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Abstract 

Static-optimization is one method of estimating individual muscle forces pro

duced during a given movement. In the past, the resulting optimization problem 

as been solved analytically to study specific properties of individual muscle force 

predictions when using a non-linear optimization algorithm. However, no frame

work for analyzing the general properties of muscle force predictions is available. 

The purpose of this thesis was to develop and apply a general framework for 

analyzing individual muscle force predictions using non-linear optimization. We 

show here that non-linear optimization can predict experimentally observed force-

sharing loops and that there is a "hyper-plane" that separates the moment-arm 

vectors of active and passive muscles. It is also shown that this approach is valid 

for both planar and three-dimensional systems. This thesis comprises a purely 

theoretical analysis of the force-sharing problem in biomechanics. Future work 

should include developing specific experiments to test the general force-sharing 

predictions found here, theoretically. 
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Preface 

Each of the following three chapters is based on scientific papers; 

• Chapter 3 is based entirely on Binding et al. [1], 

• Chapter 4 is based on a manuscript submitted to Mathematical Biosciences 

[2], and 

• Chapter 5 is based on a manuscript currently being written [3]. 
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Agonist/Antagonistic The anatomical relationship between two mus
cles is defined by the scalar product between 
the muscles moment-arm vector and is defined 
in section 2.3.1. 

Connected polar region A connected polar region can be defined by 
a continuous set of angles. In 3¾2 a vector 
can be written as m = ra (cos #, sin#) (where 
m = Il m II). For example, the set of angles 
0 = {#|#min < 9 < #max} defines a connected 
polar region. A similar definition utilizing two 
angles can be constructed for vectors in 3ft3. 

Degree-of-Freedom 

KKT 

Refers to each rotational degree-of-freedom in 
a musculoskeletal model. The number of rota
tional degrees-of-freedom represents the num
ber of independent angles required to describe 
the orientation of the musculoskeletal model. 

The Karush-Kuhn-Tucker theorem and pre
sented here in part as theorem 2.2.1. 

Matrices, Vectors and Operations 

a, b e K " Column vectors in an n-dimensional vector 
space. 

A = 
Tu ••• rm 

J'ml • • • f-mn 

= [ mi ... m„ j 
Represents a matrix of dimension m x n. 

xii 



z = det [m;, x] 

X = (xi , x 2 ) 

cc = (xx, x2, x2) 

H I 
(a, b) — aTb 

a x 6 

Symbols 

A 
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f and / * 

fi and / * 

PC S Ai and u>i 

1Tli = [rii ... Tmi ]T 

Represents the determinant of a 2 x 2 matrix if 
rrii, x G 9¾2. 

In chapter 3, this notation represents an 
ordered-pair or Cartesian product; x G üft2  

where x\, x2 G 3¾. 

In chapter 3, this notation represents an 
ordered-triple or Cartesian product; x G 3¾3 

where Xi,x2,x3 G 3¾. 

Euclidean norm or magnitude of the vector, a. 

Scalar or inner product. 

Vector or cross product between a and b. 

A n n x m matrix of m muscular moment-arm 
vectors. 

Intersegmental moment vector. Each compo
nent represents the required moment about a 
rotational degree-of-freedom. If b G 3Î2 then in 
polar form we have 6 = ò(cos/?, sin/?). 

Set of unknown muscle forces as a vector and, 
optimal set of muscle forces, respectively. 

The unknown force and optimal force in muscle 
i, respectively. 

Physiological Cross Sectional Area and weight 
factor of muscle i, respectively. 

Is the moment-arm vector of the ¿ í f e-muscle. 
The components of ra¿ represent the action of 
the muscle about each degree-of-freedom in a 
musculoskeletal model. If ra¿ G 3Î2 then in po
lar form we have ra¿ = ra^cosi^, sin$¿). 
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Tkj A component of the moment-arm of muscle j. 
In chapter 3 takes the form rAG , TAP , TAS , TKG j 
and rKp which are the moment-arms of the gas
trocnemius (G), plantaris (P) and soleus (S) 
about the ankle joint (A) or the knee joint (K). 
In chapter 4 and 5, and r¡y, both represent 
the component k of the moment-arm vector of 
muscle j. 

Ti: a¿ and Pi Time to fatigue for the Dui et al. [5] cost func
tion and functions of slow-twitch fibre compo
sition in chapter 3. 

x or x0 Represents a direction vector of the separating 
line in chapter 4. If x G 5ft2 then in polar form 
we have x = x(cos6, sin#). 

a Exponent of the cost-function of the general 
non-linear optimization problem (2.6). 

0, ¢)(f) and ip(f) The cost-function in the general non-linear op
timization problem. In chapter 3 4>(f) rep
resents the Crowninshield and Brand [4] cost 
function and ip(f) represents the Dui et al. [5] 
cost function, respectively. 

A and ¡i Lagrange multiplier vectors for equality and in
equality constraints, respectively. 

Q Degree-of-antagonism or the cosine of the angle 
between two muscles (fl). 

T Functional degree-of-antagonism defined by the 
cosine of the angle between a moment-arm vec
tor and the intersegmental moment vector. 
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Chapter 1 

Introduction 

1.1 Introduction 

One objective of many biomechanical models is to understand how the central 

nervous system might plan and execute common motor control tasks. One possi

ble key to how the central nervous system regulates the coordination of individual 

muscles throughout a motor control task is the knowledge of individual muscle 

forces during a movement. These muscle forces may be considered "a window to 

the central nervous system and its organization." [7, page 173] 

A second, more pragmatic, goal of biomechanical modeling is the accurate 

prediction of muscular forces during movement. The knowledge of how muscles 

are coordinated during movement may be applied in biomechanics or biomedical 

research and engineering. For example, muscle force predictions can be used in 

the design of prosthetic limbs and in the study of musculoskeletal diseases [8]. 

In other fields of research, such as sports biomechanics and industrial design, 

knowledge of muscle forces and muscle force coordination can help researchers 

improve athletic or occupational performance and efficiencies in ergonomie tasks 

[4]-

Much research in biomechanics is focused on describing the mechanical as

pects of musculoskeletal systems. However, modeling neuromuscular control and 

performing mechanical analyses of muscle coordination is complex, and inves-

1 



Analyses of Muscle Force Predictions Based on Optimization 2 

tigators have proposed different methods for mathematically describing motor 

control. Some of these methods will be discussed next. 

1.2 Modeling Neuromuscular Control 

The neuromusculoskeletal system consists of at least three subsystems; the skele

tal, muscular and neural systems [9]. When combined, these three systems oper

ate in a highly flexible and precise manner, capable of controlling a wide variety 

of human or animal movements [10, page 487]. 

The control of the neuromusculoskeletal system is complex, and modeling 

its entire process as a closed loop control system requires mathematical descrip

tions of neurophysiology, quantitative anatomy, and mechanics of the skeletal 

system. However, few models incorporate every aspect of the feedback control 

process. Rather, they include individual subsets of the whole neuromusculoskele

tal system. For example, Schouten et al. [11] and de Vlugt et al. [12] proposed a 

feedback control model of a simple arm model which includes the reflexive signals 

from muscle spindles and tendon organs, but not the visual, sensorial and propri

oceptive signals. Once, they had linearized their model, and specific values for 

all parameters were selected, a set of muscle activation patterns was chosen such 

that the model could resist different types of perturbations. Although, the results 

seemed valid, and Schouten et al. [11] were able to predict some features of actual 

muscle coordination during a static posture, de Vlugt et al. [12] found that the 

optimization of the model parameters, and the selection of muscular control sig

nals, resulted in computational difficulties. Some of the impracticalities found by 



Analyses of Muscle Force Predictions Based on Optimization 3 

de Vlugt et al. [12] included convergence problems and long computational times 

because of the large number of parameters and equations. Thus, when modeling 

neuromuscular control, the mathematical equations that represent selected as

pects of the system, are often difficult to formulate and solve, [e.g. 11-13], even 

when information on anatomy and physiology are known or can be estimated. 

Since it is difficult to mathematically model much of the neurophysiology of 

motor control, engineers and biomechanists have focused their efforts on rep

resenting the mechanical aspects of the musculoskeletal system — such as the 

kinetics, kinematics and geometry of human or animal movement [4, 8, 14]. 

1.3 Mechanical Analysis of Movement Control 

The question of how does the central nervous system coordinate the forces pro

duced by individual muscles is one of the oldest research questions in biome

chanics. Early investigations concerning organization principles of the central 

nervous system revealed that the anatomical and muscular structures contain 

a certain amount of redundancy. Bernstein [15, cited by Gielen et al. [10, page 

488]] originally formulated the "motor equivalence" problem which states that the 

combination of muscular forces used to produce a given movement is not unique. 

In the recent biomechanics literature, the "motor equivalence" problem has been 

renamed the "distribution problem". Crowninshield and Brand [4] first defined 

the "distribution problem" as the problem of estimating the forces carried by the 

individual structures of the musculoskeletal system (i.e. ligaments, bones, and 

muscles). 
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Figure 1.1: An Illustration of a planar biomechanical model of an elbow 
joint with two muscles m i , and m 2 [4]. Here both muscles are required to 
resist the applied force, F. 

In order to illustrate the distribution problem, consider a planar model of the 

elbow joint with two muscles as in figure 1.1 [4, 14, 16]. Both muscles, produce an 

elbow flexion movement, therefore an infinite combination of forces in muscles 

one and two can produce a specific elbow flexion moment. This idea can be 

represented by the moment equilibrium equation 

where r¿ is the ¿ -muscle's moment-arm, /¿ is the force produced by the za

nnisele; the product r¿/¿ is the moment produced by the ¿ í / l-muscle about the 

joint centre. Lastly, b is the flexion moment required to balance the moment 

generated by the applied force, F, in figure 1.1. Equation (1.1) is mathematically 

indeterminate, that is, it does not have a unique solution, and the corresponding 

musculoskeletal model is redundant. If we extend the single degree-of-freedom 

model to include multiple joints, or multiple degrees-of-freedom, then the set of 

moment equations can be represented by the matrix equation 

nfi + r2f2 = b (1.1) 

Af = b (1.2) 
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where A represents the moment-arms of each muscle about each joint in the 

model, / is the set of unknown muscle forces and 6 is the set of moments the 

muscles are required to produce.1 If A has more columns than rows, then the 

set of equations it represents does not have a unique solution. A unique solu

tion for this case may be found in one of three ways; 1. reduce the number of 

unknown forces so that the system of equations becomes deterministic; 2. add 

more equations so that the number of equations equals the number of unknowns; 

or 3. use mathematical optimization to select the set of forces that optimizes a 

specific cost function [4, 7]. 

The first two methods are usually discounted, or considered unsatisfactory. 

For example, simplifying the model to reduce the number of unknowns is not 

satisfactory because "it does not solve the problem of interest" [7, page 177], 

which is the determination of individual muscle forces. Adding equations to 

the mathematical system can be done by incorporating known relationships of 

the neuromusculoskeletal system. However, these equations are usually based 

on assumptions, rather than known facts, about the system behaviour [7, page 

177]. Therefore, the preferred approach for predicting individual muscle forces 

has been mathematical optimization. 

Mathematical optimization provides a method of extracting a unique set of 

muscle forces that generate a given movement. Before we can determine or 

predict individual muscle forces, the movement parameters must be quantified. 

Therefore, the first step in determining individual movements is to develop a 

mathematical model of the musculoskeletal system and movement kinematics, 

^ee chapter 2 for a detailed explanation 
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There are two main methods used in biomechanics to quantify a given move

ment which make use of Newtonian mechanics; they are forward-dynamic simu

lation and inverse-dynamic analysis. These approaches will be explained in the 

following sections. 

1.3.1 Forward-Dynamic Simulation 

Estimates of individual muscle forces can be obtained from forward-dynamic 

simulations [see 17, 18, for a review]. In the forward-dynamic method, human 

or animal movements are simulated using a detailed model of the musculoskeletal 

system. Typically, the model takes muscle activation patterns as input to gen

erate the target movement. The musculoskeletal model incorporates a muscle 

model that relates muscle activation levels and contractile conditions (length 

and velocity of contraction) to force. Then, the model's dynamic equations 

(based on Newtonian mechanics, and differential equations representing muscu

lar activation and force production), which represent the underlying physiological 

and mechanical properties of the musculoskeletal system are derived [19]. The 

inherent assumption of the forward-dynamic method is that if the simulated and 

actual movements closely match, then the predicted muscle forces represent the 

actual muscle forces. 

The validity of a forward-dynamic simulation depends on the accuracy of the 

simulation parameters, as well as the accurate mathematical formulation repre

senting the internal functioning of the musculoskeletal system [18, 19]. However, 

obtaining accurate measures for the structure of the musculoskeletal system is 

difficult. Minimally, a forward-dynamic simulation requires adequate measures 
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of muscle moment-arms, tendon rest lengths, and skeletal geometry [4, 7, 17]. 

However, methods for obtaining the required input values for these parame

ters are neither simple nor widely available, and methods to accurately measure 

musculoskeletal geometry must be further developed [7, 17]. 

Accurate measurement of musculoskeletal geometries is not the only limi

tation of the forward-dynamics approach. First, the equations in the forward-

dynamic approach are complex and contain many unknowns that are crudely 

approximated. Also, the muscular activation patterns chosen as the solution are 

typically not unique. Therefore, the accurate simulation of a movement does 

not guarantee that the muscular forces that produce the movement are close 

to the actual patterns. Forward-dynamic simulation is also associated with a 

large computational cost. Therefore, the accurate simulation of movements is 

computationally costly and may not approximate muscle force-timing patterns 

well. 

In order to justify the use of forward dynamic-simulation for predicting indi

vidual muscle forces and muscular coordination patterns, Anderson and Pandy 

[19] compared muscle forces that were predicted using both inverse-dynamic and 

forward-dynamic approaches. In their study, muscle forces calculated by inverse-

dynamic and static-optimization and forward-dynamic simulation were compared 

for a given movement; a full gait cycle. The results presented by the authors sug

gest that the two methods are comparable and virtually interchangeable. The 

authors further suggest that a static-optimization approach applied to the results 

of an inverse-dynamic analysis could be used when analyzing normal movements 

for which the actual kinematics and dynamics of the motor control task can be 
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measured. The forward-dynamic approach should be used when accurate exper

imental data are not available; for example, simulating movements that could 

cause severe injuries, and therefore, can not be measured systematically in an 

experimental setting. 

1.3.2 Inverse-Dynamic Approach 

The prediction of muscle forces from an inverse-dynamic methodology consists of 

two main steps. The first step is to obtain the net joint forces and moments using 

Newton's laws of motion. In this step, accurate data of the movement kinematics 

are required, along with the inertial and geometric data of the musculoskeletal 

system. These data can be obtained using standard experimental techniques 

to measure the position of the target segments and the corresponding external 

forces [20-22]. 

The second step is to extract an optimal set of muscles forces which satisfies 

the moment conditions determined in the inverse-dynamic analysis. Typically, 

this is done by formulating an optimization problem of the form 

minimize: 0 = 4>(f) 

subject to: Af = b (1-3) 

fi>0. 

where the optimization is subject to mechanical constraints (i.e., equation (1.2)) 

and the fact that muscles can only produce tensile forces. Most of the cost func

tions, 0, used in the area of individual muscle force predictions can be expressed 
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in the form 

m - £ ( £ ) ' (1.4) 
t=i % 

where n is the number of muscles, /¿ are the unknown muscle forces, u;¿ is a 

weight factor (e.g. physiological cross sectional area, or maximum muscle force) 

and the exponent, a > 1. 

The idea that movements, such as gait and skilled tasks, are performed in 

an optimal or efficient manner may have originated with the work of the Weber 

brothers [23, in Herzog [7]]. This idea was extended further by MacConaill [24], 

who proposed that muscles might be controlled in some optimal manner, and 

who formulated the "Principle of Minimal Total Muscular Force" [25, page 672], 

which has been used by biomechanists studying muscular activity during gait 

[26, 27], and during arm and wrist movements [28, 29]. 

The first attempts of using mathematical optimization to predict muscle 

forces were linear approaches that took advantage of the simplex algorithm. Lin

ear optimization was quickly shown to be inadequate for predicting physiologi

cally meaningful forces for a variety of reasons [29]. For example, the solution of 

linear optimization problems, typically, resides in a corner of the solution space, 

and since the solution space is bordered by the moment equality constraints (one 

constraint per degree-of-freedom), the optimal solution typically contains only 

as many non-zero forces as there are degrees of freedom in the system [25, 29]. 

This restriction proved to be too limiting for the actual physiological system. 

Attempts to improve linear optimization approaches were proposed. Crown-

inshield [16] forced co-activation of agonistic muscles by imposing artificial con

straints; for example, constraints that limited the maximum force that a muscle 
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could produce before the next muscle had to be activated, or by relating the force 

in one muscle to the force in a second muscle. Using such approaches, the solu

tions were dominated by the constraint equations rather than the cost function. 

If enough constraints are added, the system of equations is no longer redundant. 

Even so, supporters of the linear optimization approach, in the form of double 

linear optimization, still exist [e.g. 30-34]. However, double linear optimization 

may be interpreted as an ad-hoc method for setting additional constraints on the 

design variables of the optimization problem. 

Today, most optimization approaches aimed at predicting individual muscle 

forces are non-linear (a > 1). Crowninshield and Brand [6] suggested that non

linear optimization predicts simultaneous muscle activity readily, whereas linear 

optimization does not. They proposed a "physiologically" reasonable objective 

function that minimized muscle fatigue 

where n is the number of muscles, and PCS Ai is the ¿ í / l-muscle's Physiological 

Cross Sectional Area. Even though, Crowninshield and Brand [6] did not trans

late the physiological aim properly into the mathematical approach [35], equation 

(1.5) has been used more frequently over the last twenty years than any other 

criterion in the literature. Although the approach proposed by Crowninshield 

and Brand [6] has been frequently used over the last twenty years,2 frequent use 

does not make it correct, and other cost criteria have been used [e.g. 5, 53-55]. 
2e.g. Tsirakos et al. [8], Anderson and Pandy [19], Pedotti et al. [27], Challis and Kerwin 

[36], Collins [37], Davy and Audu [38], Prilutsky [39], Buchanan and Shreeve [40], Prilutsky 
et al. [41], May et al. [42], Rasmussen et al. [43], Happée [44], Raikova [45], Herzog and Binding 
[46, 47, 48], Herzog [49], van Dijke et al. [50], Patriarco et al. [51], Brand et al. [52] 

n 

(1.5) 
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• A much-debated question in optimization theory has been: is there a unique 

cost function? and if so, which one? Some of the more appealing cost functions 

were associated with the minimization of fatigue [4], the maximization of en

durance [5], the minimization of muscle activation [56] and the minimization of 

metabolic cost [57].3 In most cases, the proposed cost functions are represented 

by objective functions of the form of equation (1.4). 

1.3.3 Solving the Optimization Problem 

Most optimization studies have been aimed at predicting muscle forces using 

numerical approaches for specific situations, thereby giving specific solutions to 

restricted problems [19, 37, 38, 40, 50, 52]. Consider, for example, the model 

developed by Brand et al. [52] which has 47 muscles and at least 3 degrees-of-

freedom. Similarly, the model presented by van Dijke et al. [50] of the lower-back 

and pelvis is highly detailed (94 muscles and 18 degrees-of-freedom — 6 joints 

with 3 degrees-of-freedom each). In both these examples, the authors "validated" 

the predicted muscles forces by comparing them with muscle activity measured 

experimentally using electromyography. Brand et al. [52] collected their own 

experimental data, whereas, van Dijke et al. [50] used measurements reported in 

the literature for similar postures. Since electromyography-force relationships are 

complex and largely unknown for human muscles, these attempts at "validating" 

the predicted muscle forces must be considered with utmost caution. At best, 

the on-off timing of muscles might be compared, if electromyographical delays 
3See Tsirakos et al. [8] for a detailed summary of the different linear and non-linear cost 

functions that have been proposed 
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are properly accounted for. 

Although the majority of studies use numerical methods to obtain a solution 

to the static-optimization problem, selected studies provide analytical solutions. 

Studies aimed at exploring the general mathematical properties of optimization 

approaches and cost functions have emerged.4 

Initially, analytical solutions were presented for models with a single degree-

of-freedom.5 In this case, the relationship between the force-sharing relationship 

between two muscles is a unique function, i.e. 

Challis and Kerwin [36], and Herzog [53, 58] used data obtained from elec

tromyography measurements during simple elbow and knee flexion movements to 

validate the use of non-linear optimization in the prediction of individual muscle 

forces. Each of these studies concluded that optimization was not suitable for the 

estimation of individual muscle forces, in general. Herzog [53, 58] held that the 

static-optimization could not predict muscle forces because these approaches did 

not consider the instantaneous contractile conditions of the muscles. Thus, it was 

concluded that this approach was not flexible enough to predict muscle forces for 

a wide range of contractile conditions. Similarly, Challis and Kerwin [36] con

cluded that the force predictions were not physiologically reasonable. However, 

these studies relied on electromyographic data to represent muscle force and the 

predictions were based on simple musculoskeletal models. 
4Binding et al. [1], Dui et al. [5, 25], Challis and Kerwin [36], Herzog and Binding [47], Herzog 

[49, 53, 58], Herzog and Ait-Haddou [59], Herzog and Leonard [60] 
5Dul et al. [5, 25], Challis and Kerwin [36], Herzog [49, 53, 58], Herzog and Leonard [60] 

(1.6) 
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In a further development, several studies [5, 25, 60] compared direct mea

surements of muscle forces to those predicted using an a single degree-of-freedom 

model of the cat hind-limb. The first attempt to validate optimization methods 

with actual muscle forces measured experimentally was performed by Dui et al. 

[5]. These authors compared force data reported by Walmsley et al. [61] with 

predicted forces that were based on different optimization criteria. These au

thors found that the non-linear relationship predicted by their minimum fatigue 

criterion predicted the ratio of maximum forces in the cat ankle extensor mus

cles (gastrocnemius and soleus) best. However, the maximum forces in these two 

muscles do not occur at the same instant in time during cat locomotion, whereas 

the implicit assumption in theoretical force-sharing predictions is that the forces 

predicted are for a given instant in time. 

Herzog and Leonard [60] used the force-sharing relationship for a full step 

cycle of cat locomotion to validate muscle force predictions. Herzog and Leonard 

[60] showed that the functional relationship of equation (1.6) could not predict 

many aspects of actual muscles forces measured experimentally. Conversely, 

Binding et al. [1] showed analytically that a model with two degrees-of-freedom 

could predict some aspects of force-sharing that are observed when agonistic 

muscle forces are directly measured [60-63].6 However, the magnitude of the 

theoretically predicted forces did not match the experimentally observed force 

magnitudes well. 

Finally, in a series of theoretical studies, Herzog and Binding [46, 47, 48] 

used an analytical approach to demonstrate that non-linear optimization could 
6Chapter 3 discusses this issue further. 
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predict forces in antagonistic muscles and co-contraction of pairs of antagonistic 

muscles. These studies used idealized models of the musculoskeletal system for 

a mathematical analysis of the optimization problem. Herzog and Binding [48] 

further illustrated that in a multi-link model, antagonistic activity may improve 

the efficiency of the system. These latter studies provided insight into specific 

properties of optimization approaches and cost functions within the framework of 

specific musculoskeletal systems. However, physiological interpretations of their 

results were tenuous because the results were not validated experimentally. 

1.4 Current State of Inverse Dynamics Optimization 

To date, neither theoreticians nor experimentalists have provided a clear frame

work, or paradigm, for the prediction of muscle forces. Also, methods for vali

dating individual muscle force predictions are still not standard and remain in 

the domain of very few laboratories around the world. It is unclear if optimiza

tion methods, as they exist, are capable of predicting muscle forces accurately. 

In a recent review, Tsirakos et al. [8] examined the physiological and functional 

aspects of linear and non-linear optimization criteria. Optimization techniques 

and some general properties of linear and non-linear optimization approaches 

were described. However, many issues that are important for the optimization 

problem were not thoroughly dealt with in that review, including the theoretical 

prediction of antagonistic muscle forces, co-contraction of antagonistic muscles, 

and the explanation and prediction of agonistic force-sharing loops. In addition, 

the differences between constraints and boundary conditions were not clearly 
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stated in the description of the optimization problems, the properties and lim

itations of the various objective functions were not thoroughly discussed, and 

the mathematical treatment and interpretation of the results contained errors. 

Finally, some of the physiological and functional aspects of the mathematical 

optimizations models were not adequately dealt with. 

1.5 Purpose 

Since the general properties of static non-linear optimization to predict individ

ual muscle forces are not clearly known, and since the analytical behaviour has 

only been explored for specific, small-scale problems, the validity of this method 

for muscle force predictions is unknown. Despite this uncertainty, non-linear op

timization approaches are frequently used to predict muscle forces in a variety of 

human and animal movements, including gait biomechanics [19]; forearm control 

[64, 65]; biomechanical models of the trunk and spine [32, 34, 50, 66]; temporo

mandibular joint modeling [42]; general analysis of muscular force-sharing [43]; 

or in computer science modeling [67]. In many of these studies it is stated that 

static-optimization is a reasonable method for solving the distribution problem. 

For example, May et al. [42] say that quadratic optimization is necessary to 

solve the distribution problem, and Anderson and Pandy [19] endorse the use of 

static optimization approaches for the prediction of individual muscle forces and 

estimation of joint contact forces. 

One reason for the continued use of static optimization maybe the reliance on 

numerical solutions "validated" using electromyography measurements. Although 
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numerical algorithms are a powerful tool in solving large systems of equations, 

their use may conceal subtle patterns and general relationships that may exist 

between problem formulation and its specific solution. A second limitation of 

numerical methods is the introduction of numerical errors. If the forces predicted 

in muscles are large, this might not be a problem. However, when the forces 

produced by a given muscle are small, or close to zero, numerical errors can be 

propagated so that a muscle whose force would be zero in the exact solution, 

might not be zero in the numerical solution, or vice-versa. 

Few studies have rigorously studied the general properties of the non-linear 

optimization techniques used to estimate muscle forces. If such general prop

erties were known, one could compare the conceptual results of experimental 

studies with the general properties of the theoretical approach. Comparison of 

theory and experiment should provide useful information about the appropriate

ness of optimization approaches in the search for individual muscle forces and 

paradigms of movement control. Therefore, the main goal of this thesis is to 

provide a general solution to the static, non-linear optimization approach as for

mulated in equation (1.3) used to predict individual muscle forces during specific 

motor control tasks. Specifically, we wanted to identify and describe definite rela

tionships between problem formulation (i.e. cost function, modeling parameters 

and design constraints) and the specific solutions. 
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1.6 Thesis Overview 

The thesis is organized as follows: Chapter 2 describes the distribution problem 

and the static optimization approach. In the first section of chapter 2, a gen

eral musculoskeletal model is developed, which incorporates a three-dimensional 

joint that is mathematically equivalent to a planar model with three joints. The 

second section in chapter 2 is a general review of the biomechanics literature 

in which static optimization as a means of estimating individual muscle forces 

is discussed. Even though, most of the literature in biomechanics present nu

merical solutions, a few selected articles focus on the general properties of static 

optimization methods (i.e. properties that are independent of specific physiolog

ical and mechanical parameters). For example, Challis and Kerwin [36], Herzog 

and Binding [46] and Raikova [68] presented an analytical analysis of the op

timization problem shown in equation (1.3). Each of these studies was aimed 

at studying specific aspects of individual muscle force predictions in non-linear 

optimization models, such as the prediction of antagonistic muscle activity and 

the co-contraction of antagonistic muscles. 

In chapter 3, I will focus on the issue of agonistic force-sharing loops. Her

zog and Leonard [60] compared measured muscle forces in the cat ankle exten

sor muscles during locomotion to the theoretical force-sharing values. In that 

study, it was concluded that none of the optimization models examined could 

adequately predict the force-sharing behaviour between the major cat ankle ex

tensor muscles, because the experimental force-sharing exhibited loops, whereas 

the optimization could not predict force-sharing loops. However, Prilutsky et al. 
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[41] found such force-sharing loops, but no explanation for the appearance of 

these loops was given. One of the specific purposes of this study was to identify 

the origin of the predicted force-sharing loops. 

Chapter 4 was aimed at developing a solution to the general class of non-linear 

optimization problems shown in equation (1.3). Using the Karush-Kuhn-Tucker 

theorem for non-linear optimization problems with inequality constraints, it is 

proved that the moment-arms of active and passive muscles are separated into 

half-spaces by a hyper-plane passing through the origin. Based on this result, 

many specific problems were solved. Finally, a graphical algorithm was derived 

for finding the hyper-plane, and thus for deciding which muscles are active and 

which are passive. 

In chapter 5, the concept of a separating plane is used to examine the pre

diction of muscle forces for a three-dimensional joint; i.e. a joint with three ro

tational degrees-of-freedom. Finally, general conclusions and recommendations 

for future work are discussed in chapter 6. 



Chapter 2 

Methods 

2.1 The Distribution Problem 

The distribution problem in biomechanics is defined as the problem of calculat

ing individual muscle forces, ligament forces, and joint contact forces given the 

intersegmental moments and forces calculated from an inverse-dynamic analysis 

of a given movement. Inverse-dynamic is the process of using kinematic data 

(position, velocity and acceleration) and Newton's laws of rigid body motion to 

calculate the forces and moments generated at various joints. It is important 

to note that the intersegmental forces and moments are not associated with any 

specific structure of the musculoskeletal system [4, 7, 8] which raises the question: 

what are the actual loads carried by various biological structures crossing the tar

get joints? The internal forces are then related to the intersegmental force, (^ - 7), 

and intersegmental moment1 (M¿) via the following force and moment equations 

m I c 

E / f + E t f + E / f = ? J (2.1) 
i=l i=l i=l 

m I c 

E ( ^ x / " ) + E W x t ì + E W x « = M ° (2.2) 
¿=1 ¿=1 i=l 

where f¡ signifies the forces carried by muscles (j = M ) , ligaments (j = L), and 

cartilage contacts (j = C) ; and m, I and c is the number of muscles, ligaments, 
xThe intersegmental moment is the sum of moments of the force in muscles, ligaments and 

cartilage contacts about the joint centre, point o in figure 2.1 

19 
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Figure 2.1: Illustration of a three dimensional elbow joint with a single 
muscle; e.g. biceps brachii. The origin of the coordinate system is located 
at o, the x-axis and z-axis are directed along the radius and the humerus, 
respectively. The origin and insertion of the muscle is located at points p 
and q, respectively. Finally, e is a muscular force of one arbitrary unit, 
r is the muscle's moment-arm, and m is the torque generated by the 
muscle. 

and cartilage contact areas, respectively. The force equation (2.1) and moment 

equation (2.2) contain unknown muscle, ligament and contact forces. For normal 

movement situations, when the joints operate within the normal range of motion, 

it is typically assumed that only muscles contribute to the intersegmental moment 

in the primary movement direction of the joint (e.g. flexion-extension of the 

elbow).2 Therefore, the moment equation reduces to 

Now, let e¿ and /¿ represent the direction vector and magnitude of /¿ in equa

tion (2.3), respectively. In this case, fi can be written as fi = /je¿. Also, the mo-
2 Crowninshield and Brand [4] and Herzog [7] note that the contribution of ligaments to the 

intersegmental moment is typically minimal, therefore, their contribution may be neglected 

711 

(2.3) 
i=l 
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//////////// 

Muscle 

Figure 2.2: A planar model that is equivalent to the three-dimensional 
model shown in figure 2.1. 

ment produced by a unit muscular force is given by r¿ x e¿ = ra¿ = (r¿i, ri2, r^)-

Equation (2.3) can now be written as 

T 

¿=1 
till m, (2.4) 

In matrix form, equation (2.4) can be written as 

Af = b. (2.5) 

Consider now the planar, three degree-of-freedom system, with at least one 

muscle which crosses all three joints as shown in figure 2.2. If the components of 

the moment-arm vector of the one-joint, three dimensional muscle (m^d) shown 

in figure 2.1 are equal to the components of the moment-arm vector of the three-

joint planar muscle (mp) shown in figure 2.2, then mp = m^. If this is the 

case for each of the muscles in the planar system (figure 2.2) and the three-

dimensional system (figure 2.1), then the equation Af = b takes an identical 

form for both systems. In general, a three-dimensional model with n-rotational-

degrees-of-freedom can always be represented by a planar model with n-joints, 

each joint represents one rotational degree-of-freedom in the three-dimensional 

model. Finally, it should be noted that because any model can be represented 
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by a planar linkage system, the conclusions concerning force predictions reached 

by Herzog and Binding [46] for a planar three joint model can also be applied to 

a single three-dimensional joint. 

2.2 The Optimization Approach Revisited 

Since the number of unknowns in the set of equations in (2.5) is typically greater 

than the number of equations in the set, a unique solution does not exist in 

general. The most frequently used method of determining a unique set of muscle 

forces is the optimization approach in equation (1.3) 

where /¿ are the unknown muscle forces, a > 1, and u>i is a weight factor based 

on physical characteristics of each muscle. Recently, Raikova and Prilutsky [69] 

raised the point that the models used by Herzog and Binding [46, 47] are not 

realistic because they used a value of one for the weighting factor, Ui and moment-

arms, r¿. However, for a change of variables, such that g¿ = fi/ut, the optimiza

tion problem in equation (2.6) leads to the optimization problem 

minimize: 

subject to: Af = b 
(2.6) 

fi>0 

ii 

minimize: 
1=1 

subject to: Ag = b 
(2.7) 

9i>0 
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where À = [wimi ... ̂ „mn^ and rrij = (my, . . . , m m j ) is the moment-arm vector 

of the j^-muscle. If (<?*, . . . , <?*) is the optimum of the problem described in 

equation (2.7) then (cuig*, . . . , ujng*) is the optimum of the problem in equa

tion (2.6). Therefore, changing a moment-arm of a muscle from m i to Ktrii 

is equivalent to changing the corresponding physiological cross sectional area 

(PCSA) from u>\ to KUI\ of the problem described in equation (2.7). More pre

cisely, i f— for a fixed moment-arm, m, of the z^-muscle — we derive numerically 

or analytically the set of force curves, Fj(u>i), of the j^-muscle by varying the 

P C S A (i.e. Ui) of the z'i/l-muscle in equation (2.6), then the force curves Fj(Kihi) 

of the j^-muscle by varying the moment-arm magnitude of the ¿ í A-muscle and 

fixing the P C S A of the z^-muscle to o>¿, will be given by 

Í ^FJ(KU>Í) for j = i 

FJ(KUJÍ) for j ^ i 

2.2.1 Quadratic Optimization Problem 

When the cost function is quadratic (a = 2), the optimal solution to the uncon

strained optimization problem can be found by using the Moore-Penrose pseu

doinverse of A; / * = A+b [73-76]. However, this does not give the solution to 

our optimization problem (2.6) with a = 2 [73, 77] because the Moore-Penrose 

solution allows /¿ < 0. 

Raikova and Prilutsky [69] suggested incorrectly that this technique could 

be used if the negative values in the Moore-Penrose solution are set to zero. 

Although, the method presented by Raikova and Prilutsky [69] does not work, 
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it is possible to find a m x k (k < n) submatrix (B) of A for which the Moore-

Penrose inverse of B does give the solution to problem (2.6) [77]. 

2.2.2 The Karush-Kuhn-Tucker Theorem for Convex Optimization 

In this thesis the Karush-Kuhn-Tucker theorem for convex optimization plays an 

important role. The Karush-Kuhn-Tucker theorem gives conditions for optimal-

ity of constrained optimization problems.The conditions given in this theorem 

are necessary conditions for a local optimum in the general optimization problem 

[70]. When the cost function and constraints are all convex, then these condi

tions are necessary and sufficient for optimality. So, consider the optimization 

problem (2.6) where the cost function is strictly convex in f (since a > 1) and 

the constraint functions are linear in f. The Karush-Kuhn-Tucker theorem then 

gives the following theorem. 

Theorem 2.2.1 (Karush-Kuhn-Tucker). If f* is a feasible solution of the 

optimization problem (2.6) which satisfies 

n 

V 0 ( r ) - A T V ( A T - b)- X > V / * = 0 
i=i 

/ ^ /* = 0 for t = l , . . . , n 

Hi > 0 for i = 1,..., n 

then X, n and f* are unique and f* is the global minimizer of the optimization 

problem (2.6) [70-72]. 
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2.2.3 Separation of Active and Passive Muscle Moment-Arms 3 

Consider a general musculoskeletal model in which each muscle is associated 

with a moment-arm vector (m¿) and equation (2.5) which gives the relationship 

between the individual muscle forces and a specific intersegmental moment. Since 

equation (2.5) is redundant, the optimization problem described in equation (2.6) 

is used to extract a unique solution of muscle forces for a given intersegmental 

moment. 

The optimization problem in equation (2.6) is non-linear, the cost function 

is convex, and the constraints are linear. Therefore, by Karush-Kuhn-Tucker, 

theorem 2.2.1, the condition 

V 0 ( / * ) - A t A - a * = O 

along with the condition, = 0 and /x¿ > 0, holds at the optimal point, / * 

[72]. Rewriting, this condition for each i and the problem in equation (2.6), we 

have 

- ¾ ) ° - 1 = ( m , A) + m (2.8) 

with [Lifl = 0. Now, if (rrij, A) > 0, then / * > 0; and if (m¿, A) < 0, 

then / * = 0. Therefore, the set, "K = {x\{x, A) = 0}, represents a hyper-plane 

that has the property of separating the moment-arm vectors of active muscles 

(/* > 0) from those of passive muscles (/* = 0). 
3 A detailed explanation is given in theorem 4.2.1. Also, general applications can be found 

in chapters 4-5 and 
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2.3 Definitions of Muscular Function 

2.3.1 Definitions of Muscular Function 

Typically, the function of a muscle is described using the terms agonist, antag

onist and synergist. Each of these terms, typically, refers to either the role of 

a muscle during a movement, or the relationship of a set of muscles to each 

other. Raikova [78] suggests that the terms agonist and antagonist should be 

qualified as either functional or anatomical. Thus, the terms functional-agonist 

or anatomical-agonist should be used when referring to a muscle's relationship 

with the intersegmental moment, or the action of a second muscle, respectively. 

Leijnse [80] introduced the concept of a degree-of-antagonism to describe 

the relative antagonistic action of a pair of muscles. However, the definition 

presented in that study did not distinguish between a pair of agonists from a 

pair of antagonists [80]. Therefore, two definitions of agonism and antagonism 

will be presented in terms of their degree-of-antagonism (il). 

The degree-of-antagonism between two muscles describes how well they work 

together or how far apart the moment-arm vectors of the two muscles are. The 

moment-arm vector of a muscle is the combined set of moments that the muscle 

creates about each of the degrees-of-freedom in the model. Now, if the angle 

between the moment-arm vectors of two muscles is small (i9¿j < |7r), then they 

have approximately the same action. Conversely, if this angle is large (|7r < 

tìij < §7r), then the two muscles have different actions. Thus, the cosine of the 

angle between the moment-arm vectors of two muscles (i and j) is interpreted 



Analyses of Muscle Force Predictions Based on Optimization 27 

as the degree-of-antagonism between these two muscles; i.e., 

(mi, m^ 
ttij = cos /¾ = „ x i, i, J ' „ , (2.9) 

limali • limali 

A pair of muscles can now be defined as a pair of anatomical agonists (or antag

onists), if Qij > 0 (Qij < 0). Note this definition allows for a pair of multijoint 

muscles to be an antagonistic pair even if they have the same rotational effect 

about some (but not all!) the joints in the musculoskeletal system. Also, if 

Qij = 0, then the moment-arm vectors of the two muscles (i and j) are perpen

dicular and they are neither anatomically agonistic nor anatomically antagonis

tic. Leijnse [80] defines the terms exact-agonist and exact-antagonist for muscles 

whose moment-arm vectors are collinear, which gives the following definition, 

Definition 2.3.1. If the moment-arm vectors of two muscles satisfy the rela

tionship, m¿ = K J T I J , then they are defined as exact-agonists for K > 0, and 

exact-antagonists for K < 0. 

Functional Action of a Muscle 

Similar to the definition of degree-of-antagonism for a pair of anaiomica/-antagonists, 

a muscle can also be defined to be a /uracizonaZ-agonist (or /wnciz'onaZ-antagonist) 

by the cosine of the angle between the moment-arm vector of a muscle and the 

intersegmental moment vector, as follows 

Tib = cos (3ib = . 
l l m i | | ' ll"ll 

Therefore, we have the following definition 

Definition 2.3.2. A muscle is defined as a functional agonist if (m¿, 6) > 0, 

and a functional antagonist if (m¿, 6) < 0. 
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The terms used for the action of a muscle have also been used to describe 

the relationship between muscles crossing the same joints. For example, two 

ankle muscles, soleus and tibialis anterior, are a pair of anatomical antagonistic 

muscles. However, during ankle plantari!exion, soleus is as a functional agonist 

and tibialis anterior is a functional antagonist. In the following discussion a 

pair of antagonistic muscles refers to anatomical antagonists whereas a single 

antagonistic refers to a functionally antagonistic muscle. 

2.4 Summary 

The inverse-dynamic approach usually results in an indeterminate set of linear 

equations of the form shown in equation (2.5). In matrix form, the interpretation 

of the z i / l-column of the moment arm matrix — A in equation (2.5) — is that of a 

moment-arm vector of the z ih-muscle. For example, in a planar model with three 

joints or a three-dimensional model with one joint, a muscle's moment-arm vector 

may have three non-zero components. Now, it was shown that there is an analogy 

between the moment arm vectors of single joint muscles in a three-dimensional 

model, and the moment-arm vectors of three joint muscles in a planar system. 

Since equations relating individual muscle forces to the intersegmental mo

ment are typically redundant, researchers have used mathematical optimization 

as in equation (2.6) to find a unique solution for the unknown muscle forces. 

However, the specific cost function used by the central nervous system (if any) 

is not known. Therefore, properties of muscle force predictions based on the 

general convex optimization problem are studied here. 



Chapter 3 

Force Sharing Loops 

3.1 Introduction 

In this chapter, the ability of the non-linear optimization problem in equa

tion (2.6) to predict force-sharing loops is analyzed. 

Experimental studies using E M G and direct muscle force measurements [60, 

61] have shown that force-sharing among muscles is highly variable and non

linear. For example, Walmsley et al. [61] reported a highly non-linear relationship 

between the peak forces of the cat medial gastrocnemius and soleus for a variety 

of movement tasks. Herzog and Leonard [60] demonstrated that the force-sharing 

between the cat gastrocnemius (G), plantaris (P) and soleus (S) showed distinct 

loops with the peak forces in each muscle typically occurring at different instants 

in time (figure 3.1). These loops change orientation systematically depending 

on the intensity of the movement [60]. Therefore, for an optimization algorithm 

to potentially predict force-sharing among agonistic muscles successfully, the 

selected approach must be able to predict force-sharing loops among agonistic 

muscles that change orientation depending on the movement task and movement 

intensity. Using a single degree-of-freedom model and various cost functions that 

had been reported in the literature, Herzog and Leonard [60] concluded that the 

optimization models they tested were inadequate in predicting the forces in the 

cat ankle plantar flexors during walking and running. This conclusion was based 

29 
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Gastrocnemius Force [N] 

Figure 3.1: Force-sharing between gastrocnemius and soleus measured 
experimentally for different speeds of cat locomotion (0.4-2Am/s) [60]. 
The dashed lines are extrapolated from the literature (st=standing, 
j=jumping, ps=paw-shaking). The arrows show the direction of force 
progression. The force-sharing loops are highly dependent on the speed 
(or intensity) of the movement [60]. 

in part on the fact that the optimization algorithms gave solutions that inherently 

did not allow for the prediction of force-sharing loops among agonistic muscles. 

Yet, Crowninshield and Brand [6], Pedotti et al. [27], and Prilutsky et al. [41], all 

showed solutions of two- or multi-joint models that, upon close inspection, reveal 

force-sharing loops. However, since these multi degree-of-freedom solutions were 

obtained using numerical approaches, it was not obvious how these force-sharing 

loops were obtained. Also, it was not certain if these numerical solutions were 

part of a general solution or were part of a specific, non-general solution. 

The purpose of this study was to determine whether static, non-linear opti

mization could predict force-sharing loops between agonistic muscles, and if so, 

how these force-sharing loops come about. It is hypothesized that the existence 
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of force-sharing loops in the solution of multi-joint models is part of a general 

solution and not a by product of numerical optimization, or the variation of 

model parameters over a step cycle. A l l calculations were made using the static, 

non-linear optimization approaches described by Crowninshield and Brand [6] 

and Dui et al. [5]. It should be emphasized that the focus of this study was on 

demonstrating specific mathematical properties of the theoretical optimization 

approaches, and not to predict actual force-sharing behaviour as accurately as 

possible. Therefore, no attempt was made at "improving" predictions of actual 

force-sharing by varying input parameters of the optimization approach in a post-

hoc fashion. The two mechanical models used to predict muscle forces were a one 

and a two degree-of-freedom model. The solutions for the one degree-of-freedom 

model have been presented earlier [5, 36, 60, 81]. However, the solutions for 

the two degree-of-freedom model are new. The solutions presented for the two 

degree-of-freedom are general solutions for the chosen musculoskeletal system 

and not generalizable for all two degree-of-freedom models. 

3.2 Methods 

The force-sharing among agonistic muscles was determined analytically for four 

cases involving two different musculoskeletal models and two different cost func

tions. Crowninshield and Brand [6] and Dui et al. [5] first described the two cost 

functions used here. The two musculoskeletal models of the cat ankle plantar 

flexors included the gastrocnemius, plantaris and soleus (table 3.1) and, either 

the ankle joint, or the ankle and the knee joint. The first model considered the 
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G P S 

PCS Ai (*102mm2) 14 4.7 1.4 
rAi (mm) 20 20 20 
TKi (mm) 8 4 N/A 
fmaXi (N) 322 108 32 
Si (%) 21% 26% 100% 

MA MA 

A B 

Figure 3.2: The two musculoskele
tal models used in this study. (A) 
one-degree of freedom model in
cludes the ankle joint; (B) two-
degree of freedom model includes 
both knee and ankle joints. Both 
models include the gastrocnemius, 
plantaris and soleus muscles. The 
sign convention for the moments are: 
M A — positive in ankle plantar flex
ion (i.e. creates a clockwise displace
ment of the distal segment); and MK 

— positive in knee flexion (i.e. cre
ates a clockwise displacement of the 
distal segment). 

Table 3.1: The physiological pa
rameters used in the theoreti
cal calculations of force-sharing 
loops. PCSAi — physiological 
cross-sectional area of muscle i; rAi 

— average moment-arm of muscle i 
about the ankle joint; — average 
moment-arm of muscle i about the 
knee joint; FmaXi — maximum mus
cle force; Si — percent of slow twitch 
fibres. PCSAi, r¿ — measured 
by Herzog and Leonard [60]; FmaXi 

— estimated from each PCSAi 
(FmaXi = PCSAi * 23N/cm?) [60]; 
Si — taken from [82]. 

ankle joint in the sagittal plane (figure 3.2A) [60]; it has one rotational degree-

of-freedom. Assuming ankle plantar flexor forces in gastrocnemius, plantaris and 

soleus, the corresponding moment equation becomes 

rAGfG + rAPfp + rAsfs = MA (3.1) 

where rAi is the moment-arm of muscle i (i = G, P, S) about the ankle, /¿ is the 

force magnitude in muscle i and MA is the contribution of the gastrocnemius, 

plantaris and soleus to the muscular plantar flexor moment. 

The second musculoskeletal model considered both the ankle and knee joint in 
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the sagittal plane, giving it two rotational degrees of freedom. In this model, gas

trocnemius and plantaris are ankle plantarflexors and knee flexors, while soleus 

is an ankle plantar flexor exclusively (figure 3.2B) [41]. Thus, the ankle plan-

tarflexor moment equation is given by equation (3.1) and the knee flexor moment 

equation is defined as 

rKGfG + rKpfp = MK (3.2) 

where is the moment-arm of muscle i (i = G, P) about the knee and MK 

is the contribution of the gastrocnemius and plantaris to the muscular knee 

flexor moment. The force magnitudes of gastrocnemius, plantaris and soleus 

were determined by solving the optimization problem in equation (1.3) with two 

different cost functions, equations (3.1) and/or (3.2) as equality constraints, and 

the inequality constraint 

fi > 0. (3.3) 

The first objective function (4>) is a sum of muscle stresses cubed [6]. i.e. 

where PCSAi is the physiological cross sectional area of muscle i. 

The second objective function (ip) concerns muscular fatigue [5]: we maximize 

the total endurance time defined as 

^ = m a x [ l / T G , 1/Tp, 1/7¾] (3.5) 
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where 

exp(3.48 + 0.169 • Si) 

(3.6) 

(3.7) 

Pi -0.25 - 0.036 • St (3.8) 

with Ti being the endurance time of muscle i, a¿ and pi the constants describ

ing the empirical relationship of endurance time and muscle stress, and Si the 

percentage of slow twitch fibre content in muscle i. 

3.2.1 Data for Calculations 

For the purpose of predicting fG, fP and fs for an actual cat during locomotion, 

the moment-arms and muscle forces measured in one cat [60] were used to esti

mate the muscular moments produced by the three ankle plantar flexor muscles 

(gastrocnemius, plantaris, and soleus) at the ankle and the knee (table 3.1). The 

instantaneous moments at the ankle and the knee produced by gastrocnemius, 

plantaris, and soleus were calculated by adding the individual muscle moments 

about each joint (i.e. MA = rAafG + rApfP + rAJs and MK = rKJG + rKpfP). 

For each of the optimization algorithms studied here, the physiological cross 

sectional area (PCSA), maximal muscle forces (fmgXi), and percentage of slow 

twitch fibres (Si) were needed (table 3.1). The physiological cross sectional areas 

were taken from Herzog and Leonard [60], and the percentage of slow twitch 

fibres were taken from Ariano et al. [82]. The maximal muscle force ( / m a X j ) 

was calculated by assuming a maximum muscle stress of 23N/cm2 [60]. Lastly, 

the moment-arms were taken from an experimental animal which was used for 
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direct, in-vivo measurements of gastrocnemius, plantaris and soleus forces during 

locomotion [60]. 

3.3 Analytical Solutions 

3.3.1 One Degree-of-Freedom Model Solutions 

The analytical solution for the first objective function and the one degree-of-

freedom model (figure 3.2A) has been presented before [36, 49, 60] and the 

derivation for the second objective function presented by Dui et al. [5] is pre

sented here. 

Crowninshield and Brand [6] Criterion, One Degree-of-Freedom Model 

Using the Crowninshield and Brand [6] criterion and the one degree-of-freedom 

model, the force-sharing relation between two muscles crossing a single joint is 

given by 

[36, 49, 60]. If the ratio of the two moment-arms (r¿, TJ) is constant, then 

equation (3.9) relates the magnitude of the force of one muscle linearly to the 

magnitude of the force in another muscle. However, it is possible to predict 

force-sharing loops, of the form shown in figure 3.1, if one assumes that the 

moment-arm ratios are not constant and change in a specific way. Equation (3.9) 

is valid for any number of agonistic muscles crossing a single joint. The predicted 

magnitudes of the muscle forces can be calculated by substituting equation (3.9) 

into equation (3.1). 

(3.9) 
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Dui et al. [5] Criterion, One Degree-of-Freedom Model 

The objective is to minimize (3.5) subject to (3.1) and (3.3). 

Surfaces where the objective function is constant are given by 

uiax{l/TG, l/Tp, 1/7¾} = constant. 

Thus, the surfaces of constant objective function values are boxes with sides 

parallel to the co-ordinate axes in (fG, fp, fs) space with one corner at the 

point where 1/TG = 1/TP = l/Ts. 

Any solution of the objective function is constrained to lie on the plane defined 

by equation (3.1). The minimum feasible solution occurs when the gradient of 

the constraint function is an outward normal to the set ip < ip(f) and, since 

RAG, <"APi and TAS are all positive, the minimum occurs at the corner where 

From the above considerations, the force-sharing between any two muscles can 

be obtained as 

equation (3.10) is the same result as that reported by Dui et al. [5]. Assuming that 

the percentage of slow twitch fibres (Si) in a muscle is constant, the force-sharing 

between any two muscles is an exponential functional relationship. Again, force-

sharing loops could be predicted if the fibre type distributions were allowed to 

V / g = l/fp = l/fs [71], i.e. 

TG = Tp = Ts. 

or 

(3.10) 
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change in a specific way. For the case in which the percentage of slow twitch 

fibres, Si, in each of the considered muscles is equal, the force-sharing is linear; 

i.e. equation (3.10) becomes 
f 

/ J IHciXj n 
i =

 ~~f ~ Jj 
Jmaxj 

3.3.2 Two Degree-of-Freedom Models 

The analytical solutions for the two objective functions and the two degree-of-

freedom model (figure 3.2B) are developed below. 

Crowninshield and Brand [6] Criterion, Two Degree-of-Freedom Ana

lytical Solution 

The objective is to minimize (3.4) subject to (3.1), (3.2) and (3.3). 

First, the solution to the equality constraints is parameterized with respect 

to fo in order to express the optimization problem in terms of a single variable. 

For the specific case solved here, the moment-arms at the ankle 

TAG = rAp = rAs = 20mm 

and the moment-arms about the knee rKa = 4mm and TKP = 8mm were used 

(table 3.1). These moment-arm values approximate the average moment-arms for 

the specific cat considered in this study. Using these values, the parameterization 

gives 

fc = x (3.11) 

fP = \(\MK-x) (3.12) 

•fs = \ {±MA - \MK - x) (3.13) 



Analyses of Muscle Force Predictions Based on Optimization 38 

If parameters R and Q are introduced such that 

R = \MK (3.14) 

Q = JQMA - \MK (3.15) 

then the parametric equations (3.11) - (3.13) become 

fc = x (3.16) 

fP = \{R-x) (3.17) 

fs = \{Q-x) (3.18) 

Substituting equations (3.16) - (3.18) along with the specific PCSA of each 

muscle (table 3.1) into the objective function, equation (3.4), and rearranging 

gives 

( x \3 ( R — f Q — x \ 3 

1.4* 103 ) + V9 .4*10V + V2 .8*10V 
= (8x3 + c3(R - xf + iooo(g - x ) 3 ) (2.8 * 103) 3 

where f = 28/9.4. 

To evaluate the minimum of (p(x), the critical points and end points must be 

examined for the interval of possible x, 

0 < x < min (Q, R). (3.19) 

The lower bound of the interval is determined from the constraint fc > 0 along 

with equation (3.16). The upper bound is determined from equations (3.17) and 

(3.18), since fs > 0 and fP > 0. Next 

= (2.8 A O 3 ) 3 ( 8 x 2 - ? ( R - x ) 2 - 1 0 0 ° ( ^ - x ? ) » 
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so at the critical point 

3 
3 (W2 - £ 3(i? - x)2 - 1000(Q - x ) 2 ) . (3.20) 0 = 

(2.8* 103) 

Now, 

¢'(0) 
- 3 

I ( Ç 3

J R 2 + 1000Q2) (3.21) 
(2.8* IO3) 

which is always negative for any value of R and Q. Thus, x = 0 is not a 

minimizer, and the minimum occurs when x is positive (i.e., at the minimum of 

¢, fa is always positive). 

Now suppose that R < Q. Then, for fp to be positive at the minimum 

of 0, <ff{R) > 0, which occurs if and only if (8R2 - 1000(Q - R)2) > 0; i.e., 

0.9106 < Q/R < 1.0894. Therefore, as long as 1 < Q/R < 1.0894, fP will be 

positive at the local minimum of 4>(x). Otherwise if Q/R > 1.0894 then fp = 0 

(i.e. x = R, from equation (3.17)). 

Conversely, suppose that R > Q. Then, for fs to be positive at the critical 

point, 0(Q) > 0, which occurs if and only if (8Q2-£3(R-Q)2) > 0; i.e., 0.4498 < 

R/Q < 1.5502. Therefore, as long as 1 < R/Q < 1.5502 (i.e. 0.645 < Q/R < 1), 

fs will be positive at the local minimum of 4>(x). Otherwise, if Q/R < 0.645 

then fs = 0 (i.e. x = Q , from equation (3.18)). To sum up, if 

0.645 < Q/R < 1.0894 (3.22) 

i.e. 

4.1125 < — - < 5.224 
MK 

(3.23) 
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Moment Loop in MA/MK Space 

Moment at the Ankle 

2.5 -

2 -

1.5 

1 -

.5 -

0 - ^ 

MA/MK = 5.2 

If = 0 
/ 

MA/MK =4.1 

/.S' = 0 

0 .1 .2 .3 .4 .5 .6 
Moment at the Knee 

Figure 3.3: Moments at the ankle (MA) against the moment at the knee 
(MK) for a single step cycle of cat locomotion used in the prediction 
of muscle force. M A and MK are the moments at the ankle and knee 
produced by the three ankle plantar flexors included in the mechanical 
model (figure 3.2). The shaded region is the area for which all three forces 
are predicted to be non-zero (equation (3.23)), above this area fp = 0, 
and below the shaded area fs = 0 using the criteria of Crowninshield and 
Brand [6]. 

then the optimal value is found by solving 4>'(x) = 0. If Q/R > 1.0894 then 

fp = 0 (i.e., fG = x = R) and if 0 < Q/R < 0.645 then fs = 0 (i.e., fG = x = 

Q). Here R and Q are defined by equations (3.14) and (3.15), respectively (see 

figure 3.3). 

Dui et al. [5] Criterion, Two Degree-of-Freedom Model 

The objective is to minimize (3.5) subject to (3.1), (3.2) and (3.3). 

The first step is to parameterize the equality constraints as in equations (3.16) -

(3.18). A substitution of these three equations for fe, fP and fs into the objective 
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function (equation (3.5)) gives 

tp(x) = max{V; G a:" P G , 2pPipP{R - x)~pr, 2
v

sWS(Q - x)~
p

s } (3.24) 

where 
1 \ if X V l 

i i \ I ./max. 
Vi = 

dij V 1 0 0 

ai and p¿ are functions of Si defined by equations (3.7) and (3.8), respectively 

and; R and Q are defined by equations (3.14) and (3.15), respectively. 

The resulting objective function involves three individual functions of x (fig

ure 3.4) in the range given by equation (3.19), i.e., 

V(x) = max{ipG(x), VP(X), ^s(^)}-

The function fG is increasing and its graph intersects those of functions fP 

and fs at x = xGP and x = xGs respectively (figure 3.4). Thus x = 0 is not 

a minimizer, and ignoring the upper end constraint of equation (3.19) for the 

moment, the local minimum of the objective function is 

^min = V (max {xGP,xGS}). (3.25) 

Now, if Q < R, then for fs to be positive at the local minimum, VG(Q) > VP(Q) 

(figure 3.4, case 1), that is if ipG • Q~pa > 2ppipP{R - Q)~pp; i.e., 

íil) \ l/Pp 

R<2 Í Qpc/vp + Q. (3.26) 

If the inequality in equation (3.26) is not satisfied then fs = 0 (x = Q from 

equation (3.18). 
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Graph of: ip(x) = max[i¡JG(x), 4>p{x), ^s(x)} 
ib(x) ip{x) 

.feasible 
Í'G{X) ips{x) 

XGP 

XGS 

x = Q x = R 

Case 1 
x=R x=Q 

Case 2 

Figure 3.4: Representative graph of the three functions in the Dui et al. 
[5] objective function (equation (3 .24)) for the two-degree of freedom 
model after parameterization (fe = x). The points XQP and XGS are 
the intersection of TPG(X), 4>P(X) and ìpa(x)ì tps(%) respectively. Case 1: 
ipp(Q) > ^ s (O) ; The feasible solution space is in the range 0 < x < Q. If 
%GP < Q then the minimum (optimal) point occurs at XQP- Otherwise 
the minimum is on the boundary at x = Q. Case 2: ^ s (O) > V'p(O); 
The feasible solution space is in the range 0 < x < R. If xGs < Q then 
the minimum point occurs at XGS- Otherwise the minimum is on the 
boundary at x = R. 

Likewise, if R < Q, then for fP to be positive at the local minimum IPG{R) > 

ips(R), (figure 3.4, case 2) , that is if 

IPG-Q-PG >2PsìpP(Q-R)-Psì 

i.e., 

Q < 2 f | ^ P Rpc/Ps + R. (3.27) 

Otherwise, if the inequality in equation (3 .27) is not satisfied, then fp = 0 (x = R 

from equation (3 .17)) . 

Finally, equations (3.26) and (3 .27) split the R/Q plane into three regions; 
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Figure 3.5: Transformation from the (MA, MK) space to ( /G, fp) space 
in the solution of the Crowninshield and Brand [6] cost function with the 
two-degree of freedom model. The arrow represents the direction of the 
loop and the dashed lines are only to connect each data point. A . The 
original ankle and knee moments produced by the three ankle plantar flex
ors (figure 3.2B). B. Parameters R and Q defined by equations (3.14) and 
(3.15), respectively. C . Predicted force-sharing between gastrocnemius 
and plantaris. without taking into account the non-negativity constraint 
(equation (3.3)). D. Predicted force-sharing between gastrocnemius and 
plantaris while including the non-negativity constraint (equation (3.3)). 

one region where all forces are non-zero and two regions where one force (fs or 

fp) is zero and the other two forces are non-zero. 

3.3.3 Calculation of Force-sharing Loops 

Plotting the actual force-sharing of any two cat ankle plantar flexor muscles 

results in a characteristic loop [e.g. 60, 62]; thus the relationship of any two muscle 

forces fi and fj is non-functional (figure 3.1 and 3.5A). However, the solutions of 
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the one degree-of-freedom models (equations (3.9) and (3.10)) reveals a unique 

functional relationship between any two muscle forces, fi and fj, provided that 

the moment-arm ratio and the fibre type distribution between the two muscles is 

constant. The moment-arm ratio of gastrocnemius, plantaris, and soleus about 

a transverse axis through the ankle is virtually constant, and the fibre type 

distribution within a given treatment session is assumed to be constant. 

When a second degree-of-freedom (i.e., a second joint moment) is introduced 

into the model, the question arises whether the loop characteristics in the moment 

space (MA, MK) are transferred to the force space fj). For a loop to be 

retained during a transformation from one space into another, it is sufficient 

that the determinant of the Jacobian representing the transfer is of one sign. 

The first step in the optimization is a linear transformation from the moment 

space ( M 4 , MK) to (i?, Q) co-ordinates through equations (3.14) and (3.15). 

For this transformation, the Jacobian determinant (J) is 

J = 
dR dR 

dMK dMA 

8Q aq 
dMK dMA 

Since, J 0 the transformation (MA, MK) i — • (/2, Q) preserves the loops in 

the (MA, Mji) space (figure 3.5B). 

The next transformation is from the (i?, Q) space to the force-sharing space 

(/GI fp) (figure 3.5C). For example, the force-sharing between gastrocnemius 

and plantaris is given by the transformation (i?, Q) i—> [fa, fp) described in 
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equations (3.16), and (3.17). The Jacobian for this transformation is 

J 
dfg dfg 
dR dQ 

dfp dfp 
dR dQ 

dx 
dR 

2K1 dR) 

1 dx 
~2dQ 

dx 
dQ 

I ( dx \ 
2\dQ) 

(3.29) 

(3.30) 

(3.31) 

and the partial derivative can be found by implicitly differentiating equation (3.20) 

to obtain 

2 ( t e § + <"<*- * > i - i o o o ( C - , ) ( i - ^ ) ) = o 

whence, 
dx 2000/s 

dQ BfG + 2OOO/5 + 2e fp 

If all three muscle forces are positive, then equation (3.31) gives J < 0. Thus 

the loop in the (i?, Q) space is preserved in the ( / G , fp) space. 

When transforming from the moment space (MK, MA) to the force-sharing 

space (/c, fp) as done above, values for forces may come out to be negative 

(figure 3.5C). Since one of the constraints of the optimization algorithms is that 

fi > 0, the negative muscle force values must be replaced by zero values and 

the loop is then sliced by the corresponding axis (figure 3.5D). Going from the 

(i?, Q) space to the (/¿, f¡) space using any pair of muscles other than those 

used for the above example gives the same general result; i.e. the force-sharing 

between any pair of muscles will result in a loop for both objective functions 

considered here. 
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3.4 Results 

3.4.1 One Degree-of-Freedom Models 

In the Crowninshield and Brand [6] optimization approach, the force-sharing 

between two muscles depends exclusively on the ratio of their moment-arms 

and physiological cross-sectional areas (equation (3.9)). For the specific case 

calculated here, the moment-arms of all muscles about the ankle were assumed 

to be the same (i.e. 20mm, table 3.1). Since the physiological cross-sectional area 

is a constant for each muscle (table 3.1), the force-sharing relationship between 

fa-, fp and fs was linear with slopes depending exclusively on the ratios of the 

physiological cross-sectional areas [5, 60]. Therefore, muscles with a large cross-

sectional area were predicted to produce more force than muscles with a small 

cross-sectional area (figure 3.6). 

In the Dui et al. [5] optimization approach, force-sharing between any two 

muscles depended exclusively on the maximal isometric force and the percentage 

of slow twitch fibre of the muscles (equation (3.10)). Since the maximal isometric 

force and the percentage of slow twitch fibre are muscle specific constants, the 

force-sharing between any two muscles becomes an exponential relation of the 

form 

h = Afl 

where A and b are constants [5]. 

At low force requirements, forces are preferentially assigned to muscles with a 

high percentage of slow twitch fibres (e.g. the cat soleus muscle). Wi th increasing 

force demands, forces in large muscles with a small percentage of slow twitch 
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fibres (e.g. the cat fa) increase faster than forces in small muscles with a high 

percentage of slow twitch fibres (figure 3.6). Also, force-sharing between any two 

muscles with an equal percentage of slow twitch fibres is linear, and force-sharing 

between fa and fP does not deviate much from linearity (figure 3.6) because of 

their similar fibre type distribution (Table 3.1). 

3.4.2 Two Degree-of-Freedom Models 

Parameterization of the equality constraints (equations (3.1) and (3.2)) in both 

optimization approaches reduces the two degree-of-freedom problem to an op

timization of a single variable, x. The remaining variables, fP and fs, become 

functions of the variable x (equations (3.17) and (3.18), respectively), and the 

joint moments MA and MK-

Provided fp > 0 and fs > 0 (equation (3.3)), the optimal solution for x 

of the Crowninshield and Brand [6] approach is given by the positive root of 

equation (3.20); 4>\x) = 0, and then x is a function of MA and MK- There is a 

range of MA/MK for which /p > 0 and fs > 0 (equation (3.3)) and this solution 

can be derived by substituting equations (3.14) and (3.15) into equation (3.22); 

(i.e. 4.1125 < MA/MK < 5.224). There are two conceptual outcomes to the 

optimization. The first consists of the case in which all muscle forces are non-zero. 

This solution occurs when the ratio MA/MK lies within the range of values given 

in equation (3.23) (shaded region; figure 3.3). The second outcome produces one 

zero muscle force and two non-zero muscle forces which are dependent on MA 

and MK- This solution occurs when MA/MK > 5.224 (then fP = 0) or when 

MA/MK < 4.1125 (fs = 0) (the rest of figure 3.3). In each of these solutions, 
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the non-zero muscle forces (fa, fp or fs) are independent functions of MA and 

MK-

The optimal solution for x of the Dui et al. [5] approach is given by equa

tion (3.25). As with the Crowninshield and Brand [6] solution, both Q and R 

must satisfy certain conditions (i.e. equations (3.26) and (3.27)) for all muscle 

forces to be positive. For example, if the inequality in equation (3.26) is not 

satisfied then fp = 0. Likewise, if (3.27) is not satisfied then fs = 0 

Using the moment data obtained from one step cycle of the cat locomotion 

[60], we predicted the forces in the three ankle plantar flexor muscles of our model 

(figure 3.7). The force-sharing between each of the three ankle plantar flexors 

is shown in figure 3.7a — c. The experimentally measured force-sharing is also 

shown (Curve E). Both cost functions can predict force-sharing loops in each of 

the force-sharing planes using the two degree-of-freedom model. However, these 

loops do not represent the actual force-sharing accurately. 
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Figure 3.6: Force-sharing between 
the cat gastrocnemius, plantaris and 
soleus muscles. Each graph con
tains the experimental force-sharing 
loop (E), and the predicted force-
sharing curves using the Crownin
shield and Brand [6] (C) and the Dui 
et al. [5] (D) approaches as applied to 
the one degree-of-freedom model. 
A. fs v. fG, B. fp v. fs, C . fP v. fG. 
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Figure 3.7: Force-sharing between 
the cat gastrocnemius, plantaris and 
soleus muscles. Each graph con
tains the experimental force-sharing 
loop (E), and the predicted force-
sharing curves using the Crownin
shield and Brand [6] (C) and the Dui 
et al. [5] (£>) approaches as applied to 
the two degree-of-freedom model. 
A. fs v. fG, B. fp v. fs, C . fp v. fG. 



Analyses of Muscle Force Predictions Based on Optimization 50 

3.5 Discussion 

The actual force-sharing among the cat ankle plantar flexors has been shown to 

be quite complex. For example, force-sharing between the cat soleus and gas

trocnemius can go from one extreme to the other (figure 3.1). During prolonged 

standing, soleus always produces substantial force while gastrocnemius may be 

silent [62]. During paw-shaking or scratching soleus may be silent while gastroc

nemius is active [63, 83]. During normal locomotion, force-sharing between soleus 

and gastrocnemius produces loops of varying shapes and directions depending on 

the speed of walking/running [47, 60]. Theoretical algorithms aimed at predict

ing individual muscle forces and force-sharing behaviour among muscles should 

account for the general features observed experimentally. 

It has been shown previously, and again in this study, that two of the most 

popular force predicting algorithms [5, 6] give a unique functional relationship 

for the force-sharing between two muscles in a one degree-of-freedom model 

[25, 53]. It is noted that this unique functional relationship is obtained be

cause the moment-arm ratio (equation (3.9)) or the fibre type distribution ratio 

(equation (3.10)) is assumed to be constant. Moment-arm ratios, of course, may 

not be constant in reality. However, for the muscles considered here, the assump

tion is very close to reality. Fibre type distributions are constant by definition, 

except possibly for cases in which fibre types may change in the long term; for 

example, because of specific exercise or training. Such cases are not considered 

here. 

For two degree-of-freedom models, we demonstrated that the solutions are 
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not functional relationships between muscle forces, but loop-type relationships. 

Although, the force-sharing loops were obtained for a specific two degree-of-

freedom system, we showed that the force-sharing loops are a direct result of 

the loops formed by the ankle and knee moments in the moment/moment space. 

Therefore, if the ankle and knee moments form a loop, so will the force-sharing 

graphs in any multi degree-of-freedom model that contains two- or multi-joint 

muscles. 

In previous studies, it was demonstrated that antagonistic muscular forces 

and co-contraction of antagonistic muscles were part of the general solution for 

the optimization approach of Crowninshield and Brand [6] using a multi degree-

of-freedom model, containing two- or more multi-joint muscles [46, 47]. Sim

ilarly, the prediction of force-sharing loops arising from joint moments is only 

possible in a two or multi degree-of-freedom model containing at least a single 

two joint muscle. From these examples, it becomes apparent that statements 

about the behaviour of optimization algorithms should not be generalized from 

one degree-of-freedom models. Also, because of their inadequate properties, one 

degree-of-freedom optimization cannot give physiologically adequate solutions, 

at least not for the approaches tested here, and therefore, should not be used 

for the prediction of individual muscle forces. On the other hand, two and multi 

degree-of-freedom approaches have the mathematical properties that can predict, 

qualitatively, many of the force-sharing features observed experimentally. 

Theoretical predictions of individual muscle forces are rarely compared with 

muscle forces measured experimentally. Dui et al. [5] compared their force-

sharing predictions with the peak soleus and medial-gastrocnemius forces, that 
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were previously measured by Walmsley et al. [61]. They concluded that their 

algorithm was sound and predicted the force-sharing behaviour between these 

two muscles accurately. However, this result cannot be accepted for a variety 

of reasons. Most importantly, Dui et al. [5] only compared the peak forces of 

soleus and medial-gastrocnemius with their force-sharing algorithm, neglecting 

that the peak forces in these muscles do not occur at the same instant in time, 

and that the force-sharing behaviour for cyclic movements, such as locomotion, 

forms loops [60, 81]. 

We conclude from the present study that the optimization approaches pro

posed initially by Crowninshield and Brand [6] and Dui et al. [5] cannot predict 

force-sharing among agonistic muscles adequately in a one degree-of-freedom 

model. This statement is based on the theoretical results that antagonistic mus

cle activity and force-sharing loops cannot be predicted in general or without 

imposing artificial constraints. For two or multi degree-of-freedom models, force-

sharing loops, antagonistic muscular activity, and co-contraction of pairs of an

tagonistic muscles are part of the general solution, provided these models contain 

multi-joint muscles [46-48]. Therefore, it appears that the algorithms tested here 

might conceptually predict individual muscle forces adequately in multi degree-

of-freedom models. However, even in multi degree-of-freedom models, it is not 

possible to predict co-contraction of pairs of one-joint antagonistic muscles with 

the algorithms tested here. 



Chapter 4 

Prediction of Muscle Activity in Systems with 

Two Degrees-of-Freedom 

4.1 Introduction 

In general, models of the musculoskeletal system are mechanically redundant; 

they contain more unknowns than equations. Typically, such models include 

a number of joints and the primary muscles that cross these joints. For each 

rotational degree-of-freedom, there is one intersegmental moment equation. If it 

is assumed that each joint has one rotational degree-of-freedom, then the number 

of joints in a model is equal to the number of moment equations (i.e. the number 

of rotational degrees-of-freedom). The resulting joint moment equations may be 

written in matrix form as: 

with A = [mi ... m„] 5 f = [/i ... / n ] T , and b = [&i ... bm]T. Equation (4.1) is 

the same as equation (2.5). A unique solution to equation (4.1) can be found by 

solving the optimization problem in equation (2.6) with the general cost function, 

where / , is the magnitude of the ith muscle force, uii is a weight factor of the i 

muscle, and a is an exponent such that a > 1. 

Af = b (4.1) 

(4.2) 

53 
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For large or complex models, predictions of muscle forces, using a cost func

tion as shown in equation (4.2), are typically solved using numerical optimization 

methods [32, 38, 41]. Numerical solutions of multi degree-of-freedom models have 

been used to infer the general characteristics of specific optimization approaches, 

however these qualitative inferences have often been incorrect. For example, 

Prilutsky [39] proposed three rules of muscle coordination from numerical opti

mization results. Rules one and two stated that muscles with long moment-arms 

are allocated more force and muscles with large cross-sectional areas are allocated 

more force, respectively. However, Herzog and Ait-Haddou [59] showed that rules 

one and two are not generally correct as independent rules, but may be combined 

for a one degree-of-freedom model; that is, more force is allocated to muscles with 

a greater product of moment-arm and cross-sectional area raised to the power a. 

However, this result cannot be extended to multi degree-of-freedom models. In 

general, numerically derived solutions can give force-sharing patterns for specific 

models, but they are not particularly useful when attempting to generate global 

insight into force-sharing patterns. 

A second way for analyzing the above optimization approach has been an

alytical in nature and was typically applied to models with a single degree-of-

freedom or to multi degree-of-freedom models with a small number of muscles 

[6, 28, 36, 46, 47]. For single degree-of-freedom models, the analytical solution 

showed that all agonists are active simultaneously and all antagonists are silent 

[5, 36]. However, general rules for which muscles are active or silent for two or 

multi degree-of-freedom models have not been determined. 

The purpose of this study is to present a general, graphical approach for a two 
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degree-of-freedom musculoskeletal system that provides global insight into the 

force-sharing problem based on the geometry of the model. We show that there 

exists a line in the configuration space that separates active and silent muscles. 

A n active muscle is defined as a muscle whose force is greater than zero; a silent 

muscle has zero force. Furthermore, we give a simple way of comparing the 

relative force magnitude of any pair of active muscles using the separating line 

of the musculoskeletal system. Since it is impossible to derive analytically the 

location of the separating line in general, we give a finite algorithm that identifies 

active and silent muscles. Finally, some of the direct implications underlying 

the existence of the separating line for optimization approaches of the form of 

equations (4.1) and (4.2), will be discussed. 

The current research was not aimed at making better force-sharing predic

tions, nor was it aimed at endorsing optimization as the best approach for solv

ing the force-sharing problem in biomechanics. However, we do present an easy 

method for evaluating the properties and solutions of optimization approaches 

once the musculoskeletal anatomy is known. The beauty of the graphical ap

proach is that feasible and infeasible solutions can be recognized within seconds, 

by inspection, and without the need for extended calculations. 

4.2 Methods 

4.2.1 Separation of Active and Silent Muscles 

Consider a general two degree-of-freedom musculoskeletal system modelled as a 

frictionless pin jointed framework of bones with two joints crossed by n muscles 
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m , = (r¡, 0) 

Figure 4.1: Left. A musculoskeletal model with two joints (1, 2) and 
three muscles. Right. Diagram of moment-arm vectors for the three 
muscles (1-3) and the intersegmental moment, b = (pi, b2). The axes 
represent the moment-arm of each muscle about a joint (1 or 2). In all 
figures, the x-axis (joint-1) and y-axis (joint-2) represent the moment-arm 
of a muscle about joint-1 and joint-2, respectively. 

(n > 2). Each muscle has a physiological cross-sectional area, u>i (i = 1,... ,n) 

and a moment-arm vector, ra¿ = [rj r?] T , where rf is the moment-arm of the 

ith muscle at the kth joint. The cost function to be minimized is given by (4.2) 

and is subject to the constraints /¿ > 0 and the intersegmental moment equation 

(equation (4.1)) which can be written here as 

m i fl • • • ín (4.3) 

From now on, we will call m¿ the moment-arm vector of the ith muscle. The 

muscular configuration geometry of any musculoskeletal system can be repre

sented in the configuration plane (figure 4.1). Based on this configuration, we 

can prove the following theorem. 

Theorem 4.2.1. There exists a line £ that separates the moment-arm vectors 
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V III; 
ra5 

_ ? 

Í K 6 m 6 

Figure 4.2: Illustration of joint moment-arm vectors in the moment-arm 
space. m¿ represents the moment-arm vector of each muscle, 6 is the 
intersegmental joint moment and line L represents the separating line. 
Those muscles with moment-arm vectors in the half space, Di^, are active 
and those in are silent. 

corresponding to active muscles from those corresponding to silent muscles. The 

moment-arm vectors of active muscles are located in the strict half-plane "K^ 

(figure 4-2) that is defined by the line £ and that contains the intersegmental 

moment b, whereas the moment-arm vectors of the silent muscles are located in 

the complementary half-plane. 

Proof. The cost function 0, in equation (4.2) is strictly convex in the constraint 

domain for a > 1.0, and all constraints are componentwise linear. The necessary 

and sufficient conditions for / * to be the optimal solution of the problem are 

given by the Karush-Kuhn-Tucker conditions [72]. 

n 
(4.4) 

i=i 
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The gradient of the Lagrangian, equation (4.4) is 

V4>(D-AT\-» = 0, (4.5) 

where A = (A x , A 2 ) and ¡J, = (¿ti, . . . , /½) are Lagrange multiplier vectors sat

isfying Hi > 0 and the complementarity condition [ufi = 0 for each i. For our 

musculoskeletal system, equation (4.5) can be written as 

a ( fi (m¿, A) + Hi, (4.6) 
Lüi \<¿i 

along with the complementarity conditions on Hi 

Hi = 0 if / ; > 0 , (4.7) 

and 

M¿ > 0 if f* = 0, (4.8) 

for each i. 

Thus, if / * > 0 then (ra¿, A) > 0 by equations (4.6) and (4.7), and if / * = 0, 

then (m¿, A) < 0 by equations (4.6) and (4.8). Therefore, the line 

L = {x e K 2 | ( Í C , A) = 0} (4.9) 

has the property of separating the moment-arm vectors of the active and silent 

muscles. Denote by CK¿" the half-plane defined by the line £ that does not contain 

the vector 6. Assume that the moment-arm vectors of the set of active muscles 

[fh-, - -, fik} belong to "K^. By equation (4.1), we have 
k 

J2fj^=b- (4.10) 
3=1 

Therefore, 6 belongs to the convex cone generated by the vectors m ^ , . . . ,m¿ f c  

and thus, belongs to the half-plane I K ¿ ~ , which leads to a contradiction. • 
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A direct consequence of Theorem 4.2.1 is the fact that the moment-arm vec

tors of active muscles must be located in a connected polar region1. This implies 

that the moment-arm vector of a silent muscle cannot be located between the 

moment-arm vectors of two active muscles, where the angle between the two 

active muscles is less than TT. 

This theorem also illustrates the idea of co-activation of active muscles; ac

tive and silent muscles are located in connected polar regions of the moment-arm 

configuration space. Therefore, all muscles whose moment-arm vectors lie in the 

convex cone generated by two active muscles will all be active as well.Another 

direct result is that a pair of single joint antagonistic muscles cannot be predicted 

to co-contract. This can be explained by two facts; 1. when the moment-arm 

vectors of a pair of one-joint antagonistic muscles coincide with the separating 

line in a planar system, both muscles are predicted to be silent; 2. for all other 

directions of the separating line, one of the two single joint antagonists will be 

predicted to produce force and the other will be predicted to be silent. Further

more, the existence of the separating line allows us to detect the activity pattern 

of several muscles by inspection of the geometry of the musculoskeletal system 

without performing extensive numerical computations. More precisely, we have 

the following theorem. 

Theorem 4.2.2. The two muscles (m2 and m.3 in figure 4-3), whose moment-

arm vectors form the smallest cone (¾ containing the intersegmental moment 

vector b, are always active, whereas the muscles whose moment-arm vectors are 

located in the negative cone, - ¾ (m& and m-j in figure 4-3), are always silent. 
1See the Nomenclature page for a definition of connected polar regions. 
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Figure 4.3: Illustration of the postive and negative cones ((¾ and —6¾) 
for the prediction of active and silent muscles. See figure 4.1 for an ex
planation of the axes. 

Proof. Moment equation (4.3) reflects the fact that the intersegmental moment ò 

is a positive linear combination of the moment-arm vectors of the active muscles 

(since silent muscles do not contribute to the sum). If the separating line £ is 

located between vectors ra3 and ò (figure 4.3), then the intersegmental moment 

6 would have to be in the convex cone generated by the moment-arm vectors 

rrii located in the half-plane By inspection of figure 4.3, the intersegmental 

moment vector, b, lies outside of the convex cone generated by the moment-

arm vectors of the muscles in the open half-space, Dï^. Since these are the 

active muscles this contradicts equation (4.10). Similarly, by symmetry, the same 

argument holds if the separating line lies between ra2 and 6. Thus the separating 

line in fact separates C¿ from — 6¾, and so any muscle whose moment-arm vector 

lies in the negative cone, — 6¾, is silent. • 

Even though the previous theorem uses the existence of the separating line 

as an argument for the proof, the final result does not depend on the exact 
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F igure 4.4: moment-arm diagram for rectus femoris (RF) and semi-
tendinosus (S) muscles along with a knee extension hip flexion external 
moment b. 

location of the separating line, the weight factor (a), or the physiological cross-

sectional area (u;¿). Therefore, the activity or silence of several muscles can 

be deduced directly by inspecting the moment-arm space configuration, which is 

independent of the qualitative physiological aspect of the muscles. Theorem 4.2.2 

is valid for any musculoskeletal system. The muscles that are the most likely to 

contribute to the resultant moment are always active. However, the muscles 

that are unfavourable to the resultant moment are always silent, independent of 

their physiological-cross-sectional-areas. For example, the rectus femoris (a knee 

extensor and hip flexor) and the semitendinosus (a knee flexor and hip extensor) 

in figure 4.4 have opposite actions. Rectus femoris acts as an agonist of the 

resultant moments at the hip and knee, thus, it is likely to be active. Conversely, 

semitendinosus acts as an antagonist, and would likely be silent. 
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4.2.2 Defining the Location of the Separating Line 

The exact location of the line £ , defined as the line orthogonal to the Lagrange 

multiplier vector A, cannot be obtained, in general, without reference to numer

ical computations. However, the complete force-sharing pattern of the muscu

loskeletal system is known if one finds a line that gives the same force-sharing 

pattern as the exact line £ ; in this section, we give a finite algorithm for locating 

such a line. 

First, notice that the moment equation defined in (4.1) can be rewritten as 

Af — b = 0 or YliLi fimi — b = 0. This implies that 6 is collinear with the 

resultant muscle moment vector defined by YlT=i Í ¿ m i - Therefore, a feasible 

solution to the optimization problem in (2.6) must satisfy 

det = 0 
i=l 

(which is the determinant of a 2 x 2 matrix). By rearranging the order of sum

mation we can write 
m 

£ / * det [mi, 6] = 0 (4.11) 
¿=i 

and since the terms are either positive or zero we need only concern our selves 

with the non-zero terms. Secondly, the non-zero muscle forces of a feasible solu

tion must satisfy the relation 

/ . - i = ( < m . , X) (4.12) 
a 

which can be rewritten as a 2 x 2 determinant (see below). This leads us to the 

following theorem. 
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Figure 4.5: Illustration of a possible location of the separating line. x0 is 
the direction vector of the separating line. See figure 4.1 for an explanation 
of the axes. 

Theorem 4.2.3. Consider a two degree-of-freedom, two-joint musculoskeletal 

system, and the function ^b(x) defined on the set {x G üft2| det [x,b] > 0} as 

y¡?b(x)= Y d e t [ ^ m ¿> £ c ] 1 / ( Q _ 1 ) det [c^m*, 6], (4.13) 
i€A(x) 

where A(x ) is the set of vectors that lies in the shaded half plane (figure 4-5) and 

is the set defined by 

A(x) = {¿ e { l , . . . , n } I det [m¡, x] > 0} . (4.14) 

In this case, a vector XQ G üR2, such that ^b(iCo) = 0, defines a direction vector 

of the line, Ü, that separates active and silent muscles. 

Proof. Let x0 be a vector such that tyb(xo) = 0, and denote by A 0 the vector 

obtained by a rotation of x0 by Equation (4.13) can then be written as: 

( V ^ W \o)1/{a-1] det K b]\ = 0. (4.15) 
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Now, denote by /¿ the real number 

(4.16) 

and equation (4.15) becomes 

det 
i€A{xo) 

= 0. (4.17) 

Since 6 belongs to the convex cone generated by the vectors mi: i (=. A, then 

by equation (4.17), there exists a real positive number h such that 

^ / j i r i j = hb. 

ieA(xo) 

By taking 

n = 
fi/h for i e A 

0 for z ̂  A, 

and 

X = aX0/ h*'1 

where (A, 6) > 0. Now by choosing //¿ = 0 for i E A and /tx¿ = —{mi, X) for 

i ¢. A, we can verify that A , \x and / * satisfy all the properties required for the 

Karush-Kuhn-Tucker conditions and the constraint conditions. • 

Since for any real number e we have tye¡,(:c) = £^b(&), the location of the 

separating line is independent of the magnitude of the intersegmental moment 
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vector, b. Therefore, the set of active muscles is independent of the magnitude 

of the intersegmental moment vector, b. Furthermore, the expression of function 

\I/fc(cc) does not take into consideration the moment-arm vector of silent muscles. 

Therefore, a change in the moment-arm magnitude and location of silent muscles 

(provided that the change does not produce a crossing of the separating line) does 

not affect the force-sharing pattern of the musculoskeletal model. 

Physiologically, this means that if, for a given task, the central nervous system 

has chosen a specific force-sharing pattern, then this pattern persists for all tasks 

for which the geometry of the silent muscles is only changed by a "small" amount, 

where "small" must be defined within the specific context of each condition and 

depends on the angle between active moment-arm vectors and the line, £ . Also, 

any change in the magnitude of the resultant moment, 6, does not change the 

relative force-sharing of active muscles. For example, if the magnitude of b is 

changed from ||6|| to e \\b\\ (e > 0), then the predicted force of each muscle will 

change from / * to sf*. 

For the next few sections the continuity of the function, ^(cc) will be re

quired. Therefore, the following theorem concerning the continuity of this func

tion is given here. 

Theorem 4.2.4. The function, ^b(x), is continuous in x. 

Proof. In polar coordinates the vectors x, rrii and b are x = (x, 9), m¿ = 

(m¿, Î9J) and b = (b, P), where x is the magnitude and 9 is the counter-clockwise 

angle measured from the positive x-axis. To prove that ^(x) is continuous, we 

will show that this function is continuous in x and 9. 
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First, the function, #6(ce), can be rewritten in polar coordinates as 

^b(x,6) = ^u!imix(cos'di sin 9 — sin di cos 8)j " 
¿e>l(a:,0) 

(uirriib • (cos í?¿ sin /3 — sin $¿ cos /?) 

After rearranging terms and factoring, tyb(x) can be written as 

%(x,e) = uf*bx ( « s i n ( ^ - ^ ) ) ^ s i n ( ^ - ^ ) ) (4.18) 

i&A(x,0) ^ ' 

and is defined for x > 0 and /3 > 6 > f3 + TT. Since equation (4.18) is linear in x, 

it is also continuous in x. 

Next we check if the function is continuous when 6 is varied and x is constant. 

The function is continuous if 
lim %(x,6) = lim Vb{x,0) = # 6 ( x , ^ ) (4.19) 

where r¡ G { i | l > i > m}. 

Now let A = .A(;e) when # < ûv, and . A = A(x) when # > where the set 

A{x) is defined in equation (4.14). Provided that no vector is collinear with the 

moment-arm vector mn, A = A \J {rj}. For example, let r\ = 5 in figure 4.5, then 

Â= {1,2,3, 4} and A = {1, 2, 3,4, 5}. Therefore, we have, by equation (4.19) 

lim Vb(x,9) = uf*bx y^(mf sin(0 - Idi))a~1 sin(/3 - tf¿) 

= w p ò x ]TJ ^ (m? sin(é> - tf¿)) ~' ^(P ~ + 

jf*bx(m° sin(0 - sin(/3 -
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• Secondly we have 

lim tyb(x,6) 

Finally, since lime_>^+ sin(0 — = 0, we have 

lim tyb(x,9)= lim Vb(x, 6) = %{x, ^). 

• 

4.2.3 Algorithm for Locating the Separating Line 

An approximate location for the separating line can be found by evaluating the 

sign of the function ^b(cc) in equation (4.13) for specific moment-arm vectors, 

jrij. For example, if, for a given moment-arm vector, m¿, the value ¢ ¡ , (17¾) is 

positive, and since VP&(6) > 0 > ¢¿,( -6) theorems 4.2.3 and 4.2.4 corresponding 

muscle is active. If, for a given moment-arm vector, m¿, the value ¢¿, (ra¿) 

is non-positive, then theorems 4.2.3 and 4.2.4 predict that the corresponding 

muscle is silent. Now, an analytical solution for the equation ¢ ¡ , ( ^ 0 ) = 0 is not 

guaranteed, however we can always determine if the line lies between any two 

vectors by evaluating the value of ^b(aî) for any two consecutive vectors, £C¿ and 

xi+i (figure 4.6). Here, the vectors X\ to xn represent a set of arbitrarily chosen 

vectors used to evaluate the function ^(cc) and to determine the approximate 

location of the separating line. If ¢¿, (a¡¿) and (a?i+i) have different signs, then 

the separating line lies between the two vectors £c¿ and xi+\. To optimize the 

search of the location of the separating line we can proceed as follows: 

1. Number all moment-arm vectors from 1 to n in a counterclockwise manner. 
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Figure 4.6: Arbitrary vectors,x¿, used to find the approximate location 
of the separating line. See figure 4.1 for an explanation of the axes. 

2. To reduce the size of the connected polar regions in which the separating 

line can line we add n vectors (y¿) such that y, = — ra¿ for each i. 

3. Re-number these 2n vectors counterclockwise as cc¿. 

4. Determine the sign of the values ¢¿(«¿), for i = 1,..., 2n starting from the 

vector which is closest to b. 

Now recall that the function ^b(x) is continuous and the separating line has 

a direction vector for which ^b(x) = 0. Therefore, the separating line will lie 

between two adjacent vectors, (cc¿ and £C¿+i) for which 

Vb(xi) > 0 and ^b(xi+1) < 0 

Vb(xi)Vb(xi+1) < 0. 
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Figure 4.7: Illustration of Theorem 4.2.5 for deciding if a neighbouring 
muscle is active or silent. See figure 4.1 for an explanation of the axes. 

4.2.4 Activity of Muscles Outside of the Cones (QB & -GB) 

In this section, two muscles will be defined to have the same function if the 

product of their moment-arms at each joint is positive. 

Now, consider a two degree-of-freedom, planar model with n muscles, and 

with each muscle labelled counterclockwise from 1 to n (figure 4.6). Assume, that 

there are two muscles with the same function (e.g. muscles j and k in figure 4.7) 

that are both active. Now, under what circumstances would a neighbouring, 

agonistic muscle (either muscle j — 1 or k + 1 in figure 4.7) be active? In other 

words, which muscle (muscle j — 1 or muscle k + 1 , figure 4.7) would be more 

favourable for a given situation. The next theorem demonstrates that for two 

active muscles (j and k in figure 4.7), the one with the smaller moment-arm times 

its physiological cross-sectional area and the one closer to the intersegmental 

moment (6) will bring in the activity of its neighbouring muscle (m_j_i or mjt+i), 

provided that both muscles have the same function. 
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Theorem 4.2.5. Consider a two-dimensional, two-joint n-muscle system with 

the moment-arm vector of muscle i denoted by m¿ (figure 4-7)- Let the angle 

between m 3 and mk be denoted by less than | . Also, let 6^b represent the angle 

between the moment-arm vector m¿ and the intersegmental moment vector, b. 

Finally, let the direction of the required intersegmental joint moment vector (b) 

lie in the convex cone generated by rrij and mk (i.e. b = (rrij + £mk where 

( , £ > 0 j . Now, if 

\\u>kmk\\ < I K - r a J and 6k]b < 9j:b, (4.20) 

then muscle k + 1 is active. 

Proof. Let mk+i be the closest counter-clockwise moment-arm vector to muscle 

fk (assuming k < n). Then we have to show that under conditions (4.20), 

tyb(mk+i) > 0. We have 

# 6(ra f c+i) = d e t N m ¿ > m f e + 1 ] 1 / ( a _ 1 ) det [wiWii, b], (4.21) 
ieA(mk+i) 

where the jth and kth terms are 

det [uijirij, b] > 0 and det [u^rrifc, 6]'< 0 (4.22) 

respectively. Since all the other terms in the sum are positive, it is sufficient that 

for fh+i to be active that 

det [ujirij, ra/c+i]1^a-1') det [ujirij, b] + 

det [ujkmk, m f c + i ] 1 / ( Q _ 1 ) det [oJkmk, b] > 0 (4.23) 

By a straightforward calculation, the conditions in equation (4.20) lead directly 

to the inequality in equation (4.23). • 
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The previous theorem shows that muscle /¾ was a better candidate for the 

given task (i.e. it is closer to ò than /_,), and since it has a small moment-arm 

and physiological cross-sectional area, it cannot produce a high moment and 

therefore allows for the activity of its neighbouring agonist muscle, fk+i-

4.2.5 Relative Magnitude of Muscle Forces 

This section shows that the separating line for the musculoskeletal system gives 

an elegant geometrical way for comparing the force magnitudes of active muscles 

when an approximate location of the separating line is known. 

Theorem 4.2.6. Let muscles fi and fj be two active muscles with weighted 

moment-arm vectors m¿ and uj^rrij, respectively (figure 4-8). If the vector 

uifrrii of muscle i lies within (respectively, outside) the band created by a second 

line L passing through the tip of the vector uj^rrij, then fi < fj (respectively, 

fi > fj)-

Proof. By the Karush-Kuhn-Tucker conditions and the fact that /¿ and fj are 

active, we have 

^ / r 1 = (mi, A), and - ¾ " 1 = <m„ A), 
Lu • Lu • i J 

where A is the Lagrange multiplier. Therefore, we have 

aft' 1 = « m ¿ , A), and af^1 = (ufmj, A), 

Choose the vector x0 in the direction vector of the separating line, so that 

(ufrrii, A) = det [wfm¿, œ 0] (4.24) 
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F igure 4.8: Illustration of the method for predicting the relative force 
magnitude. A l l muscles with moment arm vectors in the band created by 
the two parallel lines, £ , have a smaller magnitude than muscle j. See 
figure 4.1 for an explanation of the axes. 

where XQ is a vector such that ^},{XQ) = 0 and is normalized to satisfy (4.24). 

Now, equation (4.24) is the area of the parallelogram with sides uf ra¿ and x0. 

Any parallelogram created by x0 and a vector that lies within this band will have 

a smaller area and consequently a smaller force (figure 4.8). • 

Theorem 4.2.6 suggests that when the angle between agonistic muscles is 

small then the muscle with a large cross-sectional area times the magnitude of its 

moment-arm vector would produce a greater force than other agonistic muscles 

in the system with a small product of cross-sectional area and moment-arm. 

4.3 Results 

In this section, we give an example that illustrates how the force-sharing patterns 

of several muscles can be predicted directly using the geometrical configuration 

of the model. 



Analyses of Muscle Force Predictions Based on Optimization 73 

4.3.1 A n Example 

Consider a two dimensional musculoskeletal model consisting of three segments 

connected by two joints and 10 muscles (figure 4.9; table 4.1). The net interseg

mental joint moment is given by vector 6 = (l.8, 2.9), and a was assumed to be 

equal to 3 for all muscles. 

Muscle Moment-Arm Weight Predicted 

(0 (r¡) (rì) (uJi) Force (/¿) 

1 1.5 3.2 1.5 0.1132 
2 -1.2 5.6 2.5 0.2832 
3 -2.5 2.7 2.3 0.1446 
4 -2.5 -1.5 3.2 0 
5 -3.5 -2.5 4.5 0 
6 -2.8 -3.5 1.9 0 
7 0.0 -6.2 1.6 0 
8 1.0 -4.0 4.0 0 
9 2.0 0.0 5.1 0.3233 
10 4.5 1.5 3.5 0.3744 

Table 4.1: Example of force predictions for a two-joint, ten-muscle model. 
Muscles 4 - 8 are silent, all other muscles are predicted to be active. A l l 
units are assumed arbitrary but consistent. 

From the graphical representation of the system (figure 4.9), the minimal 

cone, 6¾, of the musculoskeletal system is generated by the two vectors m i and 

mw. Therefore, by Theorem 4.2.2, muscles fi and fw are active, independent 

of the ratio of their moment-arm vectors and the magnitude of their physiolog

ical cross-sectional areas. Furthermore, the cone — Cb contains the moment-arm 

vectors of muscles / 4 , / 5 , and / 6 . Thus, these muscles are silent, independent of 

the magnitude of their corresponding physiological cross-sectional areas. Thus, 

the graphical approach has already given the activity behaviour of five muscles 
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Figure 4.9: Moment-arm diagram example for a two degree-of-freedom 
model. The vectors numbered counterclockwise and x¿ = wfm¿. 
See figure 4.1 for an explanation of the axes. 

without performing any numerical computations. 

From theorem 4.2.1, we can deduce the action of each muscle. For example, 

if muscle / 3 is active, then it immediately follows that muscle / 2 is active as 

well but if /2 is active does not imply that /3 . To illustrate this point, assume 

that /3 is active but /2 is silent. Recalling that /1 is active, there will be no 

line separating the set of active muscles from the set of silent muscles, which 

contradicts theorem 4.2.1. However, if f2 is predicted to be active, this does not 

imply that /3 is active as well. 
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Another way of identifying the set of active muscles is by the algorithm in 

section 4.2.3. From this algorithm, we can show that the separating line is 

located between the moment-arm vectors m 3 and —m 9 (i.e. ¢ ¿ , ( 7 7 1 3 ) - ^ ( - 7 7 1 9 ) < 

0). Therefore, the set of active muscles { / 1 , / 2 , / 3 , / 9 , / 1 0 } is n o w known; the 

remaining muscles are silent. 

Theorem 4.2.6 allows us to decide if one muscle produces a higher force than 

another. For example, by drawing a line through the tip of muscle 10 parallel 

to £ , we can see that this muscle will be predicted to carry the greatest force. 

However, if we increase the physiological cross-sectional area (or weight) of muscle 

/2 to 10.5, the separating line will move from its original position to a position 

between the moment arm vectors of muscles / 2 and /3 . As a consequence, /3 

becomes silent, and fs becomes active; i.e., the conceptual force-sharing pattern 

has changed just because of a change in the physiological cross-sectional area of 

a single muscle and, by Theorem 4.2.6, muscle 9 will now have the highest force 

and muscle 10 will have the second highest force. 

4.4 Discussion 

Mathematical optimization is one of several available methods for solving the 

force-sharing problem in biomechanics [5-8, 26, 27, 32, 47]. One of the great 

problems associated with the force-sharing results obtained using optimization 

is the interpretation and generalization of the findings. Generalization of results 

from analytical approaches is difficult. Analytical solutions of the force-sharing 

problem typically deal with simplified models; for example, Dui et al. [5], Chai-
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lis and Kerwin [36] and Herzog [49] present solutions for one degree-of-freedom 

models. Interpretation of optimization results from large scale numerical solu

tions is virtually impossible. Attempts to do so have often resulted in confusion 

and errors. For example, the claim that objective functions of the type shown 

in equation (4.2) cannot predict antagonistic muscular activity (i.e. activity of a 

muscle whose moment is opposite to the net joint moment at the corresponding 

joint) [84, 85] has been proven to be incorrect [46, 47]. 

The purpose of this study was to develop and present a graphical interpreta

tion for the force-sharing problem using mathematical optimization. The advan

tages of the graphical approach are that (at least for the two degree-of-freedom 

case illustrated here), the results can largely be obtained by inspection, changes 

in the solution caused by modifications of the system geometry are readily ap

parent, and generalisable principles can be derived easily. Therefore, the present 

approach does not provide new or better results to a given problem, but it fa

cilitates interpretation and generalization. However, it remains to be seen if the 

generalized predictions obtained from this graphical approach are physiologically 

feasible, thus validating the underlying optimization assumptions. 

Using the geometrical approach presented here, we have shown two features 

of the tested optimization approach that are general and new. The first feature 

is that of a separating line (two degrees-of-freedom model), or a hyper-plane 

(multi degrees-of-freedom model), that separates active from silent muscles. This 

particular feature has many immediate consequences that were debated for years, 

but through this approach become obvious. 

The second feature demonstrated here is that, under some circumstances, 
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small changes in muscle size (physiological cross-sectional area) or geometry 

(moment-arm) may change the force-sharing solutions in a conceptual way; silent 

muscles may become active, or active muscles may become silent. This result 

implies that differences in the musculoskeletal anatomy between individuals may 

produce different activation strategies.However, if these changes are limited to 

muscles which are silent then the optimal solution remains unchanged (see sec

tion 4.2.2). Experimental data on the force-sharing patterns between cat ankle 

extensor muscles [60] show clear differences in force-sharing patterns between 

animals. However, it is not clear whether these differences can be traced to cor

responding differences in musculoskeletal anatomy, as suggested by the results 

obtained here. 



Chapter 5 

Prediction of Muscle Activity for Systems in 

Three-Dimensions 

5.1 Introduction 

A commonly held limitation of the approach described in equation (1.3) is the 

prediction of antagonistic muscle activity and the co-contraction of antagonists. 

Early thinking on this issue held that optimization could not predict antagonistic 

muscle activity or the co-contraction of antagonists [e.g. 46, 84]. However, it 

eventually became clear that in multi-degree-of-freedom models such predictions 

were possible [46-48]. These studies [46, 84] examined the prediction of individual 

muscle forces using optimization and a planar model with at least two joints. One 

conclusion from these studies [46, 84] was that single joint antagonists could not 

be predicted to co-contract using optimization. 

In this chapter, the issue of antagonistic muscle activity is revisited using 

a single joint, three-dimensional model this time. In order, for the results to 

be general (applicable to any multi-degree-of-freedom model) mathematical def

initions for antagonistic muscles and pairs of antagonistic muscles was given in 

chapter 2. The optimization approach presented in equation (1.3) is then used 

for the basis of predicting co-contraction of pairs of antagonistic models. 

78 
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5.2 Methods 

5.2.1 Region of Co-contraction 

The following section presents a general method for calculating the directions 

of the intersegmental moments for which the prediction of co-contraction of an 

arbitrary pair of muscles occurs. 

First, consider a general musculoskeletal model with an arbitrary number of 

muscles and degrees-of-freedom. Now, denote by 6 the set of intersegmental 

moment vectors, 6, for which the optimization problem in (2.6) predicts the co-

contraction of a pair of muscles; for example consider the pair of muscles with 

moment-arm vectors mi and m 2 . This set can be calculated by first considering 

the set, 

S = {A|(m i, A) > 0,2! = 1,2} , 

of vectors, A, such that (mi, A) > 0 and (ra2, A) > 0. If A is interpreted as the 

Karush-Kuhn-Tucker multiplier vector in equation (2.8), then a set of optimal 

muscle forces (/*) and the corresponding intersegmental moment (6) are given 

by 
l /a - l 

if (m¿, A) > 0 
(5.1) 

I 0 otherwise, 

and the corresponding intersegmental moment, 6, is given by 
m 

¿=1 

For each A, / * is uniquely defined by equation (5.1) which also defines a unique 

intersegmental moment, 6, by equation 5.2. Also, b determines A uniquely by 

K , A) 
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Karush-Kuhn-Tucker (theorem 2.2.1). Therefore, we have a one-to-one mapping 

from set § to the set C. The set, S, is non-empty as long as the moment-arm 

vectors m i and ra2 are not exact-anatomical-antagonist and for each vector in 

§ we there exists a unique vector, 6 in the set C. Therefore, for any pair of 

antagonistic muscles, in a multi-degree-of-freedom model, there exists a set of 

intersegmental moment vectors such that the optimal solution, /* , includes the 

prediction that muscles 1 and 2 co-contract. 

5.3 Results 

5.3.1 Prediction of Muscular Activation 

The definitions of muscular agonism and antagonism given in section 2.3.1 can be 

used to give general predictions of muscular activity when optimization is used 

to estimate individual muscle forces. In the following sections, these definitions 

are used to describe general properties of predicted force-sharing among various 

agonistic and antagonistic muscles. 

It is well known that, for a model with one degree-of-freedom, optimization 

methods of the form shown in equation (2.6) cannot predict antagonistic mus

cle activity, and therefore do not predict co-contraction of antagonistic muscles 

[25, 46]. In general, exact-antagonists can never be predicted to co-contract; 

whereas exact-agonists will always be predictedto be active or silent simultane

ously. Also, if a muscle is an exact-agonist (exact-antagonist) with respect to 

the intersegmental moment, it will always be predicted to be active (silent) (see 

appendix A . 1.1 for details). Frequently, two antagonistic muscles are not exact 
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F igure 5.1: Illustration of direction of positive rotations about the right 
cat-ankle joint centre, A , in three-dimensional space. The directions of ro
tation about A are PF=Plantar flexion (rotation about x), £/1;=Eversion 
(rotation about y); 7i?=Internal Rotation (rotation about z); PF, Ev, 
and IR describe positive rotations. Negative rotations about each of the 
three axis (x, y, and z) are refered to as dorsiflexion (DF), inversion 
(Inv), and external rotation (ER), respectively. 

antagonists when the model has more than one degree-of-freedom. In this case, 

it is possible to predict co-contraction for these antagonists, unless they are both 

antagonistic with respect to the intersegmental moment [86]. 

Lastly, when the model has at least three degrees-of-freedom, it is theoreti

cally possible for a pair of antagonistic muscles to co-contract even if they are 

pure-antagonists (that is, all the moment-arm vector components of the two mus

cles have opposite signs), and if both muscles are antagonistic with respect to 

the intersegmental moment vector (see appendix A. 1.2 for details). The only 

exception to this rule is, as mentioned before, if the two muscles form a pair of 

exact-antagonists. 
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5.3.2 Example of a Musculoskeletal Model: The Cat Ankle Joint 

Moment arms of cat ankle muscles (table 5.1) were calculated from the data 

presented in Lawrence et al. [87] and Sacks and Roy [88]. The torque data 

presented in Lawrence et al. [87] are for muscles producing maximum force, 

normalized to cat weight^ 3 ' 1. To obtain moment-arm vectors from these data, 

we assumed an average cat weight of 4kg, and divided the maximum moment 

data by the maximal force given in [88]. The only exception to this procedure 

was the tibialis anterior, for which the above procedure gave unreasonable results, 

and therefore a correction factor was used to give tibialis anterior moment-arms 

consistent with those measured in our own experimental work. 

5.3.3 The Moment-Arm Space 

The moment-arm vectors of each muscle in table 5.1 can be represented as a 

vector in 3¾3 (i.e., m¿ = (r 1 ¿, r 2¿, r 3 ¿ )) by taking each component from the rows 

of table 5.1 for a specific muscle. In this case, the three directions are plantarflex-

ion/dorsiflexion; e version/inversion; and internal/external-rotation, respectively 

(figure 5.1). Moment directions can be represented by the two spherical angles, 

a and 9. In this case, the angles a, and 9 are the angles between the moment-

arm vector and k, and the rotation about k, respectively. Figure 5.2 shows the 

u-9 representation of the moment-arm directions of the eleven cat ankle muscles 

described in table 5.1. 
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Moment-Arms Weight 

i Name P F / D F (cm) Ev/Inv (cm) I R / E R (cm) factor (uii) 

1 Sol 1.63 0.08 -0.31 2.5 
2 Tib A -1.14 -0.30 0.37 5.78 
3 Tib P 0.19 -0.21 0.76 0.75 
4 Lat G 1.54 0.07 -0.32 8.29 
5 Med G 1.90 0.08 -0.56 8.79 
6 F H L 0.28 -0.02 0.09 3.93 
7 F D L 0.14 -0.23 0.55 1.33 
8 Per L -0.45 0.30 -0.87 1.34 
9 Per B -0.37 0.42 -0.74 0.7 
10 Per T -0.74 -0.16 0.01 0.27 
11 Per -0.23 0.26 -0.75 2.3 

Table 5.1: Moment-arm vectors of the major muscles crossing the ankle 
joint calculated from data provided by Lawrence et al. [87], and Sacks and 
Roy [88]. The weight factor, u, is the muscle's mass in grams taken from 
Lawrence et al. [87]. Sol — soleus (1); Tib A and Tib P — tibialis anterior 
(2) and posterior (3); Lat G and Med G — lateral (4) and medial (5) 
gastrocnemius; F H L — flexor hallucis longus (6); F D L — flexor digitorum 
longus (7);Per L , Per B and Per T — peroneus longus (8), brevis (9) and 
tertius (10); and Per — peroneus (11). See figure 5.1 for a description of 
the moment-arm directions. 

5.3.4 Co-contraction of Pairs of Antagonistic Muscles 

In the model described in table 5.1, 30 pairs of antagonistic muscles exist and 

none of these pairs are exact-antagonists. Therefore, there exists a specific set of 

intersegmental moment directions for which each antagonistic pair is predicted to 

co-contract. Four example pairs of antagonistic muscles are examined. They are 

1. soleus - tibialis anterior (ili^ = —0.974); 2. tibialis posterior - peroneus longus 

(Q3!8 = —0.974); 3. tibialis posterior - peroneus brevis ( i ) 3 i 9 = —0.958); and 4. 

flexor digitorum longus - peroneus ( i l 3 ) 9 = —0.997). Figure 5.3 shows the regions 

of co-contraction for each of these pairs of muscles. Some of the properties of the 
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6 
Figure 5.2: Direction of moment-arm vectors for each of the muscles 
described in table 5.1. The diamonds (•) indicate the direction of the 
moment-arm vectors of each muscle. The sign convention is given as 
+,+,+ = PF, Ev, IR and - , - , - = DF, Inv, ER. See figure 5.1 for a 
description of the moment-directions. 

region of co-contraction are illustrated by the two pairs of anatomical antagonists 

considered in figure 5.3. 

The two muscles, soleus and tibialis anterior (figure 5.3A), are predicted to 

co-contract when the required intersegmental moment is directed in the inversion 

and external rotation directions. Also, the region of co-contraction for soleus and 

tibialis anterior can be divided into sections; 1. a section where both muscles are 

functional agonists, and 2. a section where one muscle is a functional agonist and 

the other is a functional antagonist. For soleus and tibialis anterior, the region 

of co-contraction does not include a section where both where both muscles are 

antagonistic with respect to the intersegmental moment. 

The second pair of muscles considered here is the tibialis posterior and per-

oneus longus pair (figure 5.3B). These two muscles are predicted to co-contract 
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Figure 5.3: Directions of the intersegmental moment at the ankle joint 
that produce the prediction of co-contraction between four example sets 
of antagonistic muscle pairs. The four example pairs are A . Sol/Tib A; 
B. Tib P/Per L; C. Tib P/Per B and D. FDL/Per . The region of co-
contraction can be divided into regions where both muscles are functional 
agonists, one of the two muscles is a functional agonist, or both muscles 
are functional antagonists. See figures 5.1 and 5.2 for a description of the 
moment directions. 

for a small region that consists of an inversion and external rotation moment. 

Also, the region of co-contraction contains a section for which tibialis posterior is 

a functional antagonist, and peroneus longus is a functional agonist. In addition, 

there is a small section where co-contraction is predicted even though both mus

cles are functional antagonist. One such direction for the intersegmental moment 

is given by b = (20, 1, —b)Ncm. In this case, the degree-of-antagonism between 

tibialis anterior and peroneus longus is given as Qs,8 = —0.97, and both muscles 
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are functionally antagonistic ((m 3 , Ò) = —0.21, and (m 8 , b) = —4.43). The op

timal force calculated for tibialis posterior and peroneus longus are /3 = 0.017ÌV, 

and /g = 0.076ÌV, respectively. 

These theoretical predictions of co-contraction could be used to test the 

static-optimization approach. For example, if at the beginning of the stance 

phase of fast cat locomotion, soleus and tibialis anterior co-contract. Now, if the 

intersegmental moment required is in the eversión rather than in the inversion 

direction at that moment, then it is likely that static-optimization is not a valid 

approach. A similar argument could be made for the second pair of anatomical 

antagonists, the tibialis posterior and peroneus longus. In addition to studying 

directions of movements for which a pair of antagonists does not co-contract, it 

would be possible to determine if a pair of muscles co-contracts when both mus

cles are functional antagonists. For example, if it is observed experimentally that 

soleus and tibialis anterior co-contract for a movement for which both muscles 

are functional antagonists, this would provide evidence to support the argument 

that static-optimization is not an adequate method for predicting muscle forces. 

In summary, static-optimization can predict the co-contraction of any pair 

of muscles that are not exact antagonists. For a three-dimensional model with 

one joint (such as the cat ankle joint), the set of intersegmental moment direc

tions for which a pair of muscles is predicted to co-contract is a single, connected 

polar region1 of the intersegmental moment directions. Based on these theoret

ical results, a method for validating static-optimization approaches would be 

to compare theoretical regions of co-contraction with experimentally observed 
1See the Nomenclature page for a definition of connected polar regions. 
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movements that include the co-contraction of pairs of antagonistic muscles. 

5.4 Discussion 

Non-linear optimization is a frequently used method to solve the force-sharing 

problem in biomechanics. In order to estimate the forces generated by individual 

muscles, it is necessary to extract a unique solution from an over-determined 

set of equations. This set of equations relates the moments at a joint to the 

forces produced by the individual muscles. Typically, the non-linear optimization 

problem that is formulated can be expressed in the form of equation (2.6) and can 

be solved using standard numerical methods. Since the optimization problem is 

usually solved numerically, general properties of the solution, and limitations of 

the approach, have not been explored systematically. 

Specific properties of muscle force predictions using optimization of the form 

shown in equation (2.6) have been discussed [36, 46, 69, 86]. For example, Herzog 

and Binding [46, 47] showed analytically that, for a planar model, this approach 

could predict the co-contraction of two-joint antagonistic muscles, when the 

moment-arm vectors of these muscles were not collinear. It was also shown that, 

in planar models, single joint antagonists cannot be predicted to co-contract, 

because they are collinear, by definition [36, 46, 86]. 

Recently, L i et al. [89] found, using a numerical approach, that non-linear 

optimization of the form of equation (2.6) predicted co-contraction of a pair of 

single joint antagonistic muscles in a three dimensional system. In that paper, 

no details concerning the moment-arm vectors of muscles and the intersegmental 
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moments were given. To predict co-contraction of the quadriceps (primary knee 

extensors) and hamstrings (primary knee flexors), L i et al. [89] loaded the knee 

with moments in two directions (flexion and internal/external) rotation. Since 

the quadriceps were the only knee extensors in their model, any loads outside of 

pure extension had to be balanced with one of the knee flexor muscles (such as 

the hamstrings). 

In this study, the possibility of predicting co-contraction of single joint antag

onists was explored analytically using the general non-linear optimization prob

lem in equation (2.6). To study the predictions of force sharing among single 

joint agonists and antagonists, it was necessary to define these terms mathemat

ically. This was done by introducing the degree-of-antagonism and by defining 

antagonism by the cosine of the angle between the moment-arm vectors of two 

muscles. 

Using the definition for the degree-of-antagonism presented above and the 

Karush-Kuhn-Tucker conditions, theorem (2.2.1) for optimality, we showed that 

optimization can predict the co-contraction of a pair of antagonistic muscles if 

they are not exactly antagonistic ( i ^ ^ —1). In fact, if an antagonistic pair of 

muscles is not exactly antagonistic, then there will always exist a set of movement 

directions for which the non-linear optimization approach predicts co-contraction. 

Also, it is possible to predict co-contraction of a pair of antagonists when both 

antagonists are also antagonistic to the intersegmental moment vector. Such pre

dictions are not possible for models with less than three degrees-of-freedom [86]. 

In addition, for planar models, single joint antagonists are exactly antagonis

tic, therefore co-contraction for single joint planar antagonists is never predicted 
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[36, 47]. In general, for three-dimensional anatomical joints, it is unlikely that 

the moment-arm vectors of any two muscles are collinear. Therefore, the predic

tion of co-contraction between any pair of muscles in real anatomic systems is 

typically possible. 

5.5 Conclusions 

This first ever analytical analysis of a three-dimensional musculoskeletal system 

using optimization of the form shown in equation (2.6) showed the following re

sults that are novel to the published literature: 1. any three-dimensional system 

can be reduced and analyzed using an equivalent two-dimensional system; 2. the 

general results obtained for one and two degree-of-freedom systems are not neces

sarily valid for systems of degrees-of-freedom greater than two; 3. co-contraction 

of any pair of muscles in any three-dimensional system is always possible, except 

if a pair of muscles is exactly antagonistic; 4. the region of co-contraction does 

not depend on the magnitude of the intersegmental moment; and 5. for a three 

dimensional, single joint model it is possible to predict the co-contraction of a 

pair of anatomical antagonists even if both muscles are antagonistic with respect 

to the intersegmental moment. 

One of the limitations associated with optimization approaches of the form of 

equation (2.6) has been said to be the impossibility of predicting co-contraction 

of one-joint antagonists [47, 90]. This limitation has been found for planar sys

tems; and for such systems, this finding is correct. However, in real anatomical 

joints, exact antagonism probably does not exist. Therefore, co-contraction of 
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muscles is likely possible, provided that the anatomy is represented accurately. 

More importantly, the representation of near planar joints, such as the human 

knee, as a two-dimensional rather than a three-dimensional joint, has tremen

dous implications for the prediction of individual muscle forces. Therefore, we 

conclude that the accurate anatomical representation of joints for solving the 

inverse-dynamic distribution problem in biomechanics is of utmost importance. 

Finally, we would like to emphasize that the current study does not imply 

that optimization of the form of equation (2.6) is a valid approach for predict

ing muscle forces, nor that we support the use of this approach. We merely 

analyzed the mathematical framework of this approach, and showed that one of 

its (supposedly) greatest limitations (the inability to predict co-contraction of 

antagonistic muscle activity) is not associated with the optimization approach, 

but is associated with the simplification of three-dimensional anatomical joints 

to planar musculoskeletal models. Although validation of individual muscle force 

predictions against directly measured individual muscle forces has been made in 

the past [25, 60], they were made using planar models. The current analysis 

shows that validation of these theoretical approaches needs to be redone using 

accurate three-dimensional representations of the actual musculoskeletal system. 



Chapter 6 

Discussion 

6.1 Introduction 

Typically, static-optimization approaches have been validated by comparing 

numerically predicted muscle forces with experimentally estimated muscle ac

tivation using electromyography [e.g. 38, 52, 91]. However, validating static-

optimization models using numerical solutions has not lead to a consensus on 

the validity of this approach for predicting individual muscle forces. One pos

sible reason for this is the fact that when comparing theoretical results with 

experimentally estimated muscle activity, there will always be a certain amount 

of agreement or disagreement between the two. 

Consider, for example, a movement like elbow flexion. To perform this move

ment, at least one muscle that generates elbow flexion must be active, and likely 

all of them are active. At the same time, the elbow extensor muscles are likely in

active. Now, consider the theoretical results. Since the intersegmental moment 

includes an elbow flexion component, the theoretical muscle force predictions 

must include force of at least one elbow flexor and the elbow extensor muscles 

will likely not produce any force, or at best, a force that must be small in relation 

to the elbow flexor force. 

A second method for evaluating or testing the optimization approach has 

been to apply mathematical techniques to identify various properties of mus-
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ele force predictions which are based on static-optimization [25, 36, 46-48]. 

These theoretical results demonstrated that optimization can predict antago

nistic muscle activity and co-contraction of antagonistic muscles for multi-joint 

planar models [46, 47], but not for single degree-of-freedom models [36]. These 

theoretical results were confined to planar musculoskeletal systems and had not 

been extended to three-dimensional systems. However, these studies were pri

marily aimed at illustrating properties of the optimization approach, rather than 

validating static-optimization approaches. 

The main purpose of this thesis was to develop a theoretical framework 

for studying muscle force predictions based on anstatic-optimization approach. 

Specifically, it was proposed that by identifying and describing features of the 

general optimization model, it would be possible to evaluate the static-optimization 

approach. To achieve this goal, a mathematical analysis of the optimization prob

lem in equation (1.3) was adopted to study two problems of muscle force predic

tions: 1. predictions of force-sharing loops; and 2. predictions of force-sharing 

patterns in general. These aspects of muscle force predictions were studied for 

both planar and three dimensional models of the musculoskeletal system, and for 

single and multi-joint models. The advantage of the analytic approach is that 

the static-optimization approaches can be evaluated in general, instead of con

sidering specific cost functions. In the following, I would like to discuss some of 

the key aspects of muscle force predictions using static-optimization approaches 

of the form shown in equation (1.3). 
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6.2 Summary of Theoretical Results 

The first topic studied in this thesis was the prediction of force-sharing loops. It 

was found that a model with only one degree-of-freedom could not predict force-

sharing loops whereas a two degree-of-freedom model could. The prediction of 

force-sharing loops was found to be a direct result of a loop in the intersegmental 

moment data when it is assumed that a muscles moment-arm vector is constant. 

When a single degree-of-freedom is taken into account, the intersegmental mo

ment data cannot contain a loop, therefore, the predicted force-sharing does not 

contain a loop either. The fact that optimization can predict force sharing loops 

does not imply that optimization is a valid approach, but since force-sharing 

loops are observed experimentally, it is necessary for a theoretical approach to 

be able to predict such loops. 

The second part of this thesis was focused on developing theoretical methods 

for describing general aspects of muscle force predictions based on a static-

optimization approach. 

The basis of the work in the second part of this thesis was a relationship be

tween three-dimensional and two-dimensional (planar) mechanical systems, and 

the existence of a hyper-plane that separates active from silent muscles. I showed 

that a three-dimensional relationship between muscle force and intersegmental 

moment was identical to that for a planar model with three joints. Each rota

tional degree-of-freedom in the three-dimensional system can be mapped to a 

single joint in the planar system. 

A consequence of this relationship between planar and three-dimensional sys-
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tems is that the various properties of muscle force predictions associated with 

multi-joint planar models can be extended to a three-dimensional model of the 

musculoskeletal system. For example, consider a three-dimensional model with 

a single joint containing three rotational degrees-of-freedom. In this model, a 

pair of single joint antagonistic muscles can co-contract (a novel finding of this 

research), similar to co-contraction of multi-joint muscles in a planar system (an 

old result). 

For any musculoskeletal model (two-dimensional or three-dimensional), the 

action of each muscle can be represented by a moment-arm vector. By associating 

each muscle with a moment-arm vector and using non-linear optimization to 

predict muscle forces, it was shown that a hyper-plane exists which separates the 

moment-arm vectors of active muscles(/¿ > 0) from those of passive muscles (/¿ = 

0). Based on this result, general aspects of individual muscle force predictions 

were determined. For example, properties of muscle force predictions based on 

non-linear optimization formulation of the form in equation (1.3), include that 

• the orientation of the separating hyper-plane is independent of the magni
tude of the intersegmental moment; 

• a muscle whose moment-arm vectors are within the negative cone are always 
silent; 

• by changing the configuration of silent muscles, the optimal solution and 
the set of active muscles is not changed; 

• a pair of exact-antagonistic muscles cannot be predicted to co-contract; 

• there is always a specific set of directions of the intersegmental moment 
that will predict the co-contraction of pairs of antagonistic muscles; and 

• for a three-dimensional single joint model, co-contraction of a pair of an
tagonistic muscles is possible, even if both muscles are antagonistic muscles 
with respect to the intersegmental moment vector. 
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6.3 Validating Inverse Dynamic Optimization: 

Future Work 

The approach taken in this thesis was general so that issues such as the choice 

of cost function or power of the cost function would not be relevant in terms of 

validation. However, only the theoretical framework was presented here. Future 

work in this area should focus on validating this approach experimentally using 

the theoretical properties described above. 

One possible approach to validate the use of static-optimization would be 

to develop experiments aimed at testing the existence of a separating hyper-

plane. One implication of the separating line suggested in chapter 4 was the 

fact that the predicted force-sharing was not dependant on the magnitude of 

the intersegmental moment. To test this experimentally one could compare the 

moment-arm vectors of active and passive muscles for different movement. In this 

way, the validity of static-optimization could be tested by comparing the force-

sharing patterns for different movements but when the intersegmental moment 

is in a specific direction. 

It was shown, in chapter 5, that there is a specific set of intersegmental 

moment directions for which optimization will predict the co-contraction of a pair 

of antagonistic muscles. By comparing these directions with the predicted region 

of co-contraction, it might be possible to decide how well the general optimization 

approach reflects the actual co-ordination of muscles during movements. 

Finally, the general approach can also be used to validate the optimization 

approach without considering a theoretical model of the musculoskeletal system. 
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This can be done by comparing force-sharing patterns for two different move

ments. If the intersegmental moment at each joint changes in a specific way, 

then the general approach can be used to describe the theoretical changes in 

muscle forces due to the changes in the intersegmental moment. For example, 

if we compare intersegmental joint moments with similar directions but differ

ent magnitudes, then the muscular coordination does not change theoretically. 

If the experimentally measured muscle coordination patterns change substan

tially in such situations, then it becomes less likely that the static-optimization 

approach is an adequate approach to the distribution problem. 

Typically, validation of static-optimization has been based on numerically 

calculated muscles forces which are compared to experimental results. This 

method of validation has not led to a consensus in the biomechanics literature 

with respect to the overall validity of this approach. The work described in this 

thesis provides a theoretical framework for analyzing muscle force predictions 

which are based on an static-optimization approach. These results can be used 

to evaluate the general applicability of this approach. 

6.4 Conclusion 

Inverse dynamic optimization has been used frequently to predict muscle forces 

in biomechanics. The optimization problem has been solved either numerically 

or analytically, depending on the complexity of the musculoskeletal model being 

considered. The work presented in this thesis generalizes many of the analytical 

solutions presented in the literature for planar models. The general proper-
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ties illustrated in this thesis are applicable to both two-dimensional and three-

dimensional models of the musculoskeletal system. Since the results presented 

here do not depend on specific aspects of the musculoskeletal model, they can 

be tested experimentally for situations in which only some of the muscle forces 

are known, or when muscle activity is measured using electromyography. Future 

experiments designed to test the general predictions should be able to determine 

the general validity of the non-linear optimization approaches used to predict 

muscle forces in biomechanics. 



Bibliography 

[1] P. Binding, A . Jinha, and W . Herzog. Analytical analysis of the force sharing 
among synergistic muscles in one and two degree-of-freedom models. Journal 
of Biomechanics, 33(11):1423-1432, 2000. 

[2] R. Ait-Haddou, A . Jinha, W . Herzog, and P. Binding. Two degree-of-
freedom, graphical approach to analyze the force-sharing problem using an 
optimization algorithm. Mathematical Biosciences, submitted. 

[3] A . Jinha, R. Ait-Haddou, W . Herzog, and P. Binding. Antagonistic activ
ity of one-joint muscles in three-dimensions using non-linear optimization. 
Journal of Biomechanics, In Preperation. 

[4] R.D. Crowninshield and R . A . Brand. The prediction of forces in joint struc
tures: Distribution of intersegmental resultants. Exercise and Sports Sci
ences Reviews, 9:159-181, 1981. 

[5] J . Dui, M . A . Townsend, R. Shiavi, and G.E. Johnson. Muscular synergism 
— II. A minimum-fatigue criterion for load sharing between synergistic mus
cles. Journal of Biomechanics, 17(9):675-684, 1984. 

[6] R.D. Crowninshield and R . A . Brand. A physiologically based criterion of 
muscle force prediction in locomotion. Journal of Biomechanics, 14(11): 
793-801, 1981. 

[7] W. Herzog. Force-sharing among synergistic muscles: Theoretical consider
ations and experimental approaches. Exercise and Sports Sciences Reviews, 
24:173-202, 1996. 

[8] D. Tsirakos, V . Baltzopoulos, and R. Bartlett. Inverse optimization: func
tional and physiological considerations related to the force-sharing problem. 
Critical Reviews in Biomedical Engineering, 25(4-5):371-407, 1997. 

[9] H . Hatze. Neuromuscular control systems modeling: a critical survey of past 
developments. IEEE Trans. Automat. Control, AC-25:375-385, 1980. 

[10] C . C . A . M . Gielen, B . M . van Bolhuis, and M . Theeuwen. On the control of 
biologically and kinematically redundant manipulators. Human Movement 
Science, 14:487-509, 1995. 

98 



B I B L I O G R A P H Y 99 

[11] A . C . Schouten, E. de Vlugt, F .C.T. van der Helm, and G.G. Brouwn. Opti
mal posture control of a musculo-skeletal arm model. Biological Cybernetics, 
84:143-152, 2001. 

[12] E . de Vlugt, F .C.T . van der Helm, A . C . Schouten, and G .G . Brouwn. Anal
ysis of the reflexive feedback control loop during posture maintenance. Bi
ological Cybernetics, 84:133-141, 2001. 

[13] A . J . Pellionisz. Coordination: a vector-matrix description of transforma
tions of overcomplete CNS coordinates and a tensorial solution using moore-
penrose generalized inverse. Journal of Theoretical Biology, 110:353-375, 
1984. 

[14] M . Epstein and W. Herzog. Theoretical models of skeletal muscle: biological 
and mathematical considerations. John Wiley and Sons, Toronto, ON, 1998. 

[15] N . Bernstein. The coordination and regulation of movmements. Pergamon, 
Oxford, 1967. 

[16] R.D. Crowninshield. Use of optimization techniques to predict muscle forces. 
Journal of Biomechanical Engineering, 100:88-92, 1978. 

[17] M . G . Pandy. Computer modeling and simulation of human movement. An
nual Reviews in Biomedical Engineering, 3:245-273, 2001. 

[18] H . Hatze. The inverse dynamics problem of neuromuscular control. Biolog
ical Cybernetics, 82(2):133-141, 2000. 

[19] F .C . Anderson and M . G . Pandy. Static and dynamic optimization solutions 
for gait are practically equivalent. Journal of Biomechanics, 34:153-161, 
2001. 

[20] B . Bresler and J.P. Frankel. The forces and moments in the leg during level 
walking. Transaction of the American Society of Mechanical Engineers, 72: 
27-35, 1950. 

[21] A . Nagano, K . G . M . Gerritsen, and S. Fukashiro. A sensitivity analysis of 
the calculation of mechanical output through inverse dynamics: a computer 
simulation study. Journal of Biomechanics, 33:1313-1318, 2000. 

[22] T.P. Andriacchi and E . J . Alexander. Studies of human locomotion: past, 
present and future. Journal of Biomechanics, 33:1217-1224, 2000. 



B I B L I O G R A P H Y 100 

W. Weber and E. Weber. Mechanik der Menschlichen Gehwerkzeuge. W. 
Fischer-Verlag, Gôttingen, 1836. 

M.A. MacConaill. The ergonomie aspects of articular mechanics. Springer, 
Berlin, 1967. 

J. Dui, M . A . Townsend, R. Shiavi, and G . E . Johnson. Muscular synergism 
— I. On criteria for load sharing between synergistic muscles. Journal of 
Biomechanics, 17(9):663-73, 1984. 

A. Seireg and R.J . Arvikar. A mathematical model for evaluation of forces in 
lower extremities of the musculoskeletal system. Journal of Biomechanics, 
6:313-326, 1973. 

A . Pedotti, V . V . Krishnan, and L . Stark. Optimization of muscle-force 
sequencing in human locomotion. Mathematical Biosciences, 38:57-76, 1978. 

D.D. Penrod, D.T. Davy, and D.P. Singh. An optimization approach to 
tendon force analysis. Journal of Biomechanics, 7:123-129, 1974. 

B. P. Yeo. Investigations concerning the principle of minimal muscle force. 
Journal of Biomechanics, 9:413-416, 1976. 

K . N . An , B . M . Kwak, E . Y . Chao, and B . F . Morrey. Determination of mus
cle and joint forces: a new technique to solve the indeterminate problem. 
Journal of Biomechanical Engineering, 106(4):364-367, 1984. 

J.C. Bean, D.B. Chaffm, and A . B . Schultz. Biomechanical model calculation 
of muscle contraction forces: a double linear programming method. Journal 
of Biomechanics, 21:59-66, 1988. 

R.E. Hughes. Effect of optimization criterion on spinal force estimates during 
asymmetric lifting. Journal of Biomechanics, 33:225-229, 2000. 

J . Cholewicki, S.M. M c G i l l , and R .W. Norman. Comparison of muscle forces 
and joint load from an optimization and emg assisted lumbar spine model 
— towards development of a hybrid approach. Journal of Biomechanics, 28 
(3):321-331, 1995. 

[34] D. Gagnon, C. Larivière, and P. Loisel. Comparative ability of emg, opti
mization, and hybrid modelling approaches to predict trunk muscle forces 
and lumbar spine loading during dynamic sagittal plane lifting. Journal of 
Biomechanics, 34:359-372, 2001. 



B I B L I O G R A P H Y 101 

[35] J . Denoth. Methodological problems in prediction of muscle forces. Biome
chanics, HA:82-87, 1988. 

[36] J .H. Challis and D.G. Kerwin. A n analytical examination of muscle force 
estimations using optimization techniques. Proceedings of the Institution of 
Mechanical Engineers: Part H — Journal of Engineering in Medicine, 207 
(3):139-148, 1993. 

[37] J .J . Collins. The redundant nature of locomotor optimization laws. Journal 
of Biomechanics, 28(3):251-67, 1995. 

[38] D.T. Davy and M . L . Audu. A dynamic optimization technique for predicting 
muscle forces in the swing phase of gait. Journal of Biomechanics, 20(2): 
187-201, 1987. 

[39] B.I. Prilutsky. Coordination of two- and one-joint muscles: functional con
sequences and implications for motor control. Motor Control, 4:1-43, 2000. 

[40] T.S. Buchanan and D.A. Shreeve. A n evaluation of optimization techniques 
for the prediction of muscle activation patterns during isometric tasks. Jour
nal of Biomechanical Engineering, 118(4):565-574, 1996. 

[41] B.I. Prilutsky, W. Herzog, and T .L . Allinger. Forces of individual cat an
kle extensor muscles during locomotion predicted using static optimization. 
Journal of Biomechanics, 30(10):1025-1033, 1997. 

[42] B . May, S. Saha, and M . Saltzman. A three-dimensional mathematical 
model of temporomandibular joint loading. Clinical Biomechanics, 16:489-
495, 2001. 

[43] J . Rasmussen, M . Damsgaard, and M . Voigt. Muscle recruitment by the 
min/max criterion — a comparative numerical study. Journal of Biome
chanics, 34:409-415, 2001. 

[44] R. Happee. Inverse dynamic optimization including muscular dynamics, a 
new simulation method applied to goal directed movements. Journal of 
Biomechanics, 27(7):953-960, 1994. 

[45] R. Raikova. A general approach for modelling and mathematical investi
gation of the human upper limb. Journal of Biomechanics, 25(8):857-867, 
1992. 



B I B L I O G R A P H Y 102 

[46] W. Herzog and P. Binding. Predictions of antagonistic muscular activity 
using non-linear optimization. Mathematical Biosciences, 111(2):217-229, 
1992. 

[47] W. Herzog and P. Binding. Cocontraction of pairs of antagonistic muscles: 
Analytical solution for planar static non-linear optimization approaches. 
Mathematical Biosciences, 118(83):83-95, 1993. 

[48] W. Herzog and P. Binding. Effects of replacing 2-joint muscles with en
ergetically equivalent 1-joint muscles on cost-function values of non-linear 
optimization approaches. Human Movement Science, 13:569-586, 1994. 

[49] W. Herzog. Sensitivity of muscle force estimations to changes in muscle in
put parameters using non-linear optimization approaches. Journal of Biome-
chanical Engineering, 114(2):267-268, 1992. 

[50] G . A . H . van Dijke, C . J . Snijders, R. Stoeckart, and H.J . Stam. A biome-
chanical model on muscle forces in the transfer of spinal load to the pelvis 
and legs. Journal of Biomechanics, 32:927-933, 1999. 

[51] A . G . Patriarco, R.W. Mann, S.R. Simon, and J . M . Mansour. A n evaluation 
of the approaches of optimization models in the predicting of muscle forces 
during human gait. Journal of Biomechanics, 14:513-525, 1981. 

[52] R .A. Brand, D.R. Pedersen, and J .A. Friederich. The sensitivity of muscle 
force predictions to changes in physiologic cross-sectional area. Journal of 
Biomechanics, 19(8):589-596, 1986. 

[53] W. Herzog. Individual muscle force estimations using a non-linear optimal 
design. Journal of Neuroscience Methods, 21(2-4):167-179, 1987. 

[54] R. Happee and F .C.T. Vanderhelm. The control of shoulder muscles during 
goal-directed movements, an inverse dynamic analysis. Journal of Biome
chanics, 28(10):1179-1191, 1995. 

[55] D. Karlsson and B . Peterson. Towards a model for force predictions in the 
human shoulder. Journal of Biomechanics, 25(2):189-199, 1992. 

[56] K . R . Kaufman, K . N . An, W . J . Litchy, and E . Y . Chao. Physiological pre
diction of muscle forces — I. Theoretical formulation. Neuroscience, 40(3): 
781-792, 1991. 



B I B L I O G R A P H Y 103 

D.E . Hardt. Determining muscle forces in the leg during normal human 
walking: an application and evaluation of optimization methods. Journal of 
Biomechanical Engineering, 100:72-78, 1978. 

W. Herzog. Considerations for predicting individual muscle forces in athletic 
movements. Int. J. Sports Biomech, 3:128-141, 1987. 

W. Herzog and R. Ait-Haddou. Coordination of one- and two-joint muscles 
during voluntary movement: theoretical and experimental considerations. 
Motor Control, 4:68-74, 2000. 

W. Herzog and T.R. Leonard. Validation of optimization models that es
timate the forces exerted by synergistic muscles. Journal of Biomechanics, 
24(Suppl 1):31-39, 1991. 

B . Walmsley, J .A. Hodgson, and R .E . Burke. Forces produced by medial 
gastrocnemius and soleus muscles during locomotion in freely moving cats. 
Journal of Neurophysiology, 41(5):1203-1216, 1978. 

J .A. Hodgson. The relationship between soleus and gastrocnemius muscle 
activity in conscious cats — a model for motor unit recruitment? Journal 
of Neurophysiology (London), 337:553-562, 1983. 

L . D . Abraham and G.E . Loeb. The distal hind-limb musculature of the cat. 
Brain Research, 58:583-593, 1985. 

J . Freund and E.-P. Takala. A dynamic model of the forearm including 
fatigue. Journal of Biomechanics, 34:597-605, 2000. 

H . Rehbinder and C. Martin. A control theoretic model of the forearm. 
Journal of Biomechanics, 34:741-748, 2001. 

I. A . F . Stokes and M . Gardner-Morse. Lumbar spinal muscle activation syn
ergies predicted by multi-criteria cost function. Journal of Biomechanics, 
34:733-740, 2001. 

T. Komura, Y . Shinagawa, and T .L . Kunii . Creating and retargetting mo
tion by the musculoskeletal human body model. The Visual Computer, 16: 
254-270, 2000. 

R. Raikova. A model of the flexion-extension motion in the elbow joint some 
problems concerning muscle forces modelling and computation. Journal of 
Biomechanics, 29(6):763-772, 1996. 



B I B L I O G R A P H Y 104 

[69] R.T. Raikova and B.I. Prilutsky. Sensitivity of predicted muscle forces to pa
rameters of the optimization-based human leg model revealed by analytical 
and numerical analyses. Journal of Biomechanics, 34:1243-1255, 2001. 

[70] M.S. Bazaraa, H.D. Sherali, and C . M . Shetty. Nonlinear programming theory 
and algorithms. John Wiley & Sons, New York, second edition, 1993. 

[71] F . H . Clarke. Optimization and nonsmooth analysis. Université de Montréal, 
Montréal, PQ, 1989. 

[72] D.A. Wismer and R. Chattergy. Introduction to non-linear optimization: 
a problem solving approach. Elsevier North Holland Inc., New York, N Y , 
1979. 

[73] G.T. Yamaguchi, D.W. Moran, and J . Si. A computationally efficient 
method for solving the redundant problem in biomechanics. Journal of 
Biomechanics, 28(8):999-1005, 1995. 

[74] B . M . van Bolhuis and C . C . A . M . Gielen. A comparison of models explaining 
muscle activation patterns for isometric contractions. Biological Cybernetics, 
81:249-261, 1999. 

[75] W.J . Daunicht. A biophysical approach the spatial function of eye move
ments, extraocular proprioception and the vestibular-ocular reflex. Biologi
cal Cybernetics, 58:225-233, 1988. 

[76] P. Dean, J . Porrill, and P.A. Warren. Optimality of position commands to 
horizontal eye muscles: A test of the minimum-norm rule. J Neurophysiol, 
81:735-757, 1999. 

[77] R. Ait-Haddou, A. Jinha, and W. Herzog. Sensitivity analysis and analytical 
solutions for the crowninshield and brand distribution problem for quadratic 
cost functions 
letter to the editor: in response to raikova and prilutsky. Journal of Biome
chanics, Submitted. 

[78] R.T. Raikova. Some mechanical considerations on muscle coordination. Mo
tor Control, 4:89-96, 2000. 

[79] J .G. Andrews and J .G. Hay. Biomechanical considerations in the modeling 
of muscle function. Acta Morphol. Neerl.-Scand., 21:199-223, 1983. 



B I B L I O G R A P H Y 105 

[80] J .N. Leijnse. The controllability of the unloaded human finger with super
ficial or deep flexor. Journal of Biomechanics, 30(11-12):1087-1093, Nov-
Dec. 1997. 

[81] W. Herzog, T.R. Leonard, and A.C.S . Guimaraes. Forces in gastrocnemius, 
soleus, and plantaris tendons of freely moving cats. Journal of Biomechanics, 
26(8):945-953, 1992. 

[82] M . A . Ariano, R . B . Armstrong, and V.R . Edgerton. Hindlimb muscle fiber 
populations of five mammals. J. Histochem. Cytochem., 21:51-55, 1973. 

[83] J .L. Smith, B . Betts, V . R . Edgerton, and R.F . Zernicke. Rapid ankle ex
tension during paw shaking: selective recruitment of fast ankle extensors. 
Journal of Neurophysiology, 43:612-620, 1980. 

[84] R .E . Hughes and D . B . Chaffin. Conditions under which optimization mod
els will not predict coactivation of antagonist muscles. Proceedings of the 
American Society of Biomechanics, 12:69-70, 1988. 

[85] F .E . Zajac and M . E . Gordon. Determining a muscle's force and action in 
multi-articular movement. Exercise and Sports Sciences Reviews, 17:187-
230, 1989. 

[86] R. Ait-Haddou, P. Binding, and W. Herzog. Theoretical considerations 
on cocontraction of sets of agonistic and antagonistic muscles. Journal of 
Biomechanics, 33:1105-1111, 2000. 

[87] J .H. Lawrence, T .R. Nichols, and A . W . English. Cat hindlimb muscles exert 
substantial torques outside the sagittal plane. Journal of Neurophysiology, 
69(1):282-285, 1993. 

[88] R.D. Sacks and R.R. Roy. Architecture of the hind limb muscles of cats: 
functional significance. Journal of Morphology, 173(2):185-195, Aug. 1982. 

[89] G. L i , K . R . Kaufman, E . Y . Chao, and H.E. Rubash. Prediction of an
tagonistic muscle forces using inverse dynamic optimization during flex
ion/extension of the knee. Journal of Biomechanical Engineering, 121:316-
322, 1999. 

[90] R. Raikova. Prediction of individual muscle forces using Lagrange multiplier 
method — A model of the upper human limb in the sagittal plane: I. Theo
retical considerations. Computer Methods in Biomechanics and Biomedical 
Engineering, 3:95-107, 2000. 



B I B L I O G R A P H Y 106 

[91] J .H. van Dieën. Are recruitment patterns of the trunk musculature com
patible with a synergy based on the maximization of endurence. Journal of 
Biomechanics, 30(11/12):1095-1100, 1997. 



Appendix A 

Proofs in Chapter 5 

A . l Activation of Antagonistic Muscles 

A.1.1 Force Predictions of Exact Agonists and Antagonists 

Theorem A.1.1. Two multi-joint muscles (j and k) can never co-contract, if 

their moment-arm vectors (rrij and mk) are collinear but in opposite directions 

(m,j — Kirik where K, < 0). Conversely, a pair of exact-agonists (n > 0) are 

active or silent, simultaneously. 

Proof. Let Af = b, with A = [ « M ••• and ra¿ = [m ••• r¡mf, represent the 

moment balance equation of a musculoskeletal model, and m¿ represents the 

moment-arm vector of the i^-muscle. Now, the cost function of the optimization 

problem in (2.6) with a > 1, is convex and the constraints are linear, therefore, 

the Karush-Kuhn-Tucker conditions, theorem 2.2.1 for optimality 

^ Ç = K + (A.l) 

along with the side conditions = 0 and /_Í¿ > 0, are necessary and sufficient 

[72]. Now, we let muscle j be active, i.e. fj > 0, then (ra¿, A) > 0, from 

equation (A. l ) . With i = k , we have 

-1^- = (mk, X)+fik. (A.2) 

Recalling that mk = Krrij, we have (m^, A) = (KTUJ, A) . Therefore, if K < 0 

then (irik, A) < 0. Thus, muscle k must be silent (i.e. fk = 0). 
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Conversely, if both muscles are exact-agonists then K > 0. In this case, we 

have (m.fc, A) = n(rrij, A). Therefore, if fj > 0 then fk > 0 and similarly, fj = 0 

implies that /¾ = 0. • 

By definition 2.3.2, a muscle can also be regarded as an exact-agonist (or 

exact-antagonist) with respect to the intersegmental-moment. In this case, we 

have the following corollary to the previous theorem. 

Corollary. If a muscle is an exact-antagonist with respect to the intersegmental 

moment, b, then the optimization model predicts that this muscle is always silent. 

Conversely, a muscle that is an exact-agonist with respect to the intersegmental 

moment is always active. 

Proof. From Theorem 4.2.1, the intersegmental moment belongs to the half-

space CK̂ ~ which implies that (6, A) > 0. Secondly, by definition 2.3.1, the 

muscle's moment-arm vector is collinear with the intersegmental moment-arm 

vector, ra¿ = K Ò and this muscle is active if (m¿, A) > 0. From the fact that m ¡ 

is collinear with 6 we have (rrij, A) = («6, A) > 0. Therefore, the muscle with 

moment-arm vector m ¿ is active. 

Conversely, if the z i / l-muscle is an exact-antagonist with respect to the in

tersegmental moment then we have m ¡ = nb where K < 0. Then we have 

(b, A) = {^Trii, A) > 0 which implies that (ra¿, A) < 0. Therefore, this muscle 

is silent. • 

The muscles in a model with only one degree-of-freedom are either exact-

agonists or exact-antagonists. Therefore, we have the results of Challis and 
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Kerwin [36], Herzog [49] and Dui et al. [25] that all of the agonists (antagonists) 

are active (silent) for a model with one degree-of-freedom. 

A. 1.2 General Antagonistic Muscle Force Predictions 

In general, a pair of antagonistic muscles may not be exactly antagonistic if the 

model has more than one degree-of-freedom. For a two degree-of-freedom model, 

we will show that a pair of antagonists which are also antagonistic with respect 

to the intersegmental moment cannot co-contract [86]. But co-contraction is 

theoretically possible in a model with more than two degrees-of-freedom (see 

theorem A.1.3). 

Two Degrees-of-Freedom 

For the next theorem, consider a model with two muscles (1 and 2) having 

moment-arm vectors m i and m 2 such that 

(i.e. muscles i and j are a pair of antagonists). Furthermore, suppose that both 

muscles are functional-antagonists; in other words 

Theorem A.1.2 (Ait-Haddou et al. [86]). Given a two degree-of-freedom 

model, a pair of antagonistic muscles which are also antagonistic to the interseg

mental moment, b, cannot co-contract. 

Proof. Theorem 4.2.2 shows that if the intersegmental moment vector lies in 

the negative cone of two moment-arm vectors, then these two muscles will not 

( m i , m 2 ) < 0 (A.3) 

(mi, b) < 0. (A.4) 
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A 

> 

Figure A . l : Two antagonistic muscles that lengthen in the direction of 
b cannot co-contract in two degrees-of-freedom. m i and m 2 represent 
the moment- arm vectors of two muscles. $1, $ 2

 a n d ¡3 are the direction 
of the moment- arm vectors of muscles 1 and 2 and ò, respectively. The 
regions indicated by C~ and CP are the negative cone and the range of 
angles which the 6 can have under the condition that both muscles 1 and 
2 elongate in the direction of b angle between m i and m 2 . 

co-contract. Therefore, we will show that if both muscles are antagonistic with 

respect to the intersegmental moment, then b must lie in the negative cone of 

the moment-arm vectors of these two antagonistic muscles. Let, 

represent the negative cone (C ) and the set of moment-arm vectors of muscles 

C = {x\x = 7 i m i + 7 2 m 2 and 71,72 < 0} (A.5) 

(A.6) 

which are functional-antagonists, respectively. First, let m¿ = m¿(cos?9¿, sin$¿) 

and b = ò(cos/3, sin/3). Now assume that 0 < i?i < $2 < 2n (figure A . l ) . 

Therefore, 

•ài + |TT < 7 i 2 < tfi + §7T, 

+ JTT < /3 < $2 + §7T. 

by (A.3) 

by (A.4) 

(A.7) 

(A.8) 
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However, the negative cone can be defined as the set of angles 

C - = {0 c | 0 i + 7T < 0 C < 0 2 + T T } . by (A.5) (A.9) 

Finally, from equations (A.7), (A.8) and (A.9), B e 9 G Q~ (figure A . l ) . There

fore, if two antagonistic muscles lengthen in the direction of the intersegmental 

moment the optimization procedure will predict that only one of the two muscles 

are active. • 

More Than Two Degrees-of-Freedom 

Theorem A.1.3. Consider a pair of antagonistic muscles both of which are 

antagonistic with respect to the intersegmental moment, b. In a model with more 

than three degrees of freedom it is possible for these two muscles to co-contract. 

Proof. Consider three muscles with moment-arm vectors ra, p and q where ra 

and p are also anatomical and functional-antagonists. If these three muscles are 

the only active muscles in the model, then the moment equation (2.5) is given 

by 

fmm + fpp + fqq = 6. 

Also, by equations (A.3) and (A.4), the conditions 

(ra, p) < 0, (A.10) 

(6, ra) < 0, ( A . l l ) 

(6, p) < 0, (A.12) 

must be satisfied by the three vectors, m,p, b E 3¾3 . Also, for each of the three 

muscles to be active in an arbitrary configuration, a vector, A , must exist such 
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that 

(ra, A) > 0, 

(p, A) > 0, 

(q, A) > 0, 

(6, A) > 0. 

Now, the matrix [A m P q &] can be reduced to the matrix 

A m p q b 

where Ai > 0 and m2 > 0. Therefore, 

Ai mi pi qi &i 

0 m2 p2 92 b2 

0 0 p3 q3 b3 

(A.13) 

(A.14) 

(A.15) 

(A.16) 

m i , P i , <?!,£>! > 0, by (A.13)-(A.16) (A.17) 

Since m 2 > 0 we have, 

m 2 p 2 < - m i p i < 0. by (A.10) (A.18) 

Therefore, p2 < 0 

m2b2 < —mibi < 0, by ( A . l l ) 

(A.19) 

(A.20) 

Therefore, b2 < 0. Lastly, 

7¾¾ < - P i & i - ^ 2 ¾ - by (A.12) (A.21) 
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If p 3 > 0, then b3 < {—pibj — ^ 2 ^ 2 ) / ½ - Therefore, equations (A.10)-(A.16) 

represent a consistent set of inequalities. For example, if m = (0.34, 0.94, O), 

p = 0.34-0.94-0.33, b = (0.43, -0.3, 1.5) then (m, p) = -0.768, (m, b) = 

—0.17 and (p, b) = —0.06. Finally, q is free to satisfy the moment equation, 

Af = b such that fq > 0 or (q, A) > 0. • 




