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ABSTRACT

The parallelizability question for spheres was solved in 1958
independently by M. Kervaire and J. Milnor. The vector field problem
for spheres and projective spaces was settled by J.F. Adams in 1962.
W.A. Sutherland proved in 1964 that the (real) Stiefel manifolds Vn,k
are parallelizable for k 2 2.

The Grassmann manifolds are a natural generalization of the
projective spaces, and are themselves particular cases of the much
wider class of F-flag manifolds. These manifolds attracted closer
attention of mathematicians in the mid seventies.

In this thesis, stable parallelizability and parallelizability of
F-flag manifolds, F = R, €, or H, and most of the closely related flag+
manifolds have been determined. Some of these are known results,
others are new. The proofs given here are new, and in the case of
existing results seem to be conceptually simpler. They also unify a
variety of cases.

With varying degrees of success estimations for the span of
Grassmann manifolds have been obtained. Some very general estimates on
the span of flag manifolds have also been given.

Formulae for Stiefel-Whitney classes of tensor products, exterior
and symmetric powers of Euclidean vector bundles have been obtainéd in

full generality.
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CHAPTER ONE

INTRODUCTION

81. Basic Concepts and Definitions.

Let M be a smooth (i.e. c” differentiable) ﬁanifold of dimension d,
and let r(M) denote its tangent bundle. Span of M, written span M, is
defined to be the largest integer k for which 7(M) is bundle equivalent
to n ® k€ for some real vector bundle n of rank (d-k) over M, where k&
denotes a trivial k-plane bundle over M. Span M is a diffeomorphism
invariant of the manifold M, (but not in general a homeomorphism
invariant.) Equivalently, span M is the maximum number of everywhere
linearly independent vector fields defined on M. If span M = dim M,
then M is said to be parallelizable. M is defined to be stably
parallelizable, or a w-manifold, if 7(M) is stably trivial as a real
vector bundle, i.e. (M) ® r€ is a trivial vector bundle for some
r 2 0. In this thesis we attempt to determine the span,
parallelizability and stable parallelizability of Grassmann manifolds,
and the closely related flag and flag' manifolds.

The concept of a fibre bundle ¢ = (E,B,F,p,G), where E is the total
space, B the base space, F the fibre space, p : E —— B the projection
of ¢, and G the structure group, is used here in the same sense as in
Steenrod’s book [39]. When G is the full group of homeomorphisms of F,
¢ is referred to as a locally trivia} bundle. Mostly we deal with

F-vector bundles (F = R the reals, € the complex numbers, or H the



quaternions) in which case F is the (left) vector space F®. The
structure group G is the group GL(Fn), or, in case £ admits a
"Hermitian" metric, G is the group U(Fn), where U(Rn) = O(n). (the
orthogonal group), U(tn) = U(n) (the unitary group) and U(Hn) = Sp(n)
(the symplectic group).

By the standard orientation on R" we mean the orientation of R"

ﬁ%nWtMcmdeoMawb%meru”%off,mae%=

(X.750045%, ) and x. . = 6. .. The standard Hermitian product on F® for
il in i 1)
F = R,€C or H is defined as <x,y> = z X5 §i for x = (xl,...,,xn),
1<i<n

y = (yl,...,yn) € Fn, where ;i denotes the conjugate of Xy in F.

Let H be a closed subgroup of a Lie group G. Then G/H, with the
quotient topology, is a manifold of dimension dim G — dim H. It has a
unique smoothness structure such that the canonical projection =
G — G/H is the projection of a differentiable bundle with fibre H
and group G/Ho’ where Ho is the largest normal subgroup of G contained
in H. The manifolds of type G/H will be assumed to have this
smoothness structure. We write "G/H = G'/H'" to mean that G/H is
diffeomorphic to G!'/H'.

For vector bundles £ and n over a topological space X, £ s n if ¢
and n are bundle equivalent. The notation = is also used to denote
equivalence in the appropriate K-group of the space X. We use the same
symbol & to denote both the vector bundle and the equivalence class it

represents in the K-group or the ﬁ—group of X, and to avoid confusion



we make explicit in which sense the expression "¢ = n" is to be
interpreted. Equivalence in i—group is denoted as "~". Thus,

1(83) ~ 3€ as vector bundles, T(Sn) s n€ in KO(SD), énd 1(Sn) ~ 0 in
RO(Sn) for any n.

By a vector field on a smooth manifold M we mean a continuous cross
section s : M —— TM, where TM denotes the total space of the tangent
bundle v(M) of M. Following E. Thomas [44], by a k-field on M we mean
a collection of k vector fields S11+++98, ON M which is linearly
independent at each point of M. If a collection SyseeesSp of vector
field on M is linearly dependent at some (finitely many) points on M,

then it will be called a k-field with (finite) singularities.

£2. Functors of Vector Bundles.

Let ¥ denote the category of all finite dimensional vector spaces
over R and vector space isomorphisms. Note that for any two vector
spaces V and W in ¥, the set (possibly empty) of all isomorphisms of V
onto W has a natural topology. Define a functor T : ¥ —— ¥ to be
continuous if T(f) depends continuously on f. Continuity of a functor
T:¥x - xXx¥ —— ¥ covariant in the first r variables and
contravariant in the remaining variables is defined similarly. Given a
continuous functor T in k variables and real vector bundles §l,...,€k
over a topological space B, one obtains a new vector bundle

T(gl,...,gk) over B whose fibre Fb over b € B is the vector space



T(Fl(b),...,Fk(b)). Here Fi(b) denotes the fibre of §i over b € B.

For details see [32].

THEOREM 2.1

Let 8 : T —— T' be a natural equivalence of two continuous
functors T,T' of ¥ X <+ X ¥ into ¥. Then, for real vector bundles
§1,...,§k over B, T(§1,...,€k) and T'(il,...,gk) are isomorphic vector
bundles.

Proof:
Let € = T(§l,...,€k). Let E,F,n denote the total space, fibre

space and projection of ¢ respectively. ¢',E!',F',n' are defined
similarly. Define gez E — E* as follows:

ge(X) = O(Fl(b),...,Fk(b))(x) where Fi(b) denotes the fibre of §i

over b, 1 €£i<k, b=xn(x). It follows readily that gel n—l(b) is an
isomorphism of the vector space Fb onto Fé for each b € B, and that

ﬁ' ° ge = . The continuity of ga is easily verified. Thus ga defines

a bundle isomorphism from ¢ onto £°.

COROLLARY 2.2.

Let ¢,n and ¢ be real vector bundles with the same base space B,
with rank § = m, rank nn = n, and rank ¢ = 1. Then we have the
following vector bundle isomorphisms:

i) Acems o 4@ eam.
i+j=k

(1) sKcems o sie esim.
i+j=k



(1ii) 4°@) ~ €, aL¢) ~ ¢, 4%(¢) ~ 0 for k 2 2,

s°(¢) » ¢, sK(¢) » ¢ 8 -+ 8 ¢ (k-times).

k h

Here Ak denotes the kth—exterior power functor and S, the kt

symmetric power functor.

Proof:

Isomorphisms (i) and (ii) are functorially valid when ¢ and n are
replaced by any V and W in ¥. Isomorphism (iii) is functorially valid
if ¢ is replaced by any one dimensional vector space L, € by R and O by
the vector space O. Thus in each case these isomorphisms define
natural transformations of suitable functors of ¥ X ¥ or ¥ into ¥. The
rest of the proof now follows from Theorem 2.1.

In like manner, one could consider the category ¥ of all oriented,
finite dimensional (real) inner product spaces and vector space
isomorphisms which preserve inner products and orientations.

Continuity of a functor T : ¥X o+ X¥ — ¥ is defined as before.
Let §1,...,§k be oriented vector bundles over B in the sense of Milnor
[32]. (We will in fact generalize this in 86. Compare 6.5; See
Remark 6.2.) Assume that §1,...,§k possess Euclidean metrics. As
before one obtains a new vector bundle ¢ = T (§1,...,§k) which is
oriented and has a Buclidean metric. Further, if two functors T and T*

are equivalent, then ¢ and ¢* = T'(§l,...,§k) are isomorphic bundles.



PROPOSITION 2.3.

Let ¢ be an orientable vector bundle over B in the sense of Milnor
[32]. 1If ¢ possesses a Euclidean metric then Ak(g) ] An—k(i) as vector

bundles, where n = rank ¢.

Proof:

Choose a specific orientation and a specific Euclidean metric on §£.
Then each fibre of £ has an orientation and an inner product.

The functors Ak, An—k : ¥ — ¥ are naturally equivalent, the
equivalence being established by the Hodge star operation *. Therefore

k and An_k induce isomorphic vector bundles when

it follows that A
applied to an oriented vector bundle of rank n with an Euclidean

metric. Thus Ak(i) s An—k(e) as vector bundles, as was to be shown.

COROLLARY 2.4.
Let £ be as in Proposition 2.3 above. If rank ¢£¢ = 2, then

Az(ﬁ) ~ & If rank € = 3, then A2(§) ~ £, as vector bundles.
Proof:

Immediate from the above Proposition, and the facts that A°(§) ~ g,

Al(g) ~ § as vector bundles for any vector bundle §.

83. Known Results on Span.

In the present section some well-known theorems on the span of a
smooth compact manifold are stated. The reader is referred to standard

sources in the literature for their proofs. These theorems link



geometric properties of a manifold with its algebraic invariants.
Throughout this section by an orientable manifold is meant a
manifold whose tangent bundle is orientable in the sense of
Milnor [32]. (Compare 6.1, and Theorem 6.5.)
The following theorem was first proved in full generality by H.
Hopf [20] in 1926. As consequences & smooth compact manifold of odd
dimension admits a 1-field — i.e., a nowhere vanishing vector field,

and span SZn = 0.

THEOREM 3.1
Let M be a smooth compact manifold, and let x(M) denote its Euler

characteristic. Then span M 2 1 if and only if x(M) = O.

If there exists a nowhere vanishing vector field on M its flow,
which is homotopic to the identity map of M, has no fixed points.
Hence its Lefschetz number (cf. [10]) must be zero. But the Lefschetz
number of any map homotopic to the identity map of M is x(M). Thus the
necessity part of the theorem follows. The converse part is more
difficult. See [2].

Let x*(M) denote % x(M) € @ when M is even dimensional and

z dim H, (M;2,) mod 2 € 2, if dim M = 2r + 1. x¥(M) is called the
O<i<r

semi—characteristic of M. Closely related is the invariant real
Kervaire semicharacteristic k(M) defined as follows: k(M) =
Z rank sz (M;Zz) (mod 2). The signature o(M) of a compact'oriented

smooth manifold M is defined to be zero if dimM = 1,2 or 3 mod 4. If



dim M = 4k, o(M) is defined as follows: Let u € H4k(M;Q) be the
(rational) fundamental class of M (see Appendix A of [32]). Let
CITERERL- W be a basis for HZk(M;Q) such that the Kronecker index
<ai U aj,u) =0if i # j. o(M) = number of positive entries minus the

number of negative entries of the diagonal matrix (<ai U aj,u >).

THEOREM 3.2 (Bredon-Kosinski).
Let Md be stably parallelizable. Then (i) either M is

parallelizable or span M = span Sd. (ii) for d# 1,3 0or 7, M is
parallelizable if and only if x*(M) = Q.

The reader is referred to [9] for a proof. Classical results in
linear algebra due to Radon [34], and Hurwitz [21] show that
span Sn_1 2 p(n) — 1. Here p denotes the Radon-Hurwitz function. See
823. Using K-theory, J.F. Adams [l] proved in 1961 that
span Sn—1 = p(n) - 1.

Our next théorem gives conditions for the existence of a 2-field in

the case of a compact smooth orientable M.

THEOREM 3.3

Let M be a compact smooth orientable manifold of dimension d. Then
span M 2 2 if and only if (i) when d = 1 mod 4, one has wd_l(u) = 0,

k(M) = 0; (ii) when d

2 mod 4, x(M)

0; (iii) d =3 mod 4

(iv) when d 2 4 and d

0 mod 4, x(M) = 0, and o(M) = O mod 4.

The proof uses obstruction theory and known results on the index of

a 2-field with finitely many singularities. See the survey article by



E. Thomas [44] for details. 1In all our applications of the above
theorem, d = 1 mod 4. 1In order to simplify the computation of k(M) in

these cases, we use the following theorem.

THEOREM 3.4.

Let M be a compact orientable manifold of dimension 4n + 1. Then

x*(M) - k(M) equals the Stiefel-Whitney number w2w4n_1[M].

Proof:
Refer to [28].

In our applications, M will be a boundary manifold, i.e. the
boundary of a compact smooth manifold with boundary, so that all its
Stiefel-Whitney numbers are zero. Consequently x*(M) will equal k(M).

Let F denote one of the division rings R, € or H, and let FGn,k =
Gk(Fn), 1l < k € n-1, denote the Grassmann manifold of k-planes in Fo.
Then FGn,k is a compact smooth manifold of dimension d-k(n-k) where
d = dimhF. We write Gn,k to abbreviate RGn,k’ and rﬁ,k’ (or simply
Th,k if F = R) denotes the canonical F-vector bundle over FG of rank

n,k

k whose fibre over an arbitrary point A € FGn k is the F-vector space
9

A. With respect to the usual "Hermitian" product on Fn, ﬂg K = (Tﬁ k)l
? ’

is the complementary bundle of rank n — k. Its fibre over A € FGn k is
3

the vector space Al.
Consider the Ehresmann cell structure on FGn K 8s given in [32],
?

which is applicable for F = R,C,H. The proof of the following lemma

can be found in [19], page 452.
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LEMMA 3.5.
et n =2t or 2t + 1 and k = 2p or 2p + 1. Let Ne and No denote

respectively the number of cells in FGn K of even and odd F-dimension.
?

Then
N =N = 1 fn] for n even and k odd
e o Z lk ’
_1 ffn [t
%=z ([ + )]
otherwise
%=z ([&] - )]
o 2 Lk Lp
THEOREM 3.6.

x(FGn k) = 0 if and only if F = R, n even and k odd. Consequently
?

span FGn k 2 1 if and only if F = R, n even and k odd.
b

Proof:

We use the well-known property that the Euler characteristic of a

finite CW complex X is equal to z (—l)lci where c; stands for the
_ iz0
number of i-cells in X. Now using Lemma 3.5, and the fact that a cell

of F—dimension i is a cell of real dimension di, d = dimRF, we see

readily that x(FGn k) = 0 if and only if F = R, n even and k odd. The

?

rest of the proof now follows from Theorem 3.1.

Let Gn,k 1<k

k-planes A in Rn. En k is called the oriented Grassmann manifold. The
?

IA

n-1, denote the smooth manifold of oriented

~

map p : Gn k" Gn X that forgets the orientation is a (universal)
9’ b

double covering of Gn K (for n > 2). Therefore we obtain
?
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COROLLARY 3.8.
x(G, ) = 2x(G, ). Thus spen G , 2 1 if and only if n is even

and k odd.

We conclude this section with the following

Example 3.9.
span G6,3 2 span G6,3 2 2.

Proof:
Since p : 66,3 —_— G6,3 is a local diffeomorphism,
span G 2 span G . We now use Theorem 3.3. Note that
6,3 6,3
dim G6 g = 9=1mod 4. It will be shown in Theorem 24.6 that
b
- 2 - .
w(G6,3) =1+ wl(TS’s). Hence w8(G6,3) = 0. By Theorem 3.4, it

_ X
follows that k(GG,B) =X (G6,3)’ Now

X = N . .
X (G6,3) / dim Hi(G6,3’22) mod 2.

0<i<d
= A} . i . .
= dim H2 (G6,3’ 2) mod 2 by Poincaré
0<i<4
17" .
duality, and the Kunneth formula. Let P(M;t) = z aitl where
iz0

a, = dim Hl(M;Zz). P(M,t) is known as the Zz—Poincaré polynomial of M.

In this notation,

X
X (66,3)

(3(P(Gg 3i1) + P(Gg 3,-1)) mod 2.

(% P(G 1)) mod 2, as

6,3
P(G6,3;—1) =,X(GS,3) = 0.
Now P(G. .;1) = 20 using Lemma 3.5 and the knowledge of H'(G. .;Z.)
6,3 6,3'72
from Exercise 7T-B of [32]. Hence x*(G6 3) = 0, completing the proof.
H
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84. Methods, Notations, and Results.

-In this thesis, we obtain solutions to stable parallelizability and
parallelizability questions for the real, complex, and quaternionic
flag manifolds as well as most of the flag manifolds, of which the
oriented Grassmann manifolds are special cases. The vector field
problem for Grassmann manifolds has also been considered. Span of Gn,k
has been determined for infinitely many "nontrivial” cases - i.e., the
cases where n is even and k odd.

Before we state tpe precise results, let us describe the methods
employed to obtain them.

Let Md be a smooth manifold, with tangent bundle M. Let
W, € Hi(M;ZZ) denote the ith Stiefel-Whitney class wi(M) = wi(rM) of M.
If the stable geometric dimension of ™M is £ k ~ i.e., TM = ¢ ® (d-k)&
in KO(M) — then WJ(M) =0 for j > k. It follows that span M £ m, if
wd_m(M) # 0. This is one of the mqst useful ways to obtain upper
bounds for span M, and has been found to be effective in many cases.

If M is a (stably) parallelizable manifold and N is a submanifold
of M with trivial normal bundle, a simple argument show that N is
stably trivial. Thus to show that a certain manifold M is not stably
parallelizable, we search for a suitable submanifold N, known a priori
to be not a m-manifold, with trivial normal bundle in M. This
elementary concept has been exploited in Chapters 3 and 4 to obtain

results for the non-stable parallelizability of many of the manifolds
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considered here. 1In certain cases the concept of n-universality (see,
e.g. [39]) has been used to guarantee the existence of maps with
certain properties. The existence of such maps are then shown to lead
to a contradiction, should the manifold in question be stably
parallelizable. This is probably a new method.

In the other direction, for positive results on stable
parallelizability, the functor A2 on vector bundles has been found to
be quite useful. Once stable parallelizability has been established
the Bredon—Kosinski Theorem 3.2 can be applied to decide the
parallelizability of M. In many cases this is no easy task. To
circumvent the difficulty, a homotopy theoretic approach has been made
to establish directly the parallelizability of certain flag+ manifolds
in Chapter 4. This method has been used by Zvengrowski [48] to prove
parallelizability of the Stiefel manifolds Vn,2'

The earlier proofs of known results that have been re—-established
here use calculations, often lengthy and involving Schubert calculus,
of Stiefel-Whitney classes. The proofs of stable parallelizability of
En,k and related manifolds given by I.D. Miatello and R.J. Miatello in

[30] make heavy use of Lie group theory that is conceptually quite

involved. Their proof that G T > 2, is not parallelizable seems
27,2

to contain an error. It may be noted that as far as possible
computations involving Stiefel-Whitney classes have been avoided in
Chapter 3 and 4. Geometric arguments have been preferred to the use of

theorems from the theory of Lie groups.
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In Chapter 2 the concept of orientability of (real) vector bundle
has beén generalised. Using this and the splitting principle, formulae
| for Stiefel-Whitney classes of tensor pfoducts, exterior and symmetric
powers of vector bundles have been obtained, under the modest
assumption that the vector bundles in question admit Euclidean metrics.
Our proof is similar to that of Theorem 4.4.3 of [18] in that it is
axiomatic. No assumptions have been made about the base spaces. To
the best of the author’s knowledge, formulae for Stiefel-Whitney
classes of symmetric powers of a vector bundle (that admits a Euclidean
metric) are not found in the literature.

Some of our results overlap with those of Korbas [24], Leite and
I.D. Miatello [27], I.D. Miatello and R.J. Miatello [30] and
Stong [42]. 1t will be mentioned clearly which of our results are not
new in the appropriate context. In all cases our proofs are new and
apparently much simpler.

F denotes one of the division rings R,L or H. Let u = (nl,...,ns)
be a sequence of positive integers with s 2 2. Let 1 € r £ s, and let
n = n1+'°-+ns. The following notations will be used in the sequel.

Details will appear in 810 and &15.

n n
FG(u) = UFD/(UE 1) x =+« x U(F ®)),

G(u;r) = 0(n)/(80(ny) x +-+ x 80(n ) X O(n_ ;) X *++ X O(n.))
FG(u) are called F-flag manifolds. When F = R we write G(u) to
abbreviate FG{(u). G(u;r) are called the flag+ manifolds, in the sense

that they are flag manifolds with the additional structure of



15

orientations on the first r components of each flag.

The following are the main results of this thesis:

4.1. Z-orientability in the sense of Definition 6.1 of a (real)
vector bundle ¢ is equivalent to wl(f) = 0. Also proofs of formulae
for the Stiefel-Whitney classes of tensor products, exterior and
symmetric powers of vector bundles in a general setting.

4.2. (Stable) parallelizability of flag manifolds: Assume s 2 3

(s = 2 case is known due to Trew and Zvengrowski [45]). FG(u) is

stably parallelizable if and only if D= ccc =0 1, and is
paralleliéable if and only if n;= cc = = 1, F=R.

4.3. (Stable) parallelizability of flag+ manifolds: The oriented
Grassmann manifold En,k’ 2 £k £ n-2, is stably parallelizable if and
only if n = 2k, k = 2,3 and is parallelizable only in the case n = 6,
k = 3.

Now assume that s 2 3, 1 2 r 2 s. The list below shows the
relatively “small" subcollection of the flag+ manifolds for which the
parallelizability is not solved. More precisely, up to diffeomorphisms
arising from the permutations of DyyeeesB and D q1seeesBys the flag+
menifolds G(nl,...,ns;r) not classified below known to be either

parallelizable, or stably parallelizable but non-parallelizable, or not

stably parallelizable. See Theorems 17.1, 17.3 and 18.1.
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The following manifolds are not known to be stably pérallelizable:

(1) G(6,1,...,1;s-2) n 210
(ii) G(6,1,...,1;s-3) nz9
(iii) G6(1,...,1,k;s-2) k=3,7, s23

4.4. Span of flag manifolds:

(i) Span G(nl,...,ns) 2 p(n) - 1.

(ii) Span G(nl,...,ns) 2 1 if and only at least two of the
numbers Dy,...,n  are odd.

(iii) Span G n =p(m) -1ifm=4,8, r21
m(2+1),3

22 ifm= 2.
(iv) Span Gn,k 2 2 only if [E] = 0 mod 4.

(v) 3 S‘Span G 7.

6,3 =
The Chapters 2-6 are arranged as follows. Chapter 2 deals with
orientability of real vector bundles and formulae for tensor product,
exterior and symmetric powers of vector bundles. (Stable)
parallelizabiiity of real, complex and quaternionic flag manifolds is
considered in Chapter 3. In Chapter 4, we address the same question
for oriented Grassmann manifolds and flag+ manifolds. Chapter 5 deals
with Zz—cohomology of the flag manifolds of the type u = (1,...,1,n-k).
Computational techniques developed here are used in Chapter 6 to obtain

certain Stiefel-Whitney classes of Grassmann manifolds, lower and upper

bounds for span Gn,k'
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The following diagram shows how various manifolds that will be

encountered here are related. (For the definition of Xn see 810.)

k

{F-Flag Manifolds}
U

{F - Projective spaces} ¢ {F-Grassmann Manifolds}

{Oriented Grassmann Manifolds} c {Flag+ Manifolds} > Xn 2
3

u U

{Spheres} c {Stiefel Manifolds}
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CHAPTER TWO

GENERALITIES ON STIEFEL-WHITNEY CLASSES

85. Introduction

In this chapter we establish formulae for the Stiefel-Whitney
classes of tensor products, symmetric and exterior powers of resal
vector bundles which admit Euclidean metrics.

In [36] it is shown that a real vector bundle ¢ over an arbitrary
base space B is orientable if and only if w,;(¢) = 0. This is proved
in 86. 1In $12 of [32] it is proved that if ¢ is orientable over a
paracompact base space B then w,({) = 0. That the converse is also
true for CW complexes is left as an exercise (see Problem 124).
Exercise H on Page 281 of [38] deals with Stiefel-Whitney classes of
sphere bundles, and 3(d) of this exercise states that a sphere bundle n
is orientable if and only if w,(n) = 0. In case § possesses a
Euclidean metric one can apply this result to the associated sphere
bundle of ¢§€. But when B is not paracompact, it is not true in general
that a veétor bundle ¢ over B possesses a Euclidean metric. See
Example 6.8.

In 87 the splitting principle is proved using the Leray-Hirsch
theorem.

Theorem 8.3, which contains the main results of this chapter is
proved using Theorem 6.7 and the results of 6. These, and analogous

results for Chern classes in the case of complex vector bundles, are
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obtained in [7] under suitable restrictions on the base spaces, using
entirely different techniques. The axiomatic approach of the proof of
Theorem 8.3 parallels the one found in €4 of [18] in the case of

complex vector bundles.

86. Orientability of Vector Bundles.

An orientation on a real vector space V of dimension n > 0 is an
equivalence class of ordered bases of V. Here two ordered bases
Upyeeoll and Vise»s,V, are equivalent if and only if the matrix (aij)
has positive determinant, where v, = z aijuj' Thus there are precisely
two orientations on any real vector space V # 0. The vector space R?
has a standard orientation given by the canonical ordered basis
€15 es€ of R™.

It is shown easily that choosing a specific orientation on a vector
space V # O is equivalent to choosing a specific generator for the
cohomology group Hn(V,VO;Z) ~ 2. Here Vo = V -~ {0}. See Page 95
of [32].

Let R be a commutative ring with identity, 1 Let ¢ be a real

R’
vector bundle of rank n > O over an arbitrary base space B. Let E =
E(t) denote the total space and Eo the complement of the zero cross

section in E. Let w : E » B denote the projection of ¢ and LR the

restriction of n to Eo' For b € B, Fb denotes the fibre of ¢ over b
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and Fb o the non—-zero elements of Fb. Let Jb denote the inclusion
(o ) (BE).

DEFINITION 6.1

¢ is said to be R-orientable if there exists an assignment, called

an R-orientation on §, of a preferred generator ug of Hn(Fb

1B, o R) =R
to each b € B satisfying the following local compatibility condition:

For each bo € B, there exists a neighbourhood N of bo and an
element ug in Hn(n_l(N),ngl(N);R) such that uﬁl(Fb,Fb’o) = ug for all b
in N. Here ug = u:(ug) where Hy is the inclusion
(Fb’Fb,o) - (ﬂ_l(N),ﬂgl(N)). t ig said to be orientable if it is
Z-orientable.

If ¢ is R-orientable, we denote an R-orientation on ¢ by {ug}beB or
by {ub} if R is clear from the context.

Note that if ¢ is orientable, then it is R-orientable for every
commutative ring R with identity. In fact, letting r denote the unique
ring homomorphism 2 -+ R, if {uﬁ} is a Z2-orientation of ¢ then {r*(us)}
gives an R-orientation of ¢ where ry denotes the map in cohomology
induced by the homomorphism r between the coefficient groups.

Let R denote either Z2 or, if £ is Z-orientable, an arbitrary
commutative ring with identity. Let'ug denote the unique non-zero
element of Hn(Fb’Fb,o;zz) = 22, and if £ is Z-oriented with orientation
{u%}, let ug = r*(ui). We have the following Thom Isomorphism Theorem.

For a proof see ® 10 of [32].
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THEOREM 6.2

There exists a unique cohomology class uR in Hn(E,Eo;R) such that
J:(uR) = ug for each b € B. Moreover, the correspondence y » y u uR
maps HJ(E;R) isomorphically onto Hj+n(E,EO;R) for every integer j.

uR is called the Thom class of §.

Remark 6.3

Our definition of Z2-orientability is weaker in general than the one
used in p.96 of [32]. However the proof of the above theorem in the
oriented case as given in 810 of [32] requires only that ¢ be

Z-oriented in the sense formulated above.

Example 6.4.

Consider the deleted comb space

D=IxO0uf|n21}xIu{(01)}cRxRuherel=[0,1] CR.
D has two path components P1 = {(0,1)}, P2 =D _Pl. Hence
HO(D;R) = 2 x 2. Using the Kanneth formula we obtain

Hl(D X (RR0)) = (Z2x2)® HI(R,R—O;Z). Let o be the generator of
Hl(R,R—O;Z) & 2 that corresponds to the standard orientation on R. Let
U= (-1,1) ® a. Now consider the trivial line bundle € over D whose
total space is D x R. It is readily verified that UI(Fb’Fb,o) is a
generator of Hl(Fb’Fb,o;z) for each b € D. U defines a 2-orientation 2
of €. In fact the orientation of Fb = b X R given by Ul(Fb,Fb’o) is
the standard orientation on b x R & R if and only if b # (0,1). Since
D is connected, it follows that there is no neighbourhood of (0,1) over

which there exists an orientation preserving local trivialization of
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the 2-oriented vector bundle (&,R2). Therefore 2 is not an orientation
in the sense of Milnor [32].

The following theorem shows, for example, that in the context of
manifolds the concept of orientability used here coincides with that

used in Milnor’s book [32] page 96.

THEOREM 6.5.

Let B be locally path connected. Let €n be a Z-oriented vector
bundle. Then, given any bo € B there exists a neighbourhood (V,h)
with bo € V such that h ¢ V x R® — n—l(V) is orientation preserving
- i.e, for each b € V, hb: b x R? ——s Fb maps the standard basis of R?

onto an ordered basis in the orientation of Fb.

Proof:

Let u% be the preferred generator of Hn(Fb o;Z) = 2 for each

’Fb,
b € B. Let bo € B be given. Choose a neighbourhood (N,h) as in
Definition 6.1. Since B is locally path connected there exists a path
connected open set V ¢ N with boe V. Denote h|V by the same letter h.
Let u$ = u§ | (w_l(V),ﬂgl(V)). It follows readily that us | (Fb’Fb,o)
= u% for all b € V. Without loss of generality assume that h preserves

orientation at bo' Equivalently, we assume that h: (ug ) = the
o o

generator « of Hn(bo x (Rn,Rn—O);Z) = Hn(Rn,Rn-O;Z) & Z that
corresponds to the standard orientation on RY = bo x K%,
Since V is path connected,

tt
Hn(V X (Rn,Rn-O);Z) 220 Hp(Rn,Rn—O;Z) by the Kunneth formula.
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Writing h*(us) as 1 ® ka for some integer k € Z, we see from the

commutativity of the diagram below with b = bo’

*

hb

B (n (0,7 (1)32) —2 5P (ux (RP,RP-0);2)

"restriction" "restriction"
by
Hn(Fb,Fb’O;Z) ——s H(b x (R®,R"-0);2)

that (1 ® ka)l(bO X (Rn,Rn—O)) = o, Hence k = 1. Therefore for any
bev, wd)I®bx ®,8-0) = (18D x ®,K-0)) = a. By the
commutativity of the above diagram again, h:(u:) = a. Equivalently,
hb: b x R® —s Fb preserves orientation, as was to be shown.

Theorem 6.2 shows, among other things, that every real vector
bundle £ is Zz—orientable. The following proposition gives a criterion
for orientability in terms of R—orientability. It is my pleasant duty
to thank Prof. K. Varadarajan who helped me with the following
proposition.

Let U(R) denote the group of units in R.

PROPOSITION 6.6

Let ¢ be a real vector bundle of rank n over B and R a commutative
ring with the property that U(R) is a group with two elements % 1R'
Then § is orientable if and only if ¢ is R-orientable.

Proof:

From the comments in an earlier paragraph we see that to prove the
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proposition we have only to show that if ¢ is R-orientable, then it is

Z-orientable.
Assume that ¢ is R-orientable. Let {ug} be an R-orientation on §¢.
Thus ug is a generator of Hn(Fb,Fb o;R) & R for each b € B. Further,
9

given b € B, there exists an open set N in B with b € N and an element

uﬁ € Hn(w_l(N),ngl(N);R) satisfying u:(ug) = u§ for all c € N. We

assume, as we may, that £|N is trivial. Let 8 : n_l(N) + N xR" yvield

a trivialization of £|N.

O/nr oDy o~
Let {NT}TGF denote the path components of N, so that H (NT’R) =R

1

for each ¥ € I'.' Choose a generator e € Hl(R,R—O;Z) & Z. Then

e = e'x...xe' € Hn(Rn,Rn—O;Z) is a generator of Hn(Rn, Rn—O;Z) & 2,

n
Using the isomorphism HO(NT;Z) Xe Hn(NT X Rn,Nf x (nn-O);z) and

xr*(en)

HO(NT;R) Hn(NT x Rn,NT x (R™-0);R) (see p.106 of [32]) we

see that Hn(Ny x Rn,Ni x (R°-0);R) = R. Let 6, = Blu_l(NT). Then
oy H(N, x R% N, x (R"-0);2) ——s H“(n‘l(Nr),n;?(Ny);Z) and
e;: H'(N, x R",N, X (R"-0);R) —— Hn(w_l(Ni), n-l(NT);R) are

isomorphisms. Identifying Hn(ﬂ_l(N),ﬂgl(N);R) with

I Hn(ﬂ_l(NT),ﬂgl(N?);R) we see that uﬁ = I ug where
Yer Yer

R -1 -1 . . _ .
w. € Hn(n (NT)’ LN (Ni),R) # R is an R—generator for R. Since
r : 2 —— R maps U(2) isomorphically onto U(R), we see that there

exists a unique generator ug in Hn(n—l(NT),wgl(NT);Z) & Z with the

2. _ R
property that r*(ur) = .
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For the same reason as above, there exists a unique generator ug in
H'(F,,Fy i2) & 2 with r () = u for each b € B. We claim that the
assignment of u% to b for each b in B is a Z-orientation of ¢. 1In fact

consider the element uﬁ = TR} ug in I Hn(ﬂ_l(N?),ﬂgl(NT);Z) =
€ Yer

Hp(n_l(N), ﬂ;l(N);Z). Clearly, we have r*(uﬁ) = ug. From the

commutativity of the following diagram
X
-1 -1 He
H'(n (0,7 " (N);2) —=— H'(F_,F_ ;2)
r r
X l % l X

- - u
H(n (0,7 L () R) —S H(F,F_ _iR)

?

x, 2. _ R X, Z. .
for any c € N, we see that r*uc(uN) =u_. But uc(uN) is a generator of

Hn(FC,Fc o;Z) % 2. Since u: is the unique generator of
H

- . . r4 R . X, 2 2
Hn(Fc’Fc,o;z) & 2 satisfying r*(uc) = u_ we obtain uc(uN) = U for all

c € N. This completes the proof of Proposition 6.6.
We are now ready to prove the following main theorem of this

section.

THEOREM 6.7.

Let £ be a real vector bundle over an arbitrary base space B. Then

¢ is orientable if and only if w1(€) = 0.

Proof: _
Assume that ¢ has rank n > 1. We know that ¢ is always
¥ 4

Zz—orientable and that there exists a unique element u 2 € Hn(E,EO;Zz)
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2
with the property that j:(u 2) is the non—zero element of

Hn(Fb,Fb,o;Zz) % 2, for all b € B. Then, by definition,

Y 4
Wi () = ¢ Lisq! u 2) where ¢ : Hl(B;ZZ) et Hn+1(E,EO;Zz) is the Thom
1 %
isomorphism. Thus wl(€) = 0 if and only if Sq= u “ = 0. Consider the
exact sequence
X CIN € .
0 ’ Z2 > 24 ’ Z2 — 0 (i)

where s(1) = 2 and e is the canonical quotient map, that is e(1) = 1.
Then Sql: Hn(E,EO;ZZ) — Hp+l(E,Eo;22) is same as the connecting

homomorphism 8 in the exact cohomology sequence

S €
X X
. —t Hn(E,EO;Zz) — Hn(E,EO;Z4) IR Hn(E,EO;Zz)

B, Hn+1(E,EO;22) _— .. (ii)

corresponding to the coefficient sequence (i). Hence
22 2 F 4
wl(i) 0= f(u”) =0e=u” = e*(u ) for some element

2

4
ate Hn(E,EO;Z4).

2

: 4
Assume that wl(ﬁ) = 0, and choose an element u 4 € Hn(E,Eo;Z4) with

2 2
e*(u 4) = u 2. Under ¢ : 24 —— 22 the only elements of Z4 that get

mapped onto 1 € 22 are +1 of Z4 and they are the multiplicative units
2y x4
in the ring 24. Define w o= jb(u ) for all b € B. From the

commutativity of the diagram below,



27

X
Jj
) b )
Hn(E,EO,Z4) 2., Hn(Fb,Fb’o,Z(;)
€ €
l X « %

J
, b, g ,
H'(E,E;2y) ——— H'(F, By 5Z,)

2

. . . 4
and the facts Hn(Fb’Fb,o’z4) = 24, Hn(Fb’Fb,o’22> &= Z2 we see that u

is a generator of Hn(Fb,Fb o;24) & 24 for all b € B. This shows that
9
P 4
the assignment of ub4 toeach b in B is a 24—orientation of €. Since

U(Z4) = {£1}, it follows by Proposition 6.6 that £ is orientable.

Conversely, assume that ¢ is orientable. Then by the Thom

F 4
Isomorphism Theorem, there exists an element u 4 € Hn(E,Eo;Z4) with

x, %4 : x, %4
jb(u ) a generator of Hn(Fb’Fb,o;z4) for all b € B. Then e*jb(u ) is

the unique non—-zero element of Hn(Fb,Fb o;Zz). The commutativity of
?

2
the above diagram shows that the element e*(u 4) € Hn(E,Eo;z) has the

r 4
o* 4 3 *
property that Jbe*(u ) is the non—zero element of Hn(Fb’Fb,o’ZZ)' It
follows therefore that wl(ﬁ) = 0.

This completes the proof.

Example 6.8.
Let L+ denote the Alexandroff half line and ¢ the tangent bundle of

L+ with respect to some smoothness structure on L+. Then £ is an
orientable line bundle as can be seen either directly or by using
Theorem 6.7. But L+ is a manifold that is not paracompact. Hence ¢

does not admit a Euclidean metric. Since clearly every trivial vector
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bundle admits a Euclidean metric, ¢ is an example of a line bundle that
is orientable but not trivial.
The following theorem gives another characterisation of

orientability of a real vector bundle ¢ over an arbitrary base space B.

THEOREM 6.9.

Let £ be a real vector bundle of rank n 2 1 over an arbitrary base
space B. Then ¢ is orientable if and only if the line bundle An(g) is

orientable.

Proof:

By Theorem 6.7 we need only to show that wl(g) = 0 if and only if
wl(An(i)) = 0. In fact we will prove that w1(§) = wl(An(i)). By
Theorem 6.7 and the Whitney product formula, again, this is equivalent
to showing that ¢ ® An(g) is orientable. Let b € B. let ViseeesVy be
any basis for Fb‘ Then the orientation of the vector space determined
by the ordered basis ViseeosVis Via ceea Vo is independent of the
choice of the basis VisesesVy of F, , and hence orients F, & An(Fb)

b
canonically.

let ¢' = ¢ @ A“(g), E' = E(¢'), n* the projection of £' and F; the

fibre, Fb @ An(Fb), of ¢! over b for each b € B. Let bo be any element
of B. Choose an open set N with bo € N and ¢|N trivial. ILet
h :N x B — n-l(N) be an explicit trivialization for £{N. Then

1 —_— n'—l(N) is defined by

h': N x R?
h'(b,x,y) = (h(b,x), An(hb)(y)), for be N, x € R®, y € R, where

hb = thXRn and An(hb) t b x An(R) —_— An(Fb) is the map induced by
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hb' Note that h' is orientation preserving, that is, hﬁ maps the

ol b x (R® ® A"(RY)) onto the

standard oriented basis of b x R
canonically oriented basis of FB for each b € N. This implies that ¢°
is orientable, completing the proof. (See Remark 6.3)

We record the following fact established in the above proof as a

lemma.

LEMMA 6.10.

Let £ be a real vector bundle of rank n over an arbitrary base

space B. Then w,(§) = wl(An(ﬁ))-

Example 6.11.

Let ¢ be a real vector bundle of rank 3 that admits a Euclidean

metric. Then A2(§) =~ £ 8 A3(€), as vector bundles.

Proof:
Let ¢ = A3(§). Then ¢ admits a Euclidean metric. It is easily

verified that the map (x ® su) A~ (y ® tu) —— st(x ~ y) for x ® su,
y® tuof £ ® { and u a unit vector (with respect to some Euclidean
metric on ¢) is a bundle isomorphism. Thus A2(§) ~ A2(§ ® ¢). Since
£ ® ¢ is orientable by Lemma 6.10, we see that, according to
Corollary 2.4

o) ~¢es.
Hence £2¢) ~ ¢ 8¢,
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87 The Splitting Principle.

In this section we continue to use the notations of &6.

Let ¢ be a real vector bundle of rank n 2 1 over an arbitrary base
space B. We construct a fibre bundle P(£) over B with fibre space
an—l as follows. Denoting both the fibre bundle and its total space

by the same symbol P(£), P(¢) = U {[x] | x € Fb o}. Here [x] denotes
beB ?

the 1-dimensional subspace of Fb spanned by x, for x € Fb,o' Thus P(¢)
is the set of all equivaience classes of Eo under the equivalence
relation: x . x' for x,x' § Eo if and only if ﬂo(x) = wo(x;) and

x = tx' for some t € R — {0}. P(¢) is then given the quotient
topology. The map p : P(¢{) — B induced by m is the projection of
the bundle P(¢). Clearly p_l(b) = RPn—l for each b € B. The
GL(n)-action on £ induces a GL(n)-action on P(¢). P(¢) is called the
projective bundle associated to €.

We now assume that £ possesses a Euclidean metric. Consequently
p*(g), the induced bundle, also possesses a Euclidean metric. Consider
the canonical line bundle ¢ over P(¢) whose fibre over'a point
[x] € P(¢) is the vector space [x]. Clearly ¢ is a subbundle of p*(g).
Since p*(g) possesses a Euclidean metric, ¢ has a complementary

subbundle n of rank n - 1. Thus § 8 n = p*(g).

Remark 7.1

More generally, given a Euclidean vector bundle ¢, and a flag

manifold G(u) with |{u] = n = rank ¢, one can associate with it a fibre
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bundle G(u)(¢) called the G(u)-bundle over B associated to §, with
fibre space the real flag manifold G(u). There exist canonical
ni—plane bundles §i, 1 <i=x<gs, over G(u)(¢) where u = (nl,...,ns),

" sastisfying the following relation:

£, 8 B¢~ p*(g), where p is the projection p : G(u)(¢{) — B.

The main theorem of this section is the following:

THEOREM 7.2. (The Splitting Principle.)

Let ¢ be a Euclidean vector bundle of rank n over an arbitrary base
space B. Then there exists a space B' and a map f : B —— B such
that £(¢) splits as a Whitney sum of n line bundles ¢,,...,¢_and
f*: H*(B;ZZ) —_— H*(B';Zz) is a monomorphism.

ft*: B' —— B or, by an abuse of terminology, B', will be called a
splitting bundle of ¢ in this case.

In order to prove the above theorem we need the following form of

the Leray-Hirsch Theorem.

THEOREM 7.3.

Let p : X —— B be a locally trivial fibre bundle over an
arbitrary base space B with fibre F. Let K be a field. Suppose that
there exist finitely many elements XpseeesX, € H*(X ; K) such that
i:(xl),,,.,i:(xr) forms a K-basis for H*(pﬁl(b);K) for each b € B,

where ib: p—l(b) — X denotes the inclusion of the fibre over b.
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Then

¢ : (B ; K) 8 H'(F ; K) — HY(E ; K) defined by

¢(y ® cxi)

P*(Y) U X, is a K-isomorphism.
Here a, = ig(xi), 1 £ i< r, under the identification of F with p_l(b)

for some b € B.

Method of Proof: First one proves the above theorem for product
bundles where p : X —— B is the first projection, X = B x F. Then,
using an argument involving a Mayer-Vietoris sequence, one proves the
theorem for bundles where B = B1 v B2 and the theorem is known to be
valid for p, ! p_l(Bi) — Bi’ p; = plp—l(Bi), i=1,2. An obvious
induction shows that the theorem is valid when B = B1 Uttt Bk and
the theorem is known to be valid for p; ¢ p_l(Bi) —_— Bi’ 1<i=<k.
Finally, in the general case one uses local triviality of the bundle
and the fact that, since K is a field, Hi(B;K) is naturally isomorphic

to the inverse limit, 212 Hl(C;K), of Hl(C;K) as C runs through all

compact subsets of B.

Remarks 7.4. .
The hypothesis of the above theorem can be weaskened. It is easy to

see that the theorem still holds if one assumes only that
i:(xl),...,i:(xr) forms a K-basis for H*(p-l(b);K) for some b in each

path component of B.
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PROPOSITION 7.5.

Let § be a real vector bundle of constant rank n over an arbitrary
base space B, Let a = wl(c) where ¢ is the canonical line bundle over

the projective bundle P(¢) of ¢. Then H*(P(g);zz) is an

n-1
]

H*(B;Zz)—module freely generated by the basis elements 1l,a,...,a

where y*a = p*(y) vua forye H*(B;Zz), a € H*(P(g);zz).

Proof:

First we note that, denoting by ib the inclusion of the fibre over
b € B into P(¢), iX($) is the line bundle over p L(b) = P(E) = P(R™)

n—-1

= RP whose fibre over [x] € p—l(b) is the one-dimensional subspace

[x] Fb. Therefore, up to the identification p_l(b) &= RPn_l, i:(c) is

the canonical line bundle over p_l(b). Hence 1,i:(a),...,iz(an*1)
forms a Zz—basis for H*(p_l(b);zz), since

wl(i:(c)) = i:(wl(c)) = i:(a). The theorem now follows by applying
Theorem 7.3.

We are now ready to prove Theorem 7.2.

Proof of Theorem 7.2: _
If rank € = 1, take B' = B and f = the identity map. If rank ¢ = n

2 2, then take X = P(¢). As we have noted before, p*(§) ~ ¢ @8 pn for
some bundle n of rank n - 1 and moreover 771 admits a Euclidean metric.
Further, p*(H*(B;Zz)) c H*(X;Zz) is generated as an H*(B;Zz)—module by
the basis element 1, by Proposition 7.5. Hence p* is a monomorphism.

By induction assume that there exists a topological space X' and
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n~1 line bundles §2,...,§n over it, a map f': X' —— X such that
X
' (n) = €2 B - B §n,
and that f'*: H*(X;Zz) —_— H*(X';Zz) is a monomorphism.
Now taking B' = X*, f = p ©¢ f', and €1 = f'*(c) one easily verifies

that the conclusions of Theorem 7.2 follow.

COROLLARY 7.6.

Let §1,...,€k be k real vector bundles over B, each of which
possesses a Euclidean metric. Then there exists a space B' and a map
f : B* —— B which induces a monomorphism f* in Zz—cohomology such
that f*(gi) splits as a sum of n, line bundles, 1 € i € k, where

n. = rank ¢..
i i

Proof:

Follows from Theorem 7.2 by an induction on k.

Remarks 7.7

(i) Theorem 7.2 is usually proved under some restrictions on the
base space. (cf. 85, Chapter 4 [33].) The theorem is used to define
Stiefel-Whitney classes in 85, Chapter 16 of [22] and-p.73, [18].

(1ii) The assumption that €n admit a Euclidean metric means that
its structure group GL(n,R) can be reduced to 0(n) ¢ GL(n,R). If €n is
an (arbitrary) vector bundle over an arbitrary topological space B, we
can only assert that there exists a space B* and amap f : B' —— B

which induces a monomorphism f*: H*(B;ZZ) — H*(B';Zz) and there are
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vector bundles §1,...,€n, fysecesf, 4 OVer B' such that the following

are exact sequences of vector bundles:

» £, v 7. — 17, » £ix
0 & ni_4 ny 0, 1=<i=<n,

with n, = f*(g), n, = 0 and rank §i = 1.

88 Applications.

In this section we establish formulae for Stiefel-Whitney classes
of Ak(g), sk(e), and n, ® -8 n,. in terms of the Stiefel-Whitney
classes of ¢, Tyseeesll,. It is assumed that g,nl,...,qr are all vector
bundles over the same base space B and that each of them admits a
Euclidean metric.

Choose B' and a map f : B' —— B such that
f*: H*(B;Zz)  —— H*(B';Zz) is a monomorphism and there exist line

bundles §1,...,§n, n, 1< j<n, 1<i=<r, wheren = rank ¢,

J’ i
n, = rank s such that
* - * e 0
f (g) - glm 6 gn,
%
f(n.)= @ n.. .
1 1<jsn, +J

Such a choice is possible by Corollary 7.6. Let Qm denote the

m—-fold tensor product ¢ ®---8® ¢.
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LEMMA 8.1

With the above notations, one has the following vector bundle

isomorphisms.
%
(1) f (n@-@n)=s & (n,. ®-+-®n_.)
1 r ISjiSni 131 rj.
1<i <r
(1) For 1 <k <n, £54¥)) ® (5. 88 ¢. ).
1<i,<-+-<i<n 1 "
1 k
(iii) For any k 2 1,
k k
£(s"(e)) ~ ® ¢,f e8¢ .
Oskl,...,k <k
r
k1+--'+k =k
r

Proof:

(1) follows immediately from the fact that the tensor product
distributes over Whitney sums.

(ii) follows from the repeated application of the formula

Kaop = o s e alp
i+j=k

and the fact that A°(g) =~ 8, Al(s) ~ ¢, and all other exterior powers
are zero for a line bundle §.

Note that the symmetric power Sm(c) of a line bundle ¢ is bundle
isomorphic to the m—fold tensor product cm, for m 2 1. Hence, using

the formula (cf. Corollary 2.2(ii))

Sk(a ®8 = 6 Si(a) ® Sj(ﬁ), (See §82)
i+j=k
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we obtain

£*5%(8) = s¥(¢,0---0 ¢ )

k1 kr
N @ §1 ® 0 §r .
OS-kl,‘..,krsk
kl+°--+k =k
r

This proves (iii).
Let 9 i 1 € k £ n, denote the unique polynomial in the variables
?
ERERELM for which the following defining relation

(Or3e0ey06. ) = I (1 +x, + ¢ +x.)
%0,k 1 n 1S3, ¢+ + <4, <n 1 %

holds in Zz[xl,...,xn]. Here o denotes the ith elementary symmetric
polynomial in the indeterminates XpserosX o Similarly we let Sy K

?
n,k 2 1, denote the unique polynomial defined by the relation

s (Ors00ey0_ ) = I (1 +k,x, + °++ +kx)
0.kl " osky,... k sk 171 rr

kl+'-'+kr=k
in Zz[xl,...,xn].

Let oj(i) denote the jth elementary symmetric polynomial in

indeterminates AT ERERRS 71 Then it is easily seen that the
polynomial
I I (L+y,.+ s +y .)
l<i<r lsjiSni lJl ] Tp

. ] < i< < i < . ..
in Zz[yij. 1<, n,, 1<£i<r] is symmetric in yil""’yini and thus
uniquely expressible as a polynomial in the variables cj(i),

l<jx n,, l1<i=<r. Let P, n denote the unique polynomial
TEERREL .



defined by the relation

pnl,...,nr(ol(l),...,onl(l),...,ol(r),...,anr(r))
= I n (L+y,. + *° +y_.).
lsisr 1<) <n, Ly i

Examples 8.2

(1) 94,1

I (4x.,) =1+06, + *+« + 0o,
i n

1

1<i<n
s _ 2 -
(ii) q3’2 =1+ o1 + 9, + 0,9, + ag = 53’2.
(iii) pl’n(y,ci,---,og) = 1sg¥n (1+y+y,)
=1+t + QA+ y)n—lo' + 2o + (1 +y)o! . + 0!

1 n-1 n

where oi is the ith—elementary symmetric polynomial in Yyseeoes¥pe

(iv) Define ¢n to be pn,n(al”’°’cn’°1’""an)’

2
Then ¢_ = [ b4 1+ x, + x.)]
b li<i<jzn o

= J/4 (1+xi+x.)2
1<i<j<n J

_ 2 . _
= (qn,2) since 2xi = 0,

We are now ready to prove the following main result of this
section.

Let W, denote wi(ﬁ) and Wi(J) = wi(nj).

THEOREM 8.3
With the above notations,

(1) WMf°°°8m)=

pnl’...,nr(wl(l),.-.,wnl(l),---,wl(r),-..,wnr(r))

38
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(1) w(a(e))

i

qn,k(wl""’wn)
(iii) w(Sk(g)? SRS Y

Proof of (ii):
By Lemma 6.10 and the Whitney product formula we have
W, (. @ - @&, ) =w, (. 8 ++°BE. )
1 i i 1 i, i

=w (8, ) + cer tw (8, ).
1 i, 1 i

Therefore) writing X, = wl(ﬁi) for 1 £ i < n,

(%) w(t,. ® *«- ®¢, )=1+x, + *°° +x. .
1 Tk 4 Iy
By naturality, another use of the Whitney product formula, Lemma 8.1,

and (*), we now find

£ w(a(8)) = w(e 4 (e)) = w(B(s; -6t ))

/4 (1 + Xg + oo + X, )

lSi1<'°'<ik$n 1 k

= qn,k(ol""’on)'

Since f* is a monomorphism and since f*(wi) =04 it follows that
k -
w(A (g)) - %,k(wl"..’wn).

(i) and (iii) are established similarly.

Remarks 8.4

Theorem 8.3 (i), (ii) and analogous formulae for Chern and
Pontrjagin classes are proved in [7] using group representations and
the description of characteristic classes in terms of root systems of
suitable Lie groups. It may be noted that their proof applies for a

suitable class of base spaces for which the classification theorem for
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vector bundles holds. Exercise 7C in [32] gives another proof for pm,n
that holds for paracompact base spaces. The above proof, which holds
for any bundles admitting a Euclidean metric, parallels the proof of an
analogous result for complex vector bundles given in %84.4 page 63,

of [18].

To the best of the author’s knowledge, the formula for w(Sk(ﬁ)) is
not found in standard references.

In view of Theorem 8.3, Examples 8.2 (i) - (iii) can be rewritten
to give formulae for Steifel-Whitney classes of vector bundles obtained
from given vector bundles by applying Ak, Sk or by taking tensor
products. Thus, by Example 8.2 (ii), w(Az(ﬁ)) = 1+ wi + o + Wi W, + W

for a three plane bundle ¢ (writing w(¢) =1 = + W, + w We

Wy Wy W),
conclude this chapter with the following formula for w(A2(§)) for an

oriented four plane bundle &£.

Example 8.5.
Let ¢ be an orientable vector bundle of rank 4. Then

w(Az(f)) =1+ wg + wg (again w, = wi(ﬁ)).A

Proof’:

By Theorem 8.3, w(A2(§)) = q (0,w,, W,, W,).Hence, it suffices
4,2 2> "3 "4
to compute Y o modulo the ideal <ol> generated by oy- Equivalently,
b4
we let o, = x1+ x2+ x3+ Xy = 0 in the computation of

q4,2(02,a3,o4) = q4,2(0,02,o3,o4)-
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Now 34,2 )/ (1 + Xy + Xj)

1=i<j<4

[ /4 (1+x.+x.)]'(1+x +x, ) (T +x,) (1+x
1gicje3 19 174 m2 e

)/ (1+x.+x.)]-(1+x +x,) (1+x.+x,, ) (1+x
[1si<jss 17 273 1%3) ¢

by substituting for Xy from the relation Xy + Xy + Xq + X, = 0. Thus

+X

3%4)

+X

1%9)

~ 2
qQ = n (1 +x. +x.)
12 1ei¢y<3 1o
_ 2 4 2 2 ,2 2
= q3’2 =1+ oi + oé + oi oé + oé s
where oi = oi(xl,xz,x3), by Example 8.2 (ii) above. By a

straightforward and easy computation, or due to symmetry in xl,xz,x3
TR = .
and X4 the o! 's can be replaced by o, oi(xl,xz,x3,x4). Since

°1 = 0 this yields

Remark 8.6

By Example 8.2 (iv) and the above example, for an oriented 4-plane
bundle ¢, one has w(¢ ® ¢) = (1 + wz(g) + w3(€))4. This is in
agreement with the formula for ¢4 announced in [30]. The direct
computation of ¢4 is very difficult. Since
n®n=(ne A4(n)) ® (n® A4(n)) for any four plane bundle 771 and since
n® A4(n) is always orientable (see Lemma 6.10), we can compute
w(n ® n) using Examples 8.2 (iii), (iv) and the above formula for 54’2.

~

Indeed, in their application, n = 18 4
?

simplifies the computation of w(?g 4 ® ?g 4) greatly.

Thus the above formula
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CHAPTER THREE

FLAG MANIFOLDS

$89. Introduction.

That the only stably parallelizable real Grassmann manifolds are
the obvious ones, namely, Gl(Rz), Gl(R4) = G3(R4) and Gl(RB) & G7(R8)
which are all parallelizable, was first noted by T.Yoshida [46]. A
proof using only elementary concepts and results from K-theory that
also covers the complex and quaternionic Grassmann manifolds was found
by Trew, Zvengrowski [45]. In this chapter we determine exactly which
of the real, complex and quaternionic flag manifolds are stably
parallelizable and parallelizable. See Theorem 11.1. Recently
Korbas [24] has obtained the same results for real flag manifolds,
where the negative results are based on computations of Stiefel-Whitney
classes.

In 810 we state, without proof, some known results which will be
made use of in the proof of Theorem 11.1. In %11 we prove the main
theorem of this chapter. In 812 an explicit trivialization for the
"classical" real flag manifolds is given.

The results of this chapter appear in [37].

£10. Summary of Known Results.

First we introduce some notations. F will denote either the field

R of real numbers, or € of complex numbers, or the division ring H of
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quaternions. Denote by u a sequence (nl,...,ns) of positive integers,
with s 2 2.. Denote by H. the subsequence (nl,...,nr), for 1 £ r < s.
We write Iurl =y LR 3 n_ and n = Jul.

FG(u) denotes the F-flag manifold FG(nl,...,ns) and will be called
the F-flag manifold of type u. The notation GF(nl,...,ns) for the flag
manifold FG(u) is used by many authors. When F = R, we write G(u)
instead of RG(u). When u = (1,...,1), FG(u) are the so called
"classical" flag manifolds.

Note that there are s canonically defined F-vector bundles
gg(u),...gg(u) over FG{u), with rank §§(u) = n, for 1 £ i<s. The
total space of §§(u) is {(A, v) | v € Ai’ A= (Al,...,As) € FG(u)}

c FG(u) x " and the fibre of §§(u) over a flag A = (Al,...,As) € FG(u)
is the F-vector space Ai. In case s = 2, it is customary to denote

€§(n1,n2) and €g(n1,n2) by ol

F .
n,n, and pn,n respectively (see p.9).

1
Denoting F-vector bundle isomorphism by ~p it is clear that
F F F
§,(n) ® ® ¢ (u) ~p n€
where nSF denotes the trivial F-vector bundle of rank n.
The following theorem is due to Lam. See Corollary 1.2 of [26].

Let 2(F) denote the centre of F.

THEOREM 10.1
The tangent bundle 1F(u) of FG(u) is isomorphic to

& W e, ew
I=i{js<s



as 2(F)-vector bundles. Here £ denotes the "conjugate" vector bundle
of ¢,
Let us now focus on the Grassmann manifolds, the case s = 2. 1In
this case the above formula gives the familiar description,
"ok ™ ok ®F B
where Tg’k denotes the tangent bundle of Gk(Fn) = FG(k,n-k). The
following theorem, due to Trew and Zvengrowski [45], will be made use

of in the proof of Theorm 11.1.

THEOREM 10.2
The only Grassmann manifolds that are stably parallilizable as real

manifolds are Gl(Fz), Gl(R4) & G3(R4), Gl(Rg) = G7(R8), where F = R,C
or H.
: . . . -~k . .
The above theorem is proved by imbedding FP' X in Gk(Fn) in a

natural way and showing that the pull back of the tangent bundle rﬁ k
9

is not stably trivial, except in precisely the obvious cases noted in
the theorem.

Let Vn X denote the (real) Stiefel manifold of orthonormal k-frames
?

in the Euclidean space Rn, with standard inner product. Let Xn be

k

3

the projective Stiefel manifold obtained from Vn X by identifying each
H}

is just

a = (vl,...,vk) € n,k with —~« = (-vl,...,—vk) in vn,k' Xn,k

the homogeneous space O(n)/{iIk}} x O(n-k).

Let p @ Vn K Xn

b ’

k denote the double covering map that maps

ae€V onto [a] = {ta} in X . Let ¢ denote the associated line
n’k n’k
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bundle over xn,k' By Theorem 3.2 of [26] the tangent bundle of xn,k is
stably equivalent to nk ¢. One can use the following proposition to
decide the stable parallelizability of Xn,k in many cases. For further
results regarding (stable) parallelizability of xn,k’ see [4]. Also

see Theorem 14.5.

PROPOSITION 10.3
Let k < n, and let N = min{j | n-k < j < n and (‘J?) = 1 mod 2}. The

cohomology algebra H*(Xn k; 22) is isomorphic, as a Zz—graded algebra,
’

to
(Zz[y]/yN) 8 V(¥ypre e Voo Yy o9 ¥py)
where y = wl(g), and V(yn—k”"’yN-Z’yN""’yn—l) is a suitable
€ €1 ‘
Zz—algebra which has {yn—k"' n-1 | ej =0orl forl=<j=<k-1} as an

additive basis and deg y‘j = j.

Proof:

The proof of this proposition can be found in [13].

Let Mm, N? be smooth paracompact manifolds. lLet f : M —— N be a
smooth map. f is said be an immersion (resp. submersion) if
(Tf)x : TxM —_— Tf(x)N is a monomorphism (resp. an epimorphism) for
all x € M. Here TxM denotes the tangent space to M at x, and (Tf)x is

the derivative of f at x.
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Note that if f : M —— N is an immersion, then f*T(N) contains
T(M) as a subbundle and that if f is a submersion f*r(N) is a subbundle
of 7(M). Let v(M) denote the normal bundle in the former case and the
"vertical” bundle in the latter case. Thus f*T(N) ~ (M) & U(M) when f
is an immersion and, (M) =~ f*(T(N)) ® (M) when f is a submersion. We

have the following lemma.

LEMMA 10.4.
Let v{(M) be trivial. Then M is stably parallelizable if N is

stably parallelizable. In case f is a submersion and rank v(M) 2 1, M

is parallelizable if N is stably parallelizable.

Proof:
Let k = rank v(M). Let N be stably parallelizable.

In case f is an immersion, we have
ne ~ £5(r (M) = 7(M) B v(M) ~ T(M) B ke.

Hence M is stably parallelizable. ﬁ

In case f is a submersion, we have

(M) = £Y(r(N)) @ (M) = £ (T (V) B ke ~ £ (T(N)).

Since 7(N) ~ 0, it follows that f*(r(N)) ~ 0. Thus M is stably
parallelizable. If k 2 1, then 7(N) ® k6 = (n+k)6. Therefore
f*(r(N)) ® k€ is a trivial vector bundle. Since (M) = f*(r(N)) 8 ke,
it follows that, in this case, M is parallelizable.

The above lemma is used to obtain results on stable

parallelizability of flag manifolds.
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811. Stable Parallelizability of Flag Manifolds.

In this section our aim is to prove the following theoremn.

Notations are as in the previous section.

THEOREM 11.1.

Let s 2 3, u = (nl,...,ns). Then,

(1) FG(u) is stably parallelizable when By = e == 1, and,
in this case, parallelizable only when F = R.

(ii) If n, > 1 for some i, then FG(u) is not stably
parallelizable.

Note: The case s = 2 is just that of Grassmann manifolds, for which

the result is known by Theorem 10.2.

Proof of (i):
Let u = (nl,...,ns) with n, = 1. The stable parallelizability of

FG(u) has been noted in [26]. The parallelizability of RG(u)

& 0(n)/0(1) x «++ x 0(1) follows from the fact that the quotient of a
Lie group by a finite subgroup is parallelizable [p.502, 8]}. However,
an explicit trivialization for the tangent bundle of RG(u) is
constructed in 812. To prove that FG(u) is not parallelizable for F =
€ or H, we show that the Euler characteristic in these cases is
non—-zero. Note that L FG(u) —— FPn"1 & FG(n-1,1), the projection
map that sends (A;,...,A ) to A e FPn—l, is the projection of a fibre

bundle with fibre FG(us_l). This bundle is orientable for F = € or H.
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Further, x(FPm) >0 for F=C,Hand m 2 1. Using induction and the
multiplicative property of Euler characteristic we see that x(FG(u)) >

O for F = € or H.

Proof of (ii):

Since FG(nl,...,ns) & FG(nil,...,niS) where {il,...,is} ={1,...,8}

we assume, without loss of generality, that ny Zee o2 n,. Now let
n, > 1. By Theorem 10.1 one has
F -F
T (1) N (F) & §, (w o £§(u).
1€i¢j<s
Now consider the inclusion i : FG(us_l) — FG (u) which is
. . oy |1l 1#s-1] . Ds
induced by the identification F = F ® F~. Clearly one has
the following isomorphisms of F-vector bundles:
*e]) ~ ¢5(k,_p) for 124 = s
¥, F F
and i (¢ ,(w) =n &
Therefore, denoting stable equivalence of 2(F)-vector bundles by ~,

Fefw) =¥ e F w e sfw))

1€i<j<s
~ ® B pecwe| e T (u_ene]
1<i<jss-1 J 1<i<s-1
F . -F =F F
~ 7 (ug_y), since @ §,(ug ) = lu 418 = |u_ 1€
1<i<s-1

Let j denote the composition of inclusions

FG (u,) I o L Fa).
By applying i* successively, we obtain
X, F F
J (T () ~ 1 ().

Now (ii) follows from the negative results on the stable
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parallelizability of Grassmann manifolds except when F = R, n, = 1 and

2

n; = 3 or 7. See Theorem 10.2.
In the (3,1,1) or (7,1,1) cases, consider the double covering map
Xn,Z

where p([a]) = ({vl,vz}l,va,sz) for a = (vl,vz) in Vn

- G(n-2, 1,1)

2’

] = {ta} € xn,Z'
As for any covering map,
X, R

p (7 (n-2,1,1)) = T(Xn,z)

By Proposition 10.3, and using the fact 1(Xn ~ 2n§, it follows that

,2)

_ . 10] (18} _ .
wz(Xn’z) # 0 for n = 5,9, (since [ 2],[ 2] £ 1 mod 2). Hence xn,2 is
not stably parallelizable for n = 5,9. Consequently, G(3,1,1) and
G(7,1,1) are not stably parallelizable. This completes the proof

of (ii).

Remark 11.2.
The top Chern class of €G(1,...,1) is its Euler class. Since the

Euler characteristic of €G(1l,...,1) is non-zero it follows that the top
Chern class of €G(l,...,1) is non-zero. Hence CG(1,...,1) is not

stably parallelizable as a complex manifold.

Remark 11.3.

In the case F = R, many of our results follow from the work of
Miatello-Miatello [30] by considering the covering map f : E(nl,...,ns)
— G(nl,...,ns) that forgets the orientations. However there are

numerous cases where E(nl,...,ns) is stably parallelizable and hence
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gives no information about the stable parallelizability of the

corresponding unoriented flag manifolds G(nl,...,ns). (See 815 for the

notation a(nl,...,ns).)

§12. Parallelizability of G(1,...,1).

We conclude this chapter by constructing an explicit trivialization
for the tangent bundle TR(l,...,l) of the "classical" real flag
manifold G(1,...,1).

For each pair of integers k,2, 1 € k < 2 € n we will construct a
tangent vector field Yk,z

n

everywhere linearly independent. Since dim G(1,...,1) = [2

and show that these [g] vector fields are
], the
manifold is therefore parallelizable.

Let a = ([a1],...,[an]) € G(l,...,1) where {al,...,an} is an

orthonormal basis for Rn, and [ai] = [—ai] = {ai, —ai}. Define ?k,i as

follows: Writing a, = (ail,...,ain) eR" for 1 <1is n,

v -

Pie (@) L (Bl T Bye05)e; @ a;
1<i<jsn

]

for 1 <k < 2 < n.
It is clear that sz: G(l,...,1) —— TR(l,...,l), the total space

of TR(l,...,l) ~ ® ¢£. 8 £. is well-defined and continuous.
1<i<j<n J

Now consider the homomorphism f : 8 A, 8 A. — Az(Rn)
1<i<j<n J

defined by

f(ai ® aj) =a; A aj,
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where Ai = Rai. Since {al,...,ah} is an orthonormal basis for Rn,
{ai ~ a‘j |] 1 =i < j<n} is an orthonormal basis for Az(Rn).
Therefore f preserves inner products and is an isomorphism. Now
=\ -
e (2) L (Budse T 88508 8y
1<i<{jsn .

S Ug Yy
where y = 2 8,8, = z 8, 8. e = z skmem = e {el,...,en} being the
standard orthonormal basis for R®. Therefore
{f?kc(g)ll £k<R<€n} = {ek N ezl l1<k<r<n}
is an o;thonormal basis for Az(Rn). Consequently
{?ke(g) ] 1<k <2 < n} is an orthonormal basis for the tangent space

at a to G(1,...,1). Since a € G(1,...,1) was arbitrary, it follows

that {szl 1 <k < £ £ n} is everywhere linearly independent.
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CHAPTER FOUR

FLAG™ MANIFOLDS AND THEIR PARALLELIZABILITY.

£§13. Introduction.

The parallelizability of oriented Grassmann manifolds is known by
the work of Miatello-Miatello [30]. Their results are based on
computations of Stiefel-Whitney classes involving Schubert calculus,
and techniques from the theory of Lie groups. The oriented flag
manifolds were also considered in [30].

In the present chapter we consider the wider class of flag+
menifolds. With a few exceptions, the question of stable
parallelizability and parallelizability for these manifolds are solved.
These results include those of [30], and the proofs are generally based
on more geometric and conceptually simpler methods.

In 814 some well-known results that will be made use of in the
subsequent sections of this chapter are stated without proof. 1In 815
flag+ manifolds are defined. These manifolds first appeared in &3 of
[26]. Here we establish some properties of these manifolds which will
be made use of in 817. §16 deals with (stable) parallelizability of
oriented Grassmann manifolds. The stable parallelizability results are
obtained for most flag+ manifold in 817, and the parallelizability

results in %18.
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$14 Some Well-known Results.

Recall that a principal G-bundle T = (E,q,B) is called n—universial
if, given any n-complex K with a principal G-bundle ¢ over K, and given
amap f : L —— B such that f*(T) » ¢|L with L a subcomplex of K, then
f can be extended to a map f : K —— B such that ?*(?) s ¢, T is
called a universal G-bundle if it is n-universal for all n.

The proofs of Theorems 14.1 and 14.2 below can be found in %819 of

[39].

THEOREM 14.1 (Classification Theorem):

Let K be an m-complex, m < n, and let T = (E,q,B) be an n—universal
principal G-bundle with B path connected. Then the set of principal
G-bundles over K is in bijective correspondence with the set [K,B] of
homotopy class of maps of K into B. Under this correspondence,

f : K —— B corresponds to the bundle f*(T).

THEOREM 14.2.

A principal G-bundle T = (E,q,B) is n—universal if and only if E is
(n-1)-connected; that is, wi(E) =0 for 1 €£i<n, and E is path
connected.

The following are well-known examples. (See [39], [32].)

Examples 14.3

(i) Tn,k over Gn,k is (n—k)—unlversa; for 80(k) and Tn,k over

G is (n—k)-universal for 0O(k).
n,k
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(ii) Yé,k (resp. Tg,k) over Gw’k (resp. Gw’k) is a universal
bundle for SO(k) (resp. O0(k)).
The following result, due to B.J. Sanderson [35], is used to obtain

non-parallelizability results for G See also [12] and [19].

n,k’
Let w be the canonical complex line bundle over CPZ. Let ¢ denote
its underlying real vector bundle. Denote by y the element

(¢-28) € KO(CPZ). As in 811, "~" denotes "stably isomorphic".

PROPOSITION 14.4
KO(CPZ) is the truncated polynomial ring 2[y] with y2 = 0. Thus ¢

has infinite order and £ ® § ~ 4¢.

It will be seen that the class of flag+ manifolds contain the
projective Stiefel manifolds xn,2' The parallelizability of projective
Stiefel manifolds, except for X12,8’ is known from the works of
Antoniano [3] and Zvengrowski [48]. See also [4]. We record their

results here as a

THEOREM 14.5

3 X p ¥g,10 %16,8° *n,n* ¥n,n-1 2 Xpp ppp are all

paralelizable.
(ii) Xn k is not stably parallelizable if (n,k) # (12,8) and is
34

not listed in (i) above.

Remark 14.6

The parallelizability of X and X also follows from the fact .
n,n n,n-1
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G(l,...,1) are parallelizable and X and X are finite coverings
n,n-1 n,n
of G(1,...,1). Using the fact that ‘r(Xn k) ~ nk¢ where ¢ is the
b
canonical line bundle over Xn k (see t10) and Proposition 10.3, a
?

Stiefel-Whitney class argument shows that many of Xn i are not
?

n-manifolds.

815 Flag' Manifolds.

Let u = (nl,...,ns) be a sequence of positive integers with s = 2,
< < = = ces < <
and 1 £ r £ s. Let . (nl,...,nr) Iurl ny + + n for1<r<s

and n = |uj.

DEFINITION 15.1
The flag+ manifold G{(u;r) of type (u;r) is the manifold

{(Kl,...,zr, Ayre-oA) | (A), . A) € G(w) ), where Ki is the

vector space Ai with an orientation, for 1 £ i € r. When r = s, we

require that the orientations in Xi give the vector space A, + +++ + As

1
= R? the standard orientation on Rn, so that G(u;s-1) = G(u;s). We

write E(u) to denote G(u;s). A point of G(u;s) will be referred to as

a flag+.

Examples 15.2

(i) When s = 2, E(u) is just the oriented Grassmann manifold

a(n ,N,) = e & q .
1’72 n1+n2,n1 n1+n2,n2
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(ii) When ny = ccr=n g = 1, a(u) is readily seen to be the

(real) Stiefel manifold V .
n’ S—l -

(iii) G(n-2,1,1;1) can be identified with the (real) projective

Stiefel manifold X as follows: identify [a] € X for
n,2 n,2
_ . ~ . _ . _ 1

a = (al,az) € Vn,2 with (A,Ral,Raz) in G(n—-2,1,1;1) where A = {al,az}
and the orientation on it being given by an ordered basis (bl""’bn—Z)
of A such that (bl""’bn—Z’al’az) (equivalently (bl,...,bn_z,—al,—az))
gives R® its standard orientation.

The flag+ manifold G(u;r), 1 € r £ s-1, is just the homogeneous

space O(n)/(SO(nl) X c0e X SO(nr) X 0(n X eee X O(ns)). The map

r+1)
+ e ~ .

f : G(u;r) — G(u) that maps each flag (Al""’Ar’Ar+1""’As) in

G(u;r) to the flag (Al,...,As) is a 2r~covering map for 1 € r £ s-1 and

a Zs_l—covering map when r = s. Denote by €i(u;r) the bundle f*(gi(u))

for 1 €£i<s. Incaser = s-1,8 we write g.(u) instead of ¢.(u;r).
i i

Note that ¢.(u;r) is canonically oriented for 1 £ i £ r, the fibre over
i

-~

(Xl"'°’Ar’Ar+l""’As) being the oriented vector space Ki' As for any

covering map f*(r(u)) = r(u;r), the tangent bundle of G(u;r). Thus we
have the following description of the tangent bundle of G(u;r) as noted

by K.Y. Lam [26]:

T(uir) = ® €i(u;r) ® §j(u;r).
1<i<j<s

Also we have 8 €i(u;r) ~ ns.,

Let x(u;r) denote the Euler characteristic of G(u;r).
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THEOREM 15.3
(i) X(u;r)

O if and only if there are at least two odd numbers

in the sequence u (nl,...,ns).

(ii) x(FG(u)) > O for F = C, H.

Proof:

(i) Since E(u) = G(u;s) is a finite covering space of G(u;r),
X(u;r) = 0 if and only if x(u;s) = 0. Therefore we need only prove the
theorem for r = s.

When s = 2, E(u) is the oriented Grassmann manifold G for

b
102 ™
which we have seen in Corollary 3.7, Theorem 3.6 that x(a ) =0

N +hosMy
if and only if ny is odd and ny + n, even. Thus the statement of the
theorem is true in case s = 2.

Now let s 2 3. Consider the bundle projection p : E(u) N E(u')
me=mﬁmw@mmymmm®ywaﬁﬂ%+%%“way
The orientation on Al + A2 is determined by the ordered basis
(all"'"aln1’821""’a2n2) where (ail""’ain.) is in the orientation
of Xi’ i =1,2. It is clear that the fibre of this bundle is

SO(n1+n2) X SO(n3) XeooX SO(ns) o SO(n1 + n2)
SO(nl) X SO(nz) Xe oo X SO(ns) SO(nl) X SO(n

o)
= G
|
Further, since E(u') is simply connected, the bundle is orientable.

Hence

x(uis) = x(u') + x(G ) (%)

ny+ng,0,
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Now assume that there are at least two odd numbers in the set
{nl,...,ns}. Without loss of generality, assume that n, and n, are
odd. By (%) and the fact that X(Enl+n2,n1) = 0 it follows that
x(u;s) = 0.

If at most one of the ni’s is odd, then x(En ) # 0.

18201
Moreover, there is at most one odd number in the set {n1+n2,...,ns}.

Using (¥) and an induction argument now completes the proof.

Proof of (ii):
let F = Cor H. Whens =2, FG(u) ® FG .,
172’71
x(FG(w)) = x(FG(u')) * x(FG, . ).
172°71
The proof is now completed by an induction argument.

COROLLARY 15.4

(i) Span G(u;r) is positive if and only if there exist at least
two odd numbers in the sequence L ITERES (ii) Span FG(u) = O for

F = C,H.

Remarks 15.5

(i) Theorem 15.3 (ii) and the case r = s of (i) also follow from
the fact that the homogeneous space G/K where G is a compact connected
Lie group and K a closed connected subgroup of G has vanishing Euler
characteristic if and only if rank of K is less than that of G. See

Vol. II [14].



59

(ii) Korbag [24] has obtained Theorem 15.3 (i) and its corollary
using the knowledge of the ZZ—Poincaré polynomial of G(u).

The following lemma will be used to show that certain
Stiefel-Whitney classes are non—zero.

Let ¢ be a real line bundle with a Euclidean metric over a
connected topological space B. Let B —E— B be the associated

°
S -bundle.

LEMMA 15.6
Let Wy = wl(C). Then p*(a) = 0 for a € H*(B;Zz) if and only if «

is in the ideal of Hl(B;Zz) generated by Wy
Proof':
Consider the Gysin exact sequence
g ¥ i i
—— H' (B;2,) —E— B'(B;2,) — H'(B;2,)) —

e — Hl"l(B;zz)

oo

associated to the line bundle ¢. For a € H*(B;ZZ), p*(a) =0 e
a € ker p*  a € Im(uwl) & « is in the ideal of H*(B;Zz) generated

by Wy .

Examples: 15.7

(i) The only relations among the Stiefel-Whitney classes

W, = wi(Tn’k) in Gn,k are those that arise from the relation

4 oo +‘-v

(1 + Wy + Wg + cer wk) ¢« (1 +w -k

2 ) =1

where w, = wi(ﬁn’k).
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Proof:

We know that the only relations among the Stiefel-Whitney classes
wi(rn,k) in H*(Gn’k;zz) are those that arise from the single
inhomogeneous relation w('l'n k)°w(Bn k) = 1. (See, for example, Problem

’ H
7B, [32].)
The example now follows from Lemma 15.6 by taking ¢ to be the line
k -
bundle A (Tn,k) so that wl(c) = wl(Tn,k) by Lemma 6.10.

(ii) The only relations among the Stiefel-Whitney classes
wj(gi(u;r)), l1<£i<s, in H*(G(u;r);zz) are those that arise from the
relation

I W(§i(u;r)) = 1.
l<i<s

Proof of (ii) requires the knowledge of relations among wj(gi(u)),
which is given in Proposition 20.2, in the following chapter. The
proof is completed by induction on r, the case r = 1 being similar to
Example 15.7 (i) above.

A more natural name for what has been called "flag+ manifold" here
might be "partially oriented flag manifold". But this may be
misleading since many of the flag+ manifolds are not orientable as
manifolds. The concept of orientability of a manifold refers to its
tangent bundle. Thus "partially oriented flag manifolds' could be
interpreted as conveying that part of the flag manifold has been
oriented. We think of flag+ manifolds as flag manifolds with
additional structures. The terminology we have chosen also achieves

greater economy in space.
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816. Stable Parallelizability of Eu
k)

k.'_

The main result of this section is the following:

THEOREM 16.1
Let 2 £ k £ n-2. En k is stably parallelizable if and only if
b}

(n,k)

= (4,2) or (6,3), and is parallelizable if and only if
(n,k) = (6,3).
Note that in case k = 1 or n-1, En k = Sn_1 and the solution for
]

their parallelizability was obtained independently by Kervaire [23],
and Milnor, [31].

We first prove the following proposition:

PROPOSITION 16.2

Let u = (nl,...,ns), with n; = e =py = 2 or 3 and
By = =0 = 1. Then G(u;r) is stably parallelizable if n; = 2,

k<r; or n, = 3and r = s.

Proof:

To simplify notations, let us write §i = €i(u;r). As noted in 815,
we have the following bundle isomorphism:
né = €1 ® -8 §s.
Applying Az—functor to both sides,

[g]s = A%(ng) = A2(§1$ SCE®

~ 8 A8 ( 8 ¢ 8¢t
1<is<s 1€i< jss J



62

~ @ A%(8) @ T(wr). (%)
1<i<k

The last bundle equivalence is due to the fact that AZ(Q) = Olfor a
line bundle ¢, and the description of r(u;r) noted in &15.

Since §i are oriented for 1 £ i < k, A2(§i) =~ & if rank §i = 2 and
Az(gi) % A3_2(§i) s €i if rank €i = 3. See 82. Therefore, if
n; = ccomy = 2, k €£r, from (%)

[2]8 s k€ @ 7(u;2)

proving that G(u;r) is stably parallelizable in this case.

If n; = =my = 3, r = s then §l ® -8 €s ~ nf implies that
€1 B -8B §k is stably trivial since for k+l € j £ s, €j, being an
oriented line bundle over a manifold, is trivial. From (%) we now

obtain

[2]8 = @O ¢.8 7(u;r)
1<i<k

~ 7(u;r).

This completes the proof.

We are now ready to prove the main theorem of this section.

Proof of Theorem 16.1:

The stable parallelizability of §4 o & G(2,2) and 66 g & G(3,3)
’ ]
follow from Proposition 16.2 above. The non-parallelizability of 64 2
3
follows from the fact that span G =0 as x(a ) # 0, by
4,2 4,2

Corollary 15.4. By Example 3.8 Span ES 3 > 2. Since dim G = 9, by
?

6,3
Bredon-Kosinski’s Theorem 3.2 it follows that 66 3 is parallelizable.
b

As in the proof of Proposition 16.2, we see that
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2 = 2~ ~
108 = A (T5,2) 8 A (B5,2) B 15,2

~ €8 Al(Es,z) ® ?5’2

~ B2 ® 75,5
where ;n,k denotes T(En,k)' Therefore ;n,k ~ 15’2 + 0, Thus 55’2 and
§5,3ﬁ 55,2 are not stably parallelizable.
Now only the cases En,k with n 2 6 and (n,k) # (6,3) need to be
considered. Assume as we may that 2k £ n. It follows that n-k 2 4 =

dim CP2 in the cases presently under consideration. By Example

14.3 (i) and the Classification Theorem 14.1, there exists a

map g CPZ —_— G such that g*(? ) = £ @ (k-2)8, ¢ being the
n,k n,k

underlying real 2-plane bundle of the canonical complex line bundle

over CPZ. Consequently, the following equalities hold in KO(th):

g*(zn’k) i g*(ns - ‘rn,k)

= ne - g0, )
# (n—-k+ 2)6 ~ ¢.
Thus
€ o ed, ek P
~gd e d, Y
» (£ 8 (k-2)€) ® ((n-k+2)& - &)
=~ (n-2k+4)¢ ® m& — 8¢
for a suitable m.
By Proposition 14.4, we obtain

g*(?n )~ (n-2krd)¢ © e - 4¢ @ 26

~ (n-2k)¢, (%)



where ‘~’ denotes the equality in KO. From (*) and Proposgition 14.4

again, it follows immediately that En k is not stably parallelizable if
’

2k # n.

In case n = 2k, k 2 4, consider the "inclusion"

~ j ~

G(4,4) = G ~—J 4 G = G(k,k)
8,4

2k, k

where j(A,B) = (X + A4, B + Y) where X = F4g00 0 and

=000 R ?in R« 080 R It is clear that

X~ ~ K ~
J (TZk’k) iad T8’4 @ (k-4)8 and J (52]’(,1{) ~ 58,4 @ (k‘4)8. Hence

X~ Ko~ ~ X oo K~
o100 ™9 g, i ® P10 ™ 37 (Mg i) 8 37 By y)
& (T8,4 ® (k-4)e) @ (58,4 ® (k-4)¢)
“~ ~ L d ~ 2
] (18,4 ® 38’4) ® (k-4)6 ® (T8,4 ® 58,4) 6 (k-4)°¢
T, , 8 (k-4)¢ 8 88 ® (k-4)2%¢
8,4
~ 2
& 18,4 ® ((k-4)° + (k-4)8)¢,
using the relation §8 a ] 38 a® 8¢. The above relation shows that
’ ?
a2k,k is stably trivial only if 58,4 is. We will show that
w(a8 4) # 1. Indeed, from the relation
3

&8 (TB,4 ® 18’4) & 18,4 ® (BB,4 ® 18,4) & 78,4 8 8¢ = 8T, ,

8,4 8,4’

we obtain
w@ ) = wiE, N wE, , 8T, N7
8,4 8,4 8,4 8,4 :
Using Examples 8.5 and 8.2 (iv)
~ _ 8 8, . 4 4. -1
W(G8,4) = (1 + Wy + w3) (1 + Wo + w3) .
where w(T8’4)= 1+ Wy + Wo + Wy Thus

~ _ .4
w8(G8,4) = Wy
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To show that wg # 0, we use Example 15.7(i). We have the following
relation that generates all other relations among wi’s
(1 + W, + Wo + w4) < (1 + ) + Wg + w4) =1,
where ;i = wi(BB 4). Thus the only relations among the w.s in degree 8
?
are additively generated by the following relations:
2 4
WoWy + W,

2 2 _
w4 + w4w2 =0

0

It follows immediately that wg # 0. Consequently 58 4’ and hence
b

g » Kk 2 4, are not stably parallelizable.
2k, k

This completes the proof.

Remarks 16.3

(i) The above theorem has also been obtained by
Miatello—-Miatello [30]. Their proof of non-parallelizability is based
on computations of Stiefel-Whitney classes involving Schubert calculus,

and Pontrjagin classes. The proof that e r and G r are not
27,2 2°+2,3

stably parallelizable for r 2 3 given in [30] seems to contain an
error. The stable parallelizability of 5(3,...,3), of Which.'és’3 is a
particular case, required the knowledge of certain properties of the
adjoint representation of SO(3) x +++ x SO(3). Our proof is quite
elementary in that it uses only basic properties of n—universal
bundles. The appearance of Stiefel-Whitney classes at the end of the

proof seems to be unavoidable. However calculations have been greately

simplified.
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(ii) Theorem 16.1 readily gives the solution for the stable
paralelizability of Gn,k for 2 < k £ n-2 and (n,k) # (4,2), (6,3). In
these two cases one sees easily that W(Gn,k) # 1. This proves the
"real part" of Theorem 11.1.

(iii) Using Placker co—ordinates one can prove that
64’2 & 82 X Sz, showing that 54’2 is stably parallelizable but not

parallelizable. See also [14], vol. 2, p.l104.

§17. Stable Parallelizability of Flag+ Manifolds.

In this section we consider the problem of determining which of the
flag+ maenifolds are stably parallelizable. Theorem 17.1 summarizes the
negative results and Theorem 17.3 the positive results. The further
question of parallelizability is treated in the following section (see
Theorem 18.1). These theorems solve the questions of parallelizability
or stable parallelizability for most flag+ manifolds, and an appendix
summarizing the still unsolved cases appears at the end of §18.

Let u = (nl,...,ns) and let 1 € r<s. Let s £3 (whens = 2,
G(u;r) is just the oriented Grassmann manifold whose parallelizability
was considered in the previous section.) Since G(u;s—1) & G(u;s) as
noted in Definition 15.1 it will be assumed that r # s-1. Further, in
case r = s we assume that at least two of the ni’s are different from

1, for, otherwise, G(u;s) = Vn' by Example 15.2 and hence are

,5—-1
parallelizable by [26] or [48]. As in 810 we let B = Dyseoeshy,
Iukl = npteecd oy for 1 <k <s, and let n = lusl.

We state the main results of this section in Theorems 17.1 and

17.3.
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THEOREM 17.1
With the above notations, G(u;r) is not stably parallelizable in

the following cases:

(1) r €<s, and {nl,...,ns} ¢ {2,1} or {3,1}.
Now assume that {nl,...,ns} c {2,1},{3,1} or that nq # 1 for precisely
one value of q, 1 £ q £ s.

(ii) Let B =ag = 1. (a): 1=<r < s-2, n, # 1,2, or 6
for some i, 1 £i<r. (b): r £ s-4, and n‘j # 1,2 for some j,
1< j=r.

(iii) nj > 1 for some j, r+l £j £ s, 1 €£r < s-3.

(iv) Let r = 5-2, n, > 1 for some i > r. The cases

{ng_j.n} # 1,3}, {1,7}.

Examples 17.2
None of the following are stably parallelizable using (i), (ii)(a),

(ii)(b), (iii) and (iv) respectively:
G(s,2,1), 6(3,2,2,2)
G(10,1,1,1;3)
G(3,1,1,1,1;1)
G(5,4,2,2,1;2)

G(4’1’1’8)7;2)’ G(1’1’1’3’7;3)
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THEOREM 17.3.
G(u;r) is stably parallelizable in the following cases:

(i) r=sand u=(2,...,2), (2,...,2,1).

(ii) See also Theorem 18.1 for parallelizable cases.

We now prove a general lemma on "inclusions" for flag+ manifolds.
The notation is somewhat awkward and will be dealt with first.

Let I' = (kl"’°’kt) t 2 2, be an increasing subsequence of
I=(l,...,s). Let r' be the number of terms in I' which are < r. Let
ut = (ml,...,mt) where m =n . Thus u' is a subsequence of u. When

i

0, we convene that G(u',r') = G(u'). Let i : G(u') —— G(u) and

2]
1

i: G(u*;r') ~—— G(u;r) be the inclusions induced by the inclusion ¢

fe'l . N . ful _ N
of R / in into R / Xj
1<i<t 1< j<s
n.
where X, = {(al,...,a e & R 1| a, = 0 if i # j}. More precisely,
J S l<i<s 1

for (Al,...,At) e q(u"),
L(Ai) if §j = ki for some i
X. otherwise.

J

In the case of the flag+ manifold G(u*;r') 1 is defined similarly,

with orientation on Bj for 1 £ j € r being the same as on Ak s J = ki
i

n,
for some i, and the standard orientation on X‘j = R Y otherwise. There

is a commutative diagram
"~

G(u' ;r') i, G(u;r)

| !

Gu')  — 6w,
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f and f* being the maps that forget the orientations. Note that f and
f' are (finite) covering projections. Therefore

£ (r(w) = r(usr)

25 (r(u')) ~ T(utirt)
as vector bundles. As in the proof of Theorem 11.1 one verifies that

) ~ ).
Hence, using the commutativity of the above diagram, (or directly), one
obtains

() ~ r(urse).

The following lemma is now immediate.

LEMMA 17.4
With the above notations, I*(T(u;r)) is stably equivalent to

T(ut;rt*) and f*(r(u)) is isomorphic as a vector bundle to 7{u;r). Thus
G(u;r) is not stably parallelizable if G(u';r') is not, and is (stably)
parallelizable if G(u) is (stably) parallelizable.

We are now ready to prove Theorem 17.1.

Proof of 17.1 (i):

By assumption, there exist two numbers i and j, 1 € i,j £ s such
that ni,nj > 1 and (ni,nj) # (2,2),(3,3). Take I' = (i,j) so that
u' = (ni,nj). By Lemma 17.4, and Theorem 16.1 it follows that G(u;r)

is not stably parallelizable.
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Proof of 17.1 (iia):
When 1 £ r <s-2, take I' = (i,s-1,s) so that r' =1 and

u' = (n,,1,1). Thus G(u';r*) = X by Example 15.2. The statement
i ni+2,2 ]

in this case follows from Theorem 14.5 and Lemma 17.4.

Proof of 17.1 (iib):

When 1 € r € s-4, we may assume, from what has just been shown,
that n, = 6. Take I' = (j,s-3,s-2,s-1,s), so that G(u',r?")
= G(6,1,1,1,1;1) = M, say. Now, consider the covering projection

— M

P X4
where p([vl,...,v4]) = ({vl,vz,vs,v4}l, va,sz,Rvs,Rv4) for

(V1’V2’V3’V4) € V10,4' The orientation on {vl,vz,v3,v4}l is that

defined by an ordered basis Upreeeslg of {vl,...,v4}l such that
Upseeeslgy ViseoesVy (equivalently LIEREREL P —vl,...,—v4) is in the
standard orientation of Rlo. Now since xlO 4 is not stably

’

parallelizable (see Theorem 14.5) M is not stably parallelizable.
Again, by Lemma 17.4 it follows that G{(u;r) is not stably

parallelizable.

Proof of 17.1 (iii):

When 1 £ r £ -3, take I' = (r+l,...,8) so that u' = (nr+1,...,ns)
and r' = 0. Thus G(u',r') = G(u'). The statement in this case follows
from Theorem 11.1 and Lemma 17.4 again. When r = s-2, the same proof

applies in case G(ns—l’ns) is not stably parallelizable.
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Proof of 17.1 (iv):

We now make use of the assumption that for some i, i > r = s-2,

n, # 1. Let I' = (s~1,s). Then G(u') is not stably parallelizable
when {ns—l’ns} # {3,1},{7,1} by 10.2. Consequently, G(u;r) is not
stably parallelizable in these cases. We now prove that N = G(3,3,1;1)
is not stably parallelizable. Let §P = §p(3,3,1;1) and let
T = 1(3,3,1;1). Since §1 & §2 ® §3 ~ 7¢ and §1 is orientable,
Az(ﬁl) 3 §1 and §2 ® §3 is orientable. Since §3 is a line bundle, we
must have §3 &~ As(gz). Thus (see Example 6.11)" Az(gz) = §2 e §3. Now
from the bundle equivalences €1 B §2 ® €3 ~ 78 and

[2)e ~ e @ 428, @ 4Py @ 7

~ gl ® §2 ® §3 e r,

we see that, to.show that r is not stably trivial it suffices to prove
that w(§2 ® §3) # w(€2 ® €3). Now w4(§2 ) €3) = 0.
By Example 15.7 (ii),

walsy B £5) = wold,) W (£,) # 0,
showing that G(3,3,1;1) is not stably parallelizable. By Lemma 17.4

again, this proves (iv).

Proof of Theorem 17.3:
Refer to Proposition 16.2.
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Remark 17.5.

The results of Theorem 17.1 for the cases r = s—1, s are known
mostly from the work of I.D. Miatello and R.J. Miatello [30]. However,

their proof that G r and G r y I > 2, are not stably
2,2 2°+2,3

parallelizable seems to contain an error. Consequently, there appears
to be some gap in their proof that 6(6,2,2), for example, is not stably
parallelizable. Our proof of non-stable parallelizability of flag+

manifolds in some other cases is quite similar to theirs.

218. Parallelizability of Flag Manifolds.

In this section we continue to use the notations of 817. The main

results of this section are contained in the following.

THEOREM 18.1

Let u = (a,...,8, 1,...,1).
k m

(1) G(u;r) is parallelizable if a=1; or ifa =2, k<€r £ s,
m>l orifa=3, r=s.

(ii) G(6,1,1:1) and G(6,1,1,1;2) are parallelizable.

(iii) 5(2,...,2) and 5(2,...,2,1) are not parallelizable.

In order to prove Theorem 18.1 we convert the parallelizability
problem to a lifting problem in homotopy theory. For this purpose we
now turn to the Az construction, a key tool in our work. It seems to

have been first utilized by K.Y. Lam [26] to obtain immersion results

for flag manifolds.
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i Iy
For u = (nl,...,ns), let v = [[2 ],' .,[2 ],d] where (ni,...,,nﬁ)

is the subsequence of u obtained by omitting the 1’s in the sequence u,

n,
andd=[’2’]— ) [zl]sdimc(u). Let 1 <r <s and let

I<iks
2= I{ipl 1<p=<r}|. Thus £ is the number of oriented components in

each flag+ of G(u;r) of dimension greater than one. We define a map

g : Glu;r) — G(v;2) as follows.

n
i _ @

Regard R as Az(Rn). For A = (Kl,...,xr,Ar+1,...,As) € G(u3r)

_ (a2 2
B) = (A°(A; )ye o (B )T

where T, is the orthogonal complement of A2(Ai ) + cee + AZ(Ai ) in
1 k

n

)

>

glvl

with respect to the induced inner product on R = Az(Rn). Also

note that the orientation on AZ(Ai ) for 1 € p £ 2 is that defined by
P

. 2
the ordered basis B) A BgyeensBy A By ® oA B of A (Aip), where

m = né and CIERRETL W is any positively oriented basis of Xi . It is
p

clear that g is a well defined, continuous map of G(u;r) into G(v;&).

We now prove the following lemma.

LEMMA 18.2.
With the above notations, g*(€k+1(v;£)) is bundle isomorphic to

T(u;r).
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Proof:

Recall that r(u;r) = ® €i(u;r) ® ¢ .(u;r) as vector bundles.
1<i<j<s J

Let T(u;r) denote the total space of the tangent bundle 7(u;r). Define
3 ¢ T(uyr) ——s E(§k+1(u;£)) as follows: For

A= (Xl,...,zr,Ar+1,...,As) € G(u;r), g is the map defined by

g(é,ai ® aj) = (g(4), a, ~ aj) for a, 8 a; € A; ® Aj < 7(u;r)|A. Note
that a; A aj is in the image of §k+1(v;£) over g(A), for clearly if

i# j then A, A A, is orthogonal to all AZ(A. ) = A. A A, ,
i J i i i

m m m

Since exterior product is linear, 8 is well-defined. 8 is continuous,
fibre preserving, and restricted to each fibre it is a vector space
isomorphism. Therefore g is a bundle map, which covers g. Hence

g*(§k+1(v;2) s~ 7(u;r) as vector bundles.

COROLLARY 18.3
G(u;r) is parallelizable if and only if g can be lifted to a map g

making the following diagram commutative

/g/’ 11( d
rd
% g
G(u;r) ——— G(v;8)

= (Bl,...,BQ,B2+1,'..,Bk,span{tl,...,td}).

where w(t;,...,t .+sB

Proof:

If g can be lifted to a map g as in the above diagram, then
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) = g, @50) = (m o B, wie)
g (de)

= dé

as vector bundles, since ﬂ*(§k+1(u;2)), being a Whitney sum of d
oriented line bundles over a compact manifold, is a trivial bundle of
rank d.
If 7(u;r) is trivial, then there exist d orthonormal sections
Bysee18y of g*(§k+1(u;£)) = v(u;r). g is defined by
€(8) = (51(8),...,54(4),8.(4),...,8,(4)
where g(4) = (g,(4),...,8 ,4(4).

This completes the proof.

Proof of Theorem 18.1. (i):
The case a = 1 follows from the fact that G(1,...,1) is

parallelizable. See Theorem 11.1 and Lemma 17.4.
When a = 2, k £ r € s-1, we use Corollary 18.3. Note that

v=1(1,...,1,d) and £ = k. Hence G(v;&) is the Stiefel
k

manifold Vk+d,k°

Let m 2 2. Consider the following diagram:

- _7 k+d k+d

N L N

G(uyr)” 8 | v A g'

k'l‘d k \

g' N
N
“\\\\\\\ \
N

G(u';r)
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where u* = (2,...,2, 1,...,1, 2) and p is the map that sends the
k m2

flag' A = (& veeesh S s, A) to

1 r+l
(Xl"'"Xr’Ar+l”"’As—2’As—1+ As). Since g(A) depends only on
Kl,...,Kk for each A € G(u;r), g defines a map g': G(u';r) — Vk+d,k
such that g'° p = g. Now dim G(u';r) = dim G(u;r) - 1 = d - 1 equals
the connectivity of Vk+d,k° Therefore there exists a map g': G(u';r)
so that w © g* = g' in the diagram above. Taking g = g' © p, we see
that

mog=n°(g°p) =(m°g)°p=g °p=g
completing the proof of parallelizability in this case.

It will be shown in 823 that span G(u:r) > span Sd in case a = 3,
m22, r =s-]1ors. Since by Propositiion 16.2, G(u;r) is stably
parallelizable, it follows by the Bredon-Kosinski Theorem 3.2 that

G(u;r) is parallelizable.The cases m = 0,1 are due to Stong [42].

Proof of 18.1 (ii):
Parallelizability of G(6,1,1;1) = X8 2 is a known result due to
b

Zvengrowski [48] (cf. Theorem 14.5.).
Let §i = §i(6,1,1,1;2) and let 7 denote the tangent bundle of

M= G(6,1,1,1;2). Thus €2 ~~ &, Since @8 ¢. = 98, and since §l and
1si<g ?

§2 are oriented, it follows that wl(es) = w1(§4). Since §3 and §4 are
line bundles, it follows that §3 ~ §4 as vector bundles. Let

¢ = §3 & 64. We now have the following bundle equivalences:



77

T @ 4.8 ¢,
1<i<jea J

® €1 il €3 ® §4 ® §1 ® (§3 ® §4) e §3 8 §4
gsince ¢ ® €2 8 §2 ® £ 8 ¢, as §2 = &. Now §3 e §4 (@ ¢x8Ex §2 as
vector bundles. Therefore
T ™ 51 ] §2 @ §3 ] €4 B §1 ® 2¢
= 96 @ §1 ® 2¢.
Hence span M 2 9 > span 821.
Since dim M = 21, by the Bredon-Kosinski Theorem 3.2 we need only

show that 7 ~ 0. In KO(M), §1 ~ 96 — §2 - ¢ = 88 - 2¢.

37 %
Therefore
T ~ §1 ® 2¢ = (86-2¢) ® 2§ ~ 16¢.
Consider the map q : M —s RPB which is the projection onto the
last co—ordinate. Denoting the canonical line bundle over RP8 by T, we

see that q*(Y) ] €4 = ¢. Since the order of T is 16 by [1], it follows

that 16¢ ~ 0. Hence M = G(6,1,1,1;2) is parallelizable.

Proof of 18.1 (iii):
The non—-parallelizability of 5(2,...,2) and 6(2,...,2,1)'follow

from the fact that their span are zero by Corollary 15.4.

Remarks 18.4.
The proof of parallelizability in the case 5(2,...,2,1,...,1),

k < r, given here is more direct than the one found in [30]. Further,
it covers a much wider class of manifolds. For example,

parallelizability of in on-2 follows from that of M = G(2,1,..,1;1) by
b
2n-2
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considering the covering map f : X2n,2n—2 —+ M which sends
[Vl""’v2n—2] to (X,va,...,szn_z) with A the oriented 2-plane

Rul + Ruz (the orientation being given by the ordered basis u,,4, where
UprUps¥yseeesVy o is an ordered basis in the standard orientation on
Rzn). The proof of parallelizability of E(3,...,3,1,...,1) is the same
as that given in [30].

(ii) Theorems 17.1, 17.3, and 18.1 do not settle the question of
parallelizability and stable parallelizability of all the flag+
manifolds. The following table indicates the types of flag+ manifolds,
up to diffeomorphisms arising from the permutations of Dyseeesh, and
L FRERRE not known to be parallelizable. By a proof similar to
that of Theorem 18.1 (ii), one shows easily that r(u;s-2) ~ 16§s in
case (a), and in case (b) T{(u;s-3) ~ 8(§s_28 es_lm €s). Similarly, in
case (c) v(u;s~2) ~ (a+l)§s_1.

Table 18.5

The following flag+manifolds are not known to be stably
parallelizable.

(a) G(6,1,...,1;8-2) n 2 10.

(b} G(6,...,1;8-3) n

v
[{e]

(¢) G(1,...,1,a;8-2) a

3or7, s 3.
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CHAPTER FIVE

¥ (Y . 32.) - A COMPUTATIONAL AID
n,k’ 2

819 Introduction.

The Zz—cohomology of real flag manifolds has been computed by
Borel [6]. In this chapter we study the relations among a set of
algebra—generators of the cohomology algebra H*(Yn k;22), where Yh k is

? b

the flag manifold G(l1,...,1, n-k).
k

The space Yn Kk is related to the Grassmann manifold Gn as
?

K

follows: The map q : Vn Kk G can be factored as
’

n,k
v P £

n,k Y k G

n, n,k

where p(vys...,v) = (Rvy,... Ry, {v 1) e Y.,k » and

1,...,Vk

- rad
f(Al,...,Ak+1) = (Ak+1 s Ak+1) € Gn Kk

?

It is shown here that f induces a monomorphism in Zz—cohomology and
that the relations among the generators of H*(Yh’k;zz) have a very
simple description. See Theorem 20.8. Thus
f*: H*(Gn’k;zz) N H*(Yn,k;ZZ) can be used to decide the vanishing
(or not) of Stiefel-Whitney classes of Gn,k' Applications of the
results of this chapter are postponed to the next.

We remark that Hiller [15], Stong [40] and Hiller-Stong [17] have

made use of the space Yh n to study the relations among the generators

w. (Y ,), 1<i=<k, of H*(G ), by considering the map in cohomology
1 n,k D,k

induced by the map Y —_— G that takes the flag (A,,...,A ) in
n,n n 1 n

Kk
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Yﬁ,n to (A1 + e+ Ak’ Ak+1 + e 4 An) in Gn,k' Using the relations
so obtained, Hiller and Stong [17] derive some lower bounds for the
immersions of Gn,k in Euclidean spaces. Hiller [15] also obtains lower
bounds for the Lusternik-Schnirelmann category for real Grassmann
manifolds.

The observation that the use of Yn,k rather than Yn,n makes
computations comparatively much easier in the calculation of

Stiefel-Whitney classes of Grassmann manifolds is due to

Prof. P. Zvengrowski.

*
820. The C ical G t for H (Y .:Z
e Canonical Generators for L—n,kL—2l

Let A*= z Al be a graded commutative algebra over 22 with unit 1.
izo

For a subset S C A*, <{S> denotes the ideal of A* generated by S. Let

A+ denote the subalgebra E A of A*. For a € A*, a(m) denotes the

izl
mth>degree term of a. Thus,
a = a(o) + e 4 a(m) 4 e
with a(J) = 0 for j > |a|, the degree of a.
Let A** denote the commutative Zz—algebra of formal sums
a(o) + e+ a(m) + +++ with a(m) € Am, m 2 0, where for a,b € A**
@)™ = T 2Dy %)
i+j=m
Note that if a € A** with a(o) € U(AO), the group of units of Ao, then
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a has an inverse in A**. We consider A* as a subalgebra of A** in the
obvious way.

Let S[Xl""’xr] denote the subalgebra of symmetric polynomials in
Xl”"’xr of the polynomial algebra Zz[Xl,...,Xr] freely generated by
elements Xl""’xr’ with deg Xi =1, 1<1i=<r. oi(Xl,...,Xr) denotes
the ith—elementary symmetric polynomial in Xl,...,Xr for 1 <£i<r. If

r is clear from the context we simply write o, instead of

o.(X,,...,X ). Note that (] +o0, + - + ¢ )= I (1 + X.) gives
it71 r K 1 r 1<i<r i
(L+op + - +c:r)—l = I (1+ Xi)—l
1<i<r
= I (1+ X, + x? + e ).
I<i<r 1 1
m m
This can be writtenas 1+ t, + t, + *+- , where t =3 X 1°°'X r’ the
1 2 m 1 r

sum being taken over all sequences (ml,...,mr) with m, 2 0,
oy + rev 4+ m. = m We call tm = tm(xl"°"xr) the total symmetric
polynomial of degree m; by convention Xg = 1= o, = to. For example

_ 2 2 2
1’Xz,Xs) = X1 + x2 + X3 + Xlx2 + Xlx3 + X2X3.

Let V n denote the infinite Stiefel "manifold" of orthonormal
b

t2(X

n—frames in R . We have the universal principal O(n)-bundle

T

oo’n

(v

oo’n

, BO(n), 0(n)). Note that O(nl) X +or X O(ns) c 0(n) acts

on V_ n for ng + e +nS = n by restriction of the 0(n)-action on it.
b

Consider the following commutative diagram:
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O(nl) X sss X O(ns) et O(n) —— Q(u)

\} v

®,n ©,n

l l

G(u) —I—s B(O(ny) X +++ x 0(n_)) —E—s BO(n)

Here B(O(nl) X+ X O(ns)) = Vw,n/(o(nl) X see X O(ns)) is a
classifying space for the group O(nl) X sse X O(ns). A point in
B(O(nl) X oo X O(ns)) is a sequence A = (Al,...,As) of pairwise
orthogonal subspaces Al,...,As of Rw with dim Ai =n,, and
p(A) = A1 + eee 4 As € BO(n) = Gw’n.

Taking R? € BO(n) as the base point, j is the inclusion of the
fibre, which is the (real) flag manifold G(u), into
B(O(ny) x -+ x 0(n))) (#= (ny,...,0)).

Let Ti denote the ith—canonical ni—plane bundle over
B(O(nl) X ses X O(ns)) whose fibre over A is the vector space Ai' Then
X _ X =
J (Tr) = §r for 1 €£r <s, and p (T;’n) = rlm QTns. Let

, 1 £r < s.

wi(r) = wi(gr) for 1 i< n_

We state, without proof, the following theorem due to.Borel [6].
* -
Recall that H (BO(m),Zz) = zz[wl(TQ,m)’""wm(TQ,m)] & S[Xl,...,Xm]
under the algebra isomorphism that take wi(Tﬁ,n) to oi(Xl,...,Xm).
(cf. [32]).

THEOREM 20.1

p* is a monomorphism and H*(G(u);zz) is isomorphic as an algebra to

the quotient of H*(B(O(nl) XeoeoX O(ns));Zz) by the ideal generated by



83

elements of positive degree in the image of p*. Thus

S[Xl,...,Xn1]@~"88[xn_ns+1,...,Xn]

+
<8 [Xl,...,Xn]>

B (6(w);2,) =

The Zz—Poincaré polynomial of G(u) is

—" 2 o o 6 0 0 — n_l — n
paG;ty = A tD) (1-t )(lnt )
I (1-t)(1=t2) oo oo (-t T)
1<€r<s

We now prove the following.

PROPOSITION 20.2.
H*(G(u);zz) is generated by the Stiefel-Whitney classes wi(r),

1<ix o, l<r <s, as a polynomial algebra subject only to the

relations which arise from the relation

I (1 + wl(r) + ovee 4 W (r)) = 1.
1<r<s r

Proof:

- _ Xk .
Note that wi(r) = wi(gr) =j (wi(Tr)). Since

{wi(Tr) ] 121« n, 1 £ r £ s} generates the Zz—cohomology of

B(O(nl) X oo xo(ns)) it follows from the above theorem that
{wi(r) i lsiSnr, 1<r<s} generates the cohomology algebra H*(G(u);zz).
Also §1 @B §s = nf gives w(t1 @D QS) = 1. Hence

I (1+ wl(r) + e + W (r)) = 1. (%)
l<r<s r

To show that there exist no further relations among wi(r)’s other
than those that arise from (%) we proceed as follows:

Let S[u] denote the subalgebra of ZZ[XI"‘°’xn] generated by the



elements oi(r) = ai(X l), where 'url =y oo + D,

seeeyX
tu._q1+1 fu
l<r=x<s, luol = 0. Note that letting

o, = oi(Xl,...,Xn)

n

l+o + o +o = I (I4)= X [ I (1+xi)]
1<izn 1<r<s Iur_1|<islurl

I (1+ ol(r)+-'-+on (r)).
1€r<s r

Thus the ideal I# generated by the relations

n (1 + ol(r) + oeee + °, (r)) =1
l<r<s r

is the same as that generated by {oi | 1<i<n}. Therefore the Poincaré
polynomial of S[u]/Iu is

Poincaré polynomial of S[u]

Poincaré polynomial of Zz[ol,...,on]

n
I (l—t)—1°-°~'(1—t r)—l
_ l=rss
(l—t)_1~---~(1—tn)—l
=P(G(u);t).

Since there exists an algebra homomorphism

n: Sgu] onto H*(G(u);zz) with n(oi(r)) = wi(r) and since their

u

Poincaré polynomials are equal, it follows that 7 is an isomorphism.

[

Hence the only relations among wi(r) are those that arise from the

relation (%).
This completes the proof.
In case u = (1,...,1, n-k), G(u) = Yn K Write X, = wl(gi) for
b

1 i< k. Using the above proposition one can consider the



Stiefel-Whitney classes of §k+1 as being defined in terms of xi’s..

Indeed, writing o, = ci(xl,...,xk) we have
1= +w (8 )+ +w (5 .)) T (1+x)
1V k+l n-k " k+1 l<i<k i
BRI LS D NS RACIL T WL
= LI —1
Hence 1 + w1(§k+1) + + wh—k(§k+1) = (1 + o + + ok)
RIS TR NN S W

Therefore we obtain the following corollary.

COROLLARY 20.3

H*(Y ) is generated by l-dimensional classes x., = w,(£.),
n,k i 1'7i
1 £1i <k subject to the conditions that
(1 + gl+ cosd ok)°(1 + t1+"-+ tn—k) =1 (i.e. that tj =0

for j > n-k.)

Proof:

From the above computation, wi(§k+1) = ti for 1 £ i £ nk and

tj = 0 for j > n—k. The corollary now follows from Proposition 20.2.

COROLLARY 20.4

f : Yn,k —b Gn,k induces a monomorphism of Zz—cohomology

algebras. In fact Im f* is generated by {oi ] 1£i<k} as a

subalgebra,

Proof:
Note that f*(Tn’k) = €1 ® -8 §k. Hence

f*(wi(Th,k)) = o, and f*(wi(ﬁn’k)) =t
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Therefore, by Corollary 20.3, Ker f* is generated as an algebra by
w.(8_ ,) for j > n—k. Since g8 is an (n-k)~plane bundle, it follows
J ' 'm,k n,k

that wj(Bn k) = 0 for j > n-k. The corollary follows.
9

Remark 20.5.

The above corollary also follows from the Splitting Principle once

we note that f : Yn,k Gn g is a splitting bundle of Tn,k' Compare

9
[82, 40].
Since the total symmetric polynomials are difficult to handle we
need to describe the relations among the generators xi’s in H*(Yh k;Zz)'
9

in terms of monomials. For this purpose we need the following lemmas.

et 1 £ k<n, n22. Forl <r <k define In r to be the ideal of
?

22[X1’°"’Xk] generated by {tj(r) | J > n—r}. Here tj(r) denotes the
total symmetric polynomial tj(xl""’xr)' We follow the convention
m m
that whenever we write a monomial X.” :-- X.  the subscripts il,...,ir
1 r

are understood to be distinct.

LEMMA 20.6.
In,r c In,k for 1 £ r < k.
Proof:

tm(r) is the coefficient of z% in the formal expansion of

r (1+ sz)—l =

I G+xz2t 1+ K.z
1<i<r 1 J

i<i<k r+l<j<k

- 2 L N 2 L] . o o k—r
= (1 + tlz + tzz + ) (1 + le + + Qk~rz )
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where tj = tj(k) and Qi are some elements of zZ[Xr+1""’xk]'

Now the coefficient of z™ of the expression on the right hand side
is
tm + tm—lgl oo d tm—k+er—r'
Note that if m > n-rand r £k, m -k +r > n — k. Therefore, it

follows that tm + tm—lQ + oo 4+ tm—k+r Qk—r € In,k for m > n—r. Hence

t (r)el for m > n-r. The lemma follows.
m n,k

LEMMA 20.7
The ideal I contains the monomials X- H X?_l X?—l;
n,k i 1l 12
xg'l xg'z x?‘z;...;xg*l x?‘z ... xg'r+1 xg‘r+l for
1 2 3 1 2 r-1 r

{il,...,ir} c{l,...,k}, 2<r <k

Proof:
Proof is by induction on r.

n

X1 = tn(l) € In,l c In,k’ by Lemma 20.6
Xn—l n-r+2 xn—r+2
Now assume that X oo X, . €1 for any (r-1)
i iy iy mk

distinct numbers im between 1 and k, for some r < k.

By Lemma 20.6 again, tn—r+1(r) € In,k' But
n-1 -r+l1
X) XNty (@
- Xn—l . Xn—r+1 Xn—r+1 + terms in I
1 r-1 r n,k
(due to the induction hypothesis).
n-1 n-r+l n-r+l .
Hence X1 Xr_1 Xr € In,k’ completing the proof.

We are now ready to prove the main theorem of this section.
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THEOREM 20.8.

Let my 2 e 2 m be a decreasing sequence of non-negative

integers.
o mr p 3
(i) The monomial Xyo e xir € H (Yn’k;zz) is non—zero if and
only if mj < n—j.
(ii) x?_l e ;—k = xg—l oo x?_k # 0.
1 k

Proof:

The "only if" part of (i) follows from Corollary 20.3 and

Lemma 20.7.

Note that d = dim Yn,k = [g] - [n;k] = z (n—-i). Since
1<i<k

Hd(Yn k;22) ~ 22, it follows that there must be a monomial of degree d
1

that is non—zero. By the "only if" part of (i), it follows that
ol kg
1 k

for some sequence of distinct integers il,...,ik between 1 and k.

X

Now let {jl,...,jk} = {1,...,k}. The map induced in cohomology by

the homeomorphism Yok — Yn,k that takes (A;,...,A, 1) to

(Bl""’Bk’Ak+1) where Bir = Ajr, 1<r <k, maps xil,...,xik onto

X. 5...,%. respectively. It follows that x9-1'°'xq—k # 0. Since
J J J J
1 k 1 k
there is only one non-vanishing class in Hd(Yh k;Zz), it follows that
9
9_1 oo xq_k = x?_l R xP_k # 0. This proves (ii). The "if part"” of
Jy Ik 1 %

(i) now follows from (ii).

X
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X
821. Computations in H (Y 1Z,) .
D .(_n’k.L_z)_
We continue to use the notations of 820.

Recall that f : Y Jk — Gn k denotes the map that sends the flag

’

(A ) ey , to (A

1’ k+1 .k k+1° k+1
f*(H (Gn k;22)) is the subalgebra generated by the elementary symmetric
’

) in Gn K In view of Corollary 20.4

polynomimals A ERRERL R In this section we derive formulae for

multiplying two symmetric monomials in H*(Yh k;22) for k = 3, the
’

formula for an arbitrary k £ n being very difficult.

Notation: 21.1
Let ml,...,mk be a sequence of non-negative integers with

my + e + m > 0. Denote by [ml,...,mk] the symmetric polynomial

m m
z X.1~°~X.k in 2,{X,,...,X, ] where the sum is taken over all possible
i, i 271 k

sequences il,...,ik, 1<« il,...,ik < k, which yield distinct monomials.
[ml,...,mk] will be called the symmetric monomial of type myseeesmy .
We caution the reader that symmetric monomials are are not monomials,

unless k = 1. If k is clear from the context we write {ml,...,mr] to

denote [m 100 oW 40,...,0]. It is clear from the definition that all
k_

symmetric monomials (of a given degree m) form a Zz—basis for the
vector subspace of symmetric polynomials (of degree m). By a little
abuse of notation we denote the image of [ml,...,mk] in H (Yn’k,zz)
= Zz[xl,...,xk] under the algebra homomorphism that sends Xi to X, for

1 < i <k, by the same symbol [ml,...,mk].
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Examples 21.2
(i) (1,...,1] =o_for 1 £ r < k.

k
(i)  [m] = zx‘“

_ ¥
(iii) tm = / [ml,...,mk].
my+e - tm =

(iv) Assume that my 2 e 2 m . By Theorem 20.8
X . . .
[ml,...,mk] € H (Yn’k,zz) is zero if for some r, mj 2 n—-j for
l1<j=<r-1and m, > n-r.
We now prove the following lemma, which is found to be very useful

in all the computations in H*(Yn 3;Zz) that we will need to carry out.
’

LEMMA 21.3

Let m The coefficient of a symmetric monomial [a,a,b] is

1 > m,.
zero in the expression of the product [ml,m2]~[n1,n2,n3] in

ZZ[XI’XZ’XB] as a Zz—linear combination of the symmetric monomials,

unless m, = 0, n, = nj for some i # j, and b = n, + o, where {i,j,k} =

{1,2,3}.

Proof:
. . a . a b
In the expansion of [ml,mz] [nl,nz,ng] the monomial Xl X2 X3 occurs

only if a = n or b = o, for some k.
Case (i): Let b = n,. Then a = m, + n, =m, + nj for some i, Jj,

k
{i,d,k} = {1,2,3}. Since m, # m,, n, 3 nj. Therefore X; Xg Xg occurs
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m; m, n, nj o,

an even number of times: for, Xl X2 . X1 X2 X3 can be paired with
B B %5 P Py . . a .

Xl Xl . X1 X2 X3 . Hence the coefficient of X1 X; Xg is zero. By

symmetry the required coefficient of [a,a,b] is zero.
Cagse (ii): Let a = n.. In view of case (i) we assume b # a. Then
a = m, + n‘j and b = m, + n with j,k such that {i,j,k} = {1,2,3}. The

. a . a/b . . s .
monomial X1 X2 X3 occurs in the multiplication {ml,mz] [nl,nz,na]

m, m, n, n‘j n,
first as X2 X3 . X1 X2 X3 . If n, # nj, then
n, n, n n, n. n

J J 1 a  a b .
X1 X2 X3 X X2 X3 . Therefore X1 X2 X3 appears again as

m, m n. n. n
2,1, yJyiyk
R RS I
As before, we conclude that in case n, # nj the required
coefficient of [a,a,b] is zero. If, however, n, = nJ, then m, = 0,
completing the proof.

The following example will be used to obtain certain

Stiefel-Whitney classes of the Grassmann manifolds Gn 3°
1

Example 21.4.

Assume that n = g(2r + 1), r22, and k = 3. For 1 < j < r one has

I [2Pq,2P7lq] = [28q,27q - 2971q,2%q - 29q]
J<p<r
. X
in H (Yn’s,zz).

Proof:

When j = r the statement is trivially valid.

Assume that the formula is valid for some j + 1 with 1 € j < r.
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Then 27q + 297} = n. Therefore, using Example 21.2 (iv) and

Lemma 21.3, we obtain

I [2Pq,2°lq] = [29q,2971q]- (27,25 q-27q, 2" q-2 " 1q]
J<p<r

— 1
[2Fq,2"q-29qr29 1q, 2T g-29  gr2dq)

[zrq, zrq—zJ_lqs zrq_qu] ’

completing the proof.

The reader is referred to Chapter I, [29] for an exposition of
symmetric functions that deals with the relationships among the
symmetric monomials, total symmetric polynomials, elementary symmetric

polynomials, etc. in a more general setting.
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CHAPTER SIX
SPAN OF FLAG MANIFOLDS.

822. Introduction.

The problem of determining the span of a Grassmann manifold Gn,k
appears to be very difficult in general. Some progress has been made
in obtaining lower bounds by Leite-Miatello [27] and more recently by
Korbas (241, who considers the wider class of flag manifolds. Bartgk
and Korbas {56] have also obtained upper bounds for span Gn,k by
computations of the Stiefel-Whitney classes wi(Gn,k) for 1 £1i<9.

In the present chapter, we consider the question of span of flag
manifolds. Our methods are well-known. We use a Stiefel-Whitney class
argument to obtain upper bounds, and the results of Thomas [44] to
obtain better lower bounds than those known from the work of Leite and
Miatello. The span of Gn’k_has been determined in infinitely many
non—trivial cases. The computational techniques of Chapter 5 are used
throughout to calculate Stiefel-Whitney classes. Korbas has used
completely different methods to calculate the Stiefel-Whitney classes.

The present chapter is organized as follows: In %23, a lower bound
for the span of flag manifolds is given in terms of the Radon-Hurwitz
function. %24 deals with upper bounds for the span of Grassmann

manifolds. In 825 we obtain better lower bounds for span Gn using

k
9
mainly the results of Thomas [44].

823. The Radon—-Hurwitz Function.

4a+b

Let n be a positive integer. Writenas n=s + 2 where s is



odd and 0 £ b < 3, a 2 0. Define p(n) = 8a + Zb. © is called the
Radon-Hurwitz function.

The following well~known result is due to Radon [34] and
Hurwitz [21]. See also [11].

Let n be even, so that p(n) 2 2.

THEOREM 23.1

There exist p{(n) - 1 antisymmetric orthogonal linear
transformations ?i € 0(n), 1 £1=%p(n) ~1 satisfying the conditions:
P? = -1 and pi?j + Pj?i =0 for 1 £ i< j £ p(n)-1, where I stands for

the identity transformation.

For a construction of such linear transformations cf. [47].

LEMMA 23.2
Let a, € R, 1 £1i=<p(n)-1with z a? = 1. Let ?i € 0(n)
Igigp(n)-1
be as in Theorem 23.1 above. Then for the antisymmetric transformation
Y = z ai?i one has ?2 = ~I. Equivalently ¥ € 0(n).
1<i<p(n)-1
Proof':
2_ V% 2.2 A}
¥~ = / ai?i + / aiaj(ri?j + ?jPi)
1<izn 1<i<{j<n
3 e o
1<i<n
= -1,

Since Y is antisymmetric, equivalently ¥ € O(n).



The following lemma gives some useful properties of the

Radon-Hurwitz function p.

LEMMA 23.3

Let k, m be non-negative integers. Then,
(1) ifm = r-Zk, r odd, then p(m) = p(Zk).

i) 2% < p2¥tYy.

(iii) 2k < p(2¥) < 2k+2.

Proof:
(i) is obvious from the definition of p. Writing k = 4a + b with

0<bs<3, a20, o(2¥ = 8a +2°"1. If 0 <b < 2, then it is clear

8a +2b+1, hence p(2k) < p(2k+1). When b = 3,

Ly - g(atl) + 20 > 8a + 25

that p(2k+1)

k+1 = 4(atl). Therefore p(2k+ = p(2k).

This proves (ii).

(iii) is immediate from the following inequalities: For O £ b < 3,

2b < 2b <£2b + 2. Hence, for a 2 0,

2(4a+b) < 8a + 2P

< 2(4a+b) +2.
The following theorem is a first step towards obtaining the span of

flag manifolds. We use the notations of Chapter 3 and 4. Thus

u (nl,...,ns) is a sequence of positive integers with s 2 2,

= +ooo+ = .
n = n; n_ lui

THEOREM 23.4 (Zvepgrowski).

If n, is odd for some i, 1 £ i £ s, then span G(u) = p(n) — 1.



96

Proof:

Since p(n) = 1 when n is odd, obviously span G(u) 2 p(n) — 1 in
this case.
Now assume that n is even. Without loss of generality, let n, be

odd. Recall that

T(u) = & g€.(u) © €j(u)

1<i< j<s
5 €1(u) e ( o €j(u)). ® €i(u) ® ¢.(w
2< j<s 2<i<j<n J
~ Hom(gl(u), e €j(u))
2< j<s
® Hom(f.(u),t. (%
2<i< j<s €308 50y) )

Hence, to show that span G(u) 2 p{n) — 1, it suffices to prove that

Hom(¢.(u), ® ¢.(u)), which is a subbundle of r(u) by (%), admits
17 ocieg

p(n) -= 1 linearly independent cross sections. To simplify notations we

let ¢ = ¢ (u) andn= @ ¢.(u). Note that the fibre of ¢
1 2<j<s

(respectively n) over an arbitrary flag A = (Al""’As) in G(u) is A1
(respectively A{). We construct (p(n)-1) cross sections
?i: G(u) — Hom(¢,n) as follows:

Choose linear transformations Pi: " — RY,
1l <i=<p(n)-l,satisfying the conditions of Theorem 23.1. For a
subspace X of Rn, let q, denote the orthogonal projection of R® onto Xl

with respect to the standard inner product on R®. Define

i _
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CLAIM:

?i(é), 1 <i=< p(n)-1, are linearly independent for each A in G(u).
For, otherwise, there would exist a, €R, 1 <£1i=<p(n)lwith 2 a? =1
and 2 aiPi(é) = 0 for some A € G(u). For such an A, we therefore have

0=2a% (A)=2 aiqu° (P;14)) = quo (2 a,p.) 14,

(4] - 1
qu ?IA1 where P = 2 ai?i. This means that P(Al) < Al’

in other words Al is an invariant subspace of P. Since Y is real

antisymmetric and orthogonal by Lemma 23.2 and since Al is of odd
dimension, this is impossible. This establishes our claim that ?i(é),
1 £ i < p(n)-1, are linearly independent for each A € G(u).

To complete the proof of the theorem, we need only check for
continuity of the everywhere linearly independent cross sections Pi’

1l <i € p(n)-1. To see that ?i are continuous, note that as A € G(u)

varies continuously in G(u) one obtains a continuous splitting,

RD = Al ® Ai, of R®. This shows. that éi G(y) —— Hom{¢,n€), q : G(u)

———+ Hom(n€,n) defined respectively as ¢i(A) = ?ilAi, 1<i<pn-1,

and q(A) = q, for all A € G(u) are continuous. Now Pi is the

(¢i’q) "composition"
composition G{y) —————— Hom(¢,n€) @ Hom(ne,n) >

Ay

Hom(¢,n). Hence ?i is continuous for 1 £ i € p(n)-1, completing the

proof.

COROLLARY 23.5

Span G(u;r) 2 p(n)~1 providing at least one of the ni’s is odd.



98

Proof:
Since f : G(u;r) —— G(u), the map that forgets the orientations,

is a covering projection span G(u;r) 2 span G(u). The corollary is now

immediate from the theorem.

Remark 23.6
Theorem 23.4 was obtained also by Korbas [24] using a different

description of the tangent bundle a(u), generalizing the results of
Leite-Miatello [27] for oriented Grassmann manifolds.

By Corollary 15.4, all complex and quaternionic flag manifolds have
span zero. For this reason only flag+ or real flag manifolds G(u)
where at least two of the ni’s are odd will be considered in what
follows. Hence in the case of Grassmann manifolds G n is assumed to

n,k
be even and k odd.

THEOREM 23.7.

Let n1 = eee = nk =1 and let 2 £ k < s. Then

span G(u) 2 % k{2n-k-1)

Proof:
When k 2 s-1, G(u;r) = Vn k by Example 15.2, and in this case the
1

theorem follows from the parallelizability of the Stiefel manifold Vn k
]

for k 2 2.
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Assume that r < s-1. Let u' = (1,...,1,nk+1+ s +ns). Now

consider the map q : G(u;r) —— G(u';k) defined as

-~ ~

q(A1’°"’Ar’Ar+1’°"’As) = (Al,...,Ak, Ak+1+ s +AS).

j?i(u;r) for 1 £i=<k

l ® ¢€.(u;r)
k+l<jss Y

Now an easy computation shows that q*(r(u';k)) is a subbundle of

Clearly, q*(ﬁi(u';k)) =

r(u;r). Since by Example 15.2, G{u';k) = Vn K’ 7(u*;k) is a trivial
b
bundle of rank dim Vn k= % (2n-k-1). Consequently 7(u;r) has a
?

trivial subbundle of rank at least % k(2n-k-1). The theorem follows.

THEOREM 23.8. (Miatello-Miatello.)
n

Let k € s and let n = eee =

Kl s = 3. Then E(u) is parallelizable

in the following cases:

(i) ny = cero=m = 1, k22, ork=1-= and n = 0,1,2,5,6

oy
mod 8.

(ii) k=0, n=0, 3 mod 4.

Proof:
It was shown in 816 that the manifolds E(u) of cases (i) and (ii)

are stably parallelizable (see Proposition 16.2). Recall that a stably
parallelizable manifold of dimension d is either parallelizable or has
span p(d+l), where d = dim a(u) for the cases under consideration.

When ny = -++ =n =1, k 2 2, span &(u) 2 § k(2n-k-1) 2 20-3, by

n.
Theorem 23.6. Now d = dim G{(u) = [g] - 2 [21] < [g] - 1. Therefore
S

Igix<



100

d+l < % n2. Let £ be a positive integer such that 2‘2—1 < d+1 < 22.
Then 2!"'_1 < [g]. Now using Lemma 23.3,

p(d+1) < p(2¥71

. 2~1 n . 2
Since 2 < a]s and since n 2 5, we have 2°-2 < 2n-3. Hence
p(d+1l) < 2n-3. Therefore E(u) is parallelizable in this case.
Incase k=1 = n,, n £1,2mod 4, or k = 0, n = 0,3 mod 4,
dim a(u) =d= [g] - (n—k) is even. Therefore p(d+l) = 0. Since span
E(u) 2 1 by Corollary 15.4, parallelizability of E(u) follows.

When k =1 =n,, and n = O mod 8, dim G(u) = d = [g] ~n + 1. Thus

1’
d+1-= g *(n-3) + 2 = 2 mod 4. Therefore

p(d+l) =2 <7 < p(n) - 1 £ span E(u) by Theorem 23.4.

$24. Upper Bounds.

In this section we adopt the notations of Chapters 2 and 5. Thus

Yn,k

f Yn,k — Gn,k the map that sends the flag (Al,...,

L
A1 K

to denote the total Stiefel-Whitney class w(G ) of G , Thus w
n,k n,k n

denotes the (real) flag manifold G(1,...,1,n-k) and

) € to

k+1 n,k

We write w
n
(

€ G

n,k’ Tn’k denotes the tangent bundle of Gn Kk

?
i)
,k
= wi(Gn,k)'

PROPOSITION 24.1

(D) Wy = (T D), e T )T
(1) W) = 0 if and only if £Fw{})) = o.
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Proof:

By Theorem 10.1, Tn,k = Th,k 9 ﬂn,k' Hence
Tok® T @ M) ™ @8, ) 8 (0, 87 )=

T ® By 87, ) =0l

n, i Since Tn,k ® Bn,k s nE. (i) follows from

’

this.

(ii) is an immediate consequence of the fact that

* X X . .
f" ¢ H (Gn k,22) — H (Yn,k,zz) is a monomorphism.

3

Recall from Corollary 20.4 that f*(wi) =04, the ith elementary

symmetric polynomial in the canonical generators x of

100 ¥y
H*(Yn k;22). Therefore, from Theorem 8.3 (i) and Example 8.2 (iv)
3
X _ _ 2 . X .
f (W(Th,k ® Tﬁ,k)) = ¢k = (qk’z) in H (Yn’k,zz), where

- . X -
¢k = ¢k(ol,...,ak) etc. Also since W(Tn,k) = lsgSk(lfxi), we have

the following.

COROLLARY 24.2.
X n -1
f(w_ )= ( F (I+x.)) ¢ .
B,k lsisk & k

Proof:
Apply £¥ to 24.2 (i).

We now prove the following main theorem of this section:

THEOREM 24.3.

Let m = O or 2r, rz1l.

(i) If n = 4(m+l), then span Gn = 3.

»3

8(m+1), then span Gn = 7.

(ii) If n .3
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Proof:

-We know by Theorem 23.4 that span Gn k 2 p(n) — 1. Denoting
?
dim Gn k- p(n) + 1 by s, we see that to prove the theorem it suffices
’

to show in each case that f*(w (G_ ,)) # 0.
s n,k

Case (i).

When m = O, G4

case. When m = 2, a direct computation shows that f*(w

3 = G4 1 = RPszand the statement is true in this
] ?

(24)
12,3

which, by Theorem 20.8, is non—-zero (see also Remark 24.5).

) = [8,8,8],

Now assume that m 2 4. By Corollary 24.2

4m+4 -1
L2

= (1 + [4] + [4,4] + [4,4,4]) - (1 + [4m] +

£, ) = (L+ (1] + [1,1] + [1,1,1])

}

[4n,4n] + [4m,4m,4m)) - 6.5 (¥

since m is a power of 2. This leaves the computation of ¢;l.

4am+4 -

Now by Theorem 20.8, Xg 0. Hence x?m = 0. Therefore, by

Example 21.2 (iv)

¢4m = (1 + [4] + [2,2] + [4,2])4m = 1. Consequently,
b5 = (1+ [4] + [2,2] + [4,2)*" 7,
r+2
Since 4m - 1 = 2 2p—1’ we have
p=1
o;- = I (L+ (2P 4 2P,2P) 4 (2P2P))
1<p=<r+2
= (1 + [4m,4m]) - « + (1 + [4] + [2,2] + [4,2])
where « = I 1+ [2p+1] + [2P,2P] + [2p+1,2p]).

25p<r+2
Note that (1 + [4m] + [4m,4m] + [4m,4m,4m])(1 + [4m,4m]) = 1 + [4m]



since x?m = 0 and thus (4m]-[4m,4m] = [4m,4m,4m], [4m,4m][4m,4m]

H

[4m,4m] + [4m.4m,4m]

SO

0. Then substituting in (%) we obtain

(1 + [4m])-a- (1 + [4] + [4,4]) + [4,4,4])

« (1 + [4] + [2,2] + [4,2]). (k%)
Note that « = z4 for some z € H*(Yn,3;22) and that

8 = 3(n-3) - 3 = 12m. Before we proceedrfurther, we now look at

Ann(4m], the annihilator of [4m] in H*(Yh’3;22). Since x? = 0,

[a,b,c] € Ann[4m] if a,b,c 2 4. Thus the symmetric monomials of

H*(Yn 3;22) which are of the form [4a,4b,4c] and possibly not in
’
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Ann{4m] in degree 8m - 4i, i = 0,1,2,3 are listed in the table below.

Table 24.4
Degree Zz—basis
8m [{4m,4m]
8m-4 (4m, 4m-4]
8m-8 [4m,4m-8], [4m-4, 4m—4]
B8m-12 {4m,4m-12], [4m-4, 4m-8]

Note that m 2 4 is used in the above table so that 8m—-12 > 4m+4.

Using

Lemma 21.3 one sees that [4m,4m-4j] € Ann[4m] for j = 1,2,3. Also

(4] [4m—4, 4n-4], [4,4] [4m-4, 4m-8] € Ann[4m].
Now degree o = 12m — 12. Hence
a(12m) - a(12m—4) - a(12m—8) = 0.
(12m-12) _

Also «
2<p<r+1

r  [2°*1,2P] = [4m,4n-4,4n-8] by Example 21.4.
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(12m-16)

Consider o = {4m, 2m] --- [16,8]([8] + [4,4]). (Again

m 2 4 is crucial here.) [4,4,4]:[4m,2m] = O gives

[4,4,41-a12718) < 0. Ve are now ready to calculate £*(w{!2%).
From (¥X),
£ (w (12m)) = [4m] - {« 8m) a(Bm—4)( ..... )
«B8) ((4,4] + [a])[4] + [2,2]))
+ a(8m—12)([4,4’4] + {4,4] (+oee- )
o(B16) g 4 a4y (eenns )
+ 2712 (14,4, + [4,4]- (-0 )}
L120718) g g
where the precise expressions inside (+++-) will be found to be
irrelevant.
From the above observations, [4m]-a(&%%) = o,

(4n]-a®8) . (4] = 0, «®12).14,4,4](4n] = 0 and

(4m]a’®12) . 14,4] = 0. Also
«128712) 1 447 = 0 = «(120716) 14 4 47 = ((120712) g 47 = 0.

Hence *(u (12m)) (4m] -«'® 4 [4n]-a(B%8) (4, 47.
Now
o8 8) = (ram] + [2m,2m]) <.+ ([8] + [4,4])

+ terms having [21,21-1] as a factor for some i 2 3

[2m,2m] ++-[4,4] + terms having

[Zi,Zi—l] or [21] as a factor

[4m-4, 4m-4] + terms of the form [4a, 4b, 4c] where

v
ot

a,b,c or terms having [21] or [21,21_2] as a factor.
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Applying Lemma (21.3), we find that terms having [21] or [21,21—11

as a factor, in the above expression must be a Zz—linear combination of
symmetric monomials of the form {4a,4b,4c] with a # b if ¢ = 0. Hence
such terms are in Ann{4m]. We see therefore that

[4m] - [4,4] .88 = (4n,4n,4m] # 0.
(See Theorem 20.8)
By a similar argument

(am] - «® = o,

Hence f*(wéfém)) = {4m,4m,4m] # O.
Proof of (ii) is similar and will therefore be omitted. In this case

one obtains

£*w 2™ = (awra, B, gu]
# 0. 7
As in (i), one computes wézsg and wésg directly, and lets a equal
pxptrra (L + (28] + (22702570 o 2P 207y,
Remarks 24.5
(i) To simplify calculations of w£§4%, wéisg and wégé the reader

may follow the method of proof used above.

(ii) Note that [4m,4m,4m] = [4]-[4m,4m,4m—4] in H*(Yn 4i2
?

2), n as
L 12m)

in 24.3(i). Since [4] f (wl), b, 3 € Im(uwl). Consequently

(12))

1]

2m(G 3) = p (w O where p : En k" Gn K is the double

? ’

covering map that forgets the orientation. Similarly ) =0

Youm+8(Gn, 3
since [8m+4,, 8m+4, 8m] = [4]-[8m+4, Bm+4, 8m-4] in H*(Yn 4i2,)s where
b}
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n is as in 24.3 (ii). Thus a Stiefel-Whitney class argument does not
yield the same upper bound in the corresponding oriented Grassmann
manifolds.

(iii) When n = 24a(20+1), p(n) - 1 is even. In this case
s = dim Gn,k - p(n) + 1 is odd when k is odd. Since the total
Stiefel-Whitney class of Gn,k is a square element when n is even (see

Corollary 24.2 and Example 8.2(iv)), it follows that ws(Gn = 0.

g%
Thus the upper bound obtainable by a Stiefel-Whitney class argument
does not equal the loweg bound given by Theorem 23.4.

The proof of the following theorem is similar to the that of
Theorem 24.3 above and will therefore be omitted. Note that the fact
that f*: H*(Gn’k;zz) et H*(Yn,k;zz) is a monomorphism is crucial

here.

THEOREM 24.6
Let n = 2(m+l), m = 2r, r 2 1. Then ws(Gn 3) = O where
’
. _ _ _ _ 2
s = dim Gn,3 p(n) +1 = 3n ~ 10. w(GS,3) =1+ (wl(Ts’g)) .
The above theorem will be helpful in obtaining lower bounds for the

span of Gn 3 (where n is as in the theorem above).
?

825. Lower Bounds.

We begin this section with an application of the following theorem

due to Pontrjagin and Thom. Its proof can be found in [41].
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THEOREM 25.1

A compact smooth manifold M is cobordant to zero if and only if all

its Stiefel-Whitney numbers are zero.
We state also the following lemma, proof of which can be found in

the book of Husemoller [22].

LEMMA 25.2.

Let M be a compact smooth manifold on which 22 acts effectively.

Then M is cobordant to zero.

PROPOSITION 25.3

(i) En k is cobordant to zero for any n,k.
3

(ii) Gn k is cobordant to zero if n is even and k odd, or if
’

n = 2k.

Proof:

~

Note that the map 8 : En k" G that sends A € En to the
b

n,k »K

vector space A with the opposite orientation defines a smooth effective

2.-action on G . Hence G is cobordant to zero.
2 n,k n,k

Ifn=2k, P: Gn,k —_— Gn,k that sends A € Gn,k k

defines a smooth effective 2 ~action. As before, it follows that Gn

to At e g
n

2 »k

is cobordant to zero.
In case n is even and k odd, dim Gn k= d = k(n-k) is odd. We know
H

from 24.1(i) and 8.2(iv) that in this case w(Gn k) is square of a
b

certain element of H*(Gn k;22). Consequently all the monomials
?
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m m
1 d .
(wl(Gn,k)) (wd(Gn,k)) are either zero or of even degree. It

follows since dim Gn K is odd that all the Stiefel-Whitney numbers are

zero. By Theorem 25.2 Gn k is cobordant to zero. This completes the
?

proof of the proposition.
Similarly Lemma 25.2 can be applied to prove the following. It

will simplify notations to let G(u;0) = G(u).

PROPOSITION 25.4

A flag+ manifold G(u;r) is cobordant to zero if r 2 1 or if n, = nJ

for some.i # j, where u = (nl,...,ns);

We are now ready to prove the following.

THEOREM 25.5.
. . ny
(i) Span Gn K > 2 only if [k] = 0 mod 4.

k]

(ii) Span G 522 if n = 2¢2+1), r = 1.
]

Proof of (i):

Let Span Gn 2 2. Thenn is even and k odd. Ifn =4m, m2 1,

k-

then since k is odd [ﬁ] = % . [2:%] =4 - EE [k:i]] = Omod 4. It

remains to consider n = Z2mod 4. In this case dim Gn K = 1 mod 4.
9

Therefore by Theorem (3.3), k(M) = 0. Since Gn k is a boundary
b4
manifold by Proposition 25.3, we see that by Theorem 3.4
k(M) = x*(Gn k). Proceeding as in the proof of Example (3.9),
’
3 _ [ .
x*(6, 4 = [-2- P(Gn’k,l)]mod 2,

where P(M;t) denotes the ZZ—Poincaré polynomial of M. By Theorem 20.1,
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PG it) = (1-tP) --- (1_tn—k+l)
2.k (1-t) +++ (1-t5)
_ (I+t 4 eee 4 I I )
1 - (L#t) vor (14t + -0 + K1)
Hence
P(G, 1) = 2 (reD) o [,

Thus 0 = (K)(G, ) = ¥y = [% P(Gn,k;l)] mod 2 gives.
. -— n -
P(G, yii1) = [k] £ 0 mod 4.

Proof of (ii):
Let n=2 - (2r+1), r 21. Then [g] = 0 mod 4. Therefore

= 3 ¥ - (1 . _ [1fn]] -
kG, o) = x"6, 9 = 3@, 51 = [F[3] = omd 2 By
Theorem 24.6, wy_;(G 5) = 0. It follows from Theorem 3.3, that

span Gn,3 > 2.

Remark 25.6.
Leite and Miatello have shown in [27] that when n = 2(r+s) + 2,

k = 2r + 1 where r and s have same parity, span En k > 1 if and only if

[r+s

r ] = 0 mod 2. Theorem 25.5 (i) also follows from this (since

span (Gn,k) > 2 implies span (Gn,k) 2 2).

We now state, without proof the following theorem due to
U. Koschorke. The author is grateful to Professor J. Korbas of Katedra
Matematiky V§DS, Czechoslovakia, for bringing this reference, and

Theorem 25.8, to his notice.
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THEOREM 25.7.

Let'Md be a compact orientable manifold such that d 2 9,

1

d =1 mod 4. Assume that Sq  : Hl(M;Zz) ———4H2(M;Zz) is injective.

Then span M 2 3 if and only if wd—l(M) = 0, Wd_z(M) = 0 in Hd—z(M;Z),
and k(M) = 0. Here the "integral" Stiefel-Whitney class Wd_z(M) is

equal to B8 wd—3(M)’ B being the Bockstein homomorphism associated to

the coefficient exact sequence O 4 x2 » 2 Z2 » O.

Proof:
Refer to p.166 of [25].

Let us apply the above theorem to the case G Recall from 24.6

6,3°
— 2 — . — .

that w(G6’3) =1 +w1, w, = wi(Ts,a). Since wl(G6,3) = 0, G6,3 is

orientable. The only element of Hl(G6 3;22) is Wy and

1, . _ .2 . _ .
Saq (wl) = Wy # 0. w6(66,3) = 0 implies that W7(GB’3) = 0. Also since

— - [6] = .
w8(G6,3) = 0 and k(G6,3) = [3] = 0 mod 4, it follows that all the
conditions of Theorem 25.7 are satisfied when M = G6 3° Thus we have
b}

. = 2 ; =
shown that span G6,3 2 3.. Since wz(g6’3) = w; # 0, and dim Gg,3 = 9,

we obtain span G6 3 £ 7. We record these facts as a
3

THEOREM 25.8 (Korbas).
3 < span G6,3 <17.

As another application of the computational techniques developed in
Chapter 5, we determine the height of Wy € H1 (Gn k;22) for k = 2 or
3
n=2%+ 1, k = 3. Complete results for height of Wy have been

obtained by Stong [40].
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Example 25.9

+1 . +1 1 .
Let 2° < n < 257%, Height of W = 257 2 for Wy € H (Gn,k;zz) if
(i) k = 2 or (ii) n = 2%+ 1, k = 3.
Proof:
(1) In view of Corollary 19.3, it suffices to show that
_ . . s+l _ .
oy = % + Xy = f (wl) has height 2 2 where T : Yh,Z —_— Gn,2'
1 s s
Sty 9 2 2 . .2
Now o] = (xl + Xg ) (x1 + XZ)
_ 2% 252 'y i j
=% Xq + / . eo X] Xg
(i,§)#(27,27 )
. . n-2°-1 n-2° .
Multiplying both sides by X1 Xy we obtain
2251 n-2® 252 n-1n2 \ 225141 2%
1 2 1 1 72 L s s 1 2
(i,)#(27,27-2)

s+1

Since i and j are even and i+j = 2 - 2, using Theorem 20.8 one sees

readily that each term in the summation Z must be zero (either X) or X,
n-1 n-2

will have exponent 2 n). X1 %g being non—-zero, it follows that
s+1
oi e # 0.
Consider
1 s s
S T 2 2 .2
o] = (k) xy) (%) + x5) (%) + %))
=t st . ° 0 by Corollary 20.3.
27 -1
(11) As in (i), we show that height of o) = x, + X, + Xg = f*(wl)
is 2571 2 where £ : Y —c
2°+1,3 27+1,3°
1 s ] s
25tL 9 2 2 2. 2. .2
oy = (x1 + Xq + Xg ) (x1 t X, + x3)
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2% 95 T 1) i, ig

B TR L o Xy X9 X3
(i1912’13)¢(2 ’2 —2’0)

_ o1 o3 \ 1y 1p i3

=X X9  * X Xg X3

L
(il,i2,13)¢(n—l,n—3,0)

Multiplying both sides by Xg * x§—3 we obtain
s+l

e o A3 272
2 " *3 1
i i +1 i+n-3
_ .n-1.n-2 n-3 T o B 3
L= Xl X2 X3 + L Xl Xz X3 .

(il,iz,i3)¢(n—1,n—3,0)

The only (necessarily even) values for i3 which give possibly
non—zero monomials in the sum are 0 and 2. In case i3 = 0, one must
have {i,i2+1} = {n—-1,n-2} to obtain a non-zero monomial inside Z. This
forces il =n-2 = iz. But i1 # 12 for monomials appearing in the sum
due to uniqueness of binary expansion. In case 13 = 2, binary
expansions again show |i

| 2 4, so {1 2+1} # {n-2,n-3}.

17%2 1t
Therefore, we see by Theorem 20.8 again that the only non-zero term on

s+1

the right hand side is x§*1x2—2x2_3. Hence oi -2 # 0.
Now
ois+1— 1= (x?_1+ x2_1+ xg_1)°(x1 t Xy + xs)zs_1
= Gy "3)25—l+ szl—l("i”‘l)zg_1+ xg(xy+ xz)ZS—l
= b Fo¥a) * xg—ltzs  Far)
+ xg_ltzs_l(xl,xz).

We will now prove that x?_lt s (xz,x3) = 0. Using symmetry, it
-1

2
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s+l
-1 .
follows that oi = 0. Since by Corollary 20.3, tn_z(xl,xz,xs) = 0,
we have tn_z(xz,xs) = xl°P(x1,x2,x2) for some polynomial P. Therefore
n—-1 I o N
X1 tzs_l(xz,x3) =Xy xy P(xl,xz,xg)

= 0'
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