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The determination of the dielectric properties of polar liquids by computer 
simulation has, in the past, presented both conceptual and computational dif
ficulties. Many of the conceptual problems have now been at least partially 
resolved, yet the accurate calculation of the dielectric response for a highly polar 
liquid remains a major computational task. The usual means of obtaining the 
static dielectric constant, R, is through the fluctuations in the total dipole moment 
of the system. In this paper we describe an alternate approach which relies upon 
the long-range asymptotic behaviour of the dipole-dipole correlations in order 
to determine g. It requires that a rather large simulation cell be employed, in the 
present case samples of 4000 particles. Molecular dynamics simulations have 
been performed for a highly polar fluid composed of dipolar soft spheres in which 
the dipole-dipole interactions have been evaluated using the Ewald summation 
technique. Results for the static dielectric constant are reported and compared 
with previous calculations. The microscopic structure is examined in detail with 
particular attention being paid to the effects of boundary conditions and numeri
cal implementation. We also consider whether the current understanding of these 
systems can in fact account for the behaviour observed. 

1. Introduction 
Computer simulation has become a very useful and powerful technique in the 

study of simple liquids [1]. For systems characterized by short-range interaction 
potentials such computer experiments can be performed almost routinely [2]. Unfor
tunately, the simulation of polar liquids has proven to be a rather more difficult task 
requiring considerable computational resources [3, 4], particularly if the dielectric or 
long-range structural properties of the system are of interest. Problems arise because 
of the long-range nature of the dipole-dipole interactions. From a computational 
viewpoint only calculations with a relatively small number of particles (typically 
102— 103) are tractable, while conceptually a very large system (i.e., 102' particles) is 
desirable since it is usually assumed at some point that the sample behaves like a 
macroscopic dielectric [3a, 5-7]. Of course, the hope is that the results provided by a 
computer simulation are reasonable estimates for those of the corresponding macro
scopic liquid. It is now well known that the particular boundary conditions imposed 
upon the system can have a large impact upon some average quantities, such as its 
mean square dipole moment. However, it is not clear at what point and exactly to 
what extent the various relationships that account for this behaviour are valid. In our 
recent study [4] of a highly polar fluid, the applicability of some of these expressions 
to systems of a few hundred particles has been brought into question. Furthermore, 
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we have found that very long numerical calculations are required in order to obtain 
reasonable estimates for the dielectric properties of the true infinite system. The 
purpose of the present study is twofold. First, we examine an alternate route for 
obtaining the static dielectric constant of a polar liquid in a computer simulation. 
Moreover, since rather large samples have been employed, we also consider to what 
extent these systems may or may not obey macroscopic electrostatics. 

The usual means of determining the dielectric constant, e, from a simulation is 
through the fluctuation relationship [3a, 5, 7] 

(e - l)(2eRF + 1) 4K <M2) 
2eRF + £ 3 VkT ' ( 1 ) 

where M and V are the total dipole moment and volume of the simulation cell, 
respectively, <. . .) indicates the ensemble average, and kT\s the Boltzmann constant 
times the absolute temperature. Periodic boundary conditions (PBC) [2, 3a], where 
the system consists of a macroscopic spherical sample of a very large number of 
periodic replicas of the basic simulation cell, were employed exclusively in the present 
work. In this case ?.RF is the dielectric constant of the continuum (at infinity) surround
ing the system. In a recent article [4], we have reported results for a dipolar soft-sphere 
fluid, including values for e obtained from equation (1) and the projections /;110(r) and 
hU2(r) of the pair distribution function, g(12). These projections can be defined by the 
rotational invariant expansion [8] of the pair distribution function, 

g(\2) = £ 0 0 » + /!110(/-)Oll0(12) + /)"2(r)<D"2(12) + . . . , (2a) 

in which 

(Dll0(12) = H, u2 (2b) 

and 

(Dll2(12) = 3(«, • f)(u2 • f) - (w,-w2), (2c) 

where r is the separation between particles 1 and 2,f = rjr, «, is a unit vector along 
the dipole moment of particle i, and gm(r) = g(r) is the usual radial distribution 
function. For the highly polar fluid considered in reference [4], sample size and cRF 

dependences were evident in e even for the largest systems studied. Moreover, the 
static dielectric constant (at least as given by equation (1)) proved to be a very slowly 
converging quantity, especially for eRF much greater than e. Now for a true infinite 
system it is well known [8] that at large r, 

hm(r)^(*—^-\, (3) 

where the density p = N/Varidy = Anpp2l9k T, N being the number of particles and 
p. the molecular dipole moment. Clearly, if this asymptotic limit can be accurately 
determined in a simulation, then we would have another, perhaps superior, route to 
s. We point out that equation (3) has no dependence upon eRF. Previous examination 
of the long-range tail of hn2(r) for a dense liquid [4] revealed that a cubic sample of 
1372 dipolar soft spheres is nearly large enough to realize this behaviour. Extrapol
ation of this function suggested that we should be able to determine (at least in 
principle) a limiting value for /?"2(r)*r3 for cubic systems of 4000 or more particles. 
Therefore, in the present study we have carried out simulations with N = 4000 for 
the same dipolar soft-sphere fluid considered in reference [4] in order to ascertain if 
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equation (3) represents a viable route to the static dielectric constant. Furthermore, 
we compare the computational efficiency (i.e., the total CPU time required to attain 
a specific level of precision in e) of equations (1) and (3) for highly polar liquids. 

In reference [4] we have shown that for smaller sample sizes (i.e., TV ̂  256) 
equation (1) does not give results for £ that are independent of the value of £RF. The 
dependence of the pair correlation function upon N and £RF was not in agreement with 
a theoretical prediction [10], and an apparent \jr2 tail in hno(r) was observed at longer 
range for very large £RF. We have also found that the relationship of Neumann and 
Steinhauser [9] is unable to correct for the effects of insufficient accuracy in the 
calculation of the dipole-dipole potential during the simulation. Such behaviour 
would seem inconsistent with that of a macroscopic dielectric, although we might 
expect this for smaller systems. In this study we consider rather large samples (at least 
for polar liquids) of 4000 particles where we might hope to observe behaviour in 
accord with macroscopic electrostatics. We examine in detail the functions huo(r) and 
h[[2(r) at long range and the influence of £RF and the accuracy to which the dipole-
dipole interactions are computed upon them. 

2. Model and simulation methodology 

The model and general simulation methodology used in the current study has been 
described in detail in a previous article [4]. Therefore, here we only briefly outline 
some important points. 

In the present calculations we employ the same soft-sphere model we have inves
tigated in earlier work [4, 11]. Its pair potential can be expressed as 

u(\2) = ujr) + uM(l2), (4a) 

in which 

ujr) = 4 e s s ( ^ ) (4b) 

is just the soft-sphere potential and 

M 1 2 ) = ^ < D " 2 ( 1 2 ) . (4c) 
r 

The long-range nature of the dipole-dipole interaction given in equation (4c) 
necessitates that the boundary conditions applied in our simulations receive special 
attention. We employ PBC [5] and perform the required lattice sum using the Ewald 
summation technique [2, 3a, 5]. It is sufficient here to note simply that in this technique 
the lattice sum is rewritten in terms of two rapidly converging sums, one in real space 
and one in Fourier space. Then in an actual calculation a truncation point for each 
sum and a value for the unitless convergence parameter a must be chosen. Care must 
be taken in these choices, since it is known [3a, 9] that inaccuracy in the evaluation 
of the dipole-dipole potentials can influence the properties of the system in subtle 
ways. We have also shown [4] that a judicious choice of Ewald parameters can greatly 
improve computational performance while leaving the properties of interest virtually 
unchanged. 

Table 1 summarizes the molecular dynamics simulations we have performed for 
systems of 4000 dipolar soft spheres. Only two values of £RF have been considered, 100 
and oo, and only run 1 is not at £RF x E (from previous work [4] with this fluid we 
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Table 1 Simulation parameters. The values of Rc given in parentheses are valid only for the 
reduced density, p* = 0-8, considered in this study. 

timesteps 
Run ' : RI 1000 y. Rc ™max 1 P 

1 00 50 100 0-31L (5-30(7) 82 0-99975 0-00092 
2 100 50 100 0-31L (5-30(7) 82 0-99975 000092 
3 100 40 10-0 0-28L (4-79(7) 70 0-99868 0-0030 
4 100 50 100 0-254L (4-34(7) 59 0-99515 0-0089 
5 100 50 100 0-236L (4-04(7) 46 0-9890 0-032(1 
6 100 50 100 0-236L (404ff) 82 0-9890 000092 
7 100 50 100 0-31L (5-30<7) 46 0-99975 0-0320 

know that e % 100). The scheme outlined in reference [4], whereby the truncations 
of the real and Fourier space sums were adjusted so that each was evaluated to 
approximately the same level of accuracy and required about the same amount of 
computation, was used to determine the Ewald parameters given in table 1. A simple 
spherical truncation of the real space sum (i.e., only particles inside a specific cutoff 
radius Rc are considered) and a = 100 were employed throughout. We remark that 
all the values of Rc in table 1 are significantly less than L/2, or half the length of the 
simulation cell. The sum in reciprocal space was carried over only those lattice vectors 
n satisfying the condition «2 ^ «„ax. The choice of Ewald parameters for runs 1 
and 2 is such that the total dipole-dipole energy of a given configuration is accurate 
to better than one part in 105. The overall accuracy in the Ewald sums is then 
systematically reduced for each run from numbers 3 to 5 so that for run 5 the error 
has now increased to a few parts in 104. This change in accuracy of almost two orders 
of magnitude between runs 1 (or 2) and 5 resulted in the latter executing at nearly 
twice the speed. Runs 6 and 7 represent special cases where we have individually 
increased the error (to run 5 levels) in the real space and then in the Fourier space 
sums, respectively, while maintaining the accuracy in the other. 

Neumann and Steinhauser [9] have shown that the accuracy to which the real 
space contribution to the Ewald sums is computed can influence the value of E 
obtained from a computer simulation using PBC. They defined 

1 = L V 2 
K 

e XP ,2 d/"' <5) 

where K represents the volume over which the real space sum is performed, and 
demonstrated that unless q is very close to one the value of the dielectric constant, £A, 
obtained directly from that simulation (i.e., from equation (1)) will be suppressed. 
Employing macroscopic electrostatics, they have derived the relationship, 

(g + 2)(eA - 1) + 3 6 
£ (q- 2)(£ A - 1) + 3 ' 

for the 'true' dielectric constant of the system. We have very recently shown [4] that 
this expression is a general result for all eRF. In table 1 we have reported values for 
q for the present calculations. Although q is always close to one, its differences from 
one span almost two orders of magnitude. Using these values for q, equation (6) 
predicts errors in £A of less than 0-8% for runs 1, 2 and 7, 4% for run 3, 14% for 
run 4, and about 26% for runs 5 and 6, assuming that the true dielectric constant for 
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the system is approximately 100. It should be noted that Neumann and Steinhauser 
[9] also predict that the static dielectric constant obtained from a computer simulation 
should be unaffected by the truncation of the Fourier space sum. In a more recent 
article, Neumann [5] introduced the quantity 

P = 3exp l — - 2 — I (7) 

and suggested the condition p = 0 as a possible criterion for quantifying the accuracy 
retained in the reciprocal space contribution to the Ewald sums. We have included 
values for p in table 1. Again the values span nearly two orders of magnitude. If we 
compare p and (1 — q) for each of the runs 1 through 5, we find that the results are 
quite similar, indicating that the requirements q — 1 and p = 0 are being satisfied to 
roughly the same extent in these calculations"!". As we might then expect for runs 6 
and 7, p and (1 — q) differ by orders of magnitude. 

Molecular dynamics simulations of these 4000 particle systems were carried out 
using Gaussian isokinetic equations of motion as discussed in reference [4]. All 
these calculations were performed on the Fujitsu VPIQ0 at the Australian National 
University. A very high rate of vectorization was achieved with a typical 50,000 
timestep run, such as 1 or 2, taking 55 h on this machine. 

In order to facilitate the equilibration process for these rather large systems, we 
adopted the following scheme. An initial configuration was built from a previously 
equilibrated 500-particle configuration! together with seven new arrangements 
generated by applying small random displacements to the particles of the first. This 
initial data set was allowed to relax for 2500 timesteps, during which time the dis-
appearnace of the long-range order (i.e., the divergence of the trajectories) was closely 
monitored. The resulting configuration served as a common starting point for all our 
runs. Each of these calculations was preceded by a suitable equilibration period of 
typically 5000 timesteps. 

In this article we report some values for hno(r) and hul(r) for separations beyond 
L/2. As in previous work [4], these functions have been properly normalized using the 
appropriate volume elements for r > L/2. We also note that this earlier study showed 
that the behaviour of the pair correlation function changed rather markedly for 
separations greater than half the box length. For this reason we generally avoid 
discussion of results from the corners of the box. 

3. Results and discussion 

In our calculations and in the following discussion it is convenient to express all 
parameters in reduced units. In order to characterize our dipolar soft-sphere fluid we 
need to specify 

P* = po\ (8a) 

T* = kTles% (8Z>) 

and 

u* = (^2/essa
3)"2, (8c) 

t A similar comparison with our previous simulations [4] reveals that p and (1 — q) are 
again similar in value for larger systems, although this is not the case for small N. 

t For cubic simulation cells the box length, L, of a 4000 particle sample is exactly twice that 
of an N = 500 system. 
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Table 2. Results for 4000 particle dipolar soft-sphere systems at p* = 0-8, T* = 1-35 and 
ji* = 2-0. £A«M2» andfiA(/2112) refer to the values computed directly through equations 
(1) and (3), respectively, while e (corrected) is the result from equation (3) after it has been 
corrected using equation (6). Estimates of the uncertainties are given in parentheses. 

Run <UDD}INess <U)/Ness P(73/EM « A « M 2 » £ A ( / > " 2 ) e (corrected) 

1 - 6-055 -0-670 13-466 93-1 (±9) 99-5 (±4) 99-5" (±4) 
2 - 6 0 5 6 -0-671 13-469 95-6 (+11) 99-0 ( + 3-5) 99-0" (+3-5) 
3 - 6 0 5 6 -0-670 13-470 89-4 ( + 7) 92-5 ( + 4) 96-5 ( + 4-5) 
4 - 6 0 5 3 -0-668 13-471 87-8 (±7) 86-5 ( + 4-5) 1000 ( + 6) 
5 - 6 0 5 0 - 0-664 13-476 68-5 (+7) 73-5 (+3-5) 99-0 ( + 7) 
6 -6-051 -0-666 13-472 83-1 (+7) 77-0 ( + 3-5) 106-5 ( + 7) 
7 - 6 0 5 7 -0-671 13-471 1031 (+11) 95-5 ( + 4) 95-5" ( + 4) 

" Equation (6) not applied since correction term small compared to uncertainty. 

the reduced density, temperature and dipole moment, respectively. All the molecular 
dynamics simulations performed and reported in this article are for p* = 0-8, 
T* = 1 -35, and JX* = 2-0. This same dipolar soft-sphere system has been the subject 
of earlier simulation work [4]. 

Error estimates representing the statistical uncertainty in average values were 
determined by dividing each run into several blocks and computing an estimate for 
the standard deviation of the mean. In most cases independence of block size was 
confirmed. For correlation functions, error bars were obtained by comparing values 
recorded halfway through and at the completion of the runs; our estimates of the 
uncertainty are nearly always sufficient to reconcile all differences between the two 
results. In order to approximate the uncertainties in eA as given by equation (3), we 
have relied upon graphical determinations of the extrema for the asymptotic values 
ofhU2(r)*r}. 

In table 2 we have reported results for the average dipole-dipole energy, 
( ^ D D ) / ^ ^

 t n e average total configurational energy, <C/>/A^£ss, and the pressure, 
P<j3/£ss- We estimate the precision of these values to be + 0-002, + 0002 and + 0006, 
respectively. The average energies and pressures given in table 2 are in very good 
agreement with previous calculations for this dipolar soft-sphere fluid. Not sur
prisingly, no fiRF dependence is evident in these quantities for runs 1 and 2. However, 
decreasing accuracy in the evaluation of the Ewald sums does appear to have a small 
but real effect. Comparing the average dipole-dipole energies for runs 2 and 5 we see 
a small decrease in magnitude of about 0 1 % . We recall that in run 5 the error in our 
calculation of the total dipole-dipole energy for a given configuration is of the order 
of a few hundredths of a percent. Reduced accuracy in only the real space contribution 
to the Ewald sums (cf., run 6) has a similar impact upon the thermodynamic proper
ties, while further truncation of only the Fourier space contribution (cf., run 7) gives 
rise to no measurable effect. We point out that any dependences found in {U)INess 

can be entirely attributed to changes in the dipole-dipole component. 
In figure 1 we have plotted hu2(r)*r3 for runs 1 and 2. Also included are results 

from earlier work [4] with 1372 particles and eRF = oo. We note that while our 
N = 4000 systems have virtually three times as many particles as an /V = 1372 
sample (the largest we had previously studied), the length of the simulation cell has 
increased by less than 50%. Thus, at a density of p* = 0-8, L/2 is only increased by 
about 2-5ff. However, for the present dipolar soft-sphere fluid this extension of 
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Figure 1. hU2(r)*^. The solid squares and open circles are results from runs 1 and 2 for 4000 

particle systems at sRF = oo and 100, respectively. The crosses represent a previous 
calculation [4] for N = 1372 and eRF = oo. The arrows denote L/2 in each case and the 
value of the asymptote for run 2 giving £ = 99 is indicated by the dotted line. 

the correlation functions appears to be sufficient to allow the determination of 
the asymptotic limit of hil2(r)*r\ as can be seen from figure 1. As in our previous study 
[4], hU2(r)*r3 again decreases sharply for r > L/2. For r < L/2 the current results 
at eRF = 100 and oo and the previous N = 1372 curve are all in agreement to 
within uncertainty (representative error bars for this function can be found 
in figure 5(a)). This behaviour is in accord with our earlier work [4] where, for 
r < L/2, /i"2(r) was found to be independent of N and eRF for larger samples (i.e., 
N > 500). 

Limiting values for hU2(r)*r3 for all runs 1 through 7 were determined graphically 
from plots similar to figure 1. Then using equation (3) we immediately obtain 
estimates for the static dielectric constant, which we have denoted as eA(/z"2). In 
figure 1 we have shown the asymptote for run 2 together with its uncertainty. Values 
for sA(hU2) have been given in table 2 along with results for the dielectric constant, 
E A K ^ 2 » I determined from equation (1). Implicit in our direct application of 
equation (1) is the assumption that <M>2 = 0. In the present simulations <M>2 was 
typically only about 1% of <M2>. 

The running averages of e obtained from equation (1) for runs 1 and 2 have been 
shown in figure 2. It can be seen that the mean square dipole moments of these large 
systems, and hence their respective values for e, are characterized by rather large and 
long-lived fluctuations. We remark that similar behaviour over even longer timescales 
was observed in our previous study of this highly polar fluid (cf., figure 2 of reference 
[4]). Consequently, the uncertainties for eA((M2}) are quite large, about 10%. By 
comparison, the precision in eA(/i"2) is much higher; typically the error bars are about 
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10 20 30 

timesteps/1000 

Figure 2. Convergence of e as a function of the simulation length. The open circles and 
triangles are values obtained from equation (1) for runs 1 and 2, respectively. The dot 
represents s = 99, as determined from figure 1. Error bars for the two results from 
run 2 have been included. 

half as large. It is also clear from figure 2 and table 2 that both routes to the dielectric 
constant (i.e., equations (1) and (3)) give the same result to within uncertainties in all 
our calculations. Therefore, in the discussions below we assume that £\(hin) always 
provides the best estimate for the dielectric constant. 

As we might expect, the values for the static dielectric constant determined from 
runs 1 and 2, e = 99-5 for eRF = oo and e = 990 for eRF = 100, respectively, are in 
excellent agreement (this behaviour reflecting, as it must, that seen in figure 1). These 
two results also compare very well with our previous estimate [4] of 97 ± 3 for the 
infinite system dielectric constant for this same dipolar soft-sphere fluid. We recall 
that in these earlier calculations where only equation (1) was employed, samples as 
large as 1372 particles and runs of at least 250,000 timesteps were necessary. In terms 
of the computational resources required, a 50,000 timestep run with 4000 particles is 
essentially equivalent to a 250,000 timestep N = 1372 simulation. Thus, it would 
appear that at least for some highly polar liquids equation (3) is comparable in terms 
of computational efficiency to the usual fluctuation formula (cf., equation (1)) for the 
static dielectric constant. 

As in referernce [4] we introduce the ^-dependent g-factor [12], 

GAR) £ nrVj) Nfi2 = 
,,<R 

1 + ! 
hm(r) dr, (9) 

in order to aid in our analysis of hm(r). It is clear from equation (9) that GK(7? = L) -
g, where g = <M2 >/A^2 is simply known as the g-factor. Therefore, at large R we would 
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Figure 3. The eRF dependence of the ^-dependent g-factor, GK(R). The symbols are denned 
as in figure 1. Representative error bars for GK(i?) at large R are also shown. The dotted 
line has been added simply as a visual aid. 

expect the statistical error in GK(R) to reflect that of e, while for smaller R the 
uncertainty decreases due to the higher relative precision in /z"°(r). 

In figure 3 we have shown results for GK(R) for runs 1 and 2 and for a previous [4] 
N = 1372, eRF = oo simulation. We find that for run 2 (i.e., for eRF % e) GK(R) 
becomes essentially constant to within uncertainty beyond 6-7a. This behaviour, which 
implies that huo(r) = Oforr 5= la (see figure 4), is in accord with earlier calculations 
[4] for eRF « e. Perhaps the most striking feature in figure 3, however, is the linearity 
exhibited in the eRF = oo functions, particularly for N = 4000 where it extends from 
about 5 to 8-5<x. This apparent linearity in GK(R) implies that hm{r) must decay as 1/r2 

over this region. In figure 4 we consider the long-range behaviour of hl]0(r) more 
closely and indeed, for separations greater than about 6«r (for eRF = oo), it is described 
rather well by a function of the form Air2, where A is a constant. As we might expect, 
the eRF = 100 result lies below huo(r) for eRF = oo in figure 4. The curve from our 
earlier 1372 particle eRF = 85 simulation [4] is shifted some-what further down, 
although the differences between it and hll0(r) from run 2 are smaller than our error 
estimates. Unfortunately, a plot of the difference between the eRF = oo and eRF = 100 
results is rather inconclusive because of the now large relative uncertainties. 

The apparent 1/r2 behaviour in hn0{r) would seem inconsistent with the pertur
bation theory of de Leeuw, Perram and Smith [10] which predicts that at long range 
hm{r) should shift only by a constant value with a change in £RF. For the present 
dipolar soft-sphere fluids at cRF = oo and £RF = 100 this constant value should be 
approximately 00023 (cf., equation (2.25) of reference [10]). In figure 4 we see that 
huo(r) for run 1 does not reach this value until r x Lj2, yet the difference between the 

= oo and eB 100 curves is generally of the order of 0002. According to the 
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Figure 4. The ERF dependence of the projection h"°(r). The open squares and circles represent 
values for the function obtained in the present calculations at oo and 100, 
respectively. The crosses are previous results [4] for a system of 1372 dipolar soft spheres 
at eRF = 85. The arrows indicate L/2, while the solid curve is the function A/r2 as 
discussed in the text. The insert shows hno(r) on a semi-log scale. A typical error bar for 
h"°(r) at long range has also been included. 

theoretical formulation of Neumann [6] the Fourier transform of huo(r) for a system 
in PBC should be independent of eRF for all k # 0 (cf., table 1 of reference [6]). Thus, 
ignoring the finite and discrete nature of the Fourier transform for finite samples, this 
would imply that the only effect of a change in ERF should be to shift hu0(r) by a 
constant value at all separations. This is not in accord with the present calculations 
and contradicts earlier work (cf., figure 9 of reference [4]). 

Another striking feature of figure 4 is the apparent linearity in the decay of hm(r) 
for run 2 (i.e., £RF ss e) when viewed on a semi-log scale (ignoring the points beyond 
la and the superimposed oscillatory structure). This would imply that for an infinite 
polar system h110(r) will decay exponentially. Such a result may not be unexpected [13]. 
It is also clear from figure 4 that for eRF = oo, hli0(r) deviates from apparent 
exponential behaviour at long range. 

The dependence of the functions hn0(r) and hU2(r) upon the level of accuracy 
maintained in the evaluation of the Ewald sums is examined in figures 5 and 6. 
Figures 5(b) and 6(b) show the difference functions A[hu0(r)] and A[hU2(r)] which 
simply give the dissimilarities between the values from any pair of runs. We point out 
that results from run 3, which are not included in figures 5(a) and 6(a), usually lie close 
to those of run 2, indicating that we do have convergence (i.e., the accuracy retained 
in the Ewald sums for runs 1 and 2 was sufficient and further improvements would 
have negligible effects). 

In figure 5(a) we find that at longer range hl,2(r)*P is suppressed when the 
accuracy in both contributions to the Ewald sums is decreased (i.e., runs 4 and 5). Of 
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Figure 5. Effects of accuracy in the Ewald sums upon h"2(r). (a) The solid squares, solid 
triangles, dots, open squares and open circles are results for h,u(r)*r3 for runs 2, 4, 5, 6 
and 7, respectively. Error bars have been added to some of the points for run 2. (b) The 
dots, open squares and open circles represent the difference function, A[A"2(r)], for runs 
2-5, runs 2-6, and runs 2-7, respectively. A sample error bar has been included. 
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Figure 6. Effects of accuracy in the Ewald sums upon (a) the R-dependent g-factor and 

(b) the difference function, A[A"°(r)]. The symbols are defined in figure 5. 
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course, this behaviour is consistent with similar drops in the magnitudes of the 
average dipole-dipole energies and in eA(h]U) (see table 2). It is also paralleled by the 
dependence observed in figure 6(a) for GK(R) where the influence is evident even at 
shorter range. We remark that to within uncertainty GK(R) always remains a constant 
function at larger separations (i.e., beyond 5 to la). Interestingly, in both figures 5(a) 
and 6(a) we see that the results for run 6 lie slightly above those of run 5 while the 
curves from run 7 are shifted below those from run 2. Evidently, a decrease in the 
accuracy of only the Fourier space sum can have a small but real effect upon huo(r) 
and hm(r). 

As they must, the £A(/z"2) and e A « M 2 » estimates for the dielectric constant (as 
given in table 2) reflect the behaviour observed in figures 5(a) and 6(a). As was 
discussed above, Neumann and Steinhauser [9] have derived a relationship, equation 
(6), to correct for the effects due to the truncation of the real space contribution of 
the Ewald sums. They also suggest that for q < 1 there corresponds a new continuum 
dielectric constant, eRF < eRF, which will account for the reduced values of <M2>. 
For runs 5 and 6, which have the largest difference (1 — q), s.%v = 58. By applying 
equation (6) to values for eA(/i"2) we obtain e (corrected). Examining table 2 we find 
that e (corrected) for runs 2, 3 4 and 5 are all in good agreement. The most con
spicuous results for s (corrected) (yet still within uncertainties) are for runs 6 and 7, 
the former giving the largest, the latter the smallest values. Together they both suggest 
that truncation of the Fourier space sum can act to suppress the dielectric constant 
obtained from a computer simulation, although its effect is certainly smaller than that 
for the real space sum. Curiously, equation (6) appears to work best when the 
accuracy in both contributions (real and Fourier) to the Ewald sums has been 
reduced. In reference [4] it was found that equation (6) overestimates the impact of 
inadequate accuracy in the real space sum for a system of 108 dipolar soft spheres at 
eRF = oo. In order to make a further comparison between our 108 and 4000 particles 
results we have repeated our previous N = 108 simulation but now with only the 
Fourier space accuracy reduced. We find that in fact the value of £ A « M 2 » drops by 
almost 10% (which is significantly larger than its 2-5% error bar). 

The difference functions shown in figures 5(b) and 6(b) provide further insights 
into the possible effects of the truncation of the Ewald sums. In both figures we 
see that decreased accuracy in the evaluation of the real and Fourier space contri
butions can have an influence, albeit the former's is a much stronger one. Further
more, it is only the magnitude of the effect which seems to vary. We also note that 
for both A[h]]0(r)] and A[h]U(r)] the curves for runs 6-5 (which are not explicitly 
shown but by definition must give the differences between the values for runs 2-5 and 
runs 2-6) would be indistinguishable to within uncertainty from the results for 
runs 2-7. 

As can be seen from figure 5(6), A[hul(r)] is characterized by a relatively large 
negative peak at about r = a and a broad positive peak with some superimposed 
oscillatory structure at larger separations. In figure 6(b) A[/!ll0(r)] exhibits clear 
oscillatory behaviour, its largest peak occurring near contact, and decays rapidly to 
zero (analysis suggests this decay may actually be Gaussian in form). Obviously, 
A[hl,0(r)] is neither a constant function nor does it approach a nonzero constant value 
at long range; it bears only slight resemblance to the difference functions for huo(r) 
that are obtained from results for varying values of £RF (cf., figure 9 of reference [4]). 
Hence, the structural effects observed for 4000 particle systems due to reduced 
accuracy in the Ewald sums are not congruent with a simple redefinition of eRF. Yet, 
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for a much smaller sample of only 108 dipolar soft spheres such a description appears 
(at least at first inspection) to be more reasonable (cf., figure 8(a) of reference [4]). 
This apparent discrepancy between the present and previous results can be simply 
explained by realizing that the pertinent range for N = 108 is really only r ^ 2-5a 
(i.e., Lj2). In fact, A[/;110(r)] from this earlier 108 particle calculation is qualitatively 
very similar (even for r > L/2) to the curves shown in figure 6(b). 

4. Conclusion 

In this paper we have considered an alternate route to the usual fluctuation 
formula for obtaining the static dielectric constant of a polar liquid in a computer 
simulation. This technique, which depends upon a precise determination of the 
long-range asymptotic behaviour of the dipole-dipole correlations, requires that 
rather large sample sizes be employed. Cubic systems of 4000 dipolar soft spheres in 
PBC at p* = 0-8, T* = 1-35, and /x* = 20 were studied. The use of such large 
samples also allowed a detailed examination of the projections hno(r) and hm(r) of 
the pair correlation function and some of the subtle effects due to boundary con
ditions and numerical implementation. These results proved particularly useful in 
assessing theoretical formulations which attempt to describe such effects. 

The present study clearly showed that equation (3) is in fact a viable route to c. 
From the values obtained we estimate the infinite system dielectric constant to be 
99 + 3; this result is in very good agreement with previous work [4]. This approach 
is obviously well suited to highly polar liquids where longer calculations are already 
necessary and where the long-range tail of hu2(r) is larger. In our simulations we were 
able to determine e from the behaviour of hul(r) at large separations to a much higher 
precision than from <M2>. Thus, despite the fact that larger samples are required, 
simulations of highly polar liquids employing equation (3) are certainly competitive 
in terms of overall computational efficiency with those relying upon the usual fluc
tuation formula. Moreover, the present results could have been obtained (in principle) 
with somewhat fewer particles if a more efficient (a more spherical) geometry for 
the simulation cell (i.e., a truncation octahedron) had been chosen. In future 
articles [14, 15] we will consider two other approaches for obtaining the dielec
tric constant from a computer simulation, namely constant field and constant 
polarization calculations. 

Two interesting aspects of the behaviour of huo(r) were revealed by the current 
study. It was found that for eRF « e(i.e., for an infinite system) hua(r) appears to have 
an exponential decay. For gRF % oo the apparent 1/r dependence of this function was 
confirmed. Unfortunately, the uncertainties in our results made it very difficult to 
draw conclusions as to whether or not the current level of understanding of the 
influences of boundary conditions can explain this observation. 

The impact of varying the truncations of both contributions to the Ewald sums 
was closely and systematically examined. Our findings suggest that the theoretical 
description of Neummann and Steinhauser [9] may fail both qualitatively and quan
titatively. Not only the microscopic structure but the actual value of e obtained 
directly from the simulation can be influenced by the truncation of the Fourier space 
sum. The impact of changes in the accuracy retained in the real space sum was clearly 
inconsistent with a simple redefinition of eRF. Moreover, the relationship derived by 
Neumann and Steinhauser [9] to correct e for this effect (cf., equation (6)) was found 
to be more appropriate when the accuracy in both sums (real and Fourier) was 
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reduced to about the same level. The only obvious assumption in the work of 
Neumann and Steinhauser [9] is that the system under consideration will obey macro
scopic electrostatics. The fact that their formulation does not seem to apply to the 
current systems would imply that there is a real and measurable difference between 
a highly polar fluid of 4000 particles in PBC and a true macroscopic dielectric. 

The relationship between finite systems amenable to computer simulation and the 
macroscopic liquid that we hope it represents is an important theoretical consider
ation. The questions raised by the present study clearly warrant further investigation. 
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