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The systematic study of the mechanisms of heterogeneous crystal growth has proven 
somewhat difficult. Here we briefly review previous work in this area. We then report a novel 
molecular dynamics simulation methodology that has been developed to enable the creation of 
steady-state crystal growth-melting. We employ this methodology to examine BCC and FCC 
001, 011 and 111 crystal faces of systems of spherical particles interacting through Lennard-
Jones and inverse sixth-power potentials. Various growth-melting conditions are explored 
involving different temperature gradients and velocities. Profile functions of various quantities 
across the interface have been recorded; as measured in the moving frame by the present 
approach, these functions are effectively averaged over the molecular detail of the interface 
and become smooth. This characteristic allows for new ways of interpreting profile functions 
like the energy and local structural order parameters. We find that when the derivative of these 
profile functions is taken with respect to the z dimension, we obtain consistent peaks that 
characterize the freezing-melting interfaces. Consequently, the position and width of an 
interface are easily identified. The interfacial widths calculated show that it is somewhat 
dependent on the temperature gradient but no dependence on the growth velocity was 
observed. The interfacial widths are found to decrease in the order 001 >011 > 111. 
Furthermore we determine interfacial tensions, which arise directly out of our methodology. 
We are able to demonstrate that ordering and disordering are distinct and different processes 
occurring at both the melting and freezing interfaces. 

1. Introduction 

Over the last three decades, the theoretical tool of 
molecular dynamics (MD) simulation has become an 
important aid in providing detailed information in the 
study of crystallization and melting. Computer simula
tions, particularly M D, have offered considerable insights 
into the crystal-melt interface, often inaccessible to 
current experimental techniques [1-3]. The reason for 
the limited utility of experiment is due to the difficulties 
inherent in probing and characterizing the environment 
between two condensed phases. Until new experimental 
techniques are developed, computer simulation will 
continue to provide investigators with a primary 
means to explore the solid-liquid interface [4, 5]. 

Atomic systems, particularly the Lennard-Jones (LJ) 
crystal-melt interface, have received considerable 
attention. Initial investigations were concerned with 
equilibrium interfaces of Lennard-Jones systems. 
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Among the first to perform simulations of a LJ 
crystal-liquid interface were Ladd and Woodcock [6] 
who performed a three-phase simulation to obtain the 
LJ triple point. Among other interesting results, they 
provided a static profile of the density across a crystal-
melt LJ face-centred cubic (FCC) 001 face; the profile 
revealed that the 001 crystal-melt interface was very 
broad with the interfacial width estimated to be 9-10 
lattice spacings (7-8<r). In a subsequent paper [7], 
Ladd and Woodcock investigated transport and 
thermodynamic properties of interfacial systems. Using 
profile plots of diffusion constants measured in two-
dimensional layers, an interfacial width of 5 lattice 
spacings was estimated. Another quantity of interest 
examined in this work was the surface stress. However, 
the noise in their data generated difficulties in interpret
ing the results. Toxvaerd and Praestgaard [8] also 
investigated the equilibrium LJ FCC 001 interface and 
calculated an interfacial width of 7-8 lattice spacings. 
Yet in another study [9] investigating the same system 
with a modified LJ potential, a width of 3-4 lattice 
spacings was estimated; this system had about 3.5 times 
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fewer particles than was utilized in the aforementioned 
studies. All these simulation studies appear to predict 
different widths for the equilibrium (001) interface. 
Other simulations [10. 11] of the FCC 111 crystal-melt 
interface with modified LJ potentials had similar 
problems with identifying the width of the interface. 
The need for a systematic study of the LJ crystal-melt 
interface became clear. To this end, the first detailed 
systematic simulation study of the FCC 111 and 001 
interfaces was performed by Broughton and co-workers 
[12, 13]. Their simulations, under triple-point condi
tions, yielded similar density profiles for both crystal 
faces and an estimate of the interfacial width of 6-8 
lattice layers. Estimates of 3-4 lattice layers were 
obtained for both faces if the diffusion constant was 
used as the measure. The diffusion constant profile 
was found to be invariant to crystal orientation, a 
finding that was also similarly observed by Laird and 
Haymet [14] who investigated body-centred cubic (BCC) 
interfaces using the inverse Rh potential. 

The next set of important equilibrium studies of the 
LJ FCC crystal-melt interfaces for the 001, 011 and 
111 crystal faces was those of Broughton and Gilmer 
[15-20]. In order to investigate whether fundamental 
differences of the three interfaces existed, bulk [15], 
transport [16] and dynamical properties [17] were 
examined in detail under triple-point conditions. 
Properties of the crystal-melt and crystal-vapour 
interfaces were also obtained. An interfacial width of 
approximately 3(7 was obtained for crystal-melt inter
faces for all three crystal faces, based on data from 
radial distribution functions, nearest neighbour frac
tions and angular correlation functions [19]; this result 
is smaller than the width as estimated from the 
density profile. This trend was also observed for the 
inverse sixth-power system investigated by Laird and 
Haymet [14]. The surface free energies [20] for the 
different faces were found by employing a rather 
involved thermodynamic integration method that used 
a series of cleaving potentials in a four step process 
to calculate the reversible work necessary to form 
the interface. The calculated values were 0.34 ± 0.02, 
0.36 ±0.02 and 0.35 ± 0.02 (units in eja2) for the 
001, 011 and 111 interfaces, respectively. Broughton 
and Gilmer [20] thus were able to claim that the 
interfaces were isotropic within their error bars and 
they postulated, based on these results, that the 
equilibrium interfaces of the crystal were approximately 
spherical. 

Simulations of steady-state crystallization were first 
investigated by Broughton et al. [21] and later by Burke 
et al. [22]. In these simulations, periodic boundary 
conditions were applied only in the x and y directions, 
with crystal growth-melting occurring in the z direction. 

They created a non-equilibrium system where the 
interface between the solid and liquid regions was 
created at the centre of the simulation box with two 
heat baths at each end. They maintained steady-state 
growth by introducing a particle flux in the system; 
when liquid particles were introduced into the system 
and moved towards the growing interface, they became 
solid and were eventually removed from the system at 
the opposite end. Thus the whole system appeared to 
move at this velocity, which was chosen to maintain the 
interface at the centre of the box. 

The findings of Broughton et al. [21] and Burke et al. 
[22] revealed that the 111 system has in general no 
preference for either FCC or hep stacking, with stacking 
faults occurring in about half the layers grown. The 
presence of these two lattice types was identified as being 
responsible for the slower growth of 111 as compared to 
the 001 face, the latter showing no dual lattice structure. 
An important conclusion from these simulation studies 
was that during crystallization atoms in a layer grow by a 
'cooperative motion of the atoms'. The non-equilibrium 
methodology used in their work enabled the creation of 
conditions appropriate for steady-state freezing but not 
melting. In addition, these studies could not make any 
predictions of the interfacial widths under these growth 
conditions nor locate the interfacial dividing plane in 
their steady-state systems, both of which Burke et al. 
[22] claimed were difficult. 

Another group of significant papers focused on the 
LJ crystal-melt system were those of Tepper and 
Briels [23 26]. They employed equilibrium and non-
equilibrium techniques in the simulation of the crystal 
growth of LJ FCC 001 systems. Tepper and Briels [23] 
developed a methodology to calculate growth rates near 
equilibrium (low growth velocities) that exploited a 
solid-liquid recognition function to characterize the 
appropriate fluctuations in local order. They discovered 
that these fluctuations in the equilibrium simulations, 
together with Onsager's regression hypothesis, gave 
growth rates similar to those of non-equilibrium 
simulations [23], Tepper and Briels. through a series of 
three papers [24-26], investigated the role of lattice 
imperfections in crystal growth and melting rates of a LJ 
FCC 001 interface close to equilibrium. The first of these 
studies [24] explored small superheatings and under
coolings with respect to the equilibrium melting 
temperature. They concluded that any asymmetry in 
the freezing and melting curves was due to lattice 
imperfections found in the crystallizing interfaces 
(in contrast to the melting interfaces). In subsequent 
simulations [25, 26], when imperfections were incorpo
rated into the melting interfaces, the asymmetry 
vanished. In their follow up investigation [25], they 
utilized their recognition functions to identify two linear 
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growth regimes: a short time growth regime related 
to interface relaxation rates and a long-time regime 
associated with the macroscopic limit of growth and 
melting. They concluded that short simulations will give 
the former growth regime, which could be confused 
with crystal growth and so lead to apparent slope 
discontinuities arising from improper equilibration of 
the solid-liquid interface. In their third paper [26], 
Tepper and Briels concluded that long run times, long 
observation times and large box sizes were required 
to avoid confusion of interfacial relaxation rates with 
growth rates. The aforementioned studies by Tepper 
and Briels, however, did not address issues such as 
widths, positions and structure of the interface, nor how 
these might change from equilibrium to non-equilibrium 
conditions. 

Recently Huitema et al. [27] revisited the problem of 
characterizing the interface of a growing LJ crystal-melt 
system through a Monte Carlo simulation method. In 
these growth simulations the initial configuration of the 
rectangular system was half liquid and half solid and 
crystallization proceeded until the whole simulation 
box was crystalline. In these simulations the x and y 
dimensions of the rectangular simulation box were held 
fixed, with the z dimension able to fluctuate. To 
discriminate solid from liquid, they have used an order 
parameter that exploits symmetry properties of the 
local environment for the 001, Oil and 111 faces. They 
concluded that all three interfaces were rough and 
vary little with temperature. The profile functions they 
obtained for the density of the system were virtually 
identical to those of Broughton and Gilmer [20] and 
they similarly obtained interfacial widths for all three 
crystal orientations of the same magnitude. They also 
found the interfacial widths were independent of 
undercooling. The microscopic picture of growth as 
described by Huitema et al. [27] for the 111 and Oil 
faces consisted of ordering of the particles in the layers 
in front of the interface along with hopping of atoms 
from layers further away to layers closer to the interface. 
In addition, the apparent density of the layers in front of 
the interface was observed to increase by about 10% on 
solidification. In contrast the 001 face exhibited no such 
increases in the apparent density of layers. However, the 
distance between layers became smaller upon ordering 
of the particles in the layers. The authors concluded 
that this provided a faster growth mechanism. Since 
the Monte Carlo simulation algorithm employed by 
Huitema et al. [27] does not describe a true trajectory for 
the system, it is unclear the extent to which their work 
advances our understanding of the detailed mechanisms 
of atomic crystal growth. Thus, several issues remain 
unresolved, all dealing with the nature of the interfacial 
layer and the mechanism of crystal growth. 

The process of crystal growth is by its very nature a 
non-equilibrium process, yet the majority of studies of 
the solid liquid interface (as reviewed above) have been 
fundamentally equilibrium approaches. There have been 
relatively few detailed studies of non-equilibrium growth 
(and melting) and none have been able to establish true 
steady-state conditions. Moreover, during the growth 
of these atomic systems, the detailed structure of 
the melting and crystallizing interface has not been 
adequately described. Previous studies have suggested 
that the interface is essentially 6-8 lattice layers wide, yet 
important questions about whether changes in growth 
rates have an impact on the interfacial structure and 
width have not been thoroughly investigated. 

The aim of this paper is therefore to begin to 
address some of these outstanding issues. Utilizing a 
novel methodology, non-equilibrium simulations of 
the FCC/BCC 001, 001 and 111 crystal faces were 
performed using the LJ and XjR potentials. Through 
this approach we are able to characterize clear and 
precise measures of the interfacial width that also 
allow us to define the centre (position) of the interface. 
This approach enables the identification of melting and 
freezing temperatures from simulations with different 
temperature gradients and growth velocities. We predict 
equilibrium melting (freezing) temperatures for the 
model systems under investigation as a validation of 
our methodology. 

This paper is organized as follows. Section 2 details 
our simulation methodology that we effectively use for 
our non-equilibrium simulations of steady-state crystal 
growth. In section 3, we present simulation details for 
the systems under investigation and define a structural 
order parameter that we have utilized. In section 4 we 
present and discuss our results, including our (moving-
frame) profile functions and their interpretations, 
growth velocity and temperature gradient dependences, 
and the comparison of the growth (and melting) rates 
of the different crystallographic faces. Finally, section 5 
provides our concluding remarks. 

2. Methodology 

The novel methodology employed in this work consists 
of two related but distinct aspects. The first is concerned 
with how temperature is controlled in the simulation. 
Specifically, it involves the incorporation of a heat 
source and a heat sink into the system; these are regions 
that experience local temperature control. It should be 
noted that in a standard thermostatted molecular 
dynamics simulation, temperature would be controlled 
uniformly across the entire system or interface [28], 
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To implement these local thermostats, we first define 
local temperatures, T\. by 

3 E , Gi(-i)Ki m 

2kBT]= E,C/(--) ' ( ) 

where the localizing weighting function. 

G,(z,-) = exp - K ( r , - z0)2], (2) 

is assumed to be a Gaussian for convenience. A', is 
the kinetic energy of particle i. z,- is its position in the 
z direction, z0 defines the position (or centre) of the 
thermostatted region and a0 is the Gaussian width. 
Equations (1) and (2) effectively restrict the temperature 
measure. T\, to a lateral 'slice' of the system. 

The introduction of the local thermostats correspond
ingly alters the equations of motion. These become 

p, = F, - [ahGh(Zi) + acGc(zi)]9i + y[Gh(z,) + Gc(z,-)], 

(3) 

where p, is the momentum and F, is the force on 
particle /. 

ah=-^(Th-Th:o) (4a) 

and 

ac=^(Tc-Tc,0) (4b) 

are thermostatting multipliers denoting the heat source 
and heat sink, respectively, Q is a coupling parameter 
that determines the response of the multipliers, Tho 

and rc,0 are the desired (target) temperatures for these 
regions, and 

_ E/[ahCh(-;)P; +«cGc(z,-)p,-] 
£,[Gh(z,) + <Jc(z,)] 

The third term in equation (3) is used to ensure that 
the total momentum of the system remains conserved. 
The simple Berendson [29] thermostats represented 
by equations (4a) and (4b) are sufficient for present 
purposes. The above equations describe the motion of 
a particle within the simulation cell under the influence 
of the heat sink and source. If this particle is well 
away from the thermostatted regions, (i.e. G{z) ~ 0) 
equation (3) essentially reduces to its Newtonian 
form, i.e. 

P, = F„ (6) 

In this way, heat is able to enter one part of the system 
while being removed from another part (in a very 
controlled manner). Moreover, any latent heat gener
ated (removed) by crystallization (melting) can be 
effectively removed (added). When both the heat sink 
and heat source are operating, a thermal gradient is 
created giving rise to a heat flux through the system. 
The presence of this thermal gradient is key to the 
present methodology. 

The second component of this methodology makes a 
non-equilibrium steady-state approach to the simulation 
of crystal growth possible. It exploits the simple fact that 
during a MD simulation the positions of the heat source 
and heat sink can be changed, if desired. By moving the 
heat source and sink together through the system, at 
some sufficiently slow pre-set speed, we can effectively 
force the crystal to grow under non-equilibrium steady-
state conditions. As full periodic boundary conditions 
are applied to the simulated system, the movement of 
the thermostats could eventually cycle through the entire 
system several times and so a given particle could 
experience several changes of state during any particular 
simulation run. 

A key feature of this methodology is the ability to 
generate a true steady-state for a given temperature 
gradient and velocity of the local thermostats. The 
system will be heterogeneous with both solid and liquid 
phases present. Therefore, under steady-state condi
tions, it will contain two interfaces: a freezing interface 
and a melting interface, as illustrated in figure 1. For 
these conditions, temperature, density, energy and 
structural profiles can be obtained within the moving 
frame of the system (i.e. of the heat source and heat 
sink). The principal benefit of obtaining profiles from 
within the moving frame is that the system will then 
have sampled all possible positions of the interface 
relative to the underlying molecular structure of the 
crystal. As a comparison, a static density profile of an 
equilibrium FCC 001 system is shown in figure 2(a), 
while the density profile obtained in the moving frame of 
a growing system is presented in figure 2 (b). We remark 
that in figure 2 (b) and in all subsequent moving frame 
profile functions, z = 0 corresponds to the position of 
the heat sink. The large oscillations in the former 
function in the solid region of the system (see figure 2 (a)) 
reflect its static nature. In the past, [12, 27] profile 
functions, such as that shown in figure 2(a), were used 
to carry out analysis on such systems (e.g. to estimate 
interfacial widths). More recently smoothing procedures 
have been utilized to help refine such functions [30]. 
These procedures, though useful, add some uncertainty 
to the interpretation of such smoothed functions. 
The functions obtained within the present approach 
will be inherently smooth when averaged sufficiently. 
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Figure 1. A schematic diagram showing a typical simulation cell. The heat source and the heat sink arc the locations of the local 
'hot' and 'cold' thermostatted regions, respectively. The shaded area represents the extent of the local influence of the thermostats 
on the system. The arrow shows the direction of movement of the thermostats that then drives the freezing and melting interfaces. 
Note that periodic boundary conditions are applied in all three Cartesian directions. 

Thus, they allow for more direct comparison with 
experimental and other theoretical results and will be 
very useful in characterizing the average interface. 

3. Simulation details 

Simulations were performed on atomic (spherical) 
systems where the particles interact through the pairwise 
additive Lennard-Jones (LJ) potential or an inverse 
R6 potential. Both BCC and FCC crystal structures were 
examined, although the latter was much more exten
sively studied. A limited number of simulations were 
carried out for BCC and FCC systems with the inverse 
R6 potential to explore possible model and crystal 
structure dependence. The most extensively studied 
systems, and the primary focus of this paper, will be 
those with FCC crystals and the LJ potential; any 
exceptional behaviour manifested by the inverse R6 

potential systems will be reported in the relevant 
sections. Table 1 summarizes the crystal structures 
investigated, along with the potential and system size 
used for each of the three crystallographic faces (001, 
011 and 111) considered in the present study. Employing 
the various systems as described in table 1, in excess of 
200 simulations were performed with different tempera
ture gradients and growth velocities as summarized in 
tables 2 and 3, respectively. In tables 2 and 3, and 

throughout this paper, all quantities are given in the 
reduced units appropriate for the Lennard-Jones poten
tial [28, 31. 32]. In these simulations the potential was 
truncated and shifted at a cut-off radius. rcu[ = 2.5, 
Periodic boundary conditions were applied in all three 
Cartesian directions. The reduced timestep. At, used in 
the simulations was 0.005. 

The ability to determine crystalline order across an 
interface is an important aspect of this study. Other 
workers have used structural functions that have 
focused on local order around a given particle [23]. 
An order parameter that can be used as a measure of 
crystalline order within a particular 2-dimensional slice 
of the system is 

E(z) = e x p [ - ( i k 2 D • T2D)], (7) 

where kjo is a two-dimensional wavevector commensu
rate with the unit cell structure and TID is the position 
vector (x,y) of the particle within the two-dimensional 
slice. This measurement of long-range order is per
formed perpendicular to the z direction, the direction of 
crystal growth (heterogeneity) and of the movement 
of the thermostats. This function is a good discriminator 
of local crystalline order in our simulations. 

Our procedure for the creation of an initial equili
brium crystal-liquid interface consisted of several steps. 
First, the crystalline solid at its estimated melting 
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Figure 2. Density plotted against the z dimension of the 
simulation eell for a LJ 001 crystal-melt system, (a) Static 
equilibrium system profile; (b) profile obtained in the moving 
frame of a steady-state system with a small gradient at a low 
velocity of 0.006. 

temperature. Tm, was equilibrated at constant pressure. 
The single barostat being employed allowed for scaling 
of all three dimensions of the simulation cell. Next, the 
local thermostats were turned on with their tempera
tures set appropriately to melt roughly half the system. 
A thermal gradient was generated across these systems 
thus facilitating the generation of solid-liquid interfaces. 
During this stage the x and y dimensions of the 
simulation cell were held fixed, while the z dimension 
was allowed to change to maintain the corresponding 
component of the pressure tensor. The heat source and 
heat sink were then turned off and the system was 
allowed to equilibrate. The final (uniform) temperature 
of the system then provided a new estimate for its 
melting temperature. The above steps were repeated 
several times until the melting point could be 

consistently reproduced to within 0.0005. The equili
brium melting temperature thus obtained was 
0.620 ±0.0005 at a pressure of 0.01 ±0.005 for the 
three interfacial orientations of the LJ FCC systems. 
This result is in excellent agreement with previous 
simulations [12]. Similar procedures were performed for 
the l/R6 systems with reduced melting temperatures of 
0.602 ±0.0005 and 0.596 ±0.0005 for BCC and FCC 
systems, respectively, at a pressure of 47 ± 1 in excellent 
agreement with the phase diagram as described by Laird 
and Haymet [33], 

Crystal growth simulations were continued from 
configurations of equilibrium simulations at the point 
where half the system melted (or from slower growth 
steady-state runs). The thermostats (and hence the 
gradient) were left on and were then moved at various 
fixed velocities (as indicated in table 3) to obtain the 
desired steady-state growth rates of the different crystal 
faces. After an initial equilibration period during 
which constant r-pressure was maintained, the simula
tions were performed under constant volume conditions. 
However, the average r-pressure was carefully moni
tored to determine if the pressure deviated significantly 
from our pre-set value for the different simulations; 
if so, the system was re-equilibrated until the r-pressure 
was consistently reproduced. Simulation runs were 
continued until the steady-state growth conditions 
were adequately sampled, typically representing a full 
system length of crystal growth. Profile functions for the 
energy, density, pressure (in x, y and r), temperature, 
and the two-dimensional solid order parameter, £, were 
obtained along the z dimension of the simulation cell to 
help characterize the system. These profile functions 
were obtained from numerical histograms with bin 
widths of approximately 0.113<r. 

In order to investigate possible system size effects 
three significantly larger ('big') systems were also 
examined and are included in table 1. A single system 
that was roughly 50% longer was included in our 
simulation study to confirm that the two interfaces did 
not interact with one another and that their behaviour 
was otherwise independent. 

4. Results and discussion 

4.1. Profile functions 

Profile functions from a typical steady-state LJ simula
tion are shown in figure 3. The results shown are for a 
FCC 001 system with a small temperature gradient and 
a low velocity. One key feature of these profiles is that 
the functions are relatively smooth. In figure 3 (a), the 
temperature profile in the moving frame is a character
istic 'carat' shape, with the maximum corresponding to 
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Table 1. Summary of the different potentials and crystallographic faces of FCC and BCC lattices investigated. The number of 
particles along with the steady-state system dimensions (in brackets) are given. 

Number of particles 
(reduced box dimensions) 

Interface LJ-fcc 1 R6-bcc 1 R6-fcc 

111 2880 2592 2880 
(9.160- X 11.9(7 x 30.57a) • (8.79a x 7.61a x 21.5a) (9.16a x 11.9a x 30.57a) 

110 2304 2880 
(9.15a X 9.71CT x 29.54CT) (8.79a x 8.28a x 22.17a) 

100 2448 2688 2448 
(9.70CT X 9.70a x 29.93a) (8.29a x 8.29a x 21.94a) (9.70a x 9.70a x 29.93a) 

111 (big) 4320 - -
(13.17CT X 11.87a x 30.26a) 

110 (long) 3456 - -
(9.15<7 X 9.71a x 43.23a) 

110 (big) 4608 - -
(13.72(7 X 12.94a x 29.50a) 

100 (big) 4352 - -
(12.95a X 12.95a x 29.46a) 

Tabic 2. Temperature gradients employed in the present 
simulations along with the corresponding temperatures of 

the heat source and heat sink. All temperatures are in 
reduced units. 

AT T(hot) T (cold) 

0.6 (very large) 
0.4 (large) 
0.2 (moderate) 
0.1 (small) 

0.90 

0.85 
0.72 
0.67 

0.30 

0.45 

0.52 

0.57 

Table 3. Velocities under which non-equilibrium steady-state 
simulations were undertaken together with other related 
simulation parameters. Note that velocities are given in 

reduced units. 

10- timesteps Total run length 
Velocity to move la (103 timesteps) 

0.002 100.0 1500 
0.006 33.33 500 
0.02 10.00 300 
0.06 3.333 300 
0.08 2.500 250 
0.09 2.222 200 
0.12 1.666 200 
0.16 1.250 100 
0.2 1.000 100 
0.3 0.666 100 
0.4 0.500 100 
0.45 0.445 100 
0.5 0.400 100 
0.6 0.333 100 

the position of the heat source and the position of the 
minimum corresponding to the heat sink. The r-pressure 
profile appears essentially flat with small oscillations in 
the vicinity of the interface, apparently stemming from 
the transition from solid and liquid. However, no 
systematic trend was observed from this detailed 
behaviour in the pressure. In figure 3 (/?) the energy 
profile shows higher energy of the liquid than in the 
solid region, as expected. The function shown exhibits a 
characteristic 'bell-shaped' energy profile, as obtained at 
a small gradient and low velocity. The structural order 
parameter, E. also clearly demarcates the solid regions 
(for z roughly 0 5a and 23-30CT). the liquid (roughly 
9-19cr) and the transitions between solid and liquid. 
These values are typical for steady-state systems where 
the solid, corresponding to the left most part of the 
profile function, ends with the freezing interface and the 
melting interface is found further to the right. The Y. 
order parameter can be seen to be very sensitive to the 
2D crystalline order of the solid-liquid system. One of 
the additional benefits of obtaining functions in this 
manner (in the moving frame) is that consistent profiles 
throughout a simulation run indicate that we have 
indeed established stable steady states. 

Through direct inspection of the energy and T. profiles 
all regions in the steady-state system are easily identified. 
However upon closer inspection, the precise positions 
and widths of the two interfaces are still difficult 
to pinpoint. Thus, although figure 3 is useful and 
informative, it still does not allow for a systematic way 
of determining interfacial widths or of defining the 
centre (or position) of the interface [27], which is one of 
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Figure 3. Profile data for: (a) the z component of the 
pressure. P::(z) (line), and the temperature, T (dashed), and (b) 
the £ order parameter (dashed) and the energy, U (line). All 
profiles are in the moving frame of a LJ 001 steady-state 
system at a small gradient and a velocity of 0.006. 

the goals in the present work. With this in mind, when 
the derivative of an energy (or E) profile is taken with 
respect to the z coordinate, two clear extrema, one peak 
and one valley but henceforth referred to as 'peaks' 
corresponding to each interface, are observed. Examples 
of this behaviour are shown in figure 4. Similar peaks at 
the same positions are exhibited in figure 4(b) by the 
derivative of the E order parameter. We define the 
positions of the extrema seen in figure 4 to correspond to 
the middle of the freezing and melting interfaces and the 
width of the peaks to correspond to the interfacial 
width. Furthermore, it is useful to point out that the 
derivative of our energy function can be interpreted as 
an average force in the z direction experienced by a 
particle at that position in the system. 

o dU/dz 

dL/dz 

Figure 4. Energy and structural parameter profiles together 
with their derivatives with respect to z. The squares in (a) and 
the circles in (b) represent the original profile data, while the 
solid lines are their respective derivatives. The peaks/valleys 
correspond to the positions of the freezing and melting 
interfaces. The widths of the peaks correspond to the 
interfacial widths. The system shown is the LJ 001 steady-
state system with a small gradient and at a low velocity of 
0.006. 

We find in general that the derivatives of the energy 
and E order parameter profiles are sensitive measures 
of the changes occurring in the interfacial region. They 
also appear quite symmetric and conveniently remove 
most of the effects of the temperature gradient. While 
they generally improve the description of the interface, 
the precise edge of any peak is still not well defined. 
To improve the analysis of our profile functions, seven 
point smooths were performed on the raw data. The 
peaks in the derivative functions were subsequently 
fitted to Gaussian-like forms, involving a Gaussian to 
which a linear (ramp) function has been added to 
account for the influence of the temperature gradient. 
From these functional fits more precise predictions of 
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the interfacial widths can be obtained. In particular, we 
define the interfacial width to be two standard devia
tions to both sides of the peak position (accounting for 
95% of the total peak area). The values obtained in this 
manner agree well (with respect to the observed trends) 
with other more crude estimates (such as measuring the 
width at half height). In this way we have a means 
of consistently measuring the widths and positions 
of peaks, such as those shown in figure 4. which 
correspond to the interfaces. We note, however, that the 
widths from the energy functions are consistently 1-1.6a 
larger than the values obtained from the Y. order 
parameter functions although both functions agree in 
the predicted position. Galej et al. [34] have argued that 
different measures of interfacial widths' cannot be 
expected to give the same values. A further discussion 
of these differences will be undertaken in section 4.4 
below. 

The simulations with our 'big' and 'long' systems, as 
given in table 1, show no significant differences with 
our standard sized systems. The widths of the interfaces 
and the positions of the peaks are readily reproduced 
by the larger and longer systems. Moreover, the 
time required to reach steady state was approximately 
the same. The present methodology demonstrates an 
invariance to system size in the attainment of steady 
states. The use of small systems and short run times 
to study crystal growth have been questioned by 
Tepper and Briels [26]. They have observed with 
their methodology that true growth rates could be 
confused with interfacial relaxation. Thus, they claim 
that long run times and bigger systems are needed 
to avoid the confusion. In simulations undertaken in 
the present study, no such simulation artefacts were 
noted. In fact, steady states were obtained in relatively 
short simulation runs (see table 3) with the present 
methodology. 

4.2. Velocity dependence 

For a particular gradient, it is interesting to investigate 
the impact of growth (or melting) rate on the nature of 
the interface. Figure 5 shows interfacial widths for small 
gradient systems at low and high velocities. The energy 
profile becomes skewed to the left as the velocity is 
increased (0.02 and 0.16 for 111 and 001, respectively) in 
contrast to low velocity (0.006) where the energy profiles 
appear symmetric. It can be seen in figure 5 that the 
distance between the freezing interface and the heat sink 
at high velocities is considerably smaller than at low 
growth velocities. This behaviour can be rationalized by 
the expectation that more rapid growth demands a 
deeper supercooling. This trend is observed with all 
systems and conditions of faster growth. At the melting 

interface, the melting temperature is shifted to higher 
temperatures with increased velocity; these shifts are 
always smaller than the corresponding shifts for the 
crystallizing front. Therefore, for a given gradient, one 
always encounters the upper bound in the growth rate 
first. Table 4 summarizes the maximum growth rates 
attained for the LJ FCC systems at specific gradients. 
We note that the systems with 1 Rb potentials are 
observed to behave similarly, with similar maxima. The 
maximum growth rates achieved for the different FCC 
faces are consistent with those observed in previous 
studies [22]; with argon parameters for s and a. the 
maximum growth rate for the LJ 001 system is 
approximately 80ms _ l . The growth rates for the 
different crystal faces increase in the order 
111 < 011 < 001. 

Figure 5 (c) and (d) show the derivatives of the energy 
and £ order parameter profiles, respectively. Plots such 
as these provide data for interfacial positions and 
widths. Examination of this data reveals that there 
appears to be no systematic effect on the interfacial 
width with increasing velocity for a given gradient. 

4.3. Gradient dependence 

The gradients used in the present study are described in 
table 2 and figure 6 examines the dependence of the 
interface on temperature gradient. It can be seen from 
figure 6 that the shape of the energy curve becomes 
flattened in going from a large to a small gradient. For 
the smallest gradient shown in figure 6, the energy curve 
reasonably approximates the plateau regions expected 
for the solid and liquid regions. Further insights can 
again be obtained by examining the derivatives of these 
profile functions. The derivatives shown in figure 6(b) 
clearly show the features associated with the interfacial 
regions. The slight shifts of the melting and freezing 
interfaces apparent for the different gradients simply 
reflect the system finding its desired melting temperature 
on the temperature profile. Inspection of the derivatives 
of the T. order parameter and the energy (see figure 6(b)) 
reveals that the gradient has a small impact on the 
interfacial thickness, with the interfaces becoming 
slightly narrower with increasing gradient. Similar 
results were observed for all crystal orientations. 
This dependence is not unexpected as larger gradients 
should tend to confine the interface to a smaller region. 
Because of the more rapidly varying temperature, some 
structural fluctuations of the growing and melting 
interfaces are restricted in large gradients causing these 
interfaces to be narrower. Small gradients do not 
confine these structural fluctuations resulting in slightly 
wider interfaces. 
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Figure 5. Energy profiles for (a) the 111 and (b) 001 LJ steady-state systems with small gradients at low (dashed) and maximum 
(line) velocities. The corresponding derivatives of U and T, (circles—low velocity; crosses—high velocity) are shown in the lower 
frames (c) and (cl). 

Table 4. Maximum observed steady-state growth rates (in 
reduced units) for the various crystallographic faces and 

gradients examined for LJ FCC systems. 
Gradients 

Interface 0.6 0.4 0.2 0.1 

111 
110 
100 

0.16 
0.3 
0.5 

0.16 
0.2 
0.2 

0.12 
0.12 
0.2 

0.06 
0.09 
0.09 

Figure 7 shows the temperature gradient dependence 
of interfacial width as obtained from the derivative of 
the T. order parameter and the energy. It is clear from 
figure 7 that the interface becomes somewhat broader 
with a smaller gradient. This trend suggests that the zero 
gradient (equilibrium) interface may be slightly (less 
than 0.5a) wider than those recorded here. 

4.4. Comparison of crystallographic faces 

As mentioned above, the growth rates observed in this 
work agree well with those recorded in previous studies 
[21, 22]. We have found that the maximum velocities 
for 011 are approximately 25% slower and for 111 are 
about 70% slower, than for FCC 001 crystal faces. It is 
important to note that we have simultaneously mea
sured growth and melting rates under steady-state 
conditions, where the movement of the heat source 
and sink in our simulations has been used to drive this 
steady state in our periodic systems. 

The energy profiles of the three FCC faces for two 
different sets of gradient-velocity conditions are shown 
in figure 8. Results for a large gradient (0.4) and a 
velocity of 0.006 are compared in figure 8 (a), while 
figure 8(6) shows data at a velocity of 0.12 with 
moderate gradient (0.2). These functions indicate that 
the interfaces associated with all three crystal faces 
generally appear to be rather similar; this observation is 
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Figure 6. (a) Energy profiles at different gradients (as defined 
in table 2) for steady-state LJ 001 systems at low velocity 
(0.02). (h) The derivatives of the energy profiles as well as the 
derivatives of the E order parameter at large (squares and solid 
lines), moderate (crosses and dash-dot lines) and small 
(triangles and dash lines) gradients, respectively. 

consistent for all the profile functions examined in this 
study. Obviously, as was already noted above, small 
differences do appear particularly at high velocities for 
each crystal face. 

The interfacial widths derived from the derivatives 
of the energy for the various gradients range from 
4.6-5.6(7, 4.5-5.2cr and 4.2-5.OCT for 001, 011 and 111 
crystal faces, respectively (the uncertainty in these values 
is estimated to be ±0.1 CT). The widths obtained using 
the derivative of the structural order parameter are 
consistently narrower by 1.0. 1.1 and 1.6a for 001, 011 
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Figure 7. Dependence of interfacial widths on crystal face 
and on gradients. Results for 001 (circles). 011 (squares) and 
111 (diamonds) systems are obtained from the derivative of the 
energy profile and pluses, crosses and triangles respectively 
represent the derivatives of the T. order parameter. 
Representative error bars are included for the 1 1 1 crystal face. 

and 111 faces, respectively. Our interfacial widths 
obtained from the structural order parameter agree 
with previous equilibrium estimates, if measures depen
dent on transport and local structure are compared 
[13. 20], Huitema et al. [27]. through the use of filtering 
techniques applied to static density profiles, obtained 
interfacial widths also in agreement with the present 
values. The derivatives of the energy predict a wider 
interface, in accord with the results of Broughton et al. 
[12]. Our widths for the 001 face comprise 6-8 layers 
while the 111 face is found to contain 5 6 layers. Thus, 
the agreement of our interfacial widths with those in the 
literature is good. 

From the data provided by our simulations, we are 
able to resolve a dependence of the interfacial width on 
the crystallographic orientation. In particular, we find 
that the 001 face appears to be consistently the widest 
interface followed by the 011, and then the 111 crystal 
faces. This observation differs from the findings of 
Huitema et al. [27] and Broughton et al. [12], where they 
observe no such interfacial differences. The former study 
[27] did not investigate true steady-state growth condi
tions and, moreover, suffers from poor statistics. 
Additionally, both studies have used the static density 
profiles to extract the interfacial widths, which appear to 
make it rather difficult to extract more subtle effects 
such as crystal orientation. Our calculation of the 
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-4.5 

(a) 

Figure 8. Energy profiles for the three crystallographic faces, 
001 (lines), Oil (dash) and 111 (dash-dot), (a) Moderate 
gradient with low velocity of 0.006. (b) Large gradient with a 
high velocity of 0.12. 

interfacial widths of the LJ crystal-melt systems are the 
most accurate to date, at least under non-equilibrium 
steady-state conditions. We will further investigate the 
detailed atomic structure of the interface and reconcile 
the differences in the interfacial widths from our two 
measures in a forthcoming article [35]. 

4.5. Melting and freezing interfaces 

Melting and freezing temperatures were obtained from 
the positions of the interfaces (as determined from the 
derivatives of the energy profiles) together with the 
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Figure 9. Dependence of melting and freezing temperatures 
on crystallizing velocities (i) for the 001 (circle), 011 (square) 
and 111 (diamond) crystal faces. The lines represent the best 
quadratic fit to the data. 

known temperature profiles. The values obtained for 
moderate gradient systems are plotted against the 
velocity in figure 9. Using these melting and freezing 
points, a thermodynamic melting point (the zero 
velocity temperature) can be extracted for all three 
crystal faces. The agreement in the values for the three 
faces is excellent; the melting temperatures from figure 9 
are 0.612 ±0.005. 0.613 ±0.005 and 0.618 ±0.005 for 
the 001. 011 and 111 systems, respectively. In general, 
the melting temperatures of all BCC and FCC systems 
obtained in this way were found to be essentially 
invariant to the choice of the crystal face and the 
magnitude of the temperature gradient, although the 
uncertainty associated with the melting temperature 
increases with larger gradients. The temperatures were 
also in very good agreement with the converged values 
determined initially for the various equilibrium systems, 
as described in section 3. Comparison of these melting 
temperatures with those obtained in previous studies 
[12, 14] for Lennard-Jones and l//\6 systems show 
similar excellent agreement. 

Further inspection of figure 9 reveals that the melting 
temperatures of the 111 face increases most rapidly with 
increasing velocity, followed by the 011 and then the 001 
crystal faces. The crystallizing temperature is observed 
to decrease in the same order. The same behaviour was 
observed for all the gradients examined in this study. 
This trend implies that for the 001 face, crystallization 
occurs at higher temperatures and melting occurs at 
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lower temperatures for a given velocity in comparison 
with 111 interfaces. Thus, for a given temperature 
gradient, the maximum growth rate of 001 can be 
extended to much higher velocities. We point out 
that figure 9 agrees well with data from figure 2 of 
Burke et al. [22], 

The data in figure 9 for all three crystal faces is 
consistent with apparent linear behaviour (with contin
uous derivatives) close to zero velocity, in accord with 
arguments made in [23], and deviations from linearity 
appear to occur as high velocities are approached. The 
asymmetry in crystallizing and melting temperatures 
observed at high velocities reflects the growth-melting 
rate behaviour discussed earlier. Zero velocity can again 
be understood as the equilibrium limit for the system, 
where at the crystallizing and melting fronts atoms are 
taking up crystalline positions at the same rate as atoms 
leaving crystalline positions. Hence, no slope disconti
nuity will occur close to equilibrium. Away from 
equilibrium one of these basic processes will dominate. 
For example, under conditions appropriate for crystal 
growth one can visualize that ordering processes are 
occurring faster than disordering processes [1], The 
structural fluctuations we observe in our equilibrium 
and non-equilibrium simulations have confirmed this 
behaviour. Thus, as one would expect, ordering 
and disordering arc different and distinct processes, 
occurring at both melting and crystallizing fronts. 

4.6. Interfacial tension 

The simulation methodology of our study allows us to 
calculate average forces in the z direction (perpendicular 
to the interface) by taking the z derivative of the energy 
profile, as described in section 2. Interestingly, what 
emerges from taking the derivative of the energy is a 
profile that gives a detailed account of the average forces 
through the interface [36]; this enables us to obtain from 
our methodology the interfacial tension as a force per 
particle (hence diameter). Table 5 lists the values of 
interfacial tension recorded at different gradients. There 
is an apparent increase in interfacial tension values with 
increasing gradient, however this can be shown to be the 
result of a baseline shift that is due to the influence of 
the temperature gradient on the energy profile. If the 
gradient effects are removed and we extrapolate the 
interfacial tension values to zero gradient, we obtain 
values that are approximately 0.02 lower than the 
smallest gradient values in table 5 for all the faces. 
Whereas gradient dependence makes it somewhat 
difficult to estimate accurately absolute values for 
interfacial tensions, we are able to determine the 
differences between values for the various faces (i.e. the 
anisotropy) with considerable confidence. 

Tabic 5. Interfacial tensions obtained from steady-state LJ 
FCC systems. Estimated errors in the last digit are given in 

parentheses. 

Gradient 

Crystal faces 0.4 0.2 0.1 

001 
(il 1 

111 

0.42(1) 
0.43( 1) 
0.45< 1) 

0.36(1) 
0.36( 1) 
0.39(1) 

0.31(1) 
0.34(1) 
0.36(1) 

The values in table 5 generally agree with those 
obtained by Broughton and Gilmer [20] and more 
recently by Davidchack and Laird [37]. The values 
obtained here show that the 001 crystal face has a 
consistently lower value of the interfacial tension at all 
gradients than the 111 face. This observation is in 
accord with the fact that the interfacial widths of 001 are 
much larger than those of the 111 face; the latter face 
appears to be a narrower and smoother interface that 
exhibits less structural fluctuations. The values for 
interfacial tension and for width of the 011 interface 
are intermediate between those of the 001 and 11 1 
crystal faces. 

The present results disagree with those of Davidchack 
and Laird [37] and suggest the surface free energies 
(interfacial tension) decrease in the order 
111 > 0 1 1 > 001. The technique used by Davidchack 
and Laird [37] uses computer simulation to calculate a 
continuous thermodynamic path that can be integrated 
from a starting system of bulk liquid and solid to a final 
state containing the interface. Davidchack and Laird 
have extended and improved upon the procedure of 
Broughton and Gilmer [20], where they have used 
planar cleaving walls as opposed to cleaving potentials 
to separate the phases. One of the key approximations 
of Davidchack and Laird [37] was to consider the 
interface to be a planar entity. After stating in their 
paper that the interface should be generally "rough" on a 
short time scale, they added that the fluctuations in the 
interfacial position should average out to a planar 
surface. This statement on the microscopic structure of 
the interface appears contrary to our observation. The 
interface is inherently a dynamic entity that fluctuates in 
position and structure, and therefore will always be 
'rough' on the molecular scale. The planar interface 
assumption of Davidchack and Laird may be a 
contributing factor in their values. 

5. Conclusions 

In this paper we report a new methodology for the study 
of heterogeneous crystal growth. It incorporates two 
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local thermostats, a heat sink and heat source, that 
create a temperature gradient within the system allowing 
one to obtain with relative ease solid and liquid phases 
within the same simulation cell. When coupled with the 
movement of these thermostats at different velocities, 
simulations of steady-state crystal growth and melting 
have been achieved. The profile functions of the density. 
the energy and a local crystalline order parameter are 
smooth functions as a result of being measured in the 
moving frame. When the derivatives of these profile 
functions are taken, distinct peaks are obtained that 
provide convenient measures of the width and position 
of an interface. Thus, we achieve a consistent method of 
obtaining the position and the width of the freezing and 
melting interfaces with relatively modest computer run 
times and system sizes. We find no size dependent 
behaviour in our simulations of steady-state growth of 
atomic systems of a couple of thousand particles. As a 
test of our methodology, we are able to reproduce the 
equilibrium thermodynamic melting temperature of the 
model systems investigated. The apparent problems of 
long run times and big system sizes as discussed by 
Tepper and Briels [26] have been essentially avoided 
because of the unique steady-state conditions in our 
simulations. 

We have explored interfacial properties of FCC and 
BCC crystal faces. The values of our interfacial widths 
are in good agreement with those of previous studies [4], 
However, we are able to identify differences in the 
widths for the different crystallographic faces we have 
investigated. Using the derivatives of the structural 
order parameter and energy as measures of interfacial 
width, we find in order of decreasing width. 
001 > 011 > 111. Moreover, we demonstrate that these 
different measures predict slightly different widths of the 
interfaces, although they provide consistent estimates 
for its position. In addition, we observe that the widths 
are somewhat dependent on the magnitude of the 
applied temperature gradient and independent of the 
growth velocities explored in this paper. 

The interfacial tension or the surface free energy is 
also calculated and the results generally agree with those 
found in the literature [20. 37]. In the present approach, 
this quantity is easily obtained from the derivatives of 
the energy profile. Although small gradient effects arc 
apparent in the interfacial tension values, we are able to 
extrapolate to zero gradient and obtain equilibrium 
values for the different crystal faces. The interfacial 
tension in decreasing order is 001 > 011 > 111. 

The dependence of growing melting rates on the 
temperature was also examined in detail. We find that 
close to equilibrium linear behaviour for growth and 
melting velocities is observed and deviations from 
linearity are seen far from equilibrium (at high growth 

velocities). Additionally, we observe structural fluctua
tions occurring at the interface that suggest that both 
ordering and disordering processes can occur at either 
interface: therefore, depending on the conditions, one 
process predominates and one observes either net crystal 
growth or melting. In a forthcoming paper [35] we will 
explore the details of the atomistic structure of the 
interface and will investigate the associated mechanisms 
of growth. Finally, we have successfully applied this 
methodology to ice-water systems [38] and are presently 
using it to investigate the crystal growth of gas hydrates. 

We are grateful for the financial support of the 
Natural Sciences and Engineering Research Council 
of Canada. 
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