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Abstract

We study the pricing and hedging of European-style derivative securities in a Markov,

regime-switching, model with a feedback effect depending on the economic condition.

We adopt a pricing kernel which prices both financial and economic risks explicitly in a

dynamically incomplete market and we provide an equilibrium analysis. A martingale

representation for a European-style index option’s price is established based on the price

kernel. The martingale representation is then used to construct the local risk-minimizing
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§1. Introduction

Since the seminal work of Hamilton (1989), Markov regime-switching models have

been an important and popular class of econometric time series models. In the original

work of Hamilton (1989), the class of discrete-time Markov-switching autoregressive time

series models was proposed. The basic idea of Hamilton’s model is that the autoregressive

parameters are modulated by a discrete-time, finite-state Markov chain so that one set of

parameters is in force at a particular time period according to the state of the chain in

that period. The original motivation of introducing this class of models is to provide a

simple but realistic way to describe and explain the cyclical behavior of economic data,

which may be attributed to business cycles. Numerous empirical studies reveal that the

Markov-switching autoregressive time series model can describe and explain the empirical

behaviors of many economic and financial data well, especially the long-term behavior

of these data. Some examples include Sola and Driffill (1994), Ang and Bekaert (2002),

Camacho (2005), Lux and Kaizoji (2007), and others.

Due to their empirical successes, Markovian regime-switching models have found di-

verse applications in economics and finance. They have been applied to different impor-

tant areas in finance, including asset allocation, option valuation, risk management and

term structure modeling. Recently, motivated by both practical and theoretical inter-

ests, option valuation under Markovian regime-switching models has received consider-

able interest in the literature. Some works in this area include Naik (1993), Guo (2001),

Buffington and Elliott (2002), Elliott et al. (2005), and others. From a practical per-

spective, Markov, regime-switching, models have better empirical performance than their

constant-coefficient counterparts. From a theoretical viewpoint, one may need to take

into account in option valuation, at least, two sources of risks underlying a Markovian

regime-switching model, namely, the diffusion risk and the regime-switching risk. The

diffusion risk refers to the source of risk due to fluctuations of market prices or rates and

can be considered market or financial risk. The regime-switching risk means the source of

risk due to transitions of (macro)-economic conditions and can be thought of as economic

risk. With the two sources of risks and two primitive tradeable assets, the market is, in

general, incomplete. So there are more than one equivalent martingale measures and no-

2



arbitrage prices. Guo (2001) introduced a set of “fictitious” assets to complete the market

described by a Markovian regime-switching Geometric Brownian motion and derives the

option valuation result under the completed market. Elliott et al. (2005) employed a

well-known tool in actuarial science, namely, the Esscher transform, to pick an equivalent

martingale measure for option valuation under a Markovian regime-switching Geometric

Brownian motion. In particular, they introduced a regime-switching Esscher transform

for option valuation and justified its use by a regime-switching version of the minimal

entropy martingale measure. Elliott et al. (2007a) extended the approach of Elliott et

al. (2005) to deal with option valuation under a generalized Markovian regime-switching

jump-diffusion model, where the jump component is described by a completely random

measure. They deal with the pricing of both European-style and American-style options.

Elliott et al. (2007b) developed a martingale representation for contingent claims under

Markovian regime-switching Geometric Brownian motion based on an equivalent mar-

tingale measure chosen by the regime-switching Esscher transform using the concept of

stochastic flows under some differentiability conditions. They then use this representation

together with a zero-coupon bond to develop a risk-minimizing trading strategy.

The models for valuing options under Markovian regime-switching models developed

so far in the literature incorporate only the impact of economic states or conditions on

the asset price dynamics. In other words, the causality is from economic conditions to

asset price dynamics. The impact of the asset price dynamics on the economic conditions

is not modelled. This effect is called a feedback effect. In other words, the causality runs

from asset price dynamics to economic conditions. There are theoretical and empirical

evidences for supporting this causal relationship, or feedback effect, in different markets,

such as the bond, share, currency and energy markets. Fong and See (2003) considered a

regime-switching model with feedback effect when modeling the conditional volatility of

crude oil futures returns. The key feature of their regime-switching model is that tran-

sition probabilities are functions of the basis. They found empirical evidence to support

the feedback effect, in the sense that in periods of high volatility, an increase in back-

wardation is associated with an increase in the probability of switching to, or remaining

in, the high-volatility regime. This feedback effect is also consistent with the theory of
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storage. They also found that a regime-switching model with feedback effect can improve

the accuracy of short-term volatility forecasts. Kaminski and Lo (2007) considered a

regime-switching model with feedback effect in studying empirically stop-loss rules. They

called their model a behavioral regime-switching model, where transition probabilities are

state-dependent; that is, the transition probabilities of states of an economy modeled by

a Markov chain depend on the lagged return of a risky asset. They found empirical evi-

dence to support the regime-switching model with feedback effect for monthly and annual

log-returns for the CRSP Value-Weighted Total Market Index and Ibbotson Associates

Long-Term Government Bond Index, from January 1950 to December 2004. Bansal et

al. (2010) investigated empirically a bivariate regime-switching with feedback effect in

modeling the relationship between bond and share prices, using daily futures-contract

returns for the US stock index and ten-year Treasury notes over the crisis-rich 1997-2005

period. They postulated that regime switching transition probabilities depend on lagged

implied volatility from equity-index options, or lagged VIX, and found significant empir-

ical evidence that the probability of shifting from the low-stress economic regime to the

high-stress economic regime is increasing in lagged VIX and that the probability shifting

from the high-stress economic regime to the low-stress regime is decreasing in lagged VIX.

All the regime-switching models with feedback effect mentioned above are discrete-time

models.

Many existing models used for valuing options, such as the stochastic volatility model,

ARCH-type models, the jump-diffusion model, Lévy-based models, etc., can describe the

short-term behavior of asset prices and may provide satisfactory results for valuing short-

term options. However, for valuing long-term options, it is important to incorporate the

impact of economic conditions on asset price dynamics since there could be substantial

change in economic conditions over a long period of time. A model which is suitable to

price long-term options can be applied to fair valuation of some modern insurance options

with embedded options, such as equity-linked life insurance products, which have a long

maturity, say 30 to 40 years. Regime-switching models are natural choice to incorporate

structural changes in economic conditions in modeling asset price dynamics and pricing

options.
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In this paper, we study the pricing and hedging of European-style options under a

“double” Markovian regime-switching model with feedback effect. We consider a continuous-

time economy consisting of two primitive assets, namely, a risk-free asset and a risky asset.

The price dynamics of the risky asset are governed by the double Markovian regime-

switching model. In such model, the market parameters, including the market interest

rate of the bank account, the appreciation rate and the volatility of the risky asset are

modulated by an observable, continuous-time, finite-state Markov chain. The states of the

chain represent different states of an economy. The Markovian regime-switching models

can incorporate the structural changes of the price dynamics of the risky asset due to

the changes in the economic conditions. In addition, we provide a novel way to incorpo-

rate the feedback effect of the price process of the risky asset on the economic condition

by assuming that the rate matrix of the chain is modulated by the price process. This

may be considered a continuous-time, abstract, version of the regime-switching models

with feedback. As referenced above, there have been some theoretical and empirical ev-

idences which support the regime-switching models with feedback effect. Here we shall

provide further justification for such models by investigating their statistical properties

and economic features in a general equilibrium framework. The regime-switching model

with feedback effect may also provide insights to study the link between asset prices and

monetary policies. Indeed, it is known that developments in asset prices in different

markets, say equity, housing and foreign exchange markets, have a significant effect on

both inflation and real economic activity. For example, large movements in asset prices

are associated with prolonged booms and bursts, and extreme adverse changes in asset

prices may lead to macroeconomic instability. An understanding on how asset prices af-

fect the economy, (i.e. the feedback effect we refer to here), can provide some insights

in developing and analyzing actions and policies adopted by central banks or regulators

to minimize the likelihood of macroeconomic instability. For details, interested readers

may refer to the Geneva Reports on the World Economy 2 by Cecchetti et al. (2000).

Despite the generality of our model, the pricing and hedging of contingent claims presents

an interesting and challenging problem due the incompleteness of the market. Here we

first specify an equivalent martingale measure, or a price kernel, which prices the two

sources of risk, namely, the diffusion risk and the regime-switching risk. By exploiting the
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methodology similar to that in Colwell et al. (1991) and Colwell and Elliott (1993), we

then establish a martingale representation for a European-style index option’s price based

on this price kernel. Under some suitable differentiability conditions for the coefficients of

the price processes we explicitly identify the integrands in the martingale representation

of the option’s price using the concept of stochastic flows. The martingale representation

is used to construct the local risk-minimizing strategy explicitly and the corresponding

pricing measure is then obtained.

In a recent paper by Lee and Protter (2008), option pricing and hedging were con-

sidered in a jump-diffusion market. However, Lee and Protter do not consider regime

switching. Regime switching models have been shown empirically to be a useful tool

when modeling financial data. Lee and Protter used a compensated Poisson process while

we use the Markov chain to model jump-type randomness. The semimartingale dynamics

of a finite state Markov chain are as given in equation (2.1) below. The chain can feed into

many components of the processes. For example, the appreciation rate and volatility of

the risky asset depend on both the current level of the asset price and the current level of

the economic state represented by the Markov chain. However, in the Lee-Protter model,

the appreciation rate and volatility of the risky asset depends only on the current level of

the risky asset. One may think that the jump component in the jump-diffusion model of

Lee and Protter may be related to that in the Markov, regime-switching, jump-diffusion

model we considered here by representing the modulating Markov chain in terms of a

random measure. However, the jump intensity in the random measure representation of

the chain and that in the jump-diffusion process in Lee and Protter may have a different

structure. The former depends on the transition intensity of the chain, which is partially

determined by the current asset price level. The latter is assumed to be a functional

of the price path of the risky asset. Further, we model explicitly the feedback effect of

asset prices on the economic conditions, which are empirically and theoretically justified.

Feedback effect is also incorporated in the Lee-Protter model. However, Lee and Prot-

ter focused on the feedback effect of the current and past asset price behavior on future

asset prices. Whereas, we concentrate on modeling the feedback effect of asset prices on

the economic conditions, and vice versa, which are empirically and theoretically justified.
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Finally, the martingale representation theorem in our paper, which provides the hedging

strategy, is new.

This paper is structured as follows: In Section 2 we describe the asset price dynamics

of the model. In Section 3 we present a numerical simulation under a discrete time version

of the proposed model. In Section 4 we specify an equivalent martingale measure, or a

pricing kernel, based on a product of two density processes, one for the Markov, regime-

switching, process and one for the Markov chain and provide an economic equilibrium

justification for the proposed change of measure. Then, we present the main result for

the martingale representation and its derivation in Section 5. We construct the local

risk-minimizing strategy for hedging and the corresponding pricing measure in Section 6.

The final section summarizes the paper.

§2. The Price Dynamics

We consider a continuous-time economy with two primitive assets, namely, a bank account

B and a risky asset S. These assets are tradeable continuously over time in a finite time

horizon [0, T ], where T <∞. Write [0, T ] as T . We describe sources of uncertainties in the

economy using a complete probability space (Ω,F ,P), where P is a real-world probability.

Define an observable, continuous-time and finite-state Markov chain X := {X(t)|t ∈ T }
on (Ω,F ,P) with a finite state space X := {x1,x2, . . . ,xN} ⊂ <N . The states of the

chain represent different states of the economy. They may be interpreted as sovereign

credit ratings, or proxies of other (macro)-economic indicators, such as the gross domestic

product, the retail price index, the growth rate of industrial production, and possibly

others. Without loss of generality, we identify the state space of the chain X with a

finite set of unit vectors E := {e1, e2, . . . , eN}, where ei is the canonical unit vector in

<N and the jth component of ei is the Kronecker delta δij, for each i, j = 1, 2, . . . , N .

The space E is called the canonical state space of the chain X. Let ξ := {ξ(t)|t ∈ T }
denote a stochastic process on (Ω,F ,P) with state space <+ such that for each t ∈ T ,

ξ(t) represents the value of the risky asset at time t. We specify the dynamics of the

risky asset later in this section. Let A(t, ξ(t)) denote the generator, or the rate matrix,

[aij(t, ξ(t))]i,j=1,2,...,N of the chain X, where, for i 6= j, aij(t, ξ(t)) is the instantaneous
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intensity of the transition of X from state i to state j at time t. Then, the rate matrix

A(t, ξ(t)) of the chain X at time t depends on the current value of the asset price ξ(t).

This models the feedback effect of the asset price on states described. For each t ∈ T ,

aij(t, ξ(t)) ≥ 0, for i 6= j and
∑N

j=1 aij(t, ξ(t)) = 0, so aii(t, ξ(t)) ≤ 0. We further assume

that aij(t, ξ(t)) > 0, for each i, j = 1, 2, . . . , N and each t ∈ T . Then, with the canonical

state space E , the semi-martingale representation for X is given by

X(t) = X(0) +

∫ t

0

A(s, ξ(s))X(s)ds+ M(t) . (2.1)

Here {M(t)|t ∈ T } is an <N -valued martingale with respect to the complete enlarged

filtration generated by both the processes X and ξ under the measure P .

The semi-martingale representation for the chain X with time-dependent family of

rate matrices was derived in Elliott et al. (1994). It describes the evolution of the chain

X over time. Note that M is also a process of finite (locally integrable) variation.

Let r(t) denote the instantaneous market interest rate of the bank account B at time

t. The interest rate r(t) is assumed to be modulated by the chain X as follows:

r(t) = 〈r,X(t)〉 , (2.2)

where r := (r1, r2, . . . , rN)′ ∈ <N with ri > 0, for each i = 1, 2, . . . , N . y′ denotes the

transpose of a vector or matrix y. The scalar product 〈·, ·〉 in <N selects a component of

the vector of interest rates r that is in force at time t according to the state X(t) of the

economy at time t.

The evolution of the balance of the bank account B := {B(t)|t ∈ T } over time is then

governed by:

B(t) = exp
(∫ t

0

r(u)du
)
, B(0) = 1 . (2.3)

Write, for each t ∈ T ,

B(t, T ) = B−1(t)B(T ) = exp
(∫ T

t

r(u)du
)
.
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Suppose the price process ξ := {ξ(t)|t ∈ T } of the risky asset S is governed by the

following double Markov, regime-switching, process with feedback effect:

dξ(t) = ξ(t−)
(

(µ(t, ξ(t),X(t))− 〈γ(t, ξ(t)),A(t, ξ(t))X(t)〉)dt

+σ(t, ξ(t−),X(t−))dW (t) + 〈γ(t, ξ(t−)), dX(t)〉
)
. (2.4)

Here W := {W (t)|t ∈ T } is a standard Brownian motion on (Ω,F ,P); µ(t, ξ(t),X(t))

and σ(t, ξ(t),X(t)) are the appreciation rate and the volatility of the risky asset at time

t, respectively; γ(t, ξ(t)) := (γ1(t, ξ(t)), γ2(t, ξ(t)), . . . , γN(t, ξ(t)))′, where the difference

γj(t, ξ(t))−γi(t, ξ(t)) represents the jump amplitude of the asset price when the state of the

economy X transits from state ei at time t− to state ej at time t. The difference is identical

to zero when no transition of the state of the economy occurs at time t. We suppose that

µ(t, ξ(t),X(t)), σ(t, ξ(t),X(t)) and γ(t, ξ(t)) satisfy some technical conditions to ensure

that the price process has a unique strong solution. Here the state of the economy X has

“double” effect, hence its name, on the dynamics of the asset price. The transitions of

X cause structural changes in the model parameters, namely, the appreciation rate and

the volatility of the risky asset, and jumps in the asset price at the same time. Instead

of introducing another random measure as in the Merton jump-diffusion model and its

variants, we model the jump component by the chain X itself. So, jumps in the asset price

are directly related to transitions of the state of the economy instead of other exogenous

factors, like market events or news, as in the Merton-type jump-diffusion models. The

jumps considered here can also be thought of as the shifts in the level of the asset price

due to transitions of the state of the economy. They may occur less frequently than those

modeled by the Merton-type jump-diffusion models and have long-term impact on the

price, which is relevant for modelling the long-term behavior of the risky asset.

The price process considered here also incorporates the feedback effect on the eco-

nomic state. More specifically, the state of an economy affects the evolution of the asset

price, and at the same time, the state of an economy is also a consequence of the evolution

of the asset price. We may think of the share index price as a public signal available for

investors. The market agents react to this public signal and incorporate their reactions

in their investment behavior. The change of the investment behavior of the market agent

will affect the economic state again. The idea is not unlike the concept of reflexibility
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advocated by George Soros. The feedback effect is often overlooked in some of the existing

literature, but is of importance when a risky asset is considered.

In the sequel, we describe the flows of the solutions of the dynamics of the risky

asset and their derivative with respect to the initial condition. Let ξs,t(y) denote the

solution of the price process with initial condition y at time s; that is, ξs,s(y) = y. Write

F := {F(t)|t ∈ T } for the right-continuous complete filtration generated by the price

process ξ so that F(t) represents the information set generated by the price process ξ up

to and including time t. Let

f(u, ξ(u),X(u)) := µ(u, ξ(u),X(u))ξ(u) ,

g(u, ξ(u),X(u)) := σ(u, ξ(u),X(u))ξ(u) ,

h(u, ξ(u)) := γ(u, ξ(u))ξ(u) .

Then,

ξs,t(y) = y +

∫ t

s

f(u, ξ(u),X(u))du+

∫ t

s

g(u, ξ(u−),X(u−))dW (u)

+

∫ t

s

〈h(u, ξ(u−)), dM(u)〉 . (2.5)

Now, we suppose that µ, σ and γ are measurable functions that are three times

differentiable in ξ, and which, together with their derivatives, are bounded, for each t ∈ T
and x ∈ E . We further assume that f , g and h satisfy suitable integrability conditions.

By adopting arguments similar to those of Kunita (1978, 1982), Bismut (1981) and Elliott

and Kohlmann (1989), there exists a flow of diffeomorphisms y → ξs,t(y) associated with

the price process almost surely. Write Ds,t(y) := ∂ξs,t(y)

∂y
. Then, Ds,t(y) satisfies the

following linearized equation:

dDs,t(y) = fξ(t, ξs,t(y),X(t))Ds,t(y)dt+ gξ(t, ξs,t−(y),X(t−))Ds,t−(y)dW (t)

+Ds,t−(y) 〈hξ(t, ξ(t−)), dM(t)〉 ,

Ds,s(y) = 1 . (2.6)

Here fξ, gξ and hξ are the derivatives of the functions f , g and h with respect to ξ,
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respectively. Equation (2.6) can be obtained by following the techniques presented in

Kunita (1978, 1982), Bismut (1981) and Elliott and Kohlmann (1989).

§3. A simulation study

In this section we present a simulation study to illustrate the impact of the feedback

effect on the behavior of asset prices. We consider a discrete time version of the model

from (2.4). For any k = 1...T , we assume the asset price dynamic is given by:

ξk = ξk−1

(
1 + 〈µ,Xk−1〉 − 〈γ,A(ξk−1)Xk−1〉+ 〈σ,Xk−1〉Wk + 〈γ,Xk −Xk−1〉

)
.

Here Wk is a sequence of independent standard Brownian Motions and Xk is discrete-

time, 2-state, Markov chain with the transition matrix A(ξk). We assume the model

parameters do not depend on the asset price, the feedback effect being incorporated only

in the transition matrix. We let µ = (0.004, 0.0035)′ and we consider the two regimes

are characterized by a low (state 1) and a high (state 2) volatility, with σ = (0.01, 0.03)′.

The ratio of the two volatilities represents a reasonable choice for asset prices (see for

example Turner et al. (1989)). The jump parameter is γ = (0.005, 0.001)′, so whenever

there is a regime shift from state 1 to state 2 the jump amplitude is -0.004, whereas

there is a jump of 0.004 when the economy switches from the high volatility state to

the lower one. The feedback effect is represented using a threshold level for the asset

price. Thus, whenever the share price ξk drops below of a predetermined level C, then

A(ξk) = A2, while A(ξk) = A1 for the values of the index greater than C. The transition

probabilities of A1 are, a1
11 = 0.9 and a1

22 = 0.8, therefore whenever ξk > C, both regimes

are highly persistent. When the stock price drops below C, we let the two regimes to

be less persistent with a2
11 = 0.8 and a2

22 = 0.65 for A2. The reason behind choosing

these values is that various empirical studies (for example Ang and Bekaert (2002) and

Bansal and Zhou (2002)) found that when transition probabilities are time dependent,

the expected probability of remaining in a high volatility state is lower.

To assess the impact of the proposed feedback effect we simulate sample paths ac-

cording to the above model based on the transition matrix A(ξk) and we compare our

results with the same model constructed using a Markov chain based on A1. For a pe-
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Figure 1: Expected stock price for feedback vs. no feedback models

riod consisting of 2,500 observations (which roughly corresponds to a 10 year period) we

compute the expected asset price for both models at any time point. The expectations

are computed using a Monte-Carlo simulation based on 10,000 sample paths. We let

ξ0 = 1000 and C = 900. The results are illustrated in the graph below:

From Figure 1 we note that the expected value of the asset price when there is no

feedback effect is in general lower than its counterpart with the difference being more

pronounced as time increases. This finding can be explained by the choice of A2, since

whenever the price drops below 900, despite the low volatility state is not as persistent

as in A1, the probability of switching from a high volatility period is relatively high. For

example, the differences between the expected asset prices after one year is approximately

0.5, after two years is around 6.6, while at the end of the period becomes 40. Although

these differences might not look very large, they may have a significant impact on pricing

long term insurance products such as participating life insurance policies and equity-

linked securities. However, the behavior of the feedback model versus the no feedback
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one is strongly determined by the choices of the parameters. One could expect significant

changes once we let the other parameters to depend on the asset price, so a more detailed

empirical analysis should be performed. Our purpose here was to investigate the feedback

effect within a very simple setting.

We now take a closer look at only one sample path simulated from both models

over a period of two years. This time the simulations are done using the same random

seed generator. We use the same threshold limit as in the first numerical experiment.

From Figure 2 we note that the two processes move together only until the asset price

drops first time below the threshold level which takes place at day 73. At this moment

the transition matrix for the feedback model changes to A2. However, the two process

continue to move together until the first difference in regime switching occurs do to the

new transition probabilities. The feedback process recovers more quickly from the higher

volatility state (when its value is below 900) and it resembles a shifted version of the no

feedback counterpart (when its value is greater than 900). There are 102 regime switches

with feedback effect and only 80 changes in regimes without feedback effect. The value

of the model with feedback has been below the threshold level for 184 days. An intuitive

interpretation for the price movements illustrated in Figure 2 can be made relative to some

of the typical outcomes of a downward market trend. For example, when the feedback

effect is incorporated, the asset price picks up after a relative short period of time, and this

behavior is, in general, associated with a market “correction”, which may be attributed

to the presence of the feedback effect. It appears that in the presence of the feedback

effect, the momentum of the asset price continues after a short period of small reversal.

It seems that an asset price bubble may remain for a longer period of time in a market

with the feedback effect than in one without the effect. On the other hand, a substantial

drop in the asset price for a longer period of time in the no feedback case characterizes a

“bear” market.

Another important issue regarding the statistical properties of our proposed model is

its order of integration. Although, data generated from the stock price dynamic according

to (2.4) might not be stationary, its log returns can generate a stationary data set. There

has been a growing amount of literature on deciding whether a set of time series data is
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Figure 2: Simulated Asset Price for feedback vs. no feedback

stationary or not. In general there are two main types of statistical tests to assess this

issue: the unit root tests such as Dickey-Fuller (DF) test and Philips-Perron (PP) test,

which use the presence of unit roots as the null hypothesis, and the stationarity versus

non-stationarity tests with the reverse null hypothesis, such as the KPSS test. A known

problem with the two unit root tests is that in general they cannot distinguish very well

non stationary time series from highly persistent ones, so other more efficient tests should

be employed.

We tested the stationarity for data generated according to our feedback model based

on 5,000 observations. We repeated this experiment several times for our parameter

set using the KPPS and the modified efficient PP tests and our findings suggests that

there is no strong evidence against stationarity assumption. However, a more detailed

statistical analysis should be of interest to asses the quality of our model to generates

price movements observed in markets.
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§4. An Equivalent Martingale Measure

We first specify an equivalent martingale measure, or price kernel, which can price

the two sources of risk. This equivalent martingale measure is defined as a product of

two density processes, one for a measure change for the diffusion component and one for

a measure change for the chain. Then we discuss how the proposed change of measure

can be used to obtain equilibrium valuation relationships.

Firstly, we describe the Girsanov density for a measure change of the diffusion compo-

nent. Let FX := {FX(t)|t ∈ T } denote the right-continuous complete filtration generated

by the chain X. For each t ∈ T , G(t) := F(t) ∨ FX(t), which represents the enlarged

σ-field generated by F(t) and FX(t). Write G := {G(t)|t ∈ T } for the corresponding

complete enlarged filtration.

For each s, t ∈ T with s ≤ t, we define a Girsanov density:

Λ1
s,t(y) := 1 +

∫ t

s

Λ1
s,u−(y)θ1(u, ξs,u−(y),X(u−))dW (u) . (4.1)

The term θ1(t, ξ,x) is used to compensate for the diffusion risk and may be interpreted

as “a market price of risk” for the diffusion component.

Here we suppose that θ1(t, ξ,x) is such that

1. {Λ1
0,t(y0)|t ∈ T } is a square-integrable (G,P)-martingale, where y0 is the initial

condition for the solution flow {ξ0,t(y0)|t ∈ T } of the price process at time zero;

2. for each (t, ξ,x) ∈ T × <+ × E , θ1(t, ξ,x) ∈ <;

3. for each (t,x) ∈ T × E , θ1(t, ·,x) has continuous first derivatives in ξ.

We are now ready to define a density process for a measure change for the Markov

chain. We employ the parametrization of the product density processes of Elliott and

Siu (2010) to provide a parsimonious way for the measure change for the chain. More
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specifically, we suppose that all instantaneous intensities of the transitions of the chain

are scaled or rotated by the same amount when changing the probability measures.

Firstly, we describe some notation from Dufour and Elliott (1999) which will be useful

here. For any feedback rate matrix Π(t, ξ(t)), let

π(t, ξ(t))

:= (π11(t, ξ(t)), . . . , πii(t, ξ(t)), . . . , πNN(t, ξ(t)))′ ∈ <N ,

and

Π0(t, ξ(t)) := Π(t, ξ(t))− diag(π(t, ξ(t))) ,

where diag(y) is a diagonal matrix with the diagonal elements given by the vector y.

Let θ2 : T × <+ × E → <+ be a function such that ∀(t,x) ∈ T × E , θ2(t, ·,x) has

a continuous first derivative in ξ. The term θ2 is used to compensate for the regime-

switching risk described by the chain X and may be interpreted as a (nonlinear) version

of “a market price of risk” of the chain X. Define, for each t ∈ T , a feedback generator,

or rate matrix, Aθ2(t, ξ(t)) := [aθ2ij (t, ξ(t))]i,j=1,2,...,N of the chain X such that for each

i, j = 1, 2, . . . , N ,

aθ2ij (t, ξ(t)) := θ2(t, ξ(t),X(t))aij(t, ξ(t)) , t ∈ T .

Define, for each t ∈ T , Dθ2(t, ξ(t)) as the matrix [aθ2ij (t, ξ(t))/aij(t, ξ(t))]. Recall that

aij(t, ξ(t)) > 0, for each t ∈ T , so Dθ2(t, ξ(t)) is well-defined. Let 1 := (1, 1, . . . , 1)′ ∈ <N

and I denote the (N ×N)-identity matrix.

Consider a vector of counting processes N := {N(t)|t ∈ T } defined by:

N(t) :=

∫ t

0

(I− diag(X(u−)))dX(u) , t ∈ T , (4.2)

where its component Ni(t) counts the number of times the chain X jumps to state ei in

the time interval [0, t], for each i = 1, 2, . . . , N .

The predictable compensator or dual predictable projection of N can be determined

by a modified version of a result from Dufour and Elliott (1999).

16



Lemma 4.1: Let a(t, ξ(t)) := (a11(t, ξ(t)), a22(t, ξ(t)), · · · , aNN(t, ξ(t)))′ ∈ <N . Write

diag[a(t, ξ(t))] for the diagonal matrix with diagonal elements given by the components

of a(t, ξ(t)). Define A0(t, ξ(t)) := A(t, ξ(t))− diag[a(t, ξ(t))] and

Ñ(t) := N(t)−
∫ t

0

A0(u, ξ(u))X(u)du , t ∈ T . (4.3)

Then Ñ := {Ñ(t)|t ∈ T } is a (G,P)-martingale.

Proof: This result follows from Remark 2.1 in Dufour and Elliott (1999) with the constant

rate matrix replaced by the feedback rate matrix A(t, ξ(t)).

�

Let dθ2ij (t, ξ(t)) := aθ2ij (t, ξ(t))/aij(t, ξ(t)). We adopt the convention that 0
0

= 0. So,

dθ2ij (t, ξ(t)) is taken to be zero when aij(t, ξ(t)) = 0. Write

dθ2(t, ξ(t)) := (dθ211(t, ξ(t)), dθ222(t, ξ(t)), . . . , dθ2NN(t, ξ(t)))′ .

Define

Dθ2
0 (t, ξ(t)) := Dθ2(t, ξ(t))− diag[dθ2(t, ξ(t))] , θ2 = θ2(t, ξ(t),X(t)) .

Consider a density process {Λ2
s,t(y)|t, s ∈ T , t ≥ s} for a measure change for the Markov

chain defined by:

Λ2
s,t(y) = 1 +

∫ t

s

Λ2
s,u−(y)[Dθ2

0 (u, ξ(u−))X(u−)− 1]′

×(dN(u)−A0(u, ξ(u))X(u)du) . (4.4)

We assume that {Λ2
0,t(y0)|t ∈ T } is a (G,P)-martingale.

Now, we define a product density process for a measure change for both the diffusion

process and the Markov chain by setting:

Λs,t(y) := Λ1
s,t(y) · Λ2

s,t(y) .
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Applying Itô’s product rule to Λs,t(y) gives:

Λs,t(y) = 1 +

∫ t

s

Λs,u−(y)θ1(u, ξs,u−(y),X(u−))dW (u)

+

∫ t

s

Λs,u−(y)[Dθ2
0 (u, ξ(u−))X(u−)− 1]′

×(dN(u)−A0(u, ξ(u))X(u)du) , (4.5)

so, {Λ0,t(y0)|t ∈ T } is a (G,P)-(local)-martingale.

We assume that {Λ0,t(y0)|t ∈ T } is a (G,P)-martingale.

Write θ for (θ1, θ2), where θ1 = θ1(t, ξ(t),X(t)) and θ2 = θ2(t, ξ(t),X(t)). Then, we

define a new probability measure Pθ equivalent to P on G(T ) by setting

dPθ

dP
= Λ0,T (y0) . (4.6)

To determine an equivalent martingale measure for valuation, we need to determine

θ1 and θ2 for compensating for the diffusion risk and the regime-switching, respectively.

By the Girsanov theorem, under the new measure Pθ,

Wθ(t) := W (t)−
∫ t

0

θ1(u, ξ(u),X(u))du , t ∈ T ,

is a standard Brownian motion with respect to the enlarged filtration G.

Let

aθ2(t, ξ(t)) := (aθ211(t, ξ(t)), aθ222(t, ξ(t)), · · · , aθ2NN(t, ξ(t)))′ ∈ <N , t ∈ T .

Write diag[aθ2(t, ξ(t))] for the diagonal matrix with diagonal elements given by the com-

ponents of aθ2(t, ξ(t)). Define Aθ2
0 (t, ξ(t)) := Aθ2(t, ξ(t))− diag[aθ2(t, ξ(t))] and

Ñθ(t) := N(t)−
∫ t

0

Aθ2
0 (u, ξ(u))X(u)du , t ∈ T ,

(4.7)
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where θ2 = θ2(t, ξ(t),X(t)).

Then, we have the following result.

Lemma 4.2: Ñθ := {Ñθ(t)|t ∈ T } is a (G,Pθ)-martingale.

Proof: This result follows if {Λ0,t(y0)Ñθ(t)|t ∈ T } is a (G,P)-martingale. Applying

Itô’s product rule on Λ1
0,t(y0)Λ2

0,t(y0)Ñθ(t),

d(Λ1
0,t(y0)Λ2

0,t(y0)Ñθ(t)) = Λ1
0,t−(y0)d(Λ2

0,t(y0)Ñθ(t)) + Λ2
0,t(y0)Ñθ(t)dΛ1

0,t(y0)

+d < Λ1
0,t(y0),Λ2

0,t(y0)Ñθ(t) > .

where < Λ1
0,t(y0),Λ2

0,t(y0)Ñθ(t) > is the quadratic variation of Λ1
0,t(y0) and Λ2

0,t(y0)Ñθ(t).

Since N is a jump process and W is a standard Brownian motion, < N(t),W (t) >= 0,

for each t ∈ T . Note that Λ1
0,t(y0) is a stochastic integral with respect to W and that

Λ2
0,u(y0)Ñθ(u) is the sum of stochastic integrals with respect to N. So,

< Λ1
0,t(y0),Λ2

0,t(y0)Ñθ(t) >= 0 , t ∈ T ,

and, hence

d(Λ1
0,t(y0)Λ2

0,t(y0)Ñθ(t)) = Λ1
0,t−(y0)d(Λ2

0,t(y0)Ñθ(t)) + Λ2
0,t(y0)Ñθ(t)dΛ1

0,t(y0) .

Therefore, {Λ0,t(y0)Ñθ(t)|t ∈ T } is a (G,P)-martingale if and only if {Λ2
0,t(y0)Ñθ(t)|t ∈

T } is a (G,P)-martingale. The rest of the proof is adapted to the first part of the

proof of Lemma 2.3 in Dufour and Elliott (1999). Again, applying Itô’s product rule on

Λ2
0,t(y0)Ñθ(t),

Λ2
0,t(y0)Ñθ(t)

=

∫ t

0

Λ2
0,u−(y0)dN(u)−

∫ t

0

Λ2
0,u−(y0)Aθ2

0 (u, ξ(u))X(u)du

+

∫ t

0

Ñθ(u−)dΛ2
0,t(y0) +

∫ t

0

Λ2
0,u(y0)diag[A0(u, ξ(u))X(u)]

×(Dθ2
0 (u, ξ(u))X(u)− 1)du

+

∫ t

0

Λ2
0,u−(y0)diag[dN(u)−A0(u, ξ(u))X(u)du]

×(Dθ2
0 (u, ξ(u−))X(u−)− 1) . (4.8)
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By noticing that

diag[A0(u, ξ(u))X(u)](Dθ2
0 (u, ξ(u))X(u)− 1)

= Aθ2
0 (u, ξ(u))X(u)−A0(u, ξ(u))X(u) ,

we have

Λ2
0,t(y0)Ñθ(t)

=

∫ t

0

Λ2
0,u−(y0)(dN(u)−A0(u, ξ(u))X(u)du) +

∫ t

0

Ñθ(u−)dΛ2
0,u(y0)

+

∫ t

0

Λ2
0,u−(y0)diag[dN(u)−A0(u, ξ(u))X(u)du]

×(Dθ2
0 (u, ξ(u−))X(u−)− 1) , (4.9)

and so, {Λ2
0,t(y0)Ñθ(t)|t ≥ 0} is a (G,P)-martingale.

�

The following result specifies the statistical properties of the Markov chain X under

the new measure Pθ. This result is similar to that of Lemma 2.3 in Dufour and Elliott

(1999).

Proposition 4.3: X is a Markov chain with a family of generators Aθ2(t, ξ(t)), t ∈ T ,

under Pθ.

Proof: From Lemma 3.2, Ñθ is a (G,Pθ)-martingale. Using Remark 2.1 in Dufour

and Elliott (1999) with the constant rate matrix replaced by the feedback rate matrix

A(t, ξ(t)),

X(t) = X(0) +

∫ t

0

(I−X(u−)1′)dN(u)

= X(0) +

∫ t

0

(I−X(u)1′)Aθ2
0 (u, ξ(u))X(u)du

+

∫ t

0

(I−X(u−)1′)(dN(u)−Aθ2
0 (u, ξ(u))X(u)du)

= X(0) +

∫ t

0

Aθ2(u, ξ(u))X(u)du+ Mθ(t) ,
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(4.10)

where Mθ(t) :=
∫ t

0
(I−X(u−)1′)(dN(u)−Aθ2

0 (u, ξ(u))X(u)du), t ∈ T , and {Mθ(t)|t ∈
T } is a (G,Pθ), <N -valued, martingale.

Hence, the result follows.

�

For each t ∈ T , we define the discounted price of the risky asset ξ̃(t) := (B(0, t))−1ξ(t)

at time t. Under the new measure Pθ, the discounted price process ξ̃ of the risky asset

has the following dynamics:

dξ̃(t) = σ(t, ξ̃(t−)B(0, t−),X(t−))ξ̃(t−)(dW (t)− θ1(t, ξ̃(t)B(0, t),X(t))dt)

+ξ̃(t−)
[
µ(t, ξ̃(t−)B(0, t−),X(t−))− r(t−) + σ(t, ξ̃(t−)B(0, t−),X(t−))

×θ1(t, ξ̃(t−)B(0, t−),X(t−)) + (θ2(t, ξ̃(t−)B(0, t−),X(t−))− 1)

×
〈
γ(t, ξ̃(t−)B(0, t−)),A(t, ξ̃(t−)B(0, t−))X(t)

〉 ]
dt

+ξ̃(t−)
〈
γ(t, ξ̃(t−)B(0, t−)), dMθ(t)

〉
. (4.11)

Hence the discounted price process of the risky asset ξ̃ is a (G,Pθ)-(local)-martingale if

and only if, for each t ∈ T ,

µ(t, ξ(t),X(t))− r(t) + σ(t, ξ(t),X(t))θ1(t, ξ(t),X(t))

+(θ2(t, ξ̃(t−)B(0, t−),X(t−))− 1)

×
〈
γ(t, ξ̃(t−)B(0, t−)),A(t, ξ̃(t−)B(0, t−))X(t)

〉
= 0 , P-a.s. (4.12)

Since there are infinitely many choices of (θ1, θ2) satisfying the above equation, there are

infinitely many equivalent martingale measures under which the discounted price process

ξ̃ is a (local)-martingale.

Consider a function c(·) : <+ → <+ such that c(·) is twice differentiable with bounded

derivatives and B−1(t, T )c(ξ0,T (y0)) is integrable with respect to Pθ. Consider a (G,Pθ)-

martingale defined by

V̂ (t) := Eθ[B−1(t, T )c(ξ0,T (y0))|G(t)] . (4.13)
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Here Eθ[·] denotes expectation under Pθ.

Suppose ξ is a Markov process with respect to the enlarged filtration G under Pθ.

Then,

V̂ (t) = Eθ[B−1(t, T )c(ξ0,T (y0))|G(t)]

= Eθ[B−1(t, T )c(ξ0,T (y0))|ξ0,t(y0) = y,X(t) = x]

= Eθ[B−1(t, T )c(ξt,T (y))|X(t) = x]

:= V (t, y,x) (4.14)

So, a no-arbitrage price at time t of a contingent claim of the form c(ξ0,T (y0)), which is the

payoff of the claim at maturity T > t, with respect to an equivalent martingale measure

Pθ is given by:

Ṽ (t, y,x) = B(t, T )V (t, y,x) . (4.15)

Hence, V (t, y,x) can be interpreted as a no-arbitrage discounted price of the contingent

claim with respect to an equivalent martingale measure Pθ.

In the remainder of this section we investigate under what assumptions the martingale

measure defined in (4.6) is consistent with equilibrium arguments. There are various

assumptions on the economy and the representative agent one can use to obtain general

equilibrium prices. For example, Kou (2002) proposes an equilibrium pricing formula

for a jump diffusion asset process when there is an outside endowment process but the

asset pays no dividends. In this setting, the pricing measure is constructed using a

specified jump diffusion dynamic for the endowment process. Similar approaches were

considered by Camara et al. (2009) and Camara and Wang (2010), amongst others.

Another approach for equilibrium pricing in a jump-diffusion economy was considered by

Naik and Lee (1990). Their approach is based on a pure-exchange economy where the

asset pays continuous dividends, but there is no outside endowment. The equilibrium

asset price is then derived based on a constat relative risk aversion utility and a special

jump diffusion dynamic for the underlying dividend model. In this paper we consider

a similar setting to the one in Kou (2002), although our pricing measure could also be

related to equilibrium arguments under the Naik and Lee (1990) framework.
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We assume the representative agent in the economy wants to maximize his expected

utility of consumption, maxcE[
∫∞

0
u(c(t), t)dt]. Here c(t) represents the level of con-

sumption at time t, and u(·, ·) is differentiable, strictly concave and strictly increasing

with respect to the first argument. We denote by e(t) the endowment process with initial

value e0. Then in equilibrium the asset price at any time t should satisfy the well-known

Euler equation:

ξ(t) = E
[uc(e(T ), T )

uc(e(t), t)
ξ(T )

∣∣∣Gt]
Here, uc represent the partial derivative of u with respect to consumption. Note that

in equilibrium e(t) = c(t). There are different specifications one can use for the utility

function. As in Kou (2002) one can specify the joint dynamics of the endowment and

asset process and derive the risk neutral process of the asset price using the above Euler

equation. However, in this paper we follow a different approach by using the pricing kernel

defined in (4.5) and deriving dynamics for the endowment process which are consistent

with the rational expectation equilibrium price from the Euler equation for two special

forms of utilities.

Proposition 4.4: Suppose the price process is governed by the double Markov, regime-

switching, process from (2.4):

(i) If the utility function is of power form, u(c(t), t) = e−ρt(c(t))Υ/Υ, Υ < 1, where

ρ is the subjective rate of discount and Υ is the risk aversion parameter, then the

Euler equation holds if the endowment process satisfies the SDE:

de(t) = e(t−)α1(t, ξ(t),X(t))dt+ e(t−)α2(t, ξ(t),X(t))dW (t)

+e(t−)β′(t, ξ(t−),X(t−))dÑ(t) ,

e(0) = 1 ,

where

α1(t, ξ(t),X(t)) = (1−Υ)−1
(
r(t)− ρ+

(Υ− 2)θ2
1(t, ξ(t),X(t))

Υ− 1
−(Υ− 1)β′(t, ξ(t),X(t))A0(t, ξ(t))X(t)
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+
N∑
i=1

〈
D̃θ2

0 (t, ξ(t)), ei

〉
〈ei,A0(t, ξ(t))X(t)〉

)
,

α2(t, ξ(t),X(t)) =
θ1(t, ξ(t),X(t))

Υ− 1
,

βi(t, ξ(t),X(t)) =
〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉1/(Υ−1)

− 1 ,

and

β(t, ξ(t),X(t)) := (β1(t, ξ(t),X(t)), β2(t, ξ(t),X(t)), · · · , βN(t, ξ(t),X(t)))′ ∈ <N .

(ii) If the utility function is of exponential form, u(c(t), t) = e−ρt(1−e−Υc(t))/Υ, Υ > 0,

then the Euler equation holds if the endowment process {ẽ(t)|t ∈ T } satisfies the

SDE:

dẽ(t) = α̃1(t, ξ(t),X(t))dt+ α̃2(t, ξ(t),X(t))dW (t) + ζ ′(t, ξ(t−),X(t−))dÑ(t) ,

ẽ(0) = 0 ,

where

α̃1(t, ξ(t),X(t)) = Υ−1
(
r(t)− ρ+ Υζ ′(t)A0(t, ξ(t))X(t) +

1

2
θ2

1(t, ξ(t),X(t))

+
N∑
i=1

〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉
〈ei,A0(t, ξ(t))X(t)〉

)
,

α̃2(t, ξ(t),X(t)) =
θ1(t, ξ(t),X(t))

Υ
,

ζi(t, ξ(t),X(t)) = −
ln
〈
D̃θ2

0 (t, ξ(t)), ei

〉
Υ

.

and

ζ(t, ξ(t),X(t)) = (ζ1(t, ξ(t),X(t)), ζ2(t, ξ(t),X(t)), · · · , ζN(t, ξ(t),X(t)))′ ∈ <N .

Proof:

(i) For the power utility the Euler equation becomes:

ξ(t) = E
[
e−ρ(T−t)

(e(T )

e(t)

)Υ−1

ξ(T )
∣∣∣G(t)

]
.
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Thus, the measure change from (4.5) is consistent with equilibrium pricing if the

following condition is satisfied:

Λ(t) = B(t)e−ρt(e(t))Υ−1 .

Here we write Λ(t) for Λ0,t(y) and B(t) for B(0, t) to simplify the notations.

We now derive the stochastic differential equation governing the evolution of the

endowment process {e(t)|t ∈ T } over time. Suppose {e(t)|t ∈ T } has the following

form:

de(t) = e(t−)α1(t, ξ(t),X(t))dt+ e(t−)α2(t, ξ(t),X(t))dW (t)

+e(t−)β′(t, ξ(t),X(t))dÑ(t) ,

e(0) = 1 .

To simplify the notation, write α1(t), α2(t), β(t) and βi(t), (i = 1, 2, · · · , N), for

α1(t, ξ(t),X(t)), α2(t, ξ(t),X(t)), β(t, ξ(t),X(t)) and βi(t, ξ(t),X(t)), respectively.

Also write θ1(t) and A0(t) for θ1(t, ξ(t),X(t)) and A0(t, ξ(t)), respectively.

Applying Itô’s differentiation rule to B(t)e−ρt(e(t))Υ−1 gives:

B(t)e−ρt(e(t))Υ−1

= 1 +

∫ t

0

B(u)e−ρu(e(u))Υ−1(r(u)− ρ)du+

∫ t

0

B(u)e−ρu(Υ− 1)eΥ−2(u)de(u)

+
1

2

∫ t

0

B(u)e−ρu(Υ− 1)(Υ− 2)eΥ−1(u)α2
2(u)du

+
∑

0<u≤t

B(u)e−ρu
(
eΥ−1(u)− eΥ−1(u−)− (Υ− 1)eΥ−1(u−)β′(u)∆N(u)

)
= 1 +

∫ t

0

B(u)e−ρu(e(u))Υ−1[r(u)− ρ+ α1(u)(Υ− 1)]du

+

∫ t

0

B(u)e−ρueΥ−1(u)(Υ− 1)α2(u)dW (u)

+
1

2

∫ t

0

B(u)e−ρu(Υ− 1)(Υ− 2)eΥ−1(u)α2
2(u)du

−
∫ t

0

B(u)e−ρu(Υ− 1)eΥ−1(u)β′(u)A0(u)X(u)du

+
∑

0<u≤t

B(u)e−ρu
(
eΥ−1(u)− eΥ−1(u−)

)
.
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We now evaluate the term:∑
0<u≤t

B(u)e−ρu
(
eΥ−1(u)− eΥ−1(u−)

)
.

Note that ∆N(t) := (∆N1(t),∆N2(t), · · · ,∆NN(t)), where ∆N i(t) can be either 0

or 1 and ∆N i(t)∆N j(t) = 0, if i 6= j. Consequently,∑
0<u≤t

B(u)e−ρu
(
eΥ−1(u)− eΥ−1(u−)

)
=

∑
0<u≤t

B(u)e−ρueΥ−1(u−)
[
(1 + β′(u)∆N(u))Υ−1 − 1

]
=

N∑
i=1

∫ t

0

B(u)e−ρueΥ−1(u−)
[
(1 + βi(u))Υ−1 − 1

]
〈ei, dN(u)〉 .

Then

B(t)e−ρt(e(t))Υ−1

= 1 +

∫ t

0

B(u)e−ρu(e(u))Υ−1[r(u)− ρ+ α1(u)(Υ− 1)]du

+

∫ t

0

B(u)e−ρueΥ−1(u)(Υ− 1)α2(u)dW (u)

+
1

2

∫ t

0

B(u)e−ρu(Υ− 1)(Υ− 2)eΥ−1(u)α2
2(u)du

−
∫ t

0

B(u)e−ρu(Υ− 1)eΥ−1(u)β′(u)A0(u)X(u)du

+
N∑
i=1

∫ t

0

B(u)e−ρueΥ−1(u−)
[
(1 + βi(u))Υ−1 − 1

]
〈ei, dN(u)〉

= 1 +

∫ t

0

B(u)e−ρu(e(u))Υ−1[r(u)− ρ+ α1(u)(Υ− 1)]du

+

∫ t

0

B(u)e−ρueΥ−1(u)(Υ− 1)α2(u)dW (u)

+
1

2

∫ t

0

B(u)e−ρu(Υ− 1)(Υ− 2)eΥ−1(u)α2
2(u)du

−
∫ t

0

B(u)e−ρu(Υ− 1)eΥ−1(u)β′(u)A0(u)X(u)du

+
N∑
i=1

∫ t

0

B(u)e−ρueΥ−1(u−)
[
(1 + βi(u))Υ−1 − 1

]
〈ei,A0(u)X(u)〉 du
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+
N∑
i=1

∫ t

0

B(u)e−ρueΥ−1(u−)
[
(1 + βi(u))Υ−1 − 1

] 〈
ei, dÑ(u)

〉
.

Note that

Λ(t) = 1 +

∫ t

0

Λ(u)θ1(u)dW (u) +

∫ t

0

Λ(u)[D̃θ2
0 (t, ξ(t))− 1]′dÑ(u)

= 1 +

∫ t

0

Λ(u)θ1(u)dW (u) +
N∑
i=1

∫ t

0

Λ(u)
〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉〈
ei, dÑ(u)

〉
.

By the unique decomposition of a special semimartingale and the assumption that

Λ(t) = B(t)e−ρt(e(t))Υ−1, comparing the coefficients we obtain the following explicit

expressions for α1(t), α2(t) and βi(t), i = 1, 2, · · · , N :

α1(t) = (1−Υ)−1
(
r(t)− ρ+

(Υ− 2)θ2
1(t)

Υ− 1
− (Υ− 1)β′(t)A0(t)X(t)

+
N∑
i=1

〈
D̃θ2

0 (t, ξ(t)), ei

〉
〈ei,A0(t)X(t)〉

)
,

α2(t) =
θ1(t)

Υ− 1
,

βi(t) =
〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉1/(Υ−1)

− 1 .

(ii) Similarly, we can derive the dynamics for the endowment process {e(t)|t ∈ T }
satisfying the following condition:

Λ(t) = B(t)e−ρt−Υe(t) .

Again we suppose that {e(t)|t ∈ T } has the following form:

de(t) = α̃1(t, ξ(t),X(t))dt+ α̃2(t, ξ(t),X(t))dW (t)

+ζ ′(t, ξ(t),X(t))dÑ(t) ,

e(0) = 1 .

To simplify the notation, we write α̃1(t), α̃2(t), ζ(t) and ζi(t), (i = 1, 2, · · · , N), for

α̃1(t, ξ(t),X(t)), α̃2(t, ξ(t),X(t)), ζ(t, ξ(t),X(t)) and ζi(t, ξ(t),X(t)), respectively.
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Applying Itô’s differentiation rule to B(t)e−ρt−Υe(t) gives:

B(t)e−ρt−Υe(t)

= 1 +

∫ t

0

B(u)e−ρu−Υe(u)(r(u)− ρ)du−
∫ t

0

ΥB(u)e−ρu−Υe(u)de(u)

+
1

2

∫ t

0

B(u)Υ2e−ρu−Υe(u)α̃2
2(u)du

+
∑

0<u≤t

B(u)e−ρu
(
e−Υe(u) − e−Υe(u−) + Υe−Υe(u−)ζ ′(u−)∆N(u)

)
= 1 +

∫ t

0

B(u)e−ρu−Υe(u)(r(u)− ρ)du−
∫ t

0

ΥB(u)e−ρu−Υe(u)α̃1(u)du

−
∫ t

0

ΥB(u)e−ρu−Υe(u)α̃2(u)dW (u) +

∫ t

0

ΥB(u)e−ρu−Υe(u)ζ ′(u)A0(u)X(u)du

+
1

2

∫ t

0

B(u)Υ2e−ρu−Υe(u)α̃2
2(u)du

+
∑

0<u≤t

B(u)e−ρu
(
e−Υe(u) − e−Υe(u−)

)
.

Note that ∑
0<u≤t

B(u)e−ρu
(
e−Υe(u) − e−Υe(u−)

)
=

∑
0<u≤t

B(u)e−ρu−Υe(u−)
(
e−Υζ ′

(u)∆N(u) − 1
)

=
N∑
i=1

∫ t

0

B(u)e−ρu−Υe(u−)(e−Υζi(u) − 1) 〈ei, dN(u)〉 .

Consequently,

B(t)e−ρt−Υe(t)

= 1 +

∫ t

0

B(u)e−ρu−Υe(u)(r(u)− ρ)du−
∫ t

0

ΥB(u)e−ρu−Υe(u)α̃1(u)du

−
∫ t

0

ΥB(u)e−ρu−Υe(u)α̃2(u)dW (u) +

∫ t

0

ΥB(u)e−ρu−Υe(u)ζ ′(u)A0(u)X(u)du

+
1

2

∫ t

0

B(u)Υ2e−ρu−Υe(u)α̃2
2(u)du

+
N∑
i=1

∫ t

0

B(u)e−ρu−Υe(u−)(e−Υζi(u) − 1) 〈ei,A0(u)X(u)〉 du
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+
N∑
i=1

∫ t

0

B(u)e−ρu−Υe(u−)(e−Υζi(u) − 1)
〈
ei, dÑ(u)

〉
.

Again, note that

Λ(t) = 1 +

∫ t

0

Λ(u)θ1(u)dW (u) +
N∑
i=1

∫ t

0

Λ(u)
〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉〈
ei, dÑ(u)

〉
.

So, by the unique decomposition of a special semimartingale, comparing the co-

efficients we obtain the following explicit formulas for α̃1(t), α̃2(t), ζ(t) and ζi(t),

i = 1, 2, · · · , N :

α̃1(t) = Υ−1
(
r(t)− ρ+ Υζ ′(t)A0(t)X(t) +

1

2
θ2

1(t)

+
N∑
i=1

〈
D̃θ2

0 (t, ξ(t))− 1, ei

〉
〈ei,A0(t)X(t)〉

)
,

α̃2(t) =
θ1(t)

Υ
,

ζi(t) = −
ln
〈
D̃θ2

0 (t, ξ(t)), ei

〉
Υ

.

The results from Proposition 4.4 indicate that under both utility specifications the

endowment process follows a similar type of dynamics as the asset price process ξt. In

particular, both processes are driven by the same Brownian motion with different diffusion

coefficients, or volatility coefficients. However, the jump dynamics are different; the jump

component for the price process is modelled by the modulating Markov chain while that

for the endowment process is represented by a vector-valued martingale counting process

Ñ(t). There are some interesting open problems about the relationships between these

two processes one may further investigate. For example, since we obtain explicit formulae

for the coefficients of the endowment process as functions of the coefficients of the price

process, we can examine possible comparisons between the drift, diffusion coefficient and

jump amplitude for the two processes. However, it seems difficult, if not impossible,

to derive inequality constraints for the above quantities in our framework unless certain

stringent assumptions for the model parameters are provided. For example, in the power

utility case, the coefficients α1(t, ξ(t),X(t)), α1(t, ξ(t),X(t)) and β(t, ξ(t),X(t)) of the
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endowment process depend not only on some quantities in the price process, but also

on the two prices of risk θ1(t, ξ(t),X(t)) and θ2(t, ξ(t),X(t)). Since the market price

of risk and the regime switching risk must satisfy the martingale condition (4.12) we

focus on the special case where the latter quantity is given. Consequently, we consider

the case where the regime switching risk is not priced. This corresponds to the case

where θ2(t, ξ(t),X(t)) = 1. Then, from (4.12), it follows that θ1(t, ξ(t),X(t)) = (r(t) −
µ(t, ξ(t),X(t)))/σ(t, ξ(t),X(t)). If we further assume that the drift and volatility of ξt do

not have the feedback effect, and given that the Markov chain is in state ej, the price

process is more volatile than the endowment one if the following relation holds:

(r(t)− µ(t, ei))

σ2(t, ei)(Υ− 1)
< 1 .

Similarly, other conditions can be constructed for comparing the coefficients of the two

processes. However, the assumption that θ2(t, ξ(t),X(t)) = 1 may be rather restrictive,

and one of the main goal is to build a regime switching model, where the regime switching

risk can be priced and model parameters depend on the current price level. Nevertheless,

the impacts of our proposed price processes on economic fundamentals is an interesting

topic to be further investigated.

§5. The Martingale Representation

This section gives the martingale representation for the discounted price V of the

claim. It is a key result for constructing the local risk-minimizing hedging strategy and

characterizing the corresponding martingale pricing measure in the next section.

First, by the Bayes’ rule and the Markov property,

V (t, y,x) = E[B−1(t, T )Λt,T (y)c(ξt,T (y))|X(t) = x] . (5.1)

Let

D̃θ2(u, ξ(u)) := Dθ2(u, ξ(u))X(u) ∈ <N ,

Ãθ2(u, ξ(u)) := Aθ2(u, ξ(u))X(u) ∈ <N .
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Then,

Λs,t(y) = 1 +

∫ t

s

Λs,u−(y)θ1(u, ξs,u−(y),X(u−))dW (u)

+

∫ t

s

Λs,u−(y)[D̃θ2
0 (u, ξs,u−(y))− 1]′

×(dN(u)− Ã0(u, ξs,u(y))du) (5.2)

By exploiting the unique decomposition of special semi-martingales and the Itô dif-

ferentiation rule, we obtain the following martingale representation result.

Proposition 5.1: Define the processes

κθ2(u, ξ(u)) :=
(D̃θ2

0 (u, ξ(u))− 1)′
∂D̃

θ2
0

∂ξ
(u, ξ(u))

1 + (D̃θ2
0 (u, ξ(u))− 1)′1

∈ < , (5.3)

Ls,t(y)

:=

∫ t

s

∂θ1

∂ξ
(u, ξs,u−(y),X(u−))Ds,u−(y)(dW (u)− θ1(u, ξs,u(y),X(u))du)

+

∫ t

s

Ds,u−(y)
(∂D̃θ2

0

∂ξ
(u, ξs,u−(y))

)′
(dN(u)− Ã0(u, ξs,u(y))du)

−
∫ t

s

D̃θ2
0 (u, ξs,u(y))

∂Ã0

∂ξ
(u, ξs,u(y))Ds,u(y)du

−
∫ t

s

Ds,u−(y)κθ2(u, ξs,u−(y))1′dN(u) . (5.4)

Let X(0) := x0, which represents the initial value of the chain X at time zero. Then, the

(G,Pθ)-martingale V (t, ξ0,t(y0),x) has the following representation:

V (t, ξ0,t(y0),x)

= V (0, y0,x0) +

∫ t

0

φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

〈
φd(u, ξ(u−),X(u−)), dMθ(u)

〉
. (5.5)
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Here

φc(u, y,x)

= Eθ
[
B−1(u, T )

(
Lu,T c(ξu,T (y)) +

∂c

∂ξ
(ξu,T (y))Du,T (y)

)
|X(u) = x

]
g(u, y,x) ,

(5.6)

and

φd(u, y−,x−,x) = [V (t, y−(1 + 〈γ,x− x−〉),x)− V (t, y−,x−)]x + V(u, y−) , (5.7)

where y := ξ0,u(y0), y− := ξ0,u−(y0), x := X(u) and x− := X(u−); V(u, y−) :=

(V (u, y−, e1), V (u, y−, e2), . . . , V (u, y−, eN))′ ∈ <N ; g(u, y,x) := σ(u, y,x)y (see Page 9).

Proof: First, applying the Itô differentiation on V (t, ξ(t),X(t)) and using the unique

decomposition of special semi-martingales gives:

V (t, ξ(t),X(t))

= V (0, y0,x0) +

∫ t

0

∂V

∂u
du+

∫ t

0

∂V

∂y
[µ(u, ξ(u),X(u))− 〈γ(u, ξ(u)),A(u, ξ(u))X(u)〉]ξ(u)du

+

∫ t

0

∂V

∂y
σ(u, ξ(u−),X(u−))ξ(u−)dW (u) +

1

2

∫ t

0

∂2V

∂y2
σ2(u, ξ(u),X(u))ξ2(u)du

+

∫ t

0

∂V

∂y
ξ(u−) 〈γ(u, ξ(u−)), dX(u)〉

+
∑

0<u≤t

{[
V (u, ξ(u−)(1 + 〈γ(u, ξ(u)),X(u)−X(u−)〉),X(u))− V (u, ξ(u−),X(u−))

]
×〈X(u), dX(u)〉 − ∂V

∂y
ξ(u−) 〈γ(u, ξ(u−)),X(u)−X(u−)〉

}
+

∫ t

0

〈
∂V

∂x
, dX(u)

〉
+
∑

0<u≤t

[
V (u, ξ(u),X(u))− V (u, ξ(u),X(u−))−

〈
∂V

∂x
,∆X(u)

〉]
= V (0, y0,x0) +

∫ t

0

∂V

∂u
du+

∫ t

0

∂V

∂y
[µ(u, ξ(u),X(u))− 〈γ(u, ξ(u)),A(u, ξ(u))X(u)〉]ξ(u)du

+

∫ t

0

∂V

∂y
σ(u, ξ(u−),X(u−))ξ(u−)dW (u) +

1

2

∫ t

0

∂2V

∂y2
σ2(u, ξ(u),X(u))ξ2(u)du

+

∫ t

0

[
V (u, ξ(u−)(1 + 〈γ(u, ξ(u)),X(u)−X(u−)〉),X(u))− V (u, ξ(u−),X(u−))

]
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×〈X(u), dX(u)〉+

∫ t

0

〈V(u, ξ(u)), dX(u)〉

= V (0, y0,x0) +

∫ t

0

∂V

∂y
σ(u, ξ(u−),X(u))ξ(u−)(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

[V (u, ξ(u−)(1 + 〈γ(u, ξ(u)),X(u)−X(u−)〉),X(u))− V (u, ξ(u−),X(u−))]

×
〈
X(u), dMθ(u)

〉
+

∫ t

0

〈
V(u, ξ(u)), dMθ(u)

〉
+

∫ t

0

[∂V
∂u

+
∂V

∂y
(µ(u, ξ(u),X(u))− 〈γ(u, ξ(u)),A(u, ξ(u))X(u)〉

+σ(u, ξ(u),X(u))θ1(u, ξ(u),X(u)))ξ(u) +
1

2

∂2V

∂y2
σ2(u, ξ(u),X(u))ξ2(u)

+[V (u, ξ(u−)(1 + 〈γ(u, ξ(u)),X(u)−X(u−)〉),X(u))− V (u, ξ(u−),X(u−))]

×
〈
X(u),Aθ2(u, ξ(u))X(u)

〉
+
〈
V(u, ξ(u)),Aθ2(u, ξ(u))X(u)

〉 ]
du . (5.8)

Note that the final du integral is a continuous (local)-martingale of finite variation under

the new measure Pθ. Since V (t, ξ(t),X(t)) is a (G,Pθ)-martingale, the du integral above

must be identical to zero almost surely. This gives:

V (t, ξ(t),X(t))

= V (0, y0,x0) +

∫ t

0

∂V

∂y
µ(u, ξ(u−),X(u−))ξ(u−)(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

[V (u, ξ(u−)(1 + 〈γ(u, ξ(u)),X(u)−X(u−)〉),X(u))− V (u, ξ(u−),X(u−))]

×
〈
X(u), dMθ(u)

〉
+

∫ t

0

〈
V(u, ξ(u−)), dMθ(u)

〉
.

(5.9)

Hence,

φc(u, y,x) =
∂V

∂y
g(u, y,x) , (5.10)

and

φd(u, y−,x−,x) = [V (t, y−(1 + 〈γ,x− x−〉),x)− V (t, y−,x−)]x + V(u, y−) . (5.11)

Now,

∂V

∂y
(t, y,x)
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= E
[
B−1(t, T )

(∂Λt,T

∂y
(y)c(ξt,T (y)) + Λt,T (y)

∂c

∂ξ
(ξt,T (y))Dt,T (y)

)
|X(u) = x

]
.

(5.12)

Note that

∂Λt,T (y)

∂y
=

∫ T

t

∂Λt,u−(y)

∂y
θ1(u, ξt,u−(y),X(u−))dW (u)

+

∫ T

t

Λt,u−(y)
∂θ1

∂ξ
(u, ξt,u−(y),X(u−))Dt,u−(y)dW (u)

+

∫ T

t

{∂Λt,u−(y)

∂y
[D̃θ2

0 (u, ξt,u−(y))− 1]′

+Λt,u−(y)
(∂D̃θ2

0

∂ξ
(u, ξt,u−(y))Dt,u−(y)

)′}
×(dN(u)− Ã0(u, ξt,u(y))du)

−
∫ T

t

Λt,u(y)[D̃θ2
0 (u, ξt,u(y))− 1]′

×∂Ã0

∂ξ
(u, ξt,u(y))Dt,u(y)du . (5.13)

Applying the Itô product rule on Λt,T (y)Lt,T (y) gives

Λt,T (y)Lt,T (y)

=

∫ T

t

Lt,u−(y)Λt,u−(y)θ1(u, ξt,u−(y),X(u−))dW (u)

+

∫ T

t

Λt,T (y)
∂θ1

∂ξ
(u, ξt,u−(y),X(u−))

×Dt,u−(y)(dW (u)− θ1(u, ξt,u(y),X(u))du)

+

∫ T

t

Λt,u(y)θ1(u, ξt,u(y),X(u))
∂θ1

∂ξ
(u, ξt,u(y),X(u))Dt,u(y)du

+

∫ T

t

Lt,u−(y)Λt,u−(y)(D̃θ2
0 (u, ξt,u−(y))− 1)′

×(dN(u)− Ã0(u, ξt,u(y)))

+

∫ T

t

Λt,u−(y)
∂D̃θ2

0

∂ξ
(u, ξt,u−(y))Dt,u−(y)

×(dN(u)− Ã0(u, ξt,u(y))du)

−
∑
t<u≤T

Λt,u−(y)Dt,u−(y)κθ2(u, ξt,u−(y))∆N′(u)∆N(u)
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−
∫ T

t

Λt,u(y)(D̃θ2
0 (u, ξt,u(y))− 1)′

×∂Ã0

∂ξ
(u, ξt,u(y))Dt,u(y)du

+
∑
t<u≤T

Dt,u−(y)Λt,u−(y)(D̃θ2
0 (u, ξt,u(y))− 1)′

×∂Ã0

∂ξ
(u, ξt,u(y))∆N′(u)∆N(u)

−
∑
t<u≤T

Λt,u−Dt,u−(y)κθ2(u, ξt,u−(y))

×(D̃θ2
0 (u, ξt,u−(y))− 1)′1∆N′(u)∆N(u)

=

∫ T

t

Lt,u−(y)Λt,u−(y)θ1(u, ξt,u−,X(u−))dW (u)

+

∫ T

t

Λt,u−(y)
∂θ1

∂ξ
(u, ξt,u−,X(u−))Dt,u−(y)dW (u)

+

∫ T

t

{
Lt,u−(y)Λt,u−(y)[D̃θ2

0 (u, ξt,u−(y))− 1]′

+Λt,u−(y)
(∂D̃θ2

0

∂ξ
(u, ξt,u−(y))Dt,u−(y)

)′}
×(dN(u)− Ã0(u, ξt,u(y))du)

−
∫ T

t

Λt,u(y)[D̃θ2
0 (u, ξt,u(y))− 1]′

×∂Ã0

∂ξ
(u, ξt,u(y))Dt,u(y)du . (5.14)

So, Λt,T (y)Lt,T (y) satisfies the same stochastic differential equation. So, by the uniqueness

of the solutions,

∂Λt,T (y)

∂y
= Λt,T (y)Lt,T (y) . (5.15)

Hence, by the Bayes’ rule,

φc(t, y,x)

=
∂V

∂y
(t, y,x)g(t, y,x)

= Eθ
[
B−1(t, T )

(
Lt,T (y)c(ξt,T (y)) +

∂c

∂ξ
(ξt,T (y))Dt,T (y)

)
|X(t) = x

]
g(t, y,x) .

(5.16)
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From the proof of Proposition 5.1,

∂V

∂t
+
∂V

∂y
ξ(t)

(
µ(t, ξ(t),X(t))− 〈γ(t, ξ(t)),A(t, ξ(t))X(t)〉

+σ(t, ξ(t),X(t))θ1(t, ξ(t),X(t))
)

+
1

2

∂2V

∂y2
ξ2(t)σ2(t, ξ(t),X(t))

+
(
V (t, ξ(t−)(1 + 〈γ(t, ξ(t)),X(t)−X(t−)〉),X(t))− V (t, ξ(t−),X(t−))

)
×
〈
X(t),Aθ2(t, ξ(t))X(t)

〉
+
〈
V(t, ξ(t)),Aθ2(t, ξ(t))X(t)

〉
= 0 , (5.17)

with terminal condition V (T, y,x) = B(T, T )c(y).

Let Ṽi := Ṽ (t, y, ei), for each i = 1, 2, . . . , N . Write

Ṽ(t, y) := (Ṽ1, Ṽ2, . . . , ṼN)T .

Recall that Ṽ (t, y,x) = B(t, T )V (t, y,x), which represents a price of the contingent claim.

Since Pθ is an equivalent martingale measure, from the martingale condition, the follow-

ing Markov, regime-switching, partial differential equation for Ṽ (t, y) is obtained:

∂Ṽ

∂t
+
∂Ṽ

∂y
y
(
r(t)− θ2(t, y,x) 〈γ(t, y),A(t, y)x〉

)
+

1

2

∂2Ṽ

∂y2
y2σ2(t, y,x)

+
(
V (t, y−(1 + 〈γ(t, y−),x− x−〉),x)− V (t, y−,x−)

) 〈
x,Aθ2(t, y)x

〉
+
〈
Ṽ(t, y),Aθ2(t, y)x

〉
= 0 ,

(5.18)

with terminal condition Ṽ (T, y,x) = c(y).

So, if x = ei (i = 1, 2, . . . , N),

r(t) = ri ,

σ(t, y,x) = σ(t, y, ei) ,

θ2(t, y,x) = θ2(t, y, ei) ,

V (t, y−(1 + 〈γ(t, y−),x− x−〉),x) = V (t, y−(1 + 〈γ(t, y−), ei − x−〉), ei) ,
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and, hence Ṽ(t, y) satisfies the following system of coupled partial differential equations:

∂Ṽ

∂t
+
∂Ṽ

∂y
y
(
r(t)− θ2(t, y, ei) 〈γ(t, y),A(t, y)ei〉

)
+

1

2

∂2Ṽ

∂y2
y2σ2(t, y, ei)

+
(
V (t, y−(1 + 〈γ(t, y−), ei − x−〉), ei)− V (t, y−,x−)

) 〈
ei,A

θ2(t, y)ei
〉

+
〈
Ṽ(t, y),Aθ2(t, y)ei

〉
= 0 ,

(5.19)

with terminal condition Ṽ (T, y, ei) = c(y), for each i = 1, 2, . . . , N .

§6. Local Risk-Minimization and the p-Measure

In this section, we employ the martingale representation for the discounted price

V of the claim to construct the local risk-minimization hedging strategy and to charac-

terize the corresponding martingale measure for option valuation. The work of Föllmer

and Sondermann (1986) gave the risk-minimizing approach for hedging contingent claims

when the price process is a martingale. Föllmer and Sondermann (1986) showed that if

the price process is a martingale, a unique risk-minimizing trading strategy exists, and,

the necessary and sufficient condition for a trading strategy to be risk-minimizing is that

the cost process corresponding to the strategy is orthogonal to the price process. When

the price process is a semi-martingale, Schweizer (1990) extended the risk-minimizing ap-

proach and introduced the local risk-minimizing approach for hedging contingent claims

by solving a projection problem in the space of square-integrable semi-martingales, rather

than the one in the space of square-integrable martingales as considered in Föllmer and

Sondermann (1986). The local risk-minimization approach provides a more flexible way

to hedge contingent claims than the risk-minimization one. Colwell and Elliott (1993)

employed the local risk-minimization approach to develop a hedging strategy for a con-

tingent claim when the price process is governed by a jump-diffusion process. Here we

deal with the double Markov, regime-switching, model. The results developed here pro-

vide a theoretically sound method to price and hedge a contingent claim under the double

Markov, regime-switching, model.

Firstly, we briefly introduce some concepts related to the (local) risk-minimization
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approach for hedging contingent claims. For detailed discussions, we refer to Föllmer and

Sondermann (1986), Schweizer (1990) and Colwell and Elliott (1993).

For each t ∈ T , let φ(t) and ψ(t) denote the amount of the discounted asset price and

the amount of the risk-free asset whose price is taken as a constant, respectively, held at

time t. Write φ := {φ(t)|t ∈ T } and ψ := {ψ(t)|t ∈ T }. Let Φ denote a pair of processes

(φ, ψ). We call Φ a trading strategy and assume that it satisfies the following conditions.

i. φ is G-predictable,

ii. ψ is G-adapted,

iii. E[
∫ T

0
φ2(t)d < ξ̃(t), ξ̃(t) > +(

∫ T
0
|φ(t)ψ(t)|dt)2] < ∞, where d < ξ̃(t), ξ̃(t) > is the

quadratic variation of ξ̃(t);

iv. for each t ∈ T , let V (t,Φ) := φ(t)ξ̃(t)+ψ(t). Then, the process V (Φ) := {V (t,Φ)|t ∈
T } has right-continuous sample paths, and, for each t ∈ T , V (t,Φ) ∈ L2(Ω,F ,P),

where L2(Ω,F ,P) is the space of square-integrable random variables on the proba-

bility space (Ω,F ,P).

Note that V (t,Φ) represents the discounted value of the portfolio associated with

the portfolio process Φ at time t and that V (Φ) is the corresponding discounted value

process. Then, the discounted cumulative cost process C(Φ) := {C(t,Φ)|t ∈ T } for a

trading strategy Φ is defined by setting

C(t,Φ) := V (t,Φ)−
∫ t

0

φ(u)dξ̃(u) , t ∈ T , (6.1)

where
∫ t

0
φ(t)dξ̃(t) represents the discounted gain process up to time t.

A trading strategy Φ is said to be self-financing if C(t,Φ) = C(0,Φ), for each t ∈ T ,

where C(0,Φ) is an initial cost and is a constant. The notion of a self-financing strategy

can be generalized to a mean self-financing strategy. More specifically, a trading strategy Φ

is said to be mean self-financing if its discounted cumulative cost process C(Φ) is a (G,P)-

martingale. Note that due the the presence of the regime-switching effect, C(Φ) should
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be a martingale with respect to the enlarged filtration G instead of the one generated by

the price process ξ only.

When a trading strategy Φ is self-financing and V (T,Φ) = B−1(0, T )H, P-a.s., for

some H ∈ L2(Ω,F ,P), Φ is a risk-free hedge portfolio for H and H is an attainable claim.

In this case, the price of H is C(0,Φ). In general, the cost process C(Φ) is random and

H is not attainable. In this case, we need to quantify the residual risk that cannot be

hedged by considering the following risk process with respect to the enlarged information

set G(t):

R(t,Φ) := E[(C(T,Φ)− C(t,Φ))2|G(t)] , t ∈ T . (6.2)

When the discounted price process ξ̃ is a semi-martingale, Schweizer (1990) extended

the risk process and introduced a kind of relative local risk, namely, the R-quotient

using the concept of a small perturbation of a trading strategy. The notion of a local

risk-minimizing trading strategy is then introduced using the R-quotient. For detail,

interested readers may refer to Schweizer (1990).

According to Schweizer (1990), a local risk-minimizing trading strategy Φ which gen-

erates the discounted claim B−1(0, T )c(ξ0,T (y0)) must satisfy the following conditions.

1. V (T,Φ) = B−1(0, T )c(ξ0,T (y0));

2. V (t,Φ) = V (0,Φ) +
∫ t

0
φ(t−)dξ̃(t) + Γ(t), t ∈ T ;

3. Γ := {Γ(t)|t ∈ T } is a (G,P)-martingale, and Γ is orthogonal to the martingale

part of the discounted price process ξ̃ under P .

In addition, we also require the following conditions.

4. θ1(t, ξ(t),X(t)) and θ2(t, ξ(t),X(t)) are such that ξ̃ is a (G,Pθ)-martingale;

5. V (Φ) is a (G,Pθ)-martingale.
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Suppose Φ := (φ, ψ) is a local risk-minimizing strategy. Then, from Conditions (1)

and (5),

V (t,Φ) = Eθ[V (T,Φ)|G(t)]

= Eθ[B−1(t, T )c(ξ0,T (y0))|ξ0,t(y0) = y,X(t) = x]

= V (t, y,x) . (6.3)

From Proposition 5.1,

V (t, ξ0,t(y0),x)

= V (0, y0,x0) +

∫ t

0

φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

〈
φd(u, ξ(u−),X(u−)), dMθ(u)

〉
. (6.4)

Following the terminology in Colwell and Elliott (1993), we call an equivalent prob-

ability measure Pθ a p-measure for the claim c(ξ0,T (y0)) if there exists a local risk-

minimizing strategy Φ such that Φ and Pθ satisfy Conditions (1) - (5). In the sequel,

we are going to find the p-measure from Conditions (1) - (5) and to determine the local

risk-minimizing trading strategy. Note that the p-measure may not be unique.

First, from Condition (5), V (t,Φ) = V (t, ξ(t),X(t)). So, from Condition (2) and

Equation (6.4),

Γ(t) =

∫ t

0

φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

〈
φd(u, ξ(u−),X(u−)), dMθ(u)

〉
−
∫ t

0

φ(u−)dξ̃(u)

=

∫ t

0

φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u))du)

+

∫ t

0

〈
φd(u, ξ(u−),X(u−)), dM(u)

〉
+

∫ t

0

(1− θ2(u, ξ(u),X(u)))

×
〈
φd(u, ξ(u),X(u−)),A(u, ξ(u))X(u)

〉
du−

∫ t

0

φ(u−)dξ̃(u) . (6.5)

So, Γ is a martingale under P if and only if the drift term is identical to zero; that is,

φ(t)B−1(0, t)ξ(t)(r(t)− µ(t, ξ(t),X(t)))− φc(t, ξ(t),X(t))θ1(t, ξ(t),X(t))
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+(1− θ2(t, ξ(t),X(t))
〈
φd(t, ξ(t),X(t)),A(t, ξ(t))X(t)

〉
= 0 ,

t ∈ T , P-a.s. (6.6)

Again, from Condition (5), Γ and the martingale part of ξ̃ are orthogonal under P . Let

M ξ̃ := {M ξ̃(t)|t ∈ T } denote the martingale part of the discounted price process ξ̃ under

P defined by setting

M ξ̃(t) :=

∫ t

0

ξ̃(u−)σ(u, ξ(u−),X(u−))dW (u) +

∫ t

0

ξ̃(u−) 〈γ(u, ξ(u−)), dM(u)〉 .

(6.7)

Then, the product process ΓM ξ̃ is a (G,P)-martingale.

Let [M,M](t) denote the quadratic variation of the martingale M and < M,M > (t)

the unique predictable process such that [M,M]− < M,M > is a martingale under P .

Then, it can be shown that for each t ∈ T ,

< M,M > (t)

=

∫ t

0

(
diag(A(u, ξ(u))X(u))− diag(X(u))A′(u, ξ(u))−A(u, ξ(u)) · diag(X(u))

)
du ,

see Elliott et al. (1994) for detail.

Write, for each t ∈ T ,

K(t, ξ(t),X(t))

:= diag(A(t, ξ(t))X(t))− diag(X(t))A′(t, ξ(t))−A(t, ξ(t)) · diag(X(t)) .

Applying Itô’s product rule on ΓM ξ̃ gives

Γ(t)M ξ̃(t)

=

∫ t

0

M ξ̃(u)φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u)))

+

∫ t

0

M ξ̃(u−)
〈
φd(u, ξ(u−)), dM(u)

〉
+

∫ t

0

M ξ̃(u)(1− θ2(u, ξ(u),X(u)))

×
〈
φd(u, ξ(u),X(u)),A(u, ξ(u))X(u)

〉
−
∫ t

0

M ξ̃(u−)φ(u−)dM ξ̃(u)
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+

∫ t

0

Γ(u−)dM ξ̃(u) +

∫ t

0

ξ̃(u)σ(u, ξ(u),X(u))φc(u, ξ(u),X(u))du

−
∫ t

0

φ(u)ξ̃2(u)σ2(u, ξ(u),X(u))du

+

∫ t

0

ξ̃(u)γ ′(u, ξ(u))(d < M,M > (u))φd(u, ξ(u))

−
∫ t

0

ξ̃2(u)φ(u)γ ′(u, ξ(u))(d < M,M > (u))γ(u, ξ(u))

=

∫ t

0

M ξ̃(u)φc(u, ξ(u−),X(u−))(dW (u)− θ1(u, ξ(u),X(u)))

+

∫ t

0

M ξ̃(u−)
〈
φd(u, ξ(u−)), dM(u)

〉
+

∫ t

0

M ξ̃(u)(1− θ2(u, ξ(u),X(u)))

×
〈
φd(u, ξ(u),X(u)),A(u, ξ(u))X(u)

〉
−
∫ t

0

M ξ̃(u−)φ(u−)dM ξ̃(u)

+

∫ t

0

Γ(u−)dM ξ̃(u) +

∫ t

0

ξ̃(u)σ(u, ξ(u),X(u))φc(u, ξ(u),X(u))du

−
∫ t

0

φ(u)ξ̃2(u)σ2(u, ξ(u),X(u))du

+

∫ t

0

ξ̃(u)γ ′(u, ξ(u))K(u, ξ(u),X(u))φd(u, ξ(u))

−
∫ t

0

ξ̃2(u)φ(u)γ ′(u, ξ(u))K(u, ξ(u),X(u))γ(u, ξ(u)) .

So, ΓM ξ̃ is a (G,P)-martingale if and only if

σ(t, ξ(t),X(t))[φc(t, ξ(t),X(t))− φ(t)B−1(0, t)ξ(t)σ(t, ξ(t),X(t))]

+B−1(0, t)ξ(t)γ ′(t, ξ(t))K(t, ξ(t),X(t))(φd(t, ξ(t),X(t))− φ(t)B−1(0, t)ξ(t)γ(t, ξ(t)))

= 0 , t ∈ T , P-a.s. (6.8)

From Condition (4), ξ̃ is a (G,Pθ)-martingale. So, from Equation (4.12),

µ(t, ξ(t),X(t))− r(t) + σ(t, ξ(t),X(t))θ1(t, ξ(t),X(t))

+(θ2(t, ξ(t),X(t))− 1) 〈γ(t, ξ(t)),A(t, ξ(t))X(t)〉

= 0 , t ∈ T , P-a.s. (6.9)
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From (6.8), we obtain the following closed-form expression for the hedge ratio φ:

φ(t, ξ(t),X(t))

=
σ(t, ξ(t),X(t))φc(t, ξ(t),X(t)) + ξ(t)B−1(0, t)γ ′(t, ξ(t))K(t, ξ(t),X(t))φd(t, ξ(t),X(t))

B−1(0, t)ξ(t)(σ2(t, ξ(t),X(t)) +B−1(0, t)ξ(t)γ ′(t, ξ(t))K(t, ξ(t),X(t))γ(t, ξ(t)))
,

(6.10)

and

ψ(t, ξ(t),X(t)) = V (t,Φ)− φ(t, ξ(t),X(t))ξ̃(t) . (6.11)

Guo (2001) introduced a set of change-of-state (COS) contracts to price the regime-

switching risk. A COS contract can be regarded as an insurance contract to which it

compensates its holder for any losses that incur when the next change in the state of an

economy occurs. The key idea is to introduce a new security to complete the market.

However, COS contracts are “fictitious” contracts and are not traded in practice. Using

the local-minimization trading strategy one may adjust the hedge ratio (φ, ψ) to hedge

risk due to transitions of states of the economy.

Note that the hedge ratio φ is related to the measure change via its connection to

φc and φd, which are given in (5.6) and (5.7), respectively. Also, the effects of switching

regimes and the measure change of the Markov chain are incorporated in the integrands

φc and φd, and, hence in the hedge ratio φ. So, the hedge ratio obtained here is different

from the one arising from Colwell and Elliott (1993), where the latter does not taken into

account the effects of switching regimes.

From (6.6) and (6.9),

θ2(t, ξ(t),X(t))

= 1 +
(r(t)− µ(t, ξ(t),X(t)))(φc(t, ξ(t),X(t))− σ(t, ξ(t),X(t))φ(t)B−1(0, t)ξ(t))〈
φc(t, ξ(t),X(t))γ(t, ξ(t))− σ(t, ξ(t),X(t))φd(t, ξ(t),X(t)),A(t, ξ(t))X(t)

〉 ,
(6.12)

where φ(t) := φ(t, ξ(t),X(t)) is given by (6.10).

Note that θ1 can be regarded as a traditional market price of risk together with the

feedback effect with regime-switching risk.
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From (6.9),

θ1(t, ξ(t),X(t))

=
r(t)− µ(t, ξ(t),X(t))− (θ2(t, ξ(t),X(t))− 1) 〈γ(t, ξ(t)),A(t, ξ(t))X(t)〉

σ(t, ξ(t),X(t))

= σ−1(t, ξ(t),X(t))[(r(t)− µ(t, ξ(t),X(t)))

×
〈
σ(t, ξ(t),X(t))φ(t)B−1(0, t)ξ(t)γ(t),A(t, ξ(t))X(t)

〉
−
〈
σ(t, ξ(t),X(t))φd(t, ξ(t),X(t)),A(t, ξ(t))X(t)

〉
] ,

(6.13)

where φ(t) := φ(t, ξ(t),X(t)) is given by (6.10).

So, the price kernel is given by:

Λ0,t(y0)

= 1 +

∫ t

0

(r(u)− µ(u, ξ(u−),X(u−))

σ(u, ξ(u−),X(u−))

)
Λ0,u−(y0)dW (u)

−
∫ t

0

(θ2(u, ξ(u−),X(u−))− 1) 〈γ(u, ξ(u−)),A(u, ξ(u−))X(u−)〉
σ(u, ξ(u−),X(u−))

Λ0,u−(y0)dW (u)

+

∫ t

0

Λ0,u−(y0)[D̃θ2
0 (u, ξ0,u−(y0))− 1]′(dN(u)− Ã0(u, ξ0,u(y0))du) , (6.14)

where θ2(u, ξ(u),X(u)) is given by (6.12).

When θ2(t, ξ(t),X(t)) = 1, λ⊗P-a.e. on T ×Ω, where λ is the Lebesgue measure on

T , there is no measure change for the chain, and, hence the regime-switching risk is not

priced. In this case,

θ1(t, ξ(t),X(t)) =
r(t)− µ(t, ξ(t),X(t))

σ(t, ξ(t),X(t))
, (6.15)

so the price kernel becomes:

Λ0,t(y0) = 1 +

∫ t

0

(r(u)− µ(u, ξ(u−),X(u−))

σ(u, ξ(u−),X(u−))

)
Λ0,u−(y0)dW (u) . (6.16)

Therefore, in this particular case, the measure Pθ coincides with the risk-neutral measure

in Guo (2001) and the risk-neutral regime-switching Esscher transform in Elliott et al.

(2005).
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We end this section by discussing the difference in the martingale representation and

the hedging result developed here from those in the standard Black-Scholes-Merton model.

In the standard Black-Scholes-Merton model, the market is complete and perfect hedging

is possible. In this case, the martingale representation of a contingent claim is given by

a stochastic integral with respect to the Brownian motion, which is the only source of

randomness in the standard Black-Scholes-Merton model. This martingale presentation

can be regarded as a special case of our martingale representation when the Markov

chain only has one state and the jump term is switched off, or absent. Further, in the

standard Black-Scholes-Merton model, the hedge ratio is determined by the integrand of

the martingale representation, which is just the delta of the claim. This hedge ratio gives

a perfect hedge result. In the Markov, regime-switching, jump-diffusion model, there are

two fundamental sources of risk, namely, the diffusion risk and the regime-switching risk,

where, as explained above, the diffusion risk is due to Brownian motion and the regime-

switching risk is due to the Markov chain. The jump risk in the asset price is then also

determined by the regime-switching risk. The martingale representation we developed

here takes into account explicitly the two fundamental sources of risk. In particular, the

stochastic integrals with respect to the Brownian motion and the martingale associated

with Markov chain take into account explicitly the diffusion risk and the regime-switching

risk, respectively. However, unlike the standard Black-Scholes-Merton model, we have

two fundamental sources of randomness and two primitive securities. Consequently, the

market in our model is incomplete, and so, there is more than one pricing kernel and

perfect hedging is not possible for new non-reductant contingent claims. In particular,

we have two market prices of risk here, one for the diffusion risk and another one for the

regime-switching risk. The martingale condition for precluding arbitrage opportunities

is not sufficient to determine the two market prices of risk, and hence, to determine a

pricing kernel which is able to price explicitly both the diffusion risk, (or the regime-

dependent risk), and the regime-switching risk. So additional conditions or restrictions

are required. Here we employ the local risk-minimization approach to determine a pricing

kernel and a hedging strategy for the contingent claim. The rationale of the local risk-

minimization approach is to determine a pricing kernel and a hedging strategy so as to

minimize the quadratic cost of hedging, which is used as a measure of the residual risk

45



of hedging. Unlike the delta in the standard Black-Scholes-Merton model, the hedging

strategy determined by the local risk-minimization approach is a partial, or incomplete,

hedging strategy.

§6. Conclusion

We developed a model for pricing and hedging European-style index options under

a double Markov regime-switching model with feedback effect. We supposed that the

transitions of the state of the economy modeled by the chain cause structural changes in

the model parameters and jumps in the asset price at the same time. We provided a novel

way to incorporate the feedback effect of the price process on the economic condition by

allowing the rate matrix of the driving Markov chain of the price process to be modulated

by the price process. We investigated the statistical properties of the model and studied

the impact of the feedback effect in a simulation study based on a discrete version of

our model. We determined an equivalent martingale measure in the incomplete market

setting by a product of two density processes so as to price two sources of risk, namely, the

diffusion risk and the regime-switching risk. We further provided an economic equilibrium

justification for the proposed change of measure. By exploiting the methodology similar

to Colwell et al. (1991) and Colwell and Elliott (1993), we established a martingale

representation for a European-style index option’s price on the price kernel. A local risk-

minimizing strategy and a pricing measure were then constructed using the martingale

representation. In the particular case when the regime-switching risk is not priced, the

pricing measure selected here coincides with that chosen in the existing literature.
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20. Föllmer, H., Sondermann, D., 1986. Hedging of contingent claims under incomplete

information, in: Hildenbrand, W., Mas-Colell, A., Debreu, G. (Eds.), Contributions

to Mathematical Economics in Honor of Gèrard Debreu, North Holland, Amster-
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