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ABSTRACT 

The sixteen exact mathematical formulas for the P-SV particle displacement 

refection and transmission coefficients for elastic plane waves incident upon a nonwelded 

contact interface separating two solid half-spaces, and approximations to these formulas 

for small amounts of nonwelded contact, small incidence angles, etc., are presented. The 

nonwelded contact at the interface is represented by displacement discontinuity boundary 

conditions. The characteristics of these conditions are that the traction is continuous 

across the interface but the displacement is not. The displacement discontinuity 

components are proportional to the corresponding stress components -- the constants of 

proportionality are called specific compliances. The exact formulas for the coefficients 

are obtained by algebraically solving the displacement discontinuity boundary conditions 

for each possible incident wave in the P-SV case. The formulas are expressed in the form 

of the coefficients for the welded contact case plus additional terms due to the presence 

of nonwelded contact. The formulas show that the existence of nonwelded contact makes 

the coefficients frequency-dependent. 

For the specific case in which the media above and below the interface are the 

same (e.g., a fault, joint or fracture in a homogeneous medium), reflected waves exist, 

and there are phase changes in the transmitted wave, unlike the case for a perfect welded 

contact interface between two identical media, in which there are no reflected waves due 

to the lack of an impedance contrast. Numerical computations of the coefficients also 

confirm, in this case, that the nonwelded contact interface acts like a low-pass filter 

(Pyrak-Nolte et al, 1990b), i.e., more of the incident energy is transmitted through the 

interface at lower frequencies than at higher ones. 
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Ray-synthetic seismograms are also computed for media containing nonwelded 

interfaces. Due to the frequency dependence of the coefficients, the synthetic 

seismograms are generated by frequency domain raytracing to include the full effect of 

nonwelded contact for all considered frequency ranges. The generated seismograms show 

the change in both amplitude and phase over a nonwelded contact interface. Even for 

small values of the specific compliances, the phase change is significant. 
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CHAPTER I 

INTRODUCTION 

1.1. Introduction 

The problem of the reflection and transmission of plane elastic waves at an 

interface between rock layers which are not in perfect "welded contact" with each other 

has been addressed in the geophysical literature by several investigators. For example, 

Schoenberg (1980) and Pyrak-Nolte et al. (1990b) used a macroscopic approach wherein 

the solids are modeled as continuous media, whereas Paranjape et al. (1987) and Krebes 

(1987) used a microscopic approach wherein the solids are modeled as mass-spring 

lattices. In the macroscopic approach, displacement discontinuity boundary conditions 

(described below) are used to derive the reflection and transmission coefficients. In the 

microscopic approach, the two solids, modeled by mass-spring networks, are also 

connected with springs across the interface, and Newton's second law of motion (F=ma) 

is used to describe the motion of the masses and derive the reflection and transmission 

coefficients. In both theories, a system of linear equations can be derived whose solutions 

are the reflection and transmission coefficients (like the Zoeppritz equations in the 

welded contact case). The coefficients obtained from both theories are identical if the 

respective material parameters of the two theories are related in a specific way (see 

Appendix I): However, the microscopic theory of the above-mentioned authors is 

restricted to media with specific values for the wave velocities (or Poisson's ratio). 
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Consequently, the study of nonwelded contact in this thesis is based on the macroscopic 

theory, which is more general than the microscopic theory. 

For a nonwelded contact interface, Schoenberg (1980) and Pyrak-Nolte et al. 

(1990b) used displacement discontinuity boundary conditions (in the macroscopic 

approach) which state that the traction is continuous across the interface but the 

displacement is not (the displacement discontinuity is proportional to the traction). The 

displacement discontinuity for the normal component of particle displacement is equal to 

the normal stress component divided by the specific stiffness in the normal direction, 

with a similar definition holding for the tangential component of displacement. In the P 

SV wave case (the case of compressional and shear-vertical waves propagating in a 

plane), the displacement discontinuity boundary conditions result in four linear equations 

for the four unknown reflection and transmission coefficients, which can, of course, be 

solved numerically. However, even though the boundary conditions are more 

complicated than in the conventional welded contact case, algebraic solutions can also be 

derived for each possible incident wave and compared with those in the welded contact 

case. The algebraic solutions of the displacement discontinuity boundary conditions 

consist of sixteen exact formulas for the reflection and transmission coefficients for the 

four possible incident waves (P or SV waves incident from either above or below the 

interface), just as in the welded contact case (e.g., Aki and Richards, 1980, eq. 5.39). To 

the best of my knowledge, these exact algebraic formulas for the P-SV coefficients for 

the nonwelded contact case have never appeared before in the literature (although they 

have for the SH wave case -- see Schoenberg, 1980). They are presented in this thesis and 

have also been recently published (Chaisri and Krebes, 2000). These formulas generally 

consist of a term which is similar in form to the coefficient for the welded contact case 

(except for some modifications due to nonwelded contact) plus a series of imaginary 

terms due purely to nonwelded contact. Also, the coefficients depend on frequency, 

unlike those for welded contact. 
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The sixteen exact formulas for the coefficients in welded contact case (e.g., Aki 

and Richards, 1980, eq. 5.39) are very well known and are very useful in the study of 

elastic wave propagation through layered media. In the same way, although the boundary 

conditions in the case of nonwelded contact can be solved numerically for the reflection 

and transmission coefficients, closed-form analytical formulas for these coefficients are 

still very useful. For example, the exact formulas for the coefficients give the specific 

quantitative relationships between the coefficients and the parameters of the media, 

which cannot be obtained from the numerical solutions. 

The exact formulas for the coefficients are also essential for the derivations of 

various approximate formulas. In this thesis, approximate formulas for small 

displacement discontinuities, i.e., a low degree of nonwelded contact, are derived from 

the exact formulas of the coefficients, as well as approximations for small incidence 

angles. In the welded contact case, approximate formulas for specific purposes have 

been developed and found to be very useful. For example, approximations of the 

coefficients for small differences in medium parameters across the interface (Aki and 

Richards, 1980, and Bortfeld, 1961) have been applied to the study of waves in vertically 

inhomogeneous media (Chapman, 1976) and elastic wave scattering (Richards and 

Frasier, 1976). Approximate formulas have also been developed, in the welded contact 

case, for small incidence angles and have been proven useful in AVO (amplitude versus 

offset) studies in exploration seismology (e.g., Castagna and Backus, 1993). The exact 

formulas for the coefficients presented in this thesis could be used to develop similar 

approximations in the case of nonwelded contact, which could be applied to media 

containing nonwelded interfaces such as cracks, joints and fractures. In computer 

programs for generating the ray-synthetic seismograms, the use of the closed-form 

reflection and transmission coefficient formulas makes the programs run faster than if the 

coefficients were obtained from the numerical solutions of the boundary conditions. In 

addition, numerical difficulties that may arise in the numerical solution of the linear 

equations are avoided. 
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The effects of nonwelded contact on elastic wave propagation have been detected 

in experimental work, for example, the decrease in amplitude and the phase shift for 

waves transmitted across fractures (Kleinberg et al, 1984), and the presence of 

anomalously high amplitudes for waves reflected from a single fracture (Yu and Telford, 

1973). Previous studies of elastic wave propagation in fractured media, e.g., Coates and 

Schoenberg (1995), Frazer (1990), Hudson (1981), and Slawinski (1999), have used 

equivalent medium theory, in which effective elastic moduli are calculated and used to 

represent the fractured medium. Equivalent medium theory, however, may not perform 

very well in representing media in which the fractures are relatively large and sparsely 

spaced with spacing of the order of, or larger than, a seismic wavelength {Pyrak-Nolte et 

al., 1990b). If a large scale fracture can be considered to be nonwelded contact interface, 

then it would be more appropriate to use the exact formulas presented in this thesis in 

describing the effects of the fractures on elastic wave propagation. Pyrak-Nolte et al. 

(1990a) also used the displacement discontinuity model theory (the use of displacement 

discontinuity boundary conditions for wave propagation across a fracture) to analyze the 

anisotropy in seismic velocities and amplitudes for a purely elastic medium composed of 

multiple parallel fractures. They compared the calculation from both theories, the 

conventional equivalent medium theory and the displacement discontinuity model theory, 

to their physical experiments, and found that the displacement discontinuity model theory 

appeared to be able to represent the fractured medium better than the equivalent medium 

theory did! 

There are a number of geological problems in which the reflection and 

transmission of elastic waves at a nonwelded interface could play a role. One example is 

the study of fractured hydrocarbon reservoirs using seismic methods, as fractures can 

often be modeled as nonwelded contact interfaces. A second example involves the study 

of seismic waves in the upper crust (the upper few kilometers): joints, fractures and faults 

are important features of the crust, and these features may behave more like nonwelded 

contact interfaces than welded contact ones in some cases, owing to the existence of 

relatively low effective stress levels in the upper crust {Pyrak-Nolte and Cook, 1987a). 
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1.2. A review of some previous work 

The basic idea in the theory of elastic waves propagating across a perfectly 

welded interface between two solids is that the traction and displacement must be 

continuous across the interface. For a nonwelded interface, the modification of this basic 

idea, namely, that the displacement across the interface does not need to be continuous, is 

significant, in that it makes the study of wave propagation across an interface more 

general. One can say that, for a perfectly welded interface, the boundary conditions that 

the waves must satisfy at the interface are a special case of those for a nonwelded contact 

interface. Michael Schoenberg has presented a theory for nonwelded contact boundary 

conditions between two elastic media (Schoenberg, 1980), which were later on called the 

displacement discontinuity boundary conditions by Pyrak-Nolte et al. (1990b). The 

definition of the displacement discontinuity boundary conditions is that the traction is 

continuous across the interface but the displacement is not. The ratio between the traction 

and the discontinuity in particle displacement is called the specific stiffness of a 

nonwelded interface: KZ and KX are the specific stiffnesses, respectively, normal and 

parallel to the interface. The reciprocals of the specific stiffnesses are called the specific 

compliances, i.e., c: = \IKZ and cx = 1/¾. 

To understand the physical mechanism in operation at a nonwelded 

contact interface, imagine that we have an isotropic layer situated between two 

homogeneous isotropic half-spaces and assume that the two interfaces are in perfect 

welded contact -- see Figure 1.1a. Consider the thickness h of the thin layer to be very 

small compared to a wavelength, and its impedance, Z' = density p' times velocity v', to 

be very low compared to that of the uppermost medium. Considering SH waves, and 

applying the displacement and stress boundary conditions to the propagating waves at the 

two welded interfaces results in formulas for the reflection and transmission coefficients 

R' and T' (see Schoenberg, 1980). 
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R (Reflected wave) 

ì t 
h 

1 1 
Z' 

ì t 
h 

1 1 
nonwelded 
contact interface 

T (Transmitted wave) 

(a) (b) 

Figure 1.1. A graphical depiction of the demonstration by Schoenberg (1980) 
of the physical mechanism of a nonwelded contact interface. R' « 
R and T ' * T when | Z' | « | Z\ | and the layer thickness is much 
less than the seismic wavelength. 

As the thickness h and impedance Z of the thin layer approach zero, R' and T 

approach the reflection and transmission coefficients R and T, respectively, where R and 

T are calculated from the displacement discontinuity boundary conditions (Figure 1.1b) 

with the parallel specific compliance cy replaced by hi fi' {Schoenberg, 1980), where ju' is 

the shear modulus in the layer. In the case of normally incident P-SV waves, analogous 

results are obtained, i.e., R' and T' reduce to those obtained for a nonwelded interface, 

with the normal specific compliance cz replaced by hl{X' + 7. ft) and the parallel specific 

compliance cx replaced by hlfi', where X' and fi' are Lamé's constants {Schoenberg, 

1980). 

Other aspects of the effects of a nonwelded interface have been discussed in the 

literature. The dispersion curves for Love waves have been discussed by Schoenberg 

(1980). The existence of elastic interface waves along a nonwelded contact interface 
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between two identical media has been demonstrated by Pyrak-Nolte et al. (1987a): by 

applying the displacement discontinuity boundary conditions to a generalized Rayleigh 

wave when the seismic impedances of the media on both sides of the interface are the 

same, a fast and a slow weakly dispersive wave can be shown to exist along such an 

interface. 

The displacement discontinuity theory has been confirmed by the laboratory 

measurements of Pyrak-Nolte et al. (1990b). In the experiment, the transmission 

amplitude and traveltime of a wave propagating across an intact specimen and a 

specimen containing a single natural fracture are measured. The specimens were 

compressed under an axial load normal to the fracture surface to produce an axial 

effective stress. The nonwelded specific stiffnesses are, in general, functions of the stress 

across the fracture. Therefore changing the axial effective stress across the fractured 

specimen gives different values of the specific stiffnesses: increasing the stress on the 

fracture increases the specific stiffnesses of the fracture. The effects of a nonwelded 

contact interface on the wave signal, observed in the experimental data, are that the 

transmission amplitude and the traveltime across a fracture are dependent on the 

frequency of the signal and on the ratio of the specific stiffness of the fracture to the 

seismic impedance of the rock specimen. The displacement discontinuity theory of a 

wave propagating across a fracture is able to match the measured data and predicts the 

frequency dependence of the group time delay and the amplitude as well. 

1.3. Physical assumptions 

The results of any study of a physical phenomenon depend on the physical 

assumptions made in the study. The reflection and transmission coefficients computed in 

this thesis are those for plane waves, and the synthetic seismograms are computed by 

summing plane waves of different frequencies, modified by the reflection and 

transmission coefficients, and geometrical spreading factors. One must remember that 

plane waves, being of infinite extent, do not actually exist in nature. They are a 
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convenient way of representing wave propagation processes mathematically, and lead to 

good approximate results, but it should be kept in mind that the wavefronts propagating 

in the Earth are curved in reality, and that in some situations, it is necessary to correct for 

or account for this curvature to explain various features present in seismic data. 

Another assumption involved in the work of this thesis is associated with the 

computation of the synthetic seismograms in chapter V. Ray theory is used to compute 

these seismograms, meaning that the results are valid only for high enough frequencies, 

i.e., for wavelengths smaller than the distances over which the medium parameters 

change substantially. If a layer is sufficiently heterogeneous so that this assumption is not 

valid, then modifications to the ray computations would be necessary to produce accurate 

synthetics. 

Another thought that must be kept in mind is that it may be that not all fractures, 

joints and cracks can be accurately modelled by the displacement discontinuity boundary 

conditions used in this thesis, in spite of the experimental evidence, discussed in the 

previous section, confirming these boundary conditions. In some cases, there may be 

other physical effects contributing to the nonwelded nature of such interfaces. In addition, 

there may be other types of nonwelded interfaces that affect seismic waves in a 

substantially different way — a completely different set of boundary conditions may be 

required in these cases. 

1.4. Dissertation outline 

The algebraic solutions of the displacement discontinuity boundary conditions, 

i.e., the reflection and transmission coefficients, are presented in Chapter II, Section 2.1, 

equations 2.13 (or 2.24). The derivation involved a great deal of tedious but 

straightforward mathematics which is not presented. The variables used in the formulas 

were defined in the same way as in Ahi and Richards (1980), and in addition, some new 

variables due to the presence of nonwelded contact were introduced. These exact 
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formulas for the coefficients are significantly different from those for perfect welded 

contact obtained from the Zoeppritz equations. 

Pyrak-Nolte et al (1990b) have shown that energy is conserved for P and SV 

waves normally incident upon a nonwelded interface between two identical materials 

(e.g., a fault or joint in a single homogeneous medium). In Section 2.2, this result is 

extended to the general case -- it is shown that energy is also conserved for obliquely 

incident waves at a nonwelded interface separating different materials. 

In practice, the degree of nonweldedness of an interface in the subsurface of the 

earth is likely to be small in typical situations. Consequently, approximate formulas for 

reflection and transmission coefficients for small specific compliances, the reciprocals of 

the specific stiffnesses, would be useful. The approximation of the sixteen exact formulas 

for the reflection and transmission coefficients for this purpose is obtained in Section 2.3 

by using the Taylor series approximations of the exact formulas in Section 2.1. 

Chapter III discusses the specific case in which the elastic properties of the media 

above and below the nonwelded interface are identical, as would be the case for a crack, 

joint, fault or fracture in a single medium. In this Chapter, the exact formulas for the 

reflection and transmission coefficients in this case, and some applications, are presented. 

For example, the exact formulas are used to develop approximate formulas for a weakly 

nonwelded interface, and these results are, in turn, used to develop further 

approximations for small angles of incidence (which could be useful in AVO studies). 

Chapter IV presents numerical examples of the behaviour of the exact and 

approximate formulas for the coefficients. More specifically, the amplitude and phase of 

the coefficients are plotted against incidence angle for different values of the specific 

compliances (different amounts of nonwelded contact). Also, the accuracy of the 

approximate formulas are examined by comparing them with the exact formulas. 

The amplitudes and phases of the scattered waves at a given incidence angle are 

frequency-dependent even though the seismic waves are traveling in an elastic 
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homogeneous medium. Consequently, to trace a ray across nonwelded interfaces, and 

calculate its amplitude at the receiver, it is necessary to account for this frequency-

dependence in the calculation. Therefore, a frequency-domain raytracing algorithm was 

used in this thesis for generating the synthetic seismograms. A review of frequency 

domain raytracing is presented in Chapter V, Section 5.2 and 5.3. The geological model 

used for tracing the rays is a horizontally layered medium with homogeneous layers and 

with some nonwelded interfaces. The reflection and transmission coefficients required in 

the calculation of the wave's amplitude were computed from the exact formulas 

presented Chapter II. 

Chapter VI summarizes the conclusions of the study and discusses some possible 

areas of future work. 

Appendix I compares the macroscopic approach to the calculation of the 

reflection and transmission coefficients with the microscopic approach, and shows that 

they give identical results when the parameters from the two theories are matched 

appropriately. 

For the case of incident SH waves, the exact formulas for the particle 

displacement reflection and transmission coefficients are available in the literature 

(Schoenberg, 1980). A brief description of the SH case is given in Appendix II. This 

thesis concentrates, however, only on elastic plane P and SV incident waves. 
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CHAPTER II 

EXACT AND APPROXIMATE FORMULAS FOR REFLECTION 

AND TRANSMISSION COEFFICIENTS ACROSS A 

NONWELDED CONTACT INTERFACE 1 

2.1. Theory: the boundary conditions at a nonwelded contact interface 

In the conventional theory for plane wave propagation across a perfect welded 

contact interface, the boundary conditions at the interface are the continuity of 

displacement and stress (or traction). These boundary conditions do not apply in the case 

of imperfect (nonwelded) contact. Pyrak-Nolte et al (1990b) and Schoenberg (1980) used 

the displacement discontinuity boundary conditions introduced by Schoenberg to treat the 

case of imperfect contact. In this theory, the solids on either side of a nonwelded contact 

interface are treated as continuous media. The boundary conditions at the interface are 

that the stress is continuous across the boundary but the displacement is not, the 

displacement discontinuity being proportional to the traction. For plane P-SV waves 

propagating in the x-z plane, with the interface being the z = 0 plane, the boundary 

conditions at the interface are 

w * 2 - u *\ = w .-2 - w , i = CJ* (2.la) 

r * i = r « 2 > ^ 1 = ^ - 2 ( 2 1 b ) 

A modified portion of this chapter has been published by Siriporn Chaisri and E.S. Krebes in 
the Journal of Geophysical Research -- see Chaisri and Krebes (2000). 
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where 

— - + — 
V. dx dz J 

du, ôux (2.1c) 

dux 

dx 
(2.Id) 

Subscripts 1 and 2 denote the upper and lower media, respectively. rzx and TZZ are the 

components of the stress tensor parallel and normal to the interface, respectively, and ux 

and uz are the components of the displacement vector. A and ju are Lamé's constants. cx 

and cz are the specific compliances parallel and normal to the interface, respectively, and 

each is defined as the ratio of the magnitude of the displacement discontinuity to the 

stress (acting at the interface) which produces it. For a perfect welded contact interface 

(cx —»0 and c7 -»0) , the displacement discontinuity boundary conditions (2.1) reduce 

to the conventional boundary conditions; the right hand sides of (2.1a) are zero. The 

specific stiffnesses (used by Pyrak-Nolte et al, 1990b) are the reciprocals of the specific 

compliances, i.e., KX=\ICX and KZ=\ICZ. In this thesis, the specific compliances are used for 

convenience in later applications of the solutions of the boundary conditions (2.1). In 

(2.1a), the stress components on the right-hand sides can be evaluated in either medium 1 

or 2, as stress is continuous across the interface (see 2.1b). Either choice leads to the 

same solutions. Choosing medium 2 however, results in simpler equations to solve if the 

waves are incident from medium 1, and vice versa. 

In applying the above boundary conditions to the incident and scattered plane 

waves, the conventions oîAki and Richards (1980, vol. I, chap 5) were used, i.e., the z-

axis points downward and the x-component of each unit polarization vector is positive. 

Also, the same sign convention for the phase of plane waves is used. The plane waves are 

written as Aexp[Ia>(s • x - t)]d, where A is the amplitude, <»is the angular frequency, s is 

the slowness vector defined as the unit vector in the direction of phase propagation 

divided by the phase-velocity, JC = (x,y,z) is the position vector in Cartesian coordinates, 
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t is the time, and d is the unit vector which defines the direction of particle motion or the 

displacement polarization. 

For the P-SV plane waves, there are four possible incident waves: the P and SV 

waves incident from medium one and the P and SV waves incident from medium two. 

Each incident wave generates four scattered waves as shown in Figure 2.1. The slowness 

and polarization vectors of each plane wave are shown in Table 2.1. From Table 2.1, the 

x and z components of displacement are: 

ux\ = Pi sin i\ exp[Ico(px + Çxz -1)} + Si cos jx exp[Ico(px + r¡^z-1)] 

+ Pi sin h exp[Ia>(px - - S i cos ji exp[Ico(px - rjiz - i)] (2.2a) 

Ux2 = Pi sin h Qxp[Ico(px - Ç2z - S 2 cos j2 exp[Ico(px - rj2z -1)} 

+ P2 sin /'2 exp[Ia>(px + £,2z -1)] + S2cos j2 exp[Ico(px + TJ2Z- t)] (2.2b) 

uzi = P\ cos h exp[I(o(px + ^iz -1)] - Si sin exp[Ico(px + rjxz-1)] 

-Pi cos/'i exp[Ia>(px - Ç\z -1)] + Si sin j\ exp[Ico(px - rjiz -1)] (2.2c) 

«z2 = -Pi cos/2 &xp[Ico(px - Ç2z -1)] + S2 sin J2 Qxp[Ico(px - r/2z -1)] 

+ P2 cos/2 exp[Ia>(px + Ç2z - i)]- S2 sin j2 exp[Ia)(px + rj2z-1)] (2.2d) 

I COS/ COS 7 
where I = V - 1 , = , n = —, where n = 1 or 2, and where the horizontal 

«» fin 
component of slowness p = (sin i„)la„ = (sin jn)ipn (Snell's law). 

In (2.2), p is the density, a is the P wave velocity, ft is the SV wave velocity, p is 

the ray parameter, and /' and j are the angles that the P waves and SV waves, respectively, 

make with the z-axis (the normal to the interface). 
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Substitution of the displacements (2.2) into the boundary conditions (2.1), and 

setting z = 0 at the interface results in 

( 1 ) M x 2 - W , l = CJzc • 

-Pisinz'i -#icosji + P2{sini2-l(ocxxicos/2)+&(cos72-1(ocxB2y2) 

= A sin z'i + 1̂ cosyi - P 2( sin i2+I(ocxxi cos/2 )- S2( cosy2 + lcocxB2y2 ) : 

(2) wz2 -uz2 =CZTZZ : 

Pi cos/'i - Èi sin 71 + P2 (cosi2-Icocza2y2 )+S2(- sin y2 + l(oczxi cos_/2 ) 

= Pi cos/'i - Si sin 71 + P 2( cos/2+I(Ocza2y2 )- S2( sin j 2 + I(oczxi cos72 ) 

Pi # cos/i + Si Bi/i + P> X2 cos/2 + & B2y2 = Pi Xi cos/i + Si Bi/i + P2 Xi cos/2 + S2 B2y2 

(4) TZZI = rzz2 : 

- P i a\Y\ + Si x\ cos ji + P2 a2y2 - S2 %i cos j2 

= Pi aiY\ - Si Xi cosy'i - P2 a2y2 + S2 Xi cosj2, 

where //„ = pj2

n , (A„ + 2/ /J = /?„a„2, 

and x„=2pJ2„P, yn=pn(}-2j32

np2). 

These can be expressed in matrix form as 

M[Pi, á\, P 2 , S2]T= N[Pi, P 2 , & f (2.3) 

where the column vectors on the left and the right contain the amplitudes of the scattered 

and incident waves, respectively, the acute and grave accents represent upcoming and 

downgoing waves, respectively, and where 
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•<Z\P 

M COS/ 

- cosyj a2p - 1ÚXXX2 cos/2 cos j2 -Ioxxf32y2 

- f3xp cos/2 -Icoc,a2y2 - J32p + Iœczx2 cos j2 

X\ c o s / i A r i j 2

 C O S 7 2 
Xx cos J] a 2 ^ 2 

PiYi 
- Xi cosy2 

(2.4) 

N = 
cos/', 

Zi COS/, 

«irl 

cosy, - a2p - Icocxx2 cos/2 - cosy2 - lcocx(52y2 

- Pxp cos/2 + Icocza2y2 - fi2p - hoczx2 cos j2 

A r i z 2

 c o s / 2 A r 2 

- j , cosy, - a 2 / 2 Z 2 cos j 2 

(2.5) 

Equations (2.3) are identical to equations (5.34) of Aki and Richards (1980) for the 

welded contact boundary conditions, except for the additional frequency-dependent terms 

in the matrices, due to the presence of nonwelded contact. Equations (2.3) can be solved 

analytically to obtain closed-form formulas for the reflection and transmission 

coefficients. 

Incident waves Scattered waves 

Medium Type A s d A s d 

One 
P A (sin/,, 0, cos/',) A (sin/,, 0, - cos/',) 

One 
SV Si (cosy', 0,-sin y') Sr (cosy,, 0, siny') 

Two 
P Pi O A - £ ) (sin/2,0, -cos/ 2) Pi (pAti) (sin/2, 0, cos/"2) 

Two 
SV ¿2 (/7,0,-77-, ) (cosy2,0, siny2) Si OA/7 2 ) (cosy'2,0,-siny2) 

Table 2.1. A (Amplitude), s (Slowness) and d (displacement polarization) for each 
plane wave, A exp[/¿y(s • x - t)]i, at an interface. 
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Figure 2.1. All possible incident and scattered waves in the P-SV case. 
The short bold face arrows are the polarization unit vectors d 
for each wave. 
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In the case of a P wave incident in medium one, the column vector of the incident 

waves is 

[ A A A , & ] T = [A , 0,0, of 

Substituting this into equation 2.3, it becomes 

M[A, Éi, A , S2]T = N[A, 0,0, Of 

M[A, Su A , S2]r = [Pi ccipji cos/!, Pi xx cos/!, A aiYx f 

M[A/A, SilPi, A / A , S2/Pi]T = [aip, cos/i, xicos/i, am]1 

M[PP, PS, PP, PS]T = [ axp, cos/,, x\ cos A, axn f (2.6a) 

where PP denotes the ratio A / A , AS" denotes the ratio óVA, etc. 

In the same way, for an SV wave incident in medium one: 

M[SP, SS, SP, SS]T [cosy'i , pip, p\yi, xxcosjif. (2.6b) 

For a P wave incident in medium two 

M[PP, PS, PP, PS] 

-a2p-IcocxX2 COS/2 

cos/2 +Icoc-a2y2 (2.6c) 
2̂ COS/2 

«2^2 

and an SV wave incident in medium two: 

M[SP,SS,SP,ÉS]T = 

- cos J2 - Icxxp2y2 

- frp-Iac-xi oosj2 

piYi 
(2.6d) 

Z2COS72 

From (2.6) it can be seen that the first column of N is used for the case of an 

incident P wave in medium 1, the second for an incident SV wave in medium 1, the third 
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for an incident P wave in medium 2, and the fourth for an incident SV wave in medium 2. 

The first, second, third and fourth equations in (2.3) and (2.6) correspond to the interface 

conditions for ux, u:, Tzx and T::, respectively. Equations (2.6) are a system of linear 

equations, consisting of four equations in four unknowns, which can be solved 

analytically. The solutions of these four linear equations are the closed-form formulas for 

the nonwelded contact reflection and transmission coefficients. 

Consider the system of linear equations, 

where M is a square matrix of order q, X=(xi, x2, X},..., xq)T are the unique solutions, and 

B is a constant column vector. From Cramer's rule, if M is non-singular then the unique 

solution X is given by 

MX=B, (2.7) 

det(M') 
det(M) 

(2.8) 

where M' is the matrix M with column k replaced by the column vector B. 

det(M) is the determinant of matrix M which is defined as 

det(M) = £ ( - l ) i + X det(C,;(M)) j = \,2,..,q 

9 (2.9) 

or det(M) = £ ( -1 ) , + ' /h , det(C!;(M)) i = \,2,...,q 

where Q{M) is the (q-l)x(q-i) submatrix of M obtained by deleting row i and column j 

of M, and m¡¡ is the element in row i and column j of M. 
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From equation (2.6), M is of order 4, and the determinant of M is 

det(M) = mum22m33m44 -mum22m43m34 -mum32m2ìmM+mumì2mrm24  

+ mum42m23m34 -mum42m33m24-m^m^m^m^ +m21mnm43m34 

+ /71, ,/^32^,3^44 -m21m32m43ml4 -m^m42mì3m34 +m2im42m33ml4 

(2.10) 

+ m3XmX2m23m44 -m3XmX2m43m24 -m3Xm22ml3mm + m3lm22m43mi4 

+ m3lm42ml3m24 -m3lm42m23mu-m4Xmnm23m34 +m4imnm33m24  

+ m4ìm22m]3m34 -m41mZ2m33ml4 -m4Xm32mX3m24 + m4Xm32m23mu 

Using Cramer's Rule to find the solutions of (2.6), and defining the variables in the same 

manner as Aki and Richards (1980), and defining some new variables, then after a lot of 

mathematics, one obtains the exact formulas for the sixteen possible particle 

displacement reflection and transmission coefficients. 

Defining the variables a, b, c, d, E, F, G, and H in the same way as Aki and Richards 

(1980), that is, 

a = y2-yl, b = y2+%1p, (2.11a) 

c = n+Z2P, d = 2(p2â;-pB;), (2.11b) 

¢ . = ^ . 7 . « ^ . (2.11c) 

E = bÇi+cÇ2, F = b71]+crj2, (2.1 Id) 

G = a-dÇ1r/2, H = a-dÇ2ni, (2.11e) 

K„ = y; + zito,, L« = ri - zltsi»> (2-1 if) 
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and defining D as 

D = EF + GHp2-co2cxc:K]K2 

-Icocx(p^K2 + p2Ç2Kx)-lG)Cz(pxrixK2 + p2n2Kx) , 

which is the same as the definition in Aki and Richards (1980) expect for the last three 

nonwelded contact terms, one obtains the following formulas for the sixteen possible 

particle displacement reflection and transmission coefficients, where PP denotes the ratio 

A / A , etc. : 

PP= [(b^-c^JF-ia + d^Hp2^ 

+ Wcxc2K2L, +1 (ocx {p2C2L, - p&K2 ) +1 (oc, (px rjxK2 + p2r]2L, )]ZT1, (2.13 a) 

PS= -l^piaJp^ab + cd^D-' 

-24xraM I P,)WcxczK2 + Iœp2(cxÇ2 + c,Jfc)]D-\ - (2.13b) 

PP = fa2)[F - lco{cxyxy2 + c^XJWiW > (213c) 

PS = 2p^JP2)[Hp + Ico(c^2ya2-c:n,y2%,)-\D-', (2.13d) 

SP= -27,/XA /a,)(ab + cdC2n2)D-' 

-IWxXÁPx /ax)[a>2cxczK2 +Iú>p2(c¿2 +c2n2)]D-ì, (2.13e) 

SS= -Y{bn,-cn2)E-{a^d^)Gp2W" 

-IÛ^C/VKJZ, +Iú)cx(p^lK2+p2^2Ll) + Icoc:(p2n2L¡ - pxTjxK2)]D^, (2.13Í) 

SP=- 2m(/¾ la2)[Gp -Ia>(c£y2Zì - CJWMW* , <2.13g) 

SS =2m (/¾ / A )[£ - laipjcaMi + Wa ) ]^ " 1 . (2-13h> 
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PP = 2p2Ç2(a2lax)[F-Iœ(cxyxy2+clXa2W2)}D-\ (2.13i) 

¿tf = -2p242(a2/Bx)[Gp-Ico(cJxy2Zx-c2n2yxz2)]D-', (2.13J) 

P P = - [0£ - c£ ) F + (a + ¿ £ 7 l )0/.2 ID"1 

+ [ÍO 2C ; CCZ^ 1Z 2 +Icocx(px^xL2 - p2Ç2K]) + Icoc,(pxr/xL2 + p2rj2Kx)]D~], (2.13k) 

PS = 2Ç2p{a21 B2)(ac + bdÇxrjx )D~' 

- 2Ç2y2%2(a21 B2){a>2cxc2Kx + Icopx(c£ +c2 r,x)]!)"1, (2.131) 

SP = 2p2r¡2(B21ax)[Hp-Ico{c¿2yx%2 -cznxy2%x)]D~l, (2.13m) 

SS = 2p2r¡2 (B21 Bx )[E - Ico{cx%lx2^2 + cJxy2 )}D~X, (2.13n) 

SP = 2n2p(B2 la2 )(ac + bd$xr¡x )D~l 

-2r¡2y2z2(B2/a2)[a>2cxc2Kx +Icopx(c¿x +czr¡x)]D-\ (2.13o) 

SS = [(bnx-cn2)E + (a + dÇxn2)Hp2)D-1 

- [û)2cxc2KxL2 + I(ocx(pxÇxL2 + p2Ç2Kx ) + Icoc2(pxr/xL2 - p2r/2Kx )]£>"1. (2.13p) 

The formulas (2.13) have been confirmed by using Maple software. The first parts 

of the formulas (2.13) have the same form as the formulas in (5.39) of Aki and Richards 

(1980), except that D contains additional terms due to nonwelded contact. The remaining 

parts are due to nonwelded contact. We can rearrange the formulas (2.13) to separate out 

the welded contact terms so that the first parts of the formulas will be the coefficients for 

the case of welded contact and the rest are the nonwelded terms. The following shows the 

procedure for rearranging formulas (2.13). 



22 

Each formula for a coefficient in (2.13) can be written as: 

D 
(2.14) 

where R is the coefficient, N is the numerator in the formula, and D is the denominator in 

the formula and is given by (2.12). 

That is N = NV,+ Nr,co2crc. + IcocyNr + Icoc,N7, (2.15) 

and D = DW- Dxzco\cz - IcocxDx - IcoczDz (2.16) 

where Nw and Dw are the welded contact parts of N and D. The expressions for Nw, Dv 

Nxz, Nx, etc., can be determined by inspection of (2.12) and (2.13). 

From (2.15), „ Nw (02cc, Tcoc ox, .T 

R = ^^ + —Nrr +1—-N+I—-N7 

D D D D 

(2.17) 

Decomposition of the first term in (2.17) into two fractions is done as follows: 

D 
N.. 

^  Dx- 2 T
 D * r A A 

1 — CO cc, - Icocr - Icoc, —f 

D D D 

(2.18) 

K , A 
w 1 — CO CC, - l(OCR—--Icoc,—-

D, £>,, " D. 

(2.19) 

N 

where A is to be determined. R = —— is the coefficient for the case of welded contact. 

Further manipulation of (2.19) results in 
Nw _ Nw -R^D^co cxcz -IcocxRM,Dx -Icoc.RM,D,+ ADM 

D D 
(2.20) 



23 

Comparing the right hand side and left hand side results in 

A., 

Substituting^ from equation (2.21) back into equation (2.19), gives 

Nw _ Nw+RwDxzco2cxcz +IcvcxRwDx+IcoczRwDz 

D D D 

and -£ = R w + — ^ R w D x z + I-^-RwDx +I--LRwDz. (2.22) 

Substituting (2.22) into equation (2.17) results in 

R = Rw +^-^(RwDxz +NXZ)+I^(RWDX+NX)+I^(RWDZ +NZ). (2.23) 

Rewriting the formulas (2.13) in the format of (2.23), the exact formulas for the P-SV 

particle displacement reflection and transmission coefficients for the nonwelded contact 

interface become 

PP = PPW +—^LK2 {PP^K, + LO +1 -j*- [PPWK> + p£2Lx -p£K2 ] 

CliC •. r 
+I^-[PPwKtl + plTîlK2+p2772L] I (2.24a) 

2 
, , , , />) C C \ ' f¥ fi)C y r C/ 

PS = P S w +—-^K2 {PSJb -74lYlXl HL) +1 -¢-[P&Kf - 2 A t o , ] 

+ I ^ [ p S w K T 1 - 2 M W , ^ 1 (2.24b) 



24 

D P ) a 2 

+ I ^ [ P P w K r ; - 2 p & w 2 % a 2 — l (2- 2 4 c) 
D ^2 

PS = PSW +^^KlK2PSw +IC^-[PSWK£ +2p&Ç2y1x2^-] 

+I^[PSWKV-2p¿m2X^\ (2.24d) 
D Pi 

.2 

SP = SPW + " 
D " 2 V w 1

 a i ' D * a 

+ / £ £ . [ # w t f f - 2 p 2 n , n 2 r , x A \ (224e) 

SS = &w +^^K2(SS^-Li) +I^[SS„K, -p&K2 -p^L, ] 

+ I

(^[SSwKrì-p2r/2Lì +pn,K2], (2.24Í) 

í í ^ j ^ & W — [SPWK4 +2p¿1nj2x1 — 
D D «2 

+I^[SPwKr!-2p]7lir,2ylX2 — l (2-24g) 
D - " "«2 

D D P2 

+I^[SÈ„Kv-2mnrAl (2-24h) 
D P2 
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2 

PP = PPW +^-^KxK2PP*, +IC°^[PPWKC -2p£2yxy2 

D ' D a, 

+ I ^ [ P P w K -Ip&n^xaj—l (2-24Ì) 
D a, 

PS = PSW + ^ ^ / ¾ ASW +I^[PSWK4 +2p2^2y2ll 

u JJ /J] 

(OC, p 1 ; a „ ~ . CC2 +I-^-[PSwKri-2p2Ç2n2ra2-?-l (2.24J) 
1/ p, 

, , , , fiì^C C * - fliC • ^ 

PP = PPw + —^K1(PPWK2+L2) +I-^[PPwKç + p&L2 - p2Ç2K, ] 

flìC r ^ 

+I-^[PPwKn + m L 2 +p2rj2Kll (2.24k) 

PS = PSw +^-^-Kl(PSJC2 - 242y2Z2 ^) +I-±[PSWK( -2p¿¿2y2%2-f ] 
D p2 JJ p2 

(oc, rTÌA „ „ a2 +I-^-[PSwK!i-2p¿2Wt%2-Ll (2.241) 
JJ p2 

SP = ÉPW + 0 Cx°zK1K2 SPW +1^[ÉPWK, + 2p2Ç2n2ylz2 ] 
D D a. 

+I^[$P„KV-2p2r¡xn2y2zx^-\ (2.24m) 
D a. 

ÉS = ÉSW +^^KXK2SS„ +I^[SSWK4 - 2 p2n2%lZ 2 ^ 2 ^ - ] 

D U Pi 

+I^-[SSwKn-2p2W2^-l (2.24n) 
JJ P\ 
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SP = SPW +^1.^^2-2^/^2^) +I^[SPWK, -ip&rwtfi — i D a2 D a2 

+I^[SpwKn-2plW2ya2^), (2.24o) 

SS = SSW + ® Ki(SLK2 -L2)+I^[SSWK4 -p&L2 -p&K, ] 

+ I^-[SSwKtJ -p,r¡xL2 +p2n2Kì], (2.24p) 

where = p£xK2 + p2^2Kx, 

K„= pìTjìK2+p2T]2Kl, 

and PPW, PSW ,etc., are the reflection and transmission coefficients for a welded interface, 

as expressed by the formulas (5.39) ofAki and Richards (1980). 

Although all sixteen coefficients are given above, the last eight can actually be 

obtained from the first eight by switching subscripts 1 and 2 (e.g., PP can be obtained 

from PP in this way). The above formulas have been checked by evaluating them for 

particular numerical values of the medium parameters and verifying that the results are 

identical to the solutions obtained by numerical solving the matrix equations (2.3). 

The above solutions can also be applied to the case of a viscous nonwelded 

interface (e.g., a fracture or joint containing a fluid under saturated conditions). To 

include the effect of viscosity, a term involving a discontinuity in the x-component of the 

particle velocity is included in the boundary conditions {Pyrak-Nolte et al, 1990b). 

Specificly, the equation involving ux in (2. la) is modified as follows: 

+ v / ^ a - - = T„ , Kx = l/cx (2.25) 



27 

where vx is the specific viscosity for the interface. Since ux x exp(-Ia)t) in the plane 

waves that are substituted into equation (2.25), the effect of viscosity can be included by 

simply replacing KX with KX-ICÙVX in (2.3), (2.6) and (2.13) or (2.24), i.e., by replacing cx 

W\xh.cxl{\-Iœcxvx). 

Pyrak-Nolte et al. (1990b) have shown that, in the case of an SV wave normally 

incident upon a nonwelded viscous interface between two identical materials, the effect 

of viscosity, e.g., a fluid-fill crack compared to a dry crack (or one filled with a 

compressible gas for that matter), is to reduce the energy transmitted at low frequencies 

and increase the energy transmitted at high frequencies. 

2.2. Energy conservation 

It has been shown by Pyrak-Nolte et al. (1990b) that energy is conserved for P 

and SV waves normally incident upon a nonwelded interface between two identical 

media. In other words, they have shown that the sum of the energy-based reflection and 

transmission coefficients is one. However, energy is also conserved for P and SV waves 

which are obliquely incident upon a nonwelded interface between two different materials, 

as is shown below. 

In order to treat the question of energy conservation, we calculate the normal 

component of the energy flux vector, i.e., the intensity I in the media. Energy is 

conserved if the mean (time-averaged) value of the normal component of I is continuous 

across the interface. The formula for they'th component of the intensity I is given by 

I; = - V , (2.26) 

where i and j = x, y, z. 

If the P and SV seismic waves travel in the x-z plane only, then the component of the 

intensity I in the direction normal to the interface, i.e., the z-direction, is given by 
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The normal component of the intensity in medium one is 

By using the boundary conditions (2.1), equation (2.28) becomes, at the interface, 

^ = - 1 ^ 1 ( » ^ - ^ ) (2.29) 

i.e., Í ^ I M v S ^ (2.30) 

with « ^ = 1 1 ^ + 1 1 ^ + 1 1 ^ , W ^ = w f ) + M f \ (2.31) 

where the superscript "(/)" denotes they'th medium and ine, RP, RS, TP and TS denote the 

incident wave, reflected P wave, reflected SV wave, transmitted P wave and transmitted 

SV wave, respectively, and where we have assumed that the incident wave is in medium 

one. 

Equation (2.30) differs from the one in the case of welded contact only in the 

terms containing c„ (the rightmost sum). For energy to be conserved at the nonwelded 

interface, the time average of these extra terms has to be zero. That it is in fact zero can 

be shown as follows. 

The stress components in medium two have terms associated with the transmitted 

P and SV waves. Hence, the extra terms in equation (2.30) can be written as 
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I V « ^ = Z ' . t f T C + + r j f ? + C ^ X (2.32) 

In the case of real-valued specific compliances, the time average becomes, with the real 

part taken for calculation, 

o (2) 
, y (2) — nz.Re, y r , g . I P v v J S -TS v , I P -IS -TP IS n /-o 33Ì 
\ Z_i " «ï.Re / c n L\ 4 nr.Re 1 œ.Re I T \ 4 nz.Re ' nz.Re I ~ \ 1 nz.Re 4 nz.Re T 1 nz.Re L nz.Re/J' ^ • • " / 

where the subscript Re means the real part (in case the plane wave for the stress 

component is expressed as a complex exponential). 

The plane harmonic wave for each stress component has the form 

f(x,t) = A(x)e~la" . Using the rule which states that if f(x,t) = A{x)e~Ia" and 

g(x,t) = B(x)eIa" then 

<Re(/)Re(s)> = ̂ R e C / y ) (2.34) 

results in 

< / R e / R e > = ̂ Re( / /*) = ̂ Re(Ae^'(Ico)AV')=^\A2\Re(I) = 0 . (2.35) 

Equation (2.35) shows that the first two terms on the right-hand side of (2.33) are zero. 

Let TZ = f{x,t) = A{x)e~Iœt and TTJ = g(x,t) = B(x)e-Iwt. Then, the last term in (2.33) 

becomes 

\ 'nz .Re 'nz.Re + ' n r . R e ' n z . R e / — Y / R e ô R e
 + JReSRe / 

= ^Re(fg+fg) 

= ^RQ[Ae~la"B\l(o)eIú" + A(-Ico)e'Iú"B*eIa"] 

= ̂ Re[0] = 0. (2.36) 
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Equation (2.36) demonstrates that the last term in (2.33) is zero. 

As shown above, the time average of the right most sum in equation (2.30) is zero 

which leads to <I-(1)) = ( Iz

( 2 )) for real-valued specific compliances c„. This means that the 

normal component of the mean intensity is continuous across the boundary. Hence, 

energy is conserved, i.e., the sum of the energy-reflection and transmission coefficients 

(the relative mean normal intensities) is one. 

Energy is not conserved in the case of a viscous nonwelded interface (for which cx 

is replaced by c = cx/(I-1 eoe xvx) in the above equations), because energy is dissipated 

due to the presence of a fluid in the crack. As cx is complex, the time average of the last 

term in equation (2.30) is no longer zero. Its value gives the amount by which the sum of 

the energy-based reflection and transmission coefficients differs from one. 

2.3. Approximation of the exact formulas for small compliances 

Approximations of the exact formulas for the particle displacement reflection and 

transmission coefficients for a small amount of nonwelded contact, i.e., for small values 

of the specific compliances cx and cz, could be useful in some applications in seismology. 

The Taylor series expansions of the formulas are used for these approximations. Consider 

each formula as a function of two variables, cx and cz, and use the definition of a Taylor 

series for a function of two variables x and y about x = a and y = b, i.e., 

f(x,y) = f(a,b) + (x-a)fx(a,b) + (y-b)fy(a,b) 

(2.37) 
+ | { ( ^ - « ) V « ( ^ ¿ ) + 2(x-a)(v-/3)/^(a,/3) + ( j - /3) 2 /^(« ,¿)} + ... 

where fx(a;b),fy(a,b),... denote partial derivatives with respect to x, y,... evaluated 

atx = a, y - b. 
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As we can see, the formulas (2.13) or (2.24) are functions of the specific compliances cx 

and cz. Each of these formulas can be expanded as a Taylor series in cx and c- about cx = 0 

and c: = 0, where the Taylor series approximation for each formula is, taking the terms up 

to first order in cx and c- only, 

f(cx, c f ) = /(0,0) + cxfCx (0,0) + cjc¡ (0,0) . (2.38) 

Applying (2.38) to (2.13) or (2.24) yields 

, r ^ r CÍ)C ^ t 

PP = PPw+I--±- [ppw K{ + p2Ç2Lx - pxÇxK2 ] 

ÚX" - f 
+/_^ [PPwKn + PiTjxK2+p2n2Lx ] (2.39a) 

P S = P S W + I ^ [ P S W K 4 - ip&znzi 5 - ] 

+ / [ / 3 ^ - 1P&TWXX, ] (2.39b) 

PP = PPW+I-^ [PPwK{ -2p¿xyxy2 ] 

+ I^[PPWKV -ip&n^xa,^-} (2.39c) 

PS = ¿ > ^ £ £ L +2px^2yxZ2 f-] 

+ I^[PSwKn-2p¿m2Xx^\ (2.39d) 



+1^ [SPViKv-2p2w2ylZAl 

SS = SSW +Ij±[SSwK; - p&K2 - p£2Lx ] 

+ / [SSWK„ - p2r¡2Lx + p rjxK2 ] 

SP = SPW +I°^[SPWK£ +2p^rJlr2Zl — ] 

A, a2 

SS = SSW +I^[SSWK4 -IpM^XxXi4] 

+ I^[SSwKn-2p]Wiy2j^) 

PP = PPW +I^f- [PP„Kt - 2p¿2y}y2 -2-] 

+I^[PPv/Kt}-2p2C2n]rj2%ì%2^] 
w 

PS = PSW+I^ [PSWK£ + 2p2ÇlÇ2y2zi - f ] 

+/^- [/¾* - 2p2Ç2rj2riZ2 X ] 

" l 
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PP = PPv+Ij^iPPvK; + p&L2 - p2Ç2K, ] 

+I^_[PPwKi] +p^L2 +p2n2Kì] (2.39k) 

PÈ = PÈw+I^[PSv,K4-2p¿¿2y2x2^] 

(2.391) 

SP = SPW +l°^[SPwKr +2p2Ç27]2ya2 — l 
A., «, 

+ [SPwKn-2p2t7lTj2r2X^] (2.39m) 

S^SS^+I^i^K,-2p2n2xx2^2^f) 

+I^[SSwKn-2p2n2y}y2^] 
A Pi 

(2.39n) 

SP = SP„+I^[SPWK< -2p^n 2 y 2 % 2 

D a. 

+ I^[SPViKn-2p1rJ]n2y2z2^ ] 
D,. a. 

(2.39o) 

SÈ = SSW +Ijf-[S$„K4 -p&L2 -p¿2K, ] 

[S&K, -pTj,L2+p2rj2Kx] (2.39p) 



PP = PP„+Ij^ [PPwKç + p&L2 - p^2Kt ] 

PS = PÈW +I^[PSWK4 -2p¿¿2y2z2] 
A Pi 

a-, 

ÉP = SPVi+I^[SPwK( +2p242Tj2y1z2 — ] 
A , «, 

SS = SÉw+I^[SSwKç-2p2n2zZ2^2^ì 

SP = SPW+I^[SPWK?-2p^?j2r2Z2—] 
A . ç a7 

SS = SSW+I^ [SSwKç -p&L2 - p2Ç2K, ] 

34 

+/^ [PP„Kn +plrjlL2+p2rj2Kl] (2.39k) 

+I^{pSvlKv-2p^y2z2^-\ 
fío (2.391) 

A.. «i 
(2.39m) 

+ / ^ [ & w ^ - 2 / W i r 2 § - ] 
A» A 

(2.39n) 

A , 
(2.39o) 

(2.39p) 
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CHAPTER III 

A NONWELDED CONTACT INTERFACE IN 

A SINGLE HOMOGENEOUS MEDIUM 2 

3.1. Reflection and transmission coefficients for a nonwelded contact 

interface in a single homogeneous medium 

A special case of interest is that of a plane interface in a single homogeneous 

medium (e.g., a crack, joint, or fracture). The media above and below the interface are 

identical. Suppose a plane P wave is incident in medium 1 upon this interface. If there 

were welded contact at the interface, there would be no reflected waves and no converted 

(P-SV) transmitted wave, only an unconverted transmitted wave with the same amplitude 

as the incident wave (PP =1), because there is no impedance contrast across the interface. 

However, if there is nonwelded contact at the interface, both P and SV reflected and 

transmitted waves would be produced. Similarly, if the incident wave is an SV wave, 

both P and SV reflected and transmitted waves would be produced for a nonwelded 

interface, as opposed to the case of welded contact, in which only an unconverted 

transmitted wave would be produced. Substituting ax = a2 = a , Bx = B2 = B, 

px = p2 = p, into the formulas in (2.11), (2.12) and (2.13), and noting that Snell's law 

implies z, = i2 = i and j\ - j2 = j , results in the following definitions, 

Parts of this chapter have been published in the Journal of Geophysical Research: see Chaisri 
and Krebes (2000). 
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D = {2pÇ-Icoc:K){2pn-IœcxK), (3.1a) 

Z = 2p/32p, y = p(l-2B2p2), (3-lb) 

cos/' cos / , . 
4 = — , 1 = * * (3-LC) 

K = y2+z2Çr/, L = y2-z2Çri, (3.1d) 

and in the following formulas: 

PP = [co2cxc:KL + 2Icopn(c:y2 -cxz2Ç2)]D~\ (3.2a) 

PS = - 2yzÇ(al B)[co2cxc:K + Icop(cxÇ + c:rj)]D~L, (3.2b) 

PP = 2pÇ[2pr,-Iœ(cxy2 +c,XWW>~\ (3.2c) 

PS = 2IcopyzÇ(a/8)(cxÇ-c:n)D-\ (3.2d) 

SP = -2yzrj(B/a)[û)2cxczK + Iû)p(cxÇ + czn)]D~L, (3.2e) 

àà=-[œ2cxctKL + 2Iœp^{cxy2-C:Z2TÎ2)D'\ (3.2f) 

SP = -2Iœpym<fldKcxri-cxÇ)D-\ (3.2g) 

55= 2pti2pÇ-Iœ(cxz2Ç2 +c 2 r

2 ) ]Zr ] . (3.2h) 

In the case of welded contact, and cz are zero, leading to the results PP = 1 and SS = 1, 

with the other six coefficients being zero. In other words, the incident wave is transmitted 

through the interface without change, as expected. Note also that at zero frequency, all 

the coefficients are also zero except for PP = 1 and SS = 1. 

It is conceivable that these results could help to explain observations that are 

occasionally reported of anomalous seismic reflections in zones where none are expected 
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(due to the lack of significant impedance contrasts). To cite one example, Hurich et al. 

(1985) reported unexpectedly large seismic reflection amplitude from mylonite zones 

where acoustic contrasts are small. Although they suggested constructive interference due 

to layering as the cause, it is not unreasonable to consider the possibility that nonwelded 

contact at the interfaces may have enhanced the amplitudes above expectations. 

The existence of reflected and transmitted waves in this case of a nonwelded 

contact interface separating identical media is also predicted by a simple microscopic 

model of a solid consisting of a lattice of masses and springs (Krebes, 1987). Also, in this 

case, and in the general case in which there is an impedance contrast, the theoretical and 

numerical results of the microscopic theory can be made to agree exactly with those of 

the macroscopic theory by matching appropriate microscopic parameters (involving 

spring and lattice constants) with the corresponding macroscopic ones (involving specific 

compliances). See appendix I for details. 

3.2. Approximations of the reflection and transmission coefficients 

3.2.1. Small specific compliances approximation 

For a small amount of nonwelded contact, i.e., for small values of the specific 

compliances, or more generally, when the dimensionless parameter terms s = pvcoc 

(where v is a phase velocity, c is a specific compliance, and co is the angular frequency) 

are very small (see equation 2.42), the exact formulas (3.2) can be approximated so that 

to first order in cx and cz, they become 

(3.3a) 
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P S = - ! ^ ( C ¿ + C,TJ), (3.3b) 
2pBn 

PP=l + -I^(c:y2

+cxZ

2t2), (3.3c) 

PS=^^(cJ-czrj), (3.3d) 

SP=-^f(cJ + cz?7), (3.3e) 
2pa^ 

SS=^-(czx2V2-cj2\ (3.3f) 
2pn 

SP=^ËK{CJ-C:TJ), (3.3g) 
2 pac 

SS= l + J^(cxr

2+c:X

2r/2). (3.3h) 
2p// 

These formulas can be obtained either by substituting the same medium parameters for 

both media into approximations (2.39) or by expanding the exact formulas (3.2) for small 

cx and cz (via Taylor's formula or otherwise). More generally, the formulas in (3.3) are 

valid for pvcoc « 1, where v = a or B and c = cz or cx. In other words, equations (3.3) 

hold even for larger values of cx and c-, as long as the frequency values are small enough. 

There are some cases, however, for which they are not valid. Inspection of 

equation (2.4) for the matrix M shows that for very small values of cos/'? the nonwelded 

contact term containing cz in A/23 is no longer small compared to the welded contact term 

cos/2. Applying this to (3.3) means that for /'—»90°, some of the formulas in (3.3) will 

not be accurate. Inspection of (3.3) shows that PP, PP, SP, and SP —>oo as 

E, - (cos/)/a —» 0, whereas they actually tend to finite values, as can be seen from the 

exact formulas in equations (3.2). For an incident P wave this is not very important 
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because incidence angles near 90° rarely occur in practice. For an incident S wave, 

however, £ = 0 at the critical angle jc = arcsin(/31 a) for the scattered P waves, and is 

therefore of greater importance. Inspection of M m in (2.4) shows that a similar situation 

occurs for very small values of cos/2. However, applying this to (3.3), it is again not very 

important, as the small values of r¡ - (cos j) I J3 occur only for an S wave incident near 

The approximation formulas in (3.3) also show that coefficients such as PP have 

substantial phase values, although their amplitudes are small. Normally, such coefficients 

would be zero for welded contact between identical media. For example, the phase of PP 

is ±90°. This could be useful in data analysis as an indicator of the presence of a 

nonwelded contact interface. 

3.2.2. Small p approximation 

The approximation formulas (3.3) can be further approximated to yield formulas 

for small p, i.e., small incidence angles. Such formulas would be useful in amplitude 

versus offset studies in exploration seismology. Using Taylor expansions for instance, 

and keeping only terms up to 0{p2), and defining r = fi ¡a, we get 

90°. 

(3.4a) 

PS Icopr(/3cx + acz )ap, (3.4b) 

PP (3.4c) 

PS Ia>pr(/3cx - ox. )ap, (3.4d) 

SP I(opr(f3cx +acz)f3p, (3.4e) 
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SS = -^IcopB cx-±(7cx+Zc2)/32p2 

SP = Icopr(Bcx - ac, )pp, 

(3.4Í) 

(3.4g) 

SS= \ + ̂ IcopB cx-Ujcx-%c:)B2p2 (3.4h) 

In applications of equations (3.4a)-(3.4h), p should be small enough so that the singular 

point p-l/a is avoided. The formulas can also be written in terms of the incidence 

angle. For an incident P wave, in equations (3.4a)-(3.4d), replace ap with sin i. For an 

incident SV wave, in equations (3.4e)-(3.4h), replace B p with sin j. 

3.3. Note on the sensitivity of the coefficients to the specific compliances 

Another interesting application of the formulas is the study of the sensitivity of 

the reflection and transmission coefficients to the specific compliances, cx and cz. Chaisri 

and Krebes (2000) indicate that at a given angle of incidence, the amplitude of the 

reflected P wave, \PP\, either decreases with cx and increases with cz, or increases with cx 

and decreases with cz. For the reflected SV wave, \PS\ increases with both cx and cz, and 

it is always more sensitive to the normal specific compliance c- than the tangential 

specific compliance cx. For the transmitted P wave, \PP\ is almost insensitive to both cx 

and cz. Most of the scattered waves are more sensitive to the normal specific compliance 

cz than the tangential specific compliance cx, except for the SS reflection for which the 

situation is reversed for small and large (but not medium) angles of incidence. In 

addition, all the sensitivities also increase with the frequency. 

For the phase sensitivities of the coefficients, equation (3.3) suggests that the 

phases of the reflection coefficients PP and PS are always exactly 90° and that they are 

insensitive to the specific compliances of the nonwelded interface. However, this is not 

really the case. To determine the phase sensitivities of these coefficients to first order, a 
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second order expansion of the exact formulas is actually required. This is because the 

phase is computed from the arctangent of the ratio of the real and imaginary parts of the 

coefficients (the real and imaginary parts involve terms of even and odd order, 

respectively). Numerical experimentation suggests that the phase sensitivities of these 

coefficients tend to behave more or less like their amplitude sensitivities — generally, 

they are more sensitive to cz at the smaller angles. 



42 

CHAPTER IV 

NUMERICAL EXAMPLES: REFLECTION AND TRANSMISSION 

COEFFICIENTS FOR NONWELDED CONTACT 3 

4.1. Introduction 

This chapter shows examples of plots of the coefficients from Chapter II and III 

for the discussion of the behaviour of wave propagation across a nonwelded contact 

interface. In Section 4.2, examples for a nonwelded contact interface in a single 

homogeneous medium are shown in Figure 4.1. In the case of a welded interface, in 

which the media above and below the interface are identical, all the coefficients are zero 

except for PP and SS (assuming the upper medium is the incidence medium), which are 

unity. When there is the presence of a nonwelded contact interface, even though there is 

no impedance contrast, we still can see energy reflected from such an interface and some 

changes in the transmitted waves. Figure 4.2 shows plots of the approximation formulas 

(3.3) and (3.4), showing how well the approximate formulas match the exact formulas. 

The last section shows examples of the coefficients for a P wave incident from the 

first medium when medium one and two are different. The results show that the 

amplitudes and phases of the coefficients are changed due to the presence of a nonwelded 

interface compared to the case of a welded interface. 

Parts of this chapter have been published in the Journal of Geophysical Research -
andKrebes (2000). 

- see Chaisri 
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4.2. Numerical examples: a nonwelded contact interface in a single 

homogeneous medium 

Consider the case of a nonwelded interface between two identical materials, and 

consider an incident P or SV wave in the upper medium. Figure 4.1 shows examples of 

the eight possible coefficients: (a)-(d) are the reflection and transmission coefficients for 

an incident P wave and (e)-(h) are those for an incident SV wave, for three different 

frequencies, 1,5, and 10 Hz. Figure 4.1 can be produced either by plotting equations 

(3.2a) - (3.2h) or by solving (2.3) numerically. We chose cx = 2cz because cx is typically 

substantially larger than c z (Pyrak-Nolte et al. 1990b). Also, by choosing a = 2/3 as well, 

each matrix element in (2.4) and (2.5) containing a nonwelded contact term can, for 

normal incidence (i,j,p = 0), be expressed as the conventional welded contact term times 

(l±Ie), where the plus sign is used in (2.5) and the minus sign in (2.4), and where the 

dimensionless variable s = p/3cocx (see equations 2.40 and 2.41). The specific 

compliance cx was then chosen so that £*1 for the highest frequency. The specific 

compliances of the interface are cx = 5xlO~9m/Pa and c. = 2.5 xlO" 9 m/Pa. These values 

are such that for the lowest frequency, 1 Hz, the nonwelded contact terms in (2.4) and 

(2.5) are small compared to the welded contact terms, whereas for the highest frequency, 

10 Hz, they are comparable to the welded contact terms. The values of the medium 

parameters are a = 2800 m/s, 6 = 1400 m/s, and p = 2300 kg/m3, which are typical 

values for the upper crust. 

Even though there is no impedance contrast, figure 4.1 shows the interesting 

result that reflected waves are produced for ¿:^0. For small E (f = 1 Hz) the scattered 

waves are small in amplitude except for the transmitted P and SV waves in figure 4.1c 

and 4.1 h respectively. 
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(b) IncP-> Ref S 
0.5 I 1 1 1 1 1 1 1 r 

INCIDENCE A N G L E (DEG) 

0 I 1 1 1 1 1 1 1 r 

0 10 20 30 40 50 60 70 80 90 

Figure 4.1. The amplitudes and phases of the eight scattered wave 
coefficients (a) PP, (b) PS, (c) PP, (d) PS, (e) SP, (f) SS, (g) SP, and (h) SS 
for a nonwelded contact interface separating two identical media. The 
medium properties are p = 2300 kg/m3, a = 2800 m/s, and B = 1400 m/s. 
cx =5xlO"9m/Pa and cz = 2.5x10-9m/Pa. The thin solid line is the 
calculation for the frequency 10 Hz, the dotted line is for 5 Hz, and the 
thick solid line is for 1 Hz, corresponding to f «1, £«0.5, and £•«0.1, 
respectively. 



Figure 4.1. Continued. 
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Figure 4.1. Continued. 
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When s increases (f = 5, 10 Hz), the normally small-amplitude waves become 

more prominent. In the case of an incident SV wave, Figures 4.le - 4.1g, at 30 degrees 

(the critical angle for the reflected and transmitted P waves), the amplitudes of scattered 

waves become substantially larger except for SS, Figures 4.1h. 

Figure 4.1 also shows that the coefficients have significant phase values, even for 

small s. For example, in Figure 4.1a, the reflected P wave PP, although small in 

amplitude at small e, experiences a phase shift of about 90 degrees. In the interpretation 

of seismic data the observation of small P—>P reflections where none are expected, with 

90° phase shifts, could be evidence of the presence of a small amount of nonwelded 

contact at the reflecting interface. Figure 4.1 also shows that at an incidence angle of 90 

degrees (grazing incidence), all the incident P energy goes into the reflected P wave and 

all the incident SV energy goes into the reflected SV wave, with the other scattered 

waves becoming negligible, even for large amounts of nonwelded contact. This can also 

be seen from the exact formulas (2.13), which show that PS, PP, and PS oc cos i\ and SP, 

SP, and SS oc cos j\, which approach zero for grazing incidence. 

Another interesting result involves the converted wave reflection coefficients in 

Figures 4.1b (P—>SV) and 4.le (SV—>P). The amplitudes of these converted waves are 

small for small s but they have significant values of phase change. When interpreting 

data, if a small-amplitude converted reflected wave with a noticeable phase shift (around 

90 degrees) is observed, when none is expected, then this could again be evidence of the 

presence of a nonwelded contact interface. 

The curves in Figure 4.1 can also be viewed as curves for varying values of cx at a 

fixed frequency, because e oc cocx, and to and cx appear in matrices M and N (equations 

2.4 and 2.5) only in the combination cocx (recall that coc: =cocx I'2 in this figure). For 

example, for a fixed frequency of 10 Hz, the curves labeled 1, 5, and 10 in Figure 4.1 

would correspond to cx = 0.5, 2.5, and 5 mm/MPa (or KX = 2.0, 0.4, and 0.2 MPa/mm), 

respectively with c z = cx 12. 



49 

Pyrak-Nolte et al. (1990b) showed that, for normally incident plane P waves, the 

nonwelded contact interface behaves somewhat like a low-pass filter for the transmitted P 

wave, that is, at low frequencies, the transmitted P wave has a high amplitude whereas 

the reflected P wave has a low amplitude. Figure 4.1 confirms this result and, in addition, 

shows that the nonwelded interface behaves like a low-pass filter for the transmitted P 

wave at all angles of incidence except for those near 90 degrees and that the filter also 

attenuates the scattered converted waves at low frequencies as well. 

Examples using the approximations of the coefficients are shown in Figure 4.2. 

Only the approximation for the reflected P wave coefficient, PP, is shown here. The 

exact formula (3.2a), the small compliances approximation formula (3.3a), and the 

formula (3.4a) for small compliances and small p (i.e., the small p approximation of 

formula 3.3a) are plotted in the same diagram. Figure 4.2 shows that when ¿-get smaller 

(Figure 4.2b has the smaller value of s), the amplitudes of the approximation formulas get 

closer to those of the exact formula. In Figure 4.2, the small compliances formula 

approximates the exact amplitude very well up to an incidence angle of about 80°. Figure 

4.2 also shows that the approximation for small compliances and small p fits the small 

compliances approximation very well up to an incidence angle of about 40 degrees. 

Regarding the phase, in the small compliance approximation (see formula 3.3a), the 

phase of the reflected P wave coefficient is always 90° whereas in the exact case, it is not 

-- it varies with E (see formula 3.2a and Figure 4.2). To get a better approximation for 

the phase, a second-order expansion is required. On the other hand, the exact phase does 

tend to get closer to 90° as E get smaller. 

As mentioned above, the small cx and cz approximation formulas are valid for 

E « 1, where E is the dimensionless parameter E = pBcocx or £ = pacoc.. If the 

frequency is small enough, the approximation formulas hold even for larger values of the 

specific compliances cx and c2. 
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The medium parameters are the same as those used in Figure 4.1. 

(a) The calculation at the frequency 10 Hz (s « 1 ). 
(b) The calculation at the frequency 5 Hz (e « 0.5 ). 



51 

Figure 4.2 confirms this result: the accuracies of the approximations for 5 Hz are greater 

than those for 10 Hz, meaning that one could use larger compliance values in the 5 Hz 

case and still maintain an accuracy level greater than or equal to that of the 10 Hz case. 

This result applies to all the coefficients. 

4.3. Numerical examples: a nonwelded contact interface between two 

different media 

This section presents examples of the coefficients in the case of a nonwelded 

contact interface separating two different media. The phase velocities in the two media 

are ax =2500 m/s, Bx =1250 m/s, a2 =3200 m/s, and B2 =1550 m/s. The density in 

both media is 2300 kg/m3. 

Figures 4.3 and 4.4 show the particle displacement reflection and transmission 

coefficients in the case of a P wave incident from medium one. For comparison 

purposes, the coefficients for the case of welded contact are plotted as well (the dotted 

lines in the figures). The exact coefficients for a nonwelded interface (equations 2.13 or 

2.24) are plotted as thin solid lines for the frequencies 72 and 36 Hz in Figures 4.3 and 

4.4, respectively. The thick solid lines represent the small cx and cz approximations of 

the coefficients (equations 2.39). In the same way as in Section 4.1, the effect of a 

nonwelded interface depends on the dimensionless terms cocxp2B2 and coczp2a2 

(denoted by s in Section 4.1). Small ( « 1 ) values for these terms signifies a small 

amount of nonwelded contact (see equation 2.42). Both of these dimensionless terms 

have a value of about 1 in Figure 4.3, and about 0.5 in Figure 4.4. The strong effects of a 

nonwelded contact interface on the amplitude and phase of the coefficients are shown in 

Figure 4.3 for a high frequency and high value of the dimensionless £• terms. 
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Figure 4.3. Four coefficients for the case of a P wave incident in medium one. 
The phase velocities in the two media are ax =2500 m/s, /?, =1250 m/s, 
a2 = 3200 m/s and B2 = 1550 m/s. The density in both media is 2300 kg/m3. 
The dotted line is for the case of a welded contact interface (cx,cz = 0 ). The 
thin solid line is for a nonwelded contact interface with cx = 6xl0"1 0 m/Pa and 
cz = 3xl0" 1 0 m/Pa, and a frequency of 72 Hz and is computed using the 
exact formulas. The thick solid line is the small compliances approximation 
for nonwelded contact (with the same values of cx, cz and frequency). 
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When the frequency is decreased, the effect of a nonwelded interface is also 

decreased. This is indicated by the fact that the solid lines (nonwelded contact) are closer 

to the dotted lines (welded contact) in Figure 4.4 than in Figure 4.3. For the higher 

frequency, i.e., the higher e (Figure 4.3), the change in amplitude and phase, due to 

nonwelded contact, for the reflected P wave is large compared to the corresponding 

change for the transmitted P wave. In other words, a nonwelded interface has a larger 

effect on the reflected P wave than on the transmitted P wave. This is also true, to a 

lesser extent, for the lower frequency (Figure 4.4). For the reflected P wave in Figure 

4.4a (the smaller frequency, i.e., the smaller s), the effect of the nonwelded interface on 

the amplitude of the coefficient is relatively small, however, there is still a significant 

effect on the phase, i.e., a phase shift of about 90 degrees for incidence angles up to about 

50 degrees. 

In practice, the specific compliances of a nonwelded interface in the subsurface 

are likely to be small. Consequently, it would be easier to detect such a nonwelded 

interface with higher frequencies (higher frequencies mean higher e values). Detection 

would involve observations of reflection event amplitudes which are significantly 

different (because of nonwelded contact) from those expected. On the other hand, phase 

shifts due to nonwelded contact are quite significant, even for lower frequencies, i.e., 

lower s values (see Figure 4.4a, which shows a phase shift of about 90 degrees), and 

could be used to detect a nonwelded interface even when frequencies are lower. 

For the converted P—»SV wave in Figures 4.3c and 4.4c, the effect of a 

nonwelded interface makes the phases of the coefficients about 90° different from those 

in the case of a welded interface, and there is a very strong change in the amplitude, even 

in Figure 4.4c in which the values of s terms are small. 

Consider the plots computed from the small cx and cz approximation (equations 

2.39), i.e., the thick solid lines in Figures 4.3 and 4.4. The approximations are quite good 

in both amplitude and phase when the value of e is small (Figure 4.4). Inspection of the 

phase of the reflected P wave in Figures 4.3a and 4.4a shows that the approximate curves 
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agree better with the exact calculation curves when compared to the case of a nonwelded 

interface in a single homogeneous medium, as the phase values are 90° for all incidence 

angles (equation 3.3a and Figure 4.2). 
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CHAPTER V 

SYNTHETIC SEISMOGRAMS: FREQUENCY DOMAIN 

RAYTRACING 

5.1. Introduction 

Synthetic seismograms are theoretically-calculated seismometer recordings 

showing the waveforms corresponding to the various seismic event arrivals for a given 

source-receiver geometry and a given geological model of the subsurface. They are 

produced by "synthesizing" or generating a composite of the waveforms for the various 

reflection events and the frequencies making up those waveforms. Synthetic seismograms 

are very useful for studying wave propagation in the Earth and for interpreting recorded 

seismic data. There are several common methods that are used for the calculation of 

synthetic seismograms. One such method involves raytracing, and is used in this chapter. 

The following definition of raytracing is given in the Encyclopedic Dictionary of 

Exploration Geophysics (Sheriff, 1990): "determining the arrival time at detector 

locations by following raypaths which obey Snell's law through a model for which the 

velocity distribution is known". However, most geophysicists involved in raytracing 

would also include the computation of ray amplitudes, not just arrival times, in the 

definition, as well as the determination of the actual raypaths. For a given source-receiver 

distance, an initial and important element of raytracing is to find the take-off angle or ray 

parameter for the ray which goes from the source to the known receiver location, while 

obeying Snell's law of reflection and transmission at all the interfaces. Sections 5.2 

discuss the basic raytracing algorithm used in this chapter. The geological model used for 

the ray tracing computations done in this thesis consists of a horizontally layered medium 
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in which one or more of the interfaces is nonwelded. As mentioned in the previous 

section, a nonwelded contact interface has significant effects on wave propagation in that 

both the amplitude and phase of waveforms are changed. In addition, the presence of a 

nonwelded contact interface makes the reflection and transmission coefficients 

frequency-dependent. For ideal elastic media, the calculations of the waveforms in the 

synthetic seismograms can normally be done in the time domain, because the reflection 

and transmission coefficients (involved in the waveform amplitude computations) are 

independent of frequency. However, for non-ideal media in which these coefficients 

depend on frequency, such as viscoelastic media, or as in this thesis, media containing 

nonwelded interfaces, the waveforms must be computed by a sum over frequencies (an 

inverse FFT) in order to include the effect of the frequency-dependence of the 

coefficients. 

In this thesis, FORTRAN is used in the source code to generate ray-synthetic 

seismograms for a medium consisting of a sequence of flat horizontal homogeneous 

elastic layers with some of the layers being in nonwelded contact with each other at the 

interfaces. The frequency spectrum of the source signal is first obtained. Then the ray is 

traced for each frequency within the frequency range covered by the source pulse, the 

reflection and transmission coefficients and the geometrical spreading factor are applied, 

and finally the seismic trace in the time domain is generated by summing over the 

frequencies, i.e., by applying an inverse Fourier transform. The results are shown in 

Section 5.4. 

5.2. Ray theory for homogeneous horizontally multilayered media 

The particle displacement at location x and time t produced by a wave traveling in 

a heterogeneous medium has the form 

U(x,t)=U(x)f(t-T)d(x) (5.1) 
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where t = T(X) is the wavefront equation, with i(x) being the traveltime, x - (x, y, z) is 

the position vector, U(x) is the amplitude, and d(x) is the particle motion unit vector, 

i.e., the polarization vector. The function f(t — T) is the waveform of the signal at x. For 

a point source in a homogeneous elastic medium, the function f (t) is also the waveform 

of the source pulse s(t), but in general, the waveforms at the source and receiver are 

different. The displacement (5.1) satisfies the equation of motion and is the leading term 

of the ray series (Cerveny, Molotkov, and Psencik, 1977). 

If (5.1) is substituted into the equation of motion, Oyj = p(ô2/ôi2)w„ and if the high 

frequency approximation, or weak heterogeneity approximation, is made, then one 

obtains the eikonal equation, i.e., 

Vr 2 =v" 2 (5.2) 

v is the velocity (P or S) and V r is the slowness vector, which is normal to the 

wavefront. 

In order to trace the ray, and calculate its amplitude, quantitative expressions for 

T(X) and U(x) are needed. These are given in the following sections. 

5.2.1. Ray geometry and traveltime 

The raypath is the trajectory followed by the traveling wavefront as it propagates 

through the medium. The ray is normal to the wavefront, and a given point on the raypath 

has the coordinates x¡(s) where x = (xvx2,x3) = (x,y,z), and where s is the arc length 

along the raypath. Referring to figure 5.1, the wavefront takes a time dt to travel the 

distance ds between points A and B. Points A and B have the position vectors x and 

x + dx, respectively. Consequently, one can see that the distance ds has the same 

magnitude as \dx\, hence, 

ú& = |Jjc| i.e., ds2 = dx2 + dy2 + dz2 
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implying 

ÍAvX2 f^,\2 r^\2 

dx 

1¾ + yds) 
dz^ 

\ds) 
(5.3) 

From equation 5.3, we have 

dx dx _ 
ds ds 

(5.4) 

dx 
where — is the unit vector normal to the wavefront and parallel to the raypath at A. 

ds 

Figure 5.1. The ray geometry, as the wavefront advances from 
A to B, over a distance ds or dx in a time dr. 
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Consider the eikonal equation, (5.2): 

Rearranging yields vVr • vVr = 1. (5.5) 

This means that vV x is also a unit vector normal to the wavefront. Hence, equations 

(5.4) and (5.5) give 

dx 
— = vVr. (5.6) 
ds 

These are the "normal" equations, or the equation for the ray geometry. 

As the wavefront advances from point A to B with a velocity v in a time dx, the distance 

traveled by the wave is ds = vdx. Substituting this distance ds into the normal equations 

(5.6) yields 

— = v 2 Vr (5.7) 
dx J 

or, in terms of components, 

dx, 2 dx 
— L = v , 1 = 1,2,and3. 
i/r dxi 

These equations can be used to trace the ray. For a vertically heterogeneous medium, it 

can be assumed that the wave travels in the x-z plane only. In this case, equation (5.7) 

becomes 

dx -> 
— = v2Sx, (5.8a) 
dx 

dz 
and — = v2S,, (5.8b) 

dx 
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where x - (xvx2,x3) = (x,y,z), Sx is the horizontal component of the slowness vector, 

i.e., the ray parameter p which is constant along the ray trajectory, and S, is the vertical 

component of the slowness. In terms of ray angles, the definitions for Sx and S, are 

Sx=p = , (5.9) 

, cosò ^\-p2v2 

and S.= = - , (5.10) 

where 0 is the angle that the raypath makes with the z-axis (the direction normal to the 

interface). 

Substituting equations (5.9) and (5.10) into (5.8), we get 

from (5.8b), dr= (5.11) 

and from (5.8a) , dx = v2 pdr . 

Upon substituting dr from (5.11) into this last equation, it becomes 

dx = ¡=^==- . (5.12) 
1 2 2 

For a flat-layered medium with homogeneous layers, the raypath within each layer (a ray 

segment) is a straight line because the velocity is constant in each layer. In this case, the 

ray equations (5.11) and (5.12) can be written as 
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where the subscript z is the number of zth ray segment (with the first segment leaving the 

source and the last entering the receiver), dr —» r, is the traveltime along the zth ray 

segment, dz -> h¡ is the thickness of the layer containing the zth ray segment, and 

dx -> x, is the horizontal distance spanned by the zth ray segment (see Figure 5.2). Each 

ray segment could be either a P or an SV wave. 

If a source and receiver are on the surface of the horizontally layered medium, 

and if the ray is a primary ray (a ray consisting of only one reflection point at the base of 

the bottom layer), and if the down-going and up-coming raypaths are symmetric about a 

vertical axis through the reflection point, then they have the same traveltimes and span 

the same horizontal distance. Consequently, the total traveltime between source and 

receiver (the "two-way" time) can be written as 

where the subscript j is the layer number, n is the number of layers (or the number of the 

bottom or base layer), and v,- is the wave speed (P or SV) associated with the two ray 

segments (down- and up-going) in the y'th layer (see figure 5.2). 

When the ray encounters an interface, as it propagates through the medium, it 

must obey Snell's law. Referring to the angles shown in Figure 5.2, Snell's law states 

that 

n n h 
(5.15) 

and the distance x between source and receiver is 

(5.16) 

sin 8, sin#, sin 9, (5.17) P = 
v, /-i 
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where 6¡ is the angle that the ray segment makes with the z-axis (the direction normal to 

the interface). 

• Y > / layer n-\ / layer n-\ 

h i 

layer n 

layer n+l 

0,,,= 6, from Snell's law 

Figure 5.2. A diagram showing the ray trajectory as it travels 
through layer n (the bottom or base layer), i is 
the ray segment number. 

5.2.2. Amplitude calculation 

The particle displacement vector of the ray traveling in such a medium is given by 

equation (5.1), i.e., 

í^(jc,í)=í/W/(í-r>f(x). 

For a layered medium with homogeneous layers, the final formula for the amplitude 

U\x) is given by Cerveny, Molotkov, and Psencik (1977) and Cerveny and Ravindra 

(1971) as 
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where ga is a quantity representing the directional characteristics of the source (for 

simplicity, we assume a spherically symmetric point source, for which g0 = 1 ), R is the 

product of the reflection and transmission coefficients at the interfaces, and L is the 

geometrical spreading function. The phase y/ of R (which is generally a complex number, 

i.e., R = |R|e/<¿/) is implicitly incorporated in (5.1), resulting in a waveform fit) at x which 

is, in general, different from the source waveform s(t). It can be shown (Aki and 

Richards, 1980; Cerveny, Molotkov, and Psencik, 1977; Cerveny and Ravindra, 1971) 

that when R, L and d are independent of frequency (as they are in elastic media with 

welded interfaces), fit) can be written as 

/ ( 0 = s(t) cos y/-H{s(t)} sin y/ (5.18) 

where H{s(t)} is the Hilbert transform of s(t). As can be seen, if y/ is other than 0 or TI 

(i.e., if R is not real), then fit) is different from s(t) in form. 

In the conventional welded contact case, the signal at JC can be computed in the time 

domain from the above formula and equation (5.1). However, for a medium containing 

nonwelded interfaces, R is explicitly dependent on frequency. Consequently, the 

computations of the ray amplitudes at x must account for the effects of this frequency 

dependence. To do this, it is necessary to determine the amplitude first in the frequency 

domain. To change from a time domain calculation into a frequency domain calculation, 

consider the Fourier time transform of the particle displacement (5.1), that is 

co 

Ü(x,co) = U(x)d(x) jf(t - r)ehû,dt 
- c o 

CO 

= U(x)d(x) \f{t - Tya(>^eimrd(t - r) 
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U(x,co)=U{x)F(œ)eUord(x) (5.19a) 

where U{x,co) is the frequency spectrum of the signal at x, and F(co) is the frequency 

spectrum of the waveform at x. For our layered medium, the difference between the 

waveforms at the source and receiver is caused by the phase shift y/ (due to R) 

experienced by the wave. In mathematical terms, F(co)=S(co)e!¥. Inserting this into 

equation (5.19) yields 

Ü{x,co)=Uc(x)s{cí>)eleord{x), where Uc(x) = g0— (5.19b) 
L 

and where R is a function of frequency co if nonwelded interfaces are present. The inverse 

Fourier transform (over co) of equation (5.19b) gives the displacement U(x,t) at the 

receiver. As R must now be included in the integral for the inverse transform, equation 

(5.18) no longer applies. As a side remark, if the medium was anelastic (with welded 

interfaces, say), then R, L and d would all be complex and frequency-dependent, and 

would all have to be included in the integral over frequency. 

As can be seen from equation (5.19b), the computation of the ray amplitude 

involves the calculation of the product R of the reflection and transmission coefficients, 

the geometrical spreading factor L, the polarization vector d, and the frequency spectrum 

S( co) of the source pulse s(t). In addition, if the receiver is on the surface, then it responds 

to both the incoming wave and the waves reflected by the surface, meaning that d must 

be replaced by a vector accounting for this "free surface effect" (see below). 

The reflection and transmission losses 

The product R of the reflection and transmission coefficients is defined as 

;=1 
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where m is the total number of ray segments in the ray, and Rt is the reflection or 

transmission coefficient for the incident wave represented by the zth ray segment, i.e., the 

coefficient connecting ray segments i and z'+1. 

At the welded interfaces, the solutions of the conventional Zoeppritz equations 

can be used to compute the coefficients R,. However, at the nonwelded interfaces, the 

coefficients i?, are computed from the formulas in equation (2.13). These formulas reduce 

to the solutions of the Zoeppritz equations when the specific compliances are zero. 

The geometrical spreading losses 

The geometrical spreading function L can be calculated for a medium consisting 

of a sequence of horizontal homogeneous layers. It is given by (Cerveny and Ravindra, 

1971) 

_ cos (9, y vi"i y vi"i 
1/2 

(5.21) 

where 9j is the angle that the zth ray segment makes with the vertical, and v, and /z, are 

the velocity and the thickness of the layer in which the zth ray segment is found, 

respectively. The velocity v, is either the P or SV wave speed, depending on whether the 

zth ray segment is a P or SV wave. 

The surface conversion coefficients 

If the receiver is on the surface, it will be affected by both the incoming wave 

(associated with the last ray segment) and the reflected waves (see Figure 5.3). 

Consequently, the particle displacement at the receiver will be different from that given 

by the d vector for the incoming wave (Cerveny and Ravindra, 1971, p.66-68). 
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From equation (5.19b), the displacement U at the receiver for a given frequency 

can be written as U = Ud, where U = UcS(co)eICOT and Uc = g0(R/L). The displacement 

for each reflected wave will differ from that for the incoming wave only by the surface 

reflection coefficient and the direction of particle motion. Hence, the total displacement 

U at the receiver in Figure 5.3 is 

Ü = Ü, +ÜP+ÜS = 0,d, + RyU,dP + RsU,ds = Ü,g (5.22a) 

where g = d,+ Rrdp + Rsds (5.22b) 

and where the subscripts I, P and S denote the incoming, reflected P and reflected SV 

waves at the receiver, respectively. The incoming wave is associated with the last or mth 

ray segment. Rp and Rs are the free surface reflection coefficients for the reflected P and 

SV waves (they satisfy the boundary conditions axz=<Jzz=0 at the surface), and d¡, dp, and 

ds are the polarization vectors for the incoming wave and the reflected P and SV waves, 

respectively. Rp and Rs can be obtained from equations (2.13k) and (2.131) for an 

incoming P wave and from equations (2.13o) and (2.13p) for an incoming SV wave by 

setting Cx=C:=p\=a\=B\=Q in these equations. Equation (5.22) shows that the 

displacement at the receiver can be written in terms of U¡ as long as d¡ is replaced by g, 

the surface conversion vector. Note that g is not a unit vector. Note also that g can be a 

complex vector -- for an SV wave incident at an angle greater than the critical angle for 

the reflected P wave, Rp, Rs , and dp are complex (because cosf? is imaginary), making g 

complex as well. 

For example, for an incoming P wave, from Table 2.1, the expressions for the 

particle motion unit vectors are 

d¡ =(ap,Q,-cosO) dp =(ap,O,cos0) ds = (cos¢,0,-6p). (5.23) 

where p = (sin6)1a = (sin(p)l B . 
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The cosines can also be written ascosa = -̂ /1 -a2p2 and cosç? = y l - B2p2 . For an 

evanescent P wave (p>l/a, in the case of an incident SV wave), cosû = ±i^J a2 p2 -1 

where the positive (negative) sign is chosen if the frequency is positive (negative). 

Hence, the components of g for an incoming P wave are given by 

gx = ap + Rpap + Rs cos ¢) (5.24a) 

gz = - cos 9 + Rp cos 6 - RSBp (5.24b) 

These are called conversion coefficients by Cerveny and Ravindra (1971). As mentioned 

above, Rp and Rs can be obtained from equations (2.13k) and (2.131), or from the 

standard expressions found in various texts (e.g., Aki and Richards, 1980, eq. 5.26 and 

5.27). They are given by 

Rp =(4B2p2rcos0cos0-(l-2B2p2)2)/D, (5.25a) 

and Rs =4(l-2B2p2)pBcos0/D, (5.25b) 

where D = (l-2B2p2)2 +4B2p2rcos0cos0, and r = B/a. 

Receiver 

Figure 5.3. A receiver on the surface records the displacement 
U = Uj +UP +US =U,g, where g is called the surface 
conversion vector. 
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Substituting (5.25) into (5.24), we obtain 

gx = 4/3 pç,osO¢os¢| D (5.26a) 

and g . =-2(l -2/32P2)COS&/D. (5.26b) 

These are the same as those given by Cerveny and Ravindra (1971, eq. 2.89) except for 

the minus sign on the right side of (5.26b) — their z axis points upwards. 

Incorporating the free surface effect into the amplitude at the receiver amounts to 

replacing, in equation (5.19b), the polarization vector d associated with the last ray 

segment with the surface conversion vector g. One obtains 

The waveform of the source pulse 

The waveform flj) at the receiver can be computed from the source pulse s(t) 

using equation (5.18) if R is independent of frequency (i.e., if all the interfaces are 

welded). In this case, it is not necessary to know the source pulse's frequency spectrum 

S(co) — in principle, only s(t) is required (although in practice, the Hilbert transform can 

sometimes be more easily obtained if the spectrum S(co) is known). However, if R is 

dependent on frequency, then the waveform at the receiver can be computed from the 

inverse Fourier transform of equation (5.27), meaning that S(co) is required. 

Figure 5.4 shows one possible waveform (out of many) for the source pulse. The 

frequency spectra are shown in the top row and their corresponding time-waveforms (the 

wavelets obtained from an inverse Fourier transform) are shown in the bottom row. The 

source waveform is the causal pulse used by Emmerich and Korn (1987), given by 

Ü{x,cv)=Uc(x)s(co)e^g(x). (5.27) 

s(t) = sin(o0i)-0.5sin(2û)o0 , 0< t <{InIco0) (5.28) 

where a>0 = 2n fa and fa is the dominant frequency. 
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(a) / = 20Hz (b) / = 10Hz 
0.03,—•—•—•—•———.—•—•—i r — — 1 — • — -

Frequency (FIz) Frequency (Hz) 

gure 5.4. The causal pulse used by Emmerich and Korn (1987) with (a) fa =20 Hz, 
and (b) f0 = 10 Hz. The upper figures show the amplitude and phase of the 
spectrum S{œ) and the lower ones show the pulse s(t) in the time domain. 
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Its Fourier transform is 

S(co) = 

IK_ 

co„ 
IK 

2co„ 

61(0, 

when co = co„ 

when co = 2con 

exp(lK (o/con ) sin(;r co/ co0 ) 
(co1 - Aco;\co2 -co;) 

(5.29) 

when co ^ 2con and co * co„. 

In Figure 5.4, the top diagram shows the amplitude spectrum of (5.29) for a dominant 

frequency of 20 Hz and 10 Hz in Figure 5.4a and 5.4b, respectively, with the phase 

spectrum shown as an insert, and the bottom diagram shows the corresponding wavelet 

(5.28). 

The synthetic raytracing seismogram in the next section will use the source spectrum in 

Figure 5.4a for choosing the specific compliances at a given dominant frequency. 

However, any input source function could be used in the frequency domain raytracing 

program as long as the frequency spectrum of the source function is known. 

5.3. Procedure for the calculation in the frequency domain 

The frequency domain raytracing is performed as follows. 

1) The initial conditions of the model, the medium properties, the thicknesses of the 

layers, and the source-receiver distances are chosen. 

2) The source signal is generated in the frequency domain, i.e., S(co), the Fourier 

transform of s(t), the source pulse, is computed. 

3) Trace calculation 

The value of the ray parameter p for a given offset x is computed for each 

ray by solving equation (5.16). A simple Newton-Raphson root-finding 
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algorithm is used. If desired, the takeoff angle can be computed from this 

p value by using Snell's law, equation (5.17). Equation (5.15) is then used 

to compute the traveltime rfor the ray. 

- For each frequency within the range of the frequencies under 

consideration (the frequencies contained in S(co) ), the product of the 

reflection and transmission coefficients, equation (5.20), is computed. 

This product is frequency dependent if nonwelded interfaces are present. 

Also, the geometrical spreading factor, equation (5.21), is computed, 

which is frequency independent for elastic media. 

The phase shift term elwx is computed. 

The z component of the particle displacement unit vector d: is computed 

at the receiver, or, if it is needed (if the receiver is on the surface), the 

surface conversion coefficient g, at the receiver is computed. 

4) Computation of the wave form frequency spectrum U(x,co) 

Equation (5.19b) is used when the receiver is not on a free surface (e.g., if 

it is inside a homogeneous half-space). 

Equation (5.27) is used when the receiver is on the free surface. 

5) The particle displacement, U(x,t), in time domain is constructed by application 

of the inverse Fourier transform of the frequency spectrum U(x,co). 

6) Scaling is applied, if it is needed. 
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5.4. Raytracing synthetic seismogram examples 

The subsurface models that are used for investigating the effects of nonwelded 

contact interfaces are shown in Figure 5.5. Model A, shown in Figure 5.5a, is used to 

study the case of a nonwelded contact interface in a single homogeneous medium. Model 

B, shown in Figure 5.5b, is used to study the effects of a sequence of nonwelded 

interfaces in a single homogeneous medium. Model C, shown in Figure 5.5c, is used to 

study the effects of the presence of nonwelded contact interfaces between two different 

media. The source pulse spectrum of Emmerich and Korn (1987), given in equation 

(5.29), was used with a dominant frequency of 20 Hz -- see Figure 5.4a. The density for 

every layer in all the models is 2300 kg/m3. For models A and C, the synthetic 

seismograms have a time sample rate of 2 ms and a trace interval of 50 m. For model B, 

the time sample rate is 2ms and the trace interval is 75 m. The maximum offsets for 

models A, B, and C are 2500, 3600 and 1250 m, respectively. 

The selection of the numerical values for the specific compliances cx and c, in 

models A and B is based on the dimensionless parameter E = pJ3cocx - pacoc., with 

c. =cx/2 (see Section 4.1), where co-lnf and/is the frequency of the signal. The 

upper homogenous layer in both models has a velocity of 2800 m/s for P waves and 1400 

m/s for S waves. A frequency of 60 Hz is used to evaluate the specific compliances (60 

Hz is about the maximum frequency in the source pulse spectrum of Figure 5.4a, if we 

ignore the small side lobe between 60 and 80 Hz). The dimensionless parameter E is set 

to 1, 0.5, and 0.1, and with a frequency of 60 Hz we then have cx = 8.24x10 - 1 0, 

^=4.12x10" ' ° , and cx = 8.24x10 -11 m/Pa, respectively. The reason for using a 

frequency of 60 Hz instead of the dominant frequency (20 Hz) is to make sure that the 

parameter E stays < 1, 0.5, or 0.1, for all frequencies in the range of consideration in each 

case. If the dominant frequency was used, then from Figure 5.4a, the right side of the 

amplitude spectrum (in the frequency range 21-60 Hz) would make the parameter ¿-(for 

frequencies in that range) have higher values than the original values of 1, 0.5 and 0.1, in 
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each case. In other words, the values of 1, 0.5 and 0.1 are chosen to be the maximum 

values of £. 

Figure 5.6a shows the synthetic seismograms for model A l , in which there is no 

nonwelded interface in the upper homogeneous layer — this is used as a reference. 

Figures 5.6b, 5.6c and 5.6d are the synthetic seismograms for model A2, with the specific 

compliances for the nonwelded interface corresponding to £"«1, £•«0.5, and £•«0.1, 

respectively. Figures 5.7a, 5.7b, 5.7c and 5.7d show magnified views of the trace at 600m 

offset from Figures 5.6a, 5.6b, 5.6c and 5.6d, respectively, for closer inspection. The 

synthetic seismograms for model A2 show that there is reflected energy coming from the 

nonwelded contact interface, with the first event (P-P) arriving at a time of 357 ms, even 

though there is no impedance contrast. A phase change in the P-P waveform of about 90 

degrees (see Figure 5.7), compared to the reference reflection, is also present. This phase 

shift is predicted by the theoretical formulas of the previous chapters. 

The amplitude of the reflection from the nonwelded contact interface is dependent on the 

dimensionless parameter £. The effect of the nonwelded interface is diminutive when £ is 

about 0.1, i.e., when the specific compliance of the nonwelded interface is 

cx =8.24x10"" m/Pa, in model A2. In order to detect a nonwelded interface, or fracture 

etc., with a specific compliance of about 10~n m/Pa or, equivalently, a specific stiffness 

K of about 1010 Pa/m, higher frequencies, of the order of 100 Hz, are required (Pyrak-

Nolte, 1988). Figure 5.6 confirms this. The effect of the nonwelded interface on 

amplitude and phase is very strong when the parameter £ is of the order of 1 or more. 

The chosen values of the specific compliances of the interface are for the highest 

frequency in the amplitude spectrum of the waveform. That means that for the rest of the 

frequencies in the waveform spectrum, the actual value of £ is smaller. In particular, at 

the dominant frequency, 20 Hz, of the source pulse, the value of £-is of the order of 0.1. 
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Figure 5.5. Subsurface models and their configurations. The density in 
all layers is 2300 kg/m . 
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Offset (m) Offset (m) 

(c) (d) 

Figure 5.6. (a) The generated seismograms for model A l , and (b)-(d) the 
corresponding seismograms for model A2, a single nonwelded interface 
in a homogeneous medium, with the specific compliances of the 
nonwelded contact interface being for (b), cx = 8.24x 10"10m/Pa (s « 1 ), 

for (c), cx =4.12 x 10"10 m/Pa O «0.5), and for (d), cx =8.24x10"11 

m/Pa O «0.1). 



Figure 5.7. Zoom-in views of the trace at 600m offset from the synthetic 
seismograms in Figure 5.6. The traces in (a), (b), (c) and (d) are close-up 
views from Figures 5.6a, 5.6b, 5.6c and 5.6d, respectively. 
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The plot of the P wave reflection coefficient, Figure 4.1a, shows that the amplitude is 

small and the phase is about 90° for £•«0.1 and Figure 4.1c shows that the transmission 

coefficient is very close to that for the case of a welded contact interface, i.e., an 

amplitude of one and zero phase. This is consistent with the observation that the 

reference reflection for model A2 shown in Figure 5.6 shows no effect from the 

transmitted wave coming from the nonwelded interface (there is no obvious change in the 

second event at the time 714 ms). 

In Figures 5.6 and 5.7, the converted P-SV wave from the nonwelded reflector is 

also present as expected with a smaller amplitude which is dependent on the parameter e, 

and a phase shift about 90°compared to the reference reflection. 

The synthetic seismograms for model B are shown in Figure 5.8. Figure 5.8a 

shows the response for model B l , in which there are no nonwelded interfaces, and 

Figures 5.8b-d show the response for model B2, in which there is a sequence of five 

nonwelded interfaces within the upper homogeneous layer, each with the same value of 

the normal and tangential specific compliances. These values are cx = 8.24 x 10"10 m/Pa 

(£•« 1), cx =4.12 x 10"10 m/Pa (£•«0.5), and cx = 8.24x10~n m/Pa (£•« 0.1) for Figures 

5.8b, 5.8c, and 5.8d, respectively (with cz = cx/2, as before). 

In Figure 5.8b, where the parameter s is large (« 1), it can be seen that the 

amplitudes of the reflections from the nonwelded interfaces are relatively high compared 

to those from the lowermost welded interface (the lowest reflection), and also that the 

phases of the waveforms are substantially different. These high amplitudes and phase 

changes are due to the effect of all the nonwelded reflection and transmission coefficients 

taken together. In Figure 5.8c where s « 0.5, the phase shift of about 90° in each 

waveform coming from a nonwelded reflector is mainly due to the reflection coefficient. 

In Figure 5.8d, where £•« 0.1, the effects of the nonwelded interfaces are very small. For 

small specific compliances, higher frequencies are required to detect nonwelded 

interfaces, as mentioned above. 
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(c) (d) 

Figure 5.8. (a) The synthetic seismograms for model B l in which there is one welded 
interface separating two homogeneous layers, and (b)-(d) the 
corresponding synthetic seismograms for model B2, in which there is a 
sequence of nonwelded contact interfaces within the upper homogeneous 
layer, above the welded interface. The specific compliance values are, for 
(b), cx =8.24 x 10"10 m/Pa (£•«1), for (c), cx =4.12xlO"10m/Pa 

(s *0.5), and for (d), cx= 8.24x10"11 m/Pa(>*0.1). 
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Figure 5.9. The corresponding synthetic seismograms for model B2, in which there is 
a sequence of nonwelded contact interfaces within the upper 
homogeneous layer, above the welded interface. The specific compliance 
values are cx = 8.24x10"10 m/Pa and c. = 4.12xl0~10 m/Pa. The 
dominant frequencies for the source pulse are (a) 40 Hz (s » 2.0), (b) 20 
Hz (s « 1.0), (c) 10 Hz O « 0.5 ) and ( d ) 5 H z ( i « 0.25). 



Figure 5.10. The zero offset traces from the synthetic seismograms in Figure 5.8. The 
traces in (a), (b), (c) and (d) are close-up views from Figures 5.8a, 5.8b, 5.8c 
and 5.8d, respectively. 
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Figure 5.11. The zero offset traces from the synthetic seismograms in Figure 5.9. The 
traces in (a), (b), (c) and (d) are close-up views from Figures 5.9a, 5.9b, 5.9c 
and 5.9d, respectively. 
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Figure 5.9 shows synthetic seismograms generated for model B2 for a variety of 

dominant frequencies of the source pulse. In this figure, cx =8.24x10~10 m/Pa and 

c. = cx 12 = 4.12 x 10"10 m/Pa for all the nonwelded interfaces, and dominant frequencies 

of 40 Hz, 20 Hz, 10 Hz and 5 Hz are used for the source pulse in Figure 5.9a (£•» 2.0), 

5.9b (s « 1.0), 5.9c (s « 0.5) and 5.9d (e « 0.25), respectively. Figure 5.9a shows an 

attenuation of the amplitude along the traces. The amplitude becomes very small for the 

last reflector (it is hard to see the reflection event at 1.1 sec). When the parameter sis 

large, the effect of a nonwelded interface on an incident wave becomes more manifest; 

more of the energy of the wave is reflected and less of it is transmitted (see Figures 4.1a 

and 4.1c). If the parameter e is made even larger, almost all of the energy of the wave is 

reflected by the first nonwelded interface, and there is little or no energy transmitted 

through the interface. 

Figures 5.10 and 5.11 show the zero offset trace from synthetic seismograms in 

Figures 5.8 and 5.9, respectively. These 2 figures show the "group time delay" effect 

discussed by Pyrak-Nolte et al. (1990a). In this effect, a wave pulse propagating across a 

nonwelded interface, such as a fracture, is delayed in time. In other words, the transmitted 

wave at a nonwelded interface experiences a traveltime delay. This effect can be seen by 

comparing the traveltime, at zero offset say, of the reference reflection from the welded 

reflector in Figure 5.10a with its counterpart in Figure 5.10b. Close inspection reveals a 

traveltime delay in Figure 5.10b of about 22 ms, due to the transmission of the wave 

through several nonwelded interfaces. In Figures 5.10c and 5.1 Od, the group traveltime 

delays are about 13 and 3 ms, respectively. They are smaller because there is less 

nonwelded contact in these cases (the value of cx is smaller). 

The group traveltime delay produced by a nonwelded interface depends on the 

products of the specific compliances of the interface with the impedances of the medium 

(as in the parameter s) and on the frequency as well. The group time delays are largest at 

low frequencies, and they decrease with increasing frequency (Pyrak-Nolte et al., 1987b). 

Figures 5.11c and 5.1 Id confirm these results. Figures 5.11c and 5.1 Id are synthetic 
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seismograms from model B2 with cx =8.24x10 m/Pa and dominant frequencies of 10 

Hz (see Figure 5.4b) and 5 Hz for the source pulse, respectively. Comparing Figure 5.11c 

and Figure 5.1 Id with Figure 5.11b (where the dominant frequency of the source pulse 

was 20 Hz), shows that the first peak of the waveform for the deepest reflection (from the 

welded interface) arrives about 42 ms later in the 10 Hz case and about 76 ms in the 5 Hz 

case (Figures 5.11c and 5.1 Id). A summary of these group traveltime delays is shown in 

Table 5.1. 

Figure ID Frequency (Hz) cx m/Pa £ Peak (s) Time delay (ms) 

5.10a 20 0 0 1.088 -

5.10b/5.1 lb 20 8.24xl0"10 1.0 1.110 22 

5.10c 20 4.12xl0"10 0.5 1.101 13 

5.10d 20 8.24x10"" 0.1 1.091 3 

5.11a 40 8.24xl0"10 2.0 1.096 8 

5.11c 10 8.24xl0"10 0.5 1.130 42 

5.l id 5 8.24X10"10 0.25 1.164 76 

Table 5.1. This table shows the group time delay of the bottom reflector in 
model B2, where "Peak" is the traveltime of the peak of the 
waveform. 
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Figure 5.12.The synthetic seismograms in (a), (b), (c), and (d) are those for models 
C l , C2, C3, and C4, respectively. The specific compliances for the 
nonwelded contact interfaces are c =6.0x10"10 m/Pa and 

c, = 3.0xl0~1 0 m/Pa. 
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Figure 5.13. Zoom-in views of the trace at offset 450m from the synthetic 
seismograms in Figure 5.12. (a), (b), (c) and (d) are close-up views from 
Figures 5.12a, 5.12b, 5.12c and 5.12d, respectively. 
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Figure 5.12 shows the synthetic seismograms for model C, which consists of three 

different layers joined by two interfaces, which can be welded, nonwelded, or both — see 

Figure 5.5c. The specific compliances are cx = 6.Ox 10~'°m/Pa and c, =3.0xl0~1 0 m/Pa 

for all the nonwelded interfaces, and they are, of course, zero for the welded interfaces. 

The specific compliance values for the nonwelded interfaces were selected to have an s 

parameter value of about 0.1-1 (to keep it on the order of 1 in value). Figure 5.12a is the 

seismic response for model CI in which both interfaces are in welded contact. Figures 

5.12b, 5.12c, and 5.12d are the synthetic seismograms for models C2, C3, and C4, 

respectively. In Figure 5.12b, the second interface is nonwelded. In Figure 5.12c, it is the 

first interface that is nonwelded, and in Figure 5.12d, both interfaces are nonwelded. 

Figure 5.13 shows close-up views of the traces at 450m offset in Figure 5.12. 

Inspection of Figures 5.12 and 5.13 shows that replacing a welded interface with a 

nonwelded one produces substantial amplitude and phase changes in the waveforms 

associated with the reflection from the interface, with the phase shifts being about 45°. 

For example, let us compare the first reflections in Figures 5.13a and 5.13c. These 

reflections come from the same interface except that in Figure 5.13a the interface is 

welded and in Figure 5.1c it is non-welded (see models CI and C3, respectively, in 

Figure 5.5). Comparing these reflections, we can clearly see a phase shift of about 45°, 

and a noticeable amplitude increase in the nonwelded reflection. The same effect can 

also be seen by comparing the lowermost reflections in Figures 5.13a and 5.13b, with 

both the amplitude increase and phase change for the nonwelded reflection being more 

substantial (see models CI and C2, respectively, in Figure 5.5). All the changes in the 

waveform are mostly due to the reflection coefficient -- see Figures 4.3a and 4.3b (s « .3 

at the frequency 20 Hz). In this case, the nonwelded interfaces have a small effect on the 

transmitted P wave. In Figures 5.12b and 5.12d, the group travel time delays are too 

small to be detected. 

The converted P-SV reflected wave from the first interface can also be seen in 

Figure 5.12. It is the second reflection, i.e., the low amplitude reflection around 0.8 s 
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lying between the two major reflections. In comparing the converted wave reflection in 

Figure 5.12a or 5.12b, in which the first interface is welded, with the converted wave 

reflection in Figure 5.12c or 5.12d, in which the first interface is nonwelded, shows that 

substantial amplitude and phase changes are produced by the nonwelded contact. The 

converted wave amplitudes are larger for the nonwelded interface and the phase shifts are 

about 90°. This can be seen more clearly in Figure 5.13 — comparing Figures 5.13a or 

5.13b with Figures 5.13c or 5.13d shows that the nonwelded reflections have higher 

amplitudes and are shifted in phase by about 90° (they are approximately zero-phase 

wavelets). 

All of the effects of a nonwelded interface discussed above, i.e., the unexpected 

and substantial changes in the amplitudes and phases of the reflection waveforms, and the 

group traveltime delays, could be used as evidence of the presence of nonwelded contact 

interfaces when interpreting real seismic data. For example, these results could 

conceivably be applied to time lapse seismic monitoring: if some reflection event would 

be recorded at different times (i.e., in different seismic surveys), and if it exhibited 

waveform amplitude and phase changes of the type presented above over time (e.g., see 

Figure 5.12), it could indicate that a welded interface was becoming nonwelded over 

time, perhaps because of tectonic stresses, or because of the infiltration of a fluid between 

the layers, etc. Such amplitude and phase changes could, of course, be caused by 

something other than nonwelded contact, or by a combination of nonwelded contact and 

other effects. It would require the judgment of the seismic data analyst to determine 

whether or not nonwelded contact should be considered in the seismic interpretation of a 

data set exhibiting such amplitude and phase changes. 
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CHAPTER VI 

CONCLUSION 

6.1. The effect of nonwelded contact on seismic waves 

When an elastic wave travels across a nonwelded contact interface, the effects of 

such an interface on the elastic wave are changes in the amplitude and phase which are 

different from those for a welded interface. For the case of a nonwelded interface in a 

single homogeneous medium, such as a fracture, crack or joint, the exact formulas show 

that reflected waves (both unconverted and converted) are generated by the interface, and 

that a transmitted converted wave is generated as well, even though there is no 

impedance contrast across the interface (for a welded interface, no reflected waves would 

be generated, only a unit-amplitude unconverted transmitted wave). For small s, where 

s = cocpv, i.e., a small amount of nonwelded contact, the scattered waves are small in 

amplitude except for the unconverted transmitted wave (whose amplitude is near unity). 

As s increases, the small amplitude scattered waves become more outstanding. From the 

graphs of the coefficients vs. incidence angle for a small amount on nonwelded contact, 

even though the degree of the nonweldedness is small, s « 1, the phase shifts of the 

reflected waves have significant values (about 90°). Also, since the coefficients for the 

nonwelded case are frequency dependent, a nonwelded interface can act like a frequency 

filter on the incident wave. This thesis has confirmed the result obtained by other 

investigators that a nonwelded contact interface behaves somewhat like a low-pass filter, 

in that the incident wave passes through the interface to the other side with a higher 
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amplitude if the frequency is lower. Or, in other words, the amplitude of the unconverted 

transmitted wave increases with decreasing frequency. 

From the synthetic seismograms presented in the previous chapter, at a nonwelded 

contact interface, there is also a group travel time delay for the transmitted waves in 

addition to the changes in the amplitude and phase of the signal (beyond those produced 

by welded contact). The changes in travel time, due to the group delay, are higher at the 

lower frequencies and decrease when the frequency increases. These synthetics also 

confirm the work of Pyrak-Nolte et al. (1988). 

As stated at the end of Chapter V, the above-mentioned effects of nonwelded 

contact (i.e., amplitude and phase changes, and group traveltime delays) could be used to 

identify nonwelded interfaces in real data. Applications could include the analysis of 

seismic data from time-lapse monitoring projects, and from regions containing joints, 

cracks and fractures. 

6.2. Exact formulas for the coefficients and their applications 

In Chapter II, the exact formulas for the particle displacement reflection and 

transmission coefficients for P and SV elastic waves incident upon a nonwelded contact 

interface have been derived. A nonwelded interface is represented by the displacement 

discontinuity boundary conditions, which state that the stress is continuous across the 

interface but the displacement is not, and that the displacement discontinuity for each 

component of displacement is proportional to the corresponding stress component. The 

formulas are obtained by algebraically solving these boundary conditions. The expression 

for each formula can be written as a sum of two parts: the first part is the coefficient for 

the case of welded contact and the second part is due to nonwelded contact and contains 

the nonwelded specific compliances. The exact formulas show that the coefficients in the 

case of nonwelded contact are frequency-dependent. It is also shown that the energy is 

conserved for all oblique incidence angles at a nonwelded interface as long as the specific 
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compliances, cx and cz, are real. The exact formulas for the coefficients can also be 

applied to the case of a viscous nonwelded interface, e.g., a fracture containing a fluid in 

a saturated condition, by replacing cx with cxl(\ - Icocxvx). 

Using the Taylor series approximation, I derived approximate formulas for the 

reflection and transmission coefficients for a weakly nonwelded contact interface. The 

approximation is only made up to the first order in the specific compliances. These 

approximate formulas might be useful in AVO studies. Since the frequency co always 

appears in the formulas in combination with a specific compliance in the form cocx or cocz, 

the approximate formulas are valid even for larger values of cx and cz as long as the 

frequency values are small enough. 

The exact and approximate formulas for the coefficients have also been applied to 

the specific case in which the media above and below a nonwelded interface are identical. 

Approximate formulas have been obtained for a small degree of nonweldedness and also 

for small incidence angles. These approximate formulas have been used in the study of 

the sensitivity of the coefficients to the specific compliances (Chaisri and Krebes, 2000). 

In computer programs for generating synthetic seismograms via raytracing, it is 

generally more convenient to evaluate the required reflection and transmission 

coefficients from analytical formulas rather than from numerical solutions of the 

boundary conditions. In this way, one can avoid potential numerical problems that may 

arise in the numerical solution of the boundary conditions. Also, the programs tend to run 

a little faster when analytical formulas are used. In the case of a nonwelded contact 

interface, the coefficients are frequency-dependent, and so the computer program must 

perform the calculations in the frequency domain to include the effect of nonwelded 

contact in the range of frequencies of interest. 



92 

6.3. Possible future work 

Another interesting topic for investigation on the effect of a nonwelded contact 

interface on seismic wave propagation, which has not yet been studied, is the topic of 

seismic wave diffraction. As we know that the presence of a nonwelded contact interface 

affects both the amplitude and phase of the source signal, it might also play a role in the 

calculation of diffraction waveforms during the computation of synthetic seismograms, as 

diffractions appear where the medium parameters of the earth model change substantially 

over a distance which is small compared to the seismic wavelength. 

The seismic wave traveltime delay from a nonwelded interface might also affect 

the location of a nonwelded reflector on the CMP stack section produced by conventional 

seismic data processing schemes. The stack section is an uncorrected, i.e., unmigrated, 

image of the subsurface. The process of seismic migration, which attempts to move the 

reflectors seen on the stack section to their true spatial positions, gives a more correct 

image of the subsurface. Consequently, it might be necessary to take nonwelded contact 

into account in the migration process, if the reflectors of interest are nonwelded. 

The analytic function for the group traveltime delay, i.e., the mathematical 

formula for it, has been presented by Pyrak-Nolte (1988), but only for a wave normally 

incident upon a nonwelded contact interface. Again, future work in this topic would 

involve the derivation of a formula for the group delay for a wave incident upon a 

nonwelded interface at an arbitrary angle. 

If we are confident of the existence of a nonwelded interface on a seismic data 

section, how do we obtain the nonwelded specific compliances for the interface from the 

seismic section? A study of how to invert seismic reflection data for the specific 

compliances associated with a nonwelded interface has not yet been done, and would be 

of interest in the analysis and interpretation of seismic data for zones containing cracks, 

fractures, and other nonwelded interfaces. 
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APPENDIX I 

MACROSCOPIC VERSUS MICROSCOPIC THEORY 

A l . l . Introduction 

As mentioned in Chapter I, there are two theories found in the literature for 

computing P-SV plane wave reflection and transmission coefficients for elastic waves 

propagating across a plane nonwelded contact interface separating two homogeneous 

isotropic elastic materials. One of the theories is based on a microscopic approach in 

which each material is represented by a simple mass-spring lattice, with springs also 

connecting the two lattices at the interface (Paranjape et al, 1987; Krebes, 1987). The 

other is based on a macroscopic approach in which the materials are treated as continuous 

media, with displacement discontinuity boundary conditions being used at the interface 

(e.g., Pyrak-Nolte et al, 1990b; Schoenberg, 1980). This chapter will show that the two 

theories produce identical results for the coefficients if the respective parameters of the 

two theories are related in a specific way. 

A1.2. The macroscopic theory 

The details for this theory are shown in Chapter II. The solids on either side of the 

nonwelded contact interface are treated as continuous media. The boundary conditions at 

the interface are such that the stress is continuous across the boundary but the 

displacement is not — see equation (2.1) for the boundary conditions at the interface. In 
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equations (2.1a), the stress components on the right-hand sides can be evaluated in either 

medium 1 or 2, as stress is continuous across the interface (equation 2.1b). Either choice 

leads to the same solutions. Choosing medium 2, the transmission medium (Pyrak-Nolte 

et al, 1990b; Schoenberg, 1980), results in slightly simpler equations to solve for an 

incident wave in medium 1, and vice versa. Here, however, medium 1 is chosen to 

facilitate comparison with the microscopic theory. Substitution of the usual mathematical 

expressions for the displacement components of the incident and scattered plane waves in 

media 1 and 2 into equations (2.1) results in the following equations for a wave incident 

from medium one: 

-«,/? + IcocxX\ cos/', -cosy, + Icocx6]yl a2p cos/ 2 

rRP~ 
cosí, -Icocza]y1 -B,p + Icoc:z, cosy, cos z'2 -PiP RS 
X\ cos/', Ari X2 cos/'2 P2Ï2 TP 

Zi cos;', a2y2 -Xi cosy2_ TS 

P(axp + lcocxxx cos /, ) + 5(cos j\ + l(ùcxfì{yx ) 
P(cos/', - Icoc.ajx ) + S(- /?,/> + Icoc.X] cos j\ ) 

cos/,) +5(/5,7,) 
P{ajx) +S(-Xi cos;,) 

where P=\ and 5=0 for an incident P-wave, and P=0 and 5=1 for an incident SV-wave. 

RP, RS, TP and TS are the P-wave reflection, SV-wave reflection, P-wave transmission 

and SV-wave transmission coefficients, respectively. The first, second, third and fourth 

equations in (A 1.1) correspond to the interface conditions for uz, ux, r:z and rzx, 

respectively. 

The imaginary terms are proportional to the specific compliances c~ or cx. For 

perfect welded contact (cv—>0 and e*—»0), the equations reduce to the well-known 

Zoeppritz equations for the reflection and transmission coefficients. 
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A1.3. The microscopic theory 

In this theory, the medium on each side of the interface is modeled as a cubic 

crystal lattice, with a being the distance between a particle and its nearest neighbor, as 

well as the distance across the interface (see Figure A l .1). 

Figure A l . 1. Lattice model of two solids in contact. 
The figure shows the x-z plane. 

The forces between nearest and next-nearest neighbors are supplied by springs, 

characterized by force constants A, and B¡, respectively, where /=1 for the medium of 

incidence and z'=2 for the medium of transmission. A and B are the force constants across 

the interface. Mi and M2 are the masses of each particle at the lattice nodes in medium 1 

and 2, respectively. Only purely longitudinal and purely transverse waves are allowed to 

propagate in the medium, which leads to the restriction that the ratio of the P-wave 

velocity to the SV-wave velocity must equal V3 (corresponding to a Poisson ratio of VÀ). 
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This limits the general applicability of the theory, but that is not relevant for the purposes 

of this appendix. 

Assuming plane harmonic waves propagating in the x-z plane (the plane of Figure 

A l . l ) , and applying Newton's second law of motion to the particles on each side of the 

interface results in four equations of motion in the horizontal and vertical components of 

displacement, which correspond to the four boundary conditions in the macroscopic case. 

Substituting the expressions for the harmonic plane waves into these equations, taking 

appropriate linear combinations of the equations to facilitate comparison with the 

macroscopic equations, and taking the long wavelength approximation, leads to the 

equations 

-ax p + Irj sin 2/, - cos j\+I?j(k/h) cos 2 j\ a2p cos y2 
'RP~ 

cos/j -777(3cos2z',+sin2 /, )/3 -0lP + Iri(k/3k)sm2j\ cosz2 -PIP RS 
Zi C °SÍ, Ar, Zi cos/2 

TP 

-<*iïi Zi C0SJ\ a2y2 ~Zi cosj'2_ TS 

P(axp + Ir/ sin 2z, ) + s(cos j\ + Irj {k / k) cos 2 j\ ) 
p(cosix -/7(3cos2/,+sin2i'[)/3) +s{- fi{p + Irj(k/3k)sm2j\) 
p e c o s o +s(An) 
P{a,yx) +5 ( -^ cosy,) 

where k and k are the wavenumbers of the P- and SV-waves, respectively, in the 

incidence medium, and the parameter 77 = A]ka/A is a measure of the nonwelded contact 

(see Paranjape et al, 1987, for details). The above-mentioned restriction means that 

k Ik = V3 . In the case of perfect welded contact, the bonds between particles across the 

boundary and between particles in the same medium are all of the same order of 

magnitude, i.e., A¡ , A: ~ A, and in the long wavelength limit (ka«\), the equations 

reduce to the Zoeppritz equations (77—>0). In the case of imperfect contact, the bonds 

between particles across the interface are much weaker than the bonds between particles 
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in the same medium, i.e., A « A¡, Ai. For {AlAi) ~ ka, the parameter n ~1, and the 

imaginary terms cannot be neglected. 

Al.4. Equivalency of the two theories 

To demonstrate that the two theories give identical results, we equate (A 1.1) and 

(Al.2), and then use Snell's law, along with the restriction k Ik = Zn IZS1 = A/3 , where 

Z is the density times the velocity, to obtain 

Z 2 

n = o)c.Zn - cocx —— (Al.3) 
Z P i 

If the parameter r¡ of the microscopic theory is related to the specific compliances cx and 

cz of the macroscopic theory according to equation (Al.3), then the two theories will give 

identical numerical results for the reflection and transmission coefficients. Equation 

(Al.3) also implies that cx/c: = 3, in accord with the restriction in the microscopic theory 

(although, in the macroscopic theory, cx and c, are independent parameters). 

By substituting rj = A\kalA into equation (A 1.3), it can be easily shown that c: = 

(A\IA) [a/(p\cc\ )] and cx ={A\IA) [a/(p\B\ )], in basic agreement with the results of 

Schoenberg (1980), who showed that if the nonwelded contact interface is replaced by a 

thin layer of thickness h situated between the two sides, and in perfect welded contact 

with them, then in the long wavelength limit, the reflection coefficient at the top of the 

layer and the transmission coefficient at the bottom of it are the same as those for the 

nonwelded contact interface with the specific compliances cx and c2 replaced by h/(pot) 

and h/ipB2), respectively, where the densities and velocities are those of the thin layer. 
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A1.5. Conclusions 

In this appendix, it has been shown that the reflection and transmission 

coefficients for a nonwelded contact interface computed using the macroscopic approach, 

i.e., by application of the displacement discontinuity boundary conditions (2.1) in a 

continuous medium, are identical to those computed using a microscopic approach, i.e., 

by modeling the media as mass-spring lattices and solving the equations of motion, if the 

parameters in the two approaches are related by equation (A 1.3). This suggests that 

phenomena associated with nonwelded contact may be possibly studied by a simple 

microscopic approach as well. The microscopic theory is limited to the case a//3~ *JÏ, 

but it should be possible to generalize it. Preliminary work by E.S. Krebes (unpublished 

materials) though suggests that this cannot be done by simply including more two-body 

forces (e.g., 3 r d nearest neighbors), but would entail accounting for more complicated 

angular-type forces in the equations of motion, such as three-mass bond-angle forces. 

A1.6. Summary 

The P-SV plane wave reflection and transmission coefficients for a nonwelded 

contact interface computed by a microscopic approach (wherein the solids are modeled as 

mass-spring lattices) are identical to those computed by a macroscopic approach (wherein 

the solids are modeled as continuous media), if the respective parameters of the two 

approaches are related appropriately. 
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APPENDIX II 

NONWELDED CONTACT INTERFACES: 

THE REFLECTION AND TRANSMISSION OF SH WAVES 

A2.1. Displacement discontinuity boundary conditions for SH waves 

The propagation of SH waves is not coupled with that of P or SV waves, because 

the displacement polarization of SH waves is in the y-direction, whereas that of P and SV 

waves is in the x-z plane. Therefore the case of an incident SH wave on a nonwelded 

contact interface is relatively simple. If the SH waves are propagating in the x-z plane, 

with z = 0 at the interface, then the boundary conditions at the interface are 

u (A2.1a) 

(A2.1b) 

where 

(duy) 
(A2.1c) 

Tzy is the component of the stress tensor parallel to the surface, cy is the specific 

compliance (cy -> 0 for a welded interface), and uy is the SH wave displacement. 
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A2.2. Reflection and transmission coefficient formulas for SH waves 

As for the P-SV case, we assume that the positive z direction is downwards. There 

are two possible incident SH waves and two possible scattered waves. The displacement 

vectors for these SH waves are as follows: 

Incident SH wave in medium one, u!l = (0, Si, 0) exp[Ia>(px + r¡xz -1)]. (A2.2a) 

Incident SH wave in medium two, u]2 = (0, ,¾, 0) exp[Ia>(px - r¡2z -1)], (A2.2b) 

Scattered SH wave in medium one, uSi = (0, Si, 0)exp[Ia>(px-Tj}z-t)], (A2.2c) 

Scattered SH wave in medium two, uS2 = (0, S2, 0) exp[Ico(px + J]2z-1)] (A2.2d) 

COS J 
where rjn = , n = 1, 2, is the vertical component of slowness. 

To solve for the reflection and transmission coefficients for an incident SH wave, 

the displacements (A2.2), which satisfy the equation of motion, are applied to the 

boundary conditions (A2.1). This results in the following equations: 

-Si + S 2 (1 + I(ocyZ2 ) = Si - S 2 (1 - lcocyZ2 ) (A2.3a) 

Z\S\ + Z2S2 — Z\S\ + Z2S2, (A2.3b) 

where Z is the seismic impedance, i.e., density times velocity. 

In matrix form, equations A2.3 become 

M t S u S ^ N t S , , ^ ] 1 , 

where 

(A2.4) 

M = 
1 -{\-IcocyZ2) 

and N 
-1 (\ + IcocyZ2) 

(A2.5) 

In the case of an incident SH wave from medium one, S2 = 0. Then (A2.4) becomes 
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M[55,ÀS]T=[-1 Zi] T , (A2.6) 

and in the case of an incident SH wave from medium two, Si = 0, and we have 

M[SS,SS]T=[(l + Iû)cyZ2) Z 2 ] T , (A2.7) 

Equations (A2.6) and (A2.7) are each a set of linear equations, with two equations and 

two unknowns. By using the Cramer's rule, the analytical solutions for the reflection and 

transmission coefficients are easily obtained (Schoenberg, 1980). The results are 

SS= (Z, - Z 2 -ImcyZxZ2)l D, (A2.8a) 

SS=2ZXID, (A2.8b) 

SS = 2Z2/D, (A2.8c) 

SS= (Z2 -Zx -IcocyZxZ2)ID, (A2.8d) 

where D = Zj + Z 2 - IcocyZxZ2. 

The formulas (A2.8) can also be written as 

SS = SSW + IcocyZxZ2 (SSW - 1 )1 D, (A2.9a) 

SS = 5SW + IcocyZxZ2 SSJD, (A2.9b) 

SS = SSv + IcocyZxZ2 SSJD, (A2.9c) 

SS = SSW + IcocyZxZ2 (SSW - 1 )1 D, (A2.9d) 

where the subscript w indicates the familiar reflection or transmission coefficient for the 

welded contact case, which can obtained by substituting cy = 0 into equations (A2.8). 

These equations (A2.9) are useful in that they show that each coefficient for the 

nonwelded contact case can be obtained from the corresponding one for the welded 

contact case by the addition of a term due to nonwelded contact. 




