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A mean-field approach for the determination 
of the polarizabilities for the water molecule 
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Abstract. A mean-field method is presented describing the electrostatic environment experienced by water molecule in liquid 
state, which is used to extract the corresponding hyper- and high-order polarizabilities. Within this approach, MD computer 
simulations of liquid water samples for two standard water potentials at several different temperatures are performed to 
characterize the distributions (specifically average values) of local fields and field gradients. The electric response properties 
(including non-linear contributions up to fourth-order) are then calculated using ab initio techniques in conjunction with a charge 
perturbation variant of a finite field method. Sets of fixed charges are used to generate the desired electric fields and electric 
field gradients. Calculations of dipole polarizability, hyper- and principal components of high-order polarizabilities of the water 
molecule in gas and liquid phase conditions are carried out at MP2 and MP4 levels of theory; the values obtained for three different 
liquid phase models are compared with those for gas phase. For a liquid phase water molecule the first hyperpolarizability (/?) 
and first higher polarizability (A) increase markedly, actually changing sign. The second hyperpolarizability (7) also increases 
but much less dramatically, and components of the second high-order polarizability tensor (B) demonstrate a rearrangement 
of contributions. We observe that a less symmetrical gradient model gives the most accurate representation of liquid-phase 
conditions. The excellent agreement of our gas-phase values with experimental results and the most accurate previous theoretical 
predictions is evident of the quality of our higher order polarizabilities and theoretical models. 

Keywords: Water, mean-field methods, ab initio, molecular dynamics, electric field, field gradient, electric response properties, 
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1. Introduction 

The electrical response properties of the water molecule have been studied extensively both experimen
tally and theoretically during the last two decades. These are the multipole moments (/i, 0 , etc.), dipole 
polarizability (a), and nonlinear optical polarizabilities (NOP), namely the first (/3) and second (7) hy-
perpolarizabilities and the high-order polarizabilities (dipole-quadrupole (A), dipole-dipole-quadrupole 
(B), etc.), which appear as coefficients in the energy expansion for a molecule in the presence of a static 
electric field. The importance of these quantities has long been recognized for understanding a wide 
variety of physical phenomena such as intermolecular interactions [1,2] and resonant or nonresonant 
optical phenomena. The latter are now of a particular interest because of very fast growing fields relat
ed with development of novel materials. Such investigations have very often focused on modeling of 
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the polarizabilities for large molecules as, for example, donor-acceptor complexes and oligomers [3], 
However, the studies of small species like water, for which accurate gas phase polarizabilities exist, 
are very useful because they offer the possibility of monitoring the different contributions to molecular 
polarizabilities, including those in liquid phase, in greater detail. 

A significant amount of data is currently available on the electrical response of an isolated water 
molecule. An accurate value for the dipole moment of a water molecule in gas phase has been known 
since 1973 from Stark effect measurements [4], and more recently data determined using molecular 
beam electric resonance spectroscopy (MBER) were reported by Shostak et al. [5]. The value of the 
static mean dipole polarizability is also well known from dipole oscillator strength distribution (DOSD) 
experiments [6]. The majority of gas-phase hyperpolarizability measurements of small molecules like 
water are based on the dc Kerr effect and the electric field induced second harmonic generation (ESHG 
or EF1SH) technique. Unfortunately, a precise determination of higher-order terms appears to be 
considerably more difficult. To date the only source of the first (/3) and second (7) hyperpolarizabilities 
of H2O in the gas phase is the mean values reported by Ward and Miller [7] and Kaatz et al. [8]. Several 
theoretical studies of the nonlinear optical polarizabilities (NOP) of an isolate water molecule have been 
carried out using a variety of ab initio techniques (appropriate for gas-phase conditions). Significant 
success has been achieved in calculations where the molecule is perturbed by a weak homogeneous 
electric field. Starting with the paper of Purvis and Barflett [9], where the importance of electron 
correlation was clearly shown, and ending with the work of Guan et al. [10] investigating the ability of a 
DFT approach to reproduce the molecular response to an applied electric field, a great deal of effort has 
been expended in obtaining accurate values for these properties. The most accurate values of f3 and 7 
determined to date appear to be those reported by Maroulis [11]. He has utilized M0ller-Plesset (MP) 
and coupled cluster (CC) theories to examine the basis set limit and electron correlation effects. 

Although experimental and theoretical data are available for the gas phase, this is not the case 
for liquid water. Until recently, there have been neither experimental multipole moments nor dipole 
polarizabilities reported in the literature for liquid water. The experimental values of f3 and 7 for 
liquid water were determined by Levine and Bethea as related quantities in their liquid phase ESHG 
measurements of associating liquid mixtures [12]. These data remain the only source of experimental 
electrical properties of H2O in the liquid phase. The lack of experimental data for the electrical properties 
of water in condensed phase coupled with the importance of such information make their calculations a 
very attractive and challenging task. 

There are only a few previous theoretical studies of the electrical response properties (specifically 
polarizabilities) for water in condensed state. Historically, ice was a natural starting point for systematic 
studies in this field because of its regular and predictable molecular structure (in contrast to that in liquid 
water). More than thirty years ago Coulson and Eisenberg [13] performed an ingenious calculation of the 
dipole moment in ice I/, using an induction model. Recently Batista et al. [14] re-evaluated these results 
using a similar induction model but including several higher order terms in the multipolar expansion. 
This allowed the authors to study the local electric field in ice and to determine a dipole moment of 3.1 D 
for a water molecule in perfect ice lh crystal at 0 K. In principle, the induction model can be classified 
as a local-field method, which may be applicable to liquids, if a corresponding set of representative 
liquid structures is available. Unfortunately, a classical induction model can not be a source of values 
for molecular polarizabilities and one has to use quantum or a combination of quantum and classical 
calculations in order to determine them. Reis et al. [15] applied a local-field theory to calculate static 
and frequency-dependent effective in-crystal hyperpolarizabilities for several ice polymorphs. The local 
field experienced by a molecule in the crystal was calculated by summing over the field contributions 
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from all surrounding molecules using a point dipole approximation to reproduce the induced charge 
density distributions. Average molecular electronic properties (//, a, /?, and 7) and their relative changes 
with respect to gas phase values were calculated in the presence of the electric dipole crystal fields for 
different (I/,,, II, VIII and IX) ice polymorphs. The dipole moment and the first hyperpolarizability were 
found to be strongly affected by the fields, but dipole polarizability is only weakly changed compared to 
its gas phase value. The value of the first hyperpolarizability (/3) for l^,, II and IX ices increases markedly 
(undergoing sign inversion analogously to that observed for liquid water, as discussed below), while for 
ice VIII it remains almost unchanged in comparison with the gas phase estimate. This can be explained 
by taking into account the geometric arrangement of the molecules in ice VIE, which leads to a nearly 
complete cancellation of the electric dipole field [15]. 

For liquid water, the work of Mikkelsen et al. was the first theoretical study where the same unusual 
feature, the sign change of the first hyperpolarizability upon liquefaction, has been shown [16]. They 
carried out calculations where the "solvent effect" due to neighboring water molecules was described 
using a continuum model, a supermolecular (cluster) model and a semicontinuum model. In the contin
uum model the solute molecule was surrounded by a dielectric medium that gives rise to a reaction-field 
contribution [17-21]. In the supermolecule approach calculations were carried out on a bare cluster 
containing the first solvation shell and in the semicontinuum model this cluster was again surrounded 
by a homogeneous dielectric medium. The continuum model gives only a small change in the first 
hyperplarizability (/?) of liquid water compared to the vacuum results. In the bare cluster calculations 
the sign of hyperpolarizability is inverted; the combination of water imbedded in a cluster (as a first 
solvation shell) surrounded by a continuum solvent increased j3 to a value that is in a good agreement 
with experiment [12]. Mikkelsen et al. suggested that the observed sign change of the first hyperpo
larizability of liquid water can be rationalized by the presence of the strong hydrogen bonds and static 
dipolar interactions [16]. 

Tu and Laaksonen [22] developed a novel approach to calculate electrical response properties of single 
molecules in condensed state. This method was used to determine the first two multipole moments of a 
single water molecule in water clusters and in liquid water. The basic idea of this approach is to carry 
out the quantum calculation only on one constituent molecule at a time avoiding the time consuming 
calculation of the whole system. To achieve this these authors first simplified the interactions between the 
molecules into pure Coulombic form and then incorporated the corresponding terms into the Schrodinger 
equation for each molecule (see Ref. [22] for details). A calculation for each molecule of the system was 
performed using this equation and the whole system was then iterated until self-consistency was reached. 
Tu and Laaksonen described this approach as a compromise between classical induction models and 
quantum chemical supermolecular calculations. However, the results they obtained for the dipole and 
quadrupole moments, as well as for the components of dipole polarizability, appear somewhat lower in 
comparison with some other resent theoretical estimates [23-25]. This is perhaps not surprising because 
of the fact that other interactions such as exchange, charge transfer and dispersion interactions were not 
included in this theoretical formulation [22]. 

Although much theoretical effort have been expended to determine values for the total molecular 
dipole moment and the dipole polarizability of liquid water, we are not aware of any other theoretical 
work to calculate higher order nonlinear coefficients in the energy expansion and our recently published 
work [26] is the first such study. In the present paper we will provide further details on how a charge 
perturbation variant of the finite-field approach combined with results of MD simulations can be used to 
simulate liquid phase conditions for a water molecule in its ground state and then to extract its multipole 
moments and hyperpolarizabilities. 
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The representation of the liquid phase environment experienced by a water molecule is an important 
aspect of the current study. Reaction field approaches [16], where a "solute" molecule is surrounded 
by a continuum dielectric, have been commonly used to perform ab initio calculations for molecules in 
solution. Unfortunately, this approach has difficulties for hydrogen bonded solvents such as water [27] 
where a dielectric continuum may poorly represent the interactions with the surrounding hydration and 
the choice of cavity size and shape becomes crucial. Alternately, techniques have also been developed 
making it possible to carry out ab initio simulations of liquids, including water [24]. Such simulations 
are extremely computationally intensive, and moreover the fact that the "molecules" are not well define; 
together with the plane wave representation of the electronic wave function, makes it difficult to extract 
apparently simple molecular properties such as a dipole moment. Hybrid methods [28], where one or 
a few quantum molecules are immersed in a classical solvent, have also been examined, but sampling 
problems remain and the question of treatment of cross (quantum-classical) interactions now arises. 

In the present study we introduce a somewhat different approach that can be viewed as an extension of 
mean-field methods [29]. In mean field theories the interactions of a central particle with all its neighbors 
are collapsed into the influence of a local field. Such an approach has been previously used to investigate 
successfully classical electrostatic models for water [30-32] and ice [13,14]. Thus, in the presents 
initio calculations the influence of the surrounding water molecules will be modeled by a local electric 
field experienced by the (central) molecule of interest. The nature and strength of this local field are 
determined from average distributions obtained from classical simulations of liquid water using standard 
classical water potentials. It is sufficient here to note that one would expect the classical potential models 
employed to provide a reasonable representation of the local electrostatic environment in liquid water. In 
this study three different models of the local environment are examined, where both homogeneous and 
non-homogeneous local electric fields are considered. MD simulations were performed to determine the 
average values of the electric field and electric field gradient experienced by a water molecule in liquid 
state; these results are discussed in Section 2. Ab initio calculations were carried out for three liquid 
models and for gas-phase molecules at the MP2 and MP4 levels of theory. The finite field technique (and 
its charge perturbation variant) used to calculate molecular polarizabilities, our liquid phase models, and 
the scheme developed for energy partitioning, as well as other computational details, are described in 
Section 3. In Section 4 our gas-phase results are compared with those from previous work, and NOP for 
the three liquid phase models of water are presented and discussed. Our concluding remarks are given 
in Section 5: summarily, the present approach appears to work very well and we are able to determine 
the first ab initio values for the hyper- and high-order polarizabilities for liquid water. 

2. Electric field and field gradient distributions 

Molecular dynamics (MD) simulations have been performed with simple empirical water potential 
models in order to characterize the local environment (i.e. the local electric field and field gradient 
distributions) present in liquid water. In particularly, they provide average numerical values of these 
quantities which are further exploited in our ab initio calculations. The SPC/E [34] and TIP4P [33] 
models were chosen because of their success in reproducing liquid state properties. Their ability to 
reproduce the structure of liquid water indicates that they should provide a satisfactory description of the 
fluctuations in the local field and the relationship between the field and field gradient. Simulations were 
carried out at constant experimental densities at temperamres of 263, 298, 333 and 373K. We should 
remark that in the application of the present mean-field method only numerical values of the average 
field and field gradient measured at ambient temperature will be required. However, the temperature 
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Fig. 1. (a) Probability distributions of the z-component of the local electric field, Fz, for SPC/E (squares) and TEP4P (circles) 
models at T — 298 K. (b) Temperature dependence of the F2 probability distribution for SPC/E water. The open circles, squares, 
diamonds and crosses represent results at 263, 298, 333, and 373 K, respectively. 

dependent distributions carefully analyzed and compared with previously reported results provide us 
essential confidence in their reliability. 

Within our MD runs a truncated octahedral simulation cell containing 256 particles was utilized and 
all fields and field gradients were measured at the center of the oxygen atom. The Ewald summation 
technique [35] was used to calculate the Coulombic interactions and the electric fields. In the calculation 
of electric field gradients a spherical cutoff at \/3L/4, the inscribed sphere radius, was employed. 

For reasons of symmetry only the electric field component along the molecular dipole vector (the z-
axis) possesses a non zero average value, and hence is sufficient to characterize the average total electric 
field within liquid water. The distributions for the z-component of the electric field for SPC/E and TTP4P 
water at a temperature of 298 K are shown in the Fig. 1(a), where some difference in the width and the 
position of maxima is evident. TIP4P water has a slightly narrower distribution, which is also shifted 
to lower values of the electric field in comparison with the SPC/E result. The temperature dependence 
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of the z-component field distributions for TIP4P (not shown) and SPC/E water (see Fig. 1(b)) reveals 
the sharpest distributions at T = 263 K. The broadening of the distributions with increasing temperature 
reflects the presence of larger fluctuations and structural disorder in the liquid at higher temperatures. 
We note that, as expected, the electric field distributions in the x- and y directions have similar shapes 
and are centered about zero. 

Distributions for all (diagonal and off-diagonal) components of the electric field gradient were exam
ined. Only the diagonal components (xx, yy and zz) have non zero average values; distributions for these 
field gradient components are shown in Fig. 2(a) and (b), respectively, for SPC/E and TIP4P water at 
298 K. Since the xy, xz and yz (off-diagonal) components do not contribute in the average field gradient 
experienced by a water molecule, only the diagonal components will be considered further. Each of the 
field gradient distributions shown in Fig. 2(a) and (b) are essentially symmetric, with both water models 
providing similar results. The most notable difference between the SPC/E and TIP4P results evident in 
Figs 2(a) and 2(b) is the slight shift in the relative positions of the yy and zz distributions, where the latter 
model predicts field gradient values somewhat closer to those of an ideal tetrahedral structure [26]. The 
temperature dependence of the zz field gradient distribution is given in Fig. 2(c) for the TTP4P model. 
In Fig. 2(c) we notice that the width of the distribution is virtually unchanged while there is a slight shift 
to a smaller average magnitude as the temperature increased. 

Analysis of the distributions shown in Figs 1 and 2 reveals that they are well described by Gaussian 
forms, 

P(x) = Ae-^*-*0?, (1) 

where XQ represents the average value, and k — 1/2CT2 with a and A as the width and the normalizing 
factor, respectively, of the distribution. Consequently, field and field gradient distributions are easily 
characterized and determination of their average values becomes straightforward. In our analysis all 
distribution curves were fit to Gaussian functions; the average values of the nonvanishing components of 
the electric field and field-gradient have been determined and are presented in Table 1. 

For the diagonal components of the field gradient one would expect that they be traceless (i.e. the 
sum of (Fxx), {Fyy) and (Fzz) to be equal to zero). The distributions of the xx-component for both 
water potentials are nearly Gaussian in form, while for the yy-component the field gradient exhibits a 
somewhat distorted Gaussian shape. This distortion becomes quite pronounced for the TIP4P model and 
increases with temperature. This distortion causes the sums of the average values (obtained directly from 
Eq. (1)) for the xx, yy and zz components of the field gradient tensor to deviate slightly (±1 x 10 - 6 au 
for SPC/E and ±3 x 1(T6 au for TIP4P) from zero. 

Electric field and electric field gradient distributions for liquid water have been previously reported 
by Nymand et al. [36,37] for the polarizable NEMO intermolecular potential [38,39]. They have 
reported the temperature dependence of the electric field at the oxygen as well as at the hydrogen atoms. 
Comparing the present data with those given by Nymand et al. [37] for the electric field and field 
gradient at the oxygen atom, one can see that their numerical values for the electric field are significantly 
higher (approximately 1.5-2 times) than those recorded in Table 1. The NEMO potential [36] also 
exhibits a stronger temperature dependence in the electric field compared with the present results. Both 
these discrepancies are not surprising given that the SPC/E and T1P4P models both represent effective 
nonpolarizable interaction potentials. However, our probability distributions of the local electric field for 
these models are in good agreement with the results from the simulation study of Bursulaya et al. [25] 
obtained using ab initio potentials. The diagonal components of the field gradient from the present 
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Fig. 2. Field gradient distributions for (a) SPC/E and (b) T1P4P water at T = 298 K. The open circles, squares and diamonds are 
results for P(FIX), P(Fvt,) and P(F2r), respectively, (c) Temperature dependence of the F-* probability distribution for T1P4P 
water. The symbols are defined as in Fig. 1(b). 
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Table 1 
Electric field and field gradient components (in atomic units*) of SPC/E and TIP4P water 

SPC/E TIP4P 
T(K) (ft> <ft*> (ftv) (P..) (ft) (ft*) (Pyv) (ft,) 
263 
298 
333 
373 

0.0351 
0.0334 
0.0317 
0.0301 

0.0131 
0.0119 
0.0109 
0.0100 

-0.0072 
-0.0062 
-0.0057 
-0.0052 

-0.0059 
-0.0057 
-0.0052 
-0.0048 

0.0296 
0.0279 
0.0266 
0.0252 

0.0128 
0.0115 
0.0105 
0.0097 

-0.0100 
-0.0086 
-0.0078 
-0.0071 

-0.0029 
-0.0029 
-0.0028 
-0.0026 

aAtomic unit conversion factors: 1 au = 51.42 V/A; lau = 5.142 x 10 9V/A2. 

work generally exhibit (with some differences in the magnitudes) the same trend reported by Nymandet 
al. [37]. 

The behavior of the field gradient distributions appears to be more sensitive to the details of the 
local structure (i.e. the molecular model or the temperature) than those for the electric field. This fact 
influenced our choice of numerical values of the average local electric field and electric field gradient 
utilized in the ab initio part of the present study. In building up the liquid phase models for water 
described in the Section 4.2 below, we have used values 0.03 au for the electric field and {0.01, —0.006, 
-0.0038} for the field gradient, which lie somewhere in-between those found for SPC/E and T1P4P 
models at ambient temperature. We note that there were two reasons for this particular choice. Firstly, 
it was desirable to design a mean-field model that was consistent with the electrical properties for two 
standard water potentials. It was also advantageous for the values chosen to be "numerically convenient" 
for utilization within our modified scheme for the charge perturbation variant of the finite field method. 

3. Ab initio calculations of the multipole polarizarilities and hyperpolarizabilities 

3.1. Calculation in the static limit: the finite-field method 

Most ab initio calculations determine the electronic contribution to the multipole polarizabilities and 
hyperpolarizabilities in the static limit. These properties usually are evaluated at the experimental 
molecular geometry or alternatively using a geometry optimized at a given level of theory. Vibrationally 
averaged electronic values have been estimated in a small number of cases and in these systems the 
difference between the vibrationally averaged value and the value determined at the equilibrium geometry 
is only a small percentage of the total electronic contribution [40]. Thus, on these grounds, vibrational 
averaging is generally neglected. 

The static electronic contribution can be calculated by a variety of methods. Among them the finite-
field method provides a straightforward computational technique applicable to almost any quantum 
chemical formalism. Traditionally in the finite-field method, either the energy or dipole moment is 
computed for several perturbing field strengths (the different conventions for the corresponding Taylor 
series expansions in field can be found in [1,40,41]). This technique is often the easiest way to extract 
the molecular polarizabilities since the finite field energies can be determined with trivial modification 
to a program that calculates the energy at a given level of theory. However, one has to remember that this 
method does require care to avoid numerically differentiating errors and is less efficient than analytical 
methods where they are available. 

Guan et al. [10] slightly altered the conventional finite-field procedure in order to calculate polariz
abilities and hyperpolarizabilities for several small molecules (H2, N2, CO, CH4, NH3, H2O and HF). 
In that study the components of a and /3 were obtained from least squares fits of the dipole moments 
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P a sixth-order polynomial. Fitting to a polynomial whose order is substantially higher than that of 
the highest order coefficients desired should reduce contamination from higher order terms. By using 
tJie dipole moment directly rather than the energies, one less parameter is needed in the fit. The field 
directions were chosen such that only one-dimensional fits were needed. The sets of field strength used 
consist of N (an odd number) equally spaced points ranging from 

—Fmax to -Fmax> except that when all 
the odd or all the even order coefficients were zero by symmetry. Most of the fits were done with N = 9 
points because comparisons did not show significant differences in the values of a or 8 between fits with 
j\r == 9 vs those when more points (up to 17) were included. For each fit, the precision of a and Q were 
assessed by looking not only at the standard deviation for each coefficient, but also at the convergence 
of the coefficients with respect to the order of polynomial fit. It has been suggested [10] that if the 
values of (3 do not converge, the range of fields must be modified, i.e. the convergence of /? provides a 
convenient check on the fields used. There are two opposing requirements which govern the choice of 
field [10]. The fields must be large enough to make the imprecision in the calculated dipole moments 
small compared to the contribution in the dipole moment expansion of the term whose coefficient is 
desired. At the same time, the fields must be small enough so that the error caused by the truncation of 
die expansion is acceptably small. The convergence of 0 with respect to the polynomial order indicates 
when fields are too large, or too small. 

Bartlett and Purvis [42] and then Kurtz et at. [43] have proposed an approach based on expressions 
determined from the total energy and dipole moment expansions (which were truncated after the fourth-
order term) to calculate the coefficients fj,i,an,f3iu, and 7$,;. In this approach the energy must be 
evaluated for pairs of electric field strengths (±Fj and ±2i^) where the electric field is applied along 
an axis of the system. Following Kurtz et al. [43], Sim, Chin and Dupuis [41] made some further 
modifications and derived expressions for /i, a, (3, and 7 in the terms of the field-perturbed energies and 
field-perturbed dipoles. Their formalism differs from that proposed by Kurtz et al. [43] in two ways. 
Firstly, their analytical expressions are based on the perturbation definition expansion [41] rather than 
the power series definition adopted in Ref. [43] (because of the different choices of convention their 
/? differs by a factor of 2 and 7 by a factor of 6). Secondly, their expression for pmF? eliminates 
the term in Ff since /x° is evaluated directly as //j(0) (see Ref. [41] for details). This so-called finite-
difference approach [41-43] can be considered as an alternative to that based on fitting to a polynomial 
expansion [10]. 

A similar finite-difference approach has been utilized by Maroulis [44] for obtaining the first correlated 
result of the mean value of 7 for H2O. His derivation starts from the classical representation of the Taylor 
series expansion of the energy proposed by Buckingham [1] 

E = E° - fi°aFa - l/2cxaf}FaFp - l/6/3a/37FaF /3F7 - 1 / 2 4 7 ^ 2 ^ ^ 

-l/Ze%Faf) - l/'SAa^FaF^ - l/6Ba/3,jSFaFpFys - l/§CaPtl5FapFl5 (2) 

— l/l5Qnj3^Fapy — l/lSEa^ysFaFp^- . . . , 

where E0,^,©^ and 0,^ are the energy, permanent dipole, quadrupole and octopole moments 
of the free molecule, respectively, aQ/3,/3a/37, 7Q./?7<5 and AQ,^, Bap^SiCap^SiEa^s are molecular 
polarizabilities describing the electronic distortion of the molecule by the external electric field (FQ), 
field gradient (FQ|g) and gradient of field gradient. The Greek suffixes denote Cartesian components and 
a repeated suffix implies summation over x, y, z. Defining E(FX, Fy,Fz) as the energy of the molecule 
in the presence of a homogeneous field with x, y, and z components FX}Fy, Fz, Maroulis simplified the 
notation in Eq. (2) by dropping the suffix and introducing perturbing (scalar) fields of ±F and ±aF 
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where a (4/3 and 2) is a parameter of the calculations. The working equations used to compute the 
independent components of the dipole and hyperpolarizabilities can be found in Ref. [44]. 

To avoid the extra complexity of deriving equations to calculate each component of interest, a more 
general matrix formalism can be explored. For values of E{F) determined at m values of the applied 
electric field, chosen to be ±F or ±<TiF, the coefficients of F in Eq. (2) can be determined by solving 
a set of linear equations. These equations can be written in matrix notation as shown in [41]. All the 
variations of the finite-field approach described above, however, require great care be taken in the choice 
of appropriate field strengths and a sufficient number of terms must be included in Eq. (2) to ensure 
accurate values for higher order polarizabilities. 

The charge perturbation method [45,46] is a variant of the conventional finite-field technique. In this 
approach a homogeneous external electric field, or a nonhomogeneous electric field (i.e. where electric 
field gradients etc. will be present), are generated by a charge (or charges) Q placed at a distance R from 
the molecule. This method can be used to determine the tensoral components of the electrical moments 
and higher polarizabilities. The Hamiltonian of such a system can be written as 

H (Q, R) = tf(0) + H{1) (3) 

with the perturbation H^l> given by 

ffd) = _ y^ 9. + Y
 ZjQ (4) 

where nei and Nn represent the numbers of electrons and nuclei, respectively, Q is a charge, Zj is an 
atomic number, vectors rx and i-j denote positions of electrons and nuclei, respectively, and R denotes 
the position of charge Q. Expanding the perturbed Hamiltonian about the unperturbed one the following 
expression in terms of molecular multipole moments can be obtained 

H = H°- fj.aFa - l/3eapFa? - \/\Kla(hFa(h - . . . (5) 

The corresponding energy of the system is described by Eq. (2) and multipole moments are given as 

Ha - /J.a + aapF/3 + l /34*, /37 i ? / j7 + l/SBafr-ysFpFjS + . . . , 

©«/» = Q% + AaJhF° + CaHrfFtf + l/2Ba0^SF^FS + ..., (6) 

Cla/3-f — ^ a / 3 7 + -Etf,a/?7-F<5 + • • •, 

where /x°, 0 ° , £1° are again the permanent multipole moments of the free molecule and a, /?, 7, A, C, B, 
and E the static molecular polarizabilities. Fa, Fap, etc. are the electric field, field gradient, etc. at the 
specified origin. The above relations along with the energy expansion Eq. (2) are amenable to analysis 
by means of the charge perturbation method [47]. 

This method has been used for the diatomic molecules LiH, BeH and BH and the ion CH+. The 
corresponding set of equations for abstracting the polarizability tensors from the multipole moments has 
been given and described in detail elsewhere [48]. Bishop and Pipin [49] deduced the set of equations 
for molecules of C21/ symmetiy. In their theoretical formalism a charge Q is placed at a particular 
distance, R, and orientation from the origin. Charges of ±e were used and values of the tensors found 
with R — 30, 32, and 34 au. On the basis of this approach all components of the polarizability tensors 
for H20 have been evaluated at the SCF level and, with the exception of (3 and B, at the MCSCF level 
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of approximation [49]. Following Bishop and Pipin [49], Pluta et al. reported results for the electric 
moments and polarizabilities for HF, H2O and the F~ anion [47], All multipole moments were computed 
as expectation values and were then used to determine the components of higher order electrical tensors. 
Electron correlation effects have been accounted for using the coupled cluster method with the inclusion 
of single, double and triple excitations (CCSDT-1) [47]. It has been shown that the correlated electric 
moments are in good agreement with experiment and that they may be used to obtain the polarizability 
tensors in an effective way. It was concluded that use of electron correlated methods in conjunction with 
the charge perturbation approach provides an effective and accurate tool for calculating electric tensors 
of small molecules. 

3.2. Liquid phase models 

A charge perturbation variant of the finite-field method [47-49] was used in the present work to obtain 
multipole moments, hyper- and high-order (multipole) polarizabilities for a single water molecule in 
gas and in liquid phase surroundings. We have slightly modified a conventional finite-field procedure 
thereby allowing a water molecule to be simultaneously exposed by both an electric field and electric 
field gradient. Within this procedure the gas phase electric response properties for a water molecule 
were obtained by applications of small perturbing electric fields and field gradients with respect to a 
reference state condition (e.g. zero field and zero field gradient). To model condensed phase conditions 
the small perturbing fields and field gradients were applied in addition to a strong fixed electric field and 
field gradient (representing the influence of surrounding neighbors) to a single water molecule. 

In order to achieve better control of the magnitudes and symmetry of the electric field and electric field 
gradient, a special scheme for the positioning of sets of charges has been developed. Considering the 
z direction (defined to be the direction of the molecular dipole moment), the magnitude of the applied 
electric field is given as 

Fz = Qt/Rl, (7) 

and electric field gradient by 

Fzz = -2QZ/Rl (8) 

It follows from Eq. (7) that a charge of magnitude Qz = FZR2 is required to generate the electric 
field Fz. However, by placing a pair of charges of magnitude qit2 = ±Qz/2 at the distance of ±R 
from the origin, a greater degree of control is achieved since the net field gradient (at the origin) will be 
zero. This provides requisite flexibility needed in the modeling of the much more complex condensed 
phase conditions (see Fig. 3). In a similar way, to generate the field gradient Fzz (Fz is now zero), two 
identical charges ^34 = —FZZR\, are placed at a distance ±R from the origin. If one wants to generate 
both a field Fz and a field gradient Fzz, then two pairs of charges, one pair with opposite and one with 
like signs, are used. 

In the present work the scheme described above has been implemented to produce small perturbing 
fields with magnitudes of 0.005 au and field gradients with magnitudes of 0.001 au with respect to 
a reference point (RP), which is zero for gas-phase conditions (neither fixed field nor field gradient 
applied). All perturbing charges were placed at a separation of R = ± 30 au from the centre of mass. 
Following the finite-field approach, single point energies were calculated for pairs of perturbing fields 
(± F and ±aF, a = 1.5) and field gradients. 
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(a) (b) (c) 

Fig. 3. (a) Model I: q± = ± 13.5, »• = 30 au; (b) model II: g± = ± 0.5, r - 6.204 au; (c) model III: q+ = 0.2, r+ = 4.7 an; 
q- — - 0.5, r_ = 5.0 au. 

Here we do not consider how these perturbing fields might be produced in a real system. In the present 
context our perturbing fields would be the total (Maxwell) fields experience by a molecule which could, 
in principle, be written as a function of an externally (to the liquid system) applied field. Since the 
perturbing fields are small relative to the local (fluctuating) field found within the liquid [68], it can be 
reasonably assumed that they would have a minor impact on the characteristics of the local environment 
within the liquid. 

With the aim of reproducing a local environment representative of the liquid state, three liquid-phase 
models were investigated in our calculations. In each case the model serves as our RP. Model I Fig. 3(a) 
assumes a strong electric field of 0.03 au generated by two charges with opposite signs, applied to the 
water molecule along its z-axis. Model II Fig. 3(b) is defined to have a strong electric field (0.03 au) 
and a highly symmetric field gradient ({0.008, —0.008,0}) applied. For this model the water molecule 
has been placed in the xz plane and surrounded by two positive and two negative charges in an ideal 
tetrahedral arrangement (with an angle of 109.47°) at a separation of r = 6.204 au. Finally, in model HI 
Fig. 3(c), an electric field of 0.032 au and a less symmetric field gradient of {0.01, —0.006, —0.0038} 
were generated by three charges, in an arrangement reminiscent of a 3-site water potential model. The 
numerical values of field and field gradient for this model were chosen on the basis of the MD simulations 
results presented in the Section 2. 

3.3. Determination of field and field-gradient dependent coefficients 

During the last decade several different approaches have been proposed to calculate the coefficients in 
Eq. (2). The general formalism used in the present investigation determines the coefficients of this energy 
expansion by solving a set of linear equations [41]. Equation (2) must first be truncated and we choose 
to do so at fourth order in field and at first order in field gradient. We are then assuming that higher order 
terms contribute negligibly to the total energy and that they can be safely ignored. Following the scheme 
proposed in [41], Eq. (2) has been further simplified (taking into account the presence of both field and 
field gradient dependent components) to yield 

E(F, VF) = E°(F°, VF°) - /zF - 1/3QVF - l / 2 a F 2 - 1/3AFVF 

-1/6/3F 3 - 1/6BF2VF - 1/247F4, 

For the sake of convenience we are giving Eq. (9) in a general form using the symbols F and VF to 
represent perturbations from the corresponding components of field and field gradient, respectively, and 
the symbols F° and VF° to represent appropriate reference state conditions. 



A. V. Gubskaya and EG. Kusalik/A mean-field approach for the determination of the polarizabilities 653 

One further simplification can be made for separating terms dependent only upon field (/J,, a, /?, 7), 
only upon field gradient (0), and upon both field and field gradient (A and B). Retaining the terms in 
gq. (9) that are only field dependent, we obtain 

En(F) = F°(F°) -aF- 1/2//F2 - 1/6/JF3 - 1/247F4, (10) 

where En are single point energies when the perturbing fields ±F and ±aF have been applied in the 
•* y, z, xy, xz, yz directions. E° is the energy value when no perturbations are applied to the RP (see 
Section 3.2 for details). On the basis of Eq. (10) a set of linear equations can be derived to calculate 
the independent components of the /i, a, ft, 7 tensors for the water molecule. They have been given in 
Appendix, Eq. (Al). Two different magnitudes of field perturbation were compared, F = 0.005 au with 
0 as 1.5 and F = 0.0075 au with a — 1.3. It was found that for the gas phase conditions the results are 
essentially independent of the magnitude of the perturbing field (and a). For condensed phase conditions 
with a reference field of 0.03 au, the smaller perturbation magnitude was found to be more appropriate. 
Mean values of the dipole polarizabilities, a, /3,7, were calculated from the definitions given in [44]. 

In order to calculate the field-gradient dependent components, Eq. (9) was rewritten as 

F*(F, VF) = En{F) - 1/3QVF - 1/3.AFVF - 1 / 6 5 F 2 V F (11) 

where E*(F,S7F) are single point energies when a perturbing field, F , and field gradient, VF, are 
applied. The numerical value of the appropriate field dependent part of the total energy, En(F), was 
ytilized (as our fixed point energy) in each linear equation constructed. This allowed us to simplify 
greatly the solution of these equations, retaining exactly the same energy contributions from the field 
dependent part. For this case the working equations are also given in the Appendix, Eq. (A2). In 
Addition, the determination of Q, A and B can take advantage of the extra sets of equations (see Eq. (A3)) 
reflecting the traceless requirements (e.g. ByVtyy + Byy^zz + ByyfXX = 0) of these tensors. 

3.4. Computational details 

In this study many-body perturbation theory (MBPT) has been used to calculate the requisite perturbed 
energies and the resulting electrical response properties [11,44,50-52]. Calculations were carried out 
at the MP2 and MP4 levels of theory to account for electron correlations using GAUSSIAN 94 and 
GAUSSIAN 98 [53,54]. Inclusion of correlation is essential in determining accurate hyper- and high-
order polarizabilities. MBPT wavefunctions do not satisfy the Hellmann-Feynman theorem [55-57], and 
so multipole moments and polarizabilities tensors have been determined as numerical derivatives (via 
finite-difference) of the total perturbed energy [41]. 

It is well known that accurate determination of higher-order polarizabilities and hyperpolarizabilities 
demands high precision in the total energies. Following the criteria developed in Ref. [58], a conver
gence of 10~12 was identified as providing a sensible compromise between the level of accuracy and 
computational time. In addition we have found that the single point energies required to determine the 
coefficients in our linear equations must be presented with at least 10 digits after the decimal point to 
maintain numerically stable results for the electrical properties of interest. Reducing the number of 
decimal digits in the single point energies to 9 slightly changes, and to 8 or less dramatically alters the 
values of the desirable quantities. In the present study values of the MP2 energies were always taken 
with 12 decimal places, while MP3 and MP4 energies were taken with 9 decimal digits, as they are given 
by default in the output provided by the GAUSSIAN programs. 
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The choice of basis set is known to be crucial for obtaining accurate electric response properties 
of small molecules like water [11,44,59], and particularly that the inclusion of diffuse polarization 
functions drastically alters the computed higher-order polarizabilities [42,44-46]. To the best of our 
knowledge there is only a single experimental study for the higher-rank polarizabilities of liquid water 
which is restricted only to values of /? and 7, and at present there are no other ab initio theoretical 
data for those tensors available for comparison. In this work the aim was to calculate the desired 
quantities using well balanced, reasonably sized basis sets which are already known to give "high 
quality" polarizabilities for the water molecule under gas-phase conditions. Six one-particle basis sets, 
namely two of GAUSSIAN'S [53] built-in basis sets (6-311++G and AUG-CC-pVTZ), three large basis 
sets (Wl, W3, W5) proposed by Maroulis [44], and Sadlej's [60] polarizability consistent (POL) basis 
set were chosen for preliminary testing. The 6-311++G, AUG-CC-pVTZ, Wl, W3 and W5 basis sets 
were examined for their ability to give the field dependent (dipole) properties and the basis sets Wl and 
POL were used to examine field and field gradient dependent coefficients. We have repeated calculations 
of selected electrical properties under the same conditions used by previous authors to confirm the 
reproducibility of single point energies at the SCF, MP2 and MP4 levels (see [26] for a more detailed 
discussion of previous results obtained using the basis sets listed above). 

It was found that at the SCF level the accuracy of the dipole properties depends on quality rather than 
size of the basis set; accuracy decreases with the basis set chosen in the order W5 — W3 > Wl > AUG-
CC-pVTZ > 6-311++G. At higher levels of theory, the 6-311++G basis set could again be classified 
as the least satisfactory, particularly for (3 and 7 while Wl proved to be superior for determining dipole 
properties. Calculations of the quadrupole moment were carried out to choose an appropriate basis set 
for the field-gradient dependent properties for H2O. A comparison of our quadrupole moment data with 
the experimental values and those obtained with POL [61] and MPOL [47] leads to the conclusion that 
the Wl basis set is consistently superior for SCF calculations, while both the POL and Wl basis sets 
can, in principle, be utilized at higher levels of theory. 

The experimental equilibrium gas-phase geometry for the water molecule [59] (OH bond length of 
0.9572 A and 104.52° HOH angle) was employed in all our calculations. The molecule is defined to be 
in the xz plane with the z-axis along the symmetry axis and the centre of mass taken to be the origin. 

Atomic units are used throughout this paper. The conversion factors to SI units are as follows: for 
distance, r, 1 au (a0) = 0.529177249 x 10 ~10 m; for dipole moment, p, 1 au (eo0) = 8.478358 x; 
10~30 Cm; for quadrupole moment, ©, 1 au (ea2,) = 4.486554 x 10~40 Cm2; for polarizability, a, 1 au 
(e2alEyx

l) Si 1.648778 x 10~30 C 2 m 2 r l ; for first hyperpolarizability, /?, 1 au ( e 3 ^ ^ 2 ) a 3.206361 
x IO-53 C3m3J"2; for second hyperpolarizability, 7, 1 au (e4a^£^3) £ 6.235378 x 10~65 C 4 m 4 r 3 ; 
for dipole-quadrupole polarizability, A, 1 au ( e 2 ^ ^ 1 ) = 8.7250 x 10~52 C2m3J - 1; dipole -dipole-
quadrupole polarizability, B, 1 au (e3ajj££2) Si 1.6967 x J0~63 C3m4J~2. 

4. Results and discussion 

4.1. Field dependent properties of water 

For the first stage of the present study we have carried out gas phase calculations (i.e. no fixed electric 
field or field gradients applied) to confirm the reliability of our methodology and to identify an appropriate 
basis set by comparing our results with previous findings for polarizabilities of a single water molecule: 
Reliable experimental estimates of the low order field dependent quantities for water in the gas phase 
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Table 2 
Previously published theoretical and experimental results for the polarizability and hyperpolar-
izability tensor components of the H20 molecule in the gas phase 

Level of theory MP2 [65] MP [44] SCF + ECC[11] Experiment 
Basis set LP Wl PA, KT1 

H 0.7272 0.7219 0.7238 0.721", 0.7268b,0.7306c 

Otxx 10.03 10.13 9.93 10.31 ±0.08d 

<*yy 9.54 9.76 9.34 9.55 ± 0.08d 

Gzz 9.8 9.93 9.59 9.91 ± 0.08d 

a 9.79 9.94 9.62 9.92e, 9.81f 

fcxx -9.4 -10.1 -9.8 
Pzyy -5 .9 -6 .5 -5 .5 

0«* -13.7 -15.8 -13.8 

0 -17.4 -19.4 -17.5 -22.0 ± 0.98,-19.2 ±0 .9 h 

yxxxx 820 821 836 
lyyyy 2800 2900 2650 
yzzzz 1540 1575 1481 
Ixxyy 660 684 633 
*)'zzyy 750 779 711 
O't 2 £ X 420 464 439 

7 1764 1830 1706 2310 ± 120s, 1800 ±150 h 

aWerner and Meyer [62]. bClough et al [4]. cShostak et al [5]. 
dMurphy [54] (dynamic results obtained at 514.5 run). 
"Murphy [64] (averaged dynamic results obtained at 514.5 nm). 
f Spademan [63] (cummulative result of several experiments). 
B Ward and Miller [7] (rescaled by Shelton and Rice). hKaatz et al [8]. 

are available from the literature [4,7,62-64], and recently some previous results for /.i, (3, and 7 were 
updated [5]. These results, as well as the best theoretical estimates for field-dependent properties, are 
given in Table 2. As mentioned above the importance of electron correlation effects in calculations of 
honlinear dipole properties has already been confirmed in the previous literature [9,44]. In this study 
calculations were performed at the MP2, MP3 and MP4 (accounting for contributions from single (S), 
double (D), triple (T) and quadruple (Q) substitutions from the zeroth order wave function) levels. The 
results obtained at the highest levels of theory are discussed in detail elsewhere [26] and the present MP2 
results are given in Table 3. We only remark here that a move from the MP2 to MP4 level results in only 
a minor change in all dipole properties. 

Comparing data from Tables 2 and 3 one can see that our MP2 value for the dipole moment of 0.7312 au 
is in excellent agreement with the ground state value of 0.7298 au reported by Shostak et al. [5] (they 
have determined precise dipole moments of H2O in its ground state and in each of its singly exited 
vibrational states). In Table 3 the results for the polarizabilities and hyperpolarizabilities (especially for 
a and (3) obtained with the Wl basis set are in very good agreement with those determined by Sekino 
and Bartlett using an unconventional LP basis set [65] (see Table 2). Our MP2 value for a"(9.85 au) is in 
good agreement with the MP4 a (9.82 au) reported by Diercksen et al. [61], while our MP4 value of a 
(9.94 au) is virtually identical to that reported by Maroulis [44] and very close to the experimental value. 

The experimental values for (3 and 7, —22.0 ± 0.9 au and 2310 ± 120 au, respectively, were deduced 
from gas-phase EFISH measurements by Ward and Miller at a frequency of 694.3 nm [7]. More recently 
Kaatz et al. published new data for the hyperpolarizabilities of H2O (-19.2 ± 0.9 au for /? and 1800 ± 
150 au for 7) obtained at 1064 nm using an analogous experimental technique [8]. These two results 
clearly indicate the sensitivity of both hyperpolarizabilities to the experimental details, including the 
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Table 3 
Dipole properties of the water molecule in the gas and the liquid phase. All calculations were carried out 
with the W1 basis set at the MP2 level with a perturbing field of 0.005 au and a = 1.5 used throughout 

Gas phase Gas phase* Condensed phase Experiment 
(model 1) (model II) (model III) (model 111)'  

I'- 0.7312 0.7205 1.029 1.047 1.065 1.0575 
Ot-xx 10.02 10.11 9.94 9.59 9.55 9.62 
ayy 9.70 9.78 9.86 11.30 10.69 10.80 
azz 9.84 9.93 10.10 10.24 10.39 10.49 
En 9.85 9.94 9.97 10.37 10.21 10.30 

Pzxx -8.8 -9.8 4.1 4.3 5.3 5.7 
Pzyy -5.1 -6.1 18.8 31.7 10.2 10.9 
8,zz -14.1 -16.3 35.0 31.2 29.6 31.6 

0 -16.8 -19.3 34.7 40.3 27.1 28.9 
7KXXX 756 840 756 622 710 768 
lyyyy 2705 2990 3124 5486 4434 4936 
1'zzzz 1459 1587 2343 1997 2273 2504 
^fxxyy 598 666 695 729 814 902 
Izzyy 678 749 1128 1481 1074 1197 
"Jzzxx 399 438 551 392 446 490 
7 1654 1825 2234 2662 2417 2677 

"data obtained at MP4 level. 
"Revised value comparing with [26]. The original experimental value reported by Levine and Bethea [12] 
was rescaled following the scheme proposed by Mikkelsen et al. [16]. 

frequency of the EFISH measurements, that compound the difficulties faced in comparing them with 
theoretical data obtained at the static limit. 

The need of at least a crude estimation of the vibrational contributions to polarizabilities and hy
perpolarizabilities has given rise to discussions in the literature with regard of their significance. For 
example, Shelton and Rice [40] argued that the vibrational contributions to EFISH hyperpolarizabilities 
are only about 2% and 1% of ft and 7, respectively. This agrees well with the estimates of the puie 
vibrational contributions at optical frequencies by Bishop et al. [66], while Luo et al. [67] deduced 
that zero point vibrational averaging contributions are about 10% of the value of /3. Kaatz et al. [8] 
suggest that the difference between experimental values of the hyperpolarizabilities for H2O and D2O 
gives an approximate indication of the size of the vibrational contribution; the difference is 8% for 
both [i and 7 and so is consistent with the theoretical estimate by Luo et al. Relying on the result of 
Kaatz et al., one can deduce a static (5 of —17.3 ± 0.8 au and a static 7"of 1620 ± 135 au, which are 
in excellent agreement with our MP2 values. However, taking into account the apparent sensitivity of 
hyperpolarizabilities to the experimental frequencies, as well as the discrepancy in the assessments of the 
size of vibrational contributions and the necessity of a dispersion correction, the accurate comparison of 
theoretically determined static values with the experimental results available still remains problematic. 

Comparing estimates of the hyperpolarizabilities obtained in this work with theoretical data previously 
reported in the literature one can see that our MP2 value of /? (—16.8 au) compares favorably with that 
of Sekino and Bartlett [65], and the present MP4 result (-19.3 au) is also in excellent agreement with 
Maroulis' static value of —19.4 au [44] as well as the —19.6 au result reported by Guan et al. [10]. Our 
MP2 value of 7 is slightly lower in comparison with the value obtained in [65] at the same level of theory* 

Three sets of data, corresponding to our three models for liquid phase conditions, were determined 
and presented in Table 3. We emphasize here that model I was constructed to assess the influence of 
the field on numerical values of the polarizabilities of the water molecule, while models II and III were 

15.96* 

2858s 
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developed to assess the importance of the symmetry and magnitude of the field gradient experienced by 
a water molecule. 

Comparison of the only experimental result for hyperpolarizabilities obtained from liquid-phase EFISH 
measurements (at 1064 nra) with those reported earlier for gas phase shows that the value of 0 increases 
dramatically and actually undergoes a sign inversion. The change in 7"is significantly smaller, although 
its increase from 1800 to 2858 au is still a 60% increase in magnitude. Unfortunately, for such limited 
data, any estimates of the static limit of the electronic hyperpolarizability of water in the liquid state 
are not possible and a vibrational contribution and dispersion correction could not be taken into account 
in the following analysis. However, for liquid-phase conditions, with the lack of both theoretical and 
experimental data, even qualitative or semi-quantitative comparison with experimental results will be 
informative. 

The analysis of the results from model I together with those from models II and III (see Table 3) 
reveals the "response" of the dipole properties to the presence and the characteristics of a field gradient 
in the liquid phase model. One can see that p,z steadily increases from model I (when there is no gradient 
applied) to model III. The dipole polarizability, 57, exhibits only slight variation across the three models. 
At the same time, f3 and 7 increase from model I to model II and then both drop for model III. In 
particularly, for (3 this change is quite significant and the value of (3 for model ITI becomes considerably 
closer to the experimental estimate. Relying on results of MD simulations [68] to characterize the local 
environment in liquid water, and comparing the dipole properties for models II and HI with each other 
and with experimental (/? and 7) results, we conclude that the less symmetrical gradient (model III) 
described in Section 3.2 gives the most accurate representation of liquid-phase conditions. Comparison 
of this most successful model (III) with gas phase values in Table 4 reveals that \iz increases considerably 
from 0.7312 to 1.065 au (MP2 values), 57 increases only marginally, while /? increases significantly 
(changing sign) from —16.8to27.1 au and 7 grows from 1654 to 2417 au (approaching the experimental 
value). In addition, the value of the dipole moment itself can serve as an independent criterion for the 
quality of our model representations. Recent theoretical estimates for the dipole moment of H2O in 
condensed state [14,24,69] range from 2.4 to 3.1 D. Our dipole moment values of 1.065 au (2.71 D) 
and 1.057 (2.69 D) for model III at the MP2 and MP4 levels, respectively, fall nicely within this range. 
Moreover, they are in an excellent agreement with the very recent result of 2.64 ± 0.17 D reported by Tu 
and Laaksonen [22]. Taken together all these results suggest that model III is a reasonable representation 
of the local electrical environment within liquid water. 

To the best of our knowledge only one other theoretical study confirming the dramatic increase in nu
merical value (the changing sign) of the first hyperpolarizability of liquid water has been published [16]. 
This previous work investigates the solvent effects on the hyperpolarizabilities and their frequency 
dispersions for liquid water using continuum, semicontinuum and supermolecular models. The semi-
continuum calculations at ui = 0 produced a p of 15.52 au which is in good agreement with that reported 
by Levine and Bethea [12]. Although the /? reported in the present study is somewhat larger than the 
only experimental value available, our results could be classified as the first ab initio estimates of the 
first hyperpolarizability for H2O in a liquid state. 

4.2. Field-gradient dependent pwperties of water 

The field-gradient dependent properties of water (0 , A and B tensors) were calculated under nonho-
mogeneous field conditions with perturbing fields of 0.005 au and perturbing field gradients of 0.001 au 
applied either to gas phase or to liquid-phase reference state conditions. The quadrupole moment is 
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Table 4 
Independent components of the A (2 of 4) and the B (6 of 9) tensors for water 

Conditions Basis set A z , u A*,„ B 2 2 , I2 " £ X, XX **xx,zz &yy,zz "ZZ,XT Oyy,xx 

Gas phase 
MCSCF [a] [c] 2.54 2.44 — - - - — -
CCSDT-1 [b] MPOL 2.31 2.28 -133.0 -94.9 50.2 109.8 82.8 144.7 

Present work 
POL* 1.58 2.02 -129.5 -91.6 44.2 92.8 75.0 118.4 
Wl* 0.89 2.73 -154.2 -104.2 58.3 110.9 90.9 126.1 

POL" 1.66 2.09 -133.5 -93.6 44.6 94.2 79.1 121.8 
W l " 0.91 2.83 -159.6 -107.2 60.0 114.1 94.7 130.9 

Cond. phase 
model I POL* 4.05 -2.00 -153.9 -83.5 43.2 95.8 96.7 129.1 

W!" 3.87 -2.12 -197.8 - 9 6 . 1 55.1 113.6 124.0 147.5 
model If POL" 4.07 -1.25 -137.8 -66.0 42.5 138.2 105.0 185.0 

Wl* 3.95 -1.20 -169.8 -76.1 58.2 175.7 139.7 232.6 
model III POL* 3.54 -2.26 -165.9 -67.4 41.7 124.3 110.2 159.1 

Wl* 3.00 -2.12 -206.2 -79.9 58.4 158.3 138.4 180.8 
POL** 3.67 -2.29 -170.9 -68.7 42.5 127.4 114.7 165.7 
Wl** 3.11 -2.16 -214.0 -81.4 60.0 164.6 145.4 190.6 

*MP2 level of theory, **MP4 level of theory. 
a - Bishop and Pipin [49]. 
b-Plutaetal. [47]. 
c - [5s, 8p, 3d / 2s, 2p]. 

the only coefficient in the truncated total energy expansion dependent upon field gradient only, while 
the A and B tensors (high-order polarizabilities) couple to both field and field gradients, appearing as 
coefficients of F V F and F 2 V F , respectively, in the energy expansion Eq. (11). We have calculated the: 
values of all the components of quadrupole moment for water in gas and in liquid phase; results were 
reported in [26]. Comparison of our gas phase values for G with other theoretical determinations and 
with those from experiment guided our choice of appropriate basis sets for all field gradient dependent 
properties. The numerical values of 0 for a liquid phase of water molecule display approximately 10% 
elevation in comparison with an isolated molecule [11,47,49]. We also would like to direct readers 
to [26] for MP3 and MP4 results for the A and B tensors. 

There has been no experimental evaluation of the high-order tensors A and B for H2O in gas phase 
and the number of theoretical studies is rather limited. For the A tensor two sources of theoretical data 
at a correlated level are available, these are multiconfigurational self consistent field (MCSCF) [49] 
and coupled cluster density matrix (CCSDT-1) [47] calculations for an isolated water molecule. The 
components of A calculated by means of these methods are compared with the results of the present work 
in Table 4. The values obtained in the present investigation are generally lower than those previously 
reported for the components Az<xx and Az,Zz with both the POL and Wl basis sets. The results obtained 
with the POL basis set can be considered to be in acceptable agreement (our value of A ZiZZ is 2.02 au vs 
2.28 au [47] and 2.44 [49]), while the values calculated with Wl, and particularly Az<xx, are not as close 
to those of other authors. It is also not surprising that our results agree better with those of [47] than [49]. 
Similar basis sets (POL and MPOL) were used in the calculations, and moreover, the CCSDT-1 and 
MBPT approaches capture more electron correlation effects than does MCSCF [49]. 

In the present work, 6 of the 9 independent components of the B tensor were calculated; they are 
also given in Table 4. There were no MCSCF values for the B tensor determined in [49] with which to 
compare. The values of BZZtZZ, BXXjXX, and BXXiZZ determined with POL agree well with those calculated 
with the similar basis set by Pluta et al. [47], while ByViZZ, BZZtXX and Bmxx are slightly lowered. In 
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general, the values of B reported in [47] lie approximately in between our estimates calculated with POL 
and Wl. This numerical behavior is indicative of the high sensitivity of the B tensor to the quality rather 
than to the size of a basis set. On the basis of careful analysis and our experience in related calculations 
of the temperature dependence for the total molecular dipole moment of liquid water (performed with 
the values for the B tensor given in Table 4), we would recommend the POL basis set to be preferable 
for the calculations of these quantities. 

To our knowledge, there are no other theoretical or experimental data reported for the A or B tensors 
for a condensed phase water molecule. These properties calculated with the POL and Wl basis sets for 
a liquid phase molecule are given in Table 4. The components of the A tensor, like (3, display a much 
stronger dependence on the local environment. The values of A z%xx were found to be more than two 
times higher for the liquid phase than for the gas phase, and the AZiZZ component changes sign. Although 
for models I and II there is no significant discrepancy in the values of 0 and A obtained with the two 
different basis sets, for model III the discrepancy becomes more noticeable. 

Analysis of the available components of the B tensor in liquid phase conditions reveals that they are 
of similar magnitudes as those for gas phase, with the signs of all the components remaining unchanged 
(two negative and four positive). There are no general overall trends in the behavior of these coefficients 
for all three models. For example, BZZjZZ and Bxx_xx increase as model II < model I < model III. 
Bxx,zz remains almost unchanged, while Byy,zz is smaller for model I than for model II and III, with 
model in < model n. Bzz^xx is enhanced slightly in the sequence model I < model II < model in. 
Sometimes the rearrangement of contributions for each component appears to be quite significant as 
evidenced by the values for ByVtXX. The numerical values of the B's calculated with the POL basis set 
are approximately 25-35% lower than those calculated with Wl. It would seem reasonable to extend to 
liquid phase condition the conclusion from our analysis of the gas-phase results, namely that while both 
of the basis sets used can be considered appropriate for determination of the quadrupole moment for the 
water molecule, the POL basis set is preferable for field and field gradient dependent properties. 

5. Conclusions 

In the present work a new method has been outlined which allows the determination of the molecular 
polarization response properties for small (e.g. water) molecules in the liquid state. The principal results 
of this work include both methodological development and the results of its application to the water 
molecule. A mean-field approach has been utilized to represent the environment experienced by a water 
molecule in liquid phase. Our methodology consists of two critical components, hi the first component, 
liquid phase MD simulations for two popular water models were performed to determine the average 
local electric field and field gradient experienced by each water molecule due to its surrounding. In the 
second component, ab initio calculations were carried out to determined molecular polarization response 
properties (in particular polarizabilities) of the water molecule when conditions reproducing a liquid 
phase environment (the strong field electric field and field gradient determined above) were applied to 
the single water molecule. To accomplish this second component we have developed a scheme whereby 
the strong electric fields and electric field gradients required are produced by sets (arrangements) of fixed 
charges. We then adapted a special energy partitioning method to extract nonlinear optical coefficients in 
the presence of these fixed fields and field gradients, where we have found that the method requires very 
accurate values of the single point energies. A careful choice (or construction) of basis set and inclusion 
of electron correlation effects were both basic requirements necessary to determine accurate values of 
the NOP, especially for high-order coefficients. 
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There may be some restriction, however, on the applicability of this mean-field approach. Fowler 
and co-workers [70-74] performed ab initio studies of multipole poiarizabilities of anions and ionic 
crystals and identified large short-range contributions to the induced multipoles in addition to the regular 
(Coulombic) contributions arising from electric field and field gradient effects. The origin of these short-
range contributions is associated with the overlap of the cation and anion electron densities and results 
in a sharp drop in the polarizability and related hyperpolarizabilities of the anion [70,71 ]. Nevertheless, 
on the basis of the previous results obtained for the variety of molecular species, it is reasonable to 
expect these short-range contributions to be negligible for small water-like molecules in which the local 
environment in liquid stale differs considerably from that of ionic crystals (such as, for example, LiF). 

To determine the numerical values representing the electric fields and electric field gradients expe
rienced by a water molecule in the liquid, basic characteristics (averages, width and proportionality 
constants) of the appropriate distributions are first required. These parameters were obtained in the first 
part of the present study from MD simulations employing the SPC/E [34] and TTP4P [33] water models 
for liquid systems from 263 to 373 K. The values obtained for the average local electric fields and field 
gradients demonstrate some sensitivity to the choice of potential model, but this sensitivity becomes less 
pronounced when considering the temperature-dependent behavior of these distributions. 

In the second part of this work, our ab initio study, five basis sets were examined for their ability to 
reproduce the gas phase NOP for water [26]. Two of them (Wl [44] and POL [60]) give very good, 
correlated results. Further detailed analysis showed that for field dependent properties, the basis set 
Wl is somewhat superior. For field-gradient dependent properties both basis sets could be successfully 
explored. However, careful analysis led us to conclude that while both the POL and Wl basis sets give 
excellent results for the quadrupole moment, for both the A and B tensors POL appears preferable. 

We have explored three different models (I, IT and HI) in our ab initio calculations to mimic the 
electrostatic environment in liquid water. For all models the required electric fields and field gradients 
were generated with sets of fixed charges. Because of the fact that model III attempts to reproduce 
most closely the field and field gradient conditions observed in classical simulations of water, one could 
expect this model to be the most "realistic". For model III, calculations were performed at both the MP2 
and MP4 levels (see also [26]), although no significant difference was noted between the MP2 and MP4 
coefficients. In comparison with gas phase results the value of the dipole moment, \iz, for liquid water 
increases substantially, by approximately 45%. The dipole polarizability, a, remains almost unchanged, 
while the first hyperpolarizability, /?, increases dramatically and changes sign, in accord with experiment. 
The second-order hyperpolarizability, 7, also increases (by about 50%) and demonstrates sensitivity to 
modeling conditions. The magnitudes of the major components (xx and yy) of the quadrupole moment 
are observed to increase (by about 15%) while the changes in the components of the A tensor are 
again more spectacular. Some values of the B tensor for the liquid phase are higher (typically by 30%) 
than those for gas phase conditions, however this trend is not universal. In general, the NOP we have 
determined should reasonably represent those of liquid water. 

The excellent agreement of our gas-phase results with experiment and with the most accurate previous 
theoretical predictions provides confirmation of the soundness of our methodology for extracting NOP for 
water or other small molecules (e.g. ammonia). It is also worth noting that the MP2 values for hyper- and 
high-order poiarizabilities reported here were used as a crucial part of a theoretical formalism developed 
to predict the temperature dependence of the total molecular dipole moment for liquid water [68]. 
The consistent trend observed in these results as well as excellent agreement with other studies for 
the absolute value of the total dipole moment at ambient temperature provides further evidence of the 
quality of our higher order poiarizabilities and the reliability of our theoretical models. In conclusion we 
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suggest that improvements in the characterization of the required properties of the field and field gradient 
distributions (e.g. a better choice of potential model), a superior choice of reference conditions together 
with utilization of a larger, "quality" basis set would allow for some further refinements of the results 
reported here. 
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Appendix 

The linear equations to calculate the field dependent properties (/j, a, /3,7) for the water molecule are 
as follows: 

Ex = E° - ii„(F,) - l /2a 2 2 (F 2 ) 2 - 1 / 6 / W F , ) 3 " l/2Alzzzz(Fz)\ 

E2 = E°- IJLZ{CTFZ) - l/2azz{aFz)
2 - l/d(3zzz{aFzf - \/2Alzzzz{aFz)\ 

E3 = E°- nx(-Fs) - l/2azz(-Fz)
2 - l/6(3zzz(-Fz)

3 - 1/2^ZZZZ(-FZ)\ 

EA = E°- fix(-aFx) - l/2azz(-aFz)
2 - l/G(1zzz(-aFz)

3 - \/2Alzzzz{-aFz)\ 

E5 = E°- l/2axx{Fx)
2 - l/24lxxxx{Fx)\ 

E6 = E°- l/2axx(aFx)
2 - l/2Ajxxxx(aFx)\ 

E7 = E°- l/2ayy(Fy)
2 - l/24%yyy(Fy)

4, 

E8 = E°- l/2aw(<7F„)2 - \/2Alyyyy{aFy)\ (Al) 

E9 = E° - fxz(Fz) - l/2azz{Fz)
2 - l/2axx(Fx)

2 - l/2fizxx(Fz)(Fx)
2 - l/Q0zzz{Fzf 

-l/*lzzxAFz)
2(Fx)

2 - l/2Alzzzz{Fzf - l / 2 4 7 l I I I ( F I ) 4 , 

E10 = E° - H*(-Fs) - \/2azz{-Fz)
2 - \/2axx{Fx)

2 - l/2(3zxx{-Fz){Fxf - 1/60ZZZ(-FZ)3 

-l/±lzzXX(-Fz)
2{Fx)

2 - l/2Alzzzz{-Fz)
4 - l/247xxxx(Fx)\ 

En =E°- fiz(Fz) - l/2azz(Fz)
2 - l/2ayy(Fy)

2 - l/2(3zyy(Fz)(Fv)
2 - l/G(3zzz(Fz)

3 

-l/A7zzyy(Fz)
2(Fy)

2 - l/2Alzzzz{Fz)
4 - \/2Alyyyy{Fy)

4, 

En = E°~ t,z(-Fz) - l/2azz(-Fz)
2 - l/2ayy(Fy)

2 - l/2(3zyy(-Fz)(Fy)
2 - l/60,„{-FM)* 

-l/Alzzyy(-Fz)
2(Fy)

2 - l/24lzzzz(-Fz)
4 - l/24<yyyyy(Fy)\ 

En =E°- l/2axx(Fx)
2 - l/2ayy(Fy)

2 - l/Alxxyy(Fx)
2(Fy)

2 

-l/2Alxxxx{Fx)
4 - l/2Alyyyy(Fy)

4. 
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The set of linear equations to calculate field-gradient terms (0, A and B) in the total energy expansion 
are as follows: 

E*x = E1- l/3QzzFzz - 1 /30 W F W - l/3exxFxx - l/3AZiZZ(Fz)Fzz - 1/3AZ)XX(FZ)FXX 

-l/3Az,yy(Fz)Fyy - l/6Bzz,zz(Fz)
2Fzz - l/SBzz,yy{Fz)

2Fyy - l/6Bzz,xx{Fz)
2FXXi 

E*2 = Ei - 1/3QXXFZZ - 1/3QZZFXX - l / 3 e w F w - 1/3AZ,XX(FZ)FZZ - 1/3 AZyZZ(Fz)Fxx 

-l/3AZtyy(Fz)Fyy - l/6BZZtXX(Fz)
2Fzz - l/6Bzz,zz(Fz)'

2Fxx - l/QBzzm(Fz)
2Fyy, 

E% = E3 - l/3QzzFzz - l/3eyyFyv - l/3exxFxx - 1/ZAZ,ZZ(-FZ)FZZ - l/3Az,xx(-Fz)Fn 

-ll3Azm{-Fz)FyV-l/%Bzz>zz{-Fz)
2Fzz-\l$BZZtyy{-Fz? 

El = Ez - 1/3QXXFZZ - 1/30ZZFXX - l/3eyyFyy - l/3AZ}XX(-Fz)Fzz - l/3AZyZZ(-Fz)Fxx 

-l/3Az,yy(-Fz)Fyv-l/6Bzz<xx(-Fz)
2Fzz-l/6Bzz>zz(-Fz)

2F^^ 

El = E5-l/3GzzFzz - IfZQyyFyy - 1/3QXXFXX - l/6Bxx,xx(Fx)
2Fzz - l/6Bxx,yy(Fx)

2Fn 

-1/GBXX>ZZ(FX)2FXX 

£6* = E5 - l/3BzzFzz - l/3GyyFyy - l/3QxxFxx - l/QBXXtZZ{-Fx)
2Fzz 

i-/vBxx,xx{ rx) rxx — i-/v£JxX,yyy~-£x) Fyy, 

E$ = E7- 1/3QXXFZZ - 1/3@ZZFXX - l/3QyyFyy - l/6Byy>zz(Fy)
2Fzz 

— L/(iByy;yy(ry) Fyy — l/OByytXXl<XX, 

El = E7 - l/3BxxFzz - l/3GzzFxx - l/3&yyFyy - l/6Byy>xx(-Fy)
2Fzz 

— l/6Byyyyy( — Fy) Fyy — 1 j6 Byy >ZZ\~ ' J / ) ^ XX ! 

EQ = E — l/3QzzFzz — \/3QyyFyy — \J3QXXFXX 

•̂ 10 — E - l/3QxxFzz — l/3QzzFxx — l/3QyyFyy 

where E° again is the energy value when no perturbing field and perturbing gradient are applied, E\ to 
F13 are single point energies when the appropriate perturbing field is applied, E* to El are the energies 
when both perturbing field and field gradient are applied, and Eg to E{0 are the energies when only 
the appropriate perturbing gradient is applied. In addition, the following extra set of equations must be 
solved together with Eq. (A2) to account for the traceless requirements of the 0 , A and B tensors: 

(A3) 

(A2) 

®vv = " . T . T Bzz, 

Az,yy = — A z < z z • ~ ^-Z,XXl 

k>zz,yy = ~~&zz,zz — BZZiX 

Byy,yy — -"ra.zz "yy,xx-
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