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Quantum effects in liquid water and ice: Model dependence
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This paper explores the influence of choice of potential model on the quantum effects observed in
liquid water and ice. This study utilizes standard rigid models and a more formal context for the
rigid-body centroid molecular dynamics methodology used to perform the quantum simulations is
provided. Quantum and classical molecular dynamics simulations are carried out for liquid water
and ice Ih at 298 and 220 K, respectively, with the simple point charge/extended and TIP4P-Ew
water models. The results obtained for equilibrium and dynamical properties are compared with
those recently reported on TIP4P �L. Hernández de la Peña and P. G. Kusalik, J. Chem. Phys. 121,
5992 �2004�; L. Hernández de la Peña et al., J. Chem. Phys 123, 144506 �2005��. For the liquid, an
energy shift of about 8% and an average molecular uncertainty of about 11° were found
independently of the water model. The self-diffusion coefficient consistently increases by more than
50% when going from the classical to the quantum system and quantum dynamics are found to
reproduce the experimental isotopic shifts with the models examined. The ice results compare
remarkably well with those previously reported for the TIP4P water model; they confirm that
quantum effects are considerable and that the quantum mechanical uncertainty and the energy shifts
due to quantization are smaller in ice than in liquid water. The relevance of these findings in the
context of the construction of water models is briefly discussed. © 2006 American Institute of
Physics. �DOI: 10.1063/1.2238861�
I. INTRODUCTION

A variety of simulation techniques have been applied to
calculate equilibrium and dynamical properties of water.
Among them, path integral methods1–4 have played a very
important role allowing the simulation of quantum liquid
water5–10 and quantum ice.11 Path integral simulations ad-
dress directly the impact of the quantum mechanical uncer-
tainty of the proton in the properties of water in condensed
phase. Although only equilibrium and structural properties
were available in early work, approximations were later de-
veloped to solve the quantum dynamics. These approximate
techniques include the Feynman-Hibbs variational
approach,1 the centroid molecular dynamics �CMD�
method,12–18 and the very recently proposed linearized path
integral description,19 where these have been applied to flex-
ible molecular models of water in liquid simulations.9,10,19

Recently, the analysis of dynamical quantum effects with
rigid water models has become possible with the implemen-
tation of the CMD method for rigid bodies.20–24 This tech-
nique has permitted the simulation of light and heavy liquid
water,21–23 as well as ice Ih,24 all carried out with the TIP4P
�Ref. 25� model. The results have indicated that the rigid-
body CMD method captures the true dynamics better than a
classical simulation and that the impact of quantization on
the dynamics is very large �about 50% �Ref. 21��. The isoto-
pic shift of the calculated energy and self-diffusion coeffi-
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cients compared remarkably well with previous path integral
simulations and experiment.5–10 Another important finding
was that the quantum mechanical uncertainty in liquid water
was larger than the one found in TIP4P ice Ih at about the
same temperature,23 indicating the critical importance of the
local environment in this property of liquid water. Other
results22 based on this water model have indicated that while
quantization is important for liquid water at 25 °C, it be-
comes more important at lower temperatures. In addition, a
very recent study26 with the simple point charge/extended
�SPC/E� model and the ring polymer molecular dynamics
method found that quantization decreases the liquid water
viscosity by about one-third. A rigid-body CMD study of
TIP4P ice Ih �Ref. 24� over a range of temperatures, which
also probed its melting process, found quantum effects to be
significant.

The study of liquid water and ice remains an active field
of research. After more than three decades of water simula-
tions a large number of water models have been proposed,
among which empirical rigid-body potentials continue to be
the most widely used. Although such potential models have
proven to be quite successful given their simplicity, their
limitations are also recognized. Their inability to reproduce
experimental results has been assigned to various factors,
including the absence of vibrations, the absence of polariz-
ability, and their electronic parametrization. However, in
moving beyond empirical potentials, the results reviewed
above suggest that a major improvement in the description of
water structure and dynamics takes place when the quantum
proton uncertainty is taken into account. Therefore, it is im-

portant to verify that these findings are not specific to the

© 2006 American Institute of Physics12-1

 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

http://dx.doi.org/10.1063/1.2238861
http://dx.doi.org/10.1063/1.2238861


˜

054512-2 L. Hernández de la Peña and P. G. Kusalik J. Chem. Phys. 125, 054512 �2006�
TIP4P water model, but in fact, sufficiently general and rep-
resentative for other models and perhaps real water.

In this paper, the application of the CMD method to rigid
bodies is revisited. A general centroid constraint function is
derived and its use in the evaluation of orientational centroid
constrained path integrals is presented. We examine the de-
pendence of the isotopic effects on the choice of the water
model by carrying out quantum simulations with two rigid
water models, the SPC/E �Ref. 27� and TIP4P-Ew �Ref. 28�
potentials. We demonstrate that, independent of the choice of
rigid model, quantum effects in liquid water at 298 K are
large and that the approximate quantum dynamics accurately
reproduce the experimental isotopic shift of the diffusion co-
efficients. We also report results for classical and quantum
ice Ih at 220 K for these two water models and verify that
the quantum mechanical uncertainty in liquid water is larger
than in ice Ih. Finally, the implications of these findings to
water modeling is discussed.

The paper is organized as follows. Section II reviews the
application and implementation of the CMD method in rigid-
body systems. Section III discusses the simulation details,
the results are presented in Sec. IV, and our conclusions are
given in Sec. V.

II. CMD FOR RIGID BODIES

A. Theoretical background

The partition function of a rigid quantum object �i.e.,
molecule� with a relatively large mass m and small inertia
moments �Ix , Iy , Iz�=diag�I� in an external potential U�R ,��
can be written in path integral form as1,2

Z = � m

2���2�3/2� dR�
��0�=�����

D����

� exp�−
1

�
S�R,������ , �1�

where

S�R,����� = �
0

�� �1

2
I����2��� + U�R,������d� . �2�

Here, ���0�=�����D���� is a closed integration over the ori-
entational paths ����, R is the position of the molecular
center of mass, �1/2�I�2 is the kinetic energy of the orien-
tational path, and �=1/kT. For notational simplicity we will
refer to a single quantum molecule, where the generalization
to a many-body system is straightforward.

The molecular orientations that make up ���� can be
represented by a rotation matrix, three Euler angles, or a unit
quaternion q̃���; however, there are some specific advantages
associated with using quaternions in what follows. Since the
quaternion parameters29 map three-dimensional rotations
onto a four-dimensional sphere, then given a particular
closed path ���� and a specified orientation �c	 q̃c, we can

define the function
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G��c� 	 G�q̃c� = �
0

��

�2���d�

= 4�
0

��

arccos2�q̃��� · q̃c�d� , �3�

where q̃��� · q̃c can be regarded as the inner product between
two four-dimensional unit vectors. It is clear that � is the
rotation angle or curved distance between the orientations
q��� and q̃c. Since the gradient of G�q̃c� is given by

�q̃c
G�q̃c� = �

0

�� 2����
sin�����/2�

�q̃��� − q̃c�q̃c · q̃�����d� , �4�

it is then convenient to introduce

��q̃c� = −
1

2	
�q̃c

G�q̃c� �5�

= q̃c −
1

	
�

0

�� ����
sin�����/2�

q̃���d� , �6�

where

	 = �
0

�� ����
tan�����/2�

d� . �7�

Defining the average orientation q̃0 of the path q̃��� as the
minimum of G�q̃c�, one then immediately obtains from Eq.
�5� that ��q̃0�=0. It should be noted that, since G�q̃c� is a
continuous function and because of the compactness of its
domain �the four-dimensional sphere�, q̃0 always exist. It can
be also shown30 that if the whole path is located in a “hemi-
sphere,” q̃0 is unique.

From Eqs. �6� and �7� it is easily verified that for a path
that remains close to q̃c �i.e., near the classical limit� one
recovers a result that resembles the usual definition of the
centroid variable, since

lim
����
0

��q̃c� = q̃c −
1

��
�

0

��

q̃���d� = q̃c − q̃0. �8�

Clearly, this result is only valid when the curvature of the
orientational space becomes negligible.

Representing the orientational imaginary time paths
���� in centroid form we obtain

Z = � m

2���2�3/2� dR� d�c
c�R,�c� , �9�

where


c�R,�c� = �
��0�=�����

D���������c��

� exp�−
1

�
S�R,������ , �10�

S�R ,����� is given by Eq. �2� and ���c�	��q̃c� is given by
Eq. �6�. From Eq. �9� one can write a centroid potential of

mean force as
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Vc�R,�c� = −
1

�
ln�
c�R,�c�� . �11�

The centroid molecular dynamics method prescribes a time
evolution of the centroid variable on this potential surface
according to the following centroid force and torque:

Fc�R,�c� = − �RVc�R,�c� �12�

and

Tc�R,�c� = − �q̃c
Vc�R,�c� . �13�

The resulting centroid dynamics can then be used to calcu-
late equilibrium and approximate dynamical information of
the quantum system.

B. Implementation

Since the centroid evolves classically on the potential
Vc�R ,�c�, the real time dynamics is no more difficult than a
conventional MD simulation of rigid bodies with center of
mass and orientational equations of motion. However, ac-
cording to Eqs. �10�–�13� the centroid evolution requires the
evaluation of an orientationally constrained path integral.

In practice, the path integral in Eq. �10� is discretized
as31


c�R,�c� 
 � P

2���2�3P/2


k=1

P

Ik
3/2� d�k�����c��

� exp�− ���R,�k�� , �14�

where

��R,�k� =
IkP

2�2�22��k,�k+1� +
1

P
U�R,�k� , �15�

with �P+1=�1. In these equations, ��k ,�k+1� is the rota-
tion angle between orientations k and k+1, and Ik is the
inertia moment associated with that rotation. Thus, Eqs. �12�
and �13� become

Fc�R,�c� =
− 1


c�R,�c�
� P

2���2�3P/2


k=1

P

Ik
3/2� d�k

� �����c��� 1

P
�
s=1

P

�RU�R,�s��
� exp�− ���R,�k�� �16�

and

Tc�R,�c� =
− 1


c�R,�c�
� P

2���2�3P/2


k=1

P

Ik
3/2� d�k

� �����c��� 1

P
�
s=1

P

�q̃s
��R,�s��

� exp�− ���R,�k�� . �17�

In this discretized picture, the centroid constraint trans-

forms into
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���c� = q̃c −
1

	
�
k=1

P
�k

sin��k/2�
q̃k, �18�

with

	 =
1

P
�
k=1

P
�k

tan��k/2�
. �19�

Due to the quaternion normalization condition, the constraint
Eq. �18� has a redundant degree of freedom which can be
associated with the scalar component of this equation by

setting the centroid to be q̃c= �1;0 ,0 ,0�=1̃. Thus, using the
polar representation of a unit quaternion q̃k= �qk

�0� ;qk�
= �cos��k /2� ; sin��k /2�uk�, Eq. �18� becomes ��1̃�= �0;��
with the vector component given by

� = − �
k=1

P
�k

sin��k/2�
qk = − �

k=1

P

�kuk. �20�

This equation can be used to calculate a quaternion q̃l as a
function of the P−1 remaining quaternions, such that q̃0

= q̃c=1̃, that is,

�l = ��
k�l

P

�kuk� �21�

and

ul = �− 1

�l
��

k�l

P

�kuk. �22�

It is easily verified that for P=2 and P=3 one obtains the
“two-bead” and “three-bead” formulas given in Ref. 20.

A natural way of evaluating the constrained path integral
in Eqs. �16� and �17� is with the Monte Carlo method. One
could first generate P−1 random orientational displacements
and then evaluate the remaining orientational displacement
according to Eqs. �21� and �22�. Denoting an initial P-bead

configuration as �q̃1 , . . . , q̃P�	 Q̃P, the new configuration Q̃P�

is accepted with a probability p�Q̃P→ Q̃P�� given by

p�Q̃P → Q̃P�� = min�1,exp�− ����� , �23�

where

�� = �
k=1

P

���R, q̃k�� − ��R, q̃k�� . �24�

By this means, one can generate a set of configurations

�Q̃P
�1� , . . . , Q̃P

�n�� over which to average the forces and torques
according to Eqs. �16� and �17�.

It is also possible to obtain a set of bead configurations
via MD. In this approach, an artificial bead dynamics along
the timelike variable � is generated by providing an initial
kinetic energy K �see Eq. �15��,

K = �
k=1

P �Lx,k
2

2Ix�
+

Ly,k
2

2Iy�
+

Lz,k
2

2Iz�
� , �25�

and evolving the bead orientations according to the appropri-

ate potential ��R ,�k�, together with the corresponding con-
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straint equations to enforce the centroid conservation. This
centroid constrained dynamics could, in principle, be imple-
mented in several ways. The constraint equations could be
used to eliminate the redundant degrees of freedom of the
system such that the dynamics evolve only the relevant vari-
ables which implicitly include the constraints. In this case, in
particular, one can use Eqs. �21� and �22� and express the
time evolution of bead l as a function of the remaining P
−1 beads; i.e., q̄l���= f�. . . , q̃k��� , . . . � where l�k. Finally, the
P−1 explicitly evolving orientations need to be coupled to a
Nose-Hoover thermostat32 such that canonical sampling is
achieved.

Defining the total torque acting on bead k as Tk

=−�q̃k��R ,�k�, the rotational equations of motion for bead
k in its principal frame would then be given as

q̇̃k =
1

2
q̃k · w̃k, �26�

L̇k = Tk − wk � Lk − �k,1Lk, �27�

�̇k,1 =
1

F1
�K −

3�P − 1�
�

� − �k,1�k,2, �28�

�̇k,j =
1

F j
�F j−1�k,j−1

2 −
1

�
� − �k,j�k,j+1, �29�

�̇k,M =
1

FM
�FM−1�k,M−1

2 −
1

�
� , �30�

where Eq. �26� is written in quaternion form with w̄k

= �0;wk� being the quaternion representation of the angular
velocity vector wk. �k,j are the parameters of a Nose-Hoover
chain thermostat of length M �Ref. 21� coupled to the dy-
namics of bead k. F1=3�P−1��2 /� and F j =�2 /� for 2� j
�M, with � as the characteristic relaxation time of the Nose-
Hoover bath. We note that the use of this thermostating
scheme greatly improves the efficiency of the path integral
evaluation and enforces the required canonical sampling. The
equations of motion can be integrated with a predictor-
corrector algorithm or with more recent and efficient
integrators.33

It is clear that the evaluation of the path integral is a
crucial part of the CMD implementation. In principle, well
converged values of the centroid force and centroid torque
are needed in order to propagate the centroid; such an ap-
proach has been called the primitive algorithm.9 Introducing
the “instantaneous” centroid torque, tc= �1/ P��k=1

P Tk, then
from Eq. �17� we formally have

Tc�R,�c� = lim
�→�

1

�
�
n=1

�

tc�Q̃P
�n�� �31�

= lim
�→�

1

�
�

0

�

tc���d� , �32�

where the first and second equalities refer to Monte Carlo
�MC� and MD evaluations, respectively, and analogous equa-

tions can be written for the centroid force. Clearly, the primi-
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tive algorithm is a numerical implementation of the above
equations.

Alternatively, one can use the adiabatic algorithm,9

where the centroid propagation is carried out with a rela-
tively small �t and only a few bead configurations are visited
at each centroid phase point. In this approach the averaging
then occurs on the fly. Although both MC or MD can be used
to evaluate the path integral, the MD approach seems per-
haps better suited to this implementation.

Although the MD algorithm described above is in gen-
eral correct, it has two important limitations. First, the con-
strained dynamics is non-Hamiltonian34 and the phase space
compressibility factor associated with the invariant measure
seems to be difficult to calculate. Second, the algorithm
evolves only P−1 beads and the full effect of the constraint
lies exclusively on one bead �bead l�, something that may be
expected to lead to nonergodic behavior. Ideally, one would
like to perform a Hamiltonian dynamics where the constraint
is enforced similarly in all beads, however, this would imply
the complicated task of reformulating the dynamics over new
�and nontrivial� orientational variables.

An alternative approach is to devise an approximate, but
efficient, scheme where the constraint is conserved while er-
godicity is guaranteed. Perhaps the simplest such scheme is
to request that the total angular momentum of a set of beads
is zero in centroid frame,35 i.e.,

L��� = �
k=1

P

Lk��� = 0. �33�

With this requirement in place, and defining tk=Tk− tc, the
rotational equations of motion for all q̃k follow Eqs.

�26�–�30� with L̇k in principal frame given by

L̇k = tk − wk � Lk − �k,1Lk + S . �34�

The vector S is calculated in centroid �or fixed� frame as

S =
1

P
�
k=1

P

�k,1Lk, �35�

and ensures the preservation of the total angular momentum
in the thermostated dynamics. We note that by construction
we have

�
k=1

P

tk = 0, �36�

in centroid frame. The centroid constraint is then enforced
step by step via Eqs. �21� and �22� where q̃l is chosen ran-
domly at each step. We have previously verified
numerically20 that this dynamics produces converged values
of the centroid force and centroid torque while conserving
the centroid.

III. SIMULATION DETAILS

In this work the classical MD simulations were carried
out in a standard manner.21 The equations of motions are
integrated with a fourth order predictor-corrector algorithm

with rotations represented by quaternion parameters. A
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Gaussian thermostat36 was used to control the system tem-
perature. The long-range interactions are evaluated with
Ewald sums. For the case of classial ice simulations, we have
started with an experimentally determined lattice configura-
tion and have carried out runs as described in Ref. 24.

The quantum simulations of liquid water were carried
out with parameters identical to those used for the TIP4P
model in Ref. 21 �and the method of parametrization has also
been presented there�; their values are P=5, M =4, �=3,
��=0.5 fs, and �t=0.125 fs �where the notation has been
established in Sec. II B�. It is noted that the value of � is
conveniently adjusted for the particular values of the inertia
moment in the fictitious dynamics �which are in general dif-
ferent from the real inertia moment values of the molecule�.
These same parameter values were tested for quantum TIP4P
ice Ih �the results have been given in Ref. 24� and they were
also found to be optimal.

IV. RESULTS

This section discusses the results obtained in classical
and quantum simulations of liquid water and ice. The liquid
water results are presented first and include the equilibrium
and dynamical properties of light and heavy water at 298 K.
This is followed by the results on static properties as well as
the lattice dynamics of ice Ih at 220 K.

A. Liquid water at 298 K

Figure 1 shows the oxygen-oxygen radial distribution
functions �RDFs� obtained in classical and quantum simula-
tions of light and heavy SPC/E water. The result for classical
D2O coincides with classical H2O and is not shown. One
observes that the classical system is more structured, fol-
lowed by quantum D2O and the least structured quantum
H2O system. A comparison with Fig. 5 in Ref. 21 indicates
that the effect of quantization is qualitatively extremely simi-
lar. This observation is further confirmed with the oxygen-
hydrogen RDF for SPC/E presented in Fig. 2. In this figure

FIG. 1. Oxygen-oxygen radial distribution function of liquid SPC/E water at
298 K. The dotted, solid, and dashed lines correspond to the classical, quan-
tum H2O, and quantum D2O results, respectively.
�which can be compared with Fig. 6 in Ref. 21� we observe
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the classical system to be the most structured and the quan-
tum H2O the least structured, with the quantum D2O liquid
in between. These results for the oxygen-oxygen and
oxygen-hydrogen RDFs are in very good agreement with
those of del Buono et al.7 for SPC water obtained via path
integral molecular dynamics. It should be emphasized in this
context that the CMD method generates exact equilibrium
averages provided that the system is ergodic.18 The oxygen-
oxygen and oxygen-hydrogen radial distribution functions
for TIP4P-Ew qualitatively confirm the results of Figs. 1 and
2 �and are not shown�. It should also be noted that the
H2O/D2O �intermolecular� structural changes predicted by
the present simulations have recently been shown to agree
well with those extracted from x-ray diffraction
experiments37 on water. We remark that these relative struc-
tural changes are the most relevant test of the results pre-
sented here.

A quantitative analysis of the model dependence can be
carried out on values of the intermolecular potential energies,
relative energy shifts, and average molecular uncertainties.
The latter values, representing the average quantum disper-
sion in the molecular orientations, were calculated as
follows.21,23 First we define an instantaneous molecular un-

certainty �i.e., for a particular Q̄P
�n� bead configuration� as

��Q̃P
�n��= �1/ P��k=1

P �k
�n�, and the molecular uncertainty asso-

ciated with the centroid as �cf. Eq. �31��

�c�R,�c� = lim
�→�

1

�
�
n=1

�

��Q̃P
�n�� . �37�

The average molecular uncertainties in Table I are then given
by38

��c�c =
1

Z
� m

2���2�3/2� dR� d�c

� 
c�R,�c��c�R,�c� , �38�

where a further integration over all molecules in the system

FIG. 2. Oxygen-hydrogen radial distribution function of liquid SPC/E water
at 298 K. The dotted, solid, and dashed lines correspond to the classical,
quantum H2O, and quantum D2O results, respectively.
is carried out.
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Table I reports values obtained for the intermolecular
potential energy, relative energy shifts, and average molecu-
lar uncertainties for the SPC/E and TIP4P-Ew water models
and includes the results for TIP4P from Ref. 21. The results
indicate that the TIP4P-Ew and SPC/E models show a
slightly smaller quantum shift in the energy than was found
for TIP4P. The values calculated for the TIP4P-Ew water
model are generally closer to the values of the TIP4P poten-
tial. This result is reasonable considering that the TIP4P-Ew
�Ref. 28� model is more similar to TIP4P �Ref. 25� than is
the SPC/E �Ref. 27� model. It is also interesting to note that
the estimated values of the molecular uncertainty for
TIP4P-Ew and SPC/E are slightly smaller than the one de-
termined previously for TIP4P. Furthermore, it is reasonable
to expect that the smaller the molecular uncertainty, the
smaller the quantum effects in the energy should be. This
expectation is confirmed by comparing the values of molecu-
lar uncertainty for light water presented in Table I. The en-
ergy shifts in quantum D2O, which are smaller, appear less
dependent on the estimated molecular uncertainty. We note
that while properties such as the pressure and dielectric con-
stant were examined, it is not possible to quantify the effects

TABLE I. Energy, relative energy shift, and quantum molecular uncertainty
�see text� values for the SPC/E and TIP4P-Ew water models at 298 K.
Results for TIP4P, included for comparison, are taken from Ref. 21.

Model System
Energy

�kJ/mol�
Relative shift

�%�
Quantum

uncertainty �deg�

SPC/E Classical −45.93 ¯ 0
Quantum H2O −42.33 7.8 10.7
Quantum D2O −43.48 5.3 8.5

TIP4P-Ew Classical −45.99 ¯ 0
Quantum H2O −42.11 8.4 11.0
Quantum D2O −43.58 5.2 8.9

TIP 4P Classical −41.05 ¯ 0
Quantum H2O −37.43 8.8 11.3
Quantum D2O −38.63 5.9 8.9

TABLE II. Self-diffusion coefficients in 10−5 cm2/s f
about 1% of the reported values. Results for TIP4P,

Model System

SPC/E Classical H2O
Quantum H2O
Classical D2O
Quantum D2O

Classical H2O/D2O
Quantum H2O/D2O

TIP4P-Ew Classical H2O
Quantum D2O
Classical H2O
Quantum D2O

Classical H2O/D2O
Quantum H2O/D2O

TIP4P Classical H2O/D2O
Quantum H2O/D2O
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of quantization due to the relatively large errors associated
with these quantities. Qualitatively, it appears that quantiza-
tion somewhat increases the pressure �at fixed density� and
leaves the dielectric constant essentially unchanged.

Table II reports the values of the self-diffusion coeffi-
cient and its components obtained in the classical and quan-
tum simulations of liquid samples with the SPC/E and
TIP4P-Ew potentials. The local frame is defined with the z
axis along the molecular axis of symmetry and the x axis in
the plane of the molecule. For the SPC/E model, the y com-
ponent appears to have the smallest quantum H2O/D2O ra-
tio, whereas in the TIP4P-Ew model it is the z component
that is smallest. However, since these differences are just at
the limit of the estimated errors they may well represent
numerical noise. This is consistent with the fact that in the
TIP4P results21 all the components have essentially the same
quantum H2O/D2O ratio. Importantly, the results show that,
independent of the model chosen, the H2O/D2O ratios of the
self-diffusion coefficients calculated through quantum simu-
lations are in much better agreement with the experimental
value39,40 of 1.21 than the ratios determined from classical
simulations. This indicates that the present quantum simula-
tions, in comparison with the classical calculations, make a
significant improvement in relation to the description of the
microscopic dynamics of these systems.

The effect of quantization in the dynamics can be esti-
mated with the ratio Dquant /Dclass. The results obtained for
SPC/E and TIP4P-Ew water are 1.56 and 1.69, respectively.
These values are in very good agreement with previously
reported results9,10,26 and with the TIP4P ratio of 1.53.21 This
agreement is a further confirmation of the relevance of the
quantum mechanical effects in the microscopic dynamics of
liquid water. It is interesting to note that the Dquant /Dclass

ratios given by the data in Table IV of Ref. 26 are consis-
tently smaller than the value �1.56� obtained here for SPC/E
water. Thus it would appear that the ring polymer molecular
dynamics approach utilized in Ref. 26 does not completely
capture the full effects of quantization.

Table III contains the calculated values of several relax-

SPC/E and TIP4P-Ew water models. The errors are
ed for comparison, are taken from Ref 21.

Dx Dy Dz

49 2.30 3.25 1.93
90 3.66 4.90 3.15
48 2.26 3.21 1.97
34 3.09 4.29 2.64
00 1.02 1.01 0.98
17 1.18 1.14 1.19

41 2.20 2.97 2.06
07 3.90 4.93 3.39
37 2.18 2.94 1.98
42 3.23 4.10 2.91
02 1.01 1.01 1.04
19 1.21 1.20 1.16

04 1.04 1.03 1.05
20 1.20 1.21 1.19
or the
includ

D

2.
3.
2.
3.
1.
1.

2.
4.
2.
3.
1.
1.

1.
1.
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ation times for the SPC/E and TIP4P-Ew molecular models.
The classical relaxation times are extracted from the appro-
priate orientational correlation functions according to �k

z

=�0
�Ck

z�t�dt, where

Ck
z�t� = �Pk�ẑ�t� · ẑ�0��� , �39�

where ẑ is a unit vector aligned with the molecular dipolar
vector and Pk denotes the Legendre polynomial of order k.
The quantum values are in turn calculated from the centroid
time correlation function

Cz
k�t� = �Pk�ẑc�t� · ẑc�0���c, �40�

and with the use of the Fourier space relationship12–18

G�w� =
�w

2
�coth��w

2
� + 1�Gc�w� , �41�

where G�w� and Gc�w� are the Fourier transforms of the
quantum and centroid time correlation functions, respec-
tively. The collective relaxation times �D are calculated
analogously by using the standard relationship

�D = �
0

� �M�t� · M�0��
�M2�0��

dt , �42�

where M�t� is the total dipole moment vector. It must be
noted that, while more elaborate schemes for the computa-
tion of nonlinear quantum time correlation functions exist,41

we have used the more straightforward but approximate pro-
cedure represented by Eq. �41� �which becomes rigorously
correct for linear operators�. We point out also that, in con-
trast, the diffusion coefficients in Table II are obtained di-
rectly from the translational centroid time correlation func-
tion since no explicit quantization of the translational motion
has been carried out.

The classical and quantum molecular relaxation time ra-
tios obtained for the two models are comparable with the
ones obtained for the TIP4P water potential.21 For the three

TABLE III. Molecular and collective �dielectric� relaxation times in ps for
the SPC/E and TIP4P-Ew water models. Results for TIP4P, included for
comparison, are taken from Ref. 21.

Model System �1
z �2

z �D

SPC/E Classical H2O 4.14±0.03 1.405±0.005 10±1
Quantum H2O 2.63±0.03 0.871±0.005 6±1
Classical D2O 4.80±0.03 1.620±0.005 12±1
Quantum D2O 3.53±0.03 1.172±0.005 10±1

Classical D2O/H2O 1.16 1.15 1.2
Quantum D2O/H2O 1.34 1.34 1.7

TIP4P-Ew Classical H2O 4.28±0.03 1.462±0.005 11±1
Quantum H2O 2.42±0.03 0.811±0.005 6±1
Classical D2O 4.80±0.03 1.631±0.005 10±1
Quantum D2O 3.44±0.03 1.160±0.005 9±1

Classical D2O/H2O 1.12 1.12 0.9
Quantum D2O/H2O 1.42 1.43 1.5

TIP4P Classical D2O/H2O 1.13 1.13 1.0
Quantum D2O/H2O 1.36 1.35 1.2
models, the quantum ratios are significantly larger than the
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classical ones, in agreement with the expected faster dynam-
ics in the quantum system. Once again, quantization signifi-
cantly increases the relaxation dynamics of the system, in
agreement with the results reported previously for TIP4P
�Ref. 21� and SPC/E water.26

B. Ice Ih at 220 K

Figure 3 shows structural results obtained in classical
and quantum simulations of SPC/E ice Ih at 220 K. Interest-
ingly, although the classical oxygen-oxygen RDF is very
similar to the one obtained in the classical simulation of
TIP4P ice,24 the classical oxygen-hydrogen RDF indicates
that there are notable differences between the classical TIP4P
and SPC/E ices. Indeed, the peaks at about 3.9 and 6.0 Å,
clearly noticeable in the classical TIP4P oxygen-hydrogen
RDF �see Ref. 24�, are much smaller in the classical SPC/E
oxygen-hydrogen RDF. The near-neighbor oxygen-oxygen
and oxygen-hydrogen distances are still similar to the ones
obtained with the TIP4P model and experimentally. As in the
TIP4P results,24 the softening of the structure when going
from classical to quantum simulations is apparent. It is also
evident that the softening of the structure due to quantization
extends over many angstroms. The results presented in Fig. 3
are qualitatively similar to the ones obtained by Gai et al.11

using path integral Monte Carlo �PIMC� simulations of ice Ih
at 240 K with the SPC model.

In Fig. 4, the radial distribution functions obtained in
classical and quantum simulations of TIP4P-Ew ice at 220 K

FIG. 3. Oxygen-oxygen �a� and oxygen-hydrogen �b� radial distribution
functions of SPC/E ice Ih at 220 K. The results represented by dotted and
solid lines correspond to the classical and quantum simulations, respectively.
are presented. The results are very similar to those obtained
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with the TIP4P water model.24 The effects of quantization are
comparable to those described previously in Fig. 3 and Ref.
24.

A quantitative comparison of the impact of quantization
upon simulated ice at 220 K for all three models is presented
in Table IV. The TIP4P water model exhibits the largest rela-
tive energy shift followed by the TIP4P-Ew and the SPC/E
models. These results are in agreement with the observed
trends in liquid water at 298 K �see Table I�. The molecular
uncertainty in ice, calculated with Eq. �38�, exhibits some-
what less model dependence than that found in liquid water
simulations. It is important to note that the energy shifts and
the molecular uncertainties observed for ice are consistently
smaller than the corresponding values obtained in liquid
phase. According to the results presented and discussed in

FIG. 4. Oxygen-oxygen �a� and oxygen-hydrogen �b� radial distribution
functions of TIP4P-Ew ice Ih at 220 K. The results represented by dotted
and solid lines correspond to the classical and quantum simulations,
respectively.

TABLE IV. Intermolecular potential energy, relative energy shift, and quan-
tum molecular uncertainty �see text� values for the SPC/E and TIP4P-Ew ice
Ih at 220 K. Results for TIP4P �Ref. 24� and PIMC results �Ref. 11� for SPC
are included for comparison.

Model

Energy �kJ/mol�

Relative shift
�%�

Quantum
uncertainty �deg�Classical Quantum

SPC/E −55.28 −55.44 5.1 9.8
TIP4P-Ew −55.48 −55.01 5.9 10.0

TIP4P −50.84 −47.49 6.6 10.2
SPC −50.06 −46.0 9 ¯
Downloaded 26 Jul 2007 to 136.159.239.70. Redistribution subject to
Ref. 23, this is a consequence of the strong interactions be-
tween water molecules, which prevents the beads from “tak-
ing advantage” of the effective weakening of the harmonic
bead-bead interaction implied in the lowering of temperature
�first term on the right hand side of Eq. �15��. We point out
that the relative shift in energy obtained from PIMC simula-
tions of the SPC water potential at 220 K by Gai et al.11 is
larger than the values calculated in this work.

The quantum effects on the lattice vibrations were also
examined for the SPC/E and TIP4P-Ew models. The power
spectra obtained for classical and quantum SPC/E ices at
220 K are presented in Figs. 5 and 6. Figure 5 displays the
power spectra of the components of the linear velocity time
correlation functions, whereas Fig. 6 shows the correspond-
ing power spectra of the components of the angular velocity
time correlation function. We note that the quantum results in
Fig. 6 have been determined from the appropriate centroid
time correlation function

Ce�t� =
��wc�t� · ê��wc�0� · ê��c

��wc�0� · ê�2�c

, �43�

with wc and ê= x̂, ŷ, ẑ in the local frame, together with Eq.

FIG. 5. Fourier transform of the components of the linear velocity time
correlation functions for classical and quantum SPC/E ice Ih at 220 K. The
results represented by dotted and solid lines correspond to the classical and
quantum simulations, respectively. The values of the intensity are arbitrary.
�41�. The results are again very similar to those obtained for
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the TIP4P model.24 There is a shift to lower frequencies that
is much more pronounced in the librational band than the
one experienced by the lower frequency modes. The results
for the TIP4P-Ew model �not shown� are analogous to the
ones presented above and are a further confirmation of the
reported behavior.

V. CONCLUSIONS

In this paper we have presented the results of quantum
and classical molecular dynamics simulations carried out on
liquid water and ice systems with the SPC/E and TIP4P-Ew
water models. Some formal and practical considerations in
the rigid-body centroid molecular dynamics technique used
to perform the quantum simulations in this work have been
reviewed. A generalization of the centroid constraint for ori-
entational degrees of freedom is given. We show that this
constraint function takes the usual �translational� form when
the space curvature becomes negligible. Moreover, in the
discretized picture, the centroid constraint can be easily em-
ployed to construct orientational paths with the required ro-
tational average by choosing to solve the path integral in

FIG. 6. The power spectra of the components of the angular velocity time
correlation functions for classical and quantum SPC/E ice Ih at 220 K. The
results represented by dotted and solid lines correspond to the classical and
quantum simulations, respectively. The values of the intensity are arbitrary.
centroid frame.

Downloaded 26 Jul 2007 to 136.159.239.70. Redistribution subject to
The results from the present rigid-body CMD simula-
tions are compared with those recently obtained for liquid
water21 as well as ice Ih �Ref. 24� with the TIP4P potential.
An energy shift of about 8% and an average molecular un-
certainty of about 11° were found independent of the choice
of water model. The quantum mechanical uncertainty is con-
sistently smaller in ice Ih than in liquid water for the three
models, confirming the importance of the local molecular
environment in these properties of liquid water. The dynami-
cal properties of liquid water and ice have also been exam-
ined. The self-diffusion coefficient was observed to increase
by more than 50% when going from the classical to the
quantum system for all the models examined. It was also
found that the dynamical isotopic effects are better captured
within a quantum dynamical treatment compared to the clas-
sical evolution implicit in a standard molecular dynamics
simulation. This suggest, in particular, that many of the limi-
tations usually assigned to the parameterization of the mo-
lecular models might, in fact, be, predominantly, a conse-
quence of using classical dynamics. Moreover, the present
results, together with new x-ray data,37 support recent
ab initio simulation studies42 questioning the relative impor-
tance of vibrational motion in the calculation of the bulk
properties of water via computer simulations.

Finally, this work verifies the utility of the rigid-body
CMD method. Certainly, current empirical potential models
for classical simulations of water have the advantage that for
large systems they include effects such as quantum delocal-
ization and polarization in an averaged but efficient manner.
The large quantum effects found in this and other papers
allows one to conclude that to go beyond such effective po-
tentials a consistent improvement of the description of liquid
water and ice �through, for example, a more realistic inter-
molecular interactions derived from ab initio electronic cal-
culations� cannot ignore the impact of proton delocalization.
In this context, the approximation of rigidity yields a sub-
stantial computational advantage while reproducing the ex-
perimental isotopic shifts.
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