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Abstract  As shown elsewhere, the general risk equation relates expected
throughput capacity of any system to both system resources and positive risk
of loss of throughput capacity. Two risk measures are required, a natural
MEL-risk measure, and an artificial MEL-risk measure, equivalent to
Markowitz’s standard deviation measure. 
 

We show that the two apparently distinct risk measures are intimately
related, and that which one is appropriate depends merely on the time period
over which the risk is calculated. We show, ultimately by application of the
Central Limit Theorem, that if we merely sufficiently alter the time period, at
some point the need for one measure will abruptly transition into the need for
the other, without any change in the underlying physical system. 

This allows a comprehensive MEL-risk measure for use with the
general risk equation. This comprehensive measure defaults to either the
natural MEL-risk measure, or the artificial MEL-risk measure, depending not
on the physical system, but merely on the time period over which the risk is
calculated.

Key words:  Central Limit Theorem, risk, risk elimination, system, resources,
throughput capacity.



1. INTRODUCTION

In a recent paper [4] we derived a general risk equation that relates system
throughput capacity to system resources and risk. This risk equation can be
easily extended to handle and explain each of three important approaches to
risk elimination and reduction [3]. 

The equation is general in its application. It governs all non-growth,
non-evolving, agent-directed systems [9]. It will certainly apply to computer
systems [8, 13], such as operating systems [7, 16] and database systems [5].
The general risk equation even applies to financial systems [2]. The well
known and widely used risk equation [5] of financial systems, mainly due to
Sharpe, hitherto derived empirically [11, 14], follows from it. The financial
risk equation is central to modern financial theory [2, 14]. A great diversity
of system phenomena thus comes under the umbrella of the general risk
equation [4]. 

1.1 Systems and System Throughput Capacity

A system is considered to be any non growth entity under the control of a
human agent and generates outputs from inputs. The agent employs system
resources R in an environment E, enabling the system to generate a set of
outputs U per unit time from a set of inputs N. U is thus the system
throughput. The system resources R may be movable from one system
environment E to another. If the maximum value for U is I, then I is said to
be the throughput capacity of the system. For further details see [4].

 
1.2 The General Risk Equation Characteristics Summary

When a system is exposed to risk, the throughput capacity is based on three
important quantities. 

The first contribution is directly proportional to the level of resources
R employed. The second, additive contribution comes from running a risk in
the best-case scenario when the hazards risked do not occur. The third,
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subtractive contribution is the average of the losses in throughput capacity
over all time periods with respect to the best case, due to the hazards risked
occurring in some of the periods. 

These three quantities give us an expected, or average future,
throughput capacity I, expressed by the following general risk equation
formulations:

I    = RK + Rcr(E) - Rr(E)        (1a)
                  = R[K + (c- 1)r(E)]           (1b)
                  = R[K + br(E)]                  (1c)

 
Here, I is the expected throughput capacity of the system, K is a

constant, R is the resources employed, r(E) is the risk per unit R due to the
efficient environment E in which the system operates, and c is a constant
called the risk efficiency coefficient. The quantity b = c - 1 is also a constant. 
[The concept of an efficient environment will be explained presently.] 

When the system operates in an environment where the risk of
throughput capacity loss is zero, r(E) is zero and we reduce to I = KR. This
states that throughput capacity in the absence of risk climbs linearly with
system resources deployed. I = KR is axiomatic and cannot be proven, but is
eminently reasonable. For a discussion, see [3, 4].

When the system is an environment that exposes it to risk, in some
time periods the hazard risked will not occur, and in those periods we get an
additional throughput capacity amount proportional to the risk and equal to
Rcr(E), so that

               I = RK + Rcr(E)

gives the enhanced throughput capacity I in a risky environment in the best-
case scenario where the hazards risked do not occur.

In practice, in some periods, hazards will occur, which will result in
losses in throughput capacity with respect to the best case. The term Rr(E)
gives the average of such losses over all time periods. Subtracting these
losses, as in:

   
              I =  RK + Rcr(E) - Rr(E)           (1a)

gives us the general risk equation. 

3



A simpler version of the risk equation is:

              I = KR + G - L

which can be rewritten as:

               I = KR + (c -1)L

since G/L = c. Here G is the extra gain in throughput capacity in the best case
scenario where the hazards risked do not occur, and L is the mean loss with
respect to KR + G over all time periods, in some of which the hazards risked
do occur. L is therefore the mean expected loss with respect to the best case
gain, and is called the Mean Expected Loss risk or MEL risk. 

G/L = c will be constant for all members of the set of efficient
environments in which the system operates. [This is a profound point, with
relevant proofs in [4].] Suppose an efficient environment E1, in which G1
and L1 are the best case gain and average losses. We must have G/L  = c =
G1/L1. If the system is moved to another efficient environment E2 that is
twice as risky, so that average losses L2 equal 2L1, the best case gain will
now be G2 = 2G1, since G2/L2   =  2G1/2L1  = c. 

G and L must necessarily be linear functions of R no matter what the
environment [4]. We can therefore define a per unit resources risk r(E) for a
given environment E, so that L = Rr(E). This defines r(E) as simply the mean
loss in throughput capacity, measured down from the best case throughput
capacity, per unit of system resources employed. And since, for a given set
of efficient environments, G/L = c, it follows that G =cL = Rcr(E), which is
the second term in the general risk equation (1a). 

The risk efficiency coefficient c, equal to G/L or Rcr(E)/Rr(E), gives
the amount of gain in the best-case scenario, per unit of average loss. The
coefficient c is therefore a measure of how beneficial the risky environment
is, compared to other environments. A high c value means a lot of extra
throughput capacity for a small average throughput capacity loss due to
hazards occurring. A positive risk environment is one in which c exceeds 1.0,
so that we have a gain G - L on average from running the risk.  

There will normally be a large number of environments, of varying
degrees of risk, for which c is the same and at its highest. An environment
from this set, called the set of efficient environments, is the one to choose if
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the system is to be operated in a risky environment. For further discussion of
efficient environments see [4].

 The environments allowable to the system should be efficient
environments. If they are not, the general risk equation will still hold, but c,
and thus b, may not be constant as the systems shifts from one environment
to another, and we will not be getting the best possible G for the L
encountered. 

1.3 The General Risk Equation and Risk Elimination and Reduction

The general risk equation states that throughput capacity increases linearly
with positive risk. However, we can improve the throughput capacity even
further, if we take steps to reduce the mean losses L, or Rr(E), due to hazards
actually occurring when we run positive risks with the system [3].  

Suppose, in a specific environment E with mean losses L, or Rr(E), or
the MEL-risk, that we could find a way to reduce the average losses by a
reduced risk factor ρ less than unity, the throughput capacity becomes

I =  RK + Rcr(E) - ρRr(E)  = KR + G - ρL

which, while not as good as the ideal (ρ = 0), is better than what is obtained
by running the risk straight (ρ  = 1).

Risk elimination or reduction is not always possible, but where it is,
one or more of three methods, namely precautionary procedures, additional
physical resources, or monitoring and response procedures have to be used.
Consideration of these methods is beyond the scope of this paper, but are
thoroughly analyzed in [3]. 

1.4 The Empirical Financial Risk Equation

The general risk equation formulation (1b) reduces to

                       I  = R[K + br(E)]                 (1c)

where b = (c - 1) is a constant, called the risk sensitivity coefficient.
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This is the formulation of the empirical financial risk equation,
originally proposed by Sharpe [14] for use with investment portfolios [10,
11]. It has been in widespread use for some thirty years [2,15]. In Sharpe's
formulation, R is financial capital P invested, K is the per unit interest rate i,
and I is the expected monetary return r, and r(E) is the risk per unit of
resources, and is denoted by beta, defined relatively as 1.0 for a standard
portfolio, as in:

               r = P(i + bβ)                            (2)

The financial risk equation (2) clearly follows from the short
formulation of the general risk equation. However, with this formulation, it is
not at all obvious where the gain due to running risk comes from, as is the
case with the general risk equation, and thus does not shed any light on risk
reduction and elimination possibilities [2, 3].

1.5 Risk Measures

The overall risk measure used in the general risk equation is the mean
expected loss (MEL) risk with respect to the hazard-free, best-case
throughput capacity I. 

However, there may be no best-case throughput capacity I, for
example, when I merely fluctuates about a mean with a normal distribution
of deviations up and down from the mean. In such cases, there can be no
naturally occurring best case and so no way of obtaining the natural MEL
risk.

An alternative risk measure comes from finance, since the concept of
risk has been thoroughly studied in that field. It is a sound statistical measure
of risk that has proven its worth in a financial context [10, 11]. This is
Markowitz’s [12] standard deviation (SD) risk measure with respect to the
mean, employed in Sharpe's risk equation (2) with beta. 

We need to briefly compare the two measures.

(1) The Standard-Deviation (SD) risk measure: Compute the
standard deviation of the deviations (L1, L2, ...) down and (G1, G2, ...) up
from mean throughput capacity Im, and take this as a standard deviation
measure of possible loss with respect to Im. This is the Standard-
Deviation or SD-risk measure. Use of twice the standard deviation gives
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an even more conservative risk measure, called the 2-Standard-
Deviations or 2-SD-risk measure. 

An SD-risk of s is conventionally interpreted as meaning that in
the next time unit there is a 34.1% chance of a loss between 0 and s, with
respect to Im. A 2-SD-risk of 2s is conventionally interpreted as meaning
that in the next time unit, there is a 47.7% chance of a loss between 0 and
2s, with respect to Im.

 The SD-risk measure has been in use in finance for almost half a
century, and is commonly used for management of stock and bond
portfolios [2, 15], since stock and bond prices follow close to a random
walk, which gives rise to a near-normal distribution of price changes
[11]. 

However, in systems in general, the distribution of gains and
losses may not be anything like normal, and may even have a maximum
allowed value, which is why we need the MEL-risk measure 

2) The MEL-risk measure: Suppose system exposed to risk, for
which there is at least one time period, where the hazard risked, by good
fortune, does not occur, and that in this hazard-free time period, the gain
with respect to the mean Im is Gb, the best-case scenario gain, giving a
best case throughput capacity of I = Im + Gb . 

We use the mean of the loss deviations from the hazard-free
throughput capacity as a risk measure, and this loss deviation mean is L
= Gb. We may thus interpret a MEL-risk of L to mean that the average
loss, with respect to the hazard-free-period value I = Im + Gb is exactly L
= Gb.

 However, there are two extreme possibilities with regard to what is to be
considered as I = Im + Gb for a hazard-free time period.

a) Natural, or Explicit, Hazard-free Case and the natural MEL-risk
measure: In this case, we can expect to find a naturally occurring, best-
case, hazard-free throughput capacity Im + Gb, certain to occur
sometimes, and the MEL-risk L will equal Gb.

 We refer to the MEL risk measure in these circumstances the natural
MEL-risk measure.
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(b) Artificial or Implicit Hazard-free Case and the artificial MEL-risk
measure: In this case, deviations from the mean follow some normal, or
close-to-normal, distribution. No best-case, hazard-free throughput
capacity is available. In such cases, we may define an imaginary hazard-
free time period, where the gain Gb is 2 standard deviations up from Im.
This gives us an artificial hazard-free throughput capacity Im + Gb = Im
+ 2s, where s is the standard deviation. We then define the artificial MEL-
risk as the mean expected loss with respect to this imaginary hazard-free
Im + Gb. [There will, of course, be exceptions for the rare time periods
where throughput capacity exceeds 2 standard deviations above Im. We
take such a throughput capacity as showing a negative loss with respect to
Im + Gb.] 

The MEL risk L will again equal Gb, but with Gb = 2s. Thus, for this
case, the MEL risk gives us an unconventional but enlightening way of
interpreting the conventional 2-SD risk measure. In this interpretation, 2-
SD risk is the mean loss that can be expected with respect to that
throughput capacity for which 97.7% of throughput capacities are equal
or less.

We refer to the MEL risk measure in these circumstances as the
artificial MEL-risk measure.

Note that it is not possible to derive the general risk equation using
Marowitz's SD or 2-SD measures alone, unless we introduce the MEL-risk
interpretation, and this may well be the reason this universally applicable
equation was not developed earlier.

1.6 Time migration between natural MEL-risk and artificial MEL-risk .

One can mount a strong case for the natural MEL-risk measure being a
reasonable way to measure risk when a best case throughput capacity is
available, all the more so since it permits derivation of the obviously useful
general risk equation. However, the reader might well complain that
stretching this MEL-risk measure to the 2-SD measure, and thus the artificial
MEL-risk measure, for cases where no  best case throughput capacity is
available, is nothing more than introducing a crude patch. The purpose of the
patch, the critic could argue, is to permit the use of the general risk equation
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where throughput capacity values form a normal or near distribution about
the mean.

The goal of this paper is to show that this view is incorrect, and to
demonstrate what is not at all obvious at first glance, namely that the natural
MEL-risk measure and 2-SD-risk measure, and thus the artificial MEL-risk
measure, are closely equivalent, and that the one migrates seamlessly into the
other, as the time period over which the risk is measured grows.

2. TIME MIGRATION OF RISK MEASURES AND A
COMPREHENSIVE MEL RISK MEASURE

We now introduce an inescapable risk phenomenon that we can use to gain
insight into the true relationship between the natural MEL-risk and 2-SD-risk
(or artificial MEL-risk) measures. 

2.1 Loss of the natural MEL risk measure appropriateness with
increased time period

Suppose we have a system exposed to risk, for which there is at least one
time period, where the hazard risked, by good fortune, does not occur. The
hazard-free throughput capacity is therefore Im + Gb. All other throughput
capacities must therefore occur in periods where the hazard does occur. The
mean loss L with respect to the best case, that is, the natural MEL-risk, must
be L = Gb.

Now the above implicitly assumes that each time period T during
which the various throughput capacities are recorded has the same length,
say T = 1 unit. The length T is arbitrary, but any measure of risk implies
some time period T over which the risk is measured. 

Usually, the length T is chosen for convenience. It can be an hour, or a
month, so that we can speak of hourly or monthly risk. But if we have the
distribution of throughput capacities for one time period T = 1, and can
measure the risk, we can compute both the throughput capacities and the
natural MEL risk for any time period T = n.

As an example, suppose a system where mean throughput capacity is
90 units, and the best case is 100; suppose individual throughput capacity
values follow a normal but truncated distribution, with the mean at 90, the
peak at 95 and the truncation at the best case of 100. Suppose we also have
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100 measurements, each one recorded over a period T = 1. Suppose further,
that the number of best-case throughput capacity measurements is only 10.

Now let us see what would happen over a time period of T =2,
assuming that the behavior of the system is the same, or stationary, in
statistical terminology [1]. For each throughput capacity value at the end of
the first period, any of the one hundred values can occur by the end of the
next time period, so that for the period of length T = 2 we will have 100*100,
or 10,000, possible values. If the throughput capacity value for the first
period (T = 1) happened to be 94, and the selected value for the second
period (also T = 1) happened to be 87, the throughput capacity value for the
combined period of length T = 2 will be 94 + 87 or 181. So the set of
throughput capacity values for the period of length 2 will be the set {Ij + Ii}
for all I from j = 1 to j = 100, and from i = 1 to i = 100. [Both {Ij} and {Ij}
are the set of throughput capacity values during the period T = 1.]

It follows that for the period T = 2 time units, the number of
throughput capacity values with the best case throughput capacity value,
which must be 100 + 100 or 200, will be 10*10 or 100. This will be out of a
total of 10,000 throughput capacity values, and so must be just 1% of the
total. Thus, over a period of  T = 1 we have a 10% chance of getting the best
case 100, but over a period T = 2, we have only a 1% chance of getting the
best case of 200. 

For the same reason, we will have 100 million throughput capacity
values over T = 4, but only 10,000 throughput capacity values at the best
case of 400, that is, 0.01% of the total throughput capacity values.

Only about 2.3% of the values in a normal distribution exceed two
standard deviations. So, over T = 4, if we have only 0.01% of values at the
best case of 400, that best case will be well above two standard deviations
above the mean of 360, which we will prove later. And furthermore, the best
case values will even be unlikely ever to show up in samples of 100
throughput capacity values. Hence, as T grows even larger, the occurrence
of the theoretical best case will be so remote a possibility that in practice it
need not be considered!

 In such a case we will be forced to abandon the natural MEL-risk
measure, and resort to the artificial MEL-risk measure.

Thus we find that the following principle must hold for any arbitrary
system:  
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In a time period T = 1 that allows use of a well defined natural MEL-
risk measure, there will not exist a T = n that allows use of a natural MEL-
risk measure if n is an integer significantly greater than one. 

We can expect the reverse to hold as well. When using the artificial
MEL-risk or 2-SD-risk measure, changing to a shorter time period T may
cause true best-case throughput capacities to appear fairly commonly, so that
the distribution of throughput capacity values becomes severely truncated at
the top end. In such a case, we be forced to give up the artificial MEL risk
measure L = 2s, and resort to the natural MEL-risk measure L = Gb. 

An example of this occurs in finance, in portfolios of grains
(commodities). If T is over weeks or months, the returns (money throughput
capacities) will be reasonably normally distributed with no clear best case,
requiring that we use either the conventional SD-risk measure s, or the
artificial MEL-risk or 2-SD-risk measure 2s, all of which are equivalent. But
if we reduce the value of T to one day, then we will come up against a grain
exchange rule that limits the price move in any given day. Accordingly, there
can be a well-defined best case return for a single day, and this may occur
reasonably frequently. 

2.2 Comprehensive MEL-risk measure

We have seen that with a specific system, for which we can measure
natural MEL risk over a short period T=1, then if we try to measure the risk
for longer periods T = n, we are forced to resort to the artificial MEL risk
measure. Yet the system is the same.

This shows that it should be possible to define a comprehensive MEL-
risk that encompasses both the natural and artificial risk measures, and time
migration between them, as follows:

Definition: Comprehensive MEL risk is measured as the difference between
mean expected throughput capacity Im and the lesser of:

(a) the naturally occurring best-case throughput capacity Im + Gb, and 
(b) the throughput capacity value Ic = Im + 2s, for which 97.7% of
throughput capacity values are less than or equal to Ic.
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For any given system, the comprehensive MEL risk measure therefore
manifests itself in three distinct ways, depending on the underlying time
period over which the risk is measured. 

First, the comprehensive MEL risk measure is the same as natural
MEL risk measure L = Gb when Im + Gb is less than Im + 2s. This will be
the case when the distribution of throughput capacity values truncates not
that far above the peak, or even at a peak, giving rise to a reasonably
probable maximum throughput capacity Im + Gb. 

Second, the comprehensive MEL risk measure will be the same as the
artificial risk measure L = 2s when either Im + Gb is greater than Im + 2s or
when no maximum Im + Gb can be found. This will be the case when the
normal distribution of throughput capacity values either truncates very far
above the peak or does not truncate at all, giving rise to a highly improbable
or even zero probable maximum allowed throughput capacity  Im + Gb. 

Finally, the comprehensive MEL risk measure is the same as either the
natural MEL risk measure L = Gb or artificial risk measure L= 2s, when  Im
+ Gb = Im + 2s.   This will be the case when the normal distribution of
throughput capacity values truncates well above the peak, in the region of
two standard deviation up from the mean, giving rise to a moderately
improbable maximum allowed throughput capacity Im + Gb exactly equal to
Im + 2s.

2.3 Relative risk over time

The definition of comprehensive MEL risk above, as a practical blend of
both natural MEL risk and artificial MEL risk, depends on a basic theorem,
not yet proven, as follows:

Theorem 1.  When we have a system with an upward truncation of the
distribution of throughput capacity values , and therefore a naturally
occurring best case  throughput capacity Im + Gb, the standard deviation of
the throughput capacity values must fall relative to the mean as the time
period T for which the risk is measured increases. 

We shall prove this presently. If it were not so, with increasing time period
T, we would never get to the point where a comprehensive MEL risk value
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of L = Gb transitions over to L = 2s. We showed earlier that the maximum
throughput capacity became less and less probable with increasing T, and
finally only remotely probable. This strongly implied, but is hardly a proof,
that the relative standard deviation of the throughput capacity values must
fall as the time period increases.

To prove this assertion, let us first look at how, for a normal
distribution, with no truncation, the conventional SD-risk s, and hence the
unconventional artificial MEL-risk 2s, changes as the time period increases.
The result is well known [1], for s increases in proportion to the square root
of the time period, or s = k

�
T, k being a constant equal to the standard

deviation S when T = 1.
This brings out a striking phenomenon, well known in finance [2, 15],

that SD-risk s, and hence artificial MEL risk 2s, falls relative to the mean
throughput capacity Im as T increases. 

To see this, first consider how mean throughput capacity changes with
increasing T. For example, suppose a normal distribution of throughput
capacity values, that is, no truncation or best case. If for the period T = 1, the
mean Im is 90 and standard deviation s = 12, then for the period T = 2, Im
will be 180, since each new throughput capacity value will be merely the
addition of a two old throughput capacity values. And, of course, the
standard deviation will be 12

�
2 or 17, which is less relative to 180, than 12

relative to 90. Accordingly, with a normal distribution of throughput capacity
value, the relative artificial MEL risk 2s must equal k

�
T/T = k/

�
T and will

thus also fall as T increases.
In contrast, with an upwardly truncated distribution of throughput

capacity values, the maximum, or best case throughput capacity, climbs
linearly with T, as does the risk. For example, suppose a distribution of
throughput capacity values such that Im = 90, s = 12, and maximum Im + Gb
= 100, so that the natural MEL-risk is 10. The maximum throughput capacity
over time period T = 2 will be therefore 200, even if less likely, the mean
will be 180, and the natural MEL risk will be 20, or double what is was for T
= 1. However, the standard deviation will still increase to only 12

�
2, or 17,

causing the Im + 2s level of 197 to fall below the best case of 200. 
The expression s = k

�
T holds not only for a normal distribution, but

for a truncated one too, as we will prove, and even for a non normal
distribution. The proof is important, for if we can show that the standard
deviation of any truncated distribution of throughput capacity values still
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falls relative to the mean as T increases, we will have shown that the
definition of a comprehensive MEL-risk measure is valid. The
comprehensive measure depends critically on the Im + 2s level falling with
respect to the best case Im + Gb level as T increases. 

2.4 Proof of Theorem 1

To prove the proposition, suppose the set of n throughput capacity
deviations di over unit time T =1, distributed about a mean throughput
capacity of Im, with a maximum, or truncation, deviation dG, and a standard
deviation S. 

We use the symbol s to denote the standard deviation of the
throughput capacity values over any time period T, so that s is a function of
T, and s = S for T = 1.

The variance s2 for the distribution over time T = 2 will be given by 

 s2 = [
�

ij(di   + dj)]2/n2

 
since there will now be n2 deviations.

Expanding:

   s2 =  [
�

ij(di2   + dj2 + 2didj)]/n2.
        = [

�
ij(di2   + dj2)]/n2 + [

�
ij 2didj]/n2

          We now imagine the values didj displayed as points on a full four-
quadrant graph. The di values for T = 1 are along the x axis and dj values for
T = 1 are along the y axis, and with a maximum dG value on each of the
positive axes, and with the mean, or zero deviation, at the zero of both axes.

Clearly, for any truncated distribution, there can be no values beyond
dG along either the positive x or y axes. But, if there were no maximum dG
value, and thus no truncation, and if the distribution were normal, the didj
values in all four quadrants would be the same in absolute magnitude. In
such a case with no maximum dG, since there must also be two positive
value quadrants and two negative value quadrants, [

�
ij 2didj] would sum to

zero.
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Accordingly, for a normal distribution, with no maximum dG, and for
T = 2, 

     s2  = [
�

ij(di2   + dj2)]/n2

         = [n
�

idi2   + n
�

jdj2)]/n2

          = [
�

idi2]/n  + [
�

jdj2]/n
           = S2 + S2  = 2S2

   Hence, s = S
�

2, which, since T = 2, proves the general rule that s =
S

�
T for a non truncated normal distribution, since we can repeat this

extrapolation to higher T values as often as we want.
However we are primarily interested in what happens when there is

truncation,  where there is a maximum deviation dG, and not necessarily the
remains of a normal distribution either. Returning to the expression 

s2 = [
�

ij(di2   + dj2)]/n2 + [
�

ij 2didj]/n2

this time, surprisingly, the term [
�

ij 2didj]/n2 will nevertheless still be zero. If
we display the didj values on a graph as before, only two of the quadrants
have equal sets of values, but unfortunately of the same sign.  That simple
approach will not help us evaluate [

�
ij 2didj]/n2 this time. However, a little

reflection about 
�

ij 2didj will show that the expression above can be
rewritten as

          s2 = 2S2   + 2[[
�

idi]*[
�

i dj]]/n2

Since [
�

idi] and [
�

i dj] are each equal to zero, no matter what kind of
distribution we have, and whether or not there is a maximum or best-case
deviation dG, it follows that
  

                                   s2 = 2S2 + 0
   and hence that once more  s = S

�
2

This proves Theorem 1. Essentially, no matter what kind of distribution we
have when there is a maximum or best-case throughput capacity, as T
increases to T = n, both the mean throughput capacity nIm and the best case
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go up linearly with T, but the standard deviation increases more slowly, with
S

�
T.

And if we make T = n large enough, the throughput capacity values
will be strongly bunched around the mean nIm, as the relative standard
deviation becomes smaller and smaller, and the theoretical best case occurs
only with a probability far less than 2.3%.

2.5 Proof of tendency to form a normal distribution of throughput
capacity values with increasing time period. 

With a best case throughput capacity, and thus a truncated distribution of
some kind, we have shown that the throughput capacity values will end up
strongly bunched around the mean as T increases significantly. It is therefore
natural to inquire if the distribution of throughput capacity values for T = n
will tend towards a normal distribution about the mean nIm. 

We assert that it will, but to prove the proposition, we need to resort to
the Central Limit Theorem [1]. 

Proof: Each throughput capacity value deviation (di  + dj) for the period T =
2, computed from the throughput capacity deviations for T = 1, may be
viewed as twice the mean of a sample {di, dj} of 2 taken from the
distribution for T = 1. The Central Limit Theorem states that the standard
deviation of the means of a sample is S/

�
q where q is the sample size, in this

case 2. Hence the standard deviation of twice the means must be 2 S/
�

q or
S

�
2, which is simply the result proven earlier for the standard deviation of

the throughput capacity deviations about the mean 2Im for T = 2. 
Similarly, each throughput capacity deviation (di  + dj + dk +…+ dn)

for the period T = n, computed from the throughput capacity deviations for T
= 1, may be viewed as n times the mean of a sample {di, dj, dk,…, dn} of q =
n values from the distribution for T = 1. So, similarly, by the Central Limit
Theorem, the standard deviation of the throughput capacity values for T = n
must be nS/

�
q or nS/

�
n or S

�
n. 

But the Central Limit Theorem also states that as sample size q
increases, the distribution of the sample means approaches a normal
distribution about the mean of the distribution sampled.
 It must follow that, as T = n increases, the distribution of the
throughput capacity deviations for T = n, which is the distribution of n times
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the mean of each sample {di, dj, dk,…, dn} of q = n values from the
distribution for T = 1, approaches a normal distribution about n times the
mean of the throughput capacity distribution for T = 1, that is, it approaches
a normal distribution about the mean nIm.

3.0 SUMMARY

We have considered the case of any truncated distribution of throughput
capacity values with a best case throughput capacity value (Im + Gb), mean
Im, and standard deviation s = S, measured over a time period T = 1 units,
and therefore a natural MEL-risk L = Gb. We have shown that for such as
case, as T increases to T = n, we get the following effects:

(a) The relative best-case throughput capacity value stays constant, but
will become highly unlikely to occur, making use of the natural MEL-
risk measure L = Gb impractical.
(b) The artificial best case throughput capacity Im + 2s falls relative to
the true best case.
(c) The distribution of the throughput capacity values about the mean
approaches a normal distribution, mandating either use of the
conventional SD risk measure s, as originally proposed by Markowitz
[12], or use of the essentially equivalent, but differently interpreted,
artificial MEL-risk measure L = 2s.

This enables us to propose a comprehensive MEL-risk measure, for all
throughput capacity distribution circumstances. This comprehensive MEL
risk measure is the difference between mean expected throughput capacity
Im and the lesser of: either the naturally occurring best-case throughput
capacity Im + Gb, or the throughput capacity value Ic = Im + 2s, for which
97.7% of throughput capacity values are less than or equal to Ic. 

This comprehensive measure will thus default to either the natural
MEL risk measure L = Gb, or the artificial MEL-risk measure L = 2s, as the
value of T chosen to measure the risk dictates. 
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