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ABSTRACT

A discrete-time control problem of a finite-state hidden Markov chain partially observed
in a fractional Gaussian process is discussed using filtering. The control problem is then
recast as a separated problem with information variables given by the unnormalized con-
ditional probabilities of the whole path of the hidden Markov chain. A dynamic program-
ming result and a minimum principle are obtained.
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1 Introduction

Hidden Markov Models (HMMs) are a powerful mathematical tool and have important
applications in diverse fields, including information engineering, bio-informatics, bio-
engineering, speech hearing, economics, finance, actuarial science, and many others. The
monograph by Elliott et al. [3] provided a comprehensive discussion on HMMs, their
stochastic calculus, filtering and control as well as some applications of HMMs. In Elliott
et al. [3], a powerful technique based on a reference probability was adopted to discuss the
filtering and control of HMMs. The central tenet of the reference probability approach
is the use of the Bayes’ rule for a measure change. It starts with a reference probability
under which the model dynamics have simple forms. Then the real-world probability, un-
der which the model dynamics have their original forms, is constructed from the reference

probability via the measure change.

A typical HMM is that a hidden Markov chain is partially observed under Gaussian
noise in discrete-time. In this model, the state process is the hidden Markov chain and
the observation process is a Gaussian process with drift modulated by the chain. In a
recent paper, Elliott and Deng [4] generalized this HMM to the case when the observation
process is a fractional Gaussian process so that it incorporates long-term memory in the
observation process. Indeed, long-term memory is an important feature of time series.
Benoit Mandelbrot described the long-term memory as the “Joseph effect” and charac-
terized this effect using fractal dimensions, (see Mandelbrot [8]). There are other models
of long-term memory including fractional differentiation in a continuous-time setting and
fractional differencing in discrete-time. Mandelbrot and Van Ness [7] proposed the use of
fractional Brownian motion and fractional noise to model long-range dependence. Elliott
and Deng [4] characterized long-term memory using fractional differencing and derived
filters of the hidden Markov chain and related quantities. They also derived estimates
of the model parameters using EM algorithm. Discrete-time stochastic optimal control
problems are treated, for example, in Kumar and Varaiya [6] and Cairnes [1]. Elliott et
al. [3] discussed the discrete-time, partially observed control problem using the reference
probability approach. However, it seems that the discrete-time, partially observed con-
trol problem with long-term memory observations has, so far, not yet been treated in the

existing literature.



In this paper, we discuss a discrete-time control problem for a finite-state hidden
Markov chain partially observed in a fractional Gaussian process using filtering. The
objective is to minimize a cost functional associated with the whole path of the hidden
Markov chain. The case when the transition probability matrix of the chain depends on
a control parameter is considered. We construct explicitly the reference probability and
use the unnormalized conditional probabilities of the whole path of the hidden Markov
chain, given the observations about the fractional Gaussian process, as information state
variables. The control problem is then recast as a fully observed optimal control prob-
lem, where the unnormalized conditional probabilities play the role of information state

variables. We give a dynamic programming result and a minimum principle.

This paper is organized as follows. The next section presents the model dynamics. In
Section 3, we construct explicitly the reference probability. Section 4 derives a recursion
for the unnormalized conditional probabilities of the whole path of the hidden Markov
chain. In Section 5, we first present the control problem and its separated problem. We
then discuss the separated problem using the dynamic programming and the minimum

principles.

2 The Dynamics

We first introduce the concept of fractional differencing and then describe a Markov chain

partially observed in a fractional Gaussian process.

2.1 Fractional Differencing

Let Z7 be the set of non-negative integers {0,1,2,---}. Write £ for the space of real-
valued functions f : Z* — R. (We suppose that if i < 0, f(i) = 0.) Consequently, the

function space L is isomorphic to the space of infinite sequences, say f(0) = fo, f(1) = fi,

e F) = fiy e

Definition 2.1. For any f,g € L, the convolution product of f and g, denoted by f x g,



s defined by:

(f % g)(n) := Zfz’gn—i = Zfignfi -
=0 1=0

Consider a function [ := (1,0,0,---) € L. Then for any function f € L,

(L f)(n) = (f+D)(n) = fn .

This is the identity operator for convolution multiplication.

Let w** := w x u * - - -u, the k" convolution power of u, for each k = 0,1,---. By
convention, u** := (1,0,---,0) = I. The following lemma gives an expression for u**. It

follows directly from induction.
Lemma 2.1. For each k=1,2,---,
k <1 kok(k+1) k(k+1)(k+2) > |

e S A TR 3]

Indeed, Elliott and Miao [5] generalized this by defining u** for any k& € ®. The
following theorem is due to Elliott and Deng [4]. We state the result here without giving
the proof.

Theorem 2.1. For any r,s € R,

Corollary 2.1. For any r € R,

This result follows directly from Theorem 2.1 and the convention that u*® = I.

2.2 HMM Partially Observed in Fractional Gaussian Noise

Consider a discrete-time, N-state, hidden Markov chain X := {X;|t € Z*} defined on
a complete probability space (€2, F, P) with state space S := {si,89, -+ ,sy} C RV.
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Following the convention in Elliott et al. [3], without loss of generality, we identify the
state space of the chain X to be a set of standard unit vectors £ := {e;,es, -+ ,ex} € RY,

where the j* component of e; is the Kronecker delta ij.

To specify the probability law of the chain X, we must define the transition probability
matrix of the chain. Here we suppose that the transition probability matrix A(-) of the
Markov chain X depends on a control parameter 6 taking values in some measurable space
©. Let Y := {Y;|t € Z"} be our observation process to be defined in the later part of
this subsection. Write, for each t € Z¥, FY for P-completed o-field generated by the
values of the observation process Y up to and including time ¢. We suppose that for each
t € Z*, the control §; at time ¢ is F} -measurable. Write, for each t € Z, ©(t) for the

space of such controls, and
Ok, k+1)=0k)UBK+1)U---UB(k+1) .

Let T be a finite horizon. Then for each 6 := (6y,01,- - ,07_1) € ©(0,T — 1) with
0, € U(t), X? denotes the corresponding controlled Markov chain having the transition
probability matrix A(6;) at time t. Note that, for each ¢t = 0,1,--- T — 1, A(6;) :=
[@ji(0¢)]ij=12,.. N, Wwhere aj;(6;) is the probability that the chain X transits from state e;
at time ¢ to state e; at time ¢+ 1, and this probability depends on the control parameter
0, at time ¢. To simplify the notation, we suppress the superscript § and write X for X?

unless otherwise stated.

For each t € Z%*, let FX := 0{X(, Xy, -+, X;} VN, the minimal o-algebra generated
by information about the values of the chain X up to and including time ¢ and the
collection NV of P-null sets. Then with the canonical state space &€ of the chain X, Elliott
et al. [3] gave the following dynamics of the chain X:

X.tJrl == A(6t>Xt + Mt+1 . (21)

Here M := {M,|t € ZT\{0}} is an RV-valued, martingale difference process.

We suppose that the chain X is not observed directly; rather, we observe a non-zero

drift, fractional Gaussian, process Y to be defined in the sequel.

Consider a sequence of random variables w := {wy|t € Z%} such that



1. {w|t € Z7} is a sequence of independent and identically distributed, (i.i.d.), ran-
dom variables such that w; ~ N (0, 1) and wy = 0, P-a.s;

2. w and X are stochastically independent under P.

Following Elliott and Deng [4], we define a fractional Gaussian noise w” := {wj|t € Z*}

as:
(o) t
wy = (u" *xw)(t) = Zu’,;wt_k = Zu’,;wt_k ,
k=0 k=0

where wj = 0, P-a.s.

Consequently, w" is a sequence of Gaussian random variables which have long-memory and
are correlated. We suppose that the observation process Y follows a fractional Gaussian

process.
K = (h,XQ—i—w:, t€Z+

Here h := (hy, hy, -+ ,hy) € RY with h; € R for each i =1,2,--- | N.

Using the fractional differencing and convolution product discussed in Section 2.1, we
now define a Gaussian process Z := {Z;|t € 7} associated with the observation process

Y. The Gaussian process Z will be used in later parts of the paper.

Suppose, for each t € ZT,

Zy = (u"xY)(t) .

Note that
. —r —r(=r+1) —r(=r+1)(—r+2
uT (LT’ (2! )’ ( 3!)( )>
<h7X> = <<h7X0>7<h7X1>7<h7X2>7'”)'

Then by Theorem 2.1, it is not difficult to see that for each t € Z*,

Zy = (u " (h, X)) (t) + w; .



Write, for each t € ZT,
Ye(Xo, X, -+, Xy) = (u" * (h, X)) () .
Consequently,
Zy = (X, Xq, -+, X)) + wy - (2.2)

3 A Measure Change

We start with a reference probability measure P on (€2, F) under which both the obser-

vation process Y and the Markov chain X have simple dynamics. That is, under P,

1. {Zi|t € Z1} is a sequence of i.i.d. random variables with common distribution
N(0,1) and

2. {Xy|t € Z%} is a sequence of i.i.d. random variables uniformly distributed over the

set of unit standard vectors {e1, e, ,ey}.

In what follows, we construct the probability measure P"* from P such that under P74,

the processes Z and X are governed by the dynamics (2.2) and (2.1), respectively.

Firstly, we specify the structure of information flow. Define FZ := {FZ|t € ZT} and
G :={G|t € Z*} by:
EZ = U{Z(),Zl,"‘,Zt}\/N,
gt = 0{207217"'7Zt7X07X1)"'7Xt}VN7

and FZ :=o{0,Q} VN and Gy := 0{Xo} VN.

Note that the filtration generated by the process Z is equivalent to that generated

by the observation process Y.

Let ¢(z) is the density function of N(0,1). That is,

1 22
o(z) = \/%e’7 .
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Write, for each t =1,2,--- [T — 1,
at+1(9t) = A(et)Xt )

2

s , U,

and, for each 7 =1 N

Y

ai+1(9t) = (ai1(0r), e1) = (A(0) Xy, €i)

so that

N
Zaiﬂ(et) =1.
i=1

Define two G-adapted processes \? = {\/|t = 1,2,---,T} and A\ = { DAt =
1,2,---,T} by:

A2y — 7 (Xo, X1, - -+, Xy))
o(Z) 7
N

e I (A R

=1

A

Set

AR =N A t=1,2,-- T .

Consider another G-adapted process A¥A := {A7*|t = 0,1,--- , T} defined by:
¢
AR = [T =12, T
k=1
7A' .
A = 1.

Then we have the following lemma.

Lemma 3.1. A¥* is a (G, P)-martingale.



Proof. Write E for expectation under P. For each t =0,1,--- ,T — 1,

_TATA
E|: t+1 ‘gt‘|

APA
= ENSIG)]
N
_ , V= [ (2 — Y1 (Ko, Xy -+, X))
— E Na”L 0 <Xt+1,el>E|:¢( t+1 + Y Y + g \/O_ X_ g
{ TTovei o) o 6,V 0{Xus1} |6,
N
_ : _ 2z — % (Xp, Xy, -+, X
— E{ H(Nai+1(9t))<Xt+l7el>/ ¢( ’Yt( 0 1 t+1))gb(z)dz|gt}
Pl R ¢(2)
(N
- E{ [T (Vag,,(6)) v gt}
i=1
N —
= ZNazzt—i-l(et)p(XtJrl =€)
i=1
N 1 )
= ;NCL;Jrl(et)N =1 s P-a.s.
Hence the result follows. O
We now define P2 by putting:
dprA
= = AP
dP !

Gt

Then the following theorem gives the probability laws of the observation process Z and
the chain X under P¥4.

Theorem 3.1. Under P4,
wy =2y — (Xo, Xy, -+, Xy), t=1,2,--- T,
is a sequence of N(0,1), i.i.d., random variables. Further, for each t =0,1,--- T —1,
EA[Xe1|G] = A(6)X,

Here BV is expectation under P4,



Proof. Let f : & — R be a measurable test function. Then by a version of the Bayes’

rule,

E™ A[f(wt+1)|gt]
[ t—i-lf(thrl)‘gt]
E[A7(G
E[ t+1f(wt+1)|gt]
EN11G
E[ t+1f<wt+1>|gt]

B{ ﬁ(NaiH(et»“f%eﬂE [f<wt+1>%|gt v a{xm}} 6}

N

E[Hwa;l(e )) o Af<w>¢<w>dw'gt]

(/ Jlw dw) x Ehf[ (Naj,,(8,)) e

/% F(w)(w)dw

g

Since f is an arbitrary measurable function, the first statement of the theorem follows.

Similarly, we prove the second statement of the theorem. Again by a version of the

Bayes’ rule,
EVAXn|G]) = EWI?XMQA
- 5 [ d(wis)
= B Xen [[(Wai, (0) 0B | =216, V o {X 41} |16,
11 &(Zit1)
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Consequently, from Theorem 3.1, under P¥4,

Zt = ’yt(X07X1a e 7Xt) +wt )
Xev1 = A(0)Xy + My, .

They are the real-world dynamics of the Z process and the chain X in Section 2.

4 Unnormalized Conditional Probabilities

In this section, we derive a recursive formula for the unnormalized conditional probabilities

of the whole path of the hidden Markov chain X. Firstly, by a version of the Bayes’s rule,

PYA(Xo = e, X1 =€, -+, Xy = €| F)
- E%A[<XO7 ei0> <X17 ei1> T <Xt7 eit> |};€Z]
E[A] (Xo, ei) (X, ei,) - (Xy, e4,) [ FF]
E[A7 4| F7]

Define, for each t =0,1,--- ,T and any admissible control process 6,
O(e;, €11, €)= BIAT™ (Xo, €:,) (X1, €:,) - (X, €,) | FZ]
q; (ezm € ) ezt) . t < 05 €ig < 1, €4 ty €y t 1o

SO qf (€iy,€iy5 - ,€;,) is the unnormalized conditional probability that Xy = e;,, X1 = €;,,
o, Xy = ey, given FZ associated with the control process 6. Indeed, ¢/ is a positive, not
necessarily normalized, measure on the product space 2+ the (¢ + 1)-fold product of
the canonical state space £ := {ej, ey, - ,ey} of the chain X. The following theorem

gives a recursion for ¢/.

Theorem 4.1. For eacht =1,2,---,T,

Qte(eio:eilv'” 7eit) ]
_ H(Zy — vi(eiy, €55 - - ,eit))ait(et—l)qe (€5, €10, 1€, )
¢(Zt) t—1 0 19 bl t—1

11



Proof.
Qte<ei0>ei17 U 7eit>
= E[At%A <X07 ei0> <X1> ei1> T <Xtv eit> |~EZ]

N
B AW,A¢(Zt - ’Yt(XmXb e ,Xt))
[ ! O(Zt) paley

X <X07 eio) <X17 eil> T <Xt7eit> |ftZ

(NG (8,-1)) %)

Zt - 'Vt(eiov €, 7eit))
d(Z1)

= B[ (Ko (e (X 177
XNCLit(et_l)
= E{AZ;’? (Xo, €iy) (Xi1,€i) - <Xt71, eit_1> E { (Xt,ei,) ‘ftZ v -7:351] |-7:tZ}

¢(Zt - ’yt(eim Ciy,
O(Z1)

_ 1
= E |:At%1? <X0’ ei0> <X17 ei1> t <Xt—17 eit71> (N) |‘7_;€Z:|

) eit)) Nait (9H)

¢(Zt_,yt(eio7ei1a"' 7eit)) ;
X Na (0,
0(Z,) )
¢(Zt - Pyt<ei0> €y aeit))ait(etfl) 0
= €y €i1y €41 ) -
¢(Zt) Qt—l( 0 )

Note that the future value ¢! 41 only depends on the current value ¢’, but not the
past values of ¢’. Consequently, we shall use ¢’ as the information state variables in the

separated form to be defined in the next section.
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5 The Control Problem

Consider, for each t =0,1,2,--- T, measurable, bounded functions L; := L;(Xy, ;). For

any admissible control #, we consider the following expected cost functional of 0:

J(9) :=EvA [th}

For any two functions f : £20+) — R+ and ¢ : E20+H) - R+ write

(f (Ko, Xy, -+, X)) © g(Xo, Xy, -+, Xy))

N N N
= ZZ"'Zf(ei())ein”' 7eit)q<ei07ei17..' aeit) .

ip=11%1=1 =1

Then,

13



Note that

= 33 S TENAL (Xoser,) (Xiven) - (X, [

to=121=1 =1
N N N
= D> D BT (X, ) (X e) - (X, e,) [F Lu(e, 61)

ig=111=1 =1
N N N

- Z Z : "qu(eio’eiu o, e,)Ly(ey,, 0r)
o=1121=1 ir=1
N

- ZZ"'ZQ?(GZO,GH, ’eit)Lt(eimgt)
i9=111=1 =1

t=0
From Theorem 4.1,
Qte(eioaeiu"' 7eit) '
¢(Zt - ’Yt(eim €y, 7eit>)ait<0t—1)

0
pr— i , i 7"' 3 itf . 5].
Qb(Zt) Qtfl(eo el € 1) ( )

This is taken as the new information state variable with dynamics given by (5.1) so that

the control problem is now represented in a separated form.

In what follows, we give a dynamic programming result and a minimum principle for

the control problem.

The value function for the control problem is as follows:

T

0cO(t,T—-1) k=t

= /\ Vi(t,q,0),

0e0(t, T—-1)

14



so the value function is defined as the essential infimum under P. We set

V(T,q) := E[(q® Lr(Xr,07))] .

The following theorem gives the dynamic programming principle for the control problem.
Theorem 5.1. For eacht =1,2,---,T, let

¢(Zt - 7t<ei0> €y 7eit>>a?(9t*1)
O(Zt) '

Then the value functions V(t,q), t =0,1,--- , T — 1, satisfy the following backward recur-

sion:

ap 1=

V(ta q) = /\ E[(qf(XOa Xla T 7Xt) ® Lt(Xt7 Ht))
0€O(t,t)
+V(t+1, Qf+1(Xo, Xy, X))l = 4]
= N\ Ellg® LiX:,0)) + V(t + 1, qa)lg) =g , (5.2)
0€O(t,t)

with terminal condition:

V(T,q) = E[(q © Lr(Xr,07))] -

15



V(t q,)

0O (t,T
A\ A V(a0

0€O(t,t) 0O (t+1,T—1)

/\ /\ E{Z(Qi(Xo,Xl, X)) © Li(Xy, 00)) gl = q]
)

0cO(t,t) O (t+1,7-1

A A E{E ¢/ (X0, X1, X;) © Lo(X,. 0,))
0eO(t,t) 00 (t+1,T—1)
T

b % X X0 © LK 007l =
k=t+1

/\ {E{@f(xoﬁxb'“ X1) © Li(X4,00)|gf = q}

0€O(¢,t)

A E{E[Z (0%, X+ X0) © LK 607l = o

0€O(t+1,7-1) =t+1

By the lattice property for the controls, (see, for example, Elliott et al. [2], Lemma 16.14

therein), the inner minimization and first expectation can be interchanged, so this is

/\ ){El@f(Xth'“ X1) © Li(X4,00)|gf = q}

0eO(t,t

T

+E{ A E[ > (@ (X X, Xy) @Lk<xk,ek>>|ﬂﬁl} q! = q}
0€O(t+1,T-1)

k=t+1

/\ {E[@f(Xo?Xh'“ X1) © Li(Xs,00)|gf = q}

0€O(¢,t)

+E {V(t +1,¢))lg = q] }

By Theorem 4.1,

0 0
Qi1 = Q414 -

16



Consequently,

V(t,q)

- /\ {E|i(qg<X0>Xl7 7Xt)®Lt(Xt79t)>’qt9 =dq
0€0(t,t)

B {vu 1 el — q} }

= N\ Ellg® L(Xe,0)) + V(t+ 1, qaei1)lg) = ql -
0€O(t,t)

A control process € ©(0,7—1) is said to be separated if 6; depends on (Zy, Z1, - -+ , Z;)
only through the information state ¢/. Write ©,(0,7 — 1) for the space of separated con-

trols. Then we have the following theorem.

Lemma 5.1. For eacht=0,1,---,T — 1,

Vitbg)= N\ V(a0 .

0€0,(0,7—1)

Proof. We prove the result by backward induction in t. Firstly, it is clear that

V(T,q) = N\ V(T4
0cO(T,T)

= /\ E[(¢ ® Lr(X7,0))]
0€O(T.T)

= A\ Elle® Le(Xr )],

0€0,(T.T)

so the result holds for t =T

Then by Formula (5.2),

Vit.q) = /\ E[(q ® Lo(X4,60;)) + V(¢ + 1, qass)|gf = d]
0eB(t,t)

17



Clearly, a minimizing 6, (or a sequence of minimizing 6’s), depends only on the infor-

mation qf = ¢. Consequently,

Vit,g) = /\ E [(q © Li(X¢,0:)) + /\ V(t+1,qa41)lg) = ¢
00, (t,t) 0cO, (t+1,T-1)
= N Vitq0).
0€0,(t,T—1)

Then we have a minimum principle of the form presented in the following theorem.

Theorem 5.2. Suppose 0" is a control such that, for each measure ¢¢(Xo, X1, -+, Xy),

0* achieves the minimum in (5.2). Then,
V(t,q,0%) =V(t,q)

and 0* is an optimal control.

Proof. Again we use backward induction in ¢. It is clear that

V(T7 q, 0*) = E[<q7 LT(XTa ‘9*)>] = V(Ta q) :

Suppose the statement is true for k =t +1,t4+2,--- ,T. We wish to prove that it is also
true for £ =t. Then

V(t,q.0;) = El(g, Lo(Xe, 07)) + V(¢ +1,q011,67)g/ = d]
= El(q, Le(Xe,07)) + V(¢ +1,q/31)ld) = q]
= V(t.q) .
Now for any other 6 € ©(0,7),
V(t,q,0") =V(t,q) < V(tq,0) .
In particular, this holds true when t = 0. Consequently,
V(0,9,6") < V(0,q,0)

so the statement is true. UJ

Acknowledgement: The authors would like to thank Australian Research Council,
(ARC), for their support.

18



References

[1] P.E. Caines, Linear Stochastic Systems, Wiley, New York, 1988.

[2] R.J. Elliott, Stochastic Calculus and Applications, Springer, Berlin-Heidelberg-New
York, 1982.

[3] R.J. Elliott, L. Aggoun, J.B. Moore, Hidden Markov Models: Estimation and Control,
Springer, Berlin-Heidelberg-New York, 1995.

[4] R.J. Elliott, J. Deng, A filter for a hidden Markov chain observed in fractional Gaussian
noise, Haskayne School of Business, University of Calgary, Preprint, 2009.

[5] R.J. Elliott, M. Hong, Fractional differencing in discrete time, Haskayne School of
Business, University of Calgary. Preprint, 2009.

[6] P.R. Kumar, P.P. Varaiya, Stochastic Systems, Prentice Hall, Englewood Cliffs, NJ,
1986.

[7] B.B. Mandelbrot, J.W. Van Ness, Fractional Brownian motions, fractional noises and
applications, SIAM Review 10 (1968) 422437.

[8] B.B. Mandelbrot, Fractals: Form, Chance, and Dimensions, Free Press, New York,
1977.

19



