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Abstract 

Internal or external tendons with or without bond are wideIy used in practise to prestress 

concrete structures. A method of analysis and a computer program are developed to 

predict the behaviour of concrete structures at any load level up to ultimate. When the 

prestressing tendon is internal unbonded or external, the analysis is more involved 

because the strain compatibility of the prestressing tendon and the adjacent concrete at a 

section is no longer valid. Thus, the section properties and internaI forces at a section are 

not enough to calculate the stress change in the tendon. The change in tendon stress due 

to applied loads should be determined from the displacements of the anchorages and the 

deviators. As the concrete member deflects, the external tendon remains straight resulting 

in change in tendon eccentricity and causes nonlinearity in the analysis. 

In the proposed method of analysis, a structure is idealised as a n  assemblage of plane 

fiame members connected at the nodes. The concrete is modeled as short, prismatic 

members; external tendons are treated as members co~lnected to the structure nodes by 

rigid links. The analysis determines the nodal displacements accounting for the geometric 

and material nonhearities, the time-dependent effects of creep and shrinkage of concrete 

and relaxation of prestressed reinforcements, and the temperature effects. The Newton- 

Raphson iterative scheme combined with displacement method is employed. The 

stifkess matrix to be used consists of two matrices: elastic and geometric stiffhesses. 

Both mabrices depend on updated nodal co-ordinates and stresses. The nodal 

displacements1 member end forces, section strains and stresses are calculated with respect 

to a selected constant reference axis because the centroidd axis changes due to cracking 

and the time dependent effects. 

The computer program is verified by comparison with experimental data. These 

experiments include beams prestressed with fibre reinforced polymers (FRPs). The 

verified program is employed to study the difference in structural behavior with different 

prestressing techniques used in practise. .-. 
W 
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Chapter 1 

INTRODUCTION 

1.1 General 

There is a growing concern all over the world about the number of concrete structures 

that need strengthening. Two possible alternatives are available: one is to demolish the 

structure and replace it with a new one, and the other is to rehabilitate the structure. The 

rehabilitation work generally involves the reduction of excessive deflection and cracking, 

and strengthening of the structure to increase its load carrying capacity. External 

prestressing has been widely used for rehabilitation and strengthening of existing 

structures without disrupting its usage. External prestressing is aIso used in new 

structures with or without the provision of means enabling future replacement of the 

tendons, 

An externally prestressed structure suffers fkom both structural and maintenance 

problems such as relatively larger crack widths at senice load level, smaller ultimate 

strength and corrosion of steel tendons etc. The combination of external prestressing with 

internal bonded nonprestressed or prestressed reinforcements may control the widths of 

.cracks and increase the ultimate strength. The use of Fibre Reinforced Polymers (FRPs) 

eliminates the problem of corrosion. With the increase in application of external 

prestressing in concrete structures, especially in bridges, it is important to have a rational 

analysis method to predict the behaviour of these structures when subjected to short and 

long term loading. 

The differences in behaviour of concrete structures with external prestressing compared 

to structures with internal bonded and unbonded tendons are studied in this thesis. An 

external tendon is attached to the concrete only at anchorages and at deviators, This 

causes variation of eccentricity of the tendon with applied load. The conditions of bond 



2 

or Gction at the deviators influence the structural behaviour. Thus, it should be 

considered in modelling the behaviour. 

1.2 Brief history of external prestressing 

One of the first applications of external prestressing occurred in 1934 in Germany, where 

Franz Dischinger used external prestressing in concrete girders. He also recognised the 

possibility of re-tensioning and replacing the tendons when necessary, without 

interruption of traffic. Subsequently, in the 1 9507s, Magnel in Belgium designed a few 

projects with extemal prestressing. In this work, Magnel placed prestressing wires 

outside the webs of box-girders. The wires passed through holes in a steel plate attached 

to concrete to transfer the prestressing force to the concrete. 

Then Leonhardt used external prestressing during an incremental launching of a bridge to 

provide uniform prestress to each cross section; after launching, the same external 

tendons were repositioned to carry the Iive loads. This shows the versatility of the 

application of external prestressing. A few externally prestressed bridges were also 

reported in France in early 1950's. 

In the Dutch recommendations published in 1962, rules were given for the design of 

concrete structures with external prestressing. In these recommendations much attention 

was paid to the need of adequate bond between the external tendon and the concrete at 

the deviators, to increase the ultimate strength. 

However, external prestressing had to be abandoned in late 1960's and early 19707s, 

because of several drawbacks: the main one was the corrosion of steel. The £ire 

protection was also a concern. In addition, insufficient howledge on the structural 

behaviour with external tendons was another reason. Most of all, the interest in external 

tendons had been limited by the great influence of Freyssinet, who preferred internal 

bonded tendons. 



Several developments in late 1970's were responsible for the re-introduction of external 

prestressing. First, some bridges in France were in great distress because of severe 

cracking. The main reason for this problem was that the time dependent and temperature 

effects had not been adequately accounted for in design and loss of prestressing force due 

to fiiction and relaxation of steel was underestimated, The only solution was to 

strengthen these bridges by external prestressing. This provoked the engineers to find 

corrosion protection systems for external tendons. Second, the development of high 

strength tendons resulted in a reduction of the number of external tendons to be used, thus 

facilitating the construction. Finally, some developments in USA, such as the design of 

cable-stayed bridges, where extemal cables had to be protected from corrosion and 

anchorage designs were given special attention, prompting researchers to develop 

effective corrosion protection and anchorage systems, which also benefited the external 

prestressing technology. 

The external prestressing technology has been evolving with applications extending fiom 

a simpie girder bridge to innovative structures where concrete webs have been replaced 

by steel corrugated sheets reducing the self-weight of the structure (see chapter 3 for 

advantages and disadvantages of extemal prestressing). Also, the construction of precast 

segmental bridges is speeded up when external prestressing is employed which has a 

simple tendon profile and less fiction compared to internal tendons. The Long Key 

bridge in Florida, USA, completed in 1979 is one of the first major structures which 

employed full advantages of external prestressing, such as speed of construction and 

economy. The bridge was constructed with precast segments using span-by-span method. 

The recent developments of using fibre reinforced polymers (FRPs), which is not 

vulnerable to corrosion, as external prestressing completely eliminates the problem of 

corrosion. There are a few drawbacks of FFtPs with respect to low transverse strength 

(perpendicular to the fibres), resulting in local failures at anchorages and deviator 

locations as will be discussed in chapters 2 and 3. Research on improving these problems 

is still ongoing (Chapter 2) and the work done so far has been encouraging. 



There is a recent trend among designers to use internal bonded tendons combined with 

external ones to improve the structural behaviour as will be discussed in Chapter 4. 

Although major applications of external prestressing technology are related to bridge 

construction, this technology has been applied successfirlly to other structures such as, 

large span roofs, silos and reservoirs. 

1.3 Arrangement of external tendons in a concrete structure 

Ja) Deviators 

An external tendon is connected to the concrete only at deviators and anchorage 

locations, where the prestressing force is transferred to the concrete. Deviators usually 

consist of three types (Beaupre et al, 1990): diaphragm, rib or stiffener and saddle or 

block (Fig 1.1). The advantage of using a diaphragm or a stiffener type deviator is that 

better distribution of the tendon deviator forces occur compared to the saddle type where 

more localised stresses due to tendon force occur combined with local bending. Thus, 

saddles must be properly reinforced and detailed (Beaupre et al, 1990) to avoid failure- 

Diaphragms or stiffeners are bullcy and increase the structure weight and pose 

construction difficulties when compared to saddle type. Whereas saddle type deviators 

are a small block located near the intersection of the web and bottom slab of the box 

girder (Fig, 1.1 c). Saddles are easy to construct (less complicated formwork than 

diaphragms or stiffeners), and are lightweight, In a structure a combination of saddle and 

diaphragm type deviators located respectively at span and support regions may be used. 

(b) External tendon lavout 

An external tendon in a structure consists of a series of straight segments connected 

between deviators and anchorage locations. Typical tendon layouts are shown in Fig. 1 -2 

where straight and deviated tendon layouts are presented. Because straight tendons do not 

require deviators, the comtruction is easy, less costly and no loss of prestress occurs due 
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to friction. However the prestressing force produced by the straight tendons does not have 

a vertical component, thus it is less effective in resisting shear forces. Deviated tendons 

are usually more practical as they produce bending moments and shear force distributions 

closer to applied loads compared to straight tendons. Also, the tendon can be made 

continuous in a statically indeterminate structures, reducing number of anchorages than 

when a straight tendon is employed in these structures. However loss of prestress due to 

friction occurs when the tendon is deviated and also these tendons are susceptible to 

fretting fatigue problems due to high contact pressure combined with friction and slip 

during cyclic loads at deviators (Wollman et al, 1993). 

External tendon 
(a) 

Fig 1.1 : Type of deviators: (a) Diaphragm; (b) Stiffener or rib; (c) Saddle 



J \ I  
External tendon 

~xtirnal  tendon 

' Anchorage 
. 

External tendon 

Fig. 1.2: Typical external tendon Iayouts 

(c) Types of external tendons 

Types of external tendons mostly depend on the corrosion protection system and 

technology adopted, that is, whether the prestressing tendon is bonded or unbonded at 

deviators. When the tendon is bonded, it cannot be replaced or re-strengthened but the 

construction cost is less compared to unbonded external tendons. This non-replaceable 

tendon technology is most common in USA. The bond between concrete and steel tendon 

is developed in a high density polyethylene (HDPE) duct embedded in concrete. The duct 

is filled by cement grout. 



In France and in most of the European countries, the external tendon is unbonded at 

deviators, thus allowing the future replacement and re-tensioning of the tendon. Several 

methods are available to make the tendon unbonded at deviators. One method is an 

injection of grease or wax in the HDPE duct at high temperature (80" to 90" C); thus 

ducts must resist this temperature. Galvanising the strands is another method, which does 

not require a duct, but long unsupported tendon lengths should be avoided. The most 

economical solution, as mentioned by Virlogeux (1993), is the use of a double tubing 

system at deviators allowing for the replacement. This consists of injecting HDPE ducts 

with cement grout; but with the double tubing system at the deviators the replacement of 

tendons becomes possible. 

1.4 Difficulties in the analysis of concrete structures with external 

prestressing 

In concrete members with an internal bonded tendon, the change in force in the tendon 

due to applied loads varies fiom section to section, The magnitude of the change can be 

determined by the analysis of individual sections, where internal forces are hown. 

Whereas the determination of the force in an internal unbonded tendon is difficult 

because it needs the analysis of the entire member. This is because strain compatibility of 

concrete and prestressing tendon at a section can no longer be applied. If friction is 

ignored, the force in the tendon is constant between the anchorages at all load stages. 

When the tendon is external, there is an additional H c u l t y  due to the change in tendon 

eccentricity with applied toads. This change in eccentricity should be accounted for by 

considering the equilibrium of the structure at its deformed position. Further, since 

fiction occurs only at deviators, the loss of tendon force due to fiiction is smaller 

compared to internal tendons. When the applied load increases, the external tendon slips 

at deviators resulting in redistribution of the tendon force, which affects the 

displacements of the member. As mentioned earlier, the analysis of externally prestressed 

structure should also account for the cases where the tendon is bonded or unbonded at 



deviators. This is because, in the case where the external tendon is bonded at deviators, 

the force in the tendon is constant ody in the part between deviators, whereas when the 

tendon is unbonded (assuming no fiction or fiee slip), the force in the tendon is constant 

along the entire length of the tendon between anchorages. 

When a structure is constructed with precast segments assembled with external 

prestressing, the possible opening of the joints between the segments due to relatively 

high applied load should be considered in the analysis. Since internal reinforcements do 

not cross the joints, only external prestressing should carry the additional tension due to 

increase in loads. Thus, the force in the tendon is dependent on the magnitude of this joint 

opening. 

1.5 The proposed method of analysis versus the computer program CPF 

(Elbadry and Ghali, 1990) 

The proposed method of analysis predicts the behaviour of prestressed concrete structures 

with internal or external tendons at any load level up to ultimate accounting for material 

and geometric nonlinearities, and cracking. The analysis includes the fiction and slip at 

deviators, joint opening in precast segmental construction. A computer program has been 

developed to implemen: %e proposed analysis. 

The well known computer program Cracked Plane Frames (CPF) analyses concrete 

structures assuming linear material stress-strain relationships but accounting for the 

nonlinearity due to cracking. The CPF can take into account internal or external tendons 

assuming that the tendon is bonded at deviators. Both the proposed method and the CPF 

include the time dependent effects of creep and shrinkage of concrete and relaxation of 

prestressing reinforcements, and temperature effects; but different ages of concrete parts 

or segments cast at different stages are ignored in the proposed method. 



1.6 Outiine of the dissertation 

Chapter 2 discusses an overview of the behaviour of concrete structures with external 

prestressing to understand what factors are important in the analysis. Also, the review of 

published work to determine the effect of these factors on the behaviour at service and 

ultimate loads is presented. A comparison of behaviour with internal bonded, unbonded 

and external tendons is also discussed. Further, studies based on the performance of 

structures with FRPs as external reinforcements are briefly explained, 

Advantages and disadvantages of external prestressing are discussed in chapter 3. 

Existing analysis methods to determine the behaviour of externally prestressed concrete 

structures are discussed in chapter 4. Also, the equations given in the codes to predict the 

internal unbonded tendon stress at ultimate are reviewed. 

The proposed analysis method is described in chapter 5. In this chapter, the modelling of 

a concrete structures with external prestressing, the proposed iterative solution to 

determine the behaviour of the stnzcture at service and ultimate loads accounting for 

variation of external tendon eccentricity with applied load, friction and slip at deviators 

and joint opening in segmental construction are presented. 

The analysis of externally prestressed concrete structures due to time dependent effects of 

creep and shrinkage of concrete and relaxation of prestressed reinforcements and due to 

temperature variations are discussed in chapter 6. 

A developed computer program to implement the proposed analysis is verified by 

comparing with experimentaI results in chapter 7. A flowchart of the program is also 

presented. 
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In chapter 8, the verified computer program is used to study the effect of different 

conditions of bond at deviators, type of external reinforcement (steel or carbon FRPs), 

type of construction (precast segmental or monolithic) and number of deviators on the 

behaviour of externally prestressed simple and continuous beams. The summary and the 

conclusions of the dissertation and recommendations for further research are given in the 

final chapter- 



Chapter 2 

BEHAWOUR OF CONCRETE STRUCTURES WITH 

EXTERNAL PRESTRESSING: 

AN OVERVIEW 

2.1 Introduction 

In concrete structures with external prestressing, anchorages and deviators transfer the 

prestressing force fiom the tendon to the smcture. The external tendon may be bonded or 

fkee to slip at the deviator points. To iind the changes in external tendon stress and the 

internal farces when loads are applied, the entire structure needs to be analysed rather 

than individual sections. Therefore, individual section properties and the forces applied 

on these sections are not adequate to find the external tendon stress. 

The behaviour of concrete structures with external prestressing should be clearly 

understood before finding analysis methods to predict the behaviour of these structures. 

In this chapter, the differences in the behaviour of externally prestressed concrete 

structures are compared with those of internally prestressed concrete structures with 

bonded or unbonded tendons, The factors affecting the behaviour of externally 

prestressed concrete structures such as, bonding conditions at the deviators, eccentricity 

variation with applied loads, member span-to-depth ratio, time dependent effects, and 

fiction and slip at deviators are discussed. The analysis to be discussed is required in the 

design for senticeability and ultimate limit states. The studies reported on the use of fibre 

reinforced polymers as extemal reinforcements will also be discussed briefly. A review 

of different analysis methods to predict the external tendon stress will be discussed in 

Chapter 4. 



2.2 Internal bonded versus external prestressing 

The method of analysis of concrete structures with internal bonded prestressing is well- 

established (Ghali and Favre, 1994; Naaman, 1977 & 1982) and simplified equations 

have also been given in the design codes to find the bonded tendon stress at ultimate. The 

main assumption in this analysis is the compatibility of strain between concrete and 

prestressing reinforcements. Thus, the tendon stress changes fkom section to section 

depending on the area properties and forces acting on these sections. 

However, since the external tendon is connected to the concrete structure only at the 

anchorages and deviator points (see Fig.l.2), the displacements at these points are 

required to d e t e r h e  the tendon strain and stress. St* compatibility is no longer valid 

and therefore individual section properties are not adequate to find the external tendon 

stress. Thus, the analysis of concrete structures with external prestressing is more 

involved and the entire structure needs to be considered to obtain the displacements at the 

deviators and anchorage locations. Therefore, the stress in the internal bonded tendon is 

section dependent whereas external tendon stress is member dependent. In the example in 

Fig.2.1 (a), the applied load, P produces the largest strain in the internal bonded tendon at 

the mid-span section where the moment is the highest (Fig. 2,la). When the same beam 

is prestressed with external tendon the strain in the tendon is constant between 

anchorages and it can be shown that this strain is equal to one-half (Fig 2.lb) of the 

maximum strain, E , ~ ,  obtained for an internal bonded tendon at the mid-span (Fig. 2.la). 

It should be noted here that the change in eccentricity, e, due to P is ignored when 

calculating the strain in the external tendon. 

2.3 External tendon strain from structure displacements 

Virlogeux (1988) is one of the first investigators to propose that the tendon elongation, 

dl, should be calculated &om the displacements at the anchorage and deviator locations 

where the tendon is attached to the structure. Typically the structure is andysed as a 
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plane e rne ;  thus there are three displacement components at each point A or B (Fig. 

2.2), two translations and a rotation, (u, v, 8), as shown in Fig. 2.2. 

Internal bonded tendon 

/ 
Centroidal axis 

\ 

External or internal 

unbonded tendon 
/ 

Fig 2.1: Strain variation of prestressing tendon: (a) internal bonded tendon; (b) 
external (or internal anbonded) tendon 

The external tendon is attached by two rigid arms at eccentricities, ei and ei+, to points A 

and B on the structure (Fig. 2.2). He derived the following equation to determine dl using 

the displacements of the two points A and B using geometry of Fig. 2.2: 

Where, I = initial tendon length between the deviators i and i+ I .  

, Y 

Rigid ann Rigid arm ei+ 1 - External tendon 
Figure 2.2: Typical displacement components required to calculate externaI tendon 

strain 

Thus, the change in tendon strain, A+ is given by: 



Points A and B may or may not be on the structure's centroidal axis, which changes with 

cracking and creep of concrete (see Chapter 5). The nodal displacements of a plane b e  

can be obtained by the conventional displacement method of analysis (GhaIi and Neville, 

1997). However the analysis of externally prestressed fiames up to failure requires 

iteration, as material and geometric nonlinearities and cracking are taken into account 

(Ratnos and Aparicio, 1995; Fenves, 1986). This non-linear analysis will be discussed in 

chapters 4 and 5. 

2.4 Internal unbonded versus external prestressing 

There are two main differences between concrete structures with internal unbonded and 

external tendons: the eccentricity of the external tendon changes with applied loads, and 

fkiction and slip between the external tendon and duct occur only at the deviators. The 

eccentricity changes are si@cant when structure deflections are larger; this is the case 

when the loads are close to ultimate or when the span-to-depth ratio is large. 

2.4.1 Eccentricity variations of external tendon 

As a member deflects due to applied loads, while the external tendon between the 

anchorages or deviators remains straight (Fig 2.3), the distance between the member 

centroidal axis and the tendon changes. This is most commonly referred to as the 

eccentricity variations or sometimes referred to as second order effects. Virlogeux (1993) 

showed that the tendon eccentricity, E, after the deformation could be obtained by 

comparing the initial and deformed positions of the external tendon connected between 

the deviators as shown in Figure 2.3: 



where, the change in eccentricity = e-8 ; e = initial eccentricity of the tendon (Fig. 2.3 a); 

I = distance between the deviators; x = distance f?om the deviator i to the section where 

the eccentricity is measured; 4, &+I= vertical displacements at the deviators i and i+I; e b  

ei+l= eccentricities of the tendon at the deviators. 

It can be seen from Eq. (2.3) that, the final eccentricity Zdecreases with an increase in 

the distance between the deviators and in the vertical deflection S of the section 

considered, 

Member 
centroidal axis a \ Deviators 

Figure 2.3 : Eccentricity variation of the external tendon: (a) initial position @) 

deformed position 

Allchairi (1991) concluded from a parametric study on simple beams subjected to uniform 

loading with external tendon deviated at the third points that, when the span-to-depth 

ratio of the beams changes fkom 8 to 57, the tendon eccentricity at mid-span reduces  OM 

5 to as mich as 50 percent. 

2-43 Effect of friction and slip at deviators 

The loss of prestressing force due to friction between the duct and the tendon is smaller in 

external tendons compared to internal unbonded tendons (Picard et al, 1995; MacGregor, 



1989, Cornbault, 1998). Because external tendons are straight between anchorages and 

deviators, and because deviators are short, the wobble loss is insignificant. To reduce the 

friction, soft grouting material such as grease or wax is often used. In some cases, 

neoprene cushions with teflon are provided at the deviators (Bruggeling, 1990). 

Let us consider two sections i and j in a concrete member post-tensioned by an internal 

parabolic tendon as shown on Figure 2.4. When the tendon is jacked fkom the left side, 

the prestressing force, Pi , at a distance XQ- fkom point i is given by the well-known 

equation: 

Where f i  = prestressing force at point i (see Fig. 2.4); p = curvature f5ction coefficient 

between the tendon and the duct; k = wobble fiction coefficient due to llnintended 

cwature given per unit length of the tendon; e7 , x,i- = change in tendon angle and length 

between the points i and j (see Fig. 2.4). 

I I 1 

\ Parabolic internal 
tendon 

Fig 2.4: Calculation of friction loss at transfer of prestress 

A field study based on sixteen tendons of an urban viaduct in Texas, instrumented to 

measure the fiction losses by Roberts-Wollrnann et al(1996) revealed that, for external 

tendons, Eq. (2.4) could be modified to take into account the additional angle change, y , 

due to minor misalignments (see Fig. 2.5) of the deviator pipes. These misalignments 

resulted in an unexpected increase in prestress loss at the deviators. As shown in Fig. 2.5, 
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the expected angIe change at the deviator occurs at B whereas the unexpected angle 

change due to misaligned tendon occurs at points A, B and C. From the field 

measurements they recommended that the value of ybe taken as 0.04 radiaxls. Thus, Eq. 

(2.4) can be rewritten as: 

Desired 
tendon path 1 Deviator lengthA 

Angle change at B = 0 
Angle change at 

C ------- A y  B and C =y+e 
Misaligned-7 - - - - - - 
tendon path 

Figure 2.5: Effect of duct misalignment at deviators 

Wollmann et al. (1993) also pointed out fkom tests that high contact pressure due to duct 

misalignments may cause fketting fatigue problems. Fretting fatigue occurs as a result of 

combination of high contact pressure and slip between the tendon and the duct at deviator 

locations. However, the effect of deviator pipe misalignments can be avoided by taking 

precautions during construction. 

Many researchers (Virlogeux, L 988; Rezende-Martins et al, 1 993 ; Garcia-Vargas et al, 

1993; VSL, 1990; Roberts-Wollma~ et al, 2996) applied Eq. (2.4) at the deviators to 

determine the loss of external tendon force due to friction. The wobble effect is often 

neglected, as deviator lengths are small. A comparison In Fig. 2.6 illustrates the variation 

of prestressing force for internal and external tendons due to fiction loss. The tendons 

are jacked on one end and loss due to anchorage slip is ignored for simplicity. The tendon 

area, jacking force, and the change in angle of the two tendons are considered the same 



(see Fig. 2.6a). A simple calculation by taking p 4 .2  and k = 0.004 m-' reveals that, the 

prestressing force in the external tendon is higher than the internal tendon at all sections 

of the beam as shown in Fig. 2.6 (b). k is assumed to be zero for the external tendon, 

Combault (1998) also confirmed this higher external tendon force after fiction, 

compared to an internal tendon. 

If the increase in external tendon angle of 0.04 radians due to duct misalignment, as 

explained above, is taken in the analysis it can be shown that, the external tendon force is 

still larger than the force in the internal tendon. 

Most of the studies on external prestressing either ignored (Naaman and Alkhairi, 199 1 ; 

Fenves 1986; Rabbat and Sowlat, 1987) the effect of fiction or considered two limits 

during the analysis: 111 fixity or fkee slip at the deviators (Ramos and Aparicio, 1995). 

These two conditions are usually called bonded and unbonded external tendons as will be 

discussed in section 2.5. Thus, the analysis by Ramos and Aparicio (1995) gives, 

maximum and minimum values for the external tendon force. 

However, ignoring fiction may not affect the ultimate behaviour, because the possibility 

that the tendon slips at the deviators becomes higher as the loads approach ultimate. 

Ramos and Aparicio (1995) have confirmed this behaviour from experiments on simple 

beams with deviators located at one-third points. 

By ignoring fiction effects (fkee slip condition) the deflections and the crack widths at 

service load will be overestimated. Whereas, if the external tendon is assumed fixed at 

deviators flexural strength is overestimated, which has also been confirmed by Ramos 

and Aparicio (1995). Thus the effect of friction should be considered in the analysis, 

especially when the number of deviators is large. Providing more deviators benefits in 

two ways: it reduces unsupported length and minimises the eccentricity variations due to 

applied load. Garcia-Vargas et a1 (1993) showed that experimental results agreed well 

with analysis by taking fiction and slip at the deviators into account. 



External tendon 
(area = A,,) 

I I External ten on 
force- P/x 4 

0.9 -- 
0.8 -- 

force, P(x) 
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- x  
Beam length 

(b) 
Figure 2.6: Comparison of prestress loss for internal and external tendons due to 

friction: (a) tendon profiles; @) change in prestressing force 

Ifthe analysis takes into account the fiction at deviators, it is also important to consider 

the possibility of tendon slip at the deviators as the load increases. The effect of slip on 

the tendon force can be best explained using the example in Fig. 2.7 (VirIogeux, 2988). 

For a simple beam with the applied load, 2F, as shown in Fig. 2.7 (a), the increase in 

force in each tendon part is assumed as marked in Fig. 2.7 @). The larger increase occurs 

at the tendon part i (Fig. 2.7 a) as the beam has the largest bending moment in this region 

due to applied loads. This larger increase in force at the middle part results in a higher 

difference in tendon forces between the parts i and i+l (Fig. 2.7 b). This difference in 

forces, (& - is &cient to overcome the friction and to cause slipping at 

deviator i+l. The direction of slip is towards the part r', where the force is higher (i.e. 

fkom right to left as shown in the arrow in Fig. 2.7 b). As a result of this slip the force in 

tendon part i+I is increased while decreasing the force in part i, as shown in Fig. 2.7 c. 

The method of calculation of tendon force after slip will be discussed in Chapter 5. 
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Figure 2.7: Effect of external tendon slip at deviators: (a) tendon layout; (b) tendon 

force variation due to applied Ioad; (c) tendon force after the slip 
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As can be seen from the above example, the slip reduces the prestressing force at the 

critical region of the structure, where the moment is highest. This will increase the 

structure deflections and the vulnerability for cracking. 

Only a few studies have been reported (M'rad, 1984; Garcia-Vargas et al, 1993; 

Rezende-Martins et al, 2993; Rao and Mathew, 1996), which account for the effect of 

tendon slip at deviators. The load at which a tendon slips depends on the magnitude of 

fiiction coefficient between the tendon and the duct at the deviator. Thus for smaller 

fiiction values, tendon may slip at loads well bebw that at ultimate. The analysis to 



calculate the effect of slip is complicated, especially when the structure is subjected to 

loading-unloading cycles. As pointed out by many researches (Virlogeux 1988; Rezende- 

Martins et al, 1993), during unloading, slipping may occur at new deviators. Therefore 

the effect of slip is irreversible. 

2.5 External tendon bonded or unbonded at deviators 

The external tendon may be bonded (no slip) or free to slip at the deviators depending on 

the construction and design specifications. If the tendon is bonded at the deviators, 

usually with cement grout, it may not be possible to replace or re-tension the tendons. 

This method is the common practice in the United States; whereas, unbonded external 

tendons are adopted in France and in most European countries. According to Virlogeux 

(1993), the technology of non-bonded external tendons is expensive and reduces the 

economical advantages of external prestressing. This may be because additional 

treatments are necessary at the deviators to make the tendon slip freely, so that it can be 

replaced and re-tensioned. These treatments may include injecting the ducts with grease 

or wax, double tubing systems for tendons, and use of strands individually protected by 

wax, which Freyssinet has patented. 

Consider a simple beam in Fig. 2.8 (a) subjected to two point loads with deviated external 

tendon. The tendon consists of three parts of lengths Zr, Z2 and Z3, When the external 

tendon is bonded at deviators, the strain increments in the tendon are different in each 

part- Let the tendon elongations due to applied loads, 21;: for parts 1,2 and 3 be, All, dl2 

and dl, respectively. The tendon strains can be obtained by separately applying Eq. (2.2) 

for each part. Thus, tendon strains for the three parts are given by: &,/II,  d7/Z7 and &/I3 

(see Fig. 2.8 b). On the other hand, for non-bonded tendons the strain is constant in each 

part and equals to the tendon elongation, dl, calculated between the anchorages, divided 

3 
by the total length of tendon between the anchorages, (see Fig. 2.8 c). 

i=l  ' 



Bonding the external tendons at deviators increases the ultimate strength and ductility as 

reported by Hindi et aI (1993); Rabbat and Sowlet (1987) fiom tests on precast segmental 

concrete beams. Hindi et a1 (1993) increased the number of bonding locations firom four 

to ten for each span in their three-span beam model and observed a substantial increase in 

strength and ductility in the case with ten bonding locations. 

In some cases, special devices have been provided to attach the tendon to the structure 

rather than by deviators. An example of such a case is the use of intermediate blocking 

device in the Second Severn Crossing (SSC) bridge in UK to anchor the tendon to the 

structure (Lacroix and Jartoux, 1994). 

Fig. 2.8: Typical variation of external tendon strain between anchorages: (a) beam 

with load applied; (b) external tendon bonded at deviators; (b) external tendon 

unbonded at deviators. 

The purpose of this device is to eliminate excessive bending of the tendon and effects of 

fiction and slip at deviators thereby increasing the tendon stress. In some cases contract 

specifications demand that the unsupported length of tendon be minimised, which also 

has been a factor to consider the intermediate blocking device in the SSC bridge in UK. 



2.6 EBect of loss of external tendon force due to anchorage set 

The calculation of prestressing loss due to anchorage set in post-tensioned structures with 

internal tendons is well-established (Hang, 1969; Collins and Mitchell, 'L987). This loss 

occurs at the anchorage end and is caused by the movement of the tendon prior to seating 

of the wedges or the anchorage gripping device. The value of anchorage set depends on 

the post-tensioning system used and is usually specified by the manufacturer. The 

magnitude of the prestress loss at anchorage depends on the values of friction coefficient 

and the anchorage set. If the fiction is low, as in unbonded or external tendons, the 

affected length may be large. A complete analysis procedure to determine the effect of 

anchorage set in externally prestressed concrete structures will be explained in Chapter 5. 

The discussion in this section is lirnited therefore to give an overview of the effect of 

anchorage set in externally prestressed concrete structures. 

Fig. 2.9 (b) depicts typical variations of external tendon force due to three different 

anchorage set values when stressing from the left side of the beam as shown in Fig. 2.9 

(a). The corresponding prestress losses are assumed equal to API, @ and AP3. Three 

cases are considered here to show how far along the length of the beam the external 

tendon force is reduced, depending on the magnitude of the loss. As shown in Fig. 2.9 

(b), when the prestress loss (MI) is small, the reduction of tendon force can be restricted 

to the first segment, whereas for higher prestress loss (M3) the entire tendon force along 

the member length is reduced. In this case, the smaller fiction loss in externally 

prestressed concrete structures (section 2.3.2) is a disadvantage, because this increases 

the length affected by the anchorage set. It should also be noted that the effect of 

anchorage set always stops at a deviator where the tendon force changes due to fiction in 

the direction opposite to that at transfer of prestress, as shown in Fig. 2.9 (b). 

In concrete structures with extend prestressing, Virolgeux (1993) suggested that the 

prestress loss due to anchorage set may be limited to the anchorage block, if the 

anchorage is long enough, or to the tendon segment between the live anchorage and the 



first deviator. Therefore, an appropriate selection of a post-tensioning system which gives 

a smaller anchorage set value combined with accurate determination of the anchor set 

loss are required in the design and analysis. 

In field tests on an externally prestressed three-span viaduct In Texas using sixteen 

instrumented tendons Roberts-Wollman et a1 (1996) observed that the anchorage set 

caused a reduction in fiction loss across the deviators and a slight tendon stress increase 

at the dead end sections. They, however, did not explain the reasons for these two 

observations, which showed the unpredictable nature of the fiction at deviators. 

Deviators External tendon 

After mchox~ 
anchor set set (3 cases) 

---------- 

0) Beam length 

Figure 2.9: Effect of prestress loss due anchorage set: (a) external tendon layout; @) 

Variation of prestress force 

2.7 Effect of joint opening in precast segmental construction 

Precast segments are used in most medium to long span bridges due to its speed and 

economy of construction. With segmental construction, engineers have utilised many 
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advantages offered by external prestressing such as, simplicity of tendon profile, 

convenience of construction etc. 

An important design consideration in segmental construction is the possibility of joints 

opening due to applied loads. This is critical when external prestressing is employed, 

because for any given load, the joint opening for an externally prestressed concrete 

structure is larger than concrete structures with internal bonded tendons- Before the 

opening of the joints (during service Zoads), the structural behaviour is similar to that of 

any other structure with external prestressing (Virlogew, 1993; MacGregor, 1989)- After 

the joints are opened due to applied loads, the entire structure behaviour depends on the 

type of joint (dry or epoxy glued joints) and the magnitude of the opening of these joints 

(MacGregor, 1989; Muller and Gauthier, 1990; Ramos and Aparicio, 1995). Since there 

are no bonded reinforcements to restrain the joint opening, the section e v e n m y  may fail 

by concrete crushing. 

The ductility and ultimate strength of segmental construction were reported to be higher 

(Hindi et aI, 1993; MacGregor, 1989) for epoxy joints than dry ones, or when some 

bonded reinforcement is provided across the joint with unbonded internal or external 

tendons (Four6 et al, 1993, Bruggleing, 1990; Kreger et al, 2990)- According to Rabbat 

axld Sowlet (1987), even for dry-jointed segments, higher ductility and strength can be 

achieved by bonding the external tendon to the concrete structure at several points. When 

the joint opening becomes large, the section cannot be considered as plane any longer. 

Thus, several analysis methods have been proposed (Fanves, 1986; Aparicio and Ramos, 

1996; Muller and Gauthier, 1990; M'Rad, 1984) to model the joint behaviour as will be 

discussed in Chapter 4. 

2.8 Effect of span-to-depth ratio on the external tendon stress 

Mojtahedi and Gamble (1978) proposed a model in Fig. 2.10 to represent a beam with 

internal unbonded tendon. For any given load it can be shown that the deflection, D at A 
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is related to the strain in the tie by: D = 12/(4d)& or E = (4/K)(l/d)-', where K = ID. E s  

equation indicates that for any specified value of K, the strain in the tie is inversely 

proportional to (Z/d). In other words, for a given K value, the strain in an external or 

internal unbonded tendon is relatively small in a slender beam (with high I/d ratio). 

I - Tie remams straight t 

Fig. 2.10: Model to explain effect of the span-to-depth ratio on unbonded tendon 

strain 

Research studies (Panuell, 2969; Cooke et al, 1981; Harajli, 1990) show that, the ultimate 

stress in unbonded tendons for beams with larger I/d ratios is smaller than that of beams 

with smaller Zld ratios. 

The other important issue related to externally prestressed concrete structures with larger 

Z/d is the higher change of tendon eccentricity with applied loads. This reduces the 

efficiency of the prestressing force, which may result in larger deflections and crack 

widths at service load stage. 

Nowadays, concrete bridge superstructures are slender, thus in designing these structures 

with external prestressing, the span-to-depth ratio plays an important role at serviceability 

and at ultimate limit states. 

2.9 Behaviour at serviceability limit state 

Concrete structures should be designed to Limit excessive deflections and crack widths 

due to service loads including time-dependent and temperature effects. Concrete 



structures prestressed with internal unbonded or external tendons generally have higher 

deflections and crack widths compared to those with internal bonded tendons. 

Experimental study on simple and continuous beams has shown (Mattock et al, 1971) that 

in concrete members with internal unbonded tendons, larger deflections combined with a 

few wide cracks occur due to applied loads. The same study recommended that providing 

some bonded nonprestressed or prestressed steel with unbonded prestressing tendons 

reduces the deflection, distributes the cracking and limits the crack widths; many other 

investigators also (Burns and Pierce,l967; Burns et al, 1978; Du and Tao, 1982) 

supported this statement. 

In some cases, larger initial prestress is provided to avoid cracking (111 prestress). This 

may not be as economical. Also, a high initial stress results in larger camber due to creep 

of concrete. 

The tension stiffening effect, which is defined as the contribution of uncracked concrete 

between cracks to the member s m e s s ,  should be taken into account for accurate 

prediction of deflection and crack widths due to service loads. Ignoring the tension 

stiffening effect overestimates the deflection and the crack widths. This effect has not 

been considered in most of the studies reported in the analysis of concrete structures with 

external prestressing (see Chapter 4). These studies were intended to predict the ultimate 

behaviour of externally prestressed concrete structures without paying much attention to 

the behaviour at service loads. At ultimate, due to significant damage to the structure 

caused by larger crack widths, the contribution due to tension stiffening of concrete 

becomes smaller. The analysis taking the tension stiffening effect into account will be 

discussed in Chapter 5. 



2.10 Time dependent effects on concrete structures with external 

prestressing 

It is Imown that in concrete structures prestressed with internal bonded tendons, time 

dependent effects due to creep and shrinkage of concrete and relaxation of prestressing 

steel, result in loss of concrete compressive and steel tensile stresses (Ghali and Fame, 

1994). The larger the magnitude of initial concrete compressive stress before time 

dependent effects, the higher the losses due to concrete creep. As discussed earlier, the 

change in external prestressing tendon force due to applied loads is smaller than that of 

internal bonded tendon due to the same applied loads. The same conclusion could be 

applied for the prestress loss due to time dependent effects. This means that, time 

dependent loss in external prestressing force should be smaller than that for internal 

bonded prestressing. A study will be carried out in chapter 8 to confirm this statement. If 

this is the case, the effective preslressing force, usually defined as the force in the 

prestress steel after dead loads and time dependent effects, available to resist the live 

loads will be larger. 

As mentioned in CEB-FIP MC 90 (1990) the value of the effective prestress may be used 

conservatively as the external tendon stress in design unless an accurate analysis is 

performed to detexmine the tendon stress at ultimate. Thus the accurate prediction of time 

dependent effects is important to find the effective value of prestress. As also pointed out 

by MacGregor (1989), to ensure adequate safety, the design should be based on 

conservative assumptions with respect to time dependent losses. 

The importance of the analysis of externally prestressed concrete structures taking into 

account the time dependent effects due to creep and shrinkage of concrete and relaxation 

of prestressing steel has been mentioned in the Literature for concrete structures with 

externaI tendons (Naaxnan, 1992; Mohd-Yashin and Fifippou, 1993; VSL, 1990; Fenves, 

1986). However, there are not enough research studies to understand the structural 

behaviour. VSL (1990) has mentioned that time dependent effects reduce the external 



tendon stress, but has not given any comparison of the magnitude of reduction between 

the external and internal bonded prestressing. Therefore, experimentd and analytical 

studies are needed to understand the stnxctural behaviour and to predict the external 

tendon mess due to time dependent effects of creep and shrinkage of concrete and 

relaxation of prestressed steel. The proposed analysis method will be discussed in 

Chapter 6. 

2.11 Behaviour at ultimate limit state 

Externally prestressed concrete structures, in general, have smaller ultimate strength than 

structures with internal bonded tendons. For the same applied load, the strain in the 

bonded tendon is greater than that of an external tendon due to reasons mentioned in 

section 2-2. The external tendon stress hardly reaches its yield strength (VSL, 1990; 

Virlogeux, 1993) and the failure of the section often occurs by crushing at the extreme 

concrete fibre. 

External prestressing is often used with precast segmental construction In bridges. The 

failure of segmental type construction is usually associated with significant joint opening 

resulting in crushing of concrete. This has been corned by Kreger et a1 (1990) f?om 

experiments on a three-span post-tensioned segmental box-girder with external tendons 

and dry joints. They observed an improvement of the ultimate capacity by adding internal 

bonded tendons, which helped to reduce the width of opened joints. They also compared 

the behaviour between a similar monolithic box-girder with the segmental girder. As 

expected, the monolithic girder had improved ductility and ultimate strength, compared 

to segmental girder. This result was also confirmed by Aravinthan et al. (1 995). 

Experiments (Burns and Pierce, 1967; Mattock et al, 1971) have concluded that, by 

providing at least the minimum requirement of bonded reinforcements the strength and 

ductility of concrete structures with unbonded tendons can be increased. Due to this 

reason, many recent bridges have been constructed with mixed prestressing, which is a 



combination of internal bonded and external prestressing, especially for bridges built with 

precast segments. This has been concluded by tests on precast segmental beams where 

mixed prestressing has been used to increase the ultimate strength and ductility (Four& et 

a1 ,1993; Four& 1992). 

Also, f?om experimental study using a three span segmental box girder bridge model 

post-tensioned with external tendons Hindi et al. (1993) concluded that, by bonding the 

external tendon at the deviators, a larger increase in the tendon stress has been observed, 

and consequently, the strength and ductility was improved. The analytical work of Muller 

and Gauthier (1990) on a segmental dry-jointed, simply supported beam with a box- 

girder section predicted that, there was no difference on strength and ductility by 

increasing the number of deviators to which the external tendon is bonded, compared to 

concrete beams with internal bonded tendons. This is quite surprising and contradictory 

to work done by others. The reason for this may be that, they assumed linear material 

behaviour in the analysis and ignored the eccentricity changes of external tendons due to 

applied loads, which may be quite significant, especially in segmental structures with dry 

joints where denections are larger. 

An analytical study (Harajli et ai, 1999) using externally prestressed simple beams with 

straight tendons showed that, the ultimate strength of beams can be increased by 

providing a single deviator at the mid-span or two deviators closer to the mid-span. The 

reason for this increase is the reduction of the change in external tendon eccentricity with 

applied loads by providing the deviators. This study also indicated that for beams with an 

external tendon draped at two points (one on either side of the mid-span section), the 

smaller the distance between the deviators, the larger the ultimate strength of the beams. 

This study therefore concluded the importance of providing deviators closer to the 

sections with larger deflections to rninimise the eccentricity variations of external tendons 

due to applied loads. 



It is interesting to examine the ultimate behaviour of concrete structures with internal 

unbonded and external prestressing. Pisani and Nicoli (1996) showed fkom analysis of 

simple beams that, for both cases, the increase in tendon stresses is mall compared to 

internal bonded tendons. However, at higher load levels, the increase in external tendon 

stress is smaller than that of internal unbonded tendons as a result of the reduction in 

eccentricity of external tendons. Alkhairi (1991) also showed analytically that, the 

ultimate strength of simply supported externally prestressed beams are smaller compared 

to that of slmiiar beams with internal unbonded prestressing. 

2.12 Behaviour of concrete structures with fibre reinforced polymers 

(FRPs) as external reinforcements 

Use of  fibre reinforced polymers in concrete structures offer many advantages (Erki and 

Rizkalla, 1 993) such as corrosion resistance, high strength-to-weight ratio etc - Three 

main types of FRPs are available in the market: carbon FRPs (CFFW), aramid FRPs 

(am) and glass FRPs (GFRP). Fig. 2.1 1 compares the stress-strain graphs of these 

three types with those of prestressing steel. This figure shows that, although the steel has 

the highest modulus of elasticity, the strengths of all types of IFXCPs are higher than the 

steel. However use of GFRP as prestressing is not recommended because its low lateral 

strength makes anchorage of the tendon difficult. Since FRPs do not yield, structural 

engineers are a Iittle suspicious of using FRPs in concrete structures because of its lack of 

ductility despite the advantages. Other disadvantages of FRPs include its low modulus of 

elasticity and high cost compared to steel- 

2.12.1 Use of FRPs as external prestressing 

Use of FRPs for extemal prestressing has been proposed by many researchers. The 

structure can benefit fiom the high strength of FRPs when properly designed to utilise 

this strength before cnrshing of concrete. Internal bonded reinforcements of either steel or 

FRPs can be provided to reduce crack widths. Many research studies have been done to 



investigate the use of FRPs as external tendons to strengthen existing structures and 

construct new ones. 

Stress (MPa) 
I CFRP 

Fig 2.11: Comparison of stress-strain graphs of FRPs and prestressing steel 

Tests performed on T-shaped simple beams by Matupayont et d. (2993) concluded that, 

when the failure is by concrete crushing, beams with steel and CFRP as external tendons 

showed the same deflection and ultimate moment. However, some beams failed by 

breaking the CFRP cable at the locations where it was deviated. A r d d  et al. (1996) 

observed a similar failure of AFRP external tendons in their experimental study. Grace 

and Abdel-Sayed (1998) experimentally showed that by increasing the angle of 

deviations, the strength of FRPs is reduced. They proposed cushioning the tendons at the 

deviator locations to improve the strength. 

Tests (Manabe et al, 2997) on simply supported prestressed beams strengthened by FRP 

external tendons showed a smaller increase in tendon force due to applied loads 

compared to that in the beam strengthened with steel external tendons under the same 

beam deflection. This difference can be attributed to the larger elasticity modulus value. 

for steel than FRP. 



Jerret et al. (1996) carried out an experimental work where reinforced concrete beams 

were k t  cracked and then strengthened with CFRP external tendons. They observed a 

significant increase in ultimate strength in beams with CFRP external tendons, compared 

to beams without external tendons. The failure of these beams, however, occurred due to 

concrete crushing. 

These studies indicate small differences of ultimate strengths for beams externally 

prestressed with steel, CFRP and AFRP reinforcements, when the beams fail by crushing 

of concrete. In addition, the beams with FRPs as  external prestressing showed larger 

deflections for any given load compared to the steel prestressed beam. The larger 

deflections can be attributed to the low elasticity modulus of FRPs compared to steel. 

Abdelrahman et al. (1997) pointed out that concrete structures with FRPs should be 

designed to achieve two main criteria: significant deformations and wide cracks before 

failure to provide ample warning of fdure. 

The recommended failure mode for concrete structures with FRPs as internal or external 

reinforcements is by crushing of concrete, as this is better thai the sudden rupture of FW 

bars (Grace and Abdel-Sayed, 1998; Burgoyne, 1998). This demands the improvement of 

the strain capacity of concrete in compression. As Burgoyne (1998) suggested, this can 

be done by providing hoop reinforcements made fiom fibres. Naaman and Jeong (1993) 

presented a similar proposal. They suggested that, by adding fibres such as polymeric to 

the concrete thz ductility can be substantially increased in structures where FRP is used 

as internal or external tendons. However, some engineers may consider these proposals 

unpractical. 

2.13 General 

Analysis of concrete structures with external prestressing is more involved as it requires 

the behaviour of the entire structure rather than individual section analysis to predict the 

external tendon stress. This becomes more difficult as the external tendon eccentricity 
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also changes with applied loads. The bonding conditions at the deviators, fiction and slip 

at the deviators, anchorage set and joint opening in segmental construction are other 

important factors affecting the external tendon stress at serviceability and ultimate limit 

states. In addition, the time dependent effects of creep and shrinkage of concrete and 

relaxation of prestressing reinforcment, tension stiffening of concrete and temperature 

effects should also be considered to accurately predict the displacements during the 

serviceability Limit state. Due to corrosion resistance and high strength, fibre reinforced 

polymers have been used to replace steel as external prestressing despite the high cost of 

this material. Advantages and disadvantages of external prestressing will be discussed in 

the next chapter. 



Chapter 3 

ADVANTAGES AND DISADVANTAGES OF EXTERNAL 

PRESTRESSING 

3.1 Introduction 

It has been reported that nearly forty percent of the bridges in the United States and an 

equally large number of bridges in the world are in need of replacement or 

rehabilitation. Rehabilitation of existing concrete structures with external prestressing is 

the most simple and economical solution as proved by the experience gained fiom 

various rehabilitation projects around the world. Application of external prestressing in 

new concrete structures is also becoming increasingly popular. As the tendon is external 

to the concrete section, traditional concrete webs have been replaced by thinner webs 

using steel cormgated plated or steel truss systems (Muller, 1993). Consequently, the 

structures have become lighter and more innovative and attractive. It should also be 

mentioned that there are disadvantages of using external prestressing such as corrosion 

of steel, vandalism, fire hazards and excessive vibration of tendons with longer lengths. 

Also, wider crack widths, larger deflections, smaller ultimate strength and ductility are 

other problems associated with behaviour of externally prestressed concrete stmctures. 

This chapter discusses these advantages and possible measures available to M s e  

disadvantages of using external prestressing in concrete structures. 

3.2 Rehabilitation of concrete structures 

As mentioned in Chapter 1, the return of external prestressing in the late 1970's was 

mainly due to the high demand for replacement of corroded tendons and the need for 

strengthening of concrete bridges. Various rehabilitation projects carried out around the 

world since then, especially with respect to concrete bridges, revealed huge economical 
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and social advantages by rehabilitation of these bridges rather than replacing them with 

new ones. 

Typical rehabilitation works include reducing excessive structural deflection and crack 

widths to specified senice limits and increasing the flexural strength of the structure. 

The causes of the above problems were due to inadequate maintenance, increase in 

loads on the structure, lack of knowledge about the structural behaviour during design 

especially due to time dependant and temperature effects, and corrosion of 

reinforcements. 

As the prestressing tendons are pIaced external to the concrete section, these 

rehabilitation works can be done without interrupting the performance of the existing 

structure. A concept of externally strengthening concrete members using fibre 

reinforced polymer (FRP) plates and sheets are also becoming very popular due to 

corrosion resistance and high strength-to-weight ratio of FRP's. New concrete bridges 

have been constructed by replacing internal bonded or unbonded tendons totally or 

partly by extemal prestressing. Practical examples of concrete structures, which were 

strengthened by external prestressing, in Europe, United states, France, Canada and 

other countries due to the reasons mentioned above have been ~scussed by VSL 

(1990), Raina (1994), Massicotte et al. (1994). 

3.3 Application of external prestressing in new concrete structures 

The conventional internal bonded or unbonded prestressing is being partly or totally 

replaced by external prestressing tendons in the construction of new structures due to 

many advantages of external prestressing. These advantages as well as disadvantages 

will be discussed in the next sections. External prestressing technology is not restricted 

to concrete bridges but it has been used with other types of structures such as in roof 

structures, buildings with masonry walls, and in circular structures like silos, reservoirs 

and large masonry chimneys. 



3.3.1 External prestressing during construction 

In the incremental launching method of bridge construction each section of the structure 

is subjected to maximum positive and negative moments during launching. This 

requires concentric prestressing force on the structure. However after construction, 

prestressing is needed at the mid span and support regions. The simplest way to 

accommodate both these conditions is to use external prestressing as shown in Fig, 3.1 

(Virlogeux, 1990). The external tendon marked in the dotted line represents a temporary 

prestressing which will be removed or repositioned as a permanent tendon after the 

structure is launched. The solid line shows the permanent tendon and this may be 

internal or external prestressing. 

If the tendons are external, the webs of the concrete section can be made smaller 

because no space is required to accommodate the prestressing tendons and their ducts. 

This results in lighter structures. 

Temporary 
prestressing 

Fig 3.1: External tendon layout in a bridge during incremental launching 

Elimination of ducts in the concrete reduces the risk of local weakening of the cross- 

section (Combault, 1998). The thinner webs combined with external prestressing also 

tend to develop innovative constructions as discussed next. 



3.3.2 Innovative structures with external prestressing 

During recent times, much effort has been made to replace heavy concrete webs by 

thinner webs combined with external prestressing in traditional box girder bridges. Thus 

structure self-weight can be reduced and innovative systems can be used for webs. One 

of such systems uses steel corrugated plates (Lebon, 1998 and Virlogeux, 1990), and the 

other most recent developments (Muller, 1993) consider a space truss combining 

concrete, structural steel and external prestressing. The latter system was adopted in the 

Roize bridge in France completed in 1990. 

A structure with steel corrugated webs has the advantage that the prestressing forces are 

directed to the concrete slabs due to high longitudinal flexibility of the webs making the 

prestressing efficient and economical (Vklogeux, 1990; Rosignoli, 1997). Behaviour of 

structures built with steel corrugated plates as webs has been discussed by Lebon (1998) 

and Rosignoli (1997). 

In composite structures where the top and bottom slabs are connected by steel 

cormgated or tms systems, it is difXcult to maintain continuity using internal 

prestressing tendons. These tendons have to be placed in the top and bottom slabs near 

the support and mid span sections respectively. As reported by Virlogeux (1990), 

external prestressing offers an efficient solution in cases like this because, the tendons 

can be placed continuously by deviating them at the spans and at the supports. This 

anangement of prestressing produces a better distribution of bending and shear forces 

than straight tendons, 

33.3 Use of external prestressing in general 

Combault (1998) mentioned several practical advantages related to external prestressing 

such as, better concreting conditions; improvement of grouting operations; easy visual 

inspection; and possible cable replacement when appropriate measures are taken during 
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design, or even addition of external tendons later if the structure is provided with empty 

ducts during construction. He also discussed the increase in cross-section efficiency due 

to elimination of ducts in the concrete, Because external tendons are attached to the 

structure only at deviators and anchorage points, the loss of tendon force due to fiction 

caused by curvature and wobble effects can be greatly reduced (Combault, 1998; Picard 

et al, 1995; MacGregor, 1989) as discussed in Chapter 2. 

Precast segmental construction is one of the most popular medium to long-span bridge 

construction methods due to its speed and ease of construction. The joint between the 

segments is a major concern in design as well as in construction. Cement grout used for 

internal prestressing can leak through the joints, and also water and other chemicals 

promoting steel corrosion can enter through these joints. 

The use of external prestressing eliminates the problems associated with leaking of 

grout at joints between segments. Huang and Eibl (1 993) reported a case in Germany, 

where a problem was raised about designing segmental bridges with internal grouted 

prestressing cables. The problem was with regard to corrosion protection of these cables 

at the joints. Combault (1991) discussed the advantages of extemal prestressing as the 

continuity tendon for bridges built by segmental progressive and balanced cantilever 

segmental constructions. These reasons encouraged engineers to use external 

prestressing with segmental construction. 

Some of the disadvantages of external prestressing can be eliminated by proper design 

and detailing. Deviators and anchorage zones should be designed to support large 

longitudinal or transverse forces. These places are the key elements of the externally 

prestressed member. For example, in the case of internal bonded tendons, the failure of 

anchorages has lirnited consequence because prestressing may be transferred to the 

structure by bond. In the case of extemal tendons, the failure of anchorages means 

complete loss of prestress as discussed by Bruggeling (1990). Also, due to the 

concentration of stresses in combination with slip between the tendon and duct at the 
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deviator locations, there may be fretting fatigue problems at these places (Wollrnan et 

al, 1993). Minimum radii have been specified (VSL, 1990) for the tendon to avoid 

damage to the external tendon components such as, plastic sheathing, outer tubing, and 

the tendon itself at the deviators. 

The eccentricities of the external tendons are generally smaller, resulting in less 

contribution to the structural behaviour when compared to internal tendons. There are 

two reasons for this smaller eccentricity: (a) The placement of external tendons inside 

the cell of a concrete box girder section closer to the top or bottom flanges, instead of 

inside the concrete section as in internal tendons (see Fig 3.2) (Picard et al, 1995; 

MacGregor, 1989); @) The change in external tendon eccentricity with applied loads as 

discussed in chapter 2. Thus due to these reductions of tendon eccentricity, larger 

tendon forces may be required to achieve the intended serviceability stresses and 

required ultimate strength. 

Internal tendon 

Fig 3.2: Typical internal and external tendon layouts in a box girder section 

Picard et al. (1995) performed an elastic analysis to determine the bending moments of 

three-span continuous beams considering two cases of tendon profiles: internal 

parabolic and external deviated profiles. The external tendon profile has less 

eccentricities at mid-span and support regions compared to internal parabolic tendon. 

They found this smaller eccentricity of external tendon results in lower prestressing 

moments (summation of primary and secondary moments due to prestressing force) at 

mid sections of all three spans compared to those calculated for internal tendon. They 
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concluded therefore that, in the case of external prestressing, a combination of 

continuous deviated tendon and localised straight tendons at support regions may be a 

more efficient solution. 

The change in eccentricity of external tendons with applied loads reduces the tendon 

efficiency and thus lowers the moment required to resist the applied load. To minimise 

the change in eccentricity near mid-span of simple or continuous beams, the number of 

deviators can be increased, as explained in section 2.4.1. This was also concluded by 

Tan and Ng (1997) fiom experimental results, where a deviator was introduced at the 

mid-span of a simple beam, making the change in eccentricit/ at this section equals to 

zero. 

Providing some internal bonded prestressed or nonprestressed reinforcements with 

extemal or internal unbonded prestressing in concrete structures is beneficid to control 

cracking and to increase the ultimate strength and ductility (Eibl, 1990; Bums and 

Pierce, 1967; Mattock et d 1972; VSL, 1990; Kreger et al, 1990). It was also reported 

that (Hindi et al, 1993 ; Rao and Mathew, 1996; VSL, 1990) by increasing the number of 

deviators and bonding the external tendon at these deviators the ultimate strength and 

ductility of the structure could be improved very dose to that obtained with internal 

bonded tendons. 

3.4 Fibre reinforced polymers as external prestressing 

Major drawback of external prestressing has been the corrosion of steel tendons despite 

protecting the tendons in plastic tubes (ducts) filled with cement grout, wax, grease or 

bituminous compounds. As reported by Bruggeling (1 990) cement grout may crack due 

to temperature, shrinkage and vibration effects; wax and grease products are expensive 

and need special measures to prevent leakage; bituminous products show settlement in 

the ducts. It is reported in VSL (1990) that, individually greased and plastic-sheathed 
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monostrands offer many advantages in respect to corrosion, provided that proper care is 

taken in transportation and installation because plastic sheathing might be damaged. 

The reinforcements made of fibre reinforced polymers (FRPs), which among other 

advantages (Erki and Rizkalla, 1993; Burgoyne, 1998), have no corrosion problem. The 

use of FRPs as extemal tendons has been studied by many researchers (Grace and 

Abdel-sayed, 1998; Burgoyne, 1992; Arduini et al, 1996) as discussed in Chapters 2. In 

addition to extemal tendons, FRP sheets or plates have also been used to strengthen 

damaged concrete structures by attaching these plates to the tension face of concrete 

(char et al, 1994; Ross et aI, 1999; Triantafillou et al, 1992). 

As discussed in chapter 2, high lateral stresses at the deviator locations may weaken 

external FRP tendons as this material is weak in the lateral direction. Also, there may be 

cases where FRP sheet or plate has de-bonded eom concrete resulting in premature 

failure (Ross et al, 1999). Grace and Abdel-Sayed (1998) recommended cushioning the 

tendon at deviators to reduce the breaking possibility. Therefore FRPs as external 

tendons should be used with caution and preventive measures have to be taken to avoid 

such problems. 

3.5 General 

External prestressing has become an integral part in the rehabilitation of existing 

concrete smctures and construction of new ones. Innovative designs of concrete 

structures have emerged as a result where heavy concrete webs are replaced by light 

steel plates or trusses combined with external prestressing. The quality of concrete and 

thus durability and maintenance of structures have improved due to external 

prestressing. Corrosion of steel has been overcome by using fibre reinforced polymers 

as external tendons. External prestressing technology is now being used in other types 

of structures such as in buildhigs and circular structures, e.g. silos and masomy 

chimneys. 



Chapter 4 

A REVIEW OF ANALYSIS METHODS TO PREDICT THE 

BEHAVIOUR OF CONCRETE STRUCTURES WITH 

INTERNAL UNBONDED OR EXTERNAL PRESTRESSING 

4.1 Introduction 

To determine the change in force in an unbonded or external prestressed tendon due to 

load on a structure the entire structure needs to be analysed rather than individual 

sections. The change in tendon strain due to applied loads should be calculated by the 

structure displacements. To calculate the strain in an internal unbonded tendon the 

displacements of anchorage are required, whereas to find the strain in external tendon, the 

displacements of anchorages and deviators have to be considered. There is an additional 

difficulty in the analysis of externally prestressed concrete structures due to the change in 

tendon eccentricity with applied loads, as discussed in section 2.3-1, The calculation of 

internal unbonded or external tendon strain generally requires an iterative procedure. The 

procedure becomes more complicated when nonlinearities due to cracking, material 

stress-strain relations, eccentricity changes with applied loads, and joint opening in 

segmental construction etc., are included in the analysis. 

Time dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressed reinforcements, and the effect due to temperature gradient across the section 

depth are important in the analysis to predict accurate deflections, strains and stresses in 

concrete structures at the serviceability limit state. In addition, the contribution of the 

uncracked concrete to the stif16ness of the structure, which is known as the tension 

stiffening effect, should be considered. Ignoring the tension stiffening effect 

overestimates the structural deflections and crack widths- 
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~m~&ica l  equations and rational analysis methods ranging f?om simplified to more 

comprehensive anaIyse based on non-linear iterative procedures are available to predict 

the behaviour of concrete structures with internal unbonded or external prestressing. Most 

of these methods consider simply supported unbonded or external prestressed beams and 

have many restrictions: symmetrical load and tendon profiles, extemal tendon is either 

M y  fixed (no slip) or h e  to slip at deviators (no Ection), tension-stiffening is ignored, 

and only steel can be used as reinforcement. 

AZI the analytical studies available so far ignored the time dependent and temperature 

effects in predicting the unbonded or external tendon stress. The review to follow is 

therefore limited to the change in tendon stress due to applied loads. The time dependent 

and temperature effects will be discussed in detail in chapter 6. 

4.2 Early work for predictions of internal unbonded tendon stress at 

ultimate 

Baker (1949) was among the first to propose an equation to calculate the unbonded 

prestressing tendon stlain, sps at ultimate: 

Eps = Epef k (A~ps) (4.1) 

where E, = strain due to effective prestress which is the stress in the tendon after the 

effects of self weight, short and long tern losses; = change in strain calculated for an 

identical but bonded tendon due to Ioad in excess of the dead load leading to ultimate 

failure of the structure; k = reduction factor representing the effect of absence of bond 

between the concrete and tendon. He suggested a value of k equal to 0.1 be used in design 

to be on the safe tide. This value was found to be very conservative (Pannell, 1969), 

especially for beams with smaller span-to-depth ratios. 

The ultimate tendon stress, f,, has been calculated by assuming linear material stress- 

strain relation for unbonded prestressing sieeI, which is usually the case in practice 



according to many researchers, because the steel stresses generally remain within the 

elastic range: 

A s  'Ep E, (4.2) 

where Eps = modulus of elasticity of prestressing steel. Several other investigators 

(Janney et al, 1956; Gifford, 1954) modified the value of k based on experimental results 

by relating k to the neutral axis depth of the critical section at ultimate. However the 

determination of the neutral axis depth needs iteration as f ,  and neutral axis depth are 

interdependent. 

After these preliminary studies, several other equations have been proposed based on 

experimental results on beams with internal unbonded tendons (Warwaruk et al, 1962; 

Mattock et al, 1971; Mojtahedi and Gamble, 1978). These equations have indicated that 

f, increases with the concrete compressive strength and decreases as the amount of 

prestressed steel increases. These studies have led to the current ACI code (1999) 

equation to predict ultimate stress in internal unbonded tendons, as will be discussed 

later. 

T'he effect of nonprestressed steel and the continuity of the concrete member have not 

been addressed in the above work. Therefore, more experimental studies were done to 

determine these effects on the value off, at ultimate, using simple and continuous 

members. The following summarises the conclusions of these studies: 

(a) An increase in nonprestressed steel area results in a decrease in& @u and Tao, 1985; 

Tam and Pamell, 1976). 

(b) The increase in the value of unbonded tendon stress, AhS, due to ultimate loads in 

continuous members depends on the number of spans being loaded and the tendon 

profile in each span (Burns, 1990). Thus, the value of A& is smaller when one span is 

loaded compared to that for members with all the spans loaded. 



(c) The value of Af, can be increased in continuous members by providing compression 

reinforcements near the support regions of continuous members, because this allows 

redistribution of moments and increased ductility (Mattock, et al, 1971). 

4.3 Simpmed analysis methods to predict the stress at service and at 

ultimate in internal unbonded or external tendon 

It is important in the analysis that the unbonded tendon stress be known due to service 

loads to check the deflection and crack width limits. The studies mentioned above were 

useful only to find the tendon stress at the ultimate limit state. To determine the strain in 

internal unbonded or external tendons due to the entire loading range up to ultimate, the 

structural analysis has to be performed to find displacements for the given loads. This 

becomes nifficult as the unbonded or external tendon stresses are not known a priori, thus 

iterative methods are generally required. Simplified methods are also available to 

determine the behaviour of concrete structures with internal unbonded tendons due to 

sewice loads considering cracking. Most of these methods are however limited to simple 

beams with symmetrical loads and tendon profiles. 

4.3.1 Uncracked member analysis 

The method of strain reduction coefficient, 0, which has the same meaning as the factor k 

proposed by Baker (1949) in Eq. 4.1, was used to simplify the analysis from structure to 

section by Naaman (1990), who dehed l2 as: 

where (Agb)rnm = strain of an equivalent bonded tendon at the section of maximum 

moment, = strain in the unbonded tendon, calculated by integrating the concrete 

strain at the level of the tendon between anchorages divided by the span length, I ,  (see 

Eq. 4.4 and Fig. 4.1). The numerical values for 4 which are always less than one, have 
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been derived for several cases of loading and tendon profiles considering simple beams. 

The loading and the tendon profile should be symmetrical about the mid-section of the 

beam. To demonstrate the applicability of the method for one such case, a simple beam of 

span length I, with load and unbonded tendon profile as shown in Fig 4.1 is considered. 

The following expressions for ( A & ,  and (A&), have been derived by Naaman 

(1990), for the loading and tendon profile in Fig. 4.1 as follows: 

Where M,, = bending moment at mid-span due to load P, (EI), = product of concrete 

modulus and moment of inertia, e,, = tendon eccentricity at mid-span, M(x) = 2Mm,x/Z, 

e(x) = 2e,, x/Z- Substitution of Eq. (4.4) in (4.3) and solving the integral gives f2 = 1/3. 

Centroidal axis 

Internal unbonded 
tendon I 

Fig 4.1: Beam analysed to find unbonded tendon stress in the simplified method of 

Naaman (1990) 

The change in unbonded tendon strain, A&b, due to load P in the above example can be 

determined more accurately by considering the displacements of the beam instead of the 

integration of strain. Let the vertical deflection of the beam at the centre be equal to D. 

then it can be shown that the change in tendon strain due to D is given by: 



where iin = initial tendon length equals to Z/cos@. The vertical deflection at mid-span of 

the beam can be determined in terms of M-: 

Knowing AE"~ the corresponding change in tendon force, dF,,, can be determined by: 

d F , s =  EpsdEubAp (4.7) 

Where, Ap = area of prestressing steel. As can be seen in Eqs. 4.5 and 4.7, the value of 

dF, depends on D, which in turn is affected by M,. Therefore, the following steps are 

employed to determine dF,,: 

Step 2 :  Cdculate D, ignoring the effect of 4, (Eq. 4.6). 

Step 2: Determine A G ~  @q. 4.5) from D and find dF, using Eq. 4.7. 

Step 3: Calculate new value of D taking into account M,. This is done by setting M,, = 

M,, - &,ern in Eq. 4.6. 

Usually steps 2 and 3 should be repeated until the difference in M,, bemeen two 

successive repetitions becomes small. Since the numerical values are not used here, an 

infinite series can be obtained for dF,,. The summation of this series gives the answer to 

the final value for 4. Thus, the final value of can be obtained: 

where (EA), = product of elasticity modulus and area of prestressed steel. For smaller 

tendon angle 0 (Fig. 4.1) and ignoring the effect of prestressed steel, sin20 + 4 d  (fkom 

geometry in Fig 4.1) and (EA), = 0. Then Eq. (4.8) reduces to: 

Equation (4.9) gives exactly the same results as Naaman (1990) method for Agub as can 

be seen by substituting Eq. (4.4) in (4.3) and putting SZ =L/3. For the beam shown in Fig. 

4.1, a simple calculation for different values of e-, and I shows that Eqs. (4.8) and (4.9) 
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give almost the same answers for A- value irrespective of ignoring the effect of tendon 

force increase, dF, , due to load P on the deflection. 

Virlogeux (1988) however suggested that the change in unbonded tendon force due to 

applied loads be included in the calculation of structure displacements, which therefore 

needs iteration. He explained that, ignoring the change in tendon force in slender 

members can result in overestimation of deflection. 

4.3.2 Cracked member analysis 

If cracking is considered, the derivation of closed form equations is difficult, thus more 

generalised analysis, often involving simple iterations to calculate the unbonded tendon 

strain and depth of concrete compression zone, are needed- For the analysis after 

cracking, the tension stiffening effect should be taken into account for accurate 

determination of deflection and crack widths. The tension stiffening effect will be 

discussed in detail in chapter 5. The methods reviewed below have not taken into account 

the fiction between the tendon and concrete, the tension stiffening effect, the time- 

dependent or temperature effects and the non-hear material properties. 

Naaman (1990) extended his analysis based on a strain reduction coefficient, 0, to 

determine the change in unbonded strain due to loads applied on cracked concrete 

members. The definition of G? is the same as in Eq. (3) but its derivation assumes a single 

crack at beam mid-span due to loads. Thus the method is more suitable for beams without 

bonded re~orcements where only a single wide crack occurs at mid-span. 

Balaguru (1981) proposed an empirical equation to determine the change in internal 

unbonded tendon stress due to s e ~ c e  and ultimate loads for simple and continuous 

beams. This equation, which is a function of maximum tendon eccentricity, span length 

and mid-span deflection, was derived for uniformly Loaded simple beams with a parabolic 

tendon profile. The analysis due to service load was based on the calculation of 
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maximum deflection for an assumed value of tendon stress, which was improved by 

iteration. For analysis at ultimate, however, a maximum deflection was assumed based on 

the rotation capacity of the beam and the corresponding tendon stress was determined 

directly. 

Virlogeux (1988) proposed a simplified analysis to determine the ultimate stress in 

straight unbonded tendons assuming formations of plastic hinges at critical sections. The 

analysis can be explained by considering the beam in Fig. 4.2 (a), which consists of two 

rigid bodies separated by a centre crack or a joint. Since the beam consists of rigid 

bodies, it was assumed that, no structuraI deflection and tendon elongation occur before 

the crack or joint at the mid-span opens. Eq. (4.10) gives the change in unbonded tendon 

length, dl, due to loads applied in excess of the load required just to open the crack or 

joint at the middle (Fig 4.2 a). This equation is derived using the deformed geometry of 

the beam as shown in Fig 4.2 (b): 

Joint or crack 
\ 

Unbonded tendon 
/ Q  7 

Rigid body 

Fig 4.2: Simple beam model assumed by Virlogenx (1988) to find unbonded tendon 

stress: (a) initial position; (b) deformed position 



It can be seen Corn Eq. (4.10) that, dl is directly proportional to the midspan deflection, 

AD, due to joint opening. The value of AD depends on the plastic rotation capacity of the 

joint. Virlogeux calculated AD based on maximum allowable curvature at the section, the 

distance between the resultants of concrete compressive and prestressing forces, and the 

member length I. This method gives an upper bound solution to the member deflection 

and unbonded tendon stress at ultimate- The model has been extended to continuous 

structures where hinges have been assumed at mid-span and support sections. In this case 

the unbonded tendon elongation depends on the summation of the length changes at each 

joint opening location, provided that the fiction betwcii %z tadon and concrete is 

ignored in the calculation. 

4.4 General analysis methods to predict the internal unbonded or 

external tendon stress at service and ultimate loads 

Two main analysis methods are available in the literature to predict the tendon stress of 

internal unbonded or external tendons considering one or more nonlinearities mentioned 

above. One of the methods uses integration of individual section strains of concrete at the 

level of the tendon between anchorages, to determine the tendon elongation and structural 

displacements for given internal forces which are in equilibrium with applied loads (see 

section 4.3.1). 

In the second method, the tendon length elongation and section strains due to applied 

loads are calculated fiom the displacements determined by structural analysis using 

conventional displacement or finite element methods. This method has been found to be 

more suitable for concrete structures with external tendons where nonlinearities 

mentioned above can be accounted easily in the analysis (see section 4.4.2). The analysis 

begins with finding structural displacements due to loads applied to determine member 

internal forces and strains in concrete members and prestressing tendons. 
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Other methods are also available to predict the unbonded tendon stress such as strut-and- 

tie models (Tan and Naaman, 1993; Campbell, 1993), which consider the effect of shear 

cracking on the unbonded or external tendon force. 

4.4.1 Methods using section analysis 

Several methods are available (Virlogeux, 1988; M'rad, 1 984; Alkhairi, 199 1 ; 

Matupayont et al, 1995; Harajli et al, 1999) based on section analysis to determine the 

displacement and tendon force of concrete structures with unbonded or external 

prestressing. These methods have many restrictions as follows: 

(1) Tendon profile and applied loads should be symmetrical. 

(2) Bending moment due to external loads should be known before the analysis. This 

means the analysis is possible only for statically determinate concrete structures. 

(3) Geometric nonlinearity is ignored; thus to calculate the external tendon force 

accounting for eccentricity variation due to applied loads, the structural deflections 

must be known. This makes the analysis a little complicated. 

(4) Tension-stiffening effects and Ection and slip of tendon at deviators are often 

ignored. 

A More general analysis can be done by employing conventional plane frame or finite 

element analysis of externally prestressed concrete structure as explained next. 

4.4.2 Methods using structural analysis 

Several methods, mainly based on the finite element analysis, are available to determine 

the change in internal unbonded or external tendon stress due to applied loads. The basis 

of these methods is to determine deflections at the nodes by eliminating the out-of- 

balance nodal forces by iteration. The effect of external tendon eccentricity variation with 

applied loads is taken into account by considering geometric nonlinearity. 



4.4.2.1 Fenves (1986) 

Fenves proposed a finite element analysis of externally prestressed segmental concrete 

bridge girders with dry joints, considering material nodhearities and opening of joints. 

However, geometric nonlinearity and friction and slip effects at deviators have been 

ignored in the analysis. 

(a) Structure idealisation 

Three types of elements are considered in the analysis: beam element., external tendon 

element and a joint element. The beam element has six degrees of freedom, three at each 

end (node) representing translations in the horizontal and vertical directions and a 

rotation (Fig. 4-3 a). The cross-section is divided into several concrete and reinforcement 

layers to account for the non-linear stress-strain relations of these materials. 

The external tendon is considered as an element with a small moment of inertia and with 

one degree of fieedom per node (Fig. 4.3 b), connected to the girder segments by rigid 

links, which represent deviators. Fig 4.4 shows a typical external tendon layout between 

two deviators of the beam considered in the analysis. The tendon is inclined at an angle 8 

to the member horizontal axis; the horizontal and vertical projections of deviators located 

at A and B, are respectively, XA, e~ and xs, es (Fig. 4.4). The points A and B (Fig. 4.4) 

may be located on a selected reference axis of the member. It is assumed in the analysis 

that the external tendon is bonded at the deviators. It should also be mentioned that the 

tendon layout shown in Fig. 4.4 is a simplified version of the proposed model by Fenves 

because, his model is difiicdt to understand. 



Fig. 4.3: Local ceordinate directions of elements: (a) beam; (b) external tendon 

Member axis 
7 B Rigidlink 

,,,,,,,,,.---------a- -r( 

Rigd link External 

Fig. 4.4: External tendon layout between deviators 

(b) The joint model 

The joint is modelled as an element with four degrees of fkeedorn (see Fig 4.5) {uI, el, u2, 

021, two at each end corresponding to horizontal translation and a rotation to represent 

joint opening. Also, the ends of adjacent beam elements are assumed to be connected to 

the joint element by springs that only resist the closing of the joint. 

The spring s ~ e s s  is taken much larger than the axial stifiess of adjacent beam 

members and the joint section is assumed to remain plane after opening. 



Concrete depth 
Joint element in compression 

opening 

(a) @I 
Fig. 4.5: Joint element mode1 of Fenves (1986): (a) degrees of freedom at a joint; @) 

opening of joint 

A Conventional finite element formulation (Ghali and Neville, 1997) is employed to 

derive the st iaess matrices of the beam and external tendon element, which are same as 

those of plane fiame members. The formulation of the stiffhas matrix for joint elements 

needs some explanation as given next. 

The joint opening, g, which is a function of the distance y measured upwards fiom the 

point of zero opening (point A in Fig. 4.5b), can be given as a h c t i o n  of four 

displacement components ( u,, 91,u2, 82 ) : 

&) = [ e ] 1 ~ 4 ( 6 ) 4 ~ 1  (4.1 1) 

Where [el = [l -y -1 y] and (4 = ( ul, 9,, uz, 8' ) and the negative values in [el indicate 

the opening of the joint. The joint m e s s  matrix, which relates the displacements (6) at 

the co-ordinates in Fig. 4.5 (a) to the forces at the same co-ordinates, depends on the 

spring stiffhas, k, and the depth of the concrete compression zone. Thus, the joint 

s w e s s  becomes smaller as the opening gets larger. Fenves pointed out that, there could 

be convergence problems depending on the value of spring stifiess selected which 

should not be very large compared to the axial stiffiness of the adjacent elements. 



(c) Structural stiffness matrix 

The individual stifXhess matrices for an external tendon and for the joint element are 

transformed in the direction of concrete member co-ordinates (Fig. 4.3a), which are 

assumed as global directions, where the nodal dispIacements of the structure are 

calculated due to given nodal loads. The joint element does not need any transformation, 

as it is assumed parallel to the direction of the concrete member in the analysis. To 

transform the external tendon stifkess matrix to the global member direction, the 

geometric relation between the member displacements at A and B, (D)6x1y and tendon 

displacements at A' and Bf, (61~~ need to be established (Fig. 4.4). This relation can be 

obtained from the geometry of the Fig- 4.4 as: (b)zxl = [?Izx6 (DlGx1; where [t] is given in 

Eq. (4- 12). Let the sti&ess matrix of the external tendon member in its local direction be 

[s* ]2x2 . Then the transformed stii%ess matrix in the member co-ordinate directions, 

[Slbxb for the tendon is given by: 

Where c = cos 0 ; s = sin 0 (see Fig. 4-4) 

The effect of external tendon sti&ess, [TI, on the structural stifkess rnatlix can be 

easily accounted as shown above. However this formulation of tendon stif3hess becomes 

difficult when the extemal tendon is fkee to slip at deviators or the effects of fiction and 

slip at deviators are considered in the analysis. A model for extemal tendon, which can 

accommodate fiction and slipping at deviators, will be explained in Chapter 5. 

(d) Analysis procedure 

The load is applied in increments and at each increment, the tangent stiffhess matrix of 

the structure is updated. The tangent stiffhess matrix depends on the material properties 

and cracking. Due to nonlinearities of material properties and joint opening, the 



increment in nodal displacements due to applied load increments should be calculated by 

iteration. Fenves has not expIained the iteration scheme employed in the solution, 

however, well h o w n  iterative schemes such as the Newton-Raphson method can be used 

(see chapter 5). Iterations for given load increment are terminated when the difference in 

nodal forces calculated from Intexnal member forces and external loads (out-o f-balance 

forces) are small. The procedure to calculate the out-of-balance forces will be explained 

in detail in chapter 5. 

4.4.2.2 Muller and Gauthier (1990) 

The analysis presented by Muller and Gauthier for externally prestressed segmental 

concrete beams assumes linear elastic material properties to calculate the beam behaviour 

up to ultimate. The segments have been modelled as three-dimensional finite elements 

and no cracking is assumed between the joints. The basis of their method is to calculate 

the moment-curvature and moment-joint opening relation at joints for different values of 

the depth of concrete compression zone, c, at the joint section (Fig. 4.6). The depth, c, is 

divided into n number of points. At each point i, an axial force A$ is calculated to give the 

joint rotation d0 of the section as shown in Fig. 4.6. The moment, M, at the section about 

the centroidal axis is then obtained by the summation C Ni @,-yC), where i= 1 to n; yf and 

y, = depths to the iUL point and to the centroidal axis respectively, measured from the 

bottom of the section Fig. 4.6). 

The analysis does not allow for slipping at deviators, and ignores the eccentricity changes 

of an external tendon with applied loads. The stress distribution in the concrete and 

prestressing tendons are calculated by iteration, the procedure for which has not been 

explained by the authors. Their analysis agreed well with experimental results of 

segmental beams at ultimate despite the linear elastic analysis, because segment joint 

opening may have been contributed most of the deflections of the beams tested. 



Depth of concrete 
in compression 

axis 

h = height of joint opening 
M e n &  

Fig 4.6: Joint mode1 of Mnller and Gauthier (1990) 

4.4.23 Ramos and Aparicio (1995) 

A Finite element model has been developed by Ramos and Aparicio to analyse externally 

prestressed concrete structures up to failure. The following explains the key features of 

the model: 

(i) Material and geometric nonlinearity are considered. The effect of eccentricity 

variations of the external tendon with applied loads can be accounted easily by 

considering geometric nonlinearity. 

(ii) Both simple and continuous members can be analysed. 

(iii) Two different models are used for the behaviour of the tendon at deviators: eee  slip 

or no slip conditions. 

(iv) Both internal bonded and external reinforcements and the effect of tension stiffening 

are considered. 

(v) Joint opening in segmental constructions is taken into account. 

The model however does not consider the effect of anchorage slip, and the change in 

external tendon forces due to fiction and slip at deviators- Also, like other available 

methods, time-dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressed steel, and temperature effects are not taken into account. 



(a) Structure idealisation 

Three rypes of finite elements were used in the analysis: beam element, external or 

internal bonded tendon element, and a joint element. The two-node beam element has six 

degrees of freedom per node consisting of three translations and an equal number of 

rotations in the three perpendicular directions. Thus torsional stresses are assumed in the 

analysis. The external tendon element is similar to that used by Fenves (1986), as 

explained before. The joint model is more simpmed than that employed in the previous 

methods (Fenves, 1986; Muller and Gautheir, 19901, as will be explained later. 

The intemal bonded prestressing tendon is modelled in the same way as an external 

tendon but connected to every node of the structure by rigid links as shown in Fig. 4.7. In 

this way, the external tendon is bonded at all the deviators. Any shape of tendon profile is 

modelled by a series of straight segments (Fig. 4.7). 

Iaternal bonded Concrete member Smcme nodes 
tendon I \ I . 

/ \ / \ 

External tendon 

Fig. 4.7: Modelling of internal bonded and external tendon 

A cross-section is divided into layers representing concrete and nonprestressed 

reinforcements having different stress-strain relations at each layer, depending on the 

stress level. The member stiffhess matrix is calculated from these section properties 

taking cracking into account. The analysis also considers the geometric stiflhess and the 

s-ess matrices for the external tendon with free slip. The calculation of the stifhess 
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matrix of external tendon fixed at deviators is simirar to that explained by Fenves (1986)- 

However, the stBhess matrix for a tendon, which is fiee to slip at deviators, is more 

involved and becomes non-linear as reported by the authors. However, details of these 

stiffhess matrices are not given by the authors. 

(b) Joint model 

A simple model has been introduced to account for the joint opening in segmental 

construction compared to the others mentioned before. The model applies to dry joints. 

The following characteristics are proposed to model the joint behaviour: no tensile 

strength in the concrete, absence of reinforcement at the joint, and the length of the joint 

element is equal to the depth of the beam. The length for the joint element has been 

established by performing a parametric study and comparing with existing test results, the 

details of which have not been given- 

The advantage of this model is that it can be easily accommodated in the analysis process 

because no special treatment is necessary for the joint element, which is simply 

represented as another concrete beam element having the three characteristics mentioned 

above. 

(c) Analysis procedure 

A Newton-Raphson iterative scheme is employed to solve the non-linear system of 

equations with controlled displacements. The controlled displacement is normally taken 

as mid-span deflection, or can be controued for several displacements. However, the 

procedure of analysis with several controlled displacements has not been explained. The 

model updates all the geometry at every iteration and includes the geometric stifhess 

matrix. The structural displacements are used to calculate the new co-ordinates of the 

tendon segments and thus to obtain the change in lengths of these segments due to 



61 

applied loads. The convergence is achieved by eliminating unbalanced nodal forces or 

increments in displacements due to these unbalanced forces. 

4.4.2.4 Pisani and Nicoli (1996) 

Simply supported concrete members with internal unbonded or extemal prestressing are 

analysed using the finite difference method. The concrete beam and the external tendon 

are considered as two sub-structures where the external tendon forces are transferred to 

the concrete structure at deviators and anchorage points. Geometric and material 

nonlinearities are included in the analysis. Cracking is assumed to be distributed along a 

finite len,@.h around the mid-span region of the member. Thus segmental cons.truction 

especially with dry joints cannot be analysed with this method. Tension stiffening effect, 

fiction and slip at deviators are ignored in the analysis. At each step of loading, the stress 

in external tendon is determined by iteration, the details of iteration method, however, 

have not been given. 

4.5 Code predictions of ultimate stress of internal unbonded tendons 

Currently, there are no equations proposed in design codes to calculate the external 

tendon stress at ultimate. All the equations are intended for internal unbonded tendons. 

Designers may use these empirical equations to calculate the external tendon stress, But 

as discussed in chapter 2, the behaviour of concrete structures with internal unbonded and 

external tendons are the same only when eccentricity variations of external tendons due 

to applied loads are insignificant and when the tendon is free to slip (no fiction) at 

deviators. Thus, if these requirements can be justified according to the structure geometry 

and design, then use of code equations to predict the ultimate stress of external tendons 

may be warranted. 

However when the slenderness of the structure increases, the eccentricity changes in 

external tendons due to applied loads become important in predicting the tendon stress at 
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ultimate. When external tendons are assumed fixed at deviators, which is a common 

practice in United States, the tendon force varies fiom one tendon segment to the other as 

discussed in section 2.4. If fiction at the deviators is considered, at higher load levels the 

tendon slips, which changes the tendon force and this may even reduce the ultimate 

strength. Therefore it is important to account for these factors in designing concrete 

structures with external tendons rather than using equations given for internal unbonded 

tendons. 

If one considers the code equations in design, there are several drawbacks. The code 

equations give only one value for the tendon stress, which is at ultimate. If structural 

deflections and crack widths etc. are required at service load levels, then these equations 

are not sufficient. Some equations presented are very conservative and do not account for 

important variables. Therefore it is essential to review present design code equations to 

better understand their limitations. The following discussion is limited to the equations 

proposed in commonly used design codes in North America and in Europe. 

The ACI code (1999) gives the following equation to predict the ultimate stxess, f,, in 

unbonded tendons: 

L- ' 

Where A = 100 for ud, I 35 and A= 300 for Vd, > 35; dp = depth of prestressed steel fiom 

the top of concrete section;& = effective prestress; pp = prestressed reinforcement ratio, 

Afidp; A, = area of prestressed steel; b = width of concrete section; f: = compressive 

strength of concrete. Several investigators have criticised this equation for the following 

reasons: 

(i) Eq. (4.13) has been derived for simple beams and for fully prestressed members. 



(ii) It does not account for the presence of nonprestressed steel. Generally, as 

nonprestressed steel area increases the value off, should decrease as shown by 

Tarn and Parmell(1976) and Harajli (1 990). 

(iii) Eq. (4.13) overestimates the stress in unbonded tendons in continuous members 

when ody one span is loaded. In this case, the tendon stress is smaller compared 

to the structure with all the spans loaded. 

(iv) Important variables such as the unbonded tendon length and number of hinging 

regions have been ignored (Loov, 1987). 

4.5.2 Canadian Code (A23.3-M94,1994) 

The equation given in the Canadian code (Eq. 4.14) to predict unbonded tendon stress at 

ultimate accounts indirectly for nonprestressed steel area, fl , and span-to-depth ratio. 

This equation was derived assuming formations of plastic hinges at ultimate limit state 

(Loov, 1987): 

where,$,, = yield strength of prestressed steel; c, = depth of concrete compression zone 

calculated by internal force equilibrium of critical section, assuming both prestressed and 

nonprestressed steel yielding and taking equivalent rectangular concrete skess block into 

account; d, = effective depth of prestressing tendon, 2, = length of the tendon between the 

anchorages divided by the number of plastic hinges required to develop a failure 

mechanism in the span under consideration. For example, in an interior span of a 

continuous beam, I, = 11'3, with I being the length of the tendon between anchorages- 

Eq. (4.14) has also been derived mainly using simple beam tests. Allouche et al (1999) 

proposed a revision for Eq. (4.14) to account for loading in several spans in continuous 

structures. Their revision was intended to m o w  I ,  so that it considers all the possible 

plastic hinges at failure not just one span, as in Eq. (4.14). Thus, they proposed an upper 

limit to equation (4.14). 



4.5.3 CEB-FIP MC 90 (1993) 

There is no equation given in this code to predict the unbonded tendon stress at ultimate. 

Thus, the value o f f ,  was assumed equal to f ,  unless as appropriate analysis is 

performed, which may consider eccentricity variations, in the case of external tendons. 

Obviously? this should give a conservative value for ultimate stress for prestressing 

tendons which may be either internal unbonded or external. 

The equation given in the AASHTO bridge design code is based on the simplified 

method proposed by Naaman and Alkhairi (199 1) using a strain reduction coefficient (see 

section 4.3). The effects of nonprestressed steel area and f,' , which are included in c 

(Eq. 4-15); span-to-depth ratio; pattern and type of loading are considered in the equation: 

where Ep = elasticity modulus of prestressed steel; E, = extreme fibre concrete strain at 

ultimate; c is calculated in terms of yield stress of non-prestressed steel and& thus Eq. 

4.15 has to be solved simultaneously with c; a = strain reduction coefficient defined in 

Eq. (4.3), but the value of this at ultimate is obtained empirically using test data of 143 

beams having different span-to-depth ratios and types of loading (uniform, two-point 

loading etc). The effect of pattern 1oadin.g in continuous members is considered by the 

factor LI/L2, where LI = the length of the loaded spans and Lt = the total length of tendon 

between anchorages. 

The AASHTO equation has been modified by Aravinthan et a1 (1997) to account for 

external prestressing, where eccentricity changes due to applied loads should be 

considered. They suggested that the value of d, in Eq. (4.15) be reduced by a factor, 

which depends on i/dp ratio and dl, with s being the distance between deviators. 



4.5.5 British Code (BS 8110,1997) 

The effect of span-to-depth ratio, Nd, and concrete strength are considered as main 

variables affecting unbonded tendon stress at ultimate. The concrete strength is given in 

terms of cube strength, f,, which is about twenty percent more than concrete cylinder 

strength f,' : 

To account for the effect of nonprestressed steel area, As, the code recommends that, in 

the absence of rigorous analysis, As be replaced by an equivalent area of prestressing steel 

equal to AfJfp, where f, is the ultimate strength of prestressed steel. 

4.6 Analysis of concrete structures with fibre reinforced polymers 

(FRPs) as external tendons 

General iterative methods discussed in section 4.4, which are applicable to concrete 

structures with steel as external tendons can aIso be used for structures with FRPs as 

external tendons provided that the appropriate modulus of elasticity of the FRPs is 

employed in the analysis. However, code equations may not be applicable because they 

have been empirically derived using steel as prestressed reinforcements. Thus these 

equations assume modulus of elasticity of steel and often specify the limit to tendon 

stress at ultimate based on yield stress of prestressing steel. 

4.7 General 

Analysis methods available to predict the behaviour of concrete structures with internal 

unbonded or external prestressing range fiom simplified to more generalised. The 

simplified methods are mostly limited to simple beam analysis with symmetrical loading 

and tendon profiles. General methods take into account nonlinearities of material and 
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geometry and thus, involve iteration to calculate the tendon stress. Finite element analysis 

has been employed in most of the methods to determine the structure behaviour and the 

external tendon stress. Three elements have been used to represent the beam, external 

tendon and the joint between the segments. External tendons are assumed to be connected 

to the structure nodes by rigid links. However none of these methods take into account 

time-dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressed reinforcements, and temperature effects. Most of the methods ignore the 

Ection and slip at deviators. The analysis methods thus consider either tendon is fixed or 

free to slip (no fiction) at deviators. 

The empirical equations given in the codes or proposed by other investigators do not 

account for most of the variables affecting the tendon stress and also these equations are 

limited mostly to internal unbonded tendons and simply supported beams. Also, these 

equations predict the tendon stress at ultimate loads only. 

Therefore it is necessary to have a method of analysis, which includes all the variables 

affecting the behaviour of concrete structures with external prestressing. Such an analysis 

should include the following: nonhearities of material and geometry, eccentricity 

variations due to applied loads, Ection and slip at deviators, capability to find the tendon 

stress when external tendons are bonded or non-bonded at deviators, effect of pattern and 

type of loading, time-dependent and temperature effects and joint opening in segmental 

construction. A method of analysis accounting for all the above variables will be 

described in the next two chapters. A computer program based on this method will be 

described and verified using published experimental data in chapter 7. 



Chapter 5 

PROPOSED METHOD OF ANALYSIS 

5.1 Introduction 

A method of analysis is described to predict the behaviour of externally prestressed 

concrete structures subjected to service and ultimate loads. The analysis includes the time 

dependent effects due to creep and shrinkage of concrete and relaxation of prestressed 

reinforcement, and temperature effects. The temperature gradient across the depth of 

cross-section produces significant stresses in concrete, especially in continuous 

structures. These stresses may be large enough to produce cracking when combined with 

stresses due to applied loads. The change in external tendon force due to fiction and slip 

at deviator locations should be taken into account because slip at deviators affects the 

structural deflections and ultimate strength. 

The stress-strain relations of concrete and reinforcements can be of any shape. 

Reinforcements (nonprestressed and prestressed) may be steel or fibre reinforced 

polymers W s )  or a combination of both types. The analysis shodd account for internal 

bonded, unbonded or external tendons, or combination of internal and external tendons. 

Bonded tendons are often used in concrete structures to increase the ultimate strength and 

control of excessive cracking and deflections. 

When sufficient bonded reinforcements are present in the concrete member, closely 

spaced cracks of small widths occur due to service loads. Thus, it is important to consider 

the tension-stiffening effect to account for the contribution of the uncracked concrete 

between cracks to the member sti&ess in prediction of deflections and width of cracks. 

Most of the available methods to analyse concrete structures with internal unbonded or 

external tendons have not taken the tension-stiffening effect into account. 
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Depending on whether the external tendon is fixed or fkee to slip at deviators (no 

fiction), the stiffhess matrix of the tendon changes. The direct calculation of the stiflkess 

matrix of slip fiee tendons is dif5cult. As a result most of the available analysis methods 

consider only the first condition; that is, they assume that the external tendon is fixed at 

deviators. Therefore, a general analysis is required to model both these conditions- 

In the case of segmental constructions, joint opening plays an important role in the 

structural behaviour especially with external prestressing. Several models are available to 

analyse the joint opening as explained in chapter 4. Most of these models are difficdt to 

combine with conventional plane fiame analysis procedures such as the displacement 

method- However the joint model proposed by Ramos and Aparicio (1993) has been 

found to be the simplest and more logical than other joint models. 

In the discussion to follow, an analysis procedure is explained to predict the behaviour of 

externally prestressed concrete structures due to applied loads. The effects due to time 

dependent and temperature variations will be discussed in chapter 6. 

5.2 Modelling of the concrete structure 

A concrete smcture is modelled as an assemblage of short prismatic plane h e  

members co~ected  at nodes (Fig. 5.1). The external tendon is considered as  a plane 

b e  member with a small moment of inertia C O M ~ C ~ ~  to the structure nodes by rigid 

members (links) as  shown in Fig. 5.1. Large moments of inertia and cross sectional areas 

compared to those of concrete members are assumed for the rigid members and therefore 

the displacements of the tip of the links can be expressed in terms of the displacement of 

nodes on the reference axis- Alternatively, appropriate values of the cross-sectional 

properties of the actual deviators can be employed for the U s ;  in this case, the 

displacements of the nodes at the extremities of the links will be independent variables. 

In the remainder of the thesis and the computer program based on it, this alternative is 

adopted. 



tendon 

Fig 5.1: Modelling of externally prestressed concrete structure in the analysis 

The structure nodes may be located on any non-centroidd axis called the reference axis. 

The structural displacements, section strains and stresses are determined with respect to 

this reference axis. The reason for selecting the nodes on a non-centroidd axis will be 

given in section 5.5. Since the structure is divided into short members, it is sufficient to 

consider the member prismatic with cross-sectional area properties equal to those of the 

section at mid-length. Also when concrete stresses at the mid-length section exceed the 

tensile strength of concrete, the entire member is assumed cracked. 

The loads are applied at the structure nodes. A uniformly distributed Ioad is thus 

represented by a series of point loads applied at the nodes. Prestressing force from the 

tendon to the structure is transferred at the locations of deviators and anchorages (Fig. 

5.1). Internal bonded and unbonded tendons can also be modelIed in the same way as  

external tendons, but the following should be noted in the idealisation of internal tendons: 

(i) The Number of deviators should be increased to minimise the unsupported 

length of the tendon. This also reduces the change in tendon eccentricity due 

to applied loads. 

(ii) Internal bonded tendons should be considered as fully fixed (no slip) at 

deviators. 
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(iii) Internal unbonded tendons should be considered with fkiction and slip at 

deviators or no fiction (fiee slip) depending on the design requirements. 

5.3 Calculation of nodal displacements 

The nodal displacements due to loads applied at the nodes are calculated using the 

conventional displacement method (Ghali and Neville, 1997). For a concrete plane h e  

with n nodes, the nodal displacement, {D)3nxl, due to nodal forces, ( F ) j n x l ,  can be 

determined by solving the equation: 

where, [a = structural s e e s s  matrix; 3n = number of degrees of keedom of the 

structure; (F) represents the nodal forces which can artificially restrain the nodal 

displacements. The nodal forces include the effects of prestress in^^ applied loads and 

temperature. In the analysis method to be presented, (D) needs to be solved by iteration 

because, due to cracking, material and geometric nonlinearities, both [q and (F) depend 

on (D) as will be explained later in this chapter. 

The external loads applied at the nodes must be in equilibrium with the nodal forces 

determined by assemblage of the member end forces meeting at these nodes in global 

directions (section 5.4 b). When noalinearities are considered, the equilibrium at nodes is 

not satisfied resulting in unbalanced or out-of-balance forces at the nodes. These out-of- 

balance nodal forces have to be eliminated by iteration. The iteration scheme adopted to 

eliminate the out-of-balance forces is the well-laown Newton-Raphson method as will be 

explained in section 5.10. Therefore, (D) has to be determined by the summation of 

increments calculated at each iteration in the Newton-Raphson method. 

When out-of-balance forces, {dF), exist at the nodes, {F) in Eq. (5.1) should be replaced 

by 0, to give the corresponding nodal displacement increments, (AD). The structure 
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stiffjness matrix, which changes with the geometry and member end forces, should be 

calculated when {AF) tends to (0). Then [S'l tends to [Sr] referred to as the tangent 

stfiess rnatrir. The tangent stifThess matrix can be expressed as the sum of two 

matrices: 

where [Se] is the conventional elastic sfipess mat& and [Sg] is the geometric srmess 

matrix. Both [Se] and [Sg] depend on updated nodal co-ordinates; in addition [Se] changes 

with cracking, tension-stiffening and transformed area properties of individual members. 

[S,1 is also a h c t i o n  of axial and shear forces of individual members. In a structure with 

more than one member [S,] and [Sg] are determined by assemblage of individual elastic 

and geometric stifhess matrices or members in the global directions. The elastic and 

geometric s t i sess  matrices of a member will be presented in sections 5.5 and 5.8. 

The assemblage of individual member stiffioess matrices and member end forces in the 

global directions to determine the structure s t iaess  matrix and nodal force vector are 

explained next. 

5.4 Structure's stiffness matrix and nodal force vector: assemblage of 

individual member stiffness matrices and member end forces 

Structural stifXjness matrix 

The structure's stiffbess matrix is an assemblage of the stiflkess matiices of individual 

members in the global directions. The degrees of freedom in the global directions are 

shown in Fig. 5.2 (a). A typical member of a plane b e  has three degrees of fkeedom 

per node, two translations and a rotation, as shown in Fig. 5.2 (b). The individual member 

stiflhess matrices are determined in their local directions Fig. 5.2 b) and then 

transformed to global directions and assembled to form a structural stiflhess matrix. 



Displacement and forces in local and global directions are related: 

{D*} = it] (D) and (F) = [ t l T ( ~ * )  

1 ' Node 
2 

(a) (b) 

Fig. 5.2: Co-ordinates and degrees of freedom: (a) global directions; (b) local 

member directions 

where 

with c = cosa and s = sina., and a i s  the angle defined in Fig. 5.2 (b). 

The member stiffness matrix, [Sm&er]6~6 in the global directions can be obtained by 

(Ghali and Neville, 1997): 

where [s*] is the member stifYness matrix with respect to its local co-ordinates and: 



(5 -6) 

The subscripts i and j corresponds to the nodes i andj  of the member shown in Fig 5.2 

@). The s t i aess  matrix, [Snrember16xb given in the globd directions (Eq. 5.5) may be 

partitioned as follows: 

Each of the sub-matrices in Eq. (5.7) is of size 3x3. The two subscripts of each of the 

sub-matrices refer to the node at which the three forces are calculated and the node where 

the unit displacements are applied, one at a time, to determine these forces. For example, 

[Sg] represents the forces at node i, due to the unit displacements applied at node j. Let 

the structure s-ess matrix, [S], be also partitioned into nxn sub-matrices and [Smder] 

corresponds to the R'h member of the structure. The sub-matrices of the member stifhess 

matrix [Smmber] in Eq. (5.7) may be arranged in a matrix of the same size and partitioned 

in the same way as [q : 

In this equation only the sub-matrices associated with the ph member are shown while all 

other sub-matrices are null. The matrix in Eq. (5.8) represents the contribution of, the gh 
member to the structure stiffizess. The structure stiffiness matrix can now be obtained by a 

summation: 

where, nrn is the number of members. 



The structure stiffhas matrix generated in Eq. (5.9) represents a stifkess of a fiee 

unsupported structure. Thus, [q should be adjusted to account for the support conditions. 

Also, the symmetry and the banded nature of [q significantly reduce the required 

computational effort when analysing structures with larger number of members. The 

details of these are given in Ghali and Neville (1997). 

(b) Equivalent nodal force vector 

Member end forces in local directions should be transformed into global directions and 

assembled to form the equivalent nodal force vector. Consider the ph member of the 

structure with n number of nodes. Let the end nodes of the ph member be i and j (Fig. 

5.3) and also the end forces, ( ~ * ) 6 ~ l ,  of the same member in local directions are as shown 

in Fig. 5.3. The calculation of (F*) will be explained in the section 5.1 1. 

Global 
directions 

Fig. 5.3: Member end forces in local directions 

The forces (F*} can be transformed into the forces in global x-y directions, { o 6 x 1 ,  using: 

(0 = [aTP*1 (5.10) 

where, [TI is the transformation matrix for the two nodes as given in Eqs. (5.6) and (5.3). 

The six end forces of the member k, {f16x1 (Eq. 5.10), can be partitioned as: 

Q k = ( { F l ) , ( F 2 ) ) ,  where (FI}  and (F2} correspond to forces at two ends. The 

contribution of { f l k  in the structure nodal force vector can be given as: 



The vector has n sub-matrices with n being the number of nodes, and all the sub-matrices 

in Eq, (5.11) are null except those at $ andf" nodes associated with member k. Thus, the 

nodal load vector, {F), can be obtained: 

5.5 Elastic stiffness matrix of a concrete member 

The structure stiffhess matrix may be determined with respect to any fixed non-centroidd 

axis referred to as a reference axis. In a concrete structure, the centroidal axis changes 

fiom member to member depending on cracking. In addition, the member centroidal axis 

changes with time dependent effects due to creep and shrinkage of concrete and 

reIaxation of prestressed reinforcements. In the proposed analysis, the member stifkess 

matrix is calculated with respect to a selected reference axis, which facilitates the 

assemblage of member stiffhess matrices and superposition of nodal displacements, and 

stresses and strains calculated at different load stages. 

The member stif6ness matrix is determined by inverting a flexibility matrix obtained by 

treating the member as a cantilever. Let us consider a cantilever in Fig. 5-4 (a) where the 
- 

flexibility matrix, [T 1 3 6  should be determined for the co-ordinates i , 2 and 3. Once 

[T ] is known, the stiffhess matrix, [ S ]3x3, corresponding to the same coordinates can be 

obtained by: [ S ]  = [ f I-'. Thus, the elastic member stifkess matrix, 
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corresponding to the so-ordinates in Fig. 5.4 (b) can be obtained by equilibrium of forces 

at the two ends of a member: 

where [R] is the matrix generated by static equilibrium and is given by: 

-I 0 0 

[Rl=[; ; 
Here the elements of the k t  column of [R] are values of forces at co-ordinates 4*, 5*, 

a .  6* (Fig. 5.4 b) in equilibrium with =I . Similarly, the second and third columns 

correspond to F; =l and F; =l respectively. 

The coefficients of [y ] can be calculated with respect to any selected reference axis of 

the member. Consider a cantilever member in Fig. 5.5 for which the top fibre is selected 

as the reference axis. The centroidal axis is assumed at a distance d from the top as shown 

in the same figure. It is required to find [ f ] 3 d  corresponding to the co-ordinates i, 
- 
2 aad f (Fig. 5 -5) on the reference axis. 

Fig. 5.4: Member coordinate system; (a) cantilever to calculate [ 7 lad and [ S  ]3fi; 

(b) typical member to calculate stifhess matrix, [ s * ] ~ , ~  



Reference axis 

Centroidal 

3 

axis 

Fig. 5.5: Coordinates of a cantilever to find and [ J  ] 

The flexibility matrix V]3x3 of a cantilever corresponding to the co-ordinates (1,2 and 3 in 

Fig. 5.5) on the centroidal axis is well known (Ghali and Neville, 1997): 

where, I = initial member length; subscripts 1 or 2 represents the non-cracked or fully 

cracked state (ignoring the concrete in tension); a = transformed area properties of the 

mid-length section of member. The transformed area is composed of the concrete area 

plus Za;4, with a = EdE, and As = the area of nonprestressed reinforcements. Ec and Es 

are modulus of elasticity of concrete and reinforcements respectively; I, is the moment of 

inertia of the transformed mid-length section about its centroid. The elements in column 

one of Eq. (5.15) represent the displacements at co-ordinates 1, 2 and 3 (Fig. 5 . 3 ,  due to 

unit axial force (F1 =I), while other forces are zero, Elements in other columns can be 

obtained by setting Fz =1, Fl = F3 = 0 and F3 =I, FL = FZ = 0 respectively. The flexibility 

matrix, [T ] can then be.obtained by (Ghali and Neville, 1997): 



where, d is the distance between the reference and the centroidal axes (Fig. 5.5). The 

elements in the first column of [ L ] ~  give the displacements at co-ordinates T, Zand 3 
due to unit displacement applied at co-ordinate 1, while displacements at other co- 

ordinates are zero (i-e. Dl =I, D2 = a = 0). Other columns can be obtained similarly by 

putting Dl = D3 = 0, 4 = 1 and Dl = D2 = 0, D3 = 1 respectively. Substitution of Eqs. 

(5.15) and (5.17) in (5.16) gives: 

where I= I, + ad = transformed second moment of area of the mid-length section about 

reference axis; B = ad = first moment of txansfonned area of the same section about the 

reference axis. The inverse of the flexibility matrix in Eq. (5.18) gives the member 

s e e s s  matrix, [S]3X3, corresponding to the three co-ordinates on the reference axis 

(Fig. 5.5): 

Therefore, the elastic member st iaess matrix [f&x6 corresponding to co-ordinates in 

Fig. 5.4 @) and with respect to any selected reference axis can therefore be determined 

by substituting Eqs. (5.19) and (5.14) in Eq. (5.13): 



Symmetrical 

Equation 5.5 is then employed to transform in the global directions. The stifhess 

generally changes with the axial force in the member (Ghali and Neville, 1997). For 

example, if the axial force is tension, the member stifiess becomes larger than that for a 

member in compression. Since the members are short, the effects of axial force on the 

stiffness of the members are neglected in the present analysis. This simplifies the stiffhess 

matrix without jeopardising the accuracy. This is so because the geometric nonlinearity is 

accounted for as discussed in section 5.8. 

When the centroidal and the reference axes coincide, B = 0. The stifhess matrix in Eq. 

5.20 reduces to the well-known stifkess matrix of a plane fiarne member (Ghali and 

Neville, 1997) given in Eq. 5.21. 

A constant value for the modulus of elasticity of concrete is assumed in the above 

derivations of member flexibility and stiffness matrices. This implies that concrete stress- 

strain properties are linear-elastic. However when the structure is subjected to higher 

loads, the stress-strain properties of materials become non-linear and the section 

properties in the above equations have to be determined accounting for non-linear 

material properties as explained next. 



5.5.1 Accounting for material nonlinearity in the elastic stiffness matrix 

Consider a typical concrete section representing the cracked mid-len,oth section of a 

member as shown in Fig. 5.6 (a), The section is divided into a number of layers 

representing the depth of concrete area in compression, c, and reinforcements. The 

reference point 0 is selected at a distance yo fkom the top of the section. 

Concrete layers Reference point 0 
- 

" I k--\-/-'- 
Neutral a x i s  

(Area = AG) 

(a) Cb) (c) 

Fig. 5.6: Calculation of area properties of concrete section subjected to non-linear 

stress distribution: (a) dividing the section into layers; @) strain distribution; (c) 

stress distribution 
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Assume that, for a concrete layer i, located at a distance yci &om top of the section (Fig. 

5.6 a), the strain is known and equals E,; This strain may be calculated at the middle of 

the layer. The corresponding concrete stress, Oci, can be calculated fkom the given stress- 

strain relation of concrete as shown in Fig. 5.7 (a). When Oci and Eci are lmown the secant 

modulus of elasticity of concrete, Eci, can be obtained from the same stress-strain relation 

(Fig. 5.7 a). Similarly, for known values of strain at each steel layerj, E-., the stress, q,, 

and the corresponding secant modulus, Esi, can be determined (Fig. 5 -7 b). It should be 

noted that when fibre reinforced plastics (FRPs) are used as reinforcement, Ki is constant 

throughout the entire loading range, terminating by rupture of the FRP (see section 2.1 1 

for stress-strain relation of FRPs). 

The area of a concrete layer i, its first and second moments about the reference point 0 

(Fig. 5.8 a) are equal to aci, BB,- = aclbcl-yo) and Icj = C Z , ( ~ , , ~ O ) ~  respectively. The same 

properties for a steel layer j are equal to Ag, B,. = Aq(dsJ-do) and Isj = ~ , f d ~ - d o ) ~ .  

Since the elasticity modulus changes for each layer, it is convenient to express the 

transformed area properties of the section accounting for non-linear material properties as 

Stress 
4 

Stress Yielding of 

(a) Ob) 
Fig. 5.7: Calculation of secant moduIus from stress-strain relations: (a) concrete; (b) 

steeI 



82 

summations of the product of the secant modulus of elasticity and the respective area 

property calculated for each layer as follows: 

Thus the transformed area properties calculated in Eq. (5.22) can be employed in Eq. 5.20 

by setting Ec=l and a = (Eah,; B = (EB),  and I = ( E L  to determine the stifbess 

matrix of a Mly cracked member. It should be noted that the transformed fully cracked 

section properties are calculated by ignoring the concrete in tension. However, due to the 

contribution of uncracked concrete between cracks, the stiff3ness of the member is usually 

greater than that calculated using m y  cracked section properties. This increase in 

stifYness is commonly known as the tension strrening effect as will be explained in the 

next section. Ignoring the tension stiffening effect causes the displacements and the crack 

widths of a member to be over-estimated (Ghali and Favre, 1994). 

5.6 Tension stiffening effect 

In a cracked reinforced concrete section subjected to an axial tensile force, the concrete 

stress is zero and the total tensile force is resisted by the steel. However, between 

adjacent cracks, tensile forces are transmitted fiom the steel to the concrete by bond 

stresses- This contribution of concrete increases the stiaess of a member and is known 

as the tension stiffening effect. Axial strain, curvature and crack width of a reinforced 

concrete section subjected to an axial force, a bending moment or combination of axial 

force and bending moment, are affected by the tension stiffening. Thus, these parameters 

are generally calculated by interpolating between their values calculated considering 

uncracked and fully cracked transformed sections (states 1 and 2). The results give the 

mean values of strain, curvature and crack widths. 



5.6.1 Mean strain due to axial force 

Consider a concrete member subjected to an axial force, N as shown in Fig 5.8. When N 

> Nr (Eq. 5-23), first cracking occurs in the member: 

wheref, = tensile strength of concrete; A, = area of concrete; A, = area of transformed 

uncracked section; As = area of reinforcements; a = Es/Ec, with Ec and Es being moduli of 

elasticity of concrete and reinforcements, respectively. It is assumed that initial stress in 

concrete before the application of N is zero. 

Immediately after cracking the stress In the reinforcements at a cracked section is equal 

to: 

G = NJAs (5  -24) 

The concrete tensile stress drops to zero at the crack Fig. 5.8 d) and the total tension is 

resisted by the reinforcement. Away fiom the crack, concrete, bonded to the 

reinforcement, tends to restrain the elongation of the reinforcement and the bond stress .r 

(Fig. 5.8 c) transmits a part of the tension fiom the bar to the surrounding concrete. At a 

certain distance s fjcom the first crack, tensile stress in concrete is again increased until it 

reachesf,, when the second crack occurs (Fig 5.8 a). More cracks occur until a stabilised 

crack state is reached; let the crack spacing be s. 

At a crack, the section is in state 2, the reinforcement stress and strain are given by: 



Fig 5.8: Stresses in a reinforced concrete member cracked due to axial force: (a) 

cracking of a tie; @) reinforcement stress; (c) bond stresses; (d) concrete stress 

At a distance s/2 fkom a crack, the tensile stress in concrete has some d o w n  value 

smaller than&, and the steel stress has value smaller than crs~. Thus, the strain in the 

reinforcement varies along the length of the member; a mean strain of the reinforcement 

can be expressed as: 

where I is the original length of the member and dl is the member extension. The symbol 

~ n n  represents an overall mean strain value for the cracked member. The value of E,, can 

be calcdated by interpolating between the reiaforcement strains due to N, determined 
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based on uncracked and fully cracked (statel and state 2) transformed section properties 

(Ghali and Favre, 1994): 

ssm (I-S)+E$ (5 -27) 

where ~ ; l =  %Al; c i s  dimensionless interpolation coefficient, defined in Eurocode 2 

(1991) as: 

where pl =1 and 0.5 for high bond and plain reinforcement bars respectively, and 

A= 1 and 0.5, respectively for first loading and for loads applied in a sustained manner 

or for a large number of load cycles. C = 0 for an uncracked section and 0 c <1 for 

cracked section. 

5.6.2 Mean curvature due to bending 

In a reinforced concrete cracked member subjected to a bending moment, M (greater than 

the cracking moment, Mr), the stress in the tensile reinforcement varies £?om a maximum 

value at the crack location to a minimum value at the middle of the spacing between the 

cracks (see Fig, 5-8 b), Assuming that the concrete between the cracks has the same effect 

on the mean strain in reinforcement, &, as in the case of axial force, Eq. (5.27) can be 

employed to determine E,. In this case the interpoIation coefficient c, is given by: 

C= 1- PI Pt (d od2 (a) 

or 

c= 1- f i  p2 (MdMl2 Co) 
where, or and csz are the steel stresses calculated for M, and M, with the assumption that 

the section is M y  cracked (state 2). The moment that produces the £irst cracking, M, = 
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fcCZI Iwithf;, = tensile strength of concrete in flexure and ZI = section modulus based on 

the uncracked transformed area- The cwatrure at an mcracked or a cracked section can 

be expressed in terms of the bending moment and flexural rigidity as follows: 

YI or 2 = or 2 (5 -3 0) 

Where subscript I or 2 indicates the states I or 2 respectively; bod is the moment of 

inertia of the transformed section at the two states about the respective centroids. 

Assuming that cracking has the similar effect on curvature as in axial strain, the mean 

curvature, ym, can be expressed as: 

w,=vI (l-r)*v2C (5.3 1 )  

The values of Chave been given in Eq. (5.29)). Substitution of Eq. 5.29 (b) in Eq. 5 -3 1 the 

mean curvature can be written as: 

CEB-FIP MC90 (1 990) ~rovisions 

The equation to determine the mean curvadure given in the CEB code (1990) takes a 

different form as follows: 

Where y/l, r y ~ ,  = curvature due to Mr based on transformed sections at states 1 and 2 

respectively. The value of f i  has been taken as 0.8 instead of 1, for first loading. 

Considering = MJE,Tz; +TI, = Mr/EC1l; y2 = iWEC12; +TI = M/ECIf, it can be shown 

that, ~2V2r/+~2 = M m  and y~r/y~ = M m .  B y  replacing y-2, and y ~ ,  in Eq.  5.3 3 with 

M J M y 2  and MJMyI respectively, Eq. 5.32 can be obtained. This implies that the value 

of cpresented in CEB-FIP MC90 is the same as that given in Eq. 5.29 (b). 
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The CEB-FIP MC 90 (1990) considers that the M-ryrelation shown by the line ABCD in 

Fig. 5.9 is most representative of actual practice with the exception of the part EBC. This 

part is replaced by the dashed line, which is an extension of the curve CD (Eq. 5.33) until 

it intersects AB at point E, which is equal to M,@, where P = P&- MC90 also states 

that, line AECD should be followed when the member is already cracked due to previous 

loads, such as shrinkage and temperature variations during construction. Line ABCD thus 

represents the case of a concrete member which is in a virgin state. 

Bending moment 

* 
Curvature 

Fig 5.9: Moment versus curvature in a reinforced concrete member in flexure 

5.6.3 Mean curvature due to a bending moment combined with an axial tension 

Consider a reinforced concrete member in Fig. 5.10 subjected to a bending moment, M, 

and an axid tension, N at the centroid of the transformed uncracked section. M and N are 

sufXiciently large to produce cracking in the member. 

The mean strain in the reinforcement and mean curvature can be obtained by using Eqs. 

5.27 and 5.3 1 respectively. The expression for c is  then equal to the foIIowing: 



;A;  

r-~223K5)224 e = fii/IV 

- 
k 7 - I  

! As 
Centroidof ! Resultant 
transformed force = N 
uncracked section (tension) 

Fig 5.10: Concrete member subjected to eccentric normal force (tension) 

In this case gsz and E S ~  to be used in Eq. 5.27 are equal to the strain in the tensile 

reinforcement due to M and N, on a section in states 1 and 2, respectively; similarly yz 

and to be used in Eq. 5.31 can be determined by applying M and N on a section in 

states 1 and 2- In Eq. 5.34, osz and G~ = stresses in the tensile reinforcements due to M, N 

and Mr. N, applied respectively on a section in state 2. 

It is to be n~ ted  that in a fidly cracked section, the position of the neutral axis depends on 

the eccentricity, e = M i . ,  not on the separate values of M and N. According to the sign 

convention adopted, Nis positive when tensile and Mis positive when it produces tension 

in the bottom fibre. Fig. 5-10 shows the positive directions of M and N and the 

eccentricity e, which is measured fiorn the transformed uncracked section centriod, If e 

can be assumed constant (see section 5.6.4), (MZ?V) = ( M m )  and 



89 

5.6.4 Mean curvature due to a bending moment combined with constant axial 

compressive force 

If a compressive axial force, N. is introduced first and maintained at a constant value and 

subsequently M is gradually increased, cracking will occur when: 

Mr = - I)& (5 -3 6)  

This means the value of M, and coefficient 5, representing the extent of cracking, depend 

on the history of loading. An important case in practice is when the axial force N is a 

compressive force due to partial prestressing. N is generally introduced first with its full 

value before the cracking moment Mr. Thus, fist cracking occurs due to the combination 

of N and Mr. 

In a fully cracked section, the position of the n e u d  axis dependson the eccentricity, e = 

M/N. Thus, the combination of M, and N have a different neutral axis depth f?om that of 

M and N. It follows that, the ratio addSZ is not equal to MJM and the coefficient 

cannot be expressed in terms of moments (Eq. 5.34 c). Instead a;, and osz have to be 

calculated separately for a fbll cracked section, once with Mr and N and then with M and 

However, Ghali and Favre (1994) showed that, the difference in mean curvatures 

calculated employing Cin Eq. 5.34 (c) and using the separate calculation just mentioned 

is small. They suggested therefore that <given in Eq. 5.34 be used as interpolation 

coefficients, thus assuming constant eccentricity, e ( = MZV). 

In CEB-FIP MC90 (1990), the expression used to calculate the mean curvature when the 

member is subjected to pure bending or bending combined with compressive axial force 

is the same: 

where w ,  yz = curvatures due to Mr, N and M, N respectively applied on a section in 

state 2; y ~ ,  w = curvatures due to M,and N applied on a section in state 1. The variation 
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of curvature with bending moment is similar to that in Fig 5.9 given for the pure bending 

case. However, the code indicates that the point E of this graph is not easy to determine 

as in the case for pure bending, where point E corresponds to M,@. However, by 

assuming e = M/N=MJN, it can be shown that equations for the mean curvature proposed 

in the CEB-FIP code (1990) (Eq. 5.37) and Eq. 5.32 are the same. Ghali and Favre (1994) 

have stated that the difference in results based on this assumption is small. Also, with this 

assumption, it can be shown that the point E of the graph in Fig 5.9 is also equal to Mr. 

The above discussion indicates that, the interpolation coefficient can be expressed in 

terms of moments, steel stresses, or axial forces. Ghali and Favre (1994) proposed a 

general equation to calculate 5; which can be applied to all the cases of loading 

mentioned above, based on concrete stresses: 

Where G,,, = the tensile stress at the extreme fibre which would occurdue to the applied 

N and/or M, with the assumption of no cracking (state 1); f, = concrete strength in 

tension. If the stress is caused mainly by flexure& wiI1 represent the tensile strength in 

flexure (modulus of rupture), and considered little larger than the value for axial tension. 

Thus appropriate f, values should be employed in the analysis (see chapter 7). The 

stresses due to time dependent and temperature effects, which may occur before the 

application of M and N should also be considered when finding the value of cr.~,,. 

The validity of Eq. 5.38 has been proved by many studies over the years and therefore the 

same equation will be employed in the proposed method of analysis to account for the 

tension stiffening effect. 

Hall (1999) has concluded fkom experiments that the same values for ,& for steel bars (1 

or 0.5 for high bond or plain bars respectively) can be employed when fibre reinforced 

polymers (FRPs) are used as bonded reinforcements in concrete structures. 



In conclusion, a reinforced concrete member subjected to N andlor My which produce 

cracking, the mean axial strain at any selected reference point 0, &om, and mean 

curvature, ym can be obtained by: 

where c i s  given by Eq. 5.38; and = axial strains at reference point 0 due to M 

andlor N applied on sections in states 1 and 2 respectively; t,q and p-2 = curvatures due to 

the same actions applied on the sections on same states. Here M or N represents an 

increment applied on a section having zero initial stress. The mean crack width, w,, can 

be obtained by: 

W m  = ern&& (5 -40) 

where s, = average crack spacing. If a section has initial concrete stresses before the 

application of N and/or M, then the section should be decompressed to make the concrete 

stresses zero and the resultant of forces, M; andlor NZ should be employed in lieu of M 

and/or N to calculate ~ 0 1 ,  &ay (YI and rp-j in Eqs. 5.39. The strain in reinforcements, E-2, is 

also caused by M2 andlor N2. (section 5.12.2 explains the decompression forces). 

When no bonded rehfiorcement is provided, the value of C= 1, and axial strains and 

curvatures are equal to those calculated by considering the sections to be Mly cracked 

(state 2). This represents the case of precast segmental construction, in which no 

nonprestressed reinforcement traverses the joint between segments. 

5.7 Mean elastic stiffness matrix of a member 

Similar to mean axial strain and mean curvature, the mean flexibility matrix can also be 

determined by interpolating between the flexibility matrices calculated in states 1 and 2 
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of a member. Thus, for a cracked member the flexibility matrix, [f lm, in Eq. 5.18 

should be replaced by the mean flexibility matrix, vm 1 3x3 : 

where [T'] and [f2] = flexibility matrices determined using Eq. 5.18 based on uncracked 

and fully cracked transformed section properties (in states 1 and 2). Use of Eq. 5.41 can 

be extended to account for material nonlinearities as explained in section 5-5.1. Knowing 

[ym ] , the mean elastic sM5ess matrices [s], and [s,*], (similar to Eqs. 5.19 and 5.20) 

can be obtained. The interpolation coefficient, 5; should be determined fkom the stress 

states at the mid-length section of cracked members by iteration, as will be explained in 

the section 5.12.2. The tenn, mean elastic stifkess matrix is used here even when 

material nonlinearity is accounted for. The elastic strfiess matrix should be distinguished 

fkom the geometric samess rnam discussed in the following section. 

5.8 Geometric sWaess matrix of a member 

A geometric stifkess matrix is used in the analysis to account for geometric nonlinearity. 

In structures where displacements are large, for example, in slender members or when 

loads are close to ultimate, conventional analysis considering the equilibrium of forces 

based on the undeformed position of the nodes is not accurate. Geometric stiffhess 

depends on the axial and shear forces in the member and updated nodal co-ordinates of 

member ends. 

The geometric s-ess matrix, [ S ; ] ~ X ~ ,  of a member corresponding to the local co- 

ordinates in Fig. 5.11 (a) is derived below. First, the geometric stifkess matrix, [gg ]3,3, 

will be derived with respect to the three co-ordinates in local directions at the end of the 



member which is treated as a cantilever as shown in Fig. 5.1 1 (b). The member end 

forces, { F are also shown in the same figure. 

Fig, 5.11: Co-ordinate system to derive geometric stiffness matrix: (a) global 

directions; @) local directions by treating the member as a cantilever. 

The change in forces at the three co-ordinates in Fig. 5.1 1 (b) due to the changes in 

directions of FI and F2, caused by applying unit displacement increments at each of the 

three co-ordinates separately (Fig. 5-12)> gives the geometric stif3hess matrix, [Tg I,,,: 

where I = initial length of the member. The limit (d-} +O indicates that the values in Eq. 

(5.42) represent the tangent sti&ess matrix. For example, column one of the first or the 

second matrix corresponds to the change in forces in the three co-ordinate directions in 

Fig. 5.11 (b) due to =I ,d~-~ =O,~D-~ =O(Fig. 5.12 a) calculated when al +O. 

Similarly for the second column, = 0,  D-~ = I ,  d~-3 =O ; when this happens, the 
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cosine of the angle between the chord A'B and the original member direction tends to 1. 

A similar procedure is adopted to derive the third column of Eq. 5.42. 

Fig. 5.12: Derivation of geometric stiffness matrix by applying unit displacements at 

each co-ordinate separately: (a) fil = 1 @) d ~ - ~  = 1 ; (c) a-3 = 1 

Since loads are applied at the nodes, by equilibrium of the forces at member ends, the 

geometric stifiess matrix of a member corresponding to the local co-ordinates in Fig, 

5.1 1 (a) can be derived: 
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where, [S ]is given in Eq. 5.42. By substituting Eqs. 5.43 and 5.6 in Eq. 5.5, the 
g 

geometric sti&ess matrix of a member in the global directions, [SJmrmba can be 

obtained: 

where, 

After the geometric stifiess matrices are determined for all the members, they are 

assembled in the global directions using Eqs. 5.7 to 5-9- 

The s-ess matrices of external tendon and rigid Link (deviator) members can be 

determined simply by employing appropriate area properties of these members as will be 

explained next. 

5.9 Elastic and geometric stiffness matrices of external tendon and rigid 

link members 

The external tendon is divided into a number of parts and each part is treated as a 

separate member as shown in Fig. 5.13 (a). A part is defined as the portion of the tendon 

between two deviators (tendon part i between deviators i and i+l in Fig. 5.13 a). In the 

derivation of the stiffhess matrix, it is considered that the tendon is bonded at the 

deviators. The stifiess matrix of a tendon, which skips at deviators, is difficult to derive 

specially when slipping is associated with a friction force. A more simple accurate 

method is employed below to account for slipping by an iterative solution (section 5.2 2). 
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The totd stiffness of the external tendon member consists of elastic and geometric 

stZhess matrices- The elastic stifkess matrix of the tendon can be obtained by 

substituting the cross-sectional area of the tendon in Eq. 5.20 with first and second 

moment of areas (B and 1) equal to zero. 

Deviator i 
tendon 

(a) (b) 

Fig. 5.13: Externally prestressed concrete member with external tendon and 

deviator (rigid link) members: (a) discretisation of external tendon and deviators 

into members; (b) local co-ordinate system for tendon part i, 

Therefore the elastic stiflkess matrix of a tendon part in Fig. 5.13 (b) corresponding to the 

co-ordinates in the same figure is given by: 

where (Ea),, = the product of the secant modulus of elasticity and the area of the 

prestressing tendon; I = length of the tendon bemeen deviators or between anchorages 

when there are no deviators. To account for the nonlinearity of the prestressing steel, the 
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secant modulus should be used as explained in section 5.5.1. Eqs. (5.5) and (5.6) can be 

used to transform Eq. (5.46) in global directions- 

The geometric stifXbess matrix o f  the tendon, [SJhdon , can simply be obtained by using 

Eqs. (5.44) and (5.45) with shear force, F2 = 0. 

The members representing rigid links (Fig. 5.13 i] are considered as members with large 

values for a and I. while B = 0 in Eq. 5.20. However, when very l a se  values are used for 

a and I, compared to those of concrete members, there could be convergence problems 

during the Newton-Raphson iteration process .o be explained next. The geometric 

stiffness matrix of rigid link members can be determined using Eqs- 5.44 and 5-45. 

5.10 The Newton-Raphson (N-R) iterative method 

As discussed in section 5.3, the calculation of nodal displacements of externally 

prestressed concrete structure due to applied loads needs iteration. This is because of 

nonlinearities of the stress-strain relations, the chamge in external tendon eccentricity with 

applied loads and slipping of the tendon at deviatmrs. Let us consider a structure with one 

degree of freedom where the nodal displacement D, is to be calculated due to nodal force 

F. If the analysis is linear, D and the corresponding member end forces can be calculated 

directly by solving Eq. (5.1) for a given F. When one or more of the above causes of 

nonlinearities are considered, the Newton-Raphson (N-R) iterative method can be used as 

explained below. 

The procedure of the N-R method is shown in F i g 5  14. At any iteration cycle i, the nodal 

displacement increment, ADi, due to a .  out-of-balance force, Mi, can be determined 

using: 
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where St is the updated tangent stifhess matrix (slope of the line BC in Fig. 5.14) 

calculated using updated values of D obtained at the end of iteration i-1. The out-of- 

balance force, dF;:, can be calculated by: 

dFi (5.48) 

where (Fi-l)q is the equivalent nodal forces calculated in the global directions 

corresponding to updated nodal displacement at the end of iteration i-1 (point B in Fig 

5.14). 

Different slope of 
DE etc. 

' lines 

Fig 5.14: Newton-Raphson iterative method: single degree of freedom system 

The same procedure is repeated to calculate the new out-of-balance force (point D in Fig. 

5.14) and the tangent stiflkess matrix (slope of line DE in Fig. 5.14). The iteration 

procedure ends when &- is small compared to F. 

The tangent stiflkess is updated after every iteration (different slopes of lines OA, BC, 

DE in Fig. 5.14) depending on the updated structure geometry and member end forces. 

However, the tangent stiffiness may also be kept constant after the first iteration as in 

modified N-R iterative method (same slopes of lines OA, BC, DE in Fig. 5.1 S) ,  which 

needs more iterations than the N-R method to achieve the convergence (Ghali and 

Neville, 1 997). 
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In a more general case, let us consider an externally prestressed concrete structtire with n 

degrees of freedom subjected to nodal loads, {Fj3,1. The comesponding nodal 

displacements, (D)3,1 can be determined using the N-R procedure by substituting F = 

03&, D = (D) 3nxl, ADi = {a) fnxl and AFi = The out-of-balance forces at a 

typical iteration i, {Mi}, can be calculated fiom: 

Different Slopes for 
BC, DE etc. 

__f 

Deflection 

Fig 5.15: Modified Newton-Raphson method: single degree of freedom system 

where {Fi}, is the vector of equivalent nodal forces calculated using updated end forces 

of members meeting at nodes as discussed in section 5.4 (b). The effect of initial nodal 

forces, for example, due to prestressing, updated based on the latest nodal co-ordinates, is 

represented by 

The following steps illustrate the general procedure adopted in a typical iteration cycle i 

in the N-R method: 

(a) Determine the tangent stifhess matrix of the smcture, [s,]' based on updated 

member end forces and nodal co-ordinates existing just before the application of 

( f l i ) .  
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(b) 'Calculate the nodal displacement increments (ADi} due to dFi using Eq. (5.47). 

Update the nodal displacements. 

(c) Calculate the increments in member end forces due to {ADi) taking into account 

cracking, material and geometric nontinearities (to be discussed in section 5.1 1) and 

update them. 

(d) Determine the equivalent nodal forces fiom the end forces of members meeting at 

each node, (Fi+l}q (section 5.4 b). Calculate the out-of-balance nodal forces 

required in the next iteration, using Eq. 5.49. 

(e) Update the tangent stifbess matrix of the structure required in the next iteration i+l, 

[s~]'", fiom the updated nodal co-ordinates and member end forces. Go to @) with 

i =  i+l. 

The above steps shouId be repeated until the error, K, is less than an allowable tolerance 

value: 

J{wT { F )  

"= 
I tolerence 

The final values of nodal displacements, {D), after niter number of iterations, can be 

obtained by: 

niter 

It should be mentioned here that, the convergence problems generally occur when loads 

are close to ultimate. This problem may be avoided by keeping the tangent stiaess 

calculated at lower load levels unchanged as in the modified N-R iterative scheme. 

5.11 Calculation of member end forces 

At each iteration cycle in the N-I2 method, the member end forces are calculated &om the 

nodal displacements, {D}6x1. These displacements can be transformed into those in local 

member directions, {D* 6x1 (Fig. 5.16a) using: 



where is the transformation matrix given in Eq. 5.6. The member end forces are 

determined corresponding to the three co-ordinate system with respect to the deformed 

member position as shown in Fig 5.16. The relationship between the displacements 

{ D * ) ~ ~ I  (Fig. 5.16a) and ( )3,1 (Fig. 5.16 b) can be expressed as: 

where Zin and I are initial and final lengths of the chord; D2 and E3 represent the rotation 

of the member with respect to the chord of the defonned member, (A'B' in Fig, 5.16 b)- 

The final length of the chord, 1 is calculated using the updated nodal co-ordinates. 

Once the member end forces, {F}sx l ,  corresponding to the co-ordinates in Fig. 5.16 @) 

are known, the remaining three end forces can be determined by equilibrium. The six 

member end forces, (F'] in the direction of co-ordinates in Fig. 5.16 (a) are: 

fa) End forces of an uncracked member 

The member end forces, {F) corresponding to the displacements, {D} , can be obtained 

by solving the following equilibrium equation: 

[S] {D) = {lq (5.55) 

where [TI is the s m e s s  matrix of the uncracked member determined at the co-ordinates 

in Fig. 5.16 (b) with respect to any selected reference axis of the member (Fig.5.17). The 

following relations apply: 
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where d is the distance from the reference axis to the centroidal axis. Each column of 

matrix in Eq. 5.58 gives the displacements at the three co-ordinates on the reference axis 

(Fig. 5.17) for the conditions Dl = 1, D2 = D3 = 0; = 03 = 0, DZ = 1; and Dl = Dz = 0, 

D3 = 1 respectively. Then, it can be shown that the flexibility matrices [7] and [f ]with 

respect to the co-ordinates on the reference axis and on the centroidal axis respectively 

are related (Ghali and Neville, 1997): 

Z/Ea 0 

o 1 1 3 ~ 1  - z / 6 ~ r  

O I (5 -60) 

0 -1/6EI 1/3EI 

where a and I are area and moment of inertia of the transformed mid-length section about 

its centroid and E is the modulus of elasticity of concrete. Because an uncracked section 

is considered, the area properties to be substituted in Eq, 5.60 should be those of an 

uncracked transformed section. The substitution of Eqs. 5-40 and 5.58 in Eq. 5.59 gives 

the flexibility matrix, [f ] of the member: 



Global axes 

Fig 5.16: Co-ordinate 

deformed position 

3* 
n Reference axis 

Reference axis 

system to determine member end forces: (a) initial position 

- 
3 Reference axis 3: 
n \ m- 

4 - 1 / 1  

\ Centroidal axis 

Fig. 5.17: Co-ordinate system to calculate the stiflhess matrix with respect to a non- 

centroidal axis to find member end forces 
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where, B is the first moment of area of the transformed mid-length section about the 

reference axis. The value of B should also be determined for an uncracked section. The 

required sti=ess matrix [s] is then simply equal to [TI-' : 

Then Eq. 5.55 is employed to calculate the member end forces { F )  . 

(b) End forces of a cracked member 

The determination of member end forces for a cracked member is more involved because 

the effects of decompression, tension stiffening and material nonlinearity are to be 

considered. It is assumed here that the structure is divided into short members, If the 

member end displacements indicate cracking of the mid-length section of the member 

(section 5-12), the area properties of the mid-length section are used in the member 

stifhess matrix. 

The displacements (4) is the sum of  {Dld,, and {{@- (D} dec) ; where {Dldec is the 

displacements in the decompression stage, corresponding to decompression forces 

{ F }  deC . The following relationships apply: 

where {Fldec = (N, M, -Wds, which are to be determined in section 5.12.2, and 

[71m being the mean flexibility matrix accounting for the tension stiffening of a cracked 

member: 



[TIl and [f.], can be obtained using Eq. 5.61 by employing uncracked and fully cracked 

transformed mid-length section properties of the member respectively, The interpolation 

coefficient should be determined by iteration as explained in section 5.12. The forces 

{ P )  are the sum of decompression forces and excess forces causing cracking: 

where [Flm = [y]il . 

(c) End forces of external tendon and ripid - members 

For a rigid link member, the end forces can be calculated by substituting Eqs. 5.53 and 

5.62 (with B=O) in Eq. 5-55. For external tendon member, the following procedure is 

adopted: 

Determine {D} using Eq. 5.53. 

Calculate the change in strain in the tendon by Dl /li, and update the strain; Zim 

being the initial length of the tendon. 

Determine the stress in the tendon for the strain calculated above using the stress- 

strain relation of the prestressing reinforcement and k d  the tendon force. 

5.12 Analysis of a concrete section 

A section at mid-length of each concrete member is selected for the analysis. The strain 

distribution of the section is assumed to be linear irrespective of the load level, The strain 

at any concrete fibre, &) can be dehed using two parameters: the axial strain at the 

reference point 0, m, and the curvature, , (Fig 5.18); 40 = EO~Y Y, the depth y is 
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measured downward from the reference point 0 and the tensile strains are assumed 

positive. Similarly if a hear seess-strain relation of concrete is assumed, the concrete 

stress at any fibre, e) can also be obtained as shown in Fig. 5.1 8 using stress at 0, DO (= 

Ecs0 ) and slope of the stress diagram, y (=Ec y = dddy ), with Ec being the modulus of 

elasticity of concrete. 

The strain at the reference point 0 and the curvature due to an applied load increment at 

the mid-length section of a member can be determined fiom the displacements at member 

ends: 

Reference point, 0 

Y o  

Cross section Strain Stress 

Fig 5.18: Strain distribution at a concrete section 

where I is the chord length of the member, calculated using updated member co- 

ordinates. This equation implies that the member is always treated as prismatic even after 

cracking (see section 5.12-2). Eq. 5.66 can be derived by using shape functions, = 

{C Zc((5 - a2, ZY (5 - 4 , corresponding respectively to @} 3 x  (Ghali and Neville, 

1997);where <=f/Z,with f showninFig. 5.16@). Then, ~ = { a X ~ i d F } ~  - - OJ[ X& and 



5.121 Uncracked elastic section 

The concrete stress at any fibre, cc Q is given by the linear relationship: 

~c Ot) = Ec EC 0.') (5.67) 

The total concrete stress at the extreme concrete fibre due to applied loads including the 

effects of prestressing, time dependent and temperature effects (chapter 6), can be 

calculated by the summation of strain increments calculated due to these effects. 

Similarly, the total section strain can also be determined. If the total stress calculated at 

the concrete extreme tension fibre, GI-, is less than the flexural tensile strength of 

concrete,&, then the section remains uncracked: 

aimax = EC (&o+Y~ 1,1/) (5.68) 

where yl = distance to the extreme tension fibre fiom the reference point 0 (Fig. 5.18). 

The stress in nonprestressed reinforcements, o,, is given by: 

a,= aa;@) (5 -69) 

where a: = ratio of modulus of elasticity of reinforcement to that of concrete. The area 

properties to be used in the member stiffhess matrix and to calculate the member end 

forces (section 5.1 1 a) are the uncracked transformed mid-length section properties. 

5.12.2 Cracked section 

When the concrete tensile stress in extreme fibre at the mid-length section exceedsf,, the 

section as well as the member is considered cracked. Let the member nodal displacement 

increment which produces cracking of the section be {m)  and the corresponding 

increment in member end forces be ( M- }. The increment in internal forces, axial force, 

Nndd, and bending moment, M ~ * ,  at the mid-length section due to {d~-} can be 

calculated by averaging those at the ends At and B' of the member (Fig 5.16 b): 



where NA* = NB# = ; MA* = 5 ; MBt = -F3 - The usual sign convention is adopted i.e. 

axial force is positive when tensile, and bending moment is positive when it produces 

tension in the bottom fibre of the section. 

The forces {hd , Mmid )are approximate and they have to be revised taking into account 

the effects of cracking and tension stiffening. When the section is cracked Nmid and Mmid 

can be partitioned into two components: 

where NI and MI are hown as decompression forces; N2 and M2 are forces, in excess of 

decompression, applied on tbe filly cracked section- Decompression forces are required 

to make the concrete stresses existing in the section just before the application of (N, 

Wmia equd to Zero: 

where aoi, f i= initial stresses at the reference point 0 and the slope of the initial stress 

diagram (dddy) just before the application of CN, M j ~ d  producing cracking. Initial 

stresses occur due to the effects of prestressing, time dependent and temperature effects. 

The transformed area properties, a, B and I in Eq. (5.72) are composed of the area of 

concrete plus ar times the area of reinforcements. To calculate a (= EJES), the modulus of 

elasticity of concrete, Ec, of the section at the time of application of (N, wmid should be 

used- It should be noted that, even though the concrete stress is zero, the stress in the 

reinforcements may not be equal to zero after the decompression. The change in strain at 

0 and curvature due to decompression are given by: 



If the mid-ienbOth section is already cracked before the application of CN, Wmid the M y  

cracked transformed area properties should be used in Eq. 5.72 along with the values of 

uoi and y, corresponding to this cracked section to dculate the decompression forces. 

5-12.2.1 Determination of the neutral axis depth 

When a cracked cross section is subjected to a bending moment combined with an axial 

force, the depth of neutral axis, c, depends on the eccentricity of the axial force measured 

&om the tensile reinforcement (Ghali and Favre, 1994). The calculation of c generally 

requires an iteration or solving a cubic equation. The eccentricity is given by the ratio 

M2/N2. In the proposed method, a merent  procedure is adopted, because the values of 

Mz and fi are approximate and their values are to be adjusted according to the value of c, 

the tension stiffening and the material nonlinearity. The mean values of strain at 0 and 

the curvature, E- ym after cracking can be obtained by Eqs. 5. 39 which are repeated 

here for easy reference: 

where {a, yll = changes in strain at 0 and curvature due to Nz and M2 applied on 

transformed uncracked section (statel); (so, y)2 = changes in strain at 0 and curvature 

due to Nz and Mz applied on transformed fully cracked section (state 2) plus the changes 

due to decompression, (E~ ,  The interpolation coefficient <, which accounts for the 

tension stiffening effect, is given in Eq. 5.3 8. 

The following steps are performed to determine the value of c for a given { d~- of a 

previously cracked or uncracked mid-length section of a member. Since {N2, M2) and < 
are interdependent (see Eqs. 5.76 and 5.77), iteration is required until the difference in < 
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values calculated between two successive iteration cycles is small. The following steps 

should be repeated in each iteration cycle i: 

(1) Determine the strains at states 1, (so, o,} I for the trial values of (Nr, M2li using the 

linear relationship (Ghali and Favre, 1994): 

where a], BI,  and 1, are uncracked transformed area properties of the section. 

(2) CalcuIate the extreme concrete tension fibre stress, ~ 1 - ,  (Eq. 5.68) due to (so, ry) 1 

determined in step (I), assuming the section is uncracked and determine a trial value 

of the interpolation coeficient 5;- using Eq. 5.38. If the ratio between I &-S;- I and 6-1 
is less than or equal to a specified tolerance value go to step (8). 

(3) Calculate the changes in strains due to decompression, (go, fld,,, using Eq. 5.73. 

Decompression strains remain unchanged during the iterations- 

(4) Find the values of strains {so , ryIz manipulating Eq. 5.74: 

Note that the values of (a, ylm are calculated using Eq. 5.74 for given displacement 

increments, { d~- } , thus they remain unchanged during the iteration cycles. 

(5) Determine the trial value of the neutral axis depth, ch which can be obtained by: 

yo being the distance to the reference point 0 of the mid-length section measured 

f?om the extreme compression fibre (Fig 5.1 8). 
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(6) Knowing the value of ci and the strain distribution of the M y  cracked section, [(so, 

yIZ -{go, v ) ~ ~ ] ,  calculate new values of the forces {N2, M2} The following 

integrals are employed to calculate these forces: 

( N ~ ) i + l =  I o c ( ~ ) d a +  I c s ~ s  
area nls 

(5-78) 
( M z ) ~ + I  = I 0cCV)yda + I o s ~ s  As 

area nls 

where area = refers to the compression zone; da = area of the concrete layer at a 

distance y fkom the reference point 0, nls = number of reinforcement layers; y, = 

distance of the reinforcement layer fkom the reference point 0; As = area of 

reinforcement layer. The concrete and reinforcement stresses at any layer, o&) and us 

can be obtained from respective stress-strain curves (material nonlinearity) 

corresponding to the strain values, E,-) and E,, calculated at the layer considered. The 

concrete compression zone is divided into several layers of area da each in the analysis. 

(7) GO to step (1) with {N2, Mz}i+~- 

(8) Calculate the m y  cracked area properties of the mid-length section, (Eaz)sec, 

(EB*),, and (EIA, based on secant elasticity modulus of materials and the latest 

value of c, accounting for material nonIinearity using the method discussed in section 

5.5.1. 

The calculated area properties in step (8) and the latest value of <obtained by iterations 

should be used in the determination of mean stiBess matrix and end forces of the 

member as explained in sections 5.7 and 5.11 respectively. It should be noted here that 

the value of <to be used is the largest which has occurred throughout the history of 

loading. 

The procedure just explained should be included in the N-R iterative method when 

cracking occurs. The flow chart explaining the computer program presented in chapter 7 

fuaher explains the analysis procedure. 
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5.13 Additional calculations required during the Newton-Raphson 

iteration cycle 

Additional calculations are required after each iteration cycle of the N-R method 

depending on whether the slipping of external tendon occurs between the tendon and 

deviators. The s m e s s  matrix of the external tendon is calculated in section 5.9 

considering that the tendon does not slip at the deviators. If this sti%ess matrix is 

employed in the analysis, the resulting tendon forces can be different in adjacent parts of 

the tendon. This may be the case when the external tendon is bonded at deviators or in 

cases where an internal bonded tendon is to be modelled as an equivalent external tendon. 

However, in many cases, it is required that the external tendon be unbonded at the 

deviators to facilitate future re-tensioning or repIacements of tendons. 

When the tendon slips freely at the deviators, the force in the tendon should be constant. 

Alternatively, the force should change £?om one tendon part to the other depending on the 

fiction coefficient of the deviators. The no slipping condition applies at a low load level, 

when the difference in the force in adjacent tendon parts does not exceed the fiction 

force, 

An iterative approach is presented below to account for the external tendon slipping at 

deviators. 

5.13.1 Effect of tendon slip without friction at deviators 

Assume a concrete structure with an external tendon having n tendon parts. A segment of 

the tendon between any two deviators is called a tendon part (Fig. 5.13). The following 

steps explain the procedure: 

(1) Calculate the force in each part of the tendon at the end of each iteration cycle of the 

N-R method. 
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(2) Let the tendon force and the length of part i be Fi and Zi respectively. Then, since there 

is no fiction at the deviators the average tendon force between the anchorages can be 

obtained using: 

(3) The average tendon force, F,,, calculated in step (2) is now considered as the tendon 

force to be used in the next iteration cycle of the N-R method, where nodal 

dispIacements of the structure are determined. Calculate the new forces in the tendon 

parts using these nodal displacements. 

(4) Go to step (2) with the new values of the tendon force calculated in step (3), which 

may again be different for each part- The difference however should be smaller than 

that obtained at the end of the previous iteration cycle. 

At the end of the N-R iteration procedure the force in the tendon automatically converges 

to a constant value between the anchorages. If the concrete structure has more than one 

external tendon, the same procedure is applied for each tendon. 

5.13.2 Effect of tendon slip with friction at deviators 

Just after prestressing, the force in the tendon varies from one anchorage to the other due 

to fiction between the tendon and the duct at deviator locations (see section 2.4.2)- With 

the applied load, the force in the tendon increases and if the difference in force between 

two adjacent tendon parts at a deviator is greater than the force due to fiction, the tendon 

slips. The slipping may occur at one or more deviators at a h e ,  redistributing the force 

in the tendon and thus affecting the entire structural deformation. In some tendon parts, 

the force may increase while in other parts, the force may decrease (see Fig 2.7). 

Consider a typical layout of an external tendon connected between three deviators as 

shown in Fig.5.19. The tendon consists of four parts: tendon parts i-2 and i-I meet at 
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deviator i-1; similarly parts i-I and i, and parts i and it1 meet respectively at deviators i 

and i+l (Fig- 5-19)- 

Let US assume that the tendon force in each part be equal to Fi-z, Fi-,, Fi and Fi+,- These 

forces are determined, for example, at the end of a typical iteration cycle of the N-R 

iteration scheme. Once the force in each tendon part is known, the possibility of slipping 

at each deviator should be checked. At a typical deviator i (Fig. 5-19), the tendon slips 

when either of the following conditions is satisfied: 

where pi and ki are the fiiction and wobble coefficients at deviator i; 8, is the change in 

angle of the tendon at deviator i and xi represents the length of the same deviator. The 

same equations should be applied at other deviators with corresponding forces in tendon 

parts at these deviators to check the occurrence of slipping. If Eq. (5.80) is satisfied the 

slip occurs fkom left to right (LR slip), which is taken as the positive direction of slip, 

whereas if Eq. (5.81) is satisfied the slip occurs f?om right to left (RL, slip) and is a 

negative value. 

Let us introduce a factor, I; which has a value either 1 or -1 depending on respectively 

whether the slip is LR or RL. 

Once the slip occurs at one or more deviators, a method of analysis is required to 

calculate the new values of member end forces, including external tendons, and nodal 

displacements. The procedure can be included in the N-R iteration scheme as explained 

next. 



Deviator i-1 Deviator i Devia tpr i+I 
! I 

& TO anchorage 

part i+l 

part i 

part i-I k t i v e  direction 

of slip 

Fig. 5.19: Typical layout of an external tendon connected between deviators: effect 

of friction and slip 

5.13.2.1 Analysis when tendon slips at a single deviator 

At the end of each N-R iteration cycle, the force in external tendon is calculated. Let us 

assume that the forces in tendon parts i-1 and i are such that, slipping occurs at the 

deviator i. The procedure adopted here is that, after the slip, the trial values of forces, FLl 

and Fi are calculated for the tendon parts i-1 and i along with the trial value of slip, gi, 

using the folIowing equations: 

Eq. (5.84) indicates that after the slip the new forces calculated in Eqs. (5.82) and (5.83) 

satisfy the equilibrium at deviator i. It is assumed here that, only the parts of the tendon 

adjacent to the deviator i, where the slip occurs, are affected. Where gi being the trial 
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value of the slip at deviator i; 4 = +1 or -1 depending on the direction of slip determined 

by Eqs. (5.80) and (5.8 1); li and Zi-l are lengths of tendon parts i and i-1 ; aE = product of 

area of tendon and modulus of elasticity of prestressed reinforcement. By substituting 

E ~ s .  (5.82) and (5.83) in Eq. (5.84) for Fimr and Fi the following can be obtained: 

aE aE (p@+k)ii  
gf = 4 -ee1e (peck)  ri (5.85) 

The value of g; can be determined f?om this equation. By substituting gi in Eqs. (5.82) 

and (5.83) the trial values of the forces in tendon parts, Fi-l and Fi , can be obtained: 

In the next iteration cycle in the N-R method the forces to be used in the tendon parts 1-2 

and i, to calculate the out-of-balance nodal forces, are therefore those calculated 

accounting for the slip at deviator i (i-e. forces Fi and Fi -1) .  Assuming that the slip occurs 

only at the deviator i during the entire N-R iteration procedure, then the member end 

forces obtained at the end of the analysis give the final values accounting for slipping. At 

each iteration cycle the value of slip is calculated and the updated slip at deviator it Gi, is 

given by: 

niter 
Gi = C gi (5.86) 

i=l 

where niter = number of iterations performed in the N-R iterative procedure. 

5.13.2.2 Analysis when tendon slips at multiple deviators 

In a general case, tendon may slip at several deviators. In this case, at each slipping 

deviator, equations similar to those given in Eqs. (5.82) to (5.84) should be derived. In 

addition the effect of slip of the adjacent deviator should be considered in these 

equations. 

To illustrate the procedure, consider a case where the tendon slips at all three deviators 

shown in Fig. 5.19. Let the trial values of the slips at deviators i-1, i and i+l be 
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respectively equal to gi-1, gi and gi+l, and assume that positive slip is fiom left to right 

(L,R slip). The forces in the tendon parts adjacent to deviator i can be expressed as: 

The equilibrium condition (Eq. 5.84) remains unchanged. When Eqs. 5.87 and 5.88 are 

compared with Eqs. 5.82 and 5.83, the only difTerence is that, in the former equations, 

there is an additional term in the right hand side, representing the effect of the slip at the 

deviators i-1 and i+l. Similar equations can be derived for the trial values of the forces 

in other tendon parts- From these equations, the relation between the slips and the forces 

in tendon parts can be arranged in a matrix form as: 

where [Sq has elements depending on the tendon stifkess and fiction at deviators (Eq. 

5-90), and the rank of this square matrix equals to the number of slipping deviators; in 

this case 3x3. A vector (g) represents the slips and (DF) gives the vector of forces (Eq. 

5.90), which initiates the slip at deviators. Both these vectors have the size equals to the 

number of slipping deviators in the structure. Equation 5.89 can be rewritten by 

substituting appropriate elements for each matrix: 
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where Ki-l, Ki and Ki+1 account for the effect of fiction at deviators i-1, i and i+l 

respectively and are defined as: =(p~+kr) l i - l ;  & =(p3 + k)li ; Ki+,= 

(,u@ +  AX)^+^, o and E are area of the external tendon and its modulus of elasticity; ZieZ, 

liel, 4 and li+I are lengths of tendon parts as shown in Fig 5.19. When the prestressing 

tendon yields, E should be taken as the secant modulus obtained fiom the stress-strain 

curve of prestressing reinforcement, thus accounting for nonlinearity of material. The 

trial values of the slips, (g) = {gi-l, gi, giil), can then be determined by solving the 

equation (5.90); negative values of slips indicates RL slips. 

When gi.1 = gi+l = 0; that is when slipping occurs only at deviator i, Eq. 5.90 gives the 

same result as in Eq. (5.85) derived in the previous section. Eq. 5.90 can be extended for 

slips at any number of deviators by noticing a definite pattern in this equation, for 

example, each time a slipping occurs at a deviator, a diagonal tern is being added to 

[m, and in addition, off-diagonal terms are included when these slipping deviators are 

adjacent- 

When the trial values of slips, 0, are known by solving Eq. 5.90, the trial forces, F i - I ,  

Fi, FLl can be determined: 

The equation can be written in the form: 
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The size of the vectors {F) and { .  depends on the number of tendon parts, which is 

usually equal to number of deviators plus 1. The rectangular matrix [AG] depends on the 

dBkess of the tendon in each part. The first column o f  [AG] represents the change in 

forces of each part due to gg = 1, gi = g i t r  4. Similarly, the other columns can be 

obtained respectively by putting gi-1 = gi = 1, gi+l =O and gi_l = gi = 0, gi+l =I. 

Once the trial values of the tendon forces, (F) ,  are determined the out-of-balance forces 

in the next N-R iteration cycle should be calculated based on these values. In each 

iteration cycle of the N-R procedure, the condition of slipping of external tendons should 

be checked at each deviator and if slipping occurs, the forces in tendons should be 

adjusted accordingly. At the end of the N-R procedure, the final force in each tendon part 

therefore accounts for the effect of slip at the deviators. 

5.14 Analysis for the immediate losses of external prestressing force 

The immediate loss of initial prestressing force occurs at transfer due to friction between 

the tendon and the duct at the deviator, elastic shortenirng, and due to slip at the post- 

tensioned anchorage. The calculation of the loss due to Ection is straightforward as was 

discussed in chapter 2 (section 2.4.2). The losses due to elastic shortening and anchorage 

slip will be discussed in this section. Also in chapter 2, the loss in external prestressing 

force due to anchorage set was explained just to understand the tendon force variation 

across the member length, but no method of analysis was given to calculate this force 

variation, which will be explained below. 

5.14.1 Effect of anchorage set in the external prestresskg force 

In concrete structures with internal tendons, the loss of grestress, LIP, due to anchorage 

set is depicted in Fig. 5.20. The length affected by the set, I,,, (Fig. 5-20), can be obtained 

by the equation: 



Fig 

Force before Pinit = prestressing 
force before anchorage 

Variation of prestressing force in an internal tendon due to anchorage set 

where, Aset = anchorage set (a known quantity depending on the post-tensioning system 

used); a: = slope of the prestressing force variation (Eq. 5.93); E and a are modulus of 

elasticity and the area of the prestressing reinforcement. In deriving this equation, it is 

assumed that the variation of prestress within Zset is linear. The angle a can be expressed 

h terms of Pinit: 

where p and k = fiction and wobble coefficients; 0 = change in angle of the tendon 

between points 0 and A. Assuming that the lines OA and BC (Fig. 5.22) have the same 

slope cr, the loss in prestressing force, AP, at the anchorage due to set: 

However, in externally prestressed concrete structures, the change in force due to fkiction 

occurs only at the anchorages and at deviator locations (Fig. 2.9). Thus, if Zs,, determined 

fiom Eq. 5.93 is greater than the anchorage block length, the effect of the anchorage set 

loss is extended into the next deviator or deviators (Fig. 2.9), depending on the magnitude 

of the anchorage set loss, distance between deviators, lengths and fiction at deviators. 



121 

~his'irnplies that the effect of loss in prestressing force due to anchorage set always stops 

at a deviator. Also, the slope of the variation of the prestressing force, a, due to fiction 

changes at anchorages and at deviators depending on the angle change of the tendon and 

length at these locations. 

Consider a case with two intermediate deviators as shown in Fig. 5.21, for which the 

change in tendon force has to be determined for given anchorage set A,,,. The length 

affected by the anchorage set is not known and is usuaUy calculated by trial as explained 

in the steps below: 

Step 1: Using Eq. (5.93) , calculate a value , when I,,, = anchorage block length. 

Step 2: Check if dset < LC- I f  so, the anchorage slip does not affect the force in the 

tendon. 

Step 3: If AaIc calculated in step 1 is less than Asel, the force in the tendon changes 

between deviators. Find the area OAD (=A,,,) in Fig. 5.21 (a), assuming that the effect of 

set stops at the first deviator. Calculate the corresponding value of anchor set: 

If As,, c then the change in tendon force stops at the first deviator. Thus, the area 

corresponding to A,, is equal to OA'D' (Fig, 5.21 a). Let this area to be calculated is 

e ~ u a l  to A',,,. 

Step 4: Determine the area of AA'D'D: 

Area M'D'D = Aset - = (4ak - Act ) Ea (5.97) 

Find the height of this area, & (Fig. 5.21a) = Area AA'DfD/ I ;  with I being the length 

affected due to anchor set as shown in Fig 5.21 (a). Once @ is known the height between 

the lines OD' and A'D', representing the loss of tendon force, can be obtained. 
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A similar calculation is performed when the effect of anchorage slip extends to two or 

more deviators. The areas ASa (Om) and Atxt (OA'D') when the anchorage set extends to 

the second deviator is given in Fig. 5 -2 1 (b). 

When a tendon is post-tensioned fkom the right-hand end instead of the left-hand as in 

Fig. 5.21, the same procedure should be followed starting from the right anchorage. 

Thus, when the tendon is anchored on both sides of the beam, the largest force cdculated 

for the two cases of post-tensioning should be taken as  the h a 1  prestressing force after 

the setting at both anchorages. 

A variation of external tendon force due to anchorage set for a two deviator beam is given 

in study 2 of chapter 8. 

- Prestressing force ----- Prestressing force 
before anchorage set after anchorage set 

Prestressing 

Force 0 I I I I 

7 

A - A 
Member length 

Live-end First Live-end First Second 

anchorage Deviator anchorage Deviator Deviator 

(a) (b) 

Fig. 5.21: Calculation of prestress loss due to anchor set: (a) and @) loss up to first 

and second deviator respectively 



5.14.2 Loss of prestress due to elastic shortening 

In pre-tensioned concrete structures, the prestressing force at jacking is reduced when the 

prestress is transferred to the structure due to elastic shortening. In post-tensioned 

structures, the elastic shortening of a tendon occurs not at the transfer but when the other 

tendons in the structure are post-tensioned. This effect of elastic shortening is well 

explained in several references devoted to prestressed concrete such as Collins and 

Mitchell (1987). 

5.15 Analysis of joint opening in segmental constructions 

Precast segmental construction of concrete structures combined with external prestressing 

is fkequently used in bridges (see chapters 2 and 3). For this type of construction, no 

nonprestressed reinforcement crosses the joints. A method of analysis proposed by 

Ramos and Aparicio (1995) is adopted, in which a joint between segments is modelled as 

separate elements (Fig. 5.22) with the characteristics explained in section 4.4.2.3 (b). 

These characteristics are repeated as follows for easy reference: 

(2) The length of the joint element is equal to the depth of the concrete member (Fig. 

5.22). 

(2) For dry-jointed segments, the joint eIement is considered as a concrete member with 

zero tensile strength. Thus, after cracking (joint opening), there is no tension 

stiffening effect and the member is considered as fblly cracked- 

(3) For epoxy-jointed segments, the joint element is considered as a concrete member 

with the tensile strength equals to that of epoxy. 

With this model, the same analysis explained earlier in this chapter is applied. 



Joint element Joint Joint -- 

7 - 

\ / 
s e g n h t  External tendon \ 

Segment 
Initial position Deformed position 

Fig. 5.22: Joint model of segmentally constructed concrete structure 

5.16 General 

A method of analysis is explained to determine the behaviour of concrete structures with 

external prestressing at service and ultimate loads. The analysis takes into account the 

following important factors: nonlinearity of material and geometry, tension stiffening 

effect, slipping of external tendon at deviators with or without friction, short-term loss of 

prestressing force due to elastic shortening, anchorage set and friction, joint opening in 

segmental construction. 

The concrete structure is idealised as an assemblage of shon prismatic plane frame 

members. The external tendon is considered as plane frame members with zero inertia, 

connected to the structure nodes by members with large inertia values (rigid links). 

Internal bonded and unbonded tendons can also be modelled in the analysis. The loads 

should always be applied at the structure nodes. The properties of the member cross 

section is based on the mid-length section; the depth of the compression zone after 

cracking, the corresponding area properties and interpolation coeff~cient to account for 

tension stiffening have been determined based on the values of M and N on the section. 
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The basis of andysis is to eliminate the out-of-balance nodal forces due to nonlinearities 

of the structure. Newton-Raphson iterative procedure has been employed to perform this 

analysis where the structure stiffhess matrix, nodal displacements and member end forces 

are updated at each iteration cycle. The structure s ~ e s s  matrix is composed of elastic 

and geometric stifkess matrices. The elastic stiffhess matrix depends on the updated 

nodal co-ordinates of members, and on cracking accounting for tension stiffening. The 

geometric s-ess matrix also depends on updated nodal co-ordinates and, in addition, 

on updated member end forces. 

A method of analysis is proposed to calculate the tendon slipping at deviators with or 

without ection, and to calculate the effect of loss of prestressing force due to anchorage 

set. A model is presented to account for joint opening in precast segmental construction. 

In general, a concrete structure is subjected to different types of loads during its service 

life. This chapter discusses the effects of prestressing, and applied loads. However after 

prestressing, and before the application of live loads producing ultimate behaviour, a 

structure is subjected to time-dependent and temperature effects which may result in 

increasing structure displacements and redistribution of bending moments and stresses. 

These time dependent and temperature effects on the behaviour of externally prestressed 

concrete structures will be the topic of the next chapter. 



Chapter 6 

TIME DEPENDENT AND TEMPERATURE EFFECTS 

6.1 Introduction 

Time dependent effects result in increasing structure deflections, crack widths, and 

reduce the prestressing force in the tendon. Therefore time dependent effects are 

significant for the serviceability Iimit state where deflection, concrete and steel stresses, 

and crack widths should be limitea to enhance the structure performance, appearance, and 

to reduce maintenance costs. Many concrete structures all around the world need 

rehabilitation because the time dependent effects had not been adequately considered in 

design. 

In reinforced or prestressed concrete sections, the stress in concrete and reinforcement 

changes with time. In statically determinate structures, the changes in internal stress 

distribution due to time dependent effects do not change the stress resultants at any 

section. However, in statically indeterminate structures, the reactions and resultant 

internal forces and stresses in sections gradually change with time. 

In practice, a concrete section may be composite, that is, the cross section is made up of 

two or more concrete parts cast at different ages, or of a concrete deck slab cast on top of 

a steel girder. Also, parts of concrete structures may be constructed in different ages, for 

example, in segmental construction, each segment is cast at different ages. The 

prestressing may also be applied at different time stages as the construction proceeds. In 

these cases, the changes in structure deflection, stresses and indeterminate reactions and 

bending moments due to time dependent effects are quite significant. 

Sudden movement of a support in a statically indeterminate concrete structure produces 

instantaneous changes in the reactions and in the internal forces; subsequently, these 

forces decrease gradually with time due to creep of concrete. In actual structures, the 
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movement of supports, such as the settlement due to consolidation of soil, develops 

gradually over a period of time and creep also occurs during the same period and may 

continue to develop after the maximum settlement is reached. Thus, changes in internal 

forces start fkom zero at the beginning of the settlement, reaching maximum value at or 

near the end of the period of settlement. 

When the shrinkage of concrete is restrained tensile stresses develop. These stresses 

enhance the possibility of cracking and thus member deflection. The stresses due to 

shrinkage, which develop gradually, are alleviated due to the effect of concrete creep. 

When the translations or rotations due to temperature variations are ftee to occur, no 

stresses will develop. In a statically indeterminate structure, the translations or rotations 

due to temperature are restrained, resulting in internal forces and stresses, which can be 

as large as those due to dead and live loads. Nonlinear temperature variations also 

produce internal stresses in a reinforced concrete section. 

The seesses due to temperature and shrinkage are reduced with cracking and due to creep 

of concrete (Ghali and Favre, 1994). When the temperature variation develop gradually 

with time, the concrete creep has a significant effect on reducing the stresses. Cracking 

relieves the stresses due to temperature, because these stresses are proportional to the 

stifhess of members. 

This chapter presents a method of analysis of the nodal displacements, the stresses and 

strains in concrete and in internal and external reinforcement due to time dependent 

effects and temperature variations. 

6.2 Basic equations to be used in section analysis 

A typical section of a reinforced concrete member subjected to a stress and strain 

variation due to applied loads is as shown in Fig. 6.1. The resultants of the stress 
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dihbution N ( n o d  force) and M (bending moment) (Fig. 6.1) can be determined 

using well-bown equations (Ghali and Favre, 1994) derived assuming linear stress-strain 

relations of materials and compatibility of strain between concrete and reinforcements: 

Non-prestressed 
Reference point 0 ,sorcement 

~xthal Non-prestressed Strain 
reixlforcernent presaessing 

Ho/-Y 

Stress 

Fig. 6.1 : Strain and stress distributions in a concrete section with positive sign 

convention for N, M, a, y, a and y 

N =  EC(AgO + B y )  (6-1) 

M = E, (BEO +ly/) (6-2) 

where, is the strain at reference point 0 and is the curvature (Fig. 6.1); Ec is the 

modulus of elasticity of concrete; A, B and rare the transformed cross-section area and its 

first and second moment about an axis through 0. The transformed area is composed of 

the area of concrete plus a times the area of reinforcements; excluding the area of 

external prestressing. The modular ratio a is defmed as: 

where Es being the modulus of elasticity of reinforcement. Eqs. 6.1 and 6.2 can also be 

expressed in matrix form: 
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The strain, E, of any layer at a distance y gem 0, of the cross-section is given by (Fig. 

6.1): 

&=So +y y (6-5) 

The stress in concrete, a,, at the same Iayer is then obtained by: 

a, =E,(&o+~v) 
This equation can also be written as: 

Gc =oo "YY (6-7) 

Where og (=E,Eo) is the stress at 0 and y (= Ec y ) is the slope of the stress diagram 

(Fig. 6.1). The stress in internal reinforcement at a distance y, Eom 0 can be expressed 

as: 

"ns = Em(% + Y,V) (6-8) 

Eqs. 6.1 and 6.2 can also be employed to determine the strain parameters, EO and y from 

the given values of (N,  M) of the cross-section: 

These two equations can be combined and put it in a matrix form as: 



6.3 Time dependent effects 

The initial stress and strain distribution in individual sections due to loads applied on the 

structure changes with time due to creep and shrinkage of concrete and relaxation of the 

prestressed reinforcement. The magnitude of these changes depends on the area of 

bonded reinforcement (nonprestressed or prestressed) and the initial prestress in the 

section. These stresses occur whether the smcture is statically determinate or 

indeterminate; in statically determinate structures, the stresses do not produce any stress 

resultants in sections, whereas, in indeterminate smctures, as a result of indeterminate 

reactions, the stress resultants of sections aIso change with time. 

When the prestressing is internal bonded, the procedure of finding the time dependent 

stresses in concrete and in the prestressing tendon is well known (Ghali and Favre, 1994). 

For internal unbonded or external prestressing, the change in stresses due to time 

dependent effects is discussed below with attention given to the following: 

(a) The magnitude of loss of unbonded or external prestressing tendon stress due to 

time dependent eEects compared to that of internal bonded tendons. 

(b) The distribution of strain (axial strain and curvature) and stress in concrete 

sections in a structure with unbonded or external tendons compared to .that of 

bonded tendon. 

(c) The amount of deflection of a structure due to time dependent effects when the 

prestressing is unbonded or external compared to a structure with internal 

bonded tendon. 

The time dependent changes in stress and strain in an externally prestressed concrete 

section will be discussed. A step-by-step analysis, where the time is divided into intervals 

and at each interval the changes in section strains, stresses and structure nodal 

displacements are updated, will also be presented. 



6.3-1 Creep of concrete 

The strain occurring during the application of stress (or within seconds thereafter) is 

referred to as the instantaneous strain and is expressed as follows: 

where cc (to) is the concrete stress and Ec(to) is the modulus of elasticity of concrete at 

the age to, the time of application of stress. The value of Ec is the secant modulus, which 

depends upon the magnitude of the stless. In practical applications, however, Ec is taken 

proportional to the square or cubic root of concrete strength, which depends on the age of 

concrete. CEB-FIP MC90 (1990) gives equations to calculate E, based on concrete 

strength and age of concrete. 

Under sustained stress, the strain of concrete increases with time due to creep and the 

total strain, instantaneous plus creep, at time t (Fig. 6.2) is given by: 

where p(f,&) = dimensionless coefficient, and is a function of the age at loading, to and 

the age t for which the strain is calculated. The coefficient p represents the ratio of creep 

to the instantaneous s.train, its value increases wifh the decrease of age at loading, to  and 

the increase of the length (t-to) during which the stress is sustained. The expressions to 

predict the creep coefficient, p, can be found in CEB-FIP MC90 (1990) or ACI 

Committee 209 (1992)- The value of p depends on quality of concrete, relative humidity 

and ambient temperature, and dimensions of the element considered. 

6.3.2 Shrinkage of concrete 

Drying of concrete results in shrinkage. When the fiee shrinkage is restrained, stresses 

occur in reinforced concrete structures. The restraint may be caused by reinforcements, or 
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by supports. The stresses caused by shrinkage are generally reduced by the effect of 

cracking and by creep of concrete. Thus, the effects of these two simultaneous 

phenomena must be considered in the analysis. The cracking caused by shrinkage is 

referred to as displacement-induced (see section 6.4.2). 

Strain 

creep = A&-,= 

&,to), ~c(t,to) 

to Time 

Fig. 6.2: Creep of concrete subjected to sustained stress 

The amount of fiee shbkage and an expression for its variation with time are needed in 

the analysis. Shrinkage usually starts just after moist curing of concrete stops. The total 

fkee shrinkage strain, E;, between time when the drying starts, t,, and time t ,  may be 

expressed as follows (Ghali and Favre, 1994): 

42.9 (tJ0 =&so& (t-ts (6.14) 

where = total free shdnkage that occurs after concrete hardening up to time infinity. 

The value of depends on the quality of concrete and the ambient air humidity. The 

function Ps(t-ts) depends on the size and shape of the element considered. CEB-FIP 

MC90 (1990) gives expressions to calculate and B,(t - t,) . 

Therefore the fiee shrinkage occurring between time f i  and tz, ~ ~ . ( t ~ , f ~ ) ,  can be 

determined as the Werence between the values obtained by Eq. 6.14, substituting t2 and 

t~ for t. The f?ee shrinkage strain is here assumed uniform across the cross-section. If the 
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cross-section has less reinforcement at the top than at the bottom, the shrinkage produces 

a curvature in the section depending upon the difference between the top and bottom 

reinforcement areas (Ghali and Favre, 1994). 

6.3.3 Relaxation of prestressed reinforcements 

Relaxation of prestressing steel is obtained by stretching a tendon between two fixed 

points and measuring the reduction in tension in the tendon at constant temperature over a 

long period of time. This loss of tension under constant strain is referred to as the 

intrinsic relaxation. An equation widely used in the US and Canada for the intrinsic 

relaxation at any time z, of stress-relieved wires or strand is given by (Magura et al, 

2964): 

where&,, is the yield stress, defked as the stress at a strain of 0.01. The value off, varies 

between 0.8 and 0.9 times the characteristic tensile strength for bars and for low- 

relaxation strands respectively; a,, is the initial stress in the tendon, and (z-to) is the time 

period in hours during which the tendon is stretched. 

Intrinsic relaxation values are often reported for time equals 1000 h. However, for the 

analysis of the effects of relaxation of steel on stresses and deformations in prestressed 

concrete structures, it is often necessary to employ expressions that give development of 

the intrinsic relaxation with time. Such expressions for any type of steel can be found in 

Ghali and Favre (1 994)- 

Research shows different relaxation properties for steel and fibre reinforced polymers 

(FRPs). Soudki et al. (2997) have reported that, carbon FRPs have lower relaxation than 

steel. Some investigators (Braimah et al, 1999) assume zero relaxation for carbon FRPs 
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in their analysis. However, for aramid FRPs, the relaxation has been found to be larger 

than steel relaxation (Gerritse and Taerwe, 1999). 

Reduced relaxation 

The magnitude of intrinsic relaxation is heavily dependent on the value of the initial 

stress in the tendon. Compare two tendons with the same initial stress, one in a constant 

length relaxation test and the other in a prestressed concrete member. The force in the 

latter tendon decreases more rapidly because of the effect of shrinkage and creep. The 

reduction in tension caused by these two factors has the same effect on the relaxation as if 

the initial stress were smaller. Thus the relaxation value to be used in prediction of the 

loss of prestress in a concrete structure should be smaller than the intrinsic relaxation 

obtained fiom a constant-length test. The reduced relaxation value to be used in the 

calculation of loss of prestress in concrete structures can be expressed as follows: 

A z p r  = ~r Acpr (6.16) 

where Aa,, is the intrinsic relaxation determined fiom a constant-length test. Relaxation 

is a negative increment because it indicates a reduction in tension; xr is a dimensionless 

coefficient generally smaller than unity. The value of X, depends on several factors: the 

ratio A. of initial tendon stress to its characteristic tensile stress and a coefficient 0, 

defined as: 

where Anps is the change in stress in the prestressed tendon due to the combined effects 

of creep, shrinkage and relaxation during a time period considered; and do,, is the 

intrinsic relaxation during the same period. The value of 0 is not h o w n  a priori, because 

it in turn depends on the reduced relaxation. Thus, iteration is required where X, is first 



assumed (for example 0.7) and later adjusted after finding dop, and then using Eq. 6.17 

and the equation below (Ghali and Favre, 1994): 

x, = exp[(-6,7+5,3A)i2] (6.1 8) 

It should be mentioned that, when the prestressing is internal unbonded or external, the 

reduced relaxation of the tendon is determined in the same way as explained- For internal 

bonded tendons, A c p ,  changes fkom section to section, depending on creep of concrete. 

On the other hand, when the tendon is unbonded or external with unbonded at deviators, 

Acps  is constant between the anchorage or deviator points. 

6.3.4 Creep of concrete with gradually changing stress 

In Eq. 6.13, the concrete creep during time to t occurs due to initial stress,a,(tO) , 

applied at time to  and sustained during the time period. However, in reinforced concrete 

structures, due to the restraint produced by the internal bonded reinforcements, or by the 

supports, the time dependent stresses are developed during to and t due to creep and 

shrinkage, (t , to ) . The total strain at time t when the applied stress changes with time 

is given by (Fig. 6.2): 

where r = an intermediate age between t and t o  (Fig. 6.3); do&) = an elemental stress 

(increment or decrement) applied at age r, EC(@ = modulus of elasticity of concrete at age 

t; p(t, z) = creep coefficient at time t for loading at age r. In the above equation, and in 

Eq. 6.23, it is assumed that the total strain, instantaneous plus creep, is proportional to the 

stress; hence superposition of strain due to stress increments or decrements and due to 

shrinkage is allowed. 

The integral in Eq. 6.19 may be eliminated as follows: 



where, 

Ec(to) is the age-adjusted elasticity modulus of concrete be used in the calculation of the 

total strain increment, instantaneous plus creep, due to stress increment developing 

gradually f?om zero to a value Aoc(t) (Fig. 6.3). Thus, the strain increment in the period 

(t-to) caused by the stress do, ( t )  is given by: 

Stress 
I 

Anc ( t )  = stress increment 

0 0  (to oc( t )  = total stress at time t 

+ v J. 
to r Time 

Fig. 6.3: Stress versus time for a concrete member subjected to uniaxial stress of 

varying magnitude 

In the above equation, the stress increment do, (t) is treated as if it were introduced with 

its full magnitude at age to (Fig. 6.3) and sustained to age t, but the creep 

coefficient q(t,to) is replaced by a reduced value x p(t ,to) where x = &,to) is a 

dimensionless multiplier (less than 1) referred to as the aging coefficient. A procedure of 

finding x is given in Ghali and Favre (1994). A value for x between 0.6 and 0.9 has been 

used for most practical applications. 
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If the age-adjusted modulus of elasticity Ec is employed in Eq. 6.3 instead of Ec, the 

resulting transformed area properties are referred to as age-adjusted transformed area 
- - 

properties, A, ~ a n d f .  The sections to follow discuss the procedure of calculating the 

changes in strain and stress in a section, member end forces and nodal dispIacements due 

to time dependent effects in a reinforced concrete structure with external prestressing. 

6.3.5. Artificial restraining forces for a concrete section 

The artificial restraining forces required to prevent time dependent effects during time to 

and t, are determined below for a section at mid-length of a member. It is assumed that at 

time to, the initial strain variation, (go v(tO)) , of the section is as shown in Fig. 6.1. 

This strain variation can be obtained from the analysis presented in Chapter 5. The 

following describes the steps of the calculation, 

Step 1: Calculate the strain at 0 and the curvature, when creep and shrinkage of concrete 

can occur fieely, without restraint: 

where EQ (to) and v (to) are initial values of strain at the reference point 0 and curvature 

at time to (Fig. 6.1); q(t ,to) is the creep coefficient and E, @,to ) is the shrinkage in the 

period (t-to)- 

Step 2: Determine the stresses required to artificially restrain the strain due to creep and 

shrinkage cdcdated in step 1 (Eqs. 6.23 and 6.24): 
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A Y ~  =-FCA =-Ecp(t,to )  to ) (6.26) 

Since the stresses due to creep and shrinkage develop gradually, the age-adjusted 

modulus of elasticity, Ec (Eq. 6.2 1) of concrete is used here. 

Step 3: Find the resultants { N , ~ M ) ~  of the stress calculated in step 2: 

where {Ago, A v}fiee (Aso ( t ,  to ),A y ( t  , to ) J ; A=, Bc and I, are area, first and second 

moment of areas of concrete about the reference point 0 of the mid-len-@h section of the 

member. When the section is already cracked, concrete in tension is ignored in 

calculating these area properties. 

Note: If the section has bonded prestressing in addition to external ones (a case of mixed 

prestressing), the internal forces in Eq. 6.27 should be modified by adding the following 

term to account for relaxation of bonded prestressing reinforcements (Ghali and Favre, 

1994): 

where AFpr is the reduced relaxation of prestressing reinforcement of area A p s ;  yps is the 

distance to the prestressed reinforcement layer measured downward fkom the reference 

point 0 of the section. 

If we consider a statically determinate structure where the prestressing is entirely internal 

bonded, then the changes in strain and stress in concrete due to time dependent effects 

can be calculated at the end of step 3. This is done by applying the total restraining forces 

(sum of Eqs. 6.27 and 6.28) in the reverse direction on an age-adjusted transformed 
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section (Eq. 6.21). However, if the same structure is externally prestressed or statically 

indeterminate, the changes in section strains and stress should be determined by the 

analysis of the entire structure. For this purpose, the equivalent nodal forces required to 

prevent the time dependent nodal displacements due to creep and shrinkage of concrete 

and relaxation of prestressing tendons are calculated as explained below. 

6.3.6 ArtXcial restraining forces of a member to prevent time dependent 

displacements 

la) Concrete members 

Since the members are assumed short and prismatic, the internal restraining forces, 

(mr'mr 1 creep+shrinkoge 
calculated in Eq, 6.27 at the mid-length section of a member 

are considered constant along the member length. The nodal forces of the member 

(we(* .to) comesponding to the local member co-ordinates in Fig. 6.4 with respect 

to the reference axis, determined based on {AN, ,AM, Imeepcshrinkage (Eq. 6.27) are given 

by: 

J2 
Global directions 

axis 

Fig 6.4: Member local co-ordinate system 
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{ ~ z ( t , t ~ ) ]  is then transformed into global directions (section 5.4) and assembled to 

give the vector restraining forces {M, (t, for the structure; where n = number of 

nodes in the structure and the superscript c indicates a concrete member. The equivalent 

nodal forces {1~;, (t ,to)}' represent the contribution from only the concrete members. The 

contribution fiom the effect of relaxation of external prestressed reinforcements has to be 

added to the structure nodal force vector as explained next, 

(b) External   re stressing members 

Since the external tendon is treated as a separate member, artificial restraining forces due 

to relaxation (only axial force) for each tendon part can be determined corresponding to 

local co-ordinates shown in Fig. 6.4: 

{ & ( t , f ~ ) } ~ ~  6 x 1  = ( - ~ ~ ~ o ~ o , ~ ~ , o , o } ~ ~ ~ ~ ~ ~ ~ ~  (6.30) 

where ANr = AZpr Aps (Eq. 6.28), which is a negative quantity; the superscript ps 

indicates external prestressing tendon. Similar to the restraining forces due to creep and 

shrinkage, the forces due to rehation of each prestressed tendon is transformed into 

global directions and assembled to form the structure nodal force vector, 

{d~, ( t , to )}~xI .  The total equivalent nodal force vector of the structure due to creep 

and shrinkage of concrete and relaxation of prestressed reinforcements is then equal to: 

63.7 AnaIysis of the structure 

As discussed in chapter 5, the tangent s m e s s  matrix of the structure, is 

calculated by assemblage of individual member stiflkess matrices in the global directions. 
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The member stifhess matrix consists of elastic and geometric s m e s s  matrices, [s:] 

. The elastic s m e s s  matrix can be calculated using Eq. 5.20 by replacing the 

modulus of elasticity of concrete, Ecy with the age-adjusted modulus of elasticity, z, (Eq. 

6-21), and using age-adjusted transformed area properties. The elastic stiffhess matrix 

depends on updated nodal co-ordinates, cracking and tension stiffening of concrete; linear 

material stress-strain relations are assumed in generating [St]. The terms in the geometric 

stifiess determined in Eq. 5.45 remain unchanged and they depend on the updated 

member end forces and nodal co-ordinates. 

For already cracked member, a mean elastic sti-ess matrix should be determined as 

explained in section 5.7. The cracked section properties and the value of <to find the 

mean stifiess matrix are assumed to be equal to those calculated in the previous load 

stage or iteration until they are updated after solving the nodal displacements and then 

calculating stresses and strains of the structure (see section 6.3.7-4). The changes in nodal 

displacements due to time dependent effects are obtained by the Newton-Raphson 

iterative method as explained next. 

6.3.7.1 Calculation of change in nodal displacements due to time dependent effects 

Iterations are required because of nonlinearities due to cracking and geometry. The 

Newton-Raphson iterative method as described in the section 5.10 is also employed here 

to determine the change in nodal displacements f m(t, in a period to  to t. The 

procedure involves solution of the equilibrium equation: 
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where [a, is the tangent m e s s  ma& of the structure; {&, (t , to )} = equivalent nodal 

force vector to restrain the nodal displacements of the structure due to time dependent 

effects. Both [St] and (d~, (t, to )} have to be revised when cracking is considered. 

6.3.7.2 Determination of member end forces 

Once the nodal displacements of the structure, {AD(t,to)), in the global directions are 

hown, the procedure in section 5.1 1 should be employed to find the member end forces, 

{fl; (t, to ) } with respect to the three directions of the co-ordinate system 

corresponding to the deformed member position as shown in Fig. 5.16 @). These three 

co-ordinates represent the axial force at the second node and two end moments of the 

member; the other three forces of the member ends can be obtained fiom equilibrium 

(Eq. 5.54). 

The member end forces {MS (t,to )) can be calculated by: 

The member stiflkess matrix [ S J ~ , ~  (Eq. 5.62) should be calculated based on an age- 

adjusted modulus of elasticity of concrete and related transformed area properties. For a 

cracked member [S]3,r should represent the mean member stifiess matrix, accounting 

for cracking and tension stiffening. The same procedure explained in section 5.1 1 (c) 

should be adopted to determine [S]3x1 for external tendon and deviator members. 

The total change in member end forces, { d ~ - ( ( t , t ~ ) } ~ , ~  developed the during the time 

period (t- to) due to time dependent effects is given by: 

For the concrete member: 



For the external prestressing member: 

( E } P S  = {M:, 1 ps + { m p r  s0P)re~axation 

6.3.7.3 Strains and stresses in concrete and reinforcements in an uncracked section 

For any member, when member end forces, {E}3xl  (Eqs. 6.34 and 6.35) are laown, the 

internal forces at the mid-length section { N , M ) , ~  of the member can be determined by: 

Nmid =qS; wid =0-5(F2, -FJS) (6-3 6 )  

Once N and Mmid, are known, the strain and stress of concrete and reinforcements can 

be determined using equations presented in section 6.2 for appropriate Ec, depending on 

the instantaneous or age-adjusted, and corresponding area properties of transformed 

section. 

la) Strains in an uncracked section 

The total values of axial strains at reference point 0, so ( t )  , and the curvature, ~ ( t )  , in 

an uncracked section after time dependent effects (at time t)  can be determined as 

follows: 

(~o( t ) ,Y f ( t ) }  = {&O(tO),Yf(tO)j + { A & O ( ~ , ~ ~ ) , A Y ( ~ , ~ O ) J  (6.3 7) 

where {so (tO),l(tO)} are the strains at time to, which are known &om the analysis in the 

previous time stage. The second term on the right hand side of this equation is determined 

by substitution of {AN,AM),jd into Eq. 6.11. The forces {AN,AM),id can be 

determined from Eq. 6.36 by replacing {F } by ( U S ( t ,  to ) )  (Eq. 6.33). 



(b) Stresses in an uncracked section 

Similar to the calculation of strains, the total stress at the reference point 0 after time 

dependent effects, o0 (t ) . and the slope of the stress diagram, y (t ) , for an uncracked 

section can be determined as follows: 

qd t )=Ao~( t , ro)+  A%r(tyto) f %(to) (6.3 8) 

r(O=Ar(t,to)+ A Y ~ ( ~ ? ~ o )  + Y(~o)  (6 -3 9) 

where, u0(b) and y ( ~ )  are the lcnown stresses at time to calculated at the end of the 

previous time stage; A o& (t ,to ) and Ayr (t ,% ) artificial restraining stresses calculated in 

Eqs. 6.25 and 6.26; Aoo(t,to) and Ay(t,tO) are equal to Ec multiplied by Ago and 

A ry obtained in (a). 

It is also necessary to check the extreme tension fibre stress of concrete for cracking at 

the end of the time internal. Once the total stress ~ ( t )  and y(t) are hown, the tensile 

stress in the extreme fibre, om, can be determined as follows: 

.%mx = W ( f >  f Y - Y ( ~ )  (6-40) 

where coand y respectively are the total stress at O and slope of the stress diagram and 

y,, is the distance to the extreme tension fibre fkom the reference point 0 of the section. 

(c) Stress and strain in external tendon 

-PS The total tension in the external tendon, cps , can be calculated by adding MI to the 

tendon force at time to calculated using the analysis explained in chapter 5. Then the 

stress, up, and strain, E~ in the tendon can be determined as follows: 
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where, A, and E, are respectively the area and the modulus of elasticity of prestressing 

reinforcement; AZpr is the reduced relaxation. If the tendon slips, with or without fiction 

at deviators, the force qps gives the adjusted value as explained in chapter 5. 

6.3-7.4 Strains and stresses in concrete and reinforcements in a cracked section 

The increase in tensile stresses due to time dependent effects may be suflicient to produce 

cracking which changes the cross-sectional area properties and thus can affect the time 

dependent internal forces. 

The analysis is required at the mid-length section of a concrete member, which may have 

already been cracked during the previous time stage. Cracking occurs when the totd 

extreme fibre tensile stress of concrete, om, (Eq. 6.40) calculated at the mid-len,oth 

section at any time interval is greater than the tensile strength of concrete, &. The 

followings are the steps to analyse a concrete section at any time interval 6, to obtain 

changes in strain and stress due to cracking. 

Step 1: Determine the time dependent change in internal forces calculated at the mid- 

length section, {AZV,AM)Lid, where { A N , A M } ~ i d  = 0 for statically determinate 

structure. The superscript i indicates the time interval ti. 

Step 2: Calculate the decompression forces {AZV,AM)k ( E ~ .  5.7 1): 

where, A, B and I are area, first and second moment of areas of the uncracked or fully 

cracked transformed section about the reference point 0 calculated at time ti; ag and 

y represent the stresses in the section at the end of time interval ti_,. The subscripts 1 or 2 



indicate the use of uncracked or M y  cricked tramformed area properties. Also calculate 

the changes in concrete strain due to decompression (Eq. 5.73): 

Step 3: Find the forces to be applied on the m y  cracked section, {AN,AM); : 

Step 4: Find the depth of compression zone, c, and the interpolation coefficient, 4 due to 

{AZV,AA4}~. Since the actual forces applied on the cracked section ( (AN,AM};)  are 

known, the value of c can be calculated fiom the method given in Ghali and Favre (1994) 

for a section subjected to a normal force and a bending moment. Also find the area 

properties of a fully cracked transformed section, and update the mean structure stifkess 

matrix. 

Step 5: Determine the changes in section strains, ( A E ~ , A ~ ) ~ ) :  due to {N,M}; (Eq. 

6.1 I), using age-adjusted modulus of eIasticity of concrete and related fully cracked 

transformed area properties. Also find the change in stresses ( A O - ~ , A ~ ) : .  Update the 

change in strain due to cracking: 

Step 6: Recalculate the restraining member end forces (Eq. 6.29) of concrete based on a 

cracked section and follow the procedure explained in sections 6.3.7.1 and 6.3.7.2 to 



calculate the corresponding changes in nodal displacements and member end forces. 

Calculate the changes in strain and stress due to these member end forces (see sections 

6.3.73 a and b). 

Step 7: Calculate the total changes in strain and stress as follows: 

Total change in strain = strains determined in step 6 + ( A E ~ , A ~ ) ~  

Total change in stress = $multiplied by ( A E ~ , A ~ ) ~ +  artificial r e s m g  stresses 

calculated in Eqs. 6.25 and 6.26. 

6.3.8 Step by step analysis 

The time is divided into small intervals (Fig. 6.Sa), and at each time interval, an 

increment of load or stress is applied resulting in changes in structure nodal displacement, 

stress and strain of concrete sections. For any time interval i, the start, the middle and the 

end correspond to the times ti-m, t i  and ti+ln respectively. The load or stress increment is 

usually caused due to instantaneous load or due to time dependent changes. A zero-length 

time interval is assumed for the stress increment due to instantaneous loads, such as 

prestressing (time intervals 1 and k in Fig 6.5 b). Gradually increasing stress during a 

time interval is assumed to occur at the middle of that time interval (interval j in Fig. 6.5 

b)- 

The change in stresses during the time interval i, Aoo(ti) and Ay (ti) , and corresponding 

changes in strain have to be determined. The strains ( A E ~ )  and ( A ~ ) ~ ,  which 
free 

would occur freely, without restraint during the time interval i are given by: 



where, Ec= Ec (ti the age-adjusted modulus of elasticity of concrete; the 
( I+ X P ( ~ ~ + - I / Z  Ji) 

known values Aoo(ti) and Ay(ti) are change in stress at 0 and the slope of the stress 

diagram at the$ interval where,j =I, i-1; (~E,)~bein~ the sbidcage of concrete during 
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Fig. 6.5: Division of: (a) time into intervals; (b) stresses into increments 
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the i* time interval. The reduced relaxation of prestressing reinforcement during the time 

period is also assumed as known. The method expIained in earlier sections is employed to 

determine the changes in stresses {An&), Ay(ti)) and co~~esponding strains. The age- 
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adjusted modulus of elasticity of concrete, Ec given above, is employed in the analysis 

during the iLh time interval. The value x in Ec implies that the length of the time interval i 

can be large; for smaller time intenrals use x = 1. 

The strain and stress at the end of time interval i can be determined by the summation of 

those increments occurred in each time interval j, where j =1, i. 

The stress and strain in the external tendon can be detennined using Eq. 6.41 for which 

the sum of increments in tendon force calculated in each time interval j (j =I, i ) are used 

to determine the find force in the tendon. 

6.4 Temperature effects 

The concrete stress in the longitudinal direction of a member due to temperature 

variations across its depth can result in stresses which may be as large as those which 

occur due to dead or live loads. It is also hown that (Ghali and Favre, 1994), creep and 

cracking of concrete reduce the stresses induced by temperature to a great extent. 

Experiments (Ariyawardena et al, 1997), have revealed that the creep of concrete at 

elevated temperatures is higher than that at room temperature and thus, the effect of creep 

should be considered combined with temperature. To simplify the analysis, time 

dependent and temperature effects are considered in separate time intervals. Therefore, to 

determine the effect of creep on temperature induced stresses, a new time interval is 

introduced just after the interval (zero length) in which the temperature is applied, In this 

new time interval, time dependent analysis is performed due to the effect of temperature 

and due to other loads. 

The distribution of temperature within the section depth of a bridge depends on many 

factors, such as geometry, location, and orientation of the bridge, on climatological 

conditions, and on thennd properties of the material and exposed surfaces. In general, the 

variation of temperature through a bridge cross section is non-linear. Analysis methods 
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(Elbadry and Ghali, 1983) are also available to determine such variations. With a 

nonlinear temperature distribution, the stresses are induced even in a statically 

determinate structure. 

Several cases of damage to existing structures have been reported in the literature due to 

temperature induced stresses (Leonhardt et al, 1965; Monnier, 1972; Priestly, 1972). One 

of the most common problems which occurs in continuous concrete bridges, is that the 

statically indeterminate positive bending moments due to thermal gradient produce 

tensile stresses in the bottom fibres of the concrete section at the support region, in 

addition to those caused by prestressing. These stresses may be enough to produce 

cracking at these locations. It is therefore essential to provide sufficient amounts of 

nonprestressed reinforcement at the bottom on the support regions to keep crack widths 

within acceptable Limits. 

In the next section, the thermal stresses induced due to a temperature variation through 

the depth in the longitudinal direction are determined for a statically determinate or 

indeterminate structure ignoring the reinforcements. 

6.4.1 Stresses due to temperature 

(a) Self-eauilibrating stress 

Consider a cross-section of a beam subjected to two types of temperature variations: 

linear and non-linear across the beam depth as shown in Figs. 6.6 (b) and (c). The free 

strain at any fibre at CG-ordinate y, measured downward fkom the reference point 0 of the 

section (Fig. 6.6 a) is given by: 

&free=acTCY) (6.48) 

where ac is the coefficient of thermal expansion and TO.) is the temperature rise at the 

fibre considered. However, because plane sections remain plane after the deformation, 

the strain variation over the depth takes the shape shown by the solid line in Fig. 6.6 (f). 
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Thus, results in the stress distribution as  in Fig. 6.6 (g). Therefore, when the temperature 

distribution is linear, the stress in the section is zero (Fig. 6.6 e). 

The stress distribution caused by the nonlinear temperature variation is called self- 

equilibrating stresses, because its resultant is zero. The following steps explain the 

calculation of self-equilibrating stresses for the concrete section in Fig. 6.6 (a): 

Step 1: Find the artificial stress required to restrain the free strain due to temperature: 

%,mint = -EcacTb) (6.49) 

where, Ec is the modulus of elasticity of concrete. 

Reference 
1 

(a) ~ r o s s i  section 
Inear Ob) L' (c) Non-linear 

temperature rise temperature rise 

(d) Strain (e) Stress (f) Strain (g) Stress 

Fig. 6.6: Stress and strain distribution in a concrete section due to linear and 

nonlinear temperature variations 

Step 2: CalcuIate the resultants of omat on the concrete section: 
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Mr = I ormtraint~ dA (6.5 1) 

Mr is the moment about reference point 0 (top of section), The values of the integral for a 

section with constant width b, and depth h, subjected to linear temperature variation with 

Tht = 0 (Fig 6.6 b) can be evaluated by substituting TO.) = (h-y) zOp/h in Eq. 6.49 and 

integrating with respect to y using Eqs 6.50 and 6.5 1 : 

When the temperature variation is of any nonlinear shape, the calculation of (N, M), is 

more involved and will be explained later. 

Step 3: Apply {-N, -M), on the section and determine the strain at the reference point 0, 

go, and curvature, y , using Eq. : 

where, A, is the area of the section; B and I are h t  and second moment of areas of the 

section about an axis through 0. 

Note: If a concrete section has internal bonded reidorcement, the values of (N, M ) ,  

should include those determined for the reinforcement, For a concrete section in an 

externally prestressed structure? the forces {-N, -&should be obtained by the analysis of 

the entire structure. These cases will be explained later. 

Step 4: Determine the strain and stress in concrete at a layer distance y from 0 (Fig. 6.6 

a): 

&O.')=E~+YV (6.54) 

QSO'EC(% +Y Y )  (6.55) 

The total stress in the concrete section is given by the sum of Eqs. 6.49 and 6.55: 



a ( Y ) = E ~ ( E ~  + ~ ( v - f f , ~ ~ y ) )  (6.56) 

The distribution of self-equilibrating stress, a@), is shown in Fig. 6.6 (g). For a linear 

stress distribution (Fig. 6.6 b), Eq. 6.56 gives a zero value. 

(b) Continuitv stress 

Consider a statically determinate beam of length I, shown in Fig. 6.7 (a) having the same 

homogeneous cross section as in Fig. 6.6 (a), where the temperature distribution in Fig. 

6.6 @) or (c) is applied. This temperature variation is constant along the member length. 

The curvature of the beam, v, calculated in step 3, produces an end rotation of the beam 

equal @/2. The beam does not have any reactions and bending moments due to 

temperature. When the same beam is made continuous by adding more spans (Fig. 6.7 b 

and c), the rotation is restrained by the continuity of the structure where statically 

indeterminate reactions and moments will develop. These reactions and bending 

moments can be determined by an analysis such as general force or displacements 

method (Ghali and Neville, 1997). Figs. 6.7 @) to (c) give reactions and moments 

respectively for two and three-span structure. The resulting stresses in a concrete section 

due to the continuity moments are referred to as continuity stresses, which are produced 

whether the temperature distribution is linear or nonlinear. The total stress in a concrete 

section thus consists of self-equilibrating and continuity stresses, except when the 

temperature variation is linear and the self-equilibrating stresses are zero. 

It can also be seen fiom Fig. 6.7 that the statically indeterminate reactions and bending 

moments depend on the rigidity (EJ) of the beams. With cracking, the moment of inertia 

of concrete, 1; is reduced and as a result, the reactions and moments due to temperature 

are also reduced and so are the stresses. 

In the design of prestressed concrete structures, tensile stresses under service loads are 

often not allowed (or are limited to a small value). As seen earlier, tensile stresses occur 
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due to a nonlinear temperature distribution in both statically determinate and 

indeterminate bridges. Thus, the use of the no-tension criterion generally requires 

relatively high prestressing level, which is costly and also results in an increase in the 

losses and sbructural deformations due to creep- 

Multipliers: Reactions: EI/ZW; Moments: Ely 

Fig. 6.7: Statically indeterminate reactions and moments due to thermal curvature, 

ry: (a) free rotation of simple beam due to temperature; (b) and (c) reactions and 

bending moment variation of statically indeterminate structure. 

Therefore, partial prestressing allowing cracking under the effects of service loads is 

recommended (Elbadry and Ghali, 1986; Ariyawardena et al, 1997), while providing 

sufficient nonprestressed steel to control cracking. 



6-4.2 Cracking due to temperature 

Consider a typical spa. of a continuous concrete beam (Fig. 6.8 a). The variation of end 

moments, M, due to an increase in temperature gradient, AT(Fig. 6.8 a), is shown in Fig. 

6.8 (b). Mincreases with AT, until the first crack occurs when M = Mc,,[, where M,i is the 

cracking moment at the weakest section. Just after cracking the member s-ess reduces 

as indicated by the moment drop in M (Iine AB in Fig. 6.8b). When A T  is increased 

further, M is increased proportional to the slope of line BC (equal to the mean sti&ess of 

a cracked member), which is less than the slope of line OA. When M reaches the next 

weakest section of the member the second crack occurs at M = M&. With the second 

crack the value of M again drops and the member e e s s  is M e r  reduced. The second 

crack occurs at a distance greater than S; &om the f b t  (Fig. 6.8 a), where S, is the crack 

spacing. The vale of S, depends on factors such as reinforcement area, bar diameter and 

spacing, bond quality between the concrete and the reinforcement etc. CEB-FIP MC90 

(1 990) gives empirical equations for S,. 

The process of cracking continues with increasing A T ,  until a stabihsed cracking pattern 

is obtained. Stabilised cracking rarely occurs in practise, because it requires very high 

value of AT. Analytical (Elbadry and Ghali, 1986; Ghali and Favre, 1994) and 

experimental (Ariyawardena et al, 1997) studies have been done to investigate this 

progressive crack development. 

The process of crack development in Fig. 6.8 (b) happens in the case of displacement- 

induced cracking, such as due to temperature and shrinkage. The other form of cracking 

is force-induced where, the applied moment remains constant when cracking occurs, but 

the displacements change according to the reduction in stiffness. The common case of 

this type of cracking is the statically determinate member subjected to increasing applied 

loads- The displacement-induced cracking may be diEcult to model analytically, 

especially when several displacements are to be controlled. The present analysis therefore 



calculates both the increase in nodal displacements and reduction in member end forces 

due to cracking. 

t nth crack 

I 3rd crack I 

Temperature 
variation 

Fig. 6.8: Development of cracking due to temperature gradient: (a) member 

subjected to temperature; (b) crack development 

6.4.3 Analysis of a concrete structure with external prestressing 

The same method used in time dependent analysis is employed to find the changes in 

strain and slress in concrete sections, nodal displacements and member end forces of a 

concrete structure due to temperature variations across the member depth. However, the 

effect of internal reinforcement needs to be considered in calculating the artificial 

restraining forces of a section as discussed below. 
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6.4.3.1 Artiticial restraining forces due to temperature in a reinforced concrete 

section 

To determine the change in internal forces {AZV, M.l), required to prevent the f?ee 

thermal strain (Eq. 6.48) due to a non-linear variation of temperature, a cross-section is 

divided into np concrete parts and nl reinforcement layers as shown in Fig. 6.9. A 

temperature variation is idealised as a series of np straight lines (Fig. 6.9). 

Reference point 
10 7 

Reinforcement tendon 
layer 

Cross-section 

H segments 
Y 

rh part 

Non-linear temperature 
variation 

idth, 

Fig. 6.9: Idealisation of non-linear temperature variation for section analysis 

The temperature at the level of the reinforcement can be calculated by inte~polation 

between the top and bottom values of temperature of a concrete part. The restraining 

stresses at the top and bottom of the concrete part are: 

where T-, and are the temperature rise at top and bottom of the ? concrete part. The 

contribution of the P concrete part to the forces MN, and dM, about 0 is given by: 



where Tax is the average temperature at the middle of the part i = 0.5(cl+ri); hi = depth 

of the part i; yi = distance measured downward kom the centroid of the ih part 

(considered as a trapezium) to the reference point 0. The restraining stress in any 

reinforcement layer j is expressed as: 

The contribution fiom the $ layer of internal reinforcements to the restraining forces, 

AMr and AM, in the section can be written as: 

where E* a* and A,. are respectively the modulus of elasticity, coefficient of thermal 

expansion, and area of reinforcement layerj. T,- is the temperature of concrete at the level 

of the reinforcement and yg is the distance of the layerj measured downward fiom 0 

(Fig. 6.9). The reinforcements may be of steel or fibre reinforced polymers (FRPs) and 

may be prestressed (bonded) or nonprestressed, 

One of the main dLfferences of the analysis between time dependent effects and 

temperature is this contribution of the internal bonded reinforcements to the restraining 

forces (Eqs, 6.62 and 6-63) of the section. 

The total change in restraining forces is then calculated by taking the summation of all 

concrete parts and reinforcement layers: 



These forces are generally constant along the member length, because the concrete 

members are assumed short and prismatic. Therefore, similar to the restraining forces 

determined for time dependent effects, the change in r e s t r e g  forces at ends of each 

r n e m b e r { ~ / } ~ ~ ~  in the local co-ordinate directions (Fig. 6.4) to prevent the member 

deformation due to temperature change can be obtained by: 

The superscript c represents concrete. Then. transform {u:} into global directions and 

assemble to determine the contribution of concrete members to the nodal force vector of 

the structure, { L W ~ ) ; ~ ~ , ;  where n is the number of nodes in the structure. The 

contribution of the effect of temperature variation of the external tendon to the structure 

nodaI force vector will be discussed next. 

6.4.3.2 Artificial restraining member end forces due to temperature in external 

tendon 

Since the internal unbonded or external tendon is exposed to the ambient conditions, the 

variation of temperature in the concrete does not affect the external tendon members. 

However, the ambient temperature change during the period of change in concrete 

temperature should be considered in the analysis. Let the change in ambient temperature 

during the period considered in the analysis be AT'. The Gree thermal strain and the stress 

in each tendon part (tendon length between two deviators or between anchorages) 

required to restrain this strain can be obtained by: 



where, Epand ap are modulus of elasticity and coefficient of thermal expansion of 

{ *}zl in the local directions required to external prestressing tendon. The end forces, dt;; 

prevent the displacements of each external tendon part (member) are thus equal to: 

{A6r*}ps = restrained {- Lo,o,~,o,o} 

where, A, is the area of the external tendon. 

Transform { ~ f } ~ '  for each tendon part into global directions and assemble to form the 

structure nodal force vector, {A&- Then the total structure nodal force vector is 

determined by: 

6.4.3.3 Calculation of structure nodal displacements, member end forces, section 

strains and stresses due to temperature 

The change in nodal displacements, {AD} 3nrl, of the structure due to - { ~ W , , } ~ ~ ~ ~ c a n  be 

determined by solving Eq. 6.32 using the Newton-Raphson iteration method as explained, 

for the analysis of the time dependent effects. Once } is known, the change in 

displacements at each member ends, member end forces, strains and stresses in concrete 

sections due to temperature can be determined using the same procedure explained for 

time dependent effects, with the following changes: 
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Instead of the age-adjusted modulus, E,, the modulus of elasticity of concrete, 

E,, at the time interval where the structure and section analyses are performed 

should be used. 

When calculating the stresses in reinforcements, the restraining stress calculated 

in Eq. 6.61 should be added to those determined fkom the strain in concrete at the 

level of the reinforcement layer. 

These changes are applicable for both uncracked and cracked sections, 

As shown earlier, the total concrete stresses due to temperature consist of self- 

equilibrating and continuity stresses. This total stress variation is usually non-Iinear due 

to a non-linear temperature variation. The nonlinearity occurs due to the self-equilibrating 

part of the stresses, the resultants of which is zero. When cracking occurs due to 

temperature, if the stress distribution is non-linear, Eq. 6.42 cannot be applied to find the 

decompression forces. However, since self-equilibrating stresses do not produce any 

resultants, ignoring this does not affect the calculation of decompression forces. 

It is M e r  assumed in the analysis that, even though h a l  stresses in the section due to 

temperature include self-equilibrating stresses, only the tensile stresses due to the 

statically indeterminate part of the final stress are considered in estimating cracking of 

the section. 

For the analysis of cracked section, the six-step procedure explained in section 6.3.7.4 for 

time-dependent analysis should be followed along with the assumptions mentioned above 

to calculate structure nodal displacements, member end forces, stresses and strains in 

concrete sections. 

The strain and stress in an external tendon can also be calculated using Eq. 6.41 with 

dZp, = 0 fkom the calculated end forces of the tendon. 



6.4.4 Step-by-step analysis 

As in time dependent analysis, the temperature is applied in small increments and for 

each increment a separate time interval is introduced. The advantage of this is that, since 

the temperature effects depend on cracking, by applying smaller increments the effect of 

cracking can be accounted for. The step-by-step analysis mentioned for time dependent 

effects can also be employed to determine the changes due to temperature, Thus, the total 

strain and stress at a mid-length section of a member can be determined simply by adding 

the changes occurring in time intervals. 

6.5 General 

The time dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressed reinforcements and temperature variations result in changes in strains and 

stresses in concrete and in reinforcements. The stresses in concrete due to time dependent 

effects are caused by the restraining effect provided by the presence of reinforcement and 

by the concrete parts cast at different ages. Nonlinear temperature variation produces 

self-equilibrating stresses and in addition internal forces in statically indeterminate 

structures- 

Statically indeterminate forces in concrete structures, constructed in stages, change with 

time resulting in changes in internal stresses in concrete and structure deflections. Creep 

of concrete results in a gradual reduction in internal forces and reactions due to support 

settlements in a continuous structure. 

StaticaIIy indeterminate forces due to temperature variations decrease with cracking. To 

account for cracking the temperature may be introduced in small increments. Separate 

time intervals are required for analysis of time dependent effects and temperature 

increments. 
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A &ep-by-step analysis 3s performed where the time is divided into intervals and each 

interval corresponds to an application of stress due to prestressing, external loads, time 

dependent or temperatme variation. A complete analysis is performed in each time 

interval and the final results are obtained by the summation of changes occurring in each 

time interval. 

A computer program has. been developed to implement the analysis presented in chapters 

5 and this chapter. This computer program is briefly described in the next chapter and is 

employed to verifjr the proposed method of analysis by comparing with experimental 

results. 



Chapter 7 

VERIFICATION OF THE PROPOSED METHOD OF 

ANALYSIS 

7.1 Introduction 

A computer program has been developed to perform the analysis explained in chapters 5 

and 6. The computer results are verified by comparison with experimental load-deflection 

and load-external tendon stress variations. Experimental investigations for the time 

dependent effects due to creep and shrinkage of concrete and relaxation of prestressed 

reinforcements, and for the temperature effects on concrete structures with external 

prestressing are scarce. A few examples of time dependent and temperature effects related 

to the behaviour of concrete beams with internal tendons are considered for the 

verification of the method due to lack of experimental studies related to beams with 

external tendons. The capabilities and hitations of the program will be discussed next, 

followed by the flowchart of the program and then the verification examples. 

7.2 Capabilities, deficiencies and limitations of the computer program 

The following summarises the capabilities of the computer program: 

Geometric nonlinearities including effect of axial forces on transverse deflections of 

members. 

Time-dependent and temperature effects. 

Prediction of deformation at service and ultimate failure loads. 

In addition to extemal prestressing, the program is capable of analysing the following 

cases of prestressing: 

- Internal bonded prestressing with post-tensioned or pre-tensioned tendons. 

- Internal unbonded post-tensioning. 



- A mixture of internal and external prestressing. 

The stress-strain relationships of concrete and reinforcements (nonprestressed or 

prestressed) can have any non-linear shape, which is modelled as series of straight 

lines as shown in Fig. 7.1. 

Stress Compressive 

-- 

Straight 
lines 

I 
1 
I 

Strain 

(a) Concrete 

A 
Stress Ultimate strength 

s& 

f Stress Failure stress '\ 
Yield stress Case 2 

C strain 

(b) Non-prestressed steel 

4 Stress 

Strain 

(c) Prestressed steel (d) FRP reinforcements 

Fig. 7.1: IdeaIisation of typical stress-strain curves of materials 

The nonprestressed or prestressed reinforcements may be steel, fibre reinforced polymers 

(FRPs) or a combination of both types. 



The analysis of concrete structures strengthened with FRP plate attached to the tension 

face. 

The bonding condition between the external tendon and the deviators may be fkee to 

slip with or without fiction, or be fully fixed (bonded case). 

Analysis of concrete structures with variable depth as shown in Fig. 7.2. The change in 

depth is modelled as members with constant depth as indicated by dashed lines in Fig. 

Fig. 7.2: Modelling of a structure with variable depth 

External prestressing can be applied at different time stages; this is usell when simple 

beams internally prestressed at time 6 are joined together by cast-in-situ joint and 

external prestressing applied at time t (>?I), as shown in Fig 7.3. Similarly, existing 

concrete structures can be strengthened and rehabilitated by subsequent application of 

external prestressing. 

The analysis of beams on an elastic foundation or the analysis of walls in a circular 

storage tank in the vertical direction. The elastic foundation is modelled as a series of 

spring supports of known stiffness. In the analysis of circular storage tanks, the 

cracking in the vertical direction is ignored. 



Cast-in-situ External prestressing 
joint (at age t2) (at age t2) Internal prestressing 

age t~ external tendon external tendon 

Fig. 7.3: External prestressing in stage construction 

The analysis of continuous concrete structures with settlement of supports. The 

support settlement, for example due to soil consolidation, may occur gradually with 

time, chanboing the support reactions and moments in the structure during the same 

time due to creep of concrete. 

As discussed in chapter 3, innovative structures have been constructed by replacing the 

concrete webs with steel webs and external prestressing. Typical cross-sections of such 

composite structures are shown in Fig. 7.4 (a). The program can be used to analyse this 

type of cross-section by dividing it into steel and concrete layers (Fig. 7.4 b); different 

layers of hown area of the steel are treated as if they are layers in a concrete section. 

Following are some deficiencies and limitations of the computer program: 

In the analysis, only nodal loads are considered; thus, the number of nodes and hence 

the number of members should be increased when u~liformly distributed loads are 

considered. Also, when analysing a structure with internal bonded or unbonded 

tendons, more deviators have to be introduced compared to external tendons to 

minimise the effect of eccentricity variations. This condition further increases the 

number of members in the structure. 
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sheet 

external tendons 

! 
I Concrete Iayer 

Reference 

Steel layers of 
known area 

Fig. 7.4: Analysis model of a composite steel-concrete cross section with external 

prestressing: (a) typical composite sections; @) modelling of a section 

Separate time intervals should be considered for instantaneous loading, time dependent 

effects and temperature effects. Also, the time intervals selected for time dependent 

and temperature effects should be short when effects cause cracking. 

One type of concrete is considered in the analysis. In practise, a cross-section or parts 

(segments) of the structure may consist of concrete types cast at different ages. The 

time dependent stresses and deflections of a structure are affected, when one concrete 

type is assumed. However, the effect of different concrete types on the ultimate 

behaviour of the structure is insignificant. 

Although a large number of members and time intervals result in increasing the size of 

input data and time spent to prepare the input file to the program, the availability of high 

speed computers reduces the running time of the program to a greater extent. 

The flow chart of the computer program is presented in Fig. 7.5. 



7.3 Verif~cation examples 

The proposed mdysis procedure will be verified by comparing the results of the analysis 

with those of experiments. Most of the experiments, which have been reported, are related 

to externally prestressed statically determinate structures, and for short-term loads, No 

experiments have been reported for temperature and time dependent effects on externally 

prestressed concrete structures. Thus, only beams with internal prestressing - bonded and 

unbonded - will be verified, 

7.3.1 Material properties 

In the verification examples, unless otherwise specified in experimental data, the 

foIlowing data calculated &om the CEB-FIP MC90 (1990) will be used in the analysis: 

- Stress-strain relationship of concrete (section 7.3.1.1) 

- The values of creep coefficient and shrinkage of concrete. 

- Flexural tensile strength of concrete,& (section 7.3.1 -2) 

- Modulus of elasticity of concrete depending on the age and temperature of 

concrete (sections 7.3.1.3 and 7.3.1.4). 

The following additional data are also assumed unless provided: 

- Stress-strain relations of non-prestressed and prestressed steel have the shapes 

given in Figs. 7.1 (b) and (c) respectively. 

- The modulus of elasticity of nonprestressed and prestressed steel are 200 and 

1 95 GPa respectively. 
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Fig 7.5: Flow chart of the computer program 
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Fig 7.5: Flow chart of the computer program (cont) 
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- For nonprestressed steel, the yield stress,& = 400 MPa 

- The coefficient P to  be used in interpolation coefficient <(Eq. 5.38) is equal to 

0.5. 

- Effective prestress given in verification examples 1 to 7 represents the stress in 

the tendon just before application of the external loads. 

7.3-1.1 S tress-strain relationship of concrete 

The uniaxial stress-strain (ac  -gC ) relationship, shown in Fig. 7.6 (idealised as in Fig. 7.1 

a) and given by the following equation, is used in the analysis: 

This equation is applicable for concrete strain, lgl c [ ~ ~ , ~ ~ ~ l .  Where a,= compressive 

stress in concrete in m a ;  E,= compressive strain in concrete; ~,~=0.0022; E,, = 

fcm/0.0022; f,, = mean compressive strength at age 28 days; Eci = tangent modulus of 

elasticity obtained by: 

The descending part AB of the stress-strain curve in Fig. 7.6 has been idealised in MC90 

(1990) as a straight line between the coordinates fm) and (ngCi ,0.2f,) ; where n 

depends on the value off,. The larger the value off, the smaller the value of n. 



Ecl & c * h  

Fig. 7.6: Stress-strain relationship of concrete to be employed in the analysis 

7.3.1.2 Tensile strength of concrete 

An accurate prediction of the tensile strength of concrete is more difficult than the 

compressive strength of concrete, because it depends on many factors such as, shape and 

surface texture of aggregates etc. The environmental effects such as  temperature variations 

and shrinkage may reduce the tensile strength. In the absence of measured values, the 

following equation (CEB-FIP MC90, 1990) giving the mean value for the axial tensile 

strength,& (MPa) is employed: 

where fcko = 10 MPa, and fck is the characteristic compressive strength measured using 

cylinders. hk is related to the mean compressive strength of concrete, f,,, at age 28 days 

as: 

f m = f c k + 8  MPa (7.4) 



7.3.1.3. Change in modulus of elasticity of concrete with temperature 

The effect of elevated or reduced temperature at the time of testing on the modulus of 

elasticity of concrete, at an age 28 days without exchange of moisture, E,jT), may be 

estimated by: 

Eci(T)=E,i(1-06-O~O03T/ G )  (7.5) 

where, E,,- = Modulus of eIasticity of concrete given in Eq, 7.2; T = temperature in degrees 

Celsius; To = I0C. 

7.3.2 Example 1: tests by Harajli et a1 (1999) 

Four simply supported externally prestressed beams of span length 3-0m have been 

selected from the experiments carried out by Karajli et a1 (1999). The beams are loaded at 

third points and have a T-shaped section as shown in Fig. 7.7. The selected beams have 

the following properties: 

(1) Two beams (T1S and T3S) have straight external tendons of same cross- 

sectional area and slightly different effective prestress, but different 

nonprestressed steel areas. The results thus, show the effect of the non- 

prestressed steel ratio on the ultimate behaviour. 

(2) Two beams (T2S and T2D), one with a straight external tendon (denoted by S) 

and the other with an external tendon deviated (denoted by D) at the mid-span 

section. Both beams have same cross-sectional areas of non-prestressed and 

prestressed steel and effective prestress. The results indicate the effect of 

eccentricity variation of external tendon on ultimate strength and ductility. 

The related experimental data are given below: 



External tendon 

350 

4 4 

~eviator \ External tendon 
125 
I 'T 3000 mm C 

125 

External 

1 I 1 . S - p r e s ~ e s s i n ~ ,  A~ 

p Nonpresressed 
127 ' steel, As 

Fig. 7.7: Details of simply supported externally prestressed beams (Harajli et al, 
1999) analysed in example 1: (a) beams TlS, T2S and T3S; @) beam T2D; (c) 
typical cross section 



Table 7.1: Experimental data for beams analysed in example 1 

Variable 

Concrete compressive strength (MPa) 

Effective prestress (MPa) 

Area of prestressing tendon (mm2) 

Tensile strength of prestressed tendon, f,, @Pa) 

Area of bottom nonprestressed steel, As, (d) 

Yield stress of nonprestressed steel, (Ml?a) 

The predicted load-deflection graphs for beams T1S and T3S are compared with 

experimental results in Fig, 7.8. The same comparison is shown in Fig. 7.9 for beams T2S 

and T2D. As expected, the sti-ess of beam TlS with less nonprestressed steel is smaller 

than that of beam T3 S after the first cracking (Fig- 7.8). The higher uItimate capacity of 

beam T3S compared to TlS (Fig. 7.8) may be partly attributed to the capacity provided by 

the additional nonprestressed steel and partly due to its higher yieId stress in beam T3S. 

The tendon in T2D has larger eccentricity than T2S. This can be the main reason for 

higher strength. 

The increase in external tendon stress with applied load is depicted in Figs. 7.10 (a) and 

7.10 (b) for beams T2S and T2D respectively. The analysis gives a larger tendon stress 

increase compared to the experimental results, especially for the beam with a central 

deviator (beam T2D). 

Beam designation 

TlS 

39.6 

788 

77 

1427 

226 

613 

T2S 

40.1 

935 

39 

1607 

340 

612 

T3S 

37.9 

747 

77 

1427 

462 

513 

T2D 

43.5 

93 1 

39 

1607 

340 

615 



Mid-span deflection (mm) 
Fig. 7.8: Variation of mid-span deflection with applied 
load for beams TlS and T3S 

Analysis WD) 

External tendon 

External tendon 

Mid-span deflection (mm) 
Fig. 7.9: Variation of mid-span deflection with applied 
load for beams T2S and TZD 
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Fig, 7.10: Increase in external tendon stress with applied 
load: (a) beam T2S; @) beam T2D 



7.3.3 Example 2: tests by Tan and Ng (1997) 

.Two beams have been selected &om the several simply supported externally prestressed 

beams tested by Tan and N g  (1997). The first beam has no deviators (beam TO in Fig, 

7.1 la) and the second one has two deviators located at third points in the span (beam T2 in 

Fig. 7.1 1 b). 

The data for the two beams are given in Table 7.2. The span-to-depth (Nd,,) ratio of beams 

is equal to 15- 

Table 7.2: Experimental data for beams analysed in example 2 

Variable 

Concrete compressive strength, @Pa) 

Effective prestress, (MPa) 

Tensile seen,& of prestressed tendon, m a )  

Area of top nonprestressed steel, A', (d) 
Area of bottom nonprestressed steel, A, (mm2) 

Area of prestressed tendon, A,, (mm2) 

Yield stress of top steel, (MPa) 

Yield stress of bottom steel, (MPa) 

The experimental and analysis results for the variation of mid-span deflection with applied 

load of beams TO and T2 are compared in Figs. 7.12 (a) and 7.12 @) respectively. In the 

beam T2, the fiction between the tendon and the deviators is assumed to be zero in the 

analysis. Figs. 7.13 (a) and 7.13 @) show the comparison of the variation of external 

tendon force with applied loads for the same beams-. 

Beam TO 

34.6 

I297 

1900 

201 

402 

110 

338 

530 

Beam T2 

28.7 

1182 

1900 

201 

402 

110 

338 

530 
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Fig. 7.11: Details of simply supported externally prestressed beams (Tan and Ng, 1997) 
analysed in example 2: (a) beam TO; (b) beam T2; (c) cross section at mid span 
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Fig. 7.12: Variation of mid-spm deflection with applied load for externally prestressed 
beam different number of deviators (a) No deviators WO); (b) two deviators (n) 
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Fig. 7.13: Increase in tendon stress with applied load for externalIy prestressed beams 
with different number of deviators: (a) no deviators; (b) two deviators 



As expected, the change in mid-span eccentricity of the external tendon with applied loads 

is very significant in the beam without deviators (beam TO) compared to the beam with 

two deviators (beam T2), as demonstrated in Fig. 7-14, The dashed line in this fi-pre 

represents the initial tendon eccentricity, which is equal to 200 mm. The larger deflection 

and increase in tendon stress at ultimate for beam T2 compared to beam TO may be 

attributed to the larger tendon eccentricity existing at ultimate for beam T2. 

The change in mean crack width (Eq. 5-35), can also be predicted closely by the analysis 

as given in Fig. 7.15. The mean crack width plotted in the figure is based on the average 

cracic spacing of 125 mm (Ghali and Favre, 1994). It can. be seen from these results that, 

the crack widths for both beams at the service load are well below 0.2 mm, which is 

usually the allowable crack width for prestressed concrete (CEB-FIP MC90, 1990). 

7.3.4: Example 3: tests by Arduini et a1 (1996) 

A simply supported concrete beam prestressed with aramid fibre reinforced polymers 

(AFRP) as external tendon has been tested by Arduini et a1 (1 996). The tendon is deviated 

at the third points by smooth semi-circular steel to rninimise the friction. The analysis thus 

assumes no friction between the tendon and the deviators. The data of the test beam is 

given in Table 7.3 and the tendon layout, beam dimensions and reinforcement derails are 

shown in Fig, 7.16. 

The change in mid-span deflection with applied loads at third points are depicted in Fig. 

7.17 (a). The experimental results indicate the failure of the beam occurs due to the 

rupture of the tendon before reaching the ultimate. This may be one of the main 

disadvantages of using fibre reinforced polymers as extzrnal tendons as discussed in 

Chapter 3. The increase in external tendon force with applied load for the beam in Fig. 

7.16 is shown in Fig. 7,27(b). 



Table 7.3: Experimental data for beam andysed in example 3 

Variable 

Concrete compressive strength, (MFa) 

Effective prestress force (IcN) 

Area of AFRP tendon, A,, (mm2) 

Area of top nonprestressed steel, A : (d) 
Area of bottom nonprestressed steel, A,, (d) 

Yield stress of nonprestressed steel, (MPa) 

Modulus of elasticity of nonprestressed steel, (GPa) 

Tensile strength of AFRP tendon, (MPa) 

Mod- of elasticity of AFRP tendon (GPa) 

7.3.5. Exampie 4: tests reported by Rezende-Martins (1989) 

Test results for a series of simply supported beams with extemal and mixed prestressing 

(both internal bonded and external tendons) cast monolithically and segmentally have 

been reported by Rezende-Martins (1989). The load is applied at quarter points and the 

external tendon is also deviated at these points (Figs. 7.18 a and b). Three beams are 

selected for the analysis to represent monolithic, segmental and mixed prestressed cases: 

value 

3 3 -8 

52 

142 

308 
J 

The first beam is monolithicaIly cast and externally prestressed with deviated steel 

tendons (beam M 6  in Fig. 7.1 8 a). 

The second beam is a segmental one with a segment length of 750 mm, externally 

prestressed with deviated steel tendons (beam NM2 in Fig. 7.18 b). 

The third beam is also monolithically cast but with mixed prestressing, which consists 

of a deviated external tendon and a straight internal bonded tendons (beam NM7 in 

Fig. 7.18 a). 

* 

308 

650 

205 

1260 

44 
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Fig. 7.14: Change in mid-span tendon eccenMcity with applied load 
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Fig. 7.15: Change in crack width with applied load 
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Fig. 7.16: Details of externally prestressed simple beam (Arduini et al, 
1996) analysed in example 3 
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Fig.7.18: Details of externally prestressed simple beams (Rezende-Martins, 1989) 
analysed in example 4: (a) monolithic beams NM6 and NM7; @) segmental beam 
NMZ; (c) cross section of beam NM2 and NM6; (d) cross-section of beam NM7 
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Table 7-4 gives the experimental data for each beam and in Fig. 7.18, the beam 

dimensions and prestressed steel layout are presented The cross sections for beams shown 

in Fig. 7.18 (c) and (d) show only prestressed steel for clarity. The beams NM6 and NM2 

have the same external tendon area but with different amounts of nonprestressed steel 

areas, while beams NM7 and NM6 have the same nonprestressed steel area and different 

amounts of prestressed steel areas. 

Since the experimental results reported do not explicitly indicate the bonding condition at 

the deviator and coefficient of fiiction, g three conditions between the external tendon 

and the deviator are employed in the analysis: no fiction (p = 0), 111 fixity (i-e. no slip), 

and p = 0.2. The beam NM6 is analysed for these conditions, which is useful to compare 

with experimental results and to verifL the capability of the present analysis method to 

account for fi-iction and slip at deviators. 

The change in mid-span deflection with applied load for beam NM6 is shown in Fig. 7.19 

for the three cases of bonding conditions at deviators. At lower load levels, all the cases 

show almost the same deflections, but at higher load levels, as expected, the case with no 

slip at deviators shows a smaller deflection compared to the other cases including the 

experimental results (Fig. 7.19). The closest prediction to the experimental results is 

obtained for the analyses with p = 0 and p =0.2. These two cases give almost the same 

deflections because at higher loads the tendon slips at the deviator and the effect of 

fiction becomes insignificant. 

The effect of slip can be seen clearly in the Fig. 7.20, where the variation of external 

tendon stress in part 1 (between the anchorage and the deviator) is plotted versus the 

applied load. The cases of no slip at deviators and ,u = 0.2, are identical between points 0 

and A. At point A, the slip between the tendon and the deviators starts. 



Table 7.4: Experimental data for beams analysed in example 4 

Variable 

Concrete strength&, (MPa) 

Beam designation 

NM6 

47 

814 

594 

280 

198 

205 

1849 

410 

280 

188 

2693 

56.5 

50 

56.5 

80 

56.6 

550 

- 

- 

Effective prestress force in external tendon 0 
Area of external tendon (mm2) 

Effective prestress force in intemal tendon (layer 1) 

Area of internal tendon layer 1 (d) 
Modulus of elasticity of tendon (GPa) 

Yield stress of tendon (MPa) 

Effective prestressing force in internal tendon (layer 2) 0 
Area of internal tendon layer 2 (mm2) 

Modulus of elasticity of tendon (GPa) 

Yield stress of tendon &Pa) 

Area of nonprestressed steel layer 1, AsI, (d) 
Depth of the layer fiom section top (mm) 

Area of nonprestressed steel layer 2, &, (d) 
Depth of the layer fkom section top (mm) 

Area of nonprescased steellayer 3, As3, (a) 
Depth of the layer fkom section top (mm) 

Area of nonprestressed steel layer 4, &, (d) 
Depth of the layer from section top (mm) 

Area of nonprestressed steel layer 5, hs, (d) 
Depth of the layer fkom section top (mm) 

Yield stress of nonprestressed steel, (MPa) 

NM2 

42-3 

NM7 

47 

Modulus of elasticity of steel, (GPa) 

1619 

L188 

- 
- 
- 

- 

- 
- 
- 
- 

198 

56.5 

50 

56.5 

80 

56.6 

550 

- 

- 

628-4 

25 

628.4 

50 

314-2 

225 

314.2 

525 

549.8 

575 

477 
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Fig. 7.19: Change in midspan deflection with applied load for externalIy 
prestressed beam with difllerent conditions at deviators (NM6) 
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appIied load for different conditions at deviators (NM6) 
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The slip of the external tendon at the deviator with applied load is plotted in Fig. 7.2 1- The 

value of the slip at the two deviators is equal and opposite because of symmetry of the 

structure. The maximum slip value is found to be 2.8 rnm, unfortunately, no experimental 

data is available to verifjr this value. The shapes of the curves in Fig. 7.21, however, are 

similar to the analytical predictions obtained by Rezende-Martins et a1 (1993) for deviator 

slips in a continuous symmetric structure. 

The load-rnidspan deflections of beams NM7 and NM2 are given in Figs. 7.22 and 7.23, 

The capability of the analysis in predicting the behaviour of a beam with mixed 

prestressing (external and internal bonded) is demonstrated in Fig. 7.22. The analysis is 

performed assuming no fiction between the tendon and deviators, because, as explained 

earlier, this case is closer to the experimental results towards ultimate loading due to 

slipping at deviators. 

The load at which the first opening of the joint in segmental beam N M 2  can be accurately 

predicted as shown in Fig. 7.23. As expected, this predicted load is smaller than the load 

that produced fist cracking in beam NM6 (360 kN compared to 440 kN). Also, the beam 

NM2 fails at a smaller predicted load than beam NM6 (610 kN compared to 628 kN). The 

ductility of the segmental beam is however larger than both beams NM6 and MLII7. 

The failure of all three beams occurs due to yielding of internal andlor external 

the same failure mode is predicted by the analysis. 
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Fig. 7.21: AnaIytical results of slip at deviators with applied 
load (friction coefficient, CL = 0.2) for beam NM6 
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Fig. 7.23: Variation of mid-span deflection with applied load 
for segmental beam with external prestressing (beam NM2)  



7.3.6 Example 5: tests by Matupayont et a1 (1995) 

A two-span continuous externally prestressed concrete beam has been tested by 

Matupayont et al. (1995) and by Aravinthan et al. (1995). The reinforcement layout, 

structure and section dimensions, and load configuration are shown in Fig. 7.24. Table 7.5 

gives the experimental data used in the analysis. The stress-strain relationship of concrete 

empIoyed is shown in Fig. 7.25. 

Table 7.5: Experimental data for beam analysed in example 5 

Variable 

Concrete compressive strength, f:, @Pa) 

Area of top nonprestressed steel KS, (d) 
Area of bottom nonprestressed steel, As, (d) 

No friction is assumed between the tendon and the deviators. The variation of deflection 

and the increase in tendon force with load are shown in Figs. 7.26 and 7.27. The failure of 

the beam occurs when concrete crushes (concrete strain at crushing = -0.0035) at the mid- 

span section while the concrete strain at central support section exceeds -0.0035. The 

analysis also gives the same failure mode as observed in the experiment. 

Value 

38.8 

266 

266 

The concrete beams considered in the following examples have internal unbonded or 

bonded prestressing tendons. As discussed in Chapter 5, the intemaI tendons can be 

modelled as external tendons, but with deviators provided at regular intervals to minimise 

the eccentricity variations. 

Effective prestressing force, (kN) 

Area of external tendon, Ap, (nunL) 

Ultimate strength of prestressing, f,, (MPa) 

177 

198 

1750 





Stress ( m a )  

40 

30 

20 

10 

0 Strain 

Fig. 7.25: Stress-strain relationship of concrete used in 
the analysis of beam in example 5 

Also, in the case of internal bonded tendons, full fixity is assumed at deviators, whereas 

for internal unbonded tendons, fiee slipping is assumed between the tendon and the 

deviators. In example 5, the internal bonded tendons in beam NM7 have been modelled in 

the same way. 

7.3.7. Example 6: tests by Maissen (1997) 

A Series of two-span continuous prestressed concrete beams with internal prestressing has 

been tested by Maissen (1997). A carbon FRP (CFRP) tendon having parabolic profile is 

used (Fig. 7.28). Two beams of this series are analysed: the f h t  beam is prestressed with 

an internaI bonded tendon @earn DTR4) and the second with internal uobonded tendon 

(beam DTR3) having the same parabolic tendon profile. The span-to-depth (section 

height) ratio of these beams is 16. The beam dimensions, reinforcement layout and loading 

arrangement are shown in Fig. 7.28. Table 7.6 gives the data required in the analysis. The 

concrete strength has been given in terms of cube strength and thus, equivalent cylinder 

strength is determined by multiplying the cube strength by 0.8. The cube strengths 

reported are equal to 57.8 MPa and 51 MPa for beams DTR4 and DTR3 respectively. 
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The predicted ultimate load and the deflection are compared with the experimental values 

in Fig. 7.29 for the beam DTR4. The faiIure of these beams occur when the strands rupture 

at the centre support section. The same failure was predicted by the analysis. 

The load-midspan deflection of the beam with internal unbonded tendon (beam DTR3) is 

shown in Fig. 7.30. The ultimate load can be predicted accurately, although the ultimate 

deflection determined by the analysis is smaller than that of the experiment. The main 

difference between the two curves is in the portion AB, which indicates a larger 

experimental increase in deflection for the same load increment. This behaviour has been 

obtained in the experiment by controlling the displacements. The procedure of controlling 

the displacements during the experiment has not been explained. 

Table 7.6: Experimental data for beams analysed in example 6 

Variable 

Effective prestressing force (kN) 

Area of CFRP prestressed tendon, A,, ( m d )  

Area of the prestressing duct (mm2) 

Modulus of elasticity of CFRP tendon (GPa) 

Ultimate strength of CFRP (MPa) 

Values for beams 

DTR4 or DTR3 

501 

456 

2923 

140 

2170 

Area of nonprestressed steel layer 1 (mm2) 

Area of nonprestressed steel layer 2 (m.rn2) 

Area of nonprestressed steel layer 3 (mm2) 

113.1 

157.1 

113.1 



Fig. 7.29: Change in mid-span deflection with applied Load for 
continuous beam with internal bonded tendon (beam DTR4) 
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Fig. 730: Change in mid-span deflection with applied load for 
continuous beam with internal un bonded tendon (beam DTR3) 



7.3.8 Example 7: tests by Campbell and Rizkalla (2000) 

Three simply supported beams prestressed with internal Leadhe FRP tendons have been 

tested at Queens University by Campbell and Rizkalla (2000). Leadline is a carbon fibre 

reinforced polymer which, like other FRP materials, has a linear elastic behaviour up to 

failure. The nonprestressed tensile reinforcement consists of stainless steel bars, having 

the stress-strain characteristics shown in Fig. 7.3 1. 

Stress (MPa) 

800 

v +--7 
Final value 
(0.3553, 762) 

i I 

0 0.005 0.01 0.015 0.02 

Strain 

Fig. 7.31: Stress-strain reIationship of stainless steel bar 

The beam and section dimensions, reinforcement layouts and Ioading arrangement are 

shown in Fig. 7.32. Three beams, which have the same span length of 3300 mrn, are 

classified according to the bond conditions (see Fig. 7.32) of the internal tendon as 

follows: 

Beam 1: The internal tendon is unbonded in the central region of length 1600 mm, while 

the remainder of the tendon length is bonded. 

Beam 2: Similar to beam 1, but the unbonded length equal to 600 mm- 

Beam 3: The entire internal tendon length (3300 m . )  is bonded. 
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Fig. 7.32: Details of test beams (Campbell & Rizkalla, 2000) with 
variably bonded internal tendon analysed in example 7 
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The material properties for the three beams are the same, as given in Table 7.7: 

Table 7.7: Experimental data for beams analysed in example 7 

VariabIe 

Compressive strength of concrete (MPa) 

Area of Leadline tendon (md) 

Modulus of elasticity of Leadline (GPa) 

Ultimate strength of Leadline m a )  

Area of top compression steel (d) 
YieId strength of compression steel (MPa) 

Area of stainless steel (d) 

Effective prestressing force 

According to the given data, the stress-strain relation of concrete is assumed as in Fig. 

7.25. 

Value 

40 

92.2 

189- 1 

2950 

17.7 

500 

200 

111.4 

Figs. 7.33 to 7.35 show the variation of mid-span deflection with applied load for beams 1 

to 3 respectively. These figures indicate that the behaviour of the beams up to ultimate can 

be predicted using the proposed analysis method The predicted failure of the beams is by 

crushing of concrete. For beams 2 and 3, the analysis shows that, the stress in the tendon 

at the mid-span section at concrete crushing is almost equal to the failure stress of the 

tendon. In the experiment, the failure of the beams is reported to have occurred due to the 

rupture of the tendon. 

Both experiment and analysis indicate that the ultimate moment and deflection of beam 1 

are slightly smaller compared to beams 2 and 3 (compare Fig. 7.33 with Figs. 7.34 and 

7.35). The benefits of bonding the tendon to concrete can be seen fiom this comparison. 
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Fig. 7.33: Variation of mid-span deflection with applied load for simple 
beam with mbonded length of tendon = 1600 mm 
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beam with unbonded length of tendon = 600 mm 
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7.4 Time dependent and temperature effects 

As discussed earlier, experimental results for time dependent and temperature effects on 

externally prestressed concrete structures are not available. Thus, two experiments with 

internal tendons are selected for the verification of the time dependent and temperature 

behaviour. In the third example, the predicted time dependent behavior is compared with 

the results of two plane frame programs as presented in the first example. 

In the analysis of the beams in the preceding examples, only two load stages are sufficient: 

in the first load stage, the prestressing and self-weight are applied, and in the second, the 

external applied load is introduced. In the case of time-dependent and temperature 

analysis, since the total time is divided into intervals and in each interval or a load stage 

temperature increments or time dependent properties are introduced. Linear material 

properties are assumed during the time-dependent and temperature analysis accounting for 

cracking. 

7.4.1 Example 8 (Elbadry and Ghali, 2000) 

The structure to be analysed is an idealisation of a cable-stayed cantilever (Fig. 7.3 6). It is 

required to determine the instantaneous deflection of the beam at point A, just after 

removaI of forms, due to the effect of weight of the beam plus prestressing force in the 

cable. Also the changes in deflection at the same point and tension in the cable due to time 

dependent effects are required. The data used in the analysis is given in Table 7.8: 

In this example, two load stages are sufEcient in the analysis: in the first load stage the 

weight of the beam plus the effect of cable force is introduced, and in the second stage the 

time dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressed steel are taken into account. 



Table 7.8: Data for structure analysed for time dependent effects in example 8 

Variable 

Modulus of elasticity of concrete (GPa) 

Initial prestressing force on cable (kN) 

Area of the cable (mrn2) 

Modulus of elasticity of cable (GPa) 

Area of the beam (mL) 

Moment of inertia of the beam (m4) 

Self weight of beam (kN/m) 

Creep coefficient of concrete 

Shrinkage of concrete 

Relaxation of prestressing cable @!@a) 

The analysis ignoxes the effect of internal reidorcement in the beam, so that the results 

can be compared with results of m analysis using the programs PLANEF (Ghali, 1985) 

and NLPF (Ghali, 1 994). 

Value 

25 

240 

250 

200 

1 

0. I 

25 

2 

-300x 10" 

-50 

The uniformly distributed load is considered as forces applied at the nodes. Since the 

beam is subjected to an axial force due to prestressing, geometric nonlinearity is important 

in the analysis. Thre results of a linear uncracked analysis, a non-linear uncracked analysis 

and a proposed analysis are compared in Table 7.9. For the h e a r  and non-linear analyses 

the programs PLPrNEF and NLPF are used respectively. The difference between the two 

programs is that WLPF takes into account the geometric stiflhess matrix (section. 5.8) and 

the effect of axial force in the flexural stiffness of a member (Ghdi and Neville, 1997). 

Both these programs have been extensively used and verified by many users at the 

University of Calgary. 
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Fig. 7.36 : A cabIe-stayed cantilever (Elbadry and Ghali, 2000) in 
example 8 
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Fig. 7.37 : Details of continuous beam (Kountouris, 1970) analysed in 
example 9 



Table 7.9: Comparison of exact answers with proposed analysis 

Instantaneous deflection at A (mm) 
- 
Time dependent change in 

deflection at A (mm) 

Time dependent change in cable 

tension @N) 

It can be seen fiom the above results that, the nonlinear analysis and the proposed method 

give almost the same values, indicating the capability of the proposed method to account 

for the time dependent effects and geometric nonlinearity due to the effect of axial force. 

It should be mentioned here that, for the programs PLANEF and NLPF, two separate runs 

of the programs have to be done for instantaneous and for time dependent effects. The 

basis of the procedure of the analysis is explained in Elbadry and Ghali (2000). 

Linear 

analysis 

Using 

PLANEF 

-1.82 

0.2 1 

-24.7 

7.4.2 Example 9: tests by Kountouris (1970) 

The change in support reaction with time has been studied by Kountowis (1970). In the 

study, four two-span continuous beams have been subjected to a sudden and gradual 

Non-linear 

analysis 

using 

NLPF 

-1 -68 

0.41 

-24.3 

settlement of the central support. Each beam had a rectangular cross section 4"x 8" 

Proposed 

analysis 

-1 -65 

0.41 

-24.3 

(100x200 mm), spa. length = 3 ft (910 mm), and was post-tensioned by an internal 

unbonded bar, A, = 0.442 in2 (285 mm2), located at the centroid of the concrete section, 

with an prestressing force of 33 kips (147 icN). The beam dimensions and other details are 

shown in Fig. 7.37. 



Two of the beams tested are selected in the present analysis: a beam with support 

settlement applied suddenly and a beam with support settlement introduced gradually in 

seven equal steps within seven days. In the first beam, the sudden settlement equals to 

0.03 in. (0.76 mm) is applied at the concrete age of 11 days. The second beam is subjected 

to a gradual settlement, with each settlement increment equals to of 0.005 in. (0.13 mm) 

up to a total settlement of 0.035 in. (0.89 mm). This gradual settlement is applied at 

concrete ages of 11, 1 l;, 1 12, 12$, 13f, 15 and 18 days. 

The prestressing force was sufficient to prevent any cracking during the experiment. Also, 

since there were no bonded reinforcements and the tendon is located at the centre of the 

cross section, the effect of shrinkage of concrete and relaxation of prestressed steel do not 

have any effect on the reaction of the central support. Therefore only time dependent data 

used are the variation of creep coefficient and concrete modulus of elasticity with time. 

The variation of creep coefficient, cp(t,to), and concrete modulus of elasticity, Ec(t), used in 

the analysis are given by: 

where is the age of concrete at the first application of settlement, i.e. 11 days; t is the 

time in days that the above values are calculated; the analysis is performed until t = 300 

days. 

Fig. 7.38 shows the variation of the support reaction with time, for analysis and 

experiment, when the settlement applied suddenly. In the analysis of the beam, ten load 

stages are considered; the first load stage corresponds to the prestressing and application 

of the support settlement. 



Fig. 7.38: Variation of the reaction at the mid support with time in a 
two-span member subjected to a sudden settlement of support 



The remaining load stages represent the time period between t = 11 days and 300 days 

which has been divided in to nine time intervals. 

In Fig. 7.39, the variation of the centre reaction with time for the case where the support 

settlement is applied in seven equal steps in seven days is compared with the experiment. 

Eighteen load stages are required in the analysis because, in addition to dividing the time 

period, seven load stages have to be considered to apply the incremental settlement. 

The comparison presented in Figs. 7.38 and 7.39 shows the capability of the proposed 

method to predict the variation of the support reaction with time in a continuous beam due 

to a support settlement (either sudden or in increments). It can also be concluded from 

these figures thzt, the reduction in reaction with time is larger when the support settlement 

is introduced suddenly compared to a gradual settlement. 

It is interesting to investigate the variation of reaction with time when the internal tendon 

is replaced by an external one anchored at the ends without deviators. A similar analysis 

reveals that, if the tendon is external, the reduction in reaction is slightly larger. This is 

because, when the beam settles, the external tendon remains in its original position 

(straight) resulting in a statically indeterminate negative moment at the support. 

7.4.3 Example 10: tests by Ariyawardena et a1 (1997) 

An experimental program has been carried out by Ariyawardena et al. (1997) by 

subjecting a series of nonprestressed and prestressed concrete beams to a temperature 

gradient across the beam depth whiIe restraining the end rotations. This results in 

temperature induced moments at the beam ends, simulating an internal span of a 

continuous structure. A prestressed concrete beam of this series has been selected in the 

analysis as shown in Fig. 7.40. The beam cross section, reinforcement layout, support 

conditions and the typical temperature variation across the beam depth are also shown in 
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Fig. 7.39: Variation of the reaction at the mid support with b e  in a 
two-span member subjected to a gradual sefflement of support 
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Fig. 7.40: Details of prestressed concrete beam subjected to temperature 
gradient (Ariyawardena et al, 1997) analysed in example 10 



this figure. The beam is concentrically prestressed at time 4 days with an internal bonded 

tendon. The initial end moments and temperature are applied at t = 14 days. Initial end 

moments are applied in the same direction where the moment due to temperature occurs to 

simulate the effects of loads on the structure just before the temperature- The experimental 

data for the beam is given in Table 7.10. 

Table 7.10: Experimental data used in the analysis of beam for temperature 

effects in example 10 

Variable 

Modulus of elasticity of concrete at time of prestressing (GPa) 

Modulus of elasticity of concrete at time of initid moment (GPa) 

Jacking force in the tendon (kN) 

Area of internal tendon (mm2) 

Time dependent properties of creep and shrinkage of concrete and relaxation of 

prestressed steel have also been measured in the experiments. The creep coefficient used 

in the andysis is obtained fkom these measured values, which also depends on the 

temperature of concrete. The variation of modulus of elasticity of concrete with 

temperature has been obtained by Eq. 7.5. 

Linear materia1 properties are assumed in the analysis; but nonlinarities due to the effect 

of cracking and creep of concrete are taken in to account. Nineteen time intervals have 

been employed in the analysis to represent the effects of prestressing, initial loading, 

Value 

28 

32 

125 

99 

' 

Area of top nonprestressed steel (d) 

Area of bottom nonprestressed steel (mm2) 

Coefficient of thermal expansion of concrete (CO-') 

Coefficient of thermal expansion of steel (cO-I) 

200 

200 

1 Ox10-~ 

12x10" 
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temperature increments and time dependent effects. Eight and nine time intervals 

respectively are used to determine the temperature and time dependent effects. 

The variation of end moment with thermal curvature &om the analysis is compared with 

the experiment in Fig. 7.41. The thermal curvature, AWL, is defined as: 

where a;: = coefficient of thermal expansion of concrete; A T  = temperature difference 

between the top and the bottom faces of the beam (see Fig. 7.40); h = depth of beam = 250 

IZ1II1, 

The drops in moment in Fig- 7.41 for both the experimental and analysis results 

correspond to the occurrence of cracking. These drops do not coincide because, in the 

analysis (see chapter 6), the tensile stresses which produce cracking are overestimated. 

Also in the same figure, the linear elastic uncracked analysis ignoring the effect of creep is 

shown for comparison. The effect of creep seems to be more significant than the effect of 

cracking; which is also codinned by the analysis. 

7.5 Comparison of code equations with the analysis 

The code equations (section 4.5) to predict the ultimate stress in internal unbonded tendon 

are compared with the analysis. The beam in Fig. 7.42 (a) (Du and Tao, 1985) is analysed 

when the tendon is internal unbonded, and external with two deviators and no deviators. 

The external tendon is assumed unbonded at deviators. The material properties are given 

in Fig. 7.42 (b). 

The code equations are used without material resistance factors. From the comparison in 

table 7.11, it can be seen that all the code equations are very conservative in predicting the 

change in tendon stress Afp at ultimate, while the proposed analysis gives closer values, 
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compared to test results (Du and Tao, 1985). When the same beam is analysed by 

replacing the internal unbonded tendon with an external one a smaller value for Afpsis 

obtained compared to internal unbonded tendons. The vaIues for codes are not entered in 

Table 7.1 1 (indicated as N/A) as  the code equations are intended for internal unbonded 

tendons. The value ofAfps is considered to be zero in CEB-FIP MC90 for internal 

unbonded or external tendons. However, the code-predicted values are still smaller than 

the worst case in which the beam has no deviators. 

Initial prestress of 
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M P a  

(a) 
26 
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Fig. 7.42: Beam used in comparison of code predictions with 
analysis: (a) beam data; (b) material properties 



Table 7.11: Comparison of change in tendon stress at ultimate 

7.6 General 

Test 

Analysis 

ACI 318 

CSA A23.3- M94 

CEB-FIP MC90 

The proposed method of analysis explained in chapters 5 and 6 to determine the behaviour 

of externally prestressed concrete structures has been verified by comparing with 

experimental results. A flowchart of the computer program used in the analysis is also 

presented. The following capabilities of the computer program have been verified by the 

analysis of ten examples presented in this chapter: 

Nonlinearity 

- Nonlinearities due to material, geometry and cracking. 

- Use of any non-linear shape for stress-strain curves of materiais. 

Af ps W a )  

External 
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- 
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- 
514 

NIA 

NIA 
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AASHTO 
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DLfferent types of prestressing 

- Prestressing with external, internal or both external and internal tendons (mixed 

systems), 

Different types of reinforcements 

- Use of steel, fibre reinforced polymers (FRPs) or both steel and FRPs as 

reinforcements- 

Condition at deviators 

- External tendon is M y  bonded, W y  unbonded (eee slip without fiction) or slips 

with fiction at deviators. 

- Calculation of tendon slip at deviators. 

Behaviour of precast segmental beam 

Time dependent and temperature effects 

- Effect of support settlements including time variation of reactions. 

- Analysis for time dependent and temperature effects including cracking. 

The computer program will be employed in the next chapter to perform comparative 

studies on the service and ultimate behaviour of beams using: different bond conditions at 

deviator, steel or carbon fibre reinforced Polymers as prestressing reinforcement, different 

number of deviators, and monolithic or precast segmental construction. 



Chapter 8 

EFFECT OF SOME VARIABLES ON THE BEHAWOUR 

OF EXTERNALLY PRESTRESSED BEAMS: AN 

ANALYTICAL STUDY 

8.1 Introduction 

Most of the experimental and analytical results reported in the literature on the behaviour 

of externally prestressed concrete structures are based on beams which are relatively 

short (span-to-depth ratio is less than 15). Also, the conclusions of these studies are not 

convincing and sometimes contradictory. The change in external tendon force and 

corresponding deflection of the structure due to time dependent effects of creep and 

shrinkage of concrete and relaxation of prestressing steel are not known. Thus, the 

analysis method described in chapters 5 and 6 is employed in the present chapter to study 

the effect of some important factors on the behaviour of externally prestressed concrete 

beams. 

The effects of the following variables on external tendon force and deflection at 

serviceability and ultimate will be studied in this chapter: conditions of bond at deviators 

on simple, continuous and precast segmental beams, type of external reinforcement such 

as steel or carbon fibre reinforced Polymers (CFRPs), arrangement of deviators, and 

anchorage slip at transfer of prestress. In addition, the time dependent effects on 

deflection and tendon stress is studied by changing the number of deviators and bonding 

conditions at these locations. 

The presentation is divided into four studies. In the fist study a simple beam is used with 

a span-to-depth ratio (Z/dp) of 19; where d, = initial depth of external tendon. A simple 

beam in the second study has the same ratio equal to 17 and a continuous three span 
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be& with NdPe = 24 and 16 at mid span and end spans respectively is considered in the 

third study. The same beam used in the first study is employed in the forth one on time 

dependent effects. The material properties of concrete and reinforcements are kept 

constant for all the studies. Therefore, the Ndpe for beams in this study is more in the 

practical range than most of the work reported in the literature, especially for simply 

supported beams. 

8.2 Outline of the proposed study 

As discussed in chapter' 2, there are two external prestressing technologies depending on 

the two bond conditions at deviators. In these conditions, the external tendon is bonded 

(no slip) or unbonded (fiee slip) at deviators; fiee slip implies that the deviator has no 

fiction. Most of the experimental work explained in chapters 4 and 6 are related to the 

second condition. The main concern in the proposed study is to compare the behaviour of 

beams according to these two conditions of bond. 

The effect of variation of external tendon eccentricity on ultimate strength is studied by 

comparing the behaviour of beams with and without deviators. It is also interesting to 

study the behaviour of concrete structures with steel or CFRP as external tendons. With 

steel tendons a bilinear stress-strain relationship can be typically employed; but with 

CFRP the stress-strain relationship is hear up to failure. The significance of this study is 

to see the effect of stress-strain relationships on ultimate strength and ductility. The 

influence of joint opening in precast segmental externally prestressed beams on ultimate 

behaviour will be compared with monolithic beams. 

This study is also intended to complement the previous findings of the behaviour of 

externally prestressed concrete structures, as discussed in chapter 2. 



8.3 Material properties 

The stress-strain relationship assumed for concrete is given in Fig. 8.1 (a). Two steel 

types are employed for nonprestressed reinforcements, one is stainless steel (stress-strain 

relation as in Fig. 8.1 b) and the other has an elastic-plastic stress strain relation with 

yield stress = 400 MPa and modulus of elasticity = 200 GPa. The ultimate strengg of 

FRP and its modulus of elasticity are respectively equal to 2300 MPa and 150 GPa 

(representing a carbon FRP tendon). The ultimate strength and modulus of elasticity of 

prestressed steel are assumed equal to 1860 MPa and 195 GPa respectively, with a stress 

at yielding taken as 90 percent of ultimate (Fig. 8.1 c). 

8.4 Study 1: simply supported beam with straight tendon 

The purpose of the study is to investigate the effect of the following variables on the 

member deflection and tendon stress: 

Number of deviators: Beams with number of deviators equal to eleven and two 

are compared against a beam without deviators. 

Type of prestressed reinforcement: steel or carbon fibre reinforced polymer 

( C W )  

A simply supported beam externally prestressed with straight tendon, subjected to third 

point loading is considered. The data and details of the beam are given in table 8.1 and 

Fig. 8.2 respectively. 

In the analysis to be presented, the failure criteria of beams is assumed as yielding of 

prestressed steel or crushing of concrete whichever occurs first. After yielding of 

prestressed steel, very large deflections of the beam associated wi* concrete crushing 

results in convergence problems. 
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Fig. 8.1: Stress-strain relationships: (a) concrete; (b) stainless steel; (c) prestressed 
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Table 8.1: Data used to analyse the beam in study 1 

Variable 

Initial prestressing force (kN) 

Area of steel or CFRP prestressing tendons (mm2) 

Area of top nonprestressed steel (d) 
Depth of top steel fiom top of section (mm) 

Area of bottom stainless steel (mm?) 

Depth of bottom steel f?om top of section (mm) 

8.4.1 Effect of number of deviators 

Value 

151.8 

1 10.0 

56-6 

29.0 

200.0 

248.0 

(a) Beams with no slip at deviators 

It can be seen in Fig. 8.3 (a) that, the ultimate strength and ductility of the beam without 

deviators are substantially smaller than those provided with two and eleven deviators. For 

the same applied load, the change in tendon stress at mid-span is also smaller for the 

beam without deviators compared to beams with deviators (Fig. 8.3 b). As expected, 

when the tendon is bonded at deviators, the largest increase in tendon stress occurs at the 

Span-to-depth ratio (lld,d 

Self weight of beam (@Urn) 

19.0 

1.07 

Location of deviators: 

Eleven deviator case 

Two deviator case 

Every 350 mm 

One-third points 





I 

Two deviator case = third points 

1 - -  

. \Deviators/ 
4200 mm 

I I I I 1 I 

10 20 30 40 50 60 
Mid-span deflection, (mm) 

(a) 

Eleven & two 

prestressed steel 

4200 mm 

Two deviator case = third points 
Eleven deviator case = 350 mm spacings 

Fig. 83: Effeet of number of deviators with no slip: (a) 
load-defledion; (b) load-change in tendon stress at mid-span . 
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mid-span section. On the other hand, when there are no deviators, the increase in stress in 

the tendon is smaller and constant between anchorages, thus reducing the load carrying 

capacity. This inferior performance of the beam without deviators can be mainly 

attributed to the large loss of tendon eccentricity of this beam as shown in Fig. 8.4. 

fi) Beams wiIh free slip at deviators 

Similar to case (a), larger ultimate strength and deflection can be obtained when a beam 

has two or more deviators, compared to a beam without deviators (Fig. 8.5 a). However, 

the differences between the increase in tendon stress for the three beams are smaller 

unlike in case (a) (compare Fig. 8.5 b with 8.3 b). This is because, when the tendon is 

fiee to slip at deviators, the force in the entire length of tendon between its anchorages is 

constant, resulting in a smaller increase in tendon stress. 

It can be concluded fiom sections (a) and (b) that, externally prestressed beams provided 

with at least two deviators have small loss of tendon eccentricity and thereby relatively 

high ultimate strength and improved ductility. The same conclusion is valid for beams in 

which CFRP is used as an external tendon as can be seen in Figs. 8.6 and 8.7. 

In the remainder of the analysis, beams with two deviators are considered because as can 

be seen in Figs. 8.3 and 8.5, the analysis results for eleven and two deviator cases are 

almost the same. 

8.4.2 Effect of type of prestressing reinforcement 

(a) Beam with no slip at deviators 

The beam with a CT;RP tendon has larger ultimate load compared to the same beam with 

steel tendon having the same tendon cross sectional area (Fig. 8.8 a). 
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This is because, in the beam with steel, after the tendon yields, the stifkess is greatly 

reduced. This results in a larger deflection for smaller increase in load and tendon stress 

leading to failure by crushing of concrete. However, due to the high strength of CFRP 

bars and its linear elastic behaviour, the beam with CFRP tendon has larger stifhess until 

crushing of concrete. This larger increase in stress in a CFRP tendon compared to a steel 

tendon can be evidenced in Fig. 8 -8 (b). 

Experimental studies (chapter 2) have indicated that, when FRPs are used as external 

prestressing, premature failure of tendon may occur due to high transverse pressure on 

the surface of the tendon at deviators and anchorage locations. The above analytical study 

implies therefore that, when the technology can prevent such local failures, the structure 

will benefit from the intrinsic high strength of CFRP tendons. A s  discussed in chapter 2, 

some researchers (Grace and Abdel-Sayed, 1998) are heading in this direction by 

providing cushion material at deviators and using large deviator diameters etc, to reduce 

this premature breakage. 

(b) Beams with tendon free to s l i~  at deviators 

Interestingly, when the tendon is fkee to slip at deviators the behaviour of beams does not 

show a significant difference in strength whether the external reinforcement is steel or 

CFRP. This can be seen in Fig. 8.9 where the ultimate strength and the corresponding 

increase in tendon stress are almost the same irrespective of reinforcement type. The 

reason for this behaviour is maidy attributed to the free slip condition at deviators. 

Because of this, the increase in tendon force with applied load is small, resulting in 

failure of beams by concrete crushing. Thus the advantage of the high strength of CFRP 

cannot be utilised. As a result the ultimate load and deflection of the beam with CFRf 

tendon are smaller than for the same beam in case (a) where the tendon is bonded at 

deviators. 
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8.5 Study 2: simply supported beam with deviated tendon 

The purpose of this study is to investigate the effects of the following: 

Type of construction: monolithic or precast segmental with dry joints. 

Conditions of bond at deviators: no slip and fiee slip conditions, ~ c t i o n  and 

associated slip. 

Loss of prestress due to anchorage set. 

A simply supported beam loaded at one-third points and externally prestressed with two 

deviators located at third points (see Fig. 8-10) is used in this study. For the precast beam, 

the length of segments is 3 m and they are assembled as dry joints. The data used in the 

analysis and details of the beam are shown in Table 8.2 and Fig. 8.10, respectively. 

8.5.1 Type of construction: monolithic versus segmental 

(a) Beams with no s l i ~  at deviators 

Tn the segmental beam, the mid-span joint opens at relatively smaller load than the 

monolithic beam (Fig. 8.1 1) because of zero tensile strength at the joints. After the joint 

opens, the sti5ess of the beam reduces rapidly as more joints open, increasing the 

deflection and the tendon stress (Fig. 8.12). As a result, a monolithic beam has a higher 

ultimate strength than a segmental beam. 

8.5.2 Effect of bonding condition at deviators 

(a) Monolithic beam 

The change in deflection of the monolithic beam with applied load is studied for three 

conditions at deviators: no fiction, no slip and fiction combined with slip. A s  expected, 
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when the tendon is fixed at the deviators, the change in deflection due to applied loads is 

smaller compared to the other two bond conditions at deviators (Fig. 8.13). The variation 

of deflection of the beam considering ection and slip at deviators lies between the two 

extreme bond conditions. The variation of stress in the tendon is given in Fig. 8.14. At 

higher loads, the calculated tendon stress considering ection is almost the same as for 

the free slip case. 

Table 8.2: Data used to analyse the beam in study 2 

VariabIe 

Znitial prestressing force after losses 

Area of prestressing steel (mm2) 

Area of bottom nonprestressed steel (m4) 

Depth of steel fiom top of section (mm) 

Coefficient of fiction 

Wobble coefficient (16') 

Length of deviators (mm) 

Self weiat of beam (kN/m) 

Span to depth of tendon at mid-span ratio 

Fig. 8.15 shows the variation of tbis tendon slip at deviators with applied load. The slip 

starts just after cracking of the beam. As expected, equal and opposite values of slip 

occur at the two deviators due to symmetry of the beam about the mid-span section. The 

ultimate slip is equal to 16 mm. 

Value 

12000 

10000 

4000 

1900 

0.2 

0.005 

500 

99-8 

16.7 
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fi) segmental beam 

The ultimate strength of a segmental beam can be increased by bonding the tendon at the 

deviators as can be seen in Fig- 8.16. The mid-span joint opens at the same time for both 

no slip and fiee slip cases, but for the same applied load, larger deflection is required in 

the beam with no fiction at deviators to maintain eqtdiIbrium. 

8.5.3 Effect of anchorage set 

In the above analysis, the initial tendon force has been assumed to be constant between 

anchorages. In practise, the effect of anchorage set, Asef and fiction at deviators result in 

a reduction in the stress in the tendon as shown in Fig. 8.17. the tendon considered has a 

cross-sectional area = 10000 mm2 and modulus of elasticity = 195 GPa, and a jacking 

force = 12000 IcN at the left-hand end only. See Fig. 8.17 for additional data -When Asef 

= 0, the variation of tendon stress from 1200 to 1136 MPa is due to friction at the 

deviators (Fig. 8.27). The anchorage set then accounts for a M e r  reduction in the stress. 

The length of tendon affected by the anchorage set loss depends on the length of the 

tendon between deviators and the fiction at the deviators. 

Consider two anchorage set values equal to 6 and 12 mm. The changes in the tendon 

stress for these two anchor sets are shown in Fig. 8.17. When A = 6 mm, the loss of the 

stress in the tendon extends up to the second deviator, which is 20 m &om the jacking 

end. For Asel = 12 mm the effect of anchor set extends beyond the length of the beam (30 

m). The maximum loss of tendon stress = 12 %, which occurs in the tendon part closer to 

the live anchorage corresponding to A ,  = 12 mm. 

This reduction in tendon stress, especially at the middle tendon part where the bending 

moment is larger, demands higher value of prestress to prevent cracking due to a smaller 

service load than expected. Therefore, when the tendon is external, the anchorage set loss 
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should be determined accurately. The tendon can be tensioned from both anchorages to 

reduce the loss of prestress due to anchor set. 

8.6 Study 3: Three-span continuous beam 

The purpose of this study is to investigate the effect of two extreme bonding conditions at 

deviators and the effect of using steel or CFRP as external tendon on the deflection and 

tendon stress at ultimate. 

The continuous beam is symmetrically loaded in each span by two point loads (2P), 

situated 10 m apart, as shown in Fig. 8.18. The data for the beam and other details are 

given in Table 8.3 and in Fig. 8.18. In the results presented below, the deflection is 

calculated at the middle of the centre span and the stress in the tendon represents the 

value determined in the middle tendon part of the centre span. 

Table 8.3: Data used to analyse the continuous beam in study 3 

Variable 

Effective prestressing force (kN) 

Area of prestressing tendon (mm2) 

Depth of tendon fiom top of section (mm) 

Area of top nonprestressed steel (mxd) 

Depth of top steel fkom top of section (mm) 

Area of bottom nonprestressed steel (md) 

Depth of bottom steel fiom top of section (mm) 

' Span-to-depth ratio (Z/dpe) of end spans 

Span-to-depth ratio of centre span 

Self weight of beam W/m)  

Value 

6000 

4500 

1250 

3000 

100 

4000 

1400 

16 

24 

46-6 





fa) Free s l i ~  versus no s k  at the deviators with CFRP as external ~restressixlg 

As can be seen in Fig. 8.19, a significant increase in ultimate strength can be observed 

when the tendon is bonded at deviators. This figure also shows a reduction in deflection 

of the beam with a bonded tendon. 

It is also interesting to note the huge difference in the tendon stress for the two bond 

conditions as shown in Fig. 8.19 0). When the tendon is f?ee to slip at deviators, ultimate 

strength of CFRP can not be utilised and the member fads by crushing of concrete at 

more than one section in the central span. 

(b) CFRP versus steel as external mestressing with no slinpine at deviators 

Fig. 8.20 shows the beneficial effect of high strength of CFRP compared to steel in 

increasing the ultimate strength of the beam. For the same area of prestressing tendon a 

significant increase in ultimate strength (Fig. 8.20 a) and corresponding increase in 

tendon stress (Fig. 8.20 b) can be observed for the beam with C W  external tendon. The 

similar behaviour has been obtained for the simple beam in study 1. 

(c) CFRP versus steel as external ~rmessing. with no fkiction at deviators 

Without fiction at deviators, the ultimate strength and deflection of beams are almost the 

same irrespective of the type of reinforcements as can be seen by in Fig. 8.21 (unlike the 

behaviour observed in Fig. 8.20). When the tendon is unbonded at deviators, the increase 

in tendon stress due to applied load is small, especially in continuous members where the 

tendon is long. Therefore the effect of the high strength of CFRP does not have a .  

influence on increasing the ultimate strength because the beam with the CFRP tendon 

fails by crushing of concrete. However the beam with steel tendon fails by yielding of 

steel even though the tendon is unbonded because all three spans are loaded resulting in 

larger elongation of the tendon compared to pattm loading- 
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The loading of aIl the spans may not be practical. However, the maximum tendon stress 

can be obtained in this way. 

8.7 Study 4: Time dependent effects 

The purpose is to study the time dependent effects due to creep and shrinkage of concrete 

and relaxation of prestressing steel on three beams with eleven, two and no deviators. The 

tendon is assumed bonded at deviators, 

Since creep, shrinkage and relaxation occur simultaneously, a coefficient K defined 

below can be employed to vary these properties to determine the corresponding changes 

in deflection and tendon stress: 

K = Creep, shrinkage or relaxation parameters used in analysis 

Maximum Creep, shrinkage or relaxation parameters 

Four values of K assumed are: 0.25, 0.5, 0.75 and 1.0. The maximum values for creep 

coefficient, shrinkage and relaxation of steel assumed respectively equal to 3.5, -600x 10" 

and -290 h4Pa (21 percent of the initial prestress). 

The same simply supported beam employed in study 1 (Fig. 8.2) is used to investigate the 

time dependent effects on the change in external tendon stress and deflection. The initial 

load on the beam consists of the prestressing force (151.8 kN or prestress = 1380 MPa) 

plus a uniformly distributed load including self-weight = 9.6 kN/m, which does not 

produce any cracking in the beam. 

Fig. 8.22 (a) shows the difference in absolute value of prestress loss in the tendon 

between the mid-span and end sections of the beam with time dependent effects, for 

eleven, two and no deviator beams. Since the tendon is assumed bonded at deviators, the 
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tendon in the beam with eleven deviators can be considered as equivalent to an internal 

bonded tendon. For the beam without deviators, because the tendon stress is constant 

between the anchorages, the merence in tendon stress is zero. The largest absolute 

merence can be obtained for the beam with eleven deviators (Fig. 8.22 a). It should be 

noted that the change in deflection and loss of prestress at mid-span due to time 

dependent effects are almost the same for the three beams as can be seen in Fig. 8.22 @) 

and 8.23. When no deviators are provided the loss of prestress is distributed along the 

tendon length resulting in somewhat smaller loss at all sections of beam. Thus, the same 

conclusion can be applied for beams with deviators where the tendon is unbonded (eee 

slip). 

8.8 General 

Several important variables affecting the behaviour of concrete structures with external 

prestressing have been studied. These variables are: 

Bonding condition at deviators, no slip versus no fiction. 

Type of prestressing reinforcement, steel versus carbon fibre reinforced po Iymers 

(CJ=J?)- 

Type of construction: monolithic or precast segmental. 

Number of deviators. 

Time dependent effects. 

The beams without deviators have a smaller ultimate strength and ductility compared to 

those with deviators. The larger Ioss of tendon eccentricity due to applied load may 

contribute to this inferior performance of beams without deviators. 

In beams with CFRP as external tendons, a higher ultimate seen,* can be observed 

compared to similar beams with steel tendons when the tendon is bonded at deviators. 

This is because of the linear elastic material behaviour up to failure combined with high 
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strength of CFRP compared to yielding of steel. A s M a r  conclusion has been observed 

for continuous beams. 

In the case where the tendon is fkee to slip at deviators, the two beams studied with steel 

and CFRP as external tendons respectively fail by crushing of concrete. In this case the 

ultimate strength and ductility for the two beams are almost the same. The same 

behaviour has been observed for continuous beams- 

It is also observed that the ultimate strength of a precast segmental beam with dry joints 

can be increased by bonding the tendon at deviators. However, the behaviour of 

segmental beams in general is not as good as the monolithic beam after the joints have 

opened. 

The loss of prestress due to time dependent effects in beams with tendons unbonded at 

deviators (fiee slip) is smaller at alI sections compared to similar tendon bonded at 

deviators. 



Chapter 9 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

9.1 Summary 

The analysis of concrete structures with internal unbonded or external tendons is more 

involved compared to structures with internal bonded tendons. The main reason for this 

dEculty is that the compatibility of strain between concrete and prestressing tendon is 

no longer valid. Thus, the properties and internal forces at a section cannot be employed 

to find the stress in the tendon. The change in tendon stress due to applied loads depends 

on the change in length between the anchorages or the deviators, rather than individual 

sections. 

The analysis of concrete structures with external prestressing has an additional difficulty 

due to the change in external tendon eccentricity with applied loads. This is significant 

when the deflections are larger, such as cIoser to ultimate load and in slender members- 

Geometric nonlinearity should be considered to accurately calculate the effect of 

eccentricity variations, When compared to internal unbonded tendons the fiction of 

external tendon occurs only at deviators. Thus, the loss af prestressing force due to 

friction is smaller in external tendons compared to internal ones. Further, the external 

tendon may be bonded or unbonded at deviators. For unbonded tendons, the tendon slips 

at the deviators with or without fiction. The effect of joint opening in precast segmental 

members should also be considered in the analysis, because the behaviour of precast 

segmental structures largely depends on the number of joints opened and magnitude of 

these openings. 

The recent trend is to use external tendons combined with some internal bonded tendons 

to distribute cracking and improve the ultimate strength and ductility. When the cracks 

are distributed in the member, the contribution of the uncracked concrete between crack 



sections to the dfZbess of the member, laown as the tension stiffening effect, is  

important in order to estimate deflections and crack widths accurately under sentice 

loads, 

Most of the methods available in the literature to predict the behaviour of concrete 

structures with external tendons have limitations: they are restricted ody  to simple beams 

with symmetrical load and tendon profiles, the tension stiffening effect has been ignored, 

fiction and slip at deviators have not been considered. Some studies ignore the 

nonlinearity of materials and change in tendon eccentricity with applied loads. There are 

only a hancU5.l of studies, which can be used to predict the behaviour of externally 

prestressed concrete structures up to ultimate; but in these studies fiction and slip at 

deviators have been ignored. None of the published studies takes into account the time 

dependent and temperature effects. 

The predictions given in the design codes are intended for members with internal 

unbonded tendons. Also, these equations give only one value of stress in the tendon, that 

is at ultimate. 

In the present work, an analysis method is proposed to determine the behaviour of 

concrete structures with external prestressing at both service and ultimate loads. In the 

analysis, the concrete structure is modelled as an assemblage of plane M e  members 

connected at the nodes. The external tendon is considered as  a member with small inertia 

connected to the structure nodes by members with large area and moment of inertia (rigid 

links). Since the centroidal axis of members changes with cracking due to time dependent 

effects, the analysis is performed with respect to an arbitrarily chosen non-centroidal axis 

called the reference axis. This simplifies the summation of displacement increments, 

section strains and member end forces calculated in different load stages. In addition ta 

external tendons, the method can be employed to model internal bonded and unbonded 

tendons. 



At any load or time stage, the analysis gives the nodal displacements of the structure due 

to applied load taking into account cracking, tension stiffening, and material and 

geometric nonlinearities. The displacement method of analysis combined with the 

Newton-Raphson iterative scheme is employed to solve the problem. The structure 

stifhess matrix required in the analysis consists of the sum of elastic and geometric 

stifkess matrices. The former depends on updated nodal co-ordinates, cracking and 

tension stiffening. At each iteration cycle, the member end forces are updated accounting 

for cracking and tension stiffening. The updated member end forces are used to calculate 

the out-o f-balance nodal forces. If these out-o f-balance nodal forces are significantly 

smaller than the applied loads, or reactions, in the case of prescribed displacements, the 

iteration is terminated. The adjustment of the tendon force to account for slipping at 

deviators with or without fiction is also included in the iteration cycles. 

The time-dependent effects of creep and shrinkage of concrete and relaxation of 

prestressed reinforcements and temperature variations should be taken into account in 

any comprehensive analysis method. Time dependent and temperature variation are 

considered in separate time intervals. The analysis assumes linear elastic material 

properties. In the step-by-step analysis, the time is divided into intervals and the stress 

into increments, which is applied at the middle of time interval. A stress increment 

comsponds to an application of prestressing, external load or temperature change. A 

complete analysis due to time dependent or temperature effects is performed in each time 

interval and the changes in strains, stresses, nodal displacements and member end forces 

are determined. The final values can then be obtained by the summation of these changes 

occurring at each time interval. 

A computer program has been developed to implement the proposed analysis. The 

program is verified by comparing it with experimental results. The following capabilities 

of the program have been verified: 

a Nonfinearities due to material, geometry and cracking. 

a Use of any non-linear shape for material stress-strain curves. 

a Prestressing with internal, external or both internal and external tendons. 



Different prestressed or nonprestressed reinforcement types such as steel, stainless 

steel or FRPs. 

External tendon bonded or unbonded (slip with or without fiction) at deviators. 

Behaviour of precast segmental construction 

Time dependent and temperature effects. 

The verified program is used in a study to investigate the effects of the following on the 

behaviour of externally prestressed beams up to ultimate: 

Bond conditions at deviators. 

Use of steel or CFRP as external tendons. 

Effect of eccentricity variations. 

Comparison of precast and monolithic construction. 

The conclusions of this study and some general conclusions will be presented in the next 

section. 

9.2 Conclusions 

1. The proposed method of analysis predicts the behaviour of prestressed concrete 

structures with internal or external tendons up to ultimate. The analysis includes the 

effect of time dependent and temperature variations. 

2. The geometric nonlinearity should be considered to accurately determine the variation 

of external tendon eccentricity with applied loads. The tension stiffening effect of 

cracked concrete members has to be taken into account in the analysis for accurate 

prediction of deflection and crack widths due to service loads. 

3. In an externally prestressed concrete beam the fiction occurs only at anchorages and 

deviators. Thus, the loss of prestress at transfer is smaller for external tendons 

compared to internal tendons. However, the length affected by the loss of prestressing 

force due to anchorage set is larger for external tendon compared to internal ones. 



4. The external tendon can slip at deviators at a high load level resulting in redistribution 

of forces in tendon parts between deviators. Slipping increases the structure deflection 

and reduces the ultimate strength. 

5. The loss of external tendon eccentricity due to applied loads should be miTlimised by 

providing a deviator or several deviators closer to sections of large deflection, such as 

. at mid-span regions of simple and continuous beams. The ultimate strength and 

ductility of a beam without deviators are significantly smaller compared to a beam 

with deviators. 

6. Wben the tendon is bonded at deviators, at ultimate, the steel yields before crushing 

of concrete in most of the cases. When the tendon is fiee to slip at deviators, yielding 

of steel or crushing of concrete may occur first. The deflection of a beam at service 

load can be reduced by bonding the tendon at deviators compared to a beam with 

unbonded tendon. 

7. The moment at which first cracking occurs is smaller in precast segmental beams 

with dry joints compared to monolithic beams. Joint opening in segmental beams 

leads to larger deflections. Thus, the prestressing force should be increased to control 

the opening of joints. 

9.3 Recommendations for future research 

1. Experimental studies using externally prestressed concrete beams subjected to time 

dependent effects due to creep and shrinkage of concrete and relaxation of 

prestressing reinforcements are required. 

2. The analytical study in chapter 8 can be extended to investigate the effects of large 

span-to-depth ratios (>25) which are difficult to determine by experiments. 



3- The effect of  cyclic loading can be introduced to the proposed analysis to examine the 

fatigue behaviour of beams with external or internal unbonded tendons, especially 

when the external tendon is bonded at deviators. 

4. The computer program can be used to improve or develop code equations to predict 

the ultimate stress in internal unbonded or external tendons. 

5. The computer program can be employed to study the optimum design o f  prestressed 

concrete structures using bonded and unbonded tendons to benefit from the 

advantages of both types. 
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