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Abstract

We discuss a backward stochastic differential equation, (BSDE), approach to a risk-based, optimal investment problem of an
insurer. A simplified continuous-time economy with two investment vehicles, namely, a fixed interest security and a share, is
considered. The insurer’s risk process is modeled by a diffusion approximation to a compound Poisson risk process. The goal
of the insurer is to select an optimal portfolio so as to minimize the risk described by a convex risk measure of his/her terminal
wealth. The optimal investment problem is then formulated as a zero-sum stochastic differential game between the insurer
and the market. The BSDE approach is used to solve the game problem. It leads to a simple and natural approach for the
existence and uniqueness of an optimal strategy of the game problem without Markov assumptions. Closed-form solutions to
the optimal strategies of the insurer and the market are obtained in some particular cases.
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1 Introduction

Asset-liability management is a central issue for insur-
ance companies. Among different problems of asset-
liability management, a key problem is how insurance
companies invest their assets optimally. Traditionally,
insurance companies focus on investing their assets in
money markets, such as government bonds and other
fixed interest securities. The companies need to select
bonds with appropriate maturities so as to match their
liabilities closely. Nowadays, insurance companies not
only invest in money markets, but also actively par-
ticipate in the share markets, as well as markets for
hybrid securities, such as credit derivatives. With this
enlargement of investment opportunities, the optimal
investment problem of an insurance company becomes
more sophisticated. Some advanced and quantitative
tools for portfolio selection may be helpful to insurance
companies to make rational and scientific investment
decisions so as to maximize their profits, or minimize
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their risk exposures.

Markowitz [27], Samuelson [35] and Merton [29] pi-
oneered the development of quantitative models for
portfolio selection in finance. Markowitz [27] consid-
ered portfolio selection in a simple one-period financial
model. Under the normality assumption for asset re-
turns, Markowitz described the risk of a portfolio by the
standard deviation of the portfolio return and simpli-
fied the portfolio selection problem as a mean-variance
optimization problem. Samuelson [35] considered the
portfolio selection problem in a multi-period setting,
and Merton [29] pioneered the application of stochastic
optimal control theory to discuss portfolio selection in a
continuous-time paradigm. The portfolio selection mod-
els developed in the finance literature cannot be directly
applied to the optimal investment of insurances compa-
nies because the companies need not only to take into
account financial risk, but also insurance risk due to the
presence of insurance liabilities, for example, insurance
claims. Stochastic models for modeling insurance risk
are a key component when studying optimal investment
of insurance companies.

Some pioneering works on optimizing and managing in-
surance risk include Borch [5], [6], Bühlmann [10], Ger-
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ber [21], and others. Browne [7], [8], [9] developed a
continuous-time stochastic model for the optimal in-
vestment of insurance companies, where the aggregate
claims process is modeled by a Brownian motion with
drift. Hipp & Taksar [23] developed an insurance busi-
ness model using a compound Poisson process and deter-
mined an optimal choice of new business by minimizing
the ruin probability over an infinite time horizon. Hipp
& Plum [24] considered the Cramér-Lundberg model for
insurance risk process and studied the optimal invest-
ment problem of an insurance company, where the com-
pany invests in a share index whose dynamics follow a
geometric Brownian motion. Liu & Yang [26] studied the
optimal investment problem of an insurance company
when the company can invest in both a money market
and a risky share. They supposed that the aggregate
claims are modeled by a compound Poisson process and
generalized the model to the cases when borrowing con-
straints and reinsurance are present. Yang & Zhang [36]
investigated the optimal investment problem of an in-
surance company, where the risk process is governed by
a jump-diffusion model. The existing literature on opti-
mal investment of insurance companies mainly focus on
the HJB dynamic programming approach to solve the as-
sociated stochastic control problems. The HJB dynamic
programming approach works well under the assumption
that the controls and the controlled state processes are
Markov. In some particular cases where closed-form so-
lutions exist, the HJB dynamic programming approach
requires guessing the form of the value function.

Value at Risk (VaR) has emerged as a popular measure
of risk in the finance industry. It conveys information
about the maximum amount of loss one is prepared to
incur at a certain confidence level in a fixed time period.
For example, if the 99% weekly VaR of a trading port-
folio is two millions British pounds, this means that one
is prepared to incur the loss of two millions pounds or
less with probability 99% in a week. Despite its popu-
larity, VaR is flawed, as observed by Artzner, Delbaen,
Eber & Heath [1], where an axiomatic approach for risk
measures and the notion of coherent risk measures were
proposed. They pointed out that VaR does not, in gen-
eral, satisfy the sub-additive property, which is one of
the four properties that should be satisfied by a coherent
risk measure. The intuition behind this property is that
allocating assets over two risky positions should reduce
risk. In addition to the non-additive property, another
shortcoming of VaR is that it may lead to some bizarre
and sub-optimal decisions if it is used as a binding con-
straint in portfolio selection, (see Basak & Shapiro [4]).
The class of coherent risk measures provides a remedy
for some of the defects of VaR. However it was argued
in Frittelli & Rosazza-Gianin [19] and Föllmer & Schied
[18] that, in practice, the risk of a trading position might
increase nonlinearly with the size of the position. This
is attributed to the liquidity of a large trading position.
To incorporate the nonlinear dependence of the risk of
a trading position on the additional liquidity risk, Frit-

telli & Rosazza-Gianin [19] and Föllmer & Schied [18] re-
laxed the sub-additive and positive homogeneous prop-
erties of coherent risk measures and replaced these two
properties by a convex property. They introduced, inde-
pendently, the notion of convex risk measures. This is a
generalization of the concept of coherent risk measures.
Recently, there has been considerable interest in the ap-
plications of convex risk measures for studying portfolio
selection problems, (see, for example, Mataramvura &
Øksendal [28]). Relatively little attention has been paid
to the applications of convex risk measures for studying
optimal investment of insurance companies. However,
given the flexibility and theoretical advantages of con-
vex risk measures, this application is of importance.

In this paper, we use a backward stochastic differential
equation, (BSDE), to discuss the risk-based, optimal in-
vestment problem of an insurer. A simplified continuous-
time economy with two investment vehicles, namely, a
fixed interest security and a share, is considered. The
share price process is governed by a geometric Brownian
motion, (GBM). Meanwhile, the company receives pre-
miums at a constant rate and pays the aggregate claims
which are modeled by a diffusion approximation to a
compound Poisson risk process. The goal of the insurer
is to select an optimal portfolio so as to minimize the
risk described by a convex risk measure of his/her ter-
minal wealth. We study the problem from a game the-
oretic perspective and formulate the risk-based optimal
investment problem as a two-player, zero-sum stochas-
tic differential game. The two players of the game are
the insurer and the market. Note that the market is con-
sidered as a “fictitious” player in the game and acts an-
tagonistically to the insurer by choosing the probabil-
ity laws for the share price process and the insurance
risk process corresponding to a worst-case scenario. The
BSDE approach is used to solve the game problem. It
leads to a simple and natural approach for the existence
and uniqueness of an optimal strategy of the game prob-
lem. Unlike the HJB dynamic programming approach,
the BSDE approach does not require Markov assump-
tions for controls and controlled processes. We relate the
BSDE solution to a classical solution of the partial dif-
ferential equation, (PDE), using the nonlinear Feynamn-
Kac formula for semilinear PDEs in a Markov situation.
Closed-form solutions to the optimal strategies of the
insurer and the market are obtained in some particular
cases. These solutions make intuitive sense. Although
the stochastic differential game considered here relates
to optimal investment, the theory developed has wider
applications.

This paper is structured as follows. Section 2 presents
the price dynamics of the investment assets and the in-
surance risk process. In Section 3, we first state the risk-
based optimal investment problem and then discuss the
formulation of the problem as a zero-sum, two-person,
stochastic differential game. In Section 4, we first discuss
some results of backward stochastic differential equa-
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tions and then apply them to solve the stochastic dif-
ferential game. Section 5 relates the BSDE solution of
the game problem to the classical solution of the PDE.
In Section 6, we consider some particular cases and de-
rive closed-form solutions to the game problem in these
cases. The final section concludes the paper.

2 The Model Dynamics

We consider a simplified continuous-time economy with
two investment assets, namely, a fixed interest security
B and a share S. These securities are traded continu-
ously over time in a finite time horizon T := [0, T ], for
T < ∞. To model uncertainty, we consider a complete
probability space (Ω,F , P ), where P represents a refer-
ence probability measure from which a family of, (real-
world), probability measures is generated.

Let r be the constant continuously compounded risk-
free rate of interest, where r > 0. Then the price process
{B(t)|t ∈ T } of the bond B evolves over time as:

B(t) = ert , B(0) = 1 . (1)

Suppose µ and σ are the appreciation rate and the
volatility of the share S, respectively. Let {W1(t)|t ∈ T }
be a standard Brownian motion on (Ω,F , P ) with re-
spect to the P -augmentation of its own natural filtra-
tion, denoted by FW1 := {FW1(t)|t ∈ T }. Then the
price process {S(t)|t ∈ T } of the share S is governed by
a geometric Brownian motion, (GBM):

dS(t) = µS(t)dt+ σS(t)dW1(t) ,
S(0) = s0 > 0 . (2)

We now model the risk process of an insurer. A diffu-
sion risk process is considered here. This process is an
approximation to the classical compound Poisson risk
model. Let µY and σY be the drift and volatility of
the diffusion risk process, where µY ∈ < and σY > 0.
Suppose W2 := {W2(t)|t ∈ T } is a second standard
Brownian motion on (Ω,F , P ) with respect to the P -
augmentation of its own natural filtration, denoted by
FW2 := {FW2(t)|t ∈ T }. We assume that

Cov(W1(t),W2(t)) = ρ12t .

Then the diffusion risk process R := {R(t)|t ∈ T } is
defined by:

R(t) = u0 + µY t+ σYW2(t) .

Here u0 is the initial surplus of the insurer.

We assume that the insurer sets a premium rate accord-
ing to the expected value premium principle. Let κ be

the relative security loading, where κ > 0. Then the pre-
mium rate, (i.e. premium per unit of time), associated
with the loading κ is determined as:

c(κ) = (1 + κ)µY .

Let FR := {FR(t)|t ∈ T } and FS := {FS(t)|t ∈ T }
be the P -completed, right-continuous natural filtration
generated by the insurance risk process R and the share
price process S, respectively. Define, for each t ∈ T , the
enlarged σ-field G(t) := FR(t) ∨ FS(t), the minimal σ-
field generated by bothFR(t) andFS(t). For each t ∈ T ,
the insurer has knowledge about the price process of the
share S and the insurance risk process R up to time
t. Consequently, the insurer has access to information
described by G(t) at time t. Write G := {G(t)|t ∈ T }, so
G describes the observable flow of information.

Let π := {π(t)|t ∈ T }, where π(t) represents the amount
of money the insurer invests in the share at time t. Sup-
pose V π := {V π(t)|t ∈ [0, T ]} is the surplus process
of the insurer with investments in the bond B and the
share S. Then the evolution of the surplus process V π is
governed by:

dV π(t) = (κµY + rV π(t) + π(t)(µ− r))dt (3)
+σπ(t)dW1(t)− σY dW2(t) ,

V π(0) = v0 . (4)

To simplify the notation, we write V (t) = V π(t), t ∈ T ,
unless otherwise stated.

Write, for each t ∈ T , σ(π(t)) := (σπ(t), σY )′ ∈ <2 and
W(t) := (W1(t),W2(t))′ ∈ <2, where y′ is the transpose
of a matrix, or a vector, y. Then the evolution of the
surplus process of the insurer over time can be written
as:

dV (t) = (κµY + rV π(t) + π(t)(µ− r))dt+ σ′(π(t))dW(t) ,
V (0) = v0 .

A portfolio process π is said to be admissible if it satisfies
the following conditions:

(1) π is G-progressively measurable;
(2)

T∫
0

[π(t)]2dt <∞ , P-a.s.;

(3) the surplus process V π has a unique strong solution;
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(4)

T∫
0

(
|κµY + rV π(t) + π(t)(µ− r)|+ ||σ′(π(t))||

+||σ′(π(t))||2
)
dt <∞ , P -a.s.

Write A for the space of admissible portfolio processes
of the insurer.

3 Risk-based Optimal Investment Problem

In this section we first state the risk-based optimal in-
vestment problem, where the object is to minimize the
risk described by a convex risk measure of the terminal
wealth of the insurer. We then formulate the risk-based
optimal investment problem as a zero-sum, two-person,
stochastic differential game between the insurer and the
market.

The concept of a convex risk measure was introduced
independently by Frittelli & Rosazza Gianin [19] and
Föllmer & Schied [18]. It generalizes the notion of coher-
ent risk measures proposed by Artzner et al. [1]. Here
we discuss briefly the concept of a convex risk measure
and its representation in our current context.

Let S be the space of all lower-bounded random variables
on the measurable space (Ω,G(T )). The space S consists
of random variables describing financial positions whose
values are realized at the terminal time T . Then a convex
risk measure is defined as follows.

Definition 1 A convex risk measure ρ is a functional
ρ : S → < 1 such that it satisfies the following three
properties:

(1) If X ∈ S and K ∈ <, then

ρ(X +K) = ρ(X)−K .

(2) For any X1, X2 ∈ S, if X1(ω) ≤ X2(ω), for all
ω ∈ Ω, then ρ(X1) ≥ ρ(X2).

(3) For any X1, X2 ∈ S and λ ∈ (0, 1),

ρ(λX1 + (1− λ)X2) ≤ λρ(X1) + (1− λ)ρ(X2) .

The last property is the convexity, which reflects the sit-
uation that the risk of a trading portfolio might increase
in a nonlinear fashion with the size of the portfolio be-
cause of the liquidity risk of a large portfolio.

1 Frittelli & Rosazza Gianin [19] also gave the definition of a
convex risk measure on the space Lp(Ω,F , P ) of p-integrable
random variables on a reference probability space (Ω,F , P ).

We impose the standard normalized assumption that
ρ(0) = 0. With this assumption and the translation in-
variance property, (i.e. the first property), ρ(X) can be
interpreted as the minimum amount of capital which is
required to make the financial position described by X
acceptable.

The following theorem is due to Föllmer & Schied [18]
and Frittelli & Rosazza Gianin [19]. It gives a represen-
tation for a convex risk measure. We state the theorem
here without proof.

Theorem 2 LetMa be a family of probability measures
Q which are absolutely continuous with respect to P . De-
fine a function η : Ma → < such that η(Q) < ∞,
∀Q ∈ Ma. Then for any convex risk measure ρ(X) of
X ∈ S, (i.e. ρ satisfies the three properties in Definition
1), there exists a familyMa and a function η such that

ρ(X) = sup
Q∈Ma

{EQ[−X]− η(Q)} .

Here EQ represents expectation under Q.

As in the literature on coherent risk measures, (see
Artzner et al. [1]), the familyMa is interpreted as a set
of generalized scenarios. The concept of generalized sce-
narios extends the notion of scenarios which represent
contingencies of future market or economic conditions.
Scenarios are the main objects in scenario analysis and
stress testing adopted in the practice of financial and in-
surance risk management. For example, they have been
used for financial risk management by the Chicago Mer-
centile Exchange (CME) and for profit testing in actuar-
ial practice. The function η is called a penalty function
which penalizes the miss-specification of a probability
model. When η(Q) = 0, ∀Q ∈ S, the representation of a
convex risk measure becomes that of a coherent one as
in Artzner et al. [1]. Intuitively, the representation of a
convex risk measures establishes a relationship between
the nonlinear risk associated with the liquidity of a
large position and the miss-specification of a probabil-
ity model, or generalized scenario. The representation
in Theorem 2 is a general form of convex risk measure
from which any convex risk measure can be generated
by a suitable choice ofMa and penalty function η.

We now describe a family Ma given by a set of proba-
bility measures of Girsanov transformation type.

Let θ := {θ(t)|t ∈ T } be a G-predictable process, where
θ(t) := (θ1(t), θ2(t)) ∈ <2. We suppose that

T∫
0

||θ(t)||2dt <∞ , P -a.s.

Here || · || is the Euclidean norm of an appropriate di-
mension.
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Consider the G-adapted process Λθ := {Λθ(t)|t ∈ T }
defined by:

Λθ(t) := 1 +

T∫
0

Λθ(u)θ′(u)dW(u) , (5)

so, by definition, Λθ is a (G,P )-martingale.

Note that θ satisfies the Novikov condition:

E
[

exp
(

1
2

T∫
0

||θ(t)||2dt
)]

<∞ .

Consequently, Λθ is a (G,P )-martingale.

A process θ is said to be an admissible strategy if

T∫
0

||θ(t)||2dt <∞ ,

T∫
0

||Λθ(t)θ(t)||dt <∞ , P -a.s.

Write Θ for the space of admissible strategies θ.

For each θ ∈ Θ, a new probability measure Qθ abso-
lutely continuous with respect to P on G(T ) is defined
by putting:

dQθ
dP

∣∣∣∣
G(T )

:= Λθ(T ) .

Then a family Ma of probability measures can be gen-
erated by:

Ma =Ma(Θ) := {Qθ|θ ∈ Θ} .

Define, for each (π,θ) ∈ A × Θ, a controlled process
Yπ,θ := {Yπ,θ(t)|t ∈ T }, where

dY θ
1 (t) = Y θ

1 (t)θ′(t)dW(t) ,
dY π2 (t) = (κµY + rY π2 (t) + π(t)(µ− r))dt

+σ′(π(t))dW(t) , (6)

so that Yπ,θ(t) = (Y θ
1 (t), Y π2 (t)) = (Λθ(t), V π(t)) ∈

<2. To simplify the notation, we suppress the subscripts
π and θ and write, for each t ∈ T , Y(t), Y1(t) and Y2(t)
for Yπ,θ(t), Y θ

1 (t) and Y π2 (t), respectively.

We now specify a penalty function η. Let Cn be the space
of continuous functions from T into <n. We assume that
for each (π,θ) ∈ A ×Θ and each t ∈ T , π(t) ∈ U1 and
θ(t) ∈ U2, where U1 and U2 are compact metric spaces

in < and <2. Let λ(·, ·, ·, ·) : T × C2 × U1 × U2 → <
and h(·) : <2 → < be two bounded, measurable convex
functions in θ(t) ∈ U2 and Y(T ) ∈ <2, respectively.
Then, for each (π,θ) ∈ A×Θ,

E
[ T∫

0

|λ(t,Y(·), π(t),θ(t))|dt+ |h(Y(T ))|
]
<∞ .

Note that λ(t,Y(·), π(t),θ(t)) depends on the path of Y
up to time t.

As in Mataramvura & Øksendal [28], we consider a
penalty function η of the following form:

η(Qθ, π) := E
[ T∫

0

λ(t,Y(·), π(t),θ(t))dt+ h(Y(T ))
]
,

(π,θ) ∈ A×Θ .

It was shown in Delbean, Peng & Rosazza-Gianin [13]
that if

(1) h(y) = 0, for all y ∈ <2,
(2) λ is independent of Y(·) and π(t),
(3) λ is lower semi-continuous,

then the penalty function η(Qθ, π) is the same as the
representation of the penalty function of a dynamic con-
vex risk measure, which satisfies the continuity and the
time-consistent properties. The proof of this result is
based on the theory of BSDEs. Please also refer to Bar-
rieu & El Karoui [2], [3] for related discussions.

Then we specify a convex risk measure for the terminal
wealth of the insurer as:

ρ(V π(T )) := sup
θ∈Θ

{Eθ[−V π(T )]− η(Qθ, π)} .

The goal of the insurer is to select an optimal portfo-
lio process π ∈ A so as to minimize the risk described
by ρ(V π(T )). That is, the optimization problem of the
insurer is:

Φ(v0) := inf
π∈A

ρ(V π(T ))

= inf
π∈A

{
sup
θ∈Θ

{Eθ[−V π(T )]− η(Qθ, π)}
}
.

Using a version of the Bayes’ rule and the form of the
penalty function,

Φ(v0) = inf
π∈A

sup
θ∈Θ

E
[
− Y1(T )Y2(T )
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−
T∫

0

λ(t,Y(·), π(t),θ(t))dt− h(Y(T ))
]

= Φ(y) , say .

Here Y(0) = y = (y1, y2) ∈ D ⊂ <2 and D is a bounded
domain in <2.

Write, for each (π,θ) ∈ A×Θ,

Jπ,θ(y) := Ey

[
− Y1(T )Y2(T )

−
T∫

0

λ(t,Y(·), π(t),θ(t))dt− h(Y(T ))
]
.

Here Ey is the conditional expectation given Y(0) = y
under P .

Then

Φ(y) = inf
π∈A

sup
θ∈Θ

Jπ,θ(y) = Jπ
∗,θ∗

(y) .

This can be considered as a zero-sum, two-person,
stochastic differential game between the insurer and
the market. The market selects a probability measure
indexed by θ, which corresponds to the worst-case sce-
nario where the risk is maximal. The insurer then reacts
by selecting an optimal portfolio strategy π so as to
minimize the risk. To solve the game problem, one must
determine the optimal strategies π and θ of the insurer
and the market, respectively, and the value function
Φ(y).

One may think of the market as a “fictitious” player
whose actions may be attributed to market forces, re-
sulting from the aggregate behavior of other economic
participants. With this interpretation, there is no coop-
eration between the insurer and other economic agents.
The aggregate behavior of other economic agents tries
to restrain the insurer maximizing terminal wealth. This
may be a consequence of a basic premise in economics,
that every rational economic agent optimizes under the
scarcity of economic resources. The stochastic differen-
tial game approach for the optimal portfolio selection
of the insurer appears to reconcile a micro-economic
problem with a macro-economic one. The optimal asset
allocation problem of the insurer is a decision problem
of an individual economic agent, and so is a micro-
economic problem. The optimization problem of the
model is an aggregate decision making problem of other
economic agents, or a representative agent of other
economic participants, and so it may be thought of as
a macro-economic problem. The stochastic differential
game approach is similar to the worst-case portfolio op-
timization problem of Korn & Steffensen [25]. However,

in Korn & Steffensen [25], the market selects large finan-
cial shocks, or crises, instead of worst-case probability
scenarios.

4 The BSDE Solution of the Game Problem

We first discuss some aspects of Backward Stochastic
Differential Equations, (BSDEs), which will be used to
describe the solution of the game problem of the previous
section. We then present a result which relates a BSDE
and the solution of the game problem. Finally, we solve
the game problem.

Firstly we define the following, (path), spaces:

(1) Kn is the set of G-progressively measurable, <n-
valued processes on the product space T × Ω;

(2) L2
n(G(t)) is the set of G(t)-measurable, <n-valued

random variables η such that

E[||η||2] <∞ ;

(3) S2
n(0, T ) is the set of functions f(t, ω) ∈ Kn such

that, for each ω ∈ Ω, f(t, ω) is a <n-valued, contin-
uous function of time t, and

E
[

sup
t∈T
||f(t)||2

]
<∞ ;

(4) H2
n(0, T ) is the set of functions h(t, ω) ∈ Kn such

that

E
[ T∫

0

||h(t)||2dt
]
<∞ ;

(5) H1
n(0, T ) is the set of functions h(t, ω) ∈ Kn such

that

E
[( T∫

0

||h(t)||2dt
)1/2]

<∞ .

We now define a BSDE:

Definition 3 Let ξ(T ) ∈ L2
1(G(T )) be a real-valued ter-

minal condition and g : Ω× T × < × <2 → < be a real-
valued K1 ⊗ B(<) ⊗ B(<2)-measurable driver function,
where B(<) and B(<2) are the Borel σ-fields of < and
<2, respectively. Then a solution of the BSDE associated
with the driver function g and the terminal condition
ξ(T ) is a pair of G-progressively measurable processes
{(X(t),Z(t))|t ∈ T } with values in <× <2 such that

X(t) = ξ(T ) +

T∫
t

g(u,X(u),Z(u))du
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−
T∫
t

Z′(u)dW(u) , t ∈ T ,

X(t) ∈ S2
1 (0, T ) , Z(t) ∈ H2

2(0, T ) .

Or equivalently, in a differential form,

dX(t) =−g(t,X(t),Z(t))dt+ Z′(t)dW(t) ,
X(T ) = ξ(T ) .

The following existence theorem is a standard result. We
only state the result whose proof is in El Karoui, Peng &
Quenez [16] and El Karoui, Hamadéne & Matoussi [17].

Theorem 4 Suppose the following conditions hold:

(1) g(ω, t, 0,0) ∈ H2
1(0, T );

(2) there exists a positive constant K such that
∀(x1, x2, z1, z2) ∈ < × <× <2 ×<2,

|g(ω, t, x1, z1)− g(ω, t, x2, z2)|
≤ K(|x1 − x2| − ||z1 − z2||) , l × P -a.e ,

where l is the Lebesgue measure on T . That is, g
satisfies a uniformly Lipschitz condition with respect
to (x, z).

Then the BSDE associated with the driver function g and
the terminal condition ξ(T ) has a unique solution.

The following theorem is a comparison theorem for
BSDE, which is equivalent to the maximum principle
in the context of partial differential equations. Again
we only state the result. The proof can be found in El
Karoui et al. [16].

Theorem 5 Suppose

(1) (X1,Z1) and (X2,Z2) are the solutions of the two
BSDEs associated with (g1, ξ1(T )) and (g2, ξ2(T )),
respectively;

(2) g1 and g2 satisfy the two conditions in Theorem 4.

If ξ2(T ) ≤ ξ1(T ), P -a.s., and ∀(x, z) ∈ < × <2,
g2(ω, t, x, z) ≤ g1(ω, t, x, z), l ⊗ P -a.e., then ∀(x, z) ∈
< × <2,

X2(ω, t) ≤ X1(ω, t) , ∀t ∈ T , P -a.s.

The following theorem is due to El Karoui et al. [16]. It
provides the link between the solution of a BSDE and
the solution of the game problem.

Theorem 6 Let β := {β(t)|t ∈ T } and γ := {γ(t)|t ∈
T } be bounded, <-valued and <2-valued, respec-
tively, G-progressively measurable processes. Suppose

α := {α(t)|t ∈ T } ∈ H2
1(0, T ) and ξ(T ) ∈ L2

1(G(T )).
Consider the following linear BSDE:

dX(t) =−(α(t) + β(t)X(t) + γ′(t)Z(t))dt+ Z′(t)dW(t) ,
X(T ) = ξ(T ) .

Then the linear BSDE has a unique solution (X,Z) ∈
S2

1 (0, T )⊗H2
2(0, T ), and X has the following expectation

representation:

X(t) = E
[
ξ(T )Γ(t, T ) +

T∫
t

Γ(t, u)α(u)du|G(t)
]
,

where the double-indexed process {Γ(t, u)|t, u ∈ T , t ≥
u} is the adjoint process satisfying the following forward
linear SDE:

dΓ(t, u) = Γ(t, u)(β(u)du+ γ′(u)dW(u)) , Γ(t, t) = 1 ,

so that Γ(t, u) satisfies the following semi-group property:

Γ(t, s)Γ(s, u) = Γ(t, u) , ∀t ≤ s ≤ u , P -a.s.

Recall the processes Y1 and Y2 defined in (6). Then by
Itô’s differentiation rule,

Y1(T )Y2(T )

= y1y2 +

T∫
0

Y1(t)
(
κµY + rY2(t) + π(t)(µ− r)

+θ1(t)σπ(t)− σY θ2(t) + ρ12θ2(t)σπ(t)− ρ12θ1(t)σY

)
dt

+

T∫
0

Y1(t)
(
σπ(t) + θ1(t)Y2(t)

)
dW1(t)

+

T∫
0

Y1(t)
(
θ2(t)Y2(t)− σY

)
dW2(t) .

For each (π,θ) ∈ A×Θ,

Jπ,θ(y)

:=−y1y2 + E
[
−

T∫
0

(
Y1(t)(κµY + rY2(t) + π(t)(µ− r)

+θ1(t)σπ(t)− σY θ2(t) + ρ12θ2(t)σπ(t)− ρ12θ1(t)σY )

+λ(t,Y(·), π(t),θ(t))
)
dt− h(Y(T ))

]
.

Recall that Y := (Y1, Y2). Write, for each (t,Y(·), π(t),θ(t)) ∈
T × C2 × U1 ×U2,

λ̃(t,Y(·), π(t),θ(t))
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:= Y1(t)(κµY + rY2(t) + π(t)(µ− r) + θ1(t)σπ(t)
−σY θ2(t) + ρ12θ2(t)σπ(t)− ρ12θ1(t)σY )
+λ(t,Y(·), π(t),θ(t))

Then

Jπ,θ(y)

:=−y1y2 + E
[
−

T∫
0

λ̃(t,Y(·), π(t),θ(t))dt− h(Y(T ))
]
.

Write, for each (π,θ) ∈ A×Θ,

J̃π,θ(y) := E
[
−

T∫
0

λ̃(t,Y(·), π(t),θ(t))dt− h(Y(T ))
]
.

Then the stochastic differential game discussed in Sec-
tion 3 is equivalent to the following stochastic differen-
tial game:

Φ̃(y) = J̃π
∗,θ∗

(y) = inf
π∈A

sup
θ∈Θ

J̃π,θ(y).

We now define the Hamiltonian H : T ×C2×<2×U1×
U2 → < of the game problem as follows:

H(t,Y(·), z, π(t),θ(t)) := −λ̃(t,Y(·), π(t),θ(t)) .

The Hamiltonian H is said to satisfy Isaacs’ condition if

inf
π∈A

sup
θ∈Θ

H(t,Y(·), z, π(t),θ(t))

= sup
θ∈Θ

inf
π∈A

H(t,Y(·), z, π(t),θ(t)) .

It is well known that H satisfies Isaacs’ condition if and
only if there exist two measurable functions π∗ : T ×
C2 ×<2 → U1 and θ∗ : T × C2 ×<2 → U2 such that

H(t,Y(·), z, π∗(t,Y(·), z),θ)
≤ H(t,Y(·), z, π∗(t,Y(·), z),θ∗(t,Y(·), z))
≤ H(t,Y(·), z, π,θ∗(t,Y(·), z)) , ∀(π,θ) ∈ A×Θ .

For Isaac’s condition to hold, we require that the Hamil-
tonianH is convex in π and concave in θ. In other words,
it is required that the function λ̃ is concave in π and
convex in θ. Interested readers may refer to Friedman
[20] and Elliott [14], [15] for the detail of the relation-
ship between Isaacs’ condition and stochastic differen-
tial games.

From now on, we assume that Issac’s condition holds
for the Hamiltonian H. The following lemma is required

for the existence and uniqueness of a BSDE having the
driver function H.

Lemma 7 H(t,y(·), z, π∗(t,y(·), z),θ∗(t,y(·), z)) is
Lipschitz in z, uniformly in (t,y(·)) ∈ T × C2.

PROOF. Firstly, for each (π,θ) ∈ A×Θ, let

λ1(t,Y(·), π(t),θ(t))
= Y1(t)(κµY + rY2(t) + π(t)(µ− r) + θ1(t)σπ(t)
−σY θ2(t) + ρ12θ2(t)σπ(t)− ρ12θ1(t)σY ) ,

so that

λ̃(t,Y(·), π(t),θ(t))
= λ1(t,Y(·), π(t),θ(t)) + λ(t,Y(·), π(t),θ(t)) .

Then by the definition of admissible policies (π,θ) ∈ A×
Θ, λ1 is bounded. Further, by definition, λ is bounded.
Consequently, λ̃ is bounded. This then implies that H is
uniformly bounded in (t,y(·), z, π(t),θ(t)) ∈ T × C2 ×
<2 × U1 ×U2.

Suppose H were not Lipschitz in z, uniformly in
(t,y(·)) ∈ T ×C2. Then there exist two points z1, z2 ∈ <2

and (t,y(·), π,θ) ∈ T × C2 × U1 × U2 such that
|H(t,y(·), z1, π(t),θ(t)) − H(t,y(·), z2, π(t),θ(t))| is
unbounded. However, since H is uniformly bounded in
(t,y(·), z, π(t),θ(t)) ∈ T × C2 ×<2 × U1 ×U2,

|H(t,y(·), z1, π(t),θ(t))−H(t,y(·), z2, π(t),θ(t))|
≤ |H(t,y(·), z1, π(t),θ(t))|+ |H(t,y(·), z2, π(t),θ(t))|
≤ 2L := K , say ,

for some positive constant L.

Therefore, we must have that H is Lipschitz in z, uni-
formly in (t,y(·)) ∈ T × C2. The result then follows by
noting that

H(t,y(·), z, π∗(t,y(·), z),θ∗(t,y(·), z))
= inf
π∈A

sup
θ∈Θ

H(t,y(·), z, π(t),θ(t)) .

The following theorem resembles to that of De
Scheemaekere [12]. It gives the solution of the game
problem as the solution of a BSDE.

Theorem 8 Suppose Isaacs’ condition and the two con-
ditions in Theorem 4 hold. Then there is a unique solution
{(X(t),Z(t))|t ∈ T } of the BSDE associated with the
driver function H(t,y(·), z, π∗(t,y(·), z),θ∗(t,y(·), z))
and terminal condition h(Y(T )):

−dX(t) =H(t,y(·), z, π∗(t,y(·), z),θ∗(t,y(·), z))dt
−Z′(t)dW(t),

X(T ) = h(Y(T )) .
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Further the pair of strategies

(π∗(t),θ∗(t)) := (π∗(t,y(·), z),θ∗(t,y(·), z))

is a saddle point of the zero-sum stochastic differential
game, and

X(0) = Jπ
∗,θ∗

(y) = inf
π∈A

sup
θ∈Θ

Jπ,θ(y)

= sup
θ∈Θ

inf
π∈A

Jπ,θ(y) .

PROOF. The proof resembles to that of Theorem 12
in De Scheemaekere (2008). Firstly, the existence and
uniqueness of the solution (X,Z) of the BSDE follows
from Theorem 4, the fact that H(t,y(·), z, π∗(t),θ∗(t))
is uniformly Lipschitz in z given by Lemma 7 and the
assumption that h(Y(T )) is square-integrable. Then by
Theorem 6, the following BSDE

−dX(t) =−λ̃(t,Y(·), π(t),θ(t))dt− Z′(t)dW(t) ,
X(T ) = h(Y(T )) ,

has a unique solution (X,Z) ∈ S2
1 (0, T )×H2

2(0, T ), and
X(t) is explicitly characterized as the expectation:

X(t) = E
[
−

T∫
t

λ̃(u,Y(·), π∗(u),θ∗(u))du+ h(Y(T ))|G(t)
]

:= J̃t(π∗,θ∗) , P -a.s.

Suppose θ is another control in Θ. Then there is a
unique solution (Xθ,Zθ) associated with the driver
function H(t,y(·), z, π∗(t),θ(t)) and the terminal con-
dition h(Y(T )), and Xθ(0) = J̃0(π∗,θ). Now by Isaacs’
condition and Theorem 5,

J̃0(π∗,θ) = Xθ(0) ≤ J̃0(π∗,θ∗) = X(0) .

Similarly, for another π ∈ A,

J̃0(π,θ∗) = Xπ(0) ≥ J̃0(π∗,θ∗) = X(0) .

Consequently, (π∗,θ∗) is a saddle point for the game.

Note that

inf
π∈A

sup
θ∈Θ

J̃0(π,θ) ≤ X(0) = J̃0(π∗,θ∗)

≤ sup
θ∈Θ

inf
π∈A

J̃0(π,θ) .

However,

inf
π∈A

sup
θ∈Θ

J̃0(π,θ) ≥ sup
θ∈Θ

inf
π∈A

J̃0(π,θ) .

Therefore, we must have

X(0) = J̃0(π∗,θ∗) = inf
π∈A

sup
θ∈Θ

J̃0(π,θ)

= sup
θ∈Θ

inf
π∈A

J̃0(π,θ).

5 The Markov BSDE Solution and a Classical
Solution to a PDE

In this section we relate the BSDE solution of the
stochastic differential game in Theorem 8 to a classi-
cal solution of a partial differential equation. We sup-
pose that the control and the controlled state process
are Markov. The key result used in this section is the
nonlinear Feynman-Kac formula for semilinear partial
differential equations.

The following theorem gives a modification of the non-
linear Feynman-Kac formula as stated by Pardoux &
Peng [33].

Theorem 9 Let u(·, ·) ∈ C1,2(T × <2). Write, for each
(t,y) ∈ T × <2,

Σ(t,y, π∗(t),θ∗(t)) := (y1(θ∗(t))′, σ′(π∗(t)))′ ∈ <2 ⊗<2,

A(t,y, π∗(t),θ∗(t)) := Σ(t,y, π∗(t),θ∗(t))
Σ′(t,y, π∗(t),θ∗(t)) ∈ <2 ⊗<2.

Suppose there is a constant K such that for each (t,y) ∈
T × <2,

|u(t,y)|+ ||∂yu(t,y)Σ(t,y, π∗(t),θ∗(t))|| ≤ K(1 + ||y||) .

Define the following second-order partial differential op-
erator:

At,y(π∗,θ∗) :=
n∑

i,j=1

aij(t,y, π∗(t),θ∗(t))∂2
yiyj

+(κµY + ry2π
∗(t)(µ− r))∂y2 .

Assume u(t,y) is the solution of the following semi-linear
parabolic PDE:

∂tu(t,y) +At,y(π∗,θ∗)[u(t,y)]− λ̃(t,y(·), π∗(t),θ∗(t)) = 0 ,
u(T,y) = h(y) , ∀(t,y,y(·)) ∈ T × <2 × C2 .

If, for each (t,y) ∈ T × <2, (Xt,y(t),Zt,y(t)) is the
unique solution of the following BSDE:

−dXt,y(s) =−λ̃(s,Y(·), π∗(s),θ∗(s))ds− (Zt,y(s))′dW(s),
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s ∈ [t, T ] ,
Xt,y(T ) = h(Y(T )) ,

then, for each s ∈ [t, T ],

Xt,y(s) = u(s,Yt,y(s)) ,
Zt,y(s) = ∂yu(s,Yt,y(s))Σ(s,Yt,y(·), π∗(s),θ∗(s)) .

PROOF. The proof is standard. For the sake of com-
pleteness, we give the proof. Applying Itô’s differentia-
tion rule to u(s,Y(s)) gives:

du(s,Y(s)) = (∂tu(s,Y(s)) +Aπ
∗,θ∗

t,y [u(s,Y(s))])ds
+∂yu(s,Y(s))Σ(t,y, π∗,θ∗)dW(s) .

Since u(s,Y(s)) satisfies the given semi-linear PDE to-
gether with the terminal condition,

−du(s,Y(s)) =−λ̃(t,y(·), π∗(t),θ∗(t))
−∂yu(s,Y(s))Σ(t,y, π∗,θ∗)dW(s),

u(T,Y(T )) = h(Y(T )) .

The result then follows by the uniqueness of the solution
of the given BDSE.

Under some appropriate smoothness conditions for
u(t,y), the converse of the above solution is also true.
That is, for each (t,y) ∈ T × <2, u(t,y) := X(t) ∈
C1,2(T × <2) is a classical solution of the PDE:

∂tu(t,y) +At,y(π∗,θ∗)[u(t,y)]

−λ̃(t,y(·), π∗(t),θ∗(t)) = 0 ,
u(T,y) = h(y) , ∀(t,y,y(·)) ∈ T × <2 × C2 .

6 Some Particular Cases

In this section we consider two particular cases for the
function λ which appears in the penalty function η of
the convex risk measure ρ discussed in Section 3. In both
cases, we obtain closed-form solutions for the optimal
policies of the insurer and the market. Firstly, we as-
sume that λ is a quadratic function of θ. This form is
motivated by the entropic penalty function considered
in Delbean et al. [13]. In this case, we obtain an optimal
portfolio strategy of the insurer which is an extension
of the Merton ratio, taking into account insurance risk.
When the insurance risk process and the price process
of the risky share are uncorrelated, the optimal portfo-
lio strategy of the insurer reduces to the Merton ratio.
Secondly, we consider the case when λ and h are both
zero. This case corresponds to a coherent risk measure.
We obtain an intuitive optimal portfolio strategy of the

insurer, which is given by the ratio of the volatility pa-
rameters of the insurance risk process and the price pro-
cess of the risky asset.

6.1 Quadratic penalty function

Suppose that

λ(t,Y(·), π(t),θ(t)) :=
1

2(1− γ)
||θ(t)||2Y1(t) ,

where 1 − γ is a measure of an insurer’s relative risk
aversion and γ < 1. Note that, for each t ∈ T , Y1(t) > 0,
P -a.s. λ is convex in θ.

Recall that, for each t ∈ T , θ(t) := (θ1(t), θ2(t)) ∈ <2.
Then the Hamiltonian becomes:

H(t,Y(·), z, π(t),θ(t))
:=−λ1(t,Y(·), π(t),θ(t))− λ(t,Y(·), π(t),θ(t))
= −Y1(t)(κµY + rY2(t) + π(t)(µ− r) + θ1(t)π(t)σ
−σY θ2(t) + ρ12θ2(t)σπ(t)

−ρ12θ1(t)σY )− 1
2(1− γ)

(θ21(t) + θ22(t))Y1(t) .

The first-order condition for maximizing the Hamilto-
nian H(t,Y(·), z, π(t),θ) with respect to θ gives the fol-
lowing pair of equations:

∂θ1H(t,Y(·), z, π(t),θ)

= Y1(t)
(
− π(t)σ + ρ12σY −

θ1(t)
1− γ

)
= 0 ,

∂θ2H(t,Y(·), z, π(t),θ)

= Y1(t)
(
σY − ρ12σπ(t)− θ2(t)

1− γ

)
= 0 .

The first-order condition for minimizing the Hamilto-
nian H(t,Y(·), z, π,θ(t)) with respect to π gives the fol-
lowing equation:

∂πH(t,Y(·), z, π,θ(t))
= Y1(t)(µ− r + θ1(t)σ + ρ12θ2(t)σ) = 0 .

Then the optimal portfolio strategy π∗ of the insurer is
given by:

π∗(t) =
µ− r + ρ12σσY (2− γ)
σ2(1 + ρ2

12)(1− γ)
.

The optimal strategy θ∗ := (θ∗1 , θ
∗
2) of the market is

given by:

θ∗1(t) =
r − µ+ ρ12σσY [(1− γ)ρ2

12 − 1]
σ(1 + ρ2

12)
,

θ∗2(t) =
σY σ(1− γ − ρ2

12)− ρ12(µ− r)
σ(1 + ρ2

12)
. (7)
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The value function of the game problem satisfies the
following BSDE:

−dX(t)

=−Y1(t)
(
κµY + rY2(t) + π∗(t)(µ− r) + θ∗1(t)π∗(t)σ

−σY θ∗2(t) + ρ12θ
∗
2(t)σπ∗(t)− ρ12θ

∗
1(t)σY

+
1

2(1− γ)
[(θ∗1(t))2 + (θ∗2(t))2]

)
dt

−Z′(t)dW(t) , X(T ) = h(Y(T )) .

When ρ12 = 0, (i.e. the price process of the risky share
and the insurance risk process are uncorrelated),

π∗(t) =
µ− r

σ2(1− γ)
.

This is the Merton ratio. Therefore, when the financial
and insurance risks are uncorrelated, the insurer invests
in the risky share according to the Merton portfolio se-
lection model.

Furthermore, in this case, the optimal strategy θ∗ :=
(θ∗1 , θ

∗
2) of the market is simplified as:

θ∗1(t) =
r − µ
σ

,

θ∗2(t) = σY (1− γ) . (8)

The BSDE for the value function of the game problem
is then simplified as:

−dX(t) =−Y1(t)
[
κµY + rY2(t) +

1
2(1− γ)

(
(µ− r)2

σ2

−σ2
Y (1− γ)2

)]
dt− Z′(t)dW(t) ,

X(T ) = h(Y(T )) .

6.2 Coherent risk measure

Now assume that

λ(t,Y(·), π(t),θ(t)) = h(Y(T )) = 0 .

In this case, the penalty function η in the convex risk
measure discussed in Section 3 is identical to zero. Con-
sequently, the convex risk measure becomes a coherent
risk measure.

Suppose further that θ1(t) = θ2(t) = θ(t). Then the
Hamiltonian becomes:

H(t,Y(·), z, π(t), θ(t))

=−Y1(t)
(
κµY + rY2(t) + π(t)(µ− r) + θ(t)(π(t)σ

−σY + ρ12σπ(t)− ρ12σY )
)
.

The first-order condition for maximizingH(t,Y(·), z, π(t), θ)
with respect to θ gives:

π∗(t) =
σY
σ

.

This makes intuitive sense since the insurer invests more
in the risky share to hedge against the insurance risk
when the volatility of the insurance risk process is large.
Further, the insurer invests less in the risky share when
the volatility of the share is high.

The first-order condition for minimizing

H(t,Y(·), z, π, θ(t))

with respect to π then gives:

θ∗(t) =
r − µ

(1 + ρ12)σ
.

In this case, the value function of the game problem
satisfies the following BSDE:

−dX(t) =−Y1(t)
(
κµY + rY2(t) + π∗(t)(µ− r)

+θ∗(t)(π∗(t)σ − σY + ρ12σπ
∗(t)− ρ12σY )

)
dt

−Z′(t)dW(t) ,
X(T ) = 0 .

When ρ12 = 0, the optimal strategy for the market θ∗(t)
becomes:

θ∗(t) =
r − µ
σ

,

and the BSDE for the value function of the game is sim-
plified as:

−dX(t) =−Y1(t)
(
κµY + rY2(t) +

σY (µ− r)
σ

)
dt

−Z′(t)dW(t) ,
X(T ) = 0 .

7 Conclusion

We adopted a BSDE approach to discuss a risk-based,
optimal investment problem of an insurer. The risk faced
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by the insurer was measured by a convex risk measure
of the insurer’s terminal wealth and the insurer selected
an optimal portfolio so as to minimize the convex risk
measure. The investment problem was formulated as a
stochastic differential game and the BSDE solution to
the game problem was found. The BSDE solution was
also linked to a classical solution of a semi-linear PDE.
We derived closed-form solutions of the optimal strate-
gies of the insurer and the market. In the case where
the penalty function is of a quadratic form, the optimal
portfolio of the insurer is an extension to the Merton ra-
tio so as to take into account the insurance risk. When
the penalty function vanishes, (i.e. the case of a coher-
ent risk measure is considered), we obtained an optimal
portfolio of the insurer which is intuitively appealing.
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[10] Bühlmann, H. (1970). Mathematical methods in risk theory.
Berlin: Springer.

[11] Cvitanic, J., & Karatzas, I. (1999). On dynamic measures of
risk. Finance and Stochastics, 3, 451–482.

[12] De Scheemaekere, X. (2008). Risk indifference pricing and
backward stochastic differential equations. CEB Working
Paper No. 08/027, September 2008, Solvay Business School,
Brussels, Belgium.

[13] Delbean, F., Peng, S. & Rosazza Gianin, E. (2008).
Representation of the penalty function of a dynamic convex
risk measure. Princeton Conference, July, Torino.

[14] Elliott, R. J. (1976). The existence of value in
stochastic differential games. SIAM Journal on Control and
Optimization, 14, 85–94.

[15] Elliott, R. J. (1982). Stochastic calculus and applications.
Berlin: Springer.

[16] El Karoui, N., Peng, S. & Quenez, M. C. (1997). Backward
stochastic differential equations in finance. Mathematical
Finance, 7, 1–71.
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