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In this paper the reference hypernetted-chain (RHNC) and reference linear
ized hypernetted-chain (RLHNC) theories for 1:1 electrolytes solutions are 
compared with molecular dynamics (MD) simulations at ~ 1 M. It is shown 
that the theoretical results and MD calculations are generally in good agree
ment for the solvent-solvent and ion-solvent correlation functions. For the 
solutions considered the full RHNC theory does not greatly improve upon the 
RLHNC approximation, but it does give significantly more accurate results for 
the ion-solvent correlations and for the dielectric constant. Convergence diffi
culties in the MD calculations prevent an unambiguous evaluation of the theo
retical predictions for the ion-ion structure and a discussion of this problem is 
given. 

1. Introduction 
It is now possible to solve the reference hypernetted-chain (RHNC) integral 

equation theory for polar solvents [1-3] and electrolyte solutions, and indeed a 
number of calculations have been carried out for model aqueous systems [4]. 
However, all previous RHNC electrolyte calculations have been restricted to hard 
core models and no comparisons have been made with computer simulation results. 
The purpose of the present article is to report RHNC results for a ' soft' sphere 
system and, more importantly, to test the theory by making detailed comparisons 
with recent molecular dynamics (MD) calculations [5] at finite ion concentration. 

The model we consider is that described in [5]. The ions are taken to be charged 
Lennard-Jones (LJ) particles and the solvent molecules are also LJ spheres with 
embedded point dipole and tetrahedral-quadrupole moments. We note that similar 
solvents have often been considered in earlier work since to quadrupole order this 
model gives a good representation of the charge distribution in the water molecule 
[6]. 

For models of this type it is convenient from a theoretical point of view [1-4, 8, 
9] to expand all angle-dependent functions such as the pair potential uaP{\, Q1 ; 02) , 
the pair correlation function h^(r, Clt, CJ2) etc. in the form 

FJr, n„ fl2) = X F # » < W * i , Cl2, f), (1) 
mn\ 
( I V 

t Laboratoire associe au Centre National de la Recherche Scientifique. 



462 J. M. Caillol et al. 

where a and /? denote the different species, r = |r2 — r1\, r = (r2 — r1)/ |r2 — r t |, 
and n t and 0 2 represent Euler angles describing the orientation of particles 1 and 
2. The rotational invariants <b™XCix, Cl2, f) are defined by [1, 9] 

^;\a1,Q2,i)=rnlY , , ,,fe(Di»»(n2)R',„(f), (2a) 
n'v'r \M v AJ 

where i?™„(0) is a Wigner generalized spherical harmonic [10] and (™ " /.) is the 
usual 3-j symbol [10]. In general fmnl can be any nonzero constant but in the 
present paper we use the definition 

It is useful to note that for particles of C2v symmetry the conditions [9] 

fi, v = even, (3 a) 

m + n + I = even, (3 b) 

F7"UAr) = F"±l±v; a/)(r) (3 C) 

must hold. In addition the restriction to tetrahedral quadrupoles requires [6, 7] that 

(H + v + 21) mod 4 = 0. (3 d) 

In the present notation the ion-ion (if), ion-solvent (is) and solvent-solvent (ss) 
pair potentials for the model considered can be expressed in the form 

MyC) = «LJ; iM) + Qt Qj/r, (4 a) 

uj\2) = uUi is(r) - 3i£ O o n ( 1 2 ) + S i ^ I [0>o|2(12) + 0g
2_2

2(12)], (4fc) lit1 ^011^2) 4- ii£l r 

uss(12) = u U ; s s ( r ) - ^ ^ 2 ( 1 2 ) + -

r V6?-3 

4<DjJ2(12)+^4 

x [d>Jf (12) + 4>J2J2(12) - <S2£3(12) - <t>lli0(l2)-] 

+ f j [1>22224(12) + 0>224
2(12) + <D224,(12) + a>2_24_ 2(12)], (Ac) 

where 

« W > = 4eu;„[(«V)12 " ( f f » ^ (4 < i ) 

and g, // and g r represent the charge, dipole and quadrupole moments, respectively. 
For the models we consider the LJ parameters eU;xfi and a^ are taken to be the 
same for all interactions in the system. Thus the ions and solvent molecules are LJ 
spheres of equal' size'. 

The RHNC theory is defined by the Ornstein-Zernike (OZ) equation coupled 
with the appropriate closure approximation. For a mixture the OZ relationships 
can be expressed in the form 

M 1 2 ) - <^(12) = ^ I p7 J ^ (13)^(32) d(3), (5) 

where cxfi(12) is the direct correlation function, py is the number density of species J, 
and d(3) = dCl3 dr3 denotes integration over the coordinates of particle 3 of species 
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v If we introduce variables of the type 

AX^\2) = X^\2)-XUi^r), (6 a) 

where Xa/((12) refers to the system of interest and Xu.af(r) to the pure LJ reference 
system, then the RHNC closure can be conveniently written as 

Aca„(12) = AhJU) + In gU: Jr) - In ^ (12) - Au(l2)/kT, (6 b) 

where k is the Boltzmann constant and T the absolute temperature. 
The expansion of the pair and direct correlation functions in rotational invari

ants (cf. equation (1)) allows the RHNC equations to be solved. The method of 
numerical solution is described in [1, 2, 4]. In the present calculations the basis set 
used (i.e. it is necessary to truncate equation (1) at some point) included all terms for 
which m, n ^ 4. This means that the expansions of /iss(r, ( ]„ Cl2) and his(r, 0 2) 
include 74 and 9 terms, respectively. Tests with similar models have shown [4] that 
this basis set gives essentially full RHNC results for the physical properties of 
interest. Also as in previous calculations for ' soft' sphere models the required refer
ence LJ radial distribution function, gu(r), is taken to be the EXP result [11]. 

In addition to the RHNC theory we have also solved the reference linearized 
hypernetted-chain (RLHNC) theory for the present model. The RLHNC approx
imation [12, 13] replaces the full RHNC closure defined by equations (6) with the 
relationships 

c°o°oU(r) = 0LJ; » exp [ A C ! » - AtC?a/,(r)/fcr] - r,%°0?Jr) - 1, (7 a) 

and 

Ac™'^(r) = C ^ E A C V ' - ) - AtC„(r)//cT] - Au^^(r)/kT (1 b) 

for (mnl; /iv) # (000; 00). In equations (7) we have introduced the function 
tj(12) = h(l2) — c(12). We emphasize that in the present calculations, as in all past 
applications of the RLHNC theory (cf. [12, 13]) the full RHNC closure relates the 
clo%p(r) a n d ^oof^M projections. Thus, the ion-ion correlation functions obtained 
satisfy the full RHNC closure defined by equation (7 a). In general, the computa
tional effort necessary in order to solve the RLHNC equations is much less than 
that required in the RHNC case since the number of projections involved is usually 
much lower. For example, for the present model electrolyte solutions the exact 
RLHNC solution contains only 13 independent projections (i.e. 8 solvent-solvent, 3 
ion-solvent and 2 ion-ion). 

The details of the MD simulations are given in [5] and here we simply remark 
that Ewald boundary conditions were used. In addition to the radial distribution 
functions gjr) = 1 + ti$?Jr), the projections /*££?», KhlM K^Jr), Klfjr), 
Hl-M hUfJr), h2

2
2

2fjr), C ; \ sM and h°0
2
2fis(r) were obtained. We note that these 

projections define the complete solution for the mean spherical approximation 
(MSA) and for the RLHNC theory [7, 13]. Also a subset of these coefficients is 
sufficient to determine the thermodynamic and dielectric properties of the system. In 
order to calculate the h™"!ap(r) functions in the computer simulations it is convenient 
to have cartesian expressions for the <!>""'( 12) or for combinations of <D™"'(12) which 
have equivalent coefficients (cf. equation (3 c)). This is done [8] by introducing the 
set of orthogonal molecule-fixed unit vectors (x;, yf, zf) such that \it = nt i.t. Explicit 
e*pressions for the necessary solvent-solvent functions are given in [8]. In the 
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Figure 1. The radial distribution function gss(r) for solution I. The solid, dashed and dotted 
curves are, respectively, the RHNC, RLHNC and MD results. 

present calculations the ion-solvent functions 

<tCf„(12) = z2 . f, 

<C;
2

is(12) + <C_2
2;is(12) = [x2 . f ] 2 - [y2 . f ]2 

were also used. 

(8 a) 

(8 6) 

2. Results 

We consider 1 : 1 electrolyte solutions which can be conveniently described with 
the reduced parameters T* = kT/eu, q* = (q2/eL}o)1'2, n* = {H2/EUCF3)112 and 
Q* = (2r / eu a5)1'2 where eLJ and a are the LJ parameters taken to be the same for 
all interactions. In addition, the total reduced density p,*t = Na^/V, where N = 
ŝolvent + N + + N _ is the total number of particles in the system, together with the 

ratio N +/N = N_/JV must be specified. In the present paper we consider two 
systems, henceforth referred to as I and II. In both cases pt*t = 0-8, N+/N = 5/256 
and <2£ = 0-72. The values of T*, /i* and q* differ and are as follows: 

(I) T* = 1-35, n* = 1-92, q* = 80, 

(II) r * = 1-39, n* = 1-50, q*= 40. 

We remark that as pointed out in [5] for a reasonable choice of the LJ param
eters (i.e. a = 3024 A, e u = 3-197 kJmoP l ) the values of n* and QT* for model I 
are close to the values given by the permanent dipole and quadrupole moments of 
the water molecule. Also the values of p*, and N+/N used correspond to a solution 
where the salt concentration is ~ 1 M . The values of q* used are small with respect 
to the reduced elementary charge (i.e. e* = 12 for the £ u and a given above). As 
described in [5], these values were chosen because one would expect smaller charges 
to facilitate the convergence of the MD simulations. However, in view of the results 
described below this does not in fact appear to be true. In any case, our primary 
purpose here is to test the integral equation theories and hence the fact that the 
values of q* used are not very physical is not of great importance. Also of course 
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Figure 2. The projection hlo?ss(r) f°r solution I. The curves are as in figure 1. 

these values of q* can be simply regarded as the reduced elementary charge at 
elevated temperatures (i.e. larger values of £LJ). 

The solvent-solvent radial distribution function gss(r) and selected other h""'ss(r) 
projections for solution I are shown in figures 1-8. RHNC, RLHNC and MD 
results are included in the plots. We note that the projections hllfss(r), hllfss{r) and 
hll?ss(r) determine [8] the dipole-dipole, dipole-quadrupole and quadrupole-
quadrupole energies, respectively. The static contribution to the dielectric constant 
of solution [14] is determined [12-14] by K™ss(r). From figures 1-8 it can be seen 
that the agreement between the MD and theoretical results for the solvent-solvent 
coefficients ranges from fair (e.g. figure 6) to excellent (e.g. figure 3). It is also evident 
that for the solvent-solvent correlations in this system there is not much to choose 
between the RLHNC approximation and the full RHNC theory. For some projec
tions the RHNC is more accurate (e.g. figures 1 and 3), but for others the RLHNC is 
superior (e.g. figure 4). The overall agreement between the integral equation theories 
and the MD results is in fact very similar to that found in our earlier work [8] with 

Figure 3. The projection h^f^r) for solution I. The curves are as in figure 1. 
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Figure 4. The projection hUlJif) f° r solution I. The curves are as in figure 1. 
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Figure 5. The projection h^jfjir) for solution I. The curves are as in figure 1. 
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Figure 6. The projection h\\°ss(r) for solution I. The curves are as in figure 1. 
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Figure 7. The projection h\\^ss(r) for solution I. The curves are as in figure 1. 

pure liquids. For solution II the results obtained are very similar to those for 
solution I and hence the figures are not included here. 

For the present dipole tetrahedral-quadrupole model with ions of equal ' size' 
and charge the positive and negative particles are solvated symmetrically. Hence 
one has the symmetry requirements 

C;
1-SW=-C;1

+S('-), 

g _ _(r) = g + +(r). 

(9 a) 

(9 b) 

(9 c) 

(9d) 

In all MD calculations the ion-solvent functions converged relatively rapidly and 
equations (9 a-c) were satisfied within statistical error. However, as discussed in [5] 
and below this was not the case for equation (9 d). 

The ion-solvent functions o+s(r), h
0
0}£+s(r) and h%lf+s(r) for solution I are shown 

in figures 9-11, respectively. It is apparent from the figures that for all three ion-
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Figure 8. The projection h\\*ss(r) for solution I. The curves are as in figure 1. 
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Figure 9. The radial distribution function g+s(r) = g-Jr) for solution I. The solid, dashed 
and dotted curves are, respectively, the RHNC, RLHNC and MD results. 
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Figure 10. The projection Zioo'+sW f° r solution I. The curves are as in figure 1. 

U . 3 -

0.0-
V 

0 .0-
V 

- 0 . 5 -

11 , 

1 * 
1 /' 
\ i 

, 0 2 2 
^ 0 2 , i s 

- 1 . 0 -
v h 

I r 
- \ F 

- 1 . 5 - it j 

V r/a 
I 1 1 1 1 1 1 i i i i 

0.8 1.2 1.6 2.0 2.4 2.8 3.2 
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Figure 12. MD results for the radial distribution functions between repulsive ion pairs for 
solution I. The solid, dashed and dotted curves are g++(r), g--(r) and the average 
(g++(r) + 9--(r))/2> respectively. Recall that for the present model symmetry requires 
that g ++{r) = g _ _(r). 

solvent projections the RHNC theory is in very good agreement with the MD 
curves and is much more accurate than the RLHNC result for g + s(r). At moderate 
to long-range there is an apparent discrepancy between the theoretical and MD 
results for g+s(r) and h^} +s(r) (cf. figures 9 and 10). This is probably due to the fact 
that with a small number of ions one does not obtain proper screening even in 
relatively large MD runs [5]. This effect is also evident in the solution II ion-solvent 
projections and in the ion-ion radial distribution functions discussed below. Again 
the ion-solvent results for solution II are very similar to those obtained for 
solution I. 

The MD results for g + +{r) and g~-{r) obtained for solution I are shown in 
figure 12, and the g+ _(r) and {g+ +(r) + gr (?"))/2 curves are compared with RHNC 
and RLHNC calculations in figures 13 and 14, respectively. For solution I equation 

Figure 13. The radial distribution function g+_(r) for solution I. The curves are as in 
figure 1. 
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Figure l<f. The radial distribution function g+ +(r) = g_ _(r) for solution I. The solid and 
dashed curves are as in figure 1. The dotted curve represents the MD results for 
(g++(r) + g--(r))/2. 

(9d) is obeyed relatively well (cf. figure 12), and the MD and RHNC results are 
rather similar (cf. figures 13 and 14). We note that for this system the RLHNC 
results for both g++(r) and g + _(r) are very different from the RHNC curves and do 
not agr^e with the MD simulations. Thus for solution I we conclude that MD 
calculations of the present length give at least roughly converged results for the 
ion-ion radial distribution functions, and that, furthermore, the computer simula
tion and RHNC theory are in relatively good agreement. 

However, this conclusion does not hold when one looks at the corresponding 
plots (cf, figures 15-17) for solution II. In this case the MD results for g++(r) and 
g~-(r) are very different (cf. figure 15) and clearly do not satisfy equation (9d). 
Moreover, the MD and theoretical results for g+-(r) do not agree (cf. figure 16) 
although, probably due to the cancellation of statistical error, the agreement 
between the MD and RHNC curves for (g++{r) + #_ _(r))/2 is not too bad. 
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Figure 15. MD results for the radial distribution functions between repulsive ion pairs for 
solution II. The curves are as in figure 12. 
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Figure 16. The radial distribution function g +_(r) for solution II. The curves are as in 
figure 1. 

In view of the fact that for both solutions I and II the MD runs were relatively 
long and of similar length (i.e. 53 000 and 62000 time steps, respectively), the only 
unambiguous conclusion we can reach from these results is that for systems of this 
size MD calculations of this length are not sufficient to give converged ion-ion 
distribution functions. Our purpose in reporting these results here is to emphasize 
that great caution should be exercised in interpreting computer simulation studies of 
ionic solutions. Indeed it appears that both larger systems and much longer MD 
calculations will be necessary in order to obtain reliable information about the 
ion-ion structure at the present concentration. 

RHNC, RLHNC and MD values for the dielectric constant, e, and for some 
selected thermodynamic properties are compared in the table. The quantities 
U'JNeu, U'I/NEU and U\JNeu are the electrostatic contributions to the solvent-
solvent, solvent-ion and ion-ion energies, respectively. Pe/(plot kT) denotes the elec
trostatic contribution to the total compressibility factor. It can be seen from the 
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Figure 17. The radial distribution function g + +(r) = g^ _(r) for solution II. The curves are 
as in figure 14. 
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Comparison between RHNC, RLHNC and MD results for selected properties. 

Solution I Solution II 

Property RLHNC RHNC MD RLHNC RHNC MD 

UIJNEU 
U'n/Neu 

pe 

-7-98 
-2-22 
-0-612 
-7-52 

23-2 

-7 -83 
-2-31 
-0-765 
-7-41 

19-7 

-8-70 
-2-35 
-0-79 
-9-27 

20 ± 2 

-5-47 
-0-646 
- 0 1 4 1 
-4-51 

11-5 

-5-31 
-0-622 
- 0 1 4 4 
-4-35 

110 

-5-77 
-0-668 
- 0 1 3 1 
-5-70 

e 

-7-98 
-2-22 
-0-612 
-7-52 

23-2 

-7 -83 
-2-31 
-0-765 
-7-41 

19-7 

-8-70 
-2-35 
-0-79 
-9-27 

20 ± 2 

-5-47 
-0-646 
- 0 1 4 1 
-4-51 

11-5 

-5-31 
-0-622 
- 0 1 4 4 
-4-35 

110 9-4+ 1 

table that the overall agreement between the MD and theoretical results is similar 
for both solutions studied. Also there is not really a clear choice to be made between 
the J?HNC and J?LBNC theories. The relative accuracy of these approximations 
depends upon which quantity one wishes to consider. 

3. Conclusions 

The purpose of the present paper has been to compare computer simulation and 
integral equation results for 1 : 1 electrolyte solutions. This is the first such test of 
the RLHNC and full RHNC theories for ionic solutions modelled at the molecular 
solvent level. For the solvent-solvent and ion-solvent correlation functions the MD 
simulations are well converged and there is good overall agreement between the 
computer simulations and theoretical results. For the solutions we consider the full 
RHNC theory does not greatly improve upon the RLHNC approximation, 
although it does give more accurate results for the ion-solvent structure and for the 
dielectric constant. 

Unfortunately, obvious convergence problems in the MD calculations (see §2 
and [5]) do not allow us to reach firm conclusions regarding the ion-ion structure. 
For solution I the MD simulations appear to (more or less) converge and for this 
system g+^(r) and g++(r) agree well with the RHNC theory but not with the 
RLHNC approximation. However, for solution II MD runs of similar length (i.e. 
62000 time steps) clearly do not give converged ion-ion correlation functions. 
Therefore, the only unambiguous conclusion we can reach concerning the ion-ion 
structure is that much longer MD runs, preferably with larger systems, will be 
necessary in order to test the theoretical results at finite concentration. 
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