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PREFACE T O  DOVER EDITION 

THE present edition is essentially unchanged from that of 
1950. There are only a few revisions that call for comment. 
On the other hand, the edition of 1950 contained far more 
extensive revisions of the first edition, which appeared in 1939 
under the title Your Chance to W i n .  

One major revision was required by the appearance in 1953 
of a very important work, a life of Cardan,* a brief account 
of whom is given in Chapter 11. This book explodes two or 
three ficticious anecdotes of his life which had somehow found 
their way into the histories of science. Far more important, 
however, is the discovery that in his book Liber d e  L u d o  Aleae 
( T h e  Book on Games of Chance), Cardan succeeded in reach- 
ing certain fundamental ideas in the theory of probability, 
thus anticipating Galileo, Pascal and Fermat by some hundred 
years. Further details will be found in Appendix I. 

In  Chapter XVII there is an illustration from the field of 
sports, the world records for the mile run since 1865 and the 
current records for other distances. It seemed advisable to 
bring these records up  to date, and this has been done in 
Appendix 11. Since nothing is said in the text about the 
much-discussed four-minute mile, a few pages on that sub- 
ject will also be found in Appendix 11. 

Since 1939, even since 1950, there has been considerable 
progress in both the theory of probability and the science of 
statistics, just as there has been in other fields of science. But 
such progress has very naturally been at a far higher technical 
level than that of this book, so that no account of it has been 
taken. 

On the philosophical side, we would like to emphasize 

Vardano,  the Gambling Scholar, by Oystein Ore: Princeton University 
Press. 
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PREFACE TO DOVER EDITION 

again, as is done on page 47, that properly speaking the 
theory of probability is a mathematical theory, or rather a 
set of such theories, so contrived as to be applicable to a wide 
variety of physical situations, in physics, in the social sciences, 
in insurance, in games of chance, and in a large number of 
other fields. T h e  point is that the validity of a given applica- 

1 tion depends on how closely the physical situation conforms 
to the demands of the theory. For example, in the applica- 5 tions to throwing coins and rolling dice, it must be assumed 

1 that the coins and dice are perfectly symmetrically constructed 
of homogeneous material. But no real coins or dice fully 

! meet these requirements. We are therefore talking about 
idealized coins and dice, and the problem arises: how closely 
can we expect the imperfect coins and dice that we use to 
conform to the laws of chance derived from the abstract 

d theory? The  fact that dice show small discrepancies from 
I 
I 

these laws, if enough thousands of rolls are made, is shown 

I by the classical experiments of Weldon, discussed on pages 
232-33 and on page 239. 

Perhaps the most important matter to which I must refer 
in this brief Preface is the revisions that are not made in 

I this edition. In  Chapter XVII, beginning on page 276, there 
is a discussion of the field known as operations research (or 
operational research, as it is called in Britain). I t  is defined 
there as the application of scientific method to operational 
military problems. As such it was developed in EnglandL dur- 
ing the Battle of Britain, as indicated in the text, and this 
remained its meaning on both sides of the Atlantic through- 
out World War 11. At the end of the war the scientists of 
both countries recognized its great potential for other than 
military uses (pages 317-18). T o  further such uses there was 

*For background material on operational research and on the relation- 
ship of government to the scientific effort in Britain, both during and 
preceding World War 11, the reader can consult C. P. Snow's interesting 
book: Science and Government, Harvard University Press, 1961. 
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formed in England an Operational Research Club, later 
changed to a Society. In the United States in 1948 the Na- 
tional Academy of Sciences-National Research Council 
formed a Committee on Operations Research, with the same 
purpose of furthering the non-military applications, while 
certain universities, notably Massachusetts Institute of Tech- 
nology and Case Institute of Technology, organized courses 
in the new field. Scientific American and Fortune magazines 
were the first to feature articles on the subject. As a result of 
these and other endeavors, operations research (and some- 
what later its sister discipline, management science) has 
achieved a growth and an acceptance far beyond the hopes of 
those of us who were involved in its expansion. There can 
be little doubt that a major reason for this happy circum- 
stance is the fact that operations research, in its broadest 
sense, received the official stamp of approval of science and 
scientists, at a time in history when science was held in high 
popular esteem. 

I n  the 1939 edition of this book the author, perhaps rather 
timidly, expressed the hope and the conviction that at some 
future time the application of scientific method to the opera- 
tional problems of business and to statistically complex situa- 
tions in general, would come into its own. In  the edition of 
1950 much more space was devoted to an analysis of the 
difficulties involved, as they appeared to the author at that 
time (1948). These pages have been left unchanged in the 
present edition (pages 314-23). The  fact is that the expansion 
and the development of the field of operations research have 
been so great that to bring our remarks on the subject up to 
date would require a separate volume. 

Although the subject matter of this book is the elementary 
theories of probability and statistics and some of their 
simpler applications, wide segments of operations research 
are so intimately related to these theories that it properly 

vii 



1 PREFACE TO DOVER EDITION 

I 

I finds a place in these pages. The examples of military opera- 

I 
tions research given in Chapter XVII were necessarily taken 
from work done during World War I1 from which, for one 
reason or another, security restrictions had been lifted. As to 
non-military work, the bulk of the two final chapters, which 

I appear here unchanged from the 1950 edition, is in fact de- 
voted to such applications. The majority of the illustrative 
examples were based on the author's personal experience in 
the field. As implied on page 31 7, these examples were selected 
on the basis of their close relationship to the subject of this 
book. 

At that time (1948) what was urgently needed was an 
appropriate and descriptive term for the application of sci- 
entific method to the broad field of operations involving 
men and machines. In addition to being too restrictive, the 
term "business research," as used in the text, is a poor one. 
For there has long been intensive research in business and 
industry directed toward improving products and discovering 
new ones, and in some cases even extending into the area 
of basic research, none of which comes under the heading 
of operations research. The term "science of management" 
is highly descriptive, provided that it is confined to the 
functions of management, as usually understood. But opera- 
tions research is not so confined. 

It is strange that the English-speaking world should use 
the two equivalent terms "operational research" and "oper- 
ations research." Since the British developed the field, at 
least in its military bearing, and since they coined the expres- 
sion "operational research," it would seem that the fault lies 
on this side of the Atlantic. Where and how this schism de- 
veloped I have never been able to learn. I do know that 
when the Committee on Operations Research was formed 
in 1948, the proposal to adopt the British designation was 
rejected on the ground that the term "operations research" 
was already too entrenched in the military establishments of 
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PREFACE TO DOVER EDITION 

this country. And so the schism will have to be perpetuated. 
All this is perhaps a counterexample to the usual implications 
of the phrase: "What's in a name?" 

I would like to express my appreciation of the manner in 
which Dover Publications, and in particular Mr. Hayward 
Cirker, have handled the production of this edition. 

Kennebunk, Maine, 
July, 1962. 





FOREWORD 

ORIGINATING as the mathematical tool of the gambler, the 
science of probability has become fundamental in the knowl- 
edge of the physicist, the biologist, the technologist, the in- 
dustrialist, the businessman, and the philosopher. Probability 
and its offspring statistics are now recognized as basic in the 
business world; also, it is becoming increasingly apparent that 
many principles of theoretical science have their explanation 
in the laws of chance. More frequently than many persons real- 
ize, data obtained from large numbers of similar events form 
patterns of behavior that the well-trained statistician or prob- 
ability expert of sound judgment can recognize. Thus i t  be- 
comes possible to formulate intelligent policies in the business 
world and to construct experiments and make predictions in  
the field of science. 

Unfortunately, ignorance of even the very elementary prin- 
ciples of probability and statistics is widespread. Moreover, 
many persons who must apply statistical concepts do so in a 
routine and mechanical manner with no understanding of the 
methods employed or of the significance of the results obtained. 
I t  follows as an inevitable consequence that much "bad statis- 
tics" is being promulgated; the public has been victimized in 
many instances by pseudo statisticians who draw unjustified 
conclusions from data. 

Horace C. Levinson, the author of T h e  Science of Chance, 
is trying to develop literacy in the language of probability and 
statistics. He has assumed that a person need not be a skilled 
mathematician in order to understand the simple laws on 
which the science of chance is based. He takes the reader by 
the hand and leads him through the fundamentals of the sub- 
ject by analyzing problems in games of chance; the concepts 
thus developed are then applied to problems of broad concern 
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in government and business. Throughout the book the treat- 
ment reveals the clarity of the author's understanding of his 
subject as well as his pleasant sense of humor. The  nonmathe- 
matician will read the book with genuine understanding, and 
he will be surprised that a mathematical subject can be so en- 
tertaining; the serious student of probability and statistics will 
find that the book provides an invaluable supplement to text- 
books written on the subject. 

The Science of Chance is a revision of the author's earlier 
book entitled Your Chance to Win. T h e  latter work has been 
out of print for several years, and the publishers have received 
numerous requests that the book be reprinted. A particularly 
urgent request came from Professor S. S. Wilks of Princeton 
University, who, after reviewing galley proof of the new edi- 
tion, has written, "We have not yet found another book which 
discusses the concepts of elementary probability theory and 
their role in everyday affairs and statistics in as concise, force- 
ful, and simple language as Levinson's does. T h e  main core 
of our course consists of a technical treatment of elementary 
statistical methods, and we believe Levinson's book will make 
excellent supplementary reading material." 

Dr. Levinson's successful approach to his subject comes in 
part from his acquaintance with the broad utilization of prob- 
ability concepts; although his Doctor's degree was in the field 
of mathematics, and he has worked actively in such an abstract 
field as the theory of relativity, he has been in great demand 
as a consultant and adviser to business and industrial organi- 
zations. 

T h e  publishers and the editor of this book present i t  to the 
public with considerable pride, for they believe that a greater 
knowledge of the science of chance is of fundamental signifi- 
cance in modern life. 

C. V. NEWSOM. 
Albany, N.Y., 

December, 1949. 
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Chance 
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Probability is, for men, the guide of life. 

J O S E P H  

Among other peculiarities of the nine- 

teenth century is this one, that by initint- 

ing the systematic collection of statistics 

it has made the quantitative study of 

social forces possible. 
A L F R E D  N 

BUTLER'S Analogy 

ORTH W H I T E H E A D  



C H A P T E R  I 

Chance, Luck and Statisticcs 

ALMOST everyone likes to take a chance once in a while, espe- 
cially if the odds are not too much against him and the penalty 
for losing not too severe. Some people find in gambling for 
high stakes the answer to a craving for excitement. The quick 
shifts from high nervous tension to the letdown that follows 
apparently satisfy some primitive urge originally associated 
with a sense of danger. Others seem to enjoy risking their very 
lives, and too often the lives of others, as witness the thousands 
slaughtered unnecessarily each year in automobile accidents. 

But everyone, whether he likes i t  or not, is taking chances 
every day of his life. No matter how cautious he is, or to what 
lengths he may go, he is still taking chances. T o  avoid taking 
chances he must avoid bathtubs, stairs, elevators, power ma- 
chines of every sort. He dare not travel, while staying at home 
is dangerous in the extreme, as the st;l.tistics of the National 
Safety Council amply demonstrate. He is really in quite a fix. 
And finally, any nourishment he takes may be loaded with 
deadly bacteria and viruses; his only alternative is the certainty 
of starving to death. 

T o  escape from this dilemma it is necessary to realize that 
taking a chance is an essential part of everyday life. We live in 
a world of chance, and if we wish to live intelligently we must 
know how to take chances intelligently. T o  do so we must know 
and understand the laws of chance, for there are laws of chance, 
although their existence is by no means self-evident. 

In  their efforts to understand the complexities of the world 
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THE SCIENCE OF C H A N C E  

about them men were led, early in their history, to a series of 
fantastic beliefs that we now call superstitions. Some have per- 
sisted to the present day, in spite of the fact that they are flatly 
contradicted by the findings of science, while science is accepted 
by almost everyone. You will occasionally run across an individ- 
ual who maintains that he does not believe in science, but if 
you will observe his actions you will find them explainable only 
on the assumption that he believes firmly in the laws of science, 
even though not conscious of the fact. Among the superstitious 
ideas that have persisted in a well-nourished state is that of 
luck. According to this notion chance events do not take place 
impartially. They are influenced by a mysterious something 
called luck that is attached to every man, like his shadow, ex- 
cept that he can rid himself of the latter by going into a dark 
place, while the former follows him everywhere. 

I t  is curious that this notion of luck should be so widespread, 
for modern man is a skeptic and a realist. He is not easily in- 
duced to believe in things that he cannot see or touch. He does 
not believe in elves and brownies, or in ghosts t h a ~  walk at 
midnight to the accompaniment of clanking chains. He does 
not believe in haunted houses, but he may believe that he him- 
self is haunted by a spirit named luck. If it is good luck that is 
doing the haunting, his affairs will prosper. But without warn- 
ing the other brother, bad luck, may take over, and against this 
misfortune he must be on perpetual guard. 

Such ideas of luck are in fact misinterpretations of the idea 
of chance, and we shall see them for what they are when we 
have carefully surveyed the theory of chance, in more technical 
language the theory of probability, and the light that it throws 
on the interpretation of accidents and coincidences. We shall 
see that strange things are predicted by the laws of chance, 
freak runs of luck and striking coincidences. We shall be, per- 
haps, more tolerant and understanding of the origins of the 
superstitious doctrine of luck and less so of its survival. 

From chance to statistics is but a step--how'small a step will 

4 '  
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become evident in the pages that follow. Statistics is a highly 
useful and thoroughly practical subject, but it has its peculiar 
side as well. Even the word statistics is unusual. As a plural 
noun it means collections or sets of facts that are related, such 
as wheat yields per acre or the number of births per year. In  
practice it is customary to restrict its meaning to facts that are 
numerical, or can in some way be related to numbers. As a 
singular, collective noun statistics means the science of collect- 
ing or selecting statistical facts, sorting and classifying them, 
and drawing from them whatever conclusions may lie buried 
among them. T h e  facts, for example, might have to do with the 
incidence of a certain disease. The conclusion might be that 
the disease thrives only when sanitation is poor. The  singular 
form statistic is sometimes used to mean a single statistical fact. 
T o  avoid confusion it is important to keep these distinctions in 
mind. There is also the word statistician, which some people 
find difficult to pronounce. This word used to mean an expert, 
in other words a technically trained, highly competent person 
with specialized knowledge of the field of statistics. By long 
misuse it has degenerated to the point that it now means any- 
one, expert or rank amateur, who is in any way associated with 
statistics. I t  therefore has about it a flavor of disrepute, and it 
would be desirable to eliminate i t  from our vocabulary, and 
perhaps the whole statistics word family as well, if intelligible 
replacements were at hand. In  their absence we shall bravely 
carry on, with the hope that the reader will not associate false 
meanings with such words. 

One of the outstanding developments of our century, along 
with new techniques for destroying more people in less time, is 
the rapid expansion and development of the science of statistics. 
This science originated some hundred years ago in collections 
of facts bearing on the state, as the word implies. Exports, im- 
ports, births, deaths, economic trends, and the like, are all of 
interest to the state, and in the effort to learn from such facts 
the science of statistics gradually took shape. At last it became 
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clear that science had a powerful method for dealing with com- 
plicated patterns of facts, a method, furthermore, that works 
better the more facts there are and, in a sense, the more com- 
plicated the pattern. Here was the ideal working technique for 
all those subjects that study large masses of individuals, such as 
economics, sociology, government, insurance, even history. 

For a long time, however, the older and more aristocratic 
sciences, like astronomy and physics, had little use for the new 
science of statistics. Radioactivity was not yet discovered; the 
foundations of physical science seemed secure and untroubled; 
the notion of statistical law of nature would have been an 
absurdity to the scientists of the nineteenth century. Statistics 
was of use to them only as an artificial technique to handle 
situations too complicated to be dealt with in a straightfor- 
ward, fundamental way. 

Today all this is changed. Whole sections of astronomy and 
physics are full of statistics, and they are full of it not because 
they like statistics, but because it appears that nature does. 
Ordinary matter is made of molecules, and molecules arg made 
of atoms, and atoms are made of electrons, protons, neutrons, 
and other less popularized particles. Years of observation and 
study have led to the view that these basic particles, which make 
up  the world as we know it, follow statistical laws. This means 
that we can predict how very large crowds of them will act, 
but not what they will do individually. Those parts of physics 
that deal with the behavior of the electron are largely statistical 
in character. The  same is true of the study of the nucleus of the 
atom. The theory of the atomic bomb, for example, is essen- 
tially statistical. 

So statistics has found its way into all the sciences. In  the 
social sciences it stands today as almost the sole practical work- 
ing tool. Its importance in government is therefore immense. 
I t  is also of great value to biology, and thus to medicine. 

Apart from the sciences proper, statigtics is of rapidly increas- 
ing importance in other fields, for example in modern warfare, 

6 .  
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in modern business, and in practical politics. All this adds up 
to the fact that some knowledge of statistics is valuable to most 
of us in the art of living. Some enthusiasts have even attempted 
to insinuate statistics into the fine arts where, if it is not like the 
proverbial bull in a china shop, it is at least like a cow in a 
parlor. The  statistical method has, in fact, like all rational pro- 
cedures, sharp limitations, and it is no service to the cause of 
sound statistics to push i t  beyond its sphere. We shall have 
much to say in later chapters of unsound applications of sta- 
tistics. 

T h e  subject of statistics has the dubious distinction of being, 
perhaps, the most misunderstood of all subjects. We do not 
mean that it is the least known. I n  order to misunderstand a 
subject it is essential that one know something of it, or at least 
think that he does. For example, my personal knowledge of the 
extensive field of palcopathology is so slight that I can make no 
claim of misunderstanding, only that of ignorance. In the case 
of statistics, however, it is commonly believed that anyone who 
is expert in school arithmetic is technically equipped, and that 
he can be made into a statistician by a process analogous to 
conferring a title. Actually, modern statistics is a highly devel- 
oped technical field which has made much use of the resources 
of advanced mathematics. I t  is not possible to be a professional 
statistician, in the proper sense of the word, without a good deal 
of competence in mathematics. I t  is not necessary, however, to 
be a professional statistician in ordcr to know the difference 
between good and bad statistics, or to use soundly the methods 
that have been developed. T o  provc the truth of this statement 
is a major aim of this book. 

Statistics is also one of the most maligned of subjects. I t  is 
often said that with statistics you can prove anything, if you 
really try. There is a good deal of truth in this, at least if, in a 
spirit of congeniality, one drops the distinction between sound 
and unsound statistics. Unfortunately it is a fact that the ma- 
jority of the statistical conclusions that reach the public are 

- 7 
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not based on sound statistics and are frequently biased. Unless 
they have to do with a simple alternative, like "guilty" or "not 
guilty," the chance of their being correct is small. This situation 
is a direct consequence of the common belief that a statistician 
does not need technical training and can be remedied only 
when this belief is discarded. If our leading newspapers pub- 
lished reports on technical medical subjects from nonmedical 
sources, there would be a parallel situation, and wise readers 
would skip the reports. If the wise reader followed the same 
procedure with respect to the statistical reports, he would have 
to skip a great deal. His alternative is a skeptical approach plus 
a cultivated ability to distinguish good statistics from bad. 

I n  its rise to fame and achievement the theory of statistics 
has not stood alone. I t  was preceded by and has drawn much 
sustenance from another mathematical discipline, the theory 
of chance or probability. The  latter th60ry, as we shall see, was 
born from problems that arose in connection with gambling 
and had reached a relative maturity while statistics was in 
diapers. I t  is not a mere historical accident that the theory of 
probability developed first. Statistical theory could not have 
gone very far without the fertile ideas provided by the other 
theory, ideas that are fundamental in the study of the collec- 
tions of facts that are the central theme of statistics. One might 
say that probability and statistics look at the same situations 
through opposite ends of the telescope-probability through 
the eye end, that enlarges the image, statistics through the ob- 
ject end, that shrinks the image. Logically, the theory of prob- 
ability comes first. I t  is not possible to understand statistics 
without it. 

Before discussing the theory of statistics, it is therefore essen- 
tial to explore the theory of probability as fully as we can. I n  
so doing we shall in the main follow its historical development, 
beginning with simple problems in dice rolling and coin toss- 
ing, and later taking up its application to more complicated 
8 -  
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games like roulette, poker, and bridge. Such games provide an 
admirable approach to the central ideas of the theory of chance; 
here the laws of chance can be seen at work and fully grasped 
with a minimum of effort. I t  is hoped that enough different 
games are discussed to include at least one with which each 
reader is familiar, as familiarity with the game greatly increases 
its illustrative value. We shall also stop on our way to examine 
the role of chance in everyday life and in a wide range of sub- 
jects, roughly paralleling those mentioned in connection with 
statistics. For the two subjects are very closely interlocked. We 
shall also stop to examine some of the ideas for which chance 
is responsible-the notion of luck, good and bad, the many 
fallacies that arise in thinking about chance events, and the 
superstitions that have grown from such thinking. 

The whole of Part I will be devoted to this exploration of 
chance and probability. The  reader will encounter here the 
majority of the basic ideas essential to an intelligent approach 
to statistics, including all the more difficult or more subtle con- 
cepts. The new ideas introduced in connection with statistics, 
like frequency tables, various types of averages, and correlation, 
are more concrete and are more easily grasped. 

I t  should not be inferred from what has been said that the 
sole purpose of Part I is to make possible Part 11, which is de- 
voted to statistics. The  theory of probability is, in its own right, 
well worth careful study by all of us, as i t  enters our lives in 
hundreds of ways. Most important of all, perhaps, and not 
widely appreciated, is the intimate relation between this theory 
and the rules of sound thinking on practical matters. For we 
live in a world of uncertainties. The  fact of tomorrow is the 
possibility of today. Probability is the rating we give to a pos- 
sibility as a potential fact. I t  is unsound thinking to pick your 
favorite possibility and to proceed as though there were no 
others, even if your favorite leads the field. But it is not always 
an easy problem to know how to proceed soundly when several 
possibilities are taken into account. This problem is best illus- 

' 9  
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trated in terms of gambling, and leads to the notion of expec- 
tation of profit or loss. We shall meet it in that connection. 

The  theory of probability not only enters our daily lives in 
many ways, but like its younger relative, statistics, it has pene- 
trated and illuminated an extraordinarily wide group of sub- 
jects. &mile Borel, of the French Academy of Sciences, who has 
edited a comprehensive series of books on probability, has this 
to say: "It is thanks to the theory of probability that modern 
physicists explain the most hidden properties of energy and 
matter, that biologists succeed in penetrating the secret laws 
of heredity, thus permitting agriculturists to improve the stock 
of their animals and plants; in insurance, and in forecasts of 
every variety, the theory of probability is constantly used; . . . 
the theory of probability is of interest to artillerymen; it is of 
interest, also, not only to card and dice players, who were its 
godfathers, but to all men of action, heads of industries or 
heads of armies, whose success depends on decisions which in 
turn depend on two sorts of factors, the one known or calcula- 
ble, the other uncertain and problematical; it is of interest to 
the statistician, the sociologist, the philosopher." 

When we come to statistics itself we shall see how powerful 
an ally the theory of chance can be. This subject, without the 
intervention of the idea of chance, would be as dry as i t  is 
sometimes considered to be. I t  is when we look at statistical 
tables of figures as keys to the possibilities of the future that 
they come to life. If the statistics have to do, for instance, with 
the number of leaves on clover stems, you can infer the chance 
of finding a four-leaf clover among the next ten, or twenty, or 
one hundred specimens. If they have to do with baldness in 
men, you can compute the most probable number of bald heads 
that you will see at the next political meeting you attend, and 
checking up  on the result may provide a pleasant means of 
passing the time during some of the speeches. 
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GambZen and Scientists 

THE idea of chance as something that can be treated numeri- 
cally is comparatively new. For a long time men did not realize 
that they had the power to do so. By the famous and familiar 
allegory of the "Wheel of Fortune" they symbolized all the 
unknowable, mysterious, grotesque elements in their lives 
which combined to produce fate. What we now call chance was 
one of those elements. So potent was this concept of fate that i t  
would have appeared almost impious to analyze it, at least for 
a long time, and a daring imagination was required to grasp 
the thought that numbers offered a key to the understanding of 
events which, superstitiously regarded, were utterly unpredict- 
able. 

That remarkable period in the history of science, the first 
half of the seventeenth century, produced the first attacks upon 
the problems of chance and probability. At this time, when the 
Renaissance was drawing to a close, a new curiosity about na- 
ture was sweeping the world, a curiosity destined to usher in 
the era of modern science. I t  extended even to the gamblers. 
A group of them, unable to answer their own questions about 
the fall of dice and other gaming problems, went to some of the 
leading scientists of the day. Among others, they approached 
the great Galileo. 

  he Italian gamblers met with an interested reception. Gali- 
lee, though occupied with a wide range of subjects, found these 
t ~ n b l i n g  problems worth careful study. Not only did he solve 
them all, but went on to write a short treatise on the game of 
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1 dice. Science had begun its study of chance, which was to con- 
tinue to the present day and lead to results that not even a 
Galileo could have foreseen. And it was science itself, rather 
than gambling, that was to receive the greatest benefits. 

Not many years later history repeated itself, this time in 
France, and the first glimpses of a more general theory of 
chance were the result. Among the gamblers of the period there 
was one, a certain Chevalier de MPrP, whose devotion to gaming 
was tempered by a scientific curiosity and insight which enabled 
him to formulate some very neat problems. Among his other 

I virtues was his friendship for Blaise Pascal, and to him he 
brought his perplexing questions. 

Pascal was a strange blend of mathematical genius, religious 
enthusiasm, and literary and philosophical ability of high or- 
der. The two streams of the mathematical and the mystical met 
in him, and their waters did not mingle. He was a battleground 
of opposing forces, which struggled for dominance throughout 

I his rather brief life. In  his early days mathematics reigned un- 
disputed; his invention of the adding machine a t  the age of 
eighteen is but one of a series of accomplishments that gave 
him his high standing as a mathematician. Another is his solu- 
tions of de MPrC's problems, for he was able to distill from them 
the basic ideas of a new branch of mathematics, often called 
the theory of probability. 

Pascal created this novel intellectual instrument, but he was 
almost the first to violate the canons of his own creation. For 
the theory of probability teaches us above all to see in accidents 
and coincidences only the workings of natural law; it does 
away with the need of a supernatural symbolism in their inter- 
pretation. Pascal himself did not, apparently, accept the full 
implication of his own discovery. He retained a belief in the 
mysteriousness of certain accidents and occurrences. He was 
once driving in a suburb of Paris when his horses ran away, 
and he was saved from being thrown into the River Seine only 
by the traces breaking. This close call seemed to Pascal a spe- 
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cia1 revelation warning him to abandon the world, and he lost 
no time in doing so. I n  order to fortify this resolution, from 
that day on he carried over his heart a piece of parchment on 
which he had written the details of the accident. 

I t  may appear odd to modern readers that gamblers should 
have brought their problems to men of the importance of 
Galileo and Pascal. But a glimpse at the lives of one or two of 
the mathematicians of the period will throw light on this point. 
I n  retiring from the world early in life Pascal was not follow- 
ing the traditions then prevailing among the mathematical 
fraternity. 

Today we are inclined to think of the mathematician as a 
voluntary exile, at least from the stormier phases of life, in 
spite of many exceptions, such as the late Paul PainlevC, three 
times Premier of France. But toward the close of the Renais- 
sance, especially in the sixteenth century, the lives of many 
mathematicians read like pages from the autobiography of Ben- 
venuto Cellini. There was Cardan, the Italian-physician, 
mathematician, astrologer, gambler. After obtaining his med- 
ical degree he was forbidden to practice, due to allegations 
that his birth was illegitimate. However, after a descent to the 
poorhouse he rebounded and finally obtained a renown 
second only to that of Vesalius. During lean years he sup- 
ported himself with gambling. In his great book on algebra 
he published as his own a solution of cubic equations which 
he had obtained from a rival under pledge of secrecy, and 
it is called Cardan's solzctio71 to this day. One of his sons 
was executed for p.oisoning his wife; the other was a con- 
firmed criminal who burglarized his father's house. In astrol- 
ogy one of his bizarre ideas was to cast the horoscope of 
Jesus Christ. For such follies he was arrested by the inquisi- 
tion and ordered to publish no further books, but ended his 
life as a pensioner of the Pope. In addition to the hundred 
odd books he published he left behind more than one 
hundred in manuscript.+ 

*For further facts about  Cardan,  see Appendix  I .  
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The  name of Fermat is associated with that of Pascal in 
founding the new theory of chance. Fermat was a lawyer by 
profession; he never devoted himself wholly to mathematics. 
But his contributions to the subject are of so high an order that 
he is ranked as one of the great men of this field. Following the 
practice of the time, Pascal and Fermat corresponded exten- 
sively on scientific subjects, and in certain of his letters Pascal 
included the gambling problems of the Chevalier de MgrC. 
Fermat responded with solutions that agreed with those of Pas- 
cal in results, but differed from them in method. Thus Ferrnat 
materially enriched the subject, but he published nothing con- 
cerning it. This was quite in accord with his usual practice, for 
he published very little on any subject, and his extensive and 
valuable researches in mathematics had to be dug up, after his 
death, from odd manuscripts and notes on the margins of the 
books he had been reading. Much of value was lost. 

T h e  rise of the theory of probability was rapid, as such things 
go. The  first systematic treatise came some half century after 
the work of Pascal and Fermat and was due to James Bernoulli, 
the first of a family of Bernoullis almost as famous in mathe- 
matics as the Bach family in music. 

We come next, after a lapse of one hundred years, to a great 
name in the history of science, that of Laplace. One of the in- 
heritors of the genius of Newton, he spent most of his scientific 
life in wrestling with the mechanics of the heavens. Among his 
greatest works were his efforts to prove that the solar system is 
not subject to collapse, that the earth will not fall someday into 
the sun, that this same solar system evolved by orderly laws 
from a primitive gaseous nebula, and in constructing a monu- 
mental theory of probability. This work put the subject onto 
an entirely new plane and indicated clearly what its direction 
of growth was to be. 

Laplace lived through the stormy period of the French Revo- 
lution and, in addition to his scientific labors, served in various 
'4 ' 
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administrative capacities. As to the value of these services opin- 
ions may differ, but one thing appears certain; his judgments 
of practical probabilities, in so far as his own advancement was 
concerned, were excellent. 

The next great figure in the history of the theory of prob- 
ability is the incomparable German mathematician, Gauss. 
Early in the nineteenth century Gauss undertook a study of the 
theory of measurements, which can be approached only by use 
of the idea of chance. His labors were so successful that he left 
this theory as perfectly developed as the mathematics of the 
period permitted. He evolved the famous law now known as 
the Gauss Law of Errors, which we shall meet again. 

Gauss was one of the most versatile mathematical geniuses 
that ever lived. Everything that he touched seemed to turn to 
gold. In his admirable book, Men of Mathematics," E. T. Bell 
ranks Gauss, with Archimedes and Newton, as one of the three 
greatest mathematicians of all time. 

Since the time of Gauss, the theory of probability has been 
developed and expanded by a host of workers, who have made 
use to the full of the immense resources of the mathematics of 
the past century. 

If the theory of chance had grown up to be a black sheep in 
the scientific fold, wc might hold the gamblers responsible for 
it and tell them that they should have kept their difficulties to 
themselves. But it is not a black sheep. It is a well-behaved 
member of the mathematical family and has rendered conspic- 
uous service to many of that large group of subjects to which 
mathematics has been fruitfully applied. Among these subjects 
are not only many sciences, but many businesses as well, in- 
cluding insurance--one of the largest of all. 

T h e  reader interested in knowing more of the men whose contributions 
to the theory of probability we have touched on will find here ample 
details of both their lives and their work. 
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So there is no question that science and business have con- 
tracted a very real debt to the gamblers. When science contracts 
a debt, it usually is able to repay it with interest by throwing 
a flood of light on the entire subject. In  the present instance, 
the theory of probability has revolutionized the theory of games 
of chance and has pointed out how fallacious the theories of 
most gamblers are. Whether the gamblers have always appre- 
ciated this service is doubtful. At least it is fair to say that they 
should have. 



C H A P T E R  111 

The Wodd of Shperstition 

IN GAMES of chance there are bound to be runs of luck for and 
against the individual. This much is understood by everyone. 
No sane person sits down to a game of bridge with the expecta- 
tion that all hands will be of about the same strength, nor does 
he expect the numbers in roulette to appear regularly in some 
order, so that, for instance, number 5 never would appear a 
second time until all the other numbers had had an opportu- 
nity to appear once. He expects these fluctuations due to chance 
--or luck, if he prefers to call it that-but he may see in them 
verifications of superstitions that he has previously acquired. 

I t  is certainly true that around the gaming tables of the 
world there flourishes a particularly large crop of superstitions. 
Perhaps this is due primarily to the tension of gambling for 
high stakes. When the fall of a marble into hole number 4 in- 
stead of hole number 5, or the fall df an ace instead of a king. 
can catapult the player from poverty to riches, or vice versa, or 
when the turn of a card can mean a yacht or an estate on Long 
Island, it is not difficult to understand a lack of clear-cut, ob- 
jective thinking. In  the pages of this chapter we shall glance 
at some of the common superstitious beliefs in as detached and 
objective a frame of mind as possible, with emphasis on their 
relation to the laws of chance, and without the emotional strain 
under which a man who is gambling heavily must form his 
opinions. 

Many years ago at Monte Carlo I had an opportunity to ob- 
serve some of the curious human dramas at the famous casino. 
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! After briefly trying out one of the "systems" given in a later 
i chapter, I discovered a source of considerable amusement in  

watching the antics and eccentricities of some of the players. 
I recall one in particular, an elderly man who always entered 
the gaming rooms at the same hour and took a seat at a par- 
ticular table. This man was well worth a second glance on ac- 
count of a curious quality which showed in his expression. 
Aloof, tolerant, faraway, assured, he would enter the rooms 
with half a dozen notebooks and quantities of loose paper 
which he spread about him on the table, quite indifferent to 
the rights of his neighbors. 

Standing behind him, I could see on these sheets a compli- 
cated pattern of numbers and hieroglyphics in columns. T h e  
job of keeping his entries up  to the minute seemed to absorb 
him completely. Apparently he had no time to make bets. But 
this turned out to be a hasty opinion; the fact was that his cal- 
culations had not indicated that the moment for placing stakes 
had arrived. If I continued my observations long enough, per- 
haps for ten minutes, I would at last observe signs of activity. 
The latest calculations must have been successful, for counters 
would be extracted from an inner pocket and several bets 
placed with an air of precision. Sometimes he won, often he 
lost; in either case the mysterious calculations began again, 
and in either case his manner of quiet confidence continued. 

The  mystery of his play, however, was not unfathomable. 
Those queer-looking hieroglyphics turned out to be the signs 
of the zodiac. The  elaborate calculations were to determine, 
according to the rules of astrology, whether the roulette table 
was for or against the player! 

Quaint though the idea of looking to the stars for tips on  
the fall of a roulette marble may seem to some of us, i t  is a 
form of superstition which you may have encountered in some 
of your daily affairs without recognizing it1 For instance: YOU 

are a businessman waiting at your office for a certain Mr. Jones 
to come in and sign a contract for a large order of your product. 

18 
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He  phones at last to say that he will be unable to get in today. 
But before the day is ended Mr. Jones unexpectedly runs across 
other arrangements that seem more advantageous to him, and 
your contract is never signed. Tha t  is all you will ordinarily 
discover about the way you came to lose a good order. T h e  true 
story of what happened is this: On  that particular morning 
Mr. Jones spilled the salt at the breakfast table. At once he 
made up his mind to be extremely cautious that day, and above 
all not to sign the contract. Then came the other arrangements. 
Mr. Jones believes that the salt spilling was a special warning 
sent by a kind providence to prevent him from entering into a 
disadvantageous contract. I n  fact, he says, if he had never be- 
lieved in such signs before, a clear-cut case like this would have 
converted him at once. 

Or  you are sitting down to an evening of bridge when it a p  
pears that your partner has the firm conviction that dealing 
cards with red backs brings him bad luck. He therefore declines 
to cut for cards and deal. I t  is discreetly suggested that your 
opponents take the red deck, but one of them argues that if 
i t  brings bad luck to one person, it might very well bring it to 
another. He feels it more prudent to decline, and the game 
must be delayed until two neutral packs can be dug up, while 
you are wondering what the color of the backs can have to do 
with the hands dealt. 

What is the significance of such actions, examples of which 
could be multiplied almost indefinitely? Why are these super- 
stitious beliefs still so widespread and deep-rooted in a period 
like the present one, which is called the scientific era? 

In  the days when science was virtually the exclusive prop- 
erty of a few isolated individuals, it could not be expected that 
popular beliefs would be much influenced by it. Today the 
case is radically otherwise; as everyone knows, we have been 
fairly bombarded with scientific products and by-products. 
Home, office, street, and farm are teeming with them. No one 
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can say that he has not been exposed more or less directly to 
the influence of science, or that he has not had a chance to "see 
the wheels go around." And the man in the street believes in 
science, or at least claims to. He has seen it work and, almost 
without realizing it, trusts his life daily to the accuracy of its 
predictions. When he sits down before his radio for an eve- 
ning's entertainment he does not say, "I hardly think it will 
work tonight, as I just saw the moon over my left shoulder." 
If it does not work he examines the electrical connections, or 
looks for a faulty tube. I t  never occurs to him to connect the 
mishap with the number of black cats he has recently met. He 
knows very well that the difficulty is in the radio, and that if he 
cannot fix i t  the repairman will, regardless of the moon and the 
black cats. Yet this same man will sit down to a game of cards 
and find i t  perfectly natural to attempt to terminate a run of 
bad hands by taking three turns around his chair. 

These superstitious beliefs are a heritage from a past, in 
which magic and the black arts, witchcraft, sorcery, and com- 
pacts with the devil were among the common beliefs of the 
people. Today many of them have passed away, especially 
those more obviously contradicted by the findings of modern 
science. I t  has been a long time since the last trial for witch- 
craft at Salem. The onetime fear of charms and curses, laid 
upon one person by another, is now a mark of a primitive stage 
of civilization. Curses, says Voltaire, will kill sheep, if mixed 
with a sufficient quantity of arsenic. 

The  majority of the superstitions that survive, though they 
are widespread, are of the more innocuous variety; belief in 
them seldom breeds the terror of the supernatural that char- 
acterizes inoculation by the more virulent species. Furthermore, 
there are many people who give them a wavering adherence, 
like that of the man who does not believe in ghosts but avoids 
cemeteries at midnight. Others find in them a pleasant oppor- 
tunity for half-serious banter. Still others believe without being 
aware of it, like the woman who stated with pride that she 
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had outgrown her superstition about the number 13. "Now," 
she said, "I frequently have thirteen at my dinners, for I have 
found out that thirteen is actually my lucky number." And it 
is a rare hostess, whether positively or negatively charged with 
superstition, or altogether devoid of it, who will serve thirteen 
people at dinner. I n  one of his speeches Chauncey Depew said, 
"I am not at all superstitious, but I would not sleep thirteen 
in a bed on a Friday night." 

Although there is no denying that the modern form of super- 
stition is a milder manifestation than previous ones, yet in a 
sense it is a much less excusable belief. For the increase in our 
knowledge of the natural world during the last three hundred 
years is immense. Where there was chaos and mystery there 
is now order and mystery. Science has not taken away the ulti- 
mate mystery, but it has added a good deal of order. I t  is 
more of an intellectual crime to see the world today through 
the dark glasses of superstition than it once was. 

Superstition would be less prevalent if more people realized 
that there is only one set of natural laws, that things work only 
one way, not half a dozen ways. Nature abhors a contradiction. 
If a deck of cards really does take account of the fact that I 
dropped and broke my mirror this morning and distributes 
itself accordingly, why should I not expect my automobile to 
begin climbing telegraph poles under like circumstances? The  
one is a collection of fifty-two printed slips of paper, which 
operates according to the laws of chance, the other a steel mech- 
anism that operates according to the laws of mechanics and 
thermodynamics. The  distinction is less striking the more 
closely it is examined. 

The  fact is that if things really work in the way presupposed 
by these superstitious beliefs, then the reasoning of science is 
wrong from the bottom up, its experiments are delusions, and 
its successes merely happy accidents. As the successes of science 
number in the millions, this view of the world requires us to 
believe in millions of remarkable coincidences. 
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I t  is sometimes said that "the science of one age is the super- 
stition of the next." I n  one sense nothing could be more mis- 
leading than this neatly turned remark, which implies that 
science and superstition differ only in that science is "true" or, 
at least, is accepted for the time being, while superstition is not. 
The  real distinction is much more fundamental and lies in the 
manner of approaching a situation, not in the situation itself. 
Science represents the rational approach to the world. I t  ob- 
serves and makes hypotheses, from which it reasons according 
to rules of logic. If conclusions get out of tune with observa- 
tions, one or more of the hypotheses are thrown out or revised. 
If a mistake in the use of logical principles is committed, the 
defective parts are rejected, and a fresh start is made. Supersti- 
tion, on the other hand, is an irrational approach to the world. 
I t  indicates as "cause" and "effect" pairs of events between 
which there is seriously insufficient observational or logical 
linkage. On this account it is, in a measure, protected from 
direct attack. There can be no question of pointing out errors 
in logic, where there is no logic. I walk under a ladder and that 
night my house burns down. Superstitious doctrine may point 
to the former as the "cause" of the latter, but fails to indicate 
any logical chain whatever between the two events. Walking 
under the ladder has put me under a "spell of bad luck," which 
has somehow communicated itself to the electrical wiring of 
my house, thus wearing away the insulation and causing the 
fire. The two events are thus connected; but not by any stretch 
of the imagination can the connection be called logical. 

Superstition has its roots in egocentric thinking, in the in- 
dividual's desire to regard himself as an important part of the 
scheme of things. Looking out from the meager prison of his 
own body at an overcomplex world which he can comprehend 
only in fragments, it is not astonishing that he tends to inter- 
pret what he sees in terms of himself. So it is with the gambler 
who watches the roulette wheel before playing, to find out "if 
the table is running with him." He has, unconsciously, raised 
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himself to a position of considerable importance in the uni- 
verse. Whether he wins or loses is by no means a matter of in- 
difference to nature. Some days she is favorable to his winning, 
other days firmly opposed to it; he must keep a sharp watch 
and endeavor to confine his play to the former. He is like prim- 
itive man in his regard for the favor of gods and devils; but he 
brings no gifts to the goddess of chance; he sacrifices no heifers. 
He hopes, apparently, to take the goddess unawares and win 
her favor in the most economical manner. Perhaps he has less 
faith than his primitive brother. 

There are only a few activities in which superstition comes 
even nearer to the surface than in the gambling of most card 
or dice players. Among them are the more hazardous occupa- 
tions, such as the sea, wars, and mining. Whenever events over 
which the individual has no control can rob him of health or 
life, or can raise him suddenly to riches or reduce him to pov- 
erty, it is difficult for him to keep a sufficiently detached point 
of view to realize that the march of events takes as little ac- 
count of him as we do of the insects that we unknowingly crush 
in walking across a lawn. An infantry captain who was dec- 
orated for bravery in action, and whom I met just after World 
War I, told me that he had never doubted his own safety, even 
in the tightest places, for he believed that he was natively 
"lucky," and that if this luck were about to desert him, he 
would infallibly recognize the fact. I t  was evident that this 
belief had given him great comfort and appreciably increased 
his courage. If superstitions of this nature, which are prevalent 
in all armies, always worked out as in the case of this infantry 
officer, they would furnish an example of the amount of good 
that a thoroughly bad idea can accomplish. But evidently they 
work out very differently. A soldier is wounded without the 
slightest premonition, or an acute sense of impending doom- 
caused perhaps by a case of indigestion-turns out to be merely 
a distressing and wholly unnecessary experience. 

The idea that some people are inherently lucky in what they 
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undertake and others inherently unlucky is one of the super- 
stitious doctrines most firmly intrenched in many minds. For 
it is a matter of observation that chance sometimes favors in- 
dividuals in streaks, called runs of luck, and from this fact it 

I is often errorieously concluded that some mysterious element 
called luck resides in certain persons, and that another called 

1 bad luck resides in others. The  observation, as distinguished 
from the inference, is quite correct and is perfectly in accord 

I with the laws of chance. I n  fact, this is the distinguishing fea- 
ture of situations where chance enters. If no one ever had a 
streak of good or bad luck in bridge hands, it would mean that 
all of the hands dealt were of about the same strength, and the 
element of chance, together with much of the interest, would 
have disappeared from the game. It is correct and common- 
place to say that a certain person has been lucky or unlucky in 
some respect; it is sheer superstition to say that a person will be 
lucky or unlucky in any respect. This indicates the correct 
meaning of the word luck. When Goethe says that luck and 
merit are traveling companions, he means not only that the 
superior person is better able to take advantage of the twists 
of fortune, but that he appears to have luck with him for that 
very reason. 

If we insist on interpreting the role of chance in the world 
in terms of the experience of one individual, usually oneself, 
we shall never succeed in understanding it. But we may in 
that way come nearer to satisfying some of our latent vanities. 
Apparently there are people who deliberately close their minds 
to more enlightened views, preferring a flattering error to a 
neutral truth. One is reminded of Chantecler in Rostand's 
play. In  his conversations with the glorious hen pheasant he 
fights for his illusion; the sun could not rise without his crow- 
ing. He points with pride to the beauties of the dawn; the 
world would be a sad place indeed if he should neglect his duty. 
And when the hen pheasant suggests that he should do just 
that, let a day pass without crowing, to prove to her that his 
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efforts really do cause the sun to rise, he sees that she does not 
believe in him and exclaims violently that if her suspicions are 
correct, he doesn't want to know it! Thus he preserves his 
illusion. 

I n  order to see the workings of chance in perspective, i t  is 
best to leave the individual and turn to large groups of indi- 
viduals, where experience multiplies very rapidly. By far the 
best illustrations come from games of chance. If you make a 
throw with two ordinary dice, the odds are 35 to 1 against your 
throwing the double six, and 1,679,615 to 1 against your mak- 
ing this throw four consecutive times. Suppose, though, that 
ten million people throw two dice simultaneously, four times 
in succession. Then it will be exceedingly likely that a few will 
throw four straight double sixes. Each individual who does so, 
however, finds i t  very astonishing that chance should have 
selected him as a favorite and is likely to look for a reason 
among the events of his own life, which have no more connec- 
tion with his dice throw than do the spots on the sun. 

Whenever anyone throws dice he is in effect taking part in  
a wholesale experiment, much larger, in fact, than the one 
imagined above, for the throws do not have to be made simul- 
taneously-it does not make the slightest difference when they 
are made. When he has what appears to be a freakish series 
of throws, he should therefore keep in mind that if no one had 
such a series, i t  would be a gross violation of the laws of chance. 

The  same is true in real life, where such simple reckoning 
of future chances is rarely possible. I t  has required a million 
years of history, written and unwritten, for man to see beyond 
his own shadow and judge the external world according to 
standards appropriate to it, not those manufactured in his own 
image. Virtually all this immense stretch of time had passed 
before man reached the level of intelligence necessary to doubt 
his own supreme importance. Of the remaining few thousand 
years, modern science occupies only the last few hundred. 

Through this period, as we saw in the previous chapter, the 
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theory of probability gradually grew out of the rolling of dice 
and the falling of cards. At the hands of the master mathema- 
ticians it took form, and its influence increased, until the 
foundation was laid for a rational view of chance events. It is 
our task to attempt to make clear the nature of this foundation. 

The great value of games of chance in helping us to replace 
the superstitious view of the world by the rational one is due 
to their simplicity. I n  many of them it is easy to compute, using 
the rules of the theory of probability, just what the chances of 
the game are. This is equivalent to predicting what will hap- 
pen if a large number of games is played; to compare these 
predictions with the results of experience is an easy matter, 
and one that should settle any doubts as to their correctness. 

So, although games of chance are an excellent example of 
the validity of the laws of chance (to the discredit of the doc- 
trines of superstition), devotees of games of chance are fre- 
quently superstitious in the extreme. These statements, put 
side by side, have an almost paradoxical flavor which disap- 
pears at once when the character of those addicted to play is 
taken into account. I n  the words of Anatole France, "Gamblers 
gamble as lovers love, as drunkards drink, inevitably, blindly, 
under the dictates of an irresistible force. There are beings 
devoted to gaming, just as there are beings devoted to love. I 
wonder who invented the tale of the two sailors possessed by 
the passion for gambling? They were shipwrecked, and only 
escaped death, after the most terrible adventures, by jumping 
onto the back of a whale. No sooner there than they pulled 
from their pockets their dice and diceboxes and began to play. 
There you have a story that is truer than truth. Every gambler 
is one of those sailors." 



CHAPTER ZV . 

Fallacies 

IN THEIR private lives fiction writers, like other people, pre- 
sumably have to obey the laws of nature. I t  must be as difficult 
for them to make water run uphill as it is for the rest of us, or 
to arrive at the last link of a chain of reasoning without bother- 
ing about the intermediate ones. But their pens are subject to 
no such laws. They have created paper characters with all sorts 
of astonishing powers of analysis, of divination, of control over 
others by hypnosis, of subduing the forces of nature by un- 
heard-of inventions and have embedded them in equally as- 
tonishing situations. The resulting tales offer an avenue of 
escape, if only for an hour, from the reader's familiar scenes 
and the monotonous repetitions of ordinary life. But to forget 
the real world one must not stray too far from it. The  success 
of the more fantastic yarns depends a good deal on the author's 
ability to bring these violations of natural law within the realm 
of the credible. This is particularly the case in certain tales of 
mystery and crime, where prodigious feats of detection are the 
focus of interest. In  order to set the stage for the master detec- 
tives i t  is necessary to provide a never-ending sequence of in- 
teresting crimes in which the criminal is careful to leave just 
enough clues to provide two or three hundred pages of theory. 

In  these detective stories it is often the laws of chance rather 
than the victims which receive the most violent treatment. Not 
only are they grossly violated by the piling up of coincidence; 
they are as little respected in the detective's mental processes 
which in the end unravel the mystery. In  his triumphant prog- 
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ress to the "logical" indication of the killer, the typical super- 
sleuth treats the process of reasoning as though it were an 
activity similar to crossing a stream by stepping from one stone 
to another. In  real life the stages in the process of reasoning do 
not often lead to solid and immovable conclusions, but rather 
to conclusions that are merely more probable, or less so. When 
several such steps are linked together, the strength of the chain 
is determined by the laws of chance. 

The character of Sherlock Holmes has probably appealed to 
more readers than any other in detective fiction. His spectacu- 
lar and invariably accurate speculations, instead of leaving the 
reader with an annoying sense of their impossibility, produce 
the strong illusion that they could be imitated, if not dupli- 
cated, in real life, given a man of Holmes's acumen, powers of 
observation, and knowledge. In  fact, there is a certain danger, 
much appreciated by Sherlock Holmes himself, that Dr. Wat- 
son, and the reader as well, will find his conclusions quite 
commonplace, once they have been allowed behind the scenes. 
One thing that conclusively prevents translating these fascinat- 
ing and impressive performances from fiction into reality is the 
presence of that unpredictable element in things that gives rise 
to what we call chance. I n  real crime detection it is not gener- 
ally true that the facts of the case admit of just one theory, the 
probability of which is overwhelming, but to several, each 
more or less probable. And it frequently happens that the odds 
are against each one of them, considered separately, just as in 
a horse race the odds are ordinarily against each horse. I t  is 
the "unlikely" and the "incredible" that happen daily. That  
Conan Doyle was aware of this fact is shown by Holmes's re- 
mark, after reconstructing the life history of Dr. Watson's 
brother from an examination oE his watch: "I could only say 
what was the balance of probability. I did not at all expect to 
be so accurate." This must have been one of Holmes's more 
modest moods, for he can seldom be charged with such a lack 
of confidence in the accuracy of his conclusions! 
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If we turn back to Edgar Allan Poe, the originator of the 
modern detective story, we find a much keener appreciation of 
the principles of the theory of chance. This may be due to the 
fact that Foe was an enthusiastic student of mathematics in his 
school days and retained an interest in the subject throughout 
his life. I n  T h e  Mystery of Marie Roget, with nothing more 
to go on than newspaper accounts, he accomplished the unique 
feat of giving, in narrative form, the correct solution to a genu- 
ine murder mystery which was unsolved at the time and which 
had long puzzled the New York police. 

Mystery stories are not the sole offenders against the laws 
of chance. In  Peter Simple, Captain Marryat tells of the mid- 
shipman who, during a naval engagement, was prudent enough 
to stick his head through the first hole in the side of the ship 
made by an enemy cannon ball, "as, by a calculation made by 
Professor Innman, the odds were 32,647 and some decimals 
to boot, that another ball would not come in at the same hole." 
This is a picturesque touch in a picturesque tale; like an epi- 
gram, it almost calls for immunity from attack, but it effec- 
tively illustrates the commonest and the deepest rooted of the 
fallacies connected with chance. Although easily elucidated, 
the error involved here is deep-rooted and has served as basis 
for much of the nonsense that has been written about gam- 
bling games. Let us take a closer look at the reasoning of this 
particular midshipman. 

He was of course correct in believing that the chance that 
two balls would hit the ship at the same point is very small, 
but he was entirely mistaken in his .belief that after a ball had 
hit, the chance that a second one would hit the same spot is 
smaller than the chance that it would hit any other spot, desig- 
nated in advance. Before the engagement began, the betting 
odds were enormously against two balls' landing on the same 
spot, say a certain one of the portholes, but once half the "mir- 
acle" has been accomplished, the betting odds are immediately 
reduced to the odds that any indicated spot will not be hit. 
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T o  expect cannon balls to take account of where their prede- 
cessors have landed smacks of the supernatural, to say the least. 

A similar practice was very common in the trench warfare 
of World War I. The  idea was to take refuge in a newly made 
shell hole, because two shells never would fall on the same spot. 
Except in the case of systematic "sweeping," where the aim of 
the gun is changed periodically, from right to left, for example, 
there is no basis whatever for such a practice. As in the case 
of Marryat's sailor, i t  is not surprising that the tenants of the 
shell hole usually are safe, for there is much more room for 
shells to fall outside the hole than inside it. If it were possible 
to keep an exact record of the positions of men hit by shellfire, 
it would be found that in the long run those hiding in fresh 
shell holes fare no better than those concealed in older ones of 
the same size and conformation. I t  is perhaps just as well that 
this point cannot be checked by experience, as the soldier un- 
der fire cares little about the rules of thinking, and much about 
security, whether real or imaginary. 

The same question comes up in other activities, in games of 
chance for instance, and here it is quite simple to answer it 
by experience. At the bridge table you consider it remarkable 
in the extreme if you pick up your hand and find thirteen cards 
of the same suit, and we agree at once that it is very remark- 
able, in the sense that it is very rare. But an equally remark- 
able and rare thing happens every time you pick up  a hand. 
For at the moment that you reached for your cards the chance 
that your hand would contain the very cards it did contain was 
exactly equal to the chance that it would contain, say, thirteen 
spades. We attach a particular importance to the latter hand 
because, in the first place, it is so easy to describe and, in the 
second, because it has a particular significance in the game of 
bridge. If you find this fact astonishing, you may care to try the 
following practical experiment: Write down the names of thir- 
teen cards, both suit and denomination, or better, specify one 
hundred such hands, and note the number of deals in future 
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games required for you to hold one of these hands. There is 
only a very minute chance that you will ever hold one, but if 
enough people conducted the test, one or more would be al- 
most certain to do so, sooner or later. The odds against holding 
a specified hand, like thirteen spades, are 635,013,559,599 to 1. 

There is a similar situation in a lottery. Suppose that there 
are one million tickets at $61 apiece, each having the same 
chance to win. The  holder of a single ticket has 1 chance in 
1,000,000 to win the first prize, which will be an amount in six 
figures. From the standpoint of the ticket holder, it is almost 
a miracle to win the first prize, and only a little less miraculous 
to  win any prize. But look at the matter from the point of view 
of the promoters of the lottery. For them it is an absolute cer- 
tainty that there will be winners, and they see nothing miracu- 
lous about the names of the people who hold the winning 
tickets. 

If we could look down on the run of everyday events the 
way promoters regard their lotteries, not as participants but as 
overseers, we should find these bizarre-looking things we call 
coincidences by no means so remarkable as they at first seem. 
W e  should continually see things taking place against which 
the odds were 1,000,000 to 1, or 100,000,000 to 1, but we should 
realize that if the event had turned out differently, the odds 
would also have been heavily against that particular outcome. 
Furthermore, we would see that except for the simplest situ- 
ations, the odds are always enormously against what happens; 
we would see coincidences everywhere, and it would be difficult 
to single out any one of them as particularly remarkable. If the 
world were full of freaks, those in the circuses would attract 
little attention. 

I n  The  Murders in the Rue Morgue, Poe found occasion to 
express himself on the subject of coincidences and, inciden- 
tally, to air his enthusiasm for the theory of probability. Dur- 
ing one of his long discourses Dupin says: "Coincidences, in 
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general, are great stumbling-blocks in the way of that class of 
thinkers who have been educated to know nothing of the 
theory of probabilities-that theory to which the most glorious 
objects of human research are indebted for the most glorious 
of illustration." 

If things are continually happening against which the odds 
are so heavy, what distinguishes an improbable or unbelievable 
coincidence from an ordinary or probable one? This is a most 
natural query, in view of the remarks that we have made, and 
one of the greatest importance in our effort to obtain a clear 
understanding of the workings of chance. When we encounter 
a series of such coincidences, perhaps in a laboratory experi- 
ment in science, it is essential to be able to say whether or not 
they can safely be attributed to pure chance alone. We are not 
yet prepared to answer this question fully, but we can at least 
sketch the method, leaving a more detailed discussion to later 
chapters. 

Our first step must be to analyze the situation in which the 
coincidence, or set of coincidences, is embedded, in terms of the 
laws of chance. Now these laws are continually predicting, ex- 
cept in very simple situations, the occurrence of events with 
extremely small a priori probabilities, so that the fact that the 
odds against an event are very large is by no means significant, 
by itself. We must compare these odds with those against other 
events that could also occur. In  our lottery the odds against 
winning first prize on a single ticket were 999,999 to 1, and this 
applied not only to the winning ticket, but to every other that 
was sold. So the fact that Henry Jones won is not at all remark- 
able; the laws of chance are indifferent to the name of the 
winner. But suppose that Henry had gone on to win two or 
three more similar lotteries. In  that case the laws of chance 
would no longer remain silent. They would state emphatically 
that Henry's performance is unbelievable, on the hypothesis 
that chance alone was operating; for the odds against it are 
almost inconceivably large, compared with those against other 
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events that could equally well have happened on the chance 
hypothesis. 

The  fallacy that permitted Marryat's midshipman to enjoy 
a somewhat false sense of security is nowhere more clearly ex- 
hibited than in certain gambling methods. Gamblers, especially 
those who have felt the impulse to record their theories in 
permanent form, have given it the imposing title of "the ma- 
turity of the chances." This means, in plain English, that in a 
game of chance you should favor bets on those chances which 
have appeared less frequently than others. I n  roulette, for ex- 
ample, if you notice that the number 5 has not appeared dur- 
ing the last one hundred or two hundred spins of the wheel, 
your chance to win, according to this method, will be greater if 
you back the 5 than if you back a number that has come up  
more frequently. This doctrine is based on the following rea- 
soning: (a) I n  the long run the numbers come up  equally 
often; (b) the 5 has appeared less often than the other num- 
bers; therefore (c) the 5 should appear more frequently than 
the other numbers, until the "equilibrium" is restored. 

Unless we succeed in making clear the fallacy in this rea- 
soning, there is little use in discussing the theory of games of 
chance, or statistics and their applications to science and busi- 
ness. In  particular, we shall need a clear understanding of the 
matter when we come to the question of "systems" in roulette. 
We shall therefore take a very simple example, familiar to 
everyone, where the point at issue stands out sharply: 

Suppose that you play at heads or tails with a certain Mr. 
Smith, the amount bet at each toss of the coin being fixed a t  $1, 
and that Mr. Smith has allowed you to decide, before each 
toss, whether you will bet on heads or on tails. At a certain 
point in the game let us assume that heads has turned up  ten 
consecutive times; how will you place your next bet, on heads 
or on tails? The doctrine of the "maturity of the chances" in- 
sistently advises you to bet on tails, "for," it says, "heads has 
come more than its share, at least in the last few tosses, and 
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therefore there is more chance for tails, which will help to 
restore the balance." 

The  fallacy contained in this view cannot be more vividly 
expressed than in the phrase of Bertrand, the French mathe- 
matician, who remarks that the coin has neither memory nor 
consciousness. The coin is an inanimate object, and the reason 
that it is as likely to show heads as to show tails is its sym- 
metrical construction, not any choice or fancy on its part. Now 
the construction of the coin, which alone determines its behav- 
ior, remains exactly the same, whether there have been ten 
straight heads, or ten straight tails, or one hundred straight tails, 
for that matter. On each toss there is always the same chance for 
heads as for tails. In your game with Mr. Smith it does not make 
the slightest difference to your prospects whether you decide to 
bet on heads or on tails after a run of ten consecutive heads. 

"But," it may be objected, "it is certainly true that in the 
long run there ought to be as many heads as tails, and how 
can this be true unless there is a tendency for the one that has 
come up  less frequently to catch up with the other one by ap- 
pearing more frequently from that point on?" If we did not 
already know that the coin has no memory, and therefore can- 
not take account of its previous performance, this objection 
would seem, at first sight, to have some validity; in fact, it 
has deceived thousands of people into adopting this erroneous 
doctrine of "the maturity of the chances." The  error is in the 
initial premise. I t  is not true that "in the long run there ought 
to be as many heads as tails." The  correct statement is: In  the 
long run we expect the proportion (or percentage) of heads 
and that of tails to be approximately equal. The  proportion of 
heads means the number of heads divided by the total number 
of tosses; if the coin is tossed one thousand times, and there 
are 547 heads, the proportion of heads is 547 t 1,000, or 
547/1,000, while in this same series the proportion of tails is 
453/1,000. 
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Now it is easy to see why in the long run the equality of the 
proportions of heads and of tails does not require that the 
one that has occurred less frequently tend to catch up with 
the other. Suppose that you have made ten thousand tosses 
and heads has appeared two hundred times more than tails- 
an unlikely but possible result. This difference, amounting to 
1/50 of the number of tosses, appears to be very large, but if 
you continue to one million tosses, and the difference remains 
at two hundred, it now represents only 1/5,000 of the number 
of tosses, and the longer you continue, the smaller this propor- 
tion becomes. 

This sort of thing is familiar to everyone in connection with 
people's ages. If you are older than your wife, even by five 
minutes, you can say, if you want to, "I was once twice as old 

I *  , 
as you were, and still earlier I was a million times as old." A 
difference of two years in age is enormous at the start of life, 

I and almost negligible toward the end. When there is a deficit 
of two hundred tails in tossing a coin, it simply is not true 
that there is the slightest tendency for tails to appear more 
frequently than heads. If the tossing is continued, there is the 
same chance that the deficit be increased (in amount, not in 
proportion) as that it be decreased. 

The  best way to grasp this fundamental point-that in toss- 
ing a coin the chance of heads is exactly equal to the chance 
of tails, regardless of how the preceding tosses have come out- 
is to see that every other theory is absurd in itself and leads 
to absurd consequences. But there is another way, which is the 
last court of appeal, and this consists in making the experiment 
of tossing a perfectly symmetrical coin a large number of times, 
recording the results, and comparing them with those we are to 
expect, if it is true that heads is always as likely as tails. We 
should expect in the long run, for example, as many cases of 
ten heads followed by tails, as of ten heads followed by heads; 
that is to say, of a series of eleven consecutive heads. The  exact 
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basis for this comparison of theory and practice will be found 
later, in the chapter on the game of heads or tails. 

T h e  critical reader may ask at this point how we know that 
the coins used in such experiments are perfectly symmetrical. 
This is a legitimate question. If we know that the coins are 
symmetrical because the results agree with the theory, then we 
have not tested the laws of chance. We have assumed that the 
laws hold and have proved that the coins are symmetrical, 
while we wish to proceed in the reverse direction. The  answer 
to this dilemma is that the symmetry or asymmetry of a coin is 
a physical question and must be established by physical means. 
Only after we are satisfied that the coin is of homogeneous ma- 
terial and symmetrical in shape can it be used to test the laws 
of chance. And it is obvious that ordinary coins, even assuming 
the material to be completely homogeneous, are disqualified 
by the fact that they have different designs on opposite sides. 
We must have a coin with the two sides identical, except for 
small spots of color, so that they can be distinguished. 

Let us agree to pass such a coin. After all, it is hard to believe 
that a difference in color could have an appreciable effect, even 
in a long experiment. But what about dice? Ordinary dice, like 
ordinary coins, are disqualified by their different numbers of 
spots. In  order to test the laws of chance we would need ho- 
mogeneous cubes, each of the six sides painted with a different 
color, each color representing one of the numbers from one to 
six. 

Whichever way we turn we find that similar precautions are 
necessary, if we wish to compare the predictions of the theory 
of probability with experience. I n  a roulette wheel, in addition 
to the question of perfect symmetry there is that of balance. I n  
drawing balls from a bag, or cards from a deck, there is the 
question of shuffling. Like other experiments in science, those 
in probability require great skill. 

I t  is customary in works on probability, and we have fol- 
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lowed the practice in this book, to refer to experiments with 
coins and dice as though idealized, symmetrical coins and dice 
had been used. The difference in the results can be consider- 
able. In Chapter XV we shall study an experiment in which 
ordinary dice were used. Twelve dice were thrown 4,096 times, 
the equivalent of 49,152 throws of a single die, and we shall 
point out that the laws of chance were not followed. This 
whole question is therefore a practical matter and must be kept 
in mind in the study of certain gambling games. 

I t  is a curious, but not necessarily an astonishing fact that 
gamblers have a second doctrine that precisely contradicts that 
of the "maturity of the chances." According to this second prin- 
ciple you are advised to place your bets on the chances that 
have appeared most frequently. I t  would seem appropriate to 
call this maxim the "immaturity of the chances." From what I 
am able to make out of the accounts of this doctrine it appears 
that it should be followed when the maturity doctrine does not 
work. The  decision as to when one of these theories ceases to 
work, and the other becomes valid, would seem rather difficult 
in practice. 

I t  is remarkable that gamblers, for whom the theory of games 
of chance has a very real importance, are willing to trust to 
vague and theoretically unjustifiable theories, rather than to 
clear-cut experience. There is, however, a very important ex- 
ception to this statement. Those gamblers who have, so to 
speak, elected to play from the other side of the table as pro- 
prietors of gambling establishments put their full faith in ex- 
perience. They never fail so to establish the rules of play that 
the odds of the game are in their favor, and they trust for their 
profits to the uniform working of the laws of chance. These 
profits, therefore, are assured them, in the long run, provided 
that their working capital is sufficient to withstand the unfavor- 
able runs of luck that are equally assured them by the laws of 
chance. We shall consider this interesting problem, of the re- 
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lation of the gambler's available capital to his chance of suc- 
cess, in Chapter VIII. I n  studying this problem we are also 
studying a simplified form of the corresponding business prob- 
lem, the relation of the working capital of a business to the 
chance of its failure. 



C H A P T E R  V . 

The Grammar o f  Chatzce 

ONE of the oldest extant ideas is the belief that there is an 
element of uncertainty or chance in the world, that in many of 
the events that take place on this planet there is something es- 
sentially unpredictable. The  primitive peoples who held this 
belief personified chance as a host of gods and devils in whose 
wills and caprices all natural phenomena had their origin. The 
Greeks of Homer's day divided events into no less than three 
categories: those that the gods could alter at will, others that 
occurred according to immutable laws beyond the control of 
gods or men, and the events that respected neither gods nor 
laws. This last classification corresponds to what we mean by 
chance events. 

T o  trace this idea of the fortuitous element in nature down 
through history would carry this book too far afield. Rut it was 
a concept which apparently was continually present in every 
subsequent period, from the time of the great Greek thinkers 
and philosophers through its later absorption into the doc- 
trines of the church, and its relation there to the idea of Provi- 
dence. As far as scientific philosophy is concerned, i t  began to 
sink into obscurity with the rise of the ideas of modern science, 
roughly three hundred years ago, particularly after the con- 
tributions of Descartes and his immediate followers. 

This ancient notion of chance, after the time of Descartes, 
was replaced by the doctrine of determinism, based on exact 
natural law, of which Newton's law of gravitation became the 
model. Largely due to the far-reaching successes of this law, 
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the doctrine of determinism remained firmly intrenched until 
the closing years of the last century, when the discovery of 
radioactivity, followed by the development of the quantum 
theory, laid the basis for a growing doubt as to its universal 
applicability. The  door was thus opened for the return of the 
idea of a random, unpredictable element in the world. Today 
there is a definite revolt from the rigid form of determinism 
that ruled human thought for so long, both in the sciences and 
in philosophy. Yet if this idea does succeed in re-establishing 
itself, it will have a different form from that of its past appear- 
ance, for it will be inseparably tied to the notion of statistical 
law, with which there is always associated the idea of proba- 
bility or chance. 

In ordinary conversation we are continually using expres- 
sions that contain the idea of the probable, or the improbable. 
We say, "Not a chance in the world," or, "It is probably all 
over by now," or, "The thing is highly improbable." In  fact, 
we use such expressions so frequently, and they form so inti- 
mate a part of our vocabularies, that it rarely occurs to us to 
give them a second thought; to ask, for instance, just what we 
mean by them. 

When we pass from the domain of conversation to that of 
scientific discussion, we are at once struck by the altered and 
restricted use of many words. We do not, for example, ordi- 
narily distinguish between the words speed and velocity. But 
in physics these words have distinct meanings; a velocity is a 
speed in a specified direction. T o  the uninitiated heat and cold 
are very different things, opposites, in fact. But in physics the 
word cold is altogether superfluous; there are only varying 
degrees of heat. Cold is a purely relative term, indicating an 
absence of heat, as gauged by any particular individual. If he 
lives in the tropics and encounters a temperature of 40" Fahr- 
enheit, he will say that the air is chilly; an Eskimo inside the 
Arctic Circle would consider such a temperature warm. In  the 
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same way, the word darkness is superfluous; i t  means merely 
an absence of light. Similarly, in the theory of probability 
we shall have no need for the word improbability. Instead 
we shall consider improbable events as those for which the 
probability is less than one half. Whenever the probability is 
less than one half, it signifies that the "fair betting odds" are 
against the event in question. I n  this way our language is sim- 
plified and clarified; we speak of the probability of an event, 
regardless of whether it is probable or improbable, in the cus- 
tomary senses of these words. 

Although we ordinarily express ideas involving the notion 
of chance in a very vague manner, when we turn to games and 
sports we are inclined to be a little more precise. There we 
adopt the language, if not the practice, of betting. We say, for 
instance, that "the odds are 2 to 1" in favor of one of the 
contestants. 

What does this statement mean, precisely? If you say that 
the odds on throwing heads in tossing a coin are even, you 
mean that in a long series of tosses about half will be heads. 
Likewise, if you attempted to explain the statement that "the 
odds are 2 to 1 in favor of a certain contestant," you would 
have to say that the favored man will win two thirds of a long 
series of contests, the other, or others, one third. But this is 
a very unsatisfactory explanation. There are many forms of 
contest in which the element of chance is small, the element of 
skill large. Once a contestant has established his superior skill, 
the odds on future contests become overwhelmingly in his 
favor. The change in the odds is not due to any change in the 
contestants, but to a change in our knowledge of the contest- 
ants. In  the same way the initial odds of 2 to 1 represent merely 
a rough estimate of the extent of our knowledge. When we turn 
to those games of chance in which the element of skill is en- 
tirely absent, the complete rules of the game take the place of 
these rough estimates. Everyone who knows them has the same 
amount of information, and the odds in favor of this or that 
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result take on an impersonal flavor; they can be checked u p  
by repeating the experience in question a large number of 
times. 

Let us try to consider the chances of future events in a more 
precise manner. Suppose 'that the fair betting odds against a 
certain event are 3 to 1. This means that if repeated trials are 
made, the event in question must take place exactly once in 
every four trials, in the long run. Otherwise, one or other of 
the betters would win more and more money as time went on; 
this cannot happen if the odds are fair. We can say, then, that 
the chance or probability of the event is 1 in 4. We are leaving 
behind us vague ideas of future probabilities and introducing 
in their place evaluations in terms of numbers. As we have 
seen, it is this union of chance and number, this counting the 
spokes of the wheel of fortune, that first started the theory of 
probability along the right road. 

Whenever we learn how to measure anything, our next step 
is to find out how to add, subtract, multiply, and so on, in 
terms of the new things. How do we add chances? Suppose 
that the chance of one event is 1 in 6, that of another 1 in 2, 
and that we have both a reason and a right to add the two 
chances. (We shall find out later the rules that justify the add- 
ing of chances.) The  answer is very simple. Let us agree to 
write all chances in the form of fractions; the above become 
respectively 1/F and 1/,, and to add them we follow the rules 
of arithmetic for adding fractions, getting for the sum 4/6 or 
z/,. Similarly for subtraction and other operations, we merely 
follow the rules of arithmetic. From now on we shall read the 
statement "the chance is 1/," as "the chance is 1 in 5." Since 
l/c, is the same as 0.2, using decimals, we can also say "the 
chance is 0.2," which is to be read "the chance is 2 in 10, or 1 

I in 5." 
I Consider next one of a pair of dice, an ordinary die with 

six sides. If I ask what the odds are against throwing any one 
of the sides, say the six spot, you will reply that they are evi- l 4 2 .  

I 
1 



T H E  GRAMMAR OF CHANCE 

dently 5 to 1, and your reply will be not only evident but, 
more important, correct. If throwing a die were our only prob- 
lem, we might let the matter end there. In  order to know 
how to deal with more complicated problems, however, we 
shall have to pick this evident statement to pieces and learn 
from it a rule that will work for all cases. If I ask you further 
why you say that the odds are 5 to 1 against the six spot, you 
will perhaps answer, "The die is symmetrically constructed, 
and if you throw it a large number of times there is no con- 
ceivable reason why one of its sides should turn up more fre- 
quently than another. Therefore each side will logically turn 
up on about one sixth of the total number of throws, so that 
the odds against any one of them, the six spot, for instance, are 
very nearly 5 to 1." Or you may say, "At each throw there are 
six possible results, corresponding to the six faces of the die, 
and since the latter is symmetrically constructed, they are all 
equally likely to happen. The  odds against the six spot are 
5 to 1." 

Instead of saying that the odds are 5 to 1 against the six 
spot, we can as well say that the chance or probability of the 
six spot is 1 in 6, or 1/6. 

T h e  first of these replies refers to the result of making a 
long series of throws. What it defines is therefore called a 
statistical probability. Notice the words very nearly. 

The second reply refers to a single throw of the die, and 
therefore appears to have nothing to do with experience. What 
i t  defines is called an a priori probability. 

Each of the probabilities just defined is equal to 1/6. This 
is an example of a general law known as the law of large 
numbers, which tells us that these two probabilities, when 
both exist, are equal. More accurately, they become equal when 
the number of throws (or trials) is indefinitely increased. We 
shall therefore drop the Latin adjectives and speak simply of 
the probability. 

I t  is the second of these forms that gives us the clue we are 
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after. According to it, the chance or probability of throwing the 
six spot is simply the number of throws that give the G (one), 
divided by the total number of possible throws (six). What if 
we adopt this rule, restated in more general language, as the 
numerical definition of probability? ~ h &  rule, then, will tell 
us what we mean by a probability, expressed as a number. We 
are always free to choose any meaning that we desire for a new 
term, provided only that we do not in any way contradict our- 
selves. In  the present instance, we have already seen that this 
rule agrees with our preconceived notions about' betting odds. 
Furthermore, the probabilities that we find by the use of this 
rule can be checked by experience. 

Before stating the rule in general form, there is a small mat- 
ter concerning a convention of language that we must agree 
upon. Suppose that we are discussing the probability of some 
event, say that of drawing an ace from an ordinary pack of 
fifty-two cards. On each draw either an ace is drawn or some 
card not an ace. T o  avoid clumsy circumlocutions we shall 
agree to refer to the first result (that of drawing an ace) as a 
favorable case, to the second result as an unfavorable case. A 
like convention will hold no matter what the event in question. 
Thus the possible cases are always the favorable cases plus the 
unfavorable cases. 

So we come to the fundamental definition of a probability. 
We shall first introduce it formally, and then try to get at 
what it means on a more informal basis: 

T h e  probability of an event is defined as the number of cases 
favorable to the event, divided by the total number of possible 
cases, provided that the latter are equally likely to occur. 

This practical rule tells us how to go about finding the prob- 
abilities or chances in a large variety of problems, in particular 
those relating to games of chance. The  procedure it indicates 
is as follows: (a)  Make a list of all the possible and equally 
likely cases (for the die this is a list of its six sides). ( b )  Pick 
from this list those cases which give the event in question (for 
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the problem of the die which we have been considering, this 
second list contains only the "six spot"). (c) The  probability 
of the event is the fraction whose numerator is the number of 
cases in the second list, and whose denominator is the number 
of cases in the first list. 

T o  illustrate the use of this rule further by applying it to 
k-  another simple problem with one die: What is the chance of 

throwing either a five spot or a six spot? First list the possible 
cases. With one die there are always six, the number of its 
sides, in other words. Next pick out the favorable cases, which 
are the five spot and the six spot; there are two. The proba- 
bility we are looking for is therefore the fraction whose numer- 
ator is 2 and whose denominator is 6; it is 2/6 or %. 

Every probability that can be expressed in numbers takes 
the form of a fraction. We must notice at once that the value 
of this fraction can never be greater than 1; in other words, 
such a probability as %, say, does not exist. T o  see that i t  
cannot, we need only express i t  in the form "the chance of 
the event is 4 in 3," a very absurd statement. Or, using the 
fundamental. rule, we can say that a probability of 4/3 means 
that of three possible cases four are favorable, which is out- 
right nonsense. What if the probability of an event is 1/1 or 17 
This means that all the possible cases are favorable; in other 
words, the event is certain to happen. Similarly, if the proba- 
bility is 0, it means that none of the possible cases, no matter 
how many there are, is favorable. The event in question is 
certain not to happen; it is impossible. 

The probability of tossing either heads or tails with one coin 
is evidently 2/2 or 1, for both the possible cases are favorable. 
This is an example of a certainty. The probability of throwing 
a total of 13, or of 1, with two dice is an example of an im- 
possibility, or 0 probability. 

Every probability is thus equal to a fraction whose numer- 
ator is not greater than its denominator, and we have enlarged 
the ordinary sense of the word probability to include both cer- 
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tainty and impossibility. I t  is perhaps unnecessary to add that 
in referring to fractions ordinary decimal fractions are in- 
cluded. A decimal fraction is merely a fraction whose denomi- 
nator is a power of 10; thus, 0.359 means 359/1,000. 

Before applying our fundamental rule to more complicated 
situations, where the various chances are not so evident, let 
us take a careful look at it, above all at the proviso that is 
tagged on at the end. 

This proviso, if you recall, states that the definition applies 
only in case all the possible occurrences are equally likely. This 
means that unless we are in a position to make in advance a 
common-sense judgment of the sort made in the case of the 
die, which tells us that each of its sides is as likely to turn up  
as another, the rule will not work. We cannot compute the 
chances of the various possibilities; to evaluate them we must 
appeal to actual experience and the so-called law of large num- 
bers. 

This is the situation in most problems other than simple 
games of chance. I n  life insurance, for example, the funda- 
mental mortality tables are derived from actual experience. I n  
considering the chances of the death of any individual, there is 
no clear meaning to be attached to the expression "equally 
likely events." Or consider an advertising problem where mil- 
lions of individual prospects are involved. Experience must 
teach us something of the basic probabilities before mathemati- 
cal statistics can take a hand. 

On the other hand, when we do succeed in analyzing a 
problem into a number of equally likely cases, i t  is usually a 
relatively simple matter to determine those probabilities that 
interest us, as will be seen in connection with the game of 
poker. This analysis fundamentally depends in every case on 
what has been called a "common-sense judgment." Fortunately, 
it is often possible to test the soundness of this judgment by 
appealing to experience. For common sense has a very ques- 
tionable record in the history of science. I t  has been said that 
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it might well be replaced by "uncommon sense," and this last 
has often, to the uninitiated, a striking resemblance to non- 
sense. However, in all of the problems we shall consider later 
on, the possible cases will impress us as so obviously similar 
that our skepticism is not likely to be aroused unduly. 

There is a difficulty of a logical order in this definition of 
probability, due to the occurrence of the words equally likely 
as applied to the possible cases. Equally likely cases would seem 
to be those whose probabilities are equal, thus making the defi- 
nition of probability depend on the idea of probability itself, 
a clear-cut example of a vicious circle. This is a little like de- 
fining a cow as a cowlike animal. I t  means that we must have 
some notion of what equally likely cases are before we tackle 
any concrete problem. In  most of the situations to which we 
shall apply this definition of probability, however, our prelimi- 
nary judgment as to the equally likely cases is based on me- 
chanical considerations. In  throwing a die it is the symmetrical 
construction of the die that leads us to believe that its sides are 
equally likely to turn up. If the die is "loaded," which means 
that it is not symmetrical, this is no longer true, as many craps 
players have found out, sometimes a little late. Or imagine a 
die of uniform material with six flat sides which are unequal. 
This mechanical change has knocked our definition completely 
out, for there are no equally likely cases into which the situ- 
ation can be analyzed. 

In  drawing numbered balls from an urn we say that each of 
the possible draws of a single ball is as likely as any other, 
provided that the balls are identical in construction, and so 
well mixed that each draw may be thought of as entirely in- 
dependent of preceding ones. Also in drawing one card from a 
deck of fifty-two cards we say that one card is as likely to 
appear as another, provided that the deck has been thoroughly 
shuffled, and the faces of the cards are hidden. 

This instance brings to light a very important consideration: 
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a priori probabilities depend on the amount of knowledge as- 
sumed as given; they change when the assumed amount of 
pertinent knowledge is changed. If you are able to see some 
of the cards when making the draw, it is no longer possible to 
assume that all fifty-two cards are on the same footing. We 
cannot be sure that you are not influenced one way or another 
by what you see. Furthermore, the proviso that the deck be 
shuffled has no importance whatever unless you have some idea 
in advance of the order of the cards, as you would, for instance, 
if the deck were new. 

Let us get back to games of chance and see how our rule 
for finding probabilities works in slightly more complicated 
situations. Suppose that instead of one die we throw two, as 
in the game commonly known as craps. What is the chance of 
throwing a total of 7? First of all we must know the total num- 
ber of possible cases. In other words, we must count the num- 
ber of distinct throws that can be made with two dice. Clearly 
there are thirty-six. For a given face of one die, say the 4, can 
be paired in six ways with the sides of the other die. There are 
six such pairings, each giving six distinct possible throws, so 
that the total number is thirty-six. 

Before going any further, let us stop long enough to give 
each of our dice a coat of paint, one blue, the other red. For 
unless we have some way of distinguishing the two dice from 
each other, we are liable to fall into a serious error, as will be 
plain from what follows. We are now ready to list the favorable 
cases, in other words those throws that total 7. If we turn up 
the ace on the blue die and the six spot on the red die, the 
total is 7, and we have the first of the favorable cases. But we 
also obtain a total of 7 if we turn up the ace on the red die 
and the six spot on the blue die. Thus there are two favorable 
combinations involving the ace and the six spot. 

This simple fact, so obvious when the dice are thought of 
as painted different colors, was once a real stumbling block to 
the theory of probability. If we continue the listing of the 
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favorable cases, we can write the complete list in the form of a 
short table: 

TABLE I 

Blue 
1 
6 
2 
5 
3 
4 

Red 
6 
1 
5 
2 
4 
3 

Each line of this table indicates one favorable combination, 
so that there are six favorable cases. As the total possible cases 
number thirty-six, our fundamental rule tells us that the proba- 
bility of throwing 7 with two dice is %6, or 1/6. 

This result is correct, provided that each of the thirty-six 
possible cases is equally likely. T o  see that this is indeed the 
case, we remember that each of the six faces of a single die is as 
likely to turn up as another, and that throwing two dice once 
comes to the same thing as throwing one die twice, since the 
throws are independent of each other. 

What is the probability of throwing 8 with two dice? The  
only change from the previous example is in the list of favor- 
able cases. This time we get the table: 

TABLE I1 

Blue 
2 
6 
3 
5 
4 

There are five lines in the table, so that the probability of 
throwing 8 with two dice comes out 5/36. Notice that the com- 
bination 4-4 can occur in only one way. 
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T o  find the probability of @rowing any other total with two 
dice, all that is necessary is to list the favorable cases as above. 
The  results in full are: 

TABLE I11 

Total of Throw 
2 o r  12 
3 or 11 
4 or 10 
5 o r  9 
601- 8 

7 

Probability 

346 

2/36 (or %a) 
3/36 (or 32) 
$ 4 6  (or Y8) 
>46 

%a (or M) 

These results can be checked by noting that the sum of the 
probabilities of all the possible cases should be equal to 1, since 
i t  is certain that one of them will occur. In  the table each of 
the first five lines represents two cases, as indicated. If each 
of the probabilities in these lines is multiplied by 2, and the 
sum is taken, including the last line, the result is indeed 36/36. 

These figures have a direct application to the game of craps, 
and will be used in the discussion of that game in Chapter 
XIII. 

I t  is sometimes easier to compute the probability that a n  
event will not happen than the probability that it will. If the 
event is such that on each trial it either takes place or does not 
take place, the knowledge of either of these probabilities gives 
us the other at once. We merely subtract the known probability 
from 1. I n  order to use this rule it is necessary to exclude such 
possibilities as dead heats, drawn games, and so on. Its use is 
well illustrated by a simple problem from the two-dice game. 
We ask the chance of throwing either one or two aces in a 
double throw. The  total possible cases are, of course, thirty-six. 
We must count the favorable cases. As every such case contains 
at least one ace, the unfavorable cases are those that contain 
no ace. T h e  number of these latter is at once obtained by im- 
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agining a die with five equal sides, the ace being omitted, and 
counting the total possible cases in two throws with such a die. 
There are evidently five times five, or twenty-five cases, just as 
with a six-sided die there are six times six, or thirty-six cases. 
Thus the probability of not throwing an ace with a pair of dice 
is 25/36. It  follows that the probability of throwing either one 
or two aces is 1 - 25/36, or ''f/369 since it is certain that one of 
two things will happen; either we throw one or more aces or 
we do not. 

I t  is also easy to compute directly the probability of throw- 
ing either one or two aces with two dice. The favorable cases 
for the two dice are: ace and not an ace, not an ace and ace, 
ace and ace. We have again thought of the dice as though they 
were painted distinct colors, always listing one, say the blue, 
first. In  this enumeration there are three favorable cases. In  
order to apply our definition of probability, however, we must 
have an analysis into equally likely cases, which the above are 
obviously not. The first contains five simple combinations of 
the sides of the two dice, the second five, and the third one, 
a total of eleven. The probability of throwing at least one ace 
therefore comes out in agreement with our previous 
result. 

The greatest care in deciding which are the equally likely 
cases in a given problem is essential. In  most cases we are able 
to attain what amounts to a moral certainty of the correctness 
of an analysis, once it is accurately made. This fact does not, 
however, prevent gross errors that result from too hastily as- 
suming that the analysis is complete. Mistakes of this sort, and 
some others that are quite as elementary, seem to have a fatal 
attraction, not only for beginners in the subject, but for masters 
as well. In one of the best texts of recent years, for instance, 
it is stated that the probability of throwing at least one ace with 
two dice is 1/,. We have just seen that the correct probability 
is 

Among classic mistakes there is the one .committed by 
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d'Alembert, the French mathematician and encyclopedist of 
the eighteenth century. For the following account of i t  I am 
indebted to Arne Fisher's well-known book The  Mathematical 
Theory of Probabilities: Two players, A and B, are tossing a 
coin with the following rules: The coin is to be tossed twice. If 
heads appears on either toss, A wins; if heads does not appear, 
B wins. d'Alembert remarks that if the first toss is heads, then 
A has won and the game is over. On the other hand, if the first 
toss is tails it is necessary to toss again, and heads on this second 
toss means victory for A, while tails means victory for B. 
d'Alembert reasons that there are thus three cases, the first 
two of which are favorable to A, the third to B, so that the 
probability of A's winning is 2/3. 

The  error in this reasoning is the very one against which we 
have several times taken precautions. d'Alembert's three cases 
are not equally likely to occur. The  one in which heads appears 
on the first toss really represents two cases, heads followed by 
heads, and heads followed by tails. Whether or not the game 
ends after the first toss is wholly beside the point in computing 
chances based upon equally likely cases. 

T o  find the correct chances of A and B, let us begin by listing 
all the possible cases, indicating a toss of heads by H, a toss of 
tails by T. The  complete list of equally likely cases is: HH, 
HT, TH, TT. I n  this list H H  means that both the tosses are 
heads, and so on. Each of the first three cases contains a t  least 
one H, and therefore is favorable to A; only the last case is 
favorable to B. The  correct probability that A will win is 
therefore 3/4 or, in other words, the betting odds are 3 to 1 
against B. 

We have already referred to the fact that when we compute 
a probability the result depends on the amount of information 
that was given us in the first place. If two individuals have dif- 
ferent amounts of knowledge of a situation and compute the 
probability of one of its component events, they may obtain 
quite different values, each of which is correct relative to the 
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particular individual. A simple example will illustrate this 
point. In what is known as the "three-card game" the sharper 
(it usually is a sharper) places three cards face down on a 
table, announcing that exactly one of them is an ace. You are 
to guess which one it is. Assuming that the game is honest, you 
have exactly 1 chance in 3 of picking out the ace. If the deal 
was badly made, so that you saw one of the three cards enough 
to know that it is not the ace, your chance to win would be- 
come 1 in 2, while for those spectators who failed to notice the 
exposed card the chance would remain 1 in 3. But if the game 
is conducted by a cardsharp, another factor appears, the factor 
of deception or trickery, so that your chance of success is very 
small indeed. Any spectator aware of this fact will estimate the 
chances accordingly. 

I t  is not to be thought that because probabilities are subjec- 
tive in this sense, they have any the less significance or value. 
For if they are subjective in one sense, they are strictly objec- 
tive in another. The  probability of an event is the same for 
every individual who possesses the same amount of knowledge 
about it. Thus probability is in an entirely distinct category 
from such ideas as appreciation or artistic discrimination, 
which depend not only on the individual's knowledge, but in 
an essential way on the individual as a whole. 

The knowledge that one has of a problem in probabilities is 
in fact a part of the statement of the problem. The more clarity 
and accuracy there are in the statement of the problem, the 
more these qualities may be expected to appear in the solution. 
In  a game of pure chance complete information is presumably 
contained in the rules of play, so that, barring dishonesty, all 
players can be assumed to have the same knowledge, and the 
computed probabilities will apply equally to all. 
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"Heads or T ' "  

JUST about the simplest gambling game in the world is the 
one commonly called heads or tails. I t  is played by tossing a 
coin in the air; one face or the other must be uppermost when 
the coin comes to rest, and assuming that it is symmetrically 
made, the probability of either result must be the same. Clearly 
the probability is exactly 1/2 that it will be heads, and the 
same for tails. 

This game sounds so simple that at first glance there would 
appear to be no reason for examining it further. But its very 
simplicity makes it one of the best illustrations of the funda- 
mental principles of the theory of probability, and it contains, 
furthermore, a number of interesting problems which do not 
seem altogether elementary to those who come across them for 
the first time. We might ask, for instance: What is the proba- 
bility that you will throw twenty heads before your opponent 
has thrown fifteen? We shall approach the game, however, from 
the standpoint of its relation to "red and black." I n  a roulette 
wheel manufactured for private play, as distinguished from 
professional play at a casino, half the compartments are colored 
red, the other half black, and perhaps the commonest form of 
play consists in betting on which color the marble will fall into 
next. With such a wheel there is no advantage for the "banker," 
and the game is therefore identical with "heads or tails." 

Roulette, of course, is ordinarily played between the "bank" 
or capital of an establishment on the one hand, and the indi- 
vidual gambler or gamblers on the other. The bank undertakes 
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to accept all bets from all comers, but it limits the size of the 
bets in both directions. That is, you may not bet less than a cer- 
tain minimum amount nor more than a certain maximum. As 
we shall see, this restriction has important consequences for the 
players, as well as for the bank. 

Before examining the probabilities involved in "red and 
black," it is well to explain that in speaking of it here, and in 
more detail in Chapter XII, we shall be talking about roulette 
as i t  is played at Monte Carlo, where the wheels have only one 
"0" compartment. The  presence of this 0 compartment on 
the wheel means, naturally, that neither red nor black is quite 
an even chance-the percentage in favor of the house is actu- 
ally 1.35, as computed in the light of the special Monte Carlo 
rules governing the 0. The  details of the calculation will be 
given in Chapter XII. In  the long run, then, the players as a 
group lose just 1.35 per cent of the total amounts they stake. 

This is a relatively low percentage compared with that a t  
many American casinos, where the wheels have both a 0 and 
a 00 compartment, and both represent outright losses to the 
players. For that reason, the play here discussed will be based 
on the Monte Carlo wheels, but the conclusions arrived at can 
easily be modified to apply to other forms of the game. 

I t  is hardly necessary to add that what is said about "red and 
black" at roulette will apply with equal force to the other two 
forms of approximately "even" bets at roulette-in which the 
players gamble that the marble will stop in an even-numbered 
or an odd-numbered compartment, or that it will stop in a 
compartment with a number from 1 to 18, inclusive, or a num- 
ber from 19 to 36 (there being, besides the 0, a total of thirty- 
six compartments on a Monte Carlo wheel). I n  the case of 
these other types of "even" betting the house or bank per- 
centage, 1.35, is naturally the same as in the case of "red and 
black." 

Although this small advantage of the bank is decisive in the 
long run, we shall leave it out of account for the present and 
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assume that there is no distinction between the "even" chances 
of roulette (assuming that the roulette wheel is perfectly con- 
structed and honestly operated) and the game of heads or tails, 
so that in discussing the one we are also discussing the other. 
In  Chapter XII, account will be taken of the fact that the odds 
of the game favor the bank. 

Most players who place their money on the even chances in 
roulette do so because they believe that by following some par- 
ticular method of play, or "system," they are likely to emerge 
a winner, although the amount of the win may be compara- 
tively small. On the other hand, in betting on the longer 
chances, where systematic play is in the nature of things almost 
impossible, extraordinary runs of luck have their full sweep, 
in both directions. Inconspicuous behind the glare of dazzling 
individual exploits, the slow workings of the laws of chance are 
apt to be overlooked. The  player tends to attribute his good or 
bad fortune to the state of his relations with the goddess of 
luck, relations subject to very sudden and seemingly capricious 
fluctuations. 

A large number of "systems" of play for the even chances 
have been invented. All of them depend on combinations of 
a small number of ideas. On the desk as I write is a list of over 
one hundred such systems (among which is apt to be the one 
"invented" last year by your friend, who considers it too valu- 
able to be disclosed) . 

Systems can be divided into two classes: those that have some 
effect on the probability of gain or loss during short periods of 
play, and those that have no effect whatever. 

There are no systems that have any effect in the long run. 
I t  is impossible (or nearly so) to learn this fact from the ex- 

perience of one individual, and as very few persons can or will 
make a large-scale study of the matter, these systems, when 
demolished, spring up  again like the heads of Hydra before 
the assault of Hercules. I t  is a curious fact that the partisan of 
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one system usually has a profound mistrust of all others; only 
the system that he is using at the moment has merit and sound- 
ness-all others are thoroughly exploded. So we shall attempt 
to indicate the principles on which such systems rest, without 
hoping to convince the system player that the value of his par- 
ticular system is illusory. 

One of the oldest and best known roulette systems is the 
one called the Martingale. In  principle it closely resembles the 
betting practice commonly known as "double or nothing." If 
you win $5 from a friend, and wish to be particularly friendly 
about it, you may say: "Double or nothing on this toss of the 
coin." If he wins, the $5 debt is canceled. If you win, the situ- 
ation is twice as bad as before, from the friendly point of view; 
but you can go on with the double-or-nothing idea until the 
account is squared. 

The rule for playing a Martingale against the bank is as 
follows: You begin by placing a sum of money, say $1, on 
either heads or tails, red or black. If you win the toss, you 
again place $1 on either heads or tails, as fancy dictates. But if 
you lose the first toss, your next bet is for $2, and if you lose 
both the first and second tosses, your third bet is for $4 and so 
on. I n  other words, whenever you lose you double your pre- 
ceding bet. Whenever you win, your next bet is invariably $1. 
If you have sufficient capital to keep on doubling after each 
unfavorable toss, and if you win a toss before the maximum 
permissible stake is reached, it is not hard to see that you will 
have won $1 for each toss of the series that was favorable. 
Suppose, for example, that you bet always on heads, and that 
the series consists of one hundred tosses, fifty-three of which 
(including the last toss) were heads. Then your net result is 
a win of $53. 

If the player were assured, before he sat down to play, that 
he would never lose enough times in succession to be forced 
to discontinue doubling because he has reached the maximum 
stake, the Martingale would be a very lucrative game. Such an 
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assurance, however, would be flatly contradicted by the laws of 
chance. I n  the long run, as we shall see later, the risk that the 
player takes exactly balances his prospects for profits. I n  rou- 
lette, where the odds of the game favor the bank, this risk is 
not balanced. 

1 At this point it is convenient to introduce two terms that de- 
scribe important characteristics of roulette. If we divide the 

! 
I minimum stake by the maximum permissible stake, we obtain ~ a number that is of particular importance in system play. We 

shall call it the "pitch" of the game, for it measures the tension 
of system play. Similarly, the minimum stake is a measure of 
the steepness of the game and might well be called the "scale." 

At Monte Carlo, in the outer rooms, the maximum stake is 
12,000 francs, the minimum 10 francs.* The  "pitch" is there- 
fore 1/1,200; the "scale" is 10 francs. If a player makes an 
initial bet of 10 francs and doubles the bet after each successive ~ loss, the series of bets runs: 10, 20, 40, 80, 160, 320, 640, 1,280, 
2,560, 5,120, 10,240. Thus he can double his initial bet ten 
times before reaching the maximum. If he loses on each occa- ~ sion his total loss has come to 20,470 francs (found by dou- 

I bling the amount of his last bet and subtracting the initial bet, 
I 

which is 10 francs). If the minimum stake was 1 franc, instead 
i of 10 francs, and if the player started with an initial bet of 1 

franc, he could double three additional times (in other words, 
thirteen times), the last bet being 8,192 francs, and the total 
loss 16,383 francs. This indicates the importance of the amount 
of the minimum stake, and the reason why system players start 
out with the smallest permissible bet. The extent of their pos- 
sible winnings is reduced in this way, but the chance of com- 
plete disaster in a fixed number of plays is also greatly reduced. 
I t  is the usual custom in describing "systems" of play, and a 
very convenient one, to take the initial bet (usually equal to 
the minimum stake) as the unit and to express all bets as a 

+This  was so, at least, prior to World War 11. If there has been a 
change, the figures in these pages are easily corrected. 
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certain number of units. Thus in Monte Carlo roulette the 
unit is ordinarily 10,francs; a bet of 100 units means a bet of 
1,000 francs. 

Suppose that we imitate one of the even chances of roulette 
as closely as possible by tossing a coin one time after another. 
Each toss is independent of all preceding tosses. This means 
precisely this: the probability of heads (or of tails) is always 
1/,, regardless of how many or how few heads have gone be- 
fore. This is the point that was discussed at some length in 
Chapter IV, where the fallacies underlying the doctrine of 
"the maturity of the chances" were brought out. An under- 
standing of it is absolutely essential in connection with rou- 
lette, if the grossest sorts of errors are to be avoided. If a player 
believes in the "maturity of the chances," he is logically justi- 
fied in expecting to win on a system that calls for increased bets 
after successive losses. "For," he must argue, "after I have lost 
several times in succession, the chance of my losing again is 
less than 1 in 2; but the house is offering to bet at the same odds 
(very nearly even) as when I win several times in succession. 
Now I place large bets when I have lost, and small bets when 
I have won. Therefore the odds are decidedly in my favor." 

If the simple fact, so frequently proved by experience, that 
the chance of heads is always 1 in 2, no matter whether there 
have been ten, or twenty, or any other number of consecutive 
heads, were once grasped, together with its logical consequences, 
the majority of the roulette systems would "softly and suddenly 
vanish away," for their popularity depends on the hope of 
their producing a profit in the long run. 

On the first toss of a game of heads or tails there are two 
equally likely results, heads and tails, and the probability of 
each is 1/,. Let us represent a toss of heads by H, one of tails 
by T ,  and consider a series of two tosses. The equally likely 
cases are HH, HT,  T H ,  T T ,  and the probability of each is s. 
For three tosses the cases are HHH, HHT,  HTH,  HTT,  
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T H H ,  T H T ,  T T H ,  T T T ,  eight in all, so that the probability 
of each is l/g. 

We obtained this list of cases for three tosses from the corre- 
sponding one for two tosses by adding successively an H and 
a T to each of the earlier cases, thus doubling their number. 
This rule is perfectly general. T o  get the list of possible cases 
for four tosses from that for three we add in turn H and T to 
the end of each, giving sixteen cases in all. For example, the 
first case listed for three tosses is HHH, and by adding first 
an H and then a T we get H H H H  and HHHT.  The  prob- 
ability of each is l/la. In any number of tosses, say n, the 
probability of any particular throw, such as n heads in succes- 
sion, is a fraction whose numerator is 1, and whose denomina- 
tor is 2 multiplied by itself n times. This is written 1/,". 

We have thus found the probability of any particular result 
of a series of throws of any length, using directly the definition 
of probability as the number of favorable cases divided by the 
total number of cases, all being equally likely. This manner 
of procedure has one disadvantage; in certain more compli- 
cated problems it becomes very cumbersome, sometimes involv- 
ing an extravagant amount of labor. I t  is often possible to 
break the calculation into a series of easy steps. Tossing a coin 
will serve very well to illustrate this method: Suppose we wish 
to find the probability of tossing three consecutive heads in 
three tosses. The  probability of heads on the first toss is 1/,. 
The second toss is entirely independent of the first, so that 
after the first toss is made, the probability of heads on the sec- 
ond remains equal to 1/,. The probability that these two 
events (heads on each toss) both take place is 1/, times 1/,, 
or 1/,. One more repetition of the same argument shows that 
the probability of three heads in three tosses is l/s. This agrees 
with the corresponding result in the previous paragraph, where 
all of the possible cases were listed. 

This way of finding a probability one step at a time is often 
of value and can be expressed in the form of the following rule: 
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T h e  probability that two independent events will both take 
place can be found by multiplying together the separate prob- 
abilities of the events. 

Independent events are events that have no influence on each 
other. We have just given illustrations of such events and of 
the use of the above rule in connection with repeated tosses of 
a coin. The  same is true of repeated throws of a die. T h e  
chance of throwing two sixes in two throws of a die is 1 ,& times 
%, or 1/36. This must agree with the chance of throwing a 
total of 12 on a single throw of two dice, for which we found 
the same value in Table I11 on page 50. 

When two events are not independent, the use of the above 
rule would lead to serious errors. Suppose that four playing 
cards are laid face down before you, and you know that exactly 
two are aces. Your chance of getting an ace on the first draw 
is 2/4, or 1/2; for there are two favorable cases out of a total 
of four cases (all equally likely). Now what is your chance of 
drawing both the aces on two draws? If the drawings were in- 
dependent of each other, the above rule would say that it is 

times 1/,, or 1/4. But they are not independent. Suppose 
that you have already drawn an ace on your first effort. There 
remain three cards, one of which is an ace, so that your chance 
on the second draw is 1 in 3, not 1 in 2. The chance that you 
will pick two aces in as many draws is therefore 1/2 times Y,, 
or 'f/,, instead of 1/4. In  other words, the probability of the 
second event must be found on the assumption that the first 
event has already taken place. The general rule in such 
cases is: 

T h e  probability that two successive events both take place is 
equal to the probability of the first event multiplied by that of 
the second, the latter being computed on the assumption that 
the first event has already taken place. 

I t  should be noticed that this second rule does not mention 
the independence or dependence of the events. The  reason is 
that it works for either variety. If the events are independent, 
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the probability of the second is not changed by the occurrence 
of the first, and this rule becomes the same as the previous one. 

While speaking of the various sorts of relations that there 
can be between a pair of events, we should complete the story 
by mentioning the third alternative. Sometimes the occurrence 
of one event prevents the possibility of the other, and vice 
versa. They are then called mutually exclusive events. The 
simplest example is heads and tails, the coin being tossed once. 
If one occurs, the other cannot possibly occur. On the other 
hand, one or the other is bound to happen, and the probability 
of anything that is certain is 1, as we have seen. But this is 
what we get if we add the probability of heads, which is 1/2, 
to the probability of tails, which is also 1/2. This is always true 
of mutually exclusive events. The probability that one or an- 
other of several such events will happen is found by adding the 
separate probabilities of the events. For example, the prob- 
ability of throwing either a 6 or a 5 with one die is 1/6 plus 1/6, 
or 1/,. There is a similar situation in any game of chance in 
which one and only one person wins. The probability that 
someone of a certain group of players will win is simply the 
sum of the separate probabilities of the players in question. 

It  is now time to get back to the game of heads or tails in 
which one player is playing against a "bank." Having the right 
to place his bets in any way that pleases him, he has decided 
to play according to the Martingale system. He begins by plac- 
ing $1 on either heads or tails, let us say heads, doubling his 
bet after each loss, and always betting $1 after a win. T o  avoid 
mistakes the player keeps a score sheet, entering the number of 
dollars bet, the result of the toss, the number of dollars won or 
lost on each toss, and a running total, in which he uses a minus 
sign to indicate that he is out of pocket. Let us assume that he 
is wise enough to realize that his prospects are not altered one 
way or the other by shifting his affections from heads to tails 
and back, either regularly or irregularly, and so eliminates an 
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TABLE IV 

PLAYER WINS ON HEADS (H), LOSES ON TAILS (T) 
- 
Bet 

1 
2 
4 
8 
1 
2 
4 
8 
1 
2 
1 
2 
1 
2 
4 
1 
2 
1 
2 
1 
2 
4 
8 
1 
2 
4 
8 

16 
32 
1 
1 
1 
2 
1 
2 
4 
1 
2 
4 
8 
- 

Win Lose 
Total 
($) 

Result of 
Toss 

- 
Bet 
- 
16 
32 
1 
2 
1 
2 
4 
1 
1 
1 
2 
4 
8 
1 
1 
2 
4 
8 

16 
1 
2 
1 
1 
1 
2 
1 
1 
2 
1 
1 
1 
1 
1 
1 
1 
2 
1 
2 
1 
1 - 

Win 

- 
Total 

(16) - 
-18 

14 
13 
15 
14 
12 
16 
17 
18 
17 
15 
11 
19 
20 
19 
17 
13 

5 
21 
20 
22 
23 
24 
23 
25 
26 
25 
27 
28 
29 
30 
31 
32 
33 
32 
34 
33 
35 
36 
37 
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extra column on his sheet by betting always on heads. He loses, 
then, only on long runs of tails on which either his purse is 
exhausted, or the maximum, representing the limit of the 
bank's patience, is reached. Let us glance over his score card 
on page 63 (based on an actual series of eighty tosses), which 
has a happy ending, for neither of these disasters overtakes him. 

The player has gained $1 each time that heads appeared, or 
thirty-seven times. His highest bet was $32 after five consecu- 
tive losses. If he had been backing tails instead of heads, he 
would have encountered one adverse run of 7, requiring a bet 
of $128 on the next succeeding toss, making a total of $255 
laid out during the run. T o  find the extent of the demand 
made upon his playing capital, which gamblers call the 
"strain," his profit at the beginning of the adverse run must be 
subtracted from this figure. I n  this case i t  is $41, so that the 
"strain" would be $214. 

If the bank placed no limit on bets, and if the player's re- 
sources were sufficient to meet the strain encountered during 
the play, he would win one unit each time he won a toss, and 
as in the long run he can expect to win half the time, this comes 
to 1/, unit per toss. But the ifs are all-important, enough so, 
i t  will appear, just to balance the ledger. For players of equal 
resources the game of heads or tails presents equal prospects 
of winning or losing, and no amount of shifting about of bets 
can'alter this fact. I n  playing a system of the type of the Mar- 
tingale what the player in fact does is this: In a limited series of 
tosses his chance of a small gain is large, that of a large loss 
small. The two balance each other. 

We have seen that the chance of throwing two successive 
heads in two tosses is 1/4, and that in general the chance of 
throwing any number n of successive heads in n tosses is 1/,n. 

What we need to know next is the chance of throwing a num- 
ber of heads in succession during a long series of tosses. When 
the toss of a head is preceded and followed by tails we shall 
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call it an intermittence on heads, following a convenient ter- 
minology of roulette. There is an intermittence on heads when- 
ever the three successive tosses T H T  are encountered, one on 
tails in case it is HTH.  I n  Table IV there are eleven intermit- 
tences on tails, fourteen on heads. By a run of heads we mean 
a number of consecutive heads preceded and followed by tails. 
For instance, a run of 4 on heads is given by T H H H H T ;  it 
does not matter how many other tosses went before or came 
after, or what the other tosses are. 

I n  a long series of tosses how many intermittences on heads 
ought we to expect? Take any toss of the series except the first 
or the last (for these the word intermittence has no meaning), 
say the second. In order for this to be an intermittence three 
things must be true: Toss number 2 must be heads, toss num- 
ber 1 tails, and toss number 3 tails. Since the tosses are inde- 
pendent of each other and the probability of each of these 
events is 1/,, the probability that all three take place is 1/, 
times 1/, times %, or 1/,. If we had considered a run of two 
heads instead, that is T H H T ,  we should have had an extra 
factor of 1/,, so that the result would be 1/,,. For a run of 
any number n of consecutive heads the probability is 4/2n+2. 

T o  illustrate these results consider a series of 4,096 tosses. Not- 
ing that a run of 1 and an intermittence are the same thing, 
the number of tosses on which we should expect the indicated 
run is given by the following table: 

TABLE V 

7 2 3 1 4  5 6 1 ;  

~~~~t~ 

Run 
- - - - - - - - - - - 

.No. 512 256 128 64 32 16 

Number of tosses 4,096. 
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Notice that according to the table the number of runs of 
more than ten heads is the same as the number of runs of 
exactly ten heads. This is true of the table no matter where we 
cut off. For example, the table indicates that we should expect 
8+4+2+1+1 or 16 runs of more than 6, and this is exactly 
the expected number of runs of 6. 

In  discussing intermittences and runs, the first and last tosses 
of a series were carefully excluded, as the reader has noticed. 
For a long series of tosses this has no appreciable effect, but for 
short series like that in Table IV i t  may require the omission of 
several tosses or an appreciable fraction of the whole. T h e  
series in Table IV begins, in fact, with three tails. In  listing 
the runs how should these cases be included? I t  is worth while 
to answer this question because i t  illustrates a rather general 
statistical practice. 

I t  would evidently be wrong to classify it as a run of 3 on 
tails, since doing so would amount to assuming a previous toss 
of heads. Now imagine that there was a previous toss. The 
probability that it was heads is 1/,. I n  a sense therefore we 
have one half of a run of 3, so that we shall add 4/, to the num- 
ber of runs of 3. If the previous toss was tails the run remains 
'' open" at one end, and it is necessary to imagine a second toss 
preceding the first one. The  chance that this last was heads, 
and that the first was tails, thus completing a run of 4, is 1/, 
times 4/, or 1/4. Therefore we credit 1/4 to the number of 
runs of 4. Continuing, we credit % to the runs of 5, s6 to 
the runs of 6, and so on. If the number of credits is added up  
it is Y,+l/,+l/8+ and so on, which is equal to 1. We have 
therefore added 1 to the number of runs, which is just as i t  
should be. I t  turns out that we have also added 1 to the total 
number of tosses, but that is of small importance. 

Let us now list the runs in Table IV and compare their num- 
ber with the normal, as found above. Although a series of 
eighty tosses is extremely short, and only a very rough agree- 
ment between theory and practice should be expected, it will 
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be seen that even in so unfavorable a case the correspondence is 
striking. The reader who is interested in pursuing the matter 
further can easily construct a table for himself, its length de- 
pending only on his ardor in coin tossing. Here is the listing: 

TABLE VI 

Number of tosses 80. 

This table shows the number of runs of the length indicated 
in the top line, in the eighty tosses that make up Table IV, as 
compared with the number that theory indicates should occur 
in the long run, based on Table V. Since we are listing runs on 
both heads and tails, the numbers given in Table V must be 
doubled, as well as adjusted for a total of eighty tosses. Table 
VI tells us, for example, that the eighty tosses contained twenty- 
five runs of one (intermittences), while theory predicts twenty. 
T h e  fractional values in the second line come from the first and 
the last series of tosses in Table IV, which we have "spread" 
according to the principles just explained. In  this instance the 
series starts with three tails, so that we must make the entry 
1/, in the column headed "3," and so on. This same column 
gets a credit of % from the final three tosses of heads, so that 
the number of runs of 3 is increased by one. 

I n  the game illustrated in Table IV the player added $1 to 
his gains each time that heads appeared, and could go on in 
this monotonous but lucrative fashion as long as his capital 
was sufficient to carry him through the adverse runs, always 
assuming that the bank places no maximum limit on bets. Dis- 
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regarding this last, there is always a practical limit to the play, 
since the player's resources, no matter how great, are necessarily 
limited, and if he continues long enough he is certain to en- 
counter an adverse run long enough to bankrupt him. Of 
course disaster may be slow in arriving. I t  all depends on his 
rate of play. I n  the later chapter on roulette we shall find out 
just what the chance of disaster is for various periods of play. 

Why, then, does the bank find it necessary to put a limit on 
the size of the bets, and a relatively small one at that? The  
Baron de Rothschild is said to have once remarked to M. 
Blanc, founder of the Monte Carlo casino, "Take off your limit 
and I will play with you as long as you like." Why was this 
rather rash challenge not accepted? Of course it is understood 
that in practice the bank has always a small advantage in the 
chances of the game, and that it is from this source that the 
profits are derived. These profits are extremely probable, and 
when play is heavy the percentage of profit to the total amount 
staked is fairly constant over long intervals of time. But like all 
other products of chance it is subject to sudden fluctuations, 
sometimes of considerable magnitude, as when some fortunate 
player succeeds in "breaking the bank." The opposite case, 
when the bank is fortunate enough to break (and in this case 
the word may mean what is says) a large number of players in 
a short interval, is not so widely advertised. Now the effect of 
limiting individual bets is to decrease the extent of these in- 
inevitable fluctuations in both directions, and this decreases the 
slight risk that is always present that an unprecedented run of 
luck in favor of the players will draw too heavily on the bank's 
cash reserves, or even ruin it. Suppose, for instance, that not one 
but fifty Barons de Rothschild pooled their resources in a com- 
bined attack on the bank. For it must be remembered that the 
bank has set itself up  against the whole public, and while it 
may prefer to engage them in single combat, it could not con- 
ceivably prevent the forming of syndicates. In  fact, at Monte 
Carlo a good deal of the heavier play is admittedly with capital 
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raised by private syndicates. On the other hand, the effect of 
the limit on individual bets is to decrease the total amount of 
the stakes, and therefore of the bank's profits, which are propor- 
tional, in the long run, to the total stakes. Clearly, the bank is 
not inclined to make this limit lower than necessary. 

I t  will be seen in Chapter VIII that even if a syndicate with 
very large resources were organized, and if the bank were to 
remove its maximum limit on bets, the chance of the bank's 
ultimate ruin would still be small. Even so, it would be enor- 
mous compared to what it is with the present limit. 

What if such a syndicate were to adopt one of the various 
roulette systems, the Martingale, for instance? Would it not, 
in the absence of a limit, be able to win considerable sums with 
almost no risk of loss? The answer is that if its capital were 
enormous, the risk of losing it would indeed be very small dur- 
ing, say, a few years of play. But the amount of gain would also 
be small compared to the amount of capital, so that, looked at 
from a business point of view, the return on the investment 
would be unattractive in the extreme. On the other hand, the 
prospect would also be unattractive from the bank's point of 
view. For although the bank could expect to win in the end, 
the "end" might be excessively slow in coming, and in the 
meantime its losses would mount up. This is an example of a 
risk that is unfavorable to both parties. If someone offered you 
5 to 1 odds against your throwing heads, your stake being the 
sum of your worldly possessions, you would be as foolish in 
accepting the bet as he was in offering it. 

Let us leave out of account the fact that at roulette the 
"even" chances are not quite even, and consider the outlook for 
the syndicate a little more closely. So far as I have been able 
to discover, the longest run on record is one of twenty-eight 
even numbers, which happened at Monte Carlo. If our syn- 
dicate had been playing a Martingale at this table at the time, 
and if it had been playing "odd and even" (rather than one of 
the other two even-chance games), there is still no more reason 
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to assume that it would be betting on odd than on even, and 
only in the former case would this run have been unfavorable. 

How often should we expect a run of 28 or more to occur 
according to the laws of chance? We have already computed 
that on the average a run of 28 or more heads (or tails) will 
appear once in Z29 tosses. If runs on both heads and tails are 
taken account of, the expected frequency becomes twice in 229 
tosses, or once in Z28 tosses. We therefore expect a run of 28 
or more odd or even numbers at roulette once in 228 whirls of 
the wheel, or coups, to use the convenient French term; that is 
to say, once in 268,435,456 coups. 

At each table there are three different even chances being 
played at the same time, and these chances are completely in- 
dependent of each other, so that the number of plays is in 
reality multiplied by 3. We therefore expect a run of 28 or 
more at a table three times as frequently as when only one of 
these three sets of chances is taken account of, or once in 89,- 
478,485 coups. 

A roulette table at Monte Carlo averages, I believe, about 
480 coups per day, or about 168,000 per year, assuming play 
to go on something like 350 days of the year. Thus i t  takes 
roughly six years to play 1,000,000 coups at a table. We should 
therefore expect a table to produce a run of 28 or more on some 
one of the various even chances once in 534 years. I t  is difficult 
to estimate the number of tables in operation over a period 
of years; perhaps four is a reasonable estimate. If so, a run of 28 
or more is to be expected on one or another of the four tables 
once in about 134 years. If five tables is a better estimate, this 
becomes once in 107 years. The  fact that there was one run of 
28 on one of the even chances at Monte Carlo during the first 
sixty-eight or sixty-nine years of its existence is therefore not 
remarkable. 

Suppose that the syndicate played a Martingale at one table 
on one set of even chances, say red and black, and that it had 
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sufficient capital to withstand an adverse run of 28, but not one 
of 29. According to the calculation just made, a run of 29 
or more on one of the chances, say black, is to be expected 
about once in 6,442 years. That  is the interval of time that 
has elapsed since the first Pharaoh of Egypt ruled, and the 
members of the syndicate might well feel that their risk in 
a few years of play would be very small. When the amount 
of this risk is taken account of, nevertheless, i t  appears that 
their expectation of loss balances that of profit, a statement 
that will be given a precise meaning later. Also it is to be 
remembered that we have neglected the small extra chance 
in favor of the bank, which makes matters worse for them. 

I n  order to withstand an adverse run of 28, the syndicate 
would have to have a capital of Z29-1 units of 10 francs each, 
since after the twenty-eighth consecutive loss it would be neces- 
sary to double the preceding bet. This comes to the neat sum 
of 5,368,709,110 francs. Now the profit in a Martingale is, as 
we have seen, about 1/3 unit per covp played, which would 
come to 83,500 units per year, or an annual return of 835,000 
francs. Figured against the above amount of capital this gives a 
yearly profit of .016 per cent, hardly an attractive rate of re- 
turn on the investment. 

The  syndicate could, however, do very much better than this 
by taking advantage of the fundamental principle of the game, 
namely, that under all conditions the chance of red (or of 
black) is 1 in 2. I t  would not be necessary to keep the whole 
of this large sum in cash; the greater part of it could be in- 
vested in any form easily convertible into cash. Suppose, for 
example, that enough currency were kept on hand to withstand 
an adverse run of 20, but not more; this requires but 20,971,510 
francs, and an adverse run of 21 or more will occur on the aver- 
age once in about six years. Figured against this amount the 
profit is 4 per cent. Now if an adverse run of more than 20 is 
met with, it is necessary merely to interrupt play long enough 
to obtain sufficient cash to carry on. 
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This last statement impresses almost everyone who is not 
thoroughly at home in the theory of chance as sheer nonsense. 
Even the reader who has followed our previous discussions of 
related questions may have a vague, uneasy feeling that some- 
thing is wrong. I t  is the ghost of the "maturity of the chances" 
doctrine, and we must make one last valiant effort to lay it for 
all time: You are representing the syndicate, let us say, and are 
betting always on red, doubling each time. There have been 
twenty consecutive blacks. Now the chance of red on the next 
toss (we return temporarily to the language of heads or tails) 
is either 1 in 2 or it is not 1 in 2 .  If it is 1 in 2, it cannot make 
the slightest difference whether you bet on the next toss or  
skip any number whatever of tosses, for red has the same chance 
on each. If you maintain that the chance is not 1 in 2,  it is be- 
cause you believe that the coin--or wheel-has contracted a 
debt to the backers of red, which it remembers and is about to 
pay off. In  other words, you are casting a vote for that com- 
pletely erroneous doctrine our old friend (or enemy), the "ma- 
turity of the chances." You will have to admit that interrupting 
the play has absolutely no effect on your prospects, one way 
or the other. 

If the bank placed no maximum limit on the bets, it would 
be subject to another kind of attack based on a system that is 
the opposite of the one we have been discussing, and called for 
that reason the anti-Martingale. I n  this system the player 
doubles his bet after each win and returns to a bet of one unit 
after each loss. Before beginning the play he has made up  his 
mind that if he wins a certain number of times in succession, 
say ten, he will withdraw his winnings from the play and his 
next bet will be for one unit. I t  is clear that his situation is the 
reverse of that of a player who is conducting a Martingale. 
The latter wins 1/, unit per coup unless he encounters a long 
adverse run; the anti-Martingale player loses 1/2 unit per 
coup unless he encounters a long favorable run. In  a short 
period at the table he has a small chance of a relatively large 
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win and a large chance of a relatively small loss. We shall see 
in Chapter XI1 how these methods of play can be modified in 
almost innumerable ways, giving rise to a correspondingly large 
number of roulette systems. 

The  point we wish to make here is that in the anti-Martin- 
gale sysiem the player's wins are entirely financed by the bank. 
For he merely leaves his original bet of one unit to double 
when he wins, each successive bet being made with the money 
previously won from the bank. With no limit an ambitious 
player could decide to leave his stakes until they had doubled 
twenty times, for instance (in the language of roulette this is 
called a paroli of 20), whereupon he would withdraw from the 
game no less than 20,971,510 francs. Now a run of 20 on some 
chance at some one of the tables is to be expected about once 
every six months, and as any number of players could be con- 
ducting this type of game at the same time, the bank, under 
these conditions, could not feel entirely secure. And security is 
quite as important to the bank, in a business sense, as it is to 
an insurance company. Hence, the bank's necessity for a maxi- 
mum limit. 



C H A P T E R  VZZ . 

Betting and Expectation 

T o  SOME people it may seem undignified, or even pernicious, 
to discuss the theory of probability in terms of gambling and 
betting, as we have been doing at the beginning of this book. 
Because gambling has brought suffering and ruin to many a 
family through the ages, a reputable body of opinion has grown 
u p  that it is an evil practice, in short, that it is immoral. Of 
course we are not concerned here with any other aspect of the 
practice of gambling than the framework which i t  provides for 
certain principles of value in the theory of probability. Even 
those who disapprove of the practice probably know enough 
about gambling to understand illustrations drawn from it. 

But though we are not here concerned one way or the other 
with ethics, it is interesting to remark that the sort of uncer- 
tainty in this world which makes betting a possibility appears 
to be fundamental to life as we know it. Remove that kind of 
uncertainty and you will have a world utterly unlike the one in 
which we now live. Such a world would be of extreme sim- 
plicity, regulated by laws thoroughly comprehensible to its in- 
habitants. These laws would, since chance would be no part of 
their structure, give a definite, accessible answer to questions 
about the future; the inhabitants of this non-chance world 
would therefore know the future even more precisely than we 
know our own pasts. 

The most bizarre consequences, from our point of view, 
would stem from this condition of life. Ideas like probability 
would have no place at all. Betting on future events would be 
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like betting on the game of checkers that you have just finished. 
There would be no such thing as an accident, and anyone who 
had the illusion of free will would be classified as a moron. A 
person would see very clearly that on the following day he was 
certain to meet with an unfavorable event (we would call it an 
accident), but could do nothing to avoid it, any efforts in that 
direction having been equally well foreseen and included in 
the calculations of the future. 

Whether our own complex world has in principle close anal- 
ogies to the simple one we have just conjured up, we do not 
know. At least we are protected from the distressing condition 
of its inhabitants by mountains of complexities that give little 
sign of crumbling away as a result of our analytical borings and 
tunnelings. And then there is the very definite possibility al- 
ready referred to that the laws of our world will turn out to be 
statistical in character. In that case future events will always be 
coupled with probabilities; the element of chance will always 
be present. 

On the other hand, if science could be imagined in some dis- 
tant future to be on the point of achieving its old ambition of 
embracing all events in a scheme of nonstatistical or determi- 
nate laws, men would be forced to legislate hurriedly against its 
further practice, while they still retained enough of the illusion 
of free will to be able to do so! We need feel no alarm over the 
prospect. Even if such a set of laws could conceivably be dis- 
covered, there would have to be a miraculous change in man's 
brain before he could do much with them; for the number of 
events to be considered is so large that we can form no idea 
of it. 

So, if betting is an evil by-product of the world in which we 
actually do happen to live, we may at least become more recon- 
ciled to the fact that our world is of a sort that permits the 
abuse to be practiced. 

In  relation to the theory of chances, betting is something like 
the advanced guard of an army. I t  can poke into all sorts of odd 
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places and take chances that would be out of the question for 
the main body of troops. When two betters settle the terms of 
a wager, they are in effect settling a problem having to do with 
chances and, though their solution may be entirely incorrect, 
it is never ambiguous. Which is saying a good deal for it. When 
these betters agree upon odds of, say, 7 to 2, there can be no 
doubt concerning their joint opinion of the chances involved. 
Chances, be it noted, which relate to something in the future, 
in the past, or to a matter of mere opinion, but always with 
the indispensable condition that the matter in dispute shall 
admit of verification. 

When two individuals make a bet, each is saying in sub- 
stance that he considers the odds at least not unfavorable to his 
cause. (If there are altruistic people who make bets when they 
consider the odds unfavorable, we shall have to leave them out 
of account.) I n  the majority of actual wagers i t  is impossible 
to find out, either before or after the event in question, whether 
the odds were fair, and in some cases this question may even 
have no  clear meaning. If A offers B 2-to-1 odds that he cannot 
make the next golf hole in four strokes, for instance, his offer 
may be based on an observation of B's game that applies only 
at the time of the wager. I t  does not at all follow that he will 
always offer the same odds. I n  such a case, although the wager 
itself is easily settled, there is no way to determine whether the 
odds were "fair" or not. On the other hand, whenever the bet 
concerns an event that admits of repetition under the same 
conditions, or is one for which the probability can be computed 
in advance, the fair betting odds can be determined. In many 
games of chance both these methods are applicable. 

In  introducing the idea of chance or probability, we took it 
for granted that everyone is familiar with the simple relation 
between the odds for or against an event and the chance that 
the event will happen. If the odds are even, or 1 to 1, the chance 
of the event is 1 in 2; if the odds are 2 to 1 against the event, 
its chance is 1 in 3, and so on. We shall merely illustrate the 

'76 . 



B E T T I N G  A N D  E X P E C T A T I O N  

general rule by considering an event whose probability is x2. 
Then the probability that the event will not occur is x2. The 
two numerators, then, indicate the betting odds, which in this 
case are 7 to 5 against the event. 

We have seen in Chapter V that if the probability of an event 
is 5/12, the "law of large numbers" tells us that of a long series 
of repetitions or trials, about 5/12 will give the event in ques- 
tion. Applied to betting this means that when the odds are 
fixed according to the above rule, the two betters will come out 
about even in the long run, if the bet is repeated. (The precise 
meaning of this statement, given in Chapter V, should be kept 
constantly in mind.) This is one way of saying that the odds 
are fair. 

If A gives B odds of 5 to 2 on an event with probability 2/7, 
the odds are fair, and A and B will come out about even in the 
long run. I t  comes to the same thing to say that they will come 
out exactly even in a series of seven repetitions, on two of which 
the event in question occurs. If A has put up $5 against B's $2, 
in such a series A wins five times and loses twice, so that he 
comes out exactly even. 

There is another way to express the fairness or unfairness of 
odds which introduces a new idea that is of value in any situa- 
tion involving a future monetary risk, whether it is a bet, a 
game of chance, or a business transaction. This new idea is that 
of mathematical expectation. Actually, the adjective is super- 
fluous; so we shall call it simply the expectation. If you have 1 
chance in 10 of winning $50, your expectation is $5. If you were 
to sell your risk to another person, that is the value that you 
would place on it, provided, of course, that the monetary con- 
sideration is the only one present. 

The  rule for finding your expectation is always the same as 
in this simple example: Multiply the probability that the event 
will be favorable by the amount of money that you will take 
in if it is. 

We can now express what we mean by fair betting odds as 
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follows: Multiply the probability of your winning the bet by 
the total amount of the stakes. If the result is equal to the stake 
that you put up, the odds are fair to both parties; if the result 
is less than this amount, the odds are unfair to you; if more, 
unfair to your opponent. I n  the example given above, in which 
A gives B odds of 5 to 2, A's expectation is found by multiply- 
ing his chance to win, which is s/,, by the total amount of 
the stakes, which is $7, so that it is $5. As this is the amount 
that A contributed to the stakes, the bet is fair. 

If A has 1 chance in 5 of winning $100, his expectation is 
$20. Using once again the "law of large numbers," we may also 
interpret this as meaning that A will expect an average win of 
about $20 on each bet, provided the event in question is re- 
peated a very large number of times. He can afford to pay $20 
at each repetition for the privilege of taking this risk; if he 
pays any less amount he can look forward to a profit. 

We can say, then, that a bet, or a gambling game, or, more 
generally, a risk of any sort, is fair to all parties to it if each 
one risks a sum exactly equal to his individual expectation. 

So far we have spoken only of profits. What about losses? 
If you have 1 chance in 20 of losing $100, we shall say that 
your expectation of loss is $5, or we shall say that your expec- 
tation is minus $5-an accountant would use red ink for it. 
Whenever the opposite is not explicitly indicated, however, we 
shall use the word expectation as referring to a profit. 

The  paramount fact that makes it valuable to use the idea 
of expectation in connection with risk is this: If you are faced 
with several possibilities of gain (or of loss), your total expec- 
tation is found simply by adding together the various expec- 
tations corresponding to the various possibilities, each com- 
puted as though the others did not exist. I t  makes no difference 
whether the events involved are independent, dependent, or 
mutually exclusive. We have seen, on the contrary, that the 
probabilities of events may be added only when the events are 
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mutually exclusive; in other cases absurdities would result, 
such, for instance, as probabilities greater than one. 

I agree to pay Henry $1 for each head that appears on two 
tosses of the coin. What is the opportunity worth to him, in 
other words what must he pay me to make this two-toss game 
fair? Let us compute his expectation according to the above 
principle, which states that his total expectation is the sum of 
his expectations on each of the tosses. His probability of throw- 
ing heads on each toss is %, and his gain is $1; his expectation 
on each toss is therefore $.50, and his total expectation is $1. 
This is the amount that Henry must pay me if the game is to 
be fair. 

We can verify this result, and the principle on which it is 
based along with it, by obtaining it in another manner. Henry 
is certain to toss two heads or one heads or no heads, and these 
are three mutually exclusive events; their probabilities there- 
fore add up to 1. His probability of tossing two heads is 1/,, 
and if he does so he wins $2; his expectation on this throw is 
thus $.50. His probability of tossing no heads, which means 
that he tosses two tails, is 1/4, but he wins nothing. The re- 
maining probability, that of tossing exactly one head, is found 
by adding together the other two and subtracting the sum from 
1; this gives 3. The corresponding expecmtion is 8.50, so 
that Henry's total expectation is $.50 plus 8.50, or $1, as before. 
Note how much more easily this result is obtained by the pre- 
vious method. 

This idea of expectation, which has just been introduced, is 
of great value as a measure of monetary risks of all sorts, 
whether these risks have to do with betting or not. Although 
every bet is a risk, obviously not every risk is a bet. Every risk, 
bet or no bet, is best handled by this same machinery of com- 
puting the expectation of profit and the expectation of loss. If 
an enterprise involves, on the one hand, a risk of loss, on the 
other a possibility of profit, a comparison of the expectation in 
the two cases shows at once whether in the long run a profit 
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should be expected. I n  the absence of other important factors, 
impairment of capital, legal or ethical considerations, and so 
forth, the answer will determine the procedure in the individ- 
ual case. I n  fact, the introduction of the expectation reduces 
the question to one of simple accounting. 

Let us now leave betting and consider one or two simple 
illustrations of the application of the idea of expectation to 
other types of risks: 

A shipper of fruit is warned by the weather bureau to pro- 
tect his shipment for a temperature of 20" F. He has found 
out from long and careful observation that under these condi- 
tions the chance of encountering a temperature of 15" is 1 in 
5. He also knows from experience that a temperature of 15" 
will result in a total loss of 15 per cent of the fruit. T o  protect 
for the lower temperature involves an increased protection cost 
of 4 cents on every $1 of profit. For which temperature should 
he protect? 

On an amount of fruit that represents a profit of $1, his ex- 
pectation of loss, if he elects the 20" protection, is % times .15 
times $1, which is equal to 3 cents. If he chooses the 15" pro- 
tection, the loss is exactly the added cost of protection, which is 
4 cents. Therefore in this example the extra protection results 
in a 1 per cent decrease in net profit and, other things being 
equal, the shipper would protect for 20". 

In  practice, under these conditions, the shipper might well 
decide that it was worth his while to use the extra protection. 
This would be the case, for example, if he felt that the effect 
on the consignee of receiving one shipment in five containing 
15 per cent damaged fruit, although the latter does not pay for 
it, was more injurious to his business than the loss of 1 per cent 
of his profits. 

Like ordinary accounting, these probability considerations 
cannot do more than make a clear quantitative statement to 
the businessman; and the scope of the conclusions is always 
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strictly limited by the scope of the elements that went into the 
formulation of the problem. You cannot set out with facts, 
no matter how correct, concerning automobile fatalities, and 
end up with conclusions about the death rate from cancer. 
Probability and statistics may serve business with the same 
success that they have already served several branches of science, 
but they cannot replace judgment in the former, any more than 
they have in the latter, and any attempt to use them in such a 
way is certain to be disastrous. 

Another illustration of the principles under discussion comes 
from the field of insurance. As the solution to the problem in- 
volved is of direct practical interest to almost every individual 
and business concern, we shall discuss it in some detail. 

The theory underlying all forms of insurance can be stated 
simply as follows: Each of a large number of individuals con- 
tributes a relatively small amount to a fund which is paid out 
in relatively large amounts to those contributors who are vic- 
tims of the contingency against which they are insured. In  the 
case of life insurance it is of course not the contributor, or in- 
sured, to whom the payment is made, but his beneficiaries. We 
have referred only to individuals; let us agree that in this dis- 
cussion the word will include groups of individuals or organi- 
zations. 

The key words in the above statement are, in order, "large," 
"relatively small," and "relatively large." A little thought will 
convince one that each of these words is essential to a sound 
scheme of insurance. It  is essential that there be a large num- - 
ber of contributors so that the insurance company can meet 
all claims and remain solvent. If each claimant did not receive 
a relatively large payment, as compared to his annual contribu- 
tion, or premium, there would be no point whatever in insur- 
ance, and no sane person would buy it. 

Let us see how the insurance company determines the 
amount of your annual premium that will insure you against 
the risk of some specific event. The first thing the insurance 
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actuaries must do is determine the chance that this event will 
take place during the next year. This is done by a study of 
statistics bearing on similar risks over as long a period as pos- 
sible, and may be a complicated business. We shall be inter- 
ested in this aspect of the problem when we discuss the science 
of statistics; at present our interest is in the application of the 
idea of expectation of profit or loss. I n  any event, the net result 
is a definite numerical cstimate of the probability in question; 
let us say that it is 1 chance in 10, or 10 per cent. T o  be explicit 
we shall assume that the amount of your insurance policy is 
$1,000. Then your expectation of loss is 10 per cent of $1,000, 
or $100. This is the monetary measure of your annual risk. If 
the insurance company had no selling or other operating ex- 
penses of any sort, and did not wish to operate at a profit, this 
is what your premium would be. I n  practice, of course, the 
premium is "loaded" to cover operating expenses, reserves, and 
profits, if you are dealing with a commercial company. This 
loading will usually amount to $30 or more; to be explicit let 
us say that it is $30, so that your total premium is $130. 

You are paying $1 30 for $100 worth of risk. Does that mean 
that you are making a bad buy? It  does not follow at all. I n  
fact, the interesting question is this: Under what circum- 
stances is it advantageous to pay (R + x )  dollars for R dol- 
lars' worth of risk? T h e  answer is that it is highly advantageous, 
even when the extra cost, which we have called x ,  is consider- 
able, if the contingency against which you are insuring your- 
self represents a serious financial disaster to you or your de- 
pendents. In  the case of life insurance you are protecting your 
dependents against the losses of various kinds consequent on  
your death, losses that might otherwise prove seriously embar- 
rassing. Thus life insurance has done an immense amount of 
good, and the fact that you are necessarily paying more for the 
protection against risk than it is technically worth is of no im- 
portance. The  same is true when you insure yourself against 
any sort of financial loss that would be either crippling or  em- 
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barrassing. This is even more evident when we consider the 
entire group of insured individuals. Many of the risks insured 
against represent very rare events. Only a tiny minority of the 
population, for example, are permanently disabled, in the 
sense of the insurance companies. But to those who took insur- 
ance against the risk and are struck down by this disaster, the 
relatively negligible amounts they have paid for this protection 
are the best investments of their lives. 

When the contingency against which we insure ourselves 
represents not a major but merely a minor financial reverse, 
the case may be otherwise. If an individual can well afford to 
finance his own small losses, he is very foolish indeed to take 
out insurance to cover them. He is paying for the protection at 
least 30 per cent more than the risk is worth, and the insurance 
company cannot be criticized for collecting the larger amount, 
since no company can operate without incurring expense. Fur- 
thermore, it is not in the sphere of the insurance company to 
know whether a given person can or cannot afford to take cer- 
tain losses. That is a decision that he must make for himself. 

There are, however, important exceptions to the conclu- 
sions of the last paragraph. In  the case of certain contingencies 
the insurance company does a great deal more than merely 
reimburse the insured. In  liability insurance, for example, the 
amount of the loss is rarely determinable at the time of the 
accident; it is established later either by agreement or by court 
decision. I t  is a part of the insurance agreement that the com- 
pany take over immediately after the accident has occurred, 
an arrangement of great value to both parties. For the insur- 
ance company is far better equipped from every point of view 

I 
to handle such matters efficiently. So much so that even if the 
individual can afford to finance his own liability insurance, he 
would be very foolish to do so. And i t  would probably cost him 
considerably more in the end, as he would have to fight the 
case as an  individual. 

I n  these applications to practical affairs we must not forget 
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that neither the theory of probability nor any other scientific 
theory works automatically. If we are not skillful enough to 
use them soundly, taking account of every pertinent circum- 
stance, we can expect nothing from them. 

I n  what we have said of insurance we have of course assumed 
that if the insured suffers a loss the insurance company will 
conduct itself in a thoroughly ethical manner. Unfortufiately, 
there are cases where this is not so, even among companies 
of long-standing national repute. Such cases are of course 
rare-otherwise there would be no insurance business-but 
they are nevertheless inexcusable. T o  protect himself the 
prospective policyholder should read and understand the 
entire policy, including the "fine print," before accepting it. 
If some of the conditions are unclear or ambiguous, he 
woulcl do well to consult an attorney. Many states have con- 
ferred on their Commissioner of Insurance the necessary 
authority to intervene in such cases. If so, this constitutes an 
important source of protection. 

I n  our discussion of parts of the theory of insurance we have 
taken the point of view of the individual. Our conclusions ap- 
ply even more cogently to many businesses, especially those in 
a strong financial position. Many such businesses, faced with 
rising operating costs and declining profit margins, have turned 
their eyes inward in an effort to find compensating economies; 
yet they are spending relatively large sums to insure them- 
selves against a very large list of minor losses. Other companies, 
realizing the waste involved, have started bravely on a program 
of self-insurance, only to gag at the first uninsured losses. In  
this matter one must have a long-term point of view and have 
faith in the law of averages. 



CHAPTER V I I I  

Who IS Going to Win? 

THE population of the gambling casinos of the world is largely 
composed of two classes: those who risk their money for the 
pleasure and excitement of the play and those whose purpose 
and hope is to end the play with a profit. As for the true pro- 
fessional gambler, h e  often prefers to play from the bank's side 
of the table, where the chances of the game are in his favor, so 
that he may look to the law of averages to yield him a profit in 
the long run. 

Concerning the members of the first of these classes we have 
nothing to say. Their  winnings and losings are subject to the 
same laws which apply to the second group, but when the losses 
outbalance the winnings, they are willing to consider the dif- 
ference as the price of an evening's entertainment (along with 
the admission fee, donations to the croupiers, and the cloak- 
room charge). As for the second class, where no extraneous con- 
siderations enter in, that is a different matter altogether. They 
have set themselves a very difficult problem, namely to win 
money consistently in  a game in which the chances are slightly 
against them. In  case the game is equal for both parties or such 
that the players play against each other, the house gets its profit 
in the form of a percentage of the total stakes, or in some simi- 
lar manner. In  the last analysis all these methods are equiva- 
lent. 

If it is possible for one person to win consistently from the 
casino, why is it not  possible for another to do so, and in the 
end why not everyone? The  answer given by those who believe 
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in the existence of a group able to accomplish this result is that 
if everyone were to adopt the same "serious" style of game 
that they play, the losses of the casino would mount so rapidly 
that it would soon be forced to discontinue. By "serious" play 
they mean systematic play of the sort discussed in a previous 
chapter. This theory leads to the startling conclusion that, 
looking at the matter from the point of view of the casino, the 
sure way to lose money is to play at games with the odds in 
your favor. I t  would follow that the way to win is to give the 
advantage to your opponents. 

In  reality there are at least two apparent disadvantages that 
the bank carries as an offset to the very obvious advantage of 
the favorable chances of the game. First, the player has the 
choice of plays and, within limits, of amounts. This point has 
already been touched on. The choice of plays has no effect in 
the long run, but the choice of the size of the bet would have 
an effect on the solvency of the bank, if it were not strictly 
limited. In  practice, the limit in question is so small compared 
to the resources of the bank that, as we shall see, the effect is 
negligible. Second, the resources of the bank, though large 
compared to the effective capital of any one player, are very 
small compared to those of the public as a whole. The  bank is 
in effect playing against a player who is "infinitely" rich. This 
brings us to one of the most important problems concerning all 
forms of risk involving future uncertainties, and the conse- 
quences of its solution are illuminating in many directions. 

The  problem loses nothing by being reduced to the simplest 
possible form. A and B are playing at heads or tails, or at any 
game in which their chances are even. The stakes are $ 1 ;  at 
each toss the winner receives $ 1  from the loser. A has a certain 
amount of money; B has a certain amount. If either player 
wins all his opponent's money, we shall say that the latter is 
"ruined." Call the amount of A's capital a dollars, B's capital b 
dollars. W c  wish to know the probability that A will succeed 
in ruining B (or that B will ruin A). When B has lost all of his 
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b dollars it means that A has won b tosses more than B has won, 
while at no previous point in the game was B as many as a 
tosses ahead of A. 

In  our previous problems centering in games of chance we 
were able to make a list, or imagine that a list was made, of all 
the equally likely possibilities favorable to an event, and an- 
other containing those unfavorable to it. The  probability of the 
event was then found at once by counting the number of en- 
tries in the first list and dividing by the total number in both 
lists. In  the problem that occupies us now, no such simple pro- 
cedure is possible, for the reason that we have no idea in ad- 
vance as to the length of the game. In  fact, there is no assurance 
that it will ever be finished. Suppose, for example, that A's capi- 
tal is $200,000, B's $100,000. For A to win he must at some stage 
of the game be one hundred thousand tosses ahead of B; for B 
to win he must at some time be two hundred thousand tosses 
ahead of A. 

I t  is certainly not evident that either one of these two things 
will happen, no matter how long play is continued. I imagine 
that the majority of those encountering this problem for the 
first time are inclined to assign a rather large probability to the 
third alternative, namely, that the game is never finished. The 
solution of the problem shows, however, that if the game is 
continued long enough, one or other of the first two alternatives 
is certain to happen. The  probability that the game will never 
be finished is 0, regardless of the amounts of capital of the 
players. I t  is to be noted particularly that this astonishing re- 
sult is a consequence of the solution, and that it was in no way 
assumed in the statement of the problem. 

Since we are unable to enumerate the possible cases, while 
our definition of the idea of probability apparently requires 
such an enumeration, how are we to proceed to find a solution? 
Up to this point we have come across no such intractable prob- 
lem, for the reason that we have carefully selected problems 
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that can be subdued with a little ordinary arithmetic plus 
elementary logic. I n  the present case more of the resources of 
mathematics must be drawn upon. There is no help for it. We 
shall have to plunge through it, for to omit taking account of 
the conclusions involved in this problem would be to impair 
our understanding of the subject as a whole. 

Although i t  is impossible, except for readers with some 
knowledge of mathematics, to follow the solution in detail, it 
may be of interest to see what form the attack on such a prob- 
lem takes. In  any event, the reader who so wishes can con- 
veniently skip the following three paragraphs. 

We want to find the probability that A, with a capital of 
a dollars, will win B's entire capital of b dollars. Imagine that 
A has succeeded in winning all of B's capital except $1. Then 
he has an immediate probability of 1/, of winning that last 
dollar on the next toss. But that is not all. Suppose he loses the 
next toss, so that B has $2. A can still win, and in many different 
ways. I t  is only necessary that A win the next two tosses, or 
three out of the next four, or four out of the next six, and so 
on. Therefore the probability that A will win when B has a 
capital of $1 is 1/, plus one half times the probability that A 
wins when B has a capital of $2. T h e  latter probability re- 
mains undetermined. 

Suppose now that B has exactly $2. As before, there are two 
possibilities on the next toss, each with probability 1/2; A 
either wins or loses. If he wins, B has left exactly $1, which case 
was just considered. If he loses, B's capital becomes $3. I t  fol- 
lows that the probability that A will win when B's capital is $2 
is one half times the probability when B has $1 plus one half 
times the probability when B has $3. Making use of our pre- 
vious result this last becomes: T h e  probability of A's winning, 
when B has 53, is equal to three times the probability when B 
has $1, minus 2. Exactly similarly, the probability for A to win 
when B has any larger amount of capital can be expressed in 
terms of the probability when B has $1. T o  determine the lat- 
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ter there is one more relation furnished by the problem itself. 
If B has in his hands all of the capital, both his own and A's, 
the probability for A to win is evidently 0; A is already ruined. 
T o  use this condition it is necessary to construct from the above 
partial steps a general expression for the probability for A to 
win when B has, say, n dollars, in terms of this amount n and 
of the probability for A to win when B has exactly $1. 

This may be done by either of two methods, one general, 
applying to all sets of equations of the type we have found, the 
other special to the problem in hand. The  former is very simi- 
lar to that familiar to all engineers in solving the type of equa- 
tions known as linear differential equations with constant co- 
efficients. When this expression is found we make n equal a 
plus b (total capital of A and B) , so that the right-hand side of 
the equation must be equal to 0. This determines the probabil- 
ity that A will win when B has $1, and therefore all of the 
others. The  solution is complete. 

The  actual result is extremely simple. If A has a dollars and 
B has b dollars, the probability of B's ruin is a divided by a 
plus b. The  probability of A's ruin is b divided by n plus b. 
The  probability that either A or B will be ruined is found by 
adding the two probabilities together, since one event precludes 
the other. The sum in question is 1, verifying the statement 
made above that the ruin of one or the other is certain if 
the game is continued indefinitely. Suppose now that one of the 
players, say A, has enormously more capital than B. Then the 
probability of B's ruin, which is a divided by a plus b, is very 
nearly equal to 1, and the larger A's capital compared to B's, 
the nearer it is to 1, and the more certain is B's ultimate ruin. 

In  terms of betting odds these conclusions become as follows: 
If two players sit down to an equitable game of chance, the 
stakes being the same on each round, and i f  the first has ten 
times the available capital of the second, then the odds are 10 
to 1 that the second player will be ruined before the first. This 
illustrates the overwhelming effect of the amount of capital at 
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the player's disposal when the play is prolonged. Suppose that 
A, with his capital of a dollars, plays fifty rounds each day 
against a different opponent, each of whom has an amount of 
capital comparable to his own. The  play is assumed to be fair. 
A is in effect playing a single game against an adversary who is 
immensely rich, and if he continues, his ruin becomes certain. 

A word may be necessary here to avoid a possible misunder- 
standing. We have shown that if two players, each with a stated 
amount of capital, play a game of pure chance in which their 
chances are even, and if the game is carried on for a sufficiently 
long time, one or the other will lose all his available capital. 
This conclusion is theoretical, as distinguished from practical, 
by which we mean simply this: I t  is certain that if the game is 
sufficiently prolonged, one or other of the players will be 
ruined, but in practice this might be a case similar to that of 
the court sentence imposed on the pig in The Hunting of the 
Snark. This sentence, one recalls, had not the slightest effect, as 
the pig had been dead many years. Similarly here, if the ratio 
of the players' capital to the amount risked per game is large, 
one of the players might well be dead long before his ruin, as 
predicted in the mathematical theorem, could overtake him. 
This would surely be the case, for example, if Messrs. Rocke- 
feller and Carnegie had spent their mature lives in matching 
pennies. 

If, on the other hand, the amount risked per game is not too 
small a fraction of the player's total capital, and if the period 
of play is moderately long, the predictions of the theorem be- 
come an intensely practical matter. This is likewise true in the 
case of the player, just referred to, who plays against an ever- 
changing group of opponents. 

Imagine ten players in a room playing under the following 
conditions: Two of them, selected by chance, play against each 
other until one or the other is ruined. The winner takes on a 
third party, also selected by chance, and so on. The  result is 
certain to be that after a sufficient period one of the ten has in 
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his possession the entire capital of the other nine, as well as his 
own. For each individual game must end in the ruin of one or 
other of the participants, as we saw above. 

Suppose that each of these ten players has the same amount 
of capital. Has the player who enters the game after several 
rounds have been played greater or less chances of being the 
final survivor than the two who commence? Consider one of the 
latter. His probability of winning the first round is 1/,. If he 
wins, his capital becomes twice what it was, say 2c dollars, and 
his opponent has only half of this capital or c dollars. Accord- 
ing to our general result, the probability of the latter's ruin is c 
divided by 3c, which is %. The  first player's chance of win- 
ning the second round is therefore 1 minus %, or %, assum- 
ing that he has won the first round. If he wins both times, his 
chance of success on the third round is x, for he now has a 
capital of 3c dollars, his opponent always c dollars. Similarly 
for later rounds. If he wins the first n rounds, his probability 
of success on the next is (n + 1)/ (n + 2 ) .  The probability that 
he will win all nine rounds is therefore 1/, times 2/3 times 3/4 
times . . . times xO. The product of these nine fractions is 
equal to l/lo, for each denominator, except the last, cancels the 
next following numerator. 

Now consider the player who enters the game at the second 
round. He must play against an opponent who has already won 
once and who therefore has twice the capital that he has. His 
probability of winning the round is %. If he does win, his 
capital becomes 3c dollars, exactly as though he had entered 
and won the first round, and his probabilities of winning the 
successive rounds are identical with those computed above. His 
probability of winning all eight rounds is therefore % times 
3/4 times % times . . . times x o ,  and this product is also 
equal to l/lo. The  same is true of all the players, no matter 
at what round they enter. A player has the same chance to win, 
curiously enough, no matter how he comes out in the initial 
draw for places. 
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I n  obtaining the fundamental result that the probability of 
B's ruin is the amount of A's capital divided by the total capital 
of the two, it was assumed that $1 changed hands at each 
round. If this amount is changed to some other, say $5, it is 
necessary only to divide the capital of each player by 5, and to 
consider the stakes to be one unit (of $5). Then every step in 
the reasoning remains as before. Also the probabilities remain 
the same, as the value of a fraction does not change when nu- 
merator and denominator are divided by the same number. 

Up to this point we have assumed that A and B are playing 
an even game, each having 1 chance in 2 of winning each 
round. When the chances are in favor of one of the players, 
even by a small margin, the conclusions are considerably 
changed. In  the problem as outlined above, it is almost as easy 
to consider the chances uneven as even, and it is in this more 
general form that the problem was solved in the first place. We 
shall content ourselves with stating the result, which is not 
quite so simple as in the other case. Let p be the probability 
that A will win a round; then B's probability is I-p. The  odds 
in favor of A on each round are p divided by 1-p, which we 
shall call d. Then the probability that B will be ruined, if d is 
greater than 1, which means that the game is favorable to A, 
comes out to be 

In  this expression a and b have the same meanings as previ- 
ously, namely, the respective amounts of capital of A and B. 

T o  illustrate the use of this formula we can take a very sim- 
ple case. Suppose that the odds are 2 to 1 in favor of A, so that 
d is equal to 2, and that A's capital is $2, B's $3, the stakes being 
$1. Then the above expression becomes 



This is the probability that B will be ruined sooner or later. 
T o  find the probability that A will be ruined it is necessary 

only to exchange the places of a and b, also of p and I- p, in 
the above expression. (d becomes l/d.) I t  comes out that also 
in this case the probability that either A or B will be ruined is 
equal to 1. The game always ends. Knowing this we can say 
that the chance of A's ruin, in the above numerical illustration, 
is XI.  If B's capital is taken to be equal to A's at $2, the corre- 
sponding results are % and %. We see that when the odds 
are against B on each play, an increase in his capital does not 
help him much. I n  this example a 50 per cent increase in B's 
capital has decreased the chance of his ruin exactly 4/155. 
This is the case of a player (B) against a bank (A), the chances 
of the game being in favor of the bank. 

If the bank's capital is very large compared to that of the 
player, a is very large compared to b, and since the chances are 
in favor of the bank, so that d is greater than 1, the term dad" 
in the numerator of the expression for the probability of B's 
ruin is enormously greater than the term db. The  probability 
of B's ruin is for all practical purposes cqual to 1. I t  is certain. 
This result applies as strictly to the case of the player who 
plays only the slowest and most conservative games, such as 
consistently small bets on the "even chances" at roulette or 
trente et quarante, as it does to his more reckless cousin. Its 
consummation is only a matter of time. 

What about the bank? The bank is playing against the pub- 
lic, and no matter how adequate its working capital may seem 
to be, it is very small compared to the combined resources of 
the players. The probability that the bank (A) will be ruined 
is obtained by subtracting the probability of B's ruin from 1. 
The  result is 
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This time b is very large compared to a. The  expression can 
equally well be written 

1 - l / d b  
d" - l / d b  

The  odds of the game are in favor of the bank, so that d is 
greater than one. The  second term in both numerator and 

1 denominator is so small that it can be omitted without appre- 
ciable error, and the larger B's capital is, the smaller this term 
becomes. The  probability of the bank's ruin is therefore l/da. 
I n  practice this amount is inconceivably small. On the even 
chances of roulette, where the bank's advantage is slight, the 
odds in favor of the bank are approximately 1.03 to 1. Suppose 
that all the players placed bets on these chances, each bet 
being 10,000 francs, and that the cash resources of the casino 1 

are assumed to be only two thousand times this amount, or 
20,000,000 francs. Then the probability that the bank will 
eventually be ruined is 1/ (1.03) 2000, or 1 chance in something 
like 48,000,000,000,000,000,000,000,000. 

Small as this chance is, it oLerstates by far the actual risk 
taken by the bank, for the following reason: When several 
players place bets on red and black in roulette, the total 
amount that the bank can lose on the play is the diflerence be- 
tween the amounts staked on the two colors. If these amounts 
were exactly equal on each spin of the wheel, the bank is clearly 
taking no risk whatever; its losses on one side of the table are 
paid from its winnings on the other side, while the effect of the 
0 is a win from both sides. T o  make our previous calculation 
correct, then, we must assume that the net amount staked on 
the opposite chances on each play is 10,000 francs. 

The  reader who has followed the reasoning of this chapter 
may have a question to ask at this point. We have seen above 
that the ruin of either the bank or its opponent is certain in 
the end. If the chance of the bank's ruin is so fantastically 
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small, then the ruin of the bank's opponent, which is the pub- 
lic, is correspondingly certain, and this result is absurd. The 
answer is this: The bank is playing against an opponent, the 
public, whose resources are so enormously greater than those 
of the bank, that we could take the former to be indefinitely 
great, in other words infinite, without committing an error 
large enough to be visible. And it does not matter at what fixed 
rate you win from an opponent who is "infinitely rich," you 
cannot, in a finite time, exhaust his resources. The bank is in 
reality playing against a very small and ever-changing group 
of individuals. While their resources at any given time are 
strictly limited, their capital is being constantly replenished by 
the addition of new members; the effect in the long run is the 
same as though this tiny group had unlimited resources. But in 

I our statement of the problem we assumed that each player has 
a definite, fixed amount of available capital. These amounts 
were denoted by a and b. I t  is entirely correct that if a group of 
individuals, with definitely limited capital, played long enough 
against the bank, the latter would win all of their capital. For 
another thing, the money won by the bank is not hoarded, but 
is put back into circulation through the ordinary economic 
channels, and this fact also was not taken account of in our 
original statement of the problem. Gambling neither creates 
nor destroys wealth; it affects only its circulation. 

If we leave gambling and turn to businesses which involve 
future risk, the situation is somewhat similar, but very much 
more complex. The business house corresponds to the "bank," 
its clientele and those with whom it does business to the play- 
ers. Here, too, the latter form a small group whose resources at 
any time are limited, but which has in effect unlimited re- 
sources in the long run, always provided that this group does 
not melt away. Whenever a future risk is in question there are 
two fundamental matters to be considered, the expectation of 
profit (or loss), and the amount of capital. We have been able 
to obtain some idea of their relative importance under different 
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conditions. In  business the future risks are not, of course, de- 
termined by a set of rules, as in a game of chance, but are in 
almost constant fluctuation. These risks include such things as 
losses from theft, losses from disasters like floods and earth- 
quakes, losses in inventories due to unexpected collapse of 
prices, failure of sources of supply, labor troubles, and many 
others. Protection against some of these risks can, of course, 
be obtained by insurance. 

As long as the chances remain favorable to the business 
house, no matter by how slim a margin, we have seen that the 
chance of ultimate ruin is small, a t  least if the fraction of the 
total available assets risked in any one venture is small. This is 
an example of the well-known principle of "division of risks," 
taken account of by the insurance companies. We have also 
seen, on the contrary, that when the risks become even slightly 
unfavorable, the amount of available capital, less important in 
the precedi~g case, becomes all-important, and that no fixed 
amount of capital will save the situation in  the long run, if 
there continues to be an expectation of loss. This means that 
even though a business is conducting its normal, routine selling 
operations at a profit, and continues to do so, it may be ex- 
posed to extraneous risks, of the types enumerated, large 
enough to change its expectation of profit into an expectation 
of loss. I n  this event large amounts of working capital are re- 
quired, until the situation can be remedied. I t  is evidently a 
matter of great difficulty to obtain a reliable numerical estimate 
of risks of this sort, to which practically all businesses are ex- 
posed, and the ability to make such estimates, to within a rea- 
sonable margin of error, is an almost indispensable attribute of 
the successful businessman. 

In  new businesses the considerations of this chapter are most 
important. I t  is difficult enough in an established business to 
estimate what we have called the extraneous risks. In  a new 
business, where experience is entirely lacking, it is doubly so. 
But that is not all. The  lack of experience is even more critical 
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in regard to the ordinary risks of the business. Practically every 
new business starts out at a loss and remains in that unpleasant 
position until i t  can build sufficient sales volume to carry its 
overhead, in other words until i t  reaches the "break-even 
point." The  critical question is whether it has enough working 
capital to survive this period. Thousands of worthy young busi- 
nesses have fallen by the wayside because their estimates of the 
required working capital were inaccurate. Frequently this in- 
accuracy is due to a failure to allow for chance factors, and a 
very large allowance may be required. A friend, head of a 
highly successful company which he founded some twenty 
years ago, once gave me his formula for new businesses. Com- 
pute the required working capital based on the most conserva- 
tive estimates possible, he said, and then multiply by three. 
This formula is rarely followed. If it were, the bankruptcy rate 
would drop sharply, but there would be almost no new busi- 
nesses. 



CHAPTER IX 

Chance and Specdation 

THE conclusions that we reached in the preceding chapter 
have a certain application to speculation on the exchange. The 
causes that underlie the movement of security and commodity 
prices are exceedingly complex, so much so that it is sometimes 
impossible to distinguish cause from effect. T o  the extent that 
we fail to untangle these causes, and to assign to each price 
movement one or more definite causes, we are forced to think 
in terms of chance. It  is the same in tossing a penny. We may 
feel confident that there exist perfectly definite causes that ex- 
plain why the coin came heads on the last toss, but as we are 
unable to disentangle them we are forced to explain the toss 
in terms of chance. 

We shall compare the speculator, in several respects, to the 
participant in a game of chance, in which skill, or judgment, 
also enters. In making this comparison we are not in search of 
rules for speculation, for we do not believe in the possibility 
of exact rules of the sort and are sure that if they existed they 
would defeat their own purpose by putting an end to all specu- 
lation. We are in search, rather, of a more exact formulation of 
the chances of speculators, in the long run, for profits or losses. 
We shall discuss here only speculation on the stock market; 
the same considerations apply to the other exchanges. 

Before proceeding, however, we must review rapidly the 
elementary facts about the stock market. In doing so, we shall 
confine our discussion as closely as possible to the buying and 
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selling of stocks for speculative, as distinguished from invest- 
ment, purposes. 

This distinction cannot be made sharply in all cases; the 
purchase of stocks frequently partakes of the characteristics of 
both. Without quibbling over definitions we shall say that 
when the long-period yield of the stock in any form (cash or 
stock dividends or rights), or when the anticipated yield, is a 
major consideration in the purchase, the stock is bought for 
investment purposes. When the yield of the stock is at most a 
minor consideration, we shall say that the stock is purchased for 
speculative purposes. I n  the transaction of "short selling," since 
the sale precedes the corresponding purchase, there can be no  
question of yield; all short selling is speculative in character. 

When you purchase or sell a stock, you place the order with 
your broker, who charges you, or debits to your account, a 
certain amount representing his commission. This commission 
depends on the total value of the shares involved in the trans- 
action. Expressed as a percentage of this total value i t  may 
seem small, but i t  represents, together with interest on bor- 
rowed money, the broker's profit on the deal. In  speculative 
accounts, where large blocks of stock are bought and sdld 
within short intervals of time, the monthly commissions may 
reach a considerable total. The  amount of the commissions evi- 
dently depends less on the speculator's effective capital than on 
the rapidity with which he buys and sells. A speculator with a 
substantial capital on deposit at his broker's, who trades rap- 
idly, may pay many times the commissions paid by another 
speculator with an effective capital several times as great, who 
conducts his trading at a more leisurely tempo. A certain spec- 
ulator, for example, with a capital of several hundred thousand 
dollars, paid commissions averaging, over a period of years, 
$20,000 to $30,000 per month. 

The  usual practice among speculators is to deposit with the 
broker only a part of the capital necessary to conduct their 
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transactions; in other words, to operate on margin. The  amount 
of this deposit, which may be either cash or acceptable securi- 
ties, must exceed the prescribed margin requirements a t  the 
time in question. This requirement represents a certain f r x -  
tion of the total value of the stocks purchased. The balance of 
the required capital is provided by the broker, and the amount 
of this interest, together with the commissions, must be taken 

I 

into account by the speculator in estimating his prospects for 
profits. In  practice, speculative accounts may become very in- 
volved, and margin requirements are computed in terms of the 
total debit or credit of the account, and the current value of the 
shares that it is "long," and of those that it is "short." 

The effect of operating on margin is to increase the volume 
of the speculator's transactions, and therefore to increase his 
expectation of profits or losses. By the same token, his chance 
of being wiped out is very much increased and, furthermore, 
the interest that he must pay makes the odds of the "game" 
less favorable. 

As an offset to commissions and interest, the speculator re- 
ceives any dividends that may be paid on stocks that he is hold- 
ing. How important an item this is depends of course on the 
particular stocks traded in, and should be taken into account 
by the individual speculator. Its importance is diminished by 
the fact that dividend prospects cause the price of a stock to 
rise, other things being equal, before the "of record" dividend 
date, and to fall immediately after. T o  the investment buyer, 
on the other hand, these minor fluctuations in price have little 
significance. As he has bought the stock for yield, or for long- 
period enhancement of value, perhaps as a hedge against infla- 
tion, a temporary decline in price represents merely a paper 
loss. 

The  situation of the speculator is in certain important ways 
analogous to that of the participant in a game of chance in 
which the players play against each other, and in which the 
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gambling house, or the banker, in return for supplying the 
facilities for play, charges an amount proportional to the total 
stakes placed. The  stockbroker corresponds to the "banker" in 
the game of chance, and has much more right to the title 
"banker" than does the latter, since a part of his business con- 
sists in loaning money to his customers. The  other speculators 
in the stock issues in question correspond to the other players 
in the game of chance. The commissions and interest that the - 
speculator pays to the broker correspond to the percentage of 
stakes or bets paid by the player to the "bank." 

If the speculator is a professional trader or a floor specialist, 
a member of the stock exchange who buys and sells from the 
floor of the exchange on his own account, these remarks have - 
to be revised. Instead of commissions, the amount that he pays 
per year for the privilege of trading is the interest on his in- 
vestment in a membership to the exchange, together with his 
annual dues. 

If we compare the speculator in certain respects to the par- 
ticipant in a game of chance of a particular variety, we must 
at the same time keep in mind the many and important differ- 
ences between the two situations. In  the first place, the buyer 
of common stocks, regardless of what his individual point of 
view may be, is dealing in equities in corporations, which pre- 
sumably have a value related to their probable future earnings. 
He is, in fact, trading in these values, regardless of the fact 
that he may buy the stock of the X company, not because he 
believes that the profit prospects of this company are good, or 
that the trend of the market should be upward, but because he 
believes that others believe it. Similarly, he may sell the shares 
of a certain company short because he believes that they are 
selling higher than the opinions of other traders warrant, al- 
though he himself believes that the prospects of the company 
justify, eventually, a much higher value. 

This constitutes what might be called a "principle of mo- 
mentum." I t  means that a market on the upswing tends to go 
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higher until a new set of forces comes into play, while a market 
on the downswing tends to go still lower. There is no parallel 
to this aspect of the situation in the games of chance which we 
have been discussing. 

In  the second place, in a game of chance like poker the total 
winnings of those players who finish with a profit is strictly 
equal to the total loss of the remaining players, leaving out of 
account the percentage paid to the bank. I n  the case of stock 
dealings, however, this is not generally true. I n  a rising mar- 
ket the group of investors and speculators, as a whole, shows 
a profit; in a falling market this group, as a whole, shows a loss. 
These profits and losses correspond to the change in appraisal 
value of all stocks. If one hundred men own equal shares in 
a building appraised at $10,000,000, and the appraisal value 
drops to $8,000,000, each shows, in his list of holdings, a loss of 
$20,000. There are no corresponding profits on the part of 
other investors. 

So when the price level of stocks is fluctuating, profits and 
losses of traders cannot be said to balance each other like those 
of a group playing a game of chance. In  a long period, how- 
ever, the change in the level of all stocks is not large; further- 
more, we are discussing here only that part of the total transac- 
tions that can be classified as speculative, so that the total profit 
or loss of the total group of speculators can be assumed to be 
small. This conclusion is entirely independent of the amount 
of short selling that has taken place during the interval in 
question; this amount does not affect the accounting at all. 

If we assumed that the price level of all stocks is slowly ris- 
ing, over long periods, it would be possible for this factor, along 
with dividends, to offset the effect of brokerage commissions 
and interest, so that speculators, as a whole, would be playing 
a game with the odds even, as in a private game of poker, as 
distinguished from one at a gambling house. On the other 
hand, the individuals owning the stocks in question at the end 
of the period are left "holding the bag." In  what follows we 
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shall not make this assumption of a rising price level; instead 
we shall assume that over the long period in question specula- 
tors, as a group, show no profit or loss. 

In order to apply the conclusions of the preceding chapter to 
the situation before us, i t  will be necessary to consider succes- 
sively several simple situations relative to games of chance, 
before arriving a t  the one that interests us. We have seen that 
in a game of pure chance the rules of the game constitute the 
only pertinent knowledge, that therefore each player has the 
same amount of knowledge and hence the same chances as any 
other player. If a group of players play a game of pure chance 
against each other, the bank not taking part but merely collect- 
ing its percentage of bets placed, the players are on an equal 
footing with each other, but collectively they are losing to the 
bank. 

We know, too, from the data of the previous chapter that if 
the game is continued indefinitely, regardless of the amounts 
of capital at the players' disposal, all but one of them will 
eventually be "ruined." The  survivor will leave the table with 
the entire capital of the group, less the commissions taken by 
the bank. If the group of players is continually changing, some 
players dropping out and others taking their places, this con- 
clusion must be modified. We can then say that if the game is 
continued long enough, all of the original participants will be 
"ruined" (or will drop out for some other reason) and their 
places will be taken by others. And this conclusion applies 
equally well to the group present at the table at any particular 
time, no matter how long the game has already been in prog- 
ress. For the odds of the game are against each of the players, 
due to the commissions paid to the bank. 

If the game is one that involves skill as well as chance, the 
players will not be on an equal footing with each other. I t  is 
important to notice for our purposes that it is the relative 
skill of the players that matters, for they are playing against 
each other. They may all be masters at the game, or they may 
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be beginners; but if their skill is equal, their chances are equal. 
I t  is to a game of the latter sort, where skill and judgment 

are contributing elements, that speculating on the exchange 
most nearly corresponds. I n  speculating in stocks there is a 
large element of chance, never to be left out of account. But 
you are playing a game against other speculators each subject 
to the caprices of fortune, just as you are, and whether the odds 
of the game are with you or against you depends most of all 
on your knowledge, judgment, and skill as compared to the 
extent to which these qualities are present in the group of 
speculators against whom you are playing. This is a group of 
which you can know very little, and one whose membership is 
changing from day to day. 

I n  addition, there is the matter of available capital. We saw 
in the preceding chapter that when the odds of the game are 
in your favor, and when your capital is moderately large com- 
pared to the amount risked at any one time, the chance of your 
ultimate ruin is small. On the other hand, if the odds of the 
game are even slightly against you, a large amount of capital 
does not prevent your probability of ruin from being large. 

Naturally enough, the larger this capital, the longer its life; 
if it is very large compared to the amounts risked, it might well 
require more than a lifetime to exhaust it. But even so, the 
prospect, when the odds are against you, is not enticing. T h e  
question of whether to speculate or not to speculate (looked at 
solely from the point of view of profit and loss) boils down to 
your judgment as to whether you possess the requisite qualities 
in the required degree. If the group against whom you are play- 
ing contains many individuals with large capital and "inside" 
information concerning the stocks in which you are dealing 
and, on the other hand, you have neither a large capital nor 
"inside" information, the odds of the game are decidedly 
against you, and you are certain to be wiped out if you con- 
tinue to speculate long enough. 
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Roulette is a game of pure chance. The  player is permitted 
to place his bets as he pleases, provided that they are between 
the limits set by the bank. He can play a conservative game, 
or a steep game; he can risk only a small part of his capital a t  
any time, or he can bet up to the limit each time. But his man- 
ner of placing bets does not change the odds of the game in 
the smallest degree, and these odds are always slightly against 
him because of the advantage taken by the bank in fixing the 
rules of play. 

Poker, on the other hand, is a game of chance and skill. 
Other things being equal, the more skillful player is certain to 
win in the long run. When poker is played at a gambling 
house, the latter takes its commission from each pot that is 
won; this is an illustration of the sort of game to which we have 
compared speculating in stocks. In  the poker game you are 
pitting your skill against that of the other players, who corre- 
spond to the group of stock speculators. There is this important 
difference, however; in the game of poker you sit face to face 
with your antagonists, whose habits and expressions you are 
free to study. If you have followed the excellent advice of 
Hoyle, never to play with strangers, you already possess some 
information concerning your opponents. In  speculating, on the 
other hand, you always play with strangers. You do not meet 
your antagonists; indeed, you rarely know the identities of any 
of them. 

Although the speculator is thus very much in the dark when 
it comes to the crucial matter of comparing his own astuteness 
to that of the group interested in the same stock, there are a 
few things that he does know. He knows, for example, that in 
boom periods, such as the few years preceding the autumn of 
1929, the "public" is in the market. Amateur speculators very 
much outnumber the professionals; many are "shoestring" op- 
erators, whose limited capital makes them particularly vulner- 
able. The  net result is that at such a time the speculator can 
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count on a low order of competition, as compared, for instance, 
to that met with in markets such as those of 1932, when the law 
of survival of the fittest operated in its most ruthless manner 
and few replacements appeared for those who fell by the way- 
side. 

T o  enumerate the elements of competition that determine 
the speculator's relative merit, and hence the odds of the 
"game," would be to list a large number of the factors that 
affect the market in any way. Those that are most important in 
determining the odds for or against the speculator are of two 
kinds: factors that concern the past, and those that concern the 
future. The  former represent knowledge; the latter, judgment. 
Knowledge of past facts can in turn be split into three classifi- 
cations: facts concerning the company whose stock issue is in 
question, facts concerning the market position of the stock, 
and facts concerning the market as a whole. The element of 
judgment can be divided into exactly the same three classifica- 
tions, this time with reference to future trends instead of to 
past facts. 

Let us pass these three classifications in rapid review. T h e  
first contains such things as knowledge of the company's prod- 
uct, its sales prospects, its management, its stock issues, its debt 
structure, its current financial condition, and so on. T h e  second 
has to do with the market situation of the stock, whether any 
groups or "pools" are operating in it, the extent of the short 
interest, the floating supply of the stock, orders above and be- 
low the market, and other things. The third concerns the mar- 
ket situation as a whole, past and future, what forces are agitat- 
ing it or are likely to agitate it, business prospects, economic 
trends, the likelihood of significant legislative or international 
developments, and many other factors. 

The  three classifications in this analysis are by no means of 
equal importance. In  general it is safe to say that sound com- 
mon stocks move up and down together, constituting what is 
known as the major trends of the market. I t  is these swings 
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that are measured by the Dow-Jones averages and that are 
considered in that widely known empirical theory called the 
Dow Theory. I t  is possible for the speculator, by diversifying 
his interests, to eliminate, to a considerable degree, all consid- 
erations except those affecting the market as a whole. This 
would be largely true as applied even to one or a few sound 
stocks, were it not for the fact that individual stocks can be 
manipulated, to the advantage of a small number of operators 
at the expense of the public, and that professional traders and 
floor specialists have access to facts that give them a pro- 
nounced advantage over other speculators. In  addition, when 
an individual stock does move against the general market 
trend, there is always a good reason for it and this reason is 
known in certain cases, to those close to the company long be- 
fore it is known to the public. In  other words, there are certain 
privileged classes of speculators, for whom the odds of the 
"game" are more favorable than they are for others. 

We are not concerned here with the ethics of speculation. 
I t  is certainly true that all methods of manipulation that de- 
pend on circulating false reports or rumors of any nature are 
thoroughly dishonest. In  our analogy with games of chance 
they are to be compared to cheating at cards or using loaded 
dice. If you are speculating in a stock that is being manipulated 
in this manner, you are in the position of an honest player in 
a dishonest game. Until the time comes when such practices 
are effectively banned, speculating in stocks for the individual, 
no matter how competent he may be in the legitimate phases 
of trading, will remain subject to very unfair risks. 

The  conclusions that we reached in the previous chapter, 
which we are making use of here, apply to the probabilities in 
the long run. In any activity in which chance plays a prominent 
part, whether a game, a business, or stock market speculation, 
the unusual is continually taking place. Because the odds are 
against you in roulette, it does not follow that you will lose in 
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a limited period of play. What is certain is that if you continue 
to play long enough, with the odds even slightly against you, 
you will lose your capital. Similarly, the ill-equipped specula- 
tor, with the odds against him, may win over a limited period 
and even heavily, for the element of chance in the market is 
very large. On the other hand, the well-equipped speculator, 
with the odds iri his favor, may lose heavily over a limited 
period. I t  follows that results of speculation over a short period 
are not a reliable index of the odds for or against the indi- 
vidual speculator. A series of losses does not necessarily mean 
that the odds are against him, nor a series of successes that the 
odds are with him. Short-period results merely create an im- 
plication, which the speculator should take account of, along 
with other things, in deciding whether the odds are with him 
or against him. 

This large element of chance that is always present in stock 
market trading represents the unpredictable and the unknow- 
able. The  full causes that underlie changes in price are compli- 
cated beyond the power of man to unravel. Furthermore, as 
in many games of chance, an insignificant cause may produce 
effects of major importance. A murder at Sarajevo in the year 
1914 led to events that affected the market for decades. Since 
this is so, it is natural that false and superstitious ideas con- 
cerning luck and its relation to the individual are found in the 
minds of some speculators. 

In  order to illustrate the conclusions toward which we are 
progressing, imagine a group of speculators operating in a cer- 
tain common stock. The  membership of this group is continu- 
ally changing, each member has a certain amount of available 
capital, and each is equipped with his individual knowledge 
and judgment. If the price of the stock, over a long period of 
time, returns to its initial level, then this group, as a whole, 
is losing, to the extent of brokerage commissions and interest 
charges. The  odds of the game are against the group, as a 
whole. 
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But there may be certain individual members of i t  whose 
knowledge and judgment are such that the odds of the game 
favor them. Any such superior trader is in a position similar to 
that of the roulette banker; the odds of the game favor him 
in playing against the public, whose resources are enormously 
greater than his own. If his available capital is large compared 
to the amount risked at any time, the chance of his losing, in 
the long run, is very small indeed, as we saw in the last chap- 
ter. T h e  speculator, under these conditions, although his re- 
sults will vary with the swing of chance forces, is nearly certain 
to win in the long run. We have confined these remarks to 
operations in a single stock. They apply equally to the specu- 
lator operating in many stocks, and in that case it is more 
reasonable to assume that the price level returns, after a long 
period, to its initial value. 

Such conditions as those discussed here are frequently real- 
ized, especially by professional traders, who pay less than others 
for the privilege of trading and who have access to valuable 
inside information concerning the market. There are also 
traders who, in spite of having the odds in their favor, end in 
disaster. When the facts in such cases are known, it is usually 
found that the scale of operations was too large for safety, in 
view of the amount of available capital. If the principle of di- 
vision of risks is not respected, even having the odds with you 
is not a sufficient guarantee of success. - 

T h e  other members of our hypothetical group of speculators, 
for whom the odds of the game are unfavorable, are in exactly 
the opposite position. They correspond, not to the banker, but 
to the players of roulette, in so far as ultimate results are con- 
cerned. In  the long run, they are certain to lose. 

In this brief discussion of the expectation of the speculator, 
we have grouped together, under the head of chance, all those 
unpredictable elements of every sort that play so important 
a part in the market. We have done so for the reason that, to 
a large extent, these chance factors affect all speculators alike, 
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while we have been in search of those factors that distinguish 
one speculator from another. I t  would be very convenient (es- 
pecially for the authors of theories of how to speculate) if the 
role of chance in the market were smaller than it is. Then it 
would be easier to assign a plausible cause to each price fluc- 
tuation. But chance and speculation are good traveling corn. 
panions, and while there can be chance without speculation, 
there will never be speculation without chance. 



CHAPTER X 

Poker Chances 

ONE of the finest illustrations of the laws of chance is furnished 
by the game of poker. I t  is not a game of pure chance, like dice 
and roulette, but one involving a large element of skill or judg- 
ment. The  required judgments, however, are based squarely on 
probabilities, and some knowledge of the chances of the game, 
however acquired, is essential. Owing to the presence of the 
element of skill, the study of the probabilities of poker is by 
no means so simple as in those games which we have previously 
considered. On the other hand, the probability problems of 
poker have a richness and breadth of application that are lack- 
ing in the other games. 

We shall therefore make a more careful study of the chances 
in poker than of the chances in any other game. Those readers 
who are not familiar with the game will wish to omit the next 
two chapters. 

The  game of poker is distinctly American in character and 
associations, in spite of its French parentage and its popularity 
among many peoples, including the Chinese. The game was 
introduced in America and remodeled before the end of the 
frontier period, into which it entered most harmoniously; it 
was in this period that i t  accumulated its most picturesque tales 
and traditions. 

The fact that few games better illustrate the theory of chance 
than poker has not been overlooked by writers on the subject. 
As the cards are dealt, each player has a definite chance, readily 
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computed, to hold each of the significant hands. A table show- 
ing the odds against a player's holding each of the hands "pat" 
(on the deal) is given in Hoyle, and correctly given. The  odds 
or probabilities on incomplete hands, such as four straights and 
four flushes, are not included. These will be listed here later. 
In  the chapter on poker in Proctor's book, Chance and Luck, 
the same thing is given in another form: a table showing the 
number of equally likely ways in which "pat" hands can be 
formed. 

A second point where poker probabilities are encountered is 
in the matter of improving hands on the draw. A player holds 
a pair of jacks, to which he draw4 three cards. What are his 
chances of improving his hand?-+€ making two pairs or threes 
and so on? On these questions the majority of the writers on 
poker have scarcely done themselves or their readers justice. 
The probabilities in question, or rather the corresponding bet- 
ting odds, are given in toto in Hoyle, but unfortunately less 
than half of them are accurate, several of the blunders being 
such as to affect the conclusions as to correct play. Proctor 
passes over the subject with a few remarks, mentioning casually 
the chances in two or three of the simpler cases. He further 
quotes from The  Complete Poker Player as follows: " 'Your 
mathematical expectation of improvement is slight' " (in draw- 
ing two cards to triplets) " 'being 1 to 23 of a fourth card of 
the same denomination, and 2 to 23 of another pair. . . .'" 
The  first probability, that of making fours, is correct as given, 
but the second should be 2 to 29 (or 1 chance in 14%)' an 
error amounting to 14 per cent which Proctor fails to point out. 
We may notice also that the author of The Complete Poker 
Player does not appear to distinguish between mathematical 
expectation and probability. 

In  the article "Poker" in the eleventh edition of the En- 
cyclopaedia Britannica, a table of probabilities in drawing to 
most of the hands is included and it is an improvement over 
that of Hoyle. Nevertheless the figures given there for all draws 
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involving a single pair are incorrect. In  the latest edition of the 
Encyclopaedia Britannica all of these errors are corrected, with 
one exception-the probability of improvement on a two-card 
draw to a pair. On the other hand, draws to straights and 
flushes are correctly treated in all these tables (with a few 
exceptions), these calculations being very simple and direct. 
The cases of pairs or triplets evidently deserve particular at- 
tention. 

Another problem that inevitably comes up, above all in 
"jack pots," is the effect of the number of players on the prob- 
abilities of the game. Every beginner knows that this effect is 
very pronounced, that a hand with excellent prospects in a 
three-handed game may be quite worthless with seven or eight 
players. The result is that the principles of sound play are 
widely different in the two cases, and less so in the intermediate 
ones. Before discussing this question it is necessary to have 
before us the various chances of the individual player. 

Discussing the value to the practical poker player of an 
intimate knowledge of these probabilities, Hoyle says, "The 
player should . . . have some idea of the chances for and 
against better combinations being held by other players, and 
should also know the odds against improving any given com- 
bination by drawing to it." Further on we find, "In estimating 
the value of his hand . . . before the draw, the theory of prob- 
abilities is of little or no use, and the calculations will vary 
with the number of players engaged. For instance, if five are 
playing, some one should have two pairs every fourth deal, 
because in four deals twenty hands will be given out. If seven 
are playing, it is probable that five of them will hold a pair of 
some kind before the draw." 

These last,remarks merely prove that the author had vaguely 
in mind some ideas that may be more or less correct but has 
failed to express them with sufficient precision for his readers 
to be in a position to judge. The phrase "It is probable that" 
implies on19 that the chance is better than even. What we must 
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know is precisely how probable the event in question (five 
pairs among seven players) is. 

As a matter of fact, the statement seems to involve one of 
the commonest fallacies connected with probabilities, that of 
assuming that the most probable single event of a series is more 
likely to happen than not. Let us illustrate. If I toss ten coins 
simultaneously the possible results are as follows: five heads 
and five tails, four heads and six tails, six heads and four tails, 
and so on to ten heads or ten tails. The  most probable of all 
these eleven cases is the first one given, five heads and five tails, 
but the probability of this event is only about s, so that the 
odds against the most probable case are 3 to 1. The probability 
of each of the next two cases is %, that of the following two 
1/,, the next two 1/23, the next two XO5, and of the last two 
1/1048. I t  is seen that each of these cases is less probable than 
the first (five heads and five tails), but their sum is greater. 

Similarly in the case quoted from Hoyle; the most probable 
number of pairs in a deal of seven hands is not five, as the 
author of Hoyle seems to have thought, but three, and the 
chance that exactly three of the seven hands contain exactly 
one pair (leaving out of account stronger hands) is not far 
from 1 in 3%. T h e  chance that exactly five hands contain one 
pair is roughly 1 in 13. The  method of making these calcula- 
tions will be given in the next chapter. 

The  quotation from Hoyle continues: "Unfortunately, these 
calculations are not of the slightest practical use to a poker 
player, because although three of a kind may not be dealt to 
a player more than once in forty-five times on the average" 
(forty-seven is the correct figure) "it is quite a common occur- 
rence for two players to have threes dealt to each of them at  
the same time." If the calculations referred to are not of the 
slightest use, the reason is not difficult to find. And I must 
confess my inability to understand the significance of the re- 
mark last quoted. I t  is true that i t  is not rare for two players 
to find threes in their hands as dealt; in fact, in a seven-handed 
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game this will happen about once in 117 deals, on the average. 
But as this fact is supposedly known to the informed player, as 
well as the first one, why should it make a difference one way 
or the other? 

There can be no doubt that in poker an exact knowledge of 
the chances is of considerable advantage to the player, at least 
if he has sufficient judgment to know how to use it effectively. 
On the other hand, nothing would be farther from the truth 
than to pretend that familiarity with the chances, no matter 
how complete, makes a good poker player. The old hands at 
the game are sometimes inclined to feel that their long ex- 
perience at the table exempts them from the necessity of taking 
account of the tables of chances. 

Now it is perfectly possible to learn the probabilities of the 
game by watching the fall of the cards, in spite of the fact that 
the majority of the hands are not shown. T o  do so is to achieve 
something of a tour de force both as to accuracy of observation 
and patience, not to mention the possibility of becoming poor 
in the interval, but it can be done. After sufficient experience 
the player has a somewhat vague idea of a set of figures that 
he could easily have learned in an hour in the first place. He 
may have become an expert player, but it is certainly not to be 
attributed to his knowledge of the chances of the game. 

The test of the accuracy of the knowledge that he has ac- 
quired with so much patient observation is his ability to detect 
gross errors in the calculated chances. When a great expert on 
the game states that the chance of improving on a two-card 
draw to a pair and an odd card is 1 in 5, the correct figures 
being 1 in 4, an error of 25 per cent, we cannot place too great 
confidence in the accuracy of his observations. Every poker 
player knows the particular importance, especially from the 
point of view of deception, of the case just cited. As the chance 
of improving a pair on a three-card draw is 1 in 31h, the dif- 
ference between the two figures given has a great influence on 
sound play. While no doubt the expert in question plays these 
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hands with great skill, and suffers little or none from his de- 
fective knowledge of the chances, the same cannot be said of - 

the inexperienced players whom he is instructing. 
If one watches the play of inexperienced players closely, the 

conviction is rapidly forced on him that even an elementary 
knowledge of the chances and of probability principles would 
much improve th'eir game. One sees them make a practice of 
entering pots where the expectation is against them from the 
start, and their occasional inevitable wins under such circum- 
stances only encourage them to further unsound methods. One 
sees them hanging on in the face of almost certain loss, believ- 
ing that they are somehow "protecting" what they have previ- 
ously put into the pot. 

It is perhaps in connection with these various unsound prac- 
tices that the theory of probability can be of most aid to the 
poker player, for every player develops habits which represent 
his normal procedure; from these he makes departures as his 
judgments of players and situations require them. As a result 
one not infrequently comes across players of unusual judgment 
(poker sense, it is called), who handle the more difficult situ- 
ations with great skill but lose small amounts regularly in the 
more commonplace hands by one or two unsound practices 
that could very easily be remedied. 

We have been saying a good deal about the probabilities of 
the game of poker; let us examine a few of the more interest- 
ing ones a little closer, beginning with those that have to do 
with the draw. We recall once again the elementary definition 
of probability or chance. T o  find the probability of an event, 
we list the total possible cases, all equally likely to occur, and 
count those in the list that are favorable to the occurrence of 
the event. The  probability of the event is the number of favor- 
able cases divided by the total number of cases. 

Suppose I hold a four flush, to which I draw one card. What 
is the chance of filling it? There are forty-seven cards left in the 



P O K E R  C H A N C E S  

pack, of which nine are of the same suit as the four in my hand. 
There are thus forty-seven possible distinct results of my one- 
card draw, no one more likely to occur than another, of which 
nine are favorable. T h e  probability of filling is therefore 9/4,; 
the chance is 1 in 5%.  

"But," says Mr. Reader, "you talk as though yours were the 
only hand dealt. Suppose you are in fact the fourth hand in the 
deal. A good part of the deck has already been dealt out, and 
two or three players have made their draws ahead of yours. 
How do you know but what all or most of your suit is in these 
other hands or in the discard pile? In fact, how can you say 
what your chances are unless you know how many cards of 
your suit are left in the pack?" We shall linger awhile over this 
objection, as it represents the only real stumbling block to an 
understanding of the chances of the poker draw. 

Let us look at the matter in this way: I have seen exactly 
five of the fifty-two cards in the pack, and I know that four of 
these are spades, say, and the fifth a diamond which I discard. 
If I am the first to draw in a five-handed game I shall receive 
the twenty-sixth card from the top of the deck. I can, then, 
state the whole problem in this form: What is the chance that 
the twenty-sixth card in a well-shuffled deck is a spade, know- 
ing that among the top twenty-five cards there are at least four 
spades and one other that is not a spade? If S did not have 
this last information, the chance that the twenty-sixth (or any 
other) card is a spade would be 1 in 4, thirteen favorable cases 
out of the fifty-two. But I know that this card cannot be one of 
the four spades held in my hand, nor the discarded diamond. 
There remain forty-seven possibilities, nine of them spades. I , 

have taken account of the fact that any or all of these nine 
spades may be included in the twenty cards of the top twenty- 
five which I have not seen. If one of these twenty cards were 
accidentally exposed to me, my chance of filling would be 
changed, as it depends on  the extent of my information. If the 
exposed card were a spade, my chance would become 8 / 4 6 ,  
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which is less; if i t  were not a spade, my chance would become 
9/46, which is more. Now suppose that I am not the first to 
draw. Then the card I draw will be the thirtieth, or the thirty- 
second, or the thirty-sixth, or some other. Nothing is changed. 
Whether it is the twenty-sixth or the thirty-sixth card from the 
top of the deck has no effect on the argument. 

I n  case any last doubts on this important point remain, it 
should be added that it is not at all difficult to prove the result 
in the following way: Suppose for definiteness that my hand 
makes the first draw, so that the card drawn is the twenty-sixth 
from the top. We can compute the chance that any number 
from nine to zero of the missing nine spades are in the balance 
of the deck, which contains twenty-seven cards in all, and treat 
the probability that the twenty-sixth card is a spade separately 
in each case. Later on we shall carry out something similar to 
this when discussing the chances on the deal. This method re- 
moves the objection based on the possibility that some or all of 
the spades have already been dealt out, but is quite unnecessary 
when once the point has been grasped that the possible cases 
involve all cards which have not been seen, whether in the 
hands, on the table, or even under it, provided only that the 
game is honest. 

Suppose the player discovers, upon examining his hand with 
the caution recommended by Hoyle, that it contains a four- 
straight flush open at both ends. What is his chance of improv- 
ing on the draw (leaving the formation of a pair out of our 
calculations) ? Of the forty-seven cards remaining in the deck, 
of which the player has no knowledge, there are two that would 
complete a straight flush, seven others that would complete an 
ordinary flush, and six others that would give him an ordinary 
straight. His chance of improvement is therefore 2 + 7 + 6 di- 
vided by 47, or or roughly 1 in 3. The  odds against the 
player are 2 to 1. They are given in Hoyle as 3 to 1, an error of 
50 per cent in the odds, 33% per cent in the chances. T h e  
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player's chances for a straight flush, a flush, and a straight are 
respectively 2/,,, 7/,,, and 74,. 

These draws of one card are the simplest to handle. Two- 
card draws are well illustrated by draws to a three flush, al- 
though this play is used in sound poker only under the most 
extraordinary circumstances. Take the case where the player's 
hand contains three spades and two cards of other suits, which 
are discarded. Forty-seven cards remain in the deck, unknown 
to the player, of which ten are spades. T o  find the probability 
of getting the flush we go back to the definition and list the 
possible cases. How many are there? 

We wish to know how many different hands of two cards 
each can be dealt from a pack of forty-seven cards. Now there 
are forty-seven possibilities for the first of the two cards, and 
for each of these there are forty-six possibilities for the second 
card, making in all 47 times 46 cases, and clearly they are 
equally likely. Now we must pick out from these the favorable 
cases; this means those where both the cards are spades. 

This problem is the same as the following: How many hands 
of two cards each can be dealt from a pack of ten cards? T h e  
pack in this case consists entirely of spades. There are ten pos- 
sibilities for the first of the two cards, and for each of these 
there are nine for the second, making a total of 10 times 9 
favorable cases. T h e  probability of filling the three flush is 
therefore 

T h e  chance is 1 in 24, odds 23 to 1 against. 
In  such an enumeration of the possible and of the favorable 

two-card hands we have considered as distinct two hands con- 
taining the same cards but in a different order. By doing this 
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it was possible to say with absolute assurance that each of the 
possible cases is equally likely. If two hands containing the 
same cards are considered identical, as they are, of course, in  
poker, can we still say that the possible cases are all equally 
likely, so as to be able to use the definition of probability? T h e  
answer is that we can, as a little reflection will show. I t  is in 
fact usual, in all these problems, to make the analysis in this 
way, since the numbers involved are then smaller. 

In  technical language, when the order of each arrangement 
of cards (or in general, of cases) is taken account of, we use the 
word permutations, otherwise the word combinations. I n  the 
above calculation of the chance of filling a three flush the per- 
mutations two at a time of a deck of forty-seven cards num- 
bered 47 X 46. How many combinations two at a time are 
there? Evidently half of the above number; for to each hand 
such as the 10 of hearts and the 5 of spades there corresponds 
another containing the same cards in the opposite order, 
namely the 5 of spades and the 10 of hearts. Similarly for the 
favorable cases; there are 1/, x 10 x 9 favorable combinations. 
The value of the probability obtained in this way, % X 10 X 9 
divided by X 47 X 46, is evidently the same, 1/24. 

I n  probability problems we are constantly required to count 
the number of favorable cases and the total number of possible 
cases, and this usually involves enumerating the combinations 
of a certain number of things taken so many a t  a time. T h e  
rules for calculating the number of these combinations have 
been worked out once for all, just as in school arithmetic the 
child is provided with a set of rules covering addition, multi- 
plication, etc., and is not concerned with the origin or correct- 
ness of the rules. We shall satisfy ourselves here by merely 
stating the rules for finding the number of combinations in a 
given case. Of four distinct letters, A, B, C, D, it is required 
to find the number of distinct two-combinations. In this simple 
case we can list them at once; they are, AB, AC, AD, BC, BD, 
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CD, six in all. I t  is convenient to abbreviate the expression "the 
two-combinations of four distinct things" by writing it C;. 
Then we know that C; = 6. T h e  general rule for calculating 
these combinations will be made clear by a few numerical il- 
lustrations: 

I t  is seen that there are always the same number of factors 
in numerator and denominator, and the rule for writing them 
down is self-evident from these examples. I n  what follows we 
shall not need more than this practical rule for computing. 
T h e  last of these numerical illustrations, C52, in other words 
the five-combinations of fifty-two things, gives the total number 
of possible, distinct poker hands. Thus there are 2,598,960 
poker hands. 

There is another method of computing poker probabilities 
that is convenient in some cases. I t  consists in considering the 
chances separately for each card drawn, and in using a rule 
given in Chapter VI, namely: The  probability of an event con- 
sisting of two separate events is the probability of the first event 
multiplied by the probability of the second, the latter being 
computed on the assumption that the first event has already 
taken place. 

T o  illustrate this attack let us return to the two-card draw 
to a three flush. There are ten spades left in a deck of forty- 
seven cards, so that the probability of drawing a spade on the 
first card drawn is Assuming now that this draw has 
been favorable, there remain nine spades in a deck of forty-six 
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cards, so that, on this assumption, the probability of a spade 
on the second draw is 9/46, and the probability of filling the 
three flush is 10 X 9 divided by 47 X 46, or 45/I ,08 1, as before. 

We now leave straights and flushes and turn our attention 
to draws to hands containing a pair, threes, and so on. First of 
all, let us use once more the latter of the previous methods, ap- 
plying it this time to computing the chance of making fours 
when two cards are drawn to threes. Of the forty-seven cards 
that remain, one only is favorable. Now there are two different 
ways to make fours: We can draw the winning card on the first 
draw, or we can draw some other card the first time and win on 
the second. The  probability of drawing the winning card first is 
1/4?; when this has taken place, i t  makes no difference which 
~f the remaining forty-six cards is drawn second. The  proba- 
bility of winning on the first card is therefore x7. There re- 
mains the case where we do not draw the favorable card until 
the second attempt. The  probability of not drawing it the first 
time is 4 x 7 ,  after which the probability of success on the 
second draw is 1/4,. T h e  total probability of success either. way 
is therefore 1/4? + (4%7 X 1/46), which is equal to 2/47, Or 

1 chance in 23%. 
The  commonest draw in poker is of course to a pair, and 

for this reason the chances for improvement should be ac- 
curately known by every player. Yet it is exactly in this case 
that the authorities on the game give the most contradictory 
figures for the chances. If it were not for this situation we 
should be inclined to pass over the details of the calculations, 
giving only the results, but under the circumstances it is neces- 
sary to demonstrate to those interested in poker chances that 
the figures presented here are the correct ones. 

All good players, when they receive a pair on the deal, take 
advantage of the opportunity thus afforded to "mask" their 
hands by varying their draws between three and two cards. 
The normal draw, which gives the greater chance for improve- 
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ment, is of course three. The question of how frequently it is 
advisable to shift to a two-card draw is a very interesting one. 
Its solution depends on the relative chances of the two draws, 
the number of players in the game, the position of the player 
at the table, previous draws by other players, his judgment as 
to the tactics of others, and various other considerations. We 
will postpone further discussion until we have before us those 
factors that are present in every case, and on which the player's 
decisions in a particular situation must depend. 

The  first case to be considered is that of three-card draws to 
the pair. What is the probability of the player's having two 
pairs after the draw? When  a hand is spoken of as containing 
two pairs, threes, and so on, it will mean, unless otherwise 
specified, that it contains no higher count. 

After the deal the player finds in his hand one pair, let us 
say a pair of aces, and three other cards not containing a pair, 
let us say a king, a queen, and a jack, so as to make the problem 
as definite as possible. He discards the last three, and asks for 
three cards. (It sometimes happens that a player discards the 
smaller of two pairs; for example if he believes that threes will 
win but not the two pairs that he holds. I n  this case the chances 
on his three-card draw are very slightly different from those 
in the case we are discussing.) There remain in the deck forty- 
seven cards. The possible cases are therefore the three-combina- 
tions of 47, or 47 X 46 x 45 divided by 3 X 2. The result is 
16,215. 

The  favorable cases are now to be found. The three cards 
drawn must contain a pair (not aces), and one other card 
which is not to be either an ace or of the same denomination 
as the pair. The forty-seven cards left in the deck consist of two 
aces, three kings, three queens, three jacks, and four each of the 
remaining nine denominations. The pair of aces must be ex- 
cluded from the list of favorable cases, since their presence 
would make fours, not two pairs. The  number of favorable 
cases involving a pair of kings, queens, or jacks is evidently 
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different from the number involving one of the other pairs, 
say a pair of nines, and we must count them separately. T h e  
number of favorable cases involving a pair of kings is 3 X 42, 
as there are three distinct pairs that can be made from the three 
kings. The 42 represents the number of cards remaining in the 
deck which are not aces or kings (47 minus 2 minus 3). Simi- 
larly for queens and jacks, making in all 3 x 3 x 42 favorable 
cases of the kind. T o  these we must add the favorable cases 
involving a pair of rank below the jack. Here there are four 
cards of each denomination, and the number of pairs of any 
one, say of nines, is the two-combinations of four, which is six. 
Thus for each denomination there are 6 X 41 favorable cases, 
and as there are nine such denominations, the total is 
9 X 6 X 41. The  last figure is 41 instead of 42, as before, be- - 

cause the pair has been selected from among four cards instead 
of three. Gathering these results together, we find that there are 
2,592 favorable cases out of the 16,215 possible ones. T h e  prob- 
ability, then, of the player's securing a final hand containing 
two pairs is 

2,592 
16,215 

or approximately 16/100. The  chance is 1 in 6.25. 

When the player holds an extra card or "kicker" with his 
pair, drawing only two cards, the chances for two pairs are com- 
puted in exactly the same way. Suppose that his original hand 
consists of a pair of jacks, an ace, a king, and a queen, and that 
he throws away the last two. The  possible cases are C4,7 = 
(47 x 46) divided by 2, or 1,081. The favorable cases are 
(3 X 42) + (3 X 2 )  + (9 X 6); the first term is the number 
of cases with "aces up," the second the number of those with a 
pair of kings or queens and a pair of jacks, the last the number 
of those with a pair of jacks and a lesser pair. The  probability 

"4 ' 
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of getting two pairs is therefore 186/1,081, or about 17/100. 
The  chance is roughly 1 in 5.8. 

So it appears that when the extra card is held there is an ad- 
ditional chance in 100 to fill to two pairs. The  odds in the two 
cases are respectively 5.25 to 1 and 4.9 to I against the draw. 
This advantage is of course more than compensated for in all 
of the other possibilities of improvement, threes, fours, and 
fulls, as shown in Table VII on page 126. 

We shall illustrate draws to a pair by one further case, the 
chance of getting three of a kind on a three-card draw. Here 
the computation of the probability differs slightly from the 
preceding ones. Again let us imagine that the player holds a 
pair of aces, discarding three other cards, say a king, a queen, 
and a jack. The  possible cases are, as before, 16,215. The favor- 
able cases are those where the three cards drawn contain one 
ace and two other cards not forming a pair. There are two 
aces; so we begin the enumeration by writing 2 x . . . . Now 
of the forty-seven cards to be considered two are aces; there re- 
main forty-five. One of the three cards drawn must be an ace, 
if the draw is favorable, and if the remaining two are any two 
of these forty-five cards, the resulting hand will contain three 
aces, at least. If these cards form a pair the hand will be full, 
and this result we must exclude from the favorable cases since 
i t  is to be computed under the heading of fulls. I t  is necessary 
to subtract from the total number of two-combinations of 45 
the number of ways in which a pair can be formed from these 
forty-five cards. There are three kings, three queens, three 
jacks, and four each of the remaining nine denominations, so 
that the total number of possible pairs is (9 x 6) + (3 x 3), or 
63. This we subtract from C4; = 990, which gives 927. Not 
overlooking the 2 X . . . from above, we obtain for the total 
number of favorable cases 1,854 and for the probability of 
threes 1,854/16,215. The  chance is about 1 in 9. 

The  calculation of the chances in the other cases is exactly 
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similar, and the reader who is interested will be able to verify 
Table VII for himself. T h e  best verification of the correct- 
ness of these results is obtained by computing directly the 

TABLE VII 

Original 
Hand 

One pair 

Two pairs 
Triplets 

Four straight (1 gap) 
(open) 

Four flush 
Three flush 
Two flush 
Four straight flush 

(1 gap) 

Four straight flush 
(open) 

Cards 
Drawn - 

3 
3 
3 
3 
3 
2 
2 
2 
2 
2 
1 
2 
2 
2 
1 
1 
1 
1 
1 
1 
2 
3 

1 
1 

1 
1 

Improved 
Hand 

Two pairs 
Triplets 
Full house 
Fours 
Any improved hand 
Two pairs 
Triplets 
Full house 
Fours 
Any improved hand 
Full house 
Full house 
Fours 
Any improved hand 
Full house 
Fours 
Any improved hand 
Straight 

Flush 

Straight flush 
Any straight or flush 

Straight flush 
Any straight or flush 

Prob- 
ability 

0.160 
0.114 
0.0102 
0.0028 
0.287 
0.172 
0.078 
0.0083 
0.0009 
0.260 
0.085 
0.061 
0.043 
0.104 
0.064 
0.021 
0.085 
0.085 
0.170 
0.191 
0.042 
0.0102 

0.021 
0.256 

0.043 
0.319 

Odds 
Against 

5.25-1 
7.7 -1 

97 -1 
359 -1 

2.48-1 
4.8 -1 

11.9 -1 
119 -1 

,080 -1 
2.86-1 

10.8 -1 
15.4 -1 
22.5 -1 

8.6 -1 
14.7 -1 
46 -1 
10.8 -1 
10.8 -1 

4.9 -1 
4.2 -1 

23 -1 
97 -1 

46 -1 
2.9 -1 

22.5 -1 
2.1 -1 

probability of not improving the hand in question by the 
assumed draw. If this last is added to the sum of the proba- 
bilities of improving the hand in all possible ways, the result 
1 2 6 .  
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should be exactly 1, since it is certain that one of two things 
will happen; the hand will be improved in one of the possible 
ways, or it will not be improved. This explains our care, in 
computing the chances of drawing a certain hand, to exclude 
higher hands. In  this way the various cases are "mutually ex- 
clusive," in the sense of Chapter VI, and the above verifica- 
tion becomes possible. 

Take the case of drawing three cards to a pair, say a pair of 
aces. I n  computing the probability of not improving, the favor- 
able cases are those in which the hand contains exactly the 
original pair after the draw. The  number of possible cases is 
C4,1 = 16,215. The number of possible three-card draws not 
containing an ace is C42 = 14,190, and the number of favor- 
able cases is obtained from this last by subtracting the number 
of ways in which these three cards contain threes or a pair, or 

(9 X 4) 4- (3 X 1) 4- (9 X 6 X 41) -I- (3 X 3 X 4% 2,631 
in all. Subtracting this from 14,190 gives 11,559, so that the 
probability of not improving a pair on a three-card draw is 

or .713. From the table of chances it is seen that the prob- 
ability of improving a pair on a three-card draw is 2 8 7 .  The 
sum of the two is 1, verifying the correctness of the chances as 
computed. 

I n  finding the chance of making two pairs on a three-card 
draw to a pair, we assumed that the discard did not contain a 
pair. As mentioned at the time, it sometimes happens that the 
player prefers to throw away the smaller of two pairs in order 
to increase his chance of ending up  with a hand able to beat 
any two pairs. I t  is clear from the manner in which the favor- 
able cases were enumerated that this fact changes the prob- 
ability to some extent. As a matter of fact, the change is entirely 
too small to have the least practical bearing, but it may be men- 
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tioned under the head of curiosities that the player's chances 
of bettering his hand are actually slightly improved when he 
has discarded a pair instead of three cards not containing a 
pair. In the former case the probability of improvement is 
4,695/16,215, in the latter 4,656/16,215. 

The problem of finding the probability of holding a given 
hand on the deal is one that offers no special difficulty. I t  is 
merely a matter of enumerating, in each case, the favorable 
five-card hands. The  total possible cases consist evidently of all 
possible poker hands. Their number is C 5 2  as explained on 
page 121; the number of possible different poker hands is 
2,598,960. 

T o  illustrate these calculations, let us find the probability of 
holding a four flush, one that is omitted from the tables of 
poker chances that I have seen. Suppose first that the four 
flush is to be in spades. Four of the five cards must be selected 
from the thirteen spades and the remaining one can be any one 
of the thirty-nine cards of the three other suits. There are 
Cl,3 X 39 favorable cases for a spade four flush. For a four 
flush in any suit there are 4 X C ',9 x 39 favorable cases out of 
the 2,598,960 possible ones, so that the probability is 

or about 43/1,000, 1 chance in 23. This includes the probability 
of holding a four-straight flush (open or not), which last is 
represented by a very small number, in fact 

A player may expect, then, to hold a four flush once in about 
twenty-three hands, on the average. We saw above that his 
chance of filling a four flush is 1 in 52/9, SO that he may expect 
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to fill a four flush once in one hundred and twenty hands on 
the average, provided that he draws to every one. If we wish 
to know how often he may expect to hold a flush, we must take 
account of his chance for a pat flush. From Table VIII it is 
found that the chance of a flush on the deal is 1 in 509. There- 
fore out of three thousand hands he should on the average 
hold six pat flushes and fill twenty-five four flushes, or thirty- 
one flushes in all. He may expect on the average one flush in 
ninety-seven hands, always provided that he never refuses to 

TABLE VIII 

Hand I 
One pair 
Two pairs 
Triplets 
Straight 
Flush 
Full house 
Fours 
Straight flush 
Royal flush 
Four straight 
Four flush 
Four straight (open) 

(middle) 
(end) 

Probability Odds Against 

draw to his four flushes. Combining the two tables of chances 
in this same way, it is easy to find out how frequently a given 
player may expect to hold the various hands, but in cases where 
the hand may be obtained by different draws (holding a 
"kicker" etc.), the proportion of each must be taken into 
account. 

Even in the case of the four flush, where there is only one 
possible draw, the habits of the player must be considered; for 

129 
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no player draws to every four flush. I n  fact, Hoyle remarks, 
"The best players never draw to four-card flushes except when 
they have the age, and the ante has not been raised." (To 
"have the age" means to sit at the immediate left of the dealer. 
I n  the variety of poker to which this passage refers the "age" 
puts up  a "blind" before the hand is dealt.) 

The  reason for this statement of Hoyle is that good players 
invariably take account of the amount of money already in the 
pot and the amount they are required to add to it, as well as 
the abstract poker chances. When a player has the age, and the 
ante has not been raised, it costs him no more to play the hand 
than not to play it. He therefore has everything to gain and 
nothing to lose and will surely play the hand through. T h e  
general question of under what conditions players should stay 
in the hand is one of the more interesting probability problems 
of poker and will be considered at some length in the next 
chapter. 

When the player finds himself in a position where i t  costs 
him no additional chips to play the hand, he will draw cards, 
even though his hand contains not so much as a small pair. The  
chances, if he draws five cards, are exactly the same as his ini- 
tial chances on the deal and are therefore given in Table VIII 
on page 129. This is correct, at least, provided that he has re- 
ceived no significant information during the hand. If he knows 
from their discards that a certain number of the players were 
dealt pairs, or some other significant hand, his chances will be 
slightly different from those given in the table, but the differ- 
ences will be small. Instead of drawing five cards, the player 
may draw four cards to an ace or a king. I t  is not difficult to 
compute his chances of improving his hand in this case, but we 
shall drop the matter at this point. 

T h e  probabilities centering in the deal itself illustrate once 
again the fact that the probability of a given event depends on 
the cards seen or known by the player whose chances we are 
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computing, and not at all on which cards are already in other 
players' hands or in the discard heap. I n  particular it has noth- 
ing to do with the manner in which the cards are dealt (one a t  
a time, five at a time, etc.) , and is the same whether your hand 
is the first or the last dealt, always assuming that the cards are 
thoroughly shuffled, and that the game is honest. 

Suppose, for instance, that there are two players and that 
five cards are dealt to the first player before the second gets his 
hand. The  chance that the second player (or the first) has a 
pair of aces is about 1 in 31 (1113 of 1/2.4). Suppose the sec- 
ond player admits that the chance that the first hold a pair 
of aces is 1 in 31 but in his own case argues as follows: "The 
first hand may hold one ace, or two, three, or even four aces. 
I n  each of these cases the chance of my hand's holding exactly 
a pair of aces is different, and if the other hand contains no 
aces, clearly my chances are improved. So I am not satisfied 
with the 'blanket' figure of 1 chance in 31; I should like to 
see the analysis for each of these possibilities separately." 

Let us attempt to satisfy the player's skepticism, which he 
does very well to bring out into the open. We shall ask him in 
return to meet us halfway by permitting us to simplify the sit- 
uation as much as possible without destroying the significance 
of the problem, as we have a perhaps pardonable aversion to 
unnecessary complications. Instead of using a full pack of 
fifty-two cards we shall consider one containing only twelve, 
three each of aces, kings, queens, and jacks, and instead of a 
hand of five cards we shall consider hands of three cards only. 
The  situation is simplified but not changed in any material 
respect. The possible hands are reduced from 2,598,960 to C 
or 220. We must know first of all the probabilities that the 
first hand will hold one ace, two aces, three aces, or no aces. 
These are easily found to be respectively 108/220, 27/220, 
1/220, and 84/220. Note that their sum is 1. Now consider 
the second hand. If the first contains either two or three aces, 
the chance that the second contains a pair of aces is evidently 
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0; i t  is impossible. If the first hand contains one ace, there 
are two left in the deck, as well as seven other cards. T h e  favor- 
able cases for the second player are the three-card hands con- 
taining the pair of aces and one of the other cards; there are 
7. The  possible cases are the three-combinations of nine, which 
number 84. The  probability in this case is 7/S4, or 1/12. There 
remains the case where the first hand contains no aces. T h e  pos- 
sible second hands are 84, as before. Of the nine cards left in 
the deck, three are aces and six not. The  favorable cases are any 
pair of the three aces, three in number, combined with any one 
of the six other cards, making a total of 18. T h e  probability in 
this case is 18/S4, or 3/14. 

T o  find the chance that the second player will hold a pair 
of aces, it remains to combine these results in the proper way. 
Consider the case where the first player holds exactly one ace. 
The  chance of this is 108/220, or 27/55. On the assumption 
that this has already taken place we have just seen that the 
chance that the second player holds a pair of aces is x2.  
Therefore the probability that these events happen in succes- 
sion is 2 x 5  X x2,  which is equal to 9/220. I n  the same way, 
when the first player holds no aces the probability of success is 
84/220 X 3/,,, which equals 18/220. When the first player 
holds any other number of aces we have seen that success is 
impossible. Therefore the chance that the second player holds 
exactly one pair is 9/220 plus 18/220, which is equal to 27/220. 
The  probability that the first player holds exactly one pair was 
also found to be 27/220. We have shown directly that whether 
or not a previous hand has been dealt, the probability of hold- 
ing a pair of aces (in a three-card hand from a twelve-card 
deck) is the same, a result which should settle the doubts of our 
skeptical player. 

T h e  probability of a hand that contains no pair or better, 
but may contain a four straight or a four flush, is almost exactly 
1 / 2 ;  the odds are even. 

Tables VII and VIII give the chances of the significant 
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hands, respectively, for the draw and for the deal. Table VIII 
tells us, for example, that there is about one chance in twenty 
that the man on your left, or any other player, was dealt a 
hand with two pairs. This means that in an eight-handed game 
you would expect some one of your opponents to be dealt two 
pairs about once in three deals. The table gives a similar re- 
sult for any other type of hand. For example, in a six-handed 
game you will expect two of the other players, on the average, 
to hold one pair on the deal; you will expect one of the five 
to hold a four straight. We have not yet learned how to com- 
bine these probabilities, how to find, for example, the prob- 
ability that two of the players will hold pairs and one player 
a four straight. This problem will be discussed in the following 
chapter. 

Table VII tells us many things about the chances on the draw 
that have considerable importance in playing the hands. We 
shall illustrate this remark by one example; the interested 
reader will discover others for himself. Suppose that your hand 
contains one pair, an ace, and two indifferent cards. I t  is your 
turn to discard. You must decide whether to draw three cards 
to the pair or two cards to the pair and a kicker, the ace. As 
pointed out on page 122, good players make a point of vary- 
ing their play by occasionally holding the extra card. The  ideal 
occasion for making this play is when it gives the best chance 
for winning the hand. Now Table VII tells us that the chance 
of two pairs after the draw is actually larger if you hold the 
kicker. This chance is about 1 in 6. If the kicker is an ace, 
the chance that you will get two pairs with aces high is two 
thirds of this, or 1 in 9. So if you find yourself with such a 
hand and if the other players are making one-card draws, it is 
shrewd play to hold the ace kicker. For a little reflection will 
show that under these circumstances you have almost as good 
a chance of winning the hand with two pairs, aces up, as you 
do with threes, and you have more chance of getting the former 
if you hold the ace kicker and draw two cards. 
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This play becomes almost a must if your original pair is of 

low rank. In fact, unless the number of players in the game is ' 

small, it is unwise to draw three cards to a low pair, if doing 
so involves a contribution to the pot. I 



CHAPTER X I  

Poker Chances and Strategy 

IN THE last chapter we applied some of the ideas of probability 
theory to the game of poker and found, in particular, the odds 
against improving various hands on the draw and those against 
a certain player's holding a given hand on the deal. These are 
the fundamental chances on which all further reasoning about 
the game must be based. The questions that we come to now 
are perhaps the most interesting of all from the standpoint of 
the theory of chance and, incidentally, those with the most 
direct bearing on poker strategy. 

The first examples of these problems have to do with the 
chance that several players hold a certain type of hand-pairs, 
for example-simultaneously. The second are concerned with 
the monetary risks that a player is justified in taking, and it 
will be shown that the use of the idea of expectation, as given 
in Chapter VII, leads to a simple rule, which is often at 
variance with the widely accepted principles. 

Our first problems are of the general nature of this one: 
With three players in the game what are the odds that at least 
one of them will hold a pair of tens or better before the 
draw? The next sort of question is even closer to the concrete 
problems of the game: In a seven-handed game the player at 
the dealer's left holds a pair of jacks after the deal. What is the 
chance that at least one of the remaining six players is hold- 
ing a stronger hand? We base our answers to these questions 
on the table of chances on the deal given on page 129. Here 
we find, for example, that the odds against the player's be- 
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ing dealt a pair are 1.4 to 1. His practical interest in this 
figure is primarily as an aid to finding the chance that no other 
hand will be higher than his, so that he can decide how much 
the privilege of drawing cards is worth to him. 

Before attacking these problems it is as well to point out 
that they involve difficulties that were not present in the rela- 
tively simple poker chances that we have computed so far. In  
previous cases it was possible to enumerate directly the pos- 
sible and the favorable cases and to determine the probability 
in question by dividing the latter by the former, according to 
the elementary definition of the word probability. I n  the pres- 
ent problems the use of this direct method would require clas- 
sifying the favorable cases in hundreds of different ways; the 
labor involved would be prodigious and it is doubtful whether 
anyone would be willing to make the effort, no matter how 
little else he had to do. We have already encountered one ex- 
ample of a problem which could not be handled by the direct 
approach, that of the ruin of a gambler discussed in Chapter 
VIII. In  that instance it was not possible to list the cases, be- 
cause they are infinite in number-the list could never be 
finished. In  the present case the number of combinations is 
limited (though large), but the analysis is too complicated for 
us; theoretically the list could be finished, but it would require 
an  almost incredible amount of time and effort. 

We shall have to find a way around this difficulty, unless 
we are to omit the study of many of the most interesting ex- 
amples of the theory of chance that come from games. And 
in order to make clear what our problem is, and to help us in 
avoiding the danger of falling into errors of reasoning, it may 
be best to stop a moment to consider the basic principles that 
we used in the preceding chapter in computing poker chances. 
We can state them as follows: (a) The probability that a given 
player holds a certain hand, such as exactly a pair, does not 
depend on the manner of dealing the cards, whether one at a 
time, which is the correct method for poker, or two at a time, 
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or five at a time. ( b )  This probability does not depend on the 
number of players in the game, or on any player's position at 
the table. (c) The probability of an event (on the deal or 
draw) relative to a given player depends on the number and 
position of those cards which he has seen or otherwise knows, 
and not at all on the positions of the other cards, whether they 
are in the pack, in other hands, or in the discard. The first two 
principles are in reality different ways of stating the same thing. 

As each player picks up his hand, then, his individual prob- 
ability of holding a pair (and no more), for instance, is the 
same as that of each other player; as a matter of fact it is 
423/1,000 or, what is equivalent, the odds are 1.4 to 1 against. 
What is the chance, then, that at least one of the players holds 
a pair? Let us first consider a game with only two players, 
where the situation is simple enough to be handled by the 
direct method of counting cases. 

For each player separately the chance of holding a pair is 
0.4226. Therefore the chance that he will not hold a pair is 1 
minus 0.4226 or 0.5774. If we were not on our guard we might 
be inclined to argue as follows: The probability that at least 
one of the players holds a pair can be obtained by first finding 
the probability that neither holds a pair and subtracting the 
result from 1, since it is certain that one of the possible cases 
takes place. The probability that neither holds a pair is 0.5774 
x 0.5774, which gives 0.3334, or almost exactly 1/3. Subtract- 
ing this from 1, we get for the required probability %. 

This reasoning is incorrect. I t  assumes, in fact, that after we 
know that one of the hands does not contain a pair, the prob- 
ability that the second does not contain a pair is the same as 
though we knew nothing about the first hand. This is a viola- 
tion of the third of the principles just enumerated. To  be 
strictly accurate, account must be taken of the change in the 
probability for the second hand due to our further knowledge 
of the first hand. In other words, the two events are not inde- 
pendent of each other, in the sense of Chapter VI. 
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The  reader may be troubled at this point by the following 
objection: As the cards are, in reality, dealt one at a time, there 
is no first player in any real sense; yet in the above argument 
we spoke of the first hand as though it had been dealt before 
the second hand, It is true that there is no real distinction from 
the present point of view between the two players, and that 
anything that we discover about the chances of one of them 
applies equally to the other. I t  is, however, simpler to imagine 
that one of the hands is dealt out before the other, and accord- 
ing to the first of the three foregoing principles the manner 
of dealing has no effect on the probabilities; we are at liberty 
to consider one of the bands as first if we wish to do so. If this 
plan is not adopted, it is necessary to enumerate the possible 
pairs of five-card hands and to pick out those favorable to the 
event under consideration, a hopeless undertaking when we 
come to games involving a number of players- 

We have used an incorrect argument to compute the prob- 
ability that at least one of two players holds a pair, obtaining 
as a result 2/3. Are there any conditions under which th' 1s ar- 
gument would become correct? When we were discussing the 
chances in throwing two dice we made use of the identical 
argument in question bere- This reasoning was correct there 
because the throw of the second die is unaffected by that of the 
first. T h e  throws are independent. Similarly in poker we can 
imagine a change in the rules that would make the situa- 
tion entirely analogous. Suppose that five cards are first dealt 
to player number 1, who records them on a sheet of paper and 
returns them to the dealer. The  latter now shuffles the deck 
thoroughly and deals five cards to player number 2 (we are 
still confining the game to two hands). Now it is clear that 
under these conditions the chance that the "second" player 
holds a pair is the same no matter what the other hand con- 
tained, for every condition of the deal is the same for both 
hands. When the cards are not put back, however, we may 
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think of the second hand as dealt from a pack of only forty- 
seven cards, and the number of possible pairs in it depends on 
which five cards were dealt out first. And if we have any knowl- 
edge as to these cards, the probability of a pair in the second 
hand is changed. 

T h e  foregoing argument which, as we now see, amounts to 
assuming that each hand (except the last) is returned to the 
deck before the next hand is dealt, has all the virtues except 
correctness. Suppose that we set ourselves the problem of dis- 
covering how to allow for the error in those cases in which we 
are interested, or to prove that the error is small enough to be 
neglected, so as to be able to use this very convenient tool 
which does most of the work without effort on our part. This 
investigation is entirely outside the scope of this book, but its 
results are fortunately very simple, and we shall make full use 
of them. 

I t  turns out that in the very cases in which we are most 
interested, the error introduced by the use of the incorrect 
argument is so small that it is of no practical importance. We 
shall therefore use this method, which we shall call, to dis- 
tinguish it, the replacement method. Before doing so we shall 
give some examples where both the correct and the replace- 
ment method can be carried through, and compare the prob- 
abilities obtained. Furthermore, these examples will furnish 
at least a clue as to why the latter (incorrect) method gives 
results so close to those of the former. Some readers may prefer 
to skip this section, which is not essential for what follows. 

We consider first a two-handed game and ask the probability 
that at least one of the players holds a pair. This is the problem 
that we solved by the replacement method, getting as the prob- 
ability almost exactly 2/3. We are now interested in solving 
i t  by the correct method, so as to compare the two results. We 
already know the probability for the first hand (the cards are 
dealt five at a time) to hold exactly a pair; it is 0.4226. I t  will 
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not be necessary to include all of the details of the solution; 
the reader who enjoys problems can supply them for himself. 
I t  can be shown, and we shall take advantage of the short cut, 
that the probability that at least one of the players holds a pair 
is equal to twice the probability for the first player to hold a 
pair (0.4226), minus this same probability multiplied by the 
probability that the second player holds a pair, computed on 
the assumption that the first hand already contains a pair. T o  
have our result we need only the last-mentioned probability. 
Since the first hand contains a pair, say of aces, and three cards 
not making a pair or threes, there remain in the deck forty- 
seven cards, of which two are aces; the remaining cards consist 
of three denominations of three cards each and nine of four 
cards each. The  probability of a pair is easily found to be 

or 0.4239. (Compare this with the calculations of the preced- 
ing chapter.) The  probability that at least one of the players 
has a pair is therefore (2 X 0.4226) - (0.4226 x 0.4239), which 
gives a result of 0.6661. This is to be compared with the re- 
sult computed by the replacement method, which is 0.6666. 
The  replacement method overstates the probability by 0.0005, 
an error of about x3 of 1 per cent. 

I t  is to be noted particularly that the change in the prob- 
ability due to the knowledge that the first hand contains a pair 
is small, in fact + 0.0013. I t  is in part due to this fact that the 
replacement method gave such accurate results. There is also 
another reason. If the first player holds a hand with no two 
cards of the same denomination, the probability that the second 
hand contains a pair comes out to be 0.4207, which is less than 
the probability for the first hand, while in the case where the 
first hand held a pair we got 0.4239, which is greater. T h e  
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average of these two values is 0.4223, which is very nearly 
the probability of a pair for either hand, when no information 
about the other is given, namely 0.4226. 

This fact indicates that there is a partial compensation for 
the error introduced by the replacement method. Something 
of the sort takes place in every situation of the kind; for the 
compensation is brought about by the fact, noted above, that 
the two players are on exactly the same footing; we can com- 
pute the total probability for the second player to hold a pair 
according to the various possibilities for the first hand, one at 
a time, and upon combining them properly, as was done on 
page 131, we must obtain the result 0.4226. 

A rather curious fact is brought out by these calculations, 
one which is perhaps worth a short digression. If one were 
asked whether a pair is more likely in the second hand when 
there is a pair in the first or when there is no pair in the first, 
he would be almost sure to indicate the second alternative. He 
might feel that i f  the first hand contains a pair, "one of the pos- 
sible pairs has been used, reducing the possible number for the 
second hand." Yet we have just seen that the opposite is the 
fact; with a pair in the first hand, the probability of a pair in 
the second hand is increased. Furthermore, with one exception, 
the better the first hand, the greater the probability of a pair 
in the second (straights and flushes are to be classed in this con- 
nection with hands of no value, for obvious reasons). T h e  
application of this to the game is as follows: When you find 
that you hold a strong hand after the deal, you know that the 
chance of strong hands against you is very slightly increased. 
I n  connection with this point we have computed the figures in 
Table IX. 

I t  was shown above that for a two-handed game the prob- 
ability that at least one of the players will hold a pair is very 
accurately given by what was called the replacement method. 
For games with more than two players the complications of 
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the direct method multiply rapidly, and to illustrate the accu- 
racy of the method in these cases we turn to other situations. 
I t  might be thought that if attention is restricted to pairs 
of but one denomination, say aces, the approximate method 
would not give good results, and i t  is true that the error is 
larger in this case. Even here, however, the replacement method 
meets the needs of practical poker strategy. 

TABLE IX 

PROBAB~LITY OF A PAIR FOR OTHER PLAYERS WHEN YOUR HAND 

AFTER THE DEAL IS AS INDICATED: 

Tour Hand 

No pair 
One pair 
Two pairs 
Threes 
Full house 
Fours 

Probability of Pair for 
Other Hands Odds Aguimt 

Consider first a very simple case of hands of one card only. 
A favorable event will mean holding an ace. Cards are dealt 
to the several players; each has 1 chance in 13 of holding an 
ace. If we know that the first player has an ace, the chance for 
the other players becomes which is less than x3; on the 
other hand, if we know that the first player has not an ace, 
the chance for the other players becomes which is greater 
than x3 .  We are interested, as before, in finding the prob- 
ability that at least one of the players holds an ace. The  follow- 
ing table contains the comparison, for various numbers of play- 
ers, as indicated, of the exact probability and that computed 
by the replacement method: 

We return again to the game of poker and consider briefly 
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one more problem of the same sort, selected because it admits 
of direct solution. I n  a four-handed game we wish to find the 
probability that at least one hand is dealt containing a pair of 
aces. In  this instance we shall make an exception to our usual 
interpretation of the preceding statement and agree to count 
as favorable every hand containing a pair of aces, regardless 

TABLE X 

Number of Correct 
Hands Probability 

Approximate 
Probability 

Error 
Per Cent 

of the other three cards. Thus in the present case three aces, 
or an ace full and so on, will be included among the favorable 
hands. The correct probability, computed directly, comes out 
to be 0.154; if we employ the replacement method the result 
is 0.150. The error is 2.7 per cent. 

I t  is to be remembered that each of the last two illustrations, 
those concerned with cards of one denomination only, is among 
the less favorable situations for the application of this method. 
I n  the usual applications we shall expect much closer agee- 
ment. 

Now that we have acquired a simple method that permits 
us, at least with certain precautions, to attack problems having 
to do with several players, let us apply it to some of the situ- 
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ations that come up  in actual play. First of all we turn our 
attention to the game of jack pots. What is the probability 
that the pot will be opened? From Table VIII on page 129 we 
find that the chance that a player will hold one pair or better 
on the deal is 0.499, or almost exactly 1/2. T h e  chance that any 
given player will be able to open the pot is found by subtract- 
ing from % the probability that his hand will contain exactly 
one pair of tens or less. The  probability that his hand will con- 
tain one pair is 0.423, and the probability that the pair will be 
tens or less is %3 of this amount, or 0.292. His chance of open- 
ing the jack pot is 0.207, or about y5. 

Using the replacement method, we proceed as follows: T h e  
chance that a given player will not be able to open the pot is 
.4/3; therefore the chance that two players will not be able 
to open is T h e  chance that one of the two players will 
open is therefore 1 - or or 0.36. Continuing in this 
way we get the following results: For three players the chance 
is 0.49; for four players it is 0.59, for five 0.67, for six 0.74, for 
seven 0.79, and for eight 0.83. With five players the pot will not 
be opened about one deal in three on the average, with eight 
about one deal in six. With less than six players it is a waste 
of time to play jack pots. 

I n  playing jack pots the first problem that confronts the 
player is under what conditions is it wise to open the pot, when 
his hand is only just strong enough to do so. Suppose that 
the game is a seven-handed one, and that the player sits im- 
mediately at the dealer's left, "under the guns," as it is some- 
times called. He finds that his hand contains a pair of jacks 
and three odd cards. What is the chance that one, at least, of 
the other six players holds a pair at least equal to his? T h e  
first step is to find the chance that any one of these players has 
of holding such a hand, and to do this it is essential to specify 
the denominations of the three odd cards in the first player's 
hand; at least we need to know which of them are aces, kings, 
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or queens. This divides the problem into four separate ones, 
which can be indicated by writing the player's hands, omitting 
suits, which are immaterial. For instance, the first case will be 
hands like J J 10 9 8, or J J 8 5 4, in which none of the odd 
cards are aces, kings, or queens. The second case will be hands 
like J J A 10 9, or J J A 3 2, and will include all hands like 
J J K 10 9, or J J Q 10 9. With this understanding the results 
are as follows: Case I. Typical hand J J 10 9 8. Probability for 
other players 0.125, or 1/8. Case 11. Typical hand J J A 10 9. 
Probability for other players 0.107, or  about %. Case 111. Typi- 
cal hand J J A K 10. Probability for other players 0.089, or 
about 4/,,. Case IV. Typical hand J J A K Q. Probability for 
other players 0.071, or about x4. 

The  first point to be noticed in this listing is the great im- 
portance of the three odd cards in the first player's hand. If 
these cards are AKQ, the probability for each of the other 
players is diminished by 43 per cent, as compared to the case 
when all are below the jack in rank (Case I ) .  The  player 
should not fail to take account of this fact in playing jack pots. 
Similarly, although the above figures apply only to hands con- 
taining exactly one pair, it is clear that the same is true, though 
to a less marked extent, with respect to stronger hands (always 
omitting straights and flushes), and that it is easy to compute 
the exact probabilities for all of these cases. 

We are now in a position to determine the chance that at 
least one of the other six players holds a pair of jacks to aces, 
inclusive. First for Case I: The  chance that any particular 
player will not hold one of these pairs is, by the above, 
1 - .125, or 7/,. Using the replacement method, the chance 
that all six hands will not contain one of these pairs is 7/g 
raised to the sixth power, which is 
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or about 45/100. The  probability that at least one such pair 
will be held by the six players is therefore 1 - 45/100, or  
55/100, a little better than even. The  corresponding results for 
the other cases are as follows: Case 11, 51/100; Case III,44/100; 
Case IV, 36/100. 

If the question is slightly changed, and we ask the probability 
that at least one of the other players will hold a pair better than 
jacks, these results become as follows: Case I, 53/100; Case 11, 
47/100; Case 111, 40/100; Case IV, 32/100. What have we 
learned concerning the correct play of the man at the dealer's 
left? If pairs higher than jacks were the only hands to be con- 
sidered, the conclusions would be as follows: When the player 
can open for an amount not greater than the amount already 
on the table, he can do so with favorable prospects, if his hand 
is one of those we have called I11 and IV. Case I1 has been 
omitted; i t  is near the dividing line, and the effect of four 
straights and four flushes has been left out of account, hands 
to which players incline to draw much too frequently. When 
the player can open for appreciably less than the amount in  
the center, he is justified in doing so in any of these cases. T h e  
amount on the table is of the greatest importance in all prob- 
lems of poker strategy, and something more will be said later 
concerning the correct manner of taking account of this factor. 

When account is taken of hands higher than a pair of aces, 
these figures are considerably modified. We can do this accu- 
rately enough for practical requirements by neglecting the very 
small change in the probability of these hands, due to our 
knowledge of the first player's hand. Table VIII on page 129 
shows that the probability of a hand better than a pair of aces 
is 0.075. T h e  results now become: Case I, 72/100; Case 11, 
68/100; Case 111, 64/100; Case IV, 59/100. If the player has to 
pay an amount equal to that already in the pot, he should 
not open. We can also assert that in any one of the cases he 
should not pay as much to open as the amount that is already 
in the pot, divided by the odds against the player. If p is his 
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probability of winning the hand, the odds against him are 
(1 - p ) /p .  For example, if the player holds a hand under Case 
11, which is one like J J A 2 3, and the amount in the pot is $2, 
he should not pay more than 95 cents to open, while if his 
hand comes under Case I, he should not pay more than 80 
cents. For the rest, the maximum is: Case 111, $1.10, Case IV, 
$1.40. 

T h e  practical result is as follows: The  player should not 
make a practice of entering pots when the conditions just laid 
down cannot be satisfied; for if he does, he is certain to lose on  
such pots in the long run. T h e  question of whether, when these 
conditions are satisfied, he should or should not open the pot, 
is of very much less importance, due to the fact that with six 
players coming after him, the chance that the pot will not be 
opened is not large. Some players make it an almost invariable 

, rule not to open the pot on a pair of jacks, regardless of the 
balance of their hand, when seated at the dealer's left. This 
is being unnecessarily cautious, as we have seen before. Another 
fairly common practice is to pass a stronger hand, such as two 
pairs or threes, when in this position, anticipating that the 
pot will be opened by a weaker hand and that the ensuing one- 
card draw will be taken to indicate a four straight or four 
flush. This is sometimes an effective play, especially against 
weak players, but is scarcely so against the player who is on 
the lookout for just such maneuvers. Nevertheless, like many 
similar practices, it becomes good play when occasionally in- 
dulged in for the sake of variety, for it is very bad poker to 
play a "mechanical" game which opponents soon learn to read- 
almost as well as their own cards. 

I t  is interesting to compare the figures we have cited with 
those obtained when the player holds a pair of queens instead 
of jacks, and the latter are very easily found from the former. 
There are now but three cases, represented by hands of the 
following types: Case I, Q Q 10 9 8; Case 11, Q Q A 10 9; Case 
111, Q Q A K 10. T h e  probabilities that at least one of the re- 
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maining six players will hold a hand stronger than a pair of 
Queens, in the respective cases, come out to be: Case I, 63/100; 
Case 11, 58/100; Case 111, 53/100. It  is clear that in the case of a 
pair of queens also, except possibly when the other three cards 
are such that the hand comes under Case 111, the player should 
not open if he has to put up an amount equal to that already 
in the center. The rule for what fraction of this amount he is 
justified in putting up is the same as before. 

When the player at the dealer's left has a pair of kings, 
there are two cases: I, of type K K 10 9 8, 11, of type K K A 10 9. 
The probabilities of at least one hand stronger than a pair of 
kings come out: Case I, 52/100; Case 11, 45/100. When the 
amount required to open is equal to that on the table it is 
surely sound to do so in Case 11, and a borderline case in the 
other. When the player holds a pair of aces the probability of 
one or more better hands against him is 37/100. He has a 
decided advantage in opening the pot. 

All of these results apply to the probabilities of your hand 
in a seven-handed game after you have examined it and found 
one of the pairs mentioned, regardless of your position at the 
table, provided that no player has as yet either passed or 
opened. We considered the player as seated at the dealer's 
left because we were talking of jack pots and the rules for open- 
ing them. As a matter of fact we have answered the follow- 
ing question: In a seven-handed game what hand must a player 
hold before the draw in order that the odds be even that he has 
the best hand out? The answer is that there are two types of 
hands which come very close to fulfilling this condition. They 
are the hands of the following types: Q Q A K 10 (Case I11 
under queens), and K K 10 9 8 (Case I under kings). 

If the player in question does not sit next to the dealer on 
the left, the problem of his opening a jack pot does not come 
up unless all of the players preceding him have passed. As the 
fact that these players have passed is, to some extent, informa- 
tion regarding their hands, we should expect it to change the 
148 
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probabilities that the player's hand is the best one out. This 
change is small, however, and i t  is not worth while to take 
account of it, especially in view of the fact that there is no 
guarantee in an actual game that one or more of the preceding 
players has not passed a hand with a pair of jacks or  better. 
If the player sits in the third chair to the right of the dealer, 
for example, there are four players to follow him, including 
the dealer, and we may consider the problem the same as that 
for the player at the dealer's left in a five-handed game. T o  
illustrate how the chances vary with the number of players, 
we include the following table: 

TABLE XI 

PROBABILITY THAT INDICATED HAND IS .Mat THE STRONGEST OUT 

Hand 

J J l 0 9 8  
J J A 1 0 9  
J J A K I O  
J J A K Q  
Q Q J l o 9  
Q Q A J l o  
Q Q A K J  
K K Q J l O  
K K A Q J  
A A K Q J  

- 
Prob. Prob. Prob. 

- 
Prob. 

- 
Prob. 
- 
0.35 
0.32 
0.29 
0.26 
0.28 
0.25 
0.22 
0.22 
0.18 
0.14 - 

This table contains several very interesting things, and i t  
is worth while to take the trouble to learn to read it correctly. 
Each probability, corresponding to a definite type of hand, 
classified according to the rank of the pair and those of the 
three odd cards, if of higher rank than the pair, and to a 
definite number of players, indicates the chance that one or 
more of the other players holds a stronger hand. If any one of 
these probabilities is subtracted from 1, the result is the chance 
that the player's hand is the strongest out. The  table is there- 
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fore in effect a classification, in order of potential strength, 
of the hands that are included, the smaller the probability cor- 
responding to a given hand, the stronger the hand. I n  this way 
it is seen that any one of the hands like J J A K Q, of which 
there are 384, is in this sense stronger than those of the type 
Q Q 4 3 2, of which there are 2,880. For a hand to be stronger 
"in this sense" means precisely this: There is less chance that 
one or more of the other players is holding a better hand before 
the draw. 

Similarly, hands of the types Q Q A K 2 and K K 4 3 2 are of 
almost the same strength. If you draw a line across the table 
intersecting each column where it reads nearest to 0.50, it will 
run from the lower part of the left column to the upper right, 
missing the last two columns. This line indicates the hands, for 
different numbers of players, that have an even chance of be- 
ing the best out. From its position it can be seen without any 
calculation that in three-handed and four-handed games i t  is 
hands containing a pair of tens that have an even chance of 
being the best. I n  a four-handed game it is one of the type 
10 10 A K Q, and in a three-handed game one like 10 10 A 9 8. 

Presumably the choice of jacks as openers in jack pots was 
an attempt to give the player opening the pot at least an  even 
chance of going into the draw with the best hand, and our 
figures show that this is actually the case for a five-handed game. 
For a six-handed game a pair of queens would be the correct 
minimum hand, and for a seven-handed one a pair of kings. 
An experienced poker player whom I consulted on this matter 
told me that his impression from watching the cards is that a 
pair of kings has even chances of being the best in an eight- 
handed game, a very correct observation. He was not aware, on 
the other hand, of the full importance of the rank of the three 
odd cards in the hand, although, like all good poker players, 
taking account of it to some extent. 

While on the subject, there is one other figure that might 
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be of interest, and that is the chance that in a seven-handed 
game where your hand contains a pair of aces, some other 
player holds a pair of aces as well. This comes out to be about 
1 chance in 23. Any other pair could be substituted for aces 
without changing this figure. All of the above results tend to 
show the strength of a pair of aces before the draw; a hand 
that you will hold, on the average, once in about thirty- 
one deals. 

In Hoyle we find no figures on the matter of the relative 
value of hands before the draw. There is only the following 
statement: "An average go-in hand is a hand which will win 
its proportion of the pools, according to the number playing. 
taking all improvements and opposition into account. This can 
be demonstrated to be a pair of tens." What is meant by an 
"average go-in hand" is what we have referred to as a hand 
whose chances of being the best out before the draw are even. 
We have seen above that this hand is a pair of tens only in 
games with either three or four players, so that the statement 
in Hoyle becomes correct only with this essential supplement. 

One of the most important features in poker strategy con- 
cerns the amount of money that a player is justified in paying 
for the privilege of drawing cards, or to open the pot. The 
clearest approach to these questions is through the use of the 
idea of expectation. As explained in Chapter VII, a player's 
expectation is the chance that he will win what is in the pot, 
including what he himself has contributed, multiplied by the 
amount of the pot. Suppose that at a given moment the player 
is faced with the decision as to whether he should or should 
not pay $1 to enter a pot which already contains $4. His deci- 
sion should not be affected, and this is a point of the very great- 
est importance, by what fraction of this amount of $4 he 
himself put in. That is "water over the dam," as the saying is. 
If he has already paid more than his hand warranted, or if, on 
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the contrary, other players have put up the entire amount, his 
problem is exactly the same: Are his chances of winning the 
pot better or worse than 1 in 5? 

If they are better, he can count on winning in the long run 
in this situation; if they are worse, he can count equally on 
losing. If they are exactly 1 in 5, it is an even bet, like one on 
heads or tails in tossing a coin. What makes the game interest- 
ing to the player who enjoys it is in part the fluctuations that 
distinguish the "short run," as we saw in connection with the - 
game of heads or tails. I t  is always possible to win several 
successive pots with the chances against you, or to lose several 
in which the chances are strongly in your favor. The wise player 
does not allow the former fact to tempt him into bets when he 
knows that the odds are in favor of his adversary, nor the latter 
to give up bets in his own favor. 

The average poker player seems to have an almost com- 
pelling urge to stay in a pot to which he has already been a 
large contributor, apparently unable to realize that putting in 
more chips, when his expectation is less than the value of these 
chips, does not in any way protect his previous contributions, 
but is merely making a bad bet that is entirely independent of 
what he has done up to that time. The same man would indig- 
nantly refuse to give odds of 7 to 1 on throwing a 6 with a die, 
yet he is in effect doing a like thing when he puts up $1 against 
an expectation of 50 cents. 

The point to be kept in mind is this: With each addition to 
your information regarding other hands during the course of 
the play, the probability that your hand will win changes. So 
does the amount in the center. Your expectation varies due to 
both these factors, and so must your policy in playing the hand. 

In actual play many of the most important elements that 
enable the player to decide what his course of action should be 
are judgments of what his adversaries are doing, based on their 
bets, their draws, their habits and characters as known to him, 
and other things The point I wish to make is, first, that these 
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judgments, in the form in which they are usable, are all esti- 
mates of the chance that one thing or another will happen, or 
has already happened, and second, that these judgments can 
and should take the form, "The chance of a certain event is 
1 in so many." Instead of a cautious vagueness the poker 
player should cultivate a crisp conciseness; instead of thinking, 
"I feel quite sure that Mr. A's one-card draw is a bluff," he 
would do better to express it, "My judgment is that the chances 
that Mr. A is bluffing are 4 out of 5." I t  is not important that 
he get the probability exactly right, a very hard thing to do; 
what is important is that with a definite numerical estimate, 
even if i t  is a little wrong, he can carry his "numerical think- 
ing" through and in many cases arrive at a definite conclusion 
as to the required action, which would not be changed by a 
slight change in his estimate that Mr. A is bluffing. I t  is with a 
similar thought in mind that Hoyle advises the player to avoid 
calling a hand. If you consider your hand better, he says, raise 
the bet; if not, drop out. We shall shortly examine the sound- 
ness of this advice. 

As an illustration of the advantage of numerical thinking in 
poker, let us take the case of Mr. A, who is suspected of bluffing, 
and apply it to a game. A sits at B's right and passes the jack 
pot which B opens with three aces. A raises, B stays, and the 
other players drop out. A asks for one card, B two, and the 
latter bets one white chip. Let us assume that at this point there 
is $2 in the center of the table. A now raises B's bet $5. B, from 
what he knows of A's game and from the manner in which the 
latter has played the hand, makes the definite judgment that 
the probability that A is bluffing is %, or that the probability 
that he is not bluffing is %. B's draw does not improve his 
hand. How should B play the hand? T o  make the situation 
simpler we assume that 13, disregarding the advice of Hoyle, 
will choose between calling and dropping out. Is it sound play 
for him to pay $5 to see A's hand? 

B knows that if A is not blufing, his own three aces will be 
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beaten, for A was unable to open the pot, and his subsequent 
play therefore shows that he has filled a straight or a flush, 
still assuming that he is not bluffing. We must find B's expecta- 
tion. The probability that B will win is the probability that 
A is bluffing, which B has decided is 2/5. If B calls there will 
be $12 in the pot, so that B's expectation is 2/5 x 12, or $4.80. 
If he calls he is paying $5 for $4.80 worth of risk. Correct poker 
requires him to lay down his hand, rather than to call or  raise. 
If B's estimate of the chance that A is bluffing is less than X2,  
this is the correct procedure. If it is greater than 5/12, he 
should either call or raise, preferably the latter, a t  least in case 
the player believes in his own judgments. Suppose that his esti- 
mate is that the chances are even that A is bluffing. B's expec- 
tation is now 1/, X $12, or $6, so that he may look forward to a 
profit of $1. The  reason that he may expect a profit with an 
even chance of winning is that there was $2 in the pot before 
his duel with A began. 

This illustrates a very important point. I t  does not follow 
that because your chance to win is less than even, you should 
drop out of a hand. The  correct statement is this: When your 
expectation is smaller than the amount that you are required 
to risk, you should drop out, and Hoyle's dictum concerning 
raising or retiring from the hand should be modified accord- 
ingly. 

I n  these matters the player's expectation is all-important; his 
probability of winning the hand is important only through its 
influence on the expectation. The  player who makes numerical 
judgments of the chances of each situation, and who bases his 
play on that principle, is certain to win against a player of 
equal judgment who does not. We have just seen in the above 
illustration that if R's probability is between 5/12 and l/z, 
which means that the odds are against him on the hand, he will 
make a profit in the long run by calling. (It goes without say- 
ing that when the odds are with B he wlll make a still larger 
profit.) When the amount in the pot is large compared to the 
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bet that the player is required to meet, this effect becomes very 
marked; in practice it is frequently advantageous for a player 
to call when his chance of winning the hand is only 1 in 4 or 5. 
But in each case he must be sure that according to the chances 
of the game and his best judgment of those chances that cannot 
be computed, his expectation is greater than the amount he 
must risk. 

If other principles seem to work in practice, it is only be- 
cause they are so widely used that almost everyone is in the 
same boat. In  poker one does not play against par; one plays 
against other players. 



CHAPTER X I I  . 

Roulette 

ROULETTE is played, as the word implies and as everyone knows, 
with a wheel which can be spun rapidly and a small ball which 
finally comes to rest in one of the thirty-seven numbered com- 
partments or slots at the edge of the rotating wheel. This ball 
or marble is caused to travel rapidly around a track, which 
slopes toward the center of the concave board where the wheel 
is rotating. On  the inner edge of the track are set metal studs, 
so that the marble, after it has lost a part of its momentum, is 
certain to be deflected by one or more of them. The marble is 
impelled in the opposite direction to that in which the wheel 
is spinning, and the wheel is always set in motion before the 
marble. 

These precautions are taken against the inevitable small bias 
due not only to mechanical imperfections, but to the difficulty 
of keeping the apparatus approximately level. A very small bias 
can produce a considerable effect in the long run. There can 
be no doubt, howevcr, that at Monte Carlo every effort is made 
to keep the wheels as true as possible, so that each player will 
know what his chances are when he sits down to play, and it 
goes without saying that the casino tolerates no dishonesty on 
the part of employees. Indeed, the profits of the casino, except 
in bad times, have been so satisfactory that any deviation from 
this policy would be contrary to its every interest. We shall 
assume then, Eor the time being, that the roulette wheel is ef- 
fectively without bias, so that the chance that a given number 
will turn u p  on a given coup is 1 in 37. 
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The chances in roulette vary according to the type of bet 
selected by the player. As played at Monte Carlo, the only form 
we shall consider, there are thirty-seven numbers, including 
the 0, and bets on any one of these (en Plein) , win thirty-five 
times the amount placed, so that the player receives from the 
croupier thirty-six times his stake. Bets can also be placed on 

two adjacent numbers by placing the stake on the line between 
thern (6 cheval) , and if either number wins, the player's gain 
is seventeen times the amount staked. The next bet is on three 
numbers which form a row on the board (trans-uersale), and 
this yields, when successful, a profit of clcvcn times the stake. 
The  other bets, with the number of times the stake that can be 
won, are as follows: On four numbers (un carre'), eight times; 
on six numbers (sixain), five times; on twelve numbers (co- 
Ionne) , two times; or on the first, second, or third dozen (dou- 
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zaine) , also two times. There are in addition the three forms of 
bets on the "even" chances, which will be listed below. 

Suppose the player places 100 francs on one of the numbers 
en plein, say on the 29. Let us compute his expectation, which 
is the amount he takes in if he wins multiplied by his chance of 
winning. The latter is Y37, the former 3,600 francs; his expec- 
tation is therefore 5/3, X 3,600, or 9 7 s 0  francs, so that he is 
paying 100 francs for 97.3 francs' worth of risk. He loses in the 
long run 2.7 per cent of what he stakes; this is the gross profit 
that the casino can count on, applied to the total of all bets of 
this sort. Similarly, on each of the other kinds of bets on the 
numbers, ci cheval for instance, the expectation comes out to be 
1/,, x 3,600 francs, as before. As far as profit and loss in the 
long run are concerned, then, bets on the numbers are equiva- 
lent to a game of heads or tails between the player and the 
casino, the former giving the odds of 51% to 48%. 

There are three varieties of "even" chances at Monte Carlo, 
and they are independent of each other, in the sense that the 
outcome of one does not affect that of the others. In  all of them 
the number 0 is excluded as a direct win or loss, and the re- 
maining thirty-six numbers are divided into two sets of eight- 
een, either on the basis of color (rouge et noir) , or on whether 
the winning number is even or odd (pair et impair), or, finally, 
on whether it belongs to the numbers from 19 to 36, or to those 
from 1 to 18 (passe et manque). The amount won or lost is the 
amount of the stake. Up to this point the game is fair; the odds 
are even. When the 0 comes up, a bet on the "even" chances is 
neither won nor lost, but goes to "prison," as one part of the 
table is called, where it stays until a number other than 0 a p  
pears. The player then wins back or loses what is in prison 
according to whether this coup is favorable or the opposite. In 
other words, when the 0 comes up he has very nearly 1 chance 
in 2 of getting back his money, and very nearly 1 chance in 2 of 
losing it; he has no chance of winning on the play. 

1 5 8 .  



ROULETTE 

We shall compute the expectation of a player who places 
100 francs on one of the even chances at Monte Carlo. There 
are thirty-seven possible results of which eighteen are favor- 
able, so that his probability of winning is If he does not 
win he has still a chance of getting back his stake, which will 
happen if the 0 comes one or more times, followed by a favor- 
able coup; the probability that this will happen is 1/,4. His 
expectation is therefore (I%, X 200) + (1/7* x loo), or 98.65 
francs. On the even chances, then, the player loses 1.35 per 
cent of what he stakes, in the long run, as compared to 2.7 
per cent on the numbers, in other words one half as much. This 
fact induces many "serious" players, who are content to aim at 
relatively modest winnings, to stick to the even chances. They 
correspond to a game of heads or tails in which the player gives 
the bank odds of 50% to 49%. 

A remarkable feature of roulette at Monte Carlo is that the 
0 is not an outright loss on the even chances. We have just dis- 
cussed the effect of the "prison" system and have seen that it 
reduces the odds against the player in such a way that he loses 
only 1.35 per cent of what he stakes, in the long run, as com- 
pared with a loss of 2.7 per cent, if he plays on the numbers, or 
on any combination of numbers. In  some American gambling 
houses, where roulette is played, there are actually two zeros, 
and if either of them comes up, the player immediately loses his 
stake. This means that there are 2 chances in 38, or 1 in 19 that 
the player loses his bet. In the long run he loses 5.26 per cent 
of the total stake, as compared to 1.35 per cent in Monte Carlo 
roulette, on the even chances. 

The casino has seen fit to offer this inducement to play on 
the even chances. I do not know the reason for this difference, 
but my guess would be that it is because almost all systems are 
played on the even chances, and the casino welcomes system 
players with the same enthusiasm that most of the latter wel- 
come the opportunity to play. The result is that there probably 
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exists nowhere else a public gambling game with such small 
odds in favor of the house. 

We have been assuming that the roulette wheel is free of bias 
and that the croupier operates it in a perfectly honest manner. 
As far as the latter condition is concerned, one can only say 
that it is impossible to prevent occasional dishonesty on the 
part of individual croupiers. The consensus of those who play 
much is, however, that at Monte Carlo such an occurrence is 
very rare. 

On the matter of the extent to which it is possible for the 
croupier to influence the result of a coup, opinions differ 
widely. I t  is not at all necessary, in order to produce wins for 
accomplices, that he should be able to cause a certain number 
to come up, but merely that he exert enough influence on the 
play to cause several adjacent numbers to come up a little more 
frequently than the others, in the long run. Furthermore, it is 
sufficient for the croupier to have knowledge of the bias of 
the apparatus at the time in question. In the matter of this bias 
it is very probable that every roulette wheel is slightly affected 
by it. But it is also very probable that this bias changes from 
day to day; if it stayed the same for long series of coups, it could 
easily be detected by statistical methods, and observant players 
might well be able to place their bets in such a way that the 
odds were actually in their favor. The effect on the casino's 
profits, if there were many observant players, would be enor- 
mous. 

What we have just said applies to bets on the numbers, 
where it is possible to put money on several chances that are 
actually adjacent on the wheel. This does not by any means 
apply to the even chances, as everyone who has ever examined 
a roulette wheel knows. The red and black alternate, half even 
and half odd; half are over 18, the other half under 19. I t  is 
rather difficult to imagine a technique for dishonest manipula- 
tion, which does not mean that it cannot be done. 
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Any sustained dishonest manipulation, or  any bias large 
enough to have a pronounced effect on the odds, could surely 
be detected by statistical means. 

In  1894 Professor Pearson published a statistical study of the 
even chances in Monte Carlo roulette (Fortnightly Review, 
February, 1894), based on about twenty-four thousand coups, 
which led him to the following conclusions: Playing odd and 
even is equivalent to playing heads or tails (the 0 is left out of 
account). I n  red and black the two chances come up the same 
number of times in the long run, as in heads or tails, but the 
runs (see Chapter VI) do not appear to follow the same law as 
they do in the latter game. "Short runs are deficient, and the 
color changes much more frequently than the laws of chance 
prescribe." 

It is worth noticing that these observed variations from the 
laws of chance occur where the two chances alternate on the 
wheel, while in odd and even, where they are more irregular, 
no such variation is observed. I am not aware of any later con- 
firmation of these results and have not sufficient data on the 
manufacture and testing of the apparatus to be able to say 
whether or not these conclusions are still applicable after the 
lapse of more than fifty years. I n  any case we shall assume that 
the even chances operate, apart from the effect of the 0, after 
the pattern of heads or tails. That this is true of pair et impair 
and of passe et manque has, I believe, never been seriously 
questioned, and if we use the language of rou.ge et noir, anyone 
so inclined can easily translate it into that of the others. 

The  play on the numbers contains very little of particular 
interest to us. Owing to the large odds against winning on any 
particular coup, and to the relatively low limit on the amount 
of bets, systematic play is practically out of the question. It 
would be possible to play the systems on colonne, or on dou- 
raine, where the chance of winning is 1 in 3, but as the game is 
less favorable to the player than those on the even chances, this 
is not often done. Bets on the numbers give the fullest play to 
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"runs of luck" and the reverse, as statistical order does not be- 
come apparent unless the number of coups considered is very 
large, several thousand, at the very least. Tales of curiosities 
and freaks concerning the behavior of the numbers are legion 
and are usually much less astonishing than the absence of such 
sports would be over a long period. A number has appeared 
three or four times running, or has not appeared for several 
hundred coups, or fifteen to twenty alternations between red 
and black or odd and even have occurred. 

The chance that any given number will come up on the next 
coup is 1 in 37, and the chance that a number written down in 
advance will come up twice running is therefore 1 in 1,369. If 
the number is not designated in advance, and we ask the chance 
that the next two coups result in the same number, the chance 
is 1 in 37, and the chance that there will be a run of 3 on the 
same number is 1 in 1,369. The chance that there will be a run 
of 4 is similarly 1 in 50,653, and as each table averages over 
three thousand coups per week, such an event is to be expected 
a few times each season. 

In a series of one hundred coups the chance that a given 
number will not come up at all is about 1 in 15; the odds are 
14 to 1 that the number will come up one or more times in the 
series. The chance that it will come up exactly once is 1 in 
51/2, so that the odds in favor of its appearing at least twice 
are 3 to 1. In  a series of ten coups the odds are 3 to 1 that the 
number will not appear one or more times, and 32 to 1 against 
two or more appearances. If the bet is on two numbers (ci 
cheval) , the results are quite different. The bet is won if either 
or both appear, and there is no need to distinguish between the 
two cases. The chance of winning is z/,, on each coup, and the 
odds against winning one or more times on the series of ten 
coups are almost exactly 4 to 3. The odds against winning twice 
or more are about 9 to 1. 

Play on the even chances, when the effect of the 0 is neglected, 
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and the wheel is assumed to be mechanically perfect and the 
play fair, is equivalent to the game of heads or tails, which we 
have already discussed in Chapter VI. There we gave an exam- 
ple of one of the many systems that are in use, the Martingale, 
and saw that, due to the limits on bets placed by the bank, the 
player is certain to encounter adverse runs that must be inter- 
rupted, leaving large losses to be recouped one unit at a time. 
Still confining ourselves to heads or tails, we can sum the mat- 
ter up as follows: The expectation of the player is exactly equal 
to the amount he stakes (that is, the game is fair) and no 
amount of juggling with the order and amount of bets, or with 
the choice of chances, can change this fundamental fact. There- 
fore the player does not in the least change his prospects in the 
long run by playing a Martingale or any other system. 

There is one other factor that must not be overlooked. We 
saw in Chapter VIII that when the chances of the game are 
even, the odds in favor of the player's losing his entire capital, 
if the play is continued, are in the proportion of the bank's 
capital to his own. If his own available capital is only a small 
fraction of the bank's, his chance of losing it is very large. If he 
is playing a Martingale, he will sooner or later encounter a 
series of maximum losses so close together as to leave him no 
opportunity to recoup his losses in between. 

If we leave the game of heads or tails and turn to the even 
chances of roulette, the player's position becomes considerably 
worse. For the odds are now slightly against him, and we have 
seen in Chapter VIII that under these conditions even a large 
amount of capital cannot save him from ultimate ruin. I t  re- 
mains true, nevertheless, just as it was for heads or tails, that 
for a short enough period of play, his chance of a small win 
with the Martingale is large, his chance of a large loss small. 
These risks exactly compensate each other, in the sense that 
the player's expectation is always 98.65 per cent of what he 
stakes. And by substituting other systems for the Martingale 
Re can shift these chances about almost as he pleases; for in- 
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stance by playing an "anti-Martingale" (see Chapter VI) he 
will have a small chance of a large profit, and a large chance of 
a small loss. What he cannot change is the value of his expec- 
tation, which remains the same for any system of play. 

The  effect of the 0 in the Martingale (or in any system where 
the amount placed progresses with a loss) is not merely to 
make the odds slightly against the player; though it is fatal in 
the long run, it is relatively unimportant in a very short series 
of coups. I t  also tends to increase the unfavorable runs, which 
are all too frequent to suit the player's taste at best. T o  offset 
this additional "strain," some players place "insurance" on the 
0. I t  is done in some such manner as this: After four consecu- 
tive losses the player is 150 francs out of pocket, his initial bet 
of 10 francs having been doubled three times, while the Mar- 
tingale requires him to place a bet of 160 francs on the succeed- 
ing coup. At this point he places 10 francs en plein on the 0. 
If the 0 comes, he wins 350 francs at once, and his 160 franc bet 
on the even chances goes to prison. If the next coup is also un- 
favorable, he is nevertheless 40 francs ahead on the series; if it 
is favorable, he gets his 160 francs back, and is 200 francs ahead 
on the series. If the 0 does not come on the fifth coup of the 
series, and if this last is a loss, requiring him to bet 320 francs 
on his color, he backs the 0 again, this time placing 15 or 20 
francs on it, and so on, always placing enough so that if the 0 
does come, he can break off the series with a profit, or at least 
with a much reduced loss, and start again. 

The  effect of these bets on 0 is that on the average the player 
loses 2.7 per cent of the total so staked, thus increasing very 
slightly the odds against him of the game as a whole, while in 
return for this "insurance premium," he gains the advantage 
of a lessened strain on the unfavorable runs. By properly scal- 
ing these bets on the 0 it is possible for the game, in so far as 
the unfavorable runs are concerned, to be on an even basis with 
heads or tails. 

All these systems of the Martingale species are essentially 
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alike; they consist of a progression of stakes, more or less rapid, 
and a set of rules to tell you when to progress. By varying these 
last you can bet on or against long runs, or short runs, or inter- 
mittences (changes of color), or you can arrange them so that 
you will win a large amount every time there is a run of four 
blacks followed by three reds, or some other arbitrary pattern. 
By varying the progression you can change the tempo of the 
game; the more rapid the progression, the greater the risk of 
being forced to the maximum permissible bet, but also the 
greater the chance of a small profit in a short game. The  pos- 
sible variations on these themes are almost unlimited; hun- 
dreds have been published and one hears of others too valuable 
for the public eye. In  fact, the writer has had several letters 
from individuals concerning the systems they have invented 
which they would disclose only under promise of complete 
secrecy. Since all possible systems are combinations of a few 
basic ideas, they are, in a sense, known, and such a promise 
could not well be given. 

If you are going to Monte Carlo, or to any casino where the 
play is similar, and must play roulette or trente et quarante 
with a system, by all means make your own. I t  is necessary to 
understand only the few basic principles at the root of all of 
them and you can turn them out by the score. In that way you 
can have a system that suits your personality. I refer to systems 
of the sort discussed above, which have a definite effect on the 
player's chances in a short series of coups, not to those based on 
astrology, numerology, or on some other form of superstition. 
The  latter require considerably more ingenuity of workman- 
ship, but they have no effect on the game, one way or the other. 

There is one and only one system of play that almost surely 
leads to winnings in the short run, but the amounts won may 
be small. Curiously enough, this system depends on finding a 
dishonest casino. If you have discovered a roulette wheel that is 
being manipulated, you can be quite sure that it will be manip- 
ulated in such a way that whatever large bets are placed will 

165 



THE S C I E N C E  OF CHANCE 

likely be lost. If there is a large amount bet on the even n u m  
bers, for example, you place a much smaller amount on the odd 
numbers. If you are right about the dishonest manipulation, 
the odds on such bets are in your favor, and if you continue 
long enough you are certain to win. This system, if that is the 
right name for it, has been successfully executed in a t  least one 
case. 

One of the systems commonly played and known as the La- 
bouch&re, which involves a less dangerous progression than the 
Martingale, runs as follows: One bets consistently on red or  
black or even, or  changes to suit his fancy (it makes absolutely 
no difference), having first written on a sheet of paper a few 
numbers in a column, the first ten numbers, for example, al- 
though any set whatever will do. The  first bet is the sum of the 
top and bottom numbers, 10 + 1 in this case. If i t  is won, these 
numbers are scratched out, and the next bet is the sum of the 
top and bottom numbers of the remaining column, 9 + 2 in  
this case. If it is lost, the amount of the loss is written a t  the 
end of the column. T h e  next bet is always the sum of the first 
and last numbers. When and if all the numbers are scratched 
off, the win amounts to the sum of all the numbers in the orig- 
inal column, 5 X 11, or 55, in  the example given. 

T h e  Martingale, as described in Chapter VI, wins one unit 
for every favorable coup, or about 1/2 unit for every coup, 
as long as no unfavorable run of too great length is encoun- 
tered. (It is assumed that play is discontinued after a favorable 
coup.) The progression used after a loss is 1, 2, 4, 8, 16, etc. If 
the progression 1, 3, 7, 15, 31, 63, etc. (always one less than a 
power of Z), is substituted, the game is known as the Great 
Martingale. With this system, when no disastrous runs are met 
with, the player wins one unit (10 francs) for every spin of 
the wheel, less losses on the 0, if any. 

The  results are equivalent to those obtained if two partners 
play on opposite sides of the table, one betting consistently on 
red, the other on black, each playing an  ordinary Martingale. 
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T h e  point of this partnership game is that if there is a long run 
on one of the colors, black for instance, the red player is under- 
going a considerable "strain," the black player none, so that 
the latter can temporarily (at least) transfer his capital to the 
other. Each in turn can play the role of the good Samaritan. 
Tha t  is perhaps the greatest virtue of this partnership system; 
for, as just stated, one person could conduct the game quite as 
well as two if he had the use of his partner's capital. When you 
see two partners apparently playing against each other, you 
must keep in mind that their bets are always unequal. If one 
of them placed a bet equal to the difference between the two 
bets (on either color), the net result would be the same, in the 
end, as that of the partnership game, and this leads to the iden- 
tical progression used in the Great Martingale. I was once 
watching a game of this sort in progress when a Frenchwoman 
nearby turned to her escort and said, "Look at those imbeciles 
over there. They are evidently partners, and one plays the 
black, the other the red. Whenever one wins the other loses." 

I n  discussing the Martingale system we have remarked sev- 
eral times that in playing it the chance of a small win on a 
short series of coups is large, while there is a small chance of 
a large loss. The use of such a word as "short" is vague, and 
the reader has tbe right to ask what is meant by it. Does i t  
mean one hundred coups, a thousand, ten thousand? We shall 
answer by giving the actual figures for a series of one thousand 
coups. T h e  player bets always on red, his initial stake being 
10 francs, which he doubles after each successive loss. 

If he loses ten consecutive coups, his next stake is 10,240 
francs, and as the limit is 12,000 francs, he is not permitted to  
double again if he loses the coup, and must accept his loss of 
20,470 francs. We shall say, then, that a "disastrous run" is 
one of eleven black. The  probability of such an occurrence is 
(Chapter VI) 1/213, or 1 chance in 8,192, and the probability 
of a run of eleven or more black is 1/212, or 1 chance in 4,096. 
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The  chance that this disaster will overtake the player one or 
more times in a series of one thousand coups comes out to be 
22/100. The  odds that i t  will not happen are 3% to 1. 

If we considered a game of five hundred coups, which is 
about a day's play at a table, instead of one of a thousand, the 
odds in favor of the player (that is, the odds against a disas- 
trous run) would be 7.3 to 1. T h e  0 is left out of account, but 
its effect on the odds would be very slight. T o  sum up: I n  a 
short game of five hundred coups it is 7 to 1 that no adverse 
run of 11 or more will be encountered, and therefore that the 
player will win about 250 units or 2,500 francs (it is assumed 
that the player's unit bet is the minimum of 10 francs; other- 
wise his chance of encountering an adverse run is greater). If 
he were to continue to ten thousand coups, the odds would be 
reversed and would become 11 to 1 that he would run into a 
disastrous series. If he were fortunate enough to escape such a 
series, his winnings would amount to something like 50,000 
francs. 

When a system of the type of the anti-Martingale is played, 
these conclusions are reversed. The  player leaves his stake, or 
a part of it, when he wins a coup, and does not withdraw stakes 
or winnings until he has won a certain number of times in suc- 
cession, or he may even add to them after each win. His policy 
in this respect, whether he leaves stakes and winnings to ac- 
cumulate (this is called a paroli) , or whether he withdraws a 
part or adds to them, determines the "progression," which is 
correspondingly rapid or slow. The larger the number of suc- 
cessive wins before profits are taken out of play, the greater 
the amount that it is possible to win. 

Suppose that an anti-Martingale is played, and that stakes 
are allowed to accumulate until there have been eleven consecu- 
tive wins (paroli of 11). This is the longest paroli permitted by 
the Monte Carlo limit. The  outcome for the player is as fol- 
lows: On a favorable run of 11 or more he wins 2,047 units, or 
20,470 francs; on a favorable run of less than 11 he breaks even, 
1 6 8 .  
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while he loses one unit each time that the unfavorable color 
appears. His average loss in the long run (if there is no favor- 
able series), is therefore 1/, unit per spin of the wheel. T h e  
situation is the exact reverse of that in the ordinary Martin- 
gale, and the player's chances are the reverse of those deter- 
mined above. In  a series of one thousand coups the odds are 3% 
to 1 that there will be no run of 11 or more on the favorable 
color or, in other words, that the player will lose 250 units. 
If he does encounter one such run, the amount that he wins is 
not far from 2,047 minus 250 units, or 1,797 units, roughly 
18,000 francs. If the game continues, there will certainly be a 
run of 11 or more; on the other hand, the losses of one unit 
accumulate at just such a rate that in the end the player loses 
1.35 per cent of the total amount staked. If "insurance" is 
placed on the 0, this loss is increased by 2.7 per cent of the 
amount so placed. 

Before leaving the subject of roulette there is one other 
point that deserves a remark in passing. If the apparatus is 
mechanically perfect, it is a matter of complete indifference 
whether a bet is placed on one number or another, on red or 
on black, on odd or on even. But if the apparatus is defective, 
this ceases to be true. Suppose, for example, that "short runs 
are deficient, and the color changes much more frequently than 
the laws of chance prescribe," to quote Professor Pearson once 
more. Then it is easy to devise a system that will take advantage 
of this fact, and if the variations from the laws of chance are 
sufficient, it may turn out that the odds of the game desert the 
bank and come over to the player. I t  would be necessary only 
to place the bet in each instance on the opposite color to the 
one that showed on the preceding coup. Any progression could 
be used, and the game could bc conducted either in the Martin- 
gale or the anti-Martingale tradition. 

Clearly i t  is to the interest of the casino that the laws of 
roulette coincide with the laws of chance. 



CHAPTER XZZZ 

Lotteries, Craps, Rridge 

LO~TERIES are a simple illustration of chance. A lottery with 
cash prizes, as distinguished from a raffle, is conducted essen- 
tially along the following lines: Suppose that there are one mil- 
lion chances, each selling for $1, and that all the chances are 
sold. Suppose that there are three prizes, the first $300,000, the 
second $200,000, and the third $100,000. Each person who pur- 
chases one ticket has three chances in 1,000,000 to win one of 
the prizes. His expectation, as defined in Chapter VII, is the 
measure of his chance of success. Since one ticket can win but 
one prize, his expectation is 

Looked at as a bet, the ticket holder has odds against him of 
6 to 4. The  difference is represented by the $400,000 made by 
the promoters. If he purchases two tickets, his chance to win 
first prize becomes 1 in 500,000, that to win one of the prizes, 
3 in 500,000; the odds against him remain the same. I n  spite 
of the unfavorable odds, buying lottery tickets is attractive to 
many people, because the price of the ticket is so small, the 
prizes so large. 

Lotteries of this sort are illegal in the United States, in the 
sense that they are forbidden the use of the mails. There are 
also laws against them in some states. However, lotteries are 
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still conducted in this country without the use of the mails, t o  
raise money for public and charitable institutions. 

There is a wide difference of opinion as to whether such lot- 
teries should be permitted. Many people object to them, re- 
gardless of where the proceeds go, on the ground that they 
are gambling. Some leading sociologists object to them on the 
ground that the sudden acquisition of a large sum of money by 
an individual who has not worked for i t  has bad social conse- 
quences. On the other hand, many people approve of such lot- 
teries when the proceeds are used for commendable purposes. 

Few people know that lotteries played an important part in 
the early history of the United States. Funds to carry on the 
Revolutionary War, to the extent of $5,000,000, which was a lot 
of money in those days, were obtained from lotteries. I t  is said 
that George Washington purchased the first ticket. I n  1655 the 
city of New Amsterdam, now known as New York, raised 
money for the benefit of the poor by running a lottery. Prizes 
to the winners were Bibles. On several occasions Harvard Col- 
lege obtained funds by similar means. Lotteries in this coun- 
try came into ill repute in the latter part of the nineteenth cen- 
tury due to flagrant abuses. 

I n  most civilized countries, except the United States and 
England, lotteries are permitted, at least when conducted by 
the government or by a municipality. Here are some facts 
about lotteries in other countries that may be of interest: They 
date back to the days before World War 11, when conditions 
were more normal. I n  France there were lotteries conducted by 
the city of Paris and by the CrCdit Foncier, a semiofficial mort- 
gage bank. There was also a lottery with five main prizes of 
5,000,000 francs each (about $133,000 at the rate of exchange 
then prevailing) and one hundred other prizes of 1,000,000 
francs each. The  prizes represented 60 per cent of the proceeds, 
the other 40 per cent going into the treasury. Of the 40 per 
cent, 100,000,000 francs was set aside for agricultural relief. 
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I n  Spain the government lottery was held at Christmas time. 
T h e  10,000 prizes totaled 15,000,000 pesetas, the profits going 
to the government. In  Italy there were both state and munici- 
pal lotteries, many of them held as often as once a week. I n  
1933 Mussolini held a lottery to raise money for the electrifica- 
tion of the Italian railroads. New South Wales, Australia, in 
1931 legalized a state lottery. The  proceeds were turned over to 
hospitals. In  1933 the Nanking government of China estab- 
lished a $5,600,000 lottery. Of this amount, 92,800,000 was used 
to build new roads and purchase airplanes. The  surplus from 
the Swedish state lottery goes to Red Cross hospitals, museums, 
and to the support of music, art, and drama. 

One of the most popular out-and-out betting games seems to 
be the game of craps. The  rules of this game are extremely sim- 
ple. I t  is played with two ordinary dice. The  man who has 
possession of them wins immediately if the total of the spots 
on his first throw is 7 or 11. He loses immediately if this total 
is 2, 3, or 12 but continues to throw the dice. If the total is any 
one of the remaining six possible points, he neither wins nor 
loses on the first throw, but continues to roll the dice until 
he has either duplicated his own first throw, or has thrown a 
total of 7. The total shown by the dice on his first throw is 
called the crapshooter's point. If he throws his point first, he 
wins, If he throws 7 first, he loses and is required by the rules 
to give up the dice. 

There are several interesting questions to be asked in connec- 
tion with this game, from the standpoint of chance. We ask 
first whether the player throwing the dice has the odds with 
him or against him. As it is well known that when craps is 
played in gambling houses, the house never throws the dice, 
and as we know that the odds are always with the gambling 
house, we may feel reasonably certain in advance that our 
calculations, if correct, will show that the odds are against the 
player with the dice. 
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Other questions can be asked concerning the odds in favor 
of or against making certain throws. For example, we can ask 
the odds against throwing a total of 6 before throwing a total 
of 7. This particular problem is part of the broader one of 
determining the odds against the player who throws the dice. 

In Chapter V, among our illustrations of basic probability 
principles, we considered the various chances in throwing two 
dice. We obtained the following table of probabilities for the 
various throws: 

(TABLE 111) 

Total of Throw Probability 
2 or 12 %a 
3 or 11 Y36 (or %8) 

4 or 10 %/3( (or %) 
5or  9 %a (or %) 
601- 8 %6 

7 9/38 (or %) 

With this table and the rules of the game before us, we see 
at once that the probability that the player throwing the dice 
will win on his first throw is %61 or 2/9. The  probability that 
he will lose is %6, or l/g. T h e  chance that he will win or lose 
on the first throw is therefore 3/,,  or %. T h e  probability that 
the first throw will not be decisive is 2/3. 

We have now disposed of the cases where the first throw 
yields one of the following points: 2, 3, 7, 11, 12. Suppose now 
that some other total results from the first throw, for definite- 
ness let us say 6. Six, then, becomes the player's point. In order 
to win, he must throw a 6 before he throws a 7. What is his 
chance of doing so? The  chance of throwing 7 is % 6 ,  that of 
throwing 6, 5/36. One might be tempted to reason as follows: 
T h e  ratio of the chances of throwing a 7 to those of throwing a 
6 is 6 to 5. Therefore the probability that a 6 will appear before 
a 7 is XI .  The probability that 7 will appear first is XI. 

This is an example of bad reasoning which gives the correct 
result. I t  is bad reasoning because, as we have stated it, the 
conclusion does not follow from the principles of probability. 
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Also, we have assumed that either a 6 or a 7 is certain to appear 
if we roll the dice long enough. 

Let us attempt to make this reasoning correct. The player's 
point is 6. The probability that he will throw a neutral point 
(all throws except 6 and 7) is 25/36. The chance that he will 
make two consecutive neutral throws is (25/ , , )2 ,  and the 
probability that he will make this throw n times in succession is 
(25/36)n. For the game to continue indefinitely, it would be 
necessary for the player to throw an indefinitely large number 
of neutral throws in succession. But the probability of doing so 
is (25/36)ny which becomes smaller and smaller as n increases. 
Since we can make it as small as we please by taking n large 
enough, we can legitimately consider the probability that the 
game will not end as 0. 

With all neutral throws thus eliminated, there remain to be 
considered only the throws of 6 and 7. We can now conclude 
that out of the eleven possible cases that give a 6 or 7, five 
favor the 6 and six favor the 7. Therefore the probability of 
throwing a 6 before throwing a 7 is 5/,,. 

I t  is easy to make the corresponding calculation for each cf 
the six possible points. The probability is the same for the 
point 6 as it is for 8, the same for 5 as for 9, and so on, just as 
in the preceding table. The calculation for each of the possible 
points gives the following results: 

TABLE XI1 

Points 

4 (or 10) 
5 (or 9) 
6 (or 8) 

We wish to know the probability, before the first throw in 
the game is made, that the crapshooter will win on each of the 
points just listed. In  order to win in this manner he must, of 
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course, neither win nor lose on his first throw. We find what 
we wish by combining the two preceding tables as follows: 

TABLE XI11 

Points 
4 (or 10) 
5 (or 9) 
6 (or 8) 

Probability 
%6 x 3/9 = %6 

%6 X 4/10 = 2/45 

%6 x %/11 = 

This means that the probability that the crapshooter will win 
on a point specified in advance, say point 5, is 2 i 5 ,  and the 
probability that he will win on point 9 is also 2 i5 .  

T o  find the total probability that the crapshooter will win, 
we add to his probability of winning on the first throw, which 
is 2/9, the sum of the three probabilities shown in this table, 
each multiplied by 2. This gives a probability of 244/495, or 
0.49293. 

This is the sort of result we expected to begin with. The 
odds are against the crapshooter, although by only a very small 
margin. I n  fact, in the long run, the crapshooter loses (or the 
gambling house wins, if there is one) only 1.41 per cent of the 
amounts staked. This compares with the loss of 1.35 per cent 
for the player of the even chances at Monte Carlo roulette 
(see Chapter XII), and 2.7 per cent on the numbers in roulette. 

A great deal of the interest in the usual crap game comes 
from side bets of various sorts, made between the players. Many 
of these bets consist in giving odds that one total will appear 
before another. One player might say to another, for example, 
"Two to one that a 6 appears before a 4." 

T h e  problem of finding the fair odds in such cases was solved 
when we found the odds against the crapshooter. The  fair odds 
on all such bets, including those totals that cannot be a 
player's point, by the rules of the game, can be put in the form 
of a table. This table gives the odds against throwing one or 
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other of the totals given in the left-hand column before throw- 
ing one or other of the totals in the top line. The  listing to- 
gether of two numbers, such as 4 and 10, is done only to ab- 
breviate. T h e  odds as given apply to either 4 or 10, not to both 
on the same series of throws. 

TABLE XIV 

Odds against Before Throwing 
Throwine - 

2 (or 12) 
3 (or 11) 
4 (or 10) 
5 (or 9) 
6 (or 8) 

Thus the correct odds against throwing a 4 before throwing 
a 6 are 5 to 3. Otherwise stated, the odds in favor of throwing 
the 6 first are 5 to 3. The  player who said "Two to one that a 
6 appears before a 4" is therefore making a bad bet. In  the 
long run he will lose 1/24 of the amount staked. 

The  game of contract bridge, although it involves a large 
element of skill, offers some interesting examples of the work- 
ings of chance. In fact, compared to the purely intellectual 
game of chess and the oriental Go, one of the outstanding fea- 
tures of bridge is precisely this chance element in the strength 
of hands and in the distribution of cards, which leaves full 
sweep to runs of luck, and which provides an important part of 
the attraction of the game. 

One of the more interesting bridge problems that involves 
the theory of probability concerns the relation between bidding 
and the score. There are many games in which the score exer- 
cises a decisive influence on sound play, and bridge is certainly 
one of them. If, in the face of almost certain loss, you make a 
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bid that actually loses 300 points but prevents your opponents 
from making a bid that would score 700 points for them, you 
have a net gain of 400 points. T o  the extent that your judg- 
ment of the alternatives was correct, this is certainly sound play 
and is so recognized by the leading authorities. Some people 
have difficulty in appreciating this fact, since if you lose 300 
points, that is the only item that appears on the score sheet. 
You had, in fact, the choice of losing 300 points or of losing 700 
points. There was only one thing to do. 

Problems of this sort are best approached through the idea 
of mathematical expectation, which we studied in Chapter VII. 
We recall that the idea of expectation makes possible a sort of 
probability bookkeeping, according to which credit and debit 
entries are made on future events, much as though they had 
already taken place. 

After one side has scored the first game in a rubber, it has 
gained a very decided advantage. Its probability of winning the 
rubber is greatly increased. I t  has, in a sense, earned a part of 
the rubber premium, and in the case of unfinished rubbers the 
rules of the game allow for this fact. We shall therefore look a t  
this partial premium as an invisible score that does not appear 
on the score sheet. We wish to find the value of this intangible 
item. Let us assume that North-South has just made the first 
game, and that the two sides are of equal strength so that, in 
the long run, each will win an equal number of games. What 
is the probability that North-South will win a second game, and 
therefore a rubber, before East-West has won a game? T h e  
answer is clearly 1/,, since the probabilities of the two sides to 
win the next game are equal and since we can assume that one 
side or the other will win the next game. (Compare with the 
similar situation in the game of craps, discussed earlier in this 
chapter.) 

We now ask the probability that North-South will win the 
rubber after East-West has won the next game. The  probability 
that East-West will win the next game is 3, and the prob- 

e 
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ability that North-South will win the next succeeding game is 
also 1/,. T h e  required probability, being the product of these 
two probabilities, is therefore 1/4. Finally, then, the probability 
that North-South will win the rubber, on the assumption that 
North-South has won the first game, is 3/,.  

We wish now to find the expectation in points that North- 
South is justified in entering on the score sheet (in invisible 
ink), as a result of winning the first game. T h e  rubber pre- 
mium, if rubber is made in two games, is 700 points. The  prob- 
ability that North-South will accomplish this is 1/,. Their 
point expectation is therefore 1/, X 700, or 350. If North-South 
makes the rubber in three games, they will score a premium of 
500 points, and the probability of their doing this is 5. This 
gives an additional expectation of 1/4 X 500, or 125 points. 
T h e  total point expectation is therefore 475. T h e  point expec- 
tation, as so computed, omits honor points and possible over- 
tricks. 

This is the credit side of the ledger. How about the debit 
side? T h e  probability that North-South will lose the rubber is 
1/4, and if so the rubber premium is 500 points. Their expec- 
tation of loss is therefore X 500, or 125 points. Their net 
expectation, which is the same as the "invisible item" on the 
score, is the difference between their expectations of winning 
and of losing. This difference is 475 minus 125 points, or 350 
points. I t  is a credit to the account of North-South. 

We can look at this calculation in a slightly different but 
equivalent way. North-South has an expectation of winning 
475 points. East-West has 1 chance in 4 of winning the rubber, 
with a premium of 500 points, giving an expectation of win- 
ning of 125 points. (This must agree, as it does, with North- 
South's expectation of loss.) Now if we considered that North- 
South has an invisible item of 475 points, and that East-West 
has an invisible item of 125 points, it would evidently come to 
the same thing to say that North-South has a net invisible item 
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of 350 points. The rules of bridge call for a premium of 300 
points for the winner of the first game of an unfinished rub- 
ber. This apparently should agree with the net expectation of 
the side that has won the first game. But it does not agree, for 
we have just found that its value is 350 points. 

The total expectation of winning of North-South and East- 
West combined is 475 points plus 125 points, which equals 600 
points. This is clearly the correct value of the total expectation, 
since there is 1 chance in 2 that 700 points will be won, and 1 
chance in 2 that 500 points will be won. The sum is the average 
of 700 and 500, or 600. 

We have assumed that North-South and East-West are teams 
of equal strength. It  is interesting to see what happens to the 
point expectations if we make a different assumption. Let us 
assume that the probability that North-South will win is p,, 
and the probability that East-West will win is P,, so that 
p, + p, = 1 .  Then if North-South has already won the first 
game, the probability that North-South will win the rubber is 

For example, if p, = 3/5 and p, = 2/5, the probability 
that North-South will win the rubber is found by substituting 
the value of p, in the above expression, giving as result 2 % 5 .  

Thus, as would be expected, the extra strength of North-South 
leads to an increase in the probability of winning the rubber, 
amounting to the difference between 3/4 and 2?&. It  should 
be noted that if p ,  and p, are each equal to %, the value 
of the above expression is 3/4, as it should be. 

The probability that North-South will win the rubber in 
straight games is PI,  giving a point expectation of 700 p, 
points. Their probability of winning the rubber with East- 
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West also vulnerable is PIP,, and the corresponding expecta- 
tion is 500 PIP,. T h e  probability that North-South will lose 
the rubber (or that East-West will win it) is p 2 n d  the corre- 
sponding expectation is - 500 p (note the minus sign). T h e  
total expectation, call it E, which equals the invisible item on 
the North-South side of the score, is therefore 

Remembering that PI + pf = 1, this can also be written 

If p, = %, as in the illustration used before, we find that 
E = 460. T h e  greater playing strength of North-South has 
increased the invisible item on their score by 110 points. We 
notice also, as a check on our reasoning, that if p, = 1/,, 
E = 350, as it must. 

We could equally well have written the formula for E en- 
tirely in terms of p,, instead of p,. In that case we find that 

We get the same value for E whichever of these expressions 
we use, provided only that the values of p,  and p, add up to 
unity. 

A hand in bridge that contains no face card or ace-in other 
words, a ten-spot-high hand-is called, I believe, a Yarborough. 
Apparently there is some confusion as to which hand should 
properly be called by this name. In  his Chance and Luck, Rich- 
ard A. Proctor gives its origin as follows: A certain Lord Yar- 
borough once made it a habit to offer bets of 1,000 to 1 against 
the occurrence of a whist hand containing no card above a nine 
spot. Apparently this would indicate that a Yarborough means 
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a nine-spot-high hand, while we have called a Yarborough a 
ten-spot-high hand, following current practice. 

On the subject of such wagers, Proctor says: "Odds of a 
thousand pounds to one are very tempting to the inexperi- 
enced. 'I risk my pound,' such a one will say, 'but no more. And 
I might win a thousand.' That is the chance; and what is the 
certainty? The  certainty is that in the long run such bets will 
involve a loss of 1,828 pounds for each 1,000 pounds gained, 
or a net loss of 828 pounds. As certain to all intents as that 2 
and 2 make 4, a large number of wagers made on this plan 
would mean for the clever layer of the odds a very large 
gain." * 

T h e  chance of holding a nine-spot-high hand is correctly 
stated above as 1 in 1,828. The  chance of a ten-spot-high hand 
is 1 in 274.8, a result which is easily computed as follows: 
Imagine, for simplicity, that your hand (the one in question) 
is dealt from the top of the deck. There are thirty-six cards 
below the rank of jack, from which the thirteen cards in your 
hand must be selected, in order for the hand to contain no face 
cards or aces. The  chance that the first card will be one of these 
thirty-six is therefore 3%2. Assuming that the first card is 
"favorable," the chance that the second card will also be favor- 
able is 35/,,. T h e  chance that both the first two cards will be 

favorable is therefore 
36 35- T h e  chance that all thirteen 
52 X 51 

cards will be favorable, thus giving a ten-spot-high hand, is 
36 35 ' ' ' 24 This is equal to 1,274.8. as previously 
52 X 51 X .  . . X 40' 
stated. If you multiply this result by 23 X 22 X 21 X 20 

36 X 35 X 34 X 33' 
you will have the chance that your hand will contain no card 
above the nine spot. These are the hands on which Lord Yar- 

Chance and Luck, Richard A. Proctor, Longmans. Green and Co., Inc., 
New York, 1887, p. 79. 
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borough is reputed to have made his wagers, and the chance 
of holding such a hand is 1/1,828. If this last result is mul- 

tiplied by l9 l6 you will have the chance of 
32 X 31 X 30 X 29' 

holding an eight-spot-high hand. This comes out to be 1 in 
16,960.-~imila~l~, the chance of a seven-spot high is 1 in 254,- 
390, that of a six-spot high 1 in 8, 191, 390. You have probably - 
never held one of the latter. You seldom see one of these latter 
hands in actual play. 

There are other simple chances in bridge that are of some 
interest. One is the following: If the dealer and dummy hold 
the ace and king of a suit of which the opposing hands hold 
four, including the queen, what is the probability that the 
queen will fall if both the ace and king are led? In other words, 
what is the probability that these four cards will be divided 
equally between the two opposing hands, or that the queen 
will be alone in one of them? The calculations are easily made 
and give the following results: Call the two opposing hands 
North and South. Then the possible distributions of the four 
cards, together with their respective probabilities of occurrence 
are given in the following table: 

TABLE XV 

North South Probability 

4 0 110/2,300 
0 4 110/2,300 
3 1 572/2,300 
1 3 572/2,300 
2 2 936/2,300 

The most probable distribution is therefore an equal divi- 
sion. If, however, we consider only the division of cards be- 
tween the two opposing hands, regardless of how many are in 
North or in South, this result is chan@d. We then obtain the 
following table: 
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TABLE XVI 

Distribution Probability 
4andO 220/2,300 
3 a n d 1  1 ,144/2,300 
2and2 936/2,300 

Now the most probable distribution is seen to be three cards 
in one of the opposing hands, and one card in the other. The 
queen will fall on the lead of ace and king if the distribution 
is two and two, or if the distribution is three and one, the single 
card representing the queen. Assuming the distribution of 
three and one, the probability that the one card is the queen is 
x. The probability that the queen will be alone in one of the 
hands is therefore 1/4 X 1,144/2,300, which is 286/2,300. The 
odds in favor of the queen's falling on the lead of ace and king 
are therefore 1,222 to 1,078, or 1.13 to 1. Hence the rule to lead 
ace and king if the queen and three are in the opposing hands. 

We have already mentioned, in an earlier chapter, the fact 
that the number of possible bridge hands is 635,013,559,600. 
This means that if you write down on a slip of paper the names 
of thirteen cards, giving suit and denomination, the chance 
that your next bridge hand will contain exactly these cards is 
one in 635,013,559,600. The chance that your hand will con- 
tain thirteen cards of the same suit is one in 158,753,389,900. 
These facts, however, are not of great interest to you as a bridge 
player. They tell you only how exceedingly rare it is, if the 
cards are thoroughly shuffled, to hold the same hand twice, 
or to hold thirteen cards of one suit. I t  is of far g-eater interest 
to know the chance that your hand will contain a given dis- 
tribution of length of suits. What, for example, is the proba- 
bility that your next hand will contain a six-card suit, a four- 
card suit, a doubleton, and a singleton? We shall answer this 
question shortly, but first it is necessary to consider a possible 
difficulty. 
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We have just qualified a statement concerning the proba- 
bility of dealing a given bridge hand by the phrase "if the cards 
are thoroughly shuffled." In  our discussion of ten-spot and 
other spot-high hands in bridge, and in all our calculations in 
Chapters X and XI concerning the probabilities of poker hands, 
this same qualification was tacitly present. For all these calcu- 
lations are applicable to the actual games only if shuffling is so 
thorough that the distribution of cards before the deal can be 
assumed to be random. We are entitled to ask, as a theoretical 
matter, what we mean by the word random, and we are en- 
titled to ask, as a practical matter, how we can be sure that the 
shuffling is adequate to justify the assumption of randomness. 

I t  is not difficult to illustrate what we mean when we say that 
the order of the cards is random. We need only be on our 
guard against reasoning in the following manner: There are 
no "privileged" orders in a deck of cards, for each of the pos- 
sible orders is exactly as probable in advance as any other. 
Therefore the deck of cards is always in a random order. T h e  
fallacy in this reasoning lies in regarding the idea of random- 
ness as static instead of dynamic. The  order of a deck of cards 
is neither random nor nonrandom in itself. These ideas apply 
only when the order of the cards is being changed by a process 
of some sort, such as shuffling. And by imagining a particular 
sort of shuffling it is easy to illustrate what we mean by the 
word random. 

Suppose that we think of the cards as numbered from 1 to 
52, for example, by being placed in fifty-two numbered enve- 
lopes. I t  does not matter in what order the cards are placed in 
the envelopes. We imagine further that we are equipped with 
a special roulette wheel bearing the numbers from 1 to 52. 
Our shuffling will consist in spinning the roulette wheel fifty- 
two times and in placing the cards in the order indicated by the 
results. If this process were repeated before each deal of the 
cards, we could be certain that the order of the cards was ran- 
dom. Of course, any such method is so clumsy and tedious as 
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to be out of the question in practice. We have imagined it only 
to make clear the meaning of the word random. 

If the order of the cards is random, each deal is strictly in- 
dependent of preceding deals, and the results of our calcula- 
tions are strictly applicable. I n  the opposite case our results are 
not strictly applicable, and it is an impossible practical prob- 
lem to determine to what extent, if any, they can be correctly 
used. 

These questions concerning the adequacy of the shuffle 
are most interesting. I t  is perhaps unnecessary to point out that 
the problem is a purely practical one and can be settled only 
by actual observation of the fall of the cards in play. We en- 
countered an analogous problem in Chapter VI in connection 
with the game of roulette. The  question was whether or not 
the roulette wheel in practice follows the laws of chance, and 
we quoted some results obtained by Professor Pearson which 
indicate that there may be significant variations even in the 
case of the finest mechanical equipment. The  question of 
whether a given phenomenon, such as the deal in poker or 
bridge, or the spin of the roulette wheel, follows the laws of 
chance is in reality a statistical problem, and more will be said 
on the subject in succeeding chapters devoted to statistics. 

In  the meantime we may remark that it is exceedingly diffi- 
cult to determine, by casual observation of the fall of the cards, 
whether or not bridge hands follow the chance laws of distri- 
bution. The  difficulty is not due solely to the immense number 
of deals that must be observed, but also to the fact that the 
laws of chance themselves prescribe what appear to be freakish 
runs of hands. 

It would be a matter of considerable interest in the theory 
of bridge to submit to statistical analysis the records of a long 
series of actual hands, particularly if dealt by players who make 
a habit of reasonable care in shuffling. From such a record it 
could easily be determined whether or not shuffling was ade- 
quate to secure a random order. In the absence of a conclusive 
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test, and with a word of warning as to the practical application 
of the results, we shall consider the mathematical theory of the 
distribution of cards in bridge hands. 

Table XVII on page 187 gives the theoretical frequency of 
occurrence (based on a series of ten thousand hands) of the 
suit distributions indicated in the first and fourth columns. For 
example, the distribution indicated in the second line of the 
first column is 4432. This means that the hand contains two 
four-card suits, one three-card suit, and one doubleton. I t  does 
not matter, for the purposes of the table, which order the suits 
are in. Line two of the third column tells us that the distribu- 
tion 4432 will occur, in the long run, 2,155 times out of ten 
thousand hands. This means that the probability that your 
next hand (or any other) will have the distribution 4432 is 
0.2155, or a little better than 1 chance in 5. 

We have given the frequencies to the nearest whole number, 
with the result that the distributions 8500 and 9400 carry the 
frequency 0. The actual values are respectively 3/1,, and l/lo. 
Similarly, the expected frequencies of those distributions that 
contain ten or more card suits are too small to be listed. For 
example, the theoretical frequency of the distribution 101 11 is 
4/1,000 in 10,000 hands; that of TO210 is 1/100 in the same 
number of hands. 

Owing to the fact that the number of suits and the number 
of hands dealt are both equal to four, this table can be inter- 
preted in another way. It  tells us also the probability that a 
given suit will be distributed among the four hands in the 
manner indicated. Interpreted in this way, the second line tells 
us that the probability that on the next deal any suit named in 
advance, say spades, will be divided among the players accord- 
ing to the scheme 4432, is 0.2155. 

The mathematical theory of computing such a table is en- 
tirely analogous to that of the table of poker hands, which we 
discussed in some detail in Chapter X. We shall therefore not 
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TABLE XVII 

DISTRIBUTION OF BRIDGE HANDS 

Longest 
Suit 

Frequency in 
7 0 , m   hand^ 

Distribution 
of suits 

7600 
7510 
7420 
741 1 
7330 
7321 
7222 

8500 
8410 
8320 
831 1 
8221 

9400 
9310 
9220 
9211 

Longest 
Suit 

7 

8 

9 

Frequency in 
70,o,aK, Hands 

delay our discussion of the table itself by repeating the theory 
here.' 

* The reader who wishes to verify this table for himself may be interested 
in seeing the expression that leads to the probability in a sample case. The 
probability of the distribution 4432 is given by 

ci3 X cy X C'jJ X C'ZJ X 12 

c: ", 
The meaning of the symbol CF is given in Chapter X. The last term in 
the numerator of the above expression, namely 12, represents the number 
of distinct orders of the four suits in the distribution 4432. 
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Table XVII gives us a good deal of information about prob- 
able distributions. In  order to avoid confusion we shall inter- 
pret the table, in what follows, as applying to the distribution 
of suits in a single hand. We notice that there are exactly three 
types of distribution in which the longest suit contains four 
cards. The  frequency of hands with suits of a t  most four cards 
is the sum of these three frequencies, as is indicated in the 
table. This sum is 3,508 out of 10,000, or a probability of ap- 
proximately 0.35. T h e  probability of holding a hand with the 
longest suit five cards is 0.44, which is the largest of all the cor- 
responding figures. The odds against the longest suit's being 
four cards are 65 to 35, or  almost 2 to 1. 

The  probability that your next hand will contain one or 
more singletons is 0.31, or a little less than 1 in 3. T h e  proba- 
bility that it will contain one or more blank suits is 0.05, or 1 
in 20. These results are obtained by adding those probabilities 
in the table that correspond to hands with singletons, or  
blanks, as the case may be. I n  the same way, other probabilities 
of some interest can be obtained from the table. Although it 
is more probable that the longest suit in your next hand will 
be five cards than any other number, this of course does not 
mean that a five-card suit is more probable than a four-card 
suit. The  probabilities, taken from the table, of holding one or 
more suits of the length indicated, are as follows: 

TABLE XVIII 

One or More Probability 
Four-card suits 0.67 
Five-card suits 0.46 
Six-card suits 0.17 
Seven-card suits 0.035 
Eight-card suits 0.005 

These probabilities add up to more than unity. The reason 
for this is that there are distributions that include more than 
one of the above classifications. For example, the distribution 
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TABLE XIX 

DISTRIBUTION OF BRIDGE HANDS 

ASSUMING THAT ONE HAND CONTAINS THIRTEEN CARDS OF THE SAME SUIT 

of Suits 
Longest 

Suit 
Frequency in 

70,000 Hands 

1,750 
2,430 
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5431 includes both a five-card suit and a four-card suit. T h e  
odds, then, are 2 to 1 in favor of holding at least one four-card 
suit, and about 11 to 9 against holding at least one five-card 
suit. 

Table XVII has told us the probability of the various pos- 
sible distributions in a player's hand. Suppose, however, that 
the player has already picked up  his hand and that it contains 
a certain distribution, say six spades, four clubs, three hearts, 
and no diamonds. T h e  problem of interest then is to determine 
the probable distribution of the remaining thirty-nine cards in  
the three other hands. There are seven spades, nine clubs, ten 
hearts, and thirteen diamonds. Table XVII gives him no in- 
formation whatever on this point. T h e  problem can be solved 
by the same methods used in constructing Table XVII, but in 
this instance the calculations are very much more laborious, 
due to the fact that suits must now be taken account of, and to 
the fact that new calculations must be made for each of the 
possible distributions in the player's hand. We shall content 
ourselves by indicating the probabilities of the possible distri- 
butions in the other three hands for the extreme case where 
the player who has examined his hand holds thirteen cards of 
one suit. This particular case is of slight practical value, but i t  
will serve to indicate how these various probabilities change, 
and to set certain limits on them. The  result of these calcula- 
tions is contained in Table XIX. 

Table XX gives a comparison in summary form of Tables 
XVII and XIX, using probabilities in place of the correspond- 
ing frequencies per ten thousand hands. 

In interpreting Table XX (and of course Table XIX), we 
must keep in mind that the probabilities in the last column are 
based on the most extreme unbalanced distribution that is pos- 
sible. In  actual practice we may therefore expect the proba- 
bilities of distributions in the other three hands to fall some- 
where between the values given in column two and those in 
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column three. If your hand is of the balanced-distribution type, 
the expected probabilities will be closer to those of column 
two. 

It  is interesting in this connection to notice that the proba- 
bilities in the case of hands with the longest suit five cards 
differ little in value. This means that regardless of the distri- 
bution of suits in your hand, the probability that your part- 
ner's hand, for instance, contains a fivetard suit, but none of 

TABLE XX 

Longest Suit in Hand Probability on Deal 

4 0.3508 
5 0.4432 
6 0.1656 
7 0.0353 
8 0.0047 
9 0.0004 

10 0.0000 

Probability if One Hand 
Holds Thirteen of One Suit 

greater length, is between 0.42 and 0.44. The most significant 
change in the probabilities in moving from column two to 
column three, outside of the obvious impossibility of a hand 
with no suit longer than four in the latter case, is the very large 
increase in the probability of six-card suits. In this case it is to 
be noted that the probability fluctuates widely according to the 
distribution in your hand. 

If we go one step further than we went in Table XIX and 
assume that the player has seen both his own hand and 
dummy's, we are back to distribution problems of the type that 
we considered earlier in this chapter. There we were interested 
in finding the probability that the Q will fall on the lead of 
A and K, if the Q and three are in the two unseen hands. 
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We can come closer to the mathematical theory that lies 
behind a system of bidding by taking account of the proba- 
bility of holding various combinations of honor cards in suits 
of various lengths. The  probability that a four-card suit will 
contain an A (or any other card named in advance) is simply 
?43. For a suit of any length, say n, the corresponding proba- 

' bility is simply n/13. The probability that a four-card suit will 
contain both the A and K is found by dividing the number of 
distinct ways in which two cards can be selected from eleven 
cards (the number of cards left after picking out the A and K) 
by the total number of ways that four cards can be selected 
from the thirteen. T h e  result is 55/715, which equals 11/143. 

The  calculations in the more complicated cases are entirely 
similar. Table XXI on page 192 is computed in this manner. 
I t  gives the probability, once you know that a suit contains 
four cards, or five cards, that i t  will include one or more, or 
two or more, of the combinations of honors indicated in the 
left-hand column. I t  is to be remembered that it makes no 
difference in these calculations which particular honors we use 
for the purpose; for example, the table tells us that the prob- 
ability of holding two or more of AKQ in a four-card suit is 
145/715. Our statement means that the same probability ap- 
plies to any other choice of three honors, such as AQJ, or 
KJ10. I t  would be easy to extend this table to suits of any 
length. 

By combining Tables XVII and XXI, we can solve such 
problems as the following: What is the probability that your 
next hand will have at least one four-card suit containing two 
or more of AKQ? T h e  manner of accomplishing this will be 
made clear by Table XXII below. 

T h e  probabilities in the second column are obtained from 
Table XVII. The  first probability in the third column is ob- 
tained from Table XXI, translated into decimals. I t  tells us 
that the probability that one four-card suit will contain two or 
more of AKQ is 0.203. I t  was necessary to deduce from this 
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value the corresponding probability in the case of two four- 
card suits, and likewise for three four-card suits. This is equiva- 
lent to a problem that we solved in Chapter V in connection 
with throwing dice. The probability of throwing a six spot 
with one die is 1/6. What is the probability of throwing at 
least one six spot with two dice? We find the answer, which is 
I%,, by asking first the question: What is the probability of 
throwing no sixes with two dice? And this probability sub- 
tracted from unity (or certainty) gives us our result. 

TABLE XXII 

Nmbcr of  
Four-Card Suits 

Probabiliv 
on Deal 

Probability of Two 
or More of  AKQ 

0.203 
0.365 
0.494 

Required pobabilily 

Product of Columns 
Two and Three 

In obtaining the other two numbers in column three we have 
followed a similar procedure. When we know the probability 
that your next hand will have, for example, exactly two four- 
card suits, and when we know the probability that at least one 
of these suits will contain two or more of AKQ, the total prob- 
ability is obtained by multiplying, as is indicated in the fourth 
column. Upon adding the numbers in column four we obtain 
the probability that we set out to compute. This gives us the 
chance that your next hand will contain at least one four-card 
suit with two or more of AKQ. The result is 0.181, or a little 
less than 1 chance in 5. 

Let us carry through the similar calculations for the longer 
suits. We then obtain the following: 
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TABLE XXIII 

Number of 
Five-Card Suits 

1 
2 

Number of 
Six-Card Suits 

1 
2 

Number of 
Seven-Card Suits 

1 

Number of 
Eight-Card Suits 

1 

Probability 
on Deal 

Probability of Two 
or More of AKQ 

90duct of Columnr 
Two and Three 

We can summarize these results as follows: 
Length of Suit Probability 

4 0.181 
5 0.153 
6 0.073 
7 0.020 
8 0.003 

- 
0.430 

For suits longer than eight cards the probabilities are neg- 
ligible. 

T h e  sum of all the probabilities is 0.430, as indicated. We 
have now arrived at the following conclusion: The  probability 
that your next hand, or any other random hand, will contain 
a t  least two of AKQ in some suit longer than three cards is 
0.43 In other words, the odds are 57 to 43 against such a hand 
on the deal. This result, as computed, includes the probability 
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that you will hold two or more of AKQ in two or more suits. 
The  reasoning that we have used to obtain the result just 

given is not entirely correct. I t  is a short cut that leads to a 
result very close to the accurate one, resembling, in certain re- 
spects, thk approximate method that we adopied in Chapter 
XI in discussing poker strategy. I n  the present instance we are 
not justified in adding the probabilities obtained separately for 
suits of various lengths. For in doing so we have assumed that 
the probability of the given honor holding in a distribution 
like 5431 is the sum of the separate probabilities for four-card 
and five-card suits. But this probability must be computed ac- 
cording to the same principle that we used in a distribution 
containing two suits of equal length, such as 4432. When the 
full computation is carried out according to correct principles, 
the result obtained is 0.404. Thus our approximate method has 
overstated the probability by 0.026, which is too small an error 
to have any practical bearing on the problem.' 

We have given the probabilities for only one case, namely 
for hands that hold two or more of AKQ. Under this case we , 
have listed the probabilities separately for suits of from four to 

* The manner in which the accurate calculation is carried out is as fol- 
lows: Consider, for example, the distribution 5431. The probability that 
either the four-card suit or the five-card suit, or both, will contain at  least 
two of AKQ, is 0.203 + 0.315 - 0.203 X 0.315, or 0.454. This is to be 
multiplied by the probability of the distribution 5431, from Table XVII, 
which is 0.1293. This gives the value 0.0587. Each line of Table XVII is 
to be treated in similar manner, and the results added. The following ex- 
amples of various types will make clear the process: 

Distribution Probability of Probability of 2 or . 
Distribution I More of AXQ / Product of Column. 

T w o  and Three 

0.021 
0.079 
0.015 
0.048 
0.007 
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eight cards, and we have combined these separate probabilities 
into one that represents the probability for any suit of four or 
more cards. We have selected this particular case because it 
provides so good an illustration of the application of the laws 
of chance to a wide range of similar problems, and not at all 
because it is of outstanding significance in the game. 

If, on the other hand, similar tables were constructed by the 
same method for other combinations of honors (and other 
cards) that are of significance in the bidding, i t  is clear that 
they would provide the basis for a mathematical approach to 
the problem of rating the strength of hands. T h e  results would 
have a certain analogy to those obtained in Chapter XI con- 
cerning the average "go-in" hand in poker. But to carry 
through to the point of building a full mathematical approach 
to the problem of correct initial bidding, to the formulation of 
a system of bidding, in other words, it is necessary to go much 
further. I t  is necessary to compute also the probabilities of 
various honor holdings for the other three hands, after one 
player has examined his hand. We have taken the first step in 
this direction in Table XIX for the extreme case, in which the 
calculations are much simplified, where the first player holds 
thirteen cards of one suit. I t  is possible, although only at the 
expense of a great deal of labor, to do the same thing for each 
of the distributions listed in Table XVII. Then for each com- 
bination of honors that seems significant the probabilities can 
be computed, just as we have done for the special case that we 
selected as an illustration. 

In  the first edition of this book (1939) we said, referring to 
the long calculations just outlined: "It is unlikely that anyone 
will care to undertake these computations, but it would be in- 
teresting to compare the indications given by such a study with 
the bidding systems that have been arrived at by empirical and 
intuitive methods." This has since become possible. In  fact, as 
the above lines were being written it is probable that a part, 
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at least, of these calculations had already been made. For the 
following year there appeared in France a very interesting 
bookX on the mathematical theory of bridge. The subject is 
developed along the lines of the present chapter, but the au- 
thors, using electric calculators, have carried the work through 
to the point of giving complete tables of the probabilities of 
the various distributions, corresponding to our Tables XVII 
and XIX, for each stage of the game, before the deal, after the 
deal, and after dummy has been laid down. These calculations 
can serve as a basis for the building of a solid system of bidding. 

F. E. J. Bore1 and Andrt Chtron, ThCorie MathCmatiquc du Bridge, 
Gauthier-Villars. Paris, 1940. 
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CHAPTER XZV . 

From Chance t o  Statistics 

WE HAVE now completed our survey of the theory of proba- 
bility and of some of its more immediate applications. For il- 
lustration we have drawn on a fairly extensive list of games of 
chance, where the laws of chance appear in their simplest form. 
As previously pointed out, the theory of probability grew out 
of simple gaming problems, and its early successes were in that 
field. Today, however, its successes are spread through almost 
every field of human endeavor, and its applications to simple 
games are chiefly of interest as an ideal introduction to an un- 
derstanding of its principles and methods. 

One of the most potent and fruitful applications of the 
theory of probability is in the field of statistics, to which the 
balance of this book will be devoted. We have already given a 
tentative definition of statistics as organized facts, and of the - 
theory of statistics as the art of selecting and manipulating 
these facts in such manner as to draw from them whatever con- 
clusions may soundly be drawn. When these facts are numeri- 
cal, or can in any way be related to numbers, many of the 
powerful techniques of modern mathematics are directly ap- 
plicable. Without these techniques it must be admitted that 
statistics would be a rather dreary business. For this reason it 
is the practice to confine the sets of facts studied to those that 
can b;related to numbers, and we shall follow that rule here. 

Formal definitions of complex ideas have a way of being 
elusive, incomplete, or even misleading. No one, for example, 
has ever given a really satisfying definition of mathematics. As 
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statistics is in fact a mathematical science, it would be too much 
to expect that our definition is more than a mild indication of 
what we are talking about. One might ask, "What precisely d o  
we mean by organized facts? How do we determine whether a 
set of facts is organized or not?" One might ask how to find out 
whether or not a set of facts can in some way be connected with 
numbers. And how? The  most satisfactory answers to such 
questions are to be found in examples of statistical problems 
and their solutions. I n  this way the reader will first grasp the 
spirit of the methods used; then he will understand what sorts 
of facts are grist for the statistical mill, and why. One of 
our leading mathematicians has advised his students to read 
rapidly through a new field, even though they understand only 
the broad outlines, before getting down to the job of mastering 
it. Keeping oneself oriented in this manner is good procedure 
in any technical field. 

T h e  end result of a statistical study is a set of conclusions. 
These conclusions can usually be applied to the future and are 
therefore predictions of things to come. We noticed the same 
situation in connection with the theory of probability. T o  say 
that the probability of throwing a six with one die is $/, is 
equivalent to saying that in a long series of future throws about 
one sixth will be sixes. I n  this form of prediction we do not 
attempt to specify each individual event; we merely list the 
various possibilities and attach to each a number giving its 
frequency of occurrence. 

Suppose that we have before us a record of 12,000 throws of 
a die, and that by actual count we find that 1,980 were sixes. 
This is a statistical record on which we can base a statistical 
conclusion. Dividing 1,980 by 12,000, we find that the six came 
up  approximately once in 6.06 throws. We are tempted to con- 
clude that in a future series of throws the six will appear with 
about this same frequency, and this conclusion will be sound 
if we can satisfy ourselves that 12,000 throws is a large enough 
PO2 ' 
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sample. This question of the adequacy of a sample is basic 
in statistics, and we shall discuss i t  in some detail later. 

We have approached the problem of predicting the fall of 
dice from the point of view of both probability and statistics 
and have arrived at approximately the same conclusion. Proba- 
bility said, The six will appear about once in six throws. Sta- 
tistics said, The  six will appear about once in 6.06 throws. T h e  
difference between the two answers is small. If i t  were not, we 
should have to conclude either that the statistical sample was 
too small or that the die was not symmetrical. 

This simple example shows how closely related are the the- 
ories of probability and of statistics. We shall see this relation- 
ship even more clearly as we proceed. 

T h e  science of statistics, like a manufacturing process, begins 
with raw materials, which are the crude data, and through the 
refining processes that follow turns out the finished product, 
which should consist of whatever valuable conclusions lay 
buried in the data. Just as the manufacturer, before building 
his factory and installing his equipment, must specify in detail 
each quality of the finished product, so in statistics the first 
basic element is to know precisely what is to be investigated, to 
formulate the problem as accurately as possible. For the quality 
of the conclusions depends in part on the exactness of this for- 
mulation. I t  depends in part on the appropriateness and accu- 
racy of the data, and in part on the technical skill and "horse 
sense" that go into the handling of these data. 

Before we say anything further about the methods of statis- 
tics, and of their relation to the theory of probability, it will be 
well to have clearly in mind the nature of some of the impor- 
tant types of statistical problems. Here, therefore, is a random 
list of a few typical problems, including many that will be dis- 
cussed in this and later chapters. For convenient reference we 
have numbered the problems, and to avoid headings and repe- 
titions we have first described the data; then, in each instance, 
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we have given one or more possible fields of application for a 
statistical investigation using these data: 

1. Height of American males. 
In  tailoring or in coffin manufacturing. 

2. Roulette records. 
T o  determine whether the apparatus has a bias; in other words, 
to determine whether the laws of chance apply. 

3. Fire from mechanically held rifle. 
T o  find ways to improve various ballistic features. 

4. Railroad passenger traffic. 
T o  determine in advance the most probable service require- 
men ts. 

5. Sale of items in a retail store or mail-order house. 
T o  estimate future demand. 

6. Birth and death records of a group of the population. 
The business application of these data is to life insurance. 
They are also of value in sociology. 

7. Records of defective manufactured parts and corresponding 
cost figures. 
T o  determine the most advantageous point in the manufac- 
turing process at which to reject defective parts. 

8. Inherited characteristics. 
T o  verify and extend the Mendelian theory of heredity. 

9. Crop production and prices. 
For government to determine national farm policies. 

10. Number of kernels on an ear of corn. 
T o  find methods of maximum production. 

11. Statistics on incidence of various diseases. 
T o  formulate public health policies. 

12. Precision measurements. 
T o  determine from a set of measurements which value it is 
most advantageous to use, and to find some measure of the 
reliability of this value. 

13. Data on the length of service of employees. 
T o  set up  a system of pensions. 

14. Mining accidents. 
T o  reduce risks in mining. 

15. Responses to advertising. 
T o  determine the relative values to the advertiser of two or 
more advertising mediums. 
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16. Results of a given treatment in a given disease. 
To determine the effectiveness of the treatment. 

17. Heights of fathers and sons. 
To find the relation, if one exists, between the heights of 
fathers and sons. 

18. Income and number of offspring. 
To determine the relation, if there is one, between family in- 
come and number of offspring. 

19. Sightings of enemy submarines. 
To determine the probable position of the submarine, with a 
view to sinking it. 

These examples illustrate several distinct types of statistical 
problems, each of which merits careful discussion. One of 
the most fundamental problems of statistics is to determine 
whether or not a given sample is adequate to represent an en- 
tire population. In  statistics the word population is used in an 
extended sense to mean any class of things, whether composed 
of people or not, such as all coal mines in West Virginia. I n  
many of the problems listed as examples the first essential is 
this determination of the adequacy of the sample. Back in the 
days of the W.P.A., Surgeon General Parran made a survey of 
the health records of 2,660,000 individuals in order to deter- 
mine the effect of illness on our economy. This survey included 
people from every part of the country, from city, town, and 
farm, from every economic level, and from all age groups. As- 
suming that his sample fairly represented the total population, 
then about 130,000,000, the Surgeon General drew certain con- 
clusions, of which an example is: "Every man, woman and 
child (on the average) in the nation suffers ten days of in- 
capacity annually." The  accuracy of such conclusions is a mat- 
ter of great importance, and i t  depends above all on the ade- 
quacy of the sample of just over 2 per cent of the population 
of the country. I t  is evident from this quotation that an effort 
was made to select these 2,660,000 individuals in such manner 
as to mirror as closely as possible the population as a whole, at 
least as regards those qualities with which the investigation is 
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occupied. I n  order to accomplish this, it is necessary to take 
account of many more factors than those mentioned in this 
quotation, and no doubt many more were actually considered. 
For each factor that is taken account of, it is necessary to in- 
clude in the sample in proper proportion the corresponding 
class of individuals. (A class of the population, statistically 
considered, is merely a set of individuals having some definite 
quality in common, such as living in California, or being be- 
tween fifty and fifty-five years of age, or being unemployed.) 
Since the number of separate statistical classes that made up  
the total sample of 2,660,000 persons is large, it follows that 
the number of individuals in each of these classes must have 
been relatively small. Clearly, too, the smaller the number of 
individuals in a sample, the less reliable the sample. This is a 
point to which we shall have occasion to return more than 
once. 

Reaching conclusions about an entire population from the 
statistics of a sample is like enlarging a photograph. Small de- 
fects are magnified into serious blemishes. If a sample does not 
take proper account of the classes that make up the population 
it is supposed to represent, it is called a biased sample. This 
survey of 2,660,000 individuals, for example, would be a biased 
sample if no account had been taken of age, or of sex. 

But the failure of a sample to take account of all possible 
distinctions by no means proves that it is a biased sample. I t  is 
only the omission of essential distinctions that renders a sample 
inadequate, and it is not always evident in advance which char- 
acteristics will turn out to be essential. This indicates a funda- 
mental difficulty against which the statistician (and the critic 
of statistics) must be continually on guard. In  a sense he can- 
not know with certainty how to collect the data for his sample 
until his investigation is in an advanced stage. He may find, for 
instance, after exercising every precaution, that his data con- 
tain some unknown disturbing factor, and this may be due to 
the failure to separate in his sample two classes that should 
206 
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have been separated. When the statistician is himself in control 
of the collection of the data for his investigation, the difficulty 
is not insuperable, although it may mean a large added amount 
of labor. But when he is forced to use data collected by others, 
perhaps for entirely different purposes, and possibly years ago, 
he is in danger of finding himself with a hopeless statistical 
problem on his hands. All this requires the soundest sort of 
judgment, for which no amount of technical mathematical skill 
is an  adequate substitute. On the other hand, the statistician 
with a defective knowledge of higher mathematics will find 
that the technical aspects of the subject absorb an undue pro- 
portion of his attention and energies, to the detriment of his 
handling of the investigation as a whole. If he has no knowl- 
edge of higher mathematics, he is incompetent and has no 
business to conduct a statistical investigation. 

I n  addition to the danger of reaching false conclusions due 
to a biased sample, there is the danger of reaching equally false 
conclusions because the sample is too small. A problem of the 
same sort from a game of chance would be this: If you were 
tossing pennies with a suspicious-looking stranger and every 
toss so far had resulted in heads, how many such tosses would 
you need in order to be convinced that the stranger was tossing 
a trick coin with a head on both side3 And how many tosses 
would you need if the stranger was not suspicious looking? 
T h e  question of whether a given sample is sufficiently large is 
not only an interesting one, but one of great practical impor- 
tance in statistics, and more will be said regarding it in the 
next chapter. 

Another type of problem, illustrated in number 2 of the 
list on page 204, is to determine by a study of statistical records 
whether the phenomenon in question operates in accordance 
with the laws of chance. In  the case of roulette, the least bias 
or defect in the roulette wheel, or dishonesty on the part of 
the croupier, is sufficient to throw the statistics off from those 
anticipated by theory. In  our chapter on roulette we referred 
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to a statistical study of just this sort which was made in 1894 
by Karl Pearson, based on the record of 24,000 spins of the 
wheel. T h e  conclusion was that in certain respects the roulette 
wheel did not follow the laws of chance. 

I n  all such investigations i t  is important to keep in mind that 
the actual and the theoretical tables must agree, statistically 
speaking, in every respect. I t  is not enough to show merely 
that there is agreement on one or two major features, such as 
the fact that red and black have appeared just as often as the 
theory predicts. We must also show that the number of times 
that red appeared, say four times or nine times in succession, 
is in accord with the theory. On the other hand, if i t  can be 
shown that the ideal and the actual distributions disagree in 
any respect, we immediately compute the probability that such 
a disagreement would happen in the number of games in ques- 
tion. If this probability is extremely small, we shall be forced 
to believe that for some reason the roulette wheel is not operat- 
ing according to the laws of chance. We can then confirm this 
belief most effectively by considering other features of the com- 
parison, or by continuing the experiments, if that is possible. 

Another problem of the same sort was discussed in connec- 
tion with the game of bridge, back in Chapter XIII. T h e  ques- 
tion there was whether or not the ordinary type of shuffling 
effectively produces a random order in a deck of cards. If it 
does, then the theoretical probabilities of various distributions 
on the deal are applicable. But if it fails to produce a random 
order, then there is a disturbing element present in the fall of 
the cards on the deal, and calculations based upon pure chance 
will not apply. 

This matter of determining whether or not a given phe- 
nomenon follows the laws of chance has become one of extreme 
importance in many of the sciences. Many years ago decisive 
experiments in physics clemonstrated that changes in the 
energy of the atom, which occur when the atom gives out 
radiant energy in the form of a pulse of light or absorbs radiant 
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energy, take place according to statistical law; in other words, 
according to chance. I n  radioactivity, for example, when alpha 
particles (helium atoms) are shot out of radium, the same is 
true. The  number of particles shot out seems to depend only 
on the number of radium atoms present and follows a statisti- 
cal law. In modern astronomy we find many examples of sta- 
tistics a t  work. I t  is now known that the tremendous energy 
of the sun is sustained primarily by a remarkable closed series 
of six reactions between the atomic nuclei of the elements hy- 
drogen, helium, carbon, nitrogen, and oxygen, carried on in 
the sun's interior where the temperature is as high as 20 
million degrees Centigrade. These reactions are known as the 
carbon cycle, because of the important role that carbon plays; 
it is not consumed in the process but acts as a catalyst. The  net 
result is to convert hydrogen into helium. Each reaction takes 
place according to statistical laws. Everywhere we find incon- 
ceivable numbers of elementary particles, protons, electrons, 
neutrons, and so on, rushing about at mad speeds in apparent 
disorder, but actually in some way or other responding to the 
slow and orderly dictates of statistical law. What a radical 
change this view of things represents in less than fifty years! 

In  biology also statistics has played an important role. I n  
1866 Mendel published his observations and conclusions after 
years of experimenting in the breeding of plints. He estab- 
lished, through the statistics he had gathered, that hereditary 
characteristics are transmitted according to the laws of chance. 
This work led to the founding of the sciences of genetics and 
eugenics, with important applications to the breeding of plants 
and animals, and new possibilities for the improvement of the 
human race. Some years later Karl Pearson, whom we have 
mentioned in connection with his experiments on roulette, was 
the center of a distinguished group of British statisticians who 
vigorously applied statistical methods to the problems of or- 
ganic evolution, heredity, and related fields, making important 
contributions to mathematical statistics itself as they did so. 

209 
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This work has been carried on by Sir Ronald A. Fisher and 
his associates. 

Our next illustration, number 6 on our list, has to do with 
life insurance, with which most of us are well acquainted. 
When a life insurance company fixes the amount of your an- 
nual premium, it is using a table of statistics, the mortality 
table, to determine your chance of survival from year to year. 
T h e  form of life insurance in which the relationship between 
your premium and this table of statistics is clearest is what is 
known as term insurance. In  this type you are buying only pro- 
tection for your beneficiary, in case of your death during the 
year, while in other types the insurance company fulfills also 
the function of a savings bank. 

Suppose that the mortality table indicates that at your age 
there is 1 chance in 50 of your death during the next year. 
Then an amount of your premium equal to 2 per cent of the 
face value of your policy is what we can call the pure chance 
component. T h e  balance of your premium constitutes an  
amount sufficient to cover the operating expenses of the insur- 
ance company, and profits, if the company is not of the mutual 
type. I t  includes a safety factor as well, and this may amount to 
one quarter or one third of the annual premium. Each year, 
after the first, an amount corresponding to this safety factor is 
credited to your account with the company, usually in the form 
of dividends, so that the amount remains constant from year 
to year, unless current statistical experience requires that it be 
adjusted. A safety factor of some sort is obviously essential to 
the financial soundness of the insurance company. I t  covers not 
only possible inaccuracies in the original mortality table, but 
other contingencies such as changes in the death rate since the 
mortality table was compiled and adverse runs of luck, possibly 
due to an epidemic in which an unexpectedly large number of 
deaths occur. Such runs of luck are not at all contrary to the 
laws of chance but are predicted by them. 

Still another type of statistical problem has to do with re- 
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lationships between sets of statistical data. An illustration is 
number 18 in our list. Suppose that an investigator goes from 
house to house, perhaps in taking the census, and gathers data 
on the amount of family income and the number of children 
in the family. Corresponding to each income, say $3,000, there 
will be a certain number of families with no children, a certain 
number with one child, a certain number with two children, 
and so on. If there are fifty classifications of income, there will 
be fifty such lists of number of offspring. Or the data can be 
listed on a different plan. Corresponding to each number of 
offspring, say five, there will be a certain number of families 
with $3,000 income, a certain number with $3,100, and so on. 
T h e  problem is: Does there exist a relationship of some sort 
between the number of children in the family and the family 
income? For example, is it true that, by and large, the smaller 
the income, the larger the family? 

If we examine the data as analyzed above, and if we find 
that families with no children have, on the average, a 50 per 
cent ,greater income than those with five children, and if we 
find also that the incomes of families with from one to four 
children are intermediate between the two, and decrease with 
an increasing number of children, we shall consider this result 
as tending to confirm the theory that such a relationship exists. 
We shall not jump to a final and certain conclusion in the mat- 
ter, because statistical conclusions depend on probabilities and 
therefore carry the same uncertainties. If you take a coin from 
your pocket, toss i t  five times, and get five heads, you will not 
immediately conclude that the coin is biased. You will know 
that in the long run you will obtain this result once in every 
thirty-two trials. 

When there is a statistical relationship between two things, 
such as the family income and the number of children, or the 
heights of fathers and their sons, we say there is a correlation 
between the things. Of what does this correlation basically con- 
sist? Well, there are three conceivable ways in which things 
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may exist with reference to each other. First, they may have 
no relationship at all. Obviously, we should be a strange-look- 
ing race of people if heights and weights were entirely unre- 
lated. Second, the relationship between two things may be 
hard and fast-the greater the cubic content of a lump of 
lead, the more it weighs, to give an obvious illustration. If 
this were the relationship between the physical human charac- 
teristics of height and weight, then it would follow that a 
change of height necessarily corresponded to a change of 
weight. But there is, third, the statistical relationship, in which 
the relationship is not hard and fast, but a statement of proba- 
bilities. Thus, greater height probably means greater weight in 
a human body. There is a correlation between them. 

We can express these three types of relationship in a visual 
way that is easily conceived. If, on an ordinary graph, we plot 
one of the two quantities that we are comparing horizontally, 
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and the other vertically, we shall get three very different look- 
ing results, according to which of the three types of relation- 
ship holds. If there is a hard and fast relation between the two 
quantities, and to each value of one there corresponds one and 
only one value of the other, the chart will contain a single 
straight or curved line. If there is a statistical relation, the dots 
will fall into a sort of band, which may be either straight or 
curved. Such a configuration is called a "scatter diagram," and 
an example is given in Figure I. If there is no relation whatever 
between the two quantities, the dots will be scattered about the 
diagram in a random fashion. 

It may be in order to  point out at once that because two 
quantities show a high degree of correlation this does not neces- 
sarily mean that there is more than a purely accidental or an 
indirect relationship between them. For example, if we had 
before us a table showing in one column the height of corn in 
Illinois for each day of spring and early summer, and, in an- 
other, the amount of money spent by Illinois people for vaca- 
tions, we would find that there was a fair degree of correlation 
between these two quantities, and a scatter diagram would give 
a well-defined band of dots. But it is clear that there is no direct 
relationship involved. 

Problem 17 on our list also concerns correlation. I n  a study 
of 1,078 British fathers and sons, given by Karl Pearson, it is 
shown that there is a correlation between the heights of fathers 
and sons. T h e  betting odds favor a tall father's having a tall 
son, and a short father's having a short son. These odds are 
fixed by the appropriate statistical investigation. A few of 
Pearson's results are as follows: The  average height of fathers 
was 5 feet 7.7 inches, that of sons, 5 feet 8.7 inches. The  most 
probable height of the son of a father 6 feet tall turned out 
to be 5 feet 11.7 inches, that of the son of a father 5 feet 6 inches 
tall, 5 feet 8.6 inches. 

A logical extension of Problem 17 would be obtained by 
taking account of the height of the mother as well. A typical 
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result would be: T h e  most probable height of the son of a 
father 6 feet tall and a mother 5 feet 2 inches tall is 5 feet 
9 inches. (This figure is necessarily fictitious, as I do not know 
of any such investigation.) The  problem could be still further 
extended by including the heights of daughters. 

Several of the problems on our list, such as numbers 3 and 
12, have grown out of laboratory experiments of one sort or 
another, and the same is true of the majority of the applica- 
tions of statistics to science. I n  these cases the original data are 
almost invariably collected with a view to the statistical prob- 
lem. They are usually the result of carefully planned and skill- 
fully executed scientific experiments, and when this is the case 
the statistician's first problem is solved for him. 

I t  is not necessary to say more than a word here about that 
part of statistical method which coincides so closely with the 
general experimental method in science. In a typical controlled 
experiment, the object is to determine whether or not a varia- 
tion in one factor produces an observable effect. An example is: 
Can cancer in mice be inherited? Two groups of mice, as simi- 
lar as possible, except for the fact that one group is cancerous, 
are subjected to conditions as identical as possible. Statistical 
records are kept for each group over hundreds or even thou- 
sands of generations. These records constitute the statistician's 
data. I t  is then up  to him to determine whether or not these 
data indicate that under these conditions cancer in mice can be 
inherited and, of equal importance, to attach to his conclusions 
an estimate of their reliability. 

When a relation of a statistical character is established be- 
tween two or more things, it is called a statistical law. As this 
concept is at the root of all statistical thinking, and as it differs 
in important ways from other concepts of laws in science, we 
shall need to examine some of the characteristics of the notion 
of statistical law. 

One of the great classical ideas that led to the development 
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of modern science, as we know it, is that of natural law. Ac- 
cording to this conception, a given set of circumstances lead 
without fail to a definite result which is stated by the law. New- 
ton's law of gravitation is of this type, as is Einstein's law of 
gravitation. Such natural laws as these predict an event, when 
they predict it at all, in the form of a certainty. I t  is not stated 
that probably there will be a total eclipse of the sun on Feb- 
ruary 26, 1979, visible in Canada. T h e  eclipse is definitely 
predicted, and the exact time of day, down to the second, is 
specified well in advance. If it turns out that the eclipse takes 
place one or  two seconds early or late, the discrepancy is attrib- 
uted to the extreme mathematical difficulty of the problem, and 
to  possible unknown factors, and not to the presence of a 
chance element. 

On  the other hand, as we have seen, there is a second and 
quite different manner of predicting future events that modern 
science has found it necessary to adopt. For "the event will 
happen" this new type of law tells us "the chance that the event 
will happen is 1 in so many." I n  his famous prediction that a 
ray of light would be deflected by a heavy body such as the 
sun, Einstein was using the first of these forms. In predictions 
of other sorts of things, such as the next throw in a game of 
craps, the second of these forms is used. 

I n  discussing how gases, like air, behave under certain condi- 
tions (when compressed, for instance) we should, strictly speak- 
ing, state our conclusions in a similar form, as probabilities. 
For gases are composed of enormous numbers of tiny particles 
moving at high speeds and continually colliding with one an- 
other, and the laws governing their behavior are statistical 
l a w ,  which always lead to conclusions that require the adjec- 
tive probable. As Eddington so well puts it, a pot of water on 
a fire "will boil because it is too improbable that it should do 
anything else." When the number of particles is extremely 
large, as in the case of the gas or the water, these conclusions 
may be so very probable that they need to be distinguished 
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from certainties only when we are interested in the why of 
things, rather than the how. A cook who spent her time in 
pondering over the probability that her dishes would come to 
a boil would be more of a philosopher than a cook. 

This first conception of natural law, which makes precise 
predictions, leads to the point of view called determinism. 
This doctrine states that the condition of the world at any one 
moment determines its condition at any future moment. This 
is not to imply that any living person has sufficient knowledge 
or penetration to make such a determination for more than a 
small, idealized fragment of the world; it is merely stated that 
all necessary data for the purpose are contained in a complete 
survey of the world at any instant. 

This doctrine of determinism is quite distinct from that of 
fatalism, with which it is sometimes confused. The central idea 
of fatalism is that the events of this world are preordained. 
The fall of a drop of rain takes place not because of natural 
law but, in a sense, in spite of it. Fate has ordained that the 
drop should fall and has specified exactly how. In neither of 
these doctrines when pushed to their logical limits, is there a 
place for human choice, or free will. 

In discussing many types of problems, for example how 
helium atoms are shot out from radium, science has had to 
leave room for the element of chance. The events of tomorrow 
are not quite determined by those of today. Certainties are re- 
placed by a number of possibilities, only one of which will be- 
come the fact of tomorrow. 

In the world of determinism, there is only one candidate 
running for each office; he is certain to be elected, and if we 
can find out his name and what office he is running for, our 
knowledge is complete. In the world of chance there are sev- 
eral candidates for each office, and we need to know also their 
individual prospects of election. 

It  is natural to inquire how it is possible for these two views 
%>f the world to live happily alongside each other. For certainly 

216 



FROM CHANCE TO STATISTICS 

it is hard to believe that part of the world works one way, part 
another. And if all of it works the same way, which way does it 
work? 

Until recent years physicists were almost unanimous in ac- 
cepting the deterministic view as the correct one. They re- 
garded the statistical approach as a valuable but artificial 
working technique, which provided a practical short cut in 
problems too complex for the human mind to spell out in full. 
Today, as we saw earlier in this chapter, statistics plays a major 
role in physics, and the majority of physicists believe that sta- 
tistics, after aI1, was the invention of nature instead of man. 



C H A P T E R  XV 

Chance and Statistics 

STATISTICS are tables of past facts. They may be compared in 
usefulness to the materials for a house that is about to be built. 
If the building materials consist of odd piles of stone, bricks, 
and lumber, the resulting house is likely to resemble a crazy 
quilt. It is only when the architect's plan is consulted, and 
when specifications and quantities for the material of each 
kind are laid out in advance, that a sane sort of house is con- 
structed. The  same is true of a statistical investigation. Unless 
the building materials, in the form of the data, are collected in 
the light of a unified plan, the resulting structure is not likely 
to have either stability or beauty. 

The  science of statistics thus consists of three indispensable 
parts: collecting the data, arranging them in the form of statis- 
tical tables, and, finally, utilizing and interpreting these tables. 
I t  is in the last of these steps that a mathematical technique is 
essential; frequently the data have been collected before the 
statistician begins his work. They may, for instance, cover a 
great many years. So, when the statistician does not collect his 
own data, his first step is to study the exact conditions under 
which the facts he has been given were gathered. If it is not 
possible to know these conditions accurately, the entire subse- 
quent statistical structure will have to rest on an insecure foun- 
dation and be interpreted accordingly. 

The  science of statistics is permeated with the ideas of the 
theory of chance, from the first steps in collecting the data to 
the drafting of the final conclusions of an investigation, and in 
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order to understand enough of this science to follow and to 
appreciate its widespread applications, it is necessary to look a 
little more closely than we have at the mechanism through 
which this union of ideas is accomplished. This we propose to 
do in the pages of this chapter. Since statistics is, after all, a 
technical subject, we shall not be able altogether to avoid cer- 
tain topics that border on the technical. We shall discuss, for 
example, the methods that the statistician uses to study the 
play of chance forces that lie behind the statistical data before 
him, methods that draw on the theory of games of chance that 
we reviewed in the earlier parts of this book. I t  is only by doing 
so that we can grasp the true spirit of statistics and be prepared 
to trace, in succeeding chapters, its influence in many fields. 
T h e  statistical machine has, furthermore, like many well-oiled 
mechanisms, a fascination of its own for those who take the 
trouble to watch it at work. 

Crude facts are the raw materials of statistics; from them 
is evolved the finished product, usually a table of chances. A 
crude fact is a simple statement of a past event, such as "John 
Smith died yesterday at the age of forty." From large numbers 
of such crude facts the insurance actuaries, for example, have 
constructed mortality tables, which serve as a basis for comput- 
ing the amount of your life insurance premium. This basic 
table gives the chance that a person of such and such an age 
will survive at least so many years. I t  tells us, among other 
things, that of one hundred babies born now, about seventy 
will be alive forty years from today. I n  other words, the chance 
that a child born now will reach the age of forty is approxi- 
mately 7 in 10. 

The  choice of the crude facts that are admitted into the sta- 
tistical table determines the scope and meaning of the resulting 
mortality table. If we compare the English, French, and Ameri- 
can mortality tables, for example, we shall find no two of them 
alike. Each reflects the enormously complex factors, some of 
them peculiar to the country in question, and all of them be- 
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yond the powers of direct analysis, which determine the span 
of life. 

If we include in the table only individuals who have been 
medically examined, and whose general health is determined 
to be above a specified level corresponding to the actual proce- 
dure in writing life insurance, the table will be significantly 
modified. If we admit into one statistical table only data con- 
cerning males, and into another only data concerning females, 
we shall find that the resulting mortality tables have important 
differences. If we construct mortality tables according to the 
occupations or professions of those whose vital statistics are 
included, we shall find, similarly, a number of distinct tables. 
If we adopted one of a large number of other classifications, 
there would result still other mortality tables. Which classifica- 
tions are used in practice depends on the purpose for which 
the mortality tables are intended. T h e  important thing is that 
the selection be made with this purpose in view. T h e  corre- 
sponding thing is true not only in actuarial statistics, which is 
concerned with all forms of insurance, but in other statistical 
applications as well, whether the subject be biology or business. 

Statistical tables are, then, the fruits of experience. They 
lead to the determination of probabilities which would other- 
wise be hopelessly inaccessible. We have seen, in the earlier 
parts of this book, that in many games of chance it is possible 
to compute the probabilities of the game entirely independ- 
ently of all experience. After this has been done, these prob- 
abilities can be compared with the results of experience. T o  do 
this we used the "law of large numbers." We could also have 
started out by observing over long periods the fall of the cards 
or dice, constructing statistical tables, and finally obtaining 
from them the probabilities that we were looking for. I n  other 
words, we could have approached the subject from the statisti- 
cal point of view. 

I n  cases where it is possible to compute the probabilities in 



C H A N C E  AND STATISTICS 

advance, as in simple games of chance, such an approach would 
be needlessly tedious and clumsy. But in more complicated 
matters experience, in the form of statistical tables, is the only 
possible road to a knowledge of the chances involved. I n  com- 
puting mortality tables, for instance, there can be no question 
of finding a priori probabilities. The  causes that determine 
length of life are so complicated that we cannot even imagine 
what an analysis into "equally likely cases" would mean, 
although we see very clearly what they mean in throwing dice 
or dealing poker hands. In  these complex situations we sub- 
stitute statistical probabilities, determined by experience. 

Not only are statistical tables the fruits of experience, but 
they are the fruits of large numbers of experiences. These ex- 
periences may consist of a great many repetitions of some event, 
as when one person throws dice a large number of times, or 
they may consist of the combined dice throwing of a large num- 
ber of persons. I n  life insurance tables, the experience is neces- 
sarily of the second kind; for no one can die repeatedly, no 
matter how willing he is to sacrifice himself for the benefit of 
science, or of the insurance companies. I n  games of chance we 
have been able to predict with confidence how a player will 
come out in  the long run, or how a very large number of play- 
ers will come out in a single trial. Similarly in statistics, if our 
tables are based on a very large number of experiences, we can, 
in many cases, predict with confidence what will happen in the 
long run, whether we are concerned with an individual repeat- 
ing an experience, or with a group of individuals. 

This, perhaps, sounds too generalized, but its actual applica- 
tion to statistical problems is not difficult. Suppose that we 
have before us a table giving the heights of one hundred thou- 
sand American males, selected at random, and that we are in- 
terested only in learning something about the average height of 
Americans. I t  is simple enough, although a trifle tedious, to add 
all the heights together, and divide by their number, which is 
100,000. This gives us the average height of the males in our 
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sample. What have we learned by doing this? Can we assert 
that the average height of adult American males is very close 
to 5 feet 8 inches, if that is the result of averaging the sample? 
Before being able to make such an assertion with confidence, 
we should have to satisfy ourselves on several points. 

We have been informed that our table of heights contains 
individuals "selected at random." If we are conscientious statis- 
ticians, or critics of statistics, we shall never pass this by with- 
out somehow assuring ourselves that the phrase "selected a t  
random" means approximately the same thing to the person 
or persons who collected the facts for the table, as it does to 
us. We are faced with the question, raised in the preceding 
chapter, of determining whether a given sample is adequate to 
represent the entire population. Above all we should like to 
know on precisely what basis one man out of every four hun- 
dred was selected, and the other three hundred and ninety- 
nine omitted. With this information at hand, we shall soon 
be able to decide whether our idea of random selection cor- 
responds to that used in making the table of heights. I n  the 
absence of precise information on this point, there are many 
questions to which we should require answers before being 
willing to attach weight to our conclusions: Does the sample 
correspond in geographical distribution to that of the popula- 
tion of the country? Does it include a representative distribu- 
tion of ages? How many men of foreign birth are included? 
How many Negroes? Does the table show a preference for any 
particular class, social or occupational? On the other hand, if 
we knew that the selections were made by drawing names from 
boxes containing all the names, or in some equivalent way, we 
should feel satisfied that we are dealing with a fair sample. 

Next, we ask whether a random sample of one hundred 
thousand is large enough for our purpose. We are attempting 
to reach a conclusion as to the adult male population of the 
United States, amounting to forty-odd millions of individuals, 
by using a sample containing measurements of only one hun- 
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dred thousand, or 0.25 per cent of the whole. Before this 
question can be answered at all, it is necessary to know the ac- 
curacy that is required of us. If it is required to know merely 
whether the average height of an American falls between 5 
feet and 5 feet 6 inches, or between 5 feet 6 inches and 6 feet, 
it is clear enough that a small sample is all that is needed. If it 
is required to determine this average height closely enough to 
feel confident that we know it to the nearest inch, a much 
larger sample is necessary, and so on. 

Once given the degree of accuracy that is required of us, 
there remains the problem of determining whether or not the 
sample of 100,000 measurements is large enough to furnish 
it. This problem is typical of a whole class of statistical ques- 
tions, to answer which a part of the mathematical theory of 
statistics has been built. We are not concerned here with the 
precise mathematical methods used to solve such problems; 
they belong to the professional kit of the statistician and are 
set forth in technical treatises. We are concerned rather to 
catch the spirit of the methods, to grasp the character and sig- 
nificance of the conclusions reached, and above all to under- 
stand the precautions that must be taken before accepting these 
conclusions. 

We have before us the list of 100,000 measurements of 
heights, and we have also the average of these heights. In 
amateur statistics, the study of an experience table usually be- 
gins and ends with taking the average. While it is true that 
the ordinary arithmetical average is an important first step, 
it is but one of several essential characteristics of a table, and i t  
is seldom true that the average alone is of value. 

I t  is by considering also features of the table other than 
the simple arithmetical average that the statistician reaches his 
conclusions as to the adequacy of the sample of 100,000 heights. 
His next step is to compute a quantity called the standard de- 
viation, which measures the extent to which the heights are 
scattered about their average, in other words their dispersion. 
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T h e  amount of dispersion is evidently of major importance 
in the interpretation of the sample. We shall not stop here, 
however, to explain in detail how the standard deviation is 
computed; this will be done later in connection with a simple 
example, where the process can be easily illustrated. We shall 
merely remark that the standard deviation is itself an average. 

I n  practice, when the statiseician is confronted by a mass of 
data, such as the 100,000 heights, before making any computa- 
tions whatever he arranges them in a frequency table. T o  do 
this he first chooses a limit of accuracy in listing the data, which 
he calls the class interoal. Let us assume that in this case he  
selects half an inch. Then he enters opposite the height 68 
inches, for example, the number of heights in the original 
data that lie between 67.75 inches and 68.25 inches. By making 
this table he shortens considerably the labor of computing the 
average; for he can first make a fairly accurate guess as to its 
value and then find out, by a mathematical process, how far 
off this guess is. 

After entering each of the 100,000 heights in its appropriate 
place, he has before him what is known as a frequency distribu- 
tion. This is the same kind of table as the one given on page 
232. I t  tells a t  a glance how many men out of one hundred 
thousand in the sample are within 1/, inch, in either direction, 
of any one particular height, say 6 feet. I t  also tells at a glance 
the most popular or "stylish" height, called the mode, opposite 
to which the greatest number of individuals are entered. 

Suppose, for example, that opposite 6 feet, or 72 inches, we 
find the figure 2,000. This means that %,,, or 2 per cent, of 
the individuals in the sample are 6 feet tall, to the nearest 
5 inch. Assuming that the sample adequately represents the 
entire population, we can express this result as follows: T h e  
probability that an American male selected at random is 6 feet 
tall to the nearest 1/2 inch is 1 in 50. For each possible height 
other than 6 feet we can discover the corresponding probability 
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in the same simple way. Thus our statistical table has led us 
to a table of chances. 

What we wish to emphasize here is that the statistician's 
conclusion, when he reaches it, is in terms of chance or prob- 
ability. He tells us the probability that the average value of 
5 feet 8 inches is correct to within a certain amount, say so 
of an inch. He may say, "The betting odds are even that the 
true value of the average for the entire population is within 
xo of an inch of that of your sample. I t  follows that the 

I betting odds are 4% to 1 that it is within +$ of an inch, 
and 100,000,000 to 1 that it is within ?/lo of an inch." This 
is the sort of answer that we might have expected in the be- 
ginning and, in fact, the sort that should satisfy us the most. 

When statistics answers a question for you, always look for 
a tag of some sort carrying a reference to chance. Its absence 
is a clear danger signal. 

In  order to see as clearly as possible the intimate relation 
that exists between statistics and the theory of chance, let us 
examine a situation of an entirely different sort, where we 
shall obtain a glimpse of a statistical law in action. When a 
rifle is fired at a target, the shots group themselves in a pat- 
tern that is more or less spread out; no matter how good a shot 
is behind the gun, there is always a certain amount of this 
spreading, or dispersion. After a few shots have been fired, the 
marks on the target are usually quite irregularly placed; there 
is no semblance of order. 

If, however, many rounds are fired, there appears a defi- 
nitely ordered pattern. There is a center about which the shots 
are densely packed in all directions; farther from it there are 
less and less shots, until finally a circle is reached outside of 
which there are none at all. (We are assuming that the rifle- 
man is a good enough shot to hit the target every time, or, 
what comes to the same thing, that the target is large enough 
for him to hit.) This center may or may not coincide with the 
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bull's-eye. When it does not, there is a. systematic error of some 
sort, such, for example, as an error in the sights. On the other 
hand, the errors that cause the spreading about the center of 
the pattern are called accidental; they are due to one or more 
of a large number of causes, each small in itself: unsteadiness 
af hand, eccentricities of vision, variations of charge, irregular 
.currents of air, and many others. The  important thing about 
these accidental errors is their indifference to direction. Each 
one is as likely to be above as below the center of the pattern, 
to the right as to the left of it. 
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I n  this illustration, which is typical of one class of those 
to which the statistical method can be applied, we see order 
emerging out of chaos. T h e  more complete the underlying 
confusion, the more perfect the resulting order. Moreover, the 
ordering process is a progressive one; as more and more rounds 
are fired, it becomes more and more pronounced. 

Precisely what is meant when it is said that the shot pattern 
is in accord with statistical law? Does it mean that the group- 
ing of the shots about the center can be predicted in advance 
of the firing? Clearly not, for, apart from the systematic er- 
rors, nothing would then distinguish the expert shot from the 
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man who has never had a rifle in his hands. Let us leave aside 
the systematic errors, which are utterly unpredictable and 
which can, for our purposes, be eliminated. Then the answer 
to our question is as follows: By use of the fact, mentioned 
above, that the accidental errors are indifferent to direction, 
and of one or two additional assumptions of a technical na- 
ture, it can be shown that the grouping of the shots is described 
by a statistical law known as Gauss's Law of Errors. 

The  mathematics involved in arriving at this result is beyond 
the scope of this book. I t  is important to understand, though, 
that such a law exists. 

Gauss's law expresses the number of errors of each different 
size that will occur in the long run. I t  says that the smaller 
the error, the more frequently i t  will occur (the greater its 
probability, in other words) and that the probability of larger 
errors is progressively smaller. The  curve drawn in Figure 
I1 above is an illustration of Gauss's law. Every law of this 
nature contains, in addition to one or more variable quantities, 
the familiar x, y, and so on, of algebra, a few undetermined 
numbers. These numbers vary from one problem or from one 
application to another, but are constants throughout each in- 
vestigation. A little reflection will show that the presence of 
such numbers is essential. Something in the law must serve as 
a measure of those characters that distinguish each individual 
case. Something must distinguish between one measuring ma- 
chine and another, between one observer and another, between 
one rifleman and another. 

I n  Gauss's law there are four of these undetermined num- 
bers. Two of them depend on the position on the target of 
the center of the pattern; the third and fourth depend on the 
amount of spreading, or dispersion, vertically and horizontally, 
and are a measure of the accuracy of rifle and rifleman. Again 
we come across the standard deviation! As we have already 
assumed that the center of the pattern coincides with the point 
aimed at, the first two of these numbers are in fact deter- 
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mined. There remain the third and fourth, which must be 
found statistically; that is, by actual firing at the target. If this 
were not so, if these latter numbers were determined by the 
statistical law, we should know at once that a mistake of some 
sort had been c~mmitted; for merely assuming the existence 
of accidental errors could not conceivably tell us anything 
about the marksmanship of the rifleman. 

We have not as yet introduced the idea of statistical prob- 
ability. T o  do so we can imagine the target to be divided into 
small squares, or, still simpler, into concentric rings about the 
center, in accordance with the usual practice in target shoot- 
ing. I n  the latter case it is essential to assume that no systematic 
errors are present. Suppose now that a large number of rounds 
are fired, say 100,000, and that the number of shots in each 
of the rings is counted. The  statistical probability of hitting 
any one of the rings is the number of shots in that ring, divided 
by the total number of shots, 100,000. Suppose that there are 
six rings (including the bull's eye) and that the number of 
shots in the one containing the bull's-eye is 50,000, the numbers 
for the others being successively 30,000, 10,000, 6,000, 3,000, 
1,000. Then the corresponding probabilities are 4!, 3/10. 
s o ,  6/100, 3/100, and 1/100. If the firing is continued, the 
betting odds are even that a given shot lands in the bull's-eye, 
7 to 3 against its landing in the next ring, and similarly for 
the others. In  practice, these probabilities will follow closely 
those indicated by Gauss's law. 

Thus the statistical approach to target shooting has led us 
to a definite set of chances and so to a prediction of the future 
fall of the shots. But this prediction will hold good only as 
long as the gunner holds out; it is subject to all the frailties 
that his flesh is heir to. He may become fatigued, or get some- 
thing in his eye, or one or more of a thousand other things 
may happen to spoil his aim. If we eliminate him altogether 
and imagine the rifle mechanically held in position, as is done 
in the munition plants, our results have to do with the quality 
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of arms and ammunition, instead of arms and the man, and 
are less subject to sudden and unpredictable variations. 

Let us compare briefly the important features of these two 
statistical situations that we have used as illustrations: the 
stature of American males, and the shot pattern on the target. 
We shall find that they correspond rather closely. T o  the center 
of the shot pattern corresponds the average height of American 
males, as computed from the sample of one hundred thousand 
individuals. T o  the scattering of the shots about the center, 
which we called the dispersion, corresponds the spread of 
heights about the average. Furthermore, we have seen that 
the tiny accidental errors responsible for the spreading of the 
shot pattern are as likely to deflect the shot upward as down- 
ward, to the right as to the left, and that as a consequence 
the grouping of the shots follows Gauss's Law of Errors, a form 
of statistical law. In  the case of the heights of American males, 
we cannot speak of "accidental errors," for the phrase would 
have no meaning. But it is nevertheless an experimental fact 
that the grouping of the heights about their average closely 
follows Gauss's Law of Errors. 

When the numbers in a statistical table (arranged as a fre- 
quency distribution) follow the Law of Errors, it is called a 
&mil  or symmetrical distribution. The  general appearance 
of such a distribution, illustrated in Figure 11, shows that the - 
values are symmetrically placed about the vertical line that 
represents the average of all the values, which explains why it 
is referred to as symmetrical. 

Thus the scattering of the shots and the distribution of the 
heights both follow Gauss's law. But it is to be particularly 
noticed that while, in the case of the rifle firing, it was possible 
to say in advance of the actual firing that this law would be 
followed, no such statement could be made in the case of the 
measurements of heights. In  the latter case, this fact was dis- 
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covered after the measurements had been made and entered 
in the table. 

In  a simple game of chance, as we have seen, it is possible 
to predict in advance of any trial or experiment not only what 
sort of distribution of possible cases will result-that is, what 
statistical law is followed-but the relative frequency of occur- 
rence, or probability, of each of these cases. This is going one 
step furthcr than it was possible to go in considering the target 

FIGURE 111. SKEW FREQUENCY DISTRIBLITION. The original data 
represent sales from a mail-order catalog. The curve represents 
the result of averaging and smoothing the data by the appropri- 
ate methods. 

shooting. We can therefore arrange the three situations in or- 
der of increasing complexity as follows: simple game of chance, 
target shooting, table of heights. 

We have previously encountered many examples of simple 
games of chance, and still another will be given shortly. As 
examples of the second of these classifications, we have all 
varieties of gunnery and artillery and the theory of measure- 
ments. Under the third classification come the great majority 
of statistical situations, in insurance, in the sciences, in business. 

I t  would be a great mistake to conclude that, because the 
distribution of men's heights follows Gauss's law, this is usually 
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the case in similar statistical studies. If we had weighed the 
hundred thousand individuals, instead of measuring their 
heights, we should have obtained a distribution that is not 
symmetrical. Such distributions are called asymmetrical or 
skew (see Figure 111). 

This fact about weights impresses most people as astonishing. 
"If heights form a symmetrical table or curve," they say, "why 
don't weights?" Their feeling is akin to that of the majority 
of mathematicians and statisticians for several decades follow- 
ing the death of Gauss. Because the exact assumptions required 
to produce Gauss's law had not yet been completely formu- 
lated, and because the authority of the great Gauss hung heav- 
ily on them, they tried their best to force all statistical series 
into the mold of the Gaussian Law of Errors. All true statistical 
series must be symmetrical, they argued, and concluded that 
asymmetrical series cannot represent true statistical data. They 
assigned various sources of the difficulty, that the data are in- 
adequately analyzed, or that the number of cases is not large 
enough, for example. Such a situation does not exist in tossing 
coins or in throwing dice, where the distribution becomes more 
and more symmetrical the larger the number of trials. We shall 
see an example from dice throwing farther on. But isolated 
instances do not justify the conclusion that all statistical series 
are symmetrical. The overwhelming majority actually are not. 

Let us try to rationalize the situation, at least partially. I n  
obtaining the Law of Errors, which is symmetrical about the 
average, the assumption was made that the small elementary 
errors are as likely to be in one direction as in the opposite 
direction. Suppose that we were to assume, on the contrary, 
that each error is twice as likely to be in one of the directions, 
say north, as in the other, south. Then there would be a piling 
up of errors to the north. T h e  curve would not be symmetrical. 
This example is sufficient to indicate that the symmetrical is a 
special case. 

All varieties of skew distributions are met with in statistical 
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practice. In  a normal distribution (one that follows Gauss's 
law), more of the values in the table are packed closely about 
the average than about any other number. This means that the 
highest point of the curve shown in Figure 11 corresponds to 
the average of the table from which the curve was constructed. 
I n  a skew distribution the average value and the highest point 
of the curve, the mode, do not coincide, as indicated in Figure 
111. 

Perhaps we can best illustrate the important features of a 
statistical table, or frequency distribution, by using an example 
from the realm of games of chance, approached this time from 
the statistical or empirical point of view. Table XXIV gives the 
results of a widely known experiment in dice throwing made 
by W. F. R. Weldon, which was conducted as follows: Twelve 
dice were thrown 4,096 times; when the 4, 5, or 6 came up on 
any die, it was entered as one success, and the number of suc- 
cesses in each throw was recorded. 

TABLE XXIV 

Theoretical number 
of throws: 

For example, the fourth column of the table reads three suc- 
cesses against 198 throws; this means that on 198 of the 4,096 
throws, exactly three of the twelve dice showed a 4, 5, or 6. 

T h e  average number of successes, as computed from the 
table, is 6.139. We shall pass over, for the time being, the de- 
tails of this calculation. The method of computing the average 
of a frequency distribution, in general, will be illustrated in the 
next chapter. But we can also compute this average without 
reference to experiment, since we are dealing with the simple 
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game of dice. I t  is 1/2 X 12, or 6.000; the discrepancy between 
theory and practice is 0.139. 

T h e  proportion of successes, in other words the probability 
of success, indicated by the experiment is 6.139/12, or 0.512. 
The  theoretical chance of success is evidently S, or 0.500 
(three favorable cases out of a total of six cases). T h e  disaep- 
ancy between theory and experiment is 0.012. 

This comparison between theory and practice, as far as it 
goes, seems to indicate at least a fairly close accord. But we are 
far from having a real measure of the agreement between the 
two sets of figures, and we are not yet prepared to answer 
the question, Are the results of the Weldon dice-throwing ex- 
periment in accord with the laws of chance? The answers to 
questions of this sort are of the greatest importance in many 
statistical problems, as we have already seen, and it is time that 
we indicate in more detail one of the methods that the statisti- 
cian uses in attacking such problems. 

We have studied the Weldon experiment up  to this point 
as a frequency distribution consisting of 4,096 repetitions of a 
certain event, namely throwing twelve dice at a time. We have 
computed the average of the table, which tells us the average 
number of successes per throw, and from it the statistical prob- 
ability of success, as indicated by the experiment. Both these 
quantities, as we have seen, are slightly in excess of the theo- 
retical figures. But we have observed several times, in these 
pages, that the throw of each die is independent of that of the 
others, and therefore that throwing twelve dice once is the 
same thing, as far as the theory of chance is concerned, as 
throwing one die twelve times. I t  follows that we can equally 
well regard the Weldon experiment as consisting of 12 X 4,096, 
or 49,152 throws of a single die. As the chance of success on each 
throw is 1/,, the most probable number of successes is 1/2 X 49,- 
152, or 24,576. Let us first of all compare this with the actual 
number of successes observed. T o  find the latter we must multi- 
ply each number in the first line of Table XXIV by the corre- 
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sponding number from the second line. This gives (0 X 0) + 
(1 x 7) + (2 x 60) + . . . and so on, and the total is 25,145, 
which is a deviation from the expected value of 569 in excess. 

Our problem is this: Is a deviation of 569, or 2.3 per cent, 
one that might be expected to occur, according to the laws of 
chance, reasonably often, or is it so rare a phenomenon as to 
constitute one of those "unbelievable coincidences" referred to 
in  Chapter IV? 

In  order to find the answer we must first accurately define 
and compute the standard deviation which, we recall, measures 
the scattering or dispersion of a set of numbers about its aver- 
age. As the standard deviation is the square root of a certain 
average, we define first its square. T h e  square of the standard 
deviation is the average of the squares of the deviations of the 
numbers in the set from their arithmetical average, or mean. 
The  positive square root of the quantity so computed is the 
standard deviation itself. 

A simple example will make this clear. Suppose that there 
are four men in a room whose heights are 65, 67, 68, and 72 
inches. T h e  average of their heights is 68 inches. The  deviations 
of the heights from this average are respectively -3, -1, 0, and 
+4. T h e  squares of the deviations are +9, +1, 0, and +16, 
and their sum is 26. Their average is one fourth of 26, or  6.5. 
T h e  standard deviation is therefore the positive square root of 
6.5, which is equal to 2.55. 

Now that we know how to compute the value of the standard 
deviation, we are close to the answer to our question. Our next 
step requires us to make a new assumption, however, regarding 
our experimental data. We must assume that the frequency 
distribution is one that closely follows the normal distribution 
(Figure I1 on page 226). If this is not true, the method that 
we are following requires modification. But if the data repre- 
sent a series of independent events with constant probability, 
as in throwing dice or tossing coins, it is proved mathematically 
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that the distribution is close to normal, provided that the num- 
ber of trials is large, and that the probability of success in each 

I 
is not too small. We are therefore safe in proceeding with our 
study of the Weldon experiment. 

Under these conditions a quantity known as the probable 
error is of great statistical significance, and it is found from the 
standard deviation by multiplying the latter by 2/3 (more 
accurately 0.6745). Its significance and value are due to the 
following fact: The  probable error is a deviation in either 
direction from the average such that the betting odds that a 
deviation, selected at random, will exceed it are even. If, then, 
we find in an experiment like that of Weldon that the total 
number of successes differs from the expected number by two 
thirds of the standard deviation, as computed from the ideal 
frequency table furnished by the theory of the experiments, we 
shall know that in the long run such a deviation should happen 
about one time in two. But the odds against a deviation greater 
than a given multiple of the probable error increase very r a p  

' 
idly with increasing values of the multiple, as shown in the 
following table:' 

TABLE XXV 

Multiple of 
Probable Error 
(plus or minus) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

Odds against a Larger 
Deviation from the 

Expected Value 
1 -1 
4.5-1 

21 -1 
142 -1 

1,310 -1 
19,200 -1 

420,000 -1 
17,000,000 -1 

100,000,000 -1 

+ H. C. Carver, Handbook of Mathematical S taht ics  ( H .  L. Rietz, Ed.), 
Houghton Mifflin Company, Boston, 1924, p. 100. 
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The  first line of this table merely repeats the definition of the i 
probable error as that deviation (in either direction) on which 
i t  would be fair to bet even money. T h e  second line, however, 
tells us something new. I t  states that the probability that a 
random deviation will exceed (in either direction) twice the 
probable error is 115.5 (odds 4.5-1 against). And the last line , 
states that there is only 1 chance in about 100,000,000 that the 
deviation will exceed nine times the probable error. 

This table is in reality an extract from a more complete one, 
that gives the probabilities of deviations of fractional multiples 
of the probable error as well as whole-number multiples of it. 
But it is sufficient to show us how very rapidly the probability 
of a deviation decreases with the size of the deviation. 

We need now to know how large the probable error is, as 
predicted by the theory of chance, for a series of 49,152 throws 
of a die, the probability of success on each throw being 1/,. 

Fortunately, this has been worked out for us by the mathe- 
maticians, and we need only take their results and apply them 
to the case before us. Here is what they have found: If you 
make a series of any number of trials, say n, each with prob- 
ability p of success, q of failure (p + q = l), and if these trials 
are independent, as they are in rolling dice or tossing coins, the 
probabilities of various numbers of successes and failures are 
given by the terms of (q + p)". T o  find these terms you multi- 
ply (q + p) by itself n times, according to the rules of algebra. 
The first term is qn, and it tells you the probability of 0 suc- 
cesses (n failures). The  second term is npqv-1, and it tells you 
the probability of getting exactly 1 success and n-1 failures, 
and so on for the other terms. Let us illustrate just how this 
works for a simple example. Suppose that we toss a coin four 
times, and ask the probabilities of various numbers of heads, 
so that a success means heads. As we have just learned, these 
probabilities are given by the terms of (q + p)*. Here both 
q and p are equal to 1/2, SO that we have 
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T h e  probabilities we wish are given respectively by the terms 
on the right side of this equation, as shown in the following 
table: 

No. of Heads Probability 
0 4/18 

1 Yi 
2 94 
3 % 
4 Ks 

Notice that the sum of the probabilities is 1, as it must be. You 
will find it easy to verify these results according to the prin- 
ciples of Chapters V and VI. 

Now if you repeat this series of n trials a number of times, 
say N,  the frequencies of occurrence of the various numbers of 
successes are given by the terms of N (q  + p)". This gives us, 
then, the theoretical frequency distribution that applies to any 
experiment of the nature of the Weldon experiment, which we 
are studying. Notice that since p + q = 1, the sum of all the 
terms is exactly N ,  as it must be. 

We wish to know the average and the standard deviation of 
the frequency distribution given by N (q  + p)". Since it is eas- 
ily shown that the value of N makes no difference, we can as 
well think of i t  as 1 and ask the same questions for (q + p)". 
T h e  solution of the problem is easily found by mathematical 
methods, keeping in mind the definitions of the average and the 
standard deviation, and we shall merely state the results. T h e  
average of the distribution, which coincides with what we have 
called the expected number of successes, is np,  and the formula 
for the standard deviation is dnpq. Since symbols, not num- 
bers, have been used, these results are general and can be a p  
plied to any case, regardless of the values of p, q, and n. We 
shall appreciate this fact when we apply our findings to the 
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Weldon experiment, for the frequency distribution is then 
given by the terms of (x + x)49J52, and the direct numeri- 
cal calculation of the average and the standard deviation would 
therefore involve 49,153 terms. This is a small example of the 
power of mathematical methods. 

We may note, incidentally, that the theoretical distribution 
given in the third line of Table XXIV, which applies to the 
experiment in the form there recorded, is obtained from the 
terms of 4,096 (% + %)I2. The  exponent 12 is the number 
of dice thrown on each of the 4,096 trials. 

Now that we have an expression for the value of the standard 
deviation, we at once obtain that for the probable error. I t  is 
0.6745 d= 

We are finally in a position to return to the Weldon dice 
experiment, and to compute the probable error that the 
theory of chance specifies. According to the above formula it is 
0.6745 d49,152 X 1/, X 1/,, which is equal to 74.8. The  
chance that a random deviation from the expected number of 
successes, 24,576, will be more than 75 is therefore about even. 
What is the chance that an experiment will result in a devia- 
tion of 569, as did that of Weldon? This is a deviation of 7.6 
times the probable error, and a glance at Table XXV tells us 
that the odds against such an occurrence are roughly several 
million to 1. T h e  actual odds are about 4,500,000 to 1. 

What are we to conclude from this extraordinary result? 
That  the laws of chance are incorrect? Certainly not, for in 
this experiment we have been dealing with mechanical con- 
trivances, namely a set of dice, and in order to be able to test 
the laws of chance we should have to be assured in advance 
that the dice were perfectly true, or, at least, they had a per- 
fectly uniform bias, so that the chance of success would be 
constant. Now the only practical way to test the accuracy of 
dice, which are always under suspicion due to the varying num- 
ber of spots on different sides, is to compare the results of 
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rolling them with the results predicted by the laws of chance. 
We are back precisely to where we started, and we see clearly 
that experiments in rolling dice can test only the trueness of 
the dice. We shall have to turn in another direction if we wish 
to test the laws of chance. 

We are still faced with the fact, however, that Table XXIV, 
looked at as a frequency distribution, yields an average (and, 
as a matter of fact, a standard deviation) that is in fairly 
good accord with the pure chance values. Our conclusion must 
be that the dice used in the experiment tended to turn up a 
slightly disproportionate number of fours, fives, and sixes, as a 
group, but that the distribution of successes by trials was in 
close accord with the laws of chance. A glance at the third line 
of the table, which gives the theoretical frequency distribution, 
computed according to the laws of chance, tends to bear out 
this view. You will notice an excess of throws in which the 
number of successes is from 6 to 10, inclusive, and a correspond- 
ing deficit where the number of successes is from 0 to 5, inclu- 
sive. The  effect of this is to displace the actual frequency curve, 
as compared with the theoretical, somewhat to the right (the 
direction of increasing number of successes). I n  other words, 
the distribution of successes is of the type anticipated, but the 
probability of success on each trial is not exactly %.* 

+ Another of the Weldon dice-throwing experiments, very similar to that 
studied in the text, is discussed by Sir Ronald A. Fisher in his Statistical 
Methods for Research Workers, 6th edition, page 67, one of the leading 
technical works on the subject. In this instance twelve dice were thrown 
26,306 times, and on each throw thc numl,er of 5's and 6's showing were 
listed as successes, thus leading to a frequency table altogether similar to 
our Table XXIV. The  conclusion reached by Sir Ronald is that the results 
obtained would happen on the pure chance hypothesis (the dice being 
assumed true) only once in five million times. This conclusion is so close 
to that reached in the text that one can suspect that the same set of dice 
were used in the two experiments. Or possibly all dice have a very small 
bias, due to the different numbers of spots, which shows up  only in very 
long series of trials. 
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Since mechanical contrivances, coins, dice, roulette wheels, 
and so on, are subject to mechanical biases, we shall turn, for 
our next illustration of these statistical procedures, to an ex- 
ample of another sort. In drawing cards from a pack the 
problem of avoiding possible biases is very much simplified, so 
that we can feel confident that the results obtained by a skill- 
ful experimenter should agree with those predicted by the laws 
of chance. One of the leading modern statisticians, C .  V. L. 
Charlier, made 10,000 drawings from an ordinary deck, record- 
ing as a success each drawing of a black card. The  total num- 
ber of black cards drawn was 4,933, giving a deviation of 
67 from the expected number, which is of course 5,000. 
Applying our formula for the probable error we obtain 
0.6745 d10,000 X 1/, x 1/,, which equals 0.6745 x 50, or 
33.7. The  actual deviation is, then, almost exactly twice the 
probable error, and Table XXV tells us that we shbuld expect 
such a deviation about one time in 5.5, in the long run. T h e  
result is therefore entirely in accord with that predicted by 
chance. 

This experiment was performed by Charlier with a slightly 
different object in view. The  drawings were recorded in sample 
sets of ten, count being kept of the number of successes in 
each.+ In  this way a frequency table was obtained, similar to 
that in Table XXIV. Both these tables represent the type of 
frequency distribution that we have just studied and are 
known as Bernoulli series. They are characterized by the repe- 
tition of independent chance events, the probability of success 
remaining the same in each. They are so named because the 
mathematician James Bernoulli made some important discov- 
eries regarding them. 

There are many other quantities, in addition to the average 
and the standard deviation, that can be computed from a 

+ T h e  experiment is reported in full in Arne Fisher: The Mathematical 
Theory of Probabilities, 2nd ed., 1930, p. 138. 
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table. Each one helps to characterize the table as a whole; each 
one is shorthand for some important property of the distri- 
bution. But it is to be kept in mind that no two, or three, or 
four characteristics of a statistical table tell its whole story, 
unless the distribution is one that is known to follow a simple 
statistical law, a relatively rare occurrence. Even in that event, 
it is not the table itself that is represented, but the ideal form 
that the table would assume, if its data were infinitely numer- 
ous. This ideal form is in itself of great value, and to find i t  
is one of the objects of many statistical studies. It is of no value, 
however, until i t  has been definitely ascertained that the dis- 
crepancies between it and the experience table can reasonably 
be due to chance fluctuations. 

The  theory of these theoretical frequency distributions is at 
the root of an important section of mathematical statistics. For 
the results apply not only to rolling dice, but to any series of 
trials that are independent in the probability sense of the word, 
and in which there is a constant probability of success from trial 
to trial. I t  is thus possible, by comparing these Bernoullian 
frequency distributions with others based on empirical statis- 
tics, to test the hypothesis that a constant probability lies be- 
hind the latter. 

I n  addition to the Bernoullian distribution, or curve, there 
are two others that are closely related to simple games of 
chance, and that are of value to the statistician in analyzing 
statistical material of various sorts. One is known as the Poisson 
distribution, the other as the Lexis distribution. These three 
distributions are usually thought of as arising from drawing 
white and black balls from several urns. We get a Bernoulli 
distribution if each urn has the same proportion of white and 
black balls, so that the probability of drawing a white (or 
black) ball is the same in each urn, and if each ball is replaced 
before the next drawing from that urn takes place (it comes to 
the same thing to use a single urn). We get a Poisson distribu- 
tion if the proportion of white and black balls varies from urn 
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to urn, so that the probability of each varies, and if each ball 
drawn is replaced at once. We get a Lexis distribution if we 
make each set of drawings exactly as in the Bernoulli case, but 
change the proportions of the white and black balls between 
sets of drawings. 

Each of these three cases represents a probability situation 
that can be solved, like those we met with in poker and rou- 
lette. On the other hand, the sets of drawings may be thought 
of as statistical series or frequency tables. In each case the theo- 
retical average and standard deviation can be computed, and 
they serve as excellent criteria for judging and classifying the 
statistical series met with in practice. It  is clear that in this way 
the ideas of the theory of chance are brought into the most 
intimate relation to statistics. 



C H A P T E R  XVI  * 

Fallacies in Statistics 

T o  WRITERS of popular articles and books on serious or semi- 
serious subjects, in which each contention is vigorously proved, 
statistics are an unadulterated boon. As their author is not 
ordinarily a professional statistician, he finds his figures pliant 
and adaptable, always ready to help him over the rough spots 
in an argument and to lead him triumphantly to the desired 
conclusion. He handles the statistical data with ease, takes a 
couple of averages of this or that, and the proper conclusions 
fairly jump out of the page. He may never have heard of dis- 
persion, or correlation coefficients, or of a long list of other 
things; nor has he any clear idea of the necessary criteria for 
selecting the material in the first place. These omissions are 
bound to simplify statistical studies enormously, and the prac- 
tice would be followed by all statisticians if it were not unfor- 
tunately the fact that it leads almost inevitably to errors of all 
descriptions. 

Indulging in statistical analyses without technical prepara- 
tion is much like flying an airplane without training as a pilot. 
If you can once get safely off the ground, you will probably 
be able to fly along on an even keel quite satisfactorily, pro- 
vided that nothing out of the way happens. I t  is when you de- 
cide to end the flight and start down that your deficiencies be- 
come evident. Similarly in statistical investigations it is the 
start and the finish that present difficulties, that is, collecting 
or selecting the data and drawing the conclusions. What re- 
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mains can be done by almost anyone, once he understands 
exactly what is to be done. 

I t  is not essential to be a technically trained statistician in 
order to distinguish good statistics from bad; for bad statistics 
has a way of being very bad indeed, while a good analysis car- 
ries with it certain earmarks that can be recognized without 
great difficulty. In  a good job the sources of the data are given, 
possible causes of error are discussed and deficiencies pointed 
out; conclusions are stated with caution and limited in scope; 
if they are numerical conclusions, they are stated in terms of 
chance, which means that the probabilities of errors of various 
amounts are indicated. I n  a bad job, there is a minimum of 
such supplementary discussion and explanation. Conclusions 
are usually stated as though they were definite and final. I n  
fact, i t  can be said that a poor job is characterized by an air of 
ease and simplicity, likely to beguile the unwary reader into a 
false sense of confidence in its soundness. In  this respect statis- 
tics is very different from other branches of mathematics, where 
ease and simplicity are earmarks of soundness and mastery. 

We have already stressed the extreme importance of study- 
ing the source of the data that enter into a statistical table, or 
of selecting the material, if that is possible, with a view to the 
use to which i t  is to be put. The  group of individuals (of any 
kind) must be a fair sample of the whole "population" that is 
being studied. What this means, precisely, is usually clear 
enough in any particular case, but it is very difficult to formu- 
late anything like a set of rules to apply to every case. 

Suppose that we are interested in collecting statistics bearing 
on typhoid fever, with a view to formulating conclusions apply- 
ing to the country as a whole. We shall find it extremely diffi- 
cult to decide what constitutes a fair sample, for the reason that 
the incidence of typhoid in a region depends largely on the 
sanitary conditions prevailing in that region. In order to select 
a set of areas suitable to represent, in this question, the country 
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as a whole, i t  is necessary first to have an accurate gauge of the 
sanitary conditions in these sample areas and of their relation 
to  those of the country at large. This requires an entirely inde- 
pendent investigation which must precede the main one. 

As a matter of fact, the competent statistician would very 
soon discover from the table of typhoid statistics from various 
regions, even if he did not know that the figures concerned a 
contagious disease, that there was some disturbing element 
present, so that his results would not be valid without further 
investigations. 

The  method that the statistician uses to attain such results 
is based on the comparison of the actual frequency distribution 
with ideal or theoretical distributions like those of Bernoulli, 
Poisson, and Lexis (and some others) which were mentioned 
a t  the end of Chapter XV. These ideal distributions are simply 
those that arise in various games of chance, where the prob- 
ability of an event remains the same from one trial to another 
or  changes from trial to trial in some comparatively simple 
manner. This demonstrates again how closely the theory of 
statistics is united to the theory of chance and how impossible 
i t  would be to understand statistical methods or interpret sta- 
tistical results without first understanding something of the 
theory of chance. 

T h e  most used, and therefore the most misused, of statistical 
ideas is the ordinary arithmetical average. Almost everyone 
knows how to take a simple average of a set of numbers. The  
average is the sum of the numbers divided by the number of 
numbers in the set. If the average is desired of a set of measure- 
ments of distances, for instance, the distances may be in oppo- 
site directions, in which case those in one direction are marked 
plus, those in the other minus. I n  finding the average of such a 
set, the arithmetical sum of the negative numbers is to be sub- 
tracted from the sum of the positive numbers, giving the sum of 
all the numbers. The  latter is then divided by the number of 
numbers, giving the average. 
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T h e  method of taking the average of a frequency distribu- 
tion is best illustrated by an example. In  an examination given 
to thirty-five students the papers were marked on a scale of 10, 
and the number of students obtaining each of the grades was - 
recorded as follows: 

TABLE XXVI 

Number of Students 
Grade 1 -  (Frequency) 

10 
9 
8 
7 
6 
5 
4 
3 

Total 

Product 

Thus one student got a grade of 10, or 100 per cent, three got 
a grade of 9, or 90 per cent, and so on. The  third column, 
headed Product, was obtained by multiplying the correspond- 
ing numbers in the first and second columns. T h e  average grade 
of the thirty-five students is found by dividing the total of the 
third column, which is 252, by the total of the second column, 
which is 35, giving 252/35, or 7.2, that is to say 72 per cent. 
This is the method that was used, for example, in computing 
the average from Table XXIV, in the preceding chapter. 

This averaging process can be looked at in this way: T h e  
thirty-five students made a total point score of 252 on the 
examination, so that the score per student was 7.2 points. This 
seems clear and simple enough. Yet it is true that many people 
make serious blunders in taking the average, when the fre- 
quency of the numbers to be averaged must be taken into 
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account. Very often the average is computed as though all the 
frequencies were the same. For the example of the examination 
grades this would correspond to computing the average by 
adding together the grades, which gives 48 (notice that the 
grade 4 is omitted, since no student received it), and dividing 
by their number, which is 7. This gives for the average 494, 

or 6.86, and the error committed is -0.34, about one third of a 
point. 

Or take a simple illustration from advertising statistics. S u p  
pose that one newspaper, call it A, sells its advertising space for 
exactly four times as much as newspaper B charges, and that 
A's daily circulation is twice that of B. If an advertiser uses 
the same amount of space in each (it does not matter what the 
amount is), what is the average rate that he pays? Here the 
frequencies are the two circulations, and we see that the aver- 
age rate is exactly three times the rate charged by B (or three 
fourths of that charged by A). This is the average of the rates 
themselves. But in advertising practice it is convenient to use 
rates defined in such a way as to be independent of the page 
size and circulation of the newspaper or magazine in question. 
This is accomplished by using the rate per line of advertising 
per unit of circulation. The unit of circulation usually adopted 
is 1,000,000. T o  average two or more such line rates, we follow 
the same procedure; each is multiplied by the corresponding 
circulation, and the sum of the products is divided by the sum 
of the circulations. In our example of newspapers A and B, the 
average of the line rates turns out to be 5/3 the line rate of B, 
or 5/, that of A. If we made the error of leaving out of account 
the frequencies (circulations), the average would be 3/, the 
line rate of B. 

If many blunders of this sort are committed, it is also true 
that many of those who commit them are thoroughly at home 
in dealing with averages that have to do with one of their hob- 
bies or interests. Take the baseball averages, for instance. Mil- 
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lions of baseball fans follow these averages from day to day, 
and know how to compute them themselves, if the occasion 
arises. They would not think of trying to find a player's batting 
average, for example, by adding together his batting averages I 

for each day of the season and dividing the result by the num- 
ber of games. Instead they would divide his total number of 1 
hits for the season (or any given period) by the number of 
times he was a t  bat. 

Apart from errors in computing the average of a set of num- 
bers, one encounters many mistaken notions concerning the 
significance and use of the idea of averages. This is true even 
among technical writers in various fields. In  his interesting 
book T h e  H u m a n  Mind ,  published many years ago, Dr. Karl 
A. Menninger says (page 190) : "Fortunately for the world, and  I 

thanks to the statisticians, there are as many persons whose I 

intelligence is above the average as there are persons whose I 

intelligence is below the average. Calamity howlers, ignorant 
I 1 

of arithmetic, are heard from time to time proclaiming that 
two-thirds of the people have less than average intelligence, 
failing to recognize the self-contradiction of the statement." 

I 
I 

This nai've belief that half the members of a group are nec- 
essarily above, and the other half necessarily below the average 
of the group is refuted by the simplest possible example: There 
are four boys in a room, three of whom weigh 60 pounds, the 
fourth 100 pounds. T h e  average weight of the four boys is 70 
pounds; three of the four are below the average, only one 
above. T h e  "calamity howlers" may be entirely mistaken in 
their assertion that two thirds of the people have less than 
average intelligence, but they must be silenced by statistical 
counts, not by erroneous reasoning. 

The  error just referred to amounts to assuming that the 
average of a frequency distribution always coincides with what 
is called the median of the distribution. The  median can be 
thought of as a line drawn through a frequency table dividing 
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i t  into two parts, such that the sum of the frequencies in one 
part is equal to the sum of the frequencies in the other. 

In  terms of a frequency curve, such as that shown in Figure 
111, page 230, the median is the vertical line that divides the 
area under the curve into two equal parts. If the frequency dis- 
tribution is one that follows Gauss's law, Figure 11, page 226, 
or is symmetrical about the average, then the median and the 
average coincide. Barring these cases, which are relatively rare 
in statistical practice, they do not coincide. When the distribu- 
tion is not far from normal, however, the average and the 
median are close together. I n  the above example of the exami- 
nation grades, for instance, the distribution is only mildly skew; 
the median comes out to be 7.35, thus differing from the aver- 
age by only 0.15. 

There is a second and somewhat similar error concerning 
the average of a distribution that is sometimes committed and 
which may also have its origin in thinking of distributions in 
general as though they all followed Gauss's law. This consists 
in assuming that more frequencies in the distribution corre- 
spond to the average value than to any other value. This error 
somewhat resembles the one in the theory of chance, men- 
tioned in Chapter X, which consists in believing that the most 
probable single event of the possible events is more likely to 
occur than not. I n  the example of the students' grades, the 
greatest frequency corresponds to the grade 8, while the aver- 
age, as we have seen, is 7.2. T h e  difference amounts to 0.8. 

These confusions regarding the arithmetical average are 
easily avoided by keeping in mind the fact that it is but one 
of the characteristics of a distribution, and that the distribution 
can be changed in countless ways, without changing the value 
of the average. For example, we can replace the distribution 
of students' grades just cited by the following one, and it will 
be seen that the average remains at 7.2: 
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TABLE XXVII 

Grade 

10 
9 
8 
7 
6 
5 
4 

Total 

Number of Students 
(Frequrn~)  

Product 

10 
63 
64 
70 
18 
15 
12  
- 
252 

Average = 252/35 = 7.2. 

Although this distribution has the same average as the pre- 
ceding one, the largest single frequency in i t  is 10, and corre- 
sponds to the grade 7, while in the other we see that the largest 
frequency is 12, corresponding to the grade 8. When we repre- 
sent a frequency distribution by a smooth curve, like those in 
Figures I1 and 111, the vertical line through the highest point 
of the curve indicates the value to which corresponds the great- 
est frequency; this value is called the mode. 

We have tacitly assumed that a frequency distribution starts 
with a low frequency, increases to a maximum, and then falls 
to a low value again. This is true of a large number of distribu- 
tions, including all those that we have mentioned so far, but i t  - 
is by no means true in general. A frequency curve may have 
several maximum values; each such value is called a mode. 
This fact alone indicates the fallacy of assuming that the mode 
and the average coincide. A frequency distribution, no matter 
how irregular in appearance, can have but one arithmetical 
average. 

Of great importance is what is known as the weighted aver- 
age. Each of the numbers to be averaged is given a weight, 
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which is also a number. If all the weights were equal, the 
weighted and the unweighted average would be the same. The 
average of a frequency distribution, such as those we have taken 
above, is in reality an  example of a weighted average; the fre- 
quencies are the weights. In  the above example of the students' 
grades, for instance, the weights are the number of students 
corresponding to a certain grade, and the average of the fre- 
quency distribution is the same as the average of the grades, 
each being weighted with the number of students who obtained 
that grade. 

I t  is clear that the greater the weight that is attached to a 
given number in a table, the greater the influence of that num- 
ber on the average of the table and vice versa. Weighted aver- 
ages are of great value in the theory of measurements. In  many 
cases the measurements are not equally reliable, due, for ex- 
ample, to variations in the conditions under which they were 
made. If each measurement is weighted in proportion to its 
estimated quality, the resulting weighted average gives an im- 
proved estimate of the quantity measured. I t  must be kept in 
mind that there is no law compelling us to adopt one kind of 
average rather than another. Our sole object is to deduce from 
the set of measurements as good an estimate as possible of what 
we are attempting to measure. If all the measures were in ac- 
cord with one another, there would be no question as to which 
value to adopt. When they are not in accord, it is the object 
of statistical theory to indicate the method of choice and the 
reliability of the value adopted. 

The  weighted average is used not only for tables of measure- 
ments, but for data of any kind where some parts of the mate- 
rial are thought to be more reliable than other parts, or where, 
for some legitimate reason, some parts are to be given particu- 
lar emphasis. Clearly, the value of the weighted average in a 
particular problem depends altogether upon the weights to be 
used, and this choice is capable of making or breaking the 
statistical investigation in which it occurs. 
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What has been said so far about the use of the weighted 
average is based on the assumption of intellectually honest 
statistics. For the other kind of statistics weighting is indeed 
a powerful weapon. An average can be pushed up or pushed 
down, a conclusion can be toned up  or toned down, by the sim- 
ple expedient of assigning judiciously selected weights to the 
various parts of the data. When you encounter statistical anal- 
yses in which data have been weighted, try to determine, before 
swallowing the conclusions, whether or not the weighting has 
been done according to some objective rule that was fixed in 
advance, preferably before the investigation was undertaken. 
Failing in this, you would do well to preserve a skeptical atti- 
tude. 

As an illustration of a case where a weighted average is badly 
needed we draw attention to the usual listing of best-selling 
books. These lists are intended as an index to the current read- 
ing taste of the American public and are based on reports from 
a large number of bookstores in various parts of the country. 
The  rating of a book is determined by the number of book- 
stores that report it on their list of best scllers, and no account 
whatever is taken of the relative number of sales at the different 
stores. Thus the smallest bookstore is given the same weight as 
the largest. T h e  lack of correct weighting makes the reports a 
biased sample of the reading tastes of the country. 

In  spite of the simplicity and familiarity of the ideas of aver- 
ages, fallacious results are sometimes reached by averaging the 
wrong things. For example, ask a few people the following 
question and note what percentage of the answers are correct: 
If you drive your car ten miles at forty miles per hour, and I 
second ten miles a t  sixty miles per hour, what is your average 
speed for the entire distance? Many of the answers will be fifty 
miles per hour, which is the average of forty and sixty. But this 
is not correct. You have driven your car a total of twenty miles, 
the first ten miles requiring fifteen minutes, the second ten - 
miles requiring ten minutes. You have driven twenty miles in  
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a total of twenty-five minutes, which means that you have aver- 
aged forty-eight miles per hour, not fifty miles per hour. Fur- 
thermore, the correct average is always less than the average of 
the two speeds, a result easily proved mathematically.* 

In  this calculation i t  is essential that the two distances be 
equal, but it does not matter what this distance is, whether one 
mile, ten miles, or one hundred miles. 

After finishing this experiment try asking the same people 
the following: If you drive your car for one hour at forty miles 
per hour and for a second hour at sixty miles per hour, what 
is your average speed for the entire time? In  this instance it is 
correct to average the speeds, and the answer to the question is 
fifty miles per hour. If the two times are not equal, the correct 
average is found by taking the weighted average, the speeds 
playing the role of weights.? 

I n  discussing the probabilities of various events in a series 
of events, such as tossing coins or rolling dice, we can state 
our results in two forms. We can say that the probability of 
throwing the double six with two dice is % 6 ,  or we can say 
that in a long series of throws of two dice the double six will 
come up  one time in thirty-six, on t h e  average. I t  is sometimes 
rather thoughtlessly concluded from the latter form of the 

Here is the answer to this problem in mathematical form. If you drive 
d, miles at the speed v, and d, miles at speed v,, your average speed. V, 

for the entire distance is l7 = 'l " + d2)-  If the two distances are 
d 1  uz + d z  UI 

equal the average speed is V = ?!%, and it is very easy to prove that V 
V l  + 0 2  

is alwa)s less than I/, .(v, + v,), unless the two speeds are equal, in which 
case V is equal to t h e ~ r  common value. 

t In this kse ,  if we denote the two times by t ,  and t? ,  the average speed, 

V ,  is easily seen to be 1' = '' " ' U2 12. This is the weighted average re- 
t t  + t n  . , "  

ferred to in the text. If the two times are equal to each other, we have 
V = 1/2 (vl + v,). This is the simple arithmetical average of the speeds, 
as stated. 
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statement that if an event has been shown to occur on an aver- 
age of once in n trials, it is certain to occur at least once in every 
n trials. This is far from the case, as we saw in Chapter XI1 in 
connection with roulette. But as the series of trials becomes 
longer and longer, it is of course true that the probability that 
the event will take place at least once approaches nearer and 
nearer to unity, which represents certainty. In  thirty-six rolls 
of two dice, for example, the probability that the double six 
will appear is 0.637, or a little less than two chances out of 
three. When we are dealing with a general statistical situation 
we usually have to do with empirical or statistical probabilities, 
instead of a priori probabilities, but the reasoning in all these 
matters remains the same. 

The  type of error that we have just called attention to re- 
minds us of the story of the surgeon who was about to perform 
a very dangerous operation on a patient. Before the operation 
the patient came to him and asked to be told frankly what his 
chances were. "Why," replied the doctor, "your chances are 
perfect. I t  has been proved statistically that in this operation 
the mortality is 99 out of 100. But since, fortunately for you, 
my last ninety-nine cases were lost, and you are the one hun- 
dredth, you need have no concern whatever." 

We have discussed two kinds of average, the simple arith- 
metical average and the weighted arithmetical average. There 
are many other kinds of average that are used in statistics, some 
of which are of great importance. An average is merely an 
arbitrary way of combining a number of numbers so as to ob- 
tain a single number that for some particular purpose can be 
used to represent the entire set, or to summarize certain of its 
properties; so there is no limit to the number of possible kinds 
of average of a set of numbers. One could go on forever invent- 
ing new ones, but it would be a futile occupation unless some 
use could be found for them. 
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T h e  geometric average, or geometric mean, of two numbers 
is defined as the positive square root of their product. For ex- 
ample, the geometric average of 2 and 8 is the positive square 
root of 16, or 4. The  arithmetic average of 2 and 8 is 5. The  
geometric average of three numbers is the cube root of their 
product, and so on. One of the practical uses for the geometric 
average is found in estimating the size of a population midway 
between two dates on which it was known, on the assumption 
that the percentage increase in the population is the same each 
year. If it were assumed that the absolute increase in the popu- 
lation is the same each year, then the ordinary arithmetical 
average would give the better estimate. The  geometric average 
is used likewise in estimates concerning all quantities that in- 
crease according to the law of compound interest. An example 
from economics is total basic production over certain periods of 
years. Hereafter, when the word average is used without quali- 
fication, we shall understand, following common practice, that 
the ordinary arithmetical average is indicated. 

Since many of the important quantities used in statistics, 
such as the standard deviation, are in reality averages of some- 
thing or other, it is correct to say that the idea of averaging is 
fundamental in statistics. But this does not justify us in con- 
centrating all our attention on the average of a frequency dis- 
tribution, to the exclusion of these other important quantities, 
and of the distribution as a whole. Except when the data are 
of the crudest sort, it is also necessary to have a measure of the 
reliability of the average, as computed, and this again involves 
a consideration of the dispersion. An example of a case where 
the average is an important thing is any set of measurements 
that are subject to accidental errors. The  most probable value 
is then the average. The  probable error, which we have defined 
in the last chapter as that deviation of an individual value from 
the average, on which it would be fair to bet even money, is a 
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measure of the reliability of this average. It is essential to at- 
tach the probable error to each set of measurements, and no 
reputable precision measurements are published without it. 

I n  other cases the practical value of the average depends 
greatly on our particular point of view. The  quartermaster of 
an army may report, for example, that the average food con- 
sumption per soldier during a certain campaign was ample. 
If it is subsequently discovered, however, that some of the 
men were starving, while others received far more than the 
average, the report becomes not only inadequate but mislead- 
ing. From the point of view of the individual soldier, the vital 
thing is an equitable distribution of food, not the average con- 
sumption. And this requires that the dispersion be small. 

Another simple illustration comes from the well-known fact 
that the gasoline consumption of a motor depends upon the 
speed at which it is driven. The  amount consumed in an  auto- 
mobile per mile decreases with increasing speeds until a mini- 
mum is reached; further increases of speed result in a higher 
rate of consumption. When you are touring, therefore, your 
average speed does not determine the rate at which you are 
using gasoline. You can maintain an average speed of forty 
miles per hour in many different ways. You may drive very 
fast part of the time and very slowly in between, or you may 
keep the variations in speed within narrow limits. T o  check 
your gasoline mileage accurately, what you need is a frequency 
distribution of speeds, that is to say, a table giving the length 
of time you drove at each speed. 

On the other hand, for most purposes it is altogether suffi- 
cient to know your average speed. As far as the hour of reaching 
your destination is concerned, it makes no difference what the 
distribution of speeds is, provided that the average is the same. 
If you wish to know, however, your chance of gaining a half 
hour (or of losing it),  you must turn to your previous records 
of touring and compute from them the standard deviation, 
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which measures the probability of fluctuations about the aver- 
age. 

When the values of a frequency distribution are closely 
packed about the average value (in other words, when the dis- 
persion is small) this average value may be considered as fairly 
representing the class of individuals described by the frequency 
distribution. When, however, these values are widely scattered 
about the average, or when they are closely packed about sev- 
eral widely separated values (in other words, when the disper- 
sion is large), the average value does not fairly represent the 
class in question, and its unqualified use may be extremely mis- 
leading. 

In  certain cases this failure of the average to be of signifi- 
cance may be due to the fact that several distinct classes of 
individuals have been scrambled together in the frequency dis- 
tribution. We should get such a distribution, for example, if 
we put into one table heights of Americans of both sexes. The 
average height indicated by such a table would correspond to 
neither men nor women but would fall between the two "clus- 
ter points" that correspond to the average heights of men and 
of women. The  distribution, furthermore, would not follow the 
law of Gauss, as does that for either of the sexes separately. 
Similarly, if we put into one table heights of men of various 
races, we should obtain a still more complicated frequency 
distribution, and the average would have still less significance. 
Evidently it is of great importance to unscramble these mix- 
tures of distinct classes of individuals, whenever it is possible 
to do so. Sometimes this can be reliably accomplished through 
a study of the frequency distribution itself, rather than through 
an analysis of the sources of the data; but this is the exception, 
not the rule. If we have to do with the sales of a business, there 
may be many distinct classes of customers involved and it may 
be of great value to sort them out. We shall come across cases 



THE S C I E N C E  O F  C H A N C E  

of the sort when we turn our attention in a later chapter to the 
role of chance and statistics in business. 

There are cases where the values in a frequency table are so 
scattered that the ordinary average is simply meaningless. And 
yet some individuals have so strong an urge to take the average 
that even in such a case they cannot resist the temptation to d o  
so. They seem to be beguiled by the fact that the average exists. 
Now the average is merely the sum of the numbers divided by 
the number of numbers, and to say that the average exists is 
equivalent to saying that 'the sum exists, which it always does 
if the number of frequencies is finite. That is a different matter 
from saying that the average is significant. A group of tele- 
phone numbers always has an average, but it is hard to know 
what one would do with it. A case of this sort occurs in the 
chapter on blood pressure in one of the leading medical books 
for home use. The  usual charts are given, showing average sys- 
tolic and diastolic pressures by ages, and arithmetic formulas 
are included. They show the average systolic pressure ranging 
from 120 at age twenty to 138 at age seventy. On the following 
page, however, we find that a random check of several hundred 
office patients disclosed that less than one third had systolic 
pressures between 110 and 140, roughly the same number over 
140, and the balance below 110. Unless this was an extraordi- 
narily biased sample it indicates that the probability of having 
a reacling within ten or twenty points of the "average," regard- 
less of age, is quite small. Under such circumstances why use 
the word average at all? 

I t  is possible that this situation could be repaired, like some 
of those referred to in a preceding paragraph, by demonstrating 
that individuals fall, as regards blood pressure, into several 
well-defined groups, each showing correlation between pressure 
and age, and each showing small dispersion about the averages. 
These conditions are essential. Otherwise the reclassification 
would be meaningless. 
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There is a type of statistical fallacy that is less obvious than 
those concerning the average, but for that very reason more 
insidious. I t  has its roots in an incomplete or faulty analysis of 
the factors that enter a statistical situation. For an example we 
turn again to medicine. 

T h e  statement has frequently been made in the press and 
on  the platform that the deathrate from cancer is increasing, 
and it is quite correct that the number of deaths attributed to 
cancer per thousand of population has increased materially in 
recent years. The  real problem, however, is not what the sta- 
tistical table shows, but what it means. Is it true, as is so fre- 
quently implied, that the frequency of death from cancer is 
actually increasing? 

I n  order to be able to make such a statement with accuracy, 
the following factors, and possibly some others, must be taken 
into account: First of all, cancer is now more accurately diag- 
nosed than before, with the result that many deaths formerly 
listed under other diseases or under "cause unknown" are now 
listed as due to cancer. Second, there is an increased number 
of post-mortem diagnoses, due to the increased number of 
autopsies. Third, great improvements have been effected in 
the accurate reporting of cases of deaths and in collecting such 
data. Fourth, the average length of life has increased, due above 
all to the decrease in infant mortality. As cancer is primarily 
a disease of later life, there has been a correspondingly in- 
creased proportion of the population "exposed" to it. When all 
these factors have been properly measured, and their effects 
taken account of, it may indeed turn out that the true death 
rate from cancer is increasing. But such a conclusion, based 
merely on the fact that the number of deaths per thousand of 
population attributed to cancer has increased, is bad statistics. 

One of the much discussed questions of the day is the rela- 
tive safety of passenger travel by air. If we seek to inform 
ourselves on this subject, we are met with a barrage of statistics. 
Since airplanes fly at high speed and therefore cover a large 
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number of miles, those who wish to minimize the risks of air 
travel can give the number of deaths or injuries per mile per 
passenger (or per occupant), that is to say, per passenger mile. 
Those who wish to maximize the risk in air travel can base 
their case on the number of deaths or  accidents per passenger 
hour. What is the correct way to measure the rate of air fatali- 
ties? Or we might ask, Is there such a thing as a correct way? 

Suppose that you are going to make a nonstop flight from 
New York to Washington, which is a distance of roughly 180 
air miles. You are perhaps interested in determining the risk 
that you take (although it is better to indulge in such thoughts 
after the flight is over). T o  determine your risk, we need the 
best available records of previous flights between New York 
and Washington. From these records we must discard, on a 
common-sense basis, those flights which, for one reason or  an- 
other (such as night flying versus day flying), cannot be com- 
pared with your flight. We shall then want to know the follow- 
ing: On how many of these flights did an accident take place? 
On those flights in which there was an accident, what percent- 
age of the passengers were killed and what percentage were 
injured? By combining these figures according to the laws of 
chance, we obtain your risk. For example, we might find from 
the records of comparable flights that there was an accident in 
1 flight in every 34,000. The  chance that you will be involved 
in an accident is therefore 1 in 34,000. Suppose, further, that 
the records show that when an accident does occur, on the aver- 
age seventeen passengers out of twenty are killed, two out of 
twenty injured, and one out of twenty is safe. Then your risks 
are as follows: Chance of being killed, 1 in 40,000; chance of 
being injured, 1 in 340,000; chance of safe arrival, 679,981 out 
of 680,000. 

I n  finding your risk on your trip from New York to Wash- 
ington, we have used neither passenger miles nor passenger 
hours. Rather we have used fatalities or accidents per trip. One 
obvious reason for the inadequacy of both passenger miles and 
260 . 
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passenger hours is that the risk is not spread out equally over 
miles flown or hours flown. I t  is concentrated above all in the 
take-offs and landings. The risk in a nonstop flight from New 
York to Chicago is certainly less than in a flight in which the 
plane puts down at  several intermediate points. 

On  the other hand, suppose that you are at an airport and 
have decided to cruise around in a plane for an hour or two, 
just for the fun of the thing. Your risk is made up of three com- 
ponents: the take-off risk, the flight risk, and the landing risk, 
and no two of them are the same. T h e  first has nothing to do 
with length of flight, while the second depends directly on 
Iength of flight. The third, like the first, is independent of it, 
barring unusual circumstances. I n  this last example, nothing 
could be more absurd than to measure the risk in terms of pas- 
senger miles, since miles are invariably measured from where 
the ship takes off to where it puts down. Here the distance 
would be at most a few hundred feet, which would lead to 
prodigious estimates of risk. 

T h e  correct measure depends on the circumstances, and even 
on the purpose of the flight. This indicates how difficult a com- 
parison between the safety of air travel and of other methods 
of transportation really is. If a man in New York must get to 
Washington and has his choice of travel by air, by rail, or by 
bus, neither the distance between the points nor the time of 
transit is a true measure of the risk. But since distance between 
two given points is very roughly the same by air as by rail or 
bus, the rate of fatalities or accidents per passenger mile comes 
closer to furnishing a single fair comparative basis than any 
other. 

Statistics on railroad fatalities in the United States furnish 
an interesting and simple example of the importance of care- 
ful analysis of the precise meaning of all data used. During the 
year 1946 the number of deaths chargeable to steam railroads 
was 4,712. At first glance this seems like a large number of 
fatalities and one that is not wholly consistent with the safety 
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records claimed by the railroads in their advertising. If this 
figure is analyzed, however, we find that of the 4,712 only 132 
were passengers. There were 736 railroad employees, and 1,618 
trespassers, mostly riding the rods. In  addition, 2,025 people 
were killed at grade crossings. Under the heading "other non- 
trespassers" there are listed 201 fatalities. This analysis of the 
figures (given out by the National Safety Council) is clear pro- 
vided that we understand the meaning of the terms used. For 
example, passenger fatalities include not only those traveling 
on trains, and those getting on or off trains, but "other persons 
lawfully on railway premises." 

All the examples discussed in the last few pages indicate the 
necessity for careful and skillful analysis of data before attempt- 
ing to draw conclusions, if fallacies are to be avoided. A further 
notorious example of the sort is the statistics on automobile 
accidents, especially as applied to large cities. Accident figures 
for a city are usually given in the form of number of accidents 
of various types per 100,000 of population. Another, and for 
some purposes more effective way of presenting these figures is 
number of accidents per 100,000 passenger cars. Traffic engi- 
neers have studied this problem and have set up a large number 
of significant categories, including time of day, age and condi- 
tion of car, type of accident (two cars, car and truck, car and 
pedestrian, and so forth), condition of surface of road, experi- 
ence and physical condition of driver, and many others. From 
skillfully made analyses of this sort it is possible to determine, 
with a minimum of guesswork, what steps would be required 
to reduce materially the number of automobile accidents. 
There appear to be few that are both effective and practicable. 

There are certain widespread beliefs, that come under the 
head of statistics, and that do not appear to have been reached 
by sound statistical reasoning. An example is the statement, a 
favorite theme of some popular writers, "Greatness in men is 
not, as a rule, transmitted to the next generation." This is 
maintained in spite of such records as those of the Bach, the 
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Bernoulli, the Darwin families, and some others. The  fallacy 
here, and it almost certainly is one, is in comparing the son of 
a great father with the father himself. Clearly the comparison 
should be made with a random sample of individuals. Further- 
more, greatness is scarcely a proper basis for comparison be- 
tween generations, because it contains a large element of acci- 
dent. Talent or ability would serve the purpose better. On this 
subject it may also be observed that inherited characteristics 
are transmitted through both the father and the mother. For 
some strange reason, the mother is usually left altogether out of 
these discussions. Even so, the intelligence of sons shows a high 
correlation with the intelligence of fathers, just as the height 
of sons shows a high correlation with the height of fathers. 

Very similar in character is the popular belief that infant 
prodigies usually fade out before reaching maturity. This is 
an excellent example of the effect on people's thinking of a 
biased sample. In  this case the biased sample consists in the 
wide publicity given to a few boy prodigies who graduated 
from college at an early age, and who afterward were discovered 
in some unimportant position. Such cases are the only ones that 
register in the public mind. An adequate analysis of the prob- 
lem demands a comparison between the careers of a group of 
child prodigies and a group representing a random sample of 
children of the same age. 

In  certain specialized fields, such as music, it is not necessary 
to make an elaborate survey to determine the probable future 
status of child prodigies. Reference to biographies of leading 
musicians discloses that, almost without exception, they were 
infant prodigies. For example, it would be difficult to name a 
first-class concert violinist who did not play important works 
in public before his tenth birthday. In order to complete such 
an analysis, it would be necessary to find out the number of 
musical prodigies that did not become top-flight concert artists. 
We are less interested here, however, in the truth or falsity of 
this popular belief than in the statistical fallacies on which it 
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rests. Many correct conclusions, especially in matters where 
there are but two possibilities, are based on utterly erroneous 
reasoning. If you toss a coin to decide the question in such a 
case, your chance of being right is 1 in 2. 

A professor of psychology once conducted a frequently re- 
peated experiment on the subject of evidence. During class he 
engaged several people to enter the classroom suddenly, start 
a near riot, and go through certain other prearranged motions. 
When the disturbance had quieted down, the professor asked 
each member of the class to record his impressions as accurately 
as he was able, including such things as how many individuals 
entered the room, exactly what each did, and so on. When the 
results were tabulated it was found, rather astonishingly, that 
only some 10 per cent of the class had indicated correctly the 
number of individuals that were involved, not to mention the 
more detailed facts. 

As far as I know, this experiment has always been interpreted 
on the basis that those students who correctly wrote the number 
of intruders really knew this number. We submit that on the 
basis of the laws of chance it has not been proved that any of 
the students knew the number of intruders. From the account 
of the experiment it seems likely that if the students had been 
blindfolded and merely knew that there had been a few in- 
truders, something like the same number would have guessed 
the correct answer. I t  would indeed be interesting to have a 
"frequency table" of these answers, giving the number of stu- 
dents who said there was one intruder, the number who said 
there were two intruders, and so on. We are not suggesting, 
however, that this reasoning be applied too seriously to the 
rules of evidence in court, to which the professor's experiment 
has obvious applications. 

Possibly the most frequent cause of fallacious statistical con- 
clusions is the use of a biased sample.  We have already discussed 
briefly in Chapter XIV the connotation of this term. It means a 
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sample which fails to reflect correctly the essential characteris- 
tics of the entire population from which it was taken. The  first 
critical question is the size of the sample. Suppose, just before 
a presidential election, you ask one hundred voters how they 
intend to vote. Whatever the result, i t  would be completely 
meaningless; for presidential elections are usually so close that 
a relativeIy small shift in percentages would swing the election 
one way or the other. But if you ask one hundred voters 
whether they would favor the return of a national prohibition 
law, the result would be so one-sided that it would require an 
extremely biased sample, even of one hundred people, to give 
the wrong answer. So we see that the size of the required sam- 
ple depends not only on the size of the population, but also on 
the type of question to be answered. 

Even though the sample is a very large one, it does not follow 
that it adequately represents the population as a whole. For an 
example of a large but seriously biased sample we cannot do 
better than go back to a poll of voters in the presidential elec- 
tion of November 2, 1936, conducted by the Literary Digest 
magazine, referred to briefly as the Digest poll. This was by far 
the largest of the several political polls, ballots being mailed to 
no less than ten million voters, with over two million responses. 
This magazine had been making similar polls for a quarter of 
a century and had always correctly indicated the result of the 
election. So when the poll showed, and continued to show, a 
plurality in favor of Landon against Roosevelt, it was a matter 
of widespread interest and great astonishment, for all other 
available information, including that furnished by the other 
polls, indicated precisely the opposite. As the fateful election 
day approached speculation reached a high pitch. People all 
over the country were asking each other, "Can the Digest poll 
possibly be right?" 

Now this is the famous election in which Roosevelt carried 
every state except Maine and Vermont. Of the totaI vote of 
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45,647,000, Roosevelt got 27,752,000. So to say that something 
was wrong with the Digest poll would be putting it rather 
mildly. What is interesting is to find out where this bias lay. 

First of all, let us put ourselves back to the end of October, 
1936, with the completed Digest poll before us and the election 
still some days off. T h e  fact is that the poll itself contained 
convincing evidence that something was radically wrong, and 
this evidence was seen and interpreted at the time by many 
competent statisticians. The  nature of this evidence is as fol- 
lows: The  completed poll carried figures showing "How the 
same voters voted in the 1932 election." These figures showed 
that 1,078,012 of those who sent their ballots to the Digest poll 
voted the Republican ticket in 1932, and 1,020,010 the Demo- 
cratic ticket. But this is definite proof of a biased sample, for 
it actually shows more Republican 1932 voters than Demo- 
cratic, while the 1932 election itself showed 22,822,000 Demo- 
cratic votes against 15,762,000 Republican votes. 

I n  other words, in 1932 there were about 45 per cent more 
Democratic than Republican voters, and in a fair sample of 
1936 voters that same proportion should have been maintained 
among those who voted in 1932. T h e  poll also indicated the 
number of voters that had shifted from one party to another 
between 1932 and 1936. But in view of the major bias just 
pointed out, it was necessary to assume that a similar bias af- 
fected these figures. This means that it  was precarious, statisti- 
cally speaking, to attempt tb correct the error in the poll nu- 
merically, but the crudest correction was sufficient to indicate 
that Roosevelt was running ahead. As a matter of fact, it was 
not possible, based on these 1932 figures, to make a correction 
swinging enough votes over to Roosevelt to indicate anything 
like the actual majority. 

It is obvious that the Digest sample was biased in several re- 
spects. What were these other biases? There is no conclusive 
evidence about them, but on the basis of the facts we can reach 
one or two conclusions that are probably correct. I t  is signifi- 
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cant that the other polls, like the Gallup Survey, which depend 
for their success on smaller samples selected with great care and 
skill, gave the election to Roosevelt. But it is also significant 
that no one of these polls predicted anything like the landslide 
that took place. Each was considerably in error, so that if the 
election had been close, i t  would have picked the wrong man 
as winner. The  probable explanation is that there was a real 
shift in opinion during the last weeks of the campaign, possi- 

I 

bly even during the last days, not sufficient to change the gen- 
eral result of the election, but enough to change the figures 
materially. 

These same considerations apply with even greater force to 
the election of November 2, 1948, in which every poll errone- 
ously gave the election to Dewey. So much has been written 
about this failure of the polls that we shall content ourselves 
here with only a few comments. 

Opinion polls are statistical predictions based on small Sam- 
ples. Such predictions necessarily involve error, and the smaller 
the sample, other things being equal, the larger the error. The  
polls are therefore wrong, to some extent, on every election, 
and in the case of a very close election, some of them are almost 
certain to pick the wrong candidate. But in November, 1948, 
all the polls predicted that Truman would lose; all the errors 
were in the same direction. This fact indicates clearly that there 
was a common source of error, and there is much evidence as to 
its nature. All the polls showed that during the campaign there 
was a marked swing toward Truman, just as there was toward 
Roosevelt in the election of 1932. One of the polls, in fact, 
stopped interviewing voters months before the election, con- 
vinced that Dewey's large lead could not be overcome. There 
can be little doubt that this shift of potential votes from one 
candidate to the other during the campaign was a major rea- 
son for the failure of the polls. 

There has been much speculation as to whether this shift 
came from the "undecided" column or from the "Dewey" col- 
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umn. This question cannot be settled and is not of great im- 
portance in any case. For many voters simply do not know how 
they will vote until they arrive at the voting booth. When 
asked how they intend to vote, they indicate one of the candi- 
dates or say they are undecided, depending on their tempera- 
ments and habits of thought. This problem is one that the polls 
have not successfully solved. 

I t  is safe to say that no polling technique based on small 
samples will ever predict with accuracy a close election, nor 
will it predict with accuracy a fairly close election in which 
there is a rapid shift in sentiment just before election day. 

This question of rapidly changing conditions indicates an- 
other source of fallacy in statistics, namely the time element. It 
is of the greatest importance in economics and in government. 
In many instances, as for example in the case of unemploy- 
ment, by the time the statistics have been collected and ana- 
lyzed, the situation itself may have changed completely. 

T h e  biased sample is a potential source of error in surveys 
of various varieties; especially in those that are mailed. T h e  
replies are seldom received from more than a small percentage, 
and the sample is subject to the serious bias that there are large 
classes of people who never or practically never respond to such 
appeals. I n  some cases the sample may be of value in spite of 
this defect, but usually in such cases the conclusions obtained 
are obvious without a questionnaire, and the results should be 
classified as propaganda rather than as evidence. 

Many of these difficulties can be avoided by using the per- 
sonal-interview technique. In  fact, when the precise composi- 
tion of the sample is a matter of some delicacy and when this 
composition is vital to the success of the survey, the interview 
technique is almost indispensable. Of course, the interviews 
must be skillfully conducted, th.e questions properly prepared, 
and the results subjected to thorough statistical scrutiny. Even 
so, there are many pitfalls in surveys of this type, and I have 
seen many that can be classified only as silly. In recent.years it 
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has, in fact, become common practice to attempt to find the 
answers to puzzling questions, in the social sciences, in adminis- 
tration, in business, by appealing to the public. Each individ- 
ual interviewed may also be puzzled by these problems, but 
being pushed to say something, he follows the path of least 
resistance and indicates one of the listed answers as his own. 
The idea seems to be that even if no individual knows the 
answer, if you ask enough individuals the majority opinion will 
somehow be the right one. Such instances are merely abuses of 
a method of getting information that can be basically sound 
and has yielded valuable results not otherwise obtainable. Un- 
fortunately, no technique is foolproof. Those involving statis- 
tics seem to be the least so. 



C H A P T E R  XVZI - 

Statistics at Mrk 

IT IS perhaps time to pause in our survey of statistics and its 
uses long enough to see where we are. In  Chapter XIV we at- 
tempted to make clear the nature of the modern science of 
statistics and, with a few simple examples, to indicate the type 
of problem to which it is applicable. In  the next chapter we 
discussed and illustrated some of its basic ideas, such as fre- 
quency distributions, various sorts of averages including the 
standard deviation, and the notion of correlation. Finally, in 
Chapter XVI we tried to make these fundamental notions 
sharper and clearer by pointing out misuses of them, unfortu- 
nately all too common, that lead to fallacious statistics. 

Having discussed in an elementary way the root ideas of sta- 
tistics, we are now ready to see how they are put to work in a 
wide variety of fields. We shall be able to cover only a small 
part of the ground, however, as statistics in recent years has 
spread itself like a drop of oil on a sheet of water. We shall con- 
fine our illustrations to fields that are, we hope, at least fairly 
familiar and of some interest to the general reader. We have 
had to restrict ourselves further to examples whose interest is 
not dependent on more technical or mathematical know-how 
than is here assumed. 

Let us begin with an illustration from the field of sports. T h e  
first world's record for the mile run was established in England 
in 1865. It was 4m 44s.3, or more briefly 4:44.3. As we write this 
(1948) the record stands at 4:01.4, set by Hagg of Sweden in 
1945. In  eighty years the record has been lowered by almost 
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three quarters of a minute. How much lower can it go? Eighty 
years is not a long interval, in terms of the future, and it seems 
reasonable to expect continued improvement. One magazine 
writer even expresses the view that someone will always break 
the record, no matter how low it  goes. This is of course a large 
order. We shall now see whether statistical methods can throw 
any light on this question. The first step is to study the data. 
Table XXVIII gives the history of the mile run (we are refer- 
ring to outdoor races only). A glance at it discloses several in- 

TABLE XXVIII 

Athlete 

Webster 
Lawes 
Chinnery 
Chinnery 
Slade 
George 
George 
Bacon 
Coneff 
Jones 
Jones 
Tabcr 
Nurmi 
Ladoumegue 
Lovelock 
Cunningham 
Wooderson 
Hagg 
Hagg 
Andersson 
Andersson 
Ham 

Country 
p~ 

England 
England 
England 
England 
England 
England 
England 
England 
U.S.A. 
U.S.A. 
U.S.A. 
U.S.A. 
Finland 
France 
New Zealand 
U.S.A. 
England 
Sweden 
Sweden 
Sweden 
Sweden 
Sweden 

teresting things. We notice, for example, that during the first 
ten years of competition the record dropped some twenty sec- 
onds, almost as much as during the succeeding seventy years. 
This is typical of a new competitive sport. We can break the 
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table down along national lines. The  first thirty years might be 
called the English period, the next twenty the United States 
period, the next twenty-five the international period, and the 
final five years the Swedish period. This last may well have 
ended, since Hagg and Andersson were declared professionals 
in 1946. We notice also the blank spaces in the table. During 
the first decade of the century, for example, there was no new 
record, and there was only one between the years 191 5 and 1931. 
On the other hand, during the thirties the record changed four 
times, and in the first half of the next decade it changed no less - 

than five times. 
In a thorough statistical study every one of these special fea- 

tures of the table would be noted and interpreted. This would 
require an intimate knowledge of the history of the sport, in- 
cluding such matters as the various styles and schools of run- 
ning and the art of applying them in competition. This would 
lead to adjustments in the table and quite likely to breaking i t  
down into two or more periods. 

We have not gone into these essential refinements but have 
assumed that thc irregularities have averaged out sufficiently 
to permit an over-all conclusion. We find by statistical analysis 
typical of that employed in many studies that Table XXVIII 
leads us to the conclusion that someday in the future the record 
could go as low as 3:44. This means that if the period 1865 to 
1945 turns out to be representative of the future in every sense, 
then it is probable that the record will continue to be beaten 
until some such mark as 3:44 is reached. 

T h e  method used in problems of this sort can be most profit- 
ably discussed from the standpoint of common sense in statis- 
tics. We have reached a conclusion as to how the mile record 
was changing during the eighty-year period covered by the 
data, and have then projected it into the future. This is tech- 
nically known as extrapoliztion. Immense care and sound judg- 
ment are required to avoid reaching conclusions in this way 
that are nothing short of ridiculous. A simple illustration will 
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show what sort of danger exists; but quite often the traps which 
nature sets for the statistician are much more subtle. Suppose 
that we had, in this very problem, extended our results back- 
ward in time, instead of forward. Then the same formula that 
tells us that the ultimate future record is 3:44 tells us that the 
record, if there had been one in those days, would have been 
3,600 seconds, or one mile per hour, in 1977 B.C. 

Does this mean that our figure of 3:44 is quite absurd? Of 
course not. T h e  fallacy is easily pointed out. Whenever men 
start doing something new, such as running a competitive mile, 
heaving a weight, driving a golf ball, or knocking home runs, 
it takes some little time to get the hang of the thing. Just what 
year they start doing it is quite unimportant. You can be sure 
that if the Egyptians of 1977 B.C. had taken it into their heads 
to see how fast they could run, their hourglasses would have 
indicated something comparable to the 1865 record. 

Since we have got onto the subject of track athletics, there 
is one other little problem that we might point out. At the 
start of a short race (one of the dashes) the runner must de- 
velop full speed as fast as he can. He necessarily loses a little 
time, as compared with a running start. Can we determine 
statistically how much time he loses? In  Table XXIX we give 
the records for the loo-, 220- and 440-yard distances, together 
with the corresponding speeds in feet per second. T h e  speed 

TABLE XXIX 

Distance in Yards Time in Seconds Speed in Feet per Second 

100 9.4 31.9 
220 20.3 32.5 
440 46.4 28.5 , 

for the 220 is greater than that for the 100. I t  is clear that this 
situation is caused by the loss of time in starting, for otherwise 
we would expect the speed for the longer race to be the same 
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or  somewhat less, certainly not greater. Let us make the as- 
sumption that the effects of fatigue do not show themselves 
in as short a race as the 220. Then, apart from the effect of the 
loss of time in starting, the 100 and the 220 are run at the same 
speed. Now the time loss in starting is the same for the two 
races; it lowers the average speed more in the 100 because the 
race is shorter, so that there is less time to pull up the average. 
Under this assumption we can compute the loss of time in 
starting by elementary algebra. I t  is 0.3 seconds. If we assumed 
that the 220 is run slightly slower than the 100, due to fatigue, 
we would get a result slightly greater than 0.3 seconds. The  
table tells us that in the case of the 440 the effect of fatigue is 

This is what the record should be for a running start. I t  corre- 

pronounced. But let us stick to our figure of 0.3 seconds. If this 
lost time is subtracted from the time for the 100, we get 9.1. 

sponds to a speed of 33.0 feet per second. The same speed I 
would of course apply to the 220, with a running start. This 
speed of 33 feet per second must be very close indeed to the 
fastest that man has ever traveled on a flat surface entirely on , 
his own. 

We wish to call attention to one feature of this little prob- 
lem that is often of importance in applied statistics. By express- 
ing the records for the dashes in terms of feet per second we 
were able to see certain relations at a glance that are not 
equally obvious when the records are expressed in their usual 
form. Nothing new was added; only the form was changed. In 
other words, in Table XXIX the first and second columns 
alone say exactly the same thing as do the first and third alone. 
Each set implies the other. This is the purely logical approach. 
Rut in science, and therefore in applied statistics, the major 
problem is to find relations between things, and in this job the 
role of intuition is paramount. I t  follows that if the data are 
expressed in such a way-it will always be logically equivalent 
to the way the original data are expressed-that our intuitions 
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are brought into play, we shall go further with a fraction of the 
effort. 

This is nowhere more evident than in the use of charts and 
graphs. Complex data can in this way be absorbed and under- 
stood in a small fraction of the time otherwise required. I n  
some cases it is even doubtful that the same understanding 
could ever be reached without this visual aid. Take the case, 
for example, of an ordinary topographic survey map of a re- 
gion. Logically, this map is strictly equivalent to the hundreds 
of pages of measurements and notes representing the work of 
the surveyors. But most people in five minutes would Iearn 
more from the map about the geography of the country, its 
lakes, rivers, hills, valleys, roads, and other features, than in 
five hours, or even five days, from the surveyors' data. And it 
is a very rare person who could ever succeed in visualizing the 
country from the latter as effectively as from the former. 

This matter of drawing up the data in such a way as to lead 
to a quick intuitive grasp of the essentials is of particular 
importance in business, where complex numerical data must 
often be presented to executives who need the information but 
can spare little time to get it. That the importance of graphical 
presentation of such complexes of facts is not always appre- 
ciated, even by those with scientific training, was brought home 
to me once when an industrial chemist said, "What is the sense 
of drawing up  these charts, anyway? After you get done you 
haven't added anything new-it was all in the original data." 
The  most charitable interpretation of this remark is that it 
was aimed at a small but well-defined group called chart- 
maniacs whose passion for charts is so intense that they believe 
even the simplest data to be incomprehensible unless pre- 
sented in this manner. 

As a simple illustration of the fertility of charts we have 
added Table XXX, with the suggestion that the interested 
reader take the trouble to put it in graphical form. He will find 
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the resulting chart informative. T h e  data are simply an exten- 
sion of the first and third columns of Table XXIX to races 
as long as 5,000 meters. We have omitted several of the metric 
distances that are practically duplications of those in the Eng- 
lish system (yards). They can easily be added, if so desired. T h e  
figures in the table show an amazing regularity, as disclosed by 
a chart. They are an example of a complex statistical law at 
work. I t  is interesting to speculate on the meaning of the 
limiting speed to which the values seem to tend as the length 
of the race is increased. The  record for the marathon run of 
slightly less than 261h miles (46,145 yards) is 15.5 feet per sec- 
ond. The  record for the two-mile walk is 10.8 feet per second. 

TABLE XXX 

Distance 

Turds I Meters 

Speed in Feet 
per Second 

31.9 
32.5 
28.5 
24.2 
23.2 
22.1 

(one mile) 21.9 
21.0 
20.5 

(two miles) 20.2 
(three miles) 19.5 

19.6 

During World War I1 there developed a novel and interest- 
ing application of the scientific method to military problems, 
which came to be known as operations research, or operational 
research. I t  is, in essence, the scientific study of a large and 
complex organization, with a view to increasing its efficiency 
and effectiveness. Its methods and results are therefore appli- 
cable to any complex organization, for example a business, and 
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i t  is in fact equivalent to business research, in the best sense of 
that often misused phrase. While, like all scientific research, it 
uses ideas and methods that seem useful, regardless of their 
source, it inevitably involves large amounts of probability the- 
ory and statistics. The military results were of course secret 
during the war, but some few have since been made public. 

Operations research developed out of the Battle of Britain. 
Its first problem was to determine whether the radar intercep- 
tion system was being used to the fullest advantage. From this 
simple beginning it developed rapidly, due to its striking suc- 
cesses in the field, until later in the war operations research was 
at work with practically every important command in the Brit- 
ish armed forces. After the United States entered the war, simi- 
lar units were set up in this country. This was due largely to 
the influence of Dr. Conant, then president of Harvard, who 
was in England during the Rattle of Britain and who is re- 
ported to have expressed the view that the contributions of 
the operations research groups were of major importance in 
winning that battle. The  American units were organized be- 
ginning in the spring of 1942 and were ultimately attached 
to all the major services. 

One of the early leaders in operations research was P. M. S. 
Blackett, professor of physics at Manchester University, and 
Nobel prize winner in physics for 1948. Professor Blackett has 
said of the nature of the work that it was "research having a 
strictly practical character. Its object was to assist the finding 
of means to improve the efficiency of war operations already in 
progress, or planned for the immediate future. T o  do this, past 
operations were studied to determine the facts; theories were 
elaborated to explain the fact (and this is very important; op- 
erations research is not merely the collection of statistics about 
operations); and finally the facts and theories were used to 
make predictions about future operations and to examine the 
effects of various alternatives for carrying them out. This pro- 
cedure insures that the maximum possible use is made of all 
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past experience." This statement, with the change of a few 
words here and there, is an excellent description of practical 
research in any field. The  only difference between practical re- 
search and theoretical research is that in the former the pri- 
mary object is to learn how to do things better, while in the 
latter the primary object is to know things better. 

We turn now to an example of operations research in action. 
When a bombing plane spots a hostile submarine a certain 

time elapses before the plane can reach the point of attack and 
drop its depth charges. The  submarine will submerge the in- 
stant that its lookouts, acoustic, optical, or radar, give warning 
that the aircraft is approaching. If the submergence time is 
half a minute, a plane flying 180 miles per hour will have 
covered a mile and a half during this interval. Records were 
kept showing, for a large number of attacks, how long the sub- 
marine had been submerged at the instant that the plane 
passed over the point of attack. One series of such records is 
shown in Table XXXI. The  percentages in the table represent, 

TABLE XXXI 

Time Submerged Percentage 
in Seconds Submarines Attacked 
Not submerged 34 
0-1 5 27 
15-30 15 
30-60 12 
over 60 11 

- 

100% 

of course, averages. If there were much scattering, or dispersion, 
about these averages, the table would be worthless. This was 
not the case, and furthermore, over a long period of time and 
over a wide area of ocean these percentages were approximately 
the same. 

Even if it were assumed that the depth charge is fused for 
exactly the right depth, the probability of success of the attack 
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decreases rapidly with the length of time the submarine has 
been submerged. In  the first place, the location of the sub- 
marine must be estimated in terms of the point at which it 
submerged, in other words by the rapidly dispersing swirl left 
behind by the submarine. In the second place, the direction of 
the submarine's course is not known. I t  is evident that any 
means whereby this interval of time could be decreased would 
greatly increase the percentage of successes. Taking account 
also of the uncertainty in estimating the depth, the advantage 
of such measures is even more obvious. The  problem, then, can 
be stated in this way: to find measures that will significantly 
increase the probability that the plane will detect the sub- 
marine, while at the same time the probability is small that the 
submarine will detect the plane at distances much over one and 
a half miles. I t  turned out that for a 20 per cent decrease in 
the distance at which the airplane could be detected by the sub- 
marine, there was a 30 per cent increase in destruction of sub- 
marines. This shows the importance of even small increases in 
air speed and in effectiveness of camouflage. This work led to 
large improvements in technique. 

Another illustration having to do with submarines is the fol- 
lowing: Losses to submarines of convoyed merchant ships in 
the North Atlantic crossing were carefully studied, and a statis- 
tical relation between the relative losses, the number of ships, 
and the number of convoy vessels was found. If we call r the 
ratio of ships lost to total ships, N the number of ships, and C 
the number of convoy vessels, this relation can be written 

where k is a constant whose numerical value was determined 
by experience. I t  is clear that the ratio of losses r decreases if 
either N or C is increased. For example, suppose that N is 50, 
C is 10, and that k has been found to have the value 10. Then 
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10 
r = - - 2 per cent. 

(50 x 10) 

Now suppose we increase the number N of ships convoyed 
from 50 to 100, leaving C unchanged. T h e  equation then gives 
r = 1 per cent. T h e  number of ships lost is the same in each 
case, since 2 per cent of 50 is equal to 1 per cent of 100, each 
being equal to 1. This formula led immediately to a most im- 
portant conclusion, the application of which saved many ships 
and many lives. If convoys were sent out only half as often, 
there would be twice as many escort vessels available. Now ac- 
cording to the equation 

if you double the number of ships and at the same time double 
the number of convoy vessels, you cut in two the number of 
losses. Just as many ships set sail as under the previous plan, 
but only half as many are lost, on the average. This is an ex- 
ample of a really radical improvement in operations as a result 
of a statistical investigation. 

Among other outstanding examples of operations research 
that have been published are the following: How many planes 
should be used in a bombing raid, given the nature of the 
probable defenses? How much time should the personnel of 
bombing squadrons devote to training, as compared to opera- 
tional missions, in order to deliver the maximum bomb load 
on the target? We shall content ourselves with mentioning 
these problems and turn to other applications of the statistical 
method." 

* T h e  reader interested in further details is referred to the following 
books: S. E. Morison, The  Battle of the Atlantic, Little Brown 8- Company, 
Boston, 1947. J. P. Baxter 3rd, Scientists Against Tima, Little Brown & Com- 
pany, Boston, 1947. L. R. Thiesmeyer and J. E. Burchard, Combat Scien- 
tists, Little Brown & Company, Boston. 
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T h e  study of populations provides a good example of statis- 
tics at work. If you draw a geographical line around a city, a 
community, or a country, and determine its present population 
by taking a census, its population at any future time then de- 
pends on four factors. They are births, deaths, immigrations, 
and emigrations. They take account of processes of creation 
and destruction within the geographical area and of passages 
of human beings across its boundary line in either direction. In  
order to predict the future population of the area it is neces- 
sary to project ahead the rates of births, deaths, immigrations, 
and emigrations, which are continually changing, sometimes 
quite abruptly. T h e  difficulties and uncertainties of this task 
are very great. 

T h e  birth rate varies considerably from one region to an- 
other, depending on the ideas and attitudes of the population, 
for example their religious beliefs. I t  depends on biological and 
social factors. I t  is indirectly but forcibly affected by economic 
conditions, present and anticipated. Following a major war 
there usually takes place in each belligerent country, regardless 
of economic conditions, a sharp increase in the birth rate. A 
glance at the statistics published by the Statistical Office of the 
United Nations discloses how pronounced this effect has been 
after World War 11. In  most cases there has been so large an 
increase that temporarily, at least, the birth rate far exceeds its 
prewar level. 

The  death rate is obviously affected by wars, famines, pesti- 
lences, floods, earthquakes, and other natural disasters. Owing 
to sanitary improvements and medical advances it has de- 

T h e  following articles can also be consulted: C. Kittel, "The Nature and 
Development of Operations Research," Science, February 7, 1947; J .  Stein- 
hardt, "The Role of Operations Research in the Navy," United States 
Naval Institute Proceedings, May, 1946. 

I wish to acknowledge my indebtedness, in connection with the brief 
account in the text, to a lecture by Dr. Steinhardt on "Operations Re- 
search," delivered before the Institute of Ma thematical Statistics and the 
American Statistical Association on Dec. 29, 1947. 
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creased steadily over the years. As a result the average length of 
life has increased from somewhat less than thirty years in the 
England of Queen Elizabeth to over sixty years in the England 
of today. The  greater part of this change has taken place dur- 
ing the past century and is due largely to the enormous de- 
crease in infant mortality. At the present time the death rates 
for infants under one year of age vary greatly from one country 
to another, depending on conditions in the particular country. 
A rough measure of these rates is determined by the change in 
life expectancy at birth and the life expectancy at age one. A 
table of world life expectanciesX discloses the following facts: 
In  Australia the life expectancy of a male at birth is 63.5 years, 
at age one 65.5. The life expectancy of the child therefore in- 
creases two years, on the average, if he survives the first year. 
I n  Hungary, on the other hand, the life expectancy of a male 
at birth is only 48.3 years, while at age one it jumps to 57.1. 
The  life expectancy increases almost nine years, therefore, if 
the child survives the first year. This indicates a very high in- 
fant mortality compared with that of Australia. Hungary shows 
a lower life expectancy than Australia for every age group, but 
the disparity is not so serious after the first year. 

Immigration and emigration are even more erratic and un- 
predictable than rates of birth and death. Great movements of 
population have taken place in the past, under the pressure of 
overpopulation and the lure of new and underpopulated lands, 
but today such movements are smaller and even less predicta- 
ble. They are largely caused by revolutions and persecutions, 
and are affected by immigration laws, even by emigration laws. 

Summing up, it is clear that any projection into the future 
of the four factors controlling population growth, for more 
than a few years at a time, is extremely precarious. It follows 
that estimates of future population are unreliable. We can get 
rid of two of the factors, namely immigration and emigration, 

For example. in  Information Please Almanac for 1948, page 284. 
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by extending the geographic area to include the entire earth. 
However, since every person is born and dies, while few mi- 
grate, this simplification is not too helpful. 

T h e  birth and death rates that we have been talking about 
are what are known as the crude rates. They are obtained by 
dividing the actual number of births and deaths for the year by 
the mean population, the latter being expressed in thousands. 
I n  a community with a population of 10,000 and 200 births 
during the year, the crude birth rate is 200/10, or 20 per thou- 
sand of population. The  use of the entire population as a base 
is not entirely satisfactory for certain types of population stud- 
ies, and various modifications have been introduced. One such 
refinement is to use as base the number of married women in 
the childbearing age brackets, usually taken as from fifteen to 
forty-five. In this way births are related to that section of the 
population most directly responsible for them. 

In  the case of death rates the situation is somewhat different. 
From the simple and fundamental fact that every person dies 
sooner or later it follows that refinements of the death rate take 
the form of relating the number of deaths in each age group to 
the number of individuals in that group. This leads us back 
to the notion of life expectancy, which we have already con- 
sidered. 

If the number of births exceeds the number of deaths, the 
population is increasing. (We are leaving immigrations and 
emigrations out of account.) This means that the base, against 
which both birth and death rates are measured, is itself in- 
creasing, so that these rates are distorted. In  the opposite case, 
with a decreasing population, there is a corresponding distor- 
tion. IVithout going into the mathematics of the matter, it can 
be seen how this works out by setting up  an imaginary com- 
munity on paper. T o  avoid tedious complications some rather 
queer assumptions will need to he made, but the principles will 
not he affected. Start with a population of 1,000, for example, 
and assume that for several years births and deaths are each 
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equal to 150, so that the population is stationary. This will get 
the study started without complications. Now increase the birth 
rate to, say, 200, and make the assumption that every indi- 
vidual dies exactly five years after he is born. You now have 
an increasing population which can be computed for each year 
merely by adding to the figure for the previous year the num- 
ber of births and subtracting the number of deaths. Knowing 
the population and the number of deaths for each year, you 
can determine the death rate by dividing the latter by the 
former and multiplying by 1,000. I n  this way you can see what 
happens to the series of death rates under the circumstances 
set up. Other types of situations, for example a declining popu- 
lation, can be studied by changing the basic figures that were 
assumed. If we make the convention that each year in the above 
scheme represents ten actual years, we will have a rough, sim- 
plified model of a human population. 

The interest and importance of population studies were first 
realized as a result of the work of Malthus at the beginning of 
the nineteenth century. He noted the tendency of all living 
things to multiply in geometric ratio. For example, a single 
cell divides into two new cells, each of these giving rise to two 
more, and so on; in this case the ratio is two. From what he 
could learn Malthus concluded that the human race tends to 
double its numbers every twenty-five years. On this basis a 
country with a population of ten million in the year 1800 
would by now have a population of nearly six hundred and 
forty million, which is almost one third the population of the 
globe. This led him to a study of the basic reasons why this 
tendency to increase is held in check. The first and most ob- 
vious reason is the supply of food, using this word to represent 
all the necessities of life. For on the most liberal estimate, tak- 
ing account of past and probable future scientific improve- 
ments, it is not conceivable that the food supply could be long 
increased at the rate of doubling itself every twenty-five years. 
And if it is increased at a slower rate, either the amount of 
284 



STATISTICS A T  W O R K  

food available per individual must sink lower and lower, or 
population growth must somehow adjust itself to the slower 
rate. This cramping effect of food supply on population growth 
is an example of what Malthus called "positive checks." Other 
examples are wars and epidemics. As an alternative to these 
Malthus discussed what he called "preventive checks." They 
consist in lowering the birth rate when overpopulation threat- 
ens, rather than increasing the death rate. The  operation of the 
positive checks means destruction, suffering, hunger. Tha t  of 
the preventive checks means coordinated planning for a better 
and fuller life. I t  appears that the question of future over- 
population is one of great concern at this time, and an inter- 
national committee, sponsored by the United Nations, is at 
work on it. 

We shall close this brief review of statistics in action with a 
final example, taken from one of the standard elementary 
texts.+ I t  is clear that there must be a relation of some sort 
between the prices of industrial common stocks and business 
activity, since stock prices are related to earnings and prospects 
of earnings of industrial companies, and these earnings, by and 
large, are dependent on business activity. T h e  problem studied 
was this: Do changes in the price level of stocks foreshadow 
changes in the Pevel of business activity, or is it the other way 
around? Whichever way it is, what is the time lag involved? 
Two periods were examined; the first covered the eleven years 
immediately preceding the outbreak of World War I, the sec- 
ond the years 1919 to 1937. In  each case index numbers rep- 
resenting the prices of industrial stocks were compared with 
index numbers representing business activity. I t  was found 
that in the earlier period stock price changes anticipated 
changes in the activity index by from three to seven months, 
the average being five. However, this average was not sharply 

F.  C .  Mills, Statistical Methods, Henry Holt and Company, Incorpo- 
rated, New York, 1938. 
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defined, indicating a good deal of dispersion, so that any figure 
from 3 to 7 would serve satisfactorily. I n  the later period it was 
found that stock price changes anticipated changes in business 
activity by one month, on the average. Although this average 

I 

also is not very sharp, the probability is high that the different 
results in the two periocls correspond to a real change in condi- 
tions. The  important thing is that in each case it is the level 
of stock prices that changes first. If it goes up or down, it is a 
,good bet that within a month or two business activity will do 
likewise, provided that these results remain valid. 

I t  is interesting to speculate on what would happen to specu- 
lation if this study, or an equivalent one using some other in- 
dex than that of business activity, had come out the other way 
around. In  that case the rise or fall of the index would an- 
nounce in advance a corresponding rise or fall in the general 
level of stocks. Of course it would announce it only the way 
a statistical law does, as a probability. Furthermore, the proba- 
bility that any individual stock would respond to the signal 
would be much smaller than that for the composite stock index 
used in the study. Nevertheless, the effect on speculation would 
be considerable. For this information as to the probable future 
course of the market would tend to narrow the differences of 
opinion on which speculation thrives. The  general effect would 
be to reduce speculative activity. This reasoning is probably 
not applicable to the widely held Dow theory of movements of 
common stocks. The  latter is an empirical theory based on the 
behavior of the industrial and railroad averages themselves, 
without reference to any economic index. The effect of the 
Dow theory is probably small not only because it is by no 
means universally accepted by traders, but more especially be- 
cause it gives signals only under special conditions, which by 
their nature are relatively rare. 

Speculation and statistical prediction are compatible as long 
as the latter is not too accurate. At this writing there appears 
to be little danger that speculation will die out for this reason. 
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For the possible fields of speculation are almost limitless, and 
if statistics should catch up with one of them, it would immedi- 
ately be replaced by another well beyond the reach of statistics 
or of science. Only a few hundred years ago men could specu- 
late on the date of the next eclipse of the sun; today this 
would make an exceedingly poor bet. 



CHAPTER XVZZZ . 

Advertising and Statistics 

THE problem of advertising, stated in a minimum of words, 
is to produce a maximum effect on a maximum number of in- 
dividuals at a minimum cost. Advertising of a product is rated 
as successful if it tends, in the long run, to increase the net 
profits of the concern which handles the product and pays the 
advertising bills. Since past experience goes to show that ad- 
vertising of certain products in certain manners can be ex- 
tremely profitable, almost every business is faced with an  ad- 
vertising problem of greater or less dimensions. 

By its very nature advertising deals with large masses of 
people (the larger the better, in a sense); so it inevitably in- 
volves problems in which statistical thinking is called for. I n  
many of these problems the best route to a reliable solution is 
that of statistics, and to this end its entire modern technical 
machinery can be set in motion. In  others precise statistical 
methods have only an indirect application, as we shall see, and 
in still others they have no application at all. 

In  all these cases, whether the advertising medium be news- 
paper, magazine, billboards, handbills, mailed circulars, radio, 
or some other, the advertiser must think in terms of the statisti- 
cal class or group of prospects reached and attempt to estimate 
or measure its value as potential consumers of his product. T o  
take an obvious instance, if he is advertising farm implements, 
he will naturally turn to farm journals. If he is advertising a 
new bond issue, he may place his ad on the financial pages of 
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certain newspapers, or in a financial journal, where it will be 
seen by a comparatively small number of people comprising, 
however, a very select class, from the point of view of the ad- 
vertiser. On the other hand, the manufacturer of farm imple- 
ments, we may be sure, will not consider the readers of financial 
journals as favorable prospects. 

I n  practice, the case is seldom so simple. The  group of in- 
dividuals cxposed to any given type of advertising is usually 
composed of a large number of smaller groups, having various 
degrees of value as prospects. The  statistical problem of the 
advertiser, or of the advertising expert, is to discover means of 
dissecting the entire group into these component groups, and 
to find means of measuring the value of each in relation to the 
advertiser's business. This value depends not only on the per- 
centage of potential customers in the group, but in an equally 
important way on the amount of favorable attention that the 
advertising produces. If the advertiser's product is one that is 
used by all classes of people, the problem is largely one of sheer 
volume and of attention value. If the advertiser is offering 
products or services that appeal only to a very particular class 
of individuals, the statistical problem of locating and reaching 
this class is one of great importance. If, to take an obvious ex- 
ample, the advertiser is selling phonograph records, his pros- 
pects are contained in the group of phonograph owners. Waste 
circulation for his advertising will evidently be reduced to the 
lowest point attainable without the use of second sight, if he 
confines his distribution to this group. This he can do by use of 
a mailing list of names of individuals who have recently pur- 
chased phonographs. If he uses magazine advertising, his waste 
circulation will evidently be less in a magazine devoted to 
music than in others, and still less if the magazine contains a 
department devoted to phonograph records. 

These self-evident statements are intended merely to indicate 
the type of analysis that is required in more complicated cases. 
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When the choice presents itself, as it very frequently does, be- 
tween a small circulation containing a high percentage of true 
prospects and a large circulation containing a large number 
but a small percentage of true prospects, the decision involves 
a knowledge of the probable value of a prospect to the business, 
as well as the comparative cost figures. When reliable estimates 
of these figures are available, the matter can be settled by 
arithmetic. When accurate estimates are not available, which is 
more often the case, it is usually true that poor estimates are 
better than none, for they allow us to carry through our nu- 
merical thinking, and in many instances our conclusions will 
be the same as though it had been possible to use the correct 
figures, while in any case they are subject to all the control that 
other approaches to the problem can furnish. 

T h e  type of response that the advertiser is attempting to pro- 
duce varies greatly from one case to another. I t  ranges from 
depositing a vague impression in an unoccupied corner of the 
prospect's mind, to inciting him to immediate action, clipping 
a coupon, writing for descriptive matter, or filling out a money 
order for a purchase. Evidently depositing vague impressions 
in people's minds is of value precisely to the extent that i t  
leads, one way or another, to action on the part of someone. 
T h e  preliminary impression may be merely one link in the 
chain that leads to ultimate action, but if without it the chain 
would be broken, it deserves its proportionate share of credit 
and must bear its proportionate burden of expense. In  practice, 
of course, it is completely impossible to administer individual 
justice of this sort. Unless the action of the prospect is direct 
and immediate, and is stamped with an identifying mark of 
some sort, it is usually buried from view. The  value of indirect 
and publicity or "name" advertising usually must be appraised, 
if it is appraised, by its long-term effects on the business of the 
advertiser. Of course there are occasional instances where in- 
direct advertising produces an immediate and pronounced ef- 
fect. 
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I n  advertising of the direct-action variety, aimed, let us say, 
a t  securing inquiries of some sort, the case is otherwise. As the 
inquiries are received a relatively short time after the dissemi- 
nation of the ads, and as it is easy to arrange matters in such a 
way that each inquiry carries an identifiction of its source, the 
advertiser can obtain accurately the cost per inquiry for each 
medium of advertising. If he runs the same ad simultaneously 
in a dozen different mediums, the resulting figures, when 
chance fluctuations are taken into account, provide a sound 
basis for comparing the inquiry pull of one against another. 

On the other hand, the advertiser may wish to test one type 
of ad against another by using the same medium more than 
once. The  change may be in the printing, the arrangement, 
the terms, or in some other feature. Under these circumstances 
the advertiser is in the fortunate position of being able to 
determine by experiment whether a suggested change in his 
advertising produces more or less inquiries and can dispense 
with long and involved psychological arguments. But the num- 
ber of inquiries received is not necessarily an adequate measure 
of their value. The  word value here means precisely the net 
profit or the net loss that ultimately results from these in- 
quiries. Each inquiry received must be followed up in an effort 
to convert it into a sale, and this follow-up entails a certain 
expense. In  general, only a small percentage of inquiries are 
converted into sales. When such a conversion is made, it repre- 
sents not only a sale, but the "birth" of a customer, who has a 
very real value to the business. 

This value may in some instances be negative. If so, it means 
that the customer, or group of customers, entails more expense 
than the revenue produced and is therefore responsible for a 
net loss. The  period of time used in measuring the value of a 
customer to a business is of the utmost importance. If a period 
of one year is considered, for example, the value of the cus- 
tomer may be negative, while if the period is extended to two 
years, the value becomes positive. If a period of several years 
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is required for the value of the customer to change from nega- 
tive to positive, few businesses would consider his acquisition a 
sound investment. In  estimating this period it is evident that 
predictions of future economic conditions, among the classes of 
people involved, enter in a fundamental way. The  accuracy of 
these estimates therefore depends on the accuracy of the eco- 
nomic predictions. 

When the advertiser is in a position to know the advertis- 
ing cost per inquiry, the net cost of converting an inquiry 
into a sale, and the value to his business of such a conversion, 
over a properly determined period, he is able to give a definite 
answer to the question, "What will be my net profit per adver- 
tising dollar in the medium of advertising I am considering?" 
These considerations are more directly applicable to the mail- 
order business than to any other, but in other cases the type of 
thinking required is the same. 

When coupon or inquiry advertising is for the purpose of ac- 
quiring prospects for direct mail selling, i t  is possible, as in- 
dicated, to follow through all the way to the sale and to deter- 
mine all the figures necessary for a complete appraisal of the 
value of the advertising. When, however, the selling is of the 
indirect variety, for example through dealers, it is not a t  all an 
easy task to determine how many actual sales should be credited 
to each hundred inquiries, or what the dollar value of such 
sales is. Under these circumstances the advertising expert is 
forced to make as good an estimate as he can of the value of 
responses received from a given medium of advertising-news- 
paper, magazine, radio, or whatever it may have been. 

The  statistical problem here involved is this: How can we 
measure the value, in terms of prospective sales, of coupon (or 
other) responses from a given medium of advertising, in the 
absence of direct information on percentage of conversions and 
value of conversions? We shall make the problem more definite 
by assuming that the medium in question is a magazine, and we 
shall refer to the advertiser as the A company. Suppose that 
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another company, the B company, which sells direct by mail, 
has used this same medium of advertising and has found that 
sales conversions are high enough to make its use profitable. 
I n  other words, the B company rates the quality of coupon 
responses as excellent. Our problem is this: Is the A company 
justified in guiding itself by the measured results of the B 
company, and in concluding that the responses to its own ad- 
vertising in this magazine are also of high quality? 

This question, like so many practical questions involving a 
generous sprinkling of unknowns, requires qualification before 
an answer can be even attempted. If we knew nothing of the 
two companies, and of their products, it would be rash indeed 
to give an affirmative answer. The B company, for example, 
may be selling patent medicines direct by mail, while the A 
company is selling a tooth paste through its dealers. I t  would 
be unsound to conclude, without supporting evidence, that be- 
cause these two companies obtained equal response to their 
advertising, the potential sales values of their responses are 
equal. On the other hand, if the A and B companies are sell- 
ing similar, although not necessarily identical, classes of prod- 
ucts, but by different methods, we might feel safe in transfer- 
ring the conclusions of the B company to the A company, 
provided that there was no significant difference in the "come- 
on" features of the two ads. Evidently there is a large element 
of judgment involved in the answers to such questions. This 
is as it should be. We are not justified in expecting general an- 
swers to questions that clearly demand a careful attention to 
the particular circumstances of each case. 

We may well ask, Where have we got to in all this? Are 
we any nearer to a solution of these important problems than 
when we started? I think that we are, if only in the sense that 
we have better formulated the question, and that we have 
realized how essentially its answer depends on a detailed study 
of the individual case and on the quality of the required judg- 
ment. 



T H E  S C I E N C E  O F  C H A N C E  

In practice, there is an increasing tendency to rely more and 
more, in estimating the quality of responses from a medium, 
on the demonstrated sales results of other advertisers, especially 
of those who are classed as "respectable" or "acceptable." This 
tendency has led to an increasingly scientific approach in the 
problem of advertising and will surely result in increased effi- 
ciency in the use of the advertising dollar. 

We come now, in our survey of the statistical problems of 
advertising, to the problem of the general advertiser. He is in 
the unfortunate position (statistically speaking) of having no 
direct response of any sort which could guide him in his future 
selection of mediums. He plants his acres and at harvest time 
his granaries are full or empty, as the case may be. But he does 
not know which acres, or which seeds, produced their pro- 
portionate share of the harvest. He knows only that if he does 
not plant, there can be no harvest. 

Much of what we said about the coupon advertiser who is 
ignorant of sales per advertising dollar applies to the general 
advertiser. But the latter must make his decision to advertise 
or not to advertise in a given medium without tangible evi- 
dence of any sort, in so far as his own advertising results are 
concerned. In  this situation he has three alternatives: He can 
make a direct judgment of the probable effectiveness of the 
medium for advertising of the contemplated type, he can rely 
on tests of the medium carried out by advertisers who are able 
to check sales, or he can rely on statistical surveys. I n  practice, 
the advertising expert relies more often than not, in the ab- 
sence of reliable and conclusive surveys, on his judgment of the 
medium, after its sales representatives have been permitted to 
present their case. But the current tendency, at least of the 
more pr~~gressive experts, is to take account also of the directly 
measurable "pulling power" of a medium. Especially is this 
procedure effective when the pulling power of the medium is 
measured by the results of a diversified list of advertisers. 
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T h e  advertising effectiveness of a medium, say a magazine, 
is often estimated in terms of its "reader interest." This idea 
needs a good deal of clarification and is, at best, not overly satis- 
factory as a criterion. Reader interest presumably means just 
what it says, namely interest in the editorial pages of the maga- 
zine, as distinguished from the advertising pages. I t  is ordi- 
narily assumed that if a magazine has reader interest, it follows 
that its advertising is productive. This conclusion does not in 
the least follow from the rules of logic, and if it is correct, as i t  
seems to be in general, with certain qualifications, it is an 
empirical conclusion. The practical importance of correlating 
reader interest with advertising power is very great for adver- 
tisers who are unable to check sales. 

But if an advertiser can find out the sales produced by a 
magazine (for example), he has no possible reason to concern 
himself with this question of reader interest. He has spent 
$20,000, let us say, in advertising in a certain magazine, and 
his records show that he has made a net profit of $5,000. From 
his point of view it  is a matter of indifference whether a single 
article in the magazine was read. He is sure of one thing; his 
ad was read. His profit is in the bank, and he will continue this 
advertising, other things being equal, until it ceases to show a 
profit. 

None of these advertising problems is so simple, in a prac- 
tical sense, that its answer can be reduced to a formula. Each 
demands an intelligent and unbiased study of every pertinent 
fact, and the statistician who fails in such a study is an un- 
mitigated liability. 

Statistical surveys can be a fertile source of information as to 
the effectiveness of an advertising medium, but they require 
great skill in execution and their proper execution may involve 
expenses out of proportion to the value of the results. As an 
example, a national weekly once conducted a survey to deter- 
mine the number of people who had paid sufficient attention 
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to a page advertisement to remember that they had seen it. 
Results showed a total of about 20 per cent, based correctly 
on total circulation, rather than on the fictitious "number of 
readers." 

Before considering the various types of error to which such 
surveys are subject, let us consider some of the implications of 
this result as applied to certain advertising problems. If 20 
per cent of readers see the page ad, it is equivalent to saying 
that the chance that a particular reader will see the ad is 1 in 
5. Let us apply this conclusion to the much-discussed question 
of "duplicated circulation." Suppose that a second weekly 
magazine carrying this same ad reaches this same reader and 
that the chance that the reader will see it is also 1 in 5. This is 
an assumption that requires the most careful analysis, but for 
the purposes of argument we shall let i t  pass. Then the chance 
that the reader will see both ads is only 1 in 25. This indicates 
that, even on the assumption that it is largely advertising waste 
for the reader to see the second ad, the amount of waste in- 
volved is small. 

What is the chance that the reader will see at least one of the 
two ads? Having considered this matter in Chapter V, we shall 
not commit the error of adding the two chances, which would 
give a chance of 2 in 5. T h e  correct result, as we know, is a 
chance of 9 in 25. But this differs little from 2 in 5, or 10 in 
25, and we see that, under the conditions and assumptions ow- 
lined, the advertiser loses little, at the worst, by duplicated 
circulation. If three magazines, instead of two, reach the reader, 
all carrying the same ad, the corresponding results are as fol- 
lows: Chance that the reader will see the ad in all three maga- 
zines is 1 in 125; chance that he will see it in at least two of 
the magazines is 13 in 125; chance that he will see it in at 
least one of the magazines is 61 in 125. If the original survey 
gives an initial chance of other than 1 in 5, it is easy to revise 
these conclusions accordingly. 

We have implied that such surveys are to be received with 
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the utmost caution. This means, first of all, that the sample on 
which their conclusions are based must not be a biased sample, 
a point discussed in Chapter XIV. In  the second place, assum- 
ing the correctness of this first step, how can we know whether 
or not it is justifiable to transfer the results of such a survey 
from the case of one magazine to that of another? Without at- 
tempting an exhaustive list of the requisite precautions, let us 
list a few of them in the form of questions: Does the result 
depend on the number of pages in the issue of the magazine 
tested? Does it depend on the number and prominence of the 
"competitive" ads in the issue? Does it depend on the editorial 
or other features of the particular issue in question? Does it 
depend on peculiarities inherent in the particular class of read- 
ers of the particular magazine? Does it depend on seasonal or 
economic factors? 

This series of questions should serve to indicate the danger 
of accepting too uncritically the results of these surveys. 

The majority of the statistical surveys that are furnished the 
advertiser, with the purpose of showing him how he should 
spend his advertising budget to the best advantage (of some- 
one) are excellent examples of fallacies in statistics. We can 
apply to them the remark Goethe once made in another con- 
nection: "Their correct conclusions are not new, while their 
new conclusions are not correct." These surveys are seldom 
made by professional statisticians. They are usually thrown 
together by men without technical knowledge and with no 
understanding of scientific method. T h e  formula used in their 
construction consists in suppressing every unfavorable fact, and 
in piling up the favorable ones, until the bombarded prospect, 
unless he is well fortified against such attacks, is quite over- 
whelmed with facts and figures. 

Perhaps the fairest way to look at advertising solicitations 
of this sort is to compare them with the tactics of a criminal 
lawyer defending a client. Legal ethics, while demanding that 
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he tell the truth, do not demand that he tell the whole truth, 
to the detriment of his case! 

In  summary, we can arrange the problems of measuring ad- 
vertising response, considered from the statistical point of view, 
in the following order of increasing complexity: Coupon or 
direct response advertising, to  be followed by direct-mail sell- 
ing or a direct-sale offer in the original ad; coupon or direct- 
response advertising, to be followed by indirect selling (through 
dealers, for example); publicity or name advertising--general 
advertising. I t  is not only an interesting problem, but one of 
the most important practical problems in modern business, to 
discover statistical means of measuring the value (in dollars 
of net profit per dollar of advertising) of the second and third 
of these methods, particularly the third. 

The  field of advertising is a broad one. I t  includes the 
psychological problems of appeal to eye and ear, of typographi- 
cal and pictorial appeal, of the subtleties of color combinations. 
I t  includes the art of salesmanship, for advertising is "sales- 
manship in print7' (perhaps, to take account of such modern 
developments as radio and television, this dictum should be 
revised to "salesmanship by remote control"). I t  includes many 
problems in the solution of which statistics can play no part. 
On the other hand, quite aside from the clear-cut applications 
of statistics which we are discussing, there are other problems 
which permit a statistical attack, in addition to the more ob- 
vious approach. As an example, the effectiveness of color in 
advertising can be estimated either by use of facts discovered 
by the psychologist in his laboratory, or by the direct, experi- 
mental, and statistical method. 

When it is possible to answer a question by sound statistical 
procedure, the answer so obtained can be relied on to an extent 
seldom possible in the case of answers otherwise obtained. This 
is merely an affirmation of the supremacy of the experimen- 
tal method, when that method is applicable. If you want to 
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know the color of John Smith's eyes, you will do better to look 
at them than to base your conclusion on the color of Smith eyes 
over the last six or eight generations. Similarly, if we wish to 
measure the appeal of an ad, and can possibly contrive a statis- 
tical check, we shall be surer in our conclusions than if we base 
them on theoretical psychological reasoning. We therefore feel 
justified in "dragging in" the statistical method whenever we 
can soundly do so. 

T h e  technique of conducting experiments in direct-action 
advertising follows as closely as possible that used in the physi- 
cal sciences. T h e  ad is prepared in the two forms that are to be 
compared; let us call them Form 1 and Form 2. Form 1 is 
presented to one group of prospects, call it A, and, simulta- 
neously, Form 2 is presented to another group, call it B. I t  is 
known in advance either that the two groups "pull" the same 
(on the same ad), or that one of them pulls more than the 
other by a determined amount. With this information it is 
easy to determine, from the count of responses to the two ads, 
whether Form 1 or Form 2 is the better puller. If nothing is 
known in advance of the groups to which the ads are presented, 
a second test can be made in which Form 1 is presented to 
group B, and Form 2 to group A. I n  a physical experiment 
involving weighing, this corresponds to reversing the scalepans 
of a chemical balance. If one of the forms pulled better on the 
first test because it went to the more productive of the two 
groups, the tables will be reversed on the second test, and this 
fact will be evident. This latter method is slow and is subject 
to the further objection that the two groups may respond dif- 
ferently to a repeat ad, so that it is rarely used. 

This experimental technique may be clearer from an exam- 
ple. Several years ago one of the smaller mail-order houses de- 
cided to make some tests with a view to saving money in the 
printing of its catalog, which had always been printed in two 
colors, with the exception of the cover, which was in four col- 
ors. They therefore printed several hundred thousand copies 
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of one edition in one-color rotogravure, the four-color cover 
remaining. The  printing cost per catalog in rotogravure was 
considerably less. T h e  test was conducted as follows: A large 
number of towns were selected from various regions of the 
country, approximately in proportion to the distribution of the 
mailing list, and the customers' names from these towns di- 
vided alphabetically into two equal parts. The  two-color cata- 
log was mailed to one half, the rotogravure catalog to the other, 
the mailings for a given town taking place on the same day. Or- 
ders from the two catalogs were distinguished by code letters 
before the catalog number of each item listed. When these 
orders were tabulated, it was found that the rotogravure cata- 
log had outpulled the two-color catalog by more than 15 per 
cent; in other words, for every 100 orders from the tw+color 
catalog there were more than 115 from the rotogravure one. 
Furthermore, when the total amounts of the orders were com- 
pared, the difference was even more marked; in other words, 
the average order produced by the rotogravure edition was 
slightly larger. This point was of importance, for an increase 
in the number of orders, accompanied by even a mild decrease 
in the dollars value of the average, would not necessarily mean 
an increase in net profits. 

The  conclusion was, then-assuming there was no error in 
the test-overwhelmingly in favor of adopting a rotogravure 
catalog, which would bring an initial saving in the cost of 
printing the catalog and a large profit from the increased or- 
ders. 

Now it rarely happens that economies in business lead to an 
absolute increase in sales volume, and this result was very natu- 
rally viewed with suspicion by the management of the mail- 
order house. Owing to an  additional feature of the test, how- 
ever, it was possible to apply a very satisfactory check, as fol- 
lows: In this concern it was customary to tabulate the orders by 
states, on account of certain significant differences from one 
geographical region to another. In  the test the orders were there- 
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fore listed by states, making it possible to compare the pull of 
the two catalogs in more than twenty states. I t  was found that 
in each of these twenty regions the rotogravure catalog pro- 
duced more orders than its rival. The increase was by no means 
the same in different regions, however; it varied from as high 
as 22 per cent to as low as 6 per cent, according to the geo- 
graphical situation of the region. T h e  high increases came from 
the Southern states, the low increases from the Northern states, 
with intermediate increases corresponding to intermediate 
states. 

This possibility of dividing the test into more than twenty 
smaller tests, each of which gave the same qualitative answer, 
plus the fact that the variations in quantitative results were 
plainly correlated with geographical situation, constituted an 
extremely satisfactory verification of the correctness of the in- 
dications. T h e  probability that they were due to an error was 
reduced practically to zero. 

As a matter of fact, the indicated conclusions were adopted 
by the concern, and subsequent catalogs were printed in roto- 
gravure. As an additional precaution it was decided to repeat 
the test on a slightly smaller scale, but this time, in view of the 
high probability that the first test was correct, it was done the 
other way about. The  main run of catalogs was in rotogravure; 
the test edition of some two hundred thousand was in two 
colors. The  second test gave quantitative results very close to 
those of the first test; the practical conclusions were identical. 

I n  the experiment just described, the factor of economic 
changes in the groups of customers during the tests was elimi- 
nated by splitting the towns into two arbitrary, equal lists, and 
by making the two mailings simultaneously. Any change affect- 
ing the one group was certain to affect the other in the same 
way, for the two groups were statistically identical. A great 
advantage of this method of conducting the tests is that a com- 
parison of the relative pulling powers of the catalogs (or ads) 
is possible as soon as a sufficient number of orders (or re- 
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sponses) has been received. T h e  sole advantage in waiting to 
draw conclusions until approximately all forthcoming re- 
sponses have been received is that a greater number of re- 
sponses is then available, and the probability that a significant 
difference in the figures is due merely to chance fluctuations is 
correspondingly decreased. 

This method of mailed tests to split town lists, which avoids 
so many of the serious pitEalls in testing, is possible only when 
there is no conflict whatever between the two pieces of advertis- 
ing involved. In the case of the two-color versus rotogravure 
printing test, there was clearly no conflict. More generally, the 
same is true of tests concerning such matters as wording or 
arrangement of the ad, size of the ad, illustrations used, or 
whether or not a coupon should be added. On the other hand, 
if one ad read "Send 25 cents for a I-ounce sample," and the 
other read "Send 35 cents for a 1-ounce sample," the method 
would be sheer folly. I t  would be essential that the groups re- 
ceiving these two ads be far enough apart to avoid odious com- 
parisons. In  general, when there is any change in the offer 
affecting price or terms, split-town tests cannot be used. 

T h e  results of this same test raised an interesting question. 
Why was the rotogravure catalog so much more effective, as 
compared to the two-color catalog, in Southern states than in 
Northern states? This is a question that could be answered, on 
a statistical basis, only by extensive surveys, and such surveys 
are expensive. As the answer was of no practical value to the 
mail-order house, no expenditure for surveys was advisable and 
none was made. But it costs nothing to invent a theoretical ex- 
planation, provided that no verification is required. Perhaps 
Northern people responded less to rotogravure printing be- 
cause they were more accustomed to this iorm of printing, in 
newspaper supplements, for example, and part of the novelty 
had worn off. We have mentioned this last problem merely to 
illustrate the contrast between the statistical approach and 
other approaches. The  former yields either no answer or one to 
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which a definite probability can be attached. T h e  latter yields 
an  answer in which the element of judgment is very large, and 
very difficult to express as a probability. 

Let us now confine ourselves entirely to cases where the re- 
sponses to the advertising can be traced to their source, and 
where they are promptly received. We then have a statistical 
situation that has some striking resemblances to firing a rifle 
a t  a target, as discussed in Chapter XV, and some striking dif- 
ferences. In  both cases the small causes that influence the re- 
sults are beyond the range of analysis. In  the case of advertis- 
ing, these small causes are the influences that determine whether 
or not the individual prospect will respond to the ad. T o  at- 
tempt to discover them would be like setting out on the track 
of John Doe, who committed an unknown crime on an un- 
known day at an unknown hour. What the advertiser does 
know is that a certain advertising distribution reaches certain - 
classes of people, meaning collections of people who have one 
or more significant features in common, such as living in a 
small town, or being interested in gardening; or he knows, or 
thinks he knows, that each of a certain list of prospects owns a 
banjo. This is information of a statistical character. 

I n  the problem of the target we saw that the shot pattern 
follows a definite statistical law, due to the fact that the small 
accidental errors that cause the spreading Show no preference 
for one direction rather than another. In  this advertising prob- 
lem we are looking for the same sort of statistical order, and 
there is in fact such an order, but there is nothing tangible to 
correspond to the accidental errors. There are only the com- 
pletely inaccessible factors that influence the individual pros- 
pect in his decision to respond or not to respond. I t  would be 
absurd to attempt to say that these influences are as likely to 
be in one "direction" as another. Thus the basis of the previ- 
ous statistical solution is missing in this case, and we are forced 
to appeal at once to the court of experience. We shall then find 
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that the distribution of the responses in time (i.e., by days, 
weeks, or months; as the case may be), which corresponds to 
the distribution of the shots on the target in the other problem, 
is not symmetrical about any center. The  advertising problem 
contains extra degrees of complication. 

If we were in possession of a statistical solution of the prob- 
lem similar to that for the shot patterns, it would give us an 
idea in advance of the distribution of the responses in time, by 
days or by weeks, so that the amount of actual experience 
necessary to make successful predictions of the total number of 
responses from a relatively small number of initial ones would 
be greatly decreased. Having no such theoretical solution, it 
is necessary to build up the equivalent by actual testing, that is, 
by advertising and counting responses. When this has once 
been done for a given medium of advertising (it might be a 
magazine or a mailed catalog) , it will serve afterward as a basis 
for prediction, always provided that it is used under nearly 
the same conditions as those under which it was obtained. 
As our experience increases, we learn how to allow for changes 
in these conditions, different rates of distribution of the ad- 
vertising matter, for instance, and in the end have acquired a 
smooth-working machine that enables us to predict with con- 
siderable accuracy the total number of responses to be received 
over a period of two or three months from the number actually 
received during a short initial period of a week or two. In the 
individual case the accuracy of the prediction will depend to a 
large extent on the number of responses involved, the larger 
the scale of operations, the greater the accuracy to be expected. 

One of the principal problems is to learn how much, or how 
little, importance is to be attached to results based on a small 
number of responses. This is best done in terms of chances or 
probabilities, Suppose, for example, that a new style of ad is 
being tested in comparison with another style, previously in 
use, and that under the same conditions the old ad produces 
200 responses, the new one 250. T h e  numbers involved are 
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small, and any conclusions based on them correspondingly un- 
certain. I n  practice, if it is possible, the test is repeated several 
times, until the responses to the two ads become numerous 
enough to remove most of the uncertainty. But i t  frequently 
happens that the necessity for immediate action, along what- 
ever lines are indicated by the small test, prevents this repeti- 
tion, and it becomes a matter of some importance to determine 
the reliability of the results of the first test. 

T h e  problem can be expressed as follows: What is the chance 
that the increase of fifty responses, in the new ad, is due merely 
to a chance fluctuation and not to the fact that the new ad 
pulls better than the old? Let us see how such a problem is 
solved in practice. Imagine that we have before us the results 
of many tests, say one hundred, in which the old ad, or a similar 
one, was used. T h e  total number of responses received will 
vary from one test to another. We can list these numbers in 
the form of a frequency distribution, just as we have done in 
other cases in previous chapters. This frequency distribution 
will have an average; suppose that it comes out to be 218. The  
problem is then to study the scattering of the values of the 
table about the value 218, and to do this the first step is to 
compute the standard deviation, as has been pointed out so 
many times in these pages. Finally, we obtain the probability 
that the number of responses received on a test will differ 
from the average, 218, by more than a certain number. I t  
might turn out, for instance, that there is 1 chance in 2 that 
the number of responses will differ from 218 by more than 
16. There is 1 chance in 2, then, that the number of responses 
will be between 202 and 234, inclusive. Mathematical theory 
then tells us, as we saw in Chapter XV, Table XXV, that there 
is 1 chance in 5.65 that the number of responses will fall be- 
tween 186 and 250. 

These results give us the answer to our problem. We see 
that the old ad, with 200 responses, differed from the average 
by 18; we should expect such a deviation on nearly half of a 
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long series of tests; it is in no way remarkable. T h e  test of the 
new ad, on the other hand, differs from the old test average 
by 32 responses. There is only 1 chance in 5.65 that such a 
result would occur, on the assumption that the new ad has the 
same pulling power as the old. We can say, then, that the prob- 
ability that the new ad is a better puller than the old is 
4.65/5.65, or roughly 4 chances out of 5. 

If the cost of the new ad is the same as that of the old, the 
betting odds are altogether in favor of adopting it, and no 
one would hesitate to d o  so. When the cost of the new ad is 
greater, the above result provides an arithmetical basis for a 
judgment. I t  is to be noted that, taking account of the results 
of the hundred previous tests on the old ad, we cannot assert 
that the increase in responses on the new ad is 50, as the small 
test showed. For we now know that the most probable single 
result on the old ad is 218 responses, so that we must take 
the increase as 250 minus 218, or 32 responses, an increase of 
nearly 15 per cent. I t  may be objected that in the case of the 
new ad we have used for the most probable number of re- 
sponses a figure obtained in a single small test. That  is true, 
and it is also true that the probability that this figure would 
turn out to be the most probable value, if the test on the new 
ad could be repeated a large number of times, is very small. 
Nevertheless, we are justified, in the absence of further sta- 
tistics, in adopting it as the most probable value, for the chance 
that the true value is greater than the adopted one is the same 
as the chance that it is less. 

Failure to appreciate the soundness of this procedure is 
equivalent to a failure to understand the true character of an 
advertising problem like the present one. The  reader who has 
followed our attempt to trace the workings of chance through 
the various fields of endeavor where it crops up, from simple 
games of chance to advertising and business, will at once ap- 
preciate this fact. 
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In  discussing any practical statistical problem, like the one 
just undertaken, it is always necessary to append a long list 
of precautionary qualifications. I t  is easier to take these pre- 
cautions, in practice, than it is to describe them adequately. 
In  the case of the test of the new ad against the old, we referred 
to a series of one hundred tests on the old ad. Theoretically 
these tests should involve the same ad and the same group of 
prospects. In practice this is never the case; the series of tests 
must be selected from the available data and adjusted so as 
to be as nearly comparable as possible. This process involves 
a large element of statistical judgment, and the reliability of 
the results depends above all on the quality of this judgment. 

In  a brief chapter on so extensive a subject as advertising, 
it is impossible to give anything approaching a comprehensive 
survey of the role of chance and statistics in advertising prob- 
lems. We have, perhaps, succeeded in pointing out that these 
problems are essentially statistical in character, a fact most 
strangely overlooked in many of the elaborate books devoted 
to advertising. The majority of their authors, indeed, do not 
seem to know that there exists a mathematical theory of sta- 
tistics, designed expressly to handle problems of the very sort 
encountered in many fields of advertising, and few approach 
the subject from that experimental point of view which is so 
largely responsible for the progress of physical science during 
the last three centuries. T h e  experimental approach is not di- 
rectly applicable, as we have seen, to some forms of publicity 
advertising, but it is often indirectly applicable; and in other 
forms of advertising it should reign supreme. This point of 
view is emphasized in E. T. Gundlach's book, Facts and Fe- 
tishes i n  Advertising, which contains (Part 111 and Supple- 
ment) a sound and convincing presentation of the case for 
scientific method in advertising, backed up by a wealth of 
material taken from the author's long experience as head of 
an advertising agency. On the other hand, statistical method, 
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with all the powerful aid that it is capable of bringing to the 
solution of the very problems considered, is left out of account. 
One finds a great deal of sound thinking in terms of numbers, 
but little in terms of chances. 

There is no sharp line of demarcation between advertising 
problems and business problems, although it is convenient to 
separate them as far as possible. In  the case of a forecast of 
sales produced by some form of advertising, for instance, the 
classification really depends on the purpose for which the fore- 
cast is made. If the purpose is to arrive quickly at a decision 
in regard to future advertising, it should come under the head 
of advertising. If the purpose is to control purchases of mer- 
chandise, it is better classified under the head of business. A 
discussion of problems of the latter type would therefore be- 
long to the subject matter of the next chapter. 



C H A P T E R  XZX 

Business and Statistics 

THE board of directors of, let us say, the X company is in 
solemn session, and not in too good a humor. The  sales man- 
ager has just finished a rather long-winded explanation of why 
his sales plan, for which a substantial appropriation was voted 
some months earlier, was not a success. He attributes its failure 
to a combination of unfavorable circumstances beyond his con- 
trol, expresses the opinion that it is extremely unlikely that so 
unfavorable a situation would again be met, and in the end 
recommends a further appropriation for a repetition of the 
scheme. One of the directors, a man of intense action, who 
found it difficult to spare the time to attend the meeting, and 
who has been fumbling restlessly in his watch pocket during 
this discourse, loses no time in  expressing himself. "Your 
scheme looked good when you brought it in," he says, "and I 
think we were very generous in the appropriation that we gave 
you to try it out. But now that it has been put to the test, and 
we have before us the actual facts of its performance, there is 
really nothing to discuss. Theories are all right in their place, 
but they can't go up against hard facts." These remarks meet 
with instant approval, a fortunate circumstance from the point 
of view of everyone except the sales manager; for the speaker is 
not the only one who has urgent business elsewhere. The meet- 
ing is adjourned, the sales plan abandoned. 

Of course i t  is not for us to pass judgment on the scene we 
have just witnessed, for our knowledge of the affairs of the X 
company is very probably even less than that of its directors. 
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The6ales manager may be right in attributing the failure of 
his plan to unusual external conditions, or he may be wrong. 
But we can say that, although the director-spokesman may 
well be correct in his conclusion not to continue the plan, his 
reasons for this conclusion are hopelessly inadequate. He has 
avoided the only real point of the issue, namely, the soundness 
of the manager's explanation of the failure and has taken 
refuge in a fallacious generality. 

The element of chance in business operations of this sort is 
very large, and especially where chance enters, one swallow 
does not make a summer. A single trial of a plan, subject to  
the uncertainties of chance events, proves neither its merit nor 
its lack of merit. If someone were foolish enough to offer you 
odds of 60 to 40 on tossing heads (it might be a patron of a 
gambling casino) and you lost the first toss, or even the first 
several tosses, you would not conclude that the "hard facts" 
of experience had demonstrated the unsoundness of your bet. 
On the contrary, you would continue t.he game unruffled; as 
the odds are with you, you are certain to win in the long run. 

Similarly in the case of the X company. The  correct analysis 
of their problem must involve a conclusion as to the probable 
odds in favor of, or against, their sales plan. Suppose that 
the odds are in favor of this plan; then it would be as foolish 
to discontinue it on the basis of one failure as it would be 
to drop a favorable bet because of one loss. There is one neces- 
sary qualification, however, to all such assertions. As we saw in 
Chapter VIII, the amount risked in testing the plan should be 
small compared with the total resources of the company, and 
this factor should be taken account of in computing the odds. 
I t  is on this rock that so many businesses founder. 

On the other hand, if the plan was properly executed, and 
if no supporting evidence can be found for the theory that ex- 
ternal and uncontrollable influences were responsible for its 
failure, the practical conclusion must be that the odds are 
against it and it must be dropped. The chance of an event 
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depends on the amount of pertinent information that we pos- 
sess concerning the event. I n  complicated matters, we seldom 
have at our disposal all the pertinent facts; hence our predic- 
tions based on estimates of chances cannot be accurate. Our 
predictions based on vague, nonnumerical judgments are very 
much less accurate. Nevertheless, in practical affairs action is 
essential. We cannot remain inactive in the hope that some- 
time, somehow, there will be more light on the difficult pas- 
sages. We take the best available indications and plunge ahead. 

T h e  X company's handling of its sales plan is an obvious 
instance of a type of thinking that is altogether too common in 
business. I t  consists in leaving out of account, either wholly or 
partly, the element of chance that is almost always present in 
business affairs. T h e  result is a misunderstanding of the proper 
significance of "facts" and a failure to grade them as to crude- 
ness or refinement. Under the general heading of facts we find 
such diversified statements as the following: 

Customer John Smith ordered 100 dollars' worth of goods today. 
Last month the average order was 50 cents higher than for the same 

month last year. 

Last year the total production of automobiles in the United States 
was 2,500,000. 

At present more than 80 per cent of the automobiles on the road 
are seven or more years old. 

Last week it  was announced that the Berlin crisis will be referred 
to the Security Council of the United Nations. 

Last week, due to the failure to settle the Berlin crisis outside the 
United Nations, stock prices on the New York Stock Exchange de- 
clined 5 per cent. 

T h e  first of each of these pairs of statements represents a 
crude fact, a simple statement of a past condition, which ad- 
mits of ready verification or refutation. T h e  second statement 
of each pair represents a fact, or set of facts, which have been 
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more or less refined. They are structures of facts, built with the 
purpose of expressing, either directly or by implication, prob- 
abilities or facts of still greater refinement. The fact, for in- 
stance, that more than 80 per cent of the automobiles on the 
road are seven or more years old is one way of telling us that 
there will be a heavy demand for new automobiles for several 
years to come, a statement with evident further implications 
for the automobile manufacturers and for our economy as a 
whole. I t  is also one way of pointing out one of the effects of a , 
great war. 

We can say in general that the cruder the fact, the more we , 
can rely on it and the less we can learn from it. The  more 
refined facts, on the other hand, are pregnant with implica- 
tions, but these implications are to be received with reasonable 
caution. Facts have to do with the past, while implications (or 
at least those we are most interested in) have to do with the 
future and are usually best stated in terms of chance. When 
this element of chance is omitted, as it was in our statement 
above concerning the effect of the Berlin crisis decision on the 
stock market, the resulting assertion is more dogmatic than 
reasonable. 

One object of statistical study is to convert crude facts into 
refined facts and to draw from the latter implications as to the 
future course of events. 

Modern business, with its wide ramifications and its exten- 
sive complications, provides a fertile field for the science of 
statistics. I n  these pages we have repeatedly pointed out that 
when large numbers of facts, in complex patterns, are to be 
dealt with, statistics should be employed. I t  is in fact, as we 
have said, almost the sole working tool in the social sciences; 
it plays a highly important role in every science that is far 
enough along the road to maturity to be able to deal with 
quantity, that is to say with numbers. T o  attack more or less 
complicated problems that can be stated largely in terms of 
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numbers, whether they belong to biology, economics, govern- 
ment, or business, without availing oneself of the resources of 
the science of statistics, is much like entering a modern battle 
armed with a bow and arrow. 

Behind the statistical method, and as a matter of fact includ- 
ing it, is the scientific method itself. When business research 
is properly executed, it draws freely from whatever field of 
science seems appropriate to the problem in hand. I t  may be 
the experimental techniques of the laboratory, the analytical 
techniques of mathematical science, or the techniques of sta- 
tistics that we have been describing. Operations research, re- 
ferred to in Chapter XVII, is the application of these tech- 
niques to the broad problems of war; business research is their 
application to the broad problems of business. 

I t  would be out of place to discuss here this broader concept 
of business research, except to the extent that it is inextricably 
tied up with statistical research. Most experiments in business, 
for instance, are designed for statistical handling and interpre- 
tation. The  opinion poll is one example, for if properly con- 
ducted an opinion poll is very definitely an experiment. Sim- 
ilarly, most mathematical analyses in business are based on a 
substructure of statistics, and their conclusions are therefore 
inescapably statistical. In all these activities the ideas of the 
theory of probability are basic. With this understanding we 
shall as far as possible confine our discussion to the statistical 
phases of business research. 

A great many of the facts with which business deals are 
numerical; for example, sales, expenses, profits, accounts re- 
ceivable, surplus, dividends. In  fact, everything that can be ex- 
pressed in dollars is numerical, and so is everything that can 
be counted, such as number of sales, of customers, of employees, 
of hours worked, of accidents, and so on. In  order to under- 
stand what is taking place in a business it is essential to keep 
records of quite a number of things that are not entered on the 
books of account. For this purpose most large businesses have 
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what they call statistical departments; their activities might be 
called statistical booltkeeping. All these numerical data of every 
sort are the raw materials for statistical research. 

But there are also many facts with which business deals that 
are not numerical and are therefore not a part of these raw 
materials. And in this latter category are many of the most 
important things in business, such matters as judgments of 
people, style sense, good taste, qualities of leadership, customer 
relations, public relations, labor relations, and many others. 
The point we wish to emphasize is that statistical method has 
very slight application to the problems just cited, so that there 
exist large and important areas in business in which scientific 
method, essentially a development of the last three hundred 
years, has little to offer. Here the judgment of the businessman 
reigns almost as undisputed (and as unsupported) as i t  did 
in the time of the Caesars. I t  is therefore false to say that the 
introduction of modern scientific techniques eliminates the 
need for judgment or intuition. On  the contrary, by analyzing 
and clarifying those complexes of facts to which it is applica- 
ble, it tends to sharpen judgment. It provides for it a firmer 
foundation from which to take off, and it removes from the 
field of guesswork many problems where guessing and specula- 
tion are as out of place as they are in determining the time of 
sunrise tomorrow. 

The possibility of important or even revolutionary improve- 
ments in operations, as a result of the use of statistical research 
methods, has not been entirely overlooked by business and in- 
dustry, especially the larger and more progressive concerns. 
This is particularly true of the large manufacturers. General 
Motors and the Bell Telephone System, to mention but two, 
carry on extensive statistical research, parallel to and distinct 
from engineering and general scientific research. The Amer- 
ican Radiator Company was a pioneer in taking full advantage 
of statistical analyses. Many other outstanding examples could 
be cited. Unfortunately the same cannot be said for the busi- 
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nesses occupied with the distribution of goods. The majority 
of large retailers and wholesalers have not attempted to set u p  
competent research departments. A very small number have 
done so with success, but the majority have selected as research 
directors men with no scientific training or knowledge, most 
of whom do not know the difference between statistics and 
arithmetic. Under these conditions a research department is 
of value only if it avoids technical problems and confines itself 
to helping the executives of the business in their routine prob- 
lems, using routine methods. That  such departments are 
sometimes successful merely proves how great is the need for 
research in modern business. That  need can be fully met only 
by competent, scientifically trained men. 

I t  is not difficult to understand why manufacturers would 
be the first to see and to utilize the advantages to be gained by 
applying modern statistical methods to the large-scale prob- 
lems of their organizations. For most manufacturers depend 
for survival either directly or indirectly on basic scientific and 
engineering research, above all the larger concerns. Their man- 
agers and executives are brought up, so to speak, on the scien- 
tific method, and they have acquired at first hand a respect 
for its incisiveness and power. They know that, given a prob- 
lem amenable to scientific techniques, there is no other intelli- 
gent way to tackle it. Now the statistical method is the only 
intelligent approach to an  entire group of problems, including 
many that come under the head of organization and aclminis- 
tration. What could be more sensible than for them to adopt it? 

Distribution businesses, on the other hand, have no direct 
contact with basic research, with minor exceptions. The own- 
ers and executives do not therefore have the opportunity to 
observe for themselves the power of the scientific method. T o  
them science is something that is carried on in laboratories 
and other far-off places-it is something that could not pos- 
sibly have a useful application to their own business here and 
now. They incline to the view that the introduction of statisti- 
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cal research techniques would be tantamount to abandoning 
judgment and common sense in favor of a set of rule-of-thumb 
procedures, and they are wise enough to know that such a 
course would be disastrous. If introducing modern statistical 
methods were in fact a substitute for judgment, this view 
would be entirely correct. But we have carefully pointed out 
that intelligently conducted statistics is not a substitute for 
judgment; on the contrary, it is an important aid to sounder 
and keener judgment. 

In  some businesses a blind worship of traditional methods 
of operating is a serious stumbling block to the introduction of 
new techniques of any kind. The  typical large department 
store, for example, tends to suffer somewhat from this malady. 
I t  was founded two or three generations back by a self-made 
merchant whose success was based on ability and, more often 
than not, outstanding character. Usually he had one or two 
major ideas, around which he built his organization.* There 
was a natural tendency to worship these ideas, since they were 
at the root of a great success, and a corresponding tendency for 
them to freeze and stiffen to the point that they could not 
evolve with the changing times. Such an idea cannot be copy- 
righted or patented, and as soon as its public appeal becomes 
evident, i t  is widely copied or imitated. The  interlopers, how- 
ever, do not have the same reverent attitude toward the idea 
and are more likely to modify i t  to suit current conditions. T h e  
situation usually becomes worse when the founder retires and 
hands over his store-empire to the next generation. At this 
point there is danger that not only one or two ideas, but a large 
number, become frozen or partly frozen. In  this way reaction- 
ary traditions are formed. 

Taking business and industry as a whole, there is today rel- 

+ A n  outstanding merchant once told me that he attributed his great 
success more to one simple policy than to any other single thing. He was 
the first merchant in his particular city to announce and carry out a policy 
of refunding on any purchase, no questions asked. Today this policy, with 
minor modifications, is too general to attract attention. 

316 



B U S I N E S S  A N D  STATISTICS 

atively little first-class statistical research being done. Many 
competent authorities would have predicted otherwise twenty 
years ago. During these years and the immediately preceding 
decades great progress was made in the theory of statistics, but 
the practical application of these ideas seems to be exception- 
ally slow, in a fast-moving age. In  view of his own experience 
in the field, the present writer remains convinced that ulti- 
mately statistical techniques will be widely adopted by business 
and industry, to their great benefit. The need is there and the 
momentum of scientific achievement is behind the develop- 
ment. T h e  magazine Nature had this to say in January, 1926: 

A large amount of work has been done in developing statistical 
methods on the scientific side, and it is natural for any one interested 
in science to hope that all this work may be utilized in commerce and 
industry. There are signs that such a movement has started, and it 
would be unfortunate indeed if those responsible in practical affairs 
fail to take advantage of the improved statistical machinery now 
available. 

Writing in 1924 on the applications of statistics to economics 
and business, Professor Mills of Columbia says: * 

The last decade has witnessed a remarkable stimulation of interest 
in quantitative methods in business and in the social sciences. The 
day when intuition was the chief basis of business judgment and 
unsupported hypothesis the mode in social studies seems to have 
passed. 

Although these hopes have not fully materialized, they have 
been supported and renewed as a result of some of the scien- 
tific work done during the recent war. I n  Chapter XVII we 
discussed briefly the development of operations research in 
England and in this country. At the end of the war the scien- 
:ists who had carried on this work realized that the same tech- 
niques so successfully applied to essential wartime problems are 

*Statistical Methods, Henry Holt & Co., Inc., New York, page ix. 
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directly applicable to a wide variety of peacetime problems, 
including many in the field of business. In an article* pre- 
viously referred to, Dr. J. Steinhardt says: 

The  techniques and principles of analysis developed by the group 
. . . have wide application to modern government and industry. 
Briefly, these techniques are those of the competent scientist, applied 
to a large-scale human operation as a whole, with the aim of fitting 
the operation to its purpose, and of measuring the effectiveness 
with which the operation is being carried out. 

Several of the scientists involved in operations research have 
expressed the opinion that a systematic application of its meth- 
ods to business would yield results of the greatest importance. 
On the other hand, since some of them have not had direct ex- 
perience with big business and the atmosphere in which i t  
functions, they perhaps underestimate the practical difficulties 
that intervene. I t  is too bad that there are such difficulties, espe- 
cially as it is business itself, and therefore our economy, that 
are impeded by them, but it would be foolish to gloss them 
over. 

I think i t  worth while to devote a few pages to an analysis 
of these difficulties. They involve adjustments and compromises 
which must be effected if statistics and, more generally, busi- 
ness research are to achieve any reasonable fraction of their po- 
tential accomplishments in the field of business. Such a result 
is all the more important in that, for the first time, there now 
exists a sizable group of competent scientists, apart from spe- 
cialists in mathematical statistics and economics, who by direct 
experience are convinced of the importance and fertility of 
applying scientific methods to practical affairs. 

The  first and greatest obstacle, it must be frankly stated, is 
the attitude of some businessmen, in particular those who con- 
sider themselves exponents of sound, conservative principles 

See footnote, page 281. 
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that have been long tested, the longer the better. This reaction- 
ary attitude is too often accompanied by other views which are 
so very reactionary that they are completely unsound; for the 
progressive-minded have no monopoly whatever on unsound 
views. Too often a businessman of the old school regards the 
application of scientific methods to the operating problems 
confronting him as an unwarranted and ineffective invasion of 
his private domain, in effect a slur on his abilities. He believes 
that the traditional methods are the only ones needed, that the 
methods under discussion here are impractical and visionary. 
I n  this matter he justifies himself, or attempts to, by pointing 
to the difference between "theory" and "practice." What he is 
really doing, although he would be the last to admit it, is run- 
ning down his own profession and himself with it. He is saying, 
in effect, that business is so crude and undeveloped an occupa- 
tion that, unlike any one of the sciences, or agriculture, or gov- 
ernment, it cannot profit from the powerful modern statistical 
techniques that have made such notable contributions in more 
enlightened fields. Now this is gross calumny. Business occu- 
pies itself with the practical art of dealing with men, money, 
machines and materials. Business is private government, as 
Beardsley Rum1 puts it. I t  can perform its functions well or 
badly. But its possibilities for development, refinement, and 
progress are almost unlimited. As long as progress continues in 
the correlated arts, in the component parts of which business 
is made, there is ever): reason to expect business itself to con- 
tinue to progress at a corresponding rate. And it will do so if 
the men in charge of its destiny have the necessary breadth of 
vision to adopt and incorporate whatever in cognate fields is 
applicable to its refinement and progress, rather than under- 
mining it from within. 

I n  addition to the born reactionary, there are other obstruc- 
tive types in business which are developed and nurtured by 
certain features of the business environment. These men have 
allowed themselves to be swept off their feet by an overwhelm- 
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ing passion for action which allows them no rest or peace until 
something is done about something. This is a direct reflection, 
although an unnecessary one, of the pace that many American 
businesses set for themselves. Whether or not such a pace is in 
any way justified is not under discussion here. We are merely 
pointing out what it does to certain individuals who allow 
themselves to fall in with the insidious spirit of rushing from 
one job to another without pausing long enough to reflect on 
what they are doing. As long as these jobs are a part of a well- 
worked-out general plan of operations, these men are accom- 
plishing a great deal and are known as the dynamos of the 
organization. But when success comes to them and they reach 
the organizational level of planning the actions of others rather 
than executing directly themselves, they frequently become the 
unconscious enemies of real progress. They seem to feel that 
they have reached a plateau of wisdom and knowledge from 
which it is their function to radiate a perpetual flow of advice 
and admonition to the lesser echelons, without the necessity 
for replenishing their stock of information or for reorienting 
their views in a changing world. They seem to feel that they 
have passed the point where it is necessary to make a real effort 
to learn. If a report is more than a certain number of pages, 
regardless of the complexity of the matter dealt with, it must 
be condensed. If it is tough reading, it must be simplified. If 
the simplification is not simple enough, the matter can be dele- 
gated to an assistant, who will present a verbal digest that can 
be absorbed with very little lost time and effort. In  this way 
decisions can be reached rapidly and passed along. Thus their 
passion for action is gratified, not action as a part of a care- 
fully worked out and coordinated whole, but action for its own 
sake. 

The behavior and attitude of these particular types of busi- 
nessmen are so at variance with the spirit of science and the 
scientist that the two are not compatible. No working scientist, 
no matter how eminent, ever gets to the point where he feels 
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that he can radiate knowledge without perpetual hard work 
and study. No scientist would think of shirking the reading of 
a report or paper, no matter how long or how difficult, if it 
lies in the direction of his interests. 

I These contrasts may help to make clear the very real diffi- 
culty in attempting to bring businessmen of these types into 
fruitful contact with statistical science and the scientists who 
must execute it. 

If all businessmen were made in these molds, the immediate 
prospects for statistical applications to business would be very 
dim indeed. But businessmen, like any other group of people, 
are highly diversified. Among them you will also find men of 
unusual breadth and insight, with an excellent understanding 
of the spirit of science, progressive, forward-looking men who 
welcome new ideas from other fields that will help business to 
do its work more efficiently. When a man of this sort dominates 
a business, in the sense of permeating it with his ideas and 
attitudes, there is a great opportunity for sound statistical 
science to show its true value. Here it can function in a spirit 
of tolerance and cooperation, with every opportunity to demon- 
strate its capacities by the tangible results i t  produces. That 
such conditions can exist I would like to bear witness. During 
my years in business research I was fortunate enough to find 
myself on two occasions a member of an organization of this 
type. But such conditions are relatively rare, as a careful survey 
readily discloses, and in all fairness it must be stated that by 
and large the attitude of businessmen toward the introduction 
of statistical research on anything approaching an appropriate 
level is not a completely friendly one. 

There is a second difficulty concerning the prospects for 
sound applications of statistics to business, and this one has 
nothing to do with the attitude of the businessman. For i t  sta- 
tistics itself must take the blame. Up to this writing (1948) i t  
has for the most part failed to put its best foot forward. I t  has 
allowed itself to become honeycombed with incompetents, from 
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outright quacks at one extreme, to technically trained statisti- 
cians without an ounce of common sense or practical intuition 
a t  the other. In  other fields where quackery could easily run 
rampant and throw discredit on everyone, from medicine to 

1 
accounting, organized safeguards have been established. I n  
medicine, where the health of the community is at stake, pro- 
tection has extended as far as malpractice laws. Medical degees 
from universities indicate competence to the general public. 
Similarly in accounting, the designation of certified public ac- I 
countant (C.P.A.) exists under state law, and is a useful index ~ of competence. In  statistics no parallel situation exists. Any , 
person, no matter how uneducated or even illiterate, can with i 
impunity set himself up as a statistician and, if he can find 
someone foolish enough to employ him, proceed to practice. 
When the educational requirements necessary for competence 

~ 
I 

in modern statistics are taken into account, this situation is 
I 

little short of scandalous. For these requirements are of the 
same order as those for a medical or legal degree. The  simple I 

fact is that the majority of those who call themselves statisti- 
cians are quite incapable of reading and understanding a mod- 
ern statistical text.* I t  would seem appropriate that the major 
statistical societies of the country give some attention to this 
entire matter. 

Behind this failure of statistics to organize and protect itself 
is the failure, on the part of our educational system in general 
and our universities in particular, to appreciate the importance 
of its practical applications. We look in vain, for example, in the 
Harvard Committee's report on education (General Education 
in a Free Society) for a passage indicating that consideration 
was given to this field. The same is true even in the leading 
graduate schools of business administration. If the latter fully 
appreciated the importance of impressing on the prospective 
businessman the support that he can expect from practical re- 

* For example, Crarnkr's Mathematical Methods of Statistics, or Wilks's 
Mathematical Statistics, both published by the Princeton University Press. 
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search, they would require more thorough grounding in the 
basic ideas of statistics, and they would offer courses on the 
history of science and the development of scientific method. 
I n  such courses the future executive would obtain some under- 
standing of this method and would learn something of its ma- 
jor achievements." He would then be better equipped to co- 
operate intelligently with trained scientists in broadening the 
field of business research. 

The  net result of this condition is that, by and large, busi- 
ness statistics is not an academically recognized field. Younger 
men, attracted to the study of statistics, cannot well be attracted 
to this phase of it when they do not know of its existence. I t  
follows that you will find a relative concentration of competent 
statisticians in economics, in government, in agriculture, in 
fact almost everywhere except in the applications to business, 
where there are relatively few. A contrary trend has recently 
appeared in some of our universities, however. New and ex- 
tended courses in statistics are being offered at Princeton, for 
example. Columbia has established what amounts to a separate 
department for advanced work in this field. We quote from the 
Bulletin of  Information announcing courses for 1947-1948: 

A great increase in the use and the teaching of statistics has oc- 
curred in the period since the First World War. This development 
has come about not only because of the fruitful application of estab- 
lished statistical methods in a rapidly increasing number of fields but 
also because of important discoveries and advances in the theory of 
statistics which have made available more powerful and accurate 
statistical methods. . . . Recognizing the growing importance of sta- 
tistical theory and methods, the Joint Committee on Graduate In- 
struction decided in May, 1942, to establish for graduate students a 
program leading to the degree of Doctor of Philosophy in mathe- 
matical statistics. . . . 

f I have in mind courses along the lines discussed in the recent book by 
President Conant of Harvard. O n  Understanding Science, Yale University 
Press. New Haven, Conn., 1947. 
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On this hopeful note we shall leave the problem of explain- 
ing the slow progress of practical applications of statistics and 
turn to a brief review of some of these applications themselves. 

One of the difficulties in describing scientific research is that 
each problem is, in a sense, a law unto itself. I t  is usually quite 
impossible to lay out in advance the tools one will need; for 
the attack on each problem discloses new and unexpected prob- 
lems, the solution of which may in the end be of more value 
than that of the original one. These ever-changing and unex- 
pected developments are in fact one of the fascinations of re- 
search and are a perpetual challenge to ingenuity. 

I n  these respects business research does not differ from other 
varieties. There is only this one guiding and absolutely essen- 
tial principle: Since business research is wholly practical re- 
search which must justify itself in economic terms, it must be 
wholly guided by practical considerations. The  temptation to 
explore byways which are not promising from this point of 
view but which may otherwise have great appeal, must be ruth- 
lessly put aside. For an individual with real enthusiasm for 
research this may not be so easy as it sounds. My advice to busi- 
ness researchers, based on personal experience, is to carry on 
simultaneously their own private research in some field--out- 
side of business hours. I n  this way they can painlessly separate 
the conflicting sides of their natures. 

I n  any case, a basic prerequisite for business research is a 
strong feeling or instinct for what is practical. This is not at all 
the same as what is called common sense. Many people have the 
latter without the former. The four essentials for the compe- 
tent business statistician are: technical mastery of modern sta- 
tistics, research ability, thorough knowledge of business, and 
practical instinct. Without the last one the other three are of 
no value. I am emphasizing this matter of practical instinct 
because it is the most difficult of the four qualities to judge and 
to measure. A business employing a statistician can check on 
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his technical qualifications, if it will go to the trouble; the 
other is less easy to evaluate. 

Let us assume that a business has a properly set up research 
department, headecl by a thoroughly competent director of re- 
search. This is not the place for a discussion of the important 
and interesting organizational problems involved in such a 
setup. We shall merely take them for granted and assume that 
the director of research is in a position to operate freely and 
effectively." Under these circumstances what does he do? 

In  a large and complicated business his first difficulty is that 
+here are too many problems urgently demanding solution. 
One of his first jobs wilI therefore be to survey the entire struc- 
ture, in close consultation with management, in order to set up  
at least a tentative set of priorities. At this point complications 
and difficulties begin to arise. As previously stated, each prob- 
lem tackled is likely to lead to one or more new problems, and 
it is possible that the latter will overshadow the former in im- 
portance. This will call for more consultations and more prior- 
ities. 

Sometimes one of these problems turns out to be so fertile 
that an entire new branch of operations flows out of its solu- 
tion. Many years ago, for example, Dr. Shewhart and his asso- 
ciates at the Bell Telephone Laboratories studied the problem 
of quality control in the manufacturing process, with very im- 
portant results for industry generally. We shall let Dr. Shew- 
hart describe the work in his own words.? 

* Dr. Kettering, vice piesident and head of engineering and scientific re- 
search for General Motors, has stated in speeches his personal demands. 
They might be called the four freedoms of industrial research: (1) Freedom 
to originate research projects and to decide which are worth while: (2) 
freedom from pressure to produce a short-term profit; in other words, free- 
dom to take the long-term economic view; (3) freedom in matters of ex- 
penditures; (4) freedom from embarrassmen t-no accountants o r  auditon 
allowed on the premises. 

t W. A. Shewhart, "Quality Control Charts," T h e  Bell System Tech-  
nical Journal, October, 1926. Also, W. A. Shewhart, "Economic Quality 
Control of Manufactured Product"; the same for April, 1930. 
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"What is the problem involved in the control of quality of 
manufactured product? T o  answer this question, let us put 
ourselves in the position of a manufacturer turning out mil- 
lions of the same kind of thing every year. Whether it be lead 
pencils, chewing gum, bars of soap, telephones, or automobiles, 
the problem is much the same. He sets up a standard for the 
quality of his product and then tries to make all pieces of prod- 
uct conform with this standard. Here his troubles begin. For 
him standard quality is a bull's-eye, but like a marksman shoot- 
ing at such a target, he often misses. As is the case in everything 
we do, unknown or chance causes exert their influence. T h e  
problem then is: how much may the quality of a product vary 
and yet be controlled? I n  other words, how much variation 
should we leave to chance?" 

The author of these papers has succeeded in setting up sta- 
tistical methods that enable the production engineer to deter- 
mine when he has succeeded in sorting out those causes of 
variation in the manufactured product which should properly, 
in the interests of economy and efficiency, be eliminated. "That 
we may better visualize the economic significance of control, 
we shall now view the production process as a whole. We take 
as a specific illustration the manufacture of telephone equip- 
ment. Picture, if you will, the twenty or more raw materials 
such as gold, platinum, silver, copper, tin, lead, wool, rubber, 
silk, and so forth, literally collected from the four corners of the 
earth and poured into the manufacturing process. The  tele- 
phone instrument as it emerges at the end of the production 
process is not so simple as it looks. In it there are 201 parts, and 
in the line and equipment making possible the connection of 
one telephone to another, there are approximately 110,000 
more parts. The annual production of most of these parts runs 
into the millions so that the total annual production of parts 
runs into the billions. 

"How shall the production process for such a complicated 
mechanism be engineered so as to secure the economies of 
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quantity production and at the same time a finished product" 
whose variations in quality lie within reasonable specified lim- 
its? "Obviously, it is often more economical to throw out de- 
fective material at some of the initial stages in production 
rather than to let it pass on to the final stage where it would 
likely cause the rejection of a finished unit of product." On the 
other hand, too severe inspections at the early stages in the 
process would evidently lead to economic loss. "It may be 
shown theoretically that, by eliminating assignable causes of 
variability, we arrive at a limit to which it is feasible to go in 
reducing" the percentage of defective instruments. In  addition 
to reducing the losses due to rejections, these methods reduce 
the cost of inspection and accomplish other advantages.* 

This problem of quality control has close analogies outside 
the field of manufacturing. Suppose that you have an office 
operation-it might have to do with handling an index file of 
customer names-in which considerable precision is required. 
Of the various types of errors that can be made by the clerks, 
each involves a certain amount of loss to the business. In  such 
circumstances you have a problem in error control. How exten- 
sively and a t  what point in the process should you check? If 
the amounts of the losses can be determined or estimated, many 
of the statistical techniques developed in connection with qual- 
ity control are applicable here. 

But let us get back to the research director, whom we left 
struggling with an oversupply of statistical problems. Which of 
them he and the management will select for urgent study de- 
pends so largely on the type of business, the current position of 
the concern, the problems of the industry of which it is a part, 
and a long list of other things, that generalities on this subject 
are out of the question. There is one problem, though, to 
which he is almost certain to come sooner or later, especially 

* A  technical discussion of the statistics involved is g i \en  in Mathe - 
matical Statistics, b y  S .  S .  TVilks, Princeton University Press, Princeton, 
N. J., 1944, page 220. 



THE SCIENCE OF C H A N C E  

during periods of sharply rising costs, or of sharply falling mar- 
kets, and that is the problem of controlling expenses, as a 
means to increased profits. Let us see, avoiding details as much 
as possible, what sort of contribution to this vital problem 
management can expect from a statistical research department. 

We shall begin with some generalities which are nonetheless 
true for being obvious. Whatever other functions business ful- 
fills, its primary aim, under our economic system, can be ex- 
pressed as follows: I t  must maximize its net profits, over the 
years, and subject to a set of limiting conditions. These condi- 
tions are essentially of three sorts: ethical (for example con- 
siderations of national or social welfare), legal (for example 
honoring labor contracts), and those of self-interest (for exam- 
ple, retaining as fully as possible the good will of the public, 
of suppliers, and so on) . In view of the unavoidable va<gueness 
in the definition of this objective, it is clear that a primary and 
critical function of management is to formulate explicitly the 
limiting conditions under which profits are to be made, and to 
steer a course between the extremes of foolish and shortsighted 
piling up of profits today, at the expense of tomorrow, and 
needless sacrifice of present profits through overregard for a 
distant future. In  the solution of this problem lies much of the 
art of management. The  practical approach, and the one that 
wise managements adopt, is to break it down by first studying 
methods for producing maximum profits for the immediate 
future, subject only to the more obvious restrictions. Once this 
problem is skillfully analyzed, the essential long-term condi- 
tions are brought in. Short-term profits are then sacrificed to 
the extent necessary to fulfill them. 

Operating under the policies set up in this way, the research 
clepartmcnt is, or should be, vitally concerned with methods of 
maximizing net profits. 

Disregarding minor technicalities, the net profit of a com- 
pany is simply income from sales minus expenses. If we are to 
have the largest possible net profit, we must have the largest 
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possible net sales with the smallest possible expenses. But if 
sales are increased, so are expenses, since processing additional 
sales always costs something. The  first step to be taken, and the 
only one we shall discuss here, is to determine this marginal ex- 
pense, in relation to sales. 

Every young man who rents an office and takes the plunge 
of going into business for himself knows how to tackle this 
problem; if not, he is not long in business for himself. He takes 
a sharp pencil and writes down his overhead expenses-rent, 
light, telephone, stationery, and so on. Then he figures how 
many orders he must get per week or per month to cover this 
overhead. That  is his break-even point. He is frequently far 
too optimistic in his estimate of orders, as pointed out in Chap- 
ter VIII, and so may ultimately fail through lack of initial cap- 
ital, but at least he has correctly taken the first step. 

This same first step applies to any business, large or small. It 
consists in breaking down expenses into two categories-those 
that d o  not change when sales increase or decrease (fixed or  
overhead expenses) , and those that do change (moving or run- 
ning expenses). This is merely a crude first approach to these 
categories. Now in most large businesses this analysis is by no 
means so simple as it is in many small businesses. We are not 
referring to the larger numbers that enter the former, but to 
complexities in principle. If this were not so, these problems 
could be handled by simple accounting and there would be no 
need to attack them with the more powerful weapons of mathe- 
matical statistics. I shall ask for the indulgence of the reader 
while I prove this statement, especially as it will be necessary 
first to make a few more basic but rather obvious remarks. 

In  the first place, there is no such thing as a fixed expense, 
strictly speaking. Many of the expenses that remain fixed for 
moderate fluctuations in sales jump abruptly to new levels if 
the change in sales is very large. During the growth period of 
a successful business, for example, its entire structure must be 
periodically expanded. When it outgrows its quarters it must I 
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rent or build new ones. Since it expects to keep on growing, it 
usually (quite correctly) takes on far more floor space than it 
could possibly require for some time to come. This means that 
every one of the many "fixed" expenses that depend on the 
amount of floor space jump suddenly to a higher level, where 
they remain fixed unless or until the level of sales changes radi- 
cally. Similarly, if there is a drastic drop in the sales level, it 
is sometimes possible to make correspondingly large reductions 
in certain fixed expenses. 

Fixed expenses are therefore subject to sharp change if sales 
change their level drastically. It goes without saying that they 
are also subject to change under the impact of other variations, 
such as a revision of tax rates, improved operating techniques, 
or changes in general policy. 

We come now to the important problem of analyzing moving 
expenses, those that depend so directly on sales that they vary, 
or should vary, with every change in sales. How much they vary 
is what we wish to determine. We can be sure of only one thing 
in advance, namely that some of them will vary more, in pro- 
portion to a given change in sales, than others. I t  is also ob- 
vious that moving expenses, like fixed expenses, will jump to 
new levels if the fluctuation in sales is large enough to induce 
a change in the structure of the business. We shall assume that 
this does not take place. When it does, a fresh study of the 
problem is usually required. 

This definition of moving expense may seem obvious and 
clear. Tha t  it is not so experience attests. In at least one large 
business that attempted to classify moving and fixed expenses 
there was an unbelievable amount of confusion. There were 
two or three conflicting theories abroad in the institution as 
to how one recognized a moving expense. One theory was that 
any expense intimately connected with the sales end of the 
business was per se a moving expense, and its adherents applied 
it meticulously. I n  one branch of this institution, to take a 
small but picturesque illustration, it was customary to serve tea 
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o customers once a week or once a month, I forget which. I n  
my case, attendance had no relation to changes in sales; the 
:ost of the tea did not vary a t  all. Nevertheless, this infinitesi- 
nal expense was carefully segregated and applied to selling 
:xpense, which of course was classified as a moving expense. 

The  correct and the only correct definition of a moving ex- 
Iense is that it moves with sales. The  situation is vaguely remi- 
iiscent of the Renaissance battles over the Copernican theory, 
vhich stated that the earth moves, and of the heresy trial of 
>alileo. I t  will be recallccl that Galilco left the trial, after his 
ecantation, muttering to himself, "Nevertheless i t  moves." 

T h e  same goes for a moving expense. 
How do we find out how much a moving expense changes 

when sales increase or decrease by a few per cent? I n  very sim- 
ple cases we see the answer at once, and thcse simple cases will 
provide a clue to the statistical approach to the more compli- 
cated ones. Here is the simplest case of all. You employ a sales- 
man to sell your product and you pay him 5 per cent of the 
sales he produces. His compensation, which is an  example of 
a moving expense, is therefore a constant percentage of sales. 
If we denote it by E, and the sales he produces by S, the rela- 
tion is simply E equals 5 per ccnt of S. 

Or you may pay your salesman on a different plan. You may 
give him a fixed salary of hfty dollars per week, say, and in ad- 
dition 3 per cent of the sales he produces. In  this case the rela- 
tion between expense and sales is: E equals 3 per cent of S plus 
50. If we divide both sides of this simple equation by S, we can 
write it 

E/S  = ratio of expcnse to salcs = 3/100 + 50/S. 

Owing to the fixed salary of fifty dollars, the ratio of expense 
to sales must be greater than 3 per cent. If sales are $5,000 it is 
4 per ccnt; if they are only $1,000 it is 8 pcr cent, and so on. 

Elementary as are these considerations, they give us a clue 
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that turns out to be sound. Perhaps, they tell us, there are more 
complicated cases also in which a moving expense is made up  of 
two components, one that is fixed in dollars and one that is 
fixed as a percentage of sales. The  latter can be called a pure 
moving expense, since it is directly proportional to sales. T h e  
former is obviously what is called fixed expense, or overhead. 
I t  should be called pure overhead, since many of the accounts 
ordinarily classified as overhead have elements of moving ex- - 

pense in them. On the other hand, practically every account 
classified as a moving expense has overhead buried in it, and 
practical experience tells us that this component is almost never 
small. 

I n  machine production there is the same sort of thing. While 
the machine is running i t  turns out a uniform flow of finished 
pieces. This corresponds to pure moving expense. When the 
machine is idle for any reason, labor and other expenses con- 
tinue. They correspond to pure overhead. Sound cost account- 
ing can give these components in terms of pieces and hours, and 
finally in terms of dollars. This leads to a simple equation for 
expense in terms of production. 

We shall now show how these simple ideas carry over into a 
more complicated situation, taken from actual experience. A 
study was made of the weekly salaries of the sales force of a 
department store. The  object was to discover the relation be- 
tween these total salaries and total sales, provided that there 
existed a simple and usable statistical relationship. There was 
no guarantee in advance that this was true. After careful anal- 
ysis of the numerical >data and after the necessary accounting 
adjustmentsX it was found by use of the appropriate mathemati- 
cal techniques that the following extremely simple equation 
quite accurately gave selling salaries in terms of sales: 

For example, it is preferable to use gross sales rather than net sales, 
since obviously the former more closely correspond to the productive work 
of the sales force. 
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Here E means total sales force salaries for any week in which 
the sales were S. For example, if S is 400,000, E is 2.70 per cent 
of 400,000, which is 10,800, plus 8,800, or 19,600. T h e  formula 
states that for sales of $400,000, selling salaries for the week will 
be approximately $19,600. T h e  following tableY gives the 
values of E for several values of S, in thousands of dollars, as 
well as the corresponding percentages of E to S, in other words 
the percentages of sales force salaries to salcs. 

TABLE XXXII 

T h e  value of the formula we have just given depcnds .on 
the accuracy with which it represents the weekly expenses on  
which it was based. If i t  represents them so closely that we can 
feel sure a simple statistical law was at  work, then we can ac- 
cept i t  as significant. Otherwise i t  is of no  value. For any equa- 
tion can be "fitted" to any set of data whatever, if no  demands 
are made as to the closeness of the fit. Also the formula adopted 
should be as simple as possible. T h c  more complicated i t  is, the 
less its significance. Our  formula actually fitted the data very 
well. This  means that the wcekly total of selling salaries, as 
computed from the formula, using salcs as recorded, did not 
differ very much, o n  the avcrage, from the actual total selling 
salaries. Numerically, this difference averaged about 2.5 per 
cent of the total salaries. This  turned out  to be a highly satis- 
factory result, indicating that a simple statistical law was in 

*None of the figures given here are the actual figures. However, they 
are strictlv proportional to the latter and therefore ser\.e quite as well for 
illustrative purposes. 
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fact operating. T h e  formula was sufficiently accurate to be used, 
among other things, for practical budgeting purposes. 

This account of the procedure is so oversimplified that it 
may give a quite false impression. Ordinarily there are many 
difficulties to be overcome. I t  is not often true, for example, 
that a moving expense can be expressed so simply in terms of 
sales. Frequently the work represented by the moving expense 
is more directly related to other variables of the business, or to 
combinations of such variables. Number of sales, or number 
of customers may be more appropriate variables. If the moving 
expense represents payroll, it is usually better to express it as 
hours worked. In this way chan~es  in hourly rates of pay are 
more easily taken account of. Or accounting adjustments of 
one sort or another may be essential. I recall that a certain large 
store, knowing that I was working on this problem at the time, 
sent me their sales and selling salaries by weeks with the re- 
quest that I determine what relation existed between them. 
After a great deal of effort and many false starts I was unable 
to find a simple relation that fitted the data closely enough to 
be significant. I was, however, confident that some simple type 
of relation did exist, based on previous experience with a large 
number of similar studies. I therefore asked the store for more 
details concerning the accounts making up total selling salaries. 
T o  make a long story short, it was finally discovered that cer- 
tain commission payments to salesmen were being applied to 
the second week following that in which they were earned. 
When these payments were segregated and applied to the 
proper week, a simple formula was found that fitted the data 
exceptionally well. 

Let us return to the formula 

and see what we can learn from it. The first thing we observe 
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is its extreme simplicity. This is in itself a remarkable phenom- 
enon. Here we have a situation involving the weekly salaries of 
hundreds of people engaged in making tens of thousands of 
individual sales of the most diverse objects, from pins to pianos, 
and yet the averaging process works so smoothly from week to 
week that this elementary formula sums it all up, with an ac- 
curacy of 97.5 per cent. As the weeks pass there are seasonal 
shifts in the pattern of sales, leading to considerable fluctua- 
tions in the average amount of the sale. Salespeople are not 
paid on the same basis throughout the store, and this fact in- 
troduces further distortions as the pattern of sales changes sea- 
sonally. Above all, perhaps, there is the irregular flow of cus- 
tomers, not only from week to week or from day to day, but 
from hour to hour. I t  would indeed require a bold person to 
predict in advance that this apparently confused and irregular 
tangle of cause and effect could be expressed by any simple 
formula whatever. 

T h e  formula states that total selling salaries are composed 
of two parts. One is what we have called pure moving expense 
(directly proportional to sales), the other we have called pure 
overhead or fixed expense. We shall better understand the sig- 
nificance of these component parts if we think in terms of what 
a salesclerk actually does throughout a typical day. Her main 
job is of course to sell goods to customers. If all her time were 
so spent, her entire salary could be classified as pure moving 
expense. But this is far from the case. Due to irregularities in 
customer traffic there are times when customers are waiting for 
her and other times when she is waiting for customers. T h e  
latter represent waste, from the standpoint of production, just 
as does the idle time of a machine. The  fact that there is no 
avoiding a certain amount of this lost time, that it is an essen- 
tial part of selling, has nothing to do with its proper classifi- 
cation. Nor does the fact that a part of this time can be used in 
stockkeeping, which is another part of the clerk's job. For stock 
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fluctuates only sluggishly with sales, so that at most but a part 
of such work contributes to pure moving expense. T h e  bulk of 
i t  is overhead. 

We see from these considerations why there is so large a com- 
ponent of fixed expense in selling salaries and where it comes 
from. I t  does not come from any group of individuals, whose 
salaries could be segregated, but from each individual on  the 
selling force. Part of the salary of Susan Jones, salesclerk, be- 
longs to moving expense, the balance to overhead. This is why 
we said that it is impossible to separate the two by accounting 
means. Any such effort is doomed to failure. 

Likewise doomed to failure, or at least relative failure, is any 
effort to budget selling salaries from week to week, as sales fluc- 
tuate, in terms of percentage of selling salaries to sales. Account 
must be taken of the overhead component. We see from Table 
XXXII that when sales are less than about $326,000, more than 
half of the weekly total of selling salaries is represented by 
overhead. This is an astonishing fact. This analysis has not led 
us to a minor adjustment, but to a very major one. As sales 
fluctuate over their seasonal range, from $250,000 to $600,000, 
for the period covered by the table, the percentage of selling 
salaries ranges from 6.2 per cent to 4.2 per cent. (This exam- 
ple is entirely typical.) Any attempt to hold this percentage 
fixed would be both absurd and disastrous. 

We cannot discuss here the various uses of formulas of this 
type. We shall merely point out that in budgeting they provide 
an important over-all control of more detailed budgeting. For 
management, without entering into the details of departmental 
budgeting, can set an over-all figure within which the sum of 
the departmental budgets must fall. These over-all figures form 
a part of management's plan of controlling expenses and 
profits. 

T h e  use of these formulas for budgeting evidently depends 
on some sort of estimate of future sales. For this purpose, how- 
ever, the prediction of sales need be made only for one, two, or 
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at the most three weeks in advance. Especially in large and sta- 
ble businesses this is not an impossible nor even a difficult task. 
I t  is accomplished by a study of the seasonal variation of sales, 
taking account of possible long-term trends, which are usually 
too small to be significant in so brief a period, and of any 
special conditions known to apply, an obvious example being 
holidays. Here again chance plays a role. All such predictions, 
no matter how skillfully made, are subject to unknown and 
unforeseeable factors. If the level of sales is sensitive to weather 
conditions, for instance, predictions will always be somewhat 
uncertain until such time as meteorology learns how to predict 
weather accurately for several weeks in advance. But the fact 
that all such predictions are subject to uncertainties does not 
destroy their value; for by and large the sales of a business do 
follow well-defined seasonal patterns. A skillful prediction is 
therefore a far better guide than no prediction. 

I n  some businesses it is a matter of the utmost importance to 
be able to estimate demand for a product weeks or even months 
in advance, with at least fair accuracy. When this can be done, 
production schedules can be adjusted to the probable level of 
sales. The  first step in studying long-term sales trends is to re- 
move the seasonal variations that are a prominent feature of 
almost all businesses. There are several ways to do this. Some 
of the more reliable methods unfortunately are too slow, in the 
sense that they furnish adjusted data only after several months 
have elapsed. They are therefore of value only for the analysis 
of past periods and are largely used in economic studies. I t  is 
preferable to select a method that is less accurate but that gives 
immediate results. After seasonal variation has been removed 
there remains a set of figures, a line on a chart if you wish, that 
indicates the long-term growth or shrinkage of the business. I n  
order to predict the future course of this line, it is necessary to 
go behind the sales themselves and study the customers from 
whom they come. These customers must be broken down into 
economic groups and an attempt made to discover a few funda- 
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mental indexes of these groups. But that is not enough. These 
buying powers must be determined weeks or months in ad- 
vance; otherwise we would have not a sales prediction but a 
post-mortem. I t  is clear that these are essentially problems in 
economics, and difficult ones. Nevertheless, quite accurate sales 
predictions have been made during relatively stable economic 
periods, especially in certain manufacturing businesses. I n  
many types of business it would be foolish to make the attempt. 

Many of the statistical problems solved by a research depart- 
ment, perhaps even the majority, are special to the particular 
business and are suggested by concrete situations that arise. I n  
fact, any complicated business situation in which the data are 
largely numerical is likely to involve at least one such problem. 
In  solving them a wide variety of theoretical and experimental 
techniques can be employed. By their nature these problems 
are of interest chiefly in specialized fields and are not suitable 
for discussion here. 

I shall, however, mention one problem that to my knowledge 
has not been explored and that might have important impli- 
cations for the retail business generally. The widespread adop- 
tion of the five-day, forty-hour week has created operating diffi- 
culties in many retail businesses. In  most types of business i t  is 
feasible to shut up shop one day each week, customarily on Sat- 
urday. In this way the entire force is simultaneously on the job 
five days each week. But it is not possible to close a retail store 
on Saturday, for this would involve an utter disregard for serv- 
ice to the public. Saturday normally chalks up more sales per 
hour than any other day in the week, even though, due to 
population shifts to suburbs and to the effects of the five-day 
week in other industries, it now represents a smaller propor- 
tion of weekly sales than formerly. Under these circumstances 
it seems natural to propose that retailers close operations on 
some other day, and from every point of view Monday would 
be the proper choice. This would obviate the necessity of com- 
plicated scheduling whereby ordinarily the only complete day 
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worked by the entire force is Saturday. The  inefficiency of this 
latter arrangement and its unfavorable effect on customer serv- - 

ice are too obvious to need comment. 
If such a five-day-week plan were adopted, it would mean 

that all employees would have a two-day week end, instead of 
two separate days off. As Monday is usually the least busy day 
of the week, the amount of real inconvenience to the public 
would be very small. Whatever it amounts to, it is more than 
offset by the fact that most large stores and innumerable small 
ones are open at least one evening a week. In  addition to the 
other advantages, the reduced week would result in consider- 
able operating economies for the stores themselves. The  amount 
of such saving could easily be determined by each store. 

What, then, are the objections to this plan strong enough to 
nullify so many obvious advantages? The  only major objection 
that can be adduced is the fear, on the part of retailers, that by 
being closed one day each week they would lose sales volume. 
If Monday now carries 14 per cent of weekly sales, they reason, 
and we close Monday, will we not lose at least a substantial 
fraction of this volume? If the five-day week were adopted by 
all but the smallest neighborhood stores, the answer is that 
sales losses would be negligible. For any sales lost would have 
to be lost to other industries, and that would represent a change 
in the buying habits of the American people. It would require 
a good deal of unsophistication to believe that so major an 
effect could flow from so minor a cause. 

But it is not easy to bring about a change of this sort, requir- 
ing widespread cooperation in good faith, especially in an in- 
dustry that is notably conservative and so keenly sensitive to 
competition. I t  is not easy, even though it could be accom- 
plished by any one competitive area, regardless of the balance 
of the country. Nevertheless, since such a development would 
materially benefit both stores and employees, without sacrifice 
of service to the public, it should be done. 

Even if it were admitted that the five-day retail week cannot 
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be achieved through cooperative action, i t  is quite possible that 
a well-established large store, with a strong customer following, 
could profitably establish it, regardless of competitors. I n  order 
to form a basis for such a judgment a thorough and penetrating 
research job would be required. On one scale pan is the prob- 
able loss of sales-an estimate of this loss would be the focal 
point of the investigation--on the other the dollars saved 
through dccreascd operating expenses, and two intangibles. 
These intangibles are increased employee good will due to bet- 
ter working schedules, and improved service to the public. 

The  conclusion might well hinge on management's judgment 
of the long-term value to the business of these two intangibles. 
This is a typical situation in business research. After the prob- 
lem has been successfully analyzed and numerical conclusions 
have been reached, final action must depend on human judg- 
ment, fortified by the knowledge and insight gained in the 
investigation. 

Even the sketchiest outline of the functions of a statistical 
research department would be incomplete if it did not mention 
its responsibility to analyze and interpret for the benefit of the 
management every significant trend of the business and of its 
environment. This function, if executed with real skill and 
broad understanding, can be of great importance. In  fact, it is 
not too much to say that a business equipped with such a source 
of information has a very definite advantage over its competi- 
tors, at least if it has an  alert and aggressive management, ca- 
pable of taking full advantage of the added insight into its 
problems. 

I t  is not the function of the research department to present 
to management those facts concerning the business that are 
normally recorded. That is the function of the accounting de- 
partment, which ordinarily has attached to it a statistical de- 
partment to record those facts that do not enter the books of 
account. I t  is the job of the research department to apply to 
such facts, and others that come from outside the walls of the 
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business, scientific techniques that throw new light on their 
significance in terms of the current problems of the business. 

I n  this final chapter we have given our reasons for believing 
that statistical applications to business are in their infancy and 
that, inevitably, someday, they will come into their own. How 
far off that day is we do not venture to guess. We predict only 
that when it has arrived business will be a more efficiently con- 
ducted institution than at present, just as it is more efficient 
today than it was before the movement to introduce scientific 
methods began. 

I t  may be said that we are here indulging in propaganda on 
behalf of statistical science and its practical applications. Quite 
possibly so. I take it that there are two varieties of propaganda. 
In the one the object is to bring others to your way of think- 
ing by any available means, true or false, good or bad. In  the 
other the purpose is to present to others the case for ideas in 
which you believe, without prejudice or distortion, and in a 
balanced and impartial way. If we are guilty of propaganda, I 
trust the verdict will be that it is propaganda of the second sort. 





I APPENDIX I 
I 

1 IN CHAPTER 11, "Gamblers and Scientists," we referred to the 
stormy life of Cardan, not in connection with the theory of 
probability, but as a passing illustration of the fact that the 
lives of mathematicians were not always as remote and 
peaceful as they usually are today. I t  is something of a 
coincidence that we selected this particular illustration. For 
in 1953 Oystein Ore, Sterling Professor of Mathematics at 
Yale, published a scholarly and penetrating book* on the life 
and work of Cardan (Cardano), in which it appears that this 
versatile Italian, among his other accomplishments, correctly 
enunciated some of the fundamental principles of the theory 
of probability a century in advance of Galileo, Pascal and 
Fermat. I t  is therefore necessary to rewrite the history of 
this subject and give the honors to Cardan as the first pioneer. 

This fundamental work was contained in one of the 111 
manuscript books left unpublished at his death, and was not 
published until 1653. Its title is Liber de Ludo Aleae ( T h e  
Book on Games of Chance) a translation of which, by Pro- 
fessor S. H. Gould, appears in Professor Ore's book. 

I t  is natural to inquire why the historians of science have 
so grossly overlooked this first work on probability, over 
a period of three hundred years. The  answer seems to be that 
the book is obscure and difficult. It is written in a manner 
that would be unthinkable in modern scientific works. For 
example, more than once Cardan attacks the same problem 
several times, using different approaches, until finally he 
finds the correct train of reasoning. Under such circumstances 
one would expect an author to revise his work and delete 
the erroneous sections. But not so Cardan; he leaves un- 
touched his earlier efforts, to the confusion of the reader, 
much as though he were writing a diary. 

*Cardano, the Gambling Scholar; Princeton University Press. 
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A second and more formidable difficulty is that Cardan, 
breaking new ground in his book, uses terms that are both 
vague and obscure, and that possess no precise modern 
equivalents. 

T o  penetrate this jungle, clear it of both poisonous and 
dead undergrowth, and put it in order, was a task requiring 
a mathematician with great insight and patience, plus the 
collaboration of classical scholars to translate the Latin of 
the sixteenth century. So it is possible to understand why 
three centuries were to pass before Cardan's pioneering work 
received its full due. The  history of science owes a great 
debt to Professor Ore for this illuminating work. 

Cardan's The Book on Games of Chance wanders over the 
field of gambling, with much advice to the reader as to how 
and under what circumstances he should play, with warnings 
against dishonest gamblers, marked cards and loaded dice, and 
with a discussion of the ethics of gambling. Section 10, for 
example, is entitled: "Why gambling was condemned by 
Aristotle." T h e  book is discursive in the extreme, with oc- 
casional reminiscences from the author's life, in which 
gambling played no small part. I t  is written without any 
apparent plan, and in order to study Cardan's reasoning 
about dice and card games, it is necessary to separate the 
pertinent from the extraneous. 

Cardan examines throws of both six-sided dice, like those 
in current use, and four-sided dice (astragals), in use since 
antiquity. As to card games, the modern reader is altogether 
lost, for the game referred to is one called primero, long 
since forgotten. The  important thing is that Cardan, in the 
end, managed to formulate enough sound ideas on the 
principles of the theory of chance to merit the role newly 
ascribed to him. 
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IN THE 1950 edition of this book we devoted several pages 
at the beginning of Chapter XVII ("Statistics at Work") to 
some problems connected with foot races, starting with the 
history of the mile run. Since that time every record quoted 
has been broken, including the four-minute mile "barrier," and 
it seems worth while to bring these figures up  to date and to 
add a few comments. 

First we must make the necessary additions to Table 
XXVIII (page 271) as follows: 

TABLE XXVIII A 

Year 
1954 
1954 
1957 
1958 

Athlete Country Time 
Bannister England 3:59.4 
Landy Australia 3:58.0 
Ibbotson England 3:57.2 
Elliott Australia 3:54.5 

In  line with our remarks on page 272 this final period might 
be called the British Commonwealth period. When it began 
it is difficult to say, due for one thing to the disqualification 
of the Swedish champions. It is also worth noting, in this 
connection, that during and following World War 11, in fact 
from 1937 to 1954, the record was broken only by athletes 
from non-belligerent countries. 

We note that between Hagg's record of 1945 and Bannister's 
of 1954 there was an improvement of exactly 2 seconds in 
nine years. Since Landy also broke the record again that year, 
we can say that the improvement was 3.4 seconds in nine 
years. But in the succeeding four years the record fell another 
4.9 seconds, and nothing in the modern history of the mile 
run would lead us to expect a drop of this order. Let us see 
what we can make of it. 
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Much has been written in the newspapers and magazines 
about the four-minute-mile "barrier," supposed to exist in 
the minds of the athletes, and it is this "barrier" that was 
cracked by Bannister. Anyone who breaks the record for the 
mile run certainly deserves the highest praise, and if we 
say that a careful examination of the facts indicates that in 
all probability this "barrier" existed in the minds of the 
sports writers, not the athletes, we do not intend to detract in 
any way from Bannister's performance. We shall shortly ap- 
proach this problem from a quite different direction. In  the 
meantime we would point out that almost certainly the 
greatest performance in the history of the mile run was that 
of Elliott, and his record run came four years after the mile 
had been run under four minutes. For in 1958 Elliott lowered 
the record set by Ibbotson the preceding year by the amazing 
amount of 2.7 seconds. What makes this performance so 
completely outstanding is the fact that not since 1866, when 
the official mile run was only one year old, has any one 
lowered the record by so large an amount in a single year. 

Let us look at this question of the four-minute mile a little 
more closely. On page 272 we refer to a statistical analysis 
of Table XXVIII, which we made under the simple assump- 
tion that the various complex factors which enter the run- 
ning of a mile race, and which are largely responsible for the 
many irregularities clisclosec1 by the table, "averaged out 
sufficiently to permit an over-all conclusion" over the period 
1865 to 1945. Our conclusion was that if the same general 
trend governs the future, the record for the mile could go 
as low as 3:44. We did not apply this analysis to the question 
of the four-minute mile because, at the time the work was 
done (1947), we did not know that this was a matter of 
interest. I t  is easy, however, using this same statistical analysis, 
to "predict," as of 1947, when the four-minute mile would be 
run. Upon making the calculations we found to our astonish- 
ment that the year predicted for the four-minute mile was 
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1954, the year that Bannister did it. Ti\Te say that we were 
astonished by this result because, as pointed out in the text, 
the analysis as carried out was superficial, in the sense that 
it did not have behind it an. expert knowledge of the sub- 
ject. This is emphasized on page 272. I t  is therefore not 
reasonable to expect such a formula to yield accurate results 
for the future. I n  fact, a large deviation from the formula 
has already occurred, namely Elliott's 1958 mark of 3:54.5. 
On the basis of our analysis this level should not be reached 
until the year 1986." Whether or not this record is a freak, 
in the sense that it will require one or two decades to lower 
it substantially, only the future will disclose. Our guess, and 
we shall attempt to justify it shortly, is that there has been 
an improvement in the art of running, and that the record will 
not stand. 

It is possible to refine the above work somewhat by a care- 
ful study of Table XXVIII, preferably in the form of a graph. 
Leaving out of account the first four records, there was a 
relatively poor performance from 1874 to 1895 inclusive, 
which reached its nadir in 1881. After a gap of sixteen years, 
there follows a long period, from 1911 to 1942 inclusive, 
which has a quite uniform trend, but at a higher level than 
that of the preceding period. From 1943 to 1961, there has 
been further improvement, with Elliott's dramatic 1958 
record capping the period. 

*Readers with some mathematical knowledge might be interested to see 
the exact equation to which this 1947 analysis leads. Let x be the time, 
measured in years, with the origin (x = 0) at the year 1925, so that 
for a race run in 1865, x = - 60, while for one run in 1945, x = 20. 
Let y be the time to run one mile, measured in seconds, with the origin 
(y = 0) at 210 secs., equal to 4 mins. Then the formula is 

y = - 16.3+ 23.7(10)-.00552~. 
As x increases, the second term on the right side of the equation gets 
smaller and smaller, so that y approaches - 16.3, or 223.7 secs., or 3:43.7. 
T o  find the predicted date of the four-minute mile, put y = 0, and 
solve the resulting equation for x ,  using logarithms. This gives x = 29.6, 
or the year 1954.6, 
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If we work out a new curve (equation) so adjusted as to 
make the years 1911 to 1942 the standard, so to speak, we 
obtain a different result. On this basis the ultimate possible 
record for the mile turns out to be about 3:35 instead of 
3:44. I n  this analysis, as in the previous one, we have taken 
no account of records set since 1945. I t  is interesting to see - 
what this new equationX predicts for future records. T h e  
results are given in the following table: 

TABLE XXXIII 

Predicted Actual 
Year Record Record 
1954 4:02.3 3:58.0 
1957 4:00.4 3:57.2 
1958 4:OO.Z 3:54.5 
1970 3:57.3 
1980 255.1 
1990 3:53.2 

We see that this new equation is less successful in predicting 
the date of the four-minute mile, giving 1958.6. As for 
Elliott's 1958 record it predicts that, based on the trend to 
and including 1945, it should be reached in 1983. On the 
basis of either of the equations it is clear that, at least for 
the 19501s, there is evidence of a new and lower trend. 

T o  make clear that the new records shown in Table 
XXXIII represent at least a temporarily lowered trend, it will 
be well to show to what extent the theoretical statistical 
equation represents the actual records prior to 1954. This is 
done, for a few typical years, in Table XXXIV, page 349. 
If the first of the two theoretical equations had been used, a 
quite comparable table would have resulted. Neither curve 

*Again readers familiar with some mathematics may wish to see the 
form of the equation. Using the same conventions as in the previous 
footnote in this appendix, the equation is 

y = - 25.1 + 3.',.5(IO)-.00432.n. 
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fits the actual records well during the early years, when there 
were considerable irregularities. Between them, however, 

TABLE XXXIV 

Year, 
Theoretical 

Record 

4:38.4 
4:37.2 
4:28.0 
4: 14.6 
4:08.0 
4:07.0 
4:06.1 
4:04.6 

Actual 
Record 

439.0 
4:33.2 
4:18.4 
4: 14.4 
4:09.2 
4:06.8 
4:06.4 
4:04.6 

Difference ( in secs.) 
(Actual minus 

Theoretical) 

- 0.2 

0.0 

they indicate that the recent records are at a lower level than 
the history of the mile run would indicate. 

There are many possible explanations for this improved 
running. One is the fact that the generation now setting rec- 
ords was born at a time when great advances in the science 

TABLE XXX A 

Distance 

Yards Meters 
100 

Speed in Feet 
- per Second 

32.3 
33.0 
28.9 
24.7 
23.8 
22.8 

(one mile) 22.5 
21.7 
20.8 

(two miles) 20.6 
(three miles) 20.0 

of nutrition had been made, advances .which undoubtedly 
resulted in greater physical stamina as well as an increase in 
the average height of individuals. 

349 
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At first sight one might be tempted to believe that there 
was a psychological basis for these rapidly falling records, 
based on the fact that the four-minute "barrier" had been 
broken. If these higher running speeds were confined to the 
mile run, there might be something to this theory. But this 
is not the case, as we shall see. 

In  Table XXX on page 276 we listed the speeds in feet 
per second, corresponding to the world records as of 1947 
for all standard running races from 100 yards to 5000 meters. 
Since every one of these records has now been broken, we 
have prepared a revised table, Table XXXA, given on page 349. 
An examination of this table discloses that there is nothing 
remarkable about the current record for the mile, as com- 
pared to the records for other distances. I t  appears that 
Elliott's performance, although an extraordinary improve- 
ment for the mile run, is very much in line with other records 
set during the past decade. If we subject this table to a sta- 
tistical analysis, of the type used on Table XXVIII, this fact 
and some not so apparent become evident. In  the studyX we 

*The equation of the curve is 
y = 16.7 + 9.70(10)-.00111~. 

Here x is the length of the race measured, for convenience, in  units of 
ten yards, so that a distance of 880 yards corresponds to x = 88. y is the 
speed, measured in feet per second. This equation fits the data quite well, 
with a probable error of 0.3 ft. per sec. This error would be reduced if 
distances of three miles and over were omitted. I t  appears that in the longer 
races, including the six-, ten- and fifteen-mile distances (not shown in 
the table), the champion runner is able to sustain a speed higher than 
what one would expect from a study of shorter races. This effect is less 
pronounced when one comes to the marathon (46,145 yards), but even 
here the record shows an average speed of 17.1 ft. per sec., while our 
theoretical equation gives 16.7. Incidentally, if our statistical result were 
interpreted literally,, it would state that a man can run any distance 
whatever at an average speed of 16.7 ft. per sec., a palpable absurdity 
closely related to the one given on page 273. Actually, there are no 
simple mathematical curves, of the required type, that end abruptly and, 
if there were, one would have no way to know where the curve should 
terminate. There is a similar situation in life insurance, where the 
curves used to represent the mortality rates run on to infinity. They 
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have omitted distances of less than 880 yards, as they belong 
in a different category. It appears from the study that, rela- 
tively speaking, the highest speeds are attained at 880 yards, 
at three miles, and at 5,000 meters. The  poorest relative speed 
is at 2,000 meters, the second poorest being the mile. How- 
ever, the differences are slight. So we must conclude that the 
art of running, as a whole, has made great progress in re- 
cent years. It will be interesting to see to what extent this 
rate of progress can be maintained in the future. 

will tell you the probability that a man will die between the ages of 
1000 and 1001, provided that he reaches the age of 1000. The  tails of 
these curves are therefore quite mcaninglrss, but it is convenient to use 
the curves and the tails do no harm. The  same sort of thing is true 
in our case. 
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relativity theories and related questions. Steinmetz translates complex mathe- 
matical reasoning into language accessible to laymen through analogy, example 
and comparison. Among topics covered are relativity of motion, location, time; 
of mass; acceleration; 4-dimensional time-space; geometry of the gravitational 
field; curvature and bending of space; non-Euclidean geometry. Index. 40 
illustrations. r + 14zpp. 5v8 x XXI/?. 61771-8 Paperbound $1.35 

How TO KNOW THE WILD FLOWERS, Mrs. Wil l iam Starr Dana 
Classic nature book that has introduced thousands to wonders of American 
wild flowers. Color-season principle of organization is easy to use, even by 
those with no Imtanical training, and the genial, refreshing discussions of 
history, folklore, uses of over 1.000 native and escape flotvers, foliage plnnts 
are informative as !\ell as f ~ l n  to read. Over 170 full-page plates. collected f ~ o m  
several editions, may be colored in to make permanent records of finds. Revised 
to conform with 1950 edition of Gray's 3lanual of Uotan\. xlii + .~jXl'p. 

x 8lL. 20332-8 l 'ape~.l~or~ntl 5 2 . y ~  

R ~ A N U A I .  OF  T H E  TREFS OF NORTH AMFRICA, Chnrles S p q t r e  Snrgenl 
Still unsurpassed as most comprehensive, reliable studv of North American 
tree characteri$tics, precise locations and distribution. Ry dean of American 
tlcndrologists. Ever\. tree native to Y.S. .  C:anada, .\laska; 18; genera, j l  j species. 
tlescril~ed in detail-leaves, flowers, fruit, winterbuds, bark, wood, growth 
habits, etc. plus discussion of varieties and local variants, immaturity variations. 
Over loo keys, including unusual 11-page analytical key to genera, aid in 
identification. 783 clear illustrations of flowers, fruit, leaves. .4n unmatched 
permanent reference work for all nature lovers. Second enlarged (1926) edition. 
Synopsis of families. Analytical key to genera. Glossary of technical terms. 
Index. 783 illustrations. I map. l'otal of 9Hzplx 514 x 8. 

2027;-1, 20278-X T \ w  \olume set. I~ ;~pe r l )o~~n t l  56.00 



C A T A L O G U E  OF DOVER BOOKS 

IT'S FUN TO MAKE THINGS FROM SCRAP MATERIALS, 
Evelyn Glantz Hershoff 

What use are empty spools, tin cans, bottle tops? What can be made from 
rubher bands, clothes pins, paper clips, and buttons? This book provides 
simply worded instructions and large diagrams showing you how to make 
cookie cutters, toy trucks, paper turkeys, Halloween masks, telephone sets, 
aprons, linoleum block- and spatter prints - in all 399 projects! Many are easy 
enough for young children to figure out for themselves; some challenging 
enough to entertain adults; all are remarkably ingenious ways to make things 
from materials that cost pennies or less! Formerly "Scrap Fun for Everyone." 
Index. 214 illustrations. 373pp 5% x 8th. 21251-3 Paperbound $1.75 

SYMROLIC Locrc and THE GAME OF LOGIC, Lewis Carroll 
"Symbolic Logic" is not concerned with modern symbolic logic, but is instead 
a collection of over 380 problems posed with charm and imagination, using 
the syllogism and a fascinating diagrammatic method of drawing conclusions. 
In "The Game of Logic" Carroll's whimsical imagination devises a logical game 
played with 2 diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The  final section, "Hit or Miss" is a lagniappe of lo1 addi- 
tional puzzles in the delightful Carroll manner. Until this reprint edition, 
both of these books were rarities costing up  to $15 each. Syml,olic Logic: 
Index. xxxi + 1g9pp. The  Game of Logic: gGpp. 2 vols. bound as one. 5% x 8. 

20492-8 Paperbound $2.50 

MATHEMATICAL PUZZLES OF SAM LOYD, PART I 

selected and edited by M. Gardner 
Choice puzzles by the greatest American puzzle creator and innovator. Selected 
from his famous collection, "Cyclopedia of Puzzles," they retain the unique 
style and historical flavor of the originals. 'There are posers based on arithmetic, 
algebra, probability, game theory, route tracing, topology, counter and sliding 
block, operations research, geometrical dissection. Includes the famous "14-15" 
puzzle which was a national craze, and his "Horse of a Different Color" which 
sold millions of copies. 117 of his most ingenious puzzles in all. 120 line 
drawings and diagrams. Solutions. Selected references. xx + 167pp. 5v8 x 8. 

20498-7 Paperbound $1.35 

S TRING F IGURES A N D  HOW TO M AKE T H E M ,  Caroline Furness Jnyne 
107 string figures plus variations selected from the best primitive and modern 
examples developed l)y Navajo. .Apache. pvglnies of .\frica, Eskimo, in Europe, 
Australia. China, etc. The most reatlil) untlerstantlable, easy-to-follow book in 
English on perennially popular recreation. Cr!stal-clear exposition; step-by- 
step diagrams. Everyone from kindergarten children to adults looking for 
unusual diversion will be endlessly amused. Index. Bibliography. Introduction 
by A. C. Haddon. 17 full-page plates, 960 illustrations. xsiii + . l o~pp .  5x4 s MA. 

20152.5 Paperbound Tn.25 

PAPER FOLDISG FOR BEGIN\FRS,  11.. D. Murras and F. J. Rigye13 
A delightful introduction to the varied and entertaining Japanese art of 
origami (paper folding), with a full, crystal-clear test that anticipates every 
difficulty; over 2;s clearly labeled diagrams of all important stages in creation. 
You get I-esults at each stage, since complex figrlres are logically developed 
from simpler ones. 43 different pieces are explained: sailboats, frogs, roosters, 
etc. G photographic plates. 279 diagrams. 95pp. 5v8 x "A. 

20713-7 Paperbound $1 .oo 



C A T A L O G U E  OF D O V E R  B O O K S  

PRINCIPLES OF  ART HISTORY, 
H. IVolfflin 

Analyzing such terms as "l~aroque," "classic," "neoclassic," "primitive," 
"picturesque," and 164 different works by artists like Botticelli, van Clevc, 
Diirer, Hobbema, Holhein, Hals, Rembrandt, Titian, Brueghel, Vermeer, and 
many others, the author establishes the classifications of art history and style 
on a firm, concrete 1,asis. This classic of art criticisni shows what really 
occurred between the 14th-century primitives and the sophistication of the 
18th century in terms of I~asic attitudes and philosophies. "i\ remarkable 
lesson in the art of seeing," Sat. Rev. of Literature. Translated from the 7th 
German edition. 150 illustrations. 254pp. 6% x 9%. 20276-3 Paperbound $2.25 

PRIMITIVE ART, 
Franz Boas 

This authoritative and exhaustive work by a great American anthropologist 
covers the entire gamut of primitive art. Pottery, leatherwork, metal work, 
stone work, wood, basketry, are treated in detail. Theories of primitive art, 
historical depth in art history, technical virtuosity, unconscious levels of pat- 
terning, symbolism, styles, literature, music, dance, etc. A must book for the 
interested layman. the anthropologist, artist, handicrafter (hundreds of un- 
usual motifs), and the historian. Over goo illustrations (50 ceramic vessels, 
12  totem poles, etc.). 376pp. 5% x 8. 20025-6 Paperhound $2.50 

THE GENTLEMAN A N D  CABINET MAKER'S DIRECTOR, 
Thotnas Chippendale 

A reprint of the 1762 catalogue of furniture designs that went on to influence 
generations of English and Colonial and Early Republic American furniture 
makers. The 200 plates, most of them full-page sized, show Chippendale's 
designs for French (Louis XV), Gothic, and Chinese-manner chairs, sofas, 
canopy and dome beds, cornices, chamber organs, cabinets, shaving tal)les, 
commodes, picture frames, frets, candle stands, chimney pieces, decorations, etc. 
The  drawings are all elegant and highly detailed; many include construction 
diagrams and elevations. A supplement of 24  photographs shows surviving 
pieces of original and Chippendale-style pieces of furniture. Brief biography 
of Chippendale hy N. I. Bienenstock, editor of Furniture TVorld. Reproduced 
from the 1762 edition. zno plates, plus 19 photographic plates. vi + z-~cjpp. 
g ~ h  x 12%. 21601-2 Paperbound (Sg.50 

.AMERICAN ANTIQUE F URNITURE:  , I  BOOK FOR A ~ I A T E U R S .  
Edgar G .  Miller, Jr .  

Standard introduction and practical guide to identification of valuable 
.I\merican antique furniture. 2115 illustrations, mostly photographs taken by 
the author in 148 private homes, are arranged in chronological order in exten- 
sive chapters on chairs, sofas, chests, desks. hedsteads. mirrors, tables, clocks, 
and other articles. Focus is on furniture accessible to the collector, including 
simpler pieces and a larger than usual coverage of Empire style. Introductory 
chapters identify structural elements, characteristics of various styles. how to 
avoid fakes, etc. 'We are frequently asked to name some hook on American 
furniture that will meet the requirements of the novice collector, the begin- 
ning dealer, and . . . the general public. . . . We helieve hlr. Miller's two 
volumes more completely satisfy this specification than any other work," 
Antiqlres.  .\ppendix. Index. Total of vi + I 106pp. 7% x IO: !~ .  

21599-7,21600-4 1 ' 1 ~  \olumc set. paperhound 87.50 



C A T A L O G U E  OF D O V E R  B O O K S  

.I'HE BAD CHILD'S BOOK OF BEASTS, ~ I O R E  BEASTS FOR WORSE CHILDREN, 
and A MORAL . ~ L I T H A H F T ,  H. Belloc 

Hardly and anthology of humorous verse has appeared in the last go years 
without at  least a couple of these famous nonsense verses. But one must see 
the entire volumes - with all the delightful original illustrations by Sir Basil 
Blackwood - to appreciate fully Belloc's charming and witty verses that play 
so subacidly on the platitudes of life and morals that heset his day - and ours. 
.I great humor classic. Three 1)ooks in one. Total of 157pp. 5% x 8. 

20749-8 Paperbound $1 .oo 

THE DEVIL'S DICTIONARY,  Arnbruse Nierce 
Sardonic and irreverent I~arl,s puncturing the pomposities and al~surdities of 
'4merican politics, Imsiness, religion, literature, and arts, by the country's 
greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing as 
Swift, American as Mark Twain, Will Rogers, and Fred .411en, Bierce will 
always remain the favorite of a small coterie of enthusiasts, and of writers 
and speakers whom he supplies with "some of the most gorgeous witticisms 
of the English language" (H.  L. hfencken). Over lono entries in alphabetical 
order. 1q4pp. 5v8 x 8. 20487-1 Paperhound $I  .oo 

THE COMPLETE NONSENSE OF EDWARD LEAR. 
This is the only complete edition of this master of gentle madness available 
at  a popular price. A Book of Nomrnse,  Novsrt~se Soirgs, More Nonsetrse 
Songs and Stories in their entirety with all the old favorites that have delighted 
children and adults for years. The  Dong With '4 Luminous Nose, The  Jumblies, 
The  Owl and the Pussycat, and hundreds of other bits of wonderful nonsense: 
214 limericks, 3 sets of Nonsense Botany, 5 Nonsense Alphal)ets, 546 drawings 
by Lear himself, and much more. ynopp. 5% x 8 ,  20167-8 Paperbound $1.75 

THE WIT A N D  H U M O R  OF OSCAR ~ Y I L D E ,  ed .  by Alvin Hedrrrait 
Wilde at  his most I)rilliant, in ~ o o o  epigrams exposing weaknesses and 
hypocrisies of "civilized" society. Divided into 19 categories-sin, wealth, women, 
America, etc.-to aid writers, speakers. Includes excerpts from his trials, hooks, 
plays, criticism. Formerly "The Epigrams of Oscar Wilde." Introduction by 
Vyvyan Holland, M'ilde's only living son. Introdnctory essay by editor. n6opp. 

5v8 x 8. 20602-5 Paperbound 9 I .go 

A CHILD'S P RIMER OF NATURAL HISTORY,  O l i ~ ~ e r -  Her-for-d 
Scarcely an anthology of whimsy and humor has appeared in the last r,o years 
without a contril~ntion from Oliver Herfortl. Yet the works from which these 
examples are drawn have been almost impossible to ol~tain! Here at last are 
Herford's improlxihle definitions of a menagerie of familiar and weird animals, 
each verse illustrated by the author's own drawings. 2 1  drawings in n colors; 
24 additional drawings. vii + ygpp. 6 g  x 6. 21647.0 Paperbound $ 1 . ~  

THE BROWNIES:  THEIR BOOK, Palrr~c-r COX 
The  Imok that made the Rrownies a horlsehold word. Generations of readers 
have enjoyed the antics. predicaments and adventures of these jovial sprites. 
who emerge from the forest at night to play or to come to the aid of a deserving 
human. Delightful illustrations 11y the author decorate nearly every page. 
24 short verse tales with 26G illustrations. 1 5 5 ~ 1 ~  6v8 x 

21265-3 Paperbound $1 3 0  



C A T A L O G U E  OF D O V E R  B O O K S  

THE PRINCIPLES OF PSYCHOLOGY, 
William James 

The  full long-course, unabridged, of one of the great classics of Western 
literature and science. Wonderfully lucid descriptions of human mental 
activity, the stream of thought, consciousness, time perception, memory, imag- 
ination, emotions, reason, abnormal phenomena, and similar topics. Original 
contributions are integrated with the work of such men as Berkeley, Binet, 
Mills, Darwin, Hume, Kant, Royce, Schopenhauer, Spinoza, Locke, Descartes, 
Galton, Wundt, Lotze, Herhart, Fechner, and scores of others. ,411 contrasting 
interpretations of mental phenomena are examined in detail-introspective 
analysis, philosophical interpretation, and experimental research. "A classic," 
Journal of Consulting Psychology. "The main lines are as valid as ever," 
Psychoanalvtical Qtiarterly. "Standard reading. . . a classic of interpretation," 
Psychiatric Quarterly. 94 illustrations. 1qo8pp. 5% x 8. 

20381-6,20382-4 I wo volume set. paperlmuntl 66.00 

VISUAL ILLUSIONS: T HEIR CAUSES,  CHARACTERISTICS A N D  APPLICATIONS, 
M .  Luckiesh 

"Seeing is deceiving," asserts the author of this introduction to virtually every 
type of optical illusion known. The text both descrihes and explains the 
principles involved in color illusions, figure-ground, distance illusions, etc. 
loo photographs, drawings and diagrams prove how easy it is to fool the sense: 
circles that aren't round, parallel lines that seem to hend, stationary figures that 
seem to move as you stare at  them - illustration after illustration strains our 
credulity at  what we see. Fascinating hook from many points of view, from 
applications for artists, in camouflage, etc. to the psychology of vision. New 
introduction hy William Ittleson, Dept. of Psychology, Queens College. Index. 
Bibliography. xxi + ngrpp. 5% x 8G.  21530-X Paperbound $1.50 

FADS A N D  FALLACIES I N  THE N AME OF SCIENCE, 
Martin Gardner 

This is the standard account of various cults, quack systems, and delusions 
which have masqueraded as science: hollow earth fanatics. Reich and orgone 
sex energy, dianetics, Atlantis, multiple moons, Forteanism, flying saucers, 
medical fallacies like iridiagnosis, zone therapy, etc. A new chapter has been 
added on Bridey Murphy, psionics, and other recent manifestations in this 
field. This is a fair, reasoned appraisal of eccentric theory which provides 
excellent inoculation against cleverly masked nonsense. "Should be read by 
everyone, scientist and non-scientist alike," R. T. Birge, Prof. Emeritus of 
Physics. Univ. of California; Former President, American Physical Society. 
Index. x + 3 6 . 5 ~ ~ .  5% x 8. 20394-8 Paperbound f z.oo 

ILLUSIONS A N D  DELUSIONS OF THE SUPERNATURAL A N D  THE OCCULT, 
D. H .  Rnwcliffe 

Holds up  to rational examination hundreds of persistent delusions including 
crystal gazing, automatic writing, table turning, mediumistic trances, mental 
healing, stigmata, lycanthropy, live burial, the Indian Rope Trick, spiritualism, 
dowsing, telepathy, clairvoyance, ghosts, ESP, etc. The author explains and 
exposes the mental and physical deceptions involved, making this not only 
an expos6 of supernatural phenomena, but a valuable exposition of char- 
acteristic types of almormal psychology. Originally titled "Thc Psychology of 
the Occult." 14 illustrations. Index. y j ~ p p .  5% x 8. 20.503-7 Paperbound S3.50 



C A T A L O G U E  OF D O V E R  B O O K S  

FAIRY TALE COLLECTIONS, edited by Andrew Lang 
Andrew Lang's fairy tale collections make up the richest shelf-full of traditional 
children's stories anywhere available. Lang supervised the translation of stories 
from all over the world-familiar European tales collected by Grimm, animal 
stories from Negro Africa, myths of primitive Australia, stories from Russia, 
Hungary, Iceland, Japan, and many other countries. Lang's selection of trans- 
lations are unusually high; many authorities consider that the most familiar 
tales find their hest versions in these volumes. All collections are richly deco- 
rated and illustrated by H. J. Ford and other artists. 

THE BLUE F AIRY BOOK. 37 stories. 138 illustrations. ix + ggopp. 5% x 881/2. 
21437-0 Paperbound $1.95 

THE G REEN F AIRY BOOK. 42 stories. loo illustrations. xiii + 366pp. 5% 
x 8%. 21439-7 Paperbound 61.75 

T H E   BROW^ F AIRY BOOK. 32 stories. 50 illustrations, 8 in color. xii + 
35oPP 5% x 88%. 21438-9 Paperbound $1.95 

THE BEST TALES OF HOFFMANN,  edited by E. F. Bleiler 
l o  stories by E. T .  A. Hoffmann, one of the greatest of all writers of fantasy. 
The  tales include "The Golden Flower Pot," "Automata," "A New Year's Eve 
Adventure," "Nutcracker and the King of Mice," "Sand-Man," and others. 
Vigorous characterizations of highly eccentric personalities, remarkably imagi- 
native situations, and intensely fast pacing has made these tales popular all 
over the world for 150 years. Editor's introduction. 7 drawings by Hoffmann. 
xxxiii + 11gpp. 5% x 8%. 21793-0 Paperbound $2.25 

GHOST A U D  HORROR STORIES OF AMRROSE BIERCF. 
edited by E. I;. Bleiler 

Morbid, eerie, horrifying tales of possessed poets, shabby aristocrats, revived 
corpses, and haunted malefactors. Widely acknowledged as the best of their 
kind between Poe and the moderns, reflecting their author's inner torment 
and hitter view of life. Includes "Damned Thing," "The Middle Toe of the 
Right Foot," "The Eyes of the Panther," "Visions of the Night," "Moxon's 
Master," and over a dozen others. Editor's introduction. xxii + 199pp. 5% 
x 8%. 20i67-6 Paperbound $1 .so 

THREE GOTHIC NOVELS, edited bv E. F.  Rleiler 
Originators of the still popular Gothic novel form, influential in ushering in 
early 19th-century Romanticism. Horace Walpole's Castle of Otranto, William 
Beckford's Vatlrek. John Polidori's T h e  lJarrrpyre, and a Fragirretlt by Lord 
Byron are enjoyable as exciting reading or as documents in the history of 
English literature. Editor's introduction. xi + 291pp. 5y8 x 8%. 

21232-7 Paperbound $2.00 

BEST GHOST STORIES OF L EFANU.  edited by E. F. Rleiler 
Though admired by such critics as V. S. Pritchett, Charles Dickens and Henry 
James, ghost stories by the Irish novelist Joseph Sheridan LeFanu have 
never 1)ecome as widely known as his dctcctive fiction. ,\bout half of the 1 6  
stories in this collection have never bcforc been available in 'jmerica. Collec- 
tion includes "Cartnilla" (perhaps the hest vampire story ever written), "The 
Haunted Ihronet," "?'he Fortunes of Sir Rohert Ardagh," and the classic 
"Green I'ca." Editor's introduction. 7 contemporary illustrations. Portrait of 
LeFanu. xii + qGjpp. 5% x 8. 20415-4 Paperbound $2.50 



S TRING,  PAITR A X D  MATCHES,  R. M. A b r a h n ~ t ~  
Over 300 tricks, games and puzzles will provide young readers with ahsorbing 
fun. Sections on card games; paper-folding; tricks with coins, matches antl 
pieces of string; games for the agile; toy-making from common household 
objects; mathematical recreations; and 50 ~niscellaneous pastimes. Anyone in 
charge of groups of youngsters, including hard-pressed parents, and in need of 
suggestions on how to keep cl~ildren sensibly amused and quietly content 
will find this 11ook inclispensal)le. Clear, simple text, copious numher of delight- 
ful line drawings and illustrative diagrams. Originally titled "Winter Nights' 
Entertainments." Introduction by Lord Baden Powell. 329 illustrations. v + 
1HGpp. gv8 x 8%. 20921 -0 l'aperbor~nd $ I  .oo 

A N  I NTRODUCTION TO CHESS ~ I O V E S  A N D  TACTICS SIMPLY E XPLAINED,  
Leonard Barden 

Beginner's introduction to the royal game. Names, possible moves of the 
pieces. definitions of essential terms, how games are won, etc. explained in  
go-odd pages. With this 1)ackground you'll be ahle to sit right down and play. 
Balance of book teaches strategy - openings, middle game, typical endgame 
play, and suggestions For improving your game. A sample game is fully 
analyzed. T r u e  middle-level introduction, teaching you all the essentials with- 
ou t  oversimplifying or  losing you in a maze of detail. 58 figures. ronpp. 

5% x 8%. 21210-6 Paperbound $ ~ . r g  

LASKER'S M A X U A L  OF CHFSS, Dr. Enmnuel L a s k e ~  
I'ro1,ably the greatest chess player of modern times, Dr. Emanuel Lasker held 
the world championship 28 years, independent of passing schools or  fashions. 
This  unmatched study of the game, chiefly for intermediate to skilled players, 
analyzes basic methods. combinations, position play, the aesthetics of chess, 
dozens of different openings, etc.. with constant reference to great nwdern 
games. Contains a brilliant exposition of Steinitz's important theories. Intro- 
duction by Fred Reinfeld. T a l ~ l e s  of Lasker's tournament record. g indices. 
go8 diagrams. I photograph. xxx + g.[ypp. 554 x 8.20640-81'a~~erI)c)1111~1 5n.go 

C OMRINATIONS:  THE H E A R T  OF CHESS, Irv ing  Clfertzer) 
Step-by-step from simple roml)inations to complex, this book, I)y a well- 
known chess writer. s11on.s you the intricacies of pins. counter-pins, knight 
forks, and smothered mates. Other chaptel-s show alternate lines of play to 
those taken in actual championship games; 1)oomerang roml)inations; classic 
e-iamples of 1)rilliant coml)ination play by Nimmvich. Rubinstein, Tarrasch. 
Botvinnik, Alekhine antl Capablanca. Index. 35(i diagrams. i-i + z~.',pp. 

5.44 x 8!,$ 21744-2 I'aperhor~ncl +z.oo 

H o w  .TO Sor.vl; CHESS PROIII.FXIS, 1;. 5. Hownrrl 
Full of practical suggestions for the fan or  the heginner - who kno~vs only the 
moves of the chessmen. Contains preliminary section and $ 3  two-mo\.e. .I(; 
three-move. and X four-move prol)lems conlposetl 1)). 25 outstanding .American 
prol)lem creators in the last go years. Explanation of all terms and eshaust i \e  
index. "Just what is wanted for the strdent," Brian Harley. 112  problems. 
solrctions. vi + 171pp.  rjy8 x 8. 20i48-X 1'aperl)ountl S I  .go 



C A T A L O G U E  OF DOIfZiR B O O K S  

SOCIAL THOUGHT FROM L O R E  TO SCIENCE,  
H .  E. Barnes and H .  Becker 

.An immense survey of sociological thought and  ways of viewing, studying, 
l~ lanning ,  antl reforming society from earliest times to the present. Includes 
t h o ~ ~ g h t  on  society of preliterate peoples, ancient non-Western cultures, and 
every great movement in Europe, America, and  modern Japan. Analyzes hun-  
tlretls of great thinkers: Plato, Ar~gustine, Bodin, Vico, Montesqr~ieu, Herder, 
Comte, hlarx, etc. Weighs the contril)utions of utopians, sophists, fascists and 
communists; economists, jurists, philosophers, ecclesiastics, antl every 19th 
ant1 2uth century school of scientific sociology, anthropology, and  social psy- 
chology throughout the world. Comhines topical, chronological, antl regional 
approaches. treating the evolution of social thought as a process rather than 
as a series of mere topics. "Impressive accuracy, competence, and discrimina- 
tion . . . easily the best single survey," Nation. Thoroughly revised, with new 
material up  to 1g6o. 2 indexes. Over nnoo hihliographical notes. Three  volume 
set. Total  of 158Opp. 5% x 8. 

20901-6,20902-4,20903-2 1 Irree volume set, paperhountl $9.00 

.\ HISTOKI. O F  H ISTORICAL ~VRITINC; ,  Harry El111er Barnes 
Virtually the only adequate survey of the whole course of historical writing 
in a single volume. Surveys developments from the beginnings of historiog- 
raphy in the ancient Near East and the Classical World, u p  through the 
Cold War. Covers major historians in detail,  shows interrelationship with 
cultural 1,ackground. makes clear individual contril~utions, evaluates and 
estimates importance; also enormously rich rlpon minor a r~ thors  and thinkers 
who are usually passed over. Packed with scholarship antl learning, clear, easily 
written. 111dispensal)le to every student of history. Revised and enlarged u p  
to I ~ G I .  Intlex and hihliography. xv + 442pp. r,vR x 8%. 

20104-X Paperhonnd 82.7tj 

J ~ H A N N  SERASTIAN BACH, Phil ipp Spitta 
T h e  complete and unahridged text of the definitive study of Bach. Written 
some 70 years ago, it is still unsurpassed for its coverage of nearly all aspects 
of Bach's life antl work. T h e r e  could hardly be a finer non-technical introtluc- 
tion to Bach's music than the detailed, lucid analyses which Spitta provides 
for hundreds of individual pieces. 26 solid pages are devoted to the B minor 
mass, for example, and 30 pages to the glorior~s St. Matthew I'assion. This  
monumental set also includes a maior analysis of the music of the 18th century: 
Bustehude,  I'achell)el, etc. "Unchallenged as the last word on  one of the 
supreme geniwes of music," John Barkham, Sattlrdog Revirul S ~ v d i c n t e .  Total  
of ~ X ~ g p p .  Heavy cloth binding. 5% s X. 

22278-0,22279-9 T\vo volume set, clothl)or~nd J~r,.cw, 

BEFTHO\I-s A K D  H I S  ~ ' I N E  S Y \ I P H O \ I F S ,  (;eo?-gr (;rove 
In this modern middle-level classic of ml~sicology Grove not only analyzes all 
nine of Reethown's symphonies very thorot~ghly in terms of their musical 
stl-ucture. hut also cliscusses the circumstances under which they were written, 
Beethoven's stylistic development, and much other Imckground material. This  
is an extremely  rich book, yet very easily followed; it is highly recommended 
to anyone seriously interested in music. Over 250 musical passages. Intlex. 
viii + -107pp. 5% x 8. 20334-4 Paperbound $2.25 



All the original 12'. 12'. Ikns low illustrations in full color-as much a part  of 
" T h e  W i ~ a r d "  as Tenniel 's tlrawings at-e of ";\lice in Wontlerland." " T h e  
\2'i7arcl" is still ..\merica's I)est-loved fair) tale. in which. ;I.; the a l ~ t h o r  eupresses 
i t ,  " T h e  \r.onderrnent antl joy a re  retained a n d  the heartaches a n d  iiightmares 
left out." S o w  today's young readers can oi ioy ever-v ~vort l  antl wonderful pic- 
ture  of the original I)ook. S e w  introduction I)y )fartill Gartlner. .\ Ilauni 
hil)liogl-aphy. 29 full-page color plates. viii + zfiXpp, 574 r X. 

20691 -2 I'apel-hound $1.95 

T HE ~ ~ A R V F L O I ! ~  L A N D  OF O z ,  I-. F. IIaut)~ 
.l'his is the  equally enchanting sequel to the "1l'irartl." cont inuing the atlven- 
turcs of the  Scarecrow antl the  'l'in \\'ootlman. T h e  hero this tinie is a little 
I)oy named l i p ,  antl all the  tlelightfrrl 0 7  magic is still present. T h i s  is the  
0 7  book with the Animated Saw-Horce. the 1Z'oggle-Rug. and  Jack Purnpkin- 
head.  All the original John  R. Se i l l  i l lust~at ions,  l o  in full color. zXgpp. 
59/H x 8. 20692-0 Paperl,ounct SI .;5 

:\LICE'S . \ D ~ F S T I I R F S  ~ T Y D E R  G R O U Y D .  L C W ~ S  Cnrroll 
'The 01-iginal Alirr in Il'o~trlerlrrnri, hand-lettered a n d  illustrated hy Carroll 
himself, antl originallv presented as a Christmas gift to a child-friend. Adults 
as well as thildl-en will enjov this charming volume. reproduced faithfully 
in this Dover edition. 1Vhile the  story is essentially the same, there a re  slight 
changes. and  C:arroll's spritelv dra\vingr present a n  intriguing alternative to 
the famous Tenniel  illustrations. O n e  of the most popular  books in Dover's 
catalogue. Introduction by hfartin Gartlner. 38 illustrations. 1281)~. 534 x ". 

21482-6 Paperbound $1.00 

T HE N U R S F R Y  "..~I.IcE." L C I I ~ S  Cnrroll 
\Irhile most of 11s consitlcr Alice in Tl'onrlrrlond a story for children of all 
ages. Carroll hinlself felt it was hevond >ollnger children. H e  therefore pro- 
vided this sirilplifictl version, illnstratetl with the famous Tenniel  drawings 
enlarged and  colored in delicate tintc. for children aged "from h'ought to 
Five." Dover'.; edition of this n o ~ v  rare  clasric is a faithful copy of the  1581) 
pr int ing,  iiiclnding 20 illustrations hy Tenniel ,  a n d  front and  back covers 
reprodt~ced in full colol-. Inti-otluction hy hlar t in  Gardner .  r r i i i  + 67pp. 

6 %  X 9 % .  21610-1 Paperbound SI  .jg 

' I .HI -  STORY OF K I T ( .  . \ K T I I I ~ R  Asn H I S  KTI( ; I I IS .  Hozvnrd Py/e 
.\ faqt-paced. exciting I-etelling of the hest kno\vn . \ r thurian legends for young 
~.catlcrc 1)v one  of .\nierita's I)ect story tellers antl illustrators. T h e  sword 
F:\calil)ur, wooing of Gr~inevei-c. \fel-lin and  his downfall,  adventures of Sir 
I'ellias antl Ganxinc,  antl othe~. ; .  .The pen and  ink illurtrations a re  vividly 
imagined antl rvonderfully drawn.  41 i l l~~s t ra t ions .  xviii + g ~ g p p .  6% x 9%. 

21445-1 I'aperbound 52 .00  

Prices srrbjrrt to rhnnge ~et~ithotrt not i rr .  

.\vailal)le a t  vour book dealer o r  write for free catalogue to Dept. Adsci, 
1)ovel- I'r~l)licatiotls. Inc.. I X I I  I 'arirk St.. S.I . . ,  N.Y. loo1 1. I h v e r  pu l ) l i~hes  more 
than ~ r ) o  I)ooks each year on  ccience, elementary a n d  advanced mathematics. 
biology, music, a r t ,  literary history, social sciences and  other  areas. 
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