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Abstract 

A b s t r a c t 

The behavior of air bubbles in a turbulent pipe flow of oil sand slurry was studied. 

Specifically, the problems of bubble size distribution and evolution of this distribution 

along the pipeline were investigated. 

The slurry was assumed to be a homogeneous Newtonian liquid in which solid particles 

and bitumen droplets are totally suspended. 

First, the flow pattern of air bubbles was studied to establish the criteria for achieving the 

desired dispersed-bubble flow pattern. It was found that an average flow velocity of 

5.7m/s or higher was enough to ensure the needed flow pattern. 

Second, the maximum and minimum bubble sizes of the dispersed-bubble flow pattern 

were found and from these the bubble size distribution was determined. The bubble size 

distribution is represented satisfactorily by a log-normal distribution function. 

Third, the bubble dissolution phenomenon was studied. The abrupt pressure rise at the 

inlet of the pipeline and the subsequent slow pressure drop along the pipeline create the 

conditions necessary for the dissolution process to take place. The bubbles were divided 

into three groups by their sizes, and the dissolution of different group bubbles is governed 

by different equations. It was found that the dissolution rate strongly depended on the 

initial bubble size and initial air volume fraction. 
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Nomenclature 

N o m e n c l a t u r e 

A: Total flow cross sectional area of the pipe, A = nDp214 = 0.348m2 

Ag: Cross sectional area occupied by the gas phase if the two phases were 

stratified in the pipe 

B: Van der Waals constant, =1028 Jm 

C: Air concentration in the liquid, kg/m 

C/: A parameter, see definition in Section 2.4.6 

C2'. A parameter, see definition in Section 2.4.6 

Ca: Air concentration in the liquid under atmospheric pressure and at 27°C, 

kg/m3 

C,: Air concentration in the liquid under the pressure Pi and at 27°C, kg/m3 

C„: Normalized air concentration, defined as (C-Ca)l{CrCa) 

Cs: Solids volume concentration in the slurry 

ACji Initial air concentration difference, defined as C, - Ca, kg/m 

^ Air concentration difference between the bubble boundary and the bulk of 

liquid, kg/m3 

d: Stable bubble diameter, m 

di: Any of the measured bubble sizes of N bubbles, i=l, 2, N 

dm: Median bubble diameter, m 

dmax- Maximum bubble diameter, m 

dmin: Minimum bubble diameter, m 

ds: Sauter mean diameter, m (definition see Section 2.4.5) 

D: Diffusivity of a gas in a liquid, ~2xl0'9m2 Is for air in water 

Dp : Pipe inner diameter, 0.666m 

E: Dimensionless curvature radius of the liquid film 

X 



Nomenclature 

fd. Darcy friction factor, =4fs 

F: Force, N or kg.m/s2 

Fd'. Drag force, N or kg.m/s2 

FL: Dimensionless coefficient, see Section 2.5 

fs' Skin friction coefficient or Fanning friction factor, = fd IA 

g: Gravitational acceleration, 9.8m/s2 

h: Rupture thickness of liquid film, m 

H: Henry's constant for air in dilute aqueous solution at 27°C, 

47.58x105Pa.m3/kg 

J a: A dimensionless constant, defined as AC, I pj 

k: Mass transfer coefficient, m/s 

Kr. A constant, for definition see Section 4.5.3 

K.2'. A constant, for definition see Section 4.5.4 

/: Inner scale of turbulence, m 

L: Fundamental or external scale of turbulence in a pipe 

Lp: Pipeline length, 4700m 

M: A constant defined as (PrP0)/Pi 

Mo: Interfacial mobility coefficient 

N: An integer number 

aR 
Nu: Diffusion Nusselt number, defined as — — = kRI D 

ACD 

P: Pressure, Pa 

Patm- Atmospheric pressure, 101.325kPa 

Pe: Peclet number, defined as U,iR/D 

P/: Cumulative fraction 
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Nomenclature 

/*,•: Pressure at the inlet of pipeline, kpa 

P0: Pressure at the outlet of pipeline, 11 Okpa 

q: Mass flux, kg/m2s 

R: Bubble radius, m 

r: The radial coordinate of spherical coordinates, m 

Rc\ Radius of a cell in the Cell Model, m 

RCi\ Initial radius of a cell in the Cell Model, m 

Rd' Bubble size below which the dominant dissolution mechanism is molecular 

diffusion, m 

Ri\ Initial bubble radius, m 

Rn: Normalized bubble radius, Rn -RlRj 

Re: Flow Reynolds number, defined as UDplvw or UDp lvs 

Reb- Bubble Reynolds number, defined as UrlR/vw or UHR/vs 

Re,: Turbulence Reynolds number, defined as AUL/vw or AUL/vs 

Re^. Turbulent eddy Reynolds number, defined as UxXlvw or UkXlvs 

S,: The width of the interface between the gas and liquid phases when they are 

stratified in the pipe 

Sc: Schmidt number, defined asvwIDoxvsID 

Sh: Sherwood number, defined as kR ID 

t: Time, s 

te: Exposure time between gas and liquid elements in Higbie's formula, s 

'• Defined as LpIU, s 

T : Fluid temperature, 27°C 

T,\'- Characteristic period corresponding to the eddy motion of scale A (A>t) at 

the eddy velocity Ux, s 
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Nomenclature 

Tf. Characteristic period corresponding to the eddy motion of scale / at the eddy 

velocity Ui, s 

u2 • Mean square spatial fluctuating velocity, m/s 

U: Average fluid flow velocity, 5.2m/s 

Ud'. Deposit velocity of slurry, m/s 

Iff. Velocity of turbulent eddies of scale /, m/s 

UH : Bubble velocity relative to the turbulent stream, m/s 

Ux' Velocity of turbulent eddies of scale X, m/s 

AU : Turbulence intensity in a pipe 

Vb'. Volume of a bubble, m3 

Vbi. Initial volume of a bubble, m3 

Vc: Volume of a cell in the Cell Model, m 

Vci: Initial volume of a cell in the Cell Model, m3 

Vf. Volume of the liquid in a cell of Cell Model, m3 

Wec: Critical Weber number, definition see Section 3.1 

x: Distance measured from the inlet of and along the pipeline 

z: A variable, definition see Section 3.4 

a: Inclination angle of pipe, radian 

P: Relative roughness 

Sd: Thickness of diffusion sub-layer, m 

6\: Thickness of viscous sub-layer, m 

2 3 
e: Energy dissipation rate of turbulence, m /s 

£: Dumb variable 

rj: A constant, defined as R,2/(Dtmax) 

6: Angle, radian 
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Nomenclature 

A: Turbulent eddy scale, m 

Ma- Dynamic viscosity of air at 27°C, 1.843 xlO"5 kg 1 ms [Mills, A. F.] 

Mi- Dynamic viscosity of liquid phase, kg/ms 

Ms- Dynamic viscosity of the slurry at 27°C, kg/ms 

Mw- Dynamic viscosity of water at 27°C, 8.67 xlO"4 kg/ms [Mills, A. F.] 

v,' Kinematic viscosity of liquid phase, m /s 

Kinematic viscosity of the slurry at 27°C, vs = f i j ps (m /s) 

Kinematic viscosity of water at 27°C, 8.7xl0"7(m2/s) 

ti- A constant, defined as 2cr/P,i?, 

P- Density of air inside the bubble, kg/m3 

Density of air at 27°C and standard atmospheric pressure, 1.177kg/m [Mills, 

A. F.] 

Pg- Density of gas phase, kg/m3 

P i -
•> 

Initial air density, defined as p a P J Pa (kg/m ) 

Pl - Density of liquid phase, kg/m3 

Ps- Density of the slurry at 27°C, 1600kg/ m3 

Put- Density of the solids in the slurry, kg/ m 

Pw'- Density of water at 27°C, 996kg/ m3 [Mills, A. F.] 

o: Surface tension of water, 0.0725N/m 

°d-
Surface tension of the dispersed phase, N/m 

Geometric mean standard deviation, 

a,: Surface tension of liquid, N/m 

t : Normalized time, defined as t/tmax 
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Nomenclature 

Tw: Pipe wall shear stress, Pa 

Tc: Characteristic pressure or shear stress resulting from turbulent pressure 

fluctuations, Pa 

(p: Air volume fraction in fluid 

(p i: Initial air volume fraction in fluid 
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1. Introduction 

1. I n t r o d u c t i o n 

The subjects studied in this thesis are associated with a project undertaken by the 

University of Calgary for Syncrude Canada Ltd. The objective of the project was 

to develop a simulation model of the bitumen extraction process in a pipeline 

carrying oil sand slurry. 

The oil sand hydrotransport technology developed to extract bitumen from the oil 

sands involves mixing the oil sand with hot water, pipelining the high density 

slurry (usually having a density of 1500 ~ 1600kg/m3, and a temperature of 50°C 

for the North Mine Train 1 and 25°C for the Aurora Mine Train 1 [Sanders et al. 

(2000)]) over a distance of several kilometers to the extraction plant. The pipe 

diameter exceeds half a meter. The processes happening inside the pipeline during 

hydrotransport, more often referred to as conditioning of the oil sand slurry, 

include digestion of oil sand lumps, liberation of bitumen from sand and clay 

particles, coalescence of small bitumen droplets into larger ones as well as 

aeration of bitumen droplets. A l l these proceed spontaneously during the slurry 

transportation. 

Because energy is imparted to the oil sand slurry during pipelining, the slurry 

temperature drop along the pipeline is nearly zero in summer and within a few 

degrees centigrade in winter. This implies that the hydrotransport process can be 

roughly regarded as isothermal. 

One of the crucial processes in the conditioning of the oil sand slurry is the 

aeration of the bitumen droplets to form air/bitumen sacks (air bubble engulfed by 

bitumen droplet), so that when the slurry is discharged into the Primary 

Separation Vessel at the end of the pipeline, the aerated bitumen w i l l float 

spontaneously to the top and be collected. Otherwise bitumen itself does not float 

in water, since its density is slightly higher than 1000kg/m3. The more of the 

bitumen is aerated, the higher the recovery rate will be. 

l 



1. Introduction 

Observation reveals that the size of sacks falls within a very narrow range. The 

slurry also contains very small bitumen droplets which fail to become aerated. 

This implies that only air bubbles and bitumen droplets within a certain range of 

sizes are more likely to come together and form bitumen/air sacks. Very small 

bitumen droplets do not readily collect on air bubbles. Thus, the generation of as 

many bubbles and bitumen droplets of the appropriate sizes as possible is 

essential for enhancing the percentage of bitumen aeration and improving the 

recovery rate. This requires complete knowledge of the factors that affect the size 

distribution of air bubbles and bitumen droplets in the slurry pipeline. 

Although there have been many previous studies that focused on the different 

aspects of hydro transport, such as oil sand lump digestion, bitumen/air sack 

formation, etc., there is still a lack of detailed analysis of the air bubble flow 

pattern, bubble size distribution and its evolution along the pipeline. This is 

mainly attributed to the great complexity of the turbulent flow and the 

composition of oil sand slurry. 

It is the purpose of this thesis to study in detail the air bubble flow pattern, bubble 

size distribution and its evolution within the hydrotransport pipeline, which wi l l 

provide valuable input for the computer simulation. 

The approach was to treat the very complicated multiphase slurry flow as a 

simplified air-liquid two-phase flow. First, the flow pattern of air bubbles in pure 

water was studied. Conditions are derived under which the desired "disperse-

bubble" flow pattern can be achieved. It is known that only this flow pattern can 

generate the required size distribution of air bubbles. The result w i l l then be 

extended, to some degree, to the real slurry situation by taking into account both 

the physical and flow properties of the slurry. 

Only after the flow pattern is determined, can the bubble size distribution be 

predicted. For a dispersed-bubble flow pattern, there are, statistically, a maximum 

and a minimum bubble size, which can be determined approximately by 

theoretical analysis using turbulent theory and fluid mechanics. Experimental 

results suggest that bubbles with sizes between the maximum and the minimum fit 

2 



1. Introduction 

the log-normal size distribution. Under the flow conditions specified in this thesis, 

it is thus first determined, for the air-water flow, the maximum and minimum 

bubble sizes, and thereafter the bubble size distribution. The results are then 

extended to the air-slurry flow by not only considering the density and viscosity 

differences, but also that of the turbulent energy dissipation rate. 

Another important issue is air bubble dissolution, which is a process of mass 

transfer of air from the bubble into the surrounding sub-saturated liquid. This 

issue originates from the abrupt and large pressure change when the slurry gets 

through the pump. In a very short time, the slurry pressure goes from one atm to 

several dozens atms, which will be referred to as inlet pressure, then drops 

gradually along the pipeline, until at the end, back to slightly larger than one atm. 

It may be assumed that immediately after the pump, air concentration in the bulk 

of the slurry is still the saturated air concentration corresponding to atmospheric 

pressure. While in the liquid immediately adjacent to the bubble boundary, the air 

concentration is that corresponding to the inlet pressure. This air concentration 

difference will cause the dissolution of air bubbles. The result of this process is 

the shrinkage of bubbles. As the pressure drops and the bubble dissolution takes 

place along the pipeline, the air concentration difference between the bubble 

boundary and the bulk of the slurry becomes smaller and smaller, and the 

dissolution process wi l l slow down. At the same time, the pressure drop has the 

effect of expanding the bubbles. The eventual bubble size change w i l l be jointly 

controlled by the above two processes, i.e. mass diffusion, which shrinks the 

bubbles, and the pressure drop, which expands them. 

This thesis will study in detail the above described process of bubble size change 

and its effect on the overall size distribution. Equations governing the dissolution 

are derived and appropriate boundary and initial conditions are defined. The effect 

of air volume fraction on the dissolution of different size bubbles has been 

investigated thoroughly. A similar study has not been found in the literature. 

3 



1. Introduction 

The approach of studying the processes in water first and then in the slurry was 

again adopted. The characteristics of real slurry are taken into account by 

considering its density, viscosity and the energy dissipation rate. 

Due to the complex composition of oil sands and addition of chemicals, there is a 

presence of surfactants in the slurry. These surfactants wi l l greatly affect the 

behavior of air bubbles and their dissolution process. But this topic is beyond the 

scope of this thesis and therefore w i l l not be discussed. 

4 



2. Flow Pattern 

2. F l o w P a t t e r n 

In a multi-phase flow, the phases can be distributed in a number of different 

configurations inside the pipe. These configurations are called flow patterns or 

flow regimes. Each flow pattern has its own characteristics and differs 

significantly from the others. 

As it has been pointed out in the previous chapter, the air bubbles play an 

important role in the recovery of bitumen from the oil sand slurry. Bitumen 

aeration, and, in turn, bitumen recovery, requires the formation of suitably sized 

air bubbles inside the pipeline. In order to study the size distribution of air 

bubbles and its evolution along the pipeline, the flow pattern of air bubbles must 

be studied first, because the flow pattern determines the bubble state in the 

cocurrent flow. 

For the purpose of simplification, yet still being able to obtain meaningful results, 

the following assumptions are made: 

• The slurry is assumed to be homogeneous, i.e. solid particles (sands and clay) 

and bitumen droplets from the oil sands are totally suspended and evenly 

distributed in the pipeline. Thus, the slurry can be treated as a uniform 

continuous liquid. 

• The slurry is Newtonian. (For Newtonian fluids, if a plot is made of shear 

stress versus shear rate, a straight line passing through the origin w i l l be 

obtained. While for non-Newtonian fluids, this is not true. Some of the typical 

shear stress versus shear rate curves for non-Newtonian fluids along with that 

for Newtonian fluids are shown in Fig. 2-1. 

• The flow inside the hydrotransport pipeline is an air-liquid two-phase flow, 

with liquid being the oil sand slurry. 

• The pipeline is horizontal. 

5 



2. Flow Pattern 

• The flow is isothermal, the temperature is set to be 27°C. A l l the properties 

wil l be evaluated at this temperature. 

• The surface tension of the slurry is the same as that of water. 

Discussion of the first two assumptions will be made in Section 2.5.1. 

Lr • 

Shear Rate (dU/dy) (\/s) 

Fig. 2-1. Shear Stress - Shear Rate Curves for Typical Non-Newtonian Fluids 
(Taken from Wasp et al. (1979)) 

Based on available theory and experimental results of gas-liquid two-phase flows, 

the air-water flow is studied first, then the result is extended to the air-slurry flow 

by taking into account both the physical and flow properties of the oil sand slurry. 

Let us first take a look at the typical flow patterns in gas-liquid two-phase 

horizontal flows. 

2.1 Description of Flow Patterns of Gas-Liquid Two-Phase Horizontal 

P i p e F l o w 

Flow pattern definition is qualitative and based mainly on experimental 

observations. There is no unique definition or description of flow patterns in the 
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2. Flow Pattern 

literature. Nevertheless, for the horizontal two-phase gas-liquid flow, the 

following typical flow patterns are identified by almost all researchers. 

'o ° rCpp o o "o e> °nr\Uo « o o o o A Dispersed-Bubble Flow: small 
o u o o o o o ^ O Q U D o t 0 o D ^ 0 \7 gag bubbles dispersed throughout 

the liquid. 

Plug or Elongated Bubble Flow: 

Plugs of gas, formed from many 

bubbles coalescing, flow in 

continuous liquid phase. 

7\ Stratified Flow: liquid flows 

\ along the bottom of the pipe; no 

y significant interfacial waves. 

Wave Flow: same as stratified 

flow, but now there are waves at 

the interface. There may be liquid 

droplets entrained in the gas. 

a o / o \ s s o 
o / ooV » • 

t>\ o ̂ o ft Slug Flow: the waves in "Wave 

Flow" are now large enough to 

touch the upper surface of pipe. 

Annular / Annular Dispersed-

~ % I 5 I ~ 5 5 0 °e 8 0 y L i q u i d Flow: the liquid forms a 

) film around the pipe wall. The 
0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

gas core may contain liquid 

droplets. 

In the above flow patterns, slug flow and elongated bubble flow together are 

sometimes referred to as intermittent flow. 

It is obvious from the above flow patterns that only the dispersed-bubble flow 

pattern can generate the required bubble size distribution to form as many as 

possible air/bitumen sacks. It is thus desirable that the dispersed-bubble flow 

pattern be achieved during the hydrotransport. To determine the criteria for this 

flow pattern to happen is the purpose of this chapter. 
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2. Flow Pattern 

2.2 F l o w Pattern M a p s 

Flow pattern map is normally a two-dimensional figure showing the transition 

boundaries between different flow patterns in terms of different dimensional or 

dimensionless groups. It can be obtained either by correlation of experimental 

data or theoretical procedures or a combination of both. Due to its convenience of 

use, it has found wide application in the determination of flow patterns in 

multiphase flow. 

A very simple flow pattern map for two-phase gas-liquid flows is shown in Fig. 

2.2-1. The superficial gas and liquid flow velocities are used as the coordinates, 

which are the most commonly adopted for two-phase flows. 

The superficial velocity of a phase is defined as the velocity this phase would 

have i f it flowed alone in the pipe, which equals the volume velocity of this phase 

divided by the total flow cross sectional area. 
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2. Flow Pattern 

A more complicated flow pattern map obtained by Taitel et al. (1976) is shown in 

Fig. 2.2-2, and it indicates a significant progress in developing theoretical 

procedures for predicting flow patterns. 
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Fig. 2.2-2. Taitel & Dukler's Generalized Flow Pattern Map for Horizontal or Near Horizontal 
Two-Phase Flow, 1976 

In Fig. 2.2-2, it is denoted that 
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2. Flow Pattern 

dPIdx is the pressure gradient, pg and p/ are the densities of gas and liquid phase 

respectively, Dp is the pipe diameter, g is the gravitational acceleration, a is the 

inclination angle of pipe, U is the flow velocity, and v is the kinematic viscosity. 

The subscript"/" means liquid phase, "g" means gas phase, "s" means superficial, 

i.e. one phase flows alone in the pipe with its volume flow velocity same as that in 

the two-phase flow. 

Using the flow pattern maps available in the literature along with other theoretical 

flow pattern transition criteria, the conditions under which the dispersed-bubble 

flow pattern occurs can be determined tentatively. The lack of certainty is mainly 

due to the fact that no experimental data from a slurry flow system in as large a 

pipe as the hydrotransport is available for verification. 

2.3 Literature Review 

The first flow pattern map was created by Baker (1954), who defined flow pattern 

transitions based upon the superficial gas and liquid velocities. Flow patterns such 

as dispersed-bubble, plug, stratified, wavy, slug, annular etc. were observed in a 

total of 27 experiments using oil and gas. Baker's map was later modified by Scott 

(1963). Some of the other pioneering work on flow pattern maps was by Alves 

(1954), Hoogendoorn (1959), and Ffoogendoorn et al. (1961). Each of these maps 

is based upon a different coordinate system. 

Govier et al. (1962) developed a flow pattern map for air-water data which was 

later modified by Govier & Aziz (1972). The latter map is based on superficial 

phase velocities as coordinates. The authors suggested the use of empirical fluid 

property multipliers in order to take into account the effect of fluid properties. A n 

excellent review of the earlier maps was also given by Govier & Azi z (1972). 

Eaton et al. (1967) developed a correlation for the flow pattern transitions of 

natural gas - water, natural gas - crude oil systems in 51mm, 102mm and 430mm 

pipelines. Al-Sheikh et al. (1970) conducted a review of the experimental data in 

the AGA-API data base at the University of Houston, and attempted to match the 

data with the available flow pattern transition correlations. They compared the 
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area of each flow pattern from various maps and used the Reynolds, Froude, and 

Weber number of each phase, and the Mach number of the gas phase to define the 

flow pattern transitions. A series of correlations were developed for determining 

the flow patterns. But these correlations are complex and they concluded that it 

was impossible to characterize all transitions using only two groups. 

Mandhane et al. (1974) also tested the available flow pattern maps with a data 

base at the University of Calgary representing a wide range of flow conditions. 

Nearly 6000 data points were tested for various flow conditions for pipe diameters 

ranging from 12.7 to 165.1 mm. According to their research, no distinction could 

be made between plug and slug flow, or between annular and annular mist flow. 

The most surprising results of this work were that certain property corrections 

proposed by other researchers actually reduced the reliability of the data. From 

the available flow pattern maps, a best fit' map was developed along with 

physical property corrections for gas and liquid density, gas and liquid viscosity, 

and surface tension. The new map represents an extension of the work by Govier 

& A z i z (1972), but its ability to predict the dispersed-bubble regime was not 

validated due to a lack of experimental data. They concluded that the effect of 

pipe diameter was adequately taken into account by using the superficial velocity 

as the coordinate axes on a flow pattern map, and that significant improvement in 

the flow pattern prediction has not been achieved through incorporation of the 

effect of fluid properties. The reason is that errors in the positions of the transition 

boundaries on a superficial velocity vs. superficial velocity map almost eliminate 

whatever physical property effects that may exist. 

Several investigators attempted a purely theoretical approach to predict flow 

pattern transitions. Govier & A z i z (1972) provided a good summary of flow 

pattern transitions as well as continuity and momentum balances for each flow 

pattern. The onset of elongated bubble flow was studied by Agrawal et al. (1973) 

and it compared well with data from a 26mm tube. A theoretical model of slug 

flows in horizontal and near horizontal tubes was developed by Dukler et al. 

(1975). Nicholson et al. (1978) have extended the Dukler et al. model to include 

the elongated bubble flows. Perhaps the most significant contribution to the 
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complex problem of flow pattern prediction was made by Taitel et al. (1976). 

They developed a theoretical approach to flow pattern transitions for gas-liquid 

two phase flows in horizontal or near horizontal pipes using a momentum balance 

on a purely stratified flow pattern. A set of four non-dimensional parameters was 

created to identify criteria for the transition from one pattern to another. The 

model predictions were first compared by the authors with the experimentally 

developed flow map of Mandhane et al. (1974) and later, more extensively, with 

experimental results from an air-water system in 19.5 and 25.5mm pipes by 

Barnea et al. (1980) and a good agreement was observed. 

The effects of fluid properties and pipe diameter on two-phase horizontal flow 

patterns were investigated extensively by Weisman et al. (1979) for pipe 

diameters ranging from 11.5 to 127.0 mm. Liquid viscosity, surface tension and 

gas density were the properties tested. Using data from the new experiment as 

well as other investigators', modifications to existing correlations were proposed. 

It was concluded that for the range of diameters tested, the pipe diameters and 

fluid properties only have moderate influences on flow pattern transitions. 

Kokal (1987) experimentally studied the air-light oil two phase flow in pipes of 

three different diameters, 25.8mm, 51.2mm and 76.3mm, and at seven inclination 

angles, 0 ° , ±1 °, ±5°, ±9°. The flow pattern observations were compared with the 

flow pattern map of Taitel et al. (1976). It was found that the transition from the 

stratified to the intermittent flow pattern was correctly predicted, but not those 

from the intermittent to the annular and the intermittent to the dispersed-bubble. 

New mechanistic models have been proposed for these transitions to match the 

experimental observation. 

Ruder et al. (1990) presented experimental results which aimed at defining how 

slug flow changes to plug flow with decreasing gas velocity. The study is largely 

based on a previous paper by Ruder et al. (1989) who further developed the ideas 

of Dukler et al. (1975), in which the authors tried to establish the necessary 

conditions for the existence of slugs. A new approach was adopted by Bendiksen 

et al. (1992) to analyze the onset of slugging in horizontal pipes. The relation 
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between the appearance of waves on the stratified film, the formation of slugs and 

the transition to stable slug flow has been quantitatively examined. A new, 

necessary but not sufficient, criterion for the transition to a stable slug flow has 

been derived from an initial condition of slug growth. 

A flow pattern map was proposed by Jepson et al. (1993) for the air/water two-

phase flow in a 300mm diameter horizontal pipe. The experimental results show 

that the flow pattern transitions differ substantially from those for small-diameter 

pipes and are not predicted by any theoretical model. But their map does not 

include the dispersed-bubble pattern because of the very low superficial liquid 

velocity. 

Coleman et al. (1999) investigated the effect of tube diameter and shape on flow 

pattern transitions for two-phase flows in tubes with small hydraulic diameters 

ranging from 1.3mm to 5.5mm. Flow patterns for cocurrent flow of air-water 

mixtures in horizontal round and rectangular tubes were determined by high

speed video analysis to develop flow pattern maps and the transition between 

these patterns. Unfortunately, their results are not likely to be applicable to our 

case due to the very small pipe diameters they considered. 

2.4 Criteria for The Dispersed-Bubble flow Pattern in Air-Water Two-

P h a s e H o r i z o n t a l P i p e F l o w 

As it was mentioned at the beginning of this chapter, it would be first assumed 

that the flow in the hydrotransport pipeline is an air-water two-phase flow. The 

criteria for the dispersed-bubble flow pattern of such a flow w i l l be determined. 

Then, in next section, the results will be extended to the real slurry. 

In view of the literature review in the previous section, the following correlations, 

flow pattern maps and models w i l l be selected to determine the criteria for the 

dispersed-bubble flow pattern. 

• Eaton et al.'s (1967) correlation 

• Mandhane et al.'s (1974) flow pattern map 
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• Taitel and Dukler's (1976) model 

• Weisman et al. 's (1979) flow pattern map 

• Kokal's (1987) model 

2.4.1 Eaton et al.'s Correlation 

In their experiment, Eaton et al. (1967) found that none of the existing flow 

pattern maps were adequate for prediction of the flow patterns that occurred in the 

pipeline. Therefore a new correlation was developed by using two dimensionless 

groups derived by means of dimensional analysis. The two groups are: a two-

phase Reynolds function and a two-phase Weber function used as the ordinate and 

abscissa respectively in the new flow pattern map. The Reynolds and Weber 

functions are given by 

ordinate = ——— (2.4.1-1) 
D v 

p w 

pwU2D 
abscissa - — (2.4.1 -2) 

where U is the average flow velocity, A is the cross sectional area of pipe, Dp is 

the pipe diameter, vw is the kinematic viscosity of water, pw is the density of 

water, and o is the surface tension of water. 

In Eqs. (2.4.1-1) and (2.4.1-2), it has been assumed that the liquid volume fraction 

approximately equals unity. 

From Eaton et al.'s flow pattern map, the conditions for the dispersed-bubble flow 

pattern are "ordinate>105 and abscissa>5xl04". 

For the pipe currently being studied, A-—g_ _ 0-666 = 0.348m2, 
4 4 

Dp = 0.666m, vw = 8.7xl0"7m2 I s , pw = 996kg l m \ a = 0.0725NIm. 
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Substituting the above values into Eqs. (2.4.1-1) and (2.4.1-2) and subjecting the 

ordinate and abscissa to the above requirements for the dispersed-bubble flow 

pattern result in the following requirement for the flow velocity: 

U> 2.34mIs (2.4.1-3) 

2.4.2 Mandhane et al.'s Flow Pattern Map 

Mandhane et al.'s (1974) map uses superficial liquid and gas velocities as 

coordinates. They have also proposed property correctors for systems other than 

the air-water flow when calculating the flow pattern transition boundaries. The air 

volume fraction in the case we are considering is very low, thus the superficial 

liquid velocity determines i f the dispersed-bubble pattern can be achieved and its 

value is in fact approximately equal to the mean flow velocity. According to 

Mandhane et al.'s map and the property correctors, the condition for the 

dispersed-bubble flow pattern can be expressed as: 

U > 4.27(^)02(-^)025 (m/s) (2.4.2-1) 

For the current air-water flow, no correction is needed, thus the result is: 

U> 4.27'mis (2.4.2-2) 

2.4.3 Taitel and Dukler's Model 

Taitel and Dukler's (1976) flow pattern map has been shown in Fig. 2.2-2. The 

groups that determine the dispersed-bubble pattern are T and X. To evaluate T and 

X the knowledge of the flow velocity is required first. Unfortunately, this is 

exactly the parameter we are trying to determine. Thus, instead of evaluating T 

and X, we go back to Taitel and Dukler's original reasoning. They suggested that 

at high liquid flow rates and low gas rates, the gas tends to mix with the liquid, 

and the dispersed-bubble flow wi l l take place when the turbulent fluctuations are 

strong enough to overcome the buoyant force which tends to keep the gas at the 

top of the pipe. This was translated by them into the following expression: 
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4A e 
U > ( — S — ) X I 2 (2.4.3-1) 

S.f 

where Ag is the cross sectional area occupied by the gas phase i f the two phases 

were stratified in the pipe, g is the gravitational acceleration, Si is the width of the 

interface between the two phases, fs is the Fanning friction factor. Ag and St are 

shown in the following figure. 

Fig. 2.4.3-1. Illustration of Ag and St. 

In Eq. (2.4.3-1), the term involving the densities of the gas and liquid phases has 

been neglected, since air density is much smaller than water density. 

If the air volume fraction is known, the following equations of Ag and 6 hold (see 

Fig. 2.4.3-1): 

e-sxa.e = 2n<p (2.4.3-2) 

Ag=A(p (2.4.3-3) 

where (p is the air volume fraction, and A is the cross sectional area of pipe. 

Let us assume the air volume fraction is 0.175% immediately after the pump (see 

Section 2.6 for an explanation of this assumption), 6 is, then obtained by solving 

Eq. (2.4.3-2): 

6 = 0.4054 (2.4.3-4) 

It is obvious from Fig. 2.4.3-1 that 
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. 6 

2 
S, = Dp s i n - = 0.1341m (2.4.3-5) 

For simplicity, the Fanning friction factor will be evaluated using the Blasius type 

equation, i.e. 

/.-<y«.«^. 4x,0'<Re<,0« (2.4.3-6) 

By substituting Eqs. (2.4.3-3), (2.4.3-5) and (2.4.3-6) into Eq. (2.4.3-1), Uis 

found to be: 

4A(pgDht 

K 0.0465,. vv' 
U > ( p,..)5/9 = 9.58m/s (2.4.3-7) 

2.4.4 Weisman et al.'s Flow Pattern Map 

Weisman et al. (1979) not only presented an overall flow pattern map for the air-

water two-phase flow in a one-inch diameter pipe, but also provided property and 

pipe diameter corrections for other gas-liquid flows in pipes other than one inch. 

The map uses superficial gas and liquid velocities as the coordinates. The 

reasoning in Section 2.4.2 that for our case the superficial liquid velocity 

approximately equals the average flow velocity is still valid here. 

The condition for transition from the intermittent to the dispersed-bubble flow 

pattern is: 

U > 3.048(-^)a33(-^)016(-^)009(—)024 (2.4.4-1) 
pw 0.0254 juw a, 

For the current air-water flow, only a correction for the pipe diameter is needed. 

Thus 

L/>3.048( Dp )016 =3.048( °M6 )016 = 5.14m/J (2.4.4-2) 
0.0254 0.0254 
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2.4.5 Kokal's Model 

Taitel et al.'s model, as suggested by Kokal (1987), tends to over-predict the 

intermittent to the dispersed-bubble transition. Kokal, on the basis of Taitel et al.'s 

theory, proposed a new approach to calculating this transition criterion. Kokal 

followed Taitel et al.'s argument that the transition takes place when the turbulent 

force overcomes the buoyant force. But unlike Taitel et al., the force Kokal 

considered was that acting on one bubble rather than that on the entire interface 

between the stratified gas and liquid phases. Kokal's approach requires an 

evaluation of the stable bubble size in the turbulent liquid. Due to the limited 

available data on this topic at that time, Kokal used an equation developed by 

Davidson et al. (1960), which is only applicable to bubble formation in a stagnant 

pool of liquid and certainly does not seem appropriate for a turbulent flow in a 

pipe. This has resulted in changing the coefficient in Kokal's final criterion very 

arbitrarily. In the following calculation, a different and more reliable method is 

adopted for the evaluation of the stable bubble size. 

The argument that the intermittent to the dispersed-bubble flow pattern will take 

place when the turbulent force on one bubble exceeds the buoyant force was 

expressed by Kokal as: 

U>(^-)h2 (2.4.5-1) 
3 / / 

where d is the stable bubble diameter, and will be chosen to be the Sauter mean 

diameter ds, which is defined as 

N 

I " : 
d = 
s N 

where di is any of the measured diameters of N bubbles in the flow. 

Note that ds has the following relationship with the maximum bubble diameter in 

the dispersed-bubble flow [Hesketh et al. (1987)]: 
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ds - 0.62dm . 

The maximum bubble size, as experimentally determined by Andreussi et al. 

(1999) in dispersed air-water two-phase flows in pipes with inner diameters of 

18mm and 50mm, is about 6mm. If we assume that it is still valid for the current 

case, then 

d = ds « 0.62 x0.006 = 0.00372m (2.4.5-2) 

By substituting Eqs. (2.4.5-2) and (2.4.3-6) into Eq. (2.4.5-1), we obtain 

U>(-
SgdD 1/5 

-)5/9 «6.8m/s 
.1/5 

(2.4.5-3) 
3x0.046i< 

2.4.6 Discussion of Results 

The results obtained in the previous five sections have been summarized below: 

Table 2.4.6-1. Required Flow Velocity for The Dispersed-Bubble Flow Pattern Calculated by 
Different Models for Air-Water Flow 

Eaton et al. 
Mandhane et 

al. 
Taitel & 
Dukler 

Weisman et 
al. 

Kokal 

Flow Velocity 
Required (m/s) 

2.34 4.27 9.58 5.14 6.8 

The wide spread of the results clearly shows the lack of agreement in flow pattern 

determination. This is mainly due to the complexity of the problem, which makes 

theoretical modeling very difficult, and the limitation of experimental 

correlations. 

Taitel et al.'s result is much higher than those from the experimental correlations, 

i.e. Mandhane et al. and Weisman et al. Kokal's result, though much improved, is 

still rather high. The biggest uncertainty in Kokal's model is the stable bubble 

size. Unlike Weisman et al., Mandhane et al.'s correlation does not explicitly 

include the effect of pipe diameter. Besides, Mandhane et al. at that time did not 

have enough data to validate their map's transition boundary from the intermittent 

to the dispersed-bubble flow pattern. Eaton et al.'s dimensionless groups are not 

used by other researchers, and their result does seem too low compared with 

others. 
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Considering the above reasoning, the result of Weisman et al. seems to be the 

most reliable one. Therefore the flow velocity in the hydrotransport pipeline 

should be higher than 5.14m/s in order to ensure the dispersed-bubble flow 

pattern for air-water flow. 

If we set the flow velocity at 5.7m/s, the flow Reynolds number will be 

Re = ^= 5.7X0.666 

vw 8.7xl0~7 

Now Let us check if it is appropriate to use Eq. (2.4.3-6) to evaluate the Fanning 

friction factor. The upper applicable limit of Eq. (2.4.3-6) is Reynolds number 

106. The value of Eq. (2.4.6-1), though larger than this limit, is still of the same 

order of magnitude. Note that other formulae, which have an applicable range 

covering Eq. (2.4.6-1), give similar results for the Fanning friction factor. For 

example, Petukhov's formula [Kays & Crawford (1993)], 

fs = [1.58 ln(Re)-3.28V"2, 104<Re<5xl06 (2.4.6-2) 

and Churchill's formula [Shook & Roco (1991)], 

^"^^Tb^'2 (2A6-3) 

37530 
where C, = (-2.457ln[(7/Re)09 +0.27/3]}16, C 2 = e ^ ^ ) 1 6 , and/? is 

Re 
the relative roughness. 

produce almost the same results as that given by Eq. (2.4.3-6), as can be seen in 

Table 2.4.6-2. 

Therefore evaluation of the Fanning friction factor using Eq. (2.4.3-6) is 

appropriate. 

With such a large Reynolds number as that given by Eq. (2.4.6-1), the flow in the 

pipe must be turbulent. 
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Table 2.4.6-2. Fanning Friction Factor Calculated by Different Formulae 

Blasius Equation Petukhov's Formula Churchill's Formula 

Fanning Friction 
Factor when 

Re=4.36xl06 

0.0022 0.0023 0.0023 

2.5 C r i t e r i a f or The Disp e r s e d - B u b b l e F l o w Pattern i n A i r - S l u r r y Two-

P h a s e H o r i z o n t a l P i p e F l o w 

In this section, physical and flow properties of real slurry, such as density, 

viscosity, and friction factor, will be considered in terms of their effect on the 

criteria for the dispersed-bubble flow pattern. Correlations, flow pattern maps and 

models used to determine the criteria are the same as those in Section 2.4. The 

method is to replace the water density and viscosity by the corresponding ones of 

the slurry, and use slurry-specific correlations to evaluate the friction factor. 

2.5.1 Discussion of Assumptions 

At the beginning of this chapter, two assumptions regarding the slurry have been 

made, viz. the slurry is homogeneous and Newtonian. Justifications of these 

assumptions will be presented here. 

According to the behavior of slurry flow, two extreme cases can be identified, one 

is homogeneous flow and the other is heterogeneous flow. 

Homogeneous flow is the term given to systems in which the solids are uniformly 

distributed throughout the liquid medium. While in heterogeneous flow systems, 

solids are not evenly distributed and, for example in horizontal flow, pronounced 

concentration gradients could exist along the vertical axis of the pipe when the 

particles are large and/or flow velocity is low. 

No slurry in reality is ever truly homogeneous, it is a limiting form of behavior 

that actual slurries can approach. A close approximation to it can be achieved with 

high solids concentration and/or fine particles, and/or higher flow velocity. In our 

case, the solids volume concentration is as high as 37%, and the flow velocity w i l l 
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also be very high (although at this moment the velocity is not determined yet, it 

can be envisioned that the slurry flow velocity will not be lower than that for the 

pure water case determined in Section 2.4 due to the larger density and viscosity). 

Despite the fact that our flow is horizontal, it is still reasonable to assume that the 

slurry is homogeneous. This may best be illustrated by an example provided by 

Wasp et al. (1979), where the ratio of solids volume concentration at 0.08DP from 

the pipe top to that at pipe center was measured for a coal slurry flowing at 6 ft/s 

(1.83m/s) in a pipe of 12.0 inches diameter (0.305m). The solids weight 

percentage in the slurry is 50%. The authors suggested that the slurry can be 

deemed as homogeneous i f the ratio is larger than 0.8. Their plot of the ratio 

versus coal particle size reveals that this condition remains true for particles up to 

size 600pm. In our case, the flow velocity is much higher than 1.83m/s, the solid 

particle size is much smaller than 600pm (most of the sand particles are in the 

size range 100 ~ 250pm [Takamura (1982)]), and the solids weight percentage is 

a comparable 6 1 % . Thus it is reasonable to assume that the flow in our case is 

homogeneous. 

But homogeneous slurry often exhibits a non-Newtonian rheology [Wasp et al. 

(1979)], which makes the second assumption that the slurry is Newtonian 

seemingly inappropriate. However, for oil sand slurry, most of the solid particles 

are sand particles which have a weight percentage of about 5 2 % of the whole 

slurry, while the very fine clay particles (normally smaller than 45pm) only 

possess a weight percentage of about 9%. For high-grade oil sands, over 9 0 % of 

the sand particles fall within the size fraction from 100 to 250pm [Takamura 

(1982)]. Slurries with such sand particles usually approximate Newtonian 

behavior [Gillies et al. (2000)] & [Shook & Roco (1991)]. Thus, even i f in reality 

some degree of non-Newtonian behavior may be observed in the oil sand slurry 

due to the fines and bitumen, the main character should still be Newtonian 

because of the overwhelming majority of large sand particles. 

2.5.2 Criteria Determination 

The slurry density is known to be ps=1600kg/m3. 
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The slurry dynamic viscosity can be evaluated either analytically or 

experimentally, with the latter being preferred. Since for our case no in-situ 

measurement data of this parameter is available, the only choice is to calculate the 

viscosity by some correlations. Due to the extreme complexity of the oil sand 

slurry composition, an accurate analytical evaluation is almost impossible. 

Fortunately, a reasonable estimate can be made by correlations like those 

provided by Thomas (1965) and Gillies et al. (1999), etc. Thomas and Gillies' 

formulae are similar in form, with differences only in the last two terms. Thomas' 

formula is applicable to spherical particles, and does not take into account the 

shape effect of particles. The real slurry with non-spherical particles could have a 

viscosity much higher than that which Thomas' formula predicts. Thus Gillies' 

formula is chosen here since it was obtained from the data for a sand slurry which 

is similar to our case. 

Gillies'formula is expressed as: 

jus =[\ + 2.5Cs + 10C2 +0.0019exp(20C,)]//w (2.5.2-1) 

where Cs is the solids volume concentration in the slurry. 

The solids volume concentration in the oil sand slurry, including sands and clay, 

could typically be as high as 37%. But i f we only consider this concentration 

when calculating the apparent viscosity, the result would be much lower than 

reality, since bitumen, which has a volume concentration of about 1 3 % in the 

slurry, will also have a big effect on the viscosity. But bitumen is different from 

solids. How to take its effect into account still remains a big problem. No 

literature was found on this aspect. Considering the fact that the flow temperature 

is only 27°C, and at this temperature the bitumen viscosity is still very high, it is 

reasonable to assume that the bitumen particles behave like semi-solid ones. Thus 

in the following table of the results calculated by Eq. (2.5.2-1), the solids volume 

concentration Cs is corrected by adding half, two thirds and total of the bitumen 

volume concentration value. 
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Table 2.5.2-1. Estimated Slurry Dynamic Viscosity for Different Solids Volume Concentrations 

Solids Volume 
Concentration C, 

0.37 +°'13 
2 

0.37 + -X0.13 
3 

0.37 + 0.13 

Slurry viscosity JUS 

(kg/ms) 
15.39 21.82 46.6 

The kinematic viscosity of the slurry can be found from vs = fis I ps. 

With the assumption that the slurry is homogeneous and Newtonian, the friction 

factor of the slurry flow can be evaluated by Churchill's equation or the Moody 

Chart [Wasp et al. (1979)]. Since we consider only a smooth pipe, the Blasius 

equation can also be used. In this case all the formulae in Sections 2.4.1 to 2.4.5 

are still valid. By replacing the water density and viscosity with the corresponding 

ones of the slurry, the criteria for the dispersed-bubble flow pattern in the air-

slurry flow are obtained and listed in the following table: 

Table 2.5.2-2. Required Flow Velocity for The Dispersed-Bubble Flow Pattern Calculated by 
Different Models for Air-Slurry Flow 

Eaton et al. 
Mandhane et 

al. 

Taitel & 

Dukler 

Weisman et 

al. 
Kokal 

Flow Velocity 
Required (m/s) 

1.84 8.31 5.55 7.69 5.3 

the slurry dynamic viscosity is chosen to be 15.39//,,. 

In above, the result by Kokal's model is obtained using the same stable bubble 

size as that in water, i.e. 0.00372mm, due to a lack of experimental data on this 

variable in real slurry. Theoretically it is not appropriate, since in real slurry the 

maximum bubble size, and thus the stable bubble size, w i l l be smaller than that in 

water due to the increased friction factor and energy dissipation rate for the same 

flow velocity. This wi l l be discussed in the next chapter. Thus the required 

velocity predicted by Kokal's model should be lower than the above listed value. 
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The result by Taitel et al.'s model is obtained by assuming the air volume fraction 

immediately after the pump to be 0.079%. An explanation of this assumption wil l 

be provided in Section 2.6. 

Another interesting phenomenon is that, contrary to the results for the air-water 

flow, the theoretical predictions for the air-slurry flow by Taitel et al. and Kokal's 

models are now lower than those predicted by experimental correlations 

(Mandhane et al. and Weisman et al.). (Compare Tables 2.4.6-1 and 2.5.2-2) 

Since most of the experimental correlations are mainly based on data from air-

water or air-oil systems, i.e. gas and pure liquid systems, it is doubtful that they 

could be used in the slurry system. From a practical point of view, the results of 

Mandhane et al. and Weisman et al. are indeed too high. Kokal's result, on the 

other hand, is affected by the uncertainty of the stable bubble size. Therefore it 

seems more appropriate to choose the result based on Taitel et al.'s theory. 

Considering all of the above, the flow velocity, same as for the air-water flow, is 

also set at 5.7m/s for the air-slurry flow. 

Thus the flow Reynolds number for the air-slurry flow is 

Re=«gL= 5.7X0.666 xl„, (2 5 2.2) 

vs 15.39x8.7xl0"7 

Now let us check if the flow velocity of 5.7m/s is larger than the deposit velocity 

of the slurry. Only when this condition is satisfied, can the solids be totally 

suspended in the liquid. According to Parzonka et al. (1981), the deposit velocity 

can be evaluated by the following formula: 

Ud=FL[2gDp{^--\)f2 (2.5.2-3) 

Pi 

where Fi is a dimensionless coefficient, psd is the density of solids and p, the 

density of liquid. 
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For solid particles with sizes between IOOUMTI and 280p.m, the coefficient F i can 

vary between 0.6 ~ 1.0 when the solids concentration is larger than 3 0 % 

[Parzonka et al. (1981)]. 

For the purpose of ensuring that the flow velocity be large enough, let Fi=l. The 

values of other parameters are as follows: 

g = 9.81mIs2, Dp = 0.666m, psd = 2610kg lm\ p, = 996kglmi 

After substitution of the above values into Eq. (2.5.2-2), it is obtained 

Ud = 4.6m Is (2.5.2-4) 

It is obvious that the flow velocity of 5.7m/s is large enough to ensure the 

suspension of all the solid particles. 

Finally it should be mentioned that since the roughness of the pipe is not 

considered when evaluating the friction factor, the calculated value must be lower 

than the real one. Besides, a drastic increase of frictional losses has been observed 

as a result of bitumen forming a coat on the interior pipe wall in real oil sand 

slurry flow [Sanders et al. (2000)]. A l l these suggest that we would expect a much 

larger friction factor in a real application. Both Taitel et al. and Kokal's models, 

i.e. Eqs. (2.4.3-1) and (2.4.5-1), show that the required flow velocity is inversely 

proportional to the square root of the friction factor. Thus, it can be concluded that 

the actual required flow velocity could be lower than the current values predicted 

by Taitel et al. and Kokal's models. 

2.6 Air Volume Fraction 

When using Taitel et al.'s model to predict the required flow velocity for the 

dispersed-bubble flow pattern, the air volume fraction is needed. This parameter 

wi l l not remain the same along the pipeline due to pressure change and mass 

diffusion. 
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Under atmospheric pressure, the air volume fraction in the slurry is normally 

about 2%. When the slurry goes through the pump, in a very short time the 

pressure w i l l be raised to a higher level. If we assume the process is isothermal 

and there is no mass transfer during this very short time, the air volume fraction 

immediately after the pump can be determined by the following simple relation: 

(p. =-^-x2% (2.6-1) 

where Pa is atmospheric pressure, Pi is the pressure immediately after the pump, 

which will also be referred to as the initial pressure, and cpi is the initial air 

volume fraction. 

If we keep the outlet pressure P0 at the end of the pipeline at a constant 11 OkPa, 

the required initial pressure can be calculated by the following formula: 

P^P0+2fsPlU2^- (2.6-2) 

p 

The flow velocity U is set at 5.7m/s for both the air-water and air-slurry flows. 

The Fanning friction factor can be evaluated by Churchill's formula, Eq. (2.4.6-3), 

using the flow Reynolds numbers given by Eq. (2.4.6-1) and Eq. (2.5.2-2) for the 

air-water and air-slurry flows respectively. Thus the required initial pressures, and 

the corresponding initial air volume fractions, are calculated and listed in the 

following table. 

Table 2.6-1. Flow Reynolds No., Fanning Friction Factor, Required Initial Pressure, and Initial Air 
Volume Fraction 

Flow Reynolds 
No. 

Fanning Friction 
Factor 

Required Initial 
Pressure (atm) 

Initial Air Volume 
Fraction (%) 

Air-Water 4.36X106 0.0023 11.4 0.175 

Air-Slurry 4.56xl05 0.0033 25.2 0.079 

The above results for the initial air volume fraction explain the previously 

assumed values for this parameter in Sections 2.4.3 and 2.5.2 respectively. 
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3. B u b b l e S i z e D i s t r i b u t i o n i n T h e D i s p e r s e d - B u b b l e F l o w 

With the criteria for the dispersed-bubble flow in the hydrotransport pipeline 

determined in the previous chapter, this chapter will study the bubble size 

distribution under this flow pattern. 

Let us assume all the bubbles are spherical. Practically, the bubbles in the pipe 

flow could in no way be of the same size, but shall fall within a certain size range. 

There are, statistically, a maximum and a minimum bubble sizes for a specific 

flow condition. And the size distribution of bubbles between the maximum and 

the minimum sizes can normally be fitted by some standard distribution function. 

After a literature review, the maximum bubble size will be determined, then the 

minimum size, and finally the size distribution function. Similar to the previous 

chapter, the air-water flow wi l l be considered first, and then extended to the air-

slurry flow. 

The flow velocity is set at 5.7m/s for both the air-water and air-slurry flows. 

3.1 Literature Review 

The fundamental work in dispersion theory in turbulent flow was conducted 

independently by both Kolmogoroff (1949) and Hinze (1955). They postulated 

that a maximum stable bubble or drop size could be determined by the balance 

between a charateristic pressure or shear stress resulting from the turbulent 

pressure fluctuations, tending to deform and break the bubble or drop, and the 

surface tension force resisting the bubble deformation. The ratio of these forces is 

defined as the critical Weber number, 

Wec=—^— (3.1-1) 

where Tc is the characteristic pressure or shear stress resulting from the turbulent 

pressure fluctuations, and o is the surface tension of water. Since we assume that 
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3. Bubble Size Distribution in Dispersed-Bubble Flow 

the slurry surface tension is the same as that of water, we can just use the latter in 

our analysis. 

Levich (1962) postulates a similar force balance, but he considers the balance of 

the internal pressure in the bubble and the capillary pressure of the deformed 

bubble. The dispersed-phase density is included through the internal pressure 

force term, and the capillary pressure is determined from the shape of the 

deformed bubble rather than the spherical bubble. From this concept the density 

of the dispersed phase is introduced. A critical Weber number from Levich's 

theory is defined as the ratio of these two forces and simplified to the following 

form: 

where p is the dispersed phase density, which is air in our case; and p, is the 

liquid phase density, could be either water or slurry. 

There haave been many experimental studies of the two-phase dispersion 

phenomenon under turbulent conditions, which can be roughly divided into two 

categories: those carried out in stirred tanks and those in pipes. For the stirred 

tanks geometry, there are Clay (1940), Vermeulen et al. (1955), Roger et al. 

(1956), Calderbank (1958), Pavlushenko et al. (1959), Rodriguez et al. (1961), 

Sprow (1967), Mlynek et al. (1972), Coulaloglou et al. (1976), Godfrey et al. 

(1989), Braginskii et al. (1990), Tsouris et al. (1994), etc.; and for the pipes, there 

are Baranayev et al. (1949), Sleicher (1962), Paul et al. (1965), Holmes (1973), 

Middleman (1974), Holmes et al. (1975), Kubie et al. (1977), Karabelas (1978), 

Kocamustafaogullari et al. (1991), Andreussi et al. (1999), etc. 

Hughmark (1971) provided an improved correlation for the experimental data of 

Sleicher (1962) and Paul et al. (1965). 

Following the Weber number definition of Eq. (3.1-1), and expressing the 

charateristic pressure to the order of magnitude accuracy by the dimensional 

Wec = 
a i d , 

(3.1-2) 
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3. Bubble Size Distribution in Dispersed-Bubble Flow 

analysis based on the turbulent theory of Kolmogoroff (1941a,b,c) and Batchelor 

(1959), Thomas (1981) was able to derive the following relationship for the 

maximum bubble size in a turbulent flow: 

^max~(-)3/V2/5 (3-1-3) 
P i 

where the symbol '-' denotes equality within a factor of order of unity, £ is the 

turbulent energy dissipation rate. 

Thomas (1981) showed that the work of Sevik et al. (1973), who injected bubbles 

into the irrotational core of a water jet and measued the downstream distance at 

which breakup by the developing turbulence occurred, provides clear evidence for 

the validity of Eq. (3.1-3). Many other experimental studies also support Eq. (3.1-

3), including Clay, Vermeulen et al., Calderbank, Pavlushenko et al., Rodriguez, 

Grotz et al., Sprow, Mlynek et al., Coulaloglou et al., Baranayev et al., Kubie et 

al., and Karabelas. But there are results which are at variance with Eq. (3.1-3), 

including Roger et al., Sleicher, Paul et al., Middleman, Collins et al. Thomas 

plausibly attributed these variances to secondary factors such as buoyancy and the 

persistence of initial bubble-size distributions. 

Hesketh et al. (1987) compared the predictions based on the Kolmogoroff/Hinze 

and Levich theories with experimental data from both gas-liquid and liquid-liquid 

dispersions and showed that only the Levich theory can predict both gas bubble 

and liquid drop sizes with a single constant. Additonally, a generalized equation is 

proposed that includes the effect of the dispersed-phase viscosity. But this 

equation is not useful for gas-liquid dispersions because of the negligible 

viscosity of gas. They also found that the experimental data of bubble sizes fitted 

a log normal distribution. 

Thomas' (1981) main contribution is actually in extending the Kolmogoroff-Hinze 

theory about breakup to coalescence. Using dimensional analysis guided by a 

simplified physical picture of the coalescence mechanism, in the same spirit as the 

original Kolmogoroff-Hinze breakup theory, he derived a formula for estimating 
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3. Bubble Size Distribution in Dispersed-Bubble Flow 

the minimum bubble size in a turbulent dispersion. This minimum size is only 

statistical in nature, which means that bubbles smaller than it w i l l very much 

likely to coalesce into larger ones. But his formula is only applicable to bubbles 

with tangentially immobile interfaces, i.e. bubble surfaces immobilized by 

surfactants. For the surfactant case, there is also a formula obtained by Shinnar et 

al. (1960). Both models involve an empirical parameter that has to be assumed or 

determined experimentally, implying that the dependence of the minimum bubble 

size on the physical properties is unknown. For the non-surfactant case, there is a 

formula developed by Liu et al. (1999). 

3.2 Maximum Air Bubble Size in The Dispersed-Bubble Flow 

As it was pointed out in the Literature Review, the maximum bubble size of a 

dispersed-bubble flow in a horizontal pipeline under turbulent conditions can be 

predicted by a theory proposed by Levich (1962). This theory postulates that the 

maximum bubble size is determined by the force balance of the internal pressure 

of the bubble and the capillary pressure of the deformed bubble. The dispersed-

phase density is included through the internal pressure force term, and the 

capillary pressure is determined from the shape of the deformed bubble rather 

than the spherical bubble. From this concept, the density of the dispersed phase is 

introduced. Unlike Levich's theory, theories presented by Kolmogoroff (1949) 

and Hinze (1955) do not contain the dependence of bubble size on the dispersed 

phase density. Hesketh et al. (1987) showed that only Levich's theory can predict 

the sizes of both dispersed gas bubbles and liquid drops with a single constant. 

Therefore in the following analysis, Levich's theory wi l l be used. 

3.2.1 Air-Water Flow 

Levich's definition of the Weber number represented by Eq. (3.1-2) is rewritten 

below with the liquid phase density being water. 

Wec = 
o l d 

(3.2.1-1) 
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3. Bubble Size Distribution in Dispersed-Bubble Flow 

where Tc is the characteristic pressure or shear stress acting on the bubble, p is 

the density of air bubble, pw is water density, and a is the surface tension. 

Under the designated flow conditions, i.e. dispersed-bubble flow, no bubbles 

larger than dmax can exist, since they wil l break up into smaller ones due to the 

effect of turbulent fluctuations. The critical Weber number should be determined 

experimentally. 

The parameter Tc in the above equation is characterized by Hinze (1955) as 

Tc=Py (3.2.1-2) 

The mean square spatial fluctuating velocity term, u2, describes the turbulent 

pressure forces of eddies of the bubble size and is defined as the average of the 

square of the differences in velocity over a distance equal to the bubble diameter. 

In isotropic homogeneous turbulence this velocity is a function of the turbulent 

energy dissipation rate per unit mass, £, and Batchelor (1951) derived the 

relationship as 

7 = 2(£/dmJ2,i (3.2.1-3) 

Combining Eqs. (3.2.1-1), (3.2.1-2) and (3.2.1-3), it can be deduced that [Hesketh 

etal. (1987)] 

d m = ( ^ r 10, o , (3-2-1-4) 
Z Pw P t 

Let us now consider the turbulent energy dissipation rate. The total energy 

dissipation rate in a turbulent pipe flow consists of two parts, namely turbulent 

energy dissipation rate, which is due to the turbulent eddies, and viscous energy 

dissipation rate, which is due to the liquid viscosity [Roco & Shook (1984a & b)]. 

For the same flow velocity, the part of viscous energy dissipation will increase 

when the liquid viscosity increases. Thus for the air-slurry case, the fraction of 

viscous energy dissipation w i l l be larger than that for the air-water case because 
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of the higher viscosity. For a fully developed turbulent flow, turbulent energy 

dissipation normally dominates and viscous energy dissipation is negligible. 

Therefore in the following analysis, we wil l assume that the turbulent energy 

dissipation rate equals the total energy dissipation rate. 

The total energy dissipation rate equals the work done by a unit mass of fluid on 

the pipe wall in unit time, which can be expressed as 

T j t D L n 4T U 
w p " - w (3.2.1-5) 

Pw(nD2p/4)(Lp/U) PwDp 

where ^ is the pipe wall shear stress, Dp is the pipe diameter, Lp is the pipe 

length, pw is the water density, and U is the average flow velocity. 

The pipe wall shear stress equals 

Tw=\fsPM2 (3-2.1-6) 

where fs is the Fanning friction factor. 

Combining Eqs. (3.2.1-5) and (3.2.1-6), we obtain 

e = ^~— (3.2.1-7) 

which means that once we know the value offs, we can find e as a percentage of 

U3/Dp. 

The Fanning friction factor can be evaluated by Churchill's formula, i.e. Eq. 

(2.4.6-3). Under the assumption that the pipe is smooth, the result is fs - 0.0023 

(Table 2.6-1). 

Then 

c 2 x 0.0023 x5.73 2 3 n , 1 B . 
£ = 1.278m Is (3.2.1-8) 

0.666 
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By substituting Eq. (3.2.1-8) into Eq. (3.2.1-4), and taking value 0.0725N/m for 

a , 1.1 for Wec, as suggested by Hesketh et al. (1987), and 13.47kg/m3 for p, the 

air density at 27°C and 11.4 atm, dmm is calculated to be 

,l.lx0.0725,o,6 1 

d - = ( 2 } 996-xl3.47-xl.278-=4-9mm 

This result is in good agreement with some experimental observations of air-water 

dispersed-bubble flows, such as Andreussi et al (1999), who showed that the 

maximum bubble size is 6mm, and Kocamustafaogullari et al. (1991), who 

observed that the Sauter mean bubble size is between 2~5mm, which is equivalent 

to the maximum bubble size being between 3.2~8mm. Considering the large 

differences in flow conditions, such as pipe diameter and flow velocity, between 

the experiments and the case currently being studied, the calculated result should 

be considered satisfactory. 

3.2.2 Air-Slurry Flow 

The difference between the slurry and water, as far as the analysis is concerned, 

lies in the density and viscosity. This results in different Fanning friction factors, 

and thus in different pipe inlet (initial) pressures and energy dissipation rates. 

For the slurry, the Fanning friction factor calculated by Eq. (2.4.6-3) is 0.0033 for 

a smooth pipe (Table 2.6-1), and thus the energy dissipation rate is 

b 2x0.0033x5.73 ... 2 3 „„n 
6 = = 1.852m /s (3.2.2-1) 

0.666 

Substituting Eq. (3.2.2-1) into Eq. (3.2.1-4) and replacing the water density with 

that of the slurry, the air density with a new value of 29.66 kg/m3 to match the 

different inlet pressure of 25.2 atm, the maximum bubble size is found to be 

1.1X0.0725 1 

max V 2 ' 160004 x29.66202 xl.85204 V ' 
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Comparing Eq. (3.2.2-2) with Eq. (3.2.1-7), it can be seen that under the same 

flow velocity, the maximum bubble size in a slurry is smaller than that in pure 

water, which confirms what has already been said in Section 2.5.2 on this subject. 

3.3 Minimum Air Bubble Size in The Dispersed-Bubble Flow 

Under the turbulent conditions inside the pipeline, the dispersed bubbles will be 

brought together from time to time by the strong irregular turbulence. What wi l l 

happen to the colliding bubbles, whether they will coalesce or bounce apart, is of 

interest because this w i l l affect the minimum bubble size. In other words, the 

minimum bubble size is controlled by the process of coalescence. Bubbles smaller 

than the minimum size wi l l coalesce into larger ones. 

As it was mentioned in the Literature Review, Shinnar et al. (1960) have 

investigated the influence of turbulence on coalescence of droplets and shown that 

dmitt=const[£-V4pl-3'*f(h0)] (3.3-1) 

where f(h0) is determined by the properties of the liquids and is the energy 

necessary to separate completely two drops of unit diameter, which are initially 

separated by a distance of ho', and p l is the liquid phase density, which could be 

either water or slurry. Sprow (1967) derived a similar expression. 

Thomas (1981), using the Kolmogoroff-Hinze theory about breakup and 

dimensional analysis guided by a simplified physical picture of the coalescence 

mechanism, derived the following expression. 

dmin~2A{^-r (3-3-2) 
HlPl£ 

where h is the rupture thickness of the liquid film between two coalescing 

bubbles, and p, is the liquid phase dynamic viscosity, which could be either 

water or slurry. The above formula was derived by assuming that the bubble 
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surface was rigid, and therefore only applicable when the bubble surface is 

immobilized by surfactants. 

For the non-surfactant case, a more complicated formula is given in implicit form 

by Liuetat. (1999). 

_1.29 ,,0.02 D0.26 
d LI, n 

1363.3 - , S ' r r - — +217.3-

C7^B0M 

pl.7 1.02 0.55 0.7 .2.03 
t na p, e amiB 

r0 7 ,. 0.84 0.89 .3. 
t f l , p , £ dmin 

- = 1 (3.3-3) 

where B is the Van der Waals constant, which approximately equals 10 1% Jm , jua 

is the dynamic viscosity of air, E is the dimensionless curvature radius of the 

liquid film, which is a function of the interfacial mobility coefficient Mo 

E = 12.61 + 2.166arc^(2Mo08) 

with Mo determined by 

(3.3-4) 

M o ^ X A l ^ - ^ - ^ r 
JUa p,£zid 

(3.3-5) 

Since in Shinnar et al.'s formula Eq. (3.3-1), the function f(h0) is not available, 

calculation cannot be carried out. Thus in the following, the minimum bubble 

sizes are calculated by Eqs. (3.3-2) and (3.3-3) respectively for both the air-water 

and air-slurry flows. The results are shown in the following table. 

Table 3.3-1. Minimum Bubble Size by Different Formulae 

Minimum Bubble Size by Eq. (3.3-2) 
(m) 

Minimum Bubble Size by Eq. (3.3-3) 
(m) 

Air-Water 2X10-4 5.31X10"3 

Air-Slurry 8.2xl0~5 4.21xl0"3 

The parameter h in Eq. (3.3-2) is assumed to be 10 7 m. Though according to Lee 

et al. (1968), h can vary between 10"8 ~\0~7m, it is unlikely that the thinner 
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films sometimes observed in quasi-static coalescence experiments could survive 

the intense turbulent environment inside the pipe. 

When the minimum bubble sizes obtained by Eq. (3.3-3) are compared with the 

maximum bubble sizes obtained in Section 3.2, it turns out that the minima are 

larger than the maxima. This of course is unrealistic. One possible explanation 

about this abnormal result may be that Eq. (3.3-3) is a correlation of dispersions 

where the dispersed phase viscosity is much higher than or at least comparable 

with the continuous phase, and thus it is not applicable to the dispersed-bubble 

case where the dispersed phase viscosity is negligible. Test calculations indeed 

show that the result by Eq. (3.3-3) decreases very quickly with increased 

dispersed phase viscosity. Further study is clearly needed to better predict the 

minimum bubble size of dispersed-bubble flow in pure liquids. 

While the formula derived for pure liquids fails to give satisfactory result, there is 

justification for using Thomas' (1981) formula for the non-surfactant case. It has 

long been observed that smaller bubbles tend to behave like solid particles. 

Levich (1962) summarized previous experimental results and found that bubbles 

smaller than 0.1mm wil l rise like solid particles in a stagnant liquid. This may 

serve as a justification for Thomas' (1981) assumption that the bubbles are rigid 

when deriving Eq. (3.3-2). Therefore even in pure liquids where no surfactants 

exist, his formula may still be applicable. 

Because of the above reasons, results by Eq. (3.3-2) will be used as the minimum 

bubble size in determining the size distributions. 

The main results obtained in this chapter up to now are summarized below and 

some of them wil l be used later. 

Table 3.3-2. Energy Dissipation Rate, Maximum and Minimum Bubble Sizes 

Energy Dissipation 
Rate (m2/s3) 

Maximum Bubble 
Size (m) 

Minimum Bubble 
Size (m) 

Air-Water 1.278 0.0049 2xl0-4 

Air-Slurry 1.852 0.003 8.2xl0"5 

36 



3. Bubble Size Distribution in Dispersed-Bubble Flow 

3.4 A i r B u b b l e S i z e D i s t r i b u t i o n 

Bubbles are not evenly distributed from the minimum size to the maximum size in 

a dispersion. The real situation is that most of the bubbles wil l concentrate in a 

size interval somewhere between the upper and lower limits, and there wi l l be 

fewer and fewer bubbles when either the minimum or the maximum size is 

approached. This distribution of bubbles by their sizes can normally be 

approximated by some continuous size distribution function. 

As pointed out by Hesketh et al. (1987) and Fan et al. (1999), and supported by 

experimental results from Holmes (1973) and Holmes et al. (1975), the bubbles in 

a horizontal dispersed flow can be fitted by a log normal distribution. 

The log normal distribution of bubbles expressed as values of the cumulative 

fraction takes the form [Shook et al. (1991)] 

P,=-^]exp(-<r2/2)^ (3.4-1) 

where z = ln(<iIdm)lln(crg), dm is the median bubble size, ag is the geometric 

mean standard deviation, £ is the dumb variable. 

Plot of the frequency distribution, as a function of the bubble size d, is shown in 

Fig. 3.4-1. 

Fig. 3.4-1. Frequency Distribution of Log Normal Distribution 
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When d -» °o, z -> °° f and Pf = 1. The lower limit of the integration in Eq. (3.4-

1) corresponds to d —> 0. 

The median bubble size is defined as the diameter for which the cumulative 

fraction equals 0.5 [Crowe et al. (1998)], i.e. when d = dm, Pf = 0.5. 

If there are TV bubbles, a is defined as 

Since we already know the maximum and minimum bubble sizes from the 

previous sections, we can use them to evaluate dm and o , and hence completely 

determine the size distribution function Eq. (3.4-1). 

In order to do this, one assumption concerning the values of the cumulative 

fractions outside the minimum and maximum sizes still needs to be made. This is 

shown in Fig. 3.4-1, where the shaded areas represent the cumulative fractions 

whose values need to be assumed. 

As suggested by Hesketh et al. (1987), the maximum bubble size is defined as the 

diameter that is larger than 9 9 % of all the bubble diameters measured. Therefore 

it w i l l be assumed that the cumulative fractions for d < dmi„ and d > d m „ both 
mm 11 id A 

equal 1 % , which translates into the following 

N 
where 1 / N 

(3.4-3) 

(3.4-4) 
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It can be found by solving Eqs. (3.4-3) and (3.4-4) that 

z,„;„ = -2.32635 

zmax = 2.32635 

(3.4-5) 

(3.4-6) 

By definition, 

d. 
^„=ln(-^-)/ln(crJ (3.4-7) 

(3.4-8) 

In Eqs. (3.4-7) and (3.4-8) there are two unknowns, namely dm and o g , which 

can be found. The results for the air-water and air-slurry flows are shown in the 

following table. 

Table 3.4-1. Median Bubble Size and Geometric Mean Standard Deviation 

dm (m) 

Air-Water 9.9xl0-4 1.989 

Air-Slurry 4.96xl0-4 2.168 

According to Hesketh et al., a g takes a fairly constant value, though a small 

dependence on pipe diameter may be present. For pipe diameters of 0.0254m and 

0.0508m, they have ag of 1.30 and 1.45 respectively. Apparently, ag increases a 

little bit with pipe diameter. Therefore the above results of a -1.989 and 

(7g =2.168 seem in agreement with Hesketh et al.'s conclusion. 

With dm and a' known, the bubble size distribution is completely defined. The 

following plot is drawn using the dm and <7g values for the air-water flow. 
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Bubble Size 

Fig. 3.4-2. Bubble Size Distribution for Air-Water Flow 
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4. E v o l u t i o n o f B u b b l e S i z e D i s t r i b u t i o n a l o n g T h e P i p e l i n e 

If a bubble size distribution as described in the previous chapter has been formed 

immediately after the pump, then the question comes up whether it w i l l remain 

the same or it w i l l change according to some rules along the pipeline. If change 

does happen, what are the causes and what parameters wil l have a significant 

effect on such a change? A l l these problems are studied in this chapter. 

4.1 Problem Description 

The study is set in a horizontal pipeline shown schematically in Fig. 4.1-1. 

Dp=0.666m 

Lp=4700m 

Fig. 4.1-1: Pipeline Schematic 

At the inlet of the pipeline, the liquid pressure is raised in a very short time, and 

therefore it can be assumed instantaneously, from atmospheric pressure Pa to the 

initial pressure P i , and then slowly drops down linearly along the pipeline until at 

the outlet it becomes Pa, which equals 1 lOkPa. The pressure Pa is very close to 

Pa, and therefore will be considered here equal to Pa when formulating the 

diffusion equation in Section 4.5. The process of the above pressure change is 

shown in Fig. 4.1-2. 

We assume that the liquid temperature remains constant along the whole length of 

the pipeline, i.e.T=27°C, and therefore all the processes are considered to be 

isothermal. 
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It is also assumed that the liquid is saturated with air at atmospheric pressure, and 

then after the pressure is very quickly raised to Pi , the bulk of the liquid w i l l be 

sub-saturated. 

0 tmax t 

Fig. 4.1-2: Pressure Change in The Pipeline 

The abscissa in Fig. 4.1-2 uses flow time which is the equivalent of the distance 

along the pipeline, since t = x l U , where U i s the average flow velocity, which is 

a constant, and x is the distance measured from the beginning of and along the 

pipeline and W=Vc/=4700/5-7;:::824-56s-

We also assume that there is a certain amount of air bubbles in the liquid, and 

their volume fraction is $ at the point P = P{ or t-0. Starting from this point, 

since the liquid pressure changes slowly, it can be assumed that at every moment 

the internal bubble pressure equals the surrounding liquid pressure plus the 

surface tension generated pressure, — , where c is the surface tension. In fact 

only when bubbles are very small, will the surface tension effect become 

significant; and for large bubbles, this effect can normally be neglected. In 

Section 4.4, it w i l l be determined quantitatively when the surface tension effect 

can be neglected. 

The air concentration in the liquid on the air bubble boundary is always the 

saturated concentration corresponding to the partial air pressure in the bubble. The 

value of this saturated air concentration can be determined by Henry's law, which 

relates the partial pressure of a certain gas to its saturated concentration in a liquid 
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by the so called Henry's constant. For low gas concentrations, Henry's constant is 

a function of temperature only and, hence, its magnitude remains constant under 

isothermal conditions. Because of the low temperature, the partial pressure of 

water vapor in the bubble is very small and negligible, thus the air partial pressure 

in the bubble can be considered equal to the surrounding liquid pressure plus — . 
R 

Then the saturated air concentration in the liquid on the bubble boundary can be 

determined by Henry's law. This saturated air concentration is larger than the 

concentration in the bulk of the liquid, and the difference wi l l cause the 

dissolution of the air bubbles. 

There are two competing processes affecting the bubble sizes. The pressure drop 

along the pipeline will cause the bubbles to expand, while the mass diffusion of 

air due to concentration difference wi l l cause them to shrink. The combined 

influence of these two processes w i l l cause the bubble size, and in turn the whole 

bubble size distribution, to change along the pipeline. Quantitative study of this 

change is the subject of this chapter. Parameters which require special attention 

are the initial (i.e. when P=Pi) air volume fraction (pi and initial bubble sizes 

(since bubbles of different sizes could have different dissolution rates). We 

assume that the initial air volume fraction is small and all the bubbles are of 

spherical shape. 

4.2 Literature Review 

In view of what is described in the previous section, this review will focus on past 

theoretical and experimental research on the absorption of dispersed gas bubbles 

in a turbulent liquid in a horizontal pipe flow. Since for very small bubbles the 

absorption process is the same as that in a quiescent liquid, studies on this respect 

are also included. Special attention is given to the mass transfer coefficient 

obtained for gases with low solubility, since in our case air solubility in water and 

the slurry is also very low. The mass transfer coefficient is crucial for the bubble 

size change and the evolution of the bubble size distribution. 
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One of the earliest and best-known theories about gas' absorption in a liquid was 

given by Lewis & Whitman (1924). The approximate picture of the process of gas 

absorption they described has furnished a background for much of the subsequent 

research. A "film" of liquid near the surface is assumed to be in laminar or 

streamline flow, while the remainder, or the main body of the liquid, is in 

turbulent flow and therefore of a uniform composition. Similar assumptions are 

made for the gas. Each of these films offers a resistance to diffusion, and the rate 

of absorption, other things being equal, is inversely proportional to the sum of 

these resistances. 

This concept has since been modified to take account of two convectional 

resistances, one in the main body of the liquid, and the other in that of the gas. 

Colburn (1930) has shown that this can be done by using equivalent thickness. 

Lewis & Whitman showed that with gases of low solubility "the liquid at the 

interface is substantially saturated with solute at its partial pressure and it is 

unnecessary to consider the gas film in the calculations". Following this 

statement, Higbie (1935) has derived the following formula for the mass transfer 

coefficient of gas in liquid: 

k = 2(—)1/2 (4.2-1) 

where te is the exposure time between gas and liquid elements. 

He postulated that the time of contact between the adjacent gas and liquid 

elements was too short for a steady-state diffusion to take place. He applied the 

unsteady-state equation to his problem and achieved the above formula. Higbie 

found that with water as the continuous phase, the exposure time could be 

approximated by the time required for the bubble to travel a distance equal to its 

axis length in the direction of flow. According to this, 

t ~ — 

44 



4. Evolution of Bubble Size Distribution along The Pipeline 

where Ur\ is the bubble velocity relative to the liquid, R is the bubble radius. By 

substituting the above equation into Eq. (4.2-1), it is shown 

where Ret, is the bubble Reynolds number defined as Refc = — - — , Sc is the 

Schmidt number defined as — , Sh is the Sherwood number defined as Sh = — , 
D D 

and vt is the kinematic viscosity of the liquid phase. 

It will be seen later in Section 4.6.4 that Eq. (4.2-2) is exactly the same as what 

has been obtained by Levich by solving the steady state convective diffusion 

equation for larger bubbles (RepT) moving in a stagnant liquid. 

Epstein & Plesset (1950) studied the diffusion of one gas bubble in a stagnant 

over-saturated or under-saturated liquid, and used the properties of air-water flow 

to calculate the bubble shrinkage or growth rate. They assumed that the air-water 

solution had constant temperature, pressure and air concentration (in our case the 

air concentration in the bulk of liquid is changing), the bubble was stationary, 

except for the radial expansion or shrinkage of the bubble boundary. They totally 

neglected the effect of relative motion between the bubble and the liquid on the 

diffusion of air. When formulating the diffusion equation, they also neglected the 

convection term, the second term on the left-hand side of Eq. (4.6.2-3), caused by 

the radial motion of the bubble boundary, so that they could solve the equation 

analytically. The effect of surface tension was studied in their paper, but that of 

the air volume fraction was neglected. Their approach and results are only 

applicable to very small bubbles. 

or 

(4.2-2) 

U,R 

v 

kR 
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Birkhoff et al. (1958) took into account the convection term in the diffusion 

equation, but neglected the effect of surface tension, using the argument that 

bubbles considered were large enough. A l l other conditions were the same as 

Epstein & Plesset's. In order to solve the diffusion equation, they speculated that 

R was proportional to the square root of time. 

Scriven (1959) derived the general equations of motion (for bubble boundary), 

energy and mass diffusion applicable to both vapor and gas bubbles in a stagnant 

liquid. Similar to the above, the effect of relative translational motion of a bubble 

on mass diffusion was not considered. His result is only applicable to bubbles in a 

quiescent liquid of constant pressure. It should be noted that his diffusion 

equation is the same as that in Section 4.6.2 of this thesis, but with different 

boundary conditions. 

Calderbank & Moo-Young (1961) extended the experimental mass transfer data 

for bubble swarms in a continuous liquid phase by employing liquids of largely 

varied viscosity and gas solute of high diffusivity. Combining their data with the 

previously published ones, they obtained the following correlation for the mass 

transfer coefficient of dispersed gas bubbles in a turbulent pipe flow: 

k = 0.l3(£Vl)VASc-2'3 (4.2-3) 

The range of bubble size to which (4.2-3) is applicable was not given by the 

authors. Nevertheless its form is comparable with that obtained herein for the 

bubbles larger than the inner scale of turbulence, as can be seen later in Section 

4.6.4, and comparison between the two will be made in Section 4.8. 

Levich (1962) was the first to systematically and theoretically study the 

dissolution of gas bubbles suspended in a turbulent stream. His basic idea was that 

the relative motion between the bubble and the turbulent liquid, rather than the 

molecular diffusion, determined the mass transfer rate through the bubble 

boundary, because of the usually very low gas diffusivity in the liquid, which 

normally results in the larger than unity Peclet number (defined as U r l R I D ) . 
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Only for very small bubbles, does the molecular diffusion dominate the mass 

transfer. He quantitatively studied the dissolution of gas bubbles in a turbulent 

liquid. He assumed that the bubbles are spherical and the relative motions 

between the bubbles and the liquid fall within the laminar regime. He divided the 

bubbles into two groups: those smaller than the inner scale of turbulence and 

those larger than it, for which the motion equations are different. By solving the 

bubble motion equations, he was able to obtain the maximum bubble relative 

velocities. He assumed that the effect of this relative velocity was the same as that 

on bubbles rising freely in a stagnant liquid, for which case he already derived the 

following formulae by solving the convective diffusion equation: 

Sh = J— Rel'2 ScU2 for Re^l (4.2-4) 
V 2>7t 

Sh ~ J- Re!'2 Scvl for Re^l (4.2-5) 

It will be shown later in Section 4.4.1 and 4.4.2 that when R<1, Ret,<\; and when 

R>1, Reb >1. Thus by substituting the maximum bubble velocities into above two 

formulae respectively, the mass transfer rate through the interface for small (R<1) 

and large (R>1) bubbles can be determined. 

The same reasoning will be followed in this thesis, but with several significant 

differences. Levich did not consider the associate or added mass effect when 

formulating the bubble motion equation, which was inappropriate because of the 

large density difference between the gas bubble and the liquid. After solving the 

bubble motion equation for the maximum relative bubble velocity for the larger-

than-/ case, he did not check whether the required characteristic eddy period is 

consistent with the established turbulent theory. He did not solve the motion 

equation for the smaller than / case. In order to keep consistency, this thesis 

adopted a turbulent eddy acceleration with a constant coefficient different from 

Levich's for the larger-than-/ case. Another difference was that the molecular 

diffusion dominating case was considered in detail herein and the governing 
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equations were derived with the surface tension effect taken into account, along 

with the boundary and initial conditions. 

It should be noted that Luk'yanov (1991) reconsidered the bubble motion equation 

and took into account the added mass effect. But his result is only applicable to 

the larger-than-/ case and his expression for the turbulent eddy acceleration is the 

same as Levich's and different from ours. Besides, our expression for the energy 

dissipation rate is also different from his. 

Lamont & Scott (1966) studied experimentally the solution of CO2 bubbles in 

turbulent water flow in a pipe of 5/16 inch (0.0079m) diameter. Their correlation 

for the experimental data is: 

The highest flow Reynolds number in their experiment only ran to 22400, which 

is much smaller than ours. Besides, the pipe diameter is too small compared with 

the 0.666m in this study. In their experiment, the ratio of bubble to pipe diameters 

ranged between 0.28 and 0.69, which meant that the bubble size was comparable 

with the pipe diameter. This kind of situation will not happen in our pipe flow. 

Lamont & Scott (1970) developed an eddy cell model to predict the absorption 

rate of gas bubbles transported in a turbulent pipe flow. Based on their 

experimental findings in 1966, they concluded that the mechanism of mass 

transport in the liquid phase was by renewal of the liquid at the bubble surface, 

and this renewal was due to the small scale turbulent eddies rather than any gross 

mean flow of fluid relative to the bubble. In their model, the mass transfer into a 

single idealized eddy located near the interface was calculated. The overall effect 

of the turbulence on the macroscopic mass transfer rate was determined from the 

consideration of eddies of all sizes smaller than the dimension of the bubble 

according to a proposed structure of the turbulent field. Their result for gas bubble 

absorption is: 

yt = 5xlO-6Re049(m/s) (4.2-6) 

k = 0A(£V,)u*Sc -1/2 (4.2-7) 
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However, the flow Reynolds number's exponent in Eq. (4.2-7) is considerably 

higher than that in Eq. (4.2-6), i f the energy dissipation rate is calculated by the 

friction coefficient, average flow velocity U and pipe diameter Dp as described in 

Chapter 3. Later, this discrepancy was explained by Theofanous et al. (1976). 

Based on the integral method, Rosner & Epstein (1972) presented a method for 

solving the bubble diffusion equation, which took into account the effect of 

convection. Their method is often deemed sufficiently accurate. 

Kress & Keyes (1973) studied experimentally the mass transfer coefficient for 

bubbles flowing cocurrently with turbulent liquids in a pipe of two-inch diameter. 

Their flow Reynolds numbers ran from 8x103 to 1.8xl05, and the bubble Sauter 

mean diameters went from 0.01 to 0.05 inches (0.254 to 1.27mm). For the 

horizontal flow, the correlation they achieved was: 

yt = 0.34Re094 5c-1/2^- (4.2-8) 

where Dp is the pipe diameter, D is the gas diffusivity in the liquid, and ds is the 

Sauter mean bubble diameter. 

The above formula is not very convenient, because of the need to know the Sauter 

mean bubble diameter. Unfortunately, this parameter is not always available in 

practical applications. 

Theofanous et al. (1976) re-evaluated the experimental data of Lamont & Scott 

and others, and arrived at the following correlation: 

/t = 0.63Re!/2Sc"2 — (4.2-9) 
L 

where Ret is the turbulence Reynolds number defined as Re. = , A U and L 

are the turbulence intensity and external turbulence scale in the pipe respectively. 

Normally, for horizontal flows, L is estimated to be about 10% of the pipe 
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diameter [Thomas (1981)], and A U can be obtained by the relation e ~ (see 
L 

Section 4.3). 

In the original correlation, there is a coefficient taking into account the entrance 

effect. Since in our case the pipeline is very long and there is sufficient time for 

mass transfer, that coefficient should reach the asymptotic value of unity and 

therefore does not appear in the above correlation. 

Here we can see that the Reynolds number exponent is almost the same as that in 

Eq. (4.2-6) (Ret and Re only differ by a constant for a given flow, see Section 4.3). 

The reason is that, as explained by Theofanous et al, only when Ret is much larger 

than unity, are the small-scale eddies far more effective in transferring mass 

across the interfacial region than the large-scale ones. Otherwise, the mass 

transfer wi l l be determined by the larger energy-containing eddy motions alone. 

In Lamont & Scott's experiment, the requirement of R e t » l was not satisfied. But 

Lamont & Scott's small eddy result should nevertheless be applicable to our case, 

i f Theofanous' argument is right, because of our very large turbulence Reynolds 

number (see Section 4.3). Actually, as can be seen later in Section 4.8, Lamont & 

Scott's result Eq. (4.2-7) is the same as what is obtained in this thesis for bubbles 

larger than the inner scale of turbulence except for a very small difference in the 

proportionality constant. 

Cha & Henry (1981) studied both vapor and gas bubble growth in a liquid of 

decreasing pressure. It was shown that Epstein & Plesset's solution for a gas 

bubble in a constant pressure field was only a special case of theirs. They 

neglected the convection term in the diffusion equation. Their mass conservation 

equation is exactly the same as in this thesis. Neglecting the convection term, 

according to their analysis, resulted in significantly underpredicting the bubble 

growth rate; nevertheless this effect was partially compensated by neglecting the 

surface tension during the early stage of the bubble growth, which resulted in 

overpredicting the growth rate. 
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Schulze & Schlunder (1985) studied experimentally the absorption of single gas 

bubbles in water of constant temperature flowing downwards in a tube. Their 

initial bubble size varied from about 1.5 to 3 mm. The gases used included those 

with low solubility, e.g. Cb, He, N2, H2, Ne, which absorb at almost constant 

absorption rate, and those with high solubility, e.g. CO2, N2O, which at the 

beginning show an absorption rate three times higher than in the later stage. 

Experiments with 2-propanol-water mixtures as the solvent also showed the 

enhanced absorption at the beginning. The authors could not explain this 

phenomenon. In fact, this may be explained qualitatively by the different velocity 

field around different size bubbles. For very small bubbles, the bubble Reynolds 

number, evaluated by the relative bubble velocity and bubble radius, is very 

small. There is no hydrodynamic boundary layer in the liquid near the bubble 

surface. But this is not true for large bubbles, usually having a bubble Reynolds 

number larger than unity. The different velocity field determines that large 

bubbles and small bubbles have different dissolution rates. Levich analyzed the 

velocity field for both small and large bubbles and obtained the bubble mass 

transfer formulae expressed in the form of Sherwood number, which are already 

given in Eqs. (4.2-4) and (4.2-5). It is very easily seen that when bubbles become 

sufficiently small, they start to follow a slower dissolution rate than when they are 

large. Though the ratio between Eqs. (4.2-5) and (4.2-4) is only 1.732, not 3 as 

suggested by the experiment, it should be kept in mind that Eqs. (4.2-5) and (4.2-

4) are for non-surfactant case only. When surfactants are present, small bubbles 

will behave like solid particles and have an even smaller dissolution rate. 

Payvar (1987) analyzed the growth of a gas bubble during a rapid decompression 

of a liquid-gas solution. The mass diffusion and conservation equations are the 

same as in this thesis, but not the boundary conditions. He neglected the effect of 

surface tension and employed Rosner & Epstein's integral method to solve the 

equation system. His predicted results agree very well with the experimental data 

obtained from an alcohol-CC>2 solution at 25°C and initial pressures of 0.44 -

1.12MPa. 
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Kudrewizki & Rabe (1987) studied the gas absorption in stirred tanks in the 

presence of surfactants on the gas-liquid interface. They found that the 

relationships for pure liquids are not suitable for describing the mass transport in 

their case. By following the statement that small bubbles covered with surfactants 

behave like solid particles, and using the model developed by Nikolaischvili et al, 

Landau's hypothesis on the reduction of turbulent fluctuations in the viscous sub

layer, and the classic turbulent eddy theory by Kolmogoroff, they were able to 

derive the following relationship for the mass transfer coefficient which showed 

good agreement with experimental data: 

Jt = 0.267(fV/),/45c_3/4 (4.2-10) 

Though their result has described successfully the effect of surfactants on a 

transport process to some extent, they did not consider the influence of the 

concentration of surfactants. 

The effect of surfactants on bubble hydrodynamics and mass transfer is out of the 

scope of this thesis and will not be included in the subsequent sections. 

Avdeev (1990) obtained the following relation for gas bubbles' dissolution in 

turbulent liquid flow using the surface renewal model: 

5/j = 0.228Re075c1/2 (4.2-11) 

which agrees well with Lamont & Scott's experimental data. But as 

aforementioned, Lamont & Scott's data is only applicable to flow in pipes of 

small diameter (less than one inch) when bubble's size becomes comparable with 

it. 

Arefmanesh et al. (1992) presented a numerical technique to solve the diffusion 

equation derived in this thesis for the exact gas concentration profile under 

isothermal conditions. They considered that the liquid enveloping the bubble has a 

finite thickness, which resulted in the same adiabatic boundary condition as 

expressed in this thesis. They compared their results with previous approximate 
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ones, which used second- or third-order polynomial profiles for the gas 

concentration in the liquid, and established the conditions under which the latter 

can be used without introducing significant errors. The transfer of the diffusion 

equation from spherical coordinates to the Lagrangian ones, as proposed by this 

paper, can be used to eliminate the convection term, thus making the numerical 

solution easier. 

Summarizing the above, a lack of reliable experimental correlations is apparent. 

Only Calderbank and Moo-Young's correlation (4.2-3), Lamont and Scott's (4.2-

6), and Kress and Keyes' (4.2-8) are available for comparison with our theoretical 

results. Unfortunately even these correlations are not fully applicable to the 

current case. First of all, all the experiments were performed in pipes of less than 

a few inches' diameter, none of them in as large a pipe as specified here (0.666m). 

In those experiments, the bubble size very often became comparable with the pipe 

diameter. This certainly will not happen in the current case. Secondly, none of 

them used purified liquid. It is almost certain that some kinds of surfactants exist 

in the experimental liquids, which will have an appreciable effect on the observed 

mass transfer rate even with a very small amount. With all these factors taken into 

account, it is only reasonable to expect some discrepancy between the theoretical 

and experimental results. 

4.3 Turbulence Characteristics in Horizontal Pipe Flow 

As it has been already pointed out, the flow Reynolds number in the pipeline is 

very large (4.36x106 for the water case and 4.56x105 for the slurry case when 

flow velocity is 5.7m/s), therefore the flow must exhibit fully developed 

turbulence. Then our objective becomes to study the dissolution of air bubbles 

suspended in an intense turbulent stream under the conditions set forth in the 

previous section. Before actually starting to solve the problem, it is necessary to 

first present some characteristics of turbulent flow in a horizontal pipe, which w i l l 

be used later. 

For so large flow Reynolds numbers we are dealing with, the flow is characterized 

by the presence of an extremely irregular disordered variation of the velocity with 
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time at each point. This is called fully developed turbulence. We shall direct our 

attention to the following parameters: turbulent energy dissipation rate £(J/kg.s or 

2 3 
m z/sJ), the inner scale of turbulence /, and turbulent eddies' acceleration when 

their sizes are larger than, of the order of magnitude of, and smaller than / 

respectively. 

Turbulent motion may be qualitatively regarded as the superposition of turbulent 

eddies of different sizes [Landau, L.D. & Lifshitz, E. M. (1987)]. The size of an 

eddy means the order of magnitude of the distances over which eddy velocity 

varies appreciably. The largest eddy also has the most rapid velocity. For very 

large flow Reynolds numbers, eddies of every size, from the largest to the 

smallest, are present. A n important part in any turbulent flow is played by the 

largest eddies, whose size L is of the order of the dimensions of the region in 

which the flow takes place. Such large scale eddies contain the main part of the 

kinetic energy of turbulent motion. The largest eddies' velocity AU, also 

representing the turbulence intensity, is of the order of the change in average 

velocity over a distance equal to the scale of L. 

As mentioned above, besides the large scale eddies, there are also a lot of eddies 

of smaller scale A, with lesser velocities Ux. Although these small eddies only 

represent a small portion of the kinetic energy of the turbulent stream, they play 

an important part in energy transfer and dissipation. Their role can be clarified by 

U A 
examining the turbulent eddy Reynolds number, defined as ReA = — — . For the 

largest scale eddies, i.e. when Ux = AU and A - L, the corresponding eddy 

Reynolds number, also termed the turbulence Reynolds number, is very large 

when compared with unity. The smaller the value of A and of the corresponding 

velocity Ux, the smaller is the value of Rex- At a certain value of A ^ l , the 

corresponding eddy Reynolds number wil l be approximately equal to unity. This 

means that in the region of /, viscous forces begin to have a noticeable effect on 

the motion of the fluid. Therefore eddy motion of scale / is accompanied by 

energy dissipation. The parameter / is termed the inner scale of turbulence. With a 
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large amount of these small-scale eddy motions, there is a considerable 

dissipation of energy, which is transformed into heat. This energy is continuously 

drawn by small scale eddies from the large scale eddies, until in the eddies of 

scale of the order of /, it is converted to heat. For the steady state pipe flow we are 

considering, the process of energy transfer is also steady in nature, thus the energy 

dissipation rate £must be a characteristic constant for the given flow. 

In a steady state fully developed turbulent flow, the turbulent energy dissipation 

rate, as discussed in Section 3.2.1, should equal the total energy dissipation rate, 

and can be expressed as 

The values of turbulent energy dissipation rate for the water and slurry cases 

under the specified flow conditions are given in Table 3.3-2, which are 1.278 and 

1.852 m2/s3 respectively. 

Now Let us determine the value of L and AU. 

Martin & Johanson (1965) reported the result of investigation of water flow in a 

pipe with the flow Reynolds numbers ranging between 19,000 and 160,000, 

which are much smaller than in our case. According to their data, L/Dp increases 

with flow Reynolds number and at 160,000 reaches 0.11. But it does not seem 

appropriate to extrapolate their experimental data, and therefore we cannot use 

their equation to calculate the value of L/Dp. 

Thomas (1981) recommended using the value 0.1 for L/Dp, as suggested by 

Townsend (1976). Therefore, we wil l follow him and set 

(4.3-1) 

L=0.1Dp=0.067m (4.3-2) 

Now the value of A U can be determined from the relation e ~ 
A U 

[Landau & 
L 

Lifshitz(1987)]: 
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Af/ = (£L)"3 (4.3-3) 

For the water and slurry cases, AUis found to be 0.077C/ and 0.087£/respectively. 

The above values are reasonably close to the 0.05U recommended by Thomas. 

But according to Pennell et al.'s (1972) experimental data, the ratio between AU 

and the flow velocity at the pipe centerline is a bit smaller than 0.04. Of course i f 

the ratio were between A U and the average flow velocity, the value would be 

larger. Their working fluid is air, not water or other liquids, and the largest 

Reynolds number is only 30,000. Therefore it is doubtful that their result is 

applicable in our case. 

For the pipe flow we are studying, the turbulence Reynolds numbers are 

Re,= ^1 = 33700 for water case (4.3-4) 

Re,= ^ ^ = 3980 for slurry case (4.3-5) 

which are much larger than unity as we have mentioned earlier. This is also the 

turbulent eddy Reynolds number when X = L . 

The inner scale of turbulence, /, is determined as follows. 

For turbulent eddies 1<X<L, dimensional analysis yields [Landau & Lifshitz 

(1987)]: 

£/3 
£ « H i - (4.3-6) 

X 

As mentioned earlier, when X*4, the turbulent eddy Reynolds number will become 

approximately unity, i.e. 
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R e ^ - - ( 4 . 3 - 7 ) 

Combining Eqs. (4.3-6) and (4.3-7), it is found that 

v3 
/ = (-^)1/4 (4.3-8) 

For the water and slurry cases, / is calculated to be 2.7x10" m and 1.3x10" m 

respectively. 

When below the scale level /, the motion of the fluid is viscous in nature. 

Turbulent eddies of a scale smaller than / do not suddenly disappear, but are 

gradually damped due to the effects of viscosity. 

Because of the high flow Reynolds number and the large pipe diameter, the pipe 

flow can be assumed to be homogeneous and isotropic. Then the following 

formulae for the acceleration of turbulent eddies of different scales can be given 

directly. The detailed derivation was provided by Levich (1962). 

For A>1, m ± * (—)1/3 - (—)1/2 (4.3-9) 
dt A Tx 

where Tx is the characteristic period corresponding to the eddy motion of scale A 

(A>1) at the eddy velocity Ux, and Tx - AI Ux. When we have T , ~ l / U , . 

YoxA=l, ^- = V3(—)1/4 (4.3-10) 
dt v. 

F o r / K f ^ . ^ . V ^ l y - A , (4.3 - i D 
dt dt I v, I 

It can be easily seen that when A—>l, Eq. (4.3-11) becomes Eq. (4.3-10). But it is 

not so apparent that Eq. (4.3-9) will become Eq. (4.3-10) when A—>l. It w i l l 
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therefore be demonstrated in the following that Eqs. (4.3-9) and (4.3-10) only 

differ by a constant V3 when A-tl. 

U A 
The eddy Reynolds number Re^ = — w i l l become approximately unity when 

v, 

A,—>1, thus 

U,l 
= 1 

Using 7] ~ l/U,, the above equation becomes 

T,U?~V, (4.3-12) 

We also have — = £ for turbulent eddies of scale /. Using 7) ~ U U l again, 

I/2 
(4.3-13) 

T, 

Combining Eqs. (4.3-12) and (4.3-13), it is found that 

7) - A)1/2 (4.3-14) 
£ 

Substituting Eq. (4.3-14) into Eq. (4.3-9), Eq. (4.3-9) becomes 

„ ( £ . ) » « . (£_)"« (4.3-15) 
fifr 7J V; 

Comparing (4.3-15) and (4.3-10), it becomes obvious that the two differ only by a 

constant 

In order to ensure consistency, it is the author's suggestion to add a constant V3 

to the front of Eq. (4.3-9). Therefore in this study, the following expression will 
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be used for the acceleration of turbulent eddies larger than the inner scale of 

turbulence: 

^ = V3~(f)12 for X>1 (4.3-16) 
dt Tx 

Also there are following properties concerning the turbulent eddy motion, 

acceleration and characteristic period: 

• For X>1, the larger the turbulent eddies, the longer the characteristic period 

and the smaller the acceleration wi l l be. The largest acceleration and the 

smallest period, which can be calculated by (4.3-10) and (4.3-14) respectively, 

occur in eddies with a scale equal in order of magnitude to the inner scale of 

turbulence. 

• For X<1, the eddy periods are no longer a function of the scale of motion, and 

maintain the value given by Eq. (4.3-14). 

• For A<1, since the eddy Reynolds number is smaller than unity, the fluid 

motion becomes quasi-viscous to viscous in nature, which is analogous to the 

sub-viscous layer in the case of turbulent flow past a flat plate. This analogy 

will show its importance in Section 4.5 when classifying the bubbles by size. 

With the above characteristics of horizontal turbulent pipe flow presented, it is 

now possible to study the motion and dissolution of air bubbles suspended in it. 

4.4 Bubble Relative Velocity in Turbulent Flow 

A i r bubbles will not be totally entrained by turbulent eddies due to the large 

density difference, there wi l l always be relative velocities between bubbles and 

the turbulent liquid. As it was pointed out in the Literature Review, this relative 

velocity plays a very important role in the dissolution of air bubbles. In the 

following, the relative velocities w i l l be determined for bubbles smaller or larger 

than the inner scale of turbulence. This is achieved by solving the bubble motion 
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equation, which has the same form for all bubbles, and can be expressed as 

following [Luk'yanov (1991)]: 

(P + ^)Vb —~ = (Pi ~ P)Vb ^ + Fd (4.4-1) 
2 dt dt 

where p is the air density inside the bubble, Vb is the bubble volume, which equals 

4 
—7uR3 due to the spherical bubble assumption, Fd is the drag force exerted on the 

bubble by the turbulent liquid. 

Eq. (4.4-1) describes the motion of an air bubble under the action of turbulent 

liquid velocity fluctuations. The term — Vb rt on the left-hand side takes into 
2 dt 

account the effect of added or associated mass. Levich, in his study of the motion 

of air bubbles, neglected this effect and utilized the same equation as for the solid 

particles suspended in a turbulent stream. But for air bubbles, since p,»p, it is 

obviously inappropriate to neglect the term — Vb ^rl . Luk'yanov (1991) re-
2 dt 

analyzed the problem and took into account the added mass effect. But the 

expressions he used for the turbulent eddy acceleration —- and drag force Fd 
dt 

are only applicable to bubbles larger than /. He did not consider the case when 

bubbles are smaller than /. 

For large (>/) and small (</) bubbles, the expressions for the liquid acceleration 

and drag force are different, which results in different solutions for the relative 

bubble velocity. 

4.4.1 Bubbles Smaller than The Inner Scale of Turbulence 

dU, 
For the bubbles smaller than /, is given by Eq. (4.3-11): 

dt 
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dt v, 

U R 
If the bubble Reynolds number — — is much smaller than unity, which can be 

v, 

checked after the relative velocity is obtained, the drag force may be represented 

by the Stokes equation [Levich (1962)]: 

Fd=-6jtplRUri (4.4.1-2) 

The relative acceleration term ^H may be approximated by [Levich (1962)] 
dt 

* L L - V - ± (4.4,-3) 
i t T, 

where Tx is the characteristic period of the entraining turbulent eddy. For bubbles 

smaller than /, the entraining turbulent eddies are also smaller than /, therefore the 

characteristic period must be constant and have the value of that for turbulent 

eddies of scale /, as stated in Section 4.3. Its value can be calculated by Eq. (4.3-

14). 

Considering all of the above, Eq. (4.4-1) becomes 

(p + & ) ± n R 3 ^ = ( P l - p ) l n R > S ( — ) U A j - 6 n R p , U « (4.4.1-4) 

Solving for Ur/, we obtain 

v ^{pl-p)R\£'lvl)xl\All) 

" (p + p,/2)R2 9 . 
r H' +-p<] 

1x 2 

In the numerator of above, since p t » p , p maybe neglected. 
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Now Let us take a look at the term — — in the denominator. 

The value of Tx is actually 7}, which can be found by Eq. (4.3-14) to be: 

T m (^t)1/2 = (8,7Xl°7)1/2 = 8.25xlO"4s for water case (4.4.1-6) 
' e 1.278 

T, = (^-),/2 = (8,33Xl° )1/2 = 2.12xl0"35 for slurry case (4.4.1-7) 
£ 1.852 

We take R to be equal /, which is the largest possible size for the bubbles we are 

•j • 1 • , (P + A/2)^2 , (p + p,/2)R2 
considering, also neglect p in the term — — , then 

Tx Tx 

becomes: 

pj2 _ 996x(2.7xlO"5)2 

27^ ~ 2x8.25xlO"4 
= 4.33x10 4kg/ms forwatercase (4.4.1-8) 

p j 2 _ leOOxQJxlO"4)2 _ 

2TA 2x2.12xl0"3 
6.67x10 kg/ms for slurry case (4.4.1-9) 

9 
The value in Eq. (4.4.1-8) is small compared with the term — pw in the 

denominator of Eq. (4.4.1-5), which equals 39x10^ kg/ ms, and the value in Eq. 

9 .2 
(4.4.1-9) is small compared with the term —M*> which is 6x10 kg/ms. Since 

the values in Eqs. (4.4.1-8) and (4.4.1-9) decrease with R's square power, when 

_ , , (p + p,/2)R2 . .,9 
R<1, the term — can be neglected compared with — p , . 

Tx 2 

Thus Eq. (4.4.1-5) becomes 

911, 
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The largest possible Uri is obtained when X—>/, which is 

Now we can check if the bubble Reynolds number is smaller than unity as it was 

assumed above. Let /?—>/, then the largest possible bubble Reynolds number is 

_ UH1 2V3V/4/3 _ 2V3xl.2783/4 x(2.7xl(T5)3 
Re/, ~ ttTA— — -, „,. ~ 0.38 

* vw 9v9/4 9x(8.7xl0-7)9/4 

for water case (4.4.1-12) 

_ UJ 2V3f3'4/3 _ 2V3xl.8523 4 x(1.3xl0^)3 ... 
Refc — TTTZ— — ~,—TTT. ~ 0.38 

b vs 9V9S'A 9x(8.33xl0"6)9/4 

for slurry case (4.4.1-13) 

Since bubble's Reynolds number decreases with bubble radius' cubic power, it is 

obvious that when R<1, Ret«l. 

4.4.2 Bubbles Larger than The Inner Scale of Turbulence 

For bubbles larger than /, the acceleration of the entraining turbulent eddies is 

different from the bubbles smaller than /, and it is given by Eq. (4.3-16). 

*H±mJ5(± y/2 (4.4.2-1) 
dt Tx 

Note that ^H can also be approximated by — 
dt Tx 

If the bubble Reynolds number is larger than unity, which can be checked after 

the relative velocity is obtained, the drag force was characterized by Levich 

(1962) to be 

Fd=-l27Cfl,RUri {A A.2-2) 
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Substituting the above into Eq. (4.4-1), we have 

(p + ̂ -)R2 * ( A - P)R2 V3(^)'/2 - 9p,UH (4.4.2-3) 
2 Tk Tx 

Solving for Uri, we obtain 

2 W V " , A - P ) (4A2.4) 

[187>,+*'(/>,+2;.)] 

Since p , » p , Eq. (4.4.2-4) can be approximated as 

^ , 2j3R*Tr-eV2p, _ 2 ^ R 2 T » 2 e " 2 (44 2 5) 

" ~ (187>,+*2A) (187>,+tf2) 

There is a specific Tx at which C/r/ reaches its maximum. This Tx can be found by 

solving the equation ^H = 0. The result is Tx = — — . After substitution of this 
dTx \%v, 

into Eq. (4.4.2-5), we obtain 

Url * (4.4.2-6) 
" V 6 v ; / 2 

The 7^ corresponding to the maximum Uri should be further looked at. If the 

statement in Section 4.3 holds true that the characteristic period for turbulent 

eddies of scale / is the shortest, then Tx for all the R larger than / should be larger 

than 7/. If we substitute / (which is the smallest possible bubble in this group) for 

R2 
R into , we will get, for the water case. T, = 4.58 x 10"55, which is smaller 

than Tl = 8.25xl0~4.y calculated by Eq. (4.3-14). Only when the bubble size 

increases to about 1.14xl0"4m, does Tx become equal to the value of T\. Thus for 

the bubble sizes between / and 1.14x10" m for the water case, the required Tx, 

which is supposed to yield the largest relative velocity, cannot be reached. A 

similar situation is also encountered in the slurry case. This contradiction between 
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the theoretical shortest characteristic period 7) and the required Tx might be 

explained by the approximate nature of the order of magnitude and dimensional 

analysis approach used. But as it was pointed out above, for bubbles larger than 

1.14 xl0"4m this problem does not exist. In fact, most of the bubbles we are 

interested in are larger than this size. Therefore Eq. (4.4.2-6) should be applicable 

in our case. 

Now let us check the bubble Reynolds number. Let R-^l, then the smallest 

possible bubble Reynolds number is 

1/2/2 
U J £llll 

Re, = — 2 - = -= = 0.41 for water case (4.4.2-7) 
v„ V6v!/2 

U J r £V2l2 
Reb = — = r- = 0.41 for slurry case (4.4.2-8) 

The above results are of the order of unity. We can see that the bubble Reynolds 

number increases with the bubble radius squared, therefore when R>1, Reb will be 

much larger than unity. 

4.5 Classification of Air Bubbles by Size 

The dissolution of air bubbles in a turbulent water stream can either be controlled 

by the process of molecular diffusion or convective diffusion depending on the 

Peclet number, which is defined as 

Pe=^ (4.5-1) 
D 

where Uri is the bubble velocity relative to the turbulent stream, R is the bubble 

radius, and D is the diffusivity of air in water or slurry. 

When Pe»l, mass transport of air by the moving liquid predominates over that 

by molecular diffusion, and the opposite is true when P e « l [Levich (1962)]. 
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For bubbles larger than /, the relative bubble velocity is determined by Eq. (4.4.2-

6), and thus the Peclect number is 

1/2 „2 
P e = *L * (4.5-2) 

j6vf'2D 

The smallest possible Peclet number is obtained when R—>1, which is 

pc_ eV2l2 1.278'72 x(2.7xl0"5)2 _}?8 

V6^'2Z) V6x(8.7xl0-7)l/2x2xl0"9 ~ 

for water case (4.5-3) 

pc= g1'2/2 = 1.8521/2 x(1.3xlQ-4)2 =17Q1 

V6v]/2D Vo"x(8.33xl0-6)12 x2xl0"9 

for slurry case (4.5-4) 

Since the Peclet number increases with the cubic power of R, it is obvious that for 

all the bubbles larger than /, P e » l . Therefore the dominant mass transport 

mechanism is convective diffusion. 

For bubbles smaller than /, the relative bubble velocity is determined by Eq. 

(4.4.1-11), and thus the Peclect number is 

9v!"D 1 ' 

The largest possible Peclet number is obtained when R—>l, which is 

pc_2^£y4li _ 2V3xl.2783 4 x(2.7xl(T5)3 

6 ~ 9v$JAD ~ 9x(8.7xl0"7)5/4x2xl0-9 

for water case (4.5-6) 
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n 2V3V/4/3 2V3xl.8523/4 x(1.3xl(T4 3 
Pe = — = -r-±-. = 1604 

9v5s'*D 9x(8.33xl0"6)5/4x2xl0"9 

for slurry case (4.5-7) 

The above two values agree very well with those for larger-than-/ bubbles when 

the size approaches /, which demonstrates the validity of Eqs. (4.4.1-11) and 

(4.4.2-6) for relative bubble velocities. 

From Eq. (4.5-5), it can be seen that the Peclet number is proportional to R's cubic 

power, which means that its value will decrease very quickly when R decreases. 

Thus there exists a specific bubble size, Rd, below which the Peclect number w i l l 

be smaller than unity. This bubble size will be referred to as divisional bubble size 

henceforward. By setting Pe=l in Eq. (4.5-5), Rd is found to be: 

9x(8.7xl0-7)5/4x2xl0-9 1/3= 6 forwatercase (4.5-8) 

2V3xl.2783/4 

„ r9x(8.33xl0"6)5 4x2xl0-9ll/3 1A_5 e , ,A e m 
R. = [ = ] =1.1x10 m for slurry case (4.5-9) 
" 1 2V3xl.8523/4 

In fact, there is another method to estimate this divisional size. Recall that in the 

previous section, we stated that there is an analogy between the motion of 

turbulent eddies with a scale smaller than / and that in the viscous sub-layer in the 

case of turbulent flow past a flat plate. In both cases the flow is viscous in nature. 

For the latter, there is a well-known formula [Levich (1962)], which states that the 

thickness of diffusion sub-layer is of the order of magnitude of the viscous sub

layer divided by the one third power of the Schmidt number, i.e. 

By analogy, we may say that the inner scale of turbulence / is the equivalent of d\,, 

and the divisional bubble size, Rd, is the equivalent of 5d- Thus the divisional 
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bubble size should be of the order of magnitude of / divided by the one third 

power of the Schmidt number, i.e. 

^-£573 (4-5"H) 

The value of / is known, and the Schimidt number is, by definition, Sc = — , thus 
D 

R,*> 2'77XlQ — - = 3.5xl(T6m forwatercase (4.5-12) 
d (8.7xl0^7/2xl0-9)'3 

R d ~ \ M Q =8.3xl0"6/w for slurry case (4.5-13) 
(8.33xl(T6/2xl(r9),/3 

Comparing Eqs. (4.5-12) and (4.5-13) with Eqs. (4.5-8) and (4.5-9), it can be seen 

that the results agree very well. Since the Peclet number reflects the diffusion 

mechanism more directly, the results of Eqs. (4.5-8) and (4.5-9) w i l l be used in 

the following as the divisional bubble size. 

When the bubble size is smaller than the divisional size, the Peclet number is 

smaller than unity, and the mass transfer is mainly by molecular diffusion; when 

the bubble size is larger than the divisional size, the Peclet number becomes larger 

than unity, and the mass transfer is then mainly by convective diffusion. 

For the molecular diffusion dominating case, the diffusion rate can be determined 

by solving the diffusion equation. For the convective diffusion dominating case, 

as it was pointed out in the Literature Review, Levich's formulae, Eqs. (4.2-4) and 

(4.2-5), can be used. Eq. (4.2-4) is applicable to bubbles smaller than /, whose 

Reb<l, as is shown in Section 4.4; and Eq. (4.2-5) is applicable to bubbles larger 

than /, whose Ret,>l, as is also shown in Section 4.4. 

To summarize, bubbles will be divided into three groups, i.e. R>1, Rd <R<1, and 

R< Rd- For the first two groups, convective diffusion dominates; for the last 
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group, molecular diffusion dominates. Different methods will be adopted to study 

the dissolution problem of these bubbles. 

4.6 Dissolution of Bubbles of Different Sizes 

Based on what has been described in the previous sections, in the following we 

will study the dissolution of air bubbles, which are divided into three groups by 

their sizes. The equation of mass conservation is derived first, which is applicable 

to all the three bubble groups; then the bubble dissolution problem w i l l be studied 

from the smallest size group to the largest. 

4.6.1 Equation of Mass Conservation 

The equation of mass conservation forms the basis for the study of bubble 

dissolution. The following derived equation wil l be applicable to all three bubble 

groups. 

Since we assume that the bubble is of spherical shape, the mass of air in a bubble 

is: 

^7tRlp (4.6.1-1) 

where R is the bubble radius, and p is the density of air within the bubble. Both of 

them are functions of time. 

The time derivative of the mass in a bubble must be equal to the total mass of air 

transported across the bubble boundary in unit time, thus 

— {-7tRip) = -ATcR2q (4.6.1-2) 
dt 3 

where q (kg/m2.s) is the mass flux through the bubble boundary. We designate the 

mass flux out of the bubble as positive. This is why the minus sign is added to the 

right hand side of Eq. (4.6.1-2). 

By taking the derive, Eq. (4.6.1-2) becomes 
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dR R d p tA ^ ,x 
P-J7 + T ^ 7 = -Q (4.6.1-3) 

dt 3 dt 

In the above equation, the change of p with time is actually known. This can be 

demonstrated by the following reasoning. We assume that the internal bubble 

pressure equals the surrounding liquid pressure whose change with time is known 

(see Section 4.1), then the change of internal bubble pressure with time is also 

known. From Fig. 4.1-2, the equation governing this pressure change can be 

written directly as: 

P = P i - ( P i - P a ) — + ^ (4.6.1-4) 
t K 

where P is the internal bubble pressure, P, is the initial liquid pressure and P0 is 

the liquid pressure at the end of the pipeline. 

According to Section 4.1, the whole flow process is assumed to be isothermal, 

then the following relation must hold for the air bubble: 

P P, 

where pt is the initial density of air in bubbles. 

Therefore, P = ^ ~ p (4.6.1-5) 

Substitution of Eq. (4.6.1-4) into Eq. (4.6.1-5) gives 

p = — P = P i ( l - ^ — — + — ) (4.6.1-6) 
p " v p, t m RP/ 

P - P 
If we denote M = — , then 

P 
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P = p , ( l - M - ! - + 2 £ ) (4.6.1-7) 
'max 

Combining Eqs. (4.6.1-3) and (4.6.1-7), the equation of mass conservation can 

finally be written as 

{l-M_L + ^)^-J^R = -JL (4.6.1-8) 
'max ^ ^ 3tmm P. 

which is the form of mass conservation equation we need. In the following study 

of bubble size change due to dissolution, the above equation is applicable to 

bubbles of all sizes. 

In Eq. (4.6.1-8), q is unknown. In the subsequent three sub-sections, it is actually 

this mass flux q that w i l l be studied in view of the different bubble sizes. Once q 

is known, Eq. (4.6.1-8) can be solved by numerical methods to obtain the change 

of R with time. 

4.6.2 Dissolution of Bubbles Smaller Than F?d 

In this case the dissolution of bubbles is predominantly by molecular diffusion as 

pointed out in Section 4.5, and the effect of surface tension cannot be neglected. 

This latter point can be demonstrated as following: 

When R<Rd, the surface tension generated pressure will be larger than 

2(7 2x0.0725 

Rd 4.9x10" 
30kPa for water case 

2<7 2x0.0725 
— = — = 13kPa tor slurry case 
Rd l.lxlO"5 

Thus it will be comparable with the lowest liquid pressure which is the outlet 

pressure P0, 1 lOkPa. On the other hand, when R>Rd, the surface tension effect can 

be considered small and thus negligible. 
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The mass flux q equals the negative of diffusivity timing the concentration 

gradient on the bubble boundary, i.e. 

(4.6.2-1) 

Here spherical coordinates are used with the origin placed at the bubble center, 

and r is the radial coordinate. 

The mass conservation equation then becomes 

(4.6.2-2) 
„ ,, / 2 a . dR M D d C 
( 1 - M + ) R = 

r=R 
'™x RP, dt 3/max p, dr 

can be obtained by solving the diffusion 
dC 

And the concentration gradient 
dr r=R 

equation expressed as 

dC dR R2 dC _ 1 d . 2 dC. „ . _ 
— + = D — — ( r — ) , r > R (4.6.2-3) 
dt dt r dr r dr dr 

In the above equation the term representing the convective diffusion caused by the 

relative motion between the bubble and the surrounding liquid has been ignored 

as a result of the statement that only molecular diffusion dominates. But the 

convective diffusion caused by bubble radial motion should nevertheless be kept. 

Eqs. (4.6.2-2) and (4.6.2-3) are coupled, and must be solved simultaneously. 

Before specifying the initial and boundary conditions for Eqs. (4.6.2-2) and 

(4.6.2-3), it is necessary to introduce the "Cell Model" in order to take into 

account the effect of air volume fraction [Uchida (1954)] and [Happel (1958)]. 

This effect is also termed "closeness effect" since we are not dealing with only 

one bubble but many at the same time. 

As shown in the following figure, the total volume of the air-liquid mixture is 

equally divided into many spherical cells, each of which containing only one 

72 



4. Evolution of Bubble Size Distribution along The Pipeline 

bubble. The liquid volume in each cell is assumed to be constant due to 

incompressibility of the liquid. Also assume that each bubble's dissolution only 

happens within its own cell. 

Fig. 4.5.2-1: Diagram of Cell Model 

Using the "Cell Model" implies that we are neglecting the effect of collision or 

possible coalescence of bubble-bubble or bubble-bitumen droplet on the bubble 

dissolution process during the flow. 

It is obvious that 

^,=^=>^=— (4-6.2-4) 

where is the initial air volume fraction, Vci is the initial cell volume, Vu is the 

initial bubble volume. 

The liquid volume in a cell is 
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which is a constant. 

Using (4.6.2-4), we have V. = (1 - t p . f e = ( — - l ) - n R ; (4.6.2-5) 

where R, is the initial bubble radius. 

At times after the initial point, VC=V, + Vh 

where Vc is the cell volume and Fj, is the bubble volume. 

Let us substitute Eq. (4.6.2-5) into the above equation, 

4 1 4 4 R* 
-TtRl =( \)-7lR' +-7TR3 => R =(R2 - R f + -*-) 
3 p,. 3 3 <pt 

1 3 (4.6.2-6) 

where Rc is the cell radius. 

i?3 
Since ffi is very small and the diffusion process is slow, — should be much 

larger than R* -Rf; and thus /?3 - i?3 is negligible. Then Eq. (4.6.2-6) becomes 

Rc - 4r (4-6-2-7) 

Now we can start defining the initial and boundary conditions. 

For Eq. (4.6.2-2), one initial condition is enough. Obviously it is 

R(t=0)=Ri (4.6.2-8) 

For Eq. (4.6.2-3), one initial condition and two boundary conditions are needed. 

At t=0, the air concentration in the bulk of the liquid should be that corresponding 

to atmospheric pressure. According to Henry's law, 

C(r>Rht=Oy=PatJH=Ca (4.6.2-9) 
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On the bubble boundary, the liquid is always saturated with air whose 

concentration obeys Henry's law. Thus 

C(R,t)=P/H 

Taking into account Eq. (4.6.1 -4), 

C(R,t) = [ P i - ( P i - P 0 ) — + ̂ - ] / H 

H R H 
(4.6.2-10) 

In the above equation, P0 is very close to atmospheric pressure, and therefore 

P0IH~PatmIH-Ca 

By substituting this into Eq. (4.6.2-10), it is found that 

C(R, t) = C, - (C, - Ca) — + — = C, - A C — + — (4.6.2-11) 
' tmm R H ';ma* R H 

which is one of the boundary conditions. 

Another boundary condition can be stated as the adiabatic requirement for the 

concentration on the cell boundary, i.e. 

dC(R = Rc,t) 

dr 
= 0 (4.6.2-12) 

The mass conservation equation and the diffusion equation together with their 

initial and boundary conditions are summarized below for the convenience of 

reference. 

„ t 2o^dR M _ D d C 
( l - M - — + ̂ - ) R 

max / 
RP, dt 3/., Pi ^ 

(4.6.2-13) 
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dC dR R2 dC _ 1 d . 2 a c , ^ _ /„ * o , „x 
— + - Y — = D — — ( r 2 — ) , r > R (4.6.2-14) 
dt dt r or r or dr 

R(t=0)=Ri (4.6.2-15) 

C(r>Rh t=0)=Ca (4.6.2-16) 

C(tf,f)«C(.-AC(. — + -^|; (4.6.2-17) 

'max 

dC(R-Rc,t)=Q (4.6.2-18) 

dr 

We will introduce the following dimensionless variables and constants to 

transform the above six equations into dimensionless form. 

T = t/tam, R„ =R/Rn C„ =-^-, r„=r/Rt, J a - AC, / pn 7]- , 

i a 

P A 

Then Eqs. (4.6.2-13) to (4.6.2-18) are transformed into: 

a-JlT+l.)^-^-*^. (4.6.2-19, 
i?„ d r 3 77 dr„ 

^ d R ^ K = _ 1 _ J _ 2 < ) (4.6.2-20) 

9T cfr r„2 drn rjrl drn " drn 

Rn(T = 0) = l (4.6.2-21) 

C„(rn >1,T = 0) = 0 (4.6.2-22) 

C„(tfB,T) = l - r + - ^ (4.6.2-23) 
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* . 0 - . = V ^ r > . 0 (4.6.2.24) 

p - p p - p 
In Eq. (4.6.2-23), M = °- = is used. 

R R 

Eqs. (4.6.2-19) to (4.6.2-24) can only be solved numerically. But when conditions 

7 7 « 1 and J a « \ are satisfied (in the current case these are always true), for the 

asymptotic case (pj —> 0 where the above Eq. (4.6.2-24) becomes Cn(°°,f) = 0, 

Lezhnin et al. (submitted (1)) was able to obtain an analytical solution by the 

Multiple Scales Method. 

4.6.3 Dissolution of Bubbles Larger Than /?d But Smaller Than / 

When bubbles are larger than Rd but smaller than /, the dominant diffusion 

mechanism is convective diffusion. In other words, the relative bubble velocity, 

i.e. the bubble Reynolds number, will play an important role in the mass transport 

of air. The effect of surface tension can be neglected as mentioned in the previous 

section. 

As it was shown in Section 4.4.1, the bubble Reynolds number for bubbles 

smaller than / in the turbulent stream is smaller than unity, which means the liquid 

that flows past the bubble is in creeping motion. But the Peclet number is 

nevertheless larger than unity for bubbles larger than Rd- The dissolution 

characteristics of these bubbles are the same as those of small liquid drops or gas 

bubbles with the same Reynolds number and Peclet number falling or rising in a 

body of quiescent liquid (immiscible with the liquid drop), which has been 

thoroughly studied by [Levich (1962)]. He has obtained the following formula: 

Nu = Sh m J— Re),'2 Scvl (4.6.3-1) 
\37U 

where Nu is the diffusion Nusselt number and Sh the Sherwood number, they are 

oR kR 
defined as Nu = — — = — = Sh, in which k is the mass transfer coefficient 

ACD D 
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(m/s) and AC (kg/m3) is the air concentration difference between the bubble 

boundary and the bulk of liquid. 

From Eq. (4.6.3-1), it is obvious that 

* = J f R . i < > & » ' § = j f ( ^ r & " ' f 
\2>7t R \3n v, R 

By substituting Eq. (4.4.1-11) for Uri into the above expression, we obtain 

By definition, 

2 £3/8/?1/2 
9 = kAC = V2 2 AC (4.6.3-3) 

3 ;r oc 

If zlC is known as a function of t or i?, then Eq. (4.6.3-3) can be substituted into 

the mass conservation equation (4.6.1-8) and solved for R. 

In fact, AC can be found as follows: 

Since Pe>l, the diffusion boundary layer must be very thin compared with the cell 

radius (see Section 4.6.2 for the Cell Model); thus we can assume that in the bulk 

of the cell liquid the air concentration is of some average value C(7),which is a 

function of time. At initial point, the air concentration in the bulk of the cell liquid 

is Ca. Then we can write the following equation for the air mass conservation: 

CaV^pyb^C{f)V^pVb (4.6.3-4) 

Now let us substitute Eq. (4.6.2-5) into Eq. (4.6.3-4), 

r(t\-r i (P^bi ~ P^b) _ ^ ^'3 ' ^3 
v " 1 4 , 

( - - 1 ) - ^ -
<p. 3 
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C a + - ^ - [ p t - p A 3 ] (4.6.3-5) 
\-<p, R, 

In Eq. (4.6.3-5), p i s known from Eq. (4.6.1-7). Let us substitute Eq. (4.6.1-7) into 

Eq. (4.6.3-5) and neglect the term involving the surface tension, 

C(t) = Ca + - 2 L _ A [ l - ( l - - W — X - J - ) ' ] (4-6-3-6) 
'max 

The concentration difference between the bubble boundary and the bulk of the 

cell liquid is 

AC = C(R,t)-C(t) 

Let us substitute Eqs. (4.6.2-11) and (4.6.3-6) into the above expression, and also 

neglect the term involving the surface tension in Eq. (4.6.2-11), we obtain 

AC - C, - AC, J - - Ca - - * L _ p [i _ (i _ M -L-) A 3 ] 
t \-<p t R 
max r i max ; 

- AC ( 1 — — ) - - — — Pi[1 -(1 - M — ) A 3 ] (4.6.3-7) 
t 1 — 69 t R 
max TI max / 

Now we can substitute Eq. (4.6.3-3) into Eq. (4.6.1-8) (neglecting the term 

involving the surface tension) to obtain the equation that governs the bubble size 

change: 

„ t ^dR M _ 1 2 ev*Rul A^ ,A**e\ 
( 1 - M ) R~ ... ... —r-r-AC (4.6.3-8) 

'max dt 3/max pt 3 K v, Sc 

By substituting Eq. (4.6.3-7) for AC into Eq. (4.6.3-8), and using the 

dimensionless variables defined in Section 4.6.2, Eq. (4.6.3-8) becomes: 

>1 2 

dT 3 " 7] " N ' \-<p. 
( \ - M T ) ^ - — R„ ~ - K l R " {Ja(\-r) %—[1-(1-MT)R3h]} (4.6.3-9) 
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2 R 3, 2 
where K, = 

1/2 
emSc 1 2 

9 8 V 

Eq. (4.6.3-9) is a first order nonlinear ordinary differential equation, which does 

not have analytical solution, but can be solved numerically. Parametric study with 

respect to different values of R, and (ft will be performed to study the dissolution 

of bubbles of different sizes and the effect of the initial air volume fraction. The 

numerical method and the results will be described and presented in Section 4.7. 

4.6.4 Dissolution of bubbles Larger Than / 

When bubbles are larger than /, the dominant diffusion mechanism is the same as 

for the bubbles described in the previous section, namely convective diffusion. 

And the surface tension effect is also negligible. The difference lies in the relative 

bubble velocity, which results from a different bubble motion equation. 

The Peclet number, as mentioned in Section 4.4.2, is much larger than unity in 

this case. 

The dissolution characteristics of bubbles in this group are the same as those 

moving in a quiescent liquid at the velocity Uri and with a bubble Reynolds 

number larger than unity. Again, a formula similar to Eq. (4.6.3-1) was obtained 

by Levich: 

(4.6.4-1) 

In this case, 

By substituting Eq. (4.4.2-6) into the above, we obtain 

(4.6.4-2) 
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Then following the same reasoning as in Section 4.6.3 and neglecting the surface 

tension effect, the equation governing the bubble size change is found in 

dimensionless form to be: 

(1 _ Mi) Ilk _ M. R « {Ja(i _ T) _ JPj_[i _ (1 _ Mt)rI ]} (4.6.4.3) 
DT 3 7] I - ? ; 

where K2 = {-^-f4 eV4 Scxn R 
3K1' V)14' 

Eq. (4.6.4-3), which is also a first order nonlinear ordinary differential equation, 

can be solved numerically. 

Eq. (4.6.4-1) is only applicable when the liquid flow past the bubble remains 

laminar and the bubble keeps its spherical shape. These translates into the 

following condition: 

Reb = < 2300 (4.6.4-4) 

The above critical Reynolds number for transition from laminar to turbulent flow 

is taken from Mill s (1999). Substituting Eq. (4.4.2-6) into Eq. (4.6.4-4), the 

maximum bubble size to which Eq. (4.6.4-3) is applicable is obtained to be: 

R ~ 2mm for water case (4.6.4-5) 

R = lOmm for slurry case (4.6.4-6) 

Recall that in chapter 3 the maximum sizes of the dispersed bubbles are 

determined to be 4.9mm and 3mm for air-water and air-slurry flows respectively. 

It can be seen that for the water case, the calculated applicable upper limit of Eq. 

(4.6.4-3) does not cover the maximum bubble size of 4.9mm. But this is not likely 

to really pose any problems since they are still of the same order of magnitude. 

Considering the approximate nature of Ur\ and the maximum bubble size, the 

above difference is in fact insignificant. 
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It should be noted that in Section 4.6, the diffusion equations system, Eqs. (4.6.2-

19) to (4.6.2-24), and dissolution equations, Eqs. (4.6.3-9) and (4.6.4-3), are 

basically developed by Dr. Lezhnin as part of his involvement in this project on 

slurry flow undertaken by The University of Calgary for Syncrude Canada Ltd. 

[Lezhnin et al. (Submitted (1) & (2))]. But the equations presented here are a little 

different from what they originally derived. First, the surface tension effect is 

included in the diffusion equations system because of the very small bubble sizes 

considered. Second, the definition of the dimensionless time is different. The new 

definition is easy to use and helps make the final dimensionless equations system 

more concise. Third, the constant coefficients in K i and K~2 in the dissolution 

equations, Eqs. (4.6.3-9) and (4.6.4-3), are different, which mainly results from 

the differences in estimating the turbulent energy dissipation rate and the 

turbulent eddy accelerations. 

4.7 Evolution of Bubble Size Distribution 

With the equations governing the bubble size change determined in the previous 

section, this section will study the evolution of the bubble size distribution along 

the pipeline. 

Some of the parameters needed in performing the calculation, whose values so far 

have not been given, are tabulated below: 

Table 4.7-1. Values of Some Parameters 

Air-Water Air-Slurry 

Henry's Constant H (Pa.m3/kg) 47.58 47.58 

Initial Air Density p, (kg/m3) 13.47 29.66 

M = ( P i - P 0 ) / P i 0.905 0.957 

Ja = AC,. / pi 0.0164 0.0173 

A program in C++ was developed to solve Eqs. (4.6.3-9) and (4.6.4-3) using the 

fourth order Runge-Kutta method. The Stability analysis is performed later in this 

section. The program automatically selects the appropriate equation based on the 
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bubble size, i.e. i f the bubble size of the previous step is less than the inner scale 

of turbulence, the program will choose Eq. (4.6.3-9) to calculate the next step 

value, otherwise it w i l l choose Eq. (4.6.4-3). Source codes of the program are 

provided in the Appendix. 

Eqs. (4.6.2-19) to (4.6.2-24) were not solved because of the extremely small 

bubble sizes to which they are supposed to be applicable theoretically. Actually, 

experimental observations and thermodynamic analysis [Mori et al. (1977)] reveal 

that when a gas bubble of low solubility decreases to a certain critical size, it w i l l 

extinguish suddenly, which means completely dissolving into the surrounding 

liquid. This critical size normally has a magnitude of a few microns to several 

dozens microns. Therefore it is reasonable to assume, in our case, that the 

divisional bubble size Rd serves as this critical size, and all bubbles smaller than it 

will just dissolve instantly and completely into the liquid. Then there is no need to 

calculate further using Eqs. (4.6.2-19) to (4.6.2-24), all that is needed in the 

numerical calculation is to set the bubble size equal to Rd i f it falls below Rd and 

then continue with the next step calculation. 

The effect of the air volume fraction on the bubble size change and, in turn, on the 

size distribution was also studied. The studied values range from the asymptotic 0 

to a very large 0.1. 

From the minimum to the maximum bubble size, the continuous bubble size 

distribution curve in Chapter 3 is evenly discretized into 101 points, each 

corresponding to a bubble size (the abscissa) and an appropriate frequency (the 

ordinate). By following the size change of these bubbles along the pipeline, 

evolution of the bubble size distribution is achieved. 

Figures showing the evolution of bubble size distribution and the size change of 

some select size bubbles under different air volume fractions are provided at the 

end of this chapter. Both the air-water and air-slurry flows are calculated. Figs. 

4.7-1 to 12 are for the air-water flow and 13 to 26 are for the air-slurry flow. 

From these figures, the following conclusions can be drawn: 
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• The smaller the air volume fraction, the larger the rate of bubble dissolution. 

• When the air volume fraction is small enough, all the bubbles will dissolve 

completely, as can be seen in Figs. 4.7-2 and 4.7-16, which describe the 

asymptotic (<p—>0) case. 

• When the air volume fraction is large enough, e.g. larger than 0.1, there is 

actually a negligible effect of dissolution, and the bubbles behave as i f there 

were no dissolution at all. See Figs. 4.7-14 and 4.7-29. 

• It can be inferred for both the air-water and air-slurry cases that when the air 

volume fraction is larger than a certain value, no bubbles will ever dissolve 

completely. See Figs. 4.7-10 and 12, and Figs. 4.7-25 and 27. 

• All bubble sizes decrease at the beginning of the flow due to the dissolution, 

and expand (not including the <p—>0 case) at the later stage because of the 

pressure drop, until at the end the expanding rate of some bubbles may 

approach that of the no-dissolution case. 

• Smaller bubbles dissolve at a faster relative rate (with respect to their own 

original sizes) than larger bubbles; while in the later part of the flow, they 

expand at a faster relative rate than larger bubbles, as can be clearly seen in 

Figs. 4.7-4, 7, 10, 18, 21, 23, and 25. It is this effect that causes the twist and 

roughness of the size distribution curves as observed in Figs. 4.7-3, 6, 17, 20 

and 22. 

Stability Analysis: 

Both Eqs. (4.6.3-9) and (4.6.4-3) are nonlinear first-order ordinary differential 

equations, and can be written in the form 

dR 
^ = f(r,Rn) (4.7-1) 
d t 

According to Hoffman (1992), the stability criteria for Eq. (4.7-1) can be stated as 
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AT < 2.785 (4.7-2) 

when the fourth order Runge-Kutta method is used; where z l r i s the step size used 

in the numerical calculation. 

For Eq. (4.6.3-9), 

ft Ja(l -1) • 

df ~ — - ^ R ^ [ b J E L + J f e - ^ j (4J.3) 
dRn 3(1-Mr) 2/7 " I - M r 1 - % 

For Eq. (4.6.4-3), 

M (4.7-4, 
3/t, 3 ( 1 - M r , ^ ( 1 - f t ) 

It can be seen from Eqs. (4.7-3) and (4.7-4) that changes with the 

normalized time T, initial bubble size Ri (through K;, K2 and ij) and normalized 

radius R„ all the time throughout the numerical computation process. Therefore it 

is necessary to check at each step of the numerical calculation the criterion (4.7-2) 

is satisfied to ensure that stability is maintained. In the C++ program presented in 

the Appendix, a check of the stability criterion has been implemented. 

4.8 Other Sources of Result for Mass Transfer Coefficient 

As mentioned in the section of Literature Review, there are several theoretical 

relations and experimental correlations for the mass transfer coefficient of gas in a 

turbulent liquid. Though not all of them are necessarily obtained under exactly the 

same conditions as specified in this thesis, some of them still have reference value 

and will be compared in this section with what have been obtained herein. 

Calderbank & Moo-Young's (1961) experimental correlation for the mass transfer 

coefficient is 
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^ = 0.13(fv/)1/45c_2/3 (4.8-1) 

Lamont & Scott's (1970) mass transfer coefficient obtained from a small eddy 

model is 

yt = 0.4(£V/)1/45c-1/2 (4.8-2) 

Kudrewizki & Rabe's (1987) theoretical result when surfactants are present is 

/t = 0.267(£V;)'/4Sc-3/4 (4.8-3) 

The mass transfer coefficient obtained in thesis for bubbles larger than the inner 

scale of turbulence is 

1/4 r. -1/2 k = (-^-)"4(fi//)1'45c-"z = 0.51(w;),,4& 
37T 

(4.8-4) 

The mass transfer coefficient obtained in this thesis for bubbles smaller than the 

inner scale of turbulence is 

k = 
2 £V*RU2 

35/V/2 W/8Scu2 
= 0.286 

£ViRV2 

1/8 c„l/2 
v ^ S c 

(4.8-5) 

The mass transfer coefficients calculated by Eqs. (4.8-1) to (4.8-4) are tabulated 

below for the sake of comparison. 

Table 4.8-1. Comparison of Mass Transfer Coefficients by Different Formulae 

Mass Transfer Coefficient for 
Air-Water Flow (m/s) 

Mass Transfer Coefficient for 
Air-Slurry Flow (m/s) 

Calderbank & Moo-Young 7.35X10"5 3.15X10"5 

Lamont & Scott 6.23X10"4 3.88X10"4 

Kudrewizki & Rabe 9.10x10s 3.23x10s 

Eq. (4.8-4) of This Thesis 7.94X10"4 4.95X10"4 

It can be seen from the above that Lamont & Scott's theoretical result agrees very 

well with that of this thesis, in a sense that they corroborate each other. The result 
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based on Calderbank & Moo-Young's experimental correlation is very similar to 

that by Kudrewizki & Rabe's formula, which is suitable for cases having 

surfactants. It is quite possible that some kind of surfactants exits in Calderbank & 

Moo-Young's experiment and others' whose data Calderbank & Moo-Young also 

made use of in their correlation, because none of them had made special effort to 

purify the liquids. This may explain why Calderbank & Moo-Young's result is in 

good agreement with Kudrewizki & Rabe's rather than that of Lamont & Scott 

and this thesis, which are only for pure liquid systems. 

The presence of surfactants will significantly decrease the mass transfer 

coefficient, as can be clearly seen from the above results in the table. 

There are, unfortunately, no other results to compare with Eq. (4.8-5), which is 

supposed to be applicable to very small bubbles, i.e. of sizes less than the inner 

scale of turbulence. This may be due to the difficulties involved in observing and 

studying the behavior of these very small bubbles that are usually only several 

dozen microns in size. 
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phi=0.00175, initial bubble size range: 0.2-4.9 mm 

No dissolution 

0 0.2 0.4 0.6 0.8 1 1.2 
t/tmax 

Fig. 4.7-4. Bubble Size Change with Time for Air-Water Flow, phi=0.00175 
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phi=0.005, initial bubble size range: 0.2-4.9 mm 

0.45 i 

0.00 H 1 1 1 1 1 1 1 
0 1 2 3 4 5 6 7 

bubble size (mm) 

Fig. 4.7-6. Evolution of Bubble Size Distribution for Air-Water Flow, phi=0.005 

phi=0.005, initial bubble size range: 0.2-4.9 mm 

t/tmax 

Fig. 4.7-7. Bubble Size Change with Time for Air-Water Flow, phi=0.005 
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Fig. 4.7-8. Close-up of the Distribution Curve at t=0.8tmax when phi=0.005 
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phi=0.01, initial bubble size range: 0.2~4.9 mm 

0.45 

1=0 
- - t=0.04 tmax 
——1=0.2 tmax 
- - - t=0.5 tmax 

1=0.8 tmax 
- - t=0.9 tmax 
— — t=tmax 

bubble size (mm) 

Fig. 4.7-9. Evolution of Bubble Size Distribution for Air-Water Flow, phi=0.01 

2.5 
phi=0.01, initial bubble size range: 0.2-4.9 mm 

1.5 • 

tr 

tr 

0.5- | 

•No dissolution 
Ri=0.2 mm 

- Ri=1.375 mm 

Ri=2.55 mm 

•Ri=3.725 mm 

-Ri=4.9 mm 

Fig. 4.7-10. Bubble Size Change with Time for Air-Water Flow, phi=0.01 
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phi=0.05, initial bubble size range: 0.2-4.9 mm 
0.45 n 

0.00 -I 1 1 1 1 1 1 
0 2 4 6 8 10 12 

bubble size (mm) 

Fig. 4.7-11. Evolution of Bubble Size Distribution for Air-Water Flow, phi=0.05 

0.5 -

1 1 1 1 1 1 
0.2 0.4 0.6 0.8 1 1.2 

t/tmax 

Fig. 4.7-12. Bubble Size Change with Time for Air-Water Flow, phi=0.05 
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Fig. 4.7-13. Evolution of Bubble Size Distribution for Air-Water Flow, phi=0.1 

0.5 -

0 -I 1 1 1 1 1 — i 
0 0.2 0.4 0.6 0.8 1 1.2 

t/tmax 

Fig. 4.7-14. Bubble Size Change with Time for Air-Water Flow, phi=0.1 
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phi=0, initial bubble size range: 0.082-3 mm 

0 0.2 0.4 0.6 0.8 1 1.2 
t/tmax 

Fig. 4.7-16. Bubble Size Change with Time for Air-Slurry Flow, phi=0 
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phi=0.00079, initial bubble size range: 0.082-3 mm 

3 1 

0 0.2 0.4 0.6 0.8 1 1.2 

Fig. 4.7-18. Bubble Size Change with Time for Air-Sluny Flow, phi=0.00079 
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Fig. 4.7-19. Close-up of the Distribution Curve at t=tmax when phi=0.00079 
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phi=0.005, initial bubble size range: 0.082-3 mm 

3 n 

t/tmax 

Fig. 4.7-23. Bubble Size Change with Time for Air-Slurry Flow, phi=0.005 
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phi=0.01, initial bubble size range: 0.082-3 mm 

- t=0.04 tmax 
—1=0.2 tmax 
- t=0.5 tmax 
—1=0.8 tmax 
- t=0.9 tmax 
t=tmax 

4 5 
bubble size (mm) 

Fig. 4.7-24. Evolution of Bubble Size Distribution for Air-Slurry Flow, phi=0.01 

phi=0.01, initial bubble size range: 0.082-3 mm 

2.5 

1 1-5 

0.5 -, 

•No dissolution 
Ri=0.082 mm 

•Ri=0.81 mm 

Ri=1.54 mm 

•Ri=2.27 mm 

•Ri=3 mm 

Fig. 4.7-25. Bubble Size Change with Time for Air-Slurry Flow, phi=0.01 
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phi=0.l, initial bubble size range: 0.2-4.9 mm 

0.5 • 

1 1 1 1 1 1 
0.2 0.4 0.6 0.8 1 1.2 

t/tmax 

Fig. 4.7-29. Bubble Size Change with Time for Air-Slurry Flow, phi=0.1 
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5. C o n c l u s i o n s a n d R e c o m m e n d a t i o n s 

The purpose of this research was to study the behavior of air bubbles in terms of 

their sizes, size distribution, and evolution of the size distribution during the 

hydrotransport of an oil sand slurry in a pipeline. 

The approach adopted was to study first the simpler air-water two-phase flow, and 

then extend the results to a real air-slurry flow. The slurry was assumed to be a 

homogeneous liquid with solid particles and bitumen droplets totally suspended. 

The slurry density and equivalent viscosity are significantly different from that of 

water. 

First, the flow pattern was studied to establish the criteria for achieving a steady 

dispersed-bubble flow pattern, since only this flow pattern can generate the 

desired bubble size distribution. Based on available flow pattern predicting 

models and experimental correlations, it was found, for both the air-water and air-

slurry flows, that an average flow velocity of 5.7m/s or higher was enough to 

ensure the needed flow pattern. 

Second, the maximum and minimum bubble sizes in the dispersed-bubble flow 

pattern were found by Levich's (1962) theory and Thomas' (1981) formula 

respectively, and from these the bubble size distribution was determined. The 

minimum and maximum bubble sizes for the air-water flow were found to be 0.2 

and 4.9mm, and for the air-slurry flow, they are 0.082 and 3mm respectively. The 

bubble size distribution is represented satisfactorily by a log-normal distribution 

function. 

Third, the bubble dissolution phenomenon was studied. The abrupt pressure rise 

at the inlet of the pipeline and the subsequent slow pressure drop along the whole 

length of the pipeline create the conditions necessary for the dissolution process to 

take place. Bubbles were divided into three groups by their sizes, namely smaller 

than the divisional bubble size (i.e. below which the bubble Peclet number is 

smaller than unity, see Section 4.5), larger than the divisional bubble size but 
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smaller than the inner scale of turbulence, and larger than the inner scale of 

turbulence. For the first group, the dissolution mechanism is mainly by molecular 

diffusion, and for the second and third groups, the convective diffusion 

dominates. The dissolution of bubbles in different groups is governed by different 

equations. 

It was found that the dissolution rate strongly depended on the initial bubble size 

and initial air volume fraction. Figures illustrating the bubble size change and 

evolution of the size distribution versus time are provided. From these figures, the 

following conclusions can be drawn: 

• The smaller the air volume fraction, the larger the rate of bubble dissolution. 

• When the air volume fraction is small enough, all the bubbles will dissolve 

completely, as can be seen in Figs. 4.7-2 and 4.7-16, which describe the 

asymptotic (cp—>0) case. 

• When the air volume fraction is large enough, e.g. larger than 0.1, there is 

actually a negligible effect of dissolution, and the bubbles behave as i f there 

were no dissolution at all. See Figs. 4.7-14 and 4.7-29. 

• It can be inferred for both the air-water and air-slurry cases that when the air 

volume fraction is larger than a certain value, no bubbles will ever dissolve 

completely. See Figs. 4.7-10 and 12, and Figs. 4.7-25 and 27. 

• All bubble sizes decrease at the beginning of the flow due to the dissolution, 

and expand (not including the cp->0 case) at the later stage because of the 

pressure drop, until at the end the expanding rate of some bubbles may 

approach that of the no-dissolution case. 

• Smaller bubbles dissolve at a faster relative rate (with respect to their own 

original sizes) than larger bubbles; while in the later part of the flow, they 

expand at a faster relative rate than larger bubbles, as can be clearly seen in 

Figs. 4.7-4, 7, 10, 18, 21, 23, and 25. It is this effect that causes the twist and 
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roughness of the size distribution curves as observed in Figs. 4.7-3, 6, 17, 20 

and 22. 

Recommendations: 

• No experimental data in as large a pipe diameter as specified in this thesis is 

available for verifying the criterion determined in this thesis for the steady 

dispersed-bubble flow pattern to happen. Thus experimental investigation of 

this criterion under different air volume fractions is needed. 

• The uncertainty in evaluating the equivalent viscosity of the oil sand slurry is 

obvious because of the difficulty in taking into account the effect of bitumen 

droplets. Viscosity plays an important role in determining the friction factor 

that wi l l greatly affect the turbulent energy dissipation rate. Thus, an on-site 

measurement is recommended. 

• It is assumed in this thesis that the total energy dissipation is equal to the 

turbulent energy dissipation. In fact it consists of two parts, namely the 

turbulent and viscous energy dissipations. For the slurry flow that has a very 

high solids volume concentration, the fraction of viscous energy dissipation is 

higher than that in pure liquids of low viscosity. Thus a different approach 

should be developed in order to evaluate the turbulent energy dissipation rate 

more accurately. 

• The critical bubble size at which bubbles will collapse suddenly (completely 

dissolve into the liquid) is not available. In this thesis, this critical size is 

arbitrarily assumed to be the divisional bubble size based on some 

experimental observations. Should this parameter be determined, it would set 

a more practical point down to which the numerical calculation should go to. 

• In view of the very complex components of the real slurry and the addition of 

chemicals, some kind of surfactants should be present in the slurry flow. 

These surfactants w i l l greatly affect the behavior of air bubbles, especially the 

dissolution rates. Investigations in this area are highly recommended. 
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A p p e n d i x 

Source C++ Codes for B u b b l e D i s s o l u t i o n 

#include <iostream> 
#include <math.h> 
#include <iomanip> 
#include <fstream> 
using namespace std; 

double func 1 (double,double,double,double); 
double func2(double,double,double,double); 
const int dim=100; 
double radlnit[dim+1 ] ,rOn[dim+1 ] ,k[2]; 

const double Di=2e-9;//diffusivity of air in water,mA2/s 
const double velocity=5.7;//slurry flow velocity,m/s 
const double lt=4700.;//total pipe line length,m 
const double tmax=lt/velocity; 
const double pmax=l 1.4;//pressure after the pump, atm 
const double pmin=l.l;//pressure at the end of pipeline, atm 
const double M=(pmax-pmin)/pmax;//a constant 
const double eDissip=1.278;//turbulent energy dissipation rate 
const double dia=0.666;//pipe diameter, m 
const double visco=8.7e-7;//kinematic viscosity 
const double sch=visco/Di;//Schmidt number 
const double Ja=0.0164;// a constant 
const double ltur=pow(pow(visco,3)/eDissip,0.25);//inner scale of turbulence 
const double rd=pow(9*pow(visco,1.25)*Di/2/sqrt(3.)/ 

pow(eDissip,0.75),(l./3));//divisional bubble size 

const double rmin=2e-4;//minimum bubble size considered in the distribution, m 
const double rmax=4.9e-3;//maximum bubble size considered in the distribution, m 

const double phi=0.;//initial air volume fraction 

int main() 

{ 
ofstream fDistribution,fNrad;//define output files 
fDistribution.open("distribution.xls",ios::out); 
fNrad.open("Nrad.xls",ios::out); 
if(!fDistribution||!fNrad) 

cerr«" error opening file!\n"; 

for(int i=0;i<=dim;i++)//assign initial bubble sizes 
radlnit[i]=rmin+i*(rmax-rmin)/dim; 

for(i=0;i<=dim;i++)//assign initial normalized bubble sizes 
rOn[i]=l.; 

k[0]=2/pow(3,1.25)/sqrt(3.1415927)*pow(eDissip,3/8) 
*sqrt(sch)/pow(visco,9/8);//constantKl in Eq. (4.6.3-9) 

k[l]=pow(2 O.25)/sqrt(3*3.1415927)*pow(eDissip,0.25)* 
sqrt(sch)/pow(visco,0.75);//constant K2 in Eq. (4.6.4-3) 
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Appendix 

double t=0.; 
fDistribution«t«"\t";//output time to file 
fNrad«t«"\t"; 

for(int j=Oy<dimy++)//output bubble sizes to file 

{ 
fDistribution«radInit[j] * 1000«"\t"; 
if0%25==0) 

fNrad«l«"\t"; 

i 
fDistribution«radInit[dim] * 1000«"\n"; 
fNrad« 1 «"\t"« 1 «"\n"; 

double kl,k2,k3,k4; 
double rln,yita; 

const int nodeNo=200000;//define total steps of calculation 
const double deltat=l./nodeNo; 

double kOne,kTwo,partialF,coefPhi,coefM; 

coefPhi=phi/( 1 -phi); 

for(i= 1 ;i<nodeNo+1 ;i++) 

{ 
t=t+deltat; 
coefM=l-M*t; 
partialF=M/3/coefM; 

for(int j=0;j<=dim;j++)//Runge Kutta method 

{ 
yita=radInit[j]*radInit[j]/(Di*tmax); 

if(radlnit[j]<ltur) 

{ 
kOne=k[0]*pow(radInit|j],3/2); 

partialF=partialF-kOne/2/yita*pow(r0n[j],-0.5)* 
((Ja*(l-t)-coefPhi)/coefM+7*coefPhi* 
r0nU]*r0n[j]*r0n|j]); 

if(-partialF*deltat>2.785)//check stability criterion 
cout«"Stability criterion not satisfied!"; 

kl=deltat*funcl(t,r0n[j],yita,kOne); 

k2=deltat*func 1 (t+deltat/2,r0n[j]+ 
kl/2,yita,kOne); 

k3=deltat*func 1 (t+deltat/2,r0n[j ]+ 
k2/2,yita,kOne); 

k4=deltat*func 1 (t+deltat,r0n[j]+k3 ,yita,kOne); 

rln=r0n|j]+(kl+2*k2+2*k3+k4)/6.; 

if(rln*radlnit[j]<rd)//if bubble radius smaller than Rd, 
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! 

! 
else 

{ 

//replace it with Rd 
rln=rd/radlnit[j]; 

rOn[j]=rln; 

kTwo=k[l]*radInit[j]; 

partialF=partialF-
3 *kTwo *coefPhi/yita*rOn[j ] *rOn[j]; 

if(-partialF*deltat>2.785)//check stability criterion 
cout«"Stability criterion not satisfied!"; 

kl=deltat*func2(t,r0n[j],yita,kTwo); 

k2=deltat*func2(t+deltat/2,r0n[j]+ 
kl/2,yita,kTwo); 

k3=deltat*func2(t+deltat/2,r0n[j]+ 
k2/2,yita,kTwo); 

k4=deltat*func2(t+deltat,r0n[j]+k3,yita,kTwo); 

rln=r0n[j]+(kl+2*k2+2*k3+k4)/6.; 

if(rln*radlnit[j]<rd)//if bubble radius smaller than Rd, 
//replace it with Rd 

rln=rd/radlnit[j]; 
rOn[j]=rln; 

if(i=0.04*nodeNo||i==0.2*nodeNo||i==0.5* 
nodeNo||i==0.8*nodeNo||i==0.9*nodeNo||i==nodeNo) 

{ 
fDistribution«t«"\t"; 
for(j=OJ<dimy++)//output results for distribution curves 

fDistribution«r0n[j]*radInit[j]*1000«"\t"; 
fDistribution«rOn[dim] *radlnit[j]* 1000«"\n"; 

} 

if(i%(nodeNo/100)==0)//output results for the curve of the normalized radius 

{ 
fNrad«t«"\t"«pow(l-M*t,-l./3.)«"\t";//normalized radius versus time 

//when there is no dissolution 

iNrad«rOn[0]«"\t"«rOn[dim/4]«"\t"«rOn[dim/2]«"\t"; 
fNrad«r0n[dim*3/4]«"\t"«r0n[dim]«"\n"; 

} 
} 
fDistribution.close(); 
fNrad.close(); 
return 0; 

//define the equation to be solved 
double fund (double t,double rO,double yita,double k) 
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Appendix 

{ 
double coef; 
coef=l-M*t; 
return M*r0/(3 *coef)-k*sqrt(rO)*(Ja*( 1 -t)-phi/( 1 -phi)*( 1 -coef*rO*rO*rO))/(yita*coef); 

double func2(double t,double rO,double yita,double k) 

{ 
double coef; 
coef=l-M*t; 
return M*rO/(3*coef)-k*(Ja*(l-t)-phi/(l-phi)*(l-coef!rO*rO*rO))/(yita*coef); 
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