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ABSTRACT 

Precise airborne DGPS positioning using a multi-receiver configuration 

is investigated with the emphasis on the centimetre level accuracy over large 

operational areas. The critical errors from the atmosphere, orbit, Selective 

Availability and multipath are reviewed and analyzed. The effects of these 

errors on the positioning solutions are identified and assessed for monitor-

remote separations ranging from 50 to 200 km. Theoretical analysis in two 

frequently used kinematic GPS algorithms is presented and methods for 

accuracy evaluation are studied. To demonstrate the achievable accuracy of 

airborne DGPS positioning over a large area, results from flight tests with a 

multi-receiver configuration are extensively investigated. Under the present 

satellite constellation, the accuracy of airborne DGPS positioning with 

monitor-remote separations of 50 * 200 km is at the level of 10 cm if high 

quality receivers are used and the effects due to all critical errors are taken 

into account. 
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CHAPTER 1 

INTRODUCTION 

1.1. BACKGROUND AND OBJECTIVES 

The advent of the Global Positioning System (GPS) has led to technical 

revolutions in navigation as well as in fields related to surveying. The GPS 

system, an all-weather satellite-based radio navigation system, can provide users 

on a world-wide basis with navigation, positioning, and time information, which. 

is not possible with conventional navigation and surveying methods. By using 

GPS carrier phase measurements, this system can also provide an ability to 

determine the trajectory of a moving platform with respect to a fixed monitor 

station to a precision of several centimetres for a monitor-remote separation less 

than 30 km. This precise relative kinematic GPS positioning technique was 

demonstrated by Remondi (1985, 1986) and Mader (1986) in the early 

developmental stage. Since then, this technique has been investigated and tested 

in various environments (Krabill and Martin, 1987; Hein et al., 1988; Cannon and 

Schwarz, 1990; Mader and Lucas, 1989; Cannon, 1990; Lachapelle et al., 1993). 
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The reported results have demonstrated that the theoretical accuracy, which is at 

the centimetre level, can be achieved over short baselines (less than 30 km 

monitor to remote separation). With the completion of the GPS constellation, the 

kinematic GPS technique will be widely used in a variety land, marine, and 

aircraft positioning applications. 

Precise airborne GPS positioning is a very important component of 

kinematic GPS applications, and it will provide precise navigation information 

for many engineering applications and scientific investigations, such as 

photogrammetric aerotriangulation without ground control, airborne remote 

sensing, airborne laser systems for precise topographic mapping, and 

geophysical and oceanographic exploration (Mader and Lucas, 1989; Krabill and 

Martin, 1989; Colombo, 1991). According to Merrell et al. (1989), a viable GPS 

photogrammetric control system should position the camera in space to a 

precision of 3 to 10 cm and the accuracy level should be repeatable. 

To study the potential of kinematic GPS in an aircraft environment, a 

variety of airborne GPS positioning experiments have been conducted since the 

mid 1980's, see for instance Mader (1986), Mader et al. (1989), Krabill et al. (1987, 

1989), Hein et al. (1988), Keel et al. (1989), Cannon et al. (1990 and 1992). Some of 

the reported results have demonstrated that the positional accuracy of the 

aircraft with respect to the ground monitor receiver is at the centimetre level 

(Mader, 1986; Mader at al., 1989) or decimeter level (Keel et al., 1989; Cannon et 

al., 1990, 1992) when using double difference carrier phase measurements. Most 

of these experiments were carried out over small test areas from several km to 

about 30 km. Under such circumstances, many errors tend to cancel, which leads 
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to a high achievable accuracy. However, with monitor-remote separations 

increasing to several tens of km, many errors such as ionospheric and orbital 

effects become the limiting factors in the error budget. 

Based on experiments of a land vehicle moving at high speeds with a 

monitor-remote separation of 165 km, Henderson and Leach (1990) reported that 

a positioning accuracy better than 25 cm can be achieved. Colombo (1991) 

demonstrated, according to simulation results, that airborne differential GPS 

positioning is possible at the decimetre level over very long distances (monitor-

remote separations of 1300 km) when properly accounting for errors. The 

achievable accuracy of airborne positioning with monitor-remote separations of 

50 to 200 km using real data has not been demonstrated when taking all critical 

error sources into account. 

The objective of this thesis is: 1) to investigate high accuracy airborne 

differential GPS positioning with carrier phase measurements using a multi-

receiver configuration, 2) to demonstrate the achievable accuracy of differential 

GPS aircraft positioning over a large operational area (50 to 200 km), and 3) to 

identify and assess the critical errors for separations ranging from 50 to 200 km 

using airborne test data. The issues related to kinematic GPS algorithms, data 

processing, and accuracy evaluation methods are studied. Data from recent flight 

tests where four Trimble 4000 SSE receivers were used (two as ground monitors 

and two in the aircraft) is processed using a variety of strategies which are 

presented in the thesis. The investigations in this thesis are based on the use of 

double difference carrier phase measurements and resolved ambiguities fixed to 

the correct integer values. 
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1.2 THESIS OUTLINE 

In Chapter 2, the fundamental GPS observables and carrier phase 

measurement models are summarized. Various critical errors, such as 

tropospheric, ionospheric, nominal orbital, Selective Availability (SA) and 

multipath errors are described with emphasis on their effects on the carrier 

phase measurement. Methods to eliminate or mitigate the effects are reviewed 

and discussed. 

In Chapter 3, two frequently used kinematic GPS algorithms are analyzed 

with emphasis on their features and relationships. The mathematical relationship 

and the computational equivalence of these two algorithms are demonstrated. A 

sophisticated formula is derived for analytical estimation of orbital error effects 

and the dependency of positioning solutions from different receiver pairs in a 

triple receiver system is mathematically proven. 

In Chapter 4, the error budget from the relevant GPS error sources that 

limit the achievable accuracy is given. Based on these errors, some solutions to 

the configuration of GPS receivers on the ground and aircraft, optimum monitor-

remote separations, as well as operational procedures for high accuracy GPS 

positioning are given. 

In Chapter 5, general data processing strategies are summarized and 

several methods for accuracy checking and analysis are presented. These 

methods are suitable for airborne GPS positioning with a multi-receiver 

configuration. 
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In Chapter 6, results from an airborne GPS positioning test using a multi-

receiver configuration are presented using the data processing strategies and 

accuracy checking methods presented in Chapter 5. In the test, four Trimble SSE 

receivers were used, two as ground monitors and two in the aircraft with 

monitor-remote separations of up to 200 km. Results are examined and discussed 

with respect to high accuracy airborne positioning as well as to the relevant 

theoretical analyses presented in Chapter 3. Effects of critical errors from the 

troposphere, ionosphere, orbit and multipath are investigated using the test data. 

A summary of the research as well as the main conclusions and 

recommendations are presented in Chapter 7. 
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CHAPTER 2 

ERROR SOURCES AND CORRECTIONS 

For high accuracy airborne differential GPS positioning over a large area 

(monitor-remote separation of 50 to 200 km), residual errors from the atmosphere 

and orbit, and multipath effects are the main error sources which limit the 

potential positioning accuracy. In this chapter, fundamental GPS observables and 

carrier phase measurement models are summarized. Various critical errors, such 

as tropospheric, ionospheric, nominal orbital, Selective Availability (SA) and 

multipath errors, are described with emphasis on their effects on carrier phase 

measurements. Methods to eliminate or mitigate these effects are reviewed and 

discussed. 

2.1. GPS OBSERVABLES AND ERRORS 

GPS provides users with three fundamental observables, namely, the code 

pseudorange, carrier phase and Doppler frequency. They are available on two 

frequencies in P-code mode, i.e. Li (1575.42 MHz, a wavelength of 19 cm) and 12 
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(1227.60 MHz, a wavelength of 24 cm), and only on Li in C/A-code mode. 

A code pseudorange measurement contains absolute positioning 

information, and is the spatial distance from the receiver to the satellite biased by 

the difference between the receiver and satellite clock errors and the atmospheric 

effect. The pseudorange measurements thus can be used for a stand-alone 

positioning. In differential mode with pseudorange measurements, several 

metres to submetre level positioning accuracy can be achieved depending on the 

code measurement noise (2 to 3 dm for P-code, 2 to 3 m for C/A-code) and 

monitor-remote separation. 

The second fundamental measurement is the carrier phase, which is the 

phase difference between the receiver-generated reference carrier signal and the 

received Doppler-shifted carrier signal. Because of its low noise (several 

millimetres) and relative measurement information, the carrier phase 

measurement is used in high accuracy relative positioning applications. 

The third measurement is the Doppler frequency, which is the Doppler 

shift of the received carrier signal. Hence, it provides information regarding the 

relative motion of a receiver with respect to a satellite and mainly contributes to 

the estimation of the receiver velocity. 

For high accuracy kinematic positioning, the carrier phase measurement 

has to be used as the fundamental observable while the other two measurements 

can be treated as auxiliary observables. The nonlinearized carrier phase 

observation equation can be expressed as (Wells et al., 1986; Lachapelle, 1990): 



8 

= p + c ( dt. - dT) + ?N - d10 + dft0 + dp + e() (2.1.1) 

where is the carrier phase observation (m) 

P is the range from receiver to satellite (m) 

c is the speed of light (m/s) 

dt is the satellite clock error (s) 

dT is the receiver clock error (s) 

is the carrier wavelength (m/ cycle) 

N is the carrier phase integer ambiguity (cycle) 

d10 is the ionospheric delay (m) 

dfr0 is the tropospheric delay (m) 

and 

dp = dp + dpsA 

dp 

dpsA 

is the nominal orbital error (m) 

is the orbital error due to SA (rn) 

e@) = c((I) + C(Dm t) 

is the receiver noise (m) 

mu1t is the multipath error (m) 

The corresponding observation equation for the code pseudorange has a similar 

form, and can be given by eliminating the ambiguity term and changing the sign 

of the ionospheric delay term of equation (2.1.1) (see Wells et al., 1986 and 
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Lachapelle, 1990). The observation equation for the Doppler frequency can be 

obtained by taking the derivative with respect to time on both sides of equation 

(2.1.1) and considering the ambiguity as constant, see Cannon (1991). 

It is evident in equation (2.1.1) that the carrier phase measurement is 

affected by numerous errors. To take full advantage of the millimetre 

measurement noise, systematic errors such as clock errors, atmospheric and 

orbital errors have to be removed. One effective technique called double 

differencing is extensively used in precise positioning. The double difference 

measurement is formed by differencing two single difference measurements. One 

single difference measurement is generated by subtracting two measurements 

from two receivers (a monitor and a remote) to one satellite; the other by 

differencing two measurements from the same two receivers to another satellite. 

A double difference observation equation is given as: 

VAb = VAp + AVAN - VAd0 + VAdtrop + VAdp + VAc((b) (2.1.2) 

where VA is the double difference operator (between two receivers and two 

satellites). 

As can be seen from equation (2.1.2), in double difference mode the 

receiver and satellite clock errors have been canceled, and the atmospheric and 

orbital errors, which are spatially correlated, have been reduced. It should be 

noted that the residual orbital error term, VAdp, can be further derived as an 

explicit function of the satellite orbital errors. This will be further discussed in 

Section 3.2. The estimated position of the remote is implicit in VAp, and the 
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ambiguity term, VAN, is theoretically an integer value. 

Generally, it is agreed that with a small monitor-remote separation (say 

less 20 km), the residual atmospheric and orbital errors are small so that the 

ambiguity term still can maintain its integer nature (i.e. it can be estimated to be 

an integer value). In this case, centimetre level accuracy can be achieved. When 

the separation increases to several tens of kilometres, baseline dependent errors, 

i.e. residual tropospheric, ionospheric and orbital errors, become the limiting 

factors in the error budget which lead to a degradation of the positioning 

accuracy. 

2.2 TROPOSPHERIC ERROR AND CORRECTION 

The tropospheric error or delay results from refraction of the GPS signal 

transmitted through the troposphere which extends from the earth's surface to 

about 40 km above the earth. The magnitude of the tropospheric error is 

dependent on the satellite elevation as well as the meteorological conditions. The 

effect of this error on the height component is highly correlated with the monitor-

remote height difference (see Figure 6.4.1). The tropospheric refraction of the GPS 

signal (in fact any signal at a frequency below 30 GHz) is frequency independent 

(Leick, 1990),. which makes it impossible to eliminate the tropospheric error with 

dual frequency measurements. This has lead to the development of numerous 

models to estimate the tropospheric delay (Hopfield, 1969; Black, 1978; and Goad 

and Goodman, 1974) 
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Tropospheric delay can be expressed as the difference between signal 

paths through the troposphere and a vacuum. The difference can be further 

separated into two parts, a dry and a wet component (Seeber, 1993). The basic 

idea is to estimate the tropospheric delay by empirically expressing the dry and 

wet refractivities as functions of the height above the surface. The tropospheric 

delay in the zenith direction can be calculated through integrating the functions 

along the vertical (to 11 km above the earth's surface for the wet component and 

to 40 km above for the dry). The delay in an arbitrary direction can be obtained 

by applying a mapping function, which is an approximate cosecant function of 

the satellite elevation. This projects the tropospheric delay at the zenith to the line 

of sight (e.g. Hopfield Model, see Hopfield, 1969) The mapping function may 

alternatively be applied before integrating the functions (e.g. Modified Hopfield 

Model, see Goad and Goodman, 1974). 

The total tropospheric delay in the zenith direction reaches up to 2.5 m, 

and increases to about 20 m at a 10 degree elevation. The contribution from the 

dry component accounts for about 90 % of the total tropospheric delay, and can 

be accurately modeled to within 2 - 5 % with using surface meteorological data, 

such as temperature, relative humidity and pressure. The wet component, 

however, contributes to only about 10 % of the total tropospheric delay, and can 

be modeled to 2-5 cm (Leick, 1990). 

Another way to cancel or reduce the tropospheric error is through 

differencing, as mentioned in the previous section, since a high regional 

correlation of meteorological conditions should be expected over a monitor-

remote separation of 50 km (Seeber, 1993). 
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For precise GPS positioning applications, especially for an application 

with a large monitor-remote separation, the cut off satellite elevation angle 

should be set to at least 15 degrees, and the tropospheric model should be 

applied. The meteorological data used in the model should be representative of 

the local atmospheric conditions. In addition, in airborne GPS positioning when 

the monitor-remote height difference may be large, the actual vertical 

temperature and pressure gradients should be taken into account (Tiemeyer et 

al., 1994). 

2.3 IONOSPHERIC ERROR AND CORRECTION 

The ionosphere is the region of the earth's atmosphere between 

approximately 70 and 1000 km above the earth. Unlike the troposphere, the 

ionosphere is a dispersive medium, which causes two different effects on signals 

transmitted through it, namely, the modulated signals on carrier are affected by 

the dispersion and the carrier signals by the refraction. 

For GPS signals, ionospheric errors behave as a time delay on the code 

measurements and an advance on carrier phase measurements. As far as the first 

order approximation is concerned, the magnitude of the ionospheric errors are 

the same for the code and the carrier but with an opposite sign (Seeber, 1993; 

Hofmann-Wellenhof et al., 1992). 

The ionospheric error is determined by the total electron content (TEC) 

along the signal path and the frequency of the signal. It is directly proportional to 
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the TEC and inversely proportional to the square of frequency. TEC is a 

complicated quantity dependent on numerous factors, such as sunspot activity, 

season, time of day, user position and the line of sight to the satellite. The 

ionospheric error reaches 15 m in the zenith direction and more than 150 m at 

elevations near the horizon under extreme conditions (Leick, 1990; Wells et al., 

1986). 

The fact that the ionospheric error depends on the frequency of the signal 

makes it possible to eliminate the error by using dual frequency measurements. 

The ionospheric correction to the Li carrier phase can be expressed as 

22  
d0(t1) = f - f2 ('I(t) - ' L2(t1) - NIX, + N2A.2 ) (2.3.1) 

where d10 (t) is the ionospheric correction to the Li 

carrier phase at epoch t (m) 

and 

L1' f1, N1, A.1 

L2' f2, N2, A.2 

are the Li carrier phase measurement 

(m), frequency (Hz), ambiguity (cycle), 

and wavelength (m/cycle), respectively 

are the L2 carrier phase measurement 

(m), frequency (Hz), ambiguity (cycle) 

and wavelength (m/cycle), respectively 

Since the ambiguity terms are unknown in equation (2.3.1), the absolute 

correction, d10 (t1), can not be practically determined. If no cycle slips occur or if 
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they can be recovered, the ambiguity terms remain constant, so the relative 

ionospheric correction, d0 , can be formed as 

d' '' - h.\ d 
ion - U 10 \Ij) ion  - ( to) 

and applied to the Li carrier phase measurement, i.e.: 

L1/L2 (t1) L1(t1) + d10(t1) 

(2.3.2)' 

(2.3.3) 

Using equations (2.3.1) and (2.3.2) in equation (2.3.3), the relatively ionospheric 

correction applied to Li carrier phase measurement, I,L2(t1) , is of the form 

L1/L2(t1) = (t)- - ( L2(t)+bL1(to)-L2(to)) 

Applying the covariance law, the corresponding noise variance is given by 

where 

f+f 2f4  
0 L1/L2 - 

— (f - f)2 4L1 + (f - f2)2 4L2 

2 

(2.3.4) 

(2.3.5) 

is the noise variance of the LI carrier phase 

'measurement with the relative ionospheric 

correction applied 

is the noise variance of the Li carrier phase 

measurement 
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2 

L2 
is the noise variance of the L2 carrier phase 

measurement 

With consideration of the following relation 

- fi 
bL2 - 4: GLl F (2.3.6) 

the variance of the relatively ionospheric error free measurement is of the form 

or 

- f + f  
- f - f a4 

G1)Ll/L2 = 4.09 GLI 

(2.3.7) 

(2.3.8) 

As can be seen, after applying the relative correction, the noise level increases by 

four times that of the L•i carrier phase. Consequently, the noise level of the 

relative ionospherically corrected measurement in double difference mode is 

eight times that of the Li, namely i to 2 cm (if an Li noise of 1 to 3 mm assumed). 

2.4 ORBITAL ERROR AND PRECISE ORBIT 

GPS satellite orbit information, contained in GPS ephemerides, is essential 

to GPS applications. The ephemerides can be classified into two categories, 

predicted ephemerides (i.e., broadcast ephemerides), and post-processed or 

precise ephemerides. In this section, nominal orbital errors from the broadcast 
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ephemerides as well as Selective Availability (SA) are reviewed. Issues relating to 

the precise orbit are discussed with emphasis on the implementation of precise 

ephemerides. 

2.4.1 Broadcast Ephemeris Error and Selective Availability 

The orbital error is the resultant of the nominal orbital error and the error 

due to SA. The nominal orbital error results from inaccuracies in the broadcast 

ephemerides, which are transmitted to users via the navigation message and 

provide information about satellite position, velocity and satellite system time. 

The broadcast ephemerides are predicted orbits which are based on 

tracking data from five world wide stations which make up the control segment 

(Wells et al., 1986). Updated ephemeris data sets are broadcast every hour and 

are valid for only four hours, two hours before and two hours after the 

ephemeris reference time (Hofmann-Wellenhof et al., 1992). Obviously, these 

predicted ephemerides are not errorless. According to Remondi and Hofmann-

Wellenhof (1989), nominal orbital errors range from 5 to 10 m. Similar results 

obtained in the thesis research support these values, see Section 6.4.3. 

In GPS two kinds of positioning services are available, the Standard 

Positioning Service (SPS) to civil users and the Precise Positioning Service (PPS) 

to authorized users. SPS users will have an absolute horizontal positioning 

accuracy of 100 m and vertical accuracy of 156 m with a probability of 95 % 

(PDOP ≤ 3). 
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SA is the intentional degradation of the GPS signal to limit SPS users from 

taking full advantage of the GPS system, and may be introduced in the Block II 

satellites (launched after the early of 1989). SA is a combination of two effects, 

namely the manipulation of the broadcast ephemeris data and also dithering the 

satellite clock. These two effects are also called orbital SA and clock SA, 

respectively. 

Clock SA error behaves as a random oscillation with a period of several 

minutes. Pseudorange errors due to clock SA vary from 40 to 70 m with periods 

on the order of 5 to 10 minutes (e.g. Braasch et al., 1993). In double difference 

mode, satellite clock errors including clock SA can be largely reduced or 

canceled. From this research, it has been found that in double difference 

kinematic mode with monitor-remote separations of up to 200 km, the maximum 

coordinate error due to residual satellite clock errors is no more than 1 mm. 

Therefore, satellite clock errors can be neglected in this research and no further 

discussion will be given in the sequel. 

In contrast, the error due to orbital SA behaves as a long term, non-

periodic error trend, and leads to a degradation of the broadcast ephemerides in 

the 10 to 40 m range (Seeber, 1993). Figure 2.4.1 gives a comparison between 

satellite orbital errors from Block I (launched before the end of 1985) and Block II. 

The figure shows the results from this research and is generated by the test data 

collected on April 27, 1993 when SA was turned on. Orbital errors in the figure 

are estimated by differencing the broadcast and precise orbits. As seen in the 

figure, the Block I satellite orbital error in position is within 5 m which is due to 

nominal orbital error, while the error from the Block II varies from 20 to 40 m 
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which is obviously due to the orbit SA. 
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Figure 2.4.1 

Comparison Between Orbital Errors from Block I and Block II 

When differencing, errors due to orbital SA can be reduced to some extent 

depending on the monitor-remote separation. Tolman et al. (1990) observed an 

orbital SA effect of 1 to 2 ppm in medium baselines (250 km), and this translates 

into an absolute orbital error of 20 to 40 m when not accounting for the effect of 

satellite geometry. During the test period, an orbital error over one hundred 
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metres due to SA was also detected by Tolman et al. (1990). After the SA 

implementation in April 1990, the orbital SA was found to be much smaller than 

it was during the test period, even approaching the same level as the nominal 

broadcast error (Tolman et al., 1990 and Braasch et al., 1993). In this thesis 

investigation, it is also noted that only one of the five Block II satellites tracked in 

the observation span was significantly affected by orbital SA. The rest are either 

within or close to the marginal limit of the nominal orbital error. Further 

discussions of the orbital error effects on positioning will be given in Sections 3.2 

and 6.4.3. 

2.4.2 Precise Ephemerides and Applications 

For some GPS applications with high accuracy requirements, such as 

geodynamics application and precise relative positioning over hundreds of 

kilometres, the accuracy of the broadcast ephemerides is not sufficient even 

when SA is not implemented. Hence, an ephemerides with a metre level accuracy 

is required. One effective solution is to use post-processed ephemerides, which 

are usually generated with one week observations from a globally distributed 

tracking network. 

Besides the U.S. Defense Mapping Agency (DMA), several other tracking 

networks or organizations compute precise ephemerides, e.g. the Cooperative 

International GPS Network (CIGNET) operated by the U. S. National Geodetic 

Survey (NGS), International GPS Geodynamics Service (IGS) organized by the 
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International Association of Geodesy (JAG), and Canadian Active Control 

System (Seeber, 1993). 

Usually, precise ephemerides are available within a few days to a few 

weeks depending on the organization. Precise orbits of all GPS satellites are 

expressed as satellite positions and velocities (or positions only) at an even time 

interval (900, 1350, 1800 or 2400 seconds). Position and velocity values between 

two given times (in GPS time) can be interpolated with 9th, 11th or 17th order 

Lagrangian interpolators depending on the time interval used (Remondi, 1989). 

With an even time interval, the n-th order Lagrangian interpolator can be 

expressed as 

where 

and 

XS(t) = fl  (t) n (_1)(fl_k) X s(tk) 

(At)  71   k=i (n- k)! k! (t - tk) 

nn (t) =(t - t1) (t - t2)   (t - t 1)(t - t) 

tk = t1 + k,±tt 

t is the interpolated epoch 

tk is the given time 

XS(t) is the interpolated value at epoch t 

xs(tk) is the known value at tk 

At is the time interval 

n is the order of the interpolator 

(2.4.1) 
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In practical computations, the ASCII file is first converted into binary, creating a 

direct access data file, then applying equation (2.4.1) and keeping the following 

relationship: 

tn < t < t  
- 2 

(2.4.2) 

A 9th order interpolator with an interval of 1800 seconds can provide 

satellite coordinates with an interpolation accuracy of less than 30 cm, or 

relatively consistent within 0.01 to 0.02 ppm geodetic survey accuracies 

(Remondi, 1989). The interpolation accuracy depends on the time interval and 

the order of the interpolator. A smaller interval and a higher order interpolator 

will give more accurate position or velocity values. It was suggested by Remondi 

(1989) that one may increase the order of the interpolator rather than decrease the 

time interval when more accurate results are required. 

It is difficult to determine the absolute error in precise orbits. In fact, this is 

not so important for double differencing, since the precise orbits of all satellites 

are homogeneous and overlapping differences can be controlled to the 

centimetre level if the order of the interpolator and the time interval are chosen 

properly. Even if some uncertainty exists, it is reasonable to expect that the 

uncertainty effects on all satellite precise orbits are the same. This expectation is 

correct at least during a limited observation span. The common effects, however, 

can be canceled out in double differencing (see equation 3.2.15). 
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2.5 MULTIPATH. 

The multipath effect causes a signal to arrive via multiple paths and thus 

to have a phase offset with respect to the direct signal. The resultant signal is a 

superimposition of the direct and indirect signals due to reflection and 

diffraction. The signal reflection is caused by surfaces of various objects 

surrounding the antenna. The signal diffraction, introduced by the edges of the 

antenna holder such as a circular ground plane, distorts the radiation pattern of 

the antenna and could lead the reflected signal to be stronger than the direct 

signal (Braasch & van Graas, 1991). 

Multipath errors are frequency dependent and more severe for signals 

from low elevation satellites than in those from high elevation satellites. As well, 

multipath effects depend on a receiver's location, such that nearby objects may 

cause signal reflection, and receiver's motion such that stationary receivers are in 

general more susceptible to multipath than moving receivers. An amplitude of 

20 m errors due to multipath effects on C/A-code measurements were observed 

in a high multipath environment by Lachapelle et al. (1990). For the carrier phase, 

the maximum multipath effect is one quarter of the corresponding carrier 

wavelength (Seeber, 1993). This is only true under the assumption that the 

reflected signal is weaker than the direct, otherwise, the carrier phase multipath 

effect could be much larger (Braasch & van Graas, 1991). In this thesis, a height 

error of 10 cm due to multipath was detected in static mode, see Figure 6.4.15. 

In static mode, carrier phase multipath effects can be observed by 

examining the residuals which have a sinusoidal behavior with an amplitude of 
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several centimetres and a period of several minutes. The effects on the estimated 

positions can be minimized by averaging the results over a longer observation 

span as well as by selecting sites in open areas and using specially designed 

antennas (e.g. with groundplanes or choke rings). 

In an airborne GPS environment, multipath error signatures are generally 

randomized due to the aircraft motion and flexing. In this randomization 

process, signal diffraction was found to play a significant role by Braasch & van 

Graas (1991). It was confirmed with this investigation that the carrier phase 

multipath error on the aircraft behaves as random noise while in flight (see, 

Figure 6.4.16), and it was found that a part of the multipath effect could be 

absorbed by estimated position solutions (1 to 2 cm, see Figure 6.5.5). To mitigate 

the carrier phase multipath effect in an aircraft environment, one way suggested 

by Braasch and van Graas (1991) is to use a low grade inertial measurement unit 

with GPS receivers on the aircraft simultaneously. 
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CHAPTER 3 

ALGORITHMS AND ANALYSIS 

Theoretical analysis of kinematic GPS algorithms and additional issues 

related to the data processing are presented in this chapter. These analyses 

provide a better understanding of the algorithms' behavior and capabilities, 

which is beneficial for selecting an algorithm for implementation. Moreover, they 

are critical for an effective assessment of the accuracy of the results. 

The first section reviews two frequently used algorithms, the state space 

Kalman filter and least squares estimation, and analyzes their features as well as 

their relationship. In the second section, a complete formula is derived to 

estimate and analyze the orbital error effect on positions. The third section 

mathematically reveals the relationship between positioning solutions from 

different receiver pairs in a triple receiver system. The correctness of the relevant 

theoretical analysis presented in this chapter will be subsequently confirmed 

with data collected from flight tests (Chapter 6). 
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3.1 KINEMATIC GPS ALGORITHMS 

Kalman filtering and least squares are two frequently used kinematic GPS 

algorithms (e.g. Schwarz et al., 1989; Cannon, 1987, 1991; Brown and Hwang, 

1992; Georgiadou and Kleusberg, 1991). Each algorithm has its individual 

features, and under certain circumstances one algorithm is equivalent to the 

other one in terms of computational results. In kinematic GPS data processing, it 

is important to understand the features of the algorithms and their relationships. 

For the sake of discussion, the Kalman filter equations are summarized as 

follows (Gelb, 1974): 

If the system model and measurement model are of the form 

Xk = k-1 Xk1 + Wk-1 ' 

= Ak..l Xk..1 + 

the prediction equations are of the form 

= k-1 Xk..1(+) 

Ckx  = (I)k-1 C 1(+) I + C 1 

and the update equations are given by 

= "k() + Kk ('k - Akk(-) } 

C(+) = { I - Kk Ak) Ckx  

Kk = C(-) A { AkC(-) A + C 1 } ' 

(3.1.1) 

(3.1.2) 

(3.1.3) 

(3.1.4) 

(3.1.5) 

(3.1.6) 

(3.1.7) 
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where x is the state vector 

is the transition matrix 

w is the system process noise vector 

1 is the observation vector 

A is the design matrix 

e is the measurement noise vector 

k is the epoch number 

Cc is the covariance matrix of x 

C" is the covariance matrix of w 

K is the Kalman gain matrix 

C1 is the covariance of 1, which is the same for each 

epoch 

and notations, (-), (+) and A represent predicted, updated and estimated 

quantities, respectively. 

The choice of the state space model for kinematic GPS leads to different 

definitions of the transition matrix, CD (e.g. Schwarz et al., 1989; Brown and 

Hwang, 1992), and the covariance of the system process noise, CW, which can be 

derived from CD and the spectral density matrix, Q, as 

At 
C"' = CD(t) Q(t) (DT (,0 dr. (3.1.8) 

The state space model depends on the system dynamics, state vector 

(measurements used), and the assumption on the process behavior of the system 
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(Gelb, 1974; Schwarz et al., 1989; Brown and Hwang, 1992). When the data rate is 

low, the state space model plays an important role in improving the interpolation 

accuracy. Schwarz et al. (1989) have demonstrated that with a data rate of three 

seconds, positioning results improve when using a constant velocity model and 

velocity results improved when using a constant acceleration model. Since this 

section is restricted to a discussion of the algorithms, no further discussion of the 

state space model is given. 

As can be seen from the equations summarized above, the Kalman filter 

can be implemented with different kinematic GPS models as well as different 

measurements. In addition, the process noise is fully utilized in the filter by 

means of the spectral density matrix, Q, which allows the system to adjust the 

contribution to the estimates from the observables at the measurement epoch 

versus a contribution before the epoch. It will be demonstrated later in this 

section that the spectral density matrix is a key factor in the relationship between 

Kalman filtering and least squares. 

Generally, the Kalman filter is employed in kinematic GPS applications 

where the remote receiver is installed on a moving platform, while the reference 

receiver is set up on the ground in stationary mode. However, in the case where 

both the remote and reference receivers are installed on the platform, a Kalman 

filter cannot be employed as it is used in the general case. This is because there is 

no dynamic information (with respect to the monitor) that can be exploited. In 

practice, this problem can be solved by changing the value of the elements in the 

spectral density matrix, which will be discussed later. 
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It is well known that the least squares algorithm for kinematic GPS does 

not use dynamic information at all (Georgiadou and Kleusberg, 1991). This 

means that no assumption is made on the remote motion and no system process 

noise is involved in the implementation of this algorithm. In the sequel, the 

approach where a priori information about unknown parameters is used, is called 

the sequential (least squares) approach. When only observables at the 

measurement epoch are used, it is called the least squares approach. In the 

literature, sometimes both are referred to as least squares. 

If the measurement model is as equation (3.1.2), the expressions of the 

estimate vector and its covariance matrix in the sequential least squares approach 

are of the form (Kraldwsky, 1990) 

Xk(-) = xkl(+) + /x (3.1.9) 

= C 1(+) + AX (3.1.10) 

Xk = Xk(-) + {ACj1Ak +[C(-)] 1} 1AC1 tik - Akk(-)}  

CX = { A Cj Ak + [C(-)i1 } , (3.1.12) 

where Ax 

cLxx 

is the increment vector over two successive epochs 

is the covariance of Ax 

and the notation (-) denotes an estimate based on data collected before epoch k. 

The corresponding expressions in the least squares approach are of the form 

Xk = { A C1 A) 4A C 'k (3.1.13) 

C = (A C1 Ak) (3.1.14) 
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In the least squares approach, the discrete position of the remote is 

determined by only using observables at one epoch, without any requirement of 

the dynamic assumption or the process noise information. Thus, the positioning 

solutions in successive epochs are independent. For the purpose of positioning, 

with a high data rate this approach can be effectively applied to the case when 

the reference receiver is used either in static or in kinematic mode. From the 

research in this thesis, it has been found that with a 2 Hz or even 1 Hz data rate, 

the positions of an aircraft (the aircraft flew at a speed of 80 m per second on a 

nearly straight flight line) from the Kalman filter algorithm (with a constant 

velocity model) are identical to those from the least squares approach. This fact 

indicates two points. The first is that with a high data rate the positioning results 

tend to be independent with respect to the selection of the kinematic GPS model, 

and the second is that the correlation between the positioning solutions in 

successive epochs is so weak that it can be neglected. The second also has been 

confirmed by a comparison between the positioning results from forward and 

reverse time processing (Section 6.5.2). 

In fact, the Kalman filter algorithm can be mathematically transformed to 

either the sequential approach or the least squares approach, so this algorithm 

can provide estimation results which are equivalent to those obtained by the least 

squares no matter what data rate is used. The mathematical proofs are given in 

the following. 

Using the matrix identity lemmas (Krakiwsky, 1990), equations (3.1.6) and 

(3.1.7) can be rewritten as 
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C(•) = { [C(-)] 1 + A C1 Ak) (3.1.15) 

Kk = C(+) A C1 (3.1.16) 

In equation (3.1.4), by letting the transition matrix 1 equal to an identity matrix 

and redefining C' as C6x in equation (3.1.10), the covariance matrix, i.e., 

equation (3.1.15), is transformed to that in the sequential approach. Substituting 

equation (3.1.15) into (3.1.16), and equation (3.1.16) into (3.1.5), the resulting 

equation is the estimation equation for the sequential approach. 

To transform the Kalman filter to the least squares approach, letting the 

spectral density matrix, Q, approach infinity, which leads [C (-)]' in equation 

(3.1.15) to approach zero considering equations (3.1.8) and (3.1.4), equation 

(3.1.15) thus becomes 

= { A C1 Ak) (3.1.17) 

Equation (3.1.17) is the transformed expression, i.e., the covariance matrix in the 

least squares approach. By using equations (3.1.17) and (3.1.16) in equation 

(3.1.5), the transformed estimation equation is obtained. In the above process, the 

transition matrix is not changed at all. This feature offers a great advantage in 

using the Kalman filter algorithm to realize the functions of the least squares 

approach, since what is needed is to set a large value in the diagonal elements of 

Q. 

In summary, least squares has a more concise form of the equations 

compared with that in the Kalman filter, so it can be exploited in formula 
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derivation to provide a mathematical proof or analysis regarding the positioning 

results. When the data rate is high, the same results can be achieved by using 

least squares as those from the state space Kalman filter algorithm. While the 

Kalman filter has a general form of the equations which are suitable for 

implementation of different kinematic GPS models and measurements, it also 

provides flexibility to meet the needs of a practical application in different 

dynamic environments. In addition, by changing the spectral density matrix, this 

algorithm can function as the least squares and provide the estimated results 

which are identical to those from the least squares. But this does not hold the 

other way round in some cases, e.g. with a low data rate, in a high dynamic 

environment or less than four satellites. 

3.2 ANALYTICAL ESTIMATION OF ORBITAL ERROR EFFECT ON 

ESTIMATED POSITIONS 

The orbital error effect on positions can be estimated by using actual data, 

i.e. differencing the results using the precise orbit from those using the broadcast 

ephemerides. The result is a comprehensive effect which comes from a variety of 

factors, and is often limited by the data sample which is used and the observation 

conditions. This estimation process using actual data is important for quantifying 

the orbital. error effect on positioning but has less universality from an error 

analysis point of view. For error analysis, analytical estimation is more effective. 

The following equation is a rule of thumb for the estimation of the orbital error 

effect on the baseline determination (Wells et al., 1986). 
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db = dp  (3.2.1) 

where dp is the orbital error, db baseline error caused by dp, b the baseline length 

and p the range. This estimation is based on the effect of one satellite, so it is a 

simplified estimation. Furthermore, from the research in this thesis, it has been 

found that in kinematic double difference GPS positioning, the effect of orbital 

errors on the estimated positions is more dependent on the satellite geometry 

than the monitor-remote separation or even the magnitude of the orbital errors. 

This can not be explained with equation (3.2.1). So it is expected that a theoretical 

basis can be found to provide an explanation. All the above leads to a need for 

sophisticated analytical estimation of the orbital error effect on estimated 

positions. 

In the following, a complete formula is derived which provides a better 

understanding of how the orbital errors affect the estimated positions in the 

kinematic double difference positioning. The derivation is based on the least 

squares approach. In the formulas in this thesis, the superscript denotes satellite, 

the subscript denotes receiver, and the variable in bold denotes a vector or 

matrix. 

Disregarding all error terms which can be canceled or reduced in double 

differencing and letting the noise term be contained in observables, the carrier 

phase observation equation from a remote receiver can be expressed as 

= a Xr + N + p + a ox' (3.2.2) 
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where is carrier phase measurement from the remote 

receiver, r, to the satellite, i 

Xr is the estimated position vector of the remote, r, 

p . 

and xr Xr, Yr' Zr ] 
T 

is the position error vector of the satellite, i, and 

6x' = [öx, 6y', 6z ] T 

is the ambiguity of (b 

is the range from the remote, r, to the satellite, i, 

and pir Xr X )2 +( Yr - yi )2 + ( Zr - Zi )2 ] 

where Xr, '1r, Zr are the coordinate of the remote, r 

, and Y, are the coordinate of the satellite, i. 

ar is the coefficient vector, and 

- r Xr - X1 r  Zr - 
ar — I j . j / 

Pr Pr Pr 

The corresponding equation for a monitor receiver is 

CD' = N' + p + a x' (3.2.3) M m 

where m represents the monitor receiver, and the double difference equation is 

thus of the form 

(3.2.4) 
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i = 1, ... , k-1,k+1, ... , n 

where k and n represent the base satellite and the number of the satellites 

tracked, respectively, and 

= - lk + - cI (3.2.5) rmr 

N = N. - + - (3.2.6) 

1k i k 
Prm = Pr - Pr + P - P (3.2.7) 

and dx1k = (a - a) öx' - (a - a) 6x' (3.2.8) 

If the correct ambiguities are resolved and fixed, the effect of orbital errors 

on the estimated position at each epoch is derived as 

Xr = (A C 1 AdA C 1 (3.2.9) 

where SXr is the position error vector of the remote, and 

Xr = [6xr, Syr  SZr } T, where öXr, Syr' 6 Zr are the 

coordinate errors caused by satellite orbital errors 

and k+1 kT Ar = [( a T _a), ... ,(a 1 _a)T,(ar - ar) , ... ,(a _ a)T]T (3.2.10) 
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Equation (3.2.9) is the complete formula which gives the analytical 

relationship between the orbital error effect on the estimated position and the 

satellite orbital errors. If the following approximation is assumed: 

i I 
PPr Prn, 

equation (3.2.8) can be rewritten as 

dx" = p" axik 
p 

where a = [x r-  Xm Yr Ym' Zr 

(3.2.11) 

(3.2.12) 

Zm  1 (3.2.13) 

(3.2.14) 

Using equation (3.2.12) in equation (3.2.9), the approximated formula is thus of 

the form 

Xr { A C 1 Ad 1 A C' 

!!!L öx' 
P 

(3.2.15) 

As can be seen from the equation above, through an approximation of 

equation (3.2.11), equation (3.2.9) is presented in a more significant form with 

regard to error analysis. On the right hand side of equation (3.2.15), the first 

factor, ( A T Cj1 Ar) , is the covariance matrix of the estimated position; a is 
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the baseline vector formed by the monitor and the remote receiver (equation 

(3.2.13)); and 6x is a difference vector between the position error vector of one 

satellite and that of the base satellite (equation (3.2.14)). By comparison with 

equation (3.2.15), equation (3.2.1) obviously can be a special case reduced from 

equation (3.2.15). 

The following four points which are implied in equation (3.2.15) should be 

pointed out: 

1) As an indicator of the satellite geometry, the covariance (or standard 

deviation) of the estimated position plays a critical role in dictating the 

orbital error effect on positions. Through the covariance, poor satellite 

geometry can be an amplifier of orbital errors, 

2) With other conditions being equal, the orbital error effect is directly 

proportional to the monitor-remote separation, 

3) Elements of the column vector on the right hand side of the equation are 

inner products. This indicates that the orbital error effect on the position • 

also depends on the direction of the vector formed by the monitor and the 

remote receiver as well as on that of the satellite position error vectors, 

4) In double difference mode, it is the relative orbital error (the position error 

vector of one satellite with respect to that of the base satellite) that effects 

the estimated position, rather than the absolute one. 
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3.3 THEORETICAL ANALYSIS ON SOLUTIONS FROM A TRIPLE 

RECEIVER SYSTEM 

A triple receiver system, as the term suggests, is composed of three 

separate receivers. It is frequently employed in an application of double 

difference GPS positioning either in static or kinematic mode. In the case of one 

remote receiver and two monitor receivers, it often happens that the positioning 

accuracy of the remote is assessed through the difference in solutions determined 

from two monitors. The magnitude of the difference is usually taken as an 

indicator of the remote positioning accuracy. This practice, as a means of 

accuracy assessment, is not only accepted but taken for granted as well. In fact, 

this assessment is ineffective in double difference GPS positioning, since the 

measurement information from the remote is eliminated when differencing one 

monitor solution from the other. This concept is analogous to systematic error 

terms in GPS observables being canceled or reduced in double difference mode. 

Also, this concept can be mathematically verified. The following proof is still 

based on the least squares approach, and assumed in kinematic mode. 

One remote and two monitors form three different receiver pairs, i.e., two 

remote-monitor pairs and one monitor-monitor pair. At each epoch, the 

observable equation sets from the two remote-monitor pairs can be expressed as 

1ii = ArX + flu, j=1,2 (3.3.1) 

where the first subscript represents the estimated receiver, the second represents 

the reference receiver; r, 1, and 2 represent the remote and two monitors, 
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respectively, n1 is the ambiguity vector, 1 is the misclosure vector and 

fl1j = [N1' N' 11 N' 1' N jT 1j••• ij ij ••• (3.3.2) 

k+lk 1k 1 = [t 1.'— p. 1k13 r) _p Ik , +lk_ p ,..., l(_ p k]T (3.3.3) 

and the definitions for x, , N, r, and A, see equations (3.2.2), (3.2.5), (3.2.6), 

(3.2.7) and (3.2.10). 

Assuming that the ambiguities are resolved and fixed, the estimated 

remote position at each epoch with respect to the two monitors is thus of the 

form 

x = {A'Cj1ArY1A'Cj1(1 ij - fl ), j1,2 (3.3.4) 

Data from the monitor-monitor pair, however, also can be processed in 

kinematic mode. If the first monitor is still used as the reference station, the 

corresponding observable equation and the estimated position of the second 

monitor are of the form 

121 = A2 x21 + n21 

X21 = (A T C A2) 1A C (121 - n21 ) 

(3.3.5) 

(3.3.6) 

With the realization of equations (3.2.5) to (3.2.7), the following two relations 

hold: 

121 = in - 1r2 1 (3.3.7) 
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zi = 11r1 - r2 (3.3.8) 

Using equations (3.3.4), (3.3.7) and (3.3.8), the difference in solutions determined 

from two monitor stations, dXr, can be derived as following 

dXr = { A C1 Ar) 1A Ci1 (121 - n21) (3.3.9) 

As seen from the above equation, the measurement information of the 

remote has been already eliminated, and what remains is information regarding 

two monitors and the design matrix of the remote. By comparison with equation 

(3.3.6), it is clear that dXr and x21 are approximately linearly dependent. Thus, as 

a result of differencing solutions from two monitors, dXr obviously cannot act as 

a measure of the positioning accuracy of the remote. As a matter of fact, when 

considering equations (3.3.7) and (3.3.8), the estimated positions from the three 

receiver pairs are dependent, see equations (3.3.4) and (3.3.6). This means one 

solution can be approximately expressed by a linear combination of the other 

two. 

As a side product from the derivation, an interesting feature regarding the 

misclosure in a triple receiver system is discovered. When differencing equation 

(3.3.9) from equation (3.3.6), the misciosure formed by the three receiver pairs, 

Axri2, is generated, i.e., 

AXri2 = ( { A T C1 A2) 1AT - { A C1 A 1 1AT ) C1 ( 121 - fl21 ) (3.3.10) 2 rJ r 
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It is generally agreed that if successful data processing is achieved using a 

triple receiver system, the misciosure should always be close to zero, while 

equation (3.3.10) demonstrates that this is not necessarily to be true in some 

cases. When the separation between two estimated receivers (herein i.e., the 

remote and the second monitor) is large (e.g. over 50 km), which leads to a large 

difference in the corresponding design matrices, the misciosure may not be close 

to zero, even though successful data processing is achieved in all three receiver 

pairs (e.g. Figure 6.5.8). In practice, with small separations (less than 30 km), the 

difference in the design matrices may be neglected as far as the misciosure 

computation is concerned. In other words, a zero misciosure may be expected in 

this case. 

Although the proof and demonstration above are based on the assumption 

of one remote and two monitors, the concept and relevant features can be, 

without loss of generality, applied to any kind of a triple receiver system, no 

matter which of the three receivers is used in kinematic or static mode. 
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CHAPTER 4 

CONFIGURATIONS AND OPERATIONAL STRATEGIES 

For airborne photogrammetry and remote sensing without the use of 

ground control, aircraft positions at the 10 cm level are required, for instance for 

a viable GPS photogrammetric control system used in precise mapping (Merrell 

et al., 1989) or for a large scale airborne photogrammetry, e.g. 1:3000 to 1:6000 

(see Schwarz et al., 1994). To ensure that this accuracy level can be achieved, 

issues relating to the use of a multi-receiver GPS configuration have to be 

investigated. These include the configuration of GPS receivers on the ground and 

aircraft, optimum separations between the monitor receivers and the aircraft, and 

operational procedures. Solutions of the problem are affected by many factors, 

such as available equipment, size of the test area and distance between the 

airport and the operational area. 

In this chapter, an error budget comprising the relevant GPS error sources 

which limit the achievable accuracy is given. Some possible solutions to 

minimize these errors for high accuracy GPS positioning are developed. 
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4.1 ERROR BUDGET AND LIMITATIONS 

When using the differential GPS technique as discussed in Chapter 2, the 

main error sources that limit the accuracy of aircraft positioning are residual 

tropospheric, ionospheric, orbital effects and multipath. Orbital errors as well as 

tropospheric and ionospheric errors are spatially correlated, so their magnitudes 

are a function of the separation between the monitor and remote stations, and 

can be expressed in terms of relative accuracy, e.g. in parts per million (ppm). 

Generally, residual tropospheric error ranges from 0.2 to 0.4 ppm after the 

tropospheric correction is applied (Beutler, 1988). The ionospheric effect greatly 

depends on the user's position, observation time and satellite elevation. Under 

normal conditions, the residual ionospheric error can be estimated within 025 to 

3 ppm (see Georgiadou and Kleusberg, 1988; Cannon, 1991; and Section 6.4.2). 

Based on the discussions in Sections 2.4.1 and 3.2 as well as on the results in 

Section 6.4.3, and considering the effects of satellite geometry under favorable 

conditions (six satellites in view and with a factor varying from 1 to 1.5 due to the 

standard deviation of the estimated position), the residual nominal orbital and 

orbital SA errors can be approximately estimated to within 0.5 to 1 ppm and I to 

2 ppm, respectively. 

Table 4.1 summarizes the magnitudes of these residual errors for the case 

when using Li measurements under SA. The total error budget, which is 

estimated as the square root of the sum of the squares of the individual 

component errors (Cannon, 1991), is also given as is the percentage contribution 

of the individual errors. 
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Table 4.1 

Residual GPS Errors for the Case of Li Measurements with SA on 

Error Source 

(Residual) 

Magnitude 

(PPM) 

Contribution to 

Error Budget 

Troposphere 0.2-0.4 1% - 3% 

Ionosphere (LI only) 0.3 - 3 7% - 64% 

Orbit (Broadcast) 0.5 - 1 7% - 13% 

Orbit (SA) I - 2 28% - 72% 

Total Error Budget 1.2 - 3.8 100% 

One error that is not listed in Table 4.1 is the effect of multipath. Multipath 

is not spatially correlated and will, therefore, not be decreased by differential 

processing. The multipath effect on the carrier phase measurement is a main 

error source in the airborne GPS positioning environment either while stationary 

or in flight. The multipath error has a random behavior and the effects on the 

estimated position can be a few centimetres (see Section 6.4.5). 

In Table 4.1, the total residual error ranges from approximately 1.2 - 3.8 

ppm, of which the contributions of the ionosphere and the orbital SA account for 

64% and 72 %, respectively. Since SA is turned on indefinitely, it will be one of 

the critical error sources. Under this assumption, if the monitor-remote 

separation is 30 km, the total error will range from 3.6 to 11.4 cm. To achieve 

aircraft positions at the 10 cm level, the monitor-remote separation should be 
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limited to a range less than 30 km. Beyond this range, the integer nature of the 

double differenced ambiguities will not be maintained, and this will degrade the 

accuracy of the remote positions (Cannon, 1991). The general case for differential 

GPS applications involves the use of a Li receiver with SA on. This is treated as 

the case on which the following discussion on GPS receiver configurations will 

be based. 

Table 4.2 gives the magnitude of each of the residual GPS errors when 

using L1/L2 measurements with SA turned on. The residual ionospheric error 

term is neglected in Table 4.2, since the residual effect can be assumed negligible 

after ionospheric correction using dual frequency measurements (Wells et al., 

1986). As shown, the total residual error ranges between 1.1 and 2.3 ppm. 

Compared with Table 4.1, the error decreases by 1.5 ppm for the worst case after 

removing the ionospheric bias. 

Table 4.2 

Residual GPS Errors for the Case of Lu L2 Measurements with SA On 

Error Source 

(Residual) 

Magnitude 

(PPM) 

Contribution to 

Error Budget 

Troposphere 0.2 - 0.4 3% 

Orbit (Broadcast) 0.5 - 1 19% 

Orbit (SA) 1 - 3 78% 

Total Error Budget 1.1 - 2.3 100% 
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The effect of the orbital SA error can be avoided by using post-mission 

precise ephemerides. The contribution of residual error due to the precise 

ephemerides is less than 0.1 ppm (Remondi, 1989), so it can be neglected. 

Summarized in Table 4.3 are the magnitude of residual GPS errors in the case 

when using Li measurements with precise ephemerides. The total residual error 

is within a range of 0.4 to 3 ppm, which is about a 25% error improvement over 

the broadcast ephemerides case. 

Table 4.3 

Residual GPS Errors for the Case of Li Measurements with Precise 

Ephemerides 

Error Source 

(Residual) 

Magnitude 

(ppm) 

Contribution to 

Error Budget 

Troposphere 0.2 - 0.4 2% - 31% 

Ionosphere (LI only) 0.3 - 3 69 % -98% 

Total Error Budget 0.4 - 3 100% 

In the case when using L1/L2 measurements with precise ephemerides, 

the total residual error will be significantly reduced to a level of less than 0.5 

ppm. Since civilian users cannot exploit the advantages of using a P-code 

receiver anymore, the use of Li /L2 measurements with post-mission precise 

ephemerides is a realistic and effective solution to avoid the effects due to the 

ionosphere and orbital SA errors to improve positioning accuracy. 
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4.2 CONFIGURATION OF GPS RECEIVERS 

4.2.1 Configuration on the Ground 

The configuration of GPS receivers should be designed to ensure that the 

accuracy requirements of the aircraft positions can be maintained throughout a 

mission and that they can be checked. To reach this goal, it is important to limit 

the area controlled by a single monitor receiver. Based on the previous discussion 

about the use of Li measurements under SA, the area should be limited to within 

40 X 40 km with the monitor station in the centre. If the flying height of the 

aircraft is about 5000 m, the maximum distance between the monitor station to 

the aircraft will then be less than 30 km. Within this distance, the ambiguities can 

generally be resolved on-the-fly during the post-processing, so that ambiguity 

initialization is not required. If the entire operational area is accessible, the 

positioning accuracy of the aircraft over the area can be controlled by the monitor 

stations set up based on the above guideline. 

An alternative scenario is to initialize the ambiguities before the mission. 

This needs at least one additional monitor receiver to be set up within a range of 

several kilometres (preferably several tens of metres) from the aircraft. This 

ensures that the initial ambiguities can be correctly resolved from a static survey 

at the beginning and end of a mission and, thus, fixed to their integer values 

during the mission. If the airport is more than 30 km away from the operational 

area, more monitor receivers may be required along the flight line in order to 

transfer initialized ambiguities to the operational area (see Shi & Cannon, 1993). 
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In this scenario, the configuration of monitor receivers depends not only on the 

size of the operational area, but also on the distance between the airport and the 

operational area. Compared with the scenario where ambiguity resolution on-

the-fly is exploited, this scenario is less cost effective but more reliable, since it is 

usually not difficult to resolve integer ambiguities between the monitors. 

In case the operational area is inaccessible, such as mountainous or 

forested areas, and also far away from the airport (over 100 kilometres), receivers 

with a function providing the L2 measurements (e.g. cross correlation L2 and the 

L2 in the Z-Tracking mode, see Ashjaee and Lorenz, 1992) and ambiguity 

initialization are needed if the required positioning accuracy is of the order of 10 

cm. In this case, at least one monitor should be set up at the airport for ambiguity 

initialization, and another installed on the aircraft. If one additional receiver is 

available, it should be installed on the aircraft to increase the redundancy of 

kinematic data. However, the ideal configuration in this case is to use two 

monitors (if more than three receivers are available) with a separation of several 

kilometres. This configuration can provide an independent comparison for 

accuracy evaluation, see Sections 5.2 and 6.5.4. 

4.2.2 Configuration on the Aircraft 

For the purpose of airborne GPS positioning, the basic configuration on 

the aircraft involves the use of a single receiver. The main drawback of using a 

single receiver is that no checking can be performed. If more than one monitor is 
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used in this case, as explained in Section 3.3, any aircraft position errors will be 

eliminated when differencing aircraft positions estimated with respect to two 

monitor stations. An alternative configuration is that two or more receivers are 

installed on the aircraft, which has the following advantages: 

1) Provides an alternative for detection of cycle slips on the aircraft. Since the 

distance between the two antennas is known, the computed baseline can 

be compared with the known length to determine if cycle slips occur on 

either of the aircraft receivers. 

2) Provides a spatial vector defined by a pair of antennas on the aircraft at 

each measurement epoch so that a comparison can be made between this 

vector and the solutions determined with respect to the monitor station(s). 

This will also be helpful in assessing multipath effects since any 

differences in these two solutions can only be attributed to multipath 

errors assuming all cycle slips are correctly resolved. 

3) Provides more measurement information than from a single antenna, so 

that the reliability of the aircraft positions will be increased. 

4) Allows aircraft heading determination in the case of two receivers and 

attitude in the case of three or more receivers. 

4.3 OPERATIONAL STRATEGIES 

In planning the operational scheme, the most important criterion is that 
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the required accuracy is met. Furthermore, the operational scheme should also be 

designed in such a way that more additional accuracy checking and analysis 

methods can be provided. 

Considering the high dynamics of an aircraft, it is required that all GPS 

receivers collect data at a high data rate (not lower than 2 Hz). It is beneficial for 

the interpolation of GPS positions (for instance, to the time of exposure in 

airborne photogrammetry) as well as for carrier phase cycle slip detection. The 

tracking loop bandwidth of each remote receiver on the aircraft should be set to 

16 Hz which is the ideal setting for an aircraft dynamic environment. A 16 Hz 

bandwidth allows phase lock under accelerations of up to several tens of rn/s2 

with only a small probability of cycle slips (Braasch.& van Grass, 1993). 

In selecting the optimal observation span, it is strongly recommended that 

the GDOP be less than three within the operational area, and that more than five 

satellites are visible during a mission since the satellite geometry plays a critical 

role. An ideal observation span has four or more satellites covering the entire 

kinematic positioning period (preferably covering the entire observation span) to 

avoid multiple satellite switching and to keep the positioning accuracy 

consistent. 

An open environment is required at each monitor station and each 

monitor antenna should be equipped with a choke ring or a radio frequency 

absorbing groundplane so that the effect of multipath can be minimized. The 

satellite elevation cut-off angle should be between 10 and 15 degrees, leaving 

some optional space for the post mission data processing. 



50 

Before and after the flight, the aircraft should remain stationary for 30 

minutes to acquire sufficient data for ambiguity resolution as well as for 

examining the multipath effects on the aircraft in static mode. The observation 

span for monitor receivers should not be less than two hours in order that the 

baselines between the monitors can be correctly determined. 
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CHAPTER 5 

DATA PROCESSING STRATEGIES AND ACCURACY EVALUATION 

Effective data processing strategies are essential in order to achieve 

successful positioning results, while accuracy checking and analysis methods are 

very important in verifying the positioning accuracy. General data processing 

strategies are summarized and several methods for accuracy checking and 

analysis are presented in this chapter. The strategies and methods are suited for 

airborne GPS positioning with a multi-receiver configuration. 

5.1 DATA PROCESSING STRATEGIES 

The post mission data processing can be divided into three stages 

according to the receiver configurations and operational strategies discussed in 

the previous chapter. 
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In the first stage, all static data from the various monitor stations are 

processed to determine their relative coordinates. Based on these monitor 

coordinates, the trajectory of the aircraft will be determined in the following 

stages. 

The second stage is the processing of the static initialization data collected 

before aircraft take off and also after landing. All integer ambiguities should be 

correctly resolved so that they can be fixed during kinematic data processing. 

With resolved ambiguities, the aircraft coordinates can be determined at the 

centimetre level with respect to the monitor at the airport before take off and 

after landing. These known coordinates can be used for flight misciosure tests at 

the start or end of the mission (see the next section). 

Kinematic processing of the aircraft data is performed in the last stage. 

Positions of the aircraft at each measurement epoch are determined using the 

double difference method with fixed integer ambiguities. For ionospherically 

corrected measurements, however, the ambiguities should be fixed to their 

floating solutions rather than their nearest integer values, since the integer nature 

of the ambiguities will not be maintained after the ionospheric correction is 

applied. 

During kinematic data processing, the following considerations can be 

made: 

1) When two or more receivers are installed on the aircraft, one can be used 

as a pseudo-reference station. Based on the trajectory of the pseudo-

reference station generated with respect to a monitor station on the 
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ground, the positions of the other aircraft receiver(s) with respect to the 

pseudo-reference station can be determined. In this case, one should use a 

least squares algorithm or a Kalman filter as given in Section 3.1. 

2) To keep the positioning accuracy consistent, frequent satellite switching 

should be avoided. In addition, one should use the most recently updated 

ephemerides which correspond to the period during the largest monitor-

remote separation, rather than switching to updated ephemerides every 

hour (see Section 6.4,3). 

3) To increase reliability and provide an accuracy checking method, both 

kinematic and static initialization data should be processed in forward 

and reverse time. 

4) For applications with a large monitor-remote separation (over 50 km), a 

minimum of four satellites are required without losing phase lock during 

the kinematic period if no inertial measurement unit (INS) is used on the 

aircraft. 

5.2 METHODS FOR ACCURACY CHECKING AND ANALYSIS 

In order to assess the quality of the results, methods for accuracy checking 

and analysis have to be studied. For airborne GPS positioning, the following 

accuracy checking and analysis methods are available. Some of them are 

dependent on the receiver configuration. 



54 

1) flight Misciosure Test 

The flight misciosure test can be used at the end or the start of the flight. A 

misciosure at the end of the flight is generated by differencing the aircraft 

position at the end of the mission with the known coordinates determined using 

static data collected after landing. A misciosure at the start of the flight is 

generated by differencing the aircraft position at the start of the mission with the 

coordinates determined from the static data collected before take off (e.g. data 

processing in reverse time). If the flight misciosures are at the centimetre level, it 

indicates that the integer ambiguities are correct at the start and end of the 

mission. Centimetre level misciosures are a basic requirement for a successful 

kinematic run. However, they do not guarantee that successful data processing 

has been achieved during the entire kinematic run. 

2) Comparison Between Forward and Reverse Processing 

The trajectory of the aircraft determined from forward time processing can 

be compared with that from the reverse, so that the consistency of the results can 

be checked. This is critical when some satellites rise or set during flight. This 

method can be used to examine the correctness of the new satellite ambiguities, 

and to detect if a problem occurred during the fight. Consistent results from 

forward and reverse processing are expected when successful data processing 

has been achieved in both directions. 
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3) Comparison with Known Baseline on the Aircraft 

When two receivers are installed on the aircraft with a known separation, 

the GPS derived distance between them can be compared. Three different GPS 

derived distances can be generated from three methods. The first one is to 

directly estimate the relative position of one aircraft receiver with respect to the 

other (using a pseudo-reference station). The second is to difference two aircraft 

trajectories determined from one monitor receiver on the ground. A third method 

is to difference two aircraft trajectories which are determined from two monitors. 

These two trajectories are independent. Differences in the known and GPS-

derived aircraft antenna separations reflect the internal positioning accuracy, the 

consistency of different positioning solutions, multipath effects and 

measurement noise. 

4) Triangle Misciosure Test 

Two receivers on the aircraft and one monitor receiver on the ground form 

three different kinematic vectors. A triangle misciosure in each coordinate 

component can be generated with the three kinematic vectors at each epoch. 

Based on the demonstration given in Section 3.3, this misciosure should be very 

close to zero. But a zero misciosure is only a required indicator for three 

successfully processed kinematic runs. 
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5) Residual Analysis 

Residual analysis can be performed by examining the residuals of the 

double difference carrier phase measurements. The level of residual errors 

(atmospheric, orbital errors as well as amplified measurement noise due to 

differencing) remaining after differential processing can be quantified through 

this analysis. 

6) Systematic Error Effect Analysis 

Effects of systematic residual errors can be isolated and quantified 

through comparisons between solutions from diEferent scenarios, such as 1) 

solutions with tropospheric corrections applied, versus those without the 

corrections, 2) results using the ionospheric effect free measurement versus those 

using the Li only, and 3) precise ephemerides versus the broadcast (see Section 

6.4). 
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CHAPTER 6 

TEST DESCRIPTION, RESULTS AND ANALYSIS 

To demonstrate the achievable accuracy of GPS in an aircraft 

environment, results from an airborne GPS positioning test using a multi-

receiver configuration are presented, in this chapter. The relevant theoretical 

analysis presented in Chapter 3 is confirmed by the results from the test data. 

Data processing strategies and accuracy check methods presented in Chapter 5 

are applied to the data processing, and the results are examined and discussed. 

In addition, the effects of critical errors from the troposphere, ionosphere, 

orbit and multipath on the estimated positions are investigated using the test 

data. 

6.1 TEST DESCRIPTION 

A series of airborne GPS positioning tests were undertaken during 

April, 1993, in order to assess the achievable accuracy of GPS for precise 

positioning in an aircraft environment. The tests were conducted in the Lake 
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Ontario region and consisted of several flight runs over Lake Ontario on 

several days. Four Trimble 4000 SSE receivers were used, two as remote 

stations on the aircraft and two as monitor stations on the ground. The SSE 

receivers have the capability of using P-code Li and L2 when available and 

the C/A-code Li and cross-correlation mode on L2 when the P-code is denied. 

In cross-correlation mode, a full wavelength L2 carrier measurement is 

available so processing options such as ionospheric corrections and 

widelaning are possible. Both modes were tested during the campaign. 

A Cessna 310R twin engine aircraft was used during the test. Two 

antennas, herein called FORE and AFT were mounted on the fuselage with a 

separation of 93.7 cm manually measured by tape. One monitor station, 

OSHA was set up at Oshawa Municipal Airport, and the second one, WLAK, 

at Westlake on Quinte Island, Prince Edward County, about 131 kilometres 

away. Both monitor stations were in open areas and equipped with Trimble 

Geodetic antennas with a 19 cm radius groundplane in order to minimize 

multipath effects. The OSHA site was about 43 metres away from the aircraft 

before take off (and after landing) to allow for an adequate static initialization. 

Figure 6.1.1 shows a sketch of the GPS receiver configuration used in the tests. 

During the flight tests, Selective Availability (SA) was on and there were 5 to 

7 satellites in view above 15 degrees during the entire mission, see Figure 

6.1.2 which gives the satellite 'skyplots (azimuth versus elevation) during the 

two 30 minute periods, before the aircraft take off and after landing. The 

PDOP was generally about 3. 
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GPS Receiver Configurations on the Ground and on the Aircraft 
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The flight test on an individual day was carried out according to the 

following procedure: before take off, the aircraft remained static on the tarmac 

and at least 30 minutes of GPS data was logged to ensure correct and reliable 

ambiguity initialization. Then the aircraft-mounted receivers were switched 

to kinematic mode and the aircraft took off and flew an east-west line over 

the lake. The altitude was about 100 metres over the lake, and the aircraft 

speed reached 80 m/s. After completing two or three flight lines on the same 

track, the aircraft returned to the airport and landed close to the same place as 

before take off. Another half hour of data was then collected in stationary 

mode. All four receivers logged raw data at a 2 Hz rate during the 3 and half 

hour mission. 

Data from April 27 and 28 were selected for post-processing in which 

the receiver was set to P code mode and P codeless mode (i.e. cross-

correlation), respectively. Figure 6.1.3 shows the flight path on April 27 in 

terms of northing versus easting, and Figure 6.1.4 shows the flight path 

changing in latitude, longitude and height versus GPS time. The flight path 

on April 28 is similar to those shown in Figures 6.1.3 and 6.1.4. 
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6.2 DATA PROCESSING 

Data processing was implemented in two stages. Firstly, the static 

initialization data before aircraft take off and also after landing were processed 

to determine the position of the aircraft with respect to OSHA to the 

centimetre level. These relative positions can then be used to check the 

misciosure between the start and end of the mission which can be used to 

verify the quality of the results. Data from these static baselines were 

successfully processed to generate integer ambiguity carrier phase solutions. 

The second stage was the kinematic processing of the aircraft data. 

Several strategies were implemented in order to check a variety of processing 

options. These scenarios are listed in Table 6.2.1. Each of the monitor 

receivers (i.e. OSHA and WLAK) were processed with respect to each of the 

aircraft antennas (i.e. FORE and AFT). As well, the two aircraft antennas were 

processed with respect to each other, as were the two monitor stations. For the 

April 27 test, in which the receiver was in P-code mode, both Li, L2 and 

ionospherically corrected Li (i.e. L1/L2) data was processed for the longer 

baselines. On April 28, the receiver was in C/A-code mode and only the Li 

and cross-correlation L2 data (i.e. Cc L2) data were analyzed. Problems were 

experienced with using the cross-correlation data for ionospheric corrections 

(see Section 6.4.2), 50 this option was not further investigated. The data was 

processed in forward and reverse time to check the consistency of these two 

solutions. 
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Table 6.2.1 

Kinematic Data Processing Scenario 

Antenna Pair Day 
Carrier Phase 

Measurement Used 
Ephemerides Used 

OSHA-FORE 
April 27 

April 28 

P-code Li, U, L1/L2 

C/A-code Li, Cc U 

Broadcast & Precise 

Broadcast 

OSHA-AFT 
April 27 

April 28 

P-code Li, U, L1/L2 

C/A-code Li, Cc U 

Broadcast & Precise 

Broadcast 

FORE-AFT 
April 27 

April 28 

P-code Li, U 

C/A-code Li, Cc U 
Broadcast 

AFT-FORE 
April 27 

April 28 

F-code Li, Ii 

C/A-code Li, Cc U 
Broadcast 

WLAK-FORE April 27 P-code L1/L2 Precise 

WLAK-AFT April 27 P-code L1/L2 Precise 

OSHA-WLAK April 27 P-code L1/L2 Precise 

* Cc U -- Cross-correlation L2; Li /L2 -- lonospherically corrected 

In most cases, the carrier phase ambiguities were fixed to integers. The 

software used in the data processing is the SEMIKINTM program, developed at 

The University of Calgary (Cannon, 1990), which utilizes a double 

differencing approach. The program was modified in this research to allow 

for the use of precise orbit and a pseudo-reference station on the aircraft. Data 

from several satellites were rejected due to frequent cycle slips on April 27. 

With the remaining data, at least five satellites were in view during the 

entire mission. One satellite was rejected from April 28 due to cycle slips, 
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however at least six satellites were visible throughout the mission. 

Since four receivers were used in the test, solutions from different 

antenna pairs can be compared in different ways. The four methods that were 

selected for the evaluation of the results are: 1) flight misciosure test, 2) 

comparison of the estimated distance between two antennas on the aircraft 

using GPS with the measured distance, 3) comparison of aircraft trajectories 

from forward and reverse time processing solutions, and 4) triangle 

misciosure test. These methods have been explained in Section 5.2. 

6.3 POSITIONING RESULTS 

Kinematic positioning results with four types of measurements are 

presented herein to demonstrate the potential internal accuracy of airborne 

differential GPS positioning with a monitor-remote separation of 200 km. 

Data quality and validation, ambiguity correctness, and noise level of each 

type of measurement are examined through flight misciosure tests and 

residual analysis. 

6.3.1 Results with P-code Li and C/A-code Li 

C/A-code Li carrier phase is one of the fundamental observables and is 

generally used in various high accuracy positioning applications. The noise 
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level of this observable is 0.2 to 3 mm. P-code Li carrier phase has a similar 

characteristic to C/A-code Li, but with slightly higher noise level dependent 

on the type of the receiver. 

Tables 6.3.1 and 6.3.2 summarize flight misciosures of different antenna 

pairs using P-code Li on April 27 and C/A-code Li on April 28. The flight 

misclosures are the differences between the position of the aircraft at the end 

of the flight (or start if data is processed in reverse time) with the known 

coordinates determined from the static initialization stages. 

As can be seen in Table 6.3.1, the misciosures for P-code Li are less than 

2 cm in all cases while Table 6.3.2 shows that the C/A-code Li is generally less 

than 2 cm except for one case of 4.8 cm in height. In both cases this illustrated 

that the carrier phase ambiguities are at the correct integer value at the start 

and end of the mission. Generally, a centimetre level flight misciosure does 

not guarantee that the entire mission is successful, but it is one of the 

necessary indicators for successful kinematic positioning. If the ambiguities 

were incorrect at the start (in reverse processing) and the end (in forward 

processing) of the run, the misciosure would be significantly poorer than 

those in Table 6.3.1 and 6.3.2. Since no cycle slips occur in both cases, it can be 

reasonably estimated that with the correct integer ambiguities the internal 

positioning accuracy during the flight should be at the centimetre level, 

which will be verified in Section 6.5. 
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Table 6.3.1 

Flight Misclosures, P-code Li, April 27 

Antenna Pair 
End of the Flight 

(cm) 
Start of the Flight 

(cm) 

OSHA-FORE -0.6 0.0 0.9 -0.6 0.0 1.0 

OSHA-AFT 0.0 0.0 -0.3 0.3 -0.2 0.9 

FORE-AFT -0.6 0.2 1.0 -0.3 0.0 1.7 

AFT-FORE 0.3 0.0 -0.3 0.3 -0.2 -0.9 

Table 6.3.2 

Flight Misciosures, CIA-code Li, April 28 

Antenna Pair 
End of the Flight 

(cm) 
Alp A2V Ah 

Start of the Flight 
(cm) 

Acp 1&X Ah 

OSHA-FORE 0.0 -0.4 1.6 -0.3 0.0 0.0 

OSHA-AFT 0.0 -1.5 -0.6 0.0 -1.3 -0.7 

FORE-AFT 0.0 -1.5 4.8 0.0 -1.3 -0.7 

AFT-FORE 0.0 -1.5 -0.6 -0.3 0.0 0.0 

In evaluating the data quality and internal accuracy of kinematic 

positioning during the flight, residual examination is a necessary and efficient 

means. Figures 6.3.1 and 6.3.2 show the double difference residuals behaviors 

for PRNs 31-11 and PRNs 19-11, respectively, during the entire flight using 

the OSHA-AFT kinematic run with P-code Li on April 27. The separation (in 

units of io km) between the monitor OSHA and the aircraft is also plotted in 

the figures to illustrate the correlation between the residuals and the 
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separation. 

Since the ambiguities have been fixed to the correct integer values at 

the start of the flight as well as for the ambiguities of the satellites rising 

during the flight, the residual error effect which remains in the residuals in 

Figures 6.3.1 and 6.3.2 is the sum of the ionospheric error, orbital error, 

multipath and measurement noise. In comparing with other errors, the 

ionospheric error effect is a dominant residual error which shows a long term 

systematic effect and is not necessarily proportional to the separation (see 

Figures 6.3.1 and 6.3.2). Similar results are shown in Figures 6.3.3 and 6.3.4 for 

PRNs 31-11 and PRNs 28-11, respectively, with C/A-code Li on April 28. As 

can be seen in Figures 6.3.1 and 6.3.3, the maximum residual is up to 10 cm 

likely due to residual ionospheric effects over a 100 kilometer monitor-

remote separation. 
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DD Residuals for PRNs 31-11 Using the OSHA-AFT Kinematic Run 
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DD Residuals for PRNs 31-li Using the OSHA-AFT Kinematic Run 
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69 

20 

c, 0-

-5-

-10 

320000 
I I I 

322500 325000 327500 330000 

  20 

- 15 

- 10 

—5 

—0 

—-5 

 -10 

332500 

Se
pa
ra
ti
on
 (

10
 k
m
 

GPS Time (sec.) 

Figure 6.3.4 

DD Residuals for PRNs 28-il Using the OSHA-AFT Kinematic Run 

(CIA-code Li, on April 28) 

In order to evaluate the quality of data on the aircraft and relative 

positioning accuracy between the two aircraft receivers, FORE or AFT is used 

as the pseudo-reference station, respectively, to determine the position of the 

other antenna. In this case, only multipath effects and receiver noise remain 

in the residuals if the ambiguities are set to the correct integer value. Figures 

6.3.5 and 6.3.6 show the residuals for PRNs 19-li using the FORE-AFT 

kinematic run on April 27 with P-code Li and April 28 with C/A-code Li, 

respectively. As shown in the figures, the residuals are within 1 cm 

throughout the entire straight flight line, and some larger ones occur during 

aircraft turns. Compared with the results using the OSHA-AFT kinematic 

run, the residual mean and RMS of using the FORE-AFT are significantly 

reduced because all spatially related errors are canceled, see Table 6.3.3 where 

the statistics of the residuals for all PRNs in both cases are summarized. 
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Figure 6.3.5 
PD Residuals for PRNs 19-11 Using the FORE-AFT Kinematic Run 

(P-code Li, on April 27) 
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Figure 6.3.6 
DD Residuals for PRNs 19-il Using the FORE-AFT Kinematic Run 

(CIA-code Li, on April 28) 
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Table 6.3.3 

Contrast of DD Residuals Statistics Between the OSHA-AFT and FORE-AFT 

Kinematic Runs (CIA-code Li, April 28) 

PRN 
Number 
of Epochs 

OSHA -AFT 
(cm) 

Mean RMS 

FORE - AFT 
(cm) 

Mean RMS 

31 21192 0.2 3.1 0.0 1.0 

29 7159 1.6 4.4 0.0 1.1 

28 17748 1.2 2.7 -0.4 1.5 

27 14004 -1.1 2.1 -0.2 0.9 

19 21192 0.4 1.3 0.2 0.6 

18 15563 0.7 3.1 -0.4 1.5 

6.3.2 Results with P-code L2 

When the P-code is available, P-code L2 carrier phase can be used to 

generate the widelane measurement (with a wavelength of 86 cm) and the 

ionospherically corrected measurement with the combination of the P-code 

Li, as discussed in the Section 2.3. The accuracy of P-code L2 carrier phase is 

slightly lower than the P-code Li, not only because of the larger wavelength of 

the P-code L2 (carrier phase noise level is about 1.6% of the wavelength, see 

Seeber, 1993) but also because of the lower received power level at P-code L2 

(Lachapelle, 1993). The noise level of the P-code L2 is related to that of P-code 

Li by the factor of 1.28, which is the ratio of the wavelength of L2 to Li. 

Flight misciosures for the antenna pairs using P-code L2 are listed in 

Table 6.3.4, and are generally less than 3 cm, which means that the correct 
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integer ambiguities are kept at the start and end of the flight and the basic 

necessary prerequisite for the successful kinematic positioning is met. A 

single cycle slip is detected on PRN 28 from the AFT and the ambiguity is 

correctly recovered during the flight. 

The double difference residual behavior for PRNs 31-11 during the 

entire flight using the OSHA-AFT kinematic run with P-code L2 is illustrated 

in Figure 6.3.7, where the larger scale of the ionospheric effect can be seen 

clearly compared with Figure 6.3.1 because of the lower frequency of L2. The 

theoretical ratio of the ionospheric delay at L2 to that at Li is 1.65 when only 

considering the first order effect, while the estimated ratio of the P-code L2 to 

Li from the test data using RMS varies from 1.60 to 1.90 with different PRNs. 

Table 6.3.5 shows the contrast between P-code Li and P-code L2 double 

difference residuals statistics in term of mean and RMS, using the OSHA-AFT 

kinematic run. 

Table 6.3.4 

Flight Misciosures, P-code L2, April 27 

Antenna Pair 
End of the Flight 

(cm) 
Start of the Flight 

(cm) 
Sp iS.X. Ah 

OSHA-FORE 0.3 0.4 0.1 1.5 -0.6 1.5 

OSHA-AFT 0.0 -3.2 0.9 -0.9 -0.2 -2.2 

FORE-AFT 0.3 0.6 0.2 0.0 -3.2 0.9 

AFT-FORE 1.8 -0.6 2.2 -0.9 -0.2 -2.3 
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Figure 6.3.7 

DD Residuals for PRNs 31-li Using the OSHA-AFT kinematic run 

(P-code L2, on April 27) 

Table 6.3.5 

Contrast Between P-code Li and P-code L2 DD Residuals Statistics 

(The OSHA-AFT Kinematic Run, April 27) 

PRN 
Number 
of Epochs 

P-code Li Carrier Phase 
(cm) 

Mean RMS 

P-code L2 Carrier Phase 
(cm) 

Mean RMS 

31 8185 1.0 3.3 2.2 5.3 

28 8185 -0.2 1.1 -0.2 2.0 

27 5654 -0.7 1.2 -1.3 2.3 

19 8185 1.5 2.3 2.7 4.0 

18 5665 -0.7 1.4 -0.8 2.4 
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6.3.3 Results with Cross Correlation L2 

The cross-correlation L2 carrier phase is a codeless measurement which 

is produced by cross-correlating the Li and L2 signals. In comparison with the 

squaring L2, the cross-correlation L2 has the advantage of a full wavelength 

measurement and a 3 dB higher SNR (Ashjaee and Lorenz, 1992). The cross-

correlation L2 can be used when the P-code is denied to civil users after the 

completion of GPS system. The substantial drawback is that this L2 

measurement suffers a 27 dB lower SNR than the P-code L2 carrier phase. 

This is a critical factor which prevents the cross-correlation L2 from being 

effectively exploited, which will be discussed in the following section. 

Due to the increased measurement noise through the cross-correlation 

process, the misciosure results for the cross-correlation L2 listed in Table 6.3.6 

are significantly poorer, especially on the height component. The results are 

also amplified due to poorer satellite geometry at the end of the mission 

(PRN 28 was rejected before landing, see Figure 6.1.2), see Tables 6.3.2 and 6.3.6 

with comparisons between the results at the end of the flight versus those at 

the start. 

To compare with the other misciosure results, Figure 6.3.8 illustrates 

the RMS in all cases and shows that all the results are compatible with the 

exception of the cross-correlation L2. In contrast to Figure 6.3.6, Figure 6.3.9 

shows noisier behavior of the cross-correlation L2 measurement in terms of 

the residuals. A further investigation into the characteristics of the cross-

correlation L2 is discussed in Sections 6.4 and 6.5.1. 
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Table 6.3.6 

Flight Misclosures, Cross-correlation L2, April 28 

Antenna Pair 
End of the Flight 

(cm) 
Ah 

Start of the Flight 
(cm) 

OSHA-FORE -0.9 -2.8 13.5 2.4 -1.9 -1.7 

OSHA-AFT 0.6 -0.9 -8.0 -1.5 0.0 -2.1 

FORE-AFT -0.9 -2.8 13.1 -1.5 0.0 -2.1 

AFT-FORE -0.3 -7.1 -3.4 2.4 -1.9 -1.7 

7 

O End of the Plight 
Start of the Flight 

4-

Fm 
PL1 PL2 C/ALl Cc L2 

April 27 April 28 

Figure 6.3.8 

RMS of Flight Misclosures on April 27 and 28 
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Figure 6.3.9 
DD Residuals for PRNs 19-11 Using the FORE-AFT Kinematic Run 

(Cross-correlation L2, on April 28) 

6.4 CRITICAL ERROR EFFECTS AND ANALYSIS 

Residual tropospheric, ionospheric, and nominal orbital errors are 

critical for airborne kinematic positioning over large areas, since they are 

spatially correlated. Multipath effects are also a key error source considering 

the environment for aircraft applications (Braasch & van Graas, 1991). The 

magnitude and peculiarity of these effects need to be extensively investigated, 

because the achievable accuracy of airborne positioning is greatly dependent 

on how to eliminate or mitigate these effects. The real effects due to these 

errors on the flight test were computed, examined and analyzed. 
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6.4.1 Tropospheric Effect 

For the entire data processing schedule, the Modified Hopfield model 

(Goad and Goodman, 1974) was used to compute the tropospheric correction 

with consideration of the vertical temperature and pressure gradients based 

on the standard atmosphere model. The effect due to residual tropospheric 

error on the aircraft position is computed by differencing the trajectory 

without the correction from that with the correction applied. 

Figure 6.4.1 shows the residual tropospheric effect on the aircraft 

positioning using C/A-code Li and the corresponding profile of the aircraft 

height on April 28. In the figure, it is apparent that the effect on the height 

component is greatly correlated with the monitor-remote height difference. 

This is caused by the mapping function of the model which, as mentioned in 

Section 2.2, projects the tropospheric refraction correction at the zenith on the 

line of sight according to the satellite elevation. As can be seen in the figure, 

during the stable flight stage, the effect is about 6 cm on the height, 

corresponding to the average height difference of 60 m (100 m above the lake), 

and 2 mm on the horizontal components. The maximum effects on the 

latitude , longitude and height are 3.6 cm, - 2.7 cm and 46.1 cm, respectively, 

corresponding to the largest height difference of 774 m. It is obvious that 

tropospheric correction has to be applied in a high accuracy airborne GPS 

positioning. 
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Figure 6.4.1 

Tropospheric Error Effect on the Position of the FORE Antenna Using the 

OSHA-FORE Kinematic Run (CIA-code Li, April 28) 

By examining the statistics of the measurement residuals from 

solutions with and without the tropospheric correction applied, it is found 

that the difference between the statistics from the two cases is very small, 

within several millimetres (see Table 6.4.1). This is quite different from the 

results obtained by Tiemeyer et al. (1994) where a, several centimetre 

difference was observed with monitor-remote height differences of 400 m and 

6000 m. This can be explained from two aspects. Firstly, the average height 

difference is only 60 m in this flight test, so the tropospheric effect is not so 

critical in the solution. Secondly, the effect can not be apparently reflected 

through the residual statistics, where the ionospheric error effect is dominant 

because of a large monitor-remote separation. 
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Table 6.4.1 

DD Residuals Statistics Comparison Between with and without Tropospheric 

Correction Solutions 

(The OSHA-FORE Kinematic Run, CIA-code, April 28) 

PRN 
Number 
of Epochs 

Residuals with 
Tropospheric Correction 

(cm) 
Mean RMS Max. 

Residuals without 
Tropospheric Correction 

(cm) 
Mean RMS Max. 

31 21195 -0.1 3.1 -9.2 -0.1 3.1 -9.6 

29 7189 1.3 3.9 10.6 1.2 3.9 10.5 

28 17750 1.0 2.6 7.6 0.9 2.7 7.8 

27 14199 -1.1 2.1 -6.3 -1.1 2.2 -6.5 

19 21195 0.5 1.5 5.2 0.4 1.7 5.2 

18 15565 0.7 2.7 8.3 0.7 2.8 8.5 

15 5641 0.1 0.2 -2.8 0.3 0.4 -2.3 

6.4.2 Ionospheric Effect 

The ionospheric effect on the Li or L2 trajectories can be estimated by 

comparing with the trajectory using the ionospherically corrected 

measurement. To generate an ionospheric error free carrier phase 

measurement, only the relative ionospheric correction can be applied in 

double difference mode, as discussed in Section 2.3. A disadvantage of 

performing this correction, besides the fact that the ambiguities are not 

integers anymore, is that the noise level of the measurement is greatly 

amplified due to the linear combination of the Li and L2, up to four times 

that of the Li in terms of standard deviation (see Section 2.3). For a high 

accuracy GPS application with a large monitor-remote separation, this is the 
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price to pay to eliminate ionospheric errors. 

A comparison of residuals using P-code Li, L2 and ionospherically 

corrected measurements for PRNs 31-li and 19-11 are shown in Figure 6.4.2, 

where no ionospheric effect can be seen in the L1/L2 results, however the 

residuals are noisier. Table 6.4.2 gives the corresponding statistics. The RMS 

for all satellites range from 1.2 to 1.8 cm, which are in agreement with the 

theoretical values from 0.8 to 1.6 cm for the relative ionospherically corrected 

measurement in double difference mode if the noise level of P-code Li is 

assumed from 1 to 2 mm (see Section 2.3). 

Table 6.4.2 

Statistics of Residuals Using lonospherically Corrected Measurement 

(OSHA-AFT Kinematic Run, April 27) 

PRN 
Number 
of Epochs 

Residuals (cm) 
Mean RMS 

31 8189 -0.4 1.7 

28 8182 0.6 1.3 

27 5655 -0.6 1.2 

19 8189 0.6 1.8 

18 5662 0.6 1.6 
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Figure 6.4.2 (b) DD Residuals for PRNs 19-11 

Figure 6.4.2 

Comparison of Residuals Using P-code Li, L2 and LIJL2 Measurements 

(OSHA-AFT Kinematic Run, April 27) 



82 

Unfortunately, an attempt to use the cross-correlation L2 for 

ionospheric error free measurements failed. By observing and analyzing the 

characteristics of the cross-correlation L2 measurement in kinematic mode, 

the reason for the failure may be partly explained by comparing the relation 

between the C/A-code Li and cross-correlation L2, with that between P-code 

Li and L2 in terms of ionospheric, refraction delay. Theoretically, the ratio of 

the delay at P-code L2 to that at P-code Li should be 1.65. The practical ratio 

from the flight test data can be estimated by the ratio of the RMS of the L2 

residuals to that of the Li, since for a kinematic run the dominant systematic 

and measurement dependent error is the residual ionospheric error. Figure 

6.4.3 illustrates a comparison of PRN 31 residuals using P-code Li and L2 

versus the monitor-remote separation, while Figure 6.4.4 shows the similar 

result but using the C/A-code Li and cross-correlation L2. From the figures, 

the similar behavior of the C/A-code Li residuals to the P-code Li can be seen, 

which is more clearly shown in Figure 6.4.5, while the cross-correlation L2 is 

quite different from the P-code L2. 
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Figure 6.4.3 

Comparison Between Residuals Using P-code Li and L2 versus Monitor-

Remote Separation (PRN 31, OSHA-AFT Kinematic Run) 
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Figure 6.4.4 

Comparison Between Residuals Using CIA-code Li and Cross-correlation L2 

versus Monitor-Remote Separation (PRN 31, OSHA-AFT Kinematic Run) 
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Figure 6.4.5 

Comparison Between Residuals Using P-code Li on April 27 and CIA-code Li 

on April 28 versus Monitor-Remote Separation 

(PRN 31, OSHA-AFT Kinematic Run) 
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Figure 6.4.6 

Ratios of Residual RMS Using P-code L2 to P-code LI. and Using Cross-

correlation L2 to CIA-code Li (OSHA-AFT Kinematic Run) 
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Since the flight test was repeated on the same flight line on April 27 

and 28, Figure 6.4.5 gives us an understanding regarding the change of the 

atmospheric conditions over the test area. Figure 6.4.6 graphically 

summarizes the two kind of ratios (P-code L2 to Li and cross-correlation L2 to 

C/A-code Li) for all tracked satellites to demonstrate the two different 

features. It is clear that all the ratios of P-code L2 to Li are generally close to 

and consistent with the theoretical value 1.65, while those of cross-correlation 

L2 to C/A-code Li generally diverse from the value, and some diverge greatly. 

This might be the reason that caused the failure in successfully exploiting the 

ionospherically corrected measurements generated by the cross-correlation L2. 

Since the positioning results with the cross-correlation L2 seem to be quite 

good, as presented in Section 6.3.2, further investigations on using the cross-

correlation L2 to form ionospheric error free measurements are needed. 

As an important aspect of this investigation, the ionospheric error 

effect on the positioning results was estimated by differencing an Li only 

carrier phase trajectory from an ionospheric error free trajectory (i.e. P-code 

L1/L2). Figure 6.4.7 shows these differences for the three coordinate 

components for the April 27 data between the aircraft and the OSHA monitor 

station. From the figure, it is clear that the effect on height is correlated to the 

monitor-aircraft separation and ranges from 20 to 60 cm with a separation 

from 60 to 180 km. The effects on horizontal components generally are less 

than iS cm and independent of the separation. The total effect on the position 

is up to 3 ppm and is mostly in the height. 
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Figure 6.4.7 

Difference Between Aircraft Trajectories Using P-code Li and LIJL2 

Measurements, April 27 

6.4.3 Orbital Error Effect 

Unlike atmospheric error effects, the orbital error can not be simply 

eliminated by modeling. As mentioned in Section 2.4, the orbital error is 

made up of the nominal broadcast orbital error and SA, while the magnitude 

of the error on positioning can be significantly affected by the satellite 

geometry represented through the position standard deviation (see equation 

3.2.15) and sometimes by switching to an updated broadcast ephemerides. In 

this section, these statements will be examined and confirmed using flight 

data. 

The orbital error can actually be computed by differencing the results 
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using the precise orbit from those using the broadcast ephemerides, assuming 

that the error in the precise orbit is negligible. Figure 6.4.8 graphically presents 

the orbital error (in position) behaviors for all satellites used on April 27. 

Table 6.4.3 lists the statistics of an individual satellite orbital error, the Block 

number and the epochs when switching to an updated broadcast 

ephemerides. In the figure, it can be seen that the sudden changes of PENs 31 

and 19 happen at the switching epochs according to Table 6.4.3, which are due 

to updated broadcast ephemerides. Some slight changes also can be observed 

on PRNs 11 and 27. No differences due to ephemerides updating can be found 

on PENs 18 and 28. 
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Figure 6.4.8 

Differences Between Broadcast and Precise Orbits for All Satellites Used on 

April 27 
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Table 6.4.3 

Statistics of the Satellite Orbital Error in Position and Related Features 

Satellite 
ID 

Block 
Number 

Mean 
(m) 

RMS 
(in) 

Std. Dev. 
(m) 

Max. 
(m) 

Switching 
epoch 

PRN 11 I 3.34 3.50 1.06 5.72 239400, 243000 

PRN 18 II 6.68 7.04 2.21 10.11 239152 

PRN 19 II 3.02 3.62 2.00 5.71 235552, 239152 

PRN 27 II 3.11 3.13 0.40 3.57 241200 

PRN 28 II 12.30 12.34 1.02 13.47 241200 

PRN 31 II 27.22 28.16 7.23 36.80 239152, 244304 

It was reported that the broadcast orbital error for Block I satellites is 

about 5 m in range (Remondi and Hofmann-Wellenhof, 1989) and the error 

due to orbital SA ranges from 10 to 40 m in range (Seeber, 1993). Results given 

in Table 6.4.3 are in agreement with these estimations, see results of PRNs 11, 

18, 28, and 31 for example. 

When assessing orbital error, the main concern is the effect on 

positioning. Figure 6.4.9 illustrates the orbital effect in position in terms of the 

difference between trajectories (AFT with respect to OSHA) determined using 

broadcast and precise ephemerides. The separation between the aircraft and 

monitor as well as the standard deviation of estimated aircraft positions are 

also plotted. This standard deviation divides the mission into four distinct 

periods: during the first and third periods, only five satellites were tracked, 

and thus the corresponding standard deviation is larger than for the second 

and fourth periods when six satellites were tracked. This means that the 

satellite geometry was weaker in the first and third periods. Considering the 
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monitor-aircraft separation, it can be seen that the broadcast orbital error effect 

in position varies from 3 to 5 ppm (standard deviation from 2 to 3.5 cm) in 

the first period, and decreases to 0.5 to 1 ppm (standard deviation from 1.1 to 

1.7 cm) in the second period. In the third period, it again increases to 2 to 10 

ppm (standard deviation from 4.8 to 7.0 cm) which indicates that poor 

satellite geometry can significantly amplify orbital effects in that range. This 

correlation of the position error due to the residual orbital error, with the 

position standard deviation and the separation can be mathematically 

explained by equation 3.2.15. The sudden change in position error at 239152 s 

(the corresponding monitor-remote separation is about 175 km) is caused by 

sudden changes in the two satellite (PRNs 19 and 31) orbital errors due to 

switching to their updated broadcast ephemerides, see Figure 6.4.8. In Figure 

6.4.9, no sudden changes in position error can be found at 235552 and 244304 s 

when the orbital errors of the two satellites also suddenly changed 

respectively, because the corresponding separation is only several tens of 

metres so the resulting errors are too small to be detected. 

To avoid sudden changes in position error, the proper broadcast 

ephemerides has to be chosen. The prime principle is to choose the most 

recently updated ephemerides which correspond to the largest monitor-

remote separation. Usually, a set of broadcast ephemerides is valid for four 

hours, two hours before and two hours after the ephemerides reference time 

(Hofmann-Wellenhof et al., 1992). Figure 6.4.10 shows that the sudden change 

disappears and the orbital error effect is decreased when only one set of 

broadcast ephemerides is used during the mission. 
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Figure 6.4.11 gives us a general illustration of the orbital error effect on 

positioning under good satellite geometry on April 28 when at least six 

satellites had been tracked until the aircraft landing stage. As can be seen in 

the figure, the corresponding position standard deviation varies from 1.0 to 

2.5 cm, and the position error generally ranges from 0.5 to 1.0 ppm. Sudden 

changes in the error at about 324000 and 328280 s are mainly caused by satellite 

changes (PRN 27 rises at 323999 s, PRN 29 sets at 324094 s, PRN 15 rises at 

328281 s, and PRN 18 sets at 328285 s), since the corresponding position 

standard deviations only change slightly. The change at 325552 s is still due to 

the updated ephemerides of PRNs 19 and 31, which happens exactly 24 hours 

after the same phenomenon on April 27. By the end of the mission, although 

the standard deviation increases rapidly because the satellite geometry 

weakens due to rejecting PRN 28 before the landing (see Figure 6.1.2), the 

position error does not change at all. This is again because of the short 

baseline. It is also apparent in Figures 6.4.9. through 6.4.11 that the position 

error is proportional to the monitor-remote separation. 
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Figure 6.4.11 

Difference Between Aircraft Trajectories Using Precise and Broadcast Orbits 

on April 28 (OSHA-FORE Kinematic Run with C/A-code Li) 
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Figure 6.4.12 

Comparison Between Residuals Using Precise and Broadcast Orbit 

(OSHA-FORE Kinematic Run with C/A-code Li on April 28) 
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Table 6.4.4 

Comparison Between Statistics of Residuals Using Broadcast and Precise 

Orbits (OSHA-FORE Kinematic Run, CIA-code Li, April 28) 

PRN 
Number 
of Epochs 

Residuals (cm) 
Using Broadcast Orbit 

Mean RMS Max. 

Residuals (cm) 
Using Precise Orbit 

Mean RMS Max. 

31 21195 -0.1 3.1 -9.2 0.0 1.3 -6.1 

29 7189 1.3 3.9 10.6 1.3 3.2 9.2 

28 17750 1.0 2.6 7.6 0.2 1.9 7.3 

27 14199 -1.1 2.1 -6.3 -0.2 1.0 -3.6 

19 21195 0.5 1.5 5.2 0.1 1.3 5.1 

18 5641 0.7 2.7 -8.3 0.2 1.9 -5.5 

Orbital error contributes to the residuals as well as positions, and this 

can be found when comparing the residuals when the precise orbit is applied. 

A comparison of the residual statistics is summarized in Table 6.4.4. For the 

sake of contrast, Figure 6.4.12 shows PRN 31 residuals using both the 

broadcast and precise ephemerides. It is clear that the orbital error effect on 

the residuals is a long term error and can reach up to several centimetres 

which may be critical for correctly resolving ambiguities on-the-fly over large 

separations. 
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6.4.4 Multipath Effect 

Multipath was confirmed to be the dominant error source for GPS aircraft 

attitude determination by Braasch and van Graas (1991). They also found and 

demonstrated the randomized multipath behavior in an airborne environment. 

Although their investigation was based on the code measurement, it was stated 

that the same conclusion may be applied to the carrier because of the intimate 

relation between these two measurements. 

In the flight test, multipath effects on airborne positions using carrier 

phase measurements can be examined since two antennas were mounted on the 

aircraft with a known separation. The examination consists of the following four 

scenarios: 

1) examining the multipath effect on residuals from the monitor-remote 

antenna pairs and remote-remote antenna pairs in the static mode on 

known short baselines, and by processing static data in kinematic mode 

with fixed integer ambiguities; 

2) estimating the coordinate error due to multipath by processing static data 

in kinematic mode with fixed integer ambiguities; 

3) examining residuals from the remote-remote antenna pair while in flight; 

4) comparing the estimated distance between the two antennas on the 

aircraft using GPS with the measured distance. 
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The scenarios listed above are based on the fact that all errors other than 

multipath and measurement noise tend to cancel due to the short monitor-remote 

or remote-remote separation. The first three are discussed in order herein, 

leaving the fourth in Section 6.5.1. 

As results of the first scenario, Figure 6.4.13 shows the residuals from the 

FORE-AFT, OSHA-AFT, OSHA-FORE antenna pairs during static data 

processing after landing. The sinusoidal behavior of multipath are apparent in 

the residuals with periods of 5 to 10 minutes and magnitudes of 1 to 2 cm. 

Comparing Figure 6.4.13 (c) to 6.4.13 (b), it is obvious that multipath is much 

smaller on the FORE antenna than on the AFT, by 1 to 2 times in terms of RMS. 

In comparing Figure 6.4.13 (a) with 6.4.13 (b) and 6.4.13 (c), it is found that the 

antenna pair on the aircraft suffers from multipath more than either of the two 

monitor-remote pairs. These features also can be observed from Figure 6.4.14, 

where residuals from processing the static data in kinematic mode are presented. 

In contrast with Figure 6.4.13, it is found that multipath effects in Figure 6.4.14 

have similar periods but very different magnitudes, particularly see PRN 27 

residuals in both figures. This is due to the fact that a part of the multipath effect 

contributes to coordinate errors. 

In the second scenario, coordinate errors caused by multipath are 

estimated by differencing the known coordinates from those determined by 

processing static data in kinematic mode with fixed integer ambiguities. Results 

are given in Figure 6.4.15 show a larger multipath effect on the height 

component, up to 10 cm in Figure 6.4.15 (a). The horizontal component errors 

due to multipath are generally less than 2 cm in all antenna pairs. Features 
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regarding the magnitude of multipath on different antennas mentioned in the 

discussion of the first scenario are confirmed in Figure 6.4.15. For instance, the 

position error due to multipath on AFT is three times that on FORE in terms of 

RMS. For further confirmation, static data collected before take off is also 

processed according to the two scenarios and similar results are obtained. 

From the above discussion, the conclusion is that multipath is significant 

either in the residuals or in the coordinates when the aircraft is stationary. While 

in flight, if only one receiver is onboard, estimation of multipath becomes 

complicated since the effect on coordinates can not be detected from the 

positioning solution as in the second scenario. With two receivers onboard, the 

effect on residuals can be examined because only multipath and noise errors 

remain in the residuals of the two onboard receivers. Due to aircraft motion, 

multipath error is expected to be observed as random in the residuals. This 

expectation is verified in the third scenario. 

To demonstrate the noise-like multipath effect on residuals while in flight, 

PRN 31 residuals using the AFT-FORE kinematic run on the flight test leg 2 (see 

Figure 6.1.4) with four types of measurements (i.e. P-code Li, L2, C/A-code Li 

and Cross-correlation L2) are illustrated in Figure 6.4.16. It is clear that no typical 

sinusoidal multipath signature can be observed. Since noise should be at the 

millimetre level, multipath effects are obviously dominant in the residuals. 

When comparing with results using P-code Li or C/A-code Li, those 

using P-code L2 or Cross-correlation L2 are more corrupted by multipath due to 

their longer wavelength and lower SNR. It can be inferred that similar results 
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should be expected on the position error caused by multipath when these 

measurements are used, for a discussion see Section 6.5.1. 

In summarizing the above results, the findings are listed as follows: 

1) Very different magnitudes (by two times in position RMS) of multipath 

effect have been detected in static mode on the two antennas mounted on 

the aircraft with only about one metre separation; 

2) A part of the multipath effect is absorbed by the positions when static data 

is processed in kinematic mode. This is supposed to be true in the pure 

kinematic mode; 

3) A randomized multipath behavior on residuals has been observed while 

in flight. 

4) The multipath effect on the carrier phase measurement is confirmed to be 

a main error source in the airborne GPS positioning environment either 

while stationary or in flight. 
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Multipath Effect on Residuals by Using Static Data in Kinematic Mode after 
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Residuals Using the AFT-FORE Kinematic Run on the Flight Test Leg 2 

(P-code Li, P-code L2, C/A-code Li, and Cross-correlation L2) 
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6.5 COMPARISON AND ACCURACY EVALUATION 

The multi-receiver configuration used in the flight test provides several 

means to effectively evaluate the internal positioning accuracy of the system. In 

this section, results using the following methods are discussed: 1) a comparison 

of the estimated distance between antennas on the aircraft using GPS with the 

known baseline, 2) a comparison of aircraft trajectories from forward and reverse 

time processing solutions, 3) the triangle misciosure test, and 4) a comparison of 

aircraft trajectories from different monitor stations. These methods serve three 

purposes: 1) to examine the consistency of results from different ways; 2) to 

further analyze carrier phase multipath effects on aircraft positions while in 

flight; and 3) to demonstrate the achievable accuracy of airborne GPS positioning 

with large monitor-remote separations. 

6.5.1 Comparison with Known Baseline on the Aircraft 

Considering the triangle relation among the OSHA monitor and the two 

remote receivers, the direct and indirect (through the OSHA) comparisons can be 

made with the known baseline formed by two aircraft antennas (93.7 cm). From 

the indirect comparison, Figure 6.5.1 shows the difference between the known 

aircraft antenna separation and the estimated separation computed from the 

difference between the OSHA-FORE and OSHA-AFT kinematic vectors. This was 

computed using P-code Li data on April 27. The difference is within 2.5 cm and 

the RMS is 1.1 cm which shows that the two aircraft positions are consistent and 
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the internal accuracy is high. 

Figure 6.5.2 shows results from the direct comparison, where FORE is 

used as a pseudo-reference station. In this case, both the pseudo-reference and 

rover antennas are moving and the baseline length is constant. Comparing 

Figures 6.5.1 and 6.5.2, three error peaks of up to 5 cm can be seen in Figure 6.5.2 

which corresponds to aircraft turns. This is due to the fact that the reference 

receiver is moving which is not consistent with the general Kalman filter model 

under a 1 Hz data rate used in data processing on April 27. In general, the results 

during the turns are not of interest for most applications. 

From corresponding results on April 28 when data was collected at a 2 Hz 

rate in C/A-code mode shown in Figures 6.5.3 and 6.5.4, no differences are 

found. In fact, results from the indirect comparison should be the same as those 

from the direct comparison, and this has been proven theoretically in Section 3.3. 

The above results show that the relative position accuracy between the 

two antennas on the aircraft reaches a few centimetre level, if it is assumed that 

each coordinate component has a equal amount of contribution to the error 

budget, the coordinate accuracy should not be worse than the position accuracy. 

Remaining errors include multipath and carrier phase noise. 

To isolate the carrier phase multipath effect on the aircraft position, 

analysis has to focus on results from the direct comparison during the straight 

flight line. Figure 6.5.5 shows results with four types of measurements (P-code 

Li, L2, C/A-code Li and cross correlation L2) using the AFT-FORE kinematic 

run on the flight leg 2 (see Figure 6.1.4). From the figure, it can be observed that 
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there is a bias-like trend in all cases, which is likely due to the common 

multipath effect. The random behavior of the differences is composed of the 

random part of multipath and measurement noise. In Figure 6.5.5, the random 

part of P-code Li results is similar to that of C/A-code Li, and noisier behavior 

of the cross-correlation L2 results is evident compared with the P-code L2 results. 

Cross-correlation results are twice as poor as the P-code L2 results in terms of the 

standard deviation. 

From the above results, it is found that the multipath effect on the position 

generally ranges from 1 to 2 cm while in flight, and a bias-like trend from 

multipath is observed although the effect on residuals seems to be random, see 

Figure 6.4.16. 
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OSHA-FORE and OSHA-AFT Kinematic Runs (P-code Li, April 27) 
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Figure 6.5.2 

Difference in Known and Estimated Aircraft Antenna Separation Using the 

FORE-AFT Kinematic Run (P-code Li, April 27) 
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OSHA-FORE and OSHA-AFT Kinematic Runs (CIA-code L1 , April 28) 
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Figure 6.5.4 

Difference in Known and Estimated Aircraft Antenna Separation Using the 

FORE-AFT Kinematic Run (CIA-code Li, April 28) 
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Figure 6.5.5 

Difference in Known and Estimated Aircraft Antenna Separation Using the 

AFT-FORE Kinematic Run on the Flight Test Leg 2 

(P-code Li, P-code L2, C/A-code Li, and Cross-correlation L2) 
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6.5.2 Comparison Between Forward and Reverse Processing 

The benefit of comparing the trajectory from forward processing with that 

from the reverse is that the consistency of the results can be checked. Consistent 

results are expected when kinematic data is successfully processed in both 

forward and reverse time. 

Figure 6.5.6 shows the differences between trajectories from forward and 

reverse processing using the OSHA-AFT kinematic run in P-code Li mode on 

April 27. The differences in all three coordinate components are generally less 

than 1 cm, with the maximum RMS being 0.5 cm in the height component. The 

larger differences in Figure 6.5.6 occur during aircraft turns and also during 

weaker satellite geometry (when 5 satellites are tracked, see Figure 6.4.9 in 

contrast to Figure 6.5.6). 

Statistics of the differences between trajectories are summarized in Table 

6.5.1, and show that the maximum differences in the three components for April 

28 are less than 3 cm. Better results for April 28 are due to higher data rates 

which greatly improve results during aircraft turns. In fact, differences on the 

flight test leg 1 and 2 for April 28 vary within a few millimetres. This indicates 

that a high consistency in the aircraft positions from the forward and reverse 

processing has been achieved. 
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Solutions (P-code Li, April 27) 



110 

Table 6.5.1 

Statistics of Difference Between Trajectories from Forward and Reverse Time 
Processing (P-code Li and CIA-code Li) 

Antenna 
Pair 

Coordinate 
Component 

P L1(1 Hz), April 27 
Difference (cm) 

Mean RMS Max. 

C/A L1(2 Hz), April 28 
Difference (cm) 

Mean RMS Max. 

Latitude 0.0 0.2 5.7 0.0 0.0 2.7 

OSHA-FORE Longitude 0.0 0.0 0.8 0.0 0.0 -2.4 

Height 0.0 0.5 -15.0 0.0 0.1 2.7 

Latitude 0.0 0.2 -6.3 0.0 0.0 2.0 

OSHA-AFI' Longitude 0.0 0.0 -0.5 0.0 0.0 -1.8 

Height 0.0 0.5 -10.3 0.0 0.1 -2.7 

It should be noted that the above differences also verify the fact that the 

positioning solutions from successive epochs are weakly correlated with each 

other. Otherwise, larger differences between trajectories from the forward and 

reverse processing would be observed. 

6.5.3 Triangle Misclosure Test 

Triangle misciosure checking is an auxiliary method for examining the 

internal accuracy of a multi-receiver configuration. This method also has been 

applied to the test data. A misclosure in each coordinate component can be 

computed at each epoch from three kinematic vectors formed by OSHA, FORE 

and AFT. From the discussion in Section 3.3, this misciosure should be close to 

zero if all the kinematic runs have been processed correctly. 

Figure 6.5.7 shows misciosures in three coordinate components, formed by 
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the OSHA-FORE, OSHA-AFT and FORE-AFF kinematic vectors using P-code Li 

data from April 27. As shown in the figure, on the flight test legs the misciosures 

are almost zero in the horizontal component and generally less than 1 cm in 

height. These results are sufficiently good to be an indicator that the necessary 

condition of a successful kinematic run for each antenna pair is met. The three 

groups of error peaks in the height misclosure correspond to the three aircraft 

turns where the results are usually not of interest for most applications. Again, 

due to the higher data rate, results for April 28 are improved greatly which can 

be seen in Table 6.5.2 where the statistics of the misciosures are listed. 

It should be clearly pointed out that near zero misciosures may not 

guarantee that a successful kinematic run has been achieved for each antenna 

pair. Large misclosures do mean something is wrong with at least in one antenna 

pair. 

Table 6.5.2 

Statistics of the Triangle Misciosure Formed by OSHA-FORE, OSHA-AFT and 

FORE-AFT Kinematic Vector (P-code Li and C/A-code Li) 

Coordinate 
Component 

P L1(1 Hz), April 27 
Misclosure (cm) 

Mean RMS Max. 

C/A L1(2 Hz), April 28 
Misciosure (cm) 

Mean RMS Max. 

Latitude 0.0 0.2 4.6 0.0 0.0 0.1 

Longitude 0.0 0.0 0.3 0.0 0.0 -0.1 

Height 0.1 8.6 -27.2 0.0 3.3 -12.7 
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Misciosure Formed by the OSHA-FORE, OSHA-AFT and FORE-AFT 

Kinematic Vectors (P-code Li, April 27) 
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6.5.4 Positioning Solutions from Different Monitor Stations 

Comparison strategies discussed in the previous sections only involve one 

monitor station. With more than one monitor, additional comparison scenarios 

are available. In this subsection, two scenarios involved with using two monitor 

receivers to evaluate the aircraft positioning accuracy are presented with 

emphasis on their effectiveness as well as the corresponding results using the test 

data. One scenario is to compare trajectories of one remote on the aircraft 

determined from two monitor stations on the ground, called dependent 

comparison. The other is to compare the estimated distance between the two 

remote positions determined from the two monitors (different remote with 

respect to different monitor) with the measured distance, called independent 

comparison. 

In numerous cases, the positioning accuracy of an aircraft is often assessed 

using the dependent comparison. The magnitude of the difference from this 

comparison is sometimes treated as a measure of the positioning accuracy. 

However, the aircraft information will be eliminated when differencing between 

solutions from two monitors, and what remains is only information regarding 

the monitor stations, which has been theoretically proven in Section 3.3. Figure 

6.5.8 further illustrates this concept with the test data, where the solid lines are 

differences between aircraft trajectories determined from the two monitors 

(OSHA-AFT and WLAK-AFT kinematic runs). The dashed lines represent the 

error generated by differencing the known monitor position from that 

determined by processing the static baseline in kinematic mode (OSHA-WLAK 
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receiver pair). For a clear illustration, only the latitude and height components 

are given (the results in longitude overlap) in the figure. These two sets of curves 

are completely correlated over time, and are offset about 10 cm, i.e. the 

misciosure due to the separation between WLAK and the aircraft as well as the 

changing satellite geometry. These results confirm what have been already 

suggested with equations (3.3.4), (3.3.6) and (3.3.10) in Section 3.3, and clearly 

demonstrate the ineffectiveness of the dependent comparison for the assessment 

of the positioning accuracy of the aircraft. This ineffectiveness results from the 

triangle relationship of the three receivers, see Section 3.3. 

To evaluate the positioning accuracy of the aircraft, a triangle relationship 

has to be avoided so an independent kinematic vector is needed. This leads to a 

need for an independent comparison. 

As a final accuracy assessing scenario, the independent comparison is 

performed by computing two trajectories using ionospheric error free 

observables with precise ephemerides; AFT with respect to OSHA and FORE 

with respect to WLAK. These two trajectories are independent, so they can be 

used to check the internal positioning accuracy by subtracting the known 

baseline length between the two aircraft antennas from that computed from the 

two trajectories. The difference results on the flight test leg 2, as well as the 

corresponding separation between the aircraft and OSHA, are shown in Figure 

6.5.9 and clearly demonstrate that the relative accuracy of the two independent 

trajectories is within 10 cm over separations of 30 to 180 km. 
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Correlation Between Aircraft Differences Determined from Two Monitor 
Receiver and the Error Between Two Monitor Receivers When Processed in 

Kinematic Mode (L1/L2, April 27) 
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Figure 6.5.9 

Difference Between Measured and Estimated Baseline Using Independent 

Aircraft Trajectories (on the flight test leg 2) 
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CHAPTER 7 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

The following summary, conclusions and recommendations are made 

regarding the research in this thesis. 

7.1 SUMMARY OF RESEARCH 

Airborne differential GPS positioning techniques open up broad prospects 

for various positioning applications. The investigations made in this thesis have 

successfully demonstrated the achievable accuracy over a large operational area 

(50 to 200 km in extent). Research in this thesis primarily studied the effects of 

various critical errors on the estimated positions and the issues relevant to 

kinematic GPS algorithms, data processing, and accuracy evaluation which are 

applicable for a multi-receiver configuration. 
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In this thesis, two frequently used kinematic GPS algorithms, namely the 

state space Kalman filter and least squares estimation, were investigated with 

emphasis on their features and relationships. The mathematical relationship and 

the computational equivalence of these two algorithms were demonstrated. A 

sophisticated formula for analytical estimation of the orbital effect on positions 

was derived, and the dependency of positions from different receiver pairs in a 

triple receiver system was mathematically proven. In addition, optimal GPS 

receiver configurations, operational and data processing strategies, and accuracy 

checking methods were investigated and applied to the recent flight tests with a 

multi-receiver configuration. The theoretical analyses and demonstrations were 

verified using results from the flight tests. Effects of critical errors from the 

troposphere, ionosphere, orbit and multipath on estimated positions were 

analyzed and investigated using the test data. This is another significant 

component of the thesis. 

7.2 CONCLUSIONS 

The main conclusions drawn from the investigations in the thesis are 

summarized below: 

1) With a high data rate, the same positioning results can be achieved by 

using least squares as those from the state space Kalman filter algorithm. 

In this case, the positioning results tend to be independent with respect to 

the selection of the kinematic GPS model (state space model) and the 
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correlation between the positioning solutions in successive epochs is so 

weak that it can be neglected. 

2) The state space Kalman filter algorithm, by changing the spectral density 

matrix, can function as the least squares and provide the estimated results 

which are identical to those from the least squares no matter what data 

rate is used. But this does not hold the other way round in some cases, e.g. 

with a low data rate and in a high dynamic environment. 

3) The satellite geometry plays a critical role in dictating the orbital error 

(and the other systematic errors) effects on the estimated position. Poor 

satellite geometry is an amplifier of the orbital errors (and the other 

systematic errors). Another factor which can significantly change the 

orbital effect on the estimated position is switching to an updated 

broadcast ephemerides during the mission. 

4) In the double difference mode, it is the relative orbital error that effects the 

estimated position, rather than the absolute one. The orbital error effect on 

the position also depends on the direction of the vector formed by the 

monitor and the remote receiver as well as on that of the relative satellite 

position error vectors. 

5) During the flight test period, the nominal orbital error in position from 

Block I satellites was confirmed to be at the 5 m level. Only one Block II 

satellite orbital error varied from 20 to 40 m due to SA, while most of the 

Block II satellite orbital errors were observed either within or close to the 

marginal limit of the nominal orbital error. For kinematic positioning, the 
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orbital error was estimated to contribute 0.5 to 1 ppm to the position error 

under favorable observation conditions (i.e., six satellites in view). In the 

analysis, there was no evidence to indicate that SA contributed 

significantly to the estimated position errors. 

6) The residual tropospheric effect on the height component is greatly 

correlated to the monitor-remote height difference which is caused by the 

mapping function of the tropospheric model. The ionospheric effect on 

height is also correlated to the monitor-aircraft separation, ranging from 

20 to 60 cm with a separation between 60 to 180 km, while the effect on the 

horizontal components generally are less than 15 cm and independent of 

separation. The total ionospheric effect on the position is 2 to 3 ppm, 

resulting mostly from the error in the height. 

7) Multipath effect on the carrier phase measurement is confirmed to be a 

main error source in the airborne GPS positioning environment either 

while stationary or in flight. A part of the multipath effect is absorbed by 

the position solutions when static data is processed in kinematic mode. In 

this case, a severe multipath effect on the height component of up to 10 cm 

was detected, while the horizontal component errors due to multipath are 

generally less than 2 cm. While in flight, a randomized multipath behavior 

on residuals, and a bias-like trend on position, were observed. The 

multipath effect on position generally ranges from 1 to 2 cm while in 

flight. 
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8) The assessment of the remote positioning accuracy through the difference 

in solutions determined from two monitors is ineffective, since in a triple 

receiver system the estimated solutions from the three receiver pairs are 

dependent. The misciosure formed by the three receiver vectors may not 

be dose to zero in some cases, for instance in the case where the separation 

of the two estimated receivers is large (e.g. over 50 km). 

9) To effectively evaluate the positioning accuracy of the aircraft, an 

independent kinematic vector is required. The flight misciosure test, 

comparison between forward and reverse time processing, and 

comparison with the known baseline on the aircraft are effective to 

examine and assess the internal positioning accuracy and consistency of 

positioning solutions. 

10) Reliable ambiguity initialization is still required for high accuracy 

kinematic applications with monitor-remote separations over 30 

kilometres, when reliable ambiguity determination on-the-fly may be 

difficult to implement. 

11) Results from the flight tests demonstrate that , under the satellite 

constellation during the tests, and accounting for effects due to 

atmospheric and orbital errors, the accuracy of airborne GPS positioning 

with monitor-remote separations of 50 to 200 km is at the level of 10 an 

using high quality receivers. 
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7.3 RECOMMENDATIONS 

The following recommendations are given either for proper implementation of 

airborne GPS positioning or for further investigations in the future. 

1) When conducting an airborne kinematic survey over large areas, it is 

recommended that three receivers be used and that two be installed on the 

moving platform, in order to increase the redundancy of the kinematic 

data. When this is the case, some checks are available to ensure that the 

aircraft positions indeed meet the required specifications. 

2) To keep the positioning accuracy consistent during a mission, one should 

keep using the most recent updated ephemerides, which correspond to the 

period with the largest monitor-remote separation, rather than switching 

to updated ephemerides every hour. Also frequent satellite switching 

should be avoided. 

3) Since the P-code is denied to civil users, in order to eliminate ionospheric 

effects, the L2 measurements (e.g. the cross correlation L2 and the L2 in 

the Z-Tracking mode) should be used. Further elaborate investigations on 

efficiently using the L2 measurements to form a relative ionospheric error 

free measurement are required. 

4) Investigations on airborne GPS positioning over large areas made in this 

thesis have been limited to fixing ambiguities to correct values as well as 

to at least four satellites without loss of lock. The challenge of reliably 

implementing airborne GPS positioning with monitor-remote separations 
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of over 50 km is to correctly recover cycle slips 'on-the fly' when multiple 

loss of lock occurs. One possible solution is to use a low grade inertial 

measurement unit with GPS receivers on the aircraft to bridge the gap. 

Another one is using a filtering algorithm to estimate ambiguities as well 

as other biases. Investigations on these two possible areas should be a 

continuation of the research in this thesis. 
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