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Abstract

My supervisor, Professor P.C. Consul found that there has been a need of a more
Versa,fiile L-shaped discrete probability model in order to cope with the modern com-
plex data sets. So, in 1990, he defined and introduced the Geeta Probability Model
to the statistical literature. Therefore, I decided to have a systematic study of the
Geeta Probability Model and this becomes the primary objective of this thesis.

An introduction of different types of discrete distributions has been given in
Chapter 1. Major families of discrete distributions and their basic properties have
also been presented there.

Chapter 2 has given the definition and the basic properties of the Geeta distri-
bution which are essential for our further study.

A systmatic investigation of some important properties of the Geeta distribution
has been done in Chapter 3.

Chapter 4 deals with the estimation of the parameters and functions of parameter

of the Geeta probability model.
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Chapter 1

Introduction

1.1 Mathematical Formulae, Notations and Terminology

Some mathematical formulae, notations and terminology, which are used at various

places in this thesis are defined as below:

1.1.1 Abbreviations

e pmf : probability mass function of a discrete distribution.

pdf : probability density function of a continuous distribution.

pgf : probability generating function.

o gf : generating function.

mgf : moment generating function.

cgf : cumulant generating function.

1.1.2 The Gamma Function
I'(a) = / z* e dz,a > 0.
0

Also,
al'(a) =T(a+1),e > 0,

and



I'(a + 1) = al, when a is a non-negative integer.
In particular,
n! =1.2.3...(n — 1).n, if n is a positive integer.

0! =1, and I'(1/2) = /7.

1.1.3 Binomial Coeifficents

When n and x are two non-negative integers, ¢ < n, then

n n! n

B (n—:z:)!w!= "— g

Also,

no (—n).(—n—=1)...(—n—z +1) _ (-1)%.(n).(n+1...(n+z — 1).

z! z!
x

When n and r are any real numbers, then

ny T'(n+1)
T T+ DI(n—r+1)

T

1.1.4 Descending and Ascending Factorials

For all real values of a and positive integral values of r, the descending and ascending
factorials are defined by,

a" = (a).(a = 1).(a = 2)...(a — 7 + 1),

apy = (a).(a+1)).(a +2)...(a + 7 — 1),

a® =1 and ag) = 1.



1.1.5 Feller(1968)’s Inequality :

(1.1.1) VomyrtileVemia < T(y +1) < V2my¥ 26 Ve,
where y > 0.

1.1.6 Lagrange Expansions

If ®(z) is an analytic function then Taylor’s theorem can be used to express it as a
convergent power series in X, i.e.,

O(z) = 20 —Diij#&j)

where D?®(0) is the jth derivative of the function ®, evaluated at zero.

Then, the equation z = y®(z) can be easily written in the form

y = 2/8(x) = T2 arah

by the simple operation of division.

Lagrange(1770) was concerned with the inversion of the above series so that the
variable x may be expressed as a power series in y when ®(0) 5 0. Hence, any other
analytic function f(x) can be explicitly given as a function of y. He obtained these
in the form of a power series of y.

The Lagrange’s expansion is usually defined for complex functions f(z) and g(z)
which are analytic on and within a Contour C surrounding a point a. If u is another
variable such that the inequality |ug(2)| < |z — a| is satisfied at all points of z on the
perimeter of Contour C, then the equation z = a + ug(z) has one root in the interior

of the Contour C, then by Lagrange’s theorem any function f(z), which is analytic

on and inside the Contour C, can be expanded as a power series in u by the formula,



0 kakl

(112) $e) = fl6) + 35 5 o) e

where f'(2) is the derivative of f(z) with respect to z and g(a) # 0.

See [Whittaker & Watson,1972].

The inversion of the function z under |ug(z)| < |z — a|, follows directly from the
above by taking f(z) = z and becomes

k...

(1.13) 2= 3 el e

1.1.7 Taylor Expansion for bivariate functions

[Burden & Faires,1985] have given the well-known Taylor’s bivariate expansion as
the following theorem.

Theorem : Suppose that f(t,y) and all its partial derivatives of order less than or
equal to n+1 are continuous on D = {(t,y): a <t < b,c <y < d}. Let (¢o,70) € D.
For every (t,y) € D, there exists some numbers € (between t and ¢,) and 7 (between

y and y,) with

f(t7 y) = Pn(t7 y) + Rn(t7 y)’

where,
Pn(tay) = f(tmyo) + [(t —t )M + (y _ yo) af(;oy, yO)]
(t — £,)2 8% f (to, o) P F(to,10)

+[

9 2 + ( - to)(y - yo) atay
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2 oy? P Otn—i9yi
and
wntl O™ f(e,n)
— ntl—j J—
Rn (n + 1)] _72-;) J (t t ) (y yO) 8tn+1—-78y'7

1.2 Discrete Distributions

In many scientific investigations, observations are taken repeatedly under essentially
the same set of conditions or with slight variations. Each of these observation taking
procedures is called an ’experiment’ and the corresponding observations are called
the ’outcome’ of the experiment. Clearly, we cannot predict the result or outcome
of each experiment before the experiment is performed.

An arbitrary outcome is denoted by ’w’ which will refer to the observed member
of all possible outcomes that could be realized. Such an experiment is a 'random
experiment’, a particular outcome w is a ’sample point’, and the set Q of all possible
outcomes is the ’sample space’.

A random variable (r.v.) X is a real-valued function X(w) defined on the sample
space {) for the sample point w.

A cumulative distribution function Fx(z) for the r.v. X is, in general, a contin-
uous function of x. When Fx(z) is a step function with an enumerable number of
steps, then it represents a discrete distribution.

By far, the most commonly used discrete distributions are those for which x’s are

the non-negative integers. They are used in models for “count data”, which include



variables representing the results of counts(of defective items, apples on a tree, etc.).
However, it is not necessary that the random varible X takes only integer values (an
observed proportion is a simple counter example).

Most of the discrete distributions commonly used in theoretical and applied statis-
tics belong to a much narrower class of distributions called ’lattice distribution’ which

will be described in the following section.

1.2.1 Lattice Distributions

A discrete random variable X has a lattice distribution if there exits numbers a and
h > 0 such that all possible values of X are representable in the form a + kh, where
k may take on any integral values in (—oo < k < 00). See [Gnedenko,1967].
Lemma: A necessary and sufficient condition for a probability distribution with
characteristic function f(t) to be a lattice distribution is that there exists a real
number ¢, # 0 such that |f(¢,)| = 1.
Proof: If X has a lattice distribution and pj;, is the probability of X = a + kb,

then the characteristic function of the variable X is

00 o0
f(t) — E pkezt(a+kh) = it Z pkeztkh.

k=—o00 k=—00

From this, we have

2 it o 2mik i
f(7)=6mh Z pkem = e2™%,

k=—c0

Hence, we see that
|F(35)| =1 for every lattice distribution.
Now, assume that for some ¢, # 0, |f(£,)| = 1, then X will be shown to have a

lattice distribution.



The last equation implies that for some 6
f(t) = &,
So,
/e"t"”dF(m) = e
or,
/ giltor=0 I () = 1.
It follows that

| /cos(to:v —0)dF(z)=1.

In order that the above relation be possible, it is necessary that the function F(x)

increases only at those values of x for which
cos(t,z — 0) = 1.

This implies that all the possible values of X must be of the form

z = ﬂ k2—7r
to o

Hence, the proof is completed.

1.2.2 Inflated Distributions

When the probability of one value, say z,, of the discrete random variable X is
increased and the remaining probabilities are multiplied by an appropriate constant
to keep the sum of probabilities equal to unity, the distribution of such modified

probabilities is called an inflated distribution F™* of the original distribution F.



Denoting P(X = r|F') by P,, the inflated distribution F* has

P X=z,)= l—a+aP, 0<a<l,

P(X =z)= Py, for all z # z,.

In terms of the moments about zero {y;} of F, the rth moment about zero of the

inflated distribution F™ is
g = (1 )z} + ap,.

It can be shown that if a recurrence relation g(, fig,...) = 0 holds for F, the

moments of the inflated distribution satisfy the recurrence relation,

p—(l—a)zo py —(1—a)a] | _
g( > , > yeer) = 0.

In particular, if 3°; cj,u,;- = 0, then

Sy = (1— ) Lj .

1.2.83 Decapitated Distributions

When a discrete probability distribution is defined over non-negative integers includ-
ing X = 0 and if the probability mass at X = 0 is proportionately distributed at all
other values of the r.v. X, the resultant distribution is termed as the ’zero-truncated’
or ’decapitated’ distribution of the original.

Thus, corresponding to the Poisson distribution

e~09°
(1.2.4) PX==z)= - ,(z=10,1,2,..),
the decapitated Poisson distribution is
o1 6—60:0
(1.2.5) P X=z)=(1-¢7") (=1,2,3,..).

z!



Sometimes, this term is extended to include truncation by omission of more than
one variable value. If value £ = 0 and z = 1 are truncated, the term ’doubly

decapitated’ is used occassionally.

1.3 Classes of Discrete Distribution

The discrete probability distributions have been classified into many broad classes.
Four of these are,

(1) Generalized Power series distributions(GPSD)

(ii) Modified Power series distributions(MPSD)

(iii)Factorial series distributions(FSD)

(iv) Lagrangian probability distributions(LPD)

(i) is a sub-class of (ii). Also, (ii) is a sub-class of (iv). Hence, the properties
that are proven true for (iv) will be true for (i) and (ii) and the properties which are
proven for (ii) will also be true for (i). The definitions of the probability distributions
belonging to the above four classes and some general properties are given in the

following sections.

1.8.1 Generalized Power Series Distributions(GPSD)

Let f(0) be a positive analytic function such that

(1.36) OB L

where a(z) > 0 for all integral values of x,
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then the Power Series Distribution(PSD) is defined by

a(z)6® -
(1.3.7) P(X =2) = { HORK x=0,1,2,...,6 > 0
0, otherwise

The PSD was introduced by [Kosambi,1949] and [Noack,1950] independently.

Later, [Patil,1962] generalized the domain of the distribution 1.3.7 to be the set
T which is a subset of the set of non-negative integers. The resultant family of
distributions is said to be the Generalized Power Series Distribution(GPSD). Some

general properties of the GPSD are :

1. A truncated distribution of a PSD is a GPSD. Probability distributions 1.2.4
and 1.2.5 are examples of this type. A truncated GPSD is also a GPSD. For
example, distribution 1.2.5 is a GPSD, if it is truncated further for the value

of x=1, then the resultant distribution is given by

) = 1 e99°
T e 1+ 06)

(1.3.8) P*(X = ,r=2,3,...,
which is still a GPSD.

2. The specific choices of f(f) and T reduce the GPSD to many well known
distributions like the Negative Binomial, Poisson and Logarithmic series dis-

tributions and their truncated forms.

3. Moments and generating functions :

din f(0) _ ,£(0)
b £(6)

dzlnf(ﬁ) 2 2
T T

(1.3.9) mean p =9

§10) _ ydu

1.3.1 ' ? = 2 =
(1.3.10) wariance o = p+0 6) 7
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The pgf and mgf of GPSD are given by

_ 1)
g(t) — f(9)

_ f6e)

(1.3.11) m(t) = OB

1.3.2 Modified Power Series Distributions(MPSD)

A discrete random variable X is said to follow a Modified Power Series Distribu-

tion(MPSD), if its probability mass function (pmf) is given by

a(x)[G(8)])*
o fo 0 TE T
(1.3.12) P(X =z)=
0, otherwise

where T is a subset of the set of non-negative integers; a(z) > 0; G(0) and f(8) are
positive finite and successively differentiable functions of 8 and if f(0) = ¥ 1 a(z)[G(0)]".
See [Gupta,1974].

If G(0) equals 9 or if G(0) is invertible,1.3.12 reduces to the GPSD. In addition, if
T is the set of all non-nega,tix}e integers,1.3.12 becomes the PSD. Therefore, the PSD
and GPSD are sub-families of the MPSD. Accordingly, all properties of the MPSD
are also properties of the GPSD.

Similar to 1.3.9, a truncated MPSD is also a MPSD. Also, the MPSD family
includes not only all the discrete probability distributions of the GPSD but also it
contains the Generalized Negative Binomial distributions, the Generalized Poisson
distributions, the Generalized Logarithmic Series distributions and their truncated
forms.

Some general properties of the MPSD are :

1. mean u
_ G(O)f'(6)



2.

By following [Gupta,1974)’s method, the proof of 1.3.13 is provided

as follows :

Since f(0) = 3, a(2)[G(9))%,
differentiating both sides of the above with respect to 8, we have

F'(0) = o za(z)[G(O))"7*G(6), or

£(0) = B(x)1950.

G(6)1'(6
Hence, E(X) = p = #9—)%,(%.

Variance o?
G(6) dp
2 — —_
(1.3.14) o = GO
. Recurrence relation between the moments g, .,
' G(@) d/.l/l t
3. = ~ =1,2,....
(1 3 15) :u"r+1 G/(e) da + My T 1) ]
Recurrence relation between the central moments x4,

— G(6) dpr
Hril = Go(0) db

(1.3.16) + rpopir—1,r =1,2,....

12

Note that 1.3.9 and 1.3.10 are particular cases of 1.3.13 and 1.3.14 respectively.
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1.8.3 Factorial Series Distribution(FSD)

The family of FSD defined and studied by [Berg,1974, Berg,1978].
Let f(N) be an analytic function of the integer-valued variable N.
Suppose that f(N) can be expanded in a factorial series in N with non-negative

coefficients a,. That is, we assume that

F(N) =Y a;N®@,

where N®) is given by section 1.1.5, and a, > 0.

Based on this expansion, the probability mass function(pmf) for a FSD is given

by (=)

Nde  %=0,1,2,...,N
(1.3.17) P(X=z)= { )

0, otherwise

The set of values of x, for which a, > 0, is called the range of the FSD.
It has been shown that a, = 22© where A®f(0) is the xth forward difference

zt )

of the function f(N), computed at zero.
Accordingly, the FSD can be written in the form

nYAZSO)  x=0,1,...,.N
(1.3.18) P(X =a) = { WE

0, otherwise.

The factorial moments of a random variable X having an FSD are given by

)y . () . r [Arf(N—’l")]
(1.3.19) E(X™) = p = N )_—W'
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The proof of 1.3.19 is given as follows :

E(XM) = % M P(X = z)
=0
B 2 NE Az £(0)
= LT

NO  NOAF(0)
f(N) 4% Nt)(z —r)!
N@) N — z—r)

= T : )r)'

N(T) (N 7') =) z—r
T N) x}_: AT f(0)]

AT(A®Tf(0))

N,

In particular, putting r=1 in 1.3.19, the mean of X is

(1.3.20) B(X) = i = = [f(N) — F(N — 1))

f(N)
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The family of FSD introduced here is the discrete parameter analogue of the PSD.
Note that the two families of discrete distributins have many properties in common.

See [Berg,1974] and [Johnson & Kotz,1977]. Some of them are listed in the following

table.
Table 1.3.1: Common Properties of PSD & FSD
| PSD | FSD : |
z DT (Z)AT
P(X = 2) = P(X = 2) = %570t
where x=0,1,2,... and D?f(0) is | where x=0,1,2,...and A® f(0) is
the xth derivative of f(6) the xth forward difference
computed at zero. of f(N) evaluated at zero.
" . 0D (8 7) _ NOATf(N—r
0 = 278, 40 = T
T 0 x
E[_i,%_ll] = h(8), B[RO = p(N),
provided that provided that
o 5D (h(0)£(0)) = hO)F(8). | Ty T2 A%(h(0)£(0)) = A(N)F(V).

The family of FSD includes members among others, such as the Binomial distri-
bution (with f(N) = (1 + 6)¥), the classical occupancy distribution (f(N) = N™)
and the matching distribution (f(IN)=N!).
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1.8.4 Lagrangian Probability Distributions(LPD)

The wide class of discrete Lagrangian probability distributions, introduced and de-
fined by [Consul & Shenton,1972], consists of many important families auch as the
Generalized Poisson distribution, Generalized Negative Binomial distribution, Gen-
eralized Logarithmic distribution, Modified Power Series distribution. The LPD was
named by the above authors on account of the fact that LPD was generated by
the well known Lagrange expansion of a function f(x) as a power series in y when
Y= 6y

Long before the introduction of LPD into the statistical literature, [Otter,1949]
pointed out the applicability of Lagrange expansion into branching process in uni-

variate situation. Later, [Good,1965] extended it to the multivariate case.

Basic Lagrangian Probability Distribuﬁons(BLD) When f(t)=t and g(t) is

an analytic function of t, such that

9(0)>0,9(1) =1

(1.3.21) and

(5 o002 0,22 1,

then the Lagrangian expansion equation (1.1.3) with the transformation
(1.3.22) t = ug(t)

gives
o0 &

(1.3.23) t=gu)=Y =

z=1

() g0 )0

2!
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Since 1.3.22 gives u=0 for t=0 and u=1 for t=1, also 1.3.23 satisfies 1.3.21 and
the Lagrange’s expansion conditions, thus the equation 1.3.23 satisfies the property

of a pgf. Hence, the equation 1.3.23 can be written as

$(u) = E[u?].

The expansion 1.3.23 is the basic Lagrangian pgf and the discrete distribution

represented by it, i.e.,

(1.3.24) PX=z)= % (%)x-l(g(t))z]t=o,x € N.

The distribution 1.3.24 is the basic Lagrangian probability distribution (BLD)
defined on N, a subset of the set of positive integers.

It is easily seen that numerous values of g(t) satisfying the conditons of 1.3.21
give paricular families of the BLD. Some members of the BLD are the Geometric
distribution, the Haight distribution, the Consul distribution, the Geeta distribution
and the Borel distribution.

[Consul & Shenton,1974] showed that all BLD’s are closed under convolution and
all BLD’s are the probability distributions of the busy periods of a single server when
the queue is initiated by a single customer and is served on the basis of first come

first served.
The General LPD I {(t) is another analytic function such that

0< £(0) <1,7(1) =1,

(1.3.25) and

a:v—l 6
ey s 0,021,
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then, by using 1.1.2 and the transformation 1.3.22 one gets the General La-

grangian probability generating fucntion which gives the General LPD as

(1.3.26) P(X =) = {ﬁb—ﬁ—‘:(w(t>]wf'<t»]t=0; reN

£(0); x=0

where N is a subset of the set of positive integers.

Note that in this case the pgf of the General LPD is a function of u given by f(t),
where t = ug(t).

Numerous families of distributions can be obtained by assigning different values
of g(t) and £(t) satisfying the conditions of 1.3.21 and 1.3.25.

The Generalized Poisson distribution, the Generalized Negative Binomial distri-
bution and the Generalized Logarthmic Series distribution , are some well known
members of the General LPD.

It should be noted that [Consul & Shenton,1972] originally took f(t) and g(t) as
pgf’s defined on non-negative integers such that ¢g(0) # 0. [Consul,1981] removed
the restriction that f(t) and g(t) necessarily be pgf’s and widened the class of the
General LPD to include MPSD as a subclass.



Chapter 2

The Geeta Distribution(GD)

2.1 Definition of the Geeta probability model

[Consul,1990a] defined the Geeta probability model by a discrete random variable
X, defined over the set of all positive integers, with the probability mass function,

Bx—1 z

_1—(,3-'5“‘1)93,_1(1 — a)ﬁx—w, z=123,...
211) PX==2)=

0, otherwise
where 0 < <land 1< B< 61,

The model exists for all values of 8 in the above range, However, the moments
do not exist for all those values of 8 and § where 88 = 1. When f — 1, the model
degenerates to a single point at = = 1.

The model can also be expressed as a location-parameter probability distribution

which is given by

w1 - L B-1)18z— _
(212) P(X =z)= { ﬂzl_l (ﬁa: )[u&;_ll)] 1[l‘ﬂ(”_1)]ﬁ toz=1,2,38,...

0, otherwise

where p is the mean of the Geeta distribution and g > 1.

Note that this form does not seem to have an upper limit on 8, however, one
should not conclude that it is superior to the previously defined Geeta probability
model because the above model presupposes the existence of the mean g which needs

the condition 36 < 1.

19
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The family of Geeta probability models belongs to the classes of the Modified
Power Series distribution(MPSD), the exponential class and the Lagrangian Series
distributions(LPSD).

Various properties of the Geeta probability model are described in the following

sections.

2.1.1 Recurrence Formula for successive probabilities

The successive probabilities for different values of X can be computed from the values

_ {(B=Dpu
(2.1.3) P(X=1) = [*F—=— Bp—1 ] S
_ _ p—1 (:3 ) 20— 1
(2.1.4) P(X=2) = p [ A1 ]

and the recurrence relation,

_ B pr—1(B—1)p,
(2.15) PX=k+1)= [1_1'[2(1Jr ]# [ﬁy °PP(X = k),

for £=2,3,4,...

2.1.2 Graphical Representation of the GD

There are only three L-shaped discrete probability models, namely, the Logarith-
mic series distribution, the discrete Pareto distribution, and the Yule distribution
[Johnson & AKotz,1969].

All of them have a single parameter, so they are not versatile enough to meet

the needs of modern complex data sets. [Consul,1990a] defined the GD which has
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two parameters and is L-shaped, which is far more versatile than other L-shaped
probability model. See [Consul,1991].

In order to study the behaviour of the family of Geeta models with varying values
of B and pu, the probabilities for the model were computed for various values of x
and different sets of values of 8 and p. Thirty bar-diagrams were drawn on which
the probabilities were ploted on various values of the two parameters.

For the study of the effect of changes in the value of 8, Graph 2.1, 2.2,and 2.3
were plotted with fixed values of u = 1.5,3.0, and 6.0 respectively. Each of these
three graphs contains six bar-diagrams of 8 = 1.1,1.6,2.6,4.6,8.6 and 16.6.

It is observed from these graphs that P(X = 1) reduces as § increases and the
probabilities for all other values of X increase but the model always remains L-
shaped. Thus the tail becomes more and more heavy and long with the increase in
the value of 8. Also, it is observed that P(X = 1) seems reduces faster at Graph 2.3
(with fixed p = 6.0) than that from Graph 2.1(p = 1.5). This seems to imply that
at higher value of p, the influence of B to reduce P(X = 1) and to increase other
probabilities is more effective.

Similarly, in order to study the effect of changes in the value of u, Graph 2.4
and 2.5 were drawn with fixed value of § = 1.1, and 2.6 respectively. Each of these
two graphs contains six bar-diagrams of various value of p = 1.5, 3.0,6.0,9.0,12.0 and 15.0.

It is observed from these graphs that P(X = 1) also reduces as p increases.However,
it is noticed that the effect of reducing P(X = 1) and increasing the tail probabilities
is more obvious in Graph 2.5(with 8 = 2.6) than that of Graph 2.4 (f = 1.1) with
the same amount of increase of . But all the bar-diagrams still remain in L-shaped.

Moreover, through careful visual comparision between graph 2.1 and gr;a,ph 2.4,
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one can observe that the changes for u(with fixed () are at a faster rate than those
changes for B(with fixed p).

It is also observed from all these bar-diagrams that all the corresponding values
of P(X = 1) never drop below 0.4 no matter how much 3 and p increase. This seems
to suggest that there may exist a limiting value for P(X = 1) as f or u increase.

To investigate further on the limiting value of P(X = 1), one can differentiate

P(X =1) or P, by p and by f respectively. One can get

an _ _ (B-1) (B- 1)# (8-1)
dps 1By — )[ ] <0

@ E[M](ﬁ—l)
dap g Pr—1

e SRR R

< 0

Therefore, P(X = 1) is a monotonically decreasing function for 4 and J respec-
tively. So, P(X = 1) achieves its minimum value at the largest possible value of
p and f. Note that p is a monotonically increasing function of f and p — oo as
B — oo.(See section 2.2.1) Hence, taking limit of P, as 4 — oo and as f — oo

respectively, one has

Im P, = hm[(ﬂ 1)#]('8 D

P00 H—00

_ _l(ﬁ—l)
-5
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However, the RHS of the above is a monotonically decreasing function of 8.

Hence, one can deduce that

lim P, = (1-%)“’-1)

e
> é-i—l)]i(l — _;_)(ﬁ"l)

= e L

Similarly,
1—-1
lim , = Jlim [ﬂ]ﬁ‘1
B—o0 B—oo p — 3
. 1 7
= lim(1 - =) lim p-t
Jim (1= 5 fim ()
= e te

= e L.

Thus, the limiting value of P(X = 1) is found to be e
Also, it is clear from all these five graphs that none of the bar-diagrams has two
humps, it seems to indicate that the GD models are all unimodal. Some of these

properties will be verified in the following chapters.

2.2 Mean and Variance of the GD

2.2.1 Mean p

Since the GD is a2 member of MPSD with G(8) = (1 — 6)P~1,
G'(0) = (1 — BO)(1 — 6)F~2, f(0) =0, and f'(8) = 1.



24

Hence, by applying 1.3.13, the mean g is given by

G(6)1'(9)
16)a'(9)
(1-9)

(1-86)

One point to note about the mean p is that if one differentiates the y with respect

(2.2.6)

to 0 and S respectively, one can get

d d
Zz‘,;‘ = —(1—-6)(1-p6)7
(2.2.7) = (]?B—;ﬂlo))z >0, for f>1, <1,
and,
d d
3 = gl o0a-poy
(2.2.8) = % >0,as0<0<1.

Therefore, u is a monotonically increasing function of § and S respectively which

is a useful fact in the last section of this chapter.

2.2.2 Variance ¢?

By applying the same G(0) and G'() of the above section and 2.2.7 in 1.3.14, then

the variance o2 is given by

2 _ GO du

G'(6) do
(2.2.9) = (B-10(1-8)(1—-po)~3

= plp—)Br-1)(B-1



Since

do?

77 = e=DBr=1D+uBu—1)+bpp - 1B -1

(2.2.10) >0, as p>1and fu>1,

so o increases monotonically as u increases in value and that the smallest value

of o2 is zero when y = 1, i.e. when the model reduces to a single point at z = 1.

Also,
do® _ —p(u— 1)
dap (8—1)

Thus, the variance o2 decreases monotonically as B increases and the smallest value

< 0.

of o2, for the largest value of 8, becomes p?(g — 1). From this, one can conclude
that when Bp—1 < (8 —1)(p —1)7%, the variance will be less than the mean p and
will have the range p?(p —1) < o? < p. If fu—1> (B —1)(p — 1)71, the value of

o? will become larger than p.

2.3 Properties of the Geeta distribution(GD)

2.3.1 Generation of the Geeta distribution

There are basically two ways of generating the GD, which are described in the fol-

lowing section.

Method I: By Basic Lagrangian Expansion
The pgf of the GD can be obtained by using the Basic Lagrangian Expansion 1.1.3
with ¢(t) = (2£)%~1,and B > 1. Details of this method will be described in the

1-6t

section of ’Generating Functions’.
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Method II: Expansion of § in powers of (1 — §)%~1
The GD can also be generated by expanding the parameter § (0 < § < 1) by the
basic Lagrange expansion 1.1.3 under the transformation of § = u(1 — 6)'=%, 8 > 1

as follows:

[e%) u:c aa:—-l R
6 = g::l ;Tga‘;:;[(l ~ 0)"""p=0
&, [0(1 = 6)°-1)°

(2.3.11) = Z_; (Bz—z)(fz—z+1)...(fz—2)

- (ﬂ “’w'" 1) 6°(1 — 6)%===.

= Bz —1

z!

On division by 6 on both sides of 2.3.11, one can immediately obtain two kinds of
result, namely, the GD probability distribution is obtained by the above expansion
of @ and also one has already proved that the sum of the probabilities of the GD

2.1.1 over the domain of X is unity.

2.3.2 Generating Functions

The probability generating function of the Geeta distribution 2.1.1 is given by

(2.3.12) f(u) = t(u),where t = u(l — 0*~(1 — 6t)™"*1, 8 > 1.

It is clear from 2.3.12 that v = 1 when ¢ = 1. The Lagrange expansion of t in

terms of u, under the given transformation, becomes
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flu) = #(u)
O 61:—1 S Bt
(2.3.13) = ,,Z__:; 7 atw—l — 0)P*=%(1 — 0t) =+,
_ (= 06" (B~ a)(fz — 5 +1)... (B2 ~2)
z=1
_ o 1 ,H(I) -1 z— z—x
= mz_:l ﬂx_l( . )0 1(1 — gy,

which establishes the result.

The properties of the generating function can be studied by the implicit function

t(u) defined by

t(u) = u(l—0)P1(1—0t(w)) P+

(2.3.14) t(u)(1 —0t(w))P = wu(l-6)°1

On differentiation of 2.3.14 with respect to u, one can get

(1—6)*

#/(u)(1 — 08(u))*~ + (8 — 1)(1 — B6(w)P~2(—0¢'(u))t(u),

or

(1- 0/ = [1— 6t(w))*2 (u)[L - Bt(u) ]

After rearranging terms, one has

Bu) _ (1= 0731 5(w) "+
(2:3.15) o gy T )
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By comparing coefficients of 2.3.13, one obtains

(2.3.16) P(X=1) = dg:)luo

= (1-6)F1,

Similarly, on further differentiation of 2.3.15 and comparing coefficients of 2.3.13,

one has
' 1 d2t(U) 2(8-1)
| Px=2) = 3T = (g-noa oy
(2.3.17)
1 dFt(u)
P(X=k) = HWIu:O

2.3.83 Recurrence Relations for Central Moments

The k-th central moment py of the GD 2.1.1 is

_oo 1 ﬁm—l z~— _ T=T (g
uk_;ﬁm_l( CHea e -

Multiplying the above by § on both sides and differentiating with respect to 6,

one has

du dp & PR Bz —1 -1 o
gk _ _po.  OE _ =101 _ g\Be-s-1(] _
e+ 0—5 | kO, 175 +x§=1(m ©) 5o T\ o z0°~ (1 - 6) (1-p56),

which can be written in the form
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e du  1—p6
pr+ 0 0= kOpg— 7R [ + pax)

The above expression gives the recurrence formula [Consul,1990a],

_ ot R(B—1) _
(2.3.18) Prr1 = 0] 7] + i —ﬁ&)zﬂk—ll’ for k=2,3,4,....

It may be noted that p; = 0 and py = o2 whose value is given in 2.2.9. By using

the formula 2.3.18 successively for £ = 2,3,4 and 5, one can get

us = (B—1)0(1 — 0)[1— 20+ 280 — B6°*)(1 — BOY’,
_ o(B-1PPA -0  (B=1)001-0). 2
pe = 3 @ = oy + = po) [1— 66+ 66
+B6(8 — 180 + 86°) + B26%(6 — 60 + 6°)],
— (:3 - 1)202(1 — 9)2 (:3 - 1)6(1 — 6) _ 2 _ 3
ps = 10 T — o) +- TE [1— 140 +366° — 249
+B6(16 — 1130 + 1526° — 586°)
(2.3.19) +B26%(58 — 1340 + 916% — 186°)
+5%0°(24 — 360 + 246% + 6°)],

(1-pBoy (1—pBo)r
(8 —1)%0*(1 - 6)
T g

(ﬂ(_l 1_)%(31)1_1 ‘) [1 — 300 + 15007 — 2400° + 246*

[1 — 60 + 66% + BO(8 — 180 + 86%) + £26%(6 — 60 + 62)]

..I_
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+B6(40 — 5200 + 136087 — 13500° + 4446*)
+526%(286 — 14840 + 245007 + 14946° + 3000*)
+3%0%(444 — 12600 + 12606 — 4886° + 286*)

+5%0*(120 — 2400 + 18067 — 466° — 6*)].

The recurrence formula 2.3.18 gives the values of the higher moments in terms of
the parameter § and (. If the values of yj are needed in terms of the mean x and
the parameter 3, one can obtain another recurrence formula by using form 2.1.2 of

the GD and by differentiating

_oo_l_ﬁ"""l p—1 z-1ﬂ(,3—1)ﬁx-1x__ k
"k‘;ﬂw—l( . >[u(ﬁ—-1)] S S

with respect to g. On rearrangement and simplification, one can get the recur-

rence formula

d
(2.3.20) frs1 = aZ[dL; + kpr], for k=2,3,4,....

The above formula gives

(2321)  ps = (3B’ —28p—2p+1)(B-1)7,
and
(2.3:22) pa = 30*+0%[(3Bp" —2Bu+2u+1)*(B—1)"
+20*(3Bp — B+ 1)(B = 1))
@ - 0y (64 + Bu(15p — 204%)

+B%4%(6 — 204 + 154

= 30*+
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2.3.4 Convolution Theorem

If X;,:=1,2,...,n are n independent and identically distributed random variables

having the Geeta distribution 2.1.1 then it can be shown that the probability distri-

bution of the sum Y = X; +X,+. ..+ X, is the following Geeta-n distribution(GND).
n Bv-m gy-n(1 — g)Fv—y, y=n,n+1,...

(23.23) P(Y =y)= { v @)

0, otherwise
where (a)) = ala+1)...(a+z—1).

The proof of 2.3.23 is given as follows:

Since the pgf for the Geeta distribution is

flu) = t(u)
- xZ_:l ﬁ$1_1<ﬂmw_ 1)ff’”‘l(l—e)f’“’"”, where u =1 when t =1
= S T

So,

B = [ wr BRI g gy

r1=1 (wl - 1)

X[ i 1 (IH"E2 562)(3;2._.1) 9:02—1(1 _ e)ﬁxz—xz]

z2=1 T2 ("I"2 - ]')l

Since both series are absolutely convergent for 0 < u < 1, they can be multiplied

and rearranged into power series of u as

2 i L (Boi—2)e-y 1 (Bly—21) =y + 1) gm
y el @1 y—1-1)
yX=:2u [:1:12:1 1 (z1 —1)! y—o (y —z1 — 1)} ]
(2.3.24) x¥=2(1 — §)B-1
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where z; + 23 = y.
Also, for the Lagrangian expansion of [¢(u)]? under the transformation

t=u(l—0)F (1 — 6t)=P+*, B > 1, one gets

] = f;zu 1' aaty__l[a—9)ﬁy—y(1—9t)~ﬁy+yzt]t=o
(23.25) - Swa-opg ([

— ypy—2 py_y2(,3y ¥)w-2)
yz=:2u v=*(1-6) y—(y %)

By equating the coefficients of u¥6¥~%(1 — 6)(®~1) in 2.3.24 and 2.3.25, one can

get

§ LTBe—)wm-n 1 Bly—o1)—y+21)g-n-1 _ 26y —y)u-2)
s (w1 oy (y—=z1—1)! y (y—2)

which proves the convolution theorem for Y = X; + Xo.
As a result, in general, for the convolution theorem of Y = X5 + X5 + ...+ X,,,
one can use the expansion of " on one side and the product of the n expansions of

t on the other side. By doing so, one has

(2.3.26)  [t(u H[Zu ﬁw‘ m’)(””“”ow'-la 9)Pei==i).

=1 @;=1 (m" - 1)

Since all the n series are absolutely convergent for 0 < u < 1, they can be

multiplied and rearranged into power series of u as

i u?![ yz—:l (n - 1) (ﬂyn—l - yn—l)(yn_l_n+1)
¥=n  yp1=n—1 Yn-1 ('yn_1 —n+ 1)'
(2.3.27) SR Nk = Vit et T2 Y EZPRE )
Y= Yn-1 (y Yn—1 1)

Xy~ (1 — §)(F-1)y
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where ¥p—1 + T, =y, and yp—1 = 1+ T2+ ... + Tp_1.
Also, for the Lagrangian expansion of [¢(«)]" under the transformation

t=u(l—0)P1(1 —6t)=P+ B > 1, one gets

g)ﬁy—y(l — Ot)"ﬁy"‘ynt"‘l] =0

e = 3 yl,

y=n

|
(2.3.28) = 31— )Py Z'
y=n

(1)

_ X, ugun By— yn(ﬁy Y)w=n)
ay;;ua (1=6) y (y—n)!

By equating the coefficients of ©w?6¥~"(1 — §)(*~1)¥ in 2.3.27 and 2.3.28, one can

get

?’i (n—1) (BYn-1— Yn-1)gna=nt1) 1 (B = Yn-1) = ¥ + Un-1)(y—yn_s-1)

Yn—1=n—1 Yn—1 (yn—-l —n+ 1)' Y—Yn- (y — Yn—-1— 1)'
7 (BY ~ y)g-n)
y (y—n) ’

which proves the convolution theorem of Y = X3 + X5 + ... + X,.
The location parameter form of 2.3.23, where y, is the mean of the random

variable Y is given by

n(ﬁy Y)(y=n) [ pn=n Jy—n[(B=1)sn B —
(2329) P(Y=y)= { v ot ) e Y y=mon 1
0, otherwise

The Haight distribution is a particular case of the GND 2.3.23 which is given by
B=2and 6= ¢(1+4)". '
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Note that the probability distribution of 2.3.23 is also a Modified Power Series
distribution(MPSD) which will be used to study the negative moments and cumu-

lants in the following chapters.

2.4 Model leading to the GD based upon a Differential

Difference Equation

[Consul,1990b] considered a regenerative process which is initiated by a single mi-
crobe, bacteria or cell and which may grow into any number. The resulting Differ-
ential Difference equation model is contained in the following theorem.
Let P,(6) denote the probability of x microbes or cell in a location and let the
mean p of the distribution of X be a function of two parameters § and 5.
Theorem: If the mean p for the distribution of the microbes is increased by

changing 6 to 6 4+ Af in such a manner that

(2.4.30)

dP;(0)  «z(f-1) _z-1  (fz—2)e ~
(LU

for all integral values > 1 with the initial condition P;(0) = 1 and P,(6) = 0
for £ > 2, then show that the probability model P, is the GD, where (a)x) =
ala+1)...(a+k—-1).

Proof: For 2 = 1, the equation 2.4.30 becomes

dP(6) B-1

w T1=gh)=0

which is a simple differential equation with the general solution
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(2.4.81) Pi(0) = C1(1 — 6)F1.

By the initial condtion P;(0) = 1, the constant Cy = 1.

For z = 2, the equation 2.4.30, on using 2.4.31 gives

sz(e) 2([3 — 1) B o
B T 1_¢ P(0) = (B—1)(1 — )2,

which is a linear differential equation with the integrating factor (1 — §)~2A+2,
Thus, the solution of the differential equation becomes
Py(8) = (1— 07 [(1—6)7+3(g - 1)(1 — 0)*2dp

= (B-1)0(1—0)*~2+ Cy(1 — 6)*~2,

Since P2(0) = 0, the constant C; = 0. Therefore,

P(0) = (8-1)0(L— )=
B(1 — 9)28-2

(24.32) = (28-Dw——y

By putting z = 3 in 2.4.30 and by using 2.4.32, one can get

di?ow) + 3(1 )P3(9) —(3ﬁ —3)(36 — 2)(1 - 0)*°~%.

On integration, the solution of the above linear differential equation is

B0) = (-0 [(38-3)y 2o

(36—3) -
— T@)az(l 0)3ﬁ 3+C’( )3ﬁ 3
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By the initial condition P5(0) = 0, the constant C3 = 0 and hence

(2.4.33) Ps(8) = %02(1 _ §)%-3,

Now, assuming the value of P;(8) as above

(2.4.34) Pi() = %9"‘1(1 — )kh—k,

Putting z =k + 1 in 2.4.30 and use 2.4.34 to get

dPua(8) (K — Eo(Bk+f—k—1
kc';'al( ) + ( +11)_(160 1) Pk+1(0) — - T (ﬁ +ﬁ o )(k) gk-—-l(l _ 0)kﬁ+ﬁ—k—1.

On integration of the above linear differential equation,

— _ p\(k41)(8-1) (BE+B—k—1) k—1
Pui(6) = (1—6) G / k6*-1dp

(2.4.35) N CLA ('Z m 719)7 D gs y — gy-+i6-n),

as the constant of integration vanishes by the initial condition Pr41(0) = 0.
Hence, the result is true for all integral values of k. This completes the proof of the

theorem.



Chapter 3

Other Important Properties of the GD

In this chaper, other important properties of the GD models will be investigated

with reference to some of the fundamental results described in the last chapter.

3.1 TUnimodality of GD models

[Wegman,1972] and [Barndorff—Nielsen,197§] have shown that the property of uni-
modality plays an important role in the problem of density estimation. [Keilson & Gerber,1971]
as well as [Steutel & Van Harn,1979] have presented some interesting results on the
unimodality of discrete distributions.

A discrete probability distribution {P,} is said to be unimodal if there‘exits at

least one integer M such that

P.>P,y forall z<M
and

Poyay P, forall z2> M.

Theorem: The Geeta distribution(GD) in (2.1) is unimodal for all values of § and
Bin0<0<1andl<f< 07" respectively, and the mode is at point x=1.
Proof: Consider the unimodality of the GD for 1 < 8 < 67! only, since when

B — 1, the model degenerates to a single point at x=1.

37
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Let the mode be at the point x=M.

For the mode of GD to be at point M=1, one has to show that
Popi <P, forall z=1,23,...

Now,

o41)~— 1) — z4+1)—(z
Foia ﬁ('arll)——i(ﬁ( ;;1) 1)0( (L — g)Pler-len)

P, 1 (ﬁw—l) fo=1(1 — §)Bo—z

Bz—-1 ©

(8 = I(B(z +1))a!T(Bz — 2)9(L — 0)~?
Bz +1) —1)(& + DT(B(e + 1) — (o + 1))T(B2)
— (,3:12 _ 1) 1 P(ﬂ(.’l) + 1))F(ﬁ$ — .’1:) 9(1 ; 9);8—1

Blo+1)—1) (@ + 1) T(Bls + 1) - (& + L))T(Bo)

(bz~1) _1T(B(o+1)I(fz —z+1)
Ble+1) -1z T(Bz+1)—a)I(B)
forxz=1,2,3,....

(3.1.1) =

o(1 — )°*

Since 6(1 — 0)P~! is an increasing fucntion of § and 1 < B < 671, i.e. 0 < %, and
0<b<l,
so, when z = 1,

B _ 1(-UICArE-1 1, 1

=z _)ﬁ—l

— 1
B < 2@F-1TEp_2TB)B B
- -3

< 1, forall p>1.

When, 2z = 2,

Py 1 -
P " 5(3ﬂ —2)8(1 — 6)P1
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< (316 _ 2) (1 _ __]_-_)ﬁ—-l

2 B

By differentiation, one can show that the right hand side of the above is an
increasing function of 8. Hence, it achieves its maximum value at the largest possible
value of . Therefore, one has

lim M(l - l)'6~1 = —ge"l <L

pe 28 B

So, &£ <1, forl<f<f and0<b<1.
2

When z = 3, one has,

P, _ 2(26-1)(4B~3)

B =3 @G-y 007
2(26—-1)4f—3)1, 1.,
<5 w-n A

Similarly, the right hand side of the above is an increasing function of 8 and ,

b 2@B-DMEE-3)1 . 1., 16
m3  (38-2) B ) ¢

So, £t <1, forl< <67}, and0< 0 < 1.
3
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For = > 4, one can use the Feller’s inequality 1.1.1 on 3.1.1.

When applying the inquality, one has

M(Bz+p)T(fz—2+1) _ _ (Bo+B— 1)o+B-1+E By — g)Po-ot
I'(Bz + B — z)I'(Bz) (Bz+ B —z— 1)ﬁx+ﬂ—m—1+%—(ﬁm — 1)ﬂz_1+%

1 1
e 12(Bz+ 1) e 12(Bx~zx)

X 1 1 .
e 12(Bx+p—z—1)+1 12(Bz—1)+1
Therefore,
Fony < (Bz—1) 1 (1~ 6)P2 (Bz 4 B — 1)PotP-145 (g — g)fo-=t3
P, (,8(.'1: + 1) - 1) x (,3.'12 + 8-z~ 1)ﬁz+ﬁ—-z-—1+%—(ﬂ$ _ 1),3:,,_1_*.%

1 1
e 12(Bz+p-1) g12(Bz—z)
X

1 1
eT2(FztP—2—1)+1 g 12(Fz—1)+1

(ﬂm—l) 10(1_0),8—1(13'—1)‘77[ :Bw'*'ﬁ_l ],6

Blz+1) -1z e ﬂa: z+p—1
(z+1)(Bz—1).1 ﬁ$+ﬁ o T 1po-s
et =y Pt Bty 2
128 — 11 128 — 1

X e G o eBe—s F A=) F 1] 12(z + § — Dl12(fz — 1)

Further, by applying 6 < 5 1 and also since the exponent part of the right hand
side of the above is a decreasmg function of both # and x, and it approaches one as

~either B or x increases. Hence, on further simplification, one has

Por1 (Bz—1) _1_[,3'—1];3_1
P, ~ (ﬂ($+1)—1) B

Pz+B—1 px+11 Bz+f— -1
P cEa iy e s

]ﬁz—m
x + 1

i



41

Blz+1)—-1)" Bz+p8 e 2 B2t Pfr—n—1
[—ﬂx+ﬁ ° < 1.

So, P—I’,‘li <1 for z =1,2,3,... and it follows that the GD is unimodal for all
values of § and Bin 0 < § <1 and 1 < B < 671 respectively, and the mode is at the

point z = 1. Hence, the proof is completed.
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3.2 Recursive relation between negative moments of the

Geeta distribution(GD)

The negative moments are found to be useful in applied statistics, especially in
Estimation, Life testing and in survey sampling, where ratio estimates are used. See
[Deming,1950].

Let X be a random variable(r.v.) having GD defined by 2.1.1.

Let k be a non-negative number. For a positive integer r, the rth negative mo-

ment, M(z,k) about the point —k is defined as

(3.2.2) M(r,k) = E[(X+k)T]

_ X a(z)[( — )"
(3.2.3) = :L'Z-.:.:l (@150 ,
where

of#) = 7 (ﬁzx“ 1).

Obviously, M(0,k) =1,

and

(3.2.4) %[9(1 — 0)P1] = (1 - BO)(1 — )2,

On differentiation of 3.2.3 with respect to 8, one get

oy _ & alz) [0 -0 a(1—BO)(1— 02 1
M (7', k) - Z (:C + k)r 0 [ 0(1 — o)p._1 - 5]’

r=1
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_ & _a(z) [0 =61 2(1—B6)(1—6)P2  K(1—pE)(1—8)~2
(28 = Loy e L osaoep T g ep
k(1 - Bo)(1—6)%-2 1
R =

or equivalently,

3.26) M k)= S8y o1y — (BEZFO) 1

O si—g) gk

Hence, 3.2.6 provides us a simple linear differential equation,

(327 M(rk)+ [——-———k;(ll"_g? + ZIM(r,B) = 21( - _ﬂg))M(r ~1,k).

Multiplying 3.2.7 by the integrating factor [0(1 — 6)?~1]*0 and integrating from

0 to 8, one can obtain

(3.2.8) M(r,k) = 67F1(1—g)~(F-1*

X /0 ’ M(r —1,k)0(1 — BO)(1 — 0)P~2[0(1 — 6)P~11F1ds.

So, 3.2.8 provides us a recursive relation between the negative moments about

the point —k for the GD and is given by

1

(329) M("'a k) = 9k+1(]_ _ g)ﬁk—k

/0 " M(r = 1, B)I()d,

where

I(k) = 6(1—pB6)(1—6)P2[6(1 — 6)F~1]41

= (1— pO)OE(L — g)FE—+L,
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3.2.1 Negative moments for the Geeta distribution
The first negative moment about the point —k (k > 0) for th random variable having
the Geeta distribution 2.1.1 is given by the recursive relation 3.2.9 for r =1 as

1 0
(3:210) B Xik]= Y /0 (1 — BO)6*(1 — 0)PE*1dp.

For pk— k =4 > 0, we have

[X Yk ngl(ll_"“g")? / 0(9'° — BOFY(1 — 6)*1de
(3.2.11) — k0k+1(11 i 06 ka((ll _ﬁ;;) gEFL(1 — )Pk g,
- k0k+1(11 — )¢ /0 [ 9((1 ﬁ(;) - ]0’°+1(1 0)P~* 4,
R -l—o)mc-k [%‘9“1(1 — )Pk — 715 /0 65(1 — 6)P+~* o]
1 1 1

A T ) R Gl

where By(p, ) is the incomplete beta function

By(p,q) = [ a?1(1 —z)tldz; 0<0<1, p>0,¢>0.

The first negative moment (about k=0) of the Geeta distribution is given by the

recursive formula 3.2.9 for r=1 and k=0 as

0
Bl%] = %/ (1— B9)(1 — 6)"do
SR YUETEY L)
y -
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= j [—+ﬂ
= -(;[(ﬂ ~1)In(1 — 6) + B6]5
(3.2.12) = —:;[(ﬂ ~1)In(1 — 6) + B6]

= B+(8—1)6"In(1 —0).

On substituting the result 3.2.12 in 3.2.9 for » = 2 and k& = 0, one can get the

second negative moment about £ = 0 of the Geeta distribution as

Byl = 5 [B-1ma -0+ 0=

-9
= .;./00{(/3 —1)In(1 —6) + BOY{B + m}d()
= 3 [e6-vma -0+ g0 -1 p) - T
= Z18(B-1){om(1 - )} +5(8 = 17[n(1 - O)F + 5°0°1

(3.2.13) = B(B-1)In(1-0)+ ,620 + —(,B — 1)*[In(1 — 0)]%.
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3.3 Cumulants of the GD

The expression of the cumulants can be calculated from the central moments. See
[Kendal,1987]. However, this is a painful and time-consuming task. So, in the
later part of this section, a recursive relation between cumulants of MPSD wil be
developed and the recursive formula of the GD will be obtained as a particular case

of this recursive relation.

3.3.1 Recursive relation between cumulants of MPSD

Let X be a MPSD random variable given by 1.3.12.

Then, the moment generating function ¢(¢) is given by

$(t) = Ele”]

_ o UEO)eT
(3.3.14) = xez; 0
F(0,¢)
£0)
where F(0, e') = ¥ er a(2)[G(0)€']".

Then,

i

Fi0,¢) = 2F(0,¢)
(3.3.15) = %Za(w)[G(G)et]‘”

z€T

= 2 o(z)z[G(0)e’",

€T

FUO,¢) = R0,
(3.3.16) = > a(z)e?[G(0),

zeT



H0,€) = ~F0,€)
~ S el G0)e G
(3.3.17) - g((e))pg(o &b,

F(O,¢) = o5 3 ol@)GO)eT

z€T G/(g)
= Ta@sl00) T g
(3.3.18) = g((g))F'(G,et).

So, the cumulant generating function (t) is given by 3.3.14 as

(3.3.19) p(t) = log¢(t)
= log F(0,¢€') — log f(6).

Differentiating 3.3.19 with respect to t, one has

o%(t) _ Fi(0,¢")

(3.3.20) TR TR

and differentiating 3.3.20 with respect to t again, one has

*p(t) _ (Fh0,e) F(0,e),
ot? —{F(G,e”) ‘[F(o,et)]}‘

(3.3.21)
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Now, differentiating 3.3.20 with respect to # and substituting in 3.3.17 and 3.3.18,

one has
O*p(t) _ Fu(0,¢%)  F(8,e")Fy(0,e")
000t {F(a,et) R, )] }
(3322) G,(a) 'Ftlé(aiet) 'Ftl(aaet) 2

G(6) { F(0,et) [F(a, et)] -
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Comparing 3.3.21 and 3.3.22, one can deduce the following relationship for the
MPSD,

O%p(t)  G(6) 8%p(t)
(3.3.23) a2 G'(6) 999t

Since by defintion,
[e ] t’l‘
(3.3.24) P(t) = ZKT;T, r = 1,2,3,...,
r=1 ¢
where K, is the rth cumulant.

Hence, by comparing the coeflicient of j—r, for both sides of 3.3.23, one can deduce

the following recursive relation between cumulants of MPSD,

(3.3.25) K1 =
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3.3.2 Recursive formula between cumulants of the GD

Note that when G(0) = (1 — 6)"~%, f(6) = 0 and a(z) = [ﬁ(ﬁ”w—l) in 1.3.12, the
coresponding MPSD is the GD 2.1.1. So, by substituting G(6) and G'(6) into 3.3.25

the recursive formula between cumulants of the GD is given by

_ 0(1-0) 0K, _
(3.3.26) K., = = 59) 90" forr=1,2,3,...,

where Ky = (1 —6)(1 — 6)~".

By using the formula 3.3.26 for r = 2, 3,4 and 5, one can get

(3.3.27) K, =(B~1)0(1 —0)(1 —po)3,

(3.3.28) K= (8 —1)6(1 — 0)[1 — 20 + 280 — B6%(1 — B9)~5,
— (ﬁ—1)0(1—0) _ 2

(3.3.29) K, = = poy [1—660+66

+B06(8 — 186 + 86%) + #26°(6 — 66 + 6%)],

_ (B=161-6). 2 o3

(3.3.30) Ks = T~ 4oy [1 — 146 + 360% — 240
+B80(16 — 1136 + 1526* — 586°)
+B%6%(58 — 1340 + 916* — 186°)

+5%0°(24 — 360 + 246* + 6°)),
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(3.3.31) Ks = (ﬁ(’l 1_)(;(;)1_1 %) [1 — 300 + 15067 — 2406° + 246*

+B0(40 — 5200 + 13600% — 13500° + 4446*)

+5%0%(286 — 14840 + 245007 + 14946° + 3006*)
+5%0° (444 — 12600 + 12606% — 4886° -+ 286*)

+B%0*(120 — 2400 + 1806% — 466° — 6%)).
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3.4 Factorial Moments of the GD

The factorial moments are found to be useful in evaluating moments of some discrete
distributions. In this section, a recursive relation between factorial moments of the
MPSD will be developed and the recursive relation between factorial moments of the

GD will be obtained as a particular case of this relation.

3.4.1 Recursive relation between factorial moments of the MPSD

Let X be a random variable having MPSD given by 1.3.12. Then, the rth fa.ctoﬁal
moments is defined by
(3.4.32) p = EX(X-1)...(X=r+1),r = 1,2,3,....

It is easily seen that when r =1,

(3.4.33) p = p

where f3(0) = %ﬂ.

Let the pgf of this random variable X(defined at the begining of this section) be

g(t), then the factorial moment generating function of X is g(1+t), such that

(3.4.34) g1 +t)=>" u(’)t

r=1

where u() is the rth factorial moment.
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However, g(1+t) can also be expressed as

(3.4.35) g1 +1) = zé; a(w)[G(?z];)(l +1f

By differentiating 3.4.35 with respect to t, r and r+1 times respectively, one can

have

(3436 90+Y) _ - a@ICOF

ot = ~ f(0) ...(.’I)—T-{-l)(]__*_t)w—fr’

% = ;%.g_@tx(a}——l)...(a}—r-{-]_)(a;_,r)(l +t)a:—-'r-—-1
(3.4.37) -3 a(mic[ggo)]wwz(m —1)...(z—r4+ 1)L+
a(z)[G(O)]"

- Z 7(0) z(z—1)...(c—r+1)(1+ t)w-r—l.

z

Then by differentiating 3.4.36 with respect to 8, one has

T = Sa(@)s(e=1)- (= + 1L+ 5 [C]’:(( ))]
(3.4.38) = Zz: a(w}[(czge)]wm(x 1) (@—r+ 1)1+ t)m_,.[mgé,g) ~ J;((g))]

Multiplying 3.4.38 by %(% and substituting 3.4.33, one has

G(O) Hig(1L+1) _

G'(6) obotr - ; a(x)f[gga)] ?(z—1)...(z—r+ 1)1 +t)*
(3.4.39) _ 2(0)G(9) Z a(x)[G(ﬁ)]""m(x ~D .. (z—r+ D14+

= ZM$2($—1)...(w—r+1)(1+t)w—r
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By evaluating the derivatives of 3.4.37 and 3.4.39 at ¢ = 0, and comparing the

result after evaluation, one can deduce the following recursive relation,

Oe(ty) - _ GOty e+,
o+t = a0) o6or = o =
(3.4.40) 29 (alt+ t)l_
G(6) 0"1g(1 +1¢) Fg(1+1)

|t=0 + (ﬂ(l) —7) o lt=0

G'(8) 060t
From the relation of 3.4.34, if one compare the coefficient of ’;—r, for the both sides

of 3.4.40, one can deduce the following recursive relation between factorial moments

of MPSD,

G() a;A )

(r+1)
(3.4.41) 7 G0) a0

+ (D =) r = 2,3,4,...

Note that the above result is same as that obtained by [Gupta,1974] but in a

different approach.
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3.4.2 Recursive formula between factor;ial moments of the GD '

Since GD is a member of MPSD and its corresponding G(6) and G'(6) is given by

(3.4.42) G(0) = 6(1—0)F?,
@) = L0

(1—86)(1—6)°2

Substituting 3.4.42 in 3.4.41, the recursive formula between factorial moments of

the GD is given by

—8) 9
prrn = LD (w0, e = 0,34,

(3.4.43) S ORT

where pt) = (il—_ﬁ(})

By using the formula 3.4.43 successively, one can obtain

4 = (B-1)6(1-06)(2— ,39)
(1 —pBo)®

5 _ (B—1)6(1-90)
(3.4.44) p® = = g [36(11 + 60)

—B26%(15 + 46) + B263(9 + 0) — 289* — 66,

p® = (8 (_1 D [g oy )[ﬁo(zo 746 — 246%)
+5%6%(73 + 1160 + 846%) — 5°63(120 + 936 + 116?)
+5%04(63 + 400 + 20%) — B°0°(37 + 70)

+66°6° + 2467).
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3.5 The GD as a stochastic model of Epidemics

The problem of finding the probability distributions of the total size of an epidemics
started by a single infectious has been considered by [Neyman & Scott, 1963]. This
has been an important issue in the study of Epidemics. In this section, it will be
shown that the GD model is a possible stochastic model of Epidemics by applying
the Galton-Watson branching process.

Without loss of generality, one may assume that an epidemic in a particular
habitat is started by a single individual who contracted the epidemic outside that
particular habitat. This individual forms the zero-th generation of the branching
process so that Xo = 1.

Then, after a fixed incubation period T,this individual becomes infect'ious with
sufficiently close contact. As a result, some of his/her immediate family members
and other friends most probably will be infected and will become the first generation
of the infected Xy, which is a random variable.

Similarly, after a constant incubation period T, each individual of X; becomes
infectious and some of their classmates, colleagues, friends and relatives may also be
infected and become the second generation of the infected X, under the same condi-
tions as described above, and so on in successive generations of infected. Therefore,
our task is to find the probability distribution of the total number of infected in that
particular habitat.

Given Xy = 1, let X3, Xs,...,X,,... represent the number of infected in the
1st,2nd,...,nth,... generations. Note that the only assumption made here is that

the probability distribution of the number of infected, generated by each infectious
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individual, remains the same over all generations.
Since all the infected persons in this particular habitat contracted the disease
through the direct or indirect close contact with the single individual Xg, so it is

reasonable to assume that X; has a contagious probability distribution whose pgf is

g(t)-
Let g,(t) = E[t*»] and go(t) = ¢, g1(¢) = g(2)-
Forn=2,3,4,...,
gnpr(t) = g:P (Xop1 = R)*
= YD P(Xos = kX = )P(X = j)
k=0 ;=0
= Y P(Xn =) 3 P(Xnis = HX, = )
§=0 k=0
= 3P = o)
(3.5.45) = ga(g(t)).

Also, g2(t) = g1(9(2)) = 9(9(¢)) = 9(91(%)),
and ga(t) = g2(9(t)) = 9(91(9(2))) = 9(g2(2))-

Similarly,

(3.5.46) gn41(t) = g(gn(t))-
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Now, assume that the increase of the number of infected stops and reaches a

steady state after the nth generation.

Define Z, = X; + Xo + X5 + ... + X, with its pgf being G,(?),

and N, = Xo + Z, = 1 + Z,, with its pgf being R,(t).

Since Zy = X3, G1(t) = ¢1(t) = ¢g(t), and

(3.5.47)

Ri(t) = E["]
= E[t'+%)
= tE[tX]
= tG(t)

= tg(t).

Since each infected individual of X; will start a new generation, the pgf of Z,

becomes -

(3.5.48)

Ga(t)

E[t?]

E[tX1+X2] .
Z Z tX1+X2P(X2 = 29| Xy = 21) P(X1 = 21)

x1=0 x2=0

S ttP(Xy =w1) Y 12 P(X; = ma| Xy = )

r1=0 z2=0

i::oP(Xl = 2)t (g (1))
g(tg(?))
§(tGa ()

9(Ba(t))-



Similarly, the pgf of Z3 = X3 + X, + X3 is given by

(3.5.49)

Gs(t)

E[tX1+X2+X3]

(> <IN « BN o o}

E Z Z tP1tot T DX = 24| Xy = 29, X1 = 21)

21=0 2o=0 x3=0

XP(X2 = $2IX1 = a:l)P(Xl = .'121)

Z E tx1+m2P(_X2 — $2|X1 = a:l)P(X1 = :Bl)

x1=0 z2=0

X Z twap(X3 = .’L'3|X2 = :Bz,Xl = .'121)

zr3=0
o0 o0

S 3 R P(X, = 0yl Xy = 21) P(Xy = a1)[g(H)]"

21=0 2o=0

i t"P(Xy = =) i P(X; = 22| X = 21)[tg(¢)]™

=0 22=0

> P06 = )P laltoO)F
9(tg(tg(2)))
9(¢Ga (1))

9(Bs(2))-

In general, it can be shown that,

(3.5.50)

Gra(t) = g(tGa(®))

= g(Rn(t)),forn=1,2,3,...,

58
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or equivalently,

1Ga() = Rut)

(3.5.51) =‘ tg(Rn-1(t)),

which gives the limiting form (as n increases)

(3.5.52) G(t) = g(tG(2)),
and
(3.5.53) R(t) = tg(R(t)), respectively.

Since our objective is to find the probability distribution of the total number of
infected N, so by putting R(¢) = s in 3.5.53, one can obtain the Lagrange transfor-

mation,

(3.5.54) s =tg(s).

Also, as the author pointed out earlier, g(s) requires to be the pgf of a contagious
probability distribution, so it is not unreasonable to put g(s) = (1—6)P~1(1-0s)~P+1,
B > 1, which is the pgf of the negative binomial distribution(a well known contagion
model).

Hence, using the Lagrange expansion 1.1.3 to expand s in power of t under the
transformation of 3.5.54, thus the required pgf of N can be obtained by putting z = s,

u=1%,k =2 and a = 0 in the formula 1.1.3. Therefore, one can get

[*) 1® 6:1:—-1

(3.5.55) =X S lo(s)]Yomo-

z=1
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As aresult, 3.5.55 gives the probability distribution of the total number of infected

N(starting with a single infected individual) as

R T - A P A
(3.5.56) P(N-z)—ﬁ2,_1( ; )0 (1-6"" ¢ = 1,2,8,...,

which is the GD 2.1.1.



Chapter 4

Estimation of the Geeta Distribution(GD)

4.1 Estimation by method of Moments

Let X be a discrete R.V. having the GD 2.1.1, then the mean x and the variance o?
is given by 2.2.6 and 2.2.9 respectively. |
Let X3, X,,...,X, be a random sample of size n taken from the GD 2.1.1. Then,

the sample mean and the sample variance are defined as

_ 1 n
my = & Lim1 Ti

(4.1.1) me= L30T (2 —my)?

Equating the sample mean m; with the population mean y and the sample vari-

ance my with the population variance o2

, we obtain the moment estimators f, ﬁ and
§ of the parametes @, B and 0 in the GD models 2.1.1 and 2.1.2 respectively, which

are given by

[ = — 1-0 d
= my = 1= [30 an
_ (-1)0(-90
(4:1.2) me = KT_%%I

Solving the first relation of 4.1.2 for § and substituting that value in the second

relation, we get

(4.1.3) 6= 1-28(m; —1).
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4.1.1 Asymptotic Bias, Variance and Covariance of the Moment Esti-
mators

Since the moment estimator j of the population mean w is the sample mean m;, so,

we have

(4.1.4) E(p) = E(my) = p.

Hence, f is an unbiased estimator of y.

The moment estimators 6 and ,@ of § and B respectively, are functions of the

sample mean m; and the sample variance ms.

Let
a m2
0= F(ml,mz) = 1-— —l(ml—l),
my
and
5 _ mg — ml(ml - 1)
,3 = G(ml,mz) = S m%(ml — 1)

Expanding F(my,m;) in a bivariate Taylor series as in section 1.1.8, we obtain

the first six terms as

1
F(mq,my) = Foo + (my — py)Fio + (ma — po)Foy + §(m1 - #11)2F20

1
(4.1.5) H(ma = p1)(m2 — p2) P + 5(ma — ) Foa + ..o,

where
8 F(my,my)| ™M1 = 1

F;; = ]
omiom;, ms = .

For example, F is obtained by firstly differentiating F'(ma, m2) with respect to

mqy once. We get
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OF(m1,ma) _ mi(my — 1)

Oms m3

Secondly, the above expression is evaluated at m; = p] and my = pg respectively

and simplified. Hence, we have

Ry = =) pAe—1)
13 ot

Similarly, Fo, can be obtained by differentiating F'(mq, m2) with respect to mq

twice we get

32f(m1,m2) _ _2m%(m1—1)
—_— = I S

3m% mse
Then, the above expression is evaluated at m; = pj and me = ps respectively

and after simplification, we have

2 —
Ry = ot 1)

o

" Following the above preocedure, we obtain F;; fori,j =1,2and 0 <245 <2 as

follows:
F00=0’ -FI11=‘L3;.‘4_2
(4.1.6) Fop= #2020 Fpy = £ 00

Fyy = _2(3p—1)

’ P

— _p(Bp—2
Fpo = 4222
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A similar expansion can be written for G(mq,m3) by replacing F by G in 4.1.5

that is,

1
G(m1,me) = Goo + (M1 — p17)Gro + (M2 — p2)Gor + §(m1 - /J’{L)ZGZO
1
(4.1.7) +(m1 — p3)(m2 — p2)Gur + 5(m2 — p2)’Goa + -,
where

Gr — OFIG(my, mg)| M1 = I
YT Omiomg,

mo = Ua.

Similarly, Go; is obtained by firstly differentiating G(my, m2) with respect to m;

once. We get

3G’(m1,m2) _ ml(ml - 1)2

Om, - (mg — m3(my —1))%

Then, the above expression is evaluated at m; = p} and my = py respectively.

Hence, we have

__(B-1)
T P

Also, Gz can be obtained by differentiating G(mq, m2) with respect to my twice

we get
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OZG(ml,mz) = _9 ml(ml—l)z

om? - (—mg + md —mi)3

Then, the above expression is evaluated at m; = pj and my = p, respectively
Hq K

and after simplification, we have

(61
Gor = ey

Following the above preocedure, we obtain G;; fori,j = 1,2and 0 <:i+j <2 as

follows:

Goo = B,

Gu = - (zfﬂ 112)4(1 © —4Bp +66u?),
(41.8) Gu = —ﬁ,

Gio = #((i ))(1—'211 26+ 36u%),

Go = 2 (8- )(1—5ﬂ+5ﬂ — 3B +8Bu — pu® —664°

wlp — 1)
4% — 12622 + 6%,
And, in general, we know from [Cramer,1946],

Elmy — py]
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— = P
E[m2 /"2] = n’
(4.1.9) Var(my) = E(my— ) =2,

n

_ 2
Var(my) = E(mg— p2)? = gﬁ“in_ﬂz) +0(n™?),
Cov(my,ma) = Bl(my — p;)(ma — )] = E2 + 0(n™?).
On taking expectation on both sides of 4.1.5, one can show that

1
E[F(my,m2)] = Foo + E(me — p2)Fo1 + §Var(m1)on

(4.1.10) +Cov(ms, ma) Fur + %Var(mz)Foz +0(n™),

Since
Var[F(my,ms)] = E[(F(m1,m3))?] = (E[F(m1,ms)])?,

50, squaring and taking expectation of 4.1.5 and squaring 4.1.10, we have respectively,

E[(F(ml, mz))z] = F020 + 200’0(777,1, mz)FnFoo -+ 2E(m2 —_ /.Lz)F()lFoo
(4111) +E(m1 — Mll)ngoFoo + E(m2 — /,1,2)2F02F00 + E(ml - pg)zFlzo

+200v(m1, mz)F01F10 + E(mg — [.L2)2F021 + O(n_z),

and

[E(F(m]_, ’I’I’Lz))]2 = F020 + 200’0(?’)’1,1, mz)FuFoo + 2E(m2 - /,l,z)FO]_Foo

(4.1.12) +E(my — N,1)2F20F00 + E(mg — y2)2F02Foo + O(n_z).
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Then, by subtracting 4.1.12 from 4.1.11, we get

Var[F(m1,msz)] = Var(mi) F + 2Cov(mq, ms) Foa Fio + Var(ms) Fg,

(4.1.13) +0(n7?).

In order to simplify the symbol, let F' = F(my,ms) and G = G(mq, m2).

Also,
Cov(F,G) = E(F.G) — E(F).E(Q).

Hence , multiplying 4.1.5 by 4.1.7 and taking expectation, one can get

E(F.G) = GooFoo + E(mg — p2)GorFoo + %E(m1 — 142G Fio
+%E(m2 — p2)?GoaFoo + Cov(my, my)Gr1 Foo + E(my — p1)* FioGho
(4.1.14) +Cov(my, ma)Gor Fio + E(mg — p2)Fo1Goo + Cov(my, ma) Fo1Gho
+E(m2 — p12)" FonGor + %E(ml — #1)* FaoGoo + %E(mz — p2)* FozGoo

+Cov(my, mg) F11Goo + O(n72).

Also multiplying 4.1.10 with its counterpart of G (just by replacing F by G in
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4.1.10), one can obtain

1
E(F).E(G) = GooFoo + E(mg — p2)Gor Foo + 'iE(ml — 11)*Ga0Fo
1
(4.1.15) +§E(m2 - Hz)zGozFoo + Cov(my, me)G11Foo + E(ma — p2) Fo1Goo
1 1
+—2-E(m1 - #I1)2F20G00 + —2-E(m2 - ﬂ2)2F02G00 + Cov(my, ma) F11Goo

+0(n7?).

Then, subtracting 4.1.15 from 4.1.14, one can get

Cov(F(my, ma), G(ma,mz)) = Var(my)FioGio + Cov(my, m2)[F10Go1 + Fo1Go]

(4.1.16) +Var(m2)F01Go1 + O(n_z).

Now, since Foo = 0 and Bias[f] = E[f] — 6, so by subtracting Fyo from both sides

of 4.1.10, one can have
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Biaslf) = E[F(my,my)] — 0
1
(4117) = E(m2 - /Lz)Fol + EVar(ml)on + OOU(m1, mz)Fu

1
+—2-Var(m2)Foz +O0(n7?).

By substituting 4.1.6 and 4.1.9 into 4.1.17, we have the asymptotic bias of g as

(il et ~1
Biasll ~ G =1y |
(4.1.18) x[6u2 — 1+ Bu(T + 4u — 14u2) + 98213 (u — )]}

Also, by substituting 4.1.6 and 4.1.9 into 4.1.13, after collecting terms and sim-

plification, one can obtain the asympéotic variance of é,

M o o1 p(B—1)
Varll ~ » H{ G 0Ge-1p

(4.1.19) x[54° + Bp(6 + p — 104°) + 6471 (u — 1)]}.

Since Goo = B, so, similarly, one can have

Bias[f] = E[G(ms,ms)] - B
1
(4-120) = E(mz - P'Z)GOI + EVar(m1)G2o + C'ov(ml, mz)G]_l

1
+ EVar(mz)Goz + O(TL—2 ) .
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And, by replacing F by G in 4.1.13, one can get
Var[8] = Var[G(my, ms)]
(4.1.21) = Var(my)G2, + 2Cov(my, m2)Go1Gro + Var(ms) Gy,

+0(n7?).

Substituting 4.1.8 and 4.1.9 in 4.1.20 and 4.1.21 respectively, one can obtain the

asymptotic bias and variance of § as

Bias[,@] ~ opTH s (?” 1))3

(4.1.22) x[—1 4 8u® — 24® 4+ Bu(6 + 4p — 164® + 31°) + 6821 (1 — 1)]}.

and,

A ~ n-t (B-1)(Br—-1)
Varlpl ~ w -1
(4.1.23) X[—142p 4 4p® + Bp(6 + p — 10p%) + 667 1% (u — 1)]}.

Finally, by substituting 4.1.6, 4.1.8 and 4.1.9 into 4.1.16, and after simplification,

one can obtain the asymptotic covariance of 6 and 8 as

_1{ (ﬁ - 1)
(k—1)%(Bp—1)
(4.1.24) X[=1+ 2p +4p® + Bp(6 + p — 104%) + 64%1% (u — 1))}

Cov[B,0] =~ —n
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4.2 Maximum Likelihood Estimation

Let a random sample of size n, taken from the Geeta distribution 2.1.1, consists of
the observations 1, 2, 3, ..., k with frequencies fi, f2, ..., fi respectively, where
fi+ fo+ ...+ fr = n. Also, let z and s? be the sample mean and sample variance

respectively, given by

and,

=(n—-1)" Z(z —z)2f;.

=1

It was shown in Chapter 2 that the minimum value of o2, for a maximum value
of B, is p*(u — 1). Accordingly, a necessary condition for the applicability of the

Geeta model to a given data set becomes

(4.2.25) s* >z (z —1).

The likelihood function L can be written with the help of individual probabilities

in 2.1.2 in the form

M st = 1ip (B = Dtops,ag,
[ ] [ ] [ = T

Fr =L g B — Vg,
( >] [ﬂﬂ ] [ﬂ# ]

z—3

which gives the log-likelihood function as

L = n#{(8—1)lnu(B—1) - An(Br — 1) +In(x — 1)} +n{ln(Bu — 1) -
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=2

k i k
(4.2.26) In(p — 1)} + DD In(Bi — j) — > In(it)*.
2 =2
On partial differentiation of In L w.r.t. 4 and on equating to zero,

OlmL (-1 Bz +:'1':—1+ B
op Iz Bu—1 " p—1 " Bp—-1"

0,

which gives, on simplification, the ML estimate f of g as [Consul,1990a]

(4.2.27) p=z.

On partial differentiation of 4.2.26 w.r.t. 8 and on substitution of y = Z, we get

321118L ni;[ln(ﬂ—l)+ln5_1n(ﬂé_1)]+g§ zﬁ”z]

= (.

On simplification the above equation gives

B-Lz _ e—H(®)

Az — 1
(4.2.28) = G(8),
where
4.2.29 H(f) = = Sy _if
(4.2.29) . (ﬁ)—%ggiﬁ_j.

The equation 4.2.28 and 4.2.29 cannot specifically solved for the ML estimate A.

However, the function
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(4.2.30) ‘ G(B) = %_;-_1—)1-”_5

monotonically increases form 0% to 1~ as 8 increases from 1* to co. One can
easily draw the graph of the curve 4.2.30 by a computer.

Also, the function H(f), defined in 4.2.29, is a sum of a finite number of functions.
Each one of these functions monotonically decreases as § increases from 1 to oo.
Therefore, the function H(8) monotonically decreases with the increase in.the value

of A. Thus, the function

(4.2.31) G(8) = e~ H®)

represents a monotonically increasing curve, with a maximum value of 1~. The
curve 4.2.31 can also be drawn with the help of a computer. Since both curves,
4.2.30 and 4.2.31, are monotonically increasing with almost the same domain, they
can have, at most, a single point of intersection. The value of 8 given by this unique
point of intersection, if it exits, is the ML estimate of ,@ [Consul,1990a).

Our conjecture is that if s* > z%(Z — 1), the two curves 4.2.30 and 4.2.31 will
always intersect. We have not been able to prove it though we have verified this

conjecture in many examples.
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4.3 Minimum Variance Unbiased Estimation

Suppose X3, Xs,...,X, is a random sample from the Geeta probability model 2.1.1.
It can be shown by factorization theorem that the statisticY = X5 + Xo +... + X,
is a sufficient statistic for the parameter 6 in the model 2.1.1. Also, since the model
2.1.1 belongs to the exponential family, it is a complete family. Thus, Y is a complete
and sufficient statistic for the parameter 4.

The proba,bilitsr distribution of Y is a Lagrangian power series distribution (LPSD),

given by 2.3.23, and is of the form

(4.3.32) P(Y =y) = b(n,y)i(?}%—(g)T}, fory=n,n+1,n+2,..

where

f0) = o

g() = (1—-6)>*
and
b(n,y) = g(ﬂyy_ _nn_ 1)-

[Kumar & Consul,1980] has given following theorem on the minimum variance
unbiased (MVU) estimation of parametric function £(8) for the Geeta distribution.
Theorem: A parametric function of the parameter # in the LPSD is MVU es-
timable iff the function p(#) = £(6).(f(6))" admits an expansion in a absolutely
convergent Lagrange series.
(6) = EZE: ¢(n,3)(8/9(0))' where E, C{0,1,2,...}

and
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(=]

) where b(n,i)=0
Zli[:—e]i—l[(9(0))i¢'(9)]9=o, otherwise.

(4.3.33) ¢(n,t) = {
Then, the MVU estimator h(y) of £(6) is given by

o if b(n,y) # 0
h(y) —_ { b(n,y)

0, otherwise.

(4.3.34)

We denote the MVU estimator of £(6) by (£(6)). _
We shall obtain the MV'U esitmator for G0, 240 §+=1(1—6)P*~* and P(X=k).
The proofs are given for the MVU estimation of {%)% and 6%~(1 — 9)P*~* respec-

tively.

Firstly, for ((1 — 6)2/(1 — 36)), let

(43.35)  (6)= (1-0(1=BO)(f(O) = 6"(1—0)*(1—pO)~

By expanding the function ¢(6) into a series by Lagrange expansion,under the
transformation 6 = u(1 — 0)'#, we get

_ b opy

i=n

-1 =1 a n 2 -1
[d0] [(1-90) ﬁ—a—o{ﬂ (1 ~8)*(1 — B8)~" }Ho=o-

2!
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The expression for the (i-1)th derivative is

= [ d 2l A = )~ {2 E A" B(n + §) — (n+ j + 1)]Ho=o

Jj=1

o S O RS z-n)+§{ﬂ(n+y)—(n+1+1)}ﬁ’"1< L=

X(Zﬁ —1— 1)(,_,;._3).

On simplifying the above and using it with the value of ¢(8),we get

0 _ O\B-11¢ n n —(n
ra- 0 poyt = S Pt gy SN O]

XBH (e ~ i = 1) n—s)]

where (a)@ = a(a+1)(a +2)...(a+7-1).
Thus, the function c(n,y) in 4.3.33 becomes

(0, y<n
L y=n

(4.3.36) < sar(By — ¥ = Da-n)
+% Ey;:'rlz, B(n+j)—(n+i+1)

(y—n—3)!

\ Xﬁj_l(ﬁy y— 1)(y—n—,7), y=n-+ I,n+ 2

Hence, the MVU estimator of g%geﬁ) pf the Geeta distribution becomes




7

( (By—y-1) Yy (By—y—1) (y—n—j+1);)
(By—n—1) £vi=1 n (By—n—j—1)¢j)
X[Bn+3)—(n+35+1)]p1, =n+1,n+2,...
(43.37) [Bn+j)—(n+5+1)]8 y:
1, : y=n
L 0, otherwise

Secondly, for (0%~1(1 — 9)PF*), let
(4.3.38) ©(0) = gmTF1(1 — 9)Pr—F,

Similarly, we have

= (o= 01 d
il

1—if a

[l = 08 {011 — )%,

The expression for the corresponding (i-1)th derivative is

— [%]i_l[(l 0) (Bi—12) {z_% (ﬂk] k)( 1)’(n+k+] 1)9n+k+j—2}]0=0
= [%]f-l[a—o)-<ﬁ"-i>{(n+k-— 1)6m k= 2+§(ﬁ k] k)( 1y

X(n+k+j —1)gmHeH=2}],_

1 — i—n—k+l (B _ I .
<’I’L -+ k— 2) ('I’L + k— 1)|(7’ﬁ - z)(z—-n—-k-{-l) + Z (’B ) (_ )] (n N . +:‘l-7 _ 2)
><(n + &+ 5 — DEB — ©) gmn—bmjt1)

On simplifying the above with ¢(6), we have
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=) (1 —6 B-1} E—1 . .
0n+k—1(1 —_ 0)ﬁk_k = 2.=n+2k_1 [ ( i ) ] [(Z (_n:_ A +)1)'(Z,3 - Z)(i--'n--'k+1)

+

i—7§+1 (ﬂk - k) (=1 (rn+k+j-1) (56 = gnposin))-

J (t—nm—k—j+1)!

=1

Hence, the function c(n,y) for < 6¥~1(1 — 0)P*~* > in 4.3.33 becomes

(0, y<n+k-1
1, y=n+k-—1

(4.3.39) < ﬁ%ﬁ%—%(ﬂy — Y)(y—n—k+1)

+L YT (PR (1Y
X N (BY — ¥)(gon—boit), Y=nthn+Ek+1,...

\ " (y—n—k—7+41)!

Therefore, the MVU estimator of 0¥~1(1 — )*~* of the Geeta distribution is

( (nth~1) (Y—n—k+2)x—1)
n (By—-n—k+l)g-1) -

+ 2y—n—k+1 (ﬁkj—k) (_1) j (n+k:j—1)

=1
—n—k—j i
(4.3.40) < x ! k_’ffl)if:j,._?) , y=n+kn+k+1,...
n4-k—-1 (k=1)! y=n + k —1

n (B(ntk—1)—(n+k—1))(x-1)’

L0, otherwise
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The MVU estimators of %175)% and P(X = k) are derived in the same manner.

The corresponding results are provided in the following Table.

Table 4.3.1: MVU  estimators of 6(1 — 6)/(1 — p6)> and
P(X = k) of the Geeta distribution
£(8) MVU estimator (£(8))
(0, ‘ ysn
o(1-8 " B ) y=n+l
— < (n41)(y—n y—n—l y—'n-J j+1
1-46 niﬁy—n—lg + 2 (By—n—j— 1;(3_*._12
L (ﬂ.7+ﬁ—.7)(n+.7+1)ﬁ'7 , y=n + 2, n + 3’ .
(0, ( ) y<n+k-1
ngk—1 Bk—k)(k—1) =
nk (ﬂ(n+k—1)—(nfk11))(k_1)’ y=ntk-1
+k=1) (Bk—F)(x—1)(y—n—k+2)(s—
P(X =k) |« b k! ) (;8(;—111,)—k+1)(k‘_1) (=)
+ T IR B~k — 5+ 1))
(y—n—k—-a+2) - .
X(Bk — k) (r-1) (ﬁy—n—k—]+1§f::,__11)) y=n+kn+k+1,...
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Graphs
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Graph 2.1
Bar-diagrams of the Geeta Distribution
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Graph 2.2
Bar-diagrams of the Geeta Distribution
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Graph 2.3 89
Bar-diagrams of the Geeta Distribution




Graph 2.4
Bar-diagrams of the Geeta Distribution
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Graph 2.5
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Bar-diagrams of the Geeta Distribution
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