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Although the second virial coefficient has been used frequently to test intermolecular potentials, the
direct calculation of third virial coefficients has only been attempted for atomic or simple~with
linear symmetry! multipolar fluids. In this paper a general approach is described for the numerical
evaluation of the third virial coefficient for molecular systems. Specific results for the second and
third virial coefficients for several different water models are reported and compared with
experimental data; critical points are also estimated. A polarizable model is found to be superior to
standard effective liquid-phase potentials in reproducing the equation of state for steam. ©1995
American Institute of Physics.

I. INTRODUCTION

The virial equation of state~VES! is a standard approach
used to represent experimental data of real gases.1,2 At suffi-
ciently low density the relationship between the pressurep,
density r5N/V, and temperatureT of a fluid can be ex-
pressed as a power series in density

p

rkT
511Br1Cr21..., ~1!

where k is the Boltzmann constant, andB and C are the
second and third virial coefficients, respectively. By defini-
tion the first term in the virial expansion~1! represents ideal
gas behavior with subsequent terms giving corrections for
real systems. The special significance given to the VES
arises primarily from the fact that the virial coefficients can
be directly related to the interactions between the molecules
of the system.1,3 In particular,B depends upon interactions
between pairs of molecules, whileC involves the interaction
energies of three molecule groupings. Thus the evaluation of
virial coefficients, principallyB, has served as a test for
model interaction potentials.1,4–10 Whereas the direct nu-
merical integration~see below! of B has been performed for
a variety of molecular models,1 including water,6–10 to our
knowledge calculations of the third virial coefficient have
been limited to molecules of linear symmetry.5,11 Not only
does C provide a more sensitive test of intermolecular
potentials,5 it also allows the prediction of critical points and
phase instabilities. In this paper we describe a general nu-
merical integration scheme for the determination of the third
virial coefficient for molecules of arbitrary symmetry and
report explicit results for several models for water, both po-
larizable and nonpolarizable. We find that effective
condensed-phase potentials give rather poor results, while
polarizable models achieve much better agreement with ex-
perimental data.

The remainder of this paper is organized as follows. In
Sec. II we describe our methodology for the evaluation of the
third virial coefficient, while in Sec. III we report results for
three different water models. Our conclusions are summa-
rized in Sec. IV.

II. METHOD OF INTEGRATION

It can be shown1,2 that the second virial coefficient ap-
pearing in Eq.~1! can be represented as

B52
1

2 K E f 12 dr12L
V1V2

, ~2!

in which ^•••& denotes the appropriate average over molecular
orientations,V1 andV2, and

f ab5exp@2uab /kT#21 ~3!

is a Mayer-f function, whereuab is the total pair interaction
energy between particlesa andb. For systems in which the
energy may not be pairwise additive, we can write the third
virial coefficient as1

C~T!5Cadd1DC, ~4a!

for which

Cadd5
21

3 K E E f ~12! f ~13! f ~23!dr12 dr13L
V1V2V3

~4b!

is the contribution due to pairwise additive terms in the po-
tential, and

DC5
21
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~4c!

arises due to three-body terms. In Eqs.~4!

Du1235u1232~u121u131u23!, ~5!

whereu123 is the full three-body energy, and
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in whichVa5~fa , xa ,ua! and we have chosen~without loss
of generality! our reference frame to be fixed on particle 1.
For water, Eq.~6! simplifies by symmetry to
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For a molecular system such as water,B requires the
evaluation of a 6-dimensional integral. This numerical task
can now be performed almost routinely using nonproduct
integration methods.6–10 However, the determination ofC
involves an imposing 12-dimensional numerical integration;
consequently, we are aware of no previously published cal-
culations ofC for systems without at least linear symmetry.
Recently, Joslin and Goldman11 reported results for the third
virial coefficient of a dipolar hard-sphere fluid~whereC can
be expressed as a 9-dimensional integral!. The integration
methods we have employed exploit some of the techniques
used by these workers but there are also several important
differences. As the successful evaluation of Eqs.~4! depends
critically upon the particular methods used, we describe be-
low the key steps in our approach.

A. Partitioning of the integration region

Similar to Joslin and Goldman,11 we rewrite the volume
integrals in Eqs.~4! in the form

I[E E dr12 dr13
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where we have chosen to definer13 relative to r12 through
the anglesu23 andf23. From simple trigonometry we have
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where the limits on the final integral follow from the trian-
gular inequality

ur 122r 13u<r 23<r 121r 13. ~10!

Like Joslin and Goldman11 we also divide our integral
into four parts, region 1 with no ‘‘overlaps,’’ region 2 with
one overlap, region 3 with two overlaps, and region 4 with
all three particles overlapping. We consider two particlesa
andb to overlap when

r ab,r sw , ~11!

in which r sw is an adjustable parameter.
In addition to these steps, we take advantage of the fact

that only unique triple arrangements need be considered.
Thus in evaluatingC, we always require

r 12>r 13>r 23 ~12!

and then multiply the numerical result by 653!, the number
of permutations of the arrangement. Subject to the restriction
in Eq. ~12! the triangular inequality~10! becomes

r 122r 13<r 23<r 121r 13. ~13!

It is easy to show that conditions~12! and~13! can only hold
simultaneously if

r 13>r 12 /2. ~14!

For water the integration in Eq.~9! can therefore be ex-
pressed as
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Given the restrictions imposed by conditions~11!–~14!,
we can specifically define the limits for each of our integra-
tion regions. For region 1

r 12>r 13>r 23>r sw ~16a!

and the limits of integration become

rmax>r 12>r sw , ~16b!

r 12>r 13>Max@r sw ,r 12 /2#, ~16c!

r 13>r 23>Max@r sw ,r 122r 13#; ~16d!

for region 2

r 12>r 13>r sw>r 23 ~17a!

and

rmax>r 12>r sw , ~17b!

r 12>r 13>Max@r sw ,r 122r sw#, ~17c!

r sw>r 23>r 122r 13; ~17d!

for region 3

r 12>r sw>r 13>r 23 ~18a!

and

2r sw>r 12>r sw , ~18b!

r sw>r 13>r 12 /2, ~18c!

r 13>r 23>r 122r 13; ~18d!

for region 4

r sw>r 12>r 13>r 23 ~19a!

and

r sw>r 12>0, ~19b!

r 12>r 13>r 12 /2, ~19c!

r 13>r 23>r 122r 13. ~19d!

In each case, these limits were confirmed by recovering the
values of the appropriate volume integrals.
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A separation of 2.6 Å was found to be a good choice for
r sw ~although the quality of the results did not appear
strongly sensitive to its exact value! and this value was used
for each of the water models investigated here. We remark
that this separation is only somewhat larger than the hard
cores which, for computational convenience, were inserted
into each of the models. An integration upper bound of
rmax510 Å proved to be sufficient and was employed
throughout.

B. Choice of integration variables

We have found that a strategic choice of integration vari-
ables is necessary to facilitate the evaluation of the third
virial coefficient. To demonstrate the sensitivity of virial co-
efficient integrands to particle separations, we have shown in
Fig. 1 the result of integrating over all five angular variables
in Eq. ~2!. The ‘‘areas’’ under the curves plotted in Fig. 1
would give values forB ~to within a constant factor!. We see
that for both potentials the value of this integrand varies
rather dramatically for separations near contact~i.e., 2.5–4.0
Å! and that this same region must dominate the final value of
B. Clearly, nonuniform sampling of separations is desirable.
Following previous workers11 we considered the transforma-
tion

xab51/r ab . ~20a!

Further, the transformations

xab51/r ab
2 ~20b!

and

xab51/Ar ab ~20c!

were also explored. Through extensive testing, we found that
Eq. ~20a! gave generally superior results when the transfor-
mation of separation variables was beneficial. In our calcu-
lations for water, bothr 12 and r 13 were transformed for re-
gion 1, while for region 2 Eq.~20a! was applied tor 12 only
and no transformation was employed for regions 3 and 4.

Transformation of some of the angular variables also
proved to be advantageous. In particular,

xab5 1
2~cosuab11! ~21!

was exploited throughout our calculations.

C. Integration algorithm

The high dimensionality, 6 and 12, respectively, of the
integrals involved in the evaluation ofB andC necessitates
the use of nonproduct methods. In our calculations of the
second virial coefficients, we successfully implemented the
quasi-Monte Carlo approach of Conroy.12 However, in our
work with third virial coefficients we have exploited library
routines, in particular those available through NAG.13 Four
alternatives provided by Mk. 15 of the NAG Library were
considered: ~1! the number-theoretical method of
Korobov–Conroy12,14 as implemented in the routine
D01GCF,~2! the adaptive Monte Carlo method of Lautrup15

as implemented in D01GBF,~3! the method of Sag and
Szeheres16 in the D01FDF, and~4! the routine D01FCF
which uses an adaptive subdivision strategy.17 After exten-
sive comparison with both test and Mayer-f functions @Eq.
~3!# in 6, 9, and 12 dimensions we found that D01GCF con-
sistently outperformed the other methods. We remark that
Joslin and Goldman11 chose the routine D01GBF in their
work, claiming it gave superior results. We did observe that
the quality of the results produced by the routine D01GCF
were rather sensitive to the specific number sets used, and
hence considerable effort was expended in determining opti-
mal choices of number sets. Details of our choice of number
sets can be found in Appendix A. In our testing we also
observed essentially a 1/N dependence, whereN is the num-
ber of integration points, on the average error in the esti-
mates produced by D01GCF; for D01GBF this apparent de-
pendence was only 1/AN.

In order to obtain estimates for the standard error, the
routine D01GCF incorporates a stochastic integration rule
through the inclusion of a random origin shift. Thus a given
numerical integration can be repeatednr times from which
an error estimate can be computed. Like Joslin and
Goldman,11 we did find that the errors provided by D01GCF
were not always reliable, particularly for smallernr ~i.e.,
<5!. Yet, to take full advantage of this number-theoretical
method, we attempted to keepnr small ~since the estimate
for the integral will converge only as 1/Anr) while maintain-
ing N large. All the results presented in this paper were ob-
tained using a total of 30 million function evaluations18 ~16
million for region 1, 8 million for region 2, 4 million for
region 3, and 2 million for region 4! with nr52. Supplemen-
tary calculations were performed for each model at several
different temperatures using an entirely different number set

FIG. 1. Second virial integrand upon integration over all angular variables.
Results for two water models at a temperature of 423 K are shown.

10171Kusalik, Liden, and Svishchev: The third virial coefficient of H2O

J. Chem. Phys., Vol. 103, No. 23, 15 December 1995Downloaded¬26¬Jul¬2007¬to¬136.159.235.227.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp



with nr57 for a total of 50 million function evaluations. This
second set of integrations served not only to check the reli-
ability of our data, they also provided more direct informa-
tion on our errors. In addition, several integrations involving
100–150 million function evaluations were carried out for
select points to provide further confirmation of our values
and error estimates. A typical integration using 30–50 mil-
lion points required between 10–20 h on a single i860 pro-
cessor on an Alliant FX2800 for the nonpolarizable models
studied. For our polarizable model the time required roughly
doubled.

As a test of our integration methodology we reproduced
some of the third virial coefficient data reported previously11

for dipolar hard spheres. These calculations were carried out
both as 12 and as 9 dimensional integrations, the former
strictly for testing purposes. For a reduced dipole moment of
2.0 we were able to evaluate the integral for region 1 with
less than 1% error with fewer than 40 million function evalu-
ations. This appears to improve considerably upon the com-
putational effort required by the approach of previous
workers11 utilizing the NAG routine D01GBF~for which
several hundred million points were apparently used!. One
easily identified advantage of the routine D01GCF over
D01GBF is a greater flexibility in specifying the limits of
integration in the former allowing a greater reduction of the
integral @as discussed above in Eqs.~12!–~19!#.

D. Second virial coefficient

The values of the second virial coefficient report in this
study were determined by first integrating over all five angu-
lar variables in Eq.~2! using the method of Conroy12 ~see
Fig. 1! followed by Simpson’s rule integrations on multiple
separation grids. This approach, which required a total of
400 000 points to achieve an error of about 1%, was again
tested by reproducing previously published data.8,9 Adapting
many of the methods described above for the third virial
coefficient to the calculation ofB, we can obtain values to
within about 1% error with as few as 150 000 function evalu-
ations. We remark that previous workers7–10 using various
other methods have typically used several hundred thousand
points in their integrations.

III. RESULTS AND DISCUSSION

Three different models for water were considered in this
study. The SPC/E19 and TIP4P20 models are based on effec-
tive condensed-phase potentials that have been shown to re-
produce successfully many of the properties of liquid water
under ambient conditions.20 The polarizable point-charge

~PPC! potential21 is a simple three charge-site model which
explicitly incorporates molecular polarizability~see Appen-
dix B!. It has been found that the PPC model21,22 success-
fully reproduces many of the properties of liquid water, in-
cluding the dielectric constant, over the temperature range
210 to 300 °C.

Table I contains representative values of the contribu-
tions to the third virial coefficient from each of the four
integration regions. The error for any specific integration is
typically less than 5%, and we estimate our uncertainty inC
to be less than 10% in almost all cases. The contribution to
the third virial coefficient from region 1~with no overlaps!
proved to be the most difficult to evaluate, particularly at
lower temperatures. We can see from Table I that this con-
tribution dominates the value ofC at lower temperatures, but
decreases in magnitude and eventually changes sign asT is
increased. Full tables of the calculated second and third virial
coefficients for TIP4P, SPC/E, and PPC water can be found
in Appendix C.

Figure 2 compares results for the second virial coeffi-
cient for the three models with data from experiment. Both
effective potentials, SPC/E and TIP4P, poorly reproduce the

FIG. 2. The second virial coefficient. Results for the SPC/E, TIP4P, and
PPC models are shown along with the experimental data of Hill and Mac-
Millan ~Ref. 23! ~dashed line!, Kell, McLaurin, and Whalley~Ref. 24! ~solid
line!, and Vulalovich, Trakhtengerts, and Spiridonov~Ref. 25! ~dotted line!.

TABLE I. Contributions to the third virial coefficient from the four integration regions. The results given are for
TIP4P water withr sw52.6 Å and are in units of cm6/mol2.

T ~K! C1 C2 C3 C4 C

423 2297 600 171 100 22260 141 2128 600
523 217 380 32 140 22220 207 12 750
623 2315 10 280 21445 236 8 760
723 1190 4370 2980 250 4830
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experimental second virial coefficient, particularly at lower
temperatures where the differences exceed 100%. As can be
clearly seen from Fig. 2, the PPC model follows the experi-
mental curves more closely than either of the two nonpolar-
izable models over the entire temperature range. Previous
workers9 have similarly noted the superiority of polarizable
models in reproducing second virial coefficients for water.

A comparison of the third virial coefficients for the
SPC/E, TIP4P, and PPC potentials with those of real water
~see Fig. 3! reveals even more dramatically the behavior ob-
served forB. We find that the two effective potentials are

only able to reproduce qualitatively the dependence ofC
upon temperature. We can see from Fig. 3 that unlike the
second virial coefficient, there appears to be considerable
variability in the estimates forC obtained from experiment.
Our results for the PPC model are essentially in agreement
with the available experimental data to within this apparent
uncertainty.

When expanded beyond second order, the virial equation
of state can be used to estimate the liquid–gas critical
point.1,11 Truncated at third order, the VES predicts that

Bc
253Cc , ~22a!

rc51/Bc , ~22b!

and

pc
rckTc

5
1

3
, ~22c!

where the subscriptc denotes values at the critical point.
Estimates for the critical points for the SPC/E, TIP4P, and
PPC models for water were determined from Eqs.~22!.
These results are compared with experimental values in
Table II.

Near the critical point the VES is no longer convergent
and hence the usefulness of Eqs.~22! might be questioned.
To provide some measure of the reliability of the values pro-
vided by these expressions,experimentaldata for the second
and third virial coefficients for Ar,26 N2,

27 CH4,
28 and

water24 were used in Eqs.~22! to estimate the critical points
for these fluids. The results for water have been included in
Table II where we see that the predicted critical temperature
and density agree surprisingly well~to within 10% and
12.5% error, respectively! with the measured values. The
critical pressure is not as successfully reproduced, but it is
known that the value of the compressibility factor for water
at its critical point deviates substantially from 1/3.2 For Ar,
N2, and CH4 the agreement between the estimated and mea-
sured values of the critical constants, including the pressure,
is good with typical errors of less than 10%~which is com-
parable to the error in the original experimental virial data!.

From Table II we see that while the critical point esti-
mated by the VES for the PPC potential is close to that of
real water, the critical constants predicted for the two effec-
tive models, particularlyrc , differ substantially from the
measured values. However, a recent computer simulation
study29 reports a critical point for SPC/E water~see Table II!

FIG. 3. The third virial coefficient. Results for the SPC/E, TIP4P, and PPC
models are shown along with the experimental data of Hill and MacMillan
~Ref. 23! ~dashed line!, Kell, McLaurin and Whalley~Ref. 24! ~solid line!,
and Vulalovich, Trakhtengerts, and Spiridonov~Ref. 25! ~dotted line!. ~b!
shows a greatly expanded view of~a!.

TABLE II. Critical constants for water and for various water models.

Model ~method! Tc ~K! rc ~g/cm3! pc ~bar!

SPC/E~MD!b 652 0.326 189
SPC/E~virial! 613 0.095 88
TIP4P~virial! 549 0.096 80
PPC~virial! 698 0.281 298
Experiment~virial!a 712 0.286 310
Experiment~measured! 647 0.32 221

aUsing data from Ref. 24 in the virial equation of state as discussed in the
text.
bReference 29.
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that is much closer to the experimental point; this is an un-
expected finding in light of the present data and the behavior
demonstrated in Figs. 2 and 3.

IV. CONCLUSIONS

In this paper we have reported the first third virial coef-
ficients directly determined for a system of nonlinear mol-
ecules. We have presented a general scheme for performing
these formidable numerical integrations. For a system such
as water we were able to determine values for the third virial
coefficient to within 10% uncertainty with only 30 million
function evaluations. Results for three different water mod-
els, the TIP4P, SPC/E, and PPC potentials, were obtained
and have been compared with recent experimental data. The
effective liquid-phase potentials, SPC/E and TIP4P, were
found to be in much poorer agreement with experimentally
determined second and third virial coefficients than an ex-
plicitly polarizable potential, the PPC model. A critical point
for each of the model systems has been estimated from our
values ofB andC; the PPC result was found to be superior,
particularly for the critical density, to those predicted for
either SPC/E or TIP4P water. The application of the numeri-
cal approach used in this study to other simple molecular
systems, both single component and mixtures, and to the
calculation of other virial~e.g., dielectric! coefficients should
be straightforward.
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APPENDIX A: CHOICE OF OPTIMAL COEFFICIENT
SETS

The quality of the approximation to a multidimensional
integral provided by the Korobov–Conroy number-
theoretical method13,14 is sensitive to the particular set of
coefficients,$a1 ,a2 ,...,a12%, used in the numerical calcula-
tion. The NAG library routine D01GZF was employed to
determine sets of ‘‘optimal’’ coefficients. This routine re-
quires that the total number of points,N, be the product of
two prime numbers. The use of D01GZF~rather than

D01GYF! was necessitated by the rather large values ofN
desired. Table III summarizes the values ofN and their ap-
propriate coefficients sets used in the present calculations.

APPENDIX B: THE POLARIZABLE POINT-CHARGE
(PPC) MODEL

The polarization response of a water molecule, as mea-
sured by the dependence of its molecular dipole moment and
values of its atomic site charges, was determined from high-
level quantum chemical calculations. This response was then
parameterized in terms of three site charges and the position
of the negative site. The values of the hydrogen charges are
given by ~as obtained from Natural Population Analysis!

q150.48660.03Ex10.02Ez , ~B1!

where the sign of theX term changes with hydrogen 1 or 2,
the electric field is given in V/Å, and theZ direction is de-
fined to be along the axis of symmetry and the molecule lies
in the XZ plane. The charge on the negative site follows
from charge neutrality. The hydrogen sites are fixed at their
optimized zero-field positions~with an OH bond length of
0.943 Å and a bond angle of 106°!. The position~in Å! of the
negative charge was parameterized to fit the local field de-
pendence of the total dipole moment of the molecule and is
given by

l z50.1120.03Ez ~B2a!

and

l x520.025Ex . ~B2b!

To preserve the planar geometry of this simple 3-site model,
no Y polarization was considered. The components of the
polarizability for the PPC model,

axx51.01 Å3, ~B3a!

ayy50 Å3, ~B3b!

and

azz50.66 Å3, ~B3c!

TABLE III. Optimal coefficient sets used in numerical integrations.

N

1 029 493 1 099 901 1 899 829 2 048 129 3 871 463 409 963 7 881 793 15 820 279

a1 1 1 1 1 1 1 1 1
a2 146 382 409 311 1 109 248 202 1 411 637 2 509 122 4 674 836 5 888 200
a3 852 115 774 203 1 174 167 40 804 3 455 872 574 221 7 722 006 14 258 387
a4 926 050 626 726 1 326 663 49 892 2 384 701 3 926 429 3 148 057 7 035 554
a5 619 311 335 160 235 169 1 885 668 2 171 925 535 142 2 757 842 3 777 585
a6 888 208 622 436 922 409 2 001 071 3 283 005 822 418 5 327 194 6 105 511
a7 933 500 932 867 832 876 734 929 2 987 238 1 932 777 3 746 976 9 082 509
a8 932 124 992 586 92 667 990 370 140 243 892 595 1 532 736 14 809 087
a9 261 627 436 371 436 371 1 386 227 555 478 1 336 290 6 587 547 3 649 761
a10 343 914 726 793 1 426 730 1 472 310 3 310 003 2 726 613 7 548 450 2 602 136
a11 611 448 745 559 1 845 460 427 915 3 681 192 1 945 451 1 200 868 4 444 537
a12 859 716 167 201 1 367 093 417 412 776 387 667 156 6 602 640 5 914 346

10174 Kusalik, Liden, and Svishchev: The third virial coefficient of H2O

J. Chem. Phys., Vol. 103, No. 23, 15 December 1995Downloaded¬26¬Jul¬2007¬to¬136.159.235.227.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp



are all smaller than those of real water, although this model
possesses an elevated value~2.14 D! of its gas-phase dipole
moment.

The short-range interaction of the PPC model was taken
to be a LJ potential centred on the oxygen. The LJ param-
eters,eLJ50.6 kJ/mol ands53.234 Å, were optimized to
give the correct energy, self-diffusion coefficient, and struc-
ture for water at 25 °C.22 We remark that unlike other polar-
izable models, which typically execute at least three times
more slowly than effective potential models, a comparable
calculation with the PPC model runs only 1.5 times more
slowly than a simulation with SPC/E water.

APPENDIX C: SECOND AND THIRD VIRIAL
COEFFICIENT DATA

Detailed numerical data for the second and third virial
coefficients can be found in Table IV for the three models
considered in this study. A copy of the FORTRAN code used
to calculate the third virial coefficients for TIP4P water can
be obtained by sending a request via electron mail to
‘‘kusalik@ac.dal.ca.’’
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TABLE IV. Detailed numerical data for the second and third virial coefficients for the TIP4P, SPC/E, and PPC
models.

Temp.
~K!

TIP4P SPC/E PPC

B
~cm3/mol!

C
~cm6/mol2!

B
~cm3/mol!

C
~cm6/mol2!

B
~cm3/mol!

C
~cm6/mol2!

373 2946 21 290 000 21856 210 700 000 2607 2627 000
423 2519 2128 600 2907 21 080 000 2357 2109 000
473 2326 21 375 2529 2140 000 2234 223 000
523 2224 12 750 2345 28 660 2165 24 290
573 2162 11 500 2242 11 100 2122 320
623 2122 8 760 2179 11 900 293 1 380
673 295 6 480 2137 9 740 272 1 470
723 275 4 830 2108 7 520 257 1 315
773 260 3 670 287 5 780 245 1 120
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