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Mechanisms of heterogeneous crystal growth in atomic systems: Insights
from computer simulations
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In this paper we analyze the atomic-level structure of solid/liquid interfaces of Lennard-Jones fcc
systems. The 001, 011, and 111 faces are examined during steady-state growth and melting of these
crystals. The mechanisms of crystallization and melting are explored using averaged configurations
generated during these steady-state runs, where subsequent tagging and labeling of particles at the
interface provide many insights into the detailed atomic behavior at the freezing and melting
interfaces. The interfaces are generally found to be rough and we observe the structure of freezing
and melting interfaces to be very similar. Large structural fluctuations with solidlike and liquidlike
characteristics are apparent in both the freezing and melting interfaces. The behavior at the interface
observed under either growth or melting conditions reflects a competition between ordering and
disordering processes. In addition, we observe atom hopping that imparts liquidlike characteristics
to the solid side of the interfaces for all three crystal faces. Solid order is observed to extend as
rough, three-dimensional protuberances through the interface, particularly for the 001 and 011 faces.
We are also able to reconcile our different measures for the interfacial width and address the onset
of asymmetry in the growth rates at high rates of crystal growth/melting. © 2005 American Institute
of Physics. �DOI: 10.1063/1.2125688�
I. INTRODUCTION

The elucidation of the possible interfaces between the
solid, liquid, and gas phases has certainly experienced many
advances.1–3 The solid/gas interface has been well character-

ized by experiments4–6 and simulations;7 its importance to
technological applications has motivated much of the interest
in understanding the solid/gas interface.8,9 The liquid/gas in-
terface has been successfully characterized by statistical me-
chanical theories10 and generally serves as a basis for char-
acterizing the other interfaces.5 In contrast, the solid/liquid
interface is not as experimentally accessible as other
interfaces.11 Experimental techniques such as transmission
electron microscopy12 �TEM� and synchrotron x-ray scatter-
ing techniques,13 although very useful in probing the
solid/liquid interface, are still limited to specific chemical
environments and rather restricted applications.14 Further-
more, the resolution of TEM under such conditions is still in
the nanometer range, which is too coarse to characterize the
molecular structure of all solid/liquid interfaces.15 In order to
complement experimental procedures and to provide better
resolution of specific solid/liquid environments at the mo-
lecular scale, computer simulations have been proven to be
effective.16

Computer simulations have provided important insights
and detailed descriptions of solid/liquid interfaces.15,17 These
interfaces are obviously the regions where melting and freez-
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ing processes can occur. Yet, it is only after the position and
structure of the interface have been characterized that de-
tailed accounts of its role in freezing and melting can be
understood. To this end, Burke et al.18 first observed �in pe-
riodic boundary conditions� that the freezing interface of the
111 face-centered-cubic �fcc� system had in general no
preference for either fcc or hexagonal-close-packed �hcp�
stacking, with stacking faults occurring in about half the lay-
ers grown. A key observation was the presence of fcc and
hcp lattice types that were suggested to be responsible for the
slower growth of the 111 face. The clusters formed by these
two lattice types within a given layer produced a mismatch
that had to be annealed before real growth could occur.
Burke et al.18 also claimed that no such dual lattice structure
was found for the 001 face. Another important conclusion of
their simulation study was that during crystallization a layer
grows by a “cooperative” motion of the atoms.

In characterizing the microscopic mechanisms of crystal-
lization, Huitema et al.19 have described the growth process
of the 111 and 011 fcc faces as consisting of the ordering of
the particles into the layers in front of the interface along
with hopping of atoms from layers further away to layers
closer to the interface. Consequently, the apparent density of
the layers in front of the interface was observed to increase
by about 10% on solidification. For the 001 face, no such
increase in the apparent density of the layers was observed,
although the distance between layers became smaller upon
the ordering of the particles in the layers. Huitema et al.19

concluded that this characteristic of 001 crystal growth pro-
vided a faster growth mechanism. While these descriptions
of the crystal growth of atomic systems provide some in-

sights, the microscopic mechanism of the crystallization and
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melting processes is still not completely clear. A systematic
examination of these processes and their impact on the in-
herent interfacial structure have not been previously
undertaken.

Other important properties of the solid/liquid interface,
such as its interfacial free energy �or the interfacial tension�,
can be determined once detailed information on the nature of
the interface is explored. Broughton and Gilmer20 were
among the first workers to calculate the interfacial free en-
ergy of the solid/liquid interface, and more recently exam-
ined by Davidchack and Laird21 using a similar procedure.
The former authors could not resolve differences in the in-
terfacial free energies of the different crystal faces. However,
Davidchack and Laird21 have reported that the surface free
energies �interfacial tensions� decrease in the order
001�011�111. Their technique employs computer simula-
tions to calculate a continuous thermodynamic path that can
be integrated from a starting system of an independent bulk
liquid and a bulk solid to a final state containing the inter-
face. The methodology they employed, where planar cleav-
ing walls were utilized as opposed to cleaving potentials to
separate the phases, is a modified version of the procedure
used by Broughton and Gilmer.20 One of the important ap-
proximations of Davidchack and Laird21 was to treat the in-
terface as a planar entity, despite their own observation that
the interface is generally “rough” on a short time scale. How-
ever, they justified this assumption by claiming that the fluc-
tuations in the interfacial position should average out to a
planar surface.

In a study by Morris and Song,22 the order of interfacial
free-energy differences matched those of Davidchack and
Laird.21 The method used by Morris and Song22 examines
the “fluctuations” in the height of the interface. Utilizing an
order parameter to label particles as solid, liquid, and inter-
facial particles, this method then provides a reference point
from which to calculate the height of the interface. This ap-
proach assumes the interface to be a line that can be used to
demarcate solid from liquid and it is the deviations from this
reference position that characterize the interface. The inter-
facial energy as defined in Morris and Song’s study is the
energy changes associated with such fluctuations; thus low
interfacial energy is equated to smaller fluctuations.

In work by William et al.23 using coupled Landau-
Ginzburg equations based on a mean-field approximation of
the fcc lattice gas with nearest- and next-nearest-neighbor
interactions, the focus was on the relationship between par-
ticle interactions, packing geometries, and the intrinsic prop-
erties of the nonequilibrium interface, specifically on interfa-
cial structure and interface mobilities. They found that the
surface tension of the 001 face was lower than that of 111,
and they also determined that the structural fluctuations of
the 001 face are larger than those of 111. In addition, they
identified the importance of the dynamics of interfacial tran-
sients manifested through the crystalline fluctuations in the
liquid next to the solid.

The observations noted above suggest that fluctuations
are an integral part of the equilibrium and nonequilibrium
solid/liquid interfaces. In light of these observations, the

claim that the interface is planar �at an instant in time at the

Downloaded 26 Jul 2007 to 136.159.239.70. Redistribution subject to
molecular scale� is perhaps questionable. Moreover, descrip-
tions of a dividing surface that separates a bulk solid and
bulk liquid are unrealistic as it implies the unique existence
of such a complex three-dimensional surface. The unambigu-
ous classification of particles at this surface as solid or liquid
remains very challenging.

In order to address some of the issues discussed above,
Gulam Razul et al.17 have provided an unambiguous means
of characterizing the width and position of the solid/liquid
interfaces of freezing and melting systems. They have shown
that the 001 crystal face has a consistently larger value of the
interfacial tension than the 111 face. This observation is in
accord with the fact that the interfacial widths of 001 are
always larger than those of the 111 face; in addition to being
narrower, the latter interface appears to be smoother and ex-
hibits smaller structural fluctuations. The values for interfa-
cial tension and width of the 011 interface are intermediate
between those of the 001 and 111 crystal faces. In addition,
large structural fluctuations of the interface away from pla-
narity were observed. The effective width of the interface
therefore originates from the average local change of the
order-parameter profile function �such as the energy or den-
sity� when moving from the bulk liquid to the solid, as well
as fluctuation of the position of the interface relative to some

frame of reference.17 Most measurements of the interfacial
widths fail to recognize the latter contribution to the effective
width.24–27

The aim of the present work is to provide a clear de-
scription of the microscopic structure of the interface of an
atomic system and to elucidate the mechanisms of crystalli-

zation and melting. Previously, Gulam Razul et al.17 have
employed nonequilibrium simulations to examine interfacial
properties of growing fcc and bcc crystals; utilizing this new
approach here will enable us to extract detailed descriptions
of the freezing/melting interface. Our analysis will rely on
both �moving frame� profile functions and detailed mecha-
nistic discussions of the 001, 011, and 111 freezing/melting
interfaces. Through a detailed analysis of layers coupled with
specific tagging of particles we will show how the structural
fluctuations contribute to crystal growth and the properties of
the different crystal faces.

This paper is organized as follows. Section II briefly
describes our simulation methodology that is used to gener-
ate nonequilibrium steady-state crystal growth conditions; it
also provides some simulation details for the systems under
investigation. Section III details the methods employed in
our analysis of crystal growth/melting. In Sec. IV we present
and discuss our results. Finally, Sec. V provides our conclud-
ing remarks.

II. METHODOLOGY

A. Steady-state simulations

Details of the present methodology for studying steady-
state crystallization and melting have been presented
elsewhere;17 what follows is a brief overview of this ap-
proach. This novel methodology consists of two key aspects:
the inclusion of localized thermostats and the movement of

these thermostats �in a periodic system� to achieve steady-
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state growth/melting. The heat source and heat sink �thermo-
stats� are introduced into two localized regions of the simu-
lation cell. Thus, heat is able to enter one part of the system
while being removed from another part in an efficiently con-
trolled manner. In addition, any latent heat generated �re-
moved� by crystallization �melting� can be effectively re-
moved �added� in these simulations. The presence of the
thermal gradient, within the system, is central to the success
of this simulation technique.

The second key aspect of this methodology involves
moving the heat source and heat sink through the system, as
desired. The simultaneous movement of the thermostats �at
some sufficiently slow preset speed� can effectively force
one face of the crystal to grow under nonequilibrium steady-
state conditions. As is common in simulations, periodic
boundary conditions are applied, enabling the movement of
the thermostats to eventually cycle through the whole system
multiple times. Consequently, a given particle could undergo
several changes of state during any particular simulation run.
The inclusion of the heat source and sink, together with the
movement of these thermostats, generates solid and liquid
phases that are in a continual state of flux. In this way, the
freezing and melting processes can be effectively controlled
and investigated.

B. Interfacial descriptions

To aid in the characterization of the freezing/melting
crystal interface we make extensive use of averaged moving-
frame profile functions. For the detection of crystalline order,
a two-dimensional �2D� crystalline order parameter � is
used,17

��z� = e−�ik2D·r2D�, �1�

where k2D is a two-dimensional wave-vector commensurate
with the unit-cell structure and r2D is the position vector
�x ,y� of the particle within the two-dimensional slice. This
enables long-range order in the plane perpendicular to the z
direction �the direction of crystal growth� to be quantified.
The energy and � profiles, as shown in Figs. 1�a� and 1�b�,
respectively, are then used to define solid, liquid, and inter-
face regions in a steady-state system. However, close inspec-
tion of the profiles in Fig. 1 reveals that the precise positions
and widths of the two interfaces are still difficult to pinpoint.
In our previous work17 we have provided an approach that
involved taking the derivative of an energy �or �� profile
with respect to the z coordinate. In doing so two clear ex-
trema, one peak, and one valley �but henceforth referred to as
“peaks”�, corresponding to each interface, are observed. Fig-
ures 1�a� and 1�b� show examples of this behavior. The de-
rivative of the � order parameter �see Fig. 1�b�� exhibits
similar peaks at the same positions to those evident in Fig.
1�a� for the derivative of the energy profile. This consistent
behavior of the extrema, as seen in Fig. 1, enables identifi-
cation of the positions of the freezing and melting interfaces;
the width of the peaks can be understood to correspond to the
interfacial width. Longer simulation runs �of more than 106

17
time steps� than those reported in our previous work reveal
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no changes in the profiles �or in atomic descriptions of the
interface�.

Additionally, the derivative of our energy function can
be interpreted as an average force in the z direction experi-
enced by a particle at that position in the system. Therefore,
the extremum values for the melting and freezing interfaces
can be immediately interpreted as the interfacial tension �or
interfacial free energy�. It has been previously observed17

that the derivatives of the energy and � order-parameter pro-
files are sensitive measures of the changes occurring in the
interfacial region.

C. Simulation details

In the present study the 001, 011, and 111 crystallo-
graphic faces of fcc crystals are examined for systems inter-
acting with the Lennard-Jones �LJ� potential. The simula-
tions described here are an extension of the set of
simulations from Gulam Razul et al.17 In the analysis below
all quantities are given in the reduced units appropriate for

FIG. 1. �a� Energy and �b� structural order-parameter profiles, together with
their derivatives with respect to z. The circles represent the original profile
data, while the solid lines are their respective derivatives. The extrema in the
derivatives correspond to the positions of the freezing and melting inter-
faces, while the widths of the peaks correspond to the interfacial widths. The
system shown is a LJ 111 steady-state system with a moderate gradient and
at a low velocity.
the Lennard-Jones potential. System sizes �with box dimen-
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sions� of 4320 �13.17��11.87��30.26��, 4608 �13.72�
�12.94��29.50��, and 4352 �12.95��12.95��29.46��
particles for the 111, 011, and 001 crystal faces, respectively,
were investigated. These systems were typically subjected to
a moderate �0.2� temperature gradient and were studied at a
moderate velocity �0.06�. These conditions were chosen be-
cause they have been previously17 shown to be well suited
for the examination of the crystallization and melting behav-
ior of LJ systems. Where appropriate, the results obtained for
higher velocity and larger gradient systems �refer to Gulam
Razul et al.17� will be discussed. Where comparisons were
performed essentially no gradient dependence was observed
in the properties of the interface, in agreement with our pre-
vious work.17

III. DETAILS OF ANALYSIS

A. Representative configurations

Analysis of system configurations will be a key compo-
nent of the present study since one of its goals is to provide
a systematic and consistent microscopic description of the
mechanisms involved in crystallization and melting. In
molecular-dynamics �MD� simulations, the many trajectories
of all the particles of the system are followed in time, where
at every time step their position will change. To facilitate
viewing of the behavior important to the present study, an
averaging procedure was required. The purpose of the aver-
aging procedure was effectively to remove the thermal mo-
tion of the particles so that any net translational motion can
be easily observed. This consequently allowed the character-
ization of the interfacial region and permitted atomic-level
details of the freezing and melting processes under steady-
state conditions to be examined. In our procedure this was
accomplished by maintaining rolling averages of particle po-
sitions over 80 time steps and subsequently dumping these
averaged coordinates �an averaged configuration� every 750
time steps. Typically, a sequence of a few hundred such con-
figurations was produced. This optimum averaging proce-
dure was selected based on the smallest time window and
lowest frequency of dumps necessary to capture the essential
physics of the system. For visualization purposes, the mul-
tiple files produced were then animated to view the time-
dependent behavior of the particles in a single layer, as many
layers, or as a whole system. For visualizing the microscopic
behavior of the atoms during crystal growth and melting, we
have used standard visualization software and have also de-
veloped and adapted software to facilitate visualization of
the physical processes within the systems being investigated.

One means of elucidating the critical structural aspects
of the interface was to superimpose the derivatives of the
energy and � profile functions on a series of representative
time-averaged configurations of the steady-state atomic sys-
tem; an example is shown in Fig. 2. In this figure, the �aver-
aged� atomic structure of the system is apparent as overlap-
ping circles projected onto the z-y plane. This representation
facilitates observation �and distinction� of the solidlike and
the liquidlike regions. In this way, the structure of the crys-
tallizing and melting interfaces has been probed. We have

ascertained the degree of crystalline character through the
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interface and monitored the extent of structural fluctuations
occurring at growing or melting fronts. Such sets of the av-
eraged configurations also allow us to examine the nature of
the fluctuations that can occur in an interface during steady-
state growth or melting. They also provide important insights
into the meaning of interfacial widths as defined by the de-
rivatives of the energy and � profiles.

B. Slice identification and monitoring

In the analysis of the averaged configurations from our
simulations, slicing of the “crystal” at the interface was per-

FIG. 2. Representative averaged configurations of 001 �a�, 011 �b�, and 111
�c� steady-state systems. Derivatives of the energy and � profiles for each
system are superimposed as solid and dashed lines, respectively. The posi-
tions of the crystallizing and melting interfaces are as indicated for each
system along with the layer numbers used in the discussions. The layers are
labeled in ascending order from the solid to the liquid side for both
interfaces.
formed in two ways. The first approach involved slicing the
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system near the interface into layers as determined visually.
These layers, or slices, were then inspected systematically to
identify and label the atoms in a particular layer. The per-
centage of crystalline character present in slices through the
interface is obtained from the corresponding values of the �
order parameter at the appropriate position. The degree of
crystalline character of a slice is then simply the percentage
relative to the � value of the bulk solid for a particular sys-
tem. It was also useful to superimpose two or three consecu-
tive layers and visually check for possible correspondence of
the order �crystallinity� within successive layers �for ex-
ample, see Fig. 3�b��. The interfacial layers that will be dis-
cussed in Sec. IV are labeled “C” for those at a crystallizing
interface and “M” for a melting front, where their numbers
indicate their positions relative to the solid side of the inter-
face, as shown in Fig. 3�a�. The labeling of slices for any
particular system is consistent throughout this paper �for ex-
ample, for the 001 system in Figs. 3–6�.

An alternative method we have used in our analysis of
the formation �or disappearance� of layers involved the in-
dexing �or tagging� of particles. As an example, let us as-
sume we have produced a set of averaged configurations

from a particular segment of a system run. The final aver-
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aged configuration is examined and the particles that com-
pose the layers of the crystal near the interface are indexed
�tagged�. For visual identification, the particles that compose
each of these slices are labeled a different color. It is then
possible to follow the behavior of the tagged particles
throughout the full series of averaged configurations, thereby
allowing us to monitor at the atomic level how the process of
crystallization occurs. This method also affords us detailed
insights into the way neighboring slices might influence the
slice of interest. The analogous �inverse� labeling scheme
was also employed at the melting interface.

The visualization of slices is performed in two ways.
The first is to inspect �display� only the tagged particles from
the simulation. This allows one to identify possible nucle-
ation sites that may form during crystal growth and provides
a detailed view of how these particles interact and form a
layer. The second approach involves the examination of one
or a few layers of the system where tagged and untagged
atoms are colored appropriately. This procedure was adopted
because the process of crystallization �and melting� involves
the cooperative behavior of many atoms/molecules,17–19

where there are considerable exchanges of particles between

FIG. 3. �a� Layers of the crystallizing �C6–C10� and
melting �M10–M14� interfaces of an averaged configu-
ration of a LJ 001 fcc system. Five slices are identified
and labeled �shaded differently� for each interface with
the layer numbers as given in Fig. 2�a�. �b� The forward
view of three layers: C10 �small squares�, C9 �open
circles�, and C8 �filled circles�. Areas showing crystal-
line order have been identified.
layers. In this way, we can ascertain how a layer forms and
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how adjacent layers impact the crystallization of the layer of
interest. Analogous analyses were performed on the melting
interface.

We find that following a particular sliced layer through
time during freezing/melting is essentially equivalent to sim-
ply inspecting the various slices of an averaged configuration
of a particular interface; the various slices of any particular
averaged configuration exhibit essentially the same stages
that a specific slice goes through during the process of
freezing/melting. For our subsequent discussions we will fo-
cus on the averaged configuration method �although both
approaches were utilized in our investigation of the behav-
ior�. As an example, Fig. 4 shows four slices of a crystalliz-
ing interface, or alternatively, it can be viewed as different
stages a slice would experience in forming a crystalline
layer.

IV. RESULTS AND DISCUSSION

A. Interfacial structure of the 001, 011,
and 111 crystals

To facilitate their identification, the various layers in a
steady-state system have been uniquely labeled. For the 001
interface in the present study these are C6–C10 and M10–
M14 for the crystallizing and melting interfaces, respec-
tively, as shown in Fig. 3�a�. The averaged configuration
illustrated in Fig. 3 is representative of the 001 interface
presented in Fig. 2�a�. The structural fluctuations typical of
the 001 interface are depicted in Fig. 5; a comparison of
these three averaged configurations reveals that the 001 in-
terface undergoes large structural changes during steady-

FIG. 4. Averaged configurations of four consecutive slices through the crys-
tallizing interface of the LJ 001 fcc system. The layers are labeled as in Fig.
3. The dark atoms are transient particles as defined in the text.
state growth. Similar structural changes were also observed
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by Moss and Harrowell.28 It is clear that the structural fluc-
tuations observed in Fig. 5 will contribute to the apparent
thickness of the interface. Widths of 5.2� �seven to eight
atomic layers� and 4.2� �five to six atomic layers� are ob-
served for this interface if the derivatives of the energy and �
profile functions are used, respectively.

We can apply a similar analysis to the 011 interface.
Estimates of its interfacial width are about 5.0� �eight to
nine atomic layers� and 4.0� �six to seven atomic layers� if
the derivatives of the energy and � function are employed,
respectively. As with the 001 face, large structural fluctua-
tions are observed at the 011 interface, as can be seen in Fig.
7. However, the fluctuations here appear primarily in the
form of 111 microfacets on the crystal front. These microfac-
ets were observed in all averaged configurations examined
for this crystal face �see Fig. 7�.

Interfacial widths of 4.8� �five to six atomic layers� and
3.2� �three to four atomic layers� are obtained for the 111
interface if the derivatives of the energy and � profile func-
tions are utilized, respectively. The magnitude of the struc-
tural fluctuations apparent in the 111 solid/liquid interface
�see Fig. 8� is much smaller than for the 001 and 011 inter-
faces. This observation of a reduced structural fluctuation is
consistent for all the 111 configurations examined during our

FIG. 5. Three averaged configurations of the LJ 001 fcc system depicted in
the moving frame. The particles are shown as the open circles and the
numbering of the layers are identical to Fig. 2�a�; �a� represents an arbitrary
initial frame 0, �b� frame 43, and �c� frame 50, where each frame is sepa-
rated by 750 time steps.
analysis.
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The extent of the structural fluctuations can be linked to
the interfacial tension for each of the various crystal faces,
where the magnitude of the structural fluctuations at the in-
terface can be understood29 as being sensitive to the free-
energy cost in forming a unit area of “interface.” We observe
that the interfacial tension of the 111 crystal face is higher
�therefore the free-energy cost of increasing surface area is
higher�,23 consistent with the smaller structural fluctuations
occurring at this interface.24 Examining the 001 and 011
faces, their larger fluctuations now reflect the lower free-
energy cost in forming a unit area of interface. These faces
have been also observed30 to grow faster than the 111 crystal
face. The mechanism of crystal growth for these different
faces is bound to their “structural fluctuations,” which in turn
are determined by their interfacial tensions. The next section
will address these outstanding issues.

B. Freezing and melting mechanisms of the 001, 111,
and 011 crystal faces

In order to provide a detailed microscopic account of the
freezing and melting behaviors for the various crystal faces,
we will use information from averaged configurations to il-
lustrate specific characteristics of melting and freezing. The
analysis will commence from the liquid side of the interface
and move through the center of the interface towards the
solid. Generalizations of interfacial behavior on freezing and
melting have been made based on extensive observations of
steady-state systems. The microscopic dynamics of the par-

FIG. 6. Averaged configurations of four consecutive slices through the melt-
ing interface of the LJ 001 fcc system. The layers are labeled as in Fig. 3.
The dark atoms are transient particles as defined in the text. The identified
areas show crystalline order.
ticles at the interface is found to be essentially invariant to
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velocity and gradient. In addition, very recent work31 exam-
ining crystal growth using different thermostating procedures
has demonstrated the invariance of the observed behavior at
the interface to the detailed microscopic �particle� dynamics.

1. 001 crystal face

The layers C6–C12, as shown in Figs. 2�a�, 3�a�, and 4,
represent the various stages that a slice undergoes during
crystallization, as well as capturing the environment influ-
encing the ordering processes. The outermost layer of the
crystallizing interface will be examined first. This layer, C12
in Figs. 2�a� and 5, exhibits no obvious atomic layering. At
this position, near the liquid edge of the interface, patches of
order are just beginning to appear. These patches of order are
transient entities, undergoing continuous fluctuations. In
layer C11 �see Figs. 2�a� and 5� there is some apparent sol-
idlike behavior, where on average between 0% and 10% of
solid order �as defined in Sec. III� is observed and the order
here may persist to form a crystalline layer.

At C10 we observe larger solid patches, which tend to
persist longer �see Figs. 3 and 5�c��. We also find large struc-
tural fluctuations with between 10% and 50% of solid order
in this layer. Inspection of layer C9 reveals that at least half

FIG. 7. Three averaged configurations of the LJ 011 fcc depicted in the
moving frame. The particles are shown as the open circles and the number-
ing of the layers are identical to Fig. 2�b�; �a� represents an arbitrary initial
frame 0, �b� frame 32, and �c� frame 45, where each frame is separated by
750 time steps. The arrow in �a� identifies the row where atom hopping is
observed to occur in layer 6.
of this slice appears crystalline �see Figs. 2�a�, 3, and 4�,
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although we sometimes observe �see Fig. 5�a�� considerably
less order in this layer. It is clear from Fig. 2�a� that C9
corresponds to the middle of the interface. In Fig. 4, the
atoms of layer C9 are labeled black and gray, where the gray
�tagged� atoms are those that are still present in the final
crystalline layer �as described in Sec. III�. Hence, black par-
ticles are those atoms that do not end up in the final crystal-
line layer. Yet Fig. 4 �C9� clearly shows that many of these
�black� atoms are in crystalline positions. Such black atoms
are thus only transient occupants of crystalline positions,
even though the degree of crystalline order in C9 is between
50% and 80%. These �black� atoms will eventually reside in
adjacent layers, primarily C10. This hopping, or exchange, of
atoms between layers is a critical dynamical feature of the
solid/liquid interface.

Inspecting layer C8 in Figs. 3–5 we see that it appears
almost completely crystalline with a few defects. However,
there are still some transient �black� atoms in crystalline po-
sitions, indicating that this layer is not truly crystalline, but
will continue to undergo some exchanges of atoms with ad-
jacent layers. Layer C8 also still contains some distortions of
its crystal structure with an estimated 80%–100% crystalline
order present. Moving now to C7, we see in Fig. 4 that there
are still a few transient �black� atoms in what otherwise ap-

FIG. 8. Three averaged configurations of the LJ 111 fcc depicted in the
moving frame. The particles are shown as the open circles and the number-
ing of the layers are identical to Fig. 2�c�; �a� represents an arbitrary initial
frame 0, �b� frame 11, and �c� frame 50, where each frame is separated by
750 time steps.
pears to be a well-ordered crystalline layer. The particle hop-
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ping still occurring in C7 almost exclusively involves ex-
changes with the layer C8 towards the liquid. Examination of
layer C6 �see Figs. 2–4� shows no transient �black� atoms in
this layer that lies on the solid edge of the interface. This
layer is almost fully crystalline with particle hopping occur-
ring only rarely, where such events appear to be triggered by
structural distortions in the adjacent �liquid side� layers.
Clearly, the present approach of tagging atoms has allowed
us to make detailed observations of atom behavior that might
otherwise be easily overlooked.

The mechanism by which the 001 face crystallizes can
now be discussed in terms of the descriptions given above.
As is evident in Fig. 3�b�, there are “fingers” of order that
extend through the interface, across layers, revealing that the
interface is a complex, three-dimensional and dynamically
fluctuating entity. It is this behavior, characterized by con-
stant structural fluctuations where atoms collectively take up
and leave crystalline positions, that is inherent to the grow-
ing interface.

We now turn to the melting process. Utilizing a method
of analysis analogous to the crystallizing interface, our dis-
cussion of the melting interface begins on the solid side.
Figures 2�a� and 3�a� identify the two outer layers, M10 and
M11, of the melting interface. Minor distortions of the crys-
tal layer are observed coupled with observations of atomic
hopping, as shown in Fig. 6 �M11�; these particle exchanges
can be seen to be the first stage of melting. The layer M12
exhibits more distortions and defects with more incidences
of atom hopping. At the center of the interface �M13� we
observe �see Figs. 2�a�, 5, and 6� a layer with only partial
solid order. But in addition to particles leaving �exchanging�
and the further disordering of the layer, we also observe in
M13 evidence of particles reorganizing into �new� ordered
structures, as shown in Fig. 6. Continuing through the inter-
face the last two layers, M14 and M15, are similar in struc-
ture to the first two layers �C10 and C11� of the crystallizing
face. In M14 the majority of the remaining crystalline order
is accounted for by transient �black� atoms that make up
�new� ordered clusters within the melting interface, as can be
seen in Fig. 6.

Naively, one could argue that freezing and crystallizing
are just opposite processes. This would be consistent with
our observation that profile properties �such as width� are the
same for the crystallizing and melting interfaces. However,
within a crystallizing �or melting� interface we note that two
separate and competing processes are operative, namely, or-
dering and disordering. Therefore, at a melting front, the
disordering processes are occurring faster than the ordering
processes. Thus, the structure of layer M13 �see Fig. 6� is
very similar to that of C9 �see Fig. 4� where both of these
layers are at the center of their respective interfaces and con-
tain 50%–80% of solid order.

There also exists a clear asymmetry17,18 in the freezing
and melting rates despite the similarity of the interfaces, with
melting occurring more readily than freezing at higher ve-
locities; this can be understood by again comparing the lay-
ers C9 �Fig. 4� and M13 �Fig. 6� at the middle of their re-
spective interfaces. They both show evidence of structural

fluctuations and comparatively equal content of solidlike and
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liquidlike behaviors. Within C9, we observe different frag-
ments of several crystal structures, including fcc and some
hcp clusters. Consequently, before this layer can crystallize,
there needs to be a collective organization of its atoms into a
crystalline structure that is commensurate with layer C8.
This necessitates that there be sufficient time for the desired
structures to appear �as collective fluctuations� and for the
undesirable structures to be eventually eliminated. For the
melting layer, M13, no such additional time is required, as
the defects and mismatched crystal structures will not hinder
�and presumably aid� the melting of the layer.

2. 111 crystal face

The crystallization of the 111 interface is examined in
Figs. 8–10. The freezing process of the 111 crystal face be-
gins to occur with a few transient patches of order forming in
C9 at the liquid edge of the interface �see Fig. 9�, which can
be either fcc or hcp in nature. These transient patches, also
observed by Burke et al.,18 undergo considerable fluctuations
and so are similar in behavior to those within the 001 inter-
face. From the averaged configurations shown in Fig. 8, no
discernable layer is observable at C9. Moreover, crystal
patches have not been observed to persist in C9. At C8 �see

FIG. 9. �a� Layers of the crystallizing �C5–C9� and melting �M12–M8�
interfaces of an averaged configuration of a LJ 111 fcc system. Five slices
are identified and labeled �shaded differently� for each interface with the
layer numbers as given in Fig. 2�c�. �b� The forward view of three layers: C9
�small squares�, C8 �open circles�, and C7 �filled circles�. Region 1 shows
commensurate crystal structure between C8 and C7. Region 2 contains a hcp
cluster and region 3 shows a 001 fcc cluster.
Figs. 9 and 10� there appears to be different �competing�
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sublattice structures as a result of structural fluctuations. It is
at C8 that the first crystal layer structure is observed, with at
least a partial layer evident in Fig. 8�b�, but on average only
between 10% and 50% solid order is present and none of the
crystalline clusters appear to traverse the whole layer. As can
be seen in Fig. 10, transient �black� atoms occupy both crys-
talline �majority� and noncrystalline positions in this layer. In
addition, layer C8 was found to influence strongly the solid-
like fluctuations of layer C9.

When we inspect C7, slide dislocations and point defects
can be found in this layer �see Fig. 10�. Figure 8 shows some
distortion of the order within this layer, where it is found to
exhibit 50%–80% of solid order. We remark that this layer is
at the center of the interface. However, exchanges of atoms
are still clearly evident between C7 and adjacent layers. C6
as well as C5 appear structurally completely crystalline, yet
we still observe particle hopping in these layers. Minor dis-
tortions of C6 and C5 are still visually discernable, with the
latter, which is now at the solid edge of the interface �see
Fig. 2�c��, showing much less distortion.

From Fig. 9�b� one can observe that C8 and C7 have
commensurate crystalline order in the area indicated as re-
gion 1 and pockets elsewhere. However, we have found that
the structural fluctuations that dominate the behavior at C9
are not usually commensurate with C8. In Fig. 9�b� we see
that region 2 has a hcp cluster and region 3 a fcc cluster at
C9. Therefore, we can identify C9 as the layer with the most
apparent dynamic fluctuations, where these fluctuations are
sampling many related crystal structures. We also do not ob-
serve fingers of order extending through the interface as seen
in the 001 interface. Hence, the conclusion here is that the
111 interface is sharper �for example, it has no layer with
0%–10% of solid order� than the 001 interface.

FIG. 10. Averaged configurations of four consecutive slices through the
crystallizing interface of the LJ 111 fcc system. The layers are labeled as in
Fig. 9. The dark atoms are transient particles as defined in the text.
The above analysis suggests that for the 111 face, crystal
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growth properly begins with layer C8, where it takes consid-
erable time to match correctly the structure within layer C7
�which resides at the center of the interface�. This annealing
behavior has been seen by Burke et al.18 in their descriptions
of crystal growth of the 111 crystal face. However, they did
not identify the fluctuation in solid structure within C9, the
layer before C8 which is the origin of crystal nuclei that may
grow into a crystal layer �only in some cases�.

The structure of the 111 melting interface is very similar
to that of the 111 crystallizing interface. In essence, the same
behavior is observed within layers M8–M12 as was de-
scribed for C5–C9, but where in the former disordering pro-
cesses appear to dominate. Not surprisingly then, the melting
process for the 111 face is as described for 001, with the
same mechanism operative and responsible for the asymme-
try between the freezing and melting rates.

3. 011 crystal face

The behavior at the 011 crystal face is in many respects
rather similar to that of the 001 interface. Examining layer
C14 in Fig. 11 at the liquid edge of the crystallizing interface

FIG. 11. �a� Layers of the crystallizing �C10–C14� and melting �M17–M13�
interfaces of an averaged configuration of a LJ 011 fcc system. Five slices
are identified and labeled �shaded differently� for each interface with the
layer numbers as given in Fig. 2�b�. �b� The forward view of three layers:
C14 �small squares�, C13 �open circles�, and C12 �filled circles�. The iden-
tified areas exhibit crystalline order.
�see Fig. 2�b��, we find behavior analogous to that seen with
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the 001 interface with patches exhibiting crystalline charac-
ter apparent; fcc, hcp, and 011 commensurate structures are
observed. Only the latter structures persist and grow if they
are commensurate with the underlying crystalline structure.
The crystalline order in C14 varies between 0% and 10%. At
layer C13 we now find considerably more crystalline char-
acter �between 10% and 50%�, as shown in Figs. 11�b� and
12. The latter figure also reveals a hcp cluster as indicated.
From Fig. 7, evidence of 011 layers is just becoming discern-
able at C13. At C12 we observe more crystalline order, about
50%–80% as shown in Fig. 12. It is at layer C12, at the
center of the interface �see Fig. 2�b��, that clear layers are
observed in Fig. 7�b�. There are also transient �black� atoms
in crystalline positions apparent in C12 in Fig. 12. Inspection
of C11 reveals point defects; this layer is 80%–100% crys-
talline and only a few transient �black� atoms are observed in
Fig. 12. Finally, at C10 the layer is essentially crystalline
with occasional atom hopping occurring �see Fig. 7 although
not evident in Fig. 12�. The extent of fluctuations in the 011
interface is similar to that seen in the 001 interface, with
atom hopping occurring as far as layer C6 �indicated in Fig.
7�a� with an arrow� due to structural fluctuations.

As is the case of 001, the melting front of a 011 face is
similar to its crystallizing face with similar interfacial struc-
ture and structural fluctuations �compare M13–M17 to C10–
C14 in Fig. 11�a��. The explanation for the asymmetry for
the freezing and melting rates is also analogous to that of the

FIG. 12. Averaged configurations of four consecutive slices through the
crystallizing interface of the LJ 011 fcc system. The layers are labeled as in
Fig. 11. The dark atoms are transient particles as defined in the text. Region
1 shows a hcp cluster.
001 crystal face.
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4. Comparison of interfaces

We are now able to provide an explanation for why the
values from our two measures of interfacial width are differ-
ent for the 001, 011, and 111 interfaces. The � function
measures 2D crystalline order. This function will only be
sensitive to order in the x-y plane of a crystal layer �at the
particular z�. If particle hopping occurs in a layer �accompa-
nied by another particle hopping to fill the vacancy�, the
crystal layer will essentially retain its 2D order, and the
structural order parameter will thus be rather insensitive to
such hopping events �evident in Fig. 2 when comparing the
derivatives of the structural order parameter and the energy�.
The energy function on the other hand is sensitive to the
energy changes associated with the disorder in a neighboring
layer that must be part of the hopping process at either the
crystallizing or melting faces. The importance of particle
hopping on the solid side of the interface �although still a
rare event� explains the slight asymmetry, noted previously,17

in the shape of the peak in the derivative of the energy profile
function. The consequence of this observation impacts the
utility of the Lindemann criteria32 used to categorize the
melting process of a heterogeneous system. Melting as we
have described it here begins with particle hopping; conse-
quently, the mean-square displacement criterion employed in
the Lindemann procedure may not be adequate to capture the
one �or few� particle�s� that hops and may underestimate the
initial onset of the melting process.

We have observed hopping within all the interfaces in
this work. This behavior has also been observed by Huitema
et al.,19 but they did not provide a specific account of the role
of these atoms. In addition, they do not describe clearly
where the interface is located in their simulation and the
extent of hopping in relation to this position during crystal
growth and melting. Our observations show that hopping be-
havior is part of both the freezing and melting phenomena as
a disordering process; a fluctuating �defective� layer next to a
crystalline layer appears to be a sufficient condition. The
overall numbers of these transient atoms diminish as we
traverse the interface from the liquid to the solid side, al-
though their relative influence increases. The numbers of
transient atoms identified in Figs. 4, 6, 10, and 12 are typical
for the present systems. However, it should also be noted that
the fraction of transient atoms in a particular layer is depen-
dent upon the growth velocity, the numbers increasing as the
velocity decreases. Key to the present study is the character-
ization of the hopping process, where atom hopping can be
understood as originating from thermal motion and fluctua-
tions in the local structural environment at the interface.

It is ultimately the collective behavior of many atoms at
the interface that determines whether �net� freezing or melt-
ing is observed. The basic mechanism by which freezing
occurs at the different crystal faces begins with solidlike
structural fluctuations within an otherwise liquid region at
the edge of the interface. These ordered clusters are transient
entities, however, if they match the underlying crystal struc-
ture, they may persist and grow. The ordered structure that
finally forms may not necessarily contain all its original at-
oms as we have identified significant occurrences of particle

exchanges. These transient atoms, as we have termed them,
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can take up clear crystalline positions, however, they are
observed ultimately to leave the layer, although the layer �or
cluster� may otherwise appear crystalline and even defect
free. This behavior indicates that liquidlike characteristics
can persist well into the solid side of the interface. The
growth at the interface, in general, is not governed by two-
dimensional layering, but rather we observe a dynamic three-
dimensional ordering process that can subtend several layers,
where the ordered structure can extend to the edge of the
interface. These protrusions of order can extend from a true
crystalline layer across three to four layers of the interface
towards the liquid, as seen in Figs. 3�b� and 11�b� for the 001
and 011 faces, respectively. 001 and 011 are the widest in-
terfaces, where the former is slightly wider. The crystallizing
process is faster for 001 than for the 011 crystal face as the
latter appears to sample fcc and hcp structures �in addition to
011 features� which need to be eliminated before a complete
layer can be formed. However, as mentioned previously,17

lower interfacial tension and wider interfaces allow the 001
and 011 interfaces to grow faster than the 111 crystal face. In
contrast, less pronounced protrusions or more confined struc-
tural fluctuations within the 111 interface, due to its higher
interfacial tension, contribute �in addition to the annealing of
different crystal types� to the slower growth of the 111 crys-
tal face.

V. CONCLUSIONS

In this paper we have analyzed the atomic-level detail of
steady-state crystal growth of LJ systems. Steady-state crys-
tallization was achieved by utilizing a recently developed17

procedure �employing a moving temperature gradient� to in-
duce crystal growth. Use of the derivatives of the energy and
structural order-parameter profile functions enabled us to ob-
tain the position and the width of the interface. To facilitate
our analysis of the interfacial detail of the atomic systems
under investigation, averaging procedures for atomic coordi-
nates were employed to remove effectively all thermal mo-
tion, thereby capturing the essential translational motion as-
sociated with the steady-state freezing or melting processes.
Subsequently, derivatives of the corresponding profile func-
tions were superimposed on the resulting averaged configu-
rations to help identify the interfacial atomic layers of the
systems.

Interfacial widths of 5.2�, 5.0�, and 4.8� were obtained
for the 001, 011, and 111 systems, respectively, in agreement
with our previous work.17 In general these interfaces are not
planar but rather are rough structures. For a particular crystal
face the structure of the freezing and melting interfaces was
found to be very similar, with the layer identified at the cen-
ter of both showing 50%–80% solid structure. We find that
these interfaces are fluctuating entities, with competing or-
dering and disordering processes occurring at both freezing
and melting interfaces; the process that dominates �determin-
ing if either net crystal growth or melting is observed� is thus
dependent on the conditions at the interface. The structural
fluctuations that dominate the behavior at the interface can
be either solidlike or liquidlike. Due to these fluctuations the

interface is not well delimited and clearly defined sites �to
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which atoms can attach themselves� cannot be identified. In-
stead we observe significant cooperative behavior within
clusters �or patches� of atoms. Moreover, we find consider-
able atomic hopping between layers at both the freezing and
melting interfaces; this atomic behavior introduces liquidlike
characteristics primarily into the solid side of the interface.
Based on our observations, we could also describe the inter-
face as consisting of a center, a solid region with liquidlike
structural fluctuations and a liquid region with solidlike
structural fluctuations.

The structural fluctuations within the 001 and 011 inter-
faces are more pronounced than those apparent in the 111
face. These fluctuations, which help facilitate the faster
growth of the 001 and 011 faces, introduce three-dimensional
crystalline “fingers” through the interface, extending as far as
three or four atomic layers. In contrast, the 111 crystal inter-
face is a narrower interface where fingers of order extend at
most to two layers.

Since the observed growth rate is the result of the com-
peting ordering and disordering processes at the solid/liquid
interface, near equilibrium no discontinuous behavior in the
rate can be expected. The asymmetry in the freezing and
melting rates apparent at higher rates for the three crystal
faces can be understood by examining the layer at the center
of the interfaces. Under conditions of crystal growth, this
layer can be thought of as consisting of ordered clusters that
are not necessarily commensurate with the structure of the
underlying crystal and annealing must take place for growth
to proceed; such processes will require a critical amount of
time. However, for the melting process no such annealing is
required and, in fact, the presence of defects should aid in the
melting. Consequently, the asymmetry becomes more pro-
nounced at higher growth rates as expected.

In conclusion, we have provided a clear and unambigu-
ous means of describing and defining the detailed atomic
structure of the solid/liquid interface. Moreover, we have
shown how the processes of crystallizing and melting occur
at the atomic level and how the properties of the interface
directly influence the behavior of the different crystal faces
of atomic systems. The application of the present methodol-
ogy to molecular systems, such as the ice/water interface,
will be examined in forthcoming articles.33–35
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