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Recent activity in understanding the dynamics of solvation has also renewed 
interest in the time dependent behaviour of polar liquids. In this article we report 
a study of the transient polarization response of a diplar liquid to the instan
taneous application of an electric field. The time-dependent response of a Stock-
mayer system is examined with nonequilibrium molecular dynamics simulations 
using two different techniques, the substration method of Ciccotti, Jacucci and 
McDonald and the transient time correlation function formalism of Evans and 
Morriss. The two approaches are compared at several field strengths and, 
unlike earlier work with shear flow in atomic fluids, the former is found to be 
superior at least for the present implementation. This study greatly expands upon 
the previous calculations of Petersen, de Leeuw and Perram. However, we are 
unable to find any data from our simulations that supported their conclusion that 
nonlinear effects become important at smaller fields than previously thought. The 
present results are in good agreement with the behaviour predicted by other static 
field calculations. 

1. Introduction 

The determination of the dielectric properties of polar liquids by computer simu
lations has presented in the past both conceptual and computational problems. 
Although many of the conceptual difficulties have now been resolved [1-6], the 
accurate calculation of the dielectric response for a polar liquid still represents a major 
computational task [6-10]. Several studies have explored alternative approaches to 
the usual fluctuation formula for obtaining the static dielectric constant e, applied 
field simulations being the preferred [11-16] although not the only [17, 18] alternative. 
The bulk of this work has focused upon simple dipolar fluids and has used the 
equilibrium value of the polarization P in the presence of a static homogeneous 
applied electric field E0, in order to determine e. In a recent article, Petersen et al. [15] 
have reported not only static field results, but also the transient (time-dependent) 
response of the system to the instantaneous application of a constant field. They have 
employed the subtraction technique of Ciccotti et al. [19, 20] and, from their observed 
response functions P(t), have concluded that nonlinear (saturation) effects become 
important at smaller fields than was previously thought. Unfortunately, these findings 
appear to be inconsistent with other applied field studies [11, 14, 16]. 

In their simulations of Stockmayer fluids in periodic spatially-varying applied 
fields, Pollock and Alder [11] found essentially linear behaviour until the field was 
sufficient to produce a polarization density larger than about one-third its maximum 
value. Although these results are at finite wavelength, one might not expect them to 
differ greatly from k = 0 behaviour. The work of Adams [12, 13] on dipolar hard-
sphere and Stockmayer systems suffers both from poor numerical precision (due 
Presumably to inadequate run length) and from systematic errors due to insufficient 
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accuracy in their evaluations of the Ewald sums for the dipole-dipole potentials. An 
attempt [3] has been made to correct the dielectric constants reported by Adams, but 
we have recently shown [7, 17] that the expression employed by Neumann and 
Steinhauser is quantitatively incorrect for at least one highly polar fluid. In recent 
simulations of water, Alper and Levy [14] observed essentially linear response to a 
homogeneous applied field even when the polarization density was about one-quarter 
its saturation value. In systematic studies of dipolar soft-sphere fluids in both static 
and oscillatory electric fields [16], we have found that nonlinear effects are not 
detectable until the dipole saturation is more than about 20% and become significant 
only at about one-third saturation, in agreement with Pollock and Alder [11]. Clearly 
a closer examination of the work of Petersen et al. [15] is warranted. 

The relevant static field results of Petersen et al. are given in table 2 of reference 
[15]. For run (d), where the polarization density is about 9% of its maximum value 
the dielectric response, as measured by both gp(E) and gf{E), is still linear to within 
uncertainty. It is not until run (f), where the dipolar saturation is again approximately 
one-third, that nonlinear behaviour is exhibited by both gp(E) and gf(E). Thus, their 
static field results appear to be in accordance with other calculations [11, 14, 16], 

The time-dependent polarization response functions determined by Petersen et al. 
can be seen in figures 2 and 3 of reference [15]. We point out that the response in both 
figures appears to be incorrectly labelled; the correct representation in their notation 
should be M(t)INfiEext. Focusing on their figure 2, the first striking feature is the 
apparent nonlinear behaviour evident for Eext = 05 which is exactly the same field 
strength employed in their static field calculation reported as run (d) in table 2 of 
reference [15]. Clearly, the two results are inconsistent. Moreover, the magnitude of 
the nonlinear effect is seemingly unaffected by a more than twofold reduction in the 
field strength. This apparent independence of field strength of the nonlinear behaviour 
in the polarization response of a polar liquid would be a very surprising result indeed 
[21]. Therefore, we are forced to conclude that in fact the time-dependent results of 
Petersen et al. [15] are incorrect. 

There are several possible sources for error in the transient response calculations 
of Petersen et al. [15]. They have employed a 5th order predictor-corrector algorithm 
to integrate their equations of motion, whereas Evans and Morriss [20] have suggested 
that self-starting methods (which achieve full accuracy in the first timestep) be used 
in studies of transient response. Also, Petersen et al. [15] have exploited a Nose-type 
thermostat [20, 22, 23]. Unfortunately, they have not reported the value used for the 
thermal inertia parameter Q, nor have they indicated whether or not they had ensured 
that the measured response was independent of Q. In an equilibrium simulation, Q 
controls the rate of temperature fluctuation [23], while at nonequilibrium, it will 
determine the relaxation time of the thermostat [20], Hence, in the present context, it 
would be possible for the polarization response to couple to that of the Nose 
thermostat. Finally, we remark that the curves shown in figure 2 of reference [15] 
represent averages over only 90 trajectory differences (i.e., averages over 90 equi
librium starting states). It has been argued by Evans and Morriss [20, 24] that, while 
the subtraction method may work well at short times, it is usually unable to give 
clear-cut steady-state averages (at small fields) since Lyapunov instability gives rise to 
an exponential growth in the noise in the transient response function with respect to 
time. Evans and Morriss [20, 25] have introduced an alternative approach which they 
call the transient time correlation function (TTCF) formalism. Based on results for 
a simple atomic fluid subject to planar Couette flow, Evans and Morriss [20, 24] have 
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concluded that at small fields the TTCF method is superior to the subtraction 
technique. They have also extended the TTCF approach in order to explicitly deter
mine nonlinear effects at arbitrarily small fields. 

The purpose of the present study is essentially twofold. First, we repeat and greatly 
expand upon the nonequilibrium molecular dynamics calculations of Petersen et al. 
[15] in an effort to reproduce their results and to determine any possible influences due 
to thermostat or trajectory accuracy that might help to explain their anomalous 
findings for the transient polarization response. We also investigate the utility of the 
TTCF formalism of Evans and Morriss as applied to the response of polar fluids to 
electric fields. 

2. Response functions 

Linear response theory predicts that at some time / after the field E0 is instan
taneously applied to polar fluid, the polarization will be given by [20, 21] 

Pit) = ^f1 = ^ [C(0) - C(t)], (1) 

where 

M(t) = £ / i , (2) 

is the total dipole moment, C(t) = <M(0 • M(0)> is just the total-dipole autocorre
lation function obtained at equilibrium (in the absence of an applied field), N and V 
are, respectively, the number of particles and volume of the system, and /? = \jkT. 
In the difference or subtraction technique originally proposed by Ciccotti et al. [19] 
one computes both a field-on and a field-off trajectory from the same equilibrium 
starting point. This method takes advantage of the fact that, at least for short times, 
these two trajectories will be highly correlated and, hence, the noise in the response 
function will be greatly reduced by simply forming the difference. The polarization is 
then given by 

P(t) = | < A M ( 0 > = ^(M(t;E0)- M(/;0)>, (3) 

where M(t; E0) and M(t; 0) are, respectively, the field-on and field-off responses, and 
( . . . ) indicates the appropriate ensemble average over equilibrium starting states. 

The TTCF formalism of Evans and Morriss [20, 25] was originally employed with 
simple atomic fluids, but its application to the current study is straightforward. 
Starting with general forms given by Evans and Morriss (e.g., equation (7.33) of 
reference [20]) and identifying the dissipative flux, 

= =$». (4) 
; = 0 

we obtain 

P(t) = ?y j " <M(s)M(0)}ds, (5) 

where P(t), M(t) and M(0) are all measured in the direction of the field and we have 
used<A/(0)> = 0. 

7(0) 
dP(t) 

dt 
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It is useful at this point to examine the short and long time behaviour of the TTCF 
expression given in equation (5). For s = 0 it immediately follows (cf., equation 
(7.1.8) of references [26]) that the integrand 

<M(0)M(0)> = 0. (6) 

As s becomes large we would expect M(s) and M(0) to be uncorrelated. Therefore we 
can write that 

lim <M(s)M(0)> = <M(5)><M(0)> = 0 (7) 
s-*ao 

since < M(0) > = 0. We remark that equations (6) and (7) are general results, since no 
system-specific properties have been exploited. 

The detection of nonlinear effects is an important aspect of the present work. In 
order to examine such effects, particularly at small fields, Evans and Morriss [20, 24] 
have introduced the differential transient time-correlation function (DTTCF). The 
DTTCF method returns only the nonlinear part of the total response by differencing 
TTCFs and formally removing the linear component. Applied to the current system 
the strictly nonlinear polarization response is given by 

<[M(f;£0) ~ M(t;0)]M(0))ds, (8) 
o 

where i>NL(f) is measured in the direction of the perturbing field. 
In calculations for the transient response, P(t), the initial ensemble of starting 

states required by both the subtraction and TTCF methods can be generated from a 
single field-off trajectory. At specific points (usually equally spaced) in this equi
librium simulation field-dependent nonequilibrium trajectories are started. The interval 
between the starting states should be long enough to ensure that they are essentially 
uncorrelated so as to sample appropriately phase space. In order to improve the 
efficiency of this process, Morriss and Evans [20, 24] have introduced what they term 
phase-space mappings. With this technique, a single point on an equilibrium trajec
tory can be used to provide more than one starting state. A detailed description of this 
approach as applied to shear flow can be found in references [20] and [24]. For present 
purposes, it will be sufficient to focus upon the consequences of such mappings. 
Morriss and Evans [20, 24] claim that one of the important advantages of this 
procedure is to guarantee the correct long-time behaviour (cf., equation (7)) for the 
TTCF. In terms of the present notation, they argue that by generating starting states 
in pairs such that if one has dissipative flux M(0) the other has — M(0) (of course, in 
the ensemble these two states must be equally probable) then the average dissipative 
flux will always be equal to zero and the limit in equation (7) assured. Unfortunately, 
this claim is not correct for finite numerical averages. The point that is ignored in the 
Morriss and Evans argument is that the first equality in equation (7) holds only for 
true ensemble averages. However, this trajectory mapping (or pairing) technique can 
improve the short-time behaviour of the TTCF. Identifying the trajectories of the pair 
as A and B, where the mapping is such that M is unchanged, then MA(s) and M (s) 
will be highly correlated for small s; for 5 = 0 they must be equal. Thus at s = 0 

MA(0)M(0) - MB(0)M(0) = M(0)[MA(0) - MB(0)] = 0, 0 

and equation (6) will always be satisfied. We point out that a mapping which takes 
M -* — M but leaves M unchanged will have the same property. 

In this study we have employed only a single phase-space mapping, the time 

PNL(t) = P^o 
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reversal mapping [20, 24], which consists simply of a reversal of the signs of all 
momenta. Clearly, this mapping satisfies the requirement that the phase points (p,q) 
and (— P>Q) a r e equally probable and has the desired effect that M -* — M while M 
is left unchanged. 

3. Model and simulation methodology 

As a detailed description of the present model and general simulation methodology 
can be found elsewhere [7, 15, 20, 23], here we only briefly outline some important 
points. 

In the present calculations we employ a Stockmayer fluid for which the energy of 
interaction, w(12), between any two particles 1 and 2 is simply given by the sum of the 
usual Lennard-Jones potential, 

"uW = 4eL (10«) 

and the dipole-dipole interaction, 

«dd(12) = - 3 0 / , • r)(jt2 • r)/r5 + ^ • n2\r\ (10*) 

where /«, and fi2 are dipole moments and r = r2 — r,. As in reference [15], we take 
the number of particles TV = 108. Periodic boundary conditions are employed with 
the required lattice sums being performed using the Ewald summation technique [2, 
8,23]. In our simulations, the real space sum was carried over all nearest images, while 
in reciprocal space only those vectors n for which n2 < 42 were included. The unitless 
convergence parameter a was set at 5-75, a value which proved quite sufficient in 
previous work [7] with a highly polar fluid. In all our simulations, the dielectric 
constant £RF of the surrounding continuum was taken as 21, the same value employed 
by Petersen et al. [15]. 

In the presence of a homogeneous applied field E0, the total energy of the system 
becomes 

v = u - X n-Eo, (i i) 
1=1 

where U is just the total energy with the field off. In this article we consider only the 
applied field E0 actually experienced by each particle. Moreover, we always take it to 
be directed along the z axis. 

In the present study, we wish to examine the average response of the system (i.e., 
its relaxation back to equilibrium) to the instantaneous application of the field E0 at 
time / = 0. If we desire the transient response measured under constant temperature 
conditions, then we must, at least in principle, employ a thermostat, since the electric 
field does work on the system. We consider two types of thermostat: the Nose [20, 22, 
23], which generates the canonical ensemble, and the Gaussian [22,23], which samples 
starting states from the isothermal ensemble. In both cases we can write the equations 
of motion as 

P = F, - 7,/>, (12a) 

and 

k% = 7] - yrA(, (12*) 

where the equations governing the motions of the positional coordinates remain 
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unchanged by the thermostats. In equations (12), />, and A,- are, respectively, the linear 
and principal angular momenta of particle i, Ft is the force and Tt is the torque acting 
on particle i. In the Hoover reformulation of the Nose thermostat [20] 

#, = t = Q(T- T0), (13) 

where J is the current (total) temperature of the system, T0 is the desired temperature 
and Q is the thermal inertia parameter discussed above. With Gaussian isokinetic 
equations of motion two different thermostating approaches are possible for the 
present model. One approach, which has been used in previous equilibrium simulations 
[7, 17, 27], maintains a constant total kinetic energy Km, and we have 

Z p, • FJm,- + Z V (T, - EQ x ft,)/!,-
yi = y< = ~ ^ T 7 . v ,2/r > (14) 

Ztf/m,- + Z If 11, ' 
i i 

where w, and 7, are the mass and principal moment of inertia, respectively, of molecule 
i. The second method fixes the translational, A t̂rans, and rotational, Kmt, kinetic 
energies independently, in which case 

Z p, • Film, 

I pflm, (15a) 

and 

i 

In our calculations the equations of motion were integrated using primarily a fourth-
order Gear algorithm, although third and fifth order methods were also tested. In our 
final and most extensive set of runs a fourth order Runge-Kutta algorithm was 
utilized for the first four timesteps immediately after application of the electric field, 
in order to improve the numerical accuracy of the individual trajectories. Values of 
both 00025 and 0-002 were employed for the reduced timestep At. 

Trajectory lengths of 500 timesteps were used exclusively in all our nonequilibrium 
molecular dynamics simulations. After an appropriate equilibration period a typical 
calculation would proceed as follows. Starting from a phase point on the equilibrium 
trajectory (which is temporarily stored), the field E0 is turned on and the evolution of 
the system is followed for 500 timesteps. For those runs in which phase-space 
(time-reversal) mapping was employed, one again starts from this saved state, applies 
the mapping, and determines a second field-on trajectory. Returning a final time to 
the starting state, the equilibrium calculation is then continued for another 500 
timesteps and the whole process repeated. In the present study, runs consisted of 
between 200 and 1000 nonequilibrium trajectories (see table 1). Thus, the present 
calculations are as much as an order of magnitude longer than those of Petersen et 
al. [15]. 

4. Results and discussion 

The Stockmayer fluid we have considered is exactly that studied by Petersen et al 
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Table 1. Nonequilibrium molecular dynamics calculations performed. 

Run 
Number of 
trajectories E„ At 

Algorithm 
and order" Thermostat 

Al 200 0096 00025 G-4th Nose(g = 0-1) 

A2 200 0096 00025 G-4th Nose(Q = 1) 

A3 200 0 096 00025 G-4th Nose (Q = 10) 

A4 200 0096 00025 G-4th Gaussian 
(KlM fixed) 

A5 200 0096 0-0025 G-4th Gaussian 
(K,ram, ^rot h * e d ) 

Bl 400 0096 0002 G-3rd Gaussian 
(Km fixed) 

B2 400 0096 0-002 G-3rd Gaussian 
(KlM fixed) 

B3 200 0096 0-002 G-4th Gaussian 
(A"tol fixed) 

B4 400 0096 0-002 G-5th Gaussian 
(Ktol fixed) 

CI 1000 00024 0-0025 RK&G-4th Gaussian 
(Ktrans, # „ , fixed) 

C2 1000 0024 00025 RK&G-4th Gaussian 
(A:trans, A:rol fixed) 

C3 1000 0096 00025 RK&G-4th Gaussian 
(A:trans, KIol fixed) 

C4' 1000 0096 00025 RK&G-4th Gaussian 
(*trans, ^ro, Axed) 

C5 1000 0-382 00025 RK&G-4th Gaussian 
(Ktrans, ^rot Axed) 

C6 1000 0-764 0 0025 RK&G-4th Gaussian 
(Kmos, KM fixed) 

° G refers to a Gear, while RK&G refers to a combination Runge-Kutta and Gear 
algorithm, as discussed in the text. 

' Trajectory mapping was not employed in this run, as discussed in the text. 

[15] as System 1. It can be characterized by the reduced density, temperature and 
dipole moment, 

p* = pff
3 = 0-8, (16a) 

T* = kT/eu = 1-35 (166) 

and 

fi* = 0 ; 2 / euO" 2 = 1 - 5 , (16c) 

respectively. We have assumed that the table entry for pi*1 for System 1 should read 
as 2-25 in reference [15]. The moment of inertia / was taken as 0025 ma2. 

Estimates of the error due to the statistical uncertainty in average quantities were 
determined by computing the standard deviation of the mean from the individual run 
averages. For response functions, error estimates were obtained by comparing values 
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Table 2 Equilibrium results for a 108 particle Stockmayer system at p* = 0-8, T* - J.J. 
and ji* = 1-5. Estimates of the uncertainties for the dielectric constant and the higher 
moments of the total dipole are given in parentheses. 

Set" ~ \UD D)/NZ<C/>/JVeu fiplp <M^> e <A^> 

A (500000) -2-960 -8-009 110 580-4 (±7) 20.3(±0-4) 560700 (±23000) 
B (700000) -2-957 -8-010 1-08 577-0 (±20) 20-2 (± 1-0) 553500 (+36000) 
C(1500000) -2-960 -8-008 111 580-3 (±4) 20-3 (±0-2) 564 700 (± 10 000) 

" The values in parentheses are the total numbers of equilibrium timesteps available in each 
set of runs for computing the averages. 

recorded at several intermediate points and at the completion of runs. The x and y 
components of the difference functions < AM(?)> served as useful checks. 

Table 1 summarizes the molecular dynamics simulations we have carried out. The 
runs can be grouped into three sets, A, B and C. In set A we have examined five 
different thermostats, three of the Nose type employing Q values ranging from 0-1 to 
10, and two of the Gaussian type where either the total or the individual translational 
and rotational kinetic energies were constants of the motion. The possible influences 
of trajectory accuracy have been explored in the four runs making up set B. Third, 
fourth and fifth order Gear algorithms were considered. A slightly smaller timestep 
was used with this set in order to accommodate the fifth order method and to improve 
overall trajectory accuracy. We note that run B4 employs the same algorithm and size 
of timestep as Petersen et al. [15]. Also, the calculation in B2 is simply a repeat of Bl. 
In both sets A and B the value of E0 was set at 0096 (corresponding to E„t = 0-5 of 
reference [15]) and only the subtraction method (i.e., equation (3)) was used to 
determine the transient response, P(t). The subtraction and TTCF approaches are 
compared in set C for field strengths ranging from 00024 to 0-764. £„ = 0024 
corresponds to the smallest field, £ext = 0-125, examined by Petersen et al. [15], while 
their largest value, £exl = 40, is equivalent to an applied field of 0-764. In order to 
accommodate the larger field strengths, all simulations in set C used the more accurate 
combination Runge-Kutta and Gear algorithm described in section 3. Trajectory 
mapping was employed in all but run C4. Runs C3 and C4 shared a common 
equilibrium starting point and, hence, half their nonequilibrium trajectories are 
identical. For run C3, the remaining starting states were generated by trajectory 
mapping while, for C4, the equilibrium calculation was doubled in length in order to 
produce the required phase points. 

The more than 8000 nonequilibrium trajectories we have calculated required more 
than 2-5 million timesteps be performed in field-off equilibrium conditions. In table 
2 we report equilibrium results determined for the average dipole-dipole and total 
configurational energies, ( UDD ) !NsLj and < U} jNeu, respectively, the pressure fiPjp, 
the dielectric constant e, and the higher moments of the total dipole of the system. The 
values given for each set of runs have been obtained by averaging over the equivalent 
or essentially equivalent results from the equilibrium component of each independent 
calculation. The average energies and pressures are in very good agreement with each 
other and with previous work [11, 15]. We estimate the precision of the average 
energies to be ± 0-002, with the uncertainty in the pressures being about an order of 
magnitude larger. The values for the static dielectric constant, determined with the 
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Figure 1. The dependence of the average polarization response on thermostating technique 
at E0 = 0096. The solid squares, triangles and dots are results obtained using a Nose 
type thermostat with Q = 01, 1 and 10, respectively. The open squares and circles 
represent values from simulations employing Gaussian thermostats where, respectively, 
Klot and both Kln„s and ATrot were constants of the motion. The solid line with associated 
error bars is the average linear response curve for the entire set of runs A determined 
from equation (1). 

usual fluctuation formula [6, 8], 

(e - 1)(2£ R F + 1) 4TT <M2> 
2eRF + e ' 3 VkT ' l ; 

are in excellent mutual agreement, and concur with the work of Pollock and Alder 
[11(A)]. The present results for e are also in accord with those of Petersen et al. [15] 
if, in place of their unreasonable error estimate of ± 009, we assume an uncertainty 
comparable to that reported by Pollock and Alder [11(A)] (i.e., ± 1) for calculations 
of similar length. 

From the averages for M1 and M4 given in table 2 it should be possible, in 
principle, to estimate the first nonlinear term in the expansion at E0 = 0 of the 
polarization. It is easy to show [16] that this third order term will depend upon the 
quantity 

a3 = 3<M4> - 5<M2>2, (18) 

where again the averages are evaluated at zero field. However, in evaluating equation 
(18) we find a substantial numerical cancellation; the values obtained for a3 are more 
than two orders of magnitude smaller than either contributing term and, consequently, 
completely disappear into the numerical noise. Thus, in sharp contrast to Petersen et al. 
[15], we are unable to predict even the sign of this third order term from equation (18). 
The evaluation of the first few nonlinear terms in the expansion of the polarization at 
£o = 0 will be investigated in more detail with a much more polar fluid [16]. 
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Figure 2. The dependence of the average polarization response on trajectory accuracy at 
EQ = 0-096. The open circles and triangles represent results obtained using fifth and 
fourth order Gear algorithms, respectively, while the dots and open squares are points 
from the two simulations from set B employing the third order method. The solid curve 
is the average linear response given by equation (1). Also shown are representative error 
bars for one of the transient response functions. 

In figure 1 we have examined the dependence of the transient polarization response 
(as determined by equation (3)) upon the thermostating technique being employed for 
the simulations of set A, and have compared < AM:(i)) to the predicted linear behav
iour. We find that in all cases the measured transient responses are virtually indis
tinguishable from the linear response curve up to a reduced time of about 0-4. Beyond 
that point, the noise in (AMz(t)} increases quite markedly (typical error bars can be 
found on figure 2), and hence no real differences between any of the results are evident. 
Evans and Morriss [20] have argued that for small fields the work performed on a 
system by an applied field should be proportional to the field squared. Therefore, any 
effects due to heat generated (or a thermostat's attempts to remove it) must be nonlinear. 
Careful examination of the time dependences of the temperatures and thermostating 
multipliers reveals that heating effects in these systems at E0 = 0-096 are indeed small, 
so small in fact that we would predict that the same results for the polarization response 
could have been obtained using no thermostat. 

Transient response functions from set B are shown in figure 2 and again compared 
with the predicted linear result. We can see clearly from figure 2 that, for a smaller field, 
P(t) (at least as obtained through the subtraction technique) appears to be unaffected 
by moderate changes in trajectory accuracy. Again, we observe only linear behaviour 
in the measured response for E0 = 0096. Our results in no way suggest the nonlinear 
behaviour reported by Petersen et al. [15] at this same field strength. They do indicate, 
however, that for longer times (i.e., t ^ 0-4) the transient response obtained through 
equation (3) is a rather slowly converging function with large uncertainties for smaller 
fields. 
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Figure 3. The dependence of P(t)/E0 on field strength. The solid squares, dots, solid triangles, 
open circles and open squares are results obtained from runs CI, C2, C3, C5 and C6, 
respectively, using equation (3). The solid line is the average linear response for set C 
given by equation (J). 

The simulations comprising set C have explored the dependence ofP(t)/E0 on field 
strength. In figure 3 we have compared the ratios of the time-dependent response to 
the applied field for the five values of £0 considered. Representative error bars for 
these results can be found in figure 4. At the three smallest fields studied, EQ = 00024, 
0024 and 0096, the transient polarization response is clearly linear, in agreement with 
predictions we would make from static field calculations. It is not until the applied 
field is increased to a value of 0-382 that the first obvious nonlinearity becomes 
evident, again in accordance with the static field results of Petersen et al. [15]. 

A comparison of the subtraction and TTCF techniques at three different field 
strengths can be found in figure 4. In each case, the two results are obtained from 
exactly the same simulation data. For the smallest field studied, E0 = 00024, the 
polarization response measured by both methods is linear to within uncertainty, as 
can be seen in figure 4(a). We find that at shorter times the subtraction method is 
superior: its error bars are much smaller at this small field. However, because of the 
onset of Lyapunov instability, the error bars for the subtraction result increase rather 
dramatically at longer times (i.e., t > 0-7), whereas the error estimates for the TTCF 
values remain relatively constant. In figure 4(b) the subtraction and TTCF methods, 
both with and without trajectory mapping, have been compared at E0 = 0096. 
Again, only linear response is observed. We point out that although the TTCF result 
for P(t)/E0 from run C4 lies well above the linear response curve, the uncertainty in 
its values is also large. The obviously improved TTCF result from run C3 appears to 
have benefitted from the use of phase-space mapping in the calculation. Further 
examination of the two sets of TTCF points in figure 4(b) would indicate that 
trajectory mapping has the largest impact at intermediate times (i.e., 0-2 < t < 0-5). 
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0.00 0.25 0.50 0.75 1.00 

Figure 4. Comparison of the subtraction and TTCF techniques at fields of 00024, 0096 and 
0-764. In all figures the solid line is defined as in figure 3. Error bars have also been 
included, (a) The open circles and solid triangles represent values determined for run CI 
from equations (3) and (5), respectively, (b) The open circles and solid triangles, respec
tively, are results from equations (3) and (5) for run C3, while the large dots and open 
squares are the corresponding values from run C4. (c) The open circles and solid triangles 
are defined as in (a) and (b) for points from run C6. The dotted line represents the 
steady-state value of P(t)jE0 determined by Petersen et al. [15]. 
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Figure 4 (continued). 
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Figure 5. Time-dependent nonlinear response. The solid triangles and dots are results for 
P*L(t)lE0 from runs C5 and C6, respectively, while the open squares represent estimates 
for the nonlinear component of the response for run C6, as discussed in the text. Error 
bars have been included. 
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We note that phase-space mapping has no apparent influence upon the quality 0f the 
results for the polarization response obtained from equation (3). At higher fields (i e 

E0 = 0-764), the subtraction method is clearly superior to the TTCF technique, as we 
see in figure 4(c). (We note here that for this rather large applied field a direct 
measurement of the transient response would have worked equally well.) For longer 
times the subtraction results are in excellent agreement with the steady-state value of 
P/E0 given in reference [15]. Moreover, the precision of the values obtained from 
equation (3) allows us to detect some of the more subtle aspects of the now nonlinear 
response, including an "overshoot" feature at about / = 0-4. In general, we find in 
figure 4 that the uncertainty in P(t)jEa is essentially constant when using the TTCF 
formalism, whereas the precision, particularly at longer times, increases with larger 
applied fields with the subtraction technique (this fact can also be seen in figure 3) 
Hence, we would claim that, in contrast to the conclusions of Evans and Morriss [20 
24], the present implementation of the subtraction method is superior to the TTCF 
approach, although under some conditions (such as with very small fields and long 
runs) the latter may well prove to be more reliable. 

In figure 5 we have shown the strictly nonlinear response determined with equation 
(8) for runs C5 and C6. This function was evaluated in all the calculations of set C, 
but only for the two largest fields studied (i.e., E0 = 0-382 and 0-764) were values 
statistically different from zero recorded, in accord with our observations from figure 3. 
Figure 5 also includes an estimate of the nonlinear response obtained by differencing 
values for the total response given by equation (3) for runs C6 and C3. As we might 
expect, these results and those calculated with equation (8) are in agreement. Finally, 
analysis of the behaviour exhibited in figure 5 would suggest that, even at shorter 
times, a simple scaling of PUL(t)/En with increasing fields may not apply. 

5. Conclusion 

In this paper we have investigated the transient polarization response of a polar 
liquid to the instantaneous application of an electric field. A particular Stockmayer 
system with p* = 0-8, T* = 1-35 and ^* = 1-5 was the focus of this study. 
Previously, Petersen et al. [15] had examined the time-dependent response of this 
system using the subtraction technique of Ciccotti et al. [19, 20] and concluded that 
nonlinear effects become important at smaller fields than is suggested by other work 
[11, 14, 16]. We have reanalysed the static-field results of Petersen et al. [15] and have 
found them to be in accord with other similar calculations, but in disagreement with 
their own time-dependent results. Since several possible sources for error existed 
which might have accounted for the anomalous behaviour observed by Petersen et al 
[15], we have repeated and greatly expanded upon their nonequilibrium molecular 
dynamics simulations in order to identify and perhaps understand the source(s) of the 
discrepancy. Moreover, the work of Evans and Morriss [20, 24] suggested that an 
alternate approach, the TTCF formalism, is superior to the subtraction method 
employed in reference [15] for determining the transient response. Therefore, we have 
adapted the TTCF and DTTCF techniques (including phase-space mapping) to the 
present system in order to examine their utility. In implementing trajectory mapping 
we identified a small but important error in the analysis of its properties by Morriss 
and Evans [20, 24]. 

We have carried out 15 separate molecular dynamics simulations, each consisting 
of between 200 to 1000 nonequilibrium trajectories. The possible influences of thermo-
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stating technique and trajectory accuracy were examined, and the subtraction and 
fTCF methods were compared for five different field strengths ranging in value form 
0-0024 to 0-764. Along with these numerous nonequilibrium trajectories, we have also 
performed more than 2-5 million molecular dynamics timesteps in equilibrium field-
off conditions. The equilibrium results obtained are in very good agreement with 
earlier calculations [11, 15]. 

At the same field strength (i.e., E0 = 0-096) for which Petersen et al. [15] reported 
evidence of nonlinear behavioiur we find only linear response, independent of the 
details of the thermostat or of the accuracy of the individual trajectories. The former 
is perhaps not surprising since it can be argued that, if one is restricted to small fields 
(hence to the linear response regime), heating effects or the nature of the thermo
stat are unimportant. In the light of the present results (and the magnitude of 
their uncertainties) there is some evidence that the anomalous behaviour observed 
by Petersen et al. [15] in their much shorter calculations is in fact only numerical 
noise. 

Our comparison of the TTCF and subtraction methods reveals that the latter is 
generally a superior approach for determining the transient polarization response, at 
least for the present implementation of the TTCF formalism with phase-space mapping. 
However, we have also found that use of trajectory mapping in a nonequilibrium 
molecular dynamics calculation can significantly improve the quality of the TTCF 
result. In this study we have employed only a single mapping, although many others 
are possible. It may well be the case that a more carefully selected set of phase-space 
mappings (taking greater advantage of the symmetries of the phase space) would 
result in further marked improvements. Work is currently underway to explore this 
possibility. 
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