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Quantum effects in ice Ih
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Quantum and classical simulations are carried out on ice Ih over a range of temperatures utilizing
the TIP4P water model. The rigid-body centroid molecular dynamics method employed allows for
the investigation of equilibrium and dynamical properties of the quantum system. The impact of
quantization on the local structure, as measured by the radial and spatial distribution functions, as
well as the energy is presented. The effects of quantization on the lattice vibrations, associated with
the molecular translations and librations, are also reported. Comparison of quantum and classical
simulation results indicates that shifts in the average potential energy are equivalent to rising the
temperature about 80 K and are therefore non-negligible. The energy shifts due to quantization and
the quantum mechanical uncertainties observed in ice are smaller than the values previously
reported for liquid water. Additionally, we carry out a comparative study of melting in our classical
and quantum simulations and show that there are significant differences between classical and
quantum ice. © 2005 American Institute of Physics. �DOI: 10.1063/1.2049283�
I. INTRODUCTION

Classical simulations have been extensively used to
study different forms of ice1,2 including its most common
form, ice Ih.3,4 The use of empirical water models in the
context of molecular dynamics simulations has allowed the
computation of the static energetics as well as the determi-
nation of lattice vibrations and their comparison with neutron
scattering data.3 The later improvement of computational
power and the advancement in theoretical methodologies
lead to the introduction of ab initio quantum mechanical ap-
proaches for the study of ice5 and other water systems. The
Car–Parinello method6 adopted in the context of the “ultra-
soft” pseudopotentials7 and gradient corrected density func-
tional theory offered a route for the improvement in the de-
scription of the water-water interaction.5

However, the quantum nature of the protons is explicitly
neglected in classical molecular dynamics �MD� simulations
as well as in the ab initio molecular dynamics approach.
Furthermore, it is well-known that the inclusion of the pro-
ton’s uncertainty changes significantly the structural and dy-
namical properties of liquid water8,9 and it is therefore ex-
pected to have some impact on the properties of ice. Garret
and co-workers10 have previously carried out equilibrium
path integral Monte Carlo �PIMC� simulations on ice Ih uti-
lizing the SPC model11 and have found quantum ice to be
less structured and to have higher energy than classical ice in
agreement with expectations. This work is the only study to
date to consider the impact of the protons’ quantum mechani-
cal uncertainty in the properties of ice.

Very recently, the rigid-body centroid molecular dynam-
ics method9,12 has been successfully applied to the study of
liquid water.9,13,14 This technique, which is based on the cen-
troid molecular dynamics method �CMD� developed by Voth
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and co-workers,15 allows the computation of dynamical in-
formation as well as equilibrium properties in a very efficient
manner in the context of a path integral simulation. In this
paper we present the results of quantum �and classical� simu-
lations carried out on TIP4P �Ref. 16� ice Ih over the tem-
perature range 160–235 K using the rigid-body CMD
method. Quantum effects in the radial and spatial distribution
function are reported, as well as the quantum energy shift
and the extent of the orientational uncertainty of the mol-
ecules in the system. We also describe the quantitative im-
pact of quantization on the translational and orientational
modes of the lattice vibrations. The utility of the rigid-body
CMD methodology is thereby further demonstrated.

The paper is organized as follows. Section II describes
the simulation details and shows the results of the parametri-
zation tests. Section III first presents a detailed examination
of quantum effects on equilibrium and dynamical properties
of ice Ih at 220 K. We then explore the temperature depen-
dence of the quantum effects in ice from 160 to 235 K and
discuss the results of quantum melting in comparison with
the melting of classical ice Ih. Finally, our concluding re-
marks are given in Sec. IV.

II. COMPUTATIONAL METHODS

Classical simulations were carried out using standard
molecular dynamics �MD� techniques and the TIP4P �Ref.
16� potential model, starting from an initial ice Ih crystal
containing 360 water molecules �45 hexagonal unit cells� at
the appropriate experimental densities for temperatures of
160, 185, 205, 220, and 235 K �where the densities were
determined using the lattice constants given by Röttger
et al.17� The disordered proton arrangement of the initial con-
figurations was assigned using Bernal-Fowler rules18 such
that the total dipole moment of the sample was essentially
zero.19 The Ewald method20 with conducting boundary con-

ditions was used to evaluate the long-range electrostatic in-
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teractions. The quantum simulations were carried out accord-
ing to the rigid-body CMD methodology9,12,14,15 where the
final classical ice configuration was the starting point of the
corresponding quantum calculation. The bead dynamics were
controlled with a Nosé–Hoover chain21 thermostat of length
4. The imaginary time sampling was carried out with a time
step of 0.5 fs with inertia moments on each bead twice that
of the real molecule. The quasi-adiabatic implementation9

employed three imaginary steps at each classical step. In all
cases �for both quantum and classical simulations�, the start-
ing lattice was allowed to relax at constant temperature and
pressure for 10 ps, where zero pressure was maintained �in
the x, y, and z directions� with three independent Andersen
barostats.22 After the equilibration period, the barostats were
turned off for the constant temperature and density produc-
tion runs. The time steps used in the classical and quantum
simulations were 1 and 0.125 fs, respectively, with typical
run lengths of 0.24 ns.

It is appropriate to provide a brief justification of our
choice of water potential, the TIP4P model.16 This well-
characterized four-site model was chosen partly because of
its computational efficiency. It has also been recently
argued23 that TIP4P-like models are superior to other simple
models in reproducing the properties of ice. Finally, the re-
liability of the present model and methodology has been pre-
viously demonstrated9 by their ability to reproduce the
known isotopic ratios of various properties of liquid water.
We have also shown24 that the results obtained here with the
TIP4P potential are not qualitatively changed if other simple
water models are employed.

An extensive analysis of the parameters required for
quantum simulations was carried out for our previous rigid-
body CMD calculations of liquid water �see Refs. 9 and 12�.
Thus we can take advantage of this work and explore the
parameter space in the vicinity of these previous values. The
set of parameters includes the relaxation time of the Nosé–
Hoover chain21 thermostat, the bead inertia moments and
imaginary time step size, the number of quantum steps per
real time step, the real time step size, and the number of
beads. Considering that classical simulations of liquid water
and ice are technically very similar, it is reasonable to expect
that, in general, the parameters used in quantum liquid simu-
lations will be very similar to the ones required for the quan-
tum simulation of ice �at moderate temperatures�. This hy-
pothesis was verified by a number of tests which
demonstrated that the results were independent of the param-
eter value chosen within a reasonable range of the parameter
space. Some of the key results obtained in those tests are
presented below.

Due to the differences in temperature between the liquid
simulations of Refs. 9 and 12 and the ice simulations of this
paper, as well as the distinctive structure and dynamics in the
liquid and solid phases of water, runs with five, six, and
seven beads were carried out for ice Ih at 160 K. Figure 1�a�
shows the oxygen-oxygen radial distribution function of H2O
ice Ih obtained from quantum simulations using five and six
beads. As can be clearly seen, the functions are essentially
identical �and identical to the result for P=7, not shown�.

This observation is further confirmed with the oxygen-
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hydrogen radial distribution functions shown in Fig. 1�b�. It
is important to note that Garret and co-workers10 also found
a value of P=5 to be sufficiently large to obtain converged
results �in comparison to simulations with P=10�. Compari-
son of the linear velocity time correlation functions obtained
in the present quantum simulations of ice Ih at 160 K
showed that the functions are identical within their statistical
errors. Additional comparison with other properties con-
firmed that P=5 provided converged results. Consequently,
all quantum simulations were carried out with five beads.

III. RESULTS AND DISCUSSION

A. Quantum effects at 220 K

This section focuses on the results obtained in our clas-
sical and quantum simulations of ice Ih at 220 K. Our analy-
sis will begin with the structural properties, including radial
and spatial distribution functions, the energy, as well as the
quantum mechanical �orientational� uncertainty; this will be
followed by our discussion of the linear and angular velocity
time correlation functions.

Figure 2 shows the oxygen-oxygen and oxygen-

FIG. 1. Convergence of the �a� oxygen-oxygen and �b� oxygen-hydrogen
radial distribution function for quantum H2O ice Ih �at 160 K� with respect
to the value of the discretization parameter P. The results represented by a
dotted line and a solid line correspond to the values P=5 and 6, respectively.
hydrogen radial distribution functions �RDFs� for ice Ih from
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classical and quantum simulations at 220 K. The oxygen-
oxygen radial distribution functions �classical and quantum�
exhibit a maximum at 2.72 Å in very good agreement
with the experimental25 oxygen-oxygen distance of
2.759±0.002 Å at 223 K. Both, classical and quantum simu-
lations give very similar values for this distance. The classi-
cal results for gOO�r� are in good agreement with those of
Vega et al.26 As can be clearly seen from both Figs. 2�a� and
2�b�, quantum ice exhibits decreased maxima and slightly
raised minima, and can therefore be characterized as being
less structured than classical ice. For example, the first peak
in the oxygen-oxygen and oxygen-hydrogen RDFs is notice-
ably diminished by quantization. The maximum at about
4.6 Å in the oxygen-oxygen RDF, as well as the minimum at
about 3.5 Å in the oxygen-hydrogen RDF, are shifted
slightly outward in the quantum result compared with the
classical. Taking into account the difference of scales in the
plots of Fig. 2, one can conclude that the overall effect of
quantization in both functions is comparable. Furthermore,
since the spatial correlations in a crystalline structure extend
over a much longer range than in liquid phase, the differ-
ences between classical and quantum ices are still apparent at
distances of about 7 Å, in contrast to the much shorter-
ranged structural effects seen in liquid water.8,9 The results
presented in Fig. 2 are qualitatively similar to the ones ob-
tained by Garret and co-workers10 in their PIMC simulations

FIG. 2. Oxygen-oxygen �a� and oxygen-hydrogen �b� radial distribution
functions of classical and quantum TIP4P ice Ih at 220 K. The results rep-
resented by dotted and solid lines correspond to classical and quantum simu-
lations, respectively.
of ice Ih at 240 K with the SPC model. It should also be
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pointed out that agreement with the radial distribution func-
tions obtained by Soper27 from neutron scattering data for ice
Ih at 220 K is not improved by quantization.

Figure 3 shows the oxygen-oxygen spatial distribution
functions of classical and quantum TIP4P ice Ih at 220 K.
The isosurfaces correspond to local oxygen densities 2.8
times that of the bulk and only the first-neighbor features
�i.e., rij �3.5 Å� have been included for clarity. The struc-
tural manifestation of the quantum effects on the first neigh-
bors is relatively small in comparison with those observed in
liquid water.13,14 We can see in Fig. 3 a slight shift outward
of the H-bond accepting features. However, the most notable
effect is in the region between the two H-bond donating fea-
tures �below the central molecule� where the quantum distri-
bution “penetrates” slightly into this relatively low probabil-
ity region. This result indicates that the motion of the water
molecules in the quantum lattice is slightly less restricted
than in classical ice; this is in agreement with the observation
�see Fig. 2� that the former is a less structured solid. The
quantum effects apparent here, however, are less dramatic
than in liquid water.14

The intermolecular potential energy of the quantum ice
was found to be −47.49±0.02 kJ/mol, whereas the value for
the classical system was −50.84±0.02 kJ/mol. This corre-
sponds to a relative shift in the energy of 6.6%. In addition,
the average orientational �or quantum mechanical� uncer-
tainty, determined as in Refs. 9, 12, and 14, was found to be
10.2°. It is important to note that the relative energy shift and
the quantum uncertainty observed in ice are smaller than the
corresponding values obtained in liquid water at 298 K.9,14

According to the results presented and discussed in Ref. 14,
this is a consequence of the strong interactions between wa-
ter molecules, which prevent the beads �representing the
quantum degrees of freedom� from “taking advantage” of

FIG. 3. �Color� Oxygen-oxygen spatial distribution function of classical
�red� and quantum �semi-transparent blue� TIP4P ice Ih at 220 K. The iso-
surfaces correspond to gOO�rij�=2.8, where only the first-neighbor features
�rij �3.5 Å� are shown.
the effective weakening of the harmonic �bead-bead�
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interaction9,14 implied by a lower temperature. It should be
noted that the relative shift in energy obtained from PIMC
simulations with the SPC water potential at 220 K by Garret
and co-workers10 �of roughly 9%� is somewhat larger than
the values determined in this work.

The present rigid-body CMD methodology allows the
calculation of �approximate� quantum time correlation func-
tions. Figure 4 shows the components of the center-of-mass
linear velocity time correlation function obtained directly
from classical and quantum simulations of ice Ih at 220 K.
These components are defined in terms of the local frame of
the molecule,9 where the molecule lies in the x-z plane and
the z axis is the axis of symmetry. In the quantum functions,
the maxima and minima are displaced slightly toward longer
times with respect to the classical functions. This behavior is
particularly noticeable in the y component. Quantum effects
are perhaps better observed in the power spectrum of these
functions plotted in Fig. 5. Since these power spectra are
directly related to the translational motions of the centers-of-
mass, the peaks shown in Fig. 5 have been previously iden-
tified experimentally28,29 and have also been reported in clas-
sical molecular dynamics simulations of ice Ih.3,30 The low
frequency peak corresponds to the transverse acoustic
phonons, the intermediate region to the longitudinal acoustic

3,29

FIG. 4. Components of the linear velocity time correlation functions for
classical and quantum TIP4P ice Ih at 220 K. The results represented by the
dotted and solid lines correspond to classical and quantum simulations,
respectively.
modes, and the high frequency peak to the optic modes.
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The overall shape of the spectra agrees reasonably well with
experiment.29 The effect of quantization is manifested in a
rather small, but consistent, shift to lower frequencies, and
appears slightly more pronounced in the y component. Since
the y axis is perpendicular to the molecular plane, this result
is congruent with some of the observations made in Fig. 3
regarding a more pronounced effect of quantization in the
H-bond donating features of the local molecular structure.
The shape of the classical and quantum spectra remains oth-
erwise about the same.

While the linear velocity time correlation functions
�Figs. 4 and 5� can be obtained directly, the angular velocity
time correlation function needs to be obtained by inverse
Fourier transform of I�w� given by9,15

I�w� = ��w/2��coth��w/2� + 1�C�w� , �1�

where I�w� and C�w� are the Fourier transforms of the quan-
tum and centroid time correlation functions, respectively.
The local frame components of the angular velocity time
correlation functions were computed using Eq. �1� and are
shown in Fig. 6. A dampening of the functions as well as a
displacement of the maxima and minima to longer times are

FIG. 5. Fourier transform of the components of the linear velocity time
correlation functions for classical and quantum TIP4P ice Ih at 220 K. The
results represented by dotted and solid lines correspond to classical and
quantum simulations, respectively.
found. The power spectra of these functions, which primarily
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contains information about the librational motion of the wa-
ter molecule in the lattice, is given in Fig. 7. The broad bands
observed are indicative of the complexity of this motion. The
x component extends to higher frequencies in comparison
with the other two components as a result of having the
lowest inertia moment. These librational bands have also
been determined experimentally29 and reported in previous
classical molecular dynamics simulations.3,30 The transla-
tional bands can also be seen in Fig. 7 at lower frequencies
with much lower intensity, which indicates that there is some
weak coupling between translational and rotational motions
in ice.

The effect of quantization, a 30–50 cm−1 shift to lower
frequencies, is much more pronounced in these rotational
functions than in the power spectra of the translational mo-
tion �see Fig. 5�. This is, however, expected because the ori-
entational coordinates are directly affected by quantization.
The shift, on the other hand, seems to be comparable for all
three components in Fig. 7. To the best of the authors’ knowl-
edge, these shifts have not been previously reported in the
literature. They can be accessed via path integral simulations,
however, equilibrium path integral calculations do not con-
tain real time dynamical information. It is in these circum-

FIG. 6. Components of the angular velocity time correlation functions for
classical and quantum TIP4P ice Ih at 220 K. The results represented by
dotted and solid lines correspond to classical and quantum simulations,
respectively.
stances that the concept of the centroid becomes most useful.
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B. Temperature dependence of quantum effects

It is now interesting to analyze how temperature modi-
fies the influence of quantization in ice. The general behavior
expected according to quantum statistical mechanics31 �and
in particular in the path integral picture32� establishes that as
temperature increases the quantum effects become smaller.
In this section, the results from quantum and classical simu-
lations of ice Ih carried out with the TIP4P water model over
the temperature range 160–235 K are presented, where
again the quantum calculations were carried out via the rigid-
body CMD method �see Sec. II�.

The oxygen-oxygen radial distribution functions at 160
and 235 K for classical and quantum ice Ih are presented in
Fig. 8. The maximum of the first peak, at about 2.8 Å, ex-
hibits strong temperature dependence in the classical func-
tions as well as in the quantum results. The influence of
quantization is apparent at both temperatures. While the
changes in the first peak due to quantization are somewhat
similar at both temperatures, the changes in the second peak,
between 4 and 5 Å, are more pronounced at 235 K. Quanti-
zation, additionally, shifts these peaks slightly toward larger

FIG. 7. Fourier transform of the components of the angular velocity time
correlation functions for classical and quantum TIP4P ice Ih at 220 K. The
results represented by dotted and solid lines correspond to classical and
quantum simulations, respectively.
distances. It is important to note that, overall, the effect of
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the softening of the structure in this function appears more
pronounced at the higher temperature.

Figure 9 shows the classical and quantum oxygen-
hydrogen radial distribution functions of ice Ih at 160 and
235 K. Quantum effects, manifested as a softening of the
functions and as a slight shift of the main features to larger
distances, are apparent at both temperatures. Both effects are
associated with a diminished attractive interaction in the
quantum system in comparison with classical ice. The effect
of “structural-softening” appears to impact specific features
in Fig. 9 somewhat differently at different temperatures. For
example, the third peak �between 3.4 and 4 Å�, is more
strongly affected by quantization at the lower temperature,
however, this effect in the fourth peak �at about 4.6 Å� is
more pronounced at 235 K. Consequently, the effects of
quantization on these functions were judged overall to be
comparable.

The results obtained for the average intermolecular po-
tential energies �in kJ/mol� in the classical and quantum
simulations of TIP4P ice Ih are plotted as a function of tem-
perature in Fig. 10. Clearly, the intermolecular potential en-
ergy is higher in the quantum simulations than in the corre-
sponding classical ones for all the temperatures studied. It is
important to point out that, whereas the absolute shift in
energies is smaller in ice than in water �see Fig. 3 of Ref.
13�, described as the temperature change required to produce
the same shift in energy, it is larger in ice �85 versus 60 K for

13

FIG. 8. Oxygen-oxygen radial distribution functions of TIP4P ice Ih at
160 K �a� and 235 K �b�. The dotted and solid lines correspond to the
classical and quantum, simulation results, respectively.
liquid water �. The potential energy difference, quantum-
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classical, for ice does not increase with lower temperature as
in liquid water,13 but in fact decreases slightly, as can be seen
from careful examination of Fig. 10. This is indicative of a
higher heat capacity �due to intermolecular contributions� for
the quantum crystal in comparison with classical ice. This
could be due to the lower frequencies of the quantum lattice
in comparison with the classical ice �as discussed above�.
This dependence of the quantum-classical energy difference

FIG. 9. Oxygen-hydrogen radial distribution functions of TIP4P ice Ih at
160 K �a� and 235 K �b�. The dotted and solid lines correspond to the
classical and quantum, simulation results, respectively.

FIG. 10. Intermolecular potential energy in kJ/mol as a function of tempera-
ture. The solid squares are the results from the quantum simulations and the

open squares are the classical results.
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indicates that, in the temperature range studied, the largest
absolute quantum effects do not occur in the lowest tempera-
ture ices, but rather within an intermediate temperature re-
gion near the solid/liquid phase boundary. This result is in
disagreement with Garret and co-workers,10 where it was
found that the impact of quantum effects in the energy grew
as the temperature was decreased. Moreover, at the tempera-
tures where both phases coexist, the quantum effects in the
energy are larger in the liquid phase than in ice �see also
Fig. 14�.

It is reasonable to expect that the trends observed for the
intermolecular potential energy with temperature are, at least
qualitatively, related to the quantum mechanical �or orienta-
tional� uncertainty, that is the uncertainty associated with
specifying the orientation of any water molecule.14 In Fig.
11, the average uncertainty is plotted as a function of tem-
perature, where results obtained in quantum simulations of
liquid water13,14 have been also included. Interestingly, the
orientational uncertainty in ice decreases as the temperature
is lowered; this is also consistent with the previous observa-
tion that the intermolecular potential energy difference de-
creases with temperature. According to the discussion in Ref.
14, this behavior of decreasing molecular uncertainty when
temperature is lowered is a consequence of the strength of
the confining potential determined by the local molecular
environment �although rather insensitive to the behavior of
the density over the range of interest�. It would now be in-
teresting to determine if this dependence of the uncertainty
�in liquid and solid water� is altered by a large increase in
pressure, where the tetrahedral H-bonded structure of water
becomes significantly distorted.

The dynamical behavior from the present ice simulations
at different temperatures was also extracted and compared.
From comparisons of the power spectra of the linear velocity
time correlation functions of classical and quantum ice �not
shown�, it could be seen that the higher frequency band shifts
slightly toward lower frequencies with increased tempera-
tures. Quantization, on the other hand, also shifts the spectra

FIG. 11. Average orientational uncertainty of the water molecule in quan-
tum ice Ih as a function of temperature �squares�. The graph includes the
values for liquid water �dots� from Ref. 14.
toward lower frequencies, and its effect is more pronounced
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in the higher frequency bands than on the other features of
the spectra for all the temperatures examined. The power
spectra of the angular velocity time correlation functions of
classical and quantum ice Ih at 160 and 235 K, shown in
Fig. 12, reveal a consistent shift of their principal �libra-
tional� band toward lower frequencies at both temperatures.
The quantum effects on these functions appear very similar
at both temperatures.

C. Quantum and classical melting

We now turn our attention to the results from “computer
experiments” of ice melting. The discussion here is intended
to be a preliminary evaluation of the differences between the
mechanical phase transition that occurs when super-heated
ice Ih melts, as followed with either a classical or a quantum
dynamics. It is important to emphasize that, in contrast to the
use of equilibrium path integral methods �PIMC and path
integral MD�, the CMD approach employed in this study
provides us with a clear criterion for the comparison of the
classical and quantum melting processes, that is a real time
variable.

Both “experiments” �classical and quantum� were car-
ried out starting with a well-equilibrated configuration of ice
Ih at 235 K. The temperature was then increased in 5 degree
increments, allowing for 2 ps of equilibration and 10 ps of
averaging at each step, where simulations were now carried

FIG. 12. Fourier transform of the angular velocity time correlation function
for classical and quantum TIP4P ice Ih at �a� 160 K and �b� 235 K. The
results represented by dotted and solid lines correspond to the classical and
quantum simulations, respectively.
out at a constant pressure of 1 atm. This procedure was re-
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peated until a phase transition was detected. The point im-
mediately before the identified phase transition, as well as
those after it, were subsequently re-equilibrated for a total of
40 ps and then averaged over 10 ps. This equilibration pe-
riod of 40 ps allows us to establish a well-defined mechani-
cal phase transition temperature, Tmpt, where super-heated
ice remains crystalline over the observation time at tempera-
tures lower than Tmpt and is observed to melt for tempera-
tures at or above Tmpt. The thermodynamic melting tempera-
ture, Tm, is the temperature at which the bulk liquid and solid
phases are in equilibrium. Thus, the melting temperature ob-
tained in our “melting experiment” would approach Tm only
with an infinite equilibration time. Therefore, these two tem-
peratures must satisfy the relationship Tmpt�Tm, which im-
plies that any calculated value of Tmpt will be strongly influ-
enced by kinetic factors. An accurate determination of the
thermodynamic melting temperature would only be possible
from a much more extensive simulation study, for example,
of heterogeneous systems19,33–35 or from an appropriate de-
termination of the free energies of the bulk phases.23,36

Figure 13 shows the values of the oxygen-oxygen radial
distribution function at 3.44 Å obtained from our series of
classical and quantum simulations as a function of tempera-
ture. The near-zero value in this function for ice is reflective
of the essentially zero diffusion coefficient of the crystalline
phase. In liquid water, however, the oxygen-oxygen RDF has
a minimum only slightly less than 1 at this distance. The
radial distance 3.44 Å demarcates a reasonable limit between
the first and the second coordination shells, a region that is
crucially different in ice and liquid water. Indeed, the integral
4��0

3.44r2gOO�r�dr, which represents a coordination number,
gives values of 4 and about 4.5 for ice and liquid water,
respectively. The parameter gOO�r=3.44� was used first by
Garret and co-workers10 in a PIMC simulation of ice Ih melt-
ing.

It can be seen from Fig. 13 that the mechanical phase
transition occurs just above 290 K in the classical simulation

FIG. 13. Dependence of the value of the oxygen-oxygen RDF at 3.44 Å as
a function of temperature for the melting of classical and quantum ice Ih.
The results represented by open squares and solid squares correspond to
classical and quantum simulations, respectively.
�in good agreement with the result of a similar melting ex-
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periment conducted by McBride et al.,37 but in contrast to a
Tm of roughly 230 K �Refs. 23 and 36�� and just above
255 K in the quantum “experiment.” This difference of about
35 K should represent an upper bound to the expected shift
of the thermodynamic melting temperature. This result is in
qualitative agreement with that reported by Garret and
co-workers10 for the SPC water model. They noted that
quantum SPC ice Ih melts at 260 K and classical SPC ice Ih
at a temperature of 280 K. Their mechanical phase transi-
tions, however, did not appear sharp �as in Fig. 13� and lead
the authors to conclude that the use of classical simulations
in water for temperatures at and above 300 K is justified.
However, the results shown in this work and in Refs. 8, 9,
and 13 do not support this conclusion.

Figure 14 further confirms the results of Fig. 13. The
former figure shows the intermolecular potential energy �in
kJ/mol� obtained in the classical and quantum melting ex-
periments as a function of temperature. Figure 14 also in-
cludes well-converged values of the intermolecular potential
energy obtained for classical and quantum ice �from above�,
as well as classical and quantum liquid water �from Ref. 13�.
These latter values, which are the result of much longer
simulations, serve to confirm the quality of the results ob-
tained in the melting processes. Figure 14 also verifies that
the intermolecular energy difference between classical and
quantum systems is smaller in ice than in liquid water. While
this observation is in agreement with the results above, it
again differs from the conclusions of Garret and
co-workers.10

IV. CONCLUDING REMARKS

In this paper, we have examined the effect of the quan-
tum nature of the protons in the equilibrium and dynamical
properties of ice Ih utilizing a rigid-body CMD approach and
the TIP4P model. At 220 K, a significant softening of the
structure with quantization is observed and the energy in-

FIG. 14. Average intermolecular potential energies �in kJ/mol� as a function
of temperature for the classical �open squares� and quantum �solid squares�
melting of ice Ih. The graph also includes well-converged values of classical
�open triangles� and quantum �solid triangles� ice at 235 K and classical
�open circles� and quantum �dots� liquid water �Ref. 13�.
creases almost 7% in comparison with the classical results.
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The average orientational uncertainty was found to be
smaller than the value previously determined for liquid water
at higher temperatures; this observation further verifies the
importance of the local molecular environment in this prop-
erty of water. The lattice vibrations associated with the libra-
tional motion experience a red shift �to lower frequencies� of
about 30–50 cm−1 in relation to classical ice, whereas the
shift manifested by the translational modes is much smaller.

Quantum and classical simulations were also carried out
over a range of temperatures, from 160 to 235 K. The results
indicate that, although quantum effects in the energy are
equivalent to raising the temperature about 80 K �larger than
the 60 K shift found in liquid water�, the energy shifts and
the average quantum mechanical uncertainties over this
range of temperatures are smaller than the ones previously
reported for liquid water.13,14 The effects of quantization on
the lattice vibrations associated with molecular translations
and librations over this range of temperatures are also re-
ported.

We have also employed the rigid-body CMD method to
carry out a preliminary study of melting of ice Ih, where
results from classical and quantum simulations were directly
compared. A 35 K temperature shift due to quantization was
observed to occur in the mechanical melting temperature.
This result shows yet again that there are significant differ-
ences between classical and quantum ice and further demon-
strates the utility of the rigid-body CMD methodology in the
simulation of molecular systems in condensed phase.

Finally, it is important to note that the results presented
here for the TIP4P water model are in general agreement
with those obtained with other rigid water models; an exten-
sive study of quantum liquid water and quantum ice Ih com-
paring several simple water models will be published in a
forthcoming article.24
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