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Private income transfers are becoming increasingly recognized as a key aspect of the 

U.S. economy (Coq 1987). Private income transfers based on reciprocal altruism usually 

occur inter vivos (i-e. between living persons). In our modem society, altruism, especially 

reciprocal altruism, is usually seen in the family context, and involves two generations, 

parents and their kids. In recent years, more and more economists have researched topics 

in this area. Moreover, most of them agree that altruism, especially reciprocal altruism, is 

one of the most important motives for private income transfers. Therefore, reciprocal 

altruism is interesting in its own right, and has received considerable attention. In this 

essay, I am going to pose and discuss the following questions: What can be said in 

general about transfers fiom one party to the other in the presence of reciprocal altruism? 

What is (are) the Nash Equilibrium (N.E.) transfer(s) of reciprocal altruism in the general 

nature? Is (are) the Nash Equilibrium(s) Pareto-optimal? What are the circumstances in 

which there is no equilibrium? When two people are reciprocally altruistic, do both of 

them necessarily make positive transfers? If only one makes a positive transfer, what are 

the factors that determine the amount of the transfer and the person who makes it? How 

do these factors affect the amount of the transfer and determine the person who does the 

positive transfer? What can be said about the effect of reciprocal altruism on the work 

efforts of family members? How does reciprocal altruism S e c t  their equilibrium 

personal utilities? I begin by addressing these questions when incomes of family 

members are fixed or earned in an impersonal market. Building on this base, I address the 

same questions when incomes are generated in a family firm. 
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Chaoeer I: Introduction and Review of Literature 

Reciprocal altruism is interesting in its own right, and has received considerable 

attention. It is also of interest in the theory of the family firm because family members 

are arguably altruistic toward each other. Reciprocal altruism within the family has 

received virtually no attention, and the purpose of this thesis is to begin the exploration of 

the implications of reciprocal altruism within the family fh. This would seem to be 

important area of research for the simple reason that a great deal of economic activity 

occurs within family firms. Data tell us that the family business is the typical form of 

American business since over 90 per cent of businesses are owned by a family (Beckhard 

and Dyer, 1983). According to Beckhard and Dyer, these family businesses produce an 

estimated 50 per cent of the Gross National Product and provide a majority of all jobs in 

the United States. 

This essay makes use of simple tools of economic theory to construct and analyze a 

model of reciprocal altruism first, and then to apply it to the family firm. The main 

analytical tools used in my model are game theory and the Kuhn-Tucker method. For 

analytical simplicity, my model of reciprocal altruism includes only two individuals, 

called 'the parent' and 'the kid'. After discwing the existing literature concerning 

income transfers and reciprocal altruism in this Chapter, I set up my own model of 

reciprocal altruism and analyze that model when incomes are fixed and when incomes are 

earned in an impersonal market in Chapter II. Building on results fkom Chapter II, I then 

consider reciprocal altruism in the context of the family firm in Chapter HI. From the 
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results in Chapter I1 and Chapter El, a very interesting comparison can be found: in the 

family that does not own a family firm, reciprocal altruism only induces the person who 

makes positive transfers to work more but decreases his personal utility, while it makes 

the person who receives the transfers give up working but increases his personal utility. 

However, in the family owning a family fim, balanced reciprocal altruism can induce all 

the family members to work harder and can make the family firm more efficient in terms 

of personal utilities. Chapter N is the conclusion of this essay. 

The phenomenon of income or wealth transfers has been studied by a number of 

economists. Typically, the transfer is fiom the parent to the kid, and a distinction is made 

in the Literature between transfets inter vivos (i.e., when both parent and kid are alive) 

and bequests (i.e., a transfer fiom parent to child when the parent dies). One can identify 

two motives for such transfers. These two motives are altruism and exchange. In other 

words, broadly speaking, two approaches have been used. In one, transfers are motivated 

by altruism, and in the other, transfers are seen as a quid pro quo for some good or 

service provided by the person receiving the transfer. However, substantial disagreement 

exists regarding the nature of private transfer motives (Cox, 1987). During the processing 

of the development of the Economics theories on this topic, the literature on transfers 

contains two separate strands of thought. 

The first strand of the literature is the research focusing on the altruism. Altruism 

means behavior that reduces the actor's fitness while enhancing the fitness of others 

(Simon, 1993). In other words, the altruistic person can obtain utility fiom other persons' 
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utility The typical representative in this research area is Becker's 1974 paper on social 

interactions. In his paper. Becker proposed the famous Rotten-kid Theorem as "if a head 

exists, other members also are motivated to maximize family income and consumption, 

even if their welfare depends on their own consumption alone7' (Becker, 1974). In the 

intergenerational case, the Rotten-kid Theorem can be expressed in other words as: "if 

the parent is altruistic, the kid won't behave in a manner that lowen the welfare of the 

whole family at least" (Bruce and Waldman, 1986). The tenn ‘%cad" in Becker's Rotten- 

Kid Theorem is a family member who transfers the general purchasing power to all other 

family members. In other words, the head of a family in Becker's model is an altruist 

who cares about other members' werare. Becker introduced two terms, social income 

and social environment, into his general model of social interaction. The term "social 

income" includes the person's own income (his earnings, etc.) and the monetary value to 

him of his social environment, which is the level of the characteristics of other people to 

a person when he makes no effort. In other words, the social environment is the monetary 

value to a person of the relevant characteristics of others (Becker, 1974). The main point 

of Becker's Rotten-kid Theorem is that the redistribution of the family's income has no 

effect at all on the consumption or welfare of any family member as long as the head of 

the family continues to transfers resources to others, since it simply induces offsetting 

changes in transfers fiom the head (Becker, 1974). The Rotten-Kid Theorem was 

advanced in Bruce and Waldman (1990). Bergstrom (1989). Bernheim and Stark (1988), 

Bernheim, Shleifer and Summers (1 985). Andreoni Andreoni (1 989), and Becker (1 976). 

These papers developed the basic model and theory of Becker's 1974 paper fiom 

different angles. For example, Bruce and Waldman (1 990) advanced the basic one-period 
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model in Baker's 1974 paper into the two-period model with some restrictions to chezk 

whether the Rotten-Kid Theorem was still applicable or not. 

In addition, altruism is one way to explain bequests h m  parents to kids. The typical 

models in this area have been introduced in Becker and Tomes (1979), Adams (1980), 

Menchik (1980). Menchik and David (1983 and 1985)- Maria G. Perozek (1998) and 

Zhang (1994). There is some empirical evidence in support of the hypothesis that 

bequests are motivated by altruism. In his 198 1 paper, Tomes found, by testing the 

altruistic hypothesis using bequest data, that bequests performed a compensatory role and 

the bequest received is inversely related to recipient income. The bequest behavior can be 

considered as a type of transfer, although the bequest behavior does not occur inter vivos. 

The second strand of the transfer literature sees transfer as a quid pro quo for some 

good or service provided by the recipient of the transfer. A variety of situations involving 

household production and insurance has been explored. The typical representatives 

include Kotlikoff and Spivak (1981), Manser and Brown (1980), Kaufinan (1982), 

McElroy (1985), Lucas and Stark (1985), Bernheim et al. (1985) and Tomes (1981). 

These papers support the point that transfers represent payments made in exchange for 

services provided by family members (Cox, 1987). Gradually, this point has been applied 

to the topic of bequest behavior to find the empirical support for the bequests-as- 

exchange model. However, Tomes (1981) found an inverse or zero relationship between 

recipient-decedent contact and bequests received and concluded that 'Ws result presents 

prima facie evidence against the pure child-services model of inheritance (i-e., with no 
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altruism)" (Tomes, 198 1, P946). Tomes's finding suggests that the bequest-as-payments 

question may not be completely settled (Cox, 1987). 

There is an empirical literature that attempts to determine which of the two motives is 

better able to explain transfen. In his 1987 paper, Cox tested the motives for the private 

income transfers by making use of the data from the President's Commission on Pension 

Policy (PCPP) survey, which contained a special module in which survey respondents 

reported various types of inter vivos transfers. The survey information used by Cox in his 

1987 paper was collected in August 1979, and the data for income generally covered the 

k t  8 months of 1979, which contained 3,440 households. These households were 

broken down into 4,605 family units, each of which contained a head and, if present, a 

spouse and children under the age of 18 who lived at home (Cox, 1987). Cox considered 

altruism and exchange as two of the most important motives for the transfers. Results in 

his 1987 paper are mixed. By using econometrics methods and rich data, Cox argued that 

bequests were motivated by altruism, and argued that transfers inter vivos were motivated 

by exchange by saying, 'This investigation of the motives for inter vivos transfers 

supports the idea that inter vivos transfers are payments for services that are exchanged 

among family units. A key factor in making inferences about motives for private transfers 

is the relationship between the recipient's income and transfers, given an interior solution 

for transfers. A positive relationship between the recipient's income and transfers 

contradicts the altruist hypothesis. Such a positive relationship is consistent with the 

exchange hypothesis when the elasticity of services with respect to the implicit service 

price is less than unity in absolute value.. ." (Cox, 1987). Actually, these two motives are 

not completely independent but dependent, even consistent under some special situations. 



For example, "reciprocal exchange is a nesessary, but not sufficient, condition for 

exchange-motivated transfers. Two-way exchange is also consistent with reciprocal 

altruism" (Cox, 1987). Cox made use of the survey results collected by Adams (1968) for 

a sample of 799 individuals in Greensboro, North Carolina, to support his issues. Adams 

found that "35 percent of these young adults who are close to both parents see them 

weekly or more, 33 percent of those affectionately close to one parent see them that 

often, as do 34 percent of the respondents who indicate that they were affectionately 

distant k m  their parents" (Adams, 1968, P72). In short, my position is that both motives 

seem to be at work, and that one need not choose one or the other. 

In the next chapter, I am going to construct and analyze a model of reciprocal 

altruism. The results about transfer behaviors based on reciprocal altruism in this model 

include the result of a negative relationship between the recipient's income (or wage rate) 

and benefactor's transfer. What is different fiom previous research work is that the model 

named reciprocal altruism includes two altruistic persons who care about the opposite's 

welfare. 
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Chapter 11: A Model of Reciprocal Altruism 

In this chapter, two problems in the field of reciprocal altruism are going to be solved: 

one with exogenous incomes, and the other with endogenous incomes. For simplicity, 

just two people, whom I call parent @) and kid (k), will be involved in the model. 

Moreover, I use two utility hctions,  p e r s o ~ l  utility, the argument of which is the 

person's own consumption and in some cases work effort (or leisure), and total utility, 

which is a weighted average of one's own m n a l  utility and the personal utility of the 

other person, where relative weights capture the degree of altruim Let I+,(.) and u.) 
denote personal utilities of the parent and the kid, then total utilities of the parent and kid 

are written as 

where Up expresses the parent's total utility and Uk expresses the kid's total utility. The 

parameters a, and ak express the degree of altruism of the parent and the kid, respectively. 

The degree of altruism is the degree to which a person cares about another person's 

welfare relative to his own welfare. We restrict panmeters a, and 4 as follows 

If the parameter ai (i=p, k) is negative, the person is envious or malevolent. If the 

parameter % (i-p, k) is zero, the person is egoistic. If the parameter (i=p, k) is positive, 

the person is altruistic. A very special case happens when the value of parameter ai (i=p, 
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k) is one, which means that the person is perfectly altruistic because he cares about the 

other person's utility to the same degree as he cares about his own utility. As will become 

apparent, if apl, i=p, k, there exist circumstances in which there is no Nash Equilibrium 

to the transfer game. 

In Section 11.1, I analyze Problem 1 in which the arguments of personal utility 

fiurctions are simply consumption and incomes are fixed. In Section II.2, I analyze 

Problem 2 in which the arguments of personal utility functions are consumption and work 

effort, and incomes are earned in an impersonal market. In both cases, I focus on N.E. 

income transfers. In other words, who transfers what to whom? 
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Section 11.1 : Problem 1 -- Recimocal Altruism with Fixed Incomes 

I, The S~eciaI Case in Which the Parent and the Kid Have the Same 

Personal Utilitv Functions 

Define C, and Ck as the consumption of the parent and the kid and define I, and E as 

their incomes, respectively. Then observe that Up and Uk are dehed  as 

~ p ( ~ p , ~ k ) = ~ p ( ~ p ) + ~ p - ~ k ( ~ k ) , ~ r a p ~ ~  (3) 

u&(Cp,Ck)=up(Cp)+~k-uk(Ck),O~ak<l (4) 

where y(q) and uk(Ck) are strictly concave so that we can get interior solutions. Define 

t, and t as their income transfers. Then observe that the parent's problem is 

max u p ( C p ) + a p - u k ( C k ) ,  s.t. C p = I p + t k - t p  
CP JP 

Similarly, the kid's problem is 

Using the constraints to eliminate C, and Ck as choice variables, we can simplify the 

problems. First, define 
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We now have a game in which the parent's strategy and payoff function are t, and U,,(b, 

td and the kid's strategy and payoff kc t ion  are tk and Uk($, tk). Denote the Nash 

Equilibrium (N.E.) of this game by (t,,*, k*). Any N.E. is characterized by the following 

conditions: 

Condition 1 : t i  solvermaxU,(t,,t~) 
IP 

Condition 2 : ti solvesmaxUk(t,,t~) 
*k 

To simplify the problem, choose the following personal utility functions 

u,(C,) = C," and u,(Ck) = Cr 

where Wael. Notice that Up($, tk) is a strictly concave function of $, and that U&, tk) is 

a strictly concave h c t i o n  of tk. togically, there are four sorts of possibilities for (b*, tk*) 

calling: Case (i), the parent makes a positive transfer to the kid but the kid transfers 

nothing to the parent (i.e., t<>0 and f4); Case (ii), the parent transfers nothing to the 

kid but the kid makes a positive transfer to the parent ( is . ,  tp"O and t<>0); Case (iii), 

neither the parent nor the kid makes transfers (i.e., t;=t<=0); Case (iv), both of them 

make positive transfers (i.e., $,'XI and t:s~). 

We first find the best response fiurctions (BRFs) for this special case. Denote the 

parent's best response and the kid's best response by <, and Ck. Given the concavity of 

Up($, k) in in, the parent's best response is 



then the parent's best response satisfies the standard first-order condition 

These observations yield the parent's BRF to be 

1 
t ,  = t k  +- ( I ,  - A, - I ), otherwise 

1 - 
where A, = a;-' 

Similarly, the kid's BRF is 

A 1 
1, = 0, if I ,  < - 

l + A k  
( A & * r p  - r k )  

A 

1 
t ,  = I ,  +- ( I ,  - A, - I , ) ,  otherwise 

l + A k  
I - 

where A, = a;-l 

Now, let us look at Case (i). Algebraically, 
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Figure l(a) and I@) depict transfers of the parent and the kid respectively. Then deriving 

from the first-order condition for t,,*, and from the second that is a parameter restriction, 

we can get the result of case (i) as 

rP r f  - - > A , ,  
[ k  

1 then t i  = - ( I ,  - 41,) and I; = 0 
l+Ap 

I - 
where A, = a;-' 

Therefore, their equilibrium personal utilities are 

Since their equilibrium personal utilities, if they are not altruistic, are (IP)OL and (Ik)= 

respectively, and since yIk ZAp, we learn that when there is a transfer from the parent to 

the kid, the equilibrium personal utility of the parent in the case with reciprocal altruism 

is less than that in the case without altruism, but the equilibrium personal utility of the kid 
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in the case with reciprocal altruism is greater than that in the case without altruism. 

o=tp8 
- 

Figure I(c) 
tP 

Figure l(d) 

Case (ii) is analogous, but roles are reversed. The result of Case (ii) is 

I P  1 I f - - < - ,  
Ik Ak 

1 then ti = - (Ik - A, 1,) and t i  = 0 
l + A k  

1 
U; = ( I p  +-Ik -- I 

Ak I p  )@ and U: = (Ik  - - Ik +- 
1 + A, 1 + A, 1 + A, l + A k  

1 - 
where A, = a;-' 

Now, let us look at Case (iii). Figure l(c) and l(d)  depict transfers of the parent and 

the kid respectively. Algebraically, 

au, (t ,  *, t,  * = 0 )  
= a + t - t P a  + a a - ( 1  + t - t a  s O (9) 

3% 

auk (2, * = 0, tk *) 
= -a(Ik + t ,  - t,)"-' + a, a ( I ,  - t ,  + I,)"' S 0 ( lo )  

Then the result of case (iii) can be derived as 
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and ui  = (I,)", u; = (I,)" 

Their equilibrium personal utilities in Case (iii) are the same as those in the case without 

altruism. 

Given W a c l .  (i=p.k), and then -1 and l/Ak<l, results in above three cases can be 

summarized in Figure 2 

L Case (ii_I_-_I_~ase(iii)-J, Case ( i >  P k 

0 1 /Ak 1 4 D 
+a0 

Figure 2 

We observe that there are no circumstances in which both transfers are positive. In other 

words, Case (iv) is empty. Suppose however that either -1 andlor a p l .  Then it is 

possible that A,,cl/Ab as illustrated in Figure 3 

L C a s e  (ii) No N.E. Point- Case(i\-- l:k 

+a> 

Figure 3 

Notice that in the middle o f  Figure 3, both o f  them want to make positive transfers so that 

there is no N.E. 



Now, let us look at the indiffkrence curves of Up($,&) and Uk($,Q. We need to 

calculate the marginal rate of substitution (MRS) to prepare for checking the Pareto- 

optimality of the N.E.s in the above three cases. The parent's MRS is 

Similarly, the kid's MRS is 1. Thus, what can be learned fiom the parent's and the kid's 

MRS is that all of their indifference curves are straight lines with slope of 1. Now, let us 

make use of Figure 4 to consider the Paretooptimality of the N.E. in Case (i) for 

example. In Figure 4, straight line AB expresses the parent's BRF and Curve OCD 

expresses the kid's BRF in Case (i). Point A is the N.E. point. The 45-degree lines 

express the indifference curves of the parent and of the kid. At the same time' 

indifference curve AB is the parent's best indifference curve and indifference curve CD 

is the kid's best indifference curve. If AB were moved leftward, the welfare of the parent 

would be damaged while the weIfare of the kid would be advanced. On the contrary, if 

AB were moved rightward, both the welfare of the parent and the welfw of the kid 

would be damaged. If CD were moved rightward, the welfare of the kid would be 

damaged while the welfare of the parent would be advanced. Thus, there is no way to 

make both the parent and the kid better off. According to the definition of Pareto- 

efficiency, the N.E. in Case (i) is Pareto-optimal. Similarly, the N.E. in Case (ii) is also 

Pareto-optimal. 
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The Pareto-Optimality of N.E. in Case (iii) can be illustrated by Figure 5. In Figure 5, 

c w e  OD is the kid's BRF line and C w e  OKL is the parent's BRF line in this case. 
i 

Kid's BRF line 

1 - 
where A, = a;-' 

0 tk 

Figure 4 

The original point 0 is the N.E. point. The 45degree lines express the indifference 

c w e s  of the parent and of the kid. At the same time, indifference curve U is the best 

indifference curve for the kid and indifference curve KL is the best indifference curve for 

the parent. The line OM is their indiffe~nce c w e s  that pass through the N.E. point. I f  



OM were moved rightward, the weware of the parent would be damaged while the 

welfare of the kid would be advanced. On the contrary, if OM were moved leftward, the 

welfare of the kid would be damaged while the welfare of the parent would be advanced. 

Thus, the N.E. in Case (iii) is also Pareto-optimal. 

0 K 
Figure 5 

Now, let us summarize this special case in Problem 1. As calculated above, the N.E. 

transfers between the parent and the kid depend on the values of model parameters 5, Ik, 
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a,,, and a. Momver, all of the three N.E. transfers are Paretooptimal. The above 

results and conditions can be tabulated as 

Conditions 

~ / A ~ s  I& s A, 

Case 

I f l k  '4 

I 1 I 1 
where A,,=(a,,)"()'"" and A~=(~)"(~- ' ) .  Notice that -1 and l/Akcl since OS* el, (i=p, k) 

~P+=o 

and O<a<l. 

Nash Equilibrium 

tpso and k* 

I 

The result of Case (i) means that the parent will make a positive transfa to the kid but 

the kid will transfer nothing to the parent when the parent's income is high enough 

relative to the kid's income. Case (ii) is the reverse of Case (i). The result of Case (iii) 

means that neither of them will make a transfer to the other person when the parent's 

income is neither high nor low enough relative to the kid's income. Moreover, the 

equilibrium personal utility of the person who makes a positive transfer to the other one 

in the case with reciprocal altruism is less than that in the case without altruism, while the 

equilibrium personal utility of the penon who receives the transfer in the case with 

reciprocal altruism is greater than that in the case without altruism. 

Paretuoptimality 

tk'=tp'=~ 

tk'=( Ik-Atb)/( 1 +Ak) Iflk<l/Ak 

Yes 

tp-'( b-ApIk)/( I+%) 

Yes b=il and t p 0  

Yes 
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U. The General Case with Diffeffnt Utilitv Functions 

After analyzing the special case with the same personal utility hurctions, we expand 

our analysis to the general case in which the parent and the kid have different personal 

utility functions. In the general case, we can check whether the intuitive understanding 

and main results derived h m  the special case still hold. Let us assume that the parent 

and the kid have separate personal utility hctions, as  strictly concave hctions of 

consumption, called y(q) and uk(Ck) respectively. We can write their total utility 

bct ions  as: 

Then observe that the parent's problem is: 

Similarly, the kid's problem is: 

Using the constraints to eliminate C, and Ct as choice variables, we cas simplify the 

problems to be 

maxU,,(tp,tk) =up([, + t ,  - t p )  +a, -uk( lk  +tp -Ik) (13) 
' P  
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In the general case, there are two possibilities for the trander h m  parent to kid: one 

is a positive transfer depicted by Figure 6(a), and the other is a zero trader depicted by 

Figure 6(b). 

Up(fprfL) 

A 

- 
0 tP* 

Figure 6(a) 
tP 

Notice that the parent's best response is 

given the concavity of Up(t, 43 in f. On the other hand, if 

then the parent's best response satisfies the standard first-order condition 

Look at this first-order condition, we can learn 
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Therefore, we have 

I A I A 

- up (I, - tp + t k )  = a, uk (Ik - tk + t p )  

Differentiate to find 

as a general result. It is then clear that when tAp >O, equation (15) can be written as 

where f(+, Ip, Ik) is the fbnction such as 

Therefore, the parent's BRF is 

tp = o y  $ t& < - f ( a p y ~ p y ~ k ) ;  

= tk + f (a,, I,, I, ), othenvise 

Similarly, the kid's BRF is 
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t, = 0, if t ,  < -g(u,,Ip,I,); 

tk = t ,  + g(ak , I,, I ,  ), othemse 

where g(ac, Ipy Id is the firncticn 

Now, let us discuss how the model parameters a,,, Ip and Ik affect the N.E. transfm. 

When the value of (tAp-k) increases, the value of [I,-( tAp-a] decreases (i.e., the value of 

C, decreases) and the value of [w tAp-td] increases (i.e., the value of Ck increases). 

Since the strictly concave personal utility functions y(C,,) and UCk) have positive first 

derivatives and negative second derivatives, the value of I+,'&-( t A p - a  increases while 

the value of t&Dk+( tAp-Q] decreases. Therefore, &om equation (IS), we can learn that 

the value (Got*) increases when the value of a, increases. From equation (16), we can 

learn the values off(+, 5, IL) and (tAP-a change in the same direction In addition, when 

the value of I, increases, the value of [Ip-( tAp-a] increases and the value of y' [I,-( tAp-td] 

decreases because of the negative second derivative of the concave utility function. From 

equation (IS), we can learn that a, increases when I, increases, so does the value of 

f(a&, Id. In a word, the value of (tAP-k) changes in the same direction as g and I, 

change. This result can be expressed algebraically as 
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Now, let us check how the value of (tA,,-43 is affkcted by Ik. Taking the total derivative 

to equation (1 5), we have 

Because of the positive first derivatives and the negative second derivatives of the 

personal utility functions of the parent and the kid, with the zero values of the first term 

and the last term in equation (1 7), we can get 

which means that the parent's best response of transfer is negatively related to the kid's 

income. Similarly, we can derive the analogous results for the kid. Therefore, in general, 

we can conclude that the best response of a person's transfer is positively related to his 

own degree of altruism and his own income, and is negatively related to the other 

person's income. 

Now set tp=k=O. Are any transfers seen as desirable? If 

then the parent would like to make a positive transfer to the kid. This condition needs 
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Similarly, if 

then the kid would like to make a positive trander to the parent. This condition needs 

Then consider the following figure 

1-Kid ~ r a m f y -  NO ~ransfer-f Parent Transf- 

UP '0~)lUk'flk) - - 

I I I 
aP 1 1 -+al 

Figure 7 

Therefore, when the parent's marginal utility of his own income is low enough relative to 

the kid's marginal utility of the kid's income, the parent will make a positive transfer to 

the kid. On the other hand, when the parent's marginal utility of his own income is high 

enough relative to the kid's marginal utility of the kid's income, the kid will make a 

positive transfer to the parent. Otherwise, neither of them will transfer to the other 

person. So far, we have discovered tbat the intuitive understanding and the main results 

that we found in the special case still hold in the more general situation. 
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111. Summar~ of Problem 1 : 

Through the analysis of the special case and the general case in Problem 1 in which 

the model of reciprocal altruism involves fixed incomes, we can get the following results: 

I. When (i=p, k), there are three kinds of Pareto-optimal N.E. transfers: (i) 

and t<=O, (ii) t,,'=O and t;~, and (iii) $,'=t<=O. 

When OS%<l, (i=p, k), the positive transfer is not two-sided but one-sided. In 

other words, in the family with reciprocal altruism, at most one person makes a 

positive transfer. When the parent's marginal utility of income is low enou& 

relative to the kid's marginal utility of income, the parent will make a positive 

transfer to the kid but the kid will not transfer anything to the parent. On the 

contrary, when the parent's marginal utility of income is high enough relative to 

the kid's marginal utility of income, the parent will not transfer an-g to the 

kid but the kid will make a positive transfer to the parent. Otherwise, neither of 

them will make a positive transfer to the other person. 

ID. A person's best response of transfer is related positively to his own income and 

degree of altruism, while it is related negatively to the other person's income. 

IV. From the special case, we learn that the equilibrium personal utility of the person 

who makes a positive transfer to the other one in the case with reciprocal altruism 



is less than that in the case without altruism, while the equilibrium personal utility 

of the person who receives the transfer in the case with reciprocal altruism is 

greater than that in the case without altruism. 

Figure 8 can show the above results from another view. k t  US assume that point B is 

the parent's preferred point while point C is the kid's preferred point. The abscissa of 

point B expresses the parent's optimal consumption and the ordinate of point C expresses 

the kid's optimal consumption. Line DE is the endowment line in terms of the parent's 

and the kid's incomes. Point A, the point where a,,=ak and I,,=Ik, is the intersection 

between the 45-degree line and the endowment line. When Olai<l, (i=p, k), 

..' ,4s0 
,/" 

,./" 

's Indifference Curves 

The Kid's Indifference Curves 

- 
0 Ck Ck* E C k  

Figure 8 (0laic1, (i=p, k) ) 

A 
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point B should be to the left of point C and point A, and point C should be to the right of 

point A. If the ratio of the parent's income to the kid's income is high enough so that the 

ratio point is on the segment DB such as point F, there will be a positive transfer tiom the 

parent to the kid but there will be zero transfer from the kid to the parent, since the 

parent's prefened point can be over-satisfied but the kid's preferred point cannot be 

satisfied. On the contrary, if the ratio of the parent's income to the kid's income is low 

enough so that the ratio point is on the segment CE such as point G, there will be a 

positive transfer fiom the kid to the parent, but there will be zero transfer from the parent 

to the kid. Otherwise, if the ratio point is on segment BC, neither the parent nor the kid 

will transfer to the other person. 
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Section 11.2: Problem 2 -Reciprocal Altruism with Incomes Earned 

in an ImDersonal Market 

In Problem 2, we calculate and analyze the solutions of the N.E. transfers between the 

parent and the kid in a reciprocal altruism model with endogenous incomes, earned in an 

impersonal competitive market with wage rates W,, and Wk. In this problem, I do not 

attempt to derive general results because the general problem is too complex. Define Z, 

and Zk as the work efforts of the parent and the kid respectively. Notice that in this 

problem, personal utility of person i, u(Ci, Z,), is related not only to consumption but also 

to work effort. Then define total utilities of the parent and the kid as 

up(Cp,Zp,Ck,Zk) =u(Cp,Zp)+ap .u(Ck,Zk) O-<ap (18) 

where u(G,G) and u(Cr,Zk) are the same weakly concave fhctions that ensure us to get 

interior solutions. Then observe that the parent's problem is 

Similarly, the kid's problem is 



Zhcnyu W u  Thesis September 2001 

Using the constraints to eliminate C, and Ck as choice variables, we can simplify the 

problems. First, define 

Up(tp,Zp,tk,Zk) =u(Wp *ZZ, +I ,  - t , )+a ,  -u(W, -2, + t ,  - t , )  

W e  now have a game in which the parent's strategies and payoff hmction are t,,, Z, and 

U&, t*, Z,,, Zk) and the kid's strategies and payoff function are tk , Zk and Uk(fp, tk, G, 

213 Denote the Nash Equilibrium (N.E.) of this game by (b*, tk*, &*, Zk*). To fkther 

simpti@ the problem, choose the following personal utility functions named as 

u,,(C,,Z,)=C," -2, and u,(C,,Z,)=C," -2, 

where mcl. Logically, there are 16 possibilities for (t,,: tk', &', 2;). As it turns out, 

only 3 of them are possible: Case (i), t:~, t'4, G'N and ~<=0; Case (ii), ~'4, tc*, 

G'=O and z<>o; Case (iii), tpm=0, t<=0, ~ ' 2 0  and z<>o. 

Let us calculate the N.E. and the conditions for each of these possibilities by using the 

Kuhn-Tucker method. First, look at Case (i). Figure 9(a) and 9(b) depict transfers of the 

parent and the kid, and Figure 9(c) and 9(d) depict their work efforts respectively. 

Algebraically, 
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d U k ( Z p *  > O,Zk* = O,fp* > O,tk* = 0) =-awkz, -tk +tP)"-' +a-a, -(w,z, - t ,  +tk)"-' < O  
&k 

WP Zp  - tP = < l / A k  
; 

I I - - 
r -1 0-1 where A, = a, and A, = a, 

up($n &*, k*, zk4) 

i 
I 
i 
! 

1 
0 tP* 

- 
Figure 9(a) 

tP 

t 
0 ZP* - 

Figure 9(c) 
ZP 

o= Q* 
* 

h 
Figure 9(b) 

0 =z," * 
Zk 

Figure 9(d) 

9 
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Then deriving eom the first-order conditions for b* and 5*, and fiom parameter 

restrictions (22) and (23), we can get the result of case (i) as 

WP when - > A,, 
Wk 

( a - ~ , ) ~  - !-a I l + A p  - 
t i  - t i  =0, Z i = a  -w;-~ -- and 2; = 0, 

A, AP 

0 0 0 - - - 
1 - 0  1-u 

and u; = a  OW,'-= * a p  
I - 

a-l where A, = a,  

The result of Case (i) means that when the parent's wage rate i s  high enough relative to 

the kid's wage rate, the parent will make a positive transfer to the kid but kid will not 

work or transfer any more. 

Case (ii) is analogous, but roles are reversed. The result of Case (ii) is 

WP 1 when -<-, 
Wk Ak 

Now, let us look at Case (iii). Figure 10(a) and lo@) depict transfers of the parent and 

the kid, and Figure 10(c) and 10(d) depict their work efforts respectively. Algebraically, 
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I I - - 
a-8 a - l  where A, =ap and A, = a, 

Then deriving from these first-order conditions for t,* and tk4:, and born the parameter 

restrictions (27) and (29), we can get the result of case (iii) as 

I I - - 
a-I =-I 

where A, = a ,  and A, =ak 
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U& Zp.9 tL=Uk*) 

A 

> 
O= %* 

Figure 10(a) 
tP 

U,(tp=o* q,, k=oA*) 

A 

i 

I 1 
0 ZP* 

Figure 10(c) 
zp  

u k ( ~ ~ ,  &** k~ zk*) 
A 

- 
0 'E* tL 

Figure 10(b) 

Uk(tp-0, q*, Wtz3 

A 

f 
1 
1 

'4 

0 Zk*  Z k  

Figure lqd) 

The results of the above three cases can be depicted in Wp-Wk space in Figure 1 1. The 

diffkrence between the results in this special case and the results in Problem 1 is that the 

transfers in this case between the parent and the kid are related to their wage rates, while 

the transfers in Problem 1 are related to their incomes. From the results in the above three 

cases, we know that the parent's work effort in Case (i) is greater than his work effort in 

Case (iii), and that the kid's work effort in Case (ii) is greater than his work effort in Case 

(iii). Notice that when a, decreases, the value of Ap increases, and when 4 decreases, the 

value of I/& decreases. Therefore, if the values of a, and q decrease, the critical value 

line OA will rotate to axis W,, and the critical value line OB will rotate to axis Wk. When 
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a@ and *=0, OA will be coincident with axis W, and OB will be coincident with axis 

W k .  At that time, the whole WP-Wk space will illustrate Case (iii). Therefore, the work 

effort of the person who makes a positive transfer is greater than that in the case without 

transfers or without altruism. 

(i) t , , ' ~ ,  t t 4 ,  and Z<=O 

0 *P 

Figure 11 

To see the implications of altruism, it is necessary to compare equilibrium values of 

the endogenous variables when there is altruism with corresponding equilibrium values 

with when there is none. Observe that when a i 4 ,  (i=p,k), and then Ai=O, (i=p,k). Denote 

(up')' and (uk.)' as the equilibrium personal utilities of the parent and the kid in the case 

without altruism. Setting +=a@, we get the following equilibrium values of the 

endogenous variables for the case with no altruism: 

I-P 1-u l-a . wkba - I -  . K-U 
( u ; ) ' = a  -w,'-'-a -w,'-' and(u; ) '=a  



Zhcnyu W u  Thesis September 200 t 

Look at Case (i) for example. Comparing y' and u< in equations (24) and (25) with 

(up')' and (u:)' respectively, it is easy to show (q,')'>y', that is when the parent makes a 

positive transfer to the kid, the parent's personal utility is smaller than that if there is no 

transfer, although it is more difficult to show (ut)'<u<, that is when the parent transfers 

to the kid, the kid is better off. The detailed proof of this comparison is in Appendix I. 

Case (ii) is analogous. Theretore, the equilibrium personal utility of the person who 

makes a positive transfer is less than that in the case without altruism, while the 

equilibrium personal utility of the pason who receives the transfer is greater than that in 

the case without altruism. 
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Section 11.3 : Summary of Problem 1 and Problem 2: 

In the analysis in Problem 1 and Problem 2, we have discussed the model of reciprocal 

altruism in the family that does not own a family firm. Problem 1 analyzes the model of 

reciprocal altruism with exogenous incomes, while h b l e m  2 analyzes the model of 

reciprocal altruism with endogenous incomes. Two main results can be summarized. 

First, the positive transfer is not two-sided but one-sided. In other words, in the family 

with reciprocal altruism, at most one person makes a positive transfer. When Wai-4, 

(i=p, k), there are three kinds of N.E. transfers: (i) f %) and tl,'=0, (ii) c=0 and t;s0 and 

(ui) tpo**=O, depending on the different values of model parameters and the different 

relationship among them. All of these three Nash Equilibriums are Pareto-optimal. The 

factors that determine the amount of the transfer and the person who does the positive 

transfer are the model parameters: the parameters related to personal utility functions, the 

marginal utilities of incomes (i-e., incomes or wage rates) and the degrees of altruism of 

the parent and the kid. According to the analysis, we have found that a person's best 

response of transfer is related positively to his own income (or wage rate) and his own 

degree of altruism, while it is related negatively to the other person's income (or wage 

rate). 

Second, reciprocal altruism is not beneficial for the family that does not own a family 

firm. It only induces the party that makes a positive transfer to work harder, but makes 

the party that receives the transfer give up working. In fact, it could even lead the 
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altruism among the family members to disappear completely. Moreover, in the family 

whose reciprocally altruistic members work in an impersonal market, the party that 

makes a positive transfer is worse off in term of personal utility, while the party that 

receives the transfer is better off. 



Zhenyu Wu Thesis September 200 1 

Cha~ter III: The A~~lication of Reci~rocal Altruism in 

Familv Business 

Recently, a lot of research on family business has been done by economists, since its 

importance is becoming increasingly obvious in the field of national economy of many 

countries, especially in the United States. Much of this research relates altruism to the 

family business in order to discuss the behavior of the family members. The Rotten-Kid 

Theorem proposed in Becker (1974) is the embryonic form of the analysis of altruism in 

the family business. Through the empirical research, Sharma, Chrisman and Chua (1996) 

estimate that the number of family firms in the United States may range fiom 4.1 million 

to 20.3 million firms, employ 19.8 million to 77.2 million individuals, and provide 12 

percent to 49 percent of the GDP of the United. 

After analyzing the model of reciprocal altruism in theory, what I am going to do in 

this chapter is to employ the results fiom Chapter II into the family business situation to 

analyze and solve the real problems in the economy. For convenient analysis, an 

introduction to the literature on the family business is necessary. 
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Section III. 1 : Literature on the Family Business 

There are more than 30 versions of the definition of family business in the history of 

papers in this area. According to Handler (1989), the definition of family business should 

involve four dimensions including the degree of ownership and management by family 

members, interdependent sub-systems, generational transfers and multiple conditions. 

However, most of them involve the first three dimensions above. Babicky (1987) and 

Leach, et. d. (1990) focused on the ownership and management by family members, 

Beckhard and Dyer (1983) and Davis (1983) focused on the interdependent sub-systems, 

Churchill and Hatten (1987) and Ward (1987) focused on the dimension of generational 

transfers, and Astrachman and Kolenko (1994) and Shanker and Astrachan (1995) 

focused on the last dimension in Handler (1 989), the multiple conditions. 

In the view of modem economists, the definition focusing on the ownership aspect is 

only a local definition. As a global definition of the family business, it should include 

more elements besides ownership, such as management, the influence among the family 

members or the influence coming fiom outside of family, and so on. At the same time, 

the intergenerational family business focuses on the influence of the management coming 

fiom different generations. On the basis of all of the above analysis, in my opinion, the 

family business can be defined as follows: A family business is an enterprise or an 

enterprise group which is started and developed by one or a few individuals and which is 

owned and controlled by a single family or a single family group that employs two or 

more family members, is an enterprise or an enterprise group which will be passed on to 
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the next generations to own and manage, is an enterprise or an enterprise group which 

includes unique interdependent subsystems, and is an enterprise or an enterprise group 

which may be influenced by factors coming fiom outside of family. 

Some empirical research has also been done in the area of family business. For 

instance, the empirical tests in Chua, Chrisman and Sharma (1999) show that the 

components of family involvement (categorized in terms of ownership and management) 

are very weak predictors of family firms' concerns over succession and 

professionalization (Chua, Chrisman and Sharrna, 1999). The results of their empirical 

tests strengthen their contention that vision, intentions, and behavior are what should be 

used to distinguish family business h m  all others. Their definition of family business 

focuses on the vision held for the firm by a family or a small group of families and the 

intention of the dominant condition to shape and pursue this vision, potentially across 

generations of the same family or small group of families (Chua, Chrisman and Sharma, 

1 999). 

In the view of the purpose of the family firm, actually, family and business somewhat 

clash. Family is a group whose members have clan or marriage relationships and is a 

group whose members are willing to live together or to hold closed relationships. The 

goal of the family is that the family members can care for each other and induce the 

development of the whole family, while the goal of the business is making profits. If you 

emphasize the altruistic behavior in the family, it may cause the failure of the business. If 

you, however, concentrate on the economic benefits, it may cause the disintegration of 
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the funily. In a word, altruism may not be consistent with profits. For example, although 

employing family members may lead to sub-optimal results or may be bad for the 

operation and development of the family firm, a number of firms are still willing to do 

this to maintain and develop good relationships among the members of the family. After 

asking 624 participants in Harvard's Smaller Company Management Program to rate the 

importance of seventy-four goals articulated by a hundred family firm managers for their 

firms, Tagiuri and Davis (1992) found that having a company where employees can be 

happy, productive and proud is the first of six most important purposes of the family 

business. 

Succession is another important factor of the family business. It is the extension and 

the continuity of the family business. In reality however, only 20 percent of the family 

businesses in the United States can go through the process of the transition successfirlly. 

Thus, the transfer of a family firm has been an important topic fdcused by modem 

economists. In Birley (1986), he estimated that only 30 percent of the family business in 

the United States would continue into the second generation and only 15 percent into the 

third. There are many reasons, especially internal reasons, that lead to the failure in 

succession. These internal reasons include the stress and strain created by combining 

family and finn (Rosenblatt, et. al., 1985), relationships between consecutive generations, 

educational situations of the family members, occupations of the family members, 

income distribution among the family members, relationships among the family 

members, culture in the family business, organizational structure of the family business, 

the type of family and the type of family business. It is no wonder that income 
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distribution based on altruism is one of the most important factors. In family businesses 

throughout the world, the biggest scale of intergenerational replacement in the history of 

enterprise is corning. In just the United States, 43 per cent of family businesses will 

change the head before the end of 2002, since the entrepreneurs who have created the 

current wealth of the world are close to the age of retirement. At the cross of the road of 

development of the family businesses, succeeding in relief of the shift of the head will be 

very important to the development of the enterprises. Therefore, how reciprocal altruism 

in the family can affect the achievement of the family business looks to be a critical and 

realistic problem. 

There are not only advantages but also some disadvantages in the family business. Let 

us begin by looking at the advantages. First, it's easier to appear some people who care 

about others' welfare in the family business. Second, it's relatively easy for all of the 

shareholders to take actions in unison in the family business relative to non-family 

business, and its administration is relatively easy because all of the important members of 

the company come £?om the same family. Third, relatives may have more than average 

commitment and interest in the long-term growth of the company, and employing 

relatives assures continuity and effective carrying out of important policies (Ewing, 

1965). 

Now, let us look at the disadvantages. First, due to altruism, punishment of the 

cheating actions of the selfish persons may not be effective, even if those actions hurt the 

welfare of the whole family business. Second, relatives may be difficult to fire if they 
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prove incapable, and relatives may create doubt about the integrity and objectivity of top 

management (Ewing, 1965). Third, it may sow the seeds of fbture dissension as the 

"closeness" in family relationships dissipates over the generations. Fourth, should the 

business falter or fail and the shareholders lose money, personal and family relationships 

might be strained. 

As stated above, some economists have done some research, especially the empirical 

research, in the area of family business. However, since theoretical research has not been 

done a lot in this area, there is very little theory in the family business. I am interested in 

doing some analytical cesearch and trying to provide some theory by using the model of 

reciprocal altruism in the family business. In the literature on the family business, there 

seems to be a feeling that the family gets in the way, that is, family ties make it difficult 

to actually run a firm. Is this true? To see the answer clearly, let us construct a special 

model of family business along with team production in the next two sections. I am going 

to do two things. First, in Section lU.2, 1 consider a model with a share contract but no 

transfer, and compare the N.E. work efforts and equilibrium personal utilities between the 

models with altruism and without altruism respectively. Second, in Section III.3, I add 

transfers to the model and make the same comparison. 
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Section m.2: The Case with a Share Contract but No Transfers 

Now, let us still consider the special case in Section II.2 in which the parent and the 

bid have the same weakly concave personal utility fiurctious named as 

uP(Cp,Z,) = C," -2, and u,(C,,Z,)= C," -2, 

where -4. However, what happens if  the family owns a family firm? As per the 

example used in Alchian and Demsetz (1972), the firm is described by an income 

production function as: 

1 I 

I(Z,,Z,)=Z;-Z~, if Z,  > O  and Z, > O  

I(Zp, 2,) = 0, othenvise 

I.. addition, let the parent's share of the firm's income be s, and the kid's share be sk. 

Notice that sum of s, and sk is equal to 1.  When there is no transfer, we observe that the 

parent's problem is 

Similarly, the kid's problem is 
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Using the constraints to eliminate C,, and Ck as choice variables, we can simplify the 

problems to be 

We now have a game in which the parent's strategy and payoff function are 2, and 

Up(&, 213 and the kid's strategy and payoff function are Zk and Uk(2,, ZL). Denote the 

Nash Equilibrium (N.E.) of this game by (&*, Zk*). As it turns out, there are only two 

possibilities for (G*, a*) calling: (i) &,'XI and Z/M and (ii) ~ ' = 0  and Z;=O. Let us 

find the best response functions (BRFs) for this special case first. Look at the first 

derivative of the parent's total utility with respect to his transfer 

We imagine that when Zk=O, the derivative is equal to -1 which is negative. This leads to 

zA,=0. Therefore, the parent's best response is 

On the other hand, if Zfl  and then zAfl, then the parent's best response satisfies 

equation (32). These observations yield the parent's BRF to be 

A 2 a 2 a -  - - 
Z p  = - 2:- - (s: +ap .s : )~ -=  (33), if 2, > 0 

A 

Zp = 0, otherwise (i.e., Zk = 0) 
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Similarly, the kid's BRF is 

A 2 a 2 a- - 
2, =(-)2-  -Z2* P -(st +ak -sp0)= (34), if 2, > 0 

2 
A 

2, = 0, otherwise (i.e., Z, = 0)  

Solving equations (33) and (34), we can derive their N.E. work efforts in Case (i) as 

Their equilibrium personal utilities are 

Their N.E. work efforts in Case (ii) are 

Actually, this N.E. is irrelevant since it gives zero utilities to both players. It is dominated 

by the N.E. in Case (i) because the N.E. in Case (i) gives both players positive utilities 

when 

: a SF a > - and >- 
~ ; + a , - s , O  2 s f + ~ , * ~ ;  2 
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Hence, the N.E. %'= z<=O should be ignored. 

Denote (&')' and (2;)' as the N.E. work efforts of the parent and the kid in the case 

without altruism. By setting ap=;il,=O, we get the work efforts and equilibrium personal 

utilities of the parent and the kid in the case without altruism from equations (35) - (38) 

as 

Comparing equation (35) with equation (39) and comparing equation (36) with 

equation (40), we observe that both the parent and the lcid in the family firm work harder 

if they are altruistic than they would if they are not. Therefore, reciprocal altruism can 

induce all the family members in the family owning a family firm to work harder. 

However, do they necessarily both get larger personal utilities when they are altruistic? 

From the expressions for their equilibrium personal utilities, we observe that the 

comparison is not straight forward, and therefore I use numerical methods instead of 

mathematical means. Intuitively, we might expect that both parties will be better off 

when they are altruistic if their altruism is balanced (that is, when ap and ak are 



approximately equal), and that the less altruistic party will be better off and more 

altruistic party will be worse off when their altruism is unbalanced. I use numerical 

methods to examine this intuition. In particular, I make use of Mathematics 4. Let us look 

at the example in which ~ @ . 5  and a=0.2 are fixed. With diBerent 5, the boundaries of 

that ensures both of them to be better off are different, and vice versa These sets of 

(+, a) can be illustrated by Figure 12. AAer connecting the points with curves, we 

observe that in the blank area, both parties are better off, and that in the shaded area, less 

altruistic party is better off and more altruistic party is worse off. Since this model is 

symmetric, the situation of the model is analogous to this example. The details of the 

numerical calculation and the results are attached in Appendix 11. 

Recall that in last chapter, reciprocal altruism never makes both better off in terms of 

personal utilities. In the context of family business, however, it makes both better off and 

makes the firm more efficient if their altruism is balanced. 

*+ 

1 

0.4 

0-2 -.-.---- 

0 0.2 0.8 1 b 
ap 

Figure 12 



Zhcnyu wu Thesis September 2001 

Section III.3 : The Case with Share Contract and Transfers 

Now, let us add transfer into the model of the previous section. Then observe that the 

parent's problem is 

max u(Cp,Zp)+ap-u(Ck,Zk), s.t. C p = s p - I ( Z p , Z k ) + f k - t p = s p - Z ~ - Z ~ + t k - ~ p  
CP 4 JP 

Similarly, the kid's problem is 

- 

max u(Ck,Zk)+ak-u(Cp,Zp), sat. C k = s  - I ( Z p . Z k ) - t k + t p = s , - Z ~ * ~ ~ - ~ k + ~ p  
C k  A *14 

Using the constraints to eliminate C,, and Cr as choice variables, we can simplify the 

problems to be 

We now have a game in which the parent's strategies and payoff function are tp, Z, 

and Up(ip, tk, &, Zt) and the kid's strategies and payoff function are tk , Zk and Uk(t, tk, 

&, Zk). Denote the Nash Equilibrium of this game by (tp4, tk*, &,*, 4.). Logically, there 

I 

are 16 possibilities for (tp , tk , &' and zkm). As it turns out, only 4 of them are possible 

calling: Case (i), t,,%, t'=O, &'* and 2 ; ~ ;  Case (ii), tp'=O, tk.>0, &,*% and z;%; 
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Case (iii), tp"0, t<+, aad Z ~ S O ;  Case (iv), t,,*=tC=O and %'=Z&O. As before, 

however, zero-effort equilibrium is Paretodominated and should be ignored. 

Let us calculate the first three N.E.s and their conditions by again using the Kuhn- 

Tucker method. First, look at Case (i). Figure 13(a) and 13(b) depict transfers of the 

parent and the kid, and Figure 13(c) and 13(d) depict their work efforts respectively. 

Algebraically, 
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o -1 r-l where s, + s, = 1, A, = up and A, = a, 

Up(hy &I* Y k=0, Zk*) 

A 

f 
1 
i 

0 tP* 
Figure 13(a) 

I Figure 13(c) 

- 
tit 

Figure 13(b) 

0 
- 

Z k *  Zk 
Figure 13(d) 

Then deriving b*, &* and Zk* h m  these first-order conditions, and from parameter 

restriction (48), we can get the result of case (i) as 
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S~ when ->A, ,  
Sk 

I a a - S k + a p ' a t ' S p  
and 2; =(--)IQ 

The result of Case (i) tells us that when the parent's share of the h i s  income is high 

enough relative to the kid's share, the parent will make a positive transfer to the kid but 

the kid will not transfer anything to the parent, although both of them are going to work. 

Then their equilibrium personal utilities are 

Case (ii) is analogous, but the roles are reversed. The result of Case (ii) is 

S~ 1 when- < -, 
Sk Ak 

1 u a - 1 s P + a p ‘ a k ' s k  - 
and 2; =(Z)l-a - ( I+- ) - (  

Ak ak 
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and their equilibrium personal utilities are 

Now, let us look at Case (iii). Figure 14(a) and 14@) depict the transfers of the parent 

and the kid, and Figure 14(c) and 14(d) depict their work efforts respectively. We observe 

that Case (iii) is exactly the same as the case without cash transfers in Section m.2. 

Therefore, the result of Case (iii) is 

1 s  When - S'S A,, 
Ak Sk 

I a - 2-e a- - 
and 2; =(-)lo -(s: + a p   SF)^-^^ -(sf +ak - s ; ) ~ - ~ ~ ,  

2 
t 1 - - 

a-I a-I where A, = a, and A, = a, 

The result of Case (iii) tells us that when the parent's share of the firm's income is neither 

high enough nor low enough relative to the kid's share, neither of them will make a 

Up($,, &*, w, Zk*) 
A 

o= tp* * 
Figure 14(a) 

tP 

Udtp=O, qi*, L Zk*) 
A 

I * 
0 =tk* tk 

Figure 14(b) 
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UP(tp=O, z, t=o, Zk*> 

A 

i 
0 ZP* D z 

Figure 14(c) 

Uk(tp=O, Zp*? t L = O t  23 
A 

i 
i 
f t 

* * 
0 Z k *  Z k  

Figure 14(d) 

positive transfer to the other one. Moreover, the equilibrium personal utilities of the 

parent and the kid are the same as those in the case without transfa in Section m.2. 

Let us consider the N.E. tmnsfm in these three cases first. Observe that wl and 

l/&<l. Then consider the following figure: 

I-- Case ( i i 1 - I -  ~ a s e ( i i i ) - L  Case (i)-- 'flk 

I I 
l/Ak 1 AP -+, 

Figure 15 

Now, let us look at the indifference curves of Up(%, td and Uk(t,,, 13. The parent's MRS is 

Similarly, the kid's MRS is 1. As before, we can learn that dl of their indifference curves 

are straight lines with slope 1. Using the same method as in Chapter II, we can testify that 

the above three N.E. transfers are Pareto-optimal, given the N.E. work efforts. 
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We observe that Case (iii) in which there is no transfa is exactly the same as the case 

in Section lII.2 so that we can make the same statements as we do in the previous section. 

What we need to do is to consider either Case (i) or Case (ii) since they are expected for 

reversed roles. Now, let us consider the N.E. work efforts in these two cases. The results 

of these cases can be depicted by Figure 16. One of the diffe~ences between Figure 16 

and Figure 11 is that the work efforts in all three cases in Figure 16 are greater than zero. 

It is also difficult for me to compare the N.E. work eEorts in the case with altruism and 

without altruism algebraically, so I am going to make use of similar simulation method to 

compare them as before in Section XII.2. The N.E. work efforts of the parent and the kid 

in the case without altruism are expressed by equations (39) and (40). Thus, in contrast to 

the case in which family members earn incomes in an impersonal market and one 

member transfers to the other, when they work in the family firm, reciprocal altruism 

does not completely destroy the incentive of one party to work. Balanced reciprocal 

altruism induces both of them to work harder. The detailed program and results of this 

comparison are attached in Appendix III. 

I- case (ii) - caseciii& Case (i)- I 
I I 

1/(i + ~ k )  AdtAp+ l) % 

Figure 16 
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Now, let's compare their equilibrium personal utilities in the case with altruism and 

without altruism. Look at Case (i) for example again. The similar intuition can be 

proposed as in Section m.2: both parties will be better off d e n  they are altruistic if their 

altruism is balanced (that is, when a, and 4 an approximately equal), and that the less 

- altruistic party will be better off and more altruistic party wil l  be worse off when their 

altruism is unbalanced. I make use of numerical methods by means of -ca 4 

again to examine this intuiti011. The details of the program and results of this simulation 

method are attached in Appendix IV. One of the diffetences between this program and 

the program in Section m.2 is that the relationship between s, and is involved in this 
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case so that their ranges are different from those in the program of Section 111.2- Let's 

look at the example in which sp=0.6 and a=0.6 are fixed. As per the restriction sdspAp, 

we have a critical value for a,, as 0.850283 (that is, the value of ap has to be greater than 

0.850283). From the results of the program, we learn that the sets of (a,,, a) that ensure 

both of them to be better off can be illustrated by Figure 17. After connecting the points 

with c w e s ,  we observe that in the blank area to the right of the dashed Line AB, both 

parties are better off, and that in the shaded area, less altruistic party is better off while 

more altruistic party is worse off. Therefore, in terms of personal utilities, balanced 

altruism can make both parties in the family firm better off and can make the firm more 

efficient. 
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Cha~ter IV: Conclusion 

What is the main result of this thesis? It is a tentative explanation of the fact that the 

family fum plays such a large role in the real economy. What is the explanation? It is 

based on three hypotheses: first, that members of the same family are reciprocally 

altruistic; semnd, that the altruism is balanced (that is, g and are not too different); 

third, that the technology of the fum is a team production technology. The explanation 

itself is that reciprocal altruism is a partial solution to the shirking problems that - 
ordinarily arise in a team production context. In particular, when altruism is balanced, 

both members of the family firm experience larger equilibrium personal utilities than they 

would if they were not altruistic. In short, balanced reciprocal altruism allows family 

members to more effectively exploit opportunities in a team production context more 

effectively than individuals who are not aitruistic, and it makes the frrm more efficient in 

term of personal utility. 

Moreover, when reciprocal altruism exists, there is a difference between the family 

members' work efforts in the family that does not own a family fm* as opposed to that 

owns a family fum. When they work in an impersonal market, the party that makes a 

positive transfer works harder and the party that receives the transfer works less. In 

contrast, balanced reciprocal altruism in family firm induces both to work harder. 

Therefore, a family firm with a share contract and balanced reciprocal altruism c m  do 

better than a firm with the same share contract but without altruism can. This seems 
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contrary to the available literature in the area of family business. In the sense of the 

introduction and analysis in the literature on family business, there seems to be a feeling 

that the family gets in the way that family ties make it difficult to actually run a firm, and 

that the altruism in the family can, in the least, make the family f m  more inefficient. 

However, the conclusions made h m  Chapter III tell us that this may not be true. 

Through the special cases with cash transfers and without cash transfers in the family 

owning a family fm, we have reached the same conclusion that balanced reciprocal 

altruism can make both party better off and can make the family firm more efficient in 

terms of personal utilities. 
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A ~ ~ e n d i x  

Appendix I 

As per equations (24) and (25), the equilibrium personal utilities of the parent and the 

kid in Case (i) are 

WP when - > A,. 
Wk 

I - 
a-l 

where A, = a, 

and their equilibrium personal utilities in the case without altruism are 

-- 

0-1 11-1 

where A, = a, and A, = a, 

Since 

1 
Osa, < 1 and then ->0  

we have 

Now, we need to compare u< and (u;)'. Assume that u<>(ur')', we need 
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and then 

So we need 

Since Wflk>Ap in Case (i), we need 

I 
t - (a-11' 
a- I 

- . ( I - a )<A,=a ,  iandthena,<(l-a) (Al) 
=, 

Since Wac 1, ka,,< 1 and then 

inequation (Al) is right. Hence, when Wmk>Ap u[>(ut')'. The above proof tells us 

that when the parent makes a positive transfer to the kid, his equilibrium personal utility 

will be damaged while the kid's equilibrium personal utility will be advanced. Similarly, 

in Case (ii), we can prove that the parent's equilibrium personal utility will be advanced 

and the kid's equilibrium personal utility will be damaged when the kid makes a positive 

transfer to the parent. In Case (iii), when neither of them makes a transfer to the other 

one, their equilibrium personal utilities are the same as those in the case without altruism. 
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Appendix I1 

I examine the intuition on the relationship between the equilibrium personal utilities of 

the parent and the kid in the case with altruism and without altruism respectively by 

Mathematics 4. Since we find that when i+,=*=O, the equilibrium personal utilities in the 

case with altruism are the same as those in the case without altruism, we only need to 

compare the values of ub and u; with those when +=a@ in each group involving f d  

s, and a. Since the values of s, and a cannot be 0 or 1 on the basis of the expressions of 

their equilibrium personal utilities, I set the ranges of s,, and a from 0.2 to 0.8 and set the 

ranges of a, and 4 from 0 to 1. In addition, since the result matrix would be very huge if I 

used a small interval, I set the intervals of s, and a to be 0.3 and set the intervals of g and 

at to be 0.2. The result matrix is constructed as {s, a, ;b, at, up'. u:). The program of 

this comparison and the result matrix are attached behind. 
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Program rrpd Resalts of Coaqmbon b C t W ~ ~ l l  the Equilibrium Personal utUitjesia Section XU .2 

a p = - ;  ak=.; 8 p z . t  at . ;  
Upstu = ( ( a / 2 ) ^ ( a /  ( 1 - a ) ) )  r ( ( (ap)*a+ap*(1-sp)^a) ' ( (2 -a)  / ( 2 - 2 a ) ) )  

( ( ( 1 - a p ) ^ a + i k + ( ~ p ) ~ a ) ^ ( a /  ( 2 - 2 a ) ) )  

( ( ( (sP)  *a) ( ( S P ) * ~ + ~ P *  ( l - m ~ ) ^ a ) )  - ( a / 2 ) )  t 
Ukstar = ( ( a / 2 ) ' ( a /  ( 1 - a ) ) )  + ( ( ( m p ) * a + a p *  ( l - ~ p ) " a ) ~ ( a /  ( 2 - 2 a ) ) )  1. 

( ( ( 1 - s p ) * a + a k * ( m p )  ^a) * ( ( 2  - a )  / ( 2 - 2 a ) ) )  * 
( ( ( ( 1 - a p )  ^a) / ( ( l - a p ) ^ a + r k *  (mp)'a)) - (a/2)); 

W = Tiblr[Print[{ap,  a ,  ap, ak, -.tar, Uk8tu)], 

Cap, 0 .2 ,  0 .8 ,  O . 3 ) r  {a, 0.2 .  0 - 8 0  0 -3 )r  < 8 ~ ,  0 0  1, 0 .2 ) .  {*o 0 ,  1, 0 - 2 ) I t  
D - ~ O ~ S  [ 

HI 



(0.2, 0.2, 0.6, l., 0.368844, 0.4887) 

(0.2, 0.2, 0.8, 0, 0.338444, 0.505919) 

(0.2, 0.2, 0.8, 0.2, 0.344468, 0.506251) 

(0.2, 0.2. 0.8, 0.4, 0.349833, 0.50533) 

(0.2, 0.2, 0.0, 0.6, 0 -354678, 0.503399) 

(0.2, 0.2, 0 -8 ,  0.8, 0.3591, 0.500634) 

(0.2. 0.2, 0.8, l., 0.36317, 0.497166) 

(0.2, 0.2, 1.. 0, 0.332179. 0.513615) 

(0.2, 0.2, I., 0.2, 0.338091, 0.513953) 

C0.2. 0.2, I., 0.4, 0.343358, 0.513017) 

10.2, 0.2, 1.. 0.6. 0.348113, 0.511057) 

(0.2, 0.2, l., 0.8, 0.352452, 0.50825) 

(0.2, 0.2. 1.. 1.. 0.356447. 0.504729) 

(0.2, 0.5, 0, 0, 0.053033, 0.106066) 

(0.2, 0.5, 0. 0.2. 0.0556215, 0.107535) 

(0.2, 0.5. 0. 0.4, 0.0580948. 0.108444) 

(0.2, 0.5, 0, 0.6, 0.0604669, 0.10884) 

(0.2, 0.5, 0, 0.8, 0.0627495, 0.108766) 

(0.2. 0.5, 0, I., 0.0649519, 0.108253) 

t0.2, 0.5, 0 -2, 0, 0 -0543829, 0.125499) 

(0.2, 0.5, 0.2, 0.2, 0.0570373, 0.127237) 

(0.2, 0.5, 0.2, 0 -4, 0.0595735, 0.128312) 

(0.2, 0.5, 0.2, 0.6, 0.062006, 0.128782) 

(0.2, 0.5, 0.2, 0.0, 0.0643467, 0.128693) 

(0 -2, 0.5. 0.2, 1.. 0.0666052, 0.128087) 

(0 -2, 0.5. 0.4, 0, 0.0521776, 0.142302) 

(0.2, 0.5, 0 - 4 ,  0.2, 0.0547243, 0.144273) 

(0 -2 ,  0.5, 0.4, 0.4, 0.0571577, 0 -145492) 

(0.2, 0.5, 0.4, 0-6, 0.0594916, 0.146025) 

(0.2, 0.5, 0.4, 0.8, 0.0617373, 0.145925) 

(0.2, 0.5, 0.4, l., 0.0639042, 0.145237) 

(0.2, 0.5, 0.6, 0, 0.0471964, 0.157321) 
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(0.5, 0.8, 0. 0.6, 0.0024576, 0.00147456) 

(0.5. 0.8. 0. 0.8, 0.0031104, 0.00145152) 

(0.5. 0.8, 0, 1.. 0.00384, 0.00128) 

(0.5, 0.8, 0.2, 0. 0.00119808, 0.0013874) 

(0.5, 0.8, 0.2, 0-2, 0.00172524, 0.00172524) 

(0.5, 0.8, 0.2, 0.4, 0.00234824, 0.00198697) 

(0.5, 0.8, 0.2, 0.6, 0.00306708, 0.00212337) 

(0.5, 0.8, 0.2, 0.8. 0.00388178, 0.00209019) 

f0.5, 0.8, 0.2. 1.. 0.00479232. 0.0018432) 

{O-5, 0.8, 0 -4, 0, 0.00137984. 0.0018816) 

(0.5, 0.8, 0.4, 0 . 2 ,  0.00198697, 0.00234824) 

( 0  -5, 0.8, 0-4. 0.4, 0.00270449, 0.00270449) 

(0 - 5 ,  0.8, 0.4, 0.6, 0.00353239, 0.00289014) 

(0.5, 0.8, 0 -4, 0 -8, 0.00447068, 0.00284498) 

(0.5, 0.8, 0 -4, l., 0.00551936, 0.0025088) 

(0.5, 0.8, 0.6, 0, 0.00147456, 0.0024576) 

(0.5, 0.8, 0.6, 0 -2, 0.00212337, 0.00306708) 

(0.5, 0.8, 0.6, 0.4, 0.00289014, 0.00353239) 

(0.5, 0.8, 0.6, 0 - 6 ,  0.00377487, 0.00377487) 

(0.5, 0.8, 0.6, 0.8, 0.00477757. 0.00371589) 

(0.5, 0.8, 0.6, I., 0.00589824, 0.0032768) 

{O-5, 0 . 8 ,  0.8, 0, 0.00145152, 0 -0031104) 

(0.5, 0.8, 0.8, 0.2, 0.00209019, 0.00388178) 

(0.5. 0.8, 0.8. 0.4, 0.00284498. 0.00447068) 

(0.5, 0.8, 0.8, 0 -6, 0.00371589, 0.00477757) 

(0.5, 0.8. 0.8, 0.8, 0.00470292. 0.00470292) 

(0.5, 0.8, 0.8, l., 0.00580608, 0.0041472) 

(0.5, 0.8, l., 0, 0 -00128, 0.00384) 

(0 -5, 0.8, l., 0 . 2 .  0.0018432, 0 -00479232) 

(0.5. 0 . 8 ,  1.. 0.4, 0.0025088, 0.00551936) 

(0.5, 0.8, I., 0.6, 0.0032768, 0.00589824) 

(0.5, 0.8, I., 0.8. 0.0041472, 0.00580608) 
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I examine the intuition on the relationship between the N.E. work efforts of the parent 

and the kid in the case with altruism and without altruism respectively by Mathernatica 4, 

Look at Case (i) for example. Since there is a restriction sdst>Ap and since the value of a 

cannot be 0 or 1 on the basis of the expressions of their N.E. work efforts, I set the ranges 

of s, and a,, from 0.6 to 1, set the range of a from 0.2 to 0.8 and set the range of at from 0 

to 1. In addition. I set the interval to be 0.2. ( q 4 ) *  and (c)' in equations (35) and (36) 

are the N.E. work efforts of the parent and the kid in the case without altruism. The result 

matrix is constructed as (sp, a, +, a, q*, (Z,,.)'. &*. (c)']. The program of this 

comparison and the result matrix are attached behind. 



P t o g r u  and R m s u l t s  of Corpuiron bmtumea#.E-Work Efforts in Soction 111 . 3 
.p=.t &=.; s p = - ;  a = - f  
Zpmtu = ( ( a / 2 )  A (1 /  (1-a))) 

( ( ( ( a p * e * a p +  (1-8p))  / a 1 ? ) ~ ( ( 2 - u )  / ( 2 - 2 ~ ) ) ) )  * ( I +  ( a ~ ) ~ ( l /  ( 1 - a ) ) ) ;  
Zkrtu = ( ( a / 2 ) ^  (I/ ( 1 - a ) ) )  ((((ap*.k*mp+ (1-mp)) /ap)*  ((a) / ( 2 - Z a ) ) ) )  

(I+ ( W o A  (11 (1-a))); 
Zp= ( ( a / 2 ) A ( 1 /  (I-~)))*(((*P)~u)~((~-u) / ( 2 - 2 ~ ) ) )  * ( ( ( l - m p ) 4 a ) A ( ( u ) / ( 2 - 2 a ) ) ) ;  
ZJC= ( ( a / 2 ) A ( 1 /  ( l - a I ) ) * ( ( ( ~ p ) ~ a ) ~ ( ( a )  / ( 2 - 2 a ) ) ) e  ( ( ( l - ~ p ) ~ a ) ~ ( ( 2 - a )  / ( 2 - 2 ~ ) ) ) ;  

w = Tablo[Print [{up, a, ap, ak. Zpstat, Zp,  Z k . t u 8  Zk) I , 
{sp, 0 .6 ,  1, 0.2)s {a, 0 . 2 ,  0.8, O-2)r  PI 0.21 1. 0 .2 ) .  0. 1,  O-2IIt 

~i-nsions [ 
1 1  















(0.8, 0.8, 0.2, 0.8, 0.0451825, 0.000456429, 0.0275503, 0.000150562) 

(0.8, 0.8, 0.2, 1.. 0.0597388, 0.000456419. 0.0331882, 0.000150562) 

(0 -8, 0.8, 0.4, 0, 0.00179311, 0.000456419, 0.00258621, 0.000150562) 

(0.0, 0- B, 0 -4, 0.2, 0.00297411, 0 -000456419, 0.00150622, 0.000150562) 

(0.8, 0.8, 0 -4. 0 -4, 0.00570382, 0.000456419, 0 -00695588, 0.000150~62) 

(0.8, 0.8. 0.4, 0.6, 0.0097365, 0.000456419, 0.0099352, 0.000150562) 

(0.8. 0.8. 0.4, 0.8, 0.0153264, 0.000456419. 0.0134442. 0.000150562) 

(0.8, 0.8, 0.4, l., 0.0227277, 0.000456419, 0.0174828, 0.000150562) 

(0.8. 0.8, 0.6, 0 ,  0.00040875. 0.000456419. 0.00122625, 0.000150562) 

(0.8, 0 -8, 0 -6, 0 -2, 0 -00132508, 0.000456419, 0.00268590, 0 -000150562) 

(0.8, 0.8, 0.6, 0.4, 0.0030777, 0.000456419, 0.00471077, 0.000150562) 

(0 -8, 0 -8, 0 -6, 0.6, 0 -00593783, 0.000456419, 0.00730061, 0.000150S62) 

(0.8, 0.8, 0 - 6 ,  0.8, 0- 0101767, 0.000456419, 0.0104555, 0.000150562) 

(0.8, 0.8, 0.6, l., 0.0160655, 0.000456419, 0.0141755, 0.000150562) 

(0.8, 0 - 8 ,  0 - 8 ,  0, 0.000212429, 0.000456419, 0.000849715, 0.000150562) 

(0 -8, 0.8, 0 -8. 0 -2, 0.000937012, 0.000456419. 0 -00228539, 0.000150562) 

(0.8, 0.8, 0.8, 0 -4, 0.00251778, 0.000456419, 0 -00441716, 0.000150562} 

(0.8, 0.8, 0.8, 0.6, 0.00528886, 0.000456419, 0.00724501, 0.000150562) 

(0.8, 0.8, 0.8, 0.8, 0.00958437, 0.000456419, 0.010769, 0.000150562) 

(0 -8. 0 -8, 0.8, l., 0.0157384, 0.000456419, 0 -014989, 0.000150562) 

(0.8, 0.8, I., 0, 0.00016384, 0.000456419, 0.0008192, 0.000150562) 

(0.8, 0.8, 1.: 0 - 2 ,  0.000955515, 0.000456419, 0.00265421, 0,000150562) 

(0.8, 0.8. l., 0.4. 0.00287965. 0.000456419. 0.00553779. 0.000150562) 

( 0 . 8 ,  0.8, I., 0 . 6 ,  0.006439S7, 0.000456419, 0.00946995, 0.000150562) 

(0.8, 0.8, 1.. 0.8, 0.0121386, 0.0004S6419, 0.0144507. 0.000150562) 

(0.8, 0.8, l., l., 0.02048, 0.000456429, 0.02048. 0-000150562} 

(l., 0.2, 0.2, 0, o., o., o., 0.) 

(I., 0.2, 0.2, 0.2, 0.0104274, O., 0.0521369, 0.) 

(I., 0.2, 0.2, 0.4, 0.0227423, O., 0.0568557, 0.) 

(l., 0.2, 0.2, 0.6, 0.035887, O., 0.0598116. 0.) 

(1.: 0.2, 0.2, 0.8. 0.0496013, O., 0.0620016, 0.) 

(l., 0.2, 0.2, l., 0.0637553, O., 0.0637553, 0.) 



(1.. 0.2, 0.4, 0, o., o., o., 0.) 

(I-, 0.2, 0.4, 0 -2, 0.012123, O., 0 -060615, 0.) 

{I., 0.2, 0.4, 0.4, 0.0264404. 0.. 0.0661011, 0.) 

{ I - ,  0 . 2 ,  0.4, 0.6, 0,0417226, O., 0.0695376, 0-1 

(I., 0.2, 0.4. 0 -8, 0 -057667, O., 0.0720837. 0.) 

(I., 0.2, 0.4, I-, 0.0741227, 0.. 0.0743227, 0.) 

(1.. 0.2.0.6.0.0.. O..O..O.) 

(I-, 0.2, 0.6, 0.2. 0.014054, O., 0.0702702, 0.) 

(I., 0.2, 0.6, 0.4, 0.0306521. 0.. 0 -0766302, 0.) 

(1.. 0.2, 0.6, 0.6, 0.0483685, O., 0.0806142, 0.) 

(1.. 0 -2, 0 - 6 ,  0.8, 0 -0668527, 0.. 0 -0835658, 0. ) 

(1.. 0.2, 0 . 6 .  1.. 0.0859295, 0.. 0.0859295, 0.) 

(l., 0.2, 0.8, 0, O., O., O., 0.) 

(I., 0.2, 0.8, 0.2, 0.0161559, 0 . .  0 -0807793, 0.) 

(1.. 0.2, 0.8, 0.4, 0.0352362, 0 . .  0.0880904, 0.) 

(l., 0.2, 0.0, 0.6, 0.0556021, O., 0.0926702, 0.) 

{I., 0.2, 0 - 8, 0 - 8, 0.0768506, O., 0.0960633, 0- ) 
(I-, 0.2, 0.8, l., 0.0987005, O., 0.0987805, 0.) 

[I., 0 . 2 ,  I., 0, o., o . ,  o . ,  0.) 

(I., 0.2, I., 0.2, 0.0183945, O., 0,0919727, 0.) 

(I., 0.2, I., 0.4, 0.0401188, O., 0.100297, 0.) 

{l., 0.2, I., 0.6, 0.0633068, O., 0.105S11, 0.) 

(I., 0.2, 1.. 0.8, 0.0874996, O., 0.109375, 0.) 

(1.. 0 . 2 ,  1.. l., 0.112468, O., 0.112468, 0.) 

(1.. 0.4, 0-2, 0, O., O., O., 0.) 

{l., 0.4, 0.2, 0.2, 0.00854719, O., 0.042736, 0.) 

{I., 0.4, 0 -2 ,  0.4, 0.0215376, O., 0.0538439, 0.) 

(I-, 0.4, 0 -2, 0.6, 0.0369816. O., 0.0616359, 0.) 

(I., 0.4, 0.2, 0.8, 0.0542713, O., 0.0678391, 0.) 

{I., 0.4, 0.2, l., 0.0730775, O . ,  0.0730775, 0.) 

{I., 0.4, 0.4, 0, o., o., 0.. 0.) 

(I-, 0.4, 0.4, 0.2, 0.00973773, O., 0.0486861, 0.) 



(1.. 0 -4, 0.4, 0 -4, 0 -0245363, O., 0.0613407, 0.) 

(I., 0.4, 0 -4, 0 -6. 0 -0421305, O., 0 -0702176, 0. ) 

(1.. 0.4, 0.4, 0.8, 0.0618275, 0.. 0.0772844. 0.) 

(I., 0.4, 0.4, I., 0.0832521, O., 0.0832521, 0.) 

(1.. 0.4. 0.6, 0, O., O., 0.. 0.) 

(I., 0.4, 0.6, 0 -2 ,  0.0114146. 0.. 0.0570731. 0.) 

(1.. 0.4, 0.6, 0.4. 0.028763, 0.. 0.0719076, 0.) 

(l., 0.4, 0.6, 0.6, 0.0493082, O., 0.0873136, 0.) 

(I-. 0.4, 0.6, 0.8. 0.0724783. 0.. 0.0905979, 0.) 

{I-, 0.4, 0.6, 1.. 0.0975936, O., 0.0975936, 0.) 

(1.. 0.4. 0.8, 0, 0.,0.,0.,0.) 

(1.. 0.4, 0 -8, 0.2, 0.0135154, 0.. 0.0675768, 0 .) 

(1.. 0 - 4 ,  0.8, 0 -4, 0.0340566, 0 ., 0.0851414, 0. ) 

{I., 0.4, 0.8, 0.6, 0.0584775, O., 0.0974626, 0.) 

{I., 0.4, 0.8, 0.8, 0.0858171, 0.. 0.107271, 0.) 

{I., 0.4, 0.8. I., 0.115555, 0 . .  0.115555, 0.) 

(I., 0.4, I., 0, o., o., 0.. 0.) 

(I., 0.4, I., 0.2, 0.016, O., 0.08, 0.) 

{I., 0.4, l., 0 -4, 0.0403175, 0-, 0.100794, 0.) 

11.. 0.4, I., 0.6, 0.069228, 0 ., 0.T1538, 0.) 

{l., 0.4, l., 0.8, 0.101594, O., 0.126992, 0 . )  

[l., 0.4, l., l., 0.136798, 0.. 0.136798, 0.) 

(1.. 0.6, 0.2, 0, 0.. 0.. 0.. 0.) 

(1.. 0.6, 0 - 2 ,  0 -2, 0.00300228, O., 0.0150064, 0 . )  

(l., 0.6, 0.2, 0.4, 0.010095, O., 0.0252376, 0.) 

(1.. 0 -6, 0 -2, 0.6, 0.0205243, O., 0.0342071, 0. ) 

(1.. 0.6, 0.2, 0.6. 0.0339556, O., 0.0424444, 0.) 

(I., 0.6, 0.2, I., 0.0501768, O., 0.0501768, 0.) 

(l., 0.6, 0.4, 0, O., O., O., 0.) 

(1.. 0.6, 0 -4, 0 -2, 0 -0032469, O., 6.0162345, 0. ) 

{I., 0 . 6 ,  0.4, 0.4, 0.0109212. O., 0.0273031, 0.) 

{I., 0.6. 0.4, 0.6, 0.027204, O., 0.0370067, 0.) 



(I-, 0.6, 0.4. 0 -8, 0.0367345, O., 0.0459181. 0.) 

(1.. 0.6, 0.4, I., 0.0512833, O., 0.0542633, 0.) 

El., 0.6, 0.6, 0, O.,  O . ,  O., 0.) 

(I., 0.6, 0.6, 0.2, 0.00377074, O., 6.0188537, 0.) 

(I., 0.6, 0.6, 0.4, 0.0126832, O., 0.031708, 0.) 

{l., 0.6, 0.6, 0.6, 0.0257863, O., 0.0429772, 0.) 

(I., 0 - 6 ,  0.6, 0.8. 0.0426611, 0.. 0 -0533264. 0 .) 

{I., 0.6, 0.6, l., 0.0630412, O., 0.0630412. 0.) 

(I., 0.6,0.8,0,0.,0.,0.,0.) 

(1.. 0.6, 0.8, 0 . 2 ,  0.00463637, O., 0.0231818, 0.) 

(I-, 0.6, 0.8, 0.4, 0.0155948, O., 0.0319871, 0.) 

(1.. 0.6. 0.8. 0.6, 0.0317059, 0.. 0.0528432. 0.) 

{I., 0.6. 0.8. 0.8. 0.0524545, 0.. 0.0655681, 0.) 

{I.. 0.6, 0.8, I., 0.0775132. O., 0.0775132, 0.) 

{l-, 0.6, 1.. 0, 0.. 0 . .  O., 0.) 

(I., 0.6, I., 0 -2, 0 -00589706, O., 0.0294853, 0.) 

{I., 0 -6, I., 0 - 4 ,  0 -0198353, 0-, 0 -0495882, 0. ) 

(l-, 0.6, l., 0.6, 0.0403272, O., 0.067212, 0.) 

(I-, 0.6, 1.. 0.8, 0.6667176, 0.. 0.083397, 0.) 

(1.. 0.6, l., l., 0.0985901, O., 0.0985901, 0.) 

[I-, 0.8, 0 . 2 ,  0 ,  O . ,  O., O., 0.) 

(I., 0 -8, 0.2, 0.2, 0.0000819462, O., 0.000409731, 0.) 

(I., 0.8, 0.2, 0.4, 0.00065557, O., 0.00163892, 0.) 

{I-, 0.8, 0.2, 0.6, 0.00221255, O . ,  0.00368758, 0 . )  

{I., 0 -8 ,  0 - 2 ,  0 -8, 0-00524456, O., 0.0065557, 0.) 

(I., 0.8, 0.2, I., 0.0102433, O., 0.0102433, 0.) 

(I., 0.8, 0.4, 0, o., o., 0.. 0.) 

(I., 0.8, 0.4, 0.2, 0.0000827589, O., 0.000413794, 0.) 

{I., 0.8, 0.4, 0.4, 0.000662071, O., 0.00165518. 0.) 

{I., 0.8, 0.4. 0.6, 0.00223449, O . ,  0.00372415, 0.) 

(I., 0.8, 0.4, 0.8, 0.00529657, O., 0.00662071, 0.) 

(I., 0.8, 0.4, l., 0.0103449, O., 0.0103449, 0.) 



( I . ,  0 . 8 ,  0 . 6 ,  0 ,  O., O,, 0 . .  0 . )  

( 1 . .  0 . 8 ,  0 . 6 .  0 . 2 ,  0.0000882901. O., 0.00044145. 0 . )  

( I . ,  0 . 8 ,  0 . 6 ,  0 . 4 ,  0.000706321, O., 0.0017658, 0 . )  

( I . ,  0 . 8 ,  0 . 6 ,  0 . 6 ,  0.00238383, O., 0.00397305, 0 .) 

( I . ,  0 . 8 ,  0 . 6 ,  0 . 8 ,  0.00565057, O., 0.00706321, 0 . )  

(I., 0 .8 .  0 . 6 ,  I - ,  0.0110363, O., 0.0110363, 0 . )  

{I., 0 .8 .  0 . 8 .  0 ,  O., O . ,  O., 0 . )  

{ I . ,  0 . 8 .  0 - 8 ,  0 . 2 ,  0.000108764, O., 0.000543818, 0 .) 

( I . ,  0 - 8, 0 . 8 ,  0 - 4 ,  0.000870108, 0 - , 0.00217527,  0 .  ) 

( 1 . .  0 -8 .  0 . 8 ,  0 - 6 ,  0 -00293662, O., 0.00489436, 0 .  ) 

( I . ,  0 . 8 ,  0 . 8 ,  0 . 8 ,  0.00696087, 0 . .  0.00870108, 0 . )  

{ I . ,  0 . 8 .  0 . 8 .  1 . .  0.0135954. 0 . .  0.0135954. 0 . )  

{I., 0 - 8 , 1 . , 0 , 0 . , 0 . , 0 . , 0 . )  

(1.. 0 . 8 ,  I., 0 . 2 ,  0.00016384, O., 0.0008192, 0 . )  

{ X . ,  0 . 8 .  l . ,  0 . 4 ,  0.00131072, O . ,  0.0032768, 0 . )  

{I., 0 . 8 .  l . ,  0 . 6 ,  0.00442368. O . ,  0.0073728, 0 . )  

{I., 0 . 8 ,  1.. 0 . 8 ,  0.0104858, O., 0.0131072, 0 . )  

(1.. 0 . 0 ,  I . ,  I., o.o2ore,  o . ,  0 .02048,  0 . 1  

Out[71= ( 3 ,  4 ,  5 ,  6 )  
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Appendix IV 

I examine the intuition on the relationship between the equilibrium personal utilities of 

the parent and the kid in the case with altruism and without altruism respectively by 

Mathematica 4. Since there is a restriction s#s~>A, in Case (i) of Section III.3. I set the 

range of sp from 0.6 to 1, set the range of g from 0.8 to 1. set the range of a from 0.2 to 

0.8 and set the range of from 0 to 1. In addition. the intervals of s, and a are 0.2 and 

the intervals of g and ar: are 0.1. (u;)' and (u;)' in equations (41) and (42) are the 

equilibrium personal utilities of the parent and the kid in the case without altruism. The 

result matrix is constructed as (s, a, a, a, u;, (u;)', u;, (u;)'}. The program of this 

comparison and the result matrix are attached behind. 



P r o g r n  urd R o r u l t r  of Coopaxi s o n  bomur  
t b m ~ l i b r i u r P e r m o d U t i l i t i m ~ f n S ~ c t i o n I f f  -3 

8p=.;  & = . a  S p 3 . j  00.; 

V p m t u  = ( ( a / 2 ) ^ ( o /  ( 1 - a ) ) )  (((.p*.Ic*up+ (1-mp)) / .?)^(a/ ( 2 u - 2 ) ) )  

(1- ( a / 2 )  * ( r p /  ( a p * a k * s p +  ( 1 - a p ) ) ) *  (I+ ( r p ) ^ ( l /  ( 1 - a ) ) ) ) ;  
Wka+ar = ( ( a / 2 )  ^ ( a /  ( 1 - a ) ) )  ( ( ( r p * i k * u p +  ( 1 - u p ) )  / r p )  ^ ( a /  ( 2 a - 2 ) ) )  * 

( ( a p ) ^ ( a /  ( 1 - a ) )  - ( a / 2 ) 0 ( 1 +  (aplA(1/  ( 1 - a ) ) ) ) ~  
U p =  ( ( u / 2 )  A ( 1 1  ( 1 - a ) ) )  ( ( ~ p ) ~ ( a *  ( 2 - a )  / ( 2  - 2 a ) ) )  

( ( 1 - a p ) ^ ( a * a /  ( 2 - 2 a ) ) ) m  ( 1 - a / 2 ) ;  

a= ( ( a / 2 ) ^ ( 1 /  ( 1 - a ) ) )  * ( ( 1 - a p ) ' ( a *  (2 -a) / ( 2 - 2 4 ) )  r. 
( ( m p ) ^ ( a * a /  (2 - 2 a ) ) )  rr ( 1 - a / 2 ) ;  

Upstar 
Ukstrr 

UP 
Uk 

W = Tablo[Print[{mp, a, ap, ak, Upstar, Up, V k s t u ,  Ilk)], 
{ ~ p ,  0.6, 1, O.2), (a, 0.2, 0.8, 0-2) .  {ape 0 - 8 ,  1, O . l } r  {a, 0 1  1, O - 1 ) ] #  

Dhonaiona [ 

W I  

oUtl9l -  2-A (1 - sp) * - I) 2 a& 







(0 -6, 0.6, 0.8, 0 - 9, 0.0871823. 0.0133625, 0.0389011, 0.0104769) 
(0.6, 0.6, 0.8, I-, 0.0873758, 0.0133625, 0.0372986, 0.0104769} 

(0 -6, 0.6, 0 -9, 0, -0 -0584698, 0.0133625, 0 -0975898, 0.0104769) 

(0.6, 0.6, 0 - 9. 0. I, -0.0141958, 0 -0133625. 0.0887477, 0 -0104769) 
10-6, 0.6, 0.9, 0 -2, 0.015161, 0.0133625, 0.0815739, 0.0104769) 

(0.6, 0 -6, 0.9, 0.3, 0.0351803, 0 -0133625, 0.0756218, 0 -0104769) 

(0 -6, 0.6, 0.9. 0 -4. 0 -0491043, 0.0133625. 0.0705933. 0.0104769) 

(0.6, 0.6, 0.9, 0 .S, 0.0589136, 0.0133625, 0.0662016, 0.0104769) 

(0.6. 0.6, 0.9, 0.6, 0.0658686, 0.0133625, 0.0625382, 0.0104769) 

(0.6, 0.6, 0.9, 0 -7, 0.070799, 0.0133625, 0 -0592536, 0 -0104769) 

(0.6, 0.6. 0.9. 0.8, 0.0742664, 0.0133625, 0.0563452, 0.0104769) 

(0 -6, 0 - 6 ,  0.9, 0.9. 0.0766604, 0.0133625, 0.0537494. 0.0104769) 

(0.6, 0.6, 0.9, l., 0.078257, 0.0133625, 0.0514166, 0.0104769) 

(0 - 6 ,  0 -6, l., 0, -0 -163345, 0 -0133625, 0.130676, 0 -0104769) 

(0.6, 0 - 6 ,  1.. 0 -1, -0.0895331, 0.0133625, 0 -117672, 0.0104769) 

(0 -6. 0 -6, I., 0 - 2 ,  -0.0412825, 0.0133625, 0 -107335. 0.0104769) 

(0 -6, 0 -6, I., 0 - 3 ,  -0.00652536, 0.0133625, 0,0988942, 0 -0104769) 

(0.6, 0.6, l., 0.4, 0.0143525, 0.0133625, 0.0918SS9, 0-0104769) 

i0.6, 0.6, I-, 0.5, 0.0306733, 0.0133625, 0.0858852, 0.0104769) 

(0.6, 0.6, l., 0.6, 0.0424989, 0.0133625, 0.080748, 0.0104769) 

(0.6, 0.6, I., 0.7, 0.05116, 0.0133625, 0.0762749, 0.0104769) 

(0.6, 0 -6, l., 0.8, 0.0575434, 0.0133625, 0.0723402, 0.0104769) 

C0.6, 0 -6, 1.. 0.9, 0.0622568, 0.0133625, 0.0688487, 0.0104769) 

(0.6, 0.6, 1.. l., 0.0657267, 0.0133625, 0.0657267. 0.0104769) 

(0.6, 0.8, 0.8, 0, -0.00636355, 0.000416208, -0.0124387, 0.00030091} 

(0 - 6 ,  0.8, 0.8, 0.1, 0.00421691, 0.000416208, -0.00991608, 0.00030091) 

(0 -6 ,  0.8. 0 -8, 0.2, 0.0095522, 0.000416208, -0.00808971, 0.00030091) 

(0 -6, 0 -8, 0.8, 0 -3 ,  0 -0121252, 0.000416208, -0.00672509, 0.0003~91) 

(0.6, 0.8, 0.8, 0 -4, 0.013199, 0.000416208, -0.00567875, 0 - 00030091) 
(0.6, 0.8, 0.8. 0.5, 0.0134464, 0.000416208, -0.00485888, 0.00030091) 

(0.6, 0.8, 0.8, 0.6, 0 -0132387, 0.000416208, -0.00420455, 0.00030091) 

(0.6, 0.8, 0 - 8 ,  0.7. 0.0127863, 0.000416208, -0.00367401, 0.00030091) 











(0 -8. 0.8, 0 -8, 0.4, 0.00538118, 0.000273852. -0 -0095712, 0.0000903373) 

(0.8, 0.8, 0 -8, 0.5, 0.0110862, 0.000273852, -0 -0073602, 0.0000903373) 

(0.8. 0 - 8, 0.8, 0-6, 0.0130908, 0.000273852, -0.0058354, 0.0000903373) 
(0.8. 0 -8. 0 -8, 0.7, 0 -0134362, 0.000273852, -0.00473965, 0 -0000903373) 

(0.8, 0 -8, 0 -8, 0.8, 0 -013034, 0,000273852, -0 -00392587, 0.0000903373) 

[O -8, 0.8, 0.8, 0-9, 0.0123117, 0 -000273852, -0.00330501. 0 -0000903373) 

(0 -8, 0 .8, 0.8, l., 0.0114757, 0.000273852, -0 -0028205 7, 0 -0000903373) 

(0.8, 0.8, 0 -9, 0, -0.965718, 0 -000273852, 0 -0103182, 0.0000903373) 

(0.8, 0 .8, 0.9, 0 -1, -0 -309723, 0.000273852, 0 -00557863, 0.0000903373) 

(0.8. 0.8, 0.9, 0 - 2 ,  -0.116434, 0.000273852, 0.00348778, 0.0000903373) 

{O. 8, 0.8, 0.9, 0 - 3 ,  -0 -0450995, 0.000273852, 0 - 00238495, 0 - 0000903373) 
{O - 8, 0 -8, 0.9, 0 -4, -0 -0150909, 0.000273852. 0 -00173311, 0.0000903373) 
(0.8, 0 -8, 0.9, 0 -5, -0 -00148497, 0.000273852, 0.0013161, 0.0000903373) 

{O. 8, 0 -8, 0.9. 0.6, 0.00488127. 0.000273852, 0 -00103331, 0 -0000903373) 

(0.8, 0 - 8 ,  0.9, 0.7, 0.00781053. 0.000273852, 0 -00083276, 0.0000903373) 

{O -8, 0 -8, 0.9, 0.8, 0 -00902695. 0.000273852, 0 -000685397. 0.0000903373) 

{O -8, 0 -8, 0.9, 0.9, 0 -00936566, 0.000273852, 0.000573949, 0 -0000903373) 

{O -8 ,  0.8, 0.9, I., 0.00925168, 0.000273852. 0 -000487629, 0.0000903373) 

(0.8, 0.8, I., 0, -1.92, 0.000273852, 0.128, 0.0000903373) 

(0.8, 0.8, l., 0.1, -0.606414, 0.000273852, 0.0653061, 0.0000903373) 

(0.8, 0.8, l., 0 -2, -0.24142?- 0 -052273852, 0 -0395062, 0.0000903373) 

(0.8, 0.8, l., 0.3, -0.108189, 0.000273852, 0.0264463, 0.0000903373) 

(0.8. 0.8, 1 ., 0.4, -0.0509786, 0.000273852, 0.0189349, 0.0000903373) 

(0 - 8 ,  0 -8, I.., 0.5, -0.0237037, 0.000273852, 0.0142222, 0.0000903373) 

(0.8, 0.8, I., 0.6, -0.00977, 0.000273852, 0.0110727, O.OOOO903373) 

{ O  .8, 0.8, l., 0-7, -0.0023327, 0.000273052, 0.00886427, 0.0000903373) 

(0.8, 0 -8, 1 ., 0.8, 0 -00172768, 0.000273852, 0.00725624, 0.0000903373) 

(0.8, 0.8, I., 0.9, 0.0039451, 0.000273852, 0.00604915, 0-0000903373) 

(0.8, 0.8, I., l., 0.00512, 0.000293852. 0.00512, 0.0000903373) 

1 Power: : infy : Infinite expression 0 .  0 .  encountered. 

Power: : inf y : Infinite expression $ encountercd- 

Power: : infy : Infinite expression ,,, encountered. 
0 .O .  



General: :stop : Purther output of Power: :infy will be- suppressed during this  calculation. 

(1.. 0 -2, 0 .a ,  0, complex~nfinity, 0 ., ComplexInf inity, 0. ) 

(l., 0.2, 0.8, 0-1, -0 -567365, O., 0.57748, 0.) 

(l., 0.2, 0.8, 0.2, 0.08369, O . ,  0.529552, 0.) 

{l., 0.2, 0.8, 0.3, 0.270927, O., 0.503381, 0.) 

(1.. 0.2, 0 - 8 ,  0.4, 0 -353664, O., 0.485601. 0.) 

(1.. 0.2, 0.8, 0.5, 0.397796. 0.. 0.472243, 0.) 

[I., 0.2. 0.8, 0.6, 0.42393, O., 0.461603, 0.) 

(I., 0.2, 0 -8, 0.7, 0.440431, 0.. 0.452793, 0.) 
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