases but have the same amplitudes which 

go into the power spectrum. Thus, the fast Fourier transform is taken of the data: 

Then, the complex components sk are multiplied with random phases e'^ where 

the 0k are distributed uniformly in [0,2n), and (j)N_k = - ^ t o yield a real inverse transform. 

Then the inverse transform of the complex components is computed thus yielding the 

required surrogate data set. This is repeated for different realizations of ^ i n order to get 

different surrogate data sets. The correlation dimension is calculated for each of the 

surrogate data sets and this is averaged over 50 surrogate datasets. The second test for 

non-linearity is based on a statistical test in which surrogate data sets are created using a 

stochastic linear model with the same autocorrelation coefficients as those of the given 

time series. The growth of the inter-point distances is used as the discriminating statistic 

(5.7) 
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to test the null hypothesis that the original time series can be described by linearly 

correlated noise. A quantity, Z is calculated from the Mann-Whitney rank-sum statistic. 

It is normally distributed with zero mean and unit variance under the null hypothesis that 

two observed samples of inter-point distances in the original and surrogate data sets come 

from the same population. A value of Z less than -3.0 is considered to be a valid reason 

for rejection of the null hypothesis [5]. 

One of the aspects of a time series that has to be considered before trying to set up 

a predicting regime is whether the time series is stationary or not. A good graphical tool 

for measuring the time constancy of dynamical systems is the Recurrence plot [90-92]. 

Basically, a recurrence plot is a tool displaying how the reconstructed trajectory comes 

close to itself. The plot, whose definition is slightly simpler than what was originally 

proposed in [90] is now constructed based on [92]: Let 8 be a fixed positive number, and 

define the array [92]: 

Figure 5.6 shows the recurrence plot for the time series of range bin 361 of 

hdr472sl4. The embedding dimension chosen was 7, and the radius of the sphere to 

check for recurrence in the phase space was chosen as 45% of standard deviation of the 

data. As can be seen from the figure, the recurrence plot is quite uniform indicating that 

that time series is stationary. This was observed for all the datasets without exception. 

Once the stationarity of the time series was confirmed, the tests for nonlinearity 

were conducted on the datasets. 

otherwise 
(5.8) 
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Figure 5.6. Recurrence plot of the time series of range bin 361 of HDR472sl4 

File Name 
Average D M L of surrogate data 

File Name 

Range Bin 200 Range Bin 400 Range Bin 600 Range Bin 800 

HDR472sl4 8.54 8.76 9.23 8.11 

HDR472s20 7.45 7.73 8.04 9.11 

HDR472s96 8.23 8.78 9.23 7.56 

HDR473s60 9.70 8.60 8.84 9.01 

HDR475s29 9.05 7.56 8.64 8.45 

HDR475s37 8.98 7.48 8.76 9.05 

HDR418s39 9.87 9.23 8.43 8.04 

HDR418s40 9.70 8.60 8.84 8.55 

Table 5.7. Surrogate data analysis with correlation dimension as discriminating statistic 
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Table 5.7 shows the results of the surrogate data analysis with the correlation 

dimension as the discriminating statistic. As can be seen from the table, the correlation 

dimension estimates for the surrogate data are much larger when compared to the 

estimates for the original time series. Also, for higher embedding dimensions the 

correlation dimension estimates for surrogate data keep increasing which is typical of a 

noise process whereas the correlation dimension estimate remains relatively constant 

after crossing the embedding dimension in the case of the original time series. The above 

results tell us that the time series are not the product of a linear noise process. In order to 

further check the null hypothesis that the time series were produced by a linear noise 

process, the second test as described above was conducted for all the time series. 

File Name 
Range Bin 200 Range Bin 400 Range Bin 600 Range Bin 800 

File Name 

Z Z Z Z 

HDR472sl4 -3.21 -3.98 -3.53 
-4.34 

HDR472s20 -4.55 
-5.98 -4.33 -4.02 

HDR472s96 -5.13 -4.45 -3.39 -3.70 

HDR473s60 -4.76 -4.27 -3.01 -4.34 

HDR475s29 -4.04 -3.95 -4.43 -3.02 

HDR475s37 -4.24 
-3.60 -3.82 -3.95 

HDR418s39 -4.03 
-3.98 -4.38 -5.78 

HDR418s40 -3.18 -3.32 -3.01 -4.53 

Table 5.8. The Z values calculated from the Mann-Whitney statistic 
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Table 5.8 gives the values of Z for the time series of the different data sets. As can 

be seen from the table all the Z values are lesser than -3.0 and thus one can safely reject 

the null hypothesis that the time series can be described by linearly correlated noise. 

Thus the radar clutter time series has satisfied satisfactorily all the criteria laid out 

at the onset for assessing the presence of strong chaotic behavior in the time series. One 

can therefore assert with a fair degree of certainty that airborne radar clutter time series 

can be modeled as a nonlinear dynamical system which is also chaotic in nature. 

5.4. Implications of chaotic sea clutter dynamics on airborne radar signal 

processing 

The first implication of chaotic dynamics of sea clutter is that it is possible to find 

a direct correlation between the state of the sea and the absolute values of the Lyapunov 

spectrum of the time series [6]. This variation in the Lyapunov spectrum can be used to 

determine the sea state. Further, knowledge of the Lyapunov spectrum, especially the 

highest Lyapunov exponent gives us an upper bound on the number of steps ahead one 

can predict without significant degradation in predictive performance. 

In the application for improved signal detection, the use of the predictive models 

becomes important. While in the case of stochastic modelling of clutter, the detection of a 

weak signal embedded in the clutter would be difficult as one would need many number 

of samples to detect a significant change in the clutter statistics, the use of predictive 

dynamical reconstruction using an RBF neural network can significantly improve 

detection performance. Assuming the RBF network has been trained for the particular sea 

state and has acquired the underlying dynamics, the resulting output is the prediction 
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error that has been minimised in a least-squares sense. Thus the prediction error can be 

modelled as an additive-Gaussian noise process. When there is an additional signal, 

however, due to the presence of a target echo, the underlying dynamics of the clutter 

would naturally undergo a change from the no-target scenario. This perturbation in the 

dynamics of the received signal would produce a corresponding change in the predictive 

performance of the trained nonlinear predictive model. The change in the error process 

can be formulated as a binary hypothesis-testing problem and thus target detection can be 

achieved. 

5.5. Predictive modeling of airborne sea clutter data 

Now that the main criteria for assessing the presence of a chaotic process in the 

clutter time series have been satisfied, one can set up a prediction regime. This regime 

would be able to predict future values of the time series based on information derived 

from a finite number of points from the time series [14 ,16]. Various techniques have 

been proposed to basically solve the inverse problem of constructing a smooth map 

f/v:Rm—> R m (where m is the embedding dimension) in terms of the time series values xn 

such that x„+i = /N(X„), 1< n < N - l . Thus, basically, one needs to find an approximate 

solution or a best-fit interpolant through the finite time series data. Once this function has 

been determined using a particular interpolation technique, it can be used to predict future 

values of the time series. Thus, the function can now be termed as a predictor for the 

given time series. 

There are different approaches to construct the predictor and they can be 

categorised into global techniques, local techniques and radial basis functions [14]. The 
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most basic predictor is the linear predictor that predicts future values as a linear function 

of past values. In the local linear technique, which is actually a state-space predictor, the 

prediction is made by fitting a linear function to the images of the state-space neighbours 

of the present point whose image one would like to find. The zeroth order predictor is a 

special case of the local linear predictor with the predicted point being a simple average 

of the images of the neighbours. 

The radial basis function technique is a global interpolation technique with good 

localization properties. The form of the predictor chosen in this case is given as [16]: 

F( x) = JTA,<K||x-c,||) (5.9) 

2 i 2 

where, <p(r) = e~r a is constructed about n c number of centres (CJ), with the 

constant a being determined as a multiple of the average distance between data points 

considered in the fit. The Xj are constants determined by a least-squares fit to the 

observations in the learning set, 

b = AA (5.10) 

where X is a vector of length n c whose j component is A,j and A is given by [16]: 

A , = f * ( | k I D (5-11) 

In the implementation, the number of centres as well as the multiple of the 

average distance between the data points is fixed. Thus, the variance and the number of 

centres of the predictor are fixed at the onset of the construction of the predictor itself. 

Another global interpolation technique is also proposed, which is the use of ILS-

GP to evolve an optimal predictor for the given time series. ELS-GP is used to evolve a 
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good functional representation of the time series data and this evolved predictor's 

performance is tested on previously unseen data. Then the DLS-GP predictor is compared 

with the other predictors to see whether DLS-GP was able to generalize well on the given 

dataset. The ability of DLS-GP to fit optimal functions in the presence of measurement 

noise should lead to better predictive performance on unseen data. The ability of DLS-GP 

in this regard is tested by training it using the same number of data points as used by the 

other predictors. 

In order to compare the prediction performance of the different predictors across 

different time series, the time series were first normalized to have a range between -1 and 

+1 using the following procedure. If y is the pre-processed time series that was used to 

estimate the dynamical invariants such as correlation dimension etc., it is normalized as 

y„ = (y-mearc(y))/(max(y)-min(y)) before being used for prediction analysis. y n is a 

zero-mean signal that lies between -1 and +1. In all the following cases, the number of 

points in the training section of the time series was fixed at 20000 and the predictor was 

made to predict 200 time steps. The mean square error was used as the performance 

measure of the predictors. 

The linear predictor is dependant only on the embedding dimension used for 

prediction. The parameters of the zeroth order predictor, however, were to use a 

minimum of 4 neighbours and a maximum of 50 neighbours to predict each step, given a 

particular embedding dimension. The radius of the sphere in which the neighbours would 

be searched for was determined according to the number of neighbours found for each 

point. In the case of the radial basis function, the number of random centers chosen from 
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amongst the training points was fixed at 150 and the variance of the radial basis functions 

was fixed at 0.001. In the case of using ILS-GP to evolve a good predictor, one needs to 

estimate an optimal crossover probability so that optimal predictors can be evolved. 

Figures 5.7 and 5.8 show the prediction of the time series from HDR472sl5 using 

a linear predictor and an RBF predictor, both for an embedding dimension of 8. The 

figures show that the RBF predictor performs better than the linear predictor. 
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Figure 5.7. Radial basis prediction of time series from HDR472sl5, D E = 8, 
MSE = 4.3e-03 



Figure 5.8. Prediction of time series from HDR472sl5 using a linear predictor, D E = 
M S E = 7.2e-03 
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Figure 5.9. Prediction of time series from HDR472sl5 using different predictors 
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Figure 5.9 shows the predictive performance of RBF, local predictor and linear 

predictor across different embedding dimensions. As can be seen from Figure 5.9, the 

RBF predictor does much better than the linear predictor for even low embedding 

dimensions. This is a good testament to the nonlinear properties of the time series. One 

can also notice that the zeroth order local predictor has a robust performance that is only 

slightly better than the RBF performance. Figure 5.10 shows the RBF prediction 

performance for different embedding dimensions across four different time series. 

0 i , , , , , , 1 

2 3 4 5 6 7 8 9 10 
Embedding Dimension 

Figure 5.10. RBF Prediction M S E versus embedding dimension 

From Figure 5.10, one see that the performance of the RBF predictor does not 

improve by much after the optimal embedding dimension as determined by the FNN 

technique has been exceeded. Of the three plots shown, the deduction of the optimal 

embedding dimension is clearest in the plot for HDR472sl4. Thus, one can see that the 



optimal embedding dimension for the time series is 7, which is the same as calculated by 

the F N N technique. 

Now prediction on the different datasets using DLS-GP is performed. The first 

issue to be dealt with in this case is the crossover probability and how it could affect 

predictive performance. Since one does not know the exact structure of the underlying 

dynamical system, one needs to configure DLS-GP properly so that it can find the 

optimum function within its search space for the given time series. The ability of DLS-GP 

to find the optimum function is closely linked to the crossover probability and thus the 

following experiment was conducted. Figure 5.11 shows the predictive performance of 

DLS-GP over time series taken from four different datasets. 
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Figure 5.11. Prediction M S E of DLS-GP evolved predictor versus probability of 
crossover 
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For each case, the ELS-GP was run over 10 trials using different crossover 

probabilities. The ELS step size was chosen to be 0.005. The average predictive 

performance at each crossover probability after 51 generations was recorded for each of 

the datasets. From the figure one can see that the predictive performance of ELS-GP 

reaches the optimum at around a crossover probability of 0.7 or 0.8. Therefore 0.8 is 

chosen as the crossover probability for all further prediction experiments. 

Since ILS-GP is designed so as to automatically choose the optimal embedding 

dimension while modelling a given time series, the embedding dimension of the predictor 

evolved after 51 generations across different datasets over a total of 30 ILS-GP runs for 

each time series was noted. Figure 5.12 shows the percentage of GP runs that converged 

to a particular embedding dimension for time series drawn from four different datasets. 
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Figure 5.12. Percentage of ILS-GP runs terminating at different embedding dimensions 
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As can be seen from the figure, a large percentage of ILS-GP runs converged on 

the embedding dimension of 8 or 9. The percentage of total runs that converged to an 

embedding dimension below 7 is less than 7%. The percentage of total runs that 

converged to an embedding dimension of either 8 or 9 is more than 75%. Thus one finds 

that ELS-GP converged largely to predictors whose embedding dimensions equal 8 or 9. 

This is consistent with the embedding dimension as estimated by the F N N technique and 

is also validated by the RBF and local predictor predictive performances which show 

optimal performance at an embedding dimension of 8 or 9. 

Having shown the ability of ELS-GP to optimally choose the embedding 

dimension of the evolved predictors, the predictive performance of ELS-GP, RBF 

predictor and the zeroth order local predictor was compared across different datasets. 

Table 5.9 summarises the results of the predictions. As can be seen from the table, the 

ELS-GP evolved predictors on average perform the best of all the three kinds of 

predictors. This is not only a testament to the efficacy of ELS-GP in generalizing a given 

time series, but it also the best evidence of an underlying dynamical system producing the 

airborne radar sea clutter. 

When all the above predictive techniques were applied on the unfiltered raw data, 

it turned out that the ELS-GP performance was only slightly better than the RBF and 

zeroth order local predictor performance. However, the RBF, ELS-GP and zeroth order 

local predictors all performed much better than the linear predictor, and thus still testified 

to the nonlinear characteristics of the radar clutter data. 
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File Name 

Average 

prediction M S E 

for radial basis 

function predictor 

(Averaged over 

50 range bins) 

Average 

prediction M S E 

for zeroth order 

local predictor 

(Averaged over 50 

range bins) 

Average 

prediction M S E 

using ELS-GP 

evolved predictors 

(Averaged over 50 

range bins) 

HDR472sl4 3.05e-03 3.49e-03 1.33e-03 

HDR472s20 2.84e-03 2.79e-03 1.91e-03 

HDR472s96 3.93e-03 3.07e-03 2.12e-03 

HDR473s60 4.01e-03 4.18e-03 3.05e-03 

HDR475s29 3.29e-03 3.33e-03 2.99e-03 

HDR475s37 2.91e-03 2.66e-03 2.59e-03 

HDR418s39 3.98e-03 3.66e-03 2.96e-03 

HDR418s40 2.05e-03 2.34e-03 2.07e-03 

Table 5.9. The average mean square prediction error for Zeroth order, RBF predictor and 
DLS-GP prediction 

5.6. Summary 

In this part of this thesis the question of whether sea clutter in airborne synthetic 

aperture radars can be modelled as a nonlinear dynamical system has been addressed. In 

other words, the question, "Is there a sea clutter attractor for airborne radars?" has been 

posed. In order to answer this question several nonlinear time series analyses were 

conducted on the time series obtained from the airborne radar for different ranges and 

also under different conditions of the radar usage. The optimal embedding dimension was 

estimated for the sea clutter obtained from the radar and was found to be either 6 or 7. 
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Further estimation of the fractal dimension via the correlation sum and the Lyapunov 

dimension showed that the clutter did possess a fractal dimension, which varied between 

3.2 and 6.5. The dissipative nature of the underlying dynamical system was observed 

from the Lyapunov spectrum calculations. The consistent presence of one positive 

Lyapunov exponent and one zero exponent indicated the chaotic nature of the clutter 

dynamics which could be modelled as a coupled system of differential equations. The 

improved ability to predict the clutter time series using R B F and local state-space 

predictors over a linear predictor further increased the confidence in the assertion that the 

clutter time series have a strong nonlinear component. Further the use of LLS-GP to 

evolve optimal predictors for the clutter time series also lends credence to the dynamical 

system explanation for the clutter time series generation process. It also proves that LLS-

GP is an effective technique for reconstruction of the underlying dynamics of airborne 

radar sea clutter. 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

In this thesis, a robust and novel technique for reconstruction of chaotic 

dynamical systems from their noisy time series measurements was developed. It was 

shown that genetic programming when augmented with a good cost function and 

parameter estimation technique leads to improved reconstruction capability even in the 

presence of measurement noise. In order to overcome the bias introduced in least squares 

parameter estimates due to the presence of measurement noise, an improved estimation 

technique called Improved Least Squares (ELS) was proposed. The ELS, as formulated in 

this thesis can be applied to any nonlinear dynamical system whose parameters need to be 

estimated from noisy time series measurements. Having augmented the conventional GP 

with the novel ILS estimation scheme, it was shown conclusively that ILS-GP 

outperforms the other reconstruction techniques and shows considerable improvement in 

reconstruction of systems even at low SNRs. 

En route to developing the ELS-GP scheme, the problem of using GP to design 

maps for use in chaotic spread spectrum communications was also addressed. Using a 

simple functional and terminal set, it was shown that GP had the ability to design maps 

that outperformed the more popular maps in the literature in the context of direct 

sequence spread spectrum communications. It was shown that it is possible to use GP to 

efficiently optimise more than one objective function during a single run. It was also 

shown that objective functions derived from actual performance parameters can be used 

successfully with GP to design systems. Thus the efficacy of traditional GP without the 
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use of separate parameter estimation schemes was first proven. We then built on the 

existing GP and augmented it with the LLS parameter estimation scheme to come up with 

a robust system identification paradigm. 

After conducting extensive nonlinear time series analysis on the time series of 

airborne radar sea clutter we concluded that airborne sea clutter data could be modelled 

as a nonlinear dynamical system of low embedding dimension. We also conducted 

predictive analysis on the radar datasets using radial basis functions, local predictors and 

linear predictors and established the strong nonlinear nature of the datasets. 

Finally, upon establishing that the radar time series can be modelled as a 

nonlinear dynamical system, we applied the LLS-GP technique to predict the radar time 

series. We showed that LLS-GP was able to automatically choose the optimal embedding 

dimension to predict the radar time series. We also showed that the predictive 

performance of LLS-GP was much better than the other prediction techniques and thus 

LLS-GP better generalized over the dataset when compared to the other algorithms. 

The principal contributions of this thesis can thus be summarized as follows: 

i . The efficiency of GP as a search and optimisation paradigm was proved 

by its ability to design maps for DS/SS communications that performed 

better than the standard logistic and Markov maps. 

i i . It was proven mathematically in Theorem 4.2, Section 4.4, that the 

probability of GP finding better structures in successive generations is 

non-zero and that it is closely tied to the cost function being optimised. 
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ii i . Simulation studies showed that the ILS parameter estimation scheme and 

the ILS cost function improved the ability of GP to reconstruct chaotic 

systems in the presence of additive white Gaussian measurement noise. 

iv. Extensive nonlinear time series analysis revealed that it is possible to 

model airborne radar sea clutter data as a chaotic nonlinear dynamical 

system of low dimension. 

v. ELS-GP can be used to obtain useful structural information about 

underlying dynamical systems that govern naturally occurring time series 

while at the same time constructing efficient predictors for the time series. 

Given these results, the following recommendations can be made for future 

research: 

(1) Presently, ELS-GP is an offline approach to system reconstruction. The 

efficiency of GP search and the increasing power of computing hardware 

lends to strong possibility of extending ELS-GP to an online structure 

adaptive nonlinear filter. Such a filter has many applications, ranging from 

chaotic communications to modelling of systems with slowly varying 

structure and parameters. 

(2) Given the strong chaotic characteristics of airborne radar sea clutter, 

spatio-temporal chaos can be used to further improve modelling of these 

datasets. 

(3) The ability of GP in constructing efficient predictors in the time domain 

shows promise in constructing spatio-temporal predictors to model spatio-
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temporal chaos and thus better predictors can be constructed to further 

improve detection capability in marine radar systems. 

(4) Finally, the capability of GP in intelligent design can be used to design 

more complex systems. This has applications in designing optimal chaotic 

communication systems by including receiver as well as spreading code 

design within the purview of GP search. 

The field of genetic programming seems to be maturing after many years of 

pioneering work by the research community. This thesis is but a small contribution 

emerging out of the powerful genome of such pioneering research with the hope that it 

will at least be a motivating factor if not a building block towards the construction of the 

grand temple of automated emergent intelligence. 
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