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Abstract

Because multiprocessors implement sophisticated
memory structures in order to enhance performance,
processes can have inconsistent views of memorywhich
may result in unexpected program outcomes. A mem-
ory consistency model is a set of guarantees that de-
scribes constraints on the outcome of sequences of in-
terleaved and simultaneous operations in a multipro-
cessor. In this paper, we present a unifying framework
to describe, understand, and compare memory consis-
tency models. The framework is used to rede�ne and
compare several widely used consistency models.
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1 Introduction

In order to enhance performance, multiprocessors
tend to implement sophisticated memory structures.
These memoriesmay replicate data through constructs
such as caches and write bu�ers. Furthermore, the
time required to access a data object may vary be-
tween processes and between objects. Any of these
architectural features allow processes to have incon-

sistent views of memory, which, in turn, can result in
unexpected program outcomes.

A memory consistency model is a set of guarantees
describing constraints on the outcome of sequences of
interleaved and simultaneous operations. Fewer guar-
antees allowmore performance optimizations but yield
machines that are very complex to understand and
program. It is thus essential to provide multiprocessor
programmers with a precise description of the memory
model of the underlying machine.

Several memory consistency models have been de-
scribed in the literature. These descriptions arise
from a wide variety of sources including architecture,
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system, and database designers, application program-
mers, and theoreticians. These descriptions use di�er-
ent types and degrees of formalism and hence are dif-
�cult to compare. Others are informal and sometimes
ambiguous. There is no single uni�ed formalization
that describes the memory models addressed in the
literature or provided by several existing machines.

In this paper, we present a unifying framework to
describe, understand, and reason about memory con-
sistency models. Precision is essential for providing an
unambiguous view of the logical behaviour of a mem-
ory system. Uni�cation provides a common basis by
which memory consistency models can be compared.

The framework is de�ned in Section 2. Sections 3
and 4 use the framework to rede�ne and compare sev-
eral widely used memory consistency models. In Sec-
tion 3, we look at linearizability [10], sequential con-
sistency [14], coherence [9], pipelined-RAM [15], and
processor consistency [9]. Section 4 addresses mod-
els that make distinctions between kinds of accesses.
These include SPARC's total store order and partial
store order machines [18], and weak consistency [2].
Section 5 provides a summary and directions for fur-
ther research.

2 The Model

Our goal is to have a framework that applies to any
multiprocessor system of processes whether message-
passing or shared-memory or any hybrid of the two.
For any distributed system, this framework should be
capable of describing the exact behaviour of the mem-
ory of that system. As shown in �gure 1, we wish to
model a multiprocessor system as a collection of pro-
cesses operating on a collection of shared data objects.

Informally, the program of each process issues a
stream of invocations to a collection of abstract ob-
jects and receives a collection of responses that, from
the process's point of view, are interleaved with its
stream of invocations. We do not specify how the ob-
jects are implemented, how the communication pro-
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Figure 1: A multiprocessor system

ceeds or how the invocations are serviced. Instead
we precisely de�ne the constraints that the memory
system imposes on the invocations and responses ob-
served by each process. This is achieved by formalizing
objects, processes, executions and the constraints on
these executions.

One way to de�ne a data object is to describe the
object's initial state, the operations that can be ap-
plied to the object and the change of state that results
from each applicable operation. For our model it suf-
�ces to de�ne a data object to be the set of all sequence
of allowable operations together with their results, as
follows. An action is a 4-tuple (op, obj, in, out) where
\op" is an operation, \obj" is an object name, and
\in" and \out" are sequences of parameters. The ac-
tion (op, obj, in, out) means that the operation \op"
with input parameters \in" is applied to the object
\obj" yielding the output parameters \out". A (data)

object is speci�ed by a set of sequences of actions. A
sequence of actions is valid for object x if and only if
it is in the speci�cation of x. For example, we spec-
ify a shared atomic read-write register by the set of
all sequences (o1; o2; :::) such that 1) each oi is either
a read action, denoted by a four-tuple (R; x; �; (vi))

1,
that returns a value vi of register x, or a write action,
denoted (W;x; (vi); �), that assigns a value vi to regis-
ter x, and 2) for every read action, the value returned
is the same as the value written by the most recent
preceding write action in the sequence.

An action (op, obj, in, out) can be decomposed into
two matching components, namely (op, obj, in) and
(op, obj, out). The component (op, obj, in) is called
the action-invocation and (op, obj, out) is the match-
ing action-response. Given an action o = (op, obj, in,
out), the action-invocation components of o are de-
noted invoc(o), and the action-response components
are denoted resp(o). An event is either an action-
invocation or an action-response. Let (e1; e2; :::) be a
sequence of events. Then event ej follows event ei

1
� denotes the empty sequence.

if and only if i < j and event ej immediately follows

event ei if and only if i = j � 1.

A process is a sequence of action-invocations.

A (multiprocess) system, (P; J), is a collection P of
processes and a collection J of objects, such that for
every process p 2 P the action-invocations of p are
applied to objects in J .

A process execution is a (possibly in�nite) sequence
of events, such that each response event follows its
matching invocation event. A (multiprocess) system

execution for a system (P; J), is a collection of process
executions, one for each p 2 P .

Note that an operation applied to an object may
not produce an explicit output. (For example, an
atomic write of a register by a process may not be
followed by an acknowledgment of that write and thus
the output component of the write action is empty.)
We assume however, that in a process execution, each
invocation event is followed by a matching response
event by augmenting the stream of response events
with implicit acknowledgement events for each invo-
cation that does not have an explicit response. We
place these implicit responses immediately following
the matching invocation, thus reecting the semantics
of the process | that the invocation is assumed to be
immediately executed. A process execution is blocking
if each response event immediately follows its match-
ing invocation event.

A system execution gives rise to a set of actions
| namely the set of actions that result from combin-
ing each action-invocation with its matching action-
response.

A timed-action on an object is a 6-tuple (op, obj, in,
input-time, out, output-time) obtained by augmenting
an action with the process's local time for the invo-
cation and the response of the action. For a timed-
action o, time(invoc(o)) (respectively, time(resp(o)) )
denotes the input-time (respectively, output-time) of
the timed-action.

Let (P; J) be a multiprocess system, and O be the
set of actions that result from an execution of this
system. Ojp denotes the set of actions o 2 O such
that invoc(o) is in the sequence of action-invocations
that de�nes p in P . Ojx is the set of actions that are
applied to object x in J .

We de�ne two partial orders on the actions of a sys-

tem. Action o1 program-precedes o2, denoted o1
prog
�!o2,

if and only if invoc(o2) follows invoc(o1) in the def-

inition of p. The partial order (O;
prog
�!) is called

the program order. Let o1 and o2 be timed-actions
in O. A timed-action o1 time-precedes action o2,

denoted o1
time
�!o2, if and only if time(invoc(o2)) >
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time(resp(o1)). The partial order (O;
time
�!) is called

the time order. Observe that for each process p 2 P ,
the program order is a total order on Ojp.

For the de�nition of somememory consistency mod-
els it is necessary to distinguish the actions that change
(write) a shared object from those that only inspect
(read) a shared object. Let Ow be that subset of O
consisting of those actions in O that update a shared
object, and Or be that subset consisting of the ac-
tions that only inspect a shared object. There are also
some consistency models that provide other synchro-
nization operations. Their corresponding actions are
de�ned when needed.

Given any set of actions O on a set of objects J , a
linearization of O is a linear order (O;<L) such that
for each object x 2 J , the subsequence (Ojx;<L) of
(O;<L) is valid for x.

In the following sections, we de�ne various consis-
tency conditions by stating restrictions on executions.
An execution E meets some consistency condition C

if the execution meets all the conditions of C. A sys-
tem provides memory consistency C if every execution
that can arise from the system meets the consistency
condition C 2.

3 Memory Consistency Models

The literature describes many consistency condi-
tions. The strongest, linearizability, is usually as-
sumed by theoreticians designing distributed algo-
rithms. One of the weakest, coherence, is typically
assumed to be a necessary requirement of any reason-
able machine. Numerous others fall between these two
extremes and often are incomparable. We have chosen

a selection here to illustrate the appropriateness and
exibility of our framework.

In the following example executions w(x)v denotes
a write of value v to variable x. Similarly, r(x)v de-
notes a read from x returning v. We write the process
identi�er as a pre�x for its own execution. Sometimes,
we write wp(x)v or rp(x)v to emphasize that these op-
erations are performed by process p.

3.1 Linearizability

Linearizability, the strongest correctness condition
in the literature, was de�ned by Herlihy and Wing
[10]. Mosberger calls linearizability dynamic atomic

2The de�nitions of the various memory consistency models

are given assuming that the multiprocess system terminates.

They can be extended so that they apply to long-lived systems

by using ideas similar to those of Herlihy and Wing [10, 17].

consistency [16]. An execution is linearizable if there is
an assignment of each action to one distinct point after
the action invocation, and before the action response
on the time line such that the resulting sequential view
of this execution is valid for each object.

p:

q:

time

 w(x)1  w(x)2 r(x)3

 r(x)2 w(x)3

Figure 2: Linearizable sequence of actions

The execution in �gure 2 shows an execution of the
system with P = fp; qg and J = fxg that is lineariz-
able. Notice that because the time interval of the r(x)2
overlaps that of both w(x)1 and w(x)2 other total or-
derings may be considered but only the one indicated
(by the projected dashed lines) in �gure 2 is valid for
object x (assuming x 6= 2 initially).

De�nition 3.1 Let O be the set of actions that re-

sults from an execution E of the multiprocess system

(P; J). Then E is linearizable if there is a lineariza-

tion (O;<L) satisfying:

1. (O;
prog
�!) � (O;<L), and

2. (O;
time
�!) � (O;<L).

Herlihy and Wing require that each process's execu-
tion is blocking, de�nition 3.1 extends to non-blocking
executions while agreeing with the de�nition of Her-
lihy and Wing when the execution is blocking.

3.2 Sequential Consistency

Sequential Consistency (henceforth abbreviated
SC), de�ned by Lamport [14], is the most widely used
memory consistency model. According to Lamport:

\A multi process is said to be sequentially consis-

tent if the result of any execution is the same as if
the actions of all the processes were executed in some
sequential order, and the actions of each individual
process appear in this sequence in the order speci�ed
by its program."

SC is a weaker model of correctness than lineariz-
ability because the real time ordering of events does
not have to be maintained. However, it must be pos-
sible to list all actions by all processes in the system
in one linear order (a linearization) that agrees with
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program order. Several other papers [4, 10, 9, 16] de-
scribe the same consistency condition possibly under
a di�erent name or using di�erent de�nitions.

De�nition 3.2 Let O be the set of actions that re-

sults from the execution E of the multiprocess system

(P; J). Then E is sequentially consistent if there is a

linearization (O;<L) such that (O;
prog
�!) � (O;<L).

Dubois, Scheurich and Briggs de�ne strong ordering
as a su�cient condition for SC [5] and Goodman states
that \A system that adheres to this level of consistency
is said to be a strongly ordered system" [9]. However,
Adve and Hill show that strong ordering and SC are
similar, but are not equivalent [2].

3.3 Coherence

Coherence, also called cache consistency, is among
the weakest consistency conditions. Goodman states
that coherence \only guarantees that accesses to a
given memory location are strongly ordered" [9]. Sim-
ilarly, Mosberger indicates that \Coherence only re-
quires that accesses are SC on a per-location basis"
[16]. These descriptions imply that an execution is
coherent if, for each location, all read and write ac-
tions to that location can be ordered such that the
resulting sequence is valid and that program order is
maintained.

De�nition 3.3 Let O be the set of actions resulting

from an execution E of the multiprocess system (P; J).
Then E is coherent if for each object x 2 J there is

some linearization (Ojx;<Lx) satisfying (Ojx;
prog
�!) �

(Ojx;<Lx).

Execution 1 gives an example of an execution that
is coherent but not SC. The linearizations for objects
x and y are <Lx = w(x)0 r(x)0 w(x)1 and <Ly =
w(y)0 r(y)0 w(y)1. However, there is no linearization
of all these actions that maintains the program order.

Execution 1

�
p : w(x)0 w(x)1 r(y)0
q : w(y)0 w(y)1 r(x)0

Often coherence is described as a system where all
processes view all the write actions to the same lo-
cation in the same order [1, 8, 13] , or \all writes to
the same location are serialized in some order and are
performed in that order with respect to any proces-
sor" [8]. With the assumption that program order is
maintained, this alternate de�nition is equivalent to
de�nition 3.3 [17].

3.4 Pipelined-RAM

Lipton and Sandberg de�ned the Pipelined Ran-
dom Access Machine (P-RAM) model of memory con-
sistency [15]. Whereas coherence orders actions from
the point of view of each object, P-RAM orders all
actions from the process's point of view. Each process
only \sees" all of its own actions and other process's
writes. In P-RAM there must be, for each process, a
linear ordering of its actions and all others' write ac-
tions that maintains program order and is valid. This
does not mean that all processes will order all actions
in the same way since the interleaving of the actions by
di�erent processes can be perceived di�erently by each
process. P-RAM was introduced to capture a model
where each process has a local copy of the memory.
The propagation of writes to the processes could cause
writes to arrive in di�erent orders [16].

The following de�nition is based on that of Ahamed
et al. [4] but reformulated using our framework:

De�nition 3.4 Let O be the set of actions that results

from an execution E of the multiprocess system (P; J).
The execution E is P-RAM if for each process p 2
P there is a linearization (Ojp [ Ow; <Lp) satisfying

(Ojp [Ow;
prog
�!) � (Ojp [Ow; <Lp).

Execution 1 is P-RAM as well as coherent. Execu-
tion 2 is P-RAM but not coherent.

Execution 2

�
p : w(x)0 r(x)1
q : w(x)1 r(x)0

Let <p = w(x)0 w(x)1 r(x)1 and <q = w(x)1 w(x)0
r(x)0. Then <p (respectively, <q) is a linearization of
the actions by p (respectively, q) together with all the
write actions, which maintains program order. Hence
this execution is P-RAM. Since it is not possible to
construct a linearization of all the actions to location
x that maintains program order, it is not coherent.

Execution 3

�
p : w(x)0 w(x)1 w(y)2
q : r(y)2 r(x)0

Execution 3 is coherent but not P-RAM. Let the
linearization for the objects be: <Lx = w(x)0 r(x)0
w(x)1 and <Ly = w(y)2 r(y)2. Both these lineariza-
tions maintain program order and thus the execution
is coherent. It is, however, not possible to construct
a linearization for the actions by q together with the
writes by p that extends program order, and hence the
execution is not P-RAM. These two examples show
that P-RAM and coherence are incomparable consis-
tency conditions.
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3.5 Processor Consistency

The term Processor Consistency (PC) was �rst used
by Goodman [9] to capture a consistency condition
that is stronger than coherence but weaker than SC.
Many others [4, 8, 13, 16, 7] have used the same term to
de�ne memory consistency models that have in com-
mon Goodman's original intentions, but that di�er in
subtle ways. We are preparing a separate work to
reveal the relations and di�erences between these dif-
ferent versions of PC [11]. In this paper, we limit
our discussion to the original de�nition by Goodman
(denoted PCG). All PC de�nitions guarantee at least
coherence, but are weaker than SC. In addition to co-
herence, Goodman3 required [9]:

\ the order in which writes from two processes oc-
cur, as observed by themselves or a third process need
not be identical, but writes issuing from any process
may not be observed in any order other than that in
which they are issued."

Goodman allows the interleaving of writes by two
di�erent processes to be viewed di�erently by each pro-
cess, as long as program order and coherence is main-
tained. Again, the following de�nition is similar to
that of Ahamed et al. [4].

De�nition 3.5 Let O be the set of actions that result

from an execution E of a multiprocess system (P; J).
Then E is Processor Consistent according to Good-
man if for each process p 2 P there is a linearization

(Ojp [Ow; <Lp) satisfying

1. (Ojp [Ow;
prog
�!) � (Ojp [Ow; <Lp), and

2. 8q 2 P (Ow \Ojx;<Lp) = (Ow \Ojx;<Lq)

By comparing this de�nition with de�nition 3.3 it
is easily con�rmed that PCG implies coherence [17].

Execution 4

�
p : w(x)1 w(y)1 r(y)0
q : w(y)0 w(x)0 r(x)1

Consider execution 4. The following linearizations
<Lp = wp(x)1 wp(y)1 wq(y)0 rp(y)0 wq(x)0 and
<Lq = wq(y)0 wq(x)0 wp(x)1 rq(x)1 wp(y)1 show that
execution 4 is P-RAM. However, it is not possible to
build linearizations for p and q such that they agree
on the ordering of write actions to the same loca-
tion; therefore, execution 4 is not PCG. Furthermore,
the �rst condition of PCG is exactly the de�nition of

3Goodmanuses the termweak ordering instead of coherence.

In the literature, weak ordering usually refers to a di�erent con-

sistency model.

P-RAM. Therefore PCG is strictly stronger than P-
RAM.

Although PCG implies both P-RAM and coherence,
an execution that is both coherent and P-RAM is not
necessarily PCG as illustrated by execution 5.

Execution 5

8<
:

p : w(x)0 w(y)0
q : r(y)0 w(x)1
r : r(x)1 r(x)0

For each location there is a linearization (Ojx;<Lx)
that maintains the program order. In execution 5, let
<Lx = w(x)1 r(x)1 w(x)0 r(x)0 and let <Ly = w(y)0
r(y)0. These are linearizations for each object that
maintain program order. Now consider the sequences:
<Lp= w(x)1 w(x)0 w(y)0, <Lq= w(x)0 w(y)0 r(y)0
w(x)1, and <Lr= w(x)1 r(x)1 w(x)0 r(x)0 w(y)0.
These linearizations establish that the execution is P-
RAM. However, notice that it is necessary to change
the order in which the writes to location x were per-
ceived by q and r to get a linearization for each. In
order for an execution to be PCG, the writes to the
same object must be perceived by each process in the
same order as given by the linearization for that ob-
ject. Therefore, execution 5 is not PCG.

Finally, execution 1 is PCG, establishing that PCG
is strictly weaker than SC.

4 Hybrid Models

Hybrid models distinguish operations according to
their function. Operations are classi�ed as special or
ordinary. Special operations may be divided into syn-
chronization or non-synchronization. Synchronization
operations may be further classi�ed into acquires and
releases. Further classi�cation has been proposed [6].
These models aim at utilizing system optimizations
while still appearing sequentially consistent to the pro-
grammer. This is achieved by requiring the program-
mer to (sometimes conservatively) label program op-
erations according to their classi�cations. Gharachor-
loo et al.[6] used this idea in what they called the
programmer-centric approach. In this paper, only the
memory models themselves are explored without con-
sidering the programming style.

The hybrid models described in this section are
weak consistency, and SPARC's total store ordering
and partial store ordering. More hybrid models have
been proposed in the literature. These include DRF0
[2], DRF1 [3], release consistency [8, 7], PLSC [8], and
PLPC [6]. These models can be similarly described
using our framework.
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The formal de�nitions of the hybrid models might
seem overly complex, especially compared to more in-
formal de�nitions. However, the subtle problems that
a programmer encounters in systems that implement a
hybrid memory model are underlined by these formal
de�nitions, and hidden by more informal de�nitions.

4.1 Weak Consistency

Dubois, Scheurich and Briggs were the �rst to
propose weak consistency (WC) [5] (Adve and Hill
call it weak ordering [2]). A WC system distin-
guishes between ordinary and synchronization oper-
ations, and guarantees minimum constraints for each
class. The synchronization operations must satisfy se-
quential consistency, and all processes must view an
ordinary action before (respectively after) a synchro-
nization action if they are ordered so in program order.
Gharachorloo et al. [8] de�ne WC as follows:

1. before an ordinary LOAD or STORE access is
allowed to perform with respect to any other pro-
cess, all previous synchronization accesses must
be performed, and

2. before a synchronization access is allowed to per-
form with respect to any process, all previous or-
dinary LOAD and STORE accesses must be per-
formed, and

3. synchronization accesses are sequentially consis-
tent with respect to one another.

In addition, Gharachorloo implies that WC maintains
coherence and that each process views its own opera-
tions in program order.

The de�nition of WC using our framework follows.
Let Osynch denote the set of synchronization actions.
Let E be a coherent execution of system (P; J) with
resulting set of actions O, and 8x 2 J let (Ojx;<Lx)
be the linearization guaranteed by coherence. De�ne

o1
weak<Lx

�! o2 by o1<Lxo2 and one of fo1; o2g is a read

action and one is a write action. De�ne o1
weak�prog

�! o2
by o1

prog
�!o2 and at least one of fo1; o2g is a synchro-

nization action. Now de�ne 8o1; o2 2 O o1
wc
7�!o2 i�

either

1. o1
weak�prog

�! o2 or

2. 9o0 2 O such that o1
weak�prog

�! o0
weak<Lx

�! o2 or

3. 9o0 such that o1
wc
7�!o0

wc
7�!o2.

De�nition 4.1 Let O be the set of actions that result

from an execution E of a multiprocess system (P; J).
Then E is weakly consistent if for each process p 2 P

there is some linearization (Ojp [Ow; <Lp) satisfying

1. (Ojp;
prog
�!) = (Ojp;<Lp), and

2. 8q 2 P (Ojx \Ow; <Lp) = (Ojx\Ow; <Lq), and

3. (Ojp [Ow;
wc
7�!) � (Ojp [Ow; <Lp), and

4. 8q 2 P (Ow \Osynch; <Lp) = (Ow \Osynch; <Lq)

4.2 SPARC v8

The SPARC v8 [18] architecture implements, se-
lectively, two memory models: Total Store Order-
ing (TSO) and Partial Store Ordering (PSO). SPARC
multiprocessors utilize store bu�ers; one is associated
with each processor in the system. Each bu�er oper-
ates in parallel with the processor, which does not wait
(block) for a store to be committed to main memory.
Instead, the processor inserts the store into the bu�er
(we call this a bu�er store). The store bu�er subse-
quently commits pending stores to main memory (we
call this a memory store). The order in which bu�er
stores are committed to main memory di�erentiates
between TSO and PSO. When the bu�er behaves as a
First In First Out (FIFO) queue, the model is called
TSO. The model is PSO, when it is only guaranteed
that stores performed to the same location are sent to
main memory in FIFO order. In both models, when a
load to location, say l, is executed, the processor's own
store bu�er is consulted to see if the latest store to l is
still pending. In this case, the load returns the value
to be written by that pending store to l. If the bu�er
contains no stores to l, main memory is accessed.

In SPARC, main memory accepts one memory ac-
tion at a time. A bus (or a nondeterministic switch)
serves one processor memory request at a time. This
ensures that memory stores of the store bu�ers are
executed sequentially4.

TSO and PSO both include the special operation
swap atomic [18], which is both a load and a store.
Since it has write5 semantics, it is thrown into the
bu�er as any other store, and since it has read seman-
tics, every other following load has to wait until the

4Overlapping loads or bu�er stores by two processors can

be assumed to occur in an arbitrary sequential order since the

outcome of the computation would be una�ected by such se-

quentialization.
5The architecture of the SPARC v8 is described in terms of

loads and stores. We specify constraints on executions in terms

of reads and writes.
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swap completes (commits to mainmemory and returns
the loaded value). Thus, a swap atomic in TSO blocks
the processor and ushes the store bu�er.

PSO also includes an additional special action, a
store barrier, which is also inserted into the store bu�er
[18]. This fence instruction is used to impose addi-
tional constraints on the ordering of stores. No store
issued after (in program order) a store barrier is al-
lowed to complete before a store that is issued before

(in program order) the barrier. Let (Ow;
writes
�! ) be a

total order on all the writes of an execution ordered in
the same order as the corresponding memory stores.
Each processor \sees" writes by other processors. The
writes of a processor p, however, are visible to p (as
bu�er stores) before they are visible to other proces-
sors. It is also possible that a write by some other
processor is invisible to p. This happens if there is a
location l and processor q, such that the following se-
quence takes place in this order: p bu�er stores a value
v to location l, q memory stores v0 to l, then, pmemory
stores v to l. In this case, the write by q to l is never
visible to p. These observations provide the intuition
for de�nition 4.2. In the following, (A ] B) denotes
the disjoint union of sets A and B, and if x 2 A \ B

then the copy of x in A is denoted xA and the copy of
x in B is denoted xB . Let Oa denote the set of swap
atomic actions. Note that, Ow \ Or = Oa where Or

denotes the set of read actions.

De�nition 4.2 Let O be the set of actions that results

from an execution E of the multiprocess system (P; J).

Then E is TSO if there exists a total order (Ow;
writes
�! )

such that (Ow;
prog
�!) � (Ow;

writes
�! ) and 8p 2 P there

is a total order (Ojp ]Ow;
mergep
�! ), satisfying:

1. (Ojp;
prog
�!) = (Ojp;

mergep
�! ), and

2. (Ow;
writes
�! ) = (Ow;

mergep
�! ), and

3. if w 2 (Ojp \Ow) (i.e. necessarily, a write by p)

then wOjp

mergep
�! wOw , and

4. ((Ojp]Ow)n(Oinvisiblep[Omemwritesp);
mergep
�! ) is

a linearization, where

Oinvisiblep = fw j w is a write by q 6= p to x ^

9w0 2 Ojx \Ojp \Ow ^w0

Ojp

mergep
�! w

mergep
�! w0

Ow
g

Omemwritesp = fwOw j w 2 Ojp\Owg, and

5. let w 2 (Ojp\Ow) and a 2 (Ojp\Oa), if w
prog
�!a,

then wOw

mergep
�! a.

PSO provides fewer guarantees than TSO; speci�-
cally, the total order over all writes imposed by TSO

is true for PSO only if these writes are to the same
location. Therefore, a swap atomic ushes the bu�er
in PSO only if all pending stores (including the swaps)
are to the same location. For this reason, swap atom-
ics need no exclusive treatment in our de�nition (recall
that Oa � Ow). Let Osb denote the set of store barrier
actions.

De�nition 4.3 Let O be the set of actions that results

from an execution E of the multiprocess system (P; J).

Then E is PSO if there exists a total order (Ow;
writes
�! )

such that 8x, (Ow \ Ojx;
prog
�!) � (Ow \ Ojx;

writes
�! )

and 8p 2 P there is a total order (Ojp ] Ow;
mergep
�! ),

satisfying items 1 through 4 of TSO and (5) if sb 2

(Ojp\Osb) and w, u 2 (Ojp\Ow) and w
prog
�! sb and

sb
prog
�! u, then wOw

mergep
�! uOw .

Any TSO execution is also PSO. We wish to com-
pare TSO and PSO with the other models using only
ordinary actions. Thus, we assume Oa = ; in the fol-
lowing discussion.

For a write w(x)v 2 Ojp\Ow, let bw(x)v denote the
copy in Ojp, and let w(x)v denote the copy in Ow.

Execution 6

�
p : w(x)0 r(y)1 r(y)2 r(y)3 r(x)0
q : w(y)1 w(y)2 w(x)6 w(y)3

Let (Ow;
writes
�! ) be given by the ordering: wq(y)1,

wq(y)2, wq(x)6, wq(y)3, wp(x)0. Let (Ojp ]

Ow;
mergep
�! ) be given by the ordering: bwp(x)0, wq(y)1,

rp(y)1, wq(y)2, rp(y)2, wq(x)6, wq(y)3, rp(y)3, rp(x)0,

wp(x)0 and (Ojq ]Ow;
mergeq
�! ) be given by the order-

ing: bwq(y)1, wq(y)1, bwq(y)2, wq(y)2, bwq(x)6, wq(x)6,bwq(y)3, wq(y)3, wp(x)0.
It is easily checked that conditions 1, 2, and 3

of de�nition 4.2 hold. Notice that Oinvisiblep =
fwq(x)6g and Omemwritesp = fwp(x)0g. Omit-
ting the actions in these two sets from the or-

dering (Ojp ] Ow;
mergep
�! ) given above results in a

linearization. Also, Oinvisibleq = ; and (Ojq ]

OwnOmemwritesq;
mergeq
�! ) is a (trivial) linearization.

Therefore, condition 4 of de�nition 4.2 also holds, and
Execution 6 is TSO.

However it is not P-RAM. Notice that to maintain
validity and program order, we
need: w(y)1<Lpr(y)1<Lpw(y)2 <Lpr(y)2 <Lpw(y)3
<Lpr(y)3. Therefore, to �nd a linearization <Lp pre-

serving
prog
�! over (Ojp[Ow), we have w(x)0

prog
�! r(y)1

<Lp w(y)2
prog
�! w(x)6

prog
�! w(y)3 <Lp r(y)3

prog
�!r(x)0.

This resolves to w(x)0<Lpw(x)6<Lpr(x)0 which is in-
valid. Since TSO (PSO) is not P-RAM, it is neither
PCG nor SC.
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Any TSO (PSO) execution is coherent. The proofs
are not trivial [12].

5 Conclusion and Further Work

We introduced a formal framework for describing
memory consistency models which applies to any mul-
tiprocessor system. The framework uni�es the lan-
guage by which di�erent memory consistency models
can be described and compared. To illustrate the use-
fulness of our framework, we have rede�ned several
widely known memory consistency models. These are
linearizability, sequential consistency, coherence, pro-
cessor consistency, pipelined-RAM, weak ordering, to-
tal store ordering, and partial store ordering. The for-
malism in our framework was exploited to compare
these di�erent models.

Future research will be directed towards further ex-
ploitation of the formalism provided here in order to
map one memory consistency model to another. Such
a mapping will allow programmers to design and rea-
son about programs in a sequential consistent model
while eventually running their programs on machines
with weaker memory systems.
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