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Abstract

Processor efficient parallel algorithms are those that use parallel time that is poly-
logarithmic in the input size and a number of operations which is asymptotically
within a polylog factor of the best known sequential step count for solving the corre-
sponding problems.

Recently Reif gave processor efficient parallel algorithms for general dense matrix
computations provided that the input matrix has rational or integer entries. A sim-
ilar method was exploited to achieve processor efficient algorithms for Toeplitz and
Toeplitz-like matrix computations. These methods use different models and tech-
niques from the previously known methods. This thesis provides an analysis and
simplified version of Reif’s algorithms and shows that the bit precision in these algo-
rithms can be reduced significantly and be made optimal. The improvement of the

bit precision gives evidence that Reif’s algorithms can be made “practical”.
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CHAPTER 1

Introduction

Parallel matrix computation is a fertile research area in computer science. Problems in
this area that will be considered in this thesis include computing the determinant, the
inverse, the characteristic polynomial, and the rank of an input matrix, and solving
a nonsingular linear system.

Processor efficient parallel algorithms are those that use parallel time that is poly-
logarithmic in the input size and a number of operations which is asymptotically
within a polylog factor of the best known sequential step count for solving the cor-
responding problems. Processor efficient parallel algorithms for computing exact so-
lutions of the above problems for arbitrary matrices have been found [KP91, KP92].
These algorithms require computation of the characteristic polynomial of a matrix
generated from (but different from) the input matrix, and these computations are
known to be numerically unstable in practice. More recently, Reif has given pro-
cessor efficient parallel algorithms for solving the above problems based on matrix
factorizations which are used extensively in sequential numerical computations and
_ are essential in many applications [Rei94]. Reif also uses a similar approach to
achieve processor efficient algorithms for Toeplitz and Toeplitz-like matrix compu-
tations, which are the first known processor eflicient algorithms for exact Toeplitz
and Toeplitz-like matrix computations [Rei95].

Reif’s algorithms require the input matrix to have integer or rational entries. Thus

the bit precision of the algorithms must be taken into consideration. It should be

1



1. INTRODUCTION 2

“optimal” — the bit precision used by the algorithms should be asymptotically only
as large as the bit precision required to represent the output. The algorithms use
approximate Newton itcrations. However, the analysis of approximate Nerwton it-
erations is not given in [Rei%4, Rei95]. A complete analysis of approximate Newton
iterations is desirable because these methods are being used to achieve fast algorithms
more and more often. These techniques are used in general matrix computations as
well as structured and sparse matrix computations. In this thesis, a complete analy-
sis of approximate Newton iterations is given. The analysis shows that for a general
matrix, only a “small” integer needs to be added to the diagonal entries to obtain a
system that can be solved using these iterations. The analysis may also be applied to
Toeplitz or Toeplitz-like matrix computations. This result significantly improves the
bit precision of Reif’s original algorithms and shows that it can be made optimal.
The results of the thesis will be introduced in the last section of this chapter. Before
that, fundamental definitions and properties of matrix theory will be given and the

computational model will be introduced.
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1.1. Definitions

Basic definitions in matrix theory and asymptotic notations for complexity are

introduced in this section.

1.1.1. Definitions in Matrix Theory. An n X m malrix is a matrix with n
rows and m columns. The set of n X m matrices whose entries are chosen from a
domain D is denoted as D™™. For a matrix A € D™, A = [a;;] denotes the
matrix A with a;; € D in the «th row and jth column of A, where 1 < 7 < n and
1<y <m.

Let M, = R™", for some ring R. Let 0, be the n x n matrix of 0’s and let I,, be
the n x n identity matriz with 1’s on the main diagonal and 0’s elsewhere. Let +,
be matrix addition and X, be matrix multiplication. Then it is easy to verify that
(M, +ny X0,y O, I,) is a ring, but it is not a commutative ring (unless n = 1 and R is

commutative).

DEFINITION 1.1. Let a matrix A € F™*™ for some field F'. The determinant of A,
denoted det(A), is the sum over all n! permutations o of the integers 1 through n of

the product

(=1)* TT aios)s
i=1

where k, is 0 if o is even (constructible from (1,2,...,n) by an even number of

interchanges) and k, is 1 if o is odd (constructible by an odd number of interchanges).
If det(A) # 0, then A is nonsingular ; otherwise, A is singular.

DEFINITION 1.2. Anm xn matrix A = [a;;] is upper triangular if a;; = 0 whenever
1 <j<i<m Anm xn matrix A is lower triangular if a;; = 0 whenever

1<i<y<n.

DEFINITION 1.3. A submatrix of a matrix A is a matrix obtained by deleting some

rows and columns of A. A principal submatrix of an n x n matrix A Is a square
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submatrix of A that consists of the first k rows of the first k columns of A, for

1 <k<n.

DEFINITION 1.4. The transpose of a matrix A = [a;;], denoted AT, is the matrix

formed by exchanging a;; and aj; for each  and j.

Clearly (AB) = BT AT. Furthermore, det(A) = det(AT). A matrix A is symmetric
il A= AT, ‘

DEFINITION 1.5. Let a matrix A € F™" for some field FF'. A pair of matrices

G,H € I'"*¢ js called a generator of length d of the matrix A = GHT. The minimum

length of a generator of A is called the rank of A, denoted rank(A).

DEFINITION 1.6. Let a matrix A € F™" for some field F'. The inverse of A,

denoted A1, is that n x n matrix, if it exists, such that AA™' = A7'A = I,.

It is also easy to verify that if A and B have inverses, then so does AB, and

(AB)™! = B~'A™! in this case.

DEFINITION 1.7. The adjoint matrix of A, denoted adj(A), is the matrix whose
entry in row ¢ and column j is equal to (—1)"* times the determinant of the submatrix

obtained from A by removing row j and column z.

For any square matrix A, adj(A) exists and is unique. If A is nonsingular, then
A1 exists and is unique; furthermore, Aadj(A) = adj(A)A = det(A)I and A™! =
adj(A)/ det(A).

DEFINITION 1.8. The trace of an n X n matrix A, denoted tr(A), is the sum of the

diagonal entries of A.

DEFINITION 1.9. The characteristic polynomial of an n x n matrix A is the poly-
nomial () = det(A\] — A) = =0, ¢;\, where ¢, = 1.

The characteristic polynomial of A includes the entries: ¢ = (—1)"det A, and

Cnot = —tr(A).
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DEFINITION 1.10. An eigenvalue of a matrix A of algebraic multiplicity m is a zero

ol () of multiplicity m.

In the complex field, an n x n matrix has exactly n eigenvalues counted with their

algebraic multiplicities.

DEFINITION 1.11. The n x m matrix K (a,v,m) = [v, Av, A%,... , A" 1], defined
for a matrix A € R**™ and a vector v € R", for some ring R, is called an n x m

Krylov matrix [GVL90, BP94]. Define K(A,v) = KN (A,v,n).

DEFINITION 1.12. A Toeplitz matrix is a matrix with the same entries along the

diagonal and along each band that is parallel to the diagonal.

Hence a square Toeplitz matrix has the form:

QA dp-1 -+ Q1
Un41 Un ERIR (5]
ton—1 G2p—2 - Gn

DEFINITION 1.13. A Hankel matrix is a matrix with the same entries along the

antidiagonal and along each band that is parallel to the antidiagonal.

Hence a square Hankel matrix has the form:

[ ]
ay v Ap—1 an
Qg An An41

i Apn - Qopn—2 QA2p-—1 |

If T = [t;;] is a Toeplitz matrix then t;; = ti1x j4x, o that the matrix T' is completely
defined by its first row and its first column. Similarly, if H = [h;;] is a Hankel matrix
then h;; = hi-k j+k, so that the matrix H is completely defined by its first row and

its last column.
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The “lower-shift” matrix Z is the matrix

0 0 0

1 0 0
Z= :

0 1 0|

with 1’s on the band immediately below the diagonal and with 0’s everywhere else.
As usual, R will denote the field of real numbers, Q will denote the field of rational

numbers, and Z will denote the ring of integers.

DEFINITION 1.14. A matrix A € R™*" is positive definite if 27 Az > 0 for all

nonzero T € R™.

The proof of the following lemma can be found in [GVL90] (Theorem 4.2.1, Corol-
lary 4.2.2, p. 140).

LEMMA 1.1. Let A € R™" be positive definite. Let ¥ € R™*"™ be nonsingular.
Then

(1) A is nonsingular;

(2) YTAY is positive definite;

(3)

(4)

4) YTY is symmetric and positive definite.

All the principal submatrices of A are positive definite;

1.1.2. Matrix Norms. Norms serve the same purpose on vector spaces that the
absolute value does on the real line: they furnish a measure of distance. The p-norms

of a vector are functions f : R® — R, defined by

1
lzll, = (2l + -+ + |eal?)?,  p>1.

For a matrix A € R™*", define the p-norm of the matrix 4 as ||A||p = SUP,x0o _E”ITZTI” .
4

It can be shown that ||A]|; = max; ¥, |a;;| and ||All,, = max; T; |ai;| [GVLIO] (p. 56).
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The following important fact can be found in [GVLI0] (p. 57).

(L.1) 1A, /v < Ally < AT, Vo,

for p =1, c0.

The p-matrix norms satisfy the three basic norm properties:

AL, >0, AeR"(JA],=0if A=0);

1A+ B, < [|All, + || Bl A,B € R™™

P = »?

”CYAHP = |(Y| ”A“ o € R, A € R™7,

p?

It is easy to verify that the p-matrix norms also satisfy the submultiplicative property
IAB], < IAll, IBll,, A€R™" BeR™.

If D = dI, where d is a positive real number and I is the identity matrix, then
clearly ||D||, = d and ||[D7!||, = 1/d, for any p = 1,2,00. If A is nonsingular, define
the p-condition number of A, denoted by cond,(4), as cond,(A) = |[A]|, ||A7}|,,, for
any p where p = 1,2, co.

Matrices with small condition numbers are said to be well-conditioned. A matrix
with nonzero diagonal entries is row (or, respectively, column) diagonally dominant,
if |[1 — (diag(A)) 4|, < ¢ (or, respectively, if | — A(diag(A))™?Y]| < ¢), for some
constant ¢, 0 < ¢ < 1. A matrix A is strongly diagonally d.ominant if A is diagonally
dominant for ¢ = 1 — 1/n§ for some constant ¢o > 0.

The determinant of a matrix A is bounded by the Hadamard inequality
(1.2) [det(4)] < J[A]I

Assume |a;;| < 27, for all 4, j; then by Equation 1.1, 1Al < n2P for.p =1 or 0o, so
that by Equation 1.2 |det(A)| < 27, where 7 = n(f + logn).

1.1.3. Asymptotic Notation. To represent the efficiency of parallel algorithms

the standard notation defined for the analysis of sequential algorithms is used. Con-
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sider two functions 7, f : R — R such that T'(n) > 0 and f(n) > 0 for all n.

o T'(n) € O(f(n)) il there exist positive constants ¢ and ng such that T'(n) <
c(f(n)), for all n > no.

o T'(n) € Q(f(n)) if there exist positive constants ¢ and ng such that T'(n) >
c(f(n)), for all n > ne.

e T'(n) € O(f(n)) il T(n) € O(f(n)) and T'(n) € Q(f(n)).

e T(n) € O(f(n)) il T(n) € O(f(n)(logn)°), for some constant c. _

1.1.4. Classes of Randomized Algorithms. Unlike a deterministic algorithm,
which never returns different outputs when run twice on the same input, a randomized
algorithm typically has access to a random number generator, and its output on one
fixed input can be considered to be a random variable.

There are two commonly discussed classes of randomized algorithms: Las Vegas
and Monte Carlo. A Las Vegas randomized algorithm will always either generate a
correct output or report failure. A Monte Carlo algorithm will either return a correct
output or an incorrect output — failure is not recognized. In both cases, for ¢ > 0,
it should be possible to guarantee that the probability of obtaining a correct answer
exceeds 1 —e¢, by increasing the algorithm’s cost by a factor that is polynomial (ideally,

linear) in log(1/e).
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1.2. Models of Computation

1.2.1. Sequential Model. A well-known sequential computational model is the
Random Access Machine (RAM) model [AHU74]. The model assumes the presence
of a central processing unit with a random-access memory attached to it, and some
way to handle the input and the output operations.

The important measures on the RAM model of an algorithm are its time (and/or
space) complexity, measured as functions of the size of input. To specify the time
(and/or space) complexity exactly, it is necessary to specify the time of each opera-
tion and the size of each memory location. The arithmetic RAM model allows the
operations on elements drawn from an arbitrary ring or field as primitive operations,
which cost unit time. Each memory location has infinite size so that it can hold any
element. The primitive operations are 4+, —, X, /, mod, and a “zero test”. This
model is considered to be the standard sequential computational model.

The arithmetic RAM model does not reflect the dependence of the computational
complexity of a problem on the precision of computing. In practice, the dependence
is substantial. To measure time for computations over Z and Q, one can measure
time complexity based on the logarithmic cost criterion. The logarithmic cost cri-
terion is based on the crude assumption that the cost of performing an operation is
proportional to the length of the inputs. For example, to add two integers of magni-
tude 2°(™, the cost is defined to be O(n), whereas to add two integers of magnitude
20("*) the cost will be O(n?). Clearly under the logarithmic cost criterion, the bit
precision of the elements involved in the computation will affect the time complexity
substantially.

The computational model used by Reif [Rei94, Rei95] is an extended arithmetic
RAM model with the following modifications.

(1) Real inputs are represented as floating point numbers.
(2) The model also allows one to randomly and uniformly select an integer from

an interval [M, N] for two given integers M, N, where M < N.
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(3) The model includes a comparison (<) between two numbers as an operation.

(4) The model includes rounding a number to the nearest integer as an operation.

Unfortunately, Reif’s model is not very clearly defined. It appears that the following

is also required, although this is never explicitly stated:

(5) The model includes computation of an inverse modulo a prime. That is, given
an integer « and a prime p that are relatively prime, one can find an integer y

such that @y is congruent to one modulo p.

Section 4.4 of this thesis discusses the evidence for this additional requirement.

1.2.2. Parallel Model. The model for parallel computation to be used in this
thesis is a natural extension of the above sequential model. In this model, many
processors have access to a single shared memory unit. More precisely, the shared-
memory model consists of a number of sequential processors. Each processor has
its own local memory. The processors communicate by exchanging data through the
shared memory unit. All processors operate synchronously under the control of a
command clock. In one unit of time, each processor can read one global or local
memory location, execute a single RAM operation, and write into one global or local
memory location. This model is called the parallel random access machine (PRAM)
model.

The parallel computation model in Reif’s algorithms is an extended PRAM model
because it is based on the above extended sequential RAM model.

The irhportant measures on the PRAM model of the performance of an algorithm
are its time and processor complexity. Suppose a PRAM algorithm runs in time
T'(n) using P(n) processors, for an instance of size n. The time-processor product
C(n) = T(n) - P(n) represents the cost of the parallel algorithm. Since a single
processor can simulate P(n) processors in O(P(n)) time, for each of the T'(n) parallel
steps, a parallel algorithm with cost C'(n) can be converted into a sequential algorithm

that runs in O(C(n)) time.
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Given p < P(n) processors, p processors can simulate the P(n) original processors
in [P(n)/p] < (P(n)/p) + 1 substeps: in the first substep, the original processors
" numbered 1,2,...,p are siniulated; in the second substep, processors numbered p +
L,p+2,...,2p are simulated; and so on. This entire simulation uses time at most
T(n)+ ﬂﬁ);)ﬂﬂ € O(T(n)P(n)/p) time.

Thus the following constraints on parallel algorithms are equivalent:

e the algorithm uses O(P(n)) processors and T'(n) time,

e the algorithm has cost C'(n) € O(P(n)T(n)) and runs in time T'(n),

e the algorithm uses time O(T'(n)P(n)/p) with p < P(n) processors, for all
p < P(n).

Given a computational problem @), let the sequential time complexity of @ be
T*(n). A parallel algorithm to solve @) will be called optimal if the cost required by
the algorithm is ©(T*(n)).

There are several variations of the PRAM model based on the assumptions regard-
ing the handling of the simultaneous access by several processors of the same location
of global memory. The exclusive read exclusive write (EREW) PRAM does not allow
any simultaneous access by multiple processors to a single memory location. The con-
current read exclusive write (CREW) PRAM allows simultaneous access for a read
instruction only. Simultaneous access to a location for a read or a write is allowed in
the concurrent read concurrent write (CRCW) PRAM. Though these three models
differ in their computational power, it turns out that the difference will not affect the
result in the thesis. Thus the thesis follows Reif’s algorithms, assuming the PRAM
model to be CRCW PRAM. Further information about the PRAM model can be in

found, for example, in JaJd’s text [J&4J92].
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1.3. Problems and Preliminary Results

In this section, the problems in matrix computations discussed in this thesis are

defined (also see [BP94]) and some preliminary results are given.
1.3.1. Problems in Matrix Computations.

PROBLEM 1.1. Solving a nonsingular system of linear equations: Given a matrix
A € ™ and a vector b € I'™ for some field F', compute the unique vector x =
A~1b giving the solution to the linear system Az = b if the coefficient matrix A is

nonsingular; otherwise, report that the coefficient matrix A is singular.

PROBLEM 1.2. Matrix inversion: Given a matrix A € F™*" for some field I, com-
pute A™Y, the inverse of A, if A is nonsingular; otherwise, report that the matrix A

is singular.

PRrROBLEM 1.3. Determinant: Given a matrix A € R**™ for some ring R, compute
det(A), the determinant of the matrix A.

PROBLEM 1.4. Characteristic polynomial: Given a matrix A € R™" for some
ring R, evaluate the coefficients of the characteristic polynomial (A) = det(A[—A) =
1 oA of the matrix A.

The main focus in this thesis is parallel algorithms for solving the above problems
efficiently. The following problems are given either because the algorithms in the
thesis can be also applied to solve them efficiently or because an algorithm for solving

the problem will be used as a subroutine.

PROBLEM 1.5. Rank: Given a matrix A € F™*", for some integers m,n > 0,

compute the rank of A.

PROBLEM 1.6. LU factorization: Given a matrix A € F™*™ if possible, factor
A = LU, where L is nonsingular and lower triangular, and U is nonsingular and upper

triangular. Otherwise report that A has no LU factorization. (If A is symmetric and
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computations of square roots are allowed, then one can require that U = LT. This

problein is then known as Cholesky factorization).

PROBLEM 1.7. QR factorization: Given a matrix A € R™", if possible, factor
A = QR where R is a nonsingular upper triangular matrix and @) is an orthogonal
matrix (QTQ = I). If the QR factorization is not possible, then report that A has no

QR factorization.

PROBLEM 1.8. Hessenberg reduction: Given a matrix A € R™™, compute an or-
thogonal matrix @ and a matrix H = [h;;] such that IT = QTAQ, QTQ = I and such

that h;; =0 if¢— 3 > 1. If A is symmetric, then H is tridiagonal.

PROBLEM 1.9. Singular value decomposition (SVD): Given a matrix A € R™*"

compute a triple U, V, ¥ such that
A=UzVT,

where U € R™*", V ¢ R, UTU = I,, VIV = I,, T = diag(o1(A),... ,0.(A)), and
o1(A) > 2(A) > -+ = 0,(A) > 0, where r = rank(A). The values oy(A),... ,0.(A)

are called the singular values of A.

1.3.2. Complexity Bounds. The following results will be used throughout the

thesis.

Fact 1.1. Given an arbitrary square matrix A € R**" and a vector v € R" for
some ring R, the product u = Av can be computed in O(log n) time using O(n*/logn)

processors, which is optimal (see, for example, [BM75]).

(iven two square matrices A, B € R**" for some ring R, their product can be
computed in O(logn) time using O(n®) processors via the straightforward method.
However, such a method is not optimal. The best known sequential bound for matrix

multiplication is O(n*), for a real number w such that 2 < w < 2.376 [CW90], though
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asymplotically slower algorithms are superior for computations one might expect to
perform.

Many matrix computations have been shown to have the same sequential com-
plexity as that of matrix multiplication. Computing the determinant, computing the
inverse, solving a nonsingular linear system, and LU factorization are among these
problems [AHU74]. Thus these problems can all be solved in time O(M(n)), where

M(n) is the number of the operations required to multiply two n x n matrices.

FacT 1.2. Parallel matrix multiplication can be performed in O(logn) time using

O(n*") operations, for w < w* < 2.376 ([PR85], Appendix A).

Hereafter let P(n) denote a processor bound such that the bound O(logn) time and

O(P(n)) processors holds for the parallel complexity of » X n matrix multiplication.

FacT 1.3. Given a positive integer m and a square matrix A € R™" for some
ring R, the powers A%, A3%,... , A™ can be computed in O(logmlogn) time using

O(mP(n)) processors (see, for example, [BP94]).

FAcT 1.4. Given a positive integer m, a square matrix A € R™", and a vector v €
R" for some ring R, the Krylov matrix K(A,v,m) can be computed in O(log mlogn)

time using O(P(n)) processors (see [BMT75], p. 128).

FACT 1.5. The inverse of a triangular matrix A € F™*" for some field F' can be

computed in O(log?n) time using O(P(n)) processors (see [BM75], p. 146).

The inverse can be computed in O(log?n) time using O(P(n)) processors by a
simple divide and conquer strategy. Assuming n is a power of 2, let A bean n xn

lower triangular matrix partitioned as follows

B 0
¢ D

A=
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where B, C, D are of size n/2 x n/2 and where B and D are also lower triangular.
Then

B! 0
-D-'C¢B~' D!

ATl =

Thus the following stages can be used to invert the matrix A efficiently.

(1) Invert B and D concurrently by the same strategy;
(2) Multiply D='CB~! and get A™'.
This divide and conquer method will invert an n x n triangular matrix in O(log?®n)

time using O(P(n)) processors.

FACT 1.6. The coeflicients of the product of two polynomials of degree m and n
respectively can be computed in O(log(n+m)) time using O((m+n)) processors over
a field supporting the [ast Fourier Transform (FFT) — that is, a field containing a
kth primitive root of unity for k € O(n + m) (see, for example, [J4J92]).

FacT 1.7. Given two bivariate polynomials with degrees bounded by n for each
variable, the coefficients of the product of the two polynomials can be computed in

O(logn) time using O(n?) processors [BP94].

FACT 1.8. Given a positive integer m and a polynomial T(z), T(0) # 0, the first
K coeflicients of the formal series w(z) such that w(z)T(z) =1 can be computed in
O(log® K) time using O(K) processors. When the coeﬁicients of w(z) mod w*" are
given, the coefficients of w(z) mod z***' can be computed in O(k) time using (2F)

processors. (See, for example, [BP94].)

The formal power series w(z) of Fact 1.8 will be denoted 1/T'(z).
An oracle PRAM is assumed to be a PRAM associated with a special shared
memory for the (parallel) construction of oracle queries and for receiving the oracle’s

answers. It is assumed that each oracle query only costs unit time [Joh90] (p. 132).
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DEFINITION 1.15. An NC reduction from a problem A to a problem B is an oracle
PRAM program that, given an oracle for B, solves A in polylog time using at most
a polynomial number of processors. An efficient NC reduction from a problem A to
a problem B is an NC reduction from A to B using O(Q(n)) processors, where Q(n)
is a lower bound on the number of operations required to solve B sequentially, such
that the sum of the sizes of all the values passed to the oracle is at most within a

polylog factor of the size of the oracle PRAM’s input.

We write A < B” to denote the existence of an efficient NC reduction from A

to B. The following can be found, for example, in [BP94).

Fact 1.9.
(1) Solving a nonsingular linear system < Matrix inversion;
(2) Matrix inversion = Determinant;

(3) Determinant < Characteristic Polynomial.

Csanky has given the first parallel algorithm for computing the determinant in
O(log®n) time using a polynomial number of processors; his algorithm uses O(nP(n))
[CsaT6] processors. Csanky’s algorithm only works over fields of characteristic zero.
Borodin, von zur Gathen and Hopcroft give an algorithm for this computation over
arbitrary fields which uses far more processors than O(nP(n)) [BvzGH82|. Berkowitz
[Ber84) and Chistov [Chi85) use different approaches to achieve parallel algorithms for
computing the determinant in O(log® n) time using O(n.P(n)) processors. For finding
the rank, Mulmuley [Mul87] gives a fast parallel algorithm that works by computing
the characteristic polynomial of a permuted matrix of the input with twice the size
of the input matrix.

Kaltofen and Pan [KP91, KP92] give the first randomized processor efficient parallel
algorithm for computing the determinant. They also give algorithms for inverting a
nonsingular matrix, solving a nonsingular linear system, computing the rank, and

computing a basis for the null space. All these algorithms use polylogarithmic time
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and number of operations that is within a polylog factor of the amount needed for
matrix multiplication.

Some related problems also have processor efficient parallel algorithms. Eberly
[Ebe9l] gives algorithms for computing a maximal linearly independent subset of a
given set of vectors (see also [CR93, BP94}) and for computing a “PLU factorization”
of a nonsingular matrix. Giesbrecht gives a processor efficient parallel algorithm for
computing the Frobenius form and for computing the characteristic polynomial of a
given matrix [Gie].

However, these [ast parallel algorithms require computation of the characteristic
polynomial of a matrix related to the input. These computations are known to be nu-
merically unstable. For numerical matrix computations, Pan and Reitf apply Newton
iteration and its extensions to achieve processor efficient algorithms for computing
approximate solutions for these problems [PR85, Pan87, PR89, PR93]. Newton it-
eration is generally quadratically convergent and numerically stable. However, these
algorithms require that an initial approximation of the input matrix is given, or that
the input matrix is well-conditioned so that an initial approximation of the input
matrix can be computed. Their algorithms for matrix factorizations use O(log®n)
parallel time. (When the input matrix is an integer matrix, the problems — solving
a linear system, inverting a nonsingular matrix, and computing the determinant can
be solved in O(log®n) time using O(P(n)) processors [Pan87], but the bit precision
is greater than optimal.)

Reif gives a new parallel method for various exact factorizations of general dense
matrices [Rei94]. His method can be further extended to block matrices, sparse sepa-
rable matrices, and banded matrices. These methods reduce the previous known par-
allel time bounds for some matrix factorizations from O(log® n) to O(log® n), resolving
an open question in [Pan87]. The exact factorizations that Reif’s algorithms compute
include recursive factorization sequences, LU factorizations, QR factorizations, and

reduction into upper Hessenberg form. The method also provides algorithms for solv-
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g a linear system, inverting a nonsingular matrix, and computing the determinant.
The algorithms assume the input matrices are square (of order n) with either integer
. . . o(t) . . . .
entries of absolute value less than 2" or rational entries expressible as a ratio of

. . o(1)
integers of absolute value less than 27

. Reif claims that the bit precision of the
algorithm is “optimal” — that is, asymptotically only as large as the bit precision
required to represent the output. However, it is not proved in Reif’s paper and it
appears that the precision used by Reif’s algorithms is an O(n) factor away from

being optimal.
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1.4. Thesis Results

This thesis provides a complete analysis of Reif’s method for matrix factoriza-
tions of general dense matrices. The analysis reduces the bit precision significantly—
achicving the asymptotically optimal bit precision claimed by Reif. Thus the results
in this thesis provide evidence that Reil’s algorithms can be made practical. The
analysis is based mainly on the analysis of approximate Newton iteration, which may
be of some independent interest. The thesis also shows some interesting properties of
the recursive factorization sequence of a given matrix.

Reif has also given a new parallel method for Toeplitz and Toeplitz-like matrix
computation and achieved the first processor efficient algorithms for exact Toeplitz
and Toeplitz-like matrix computations [Rei95]). The thesis gives a brief introduction
to that algorithm and shows that it is possible to improve the bit precision of this
algorithm as well. However, certain steps remain difficult and unclear (as they exist
in Reil’s algorithms).

A brief survey of previous known parallel algorithms for general dense matrix com-
putations is given in Chapter 2. Chapter 3 gives a complete analysis of approximate
Newton iteration, which is entirely new. Reif’s algorithm is analyzed in Chapter 4.
Most of that material is also new. Toeplitz and Toeplitz-like matrix computations
are briefly surveyed in Chapter 5. The idea to simplify Reif’s algorithms for Toeplitz
and Toeplitz-like matrix computations is also given in Chapter 5. Some part of that
material is new. A conclusion of the thesis work is drawn and some further interesting

problems are pointed out in Chapter 6.



CHAPTER 2

Parallel Matrix Computations

A brief survey on parallel algorithms for general dense matrix computations is given
in this chapter. The survey includes the known deterministic approaches and random-
ized processor efficient approaches. These algorithms use exact arithmetic operations
over a field as unit cost operations.

Some numerical algorithms for matrix computations are also introduced in this
chapter. These algorithms have finite bit precision, so rounding errors will appear
in the computation. These algorithms have better numerical stability than the exact

algorithms given here.

20
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2.1. Deterministic Parallel Matrix Computations

Csanky has given the first parallel algorithms for computing the determinant and
inverse of a matrix, and solving a nonsingular system of linear equations in O(log?n)
time, using O(nP(n)) processors [Csa76]. Csanky’s algorithm only works over fields
of characteristic zero or greater than n, where n is the order of the input matrix.
The algorithm is based on a sequential method due to Leverrier for computing the
characteristic polynomial. The algorithm has the following main steps:

(1) Compute A%, A®, ... A™ Y,

(2) Compute the traces of the first n powers of A;

(3) Compute the coefficients cg, ¢1, ... ,cr—1 of the characteristic polynomial of A

using the traces computed in the first step;

(4) Compute det(A) = (=1)"co and A™' = — T (ci/co) AL, if A is nonsingular.
The first step is known as the matriz powers problem, which can be solved in O(log? n)
time using O(nP(n)) processors by Fact 1.3. The second step is straightforward. The
fourth step is also easy since the powers A?, for 1 < ¢ < n — 1, have been computed.
The third step is reduced to solving a triangular linear system, as shown below.

Suppose the characteristic polynomial is $(A) = S, ¢;A, where ¢, = 1. The
quantities s; = tr(A%), for 1 < 4 < n, are available from Step (2). The coefficients
¢; of the characteristic polynomial and the values s; are related as shown by the

following system of linear equations (see, for example, [Csa76]):

1 0 o --- .- 0 Cn—1 $1
S1 2 0 --. ... Cn—s S
S S1 3 e e Cn—3 83
(21) S3 Sg S1 4 v = -
C1 Sp—1
Sp—1 S3 S9 ST N Co Sn
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Since the coefficient matrix is a lower {riangular matrix, the system can bhe solved
in O(log®n) time using O(P(n)) processors by Fact 1.5. Thus the cost of the whole
algorithm is dominated by the first step, which requires O(log®n) time and O(P(n))
Processors.

The above triangular linear system can be solved more efficiently than Fact 1.5
suggests — in O(log®n) time using O(n/logn) processors [Sch82, Pan90b]. The
algorithm is shown below since it is required in the later sections of this thesis.

Let g(z) = 14+ 5%, cpoizt = z”'z/’(%), where 1 (a) is the characteristic polynomial
of A. Suppose Aj,Ag,..., A, are the eigenvalues of A, so that ¥(A) = 37 gciA

= T2, (A = As). Then g(z) = =p(1) = 2 [Ty (= Ag) = [Ty (1 — 2A0).

Now

If (1—=2A;)™" is replaced by the series ¥-i>0(2A: )*, where 1 < i < n, then the following
equation is obtained.

g'(z) = i (/\ >_(z1) )

i=1 k>0

The above equation is rearranged as

’ k
g(2) = — Zsjzj_l mod zF,  for k>0,
g(Z) j=1

(2.2)

using the fact that s; =3, X,

Suppose the polynomial g.(z) = g(z) mod z™*! has been computed. As shown
below, it is possible to compute g2,(2) = ¢g(z) mod 2**! in O(logr) time using O(r)
processors. The polynomials g;(2) = 1 + ¢,—1(2) and g2(2) = 1 + ¢4—12 + cn-22? are
readily available, because ¢,—; = —s;, and 2¢,_, = s3 — 5. Let gor(z) be expressed

as

(2:3) 92r(2) = g+(2) (1 + hr(2)) mod 2*"+,
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where ,(2) = hpgp1 2" 4+ - - 4+ h9,2?" is an unknown polynomial. Then

(2.4) G30(2) = G4)(L+ ho(2) + 6o (2)11() mod 27

Now observe that

Rl (=)
2. — =) (z | 2!
(2.5) 1T ho() v (=) moc ,

because I, is divisible by z™*1. Also notice that

gér(:) _ gér(:) mod z?’l'-l-l.

.(/27'(3) gr(s) (1 + ]"r(z))

By IIquation 2.4,

92.(2) _ g.(2) h.(z)

(2.6 = mod z%".
) 0 (2) ~ 0:(7) T T hal2)
Following Equations 2.2, 2.5, and 2.6,

- 2r .

(2.7) gj(h) +hi(z) == sz mod 2",

gr(z) j=1

Assume the coefficients of ¢,(z) are known, as well as the values s;, for all y < 2r+1.
Then ¢o,(z) can be computed as shown in step (2) of the following algorithm. This
gives a recursive algorithm to compute ¢(z) (since g(z) = gn(2) = gonegn1(2)). The

coefficients of 1(A) are immediately available {from those of g(z).
ALGORITHM 2.1. Computing the coefficients of the characteristic polynomial.

Input: The values of s, = tr(A’“), 1 <k <n, where A is an n X n matrix.
Output: The coefficients of the characteristic polynomial () = 7, e M.
begin

step 1 Initialization:
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step 2 While » < n do (sequentially)
w:=1/g,(z) mod z?;
(Comment: Recall that  is a polynomial including
the leading terms of the Taylor series for 1/¢,(z).)
0= gl(2);
{ := uv mod z?;
hl = — it g0t — 4
hy := [hl;
(Comment: compute h.(z) by symbolic integration using the fact
that h,(0) = 0, and that the coefficients of A/ are now available.)
gor(2) = ¢-(2)(1 + h.(z)) mod z27+!;
r = 2r;
end while

step 3 Output the coefficients of gn(z) with the order reversed.

end

LEMMA 2.1. Given s; = tr(A?), for 1 < j < n—1, where A is an n x n matrix over
a field whose characteristic is zero or greater than n, the characteristic polynomial of

the matrix A can be computed in O(log®n) time using O(n/ logn) processors.

PROOF. The algorithm uses the recursive method sketched above to compute the
coeflicients of the characteristic polynomial. Each recursive stage : requires computa-
tion of a polynomial reciprocal, polynomial multiplication, and polynomial addition
with input polynomials of degree at most 2°, 1 < i < logn. Polynomial multiplica-
tion and polynomial reciprocal computation can both be performed using an FFT in
O(log2) time and O(2 log 2) operations. Thus the number of operations for Stage i
is at most ¢2' log 2¢, for some constant ¢ > 0 (independent of 1), and the algorithm uses
O(log®n) time and at most 2c - 2¥log 2% € O(nlogn) operations, where k = [logn].

Thus the algorithm runs in O(log®n) time using O(n/ logn) processors. [J
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The algorithm has a restriction which requires the ground field to be of characteris-
tic zero or characteristic greater than n (see Equation 2.1). The number of processors
can be reduced to O(y/nP(n)) by using a similar approach [PS78, GP89]. These
algorithms do not work for fields whose characteristic is positive and less than n.
The best known deterministic paralle] algorithms {for computations over these fields
require O(nP(n)) processors [Ber84, Chi85]. These last algorithms compute the char-
acteristic polynomial of the input matrix without divisions. These results, together

with Tact 1.9, imply the following theorem.

THEOREM 2.1. There are deterministic parallel algorithms to evaluate the coeffi-
cients of the characteristic polynomial, to solve a linear system, and to compute the
inverse and determinant of a matrix over any field in O(log®n) time using O(nP(n))

processors.
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2.2. Processor Efficient Algorithms

The field independent randomized sequential method for solving sparse linear sys-
tems given by Wiedemann reduces solving a linear system to finding the minimum
generator of a linear recurrence [Wie86). Kaltofen and Pan use the same approach but
give a randomized parallel processor efficient reduction. Instead of trying to find the
mininum gencrator of a linear recurrence, which so far has not been solved efficiently
in parallel, Kaltofen and Pan use a reduction from computing the determinant to
solving a nonsingular Toeplitz system based on the observation that when the degree
of the minimum polynomial of the recurrence is known, the problems of finding the
minimum generator of the recurrence and solving a nonsingular Toeplitz system of
linear equations are equivalent.

Let V be a vector space over a field F. Let {a;}%2, be an infinite sequence with
elements a; € V. The sequence {a;}2, is linearly generated over F if there exist

Co,C1y... yCn € F, for some n > 0, such that
Cotj + -+ cptjyn =0, Vy3>0.

The polynomial ¢y + 1z + -+ - + ¢,a™ is called a generating polynomial for {a;}2,.
The set of all generating polynomials for any sequehce, taken together with the zero
polynomial, forms an ideal in F’[z]. The unique polynomial generating that ideal, nor-
malized to have leading coefficient 1, is called the minimum polynomial of the linearly
generated sequence {a,-}i?_;‘_o. Every generating polynomial for {a;}2, is a multiple of
the minimum polynomial for this sequence. Let A € F™" be a square matrix over
some field F. The sequence {A'}$, is linearly generated, and its minimum polyno-
‘mial is the minimum polynomial of A, which is denoted by f4. For any column vector
b € F™, the sequence {A'b}32, is also linearly generated. The minimum polynomial
of {Aib}22,, denoted by fA*, is a divisor of f4. Finally for any row vector u € F1*™,
the sequence {uAb}L, is linearly genera‘;ed as well, and its minimum polynomial,

denoted by fA*, is a divisor of f4*.



2. PARALLEL MATRIX COMPUTATIONS 27

Let {a;}52, be linearly generated and let n be the degree of its minimum polynomial.

For m > 0, construct the Toeplitz matrix

Um—1 p—z =~ ay ag
. Uy Um—1 s 9 ay
: U - : sy
; X
(2.8) T, = . . ¢ proem.
Ao2m—3 Ump—1
am—9 Qaom-3 - Um Am-1

Then det(73,) # 0 and for all m > n, det(T},) = 0 (see Lemma 1 in [KP91]).
Furthermore, let S be a finite subset of F*. Uniformly and randomly choose a

row vector w € S7*™ and a column vector b € S™. If S is sufficiently large, then the

probability that the minimum polynomial of { A'6}$2, equals the minimum polynomial

of A is high (Lemma 2 in [KP91]):

Pl‘( fA,b — fA) >1— ?,deg(fA)
SN E

Wiedemann shows that if the given matrix A has the property that all its principal
submatrices are nonsingular, and if

A

A= AD, D=d1ag(d1, adn)a

where d; are uniformly and independently selected from S, then the probability that

the characteristic polynomial of A equals the minimum polynomial of A is high:

Pr(fA()) = det(AT — A)) > 1 — 7—’&2‘%"—2)
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For an arbitrary nonsingular matrix A, let

ho hy ++ hpy_o hyey
- /Iq e e /I'n—l hn
A=aAH, H=| " ",
h'n-—] hn T ]1'271—2

where the elements of the Hankel matrix H are randomly and uniformly selected from
the set S. Then the probability that all the principal submatrices of A are nonsingular
is also high:

. . - . n(n 41

Pr(All the principal submatrices of A are nonsingular) > 1 — —g%l)
Kaltofen and Pan’s algorithm is shown below. It reduces computing the determi-

nant of an arbitrary matrix to solving a nonsingular Toeplitz system, to computing

the determinant of a nonsingular Hankel matrix, and to matrix multiplication. Algo-

rithms for solving a nonsingular Toeplitz system in parallel will be given in Chapter 5.

These algorithms can also be extended to compute the determinant of a nonsingular

Hankel matrix.
ALGORITHM 2.2. Computing the Determinant

Input:  An n X n nonsingular matrix A
Output: det(A)
begin Pick a random Hankel matrix H, a random diagonal matrix D, a
random row vector u, and a random column vector b, all with entries
inS.
step 1  (a) Compute A= AHD.
(b) Compute {Ab, A%, ..., A*1b}.

(c) Compute the sequence {ao,- - - ,aan—1}, where a; = uA‘b.



2. PARALLEL MATRIX COMPUTATIONS 29

step 2 Solve the Toeplitz system

An-1 dp—y =~ ay Qo o —ly
(2% -1 e () ay Ty —lp41
an - : sy
(l2n-3 Up—1 —l2n-2
2y—2 @op-3 - * 4% Un-1 Tp—1 —2p-1

If the system is singular, then report failure and halt. Otherwise, the
coefficients of the minimum polynomial of the sequence {a;}52, have
been computed. Since the minimum polynomial of the sequence is
also the characteristic polynomial of A, the coefficients of the char-
acteristic polynomial of A are obtained such that ¥(A) = S0, ¢\,
where ¢; = z; for 0 <2< n—1.

step 3 Compute the determinant of A using the formula

I i (V)
deUA) = T det( D)’

end

The above result and the Fact 1.9 imply the following theorem [KP91].

THEOREM 2.2. Given a nonsingular matrix A € F™*"  for some field F' of charac-
teristic zero or greater than n, and a finite subset S of F , there exists a randomized
algorithm (Las Vegas) for computing det(A), solving a linear system Az = b, and
evaluating A~! in O(log®n) time using O(P(n)) processors. The algorithm outputs

the correct answer with probability at least 1 —3n?/|S|, and reports failure otherwise.

For matrix computations over fields of small positive characteristic, Kaltofen and
Pan also achieve randomized processor efficient parallel algorithms with both running

time and number of processors increased by at most an O(logn) factor.
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Kaltofen and Pan also gave processor efficient parallel algorithms for computing

the rank and finding a basis for the nullspace of a matrix.
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2.3. Rational and Integer Matrix Computations

The parallel algorithms for matrix inversion and related problems in the previous
sections require computation of the characteristic polynomial or related forms (the
minimum polynomial etc.), which are known to be highly unstable in practice [Wil65).
If the calculations are not performed using exact arithmetic, then their outputs may
substantially differ from A~'. The algorithms discussed in this section have better
numerical stability.

Henceforth, ||A|| will denote the p-norm [[A]|, of A, and cond(A) will denote the
cond,(A), for some p > 1. There are iterative methods for computing the inverse of
a well-conditioned matrix [PR85, PR89, PRI3]. These iterative methods are based
on Newton iteration and its extensions. Given a maltrix A, the Newton iteration
method requires an initial approximate inverse B such that || — AB)|| is substantially
less than 1. For a general matrix, there is no known technique to find such an
initial approximate inverse; however, for a strictly diagonally dominant matrix A, an
approximate inverse B of A can be a diagonal matrix consisting of the inverses of the
diagonal entries of A. These iterative algorithms compute A~! (up to error 9-n®0))
using O(log n) matrix multiplications (in the stages of Newton iterations) and hence
in O(log® n) time using O(P(n)) processors.

The above results have been extended to the exact evaluation of the inverse and
the determinant in O(log®n) time using O(P(n)) processors when the input matrix
is an arbitrary integer matrix such that ||A]| < 27, where B < n°, for some constant
¢ [Pan85, Pan87]. The bit precision of these algorithms is not optimal.

Recent results by Reif [Rei94] show that a similar method can be applied to the
exact evaluation of LU factors of a given matrix in O(log®n) time using O(P(n))
processors when the input matrix is an arbitrary integer matrix such that ||A]| < 2,
where f < n®, for some constant c¢. Thus the algorithms are available to compute
the inverse, determinant, and various factorizations in O(log® n) time using O(P(n))

processors.
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2.3.1. Inversion of Well-conditioned Matrices. Pan and Reif show that it
takes O(log®n) time and O(P(n)) processors to compute the inverse (up to error
2"} of a well-conditioned matrix [PR85, PRS9, PR93).

Given a matrix A € R™", a matrix B is called an approximate inverse of A if
|1 — AB|| = ¢ < 1. Let B = B and B*+*1) = B®)(2] — ABW), for k > 1. This is
exactly the Newton iteration applied to the equation R(B) = I — AB = 0. It can be

shown that B® converges to A~! quadratically, because

|1-B®4| = |1-B%" (21— AB%Y) 4|
= [(r-Bo1a)’|
< |r-Benaf.

Therefore, if "] — B(O)A" < ¢, then
|7-B®A| <.
It can also be shown that ||A~!|| < ||B]| /(1 — ¢€), because

] < Jam 5] 180

< A7 7 - ABit+ 181

INA

ella| + 18I
Thus

o= - 5 5

A < |IBI /(1= ).
Let B = B satisfy the inequality
(2.9) |l - ABl|=c=1-1/n°W,

It can be shown that if |log||B||| < n°®), then O(logn) iterations, which take

O(log®n) time and O(P(n)) processors, suffice in order to compute a matrix A~?
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such that
|4t = A= <2 B,

for any fixed constant c.

Given a nonsingular matrix A, let B = tA7, where ¢ = 1/(J|A|l, ||All..)- It can be
shown that | B|| < 1/ ||A]] and ||I — ABJ| < 1—=1/((cond(A))*n) [PR85] (Lemma 2.4).
Thus when the matrix A is well-conditioned, say cond(A4) < n®M, an approximate
inverse B can be computed in O(logn) time using O(n?/log n) processors. Thus the

algorithm only uses (log?n) time and O(P(n)) processors.

2.3.2. Exact Solution of Integer Matrix Computations. Pan shows that
the problems of solving a linear system, evaluating the determinant, inverse, and
computing the coefficients of the characteristic polynomial can be solved exactly by
computing numerical approximations and rounding them to the nearest integers pro-
vided that the entries of the input matrix (and vector) are integers [Pan85, Pan87].

Given an integer matrix A, assume ||A]| = 2°, where 8 < n°, for some constant c,
so loglog || A|| = O(log n).

Let ¢ be an integer such that ¢ > 3n?||A]l. Let P = [p;;] be the n x n cyclic
permutation matrix such that

1 ifi—jzlmodﬁ,

pij =

0 otherwise.
Let V = PA + qP. Let v = (1,0,...,0)%. It can be shown that the Krylov ma-
trix K(V,v) = [v,Vv,...,V* 1] is strongly diagonally dominant. Thus K(V,v)
is nonsingular and the minimum polynomial of the sequence {V?}32, has degree at
least n. Since the characteristic polynomial is a generating polynomial of the sequence
{Vi}22, and has degree n, the characteristic polynomial is the minimum polynomial
of {V*}%,. Let the characteristic polynomial of V be (V) = det(A\[—=V) = =% ;e\

and let the vector ¢(V) = [—cp, —¢1, ... , —Cn-1]7 be the coefficient vector of of (V).
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Then
K(V,v)e(V) = V.

Since N (V,v) is strongly diagonally dominant, it is well-conditioned. Apply the
algorithm for computing the inverse (with high precision) of a well-conditioned matrix,
then the exact values of ¢(V) = ¢(A) mod ¢ can be obtained by rounding the entries
ol ¢(V') to the nearest integers.

It is necessary (and sufficient) that ¢ > 2(||A]])" if ¢(A) is to be recovered from
the above residue, ¢(A) mod ¢. In this case det(A) is immediately available. Since
PTV = A 4+ qI is strongly diagonally dominant and hence well-conditioned, one
can apply the algorithm for computing the inverse (with high precision) to com-
pute (PTV)~!. The determinant of PTV is also available because det(PTV) =
det(PT)det(V) = (=1)""'cu(V). Thus adj(PTV) = (PTV)~! det(PTV) can be com-
puted. From adj(PTV) it is easy to compute adj(A) via reduction modulo ¢. Finally
A~ = adj(A)/ det(A) can be computed.

Notice that the exact computation of det(A) by this method requires ¢ > 2 ||A||",

so the computation involves the use of n?log || A|l-bit integers.

2.3.3. Matrix Factorizations. Reif shows a method using recursive factoriza-
tion to achieve exact solutions for integer matrices [Rei94]. The method can be
extended to achieve new algorithms for various factorizations of a general matrix as
well as some special classes of matrices. Reif’s method and an improved version will

be given in Chapter 4.



CHAPTER 3

Matrix Norms and Bounds

~ Some properties of matrix norms are given in this chapter. Approximate Newton
iteration, a modified version of the standard Newton iteration, is introduced. Unlike
the Newton iterative methods used to compute a numerical approximatioﬁ of a matrix
inverse, approximate Newton iteration does not require the exact input. It is shown
that under certain conditions, approximate Newton iteration also produces a seqﬁence

of numerical approximations which converges quadratically.

35
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3.1. Approximate Newton Iteration and Norm Properties

Some properties of matrix norms are given in this section. Let A € R™*" he a
nonsingular matrix. Let d € R and D = dI, where [ is the n X n identity matrix.
Assume d > 0 hereafter. Let A = D + A. Tor sufficiently large d, the matrix A
is diagonally dominant, and D~! is in some sense a “good approximation” for A1
It will be shown in Chapter 4 that the inverse (and adjoint) of A can be of use in
computing the inverse of A, as well. The lemmas given in this chapter will be applied

to analyze the algorithms given in Chapter 4. The matrix norm ||A]| will be used to

denote [|A[|,,, where p = 1,2, co.

3.1.1. Basic Norm Bounds. It is easy to verify the following facts using the
properties of matrix norms.
o ||A|l = [[—A]l, for any matrix A.
e |[D|| =d and ||[D7}| = 1/d.
o |A-D| =114l and |A| < 1Al + .
o [1- DA = D7 Al = Al /4.
o If d > ||A], then Idet(f—l)| < (2d)".
o If A =lay] then |a;| < ||A||, for 1 < 4,7 < n.

LEMMA 3.1. If d > 2||All, then | A1 < 2/d.

PROOF. It is given that d > 2||A||. Thus ||[D7'A|| < 3. According to a well known
result for matrix norms ({GVL90], Theorem 2.3.4, p.59),

__ _ AlllD-1)?
|4t - o) < AL

A modification of the right side of the inequality shows the following.

- _ A
|47 - 1||35@%

The lemma follows, since ||[D~!||=1/d. O

<L
—d
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A careful observation shows that when d is sufficiently large, both "A” and "/—1'1“
are mainly affected by the choice of d. The norm ”A - D” shows how close A is to
a diagonal matrix. The norm “/—1‘1 - D‘ln shows how close A~! is to a diagonal
matrix. The following lemma shows when A is close to a diagonal matrix D, A7} is

close to D71,

LEMMA 3.2. If "/‘1 — D" < d/k for some k > 1, then
(1) A= = D7 < 1/((k — 1)a;

(2) A < k/((k = Da);

(3) if k> 2, then Il/_l"lu < 2/d.

PROOF. Since ”D‘l(/_l - D)” < 1/k < 1, the result of [GVLI0] (Theorem 2.3.4,

p. 59) again implies that

o A—D||D™)?
- o) < JAZEIIRE
-
1
S WD

The lemma follows from the equality |[D7!| =1/d. O

3.1.2. Determinant and Matrix Norms. The Hadamard inequality (Equa-

tion 1.2) shows the relation between matrix norms and the determinant.

LEMMA 3.3. If |[A— B|| < ¢, where ¢ > 0 and ||A||,||B|| < 2z, z > 0, then
|det(A) — det(B)] < (nz)"¢/z.

Proor. Let A = [a;;] and B = [b;;]. Then |a;; — b;;| < ||A— B|| € e. By the

definition of determinant, the following is easy to check.

|det(A) - det(B)l < Z H Qig(s) — H bi(,(,') R
1=1

o ji=l
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where the sum runs over all n! permutations o of the n items {1,...,n}. Since

[T tiotiy = [Tz bioiy = Xl ( b birr(z')) (%:(i) - bia(i)) (H_le:i-{-l (Lia(i)),

n n
IT diotiy = IT biotar
=1 =1

n
< Z Sl = el
=1

Thus

|det(A) — det(B)| < n! (nz"‘%) < (nz)e/=.

3.1.3. Exact Newton Iteration. Let B(), B .. be a sequence of matrices
that are approximations of the matrix A~! generated by Newton iterations starting
with some initial estimate B(®), where B¥) = B(-1)(2] — AB(*-1)), The sequence

converges quadratically. This follows since
I-BWA = I1-B*Y@2l-AB* M)A
= (I - B* 142
Thus
(3.1) |1 - B®A| < |1 - B&04| .
I”V—BWM"=6<LtMH%hmmsmM
Jr- i) <

Since A is given exactly, this Newton iteration is called ezact Newton iteration.

3.1.4. Approximate Newton Iteration. Suppose the matrix A such that

(3.2) |A— D < des2
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is notl given, but that a sequence of approximations of A is given instead. Suppose

the sequence A® = D AN AK satisfies the inequalities

o3 - a] <32
and
(3.1) “A(k) _ A(k+1)“ < (;lcgk,

where 0 < ¢ < 7. A sequence B©® B B@)  BK of approximations of A~
is computed as follows: B© = D' and B® = B-1(25 — AR BE=1)) Gince a
sequence of approximations of A is used instead of A itself, this is called approzimate

Newton tleralion.

LEMMA 3.4. If0 <e< 1,

then ”I BW) Ak+1) “ < 1(2¢)*, and "B(k)” < 2/d.
PROOF. It is given that B® = D~! and “/1(1) — /_1" < de?/2. Thus

7= 8947 < |1-BO4] + B4 - A%

< 222 - o)
< §+32—<

since 0 < e < 1. Also ”B(O)” =1/d <2/d.

Suppose the claim in the lemma holds for & — 1, so that
|7 - BE-4®) < 5(26)%—1,

where & > 1. Since 0 < e < 1 “I Bk-1) (k)” -;— It follows from the conditions
on A and {A®} that

i o] < 4 - A] + |4~ 0] < 3 + % <

for k > 1. It follows by Part (2) of Lemma 3.2 that ”(/i(k))‘lu < 8/(5d).
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Since B®) = B=1(2] — A Blk-1)),

[39] < |B-Der - AWBE-1)A®] [(A0)]
< =g ] Y
< (1 +|7 - B(k—‘l)fi(k)lr) (A%
. 1\ 8 2
S (”@)aw

With the hypothesis that the claim holds for & — 1,

”] — B‘“A”"“)”

IA

|18 A"‘||+HB“‘(A At

IN

- 0] 2 i - e

1 k=1 2 9d .
Z(9¢ 2
(‘) (2¢) ) + d()e

since 22" 2 > 1 when k& > 1. Thus the lemma is proved by induction on k. O

LEMMA 3.5. Suppose again that 0 < e < 7. Let A and AW satisfy Equations 3.2-
3.4. Let B® be computed as above. Then “I — é(k)fi” < (2€)%, where 0 < e < 1

PROOF. From Lemma 3.4, it immediately follows that

=597 < [r- g [g0a— ooy
< %(26)2k + :l;l 2
< (22k“1 + 1) & < (26)2k.

O
This lemma shows that if A satisfies Equation 3.2, a sequence {A*)} of approxi-
mations to A satisfying Equations 3.3-3.4 is given instead of A, and if € < %, then

it is possible to compute a sequence {B(k)} of approximations to A~! such that the

sequence {B®} converges quadratically.
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3.2. Schur Complement and Norm Bounds

Let A be partitioned into the following form:

A=

A A }
A A |
and suppose Ay is nonsingular. Define the Schur complement of A, denoted by A(A),
to be A(/_l) = Ayy — Ay AT} A

According to the definitions of matrix norms, the following lemma is easy to verify

(see [GVLI0], p. 60, Exercise P2.3.2).
LEMMA 3.6. Let B be any submatrix of A; then || B|| < ||A|l.

Suppose ||A - D” < 4. Then, by Lemma 3.6,
.HAH—DmgHA-D”g@amWAn—DJg“A—D“g&wmm01=w¢
Dy = dIy, and Iy, I, are the identity matrices with the same shapes as Ayq

and Ajy respectively;

+ Vil < -2} <6000 Jin] 5 - 5] 5.
LEMMA 3.7. If "A — DH < de/2, where 0 < € <1, then "A(/—l) - D2" < de.

ProoF. The condition “A - DH < de/2 implies that “An — Dy ” < de/2. By Part
(3) of Lemma 3.2 with ¢ < 7, "/11_11 " < 2/d. _

Recall that the Schur complement of A is A(A) = Ay — Ay AT} A15. Notice that
[4a1] < |4 - D] < def2, [ An] < |4~ D] < de/2, and |42 — Do < |4 - D] <
de/2. Tt follows that :

[A04) = Do < [ A = Do + | | | A5 | o]
< de 2 [de\’
= 7%(7)
=§+§g%uﬂg&.
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This lemma shows that if the original matrix A is relatively close to a diago-
nal matrix D with ”/i — D” < def?2, then the Schur complement of A is also rel-

alively close to a diagonal matrix with the same diagonal entries d. In particular,

IA(/—X) - Dg“ < (14 ¢)(de)/2 < de, so the “distance” only doubles.

LEMMA 3.8. Suppose A satisfies Equation 3.2, the sequence A®, AN, ... AW sat-

isfies Equation 3.3 and Equation 3.4. Suppose also that AR =

k>0, and that BO = D7, and B®) = Be-D@2] — ABBE-DY for k> 1. Let
0<e<?i Then

[a® — a] < S,

where Ao =Dy, A= Agy — /121/11'11 A1z, and AK) A(’") Agﬁ)B“)Agﬁ’.

ProokF. Notice that "/121” < “A—D" S de/2, “f_lm” < llf—l——D" < de/2, and
H/—lgg — Dy " < "/_1 — D” < de/2. Since A = Ds, it is easy to verify that

[ —a] < s = D] + | ai | | 45| | Ase]
< §s+%(és)2
= 927 q\2
< %+d§<d
Also,
AW —A| = A4S - AQBWAR — (Az — AnAf] A
= || (A% — Ax) + (AR (BW - A7HAS)

+ (AR AT (AR - Aw)) + (AR - Am)fiﬁlzlz) |
< || AY - Aa| + AR (B - A7HAY)|

+ “/1%‘1')[1;11(,4&2) - Alz)" + ”(/‘igﬁ) — Aa) A7} f—hz” :
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By Lemma 3.6,

|48 - Au] < A% - 4] < 5,

A% - A < 4% - ] < e
and

|4 ~ A < 4% - 4] < e

It is given that ”/-1 — D“ < %6, SO ”/—121” < % and ”/112" < ‘12—" Also 0 < e < -,1; Thus,

|49 < S+ ey <32,
and

|Af2] < -;f<e+ &) < %
when £ > 1.

Lemma 3.6 also implies that "/—111 - Dy " < "/—i —DH < def2. 1t follows that
“/_11_11 ” < 4/3d by Part 2 of Lemma 3.2 using the inequality ¢ < 1.
Since A and {A®)} satisfy Equations 3.2-3.4, 4;; and {215‘1)} satisfy the corre-

sponding conditions. By Lemma 3.5,

|7 - BWAy| < (26
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Thus,

50— 8] < A8~ Ao a8 - 302 s A5

A | A A2 - Ao + |4 - Aar] [ 451 | 42e]
d o 3d o pd3d 3dddy dyd3d

S 3¢ +5R)7T metoasd Foe e
< <g+%+g>€2k+??( 2e)?

< §(26)2“+fg( &)

< o,

k k .
where k > 1, so that de* < %(2¢)?", and since ¢ + 3¢ < 4.

LEMMA 3.9. Suppose A satisfies Equation 3...‘2, the sequence A®, AW, AK) gat-
isfies Equations 3.3 and Equation 3.4, B©® = D;', and B® = Be-1(21— A ps-1))

fork>1. Let0<e< % Then
[A® — A6+] < 2 962"

where A© = D, and A® = A(k) flzﬁ')B‘“/ﬁﬁ)-

PROOF. The equality A® = D and Equation 3.4 imply that | 4| < |A® - D| <
dé/2, | A < |A®W = D|| < dé?/2, and |AL) - D < |A® - D|| < de?/2. Also
A1 and {A()} satisfy Equations 3.2-3.4. Thus Lemma 3.4 shows that || B®¥)| < 2/d
and |1~ BWAGH| < 92"-1¢*. Since Al = Dy, it is easy to verify that

IN

ja0-a0] < - i+ [s0ag)

de de? 2 de?

2 2d 2
de det

— i<
2+2 de.

IN

IN
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When & > 1,
JAB — At = AR — AP BO AR — (4G — AGHDBE ALY
— ” ( (L+1)> (A(z‘;‘)(B(k) - B(k+1))/{1$))
+ (A BEHD(AR) - AGHY)) + ((Af) - AGH) BEDAGH) |
< "Ag';) _ A({c+1)” + "/i(k) B(k) _ 1‘3(k+1))/‘1(k)”
+ ”A I»)B(l\+1 (A (k) _ k+l) || + "(A(L) /1(2};+1))]3)(k+1)/‘1(1];+1)" .

By Lemma 3.6 and Equation 3.4,

||/1§'§’ _ /iggﬂ)" < || A6 ) < %ZGQk’

?

[A% — A < | A - At+| < gezk
and |
|8 - 0] < |40 - d0] < 5

It is given that ”A — D" <fe,and 0<e< i 50

|A8] < des ey < %,
and

|48 < der ey < %,
when & 2 1.

Since B*+1) = M (21 — A+D )y

oo - 5] = 3% (1 - 24509

< |B9))r - Ase).
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Lemma 3.4 shows that
[ = A0 ] < g1
and also that
. 9
B < =,
|89 < 5
All these facts and the inequality & > 1 imply that

[a® - Aws] < doar  3d2p00_y p3d  3d2d o d p23d

2 §d° 7~ 8  8d2 2¢° 438
< ?—Z(2e)Qk+2—Z(ze)2*
< g(Qe)Zk.



CHAPTER 4

Efficient Parallel Factorization

Reif gives processor efficient parallel algorithms for general dense matrix factoriza-
tions. These algorithms reduce the parallel time of O(log® n) required by the previous
known processor efficient algorithms to O(log®n). A complete analysis of Reif’s par-
allel algorithms is given in this chapter. The analysis shows that the bit precision
required for these algorithms can be significantly reduced. The analysis also shows
that certain steps of Reif’s algorithms can be simplified. Recursive factorization trees
(RF trees) of matrices are introduced. Some important properties of factorization

trees are shown.

47
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4.1. Recursive Factorization Trees of Matrices

Assumne n is a power of 2. If all principal submatrices of A € R™*™ are nonsingular,
a full bina.r}; tree of depth logn can be associated with A as follows.

Every node in the binary tree is indexed with a binary string, and contains a matrix.
The root is denoted as <>, the empty string, and contains the matrix A. A node at
depth ¢, 0 <1 < logn, contains an n/2" x n/2' matrix. The matrix in the node «
al depth ¢ is denoted as Ay, where o is a binary string of length ¢. Each node « at
depth ¢, 0 <1 < logn, has exactly two children, a0 and «l, which contain A,q and
Ag respectively. The matrices Ay and A, are constructed from A, as follows. Let

the matrix A, at depth 1, 0 < ¢ < logn, be partitioned as

AaO Xa
Yo Za

Ay =

where Aqo, Xa, Yo, and Z, are n/2! x n/2!*! matrices. As stated above, the
left child of the node « contains the matrix Aso. The right child of o contains
A(Ay) = o — Yo AZ3 X, which is the Schur complement of A,.

The above binary tree is called the Recursive Factorization tree (RF tree) of the
matrix A. For 0 < ¢* <t, an RF tree of depth ¢* is the RF tree defined only to the
depth ¢* [Rei95]. In this thesis, extended versions of the above RF tree are used. An
“augmented” RF tree has the same structure except that each node o also inc;ludes
the inverse AZ! of the matrix A, found in that node of the regular “RF tree”. An
“extended” RF tree includes this extra matrix at each node «, as well as an integer
me which will be defined later.

Not every n x n matrix has an RIF tree. The following lemma is given by Reif

[Rei94].

LEMMA 4.1. Any symmetric positive definite matrix A has an RF tree and it is

unique.
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PROOF. Let A be partitioned as

All Al2
A A

(4.1) A=

where Ay A1, A9, and Agy are n/2 x n/2 matrices. Since A is symmetric and
positive definite, Ay is invertible. If A,y is nonsingular then

o T oA 0 [T ARAy
AnATl Il 0 aAallo 1 |

" where A is the Schur complement of the matrix A, A = Ay — Ay AT Ags.

Since A is also symmetric, Ajs = AL and Ay = AT, so that

T
I 0 I A Age
A21A1_11 I 0 I ’
and
T
I —A[ Ay I 0
0 I —ApAT I
.| An 0 |, . . :
By Lemma 1.1, the matrix is also symmetric and positive definite, be-
0 A
cause
T
Au 0} |1 —ATlAr 4 I —A7lAsn
0 A 0 I 0 I

Thus Ay; and A are both symmetric and positive definite, and this factorization can
continue. Thus existence of the RF tree follows by induction on n. The uniqueness

follows from the deterministic construction of the REF Tree. [

LEMMA 4.2. The inverse of A can be recursively computed from the RF tree of A,
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A_l _ [ _A;1]A12 A1_1l 0 I 0
0o I 0 AU || —ApArl 1]

LEMMA 4.3. If A has an RF tree then the LU factorization of A can be recursively

as

computed from the RF tree of A.

PROOF.

0 [

| T o[ A 0| AR A
AnAzb T 0 A ’

and the RF tree of A includes RF trees for Aj; and A. Suppose A;; = LU and
A = LyUy; then A = LU, for

I 0 Ly 0
L= and U =
AnArl Tl 0 L,

Since A, is defined recursively, it is natural to check the relation between A, and

U 0

0 U 0 I

I AﬁAu}
0

the original matrix A. This observation, (Lemma 4.4, which follows) leads to the
important properties of the RF tree and clarifies one ambiguity in Reif’s algorithms
(see [Rei94, Rei9d)]).

Define val{a) to be the value obtained by treating a-as a base-2 representation of
an integer for any a #<>, and define val(<>) = 0. For example, val(0001) = 1 and
val(1101) = 13. It is clear that val(a) < 2' —1 for any node « of depth ¢. Define s(«)
to be a function of n and «, for some « at depth ¢, which shows the corresponding
position of Ay in A: s(a) = FHwal(a). For example, s(01) = %4; 3(101)‘ =2 Ttis
easy to verify that s(a) < n—n/2" because val(a) <2t —1

The following lemma shows that A, is more directly related to A: in particular,

Ay 1s a principal submatrix of A or a Schur complement for some principal submatrix
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of A.

LEMMA 4.4. Let o be a node of depth t in the RF tree of A. If s(a) = 0, then A,
is the n/2! x n/2¢ principal submatrix of A. Otherwise, let A be the (s(a) +n/2t) x
(s(er) +n/2) principal submatrix of A, and let

An X
Y Z

a

(4.2) A=

where A1 is of size s(a) X s(«), X is of size s(a) X nf2', Y is of size n/2' x s(«), and

7 is of sizen/2" x n/2'. Then Ay = Z — Y AT X.

PROOF. When ¢t = 1, the claim obviously holds because Ag is the n/2 x n/2
principal submatrix of A and s(0) = 0, and A; is the Schur complement of A according
to the definition of RF tree of A, and s(1) = n/2.

Suppose the claim holds for depth ¢ and let « be a node of depth t. If s(a) = 0,
consider the nodes a0 and al at depth ¢ + 1. Since A is the n/2H1 x n/2tH1
principal submatrix of A4, the claim obviously holds for A,o; meanwhile, A,; is the
Schur complement of A,, so the claim holds for al as well.

If s(a) # 0, then by the inductive hypothesis, 4, = A = Z — YAGF X for A;1, Y,
X, and Z as given above.

Y

Y,

Let X = [Xl X, ] for s(a) x 2!*! matrices X; and Xy, let Y = for

le Z12

Zo1 Zp
Z11, L9, Zoy, and Zze. Then the Schur complement Aa = Z — YA X has the form

211 % s(a) matrices Yy and Y, and let Z = [ :l for 2¢*+1 x 21 matrices

Zn - YiAGX: Z1y — VAT X,
Zn — VLAl Xy Znp — Y2 AL X

o —

.

The matrix Aqo is, by the definition of RF tree, the leading principal submatrix of
Ay 50 Ago = Zy1 — Y1ATX, and since s(a) = s(a0), this is the Schur comple-
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ment obtained using the (s(a&) + n/2'*1) x (s(«) + n/2'*?) principal submatrix of A,
An Xy

Yi 2y
By definition of RF tree, and since

, as desired.
A = L1 — )1A1_11 X1 71— Y A]_lng
Z21 - )2/11_11 }\’1 Loy — )’;zA;ll‘X'z
Act = (Zy2 — Y2 AT X2) — (Zo1 — Y2 AT X)) (211 — Y1 AT X1) 7N (212 — Y1 AL X2)
= (Zns = VaAT X2) = (Zo1 = Vo ATL X)) AN (Zhs — Y1 ATIX).

Now it is necessary and sufficient to show that this is the Schur complement,

7 -VAnX,
oA ] L [ i
for Ay = X = ,Y:[y2 Zzl],andeZm.
i Zn 21z |
Since Aj; is nonsingular, and Ao = Z1; — Y1 AL X3,
. I ol[an o |1 agx
An =
VAl I 0 Awl||O0 I
SO
G | 1 AR 1Taz o I 0
N 0 A7 || -nap 1|
Thus
1o I —A7X, 2 0 I 0 X,
AR = [ Yo Zn ] -1 .
0 I 0 a0 _)/lAll I Zl2
1 A;ll 0 .X2
= [ Yo Zoa - Yo AL Xy ] . .
0 Aso | | e — VA Xy

= YzAl_lle + (Zy1 — Y2A1_11X1)A;8(Zl2 - Y1Af11X2),
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and

Z —YADX = (Zsy — V2 AT X2) = (Zon — Y2 AT X)) AZN(Z1z — VIAT] X)) = Aan,
as required. The result follows by induction on ¢. [J

If the given matrix A has integer entries, the determinant of A is an integer; fur-
thermore, the adjoint matrix adj(A) is also a matrix with integer entries. However,
the matrices in all the nodes of the RF tree of an integer matrix are not guaranteed
to be integer matrices.

Recall that each node « in the extended RF tree has an associated integer value m,.
The integer m, is chosen in such a way that m,A, is guaranteed to be an integer
matrix. Recursively define m, for all the nodes in the RF tree as follows. Define
mes to be 1. Let the left child and right child of the node « contain mqyo = m, and
Ma1 = Mo det(Aqo) respectively. The following lemma shows that m,, is also closely

related to the matrix A.

LEMMA 4.5. For a node « in the RF tree of a matrix A, if s(a) = 0, then m, = 1;

otherwise, mq = det(A), where A is the s(a) x s(a) principal submatrix of A.

PROOF. Ior a node at depth 1, the claim holds because mg = 1 and m; = det(Ao)
according to the definition of m,.

Suppose the claim holds for depth t, so that m, = det(A), where « is a node at
depth t and A is the s(e) x s() principal submatrix of A. Suppose s(a) > 0, since the
claim obviously holds for a0 and ol if s(a) = 0. Since mao = My, and s(al) = s(a),
the claim holds for a0. Meanwhile s(al) = s(a) + 557, and mq = my det(Aqo) by
definition. Lemma 4.4 shows that A, is the Schur complement of fAl, where A is the
(s(a0)4+n/271) x (s(a0)4+n/241) principal submatrix of A and where A is partitioned
as in Equation 4.2. Notice that det(A) = det(Ay;) - det(A(A)) = det(Ay) - det(Aqo)-
Clearly Ay; = A, and by hypothesis m, = det(;l), so the claim holds for A,; as well.

The lemma follows by induction on ¢. [
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LEMMA 4.6. In the RI tree of an integer matrix A, myAs and myadj(Ay) are

integer matrices for every node .

PRrOOF. Lemma 4.4 shows that A, is either a principal submatrix of A or a Schur
complement of /Al, where A is a principal submatrix of A with a certain size. If A4
is a principal submatrix of A, then m, = 1, and myA, is clearly an integer matrix.
Suppose Ay is a Schur complement of a principal submatrix A of A. Clearly A is an
integer matrix. Let A be partitioned as in Equation 4.2, so that A, = Z — YA X.
Lemma 4.5 shows that m, = det(A;;). Thus moA, = det(An)(Z — YAGX) =
det(A11)Z — Yadj(A;;)X is also an integer matrix.

The same argument shows that mg,adj(As) is an integer matrix for any node a.
Suppose « is a principal submatrix of A, then m, = 1 and myadj(As) is an integer
matrix, since A, is an integer matrix. Suppose A, is a Schur compliment of a principal
submatrix A of A. Let A~ be partitioned according to the partitioning of A. Then the
bottom right corner of A=!is AZ1. Since A is an integer matrix, adj(A) = det(A)A™?
is also an integer matrix. Thus det(A)AZ! is also an integer matrix, because AZ? is a
submatrix of A~1. Now maadj(As) = det(A) det(Aqs) Az, but det(As) det(Ay) =
det(A), and hence maadj(Aa) = det(A)AZ! is an integer matrix as well. [

The following lemma shows a bound for the norm of m,A,.
LEMMA 4.7. For any node « in the RF tree of A, l|ﬁzaAa|| < n?| A"

PROOF. Notice that A, is either a principal submatrix of A or a Schur éomplement
of a principal submatrix of A. If A, is a principal submatrix of A, then m, = 1 and
the claim is obvious. Suppose A, is a Schur complement of a principal submatrix A
of A, which is partitioned as in Equation 4.2. Then A, = Z — Y A7} X, where Ajy,
X, Y, and Z are submatrices of A. 1t follows that maA, = det(A11)Z — Yadj(A1)X
by Lemma 4.5. It is now easy to verify that |[adj(A1;)]| < (n — 1)?|JA|*%. Thus
Imadall < n? A", T
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4.2. RF Trees and Matrix Computations

In this section, it is shown that some matrix problems can be reduced to computing
the R tree. Then Reif’s processor efficient algorithm for computing the RF tree of

a symmetric positive definite matrix is outlined.

4.2.1. Reduction of Matrix Computations to the RF Tree. The following
problems can be efficiently reduced to computation of the RF tree [Rei94]. The
concept of efficient NC reduction is defined in Definition 1.15.

Given a nonsingular matrix A € R**", if A has an RF tree, then A~! can be com-
puted by the RF sequence (see Lemma 4.2). Otherwise, AT 4 is symmetric and posi-
tive definite, so that if A4 is nonsingular, then ATA has an RF tree (see Lemma 4.1).
Then (ATA)™' = A7Y(AT)™! can be computed from the RF tree of ATA. Thus

A~ = (ATA)71 AT can be computed by an additional matrix multiplication.

LEMMA 4.8. There is an efficient NC reduction from matrix inversion to computing

the RI tree.
Given a matrix A € R™*", recall the LU factorization for A (see Definition 1.6).

LEMMA 4.9. There is an efficient NC reduction from LU factorization to computing
the RF tree.

LEMMA 4.10. There is an efficient parallel reduction from solving a nonsingular

system of linear equations to computing the RF tree.

Given a matrix A € R™*", the QR factorization of A can be computed from the
LU factorization of AT A, assuming that square roots of positive real numbers can be
computed efficiently. Let ATA = LU be a Cholesky factorization, so that U = LT.
Then R = U = LT and Q = AU™! gives a QR factorization of A. Since U is
upper triangular, O(log®n) time and O(P(n)) processors are sufficient to compute

this factorization from L and U.
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LEMMA 4.11. There is an efficient NC reduction from QR factorization to comput-

ing the RF tree.

If the Krylov matrix A'(A,v) = (v, Av, A%,..., A" v) is nonsingular, with QR
factorization K (A,v) = QR, then H = QT AQ is in upper Hessenberg form (see, for
example, [BP94]).

LEMMA 4.12. There is an efficient randomized NC reduction from Hessenberg re-
duction to computing the RF tree when the characteristic polynomial of the input

matrix equals the minimum polynomial.

4.2.2. Computing the Exact RF Tree. Reil’s processor efficient algorithm
for computing the RI tree of a given symmetric positive definite matrix is sketched.
A modified (and somewhat simplified) version of the algorithm appears in the later
sections of this chapter.

The following definition and algorithm are directly taken from Reif’s paper.

Let G be the directed acyclic digraph derived from the RF tree by simply (1)
including all tree edges directed from the children to parents, and (2) adding directed
edges from each node of form al to its sibling of form 0. The ordering of directed
edges of G allows for the recursive computation of mqg = mq and my1 = me det(Agqo)
(since it will be the case that computing det(Aqo) requires the computation of m40).
The longest path in G has 1 4+ 2logn nodes. The nodes of G can be partitioned
into 1 + 2logn blocks Ilg, ITy, . .. , 210gx S0 that the evaluation of m, is executed in
parallel for @ € II; in 1 + 2logn sequential stages for j = 0,...,2logn (see [Rei%4],
pp. 15-16).

ALGORITHM 4.1. Computing the RF tree of a Symmetric Positive Definite Matrix.

Input:  An n X n integer symmetric positive definite matrix A, with integer
entries of magnitude at most 2°, where § < n°(), and where n is

assumed to be a power of 2.



QOutput:
begin

step 1

step 2

step 3

step 4

4. EFFICIENT PARALLEL FACTORIZATION
RT tree of A
Let 7 = n(8 + logn).
Depending on whether a deterministic or randomized algorithm is
desired, perform (1) or (2).
(1) Let p be any prime from the interval [(n ||Al| )™, (n |||l )]
for some constants 2 < ¢y < .
(2) Let p be a prime from the interval [2(n || A]| ) /7, 2(n || A]l )]
for some constant ¢o > 2.
Let A = A+ Ip(n]|lAll,)"", for a sufficiently large positive con-
stant ¢;.
Apply approximate Newton iteration to compute in O(log?n) time
using O(P(n)) processors, an approximate RF tree of A within ac-

curacy 27°", for a sufficiently large positive constant c.

Construct an ordered partition Ilg, Iy, ... , II210g, of the strings {a €
{0,1}|t < logn}.
for 7 := 0 to 2logn do (sequentially)

for all o € II; do (in parallel)

(1) Define integer multipliers m, for the matrices A,.

(2) Compute det(A,) to accuracy within 27° .

(3) Compute 7, det(A,) exactly by rounding to the nearest

integer the product of m, times this approximation to

det(A,).

(4) Represent det(A,) exactly as the rational fraction
M det(Ay) divided by .

(5) if det(A,) = 0 mod p then goto Step 1.

(6) Multiply the exact rational value of det(A,) by the approx-

imation of (A,)~! to get an approximation of the adjoint

57



4. EFFICIENT PARALLEL FACTORIZATION 58

matrix adj(Ay) to accuracy within 27°7.
(7) To compute Mmqadj(Ays) exactly, round to the nearest in-
teger the product of m, times this approximation of the

adjoint matrix adj(Aq).

(8) Represent Al = 3—‘:{%% exactly as the rational fraction

meaadj(Aq) divided by m, det(Ay).

end for
end for

step 5 Reduce (mod p) the exact RF tree of 4, yielding RF tree (mod p)
of A.

step 6 Apply Newton-Hensel Lifting to compute the RF tree (mod p2i) of
Afori=0,...,k = [log,(cm)]. If det(Aa) = 0 mod p* for any i
and ¢, then exit and report A has no RF tree.

step 7 Using the exact RF tree of A, compute det(A,) for each a.

step 8§ fori:=0 to 2logn do (sequentially)

for all & € II; do (in parallel)
(1) Compute integer multipliers m, and det(Aq).
(2) Using the exact RF tree of A, represent A, exactly as the
rational fraction of integer matrices: mgy det(Ay) divided
by M.
(3) Compute A7
(4) Let myadj(Ay) be the integer matrix m, det(Aa)(Aa)‘l.
(5) Represent A7! = exactly as the rational fraction of integer
matrices: Mmqyadj(A,) divided by 7, det(4,).
end for

end for

end
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In Reil’s algorithm, A = A + Ip(n||A])"" so the number of bits needed to
represent the diagonal entries of A will be O(nf3). Since ldet(/i)l may be as great as
the product of the diagonal entries, the number of bits needed to represent det(A)
can be as large as O(nr) (instead of O(7)) which is not optimal.

The matrices A, in the RF tree of A may have rational entries. For a rational
number y/z, where @,y are relatively prime integers, define the “modular inverse”
a = (y/x) mod p to be an integer «, where 0 < a < p and y = ax+ bp for some integer
b. Given a rational number y/z, and an integer p, there is no known efficient parallel
algorithm to compute the value a. (An algorithm for integer GCD computation is
required and there is no known fast parallel algorithm for integer GCD computation.)
Notice that p is chosen from the interval [2(n || Al )?/n,2(n ]| All )] Given a ra-
tional number y/z, it will use at least O(log ||A]|) time to compute a = (y/a) mod p
by currently known methods. While this is not entirely clear, it seems that the RF
tree (mod p) of A mentioned in the above algorithm is required to have entries that
are the modular inverses of the rational entries of A. Thus, it is not clear that Step 5
can be performed quickly using a realistic model of computation.

In the later sections, a simplified version of Reif’s algorithm is shown, which includes
two parts. The first part shows that if d is chosen to be greater than (2n | A]|)*
and A = A + dI, then the RF tree of A can be computed in O(log®n) time using
O(P(n)) processors. The second part shows that if p is randomly and uniformly
chosen from the set of prime numbers in the interval [n®log? || A, 4n® log® || A|[] and
A = A +dlI, where d = pd for some integer d such that d > (2n ||A|))?, then the RF
tree of A can be recovered from the RF tree of A in O(log®n) time using O(P(n))
processors. The algorithm fails with a very small probability. In both parts, the
steps in Reif’s algorithm have been somewhat simplified. Thus the improved version

of Reif’s algorithm in this thesis has optimal bit precision and simplified procedures.
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4.3. Computing Exact RF Tree via Approximation

Given a matrix A, let A = A+ D, where D = dI and d > (2n]|A|)?. The
exact RF tree of A can be C(;mputed in O(log® n) time using O(P(n)) processors via.
approximation.

The algorithm includes the following steps, which are described in more detail in

Sections 4.3.1 and 4.3.2.
(1) Compute an approximate RF tree of A in O(log”n) time using O(P(n)) pro-
CesSors;
(2) Compute the exact RIF tree from the approximate RE tree in O(logn) time
using O(n?/logn) processors.
The algorithm returns exact values for det(A), A=, and the (extended) RF tree of

A and replaces steps 2-4 of Reif’s algorithm (Algorithm 4.1 in Section 4.2).

4.3.1. Computing the Approximate RF Tree. Let A, be the matrix on the
node « in the RF tree of A. Let I, be the identity matrix of the same size as A,. Let
D, =dl,.

Consider again the approximate Newton iteration of Section 2.2.4, which esti-
mates AZ! where A, is nearly diagonal (”/—ia — D, " < de/2) without using the exact
value for A,: instead a sequence {A(¥} is given, such that ”Z&a - flgk)” < df26¥,
”/‘i&k'*'l) —/i&k)" < d/2e2k, and A© = D, where 0 < ¢ < % Given this sequence
of approximations to A,, approximations B, BU), ... to AZ! are computed. The
matrix B is assigned to be D! and BX) = B¢F=1(21 — AW BE-) for k> 1.

Given the matrix A, A~! can be approximated via exact Newton iterations. In
order to compute the RF tree of A, notice that Ao is the principal submatrix of
A; and Ag! is needed to compute A;. A simple divide and conquer strategy (in
which an accurate approximation of A;y? is computed before the computation of A7?
begins) does not give a fast parallel algorithm for matrix factorization. However, the

following algorithm computes a sequence of approximations of A; efficiently by using
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less accurate estimates for A5' when these are sufficient, and starting the iteration
for A7 as soon as possible.
Define a function v(a) as follows: v(<>) = 0, v(a0) = v(«), and v(al) = 1 +v(a),

so that v(«) is the number of 1’s in the binary string a.

ALGORITHM 4.2. Computing an approximate RF tree using approximate Newton

iteration.

Input:  Ann xn matrix A = A+ D, where D = dI and d > (2n || A||)?, and

a positive integer t* < logn (n is assumed to be a power of 2).
Output: An approximate augmented RF tree of depth ¢* of A
begin
h:=logn+2
step 1 Initialization:

for all nodes « in the extended RF tree do in parallel

A© .= D,
B((XO) = D7t
end for

for all nodes o with v(a) =0 do
for i:=1 to h do (sequentially)
Set A to be the n/2! x n/2! principal submatrix of
A, for o at depth t.
Set ):’gf), f/ofi), and Z(Ef) to the upper right, bottom left,
and bottom right submatrices of order n/2t+1 of AQ),
end for

end for

step 2 fori:=1to (h+logn + 1) do (sequentially)
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for all nodes o in the RF tree such that v(a) < i and i—v(a) < &
do in parallel
if &« = A1 for some node § then
(Comment: note that v(80) = v(B) = v(a) — 1, so
(t—v(a))=(i—1=2v(B) = (1 —1-1v(B0)) and
A(ﬁigv(a) B(z v(a)) : X—g—v(a))’ }"fﬁ(i—v(a)), and Z/(ji—v(a))
have already been computed.)
Ag‘—u(a)) — Agl—v(a))
= Z/(;'—v } (i-v(ar)) Bg;)—v(cy)) };}[(ii—v(a))
end if
if @ = 4107 for some node y1 and some positive integer j
then
(Comment: v(e) = v(v1), and A ) has just been
computed.)
Let ¢ be the depth of node « and let matrices AU5 (),

X (i=vle)), Y i-v(@) and Z(z “e)) be the matrices of
size n/2"F! xn /241 such that ?/S?_U::))) ;{'::::;:
= A(~() is the top left submatrix of size n./2t x n/2t
of A(' 3
end if
if £ < logn then
Bli=w@) 1= Bli-v(e)-1) (9] — Ali=v(@) Bli=v(=)=-1))
 else
Blmv(e) 1= (Ali-v(a))y-1

(Comment: A{=®) is a 1 x 1 matrix, so the inverse

can be directly computed.)

end if
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end for
end for
end

The algorithm recursively computes an approximate augmented RIE tree, working
[rom the “top” node <> down, in the following way. Suppose a sequence of approx-
imations of A, is computed. The sequence of approximations of Ay immediately
follows. This sequence of approximations of Ao can be used to compute a sequence
of approximations of A3 by means of approximate Newton iterations; and this se-
" quence of approximations of A7 is used to compute a sequence of approximations
of the Schur complement Aq;. Thus, finally, an approximate augmented RF tree of

depth t* < logn of A can be computed.

LEMMA 4.13. Let ¢ = 2||A|| /d with d > (2n||A|))2. The algorithm generates an
approximate augmented RF tree such that the node « has the following properties,

for all o at deptht <logn and for 0 < k< h =logn 4 2.

(1) [7- B0 < 297, 1 <togn

I- B((Xk)/ia“ < (24)?,  t=logn.

PROOF. It is easy to verify that at depth t = 0, Acs = A and Doy, = D = dI.
Thus "/i<> — Do ” = ||A|| = fe. Also according to the algorithm, since v(<>) =0,
A<; = A, and hence ”A - A<>” =0< -6 ; furthermore, "A(L) (k+1 " =0
< 2&". Thus ”I BY A<>|| < (2€)% by Lemma 3.5.

Slnce the depth of the RF tree is less than logn, 2 < n for any depth ¢. Since
¢ is chosen to be 2||A|| /d and d > (2n||A]|)?, so that € < 2”A” s 0 < 2% < LU,
for a node o at depth ¢ < logn, the matrices A, and {A®)} satisfy properties (2),
(3), and (4), then property (1) follows by Lemma 3.4. Following the steps in the
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algorithm, Lemma 3.6 shows that ll/‘_la() — Dao” < 422—%, ”/i(_\,g - Agb) ” < %(QtG)Qk, and
|A£,L0) - /155,“)" < 4(2%)?", even though o0 has depth ¢ + 1.

Suppose now that ¢ + 1 < logn. Then Lemma 3.7, Lemma 3.8, Lemma 3.9,
and Lemma 3.5 show that ”./—lal - DM“ < Qt-;i, ”Aa] — A‘(fl)” < 4(2¢16)%, and

~(k 1 (k1 K
AL - AGFY) < g

When ¢ = logn — 1, since B((Y%) = (/15,’3)‘1, Ano — DO‘OII < ’%5 and ”Aao - /1%”
IBc(ff))" < 2/d by Lemma 3.1. Then "I - BC(Y’B)AQ()"
< ”Bc(,la) " ||A£,’;} - /10,0" < %%(2t6)2k = (2%¢)?". Lemma 3.7 shows that I/—lm — Dy | <

d2ttle
2

”/-ial . A(L I| < (1 )t+1 ) -’ and “A(k) 1»+1 " < ‘)t+1 ) Since Aal — Dall <
%1—‘ and "Aal — AC,,1 ” < 4 £(241e)? *. again it can be shown that "B(k) " < 2/d by
Lemma 3.1. Then since B = (A%)-1, “I—B(MA " < "Bal ” lA(k) Aa| <

2t = 29" O

< %(Qtﬁ)zk, it can be shown that

. Similar approaches as the proofs of Lemma 3.8 and Lemma 3.9 can show that

Lét A, denote fig‘) and Bo, denote B((xh), where h = logn + 2.

LEMMA 4.14. Algorithm 4.2 generates an approximate augmented RF tree such

that for a node « in the approximate augmented RF tree,
(1) “I — Baﬁa" < (ne)?;
| A — Ao| < $(ne)*".
PROOF. This follows from Lemma 4.13 with the fact t <logn. O

LEMMA 4.15. If the number of approximate Newton iterations h and the value d
are chosen as described in Algorithm 4.2, then "I - Ba/ia" @2d)" < 2|45 ™
and || Ao — Ad| (2d) < (2(n || All)?)~0.

PRrROOF. Lemma 4.14 shows that

|7 = Boda| (2d)" < (ne)*(2d)"
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Since h = logn + 2 and d > (2n||A]))?, 2* = 4n and

|7 - BaAa| 20" < (2n Al "a-mer

< @Al (n® | A 2n
= (2n]lAI)*™

The second claim is proved by the same argument. O

Define an approximate augmented RT tree of the matrix A to be a good approzimate

augmented RF tree if
(1) ”Aa. - /ia|| (2d)" < 1
(2) ‘A;l = Bu| (20" <

where A, and B, are, respectively, the matrix in the node « of the approximate RF

o

?

tree, and the approximation of its inverse.
Since g = det(A), where A is a principal s(a) X s(a) submatrix of A, and since
”A" < ”/_1” < 2d, |ma| < (2d)"; furthermore, for any node «-at depth ¢ in the RF

tree of A, |q| < (2d)* ™% by Lemma 4.5 since s(a) < n —n/2t.

LEMMA 4.16. The approximate augmented RF tree computed by Algorithm 4.2
has the following properties:

(1) [ Ae = Ao el < [|Au = Ao D) < (2(n A1)

(2) [adi(A) — adi(A)|| el < || B = A7 (2d)" < 2(n ]| Al)2) -,

PROOF. This is a direct consequence of Lemma 4.14 and Lemma 4.15. [

LEMMA 4.17. Algorithm 4.2 computes a good approximate augmented RF tree in

O(log?n) time using O(P(n)) processors.

ProOOF. Lemma 4.16 implies that the approximate RF tree is a good approximate
RF tree. It is only necessary to show that the algorithm uses O(log?n) time and

O(P(n)) processors.
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Let M(n) < P(n)logn be the number of operations required for n x n matrix
multiplication using time O(log n). Since the number of stages of approximate Newton
iterations h is chosen to be log n 4 2, the algorithm only uses h +logn+1 € O(logn)
stages. Ilach stage only includes matrix multiplications and matrix additions, which
cost O(logn) time and O(M(n/2")) operations for a node « at depth . Since M(n) €
2(n?), the total cost of a stage of approximate Newton iteration of the whole RF
tree is o8 21M(n/2) € O(M(n)). Thus the algorithm can be implemented using

O(log*n) time and O(P(n)) processors. []
REMARK 1. Step 2 of Algorithm 4.2 actually uses a well-known pipelining tech-
‘nique in parallel computation. Since /L(ﬁ only depends on ijg, Afjl) is computed as

soon as Bffg is available—namely, during the stage immediately after AY) has been

computed (/1533 is the top left corner of AY) and is available as soon as A®) is).

Thus the total time is reduced to O(log®n) instead of O(log®n), which would be

used if no A at depth t were computed until after all the /i(ﬁi)’s at depth ¢ — 1.

4.3.2. Computing the Exact RF Tree. After a good approximate augmented
RF tree of A has been computed by Algorithm 4.2, the exact extended RF tree of 4
can be computed by multiplying these matrices by the appropriate multipliers, 7,
and then by rounding the rational numbers that are entries of the resulting matrices
to the nearest integers. Since a good approximate RF tree is so close to the RF tree
of A (Lemma 4.16), this will correctly recover the (exact) extended RF tree of A from
the good approximate augmented RF tree of A.

ALGORITHM 4.3. Computing the exact RF tree of A.

Input: A good approximate augmented RF tree of depth ¢ = logn of A
Output: Exact extended RF Tree of A
begin

step I Compute the determinants of the matrices in {A4}
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for all nodes « of depth ¢ do in parallel
det, := (AQ)U (fio, is an 1 X 1 matrix)
end for
for s:=t—1 down to 0 do (seqﬁentially)
for all nodes « of depth t do in parallel
dety 1= detog X detoq
end for

end for

step 2 Compute integer multipliers {mm,} such that the matrices m,A, all
have integer entries
Mes =1
for s := 0 to t — 1 do (sequentially)
for all nodes « of depth s do in parallel
Mao 1= Mg
Mol 1= My X detag
Ma1 = Ma1 rounded to the nearest integer
det(Aao) = Mgl /Ma
1= Mardely
te1 := t' rounded to the nearest integer
det(Aa1) :=tar /M
end for

end for
step 3 for s := 0 to ¢ do (sequentially)

for all nodes « of depth s do in parallel

Set Aq to be the integer matrix obtained by rounding each

of the entries of (MsAq) to the nearest integer;

A

Ay =

SII._.

a

67
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end for
end for
step 4 for s := 0 to ¢ do (sequentially)

for all nodes « of depth s do in parallel

Set, a.dj/-Ala to be the integer matrix obtained by rounding

each of the entries of (M4 det(Aq)By) to the nearest inte-

ger;
adj(Ag) := ﬁ%aadj/ia
end for
end for

end

The algorithm works in a bottom up manner in Step 1, moving from leaves to
the root in Step 1 to compute the determinant det, of Ao for every node in the
approximate RF tree. This step only involves multiplications of rational numbers
and requires O(log n) time and O(n/log n) processors. Step 2 is similar. Instead the
computation is top down, moving from the root to the leaves, and has the same cost.
Step 3 requires multiplications of rational numbers by all entries of all the matrices
in the RF tree. However, there are only O(n?) entries of all the matrices in the RF
tree. Thus Step 3 uses O(logn) time and O(n?/log n)-processors. Step 4 is similar
to Step 3. '

LEMMA 4.18. Algorithm 4.3 computes the (exact) extended RF tree of A in O(logn)

time using O(n?/ logn) processors.

PROOF. Define E(t) to be the maximum error of det(A,) for any o at depth t:

E(t)= max Idet(/-—la) - detal .

o depth(a)=t

Since ” /iﬁ“ < 2d, for any 1 x 1 matrix Ag, and from the algorithm, det, is computed
from the bottom up, it is clear that |det,| < (2d)2£' for any node « at depth t. Also
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because “/LY” < 2d, it is clear by the Hadamard inequality that Idet(/—la)l < (2d)zt.
Thus

E() = max ldet(/io,)—deto,l

= max ldet(f_lao) det(As) — detaodetall

AN

max (|(det(Aao) — detao) det(/ial)l + |(det(Aar) - detar)det o))

< 2(2d)FHE(L + 1).

This recurrence shows that £(0) < n(2d)*~'E(logn) and E(t) < n(2d)** -1 E(logn).
The error E(logn) is the error in the estimate of the determinant of a 1 x 1 matrix,

which is exactly "Ag — fiﬁ”, where f is a leaf node. Thus

E(logn)(2d)" =  max ”flﬁ - Aﬁ" (2d)" < %,

B at depth logn
because the input is a good approximate augmented RF tree. Then

n

E(0) < n(2d)* ' E(logn) < 54

E(logn)(2d)" < %,
since d > (2n||A]|)? > n, and

(4.3) E(t)(2d)" ™% < n(2d)" ' E(logn) <

b

[Nl e

for any depth ¢t. Again, rounding det¢s to the nearest integer will yield the exact
value of det(A), since det(A) is an integer.

For any « at depth ¢, suppose m, has been computed correctly—that is, suppose
My is the determinant of the leading principal submatrix of A of size 37, $rau,

provided that o = ajory ... s for 0 < logn and for o; € {0,1}. Since Mo = My, Moo
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is obviously correct. As well, 741 = M detyo, SO

1l

|a1 — Mgl

1777.a(det(/—lao) - deiao)l

< Mol E(t + 1)
< @) MY E(r+1)
< @B < 5

by Equation 4.3. Therefore, mq1 can be obtained by rounding g to the nearest
integer as well.

When M, have been computed for all « in the RF tree of A, the final steps of the
algorithm will yield the exact extended RF tree of A by rounding each of the entries
of the matrix (ﬁmo,/ia) and its adjoint |17, adj(fia) to the nearest integer and then
dividing the entry by 7, to recover each of the entries of A, and its adjoint (see

Lemma 4.6). The bounds for time and the number of processors are clear. O

LEMMA 4.19. Given an n x n integer matrix A, where ||Al| < 2% and B = n°, let
A = A+ dI, where d is an integer and d > (2n||Al|)®. Then the extended RF tree of

A can be exactly computed in O(log® n) time using O(P(n)) processors.

ProOOF. This is a direct consequence of Lemma 4.17 and Lemma 4.18. [
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4.4. Recovering the RF tree of A

Given an n x n symmetric positive definite matrix A, assume again that || 4| < 2°,
where 8 < n¢, for some constant ¢, and let A = A+ dI, where d > (2n || A]|)2. It has
been shown in Section 4.3 that the exact extended RF tree of A can be computed in
O(log®n) time using O(P(n)) processors.

If @ is an integer such that —y < & <y, for some positive number y, then 2 can be
determined from z mod p if p > 2y. If d is chosen to be greater than 2n? || A||", then
since it is known that |me| < ||Al|", each integer multiplier m, can be determined
from its residue mod d. Also because ||mqAq|| < n?||A|", all the entries of m, A, can
be easily recovered. Thus the RF tree of A could be recovered from the entries of the
matrices in the RF tree of A modulo d for d > 2n? ||A]|". As well, det(A) < ||A||", and
det(A) = det(A) mod d. However, the use of such a large value for d would increase
the bit complexity of the algorithm and affect the time complexity of the algorithm
as well.

An alternative approach is to use a smaller value for d (as in Section 4.3) and then
use a second step to “lift” the RF tree of A from its residue mod d. In order to do
this, it is necessary to restrict the set of values for d that can be used. Let p be a
prime number randomly and uniformly chosen from the set of prime numbers in the
interval [n3log? || Al| ,4n®log? || A]|]. Let d be some number such that pd > (2n || A]|).
Let A = A+ chI. The exact RF tree of A can be computed (by Lemma 4.19) in
O(log® n) time using O(P(n)) processors. In this sectioﬁ, it is shown that the exact
RF tree of A can be recovered from the exact RF tree of A with high probability by
Newton Hensel Lifting.

4.4.1. Reducing Rational Entries to Integer Entries. Given the (extended)
RF tree of A, the goal is to recover the (extended) RF tree of A.
For a rational number y/x, where z,y are relatively prime integers and where

ged(p,z) = 1, define ¢ = (y/z) mod p to be an integer a such that 0 < a < p
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and y = az + bp for some integer p. Given y/z, if p and z are relatively prime,
a = (y/2) mod p can be computed as follows:

(1) Compute integers s and ¢ such that sz + tp = 1;
(2) Compute a = (ys) mod p.

The cost of this computation is dominated by the the first step. However, if p is a
prime number less than or equal to 4n3 log? || A||, then it is relatively “small”, because
it is given that ||A|| < 2#, where B8 < n¢, for some constant c¢. The first step can be
performed by using the Extended Euclidean algorithm [AHU74] in O(log®») time,
because the binary representation of p has length O(logn). Now, given any n x n
matrix A = [a;;] with rational entries whose denominators do not divide p, the matrix
A mod p can be defined to be the matrix with entries a;; mod p for 1 <7,7 < n, and
the “RF tree (mod p)” of matrix A can be defined similarly.

Since the RF tree of A is available, O(log® n) time and O(n?) processors are suffi-

cient to obtain the RF tree (mod p) of A.

4.4.2. Newton-Hensel Lifting. Fix a nonsingular n x n matrix A and a prime

number p. Assume A~! mod p is given. Newton-Hensel Lifting is the following.

Algorithm: Newton-Hensel] Lifting
Input: A positive number k, and n x n matrices A and A~! mod p.
Output: S®(A) = A~! mod p*".
begin

step 1 SO := A~ mod p.

step2 fori:=1 to k do

St := §*=1)(2] — AS*=1)) mod p?*
end for

end
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The algorithm is similar to Newton iteration. Each iteration of Newton Hensel
Lifting will produce a “closer” approximation of A~! (where two integers ¢ and b are
now considered to be “close” if their difference is divisible by a higher power of p). The

algorithm computes a sequence of approximations, which “converges” quadratically.
LEMMA 4.20. [MC79] S® = A~1 mod p?".

PRrROOF. Let L) be an “error” matrix (with rational entries, whose denominators
do not divide the prime number p) such that AS® = I — p?" E;.. Note that S*+1) =

SE 2] — ASKY = SWI([ 4 p?" Ey). Tt follows that

ASHHD = ASW(T 4 p¥" By)
= (I—p" E)(I +p* Ex)

2k+l

= [—p* E}=1mod pzk“.

The lemma follows by induction. O

Apply Newton Hensel Lifting to the RF tree. Assume that the matrix A and its
(extended) RF tree (mod p) of A are given. Recall that the (extended) RF tree
has A, and A;! in the node a. The node « in the (extended) RF tree (mod p) of
A includes A, mod p and A;! mod p. The following algorithm produces an RF tree
(mod p**) of A for any given k.

ALGORITHM 4.4. Newton Hensel Lifting for an RF tree.
[nput: The matrix A, the augmented RF tree (mod p) of A, and an integer
k>1.
Output: Augmented RF tree (mod p?") of A.
begin'
step 1 Initialization:

for all nodes o with v(a) =0 do

AL := A, mod p
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for 2 := 0 to h do (sequentially)
Set Al to be the n/2¢ x n/2¢ principal submatrix of
A, for o at depth ¢
Set X0 Y and Z{) to be the upper right, bottom
left, and hottom right submatrices of A{)
end for
end for
for all nodes « in the RF tree do in parallel

B := A7  mod p

o

end for
step 2 fori:=1 to k+logn + 1 do (sequentially)

for all nodes ¢ in the RF tree such that v(«) < 7z and i—v(a) < A
do in parallel
if « = f1 for some node f then
(Comment: note that v(£0) = v(f) = v(a) — 1, so
= fe) = (=1 = 0(9) = i =1.=o(g0) e
A(’ v Béio—v(a)), X/(ji—v(a))’ y}r@(i—v(a)), and Z[(;'—v(a))
have already been computed.)

Ag—v(a)) — A(i"“(a))

= 7o) _ ylimvte)) pli=u(e) x(i-v(e)

mod pz(‘—v(a))
end if
if & = 7107 for some node 41 and some positive integer j
then
(Comment: v(a) = v(y1), and Al ") has just been
computed.)

Let ¢ be the depth of node « and let matrices A% *(*),
X(i—v@) | yli-ue)) and Z{i-¥) be the matrices of
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Ali=v()) X (i-v(e))
size n/2 xn /2! such that [ o0 *

Ylimv(e))  Z(i-v(e))

o

= A=) is the top left submatrix of size n/2¢ xn /2
of AT,

end if

BU=@) .= Bli=u(@)=1) (2] — A=) Bli=o(2)-1))

gli—v(a))

mod p

end for
end for
end

Since p is chosen to be at least n®log? || Al|, and ||A|| < 2°, where B < n°, for some
constant ¢, p2* > 2n? ||A||" for k > 1 + logn + log log || A||; in particular, one can use
k € O(log n), where the hidden multiplicative constant is less than ¢+ 2. Now an RF

(mod p**) tree of A has been computed, where p?* > 2n2 || A||"™.

LEMMA 4.21. Given an n X n matrix A and its augmented RF tree (mod p), the

RF tree (mod p?") of A can be computed in O((k + logn)logn) parallel time using
O(P(n)) processors.

PROOF. Let M(n) < P(n)logn be the number of 6perations required for n x n
matrix multiplication using time O(logn). Since the number of Newton Hensel Lifting
stages k£ € O(logn), the algorithm uses k + logn + 1 € O(logn) stages. Each stage
only includes matrix multiplications and matrix additions, which cost O(logn) time
and O(M (n/2")) operations for a node « at depth ¢. Since M(n) € §(n?), the total
number of operations used by a stage of Newton Hensel Lifting of the whole RF tree
is at most 187 20 M (n/2') € O(M(n)). Thus the algorithm uses O(log®n) time and

O(M (n) log n) operations which implies the above time and processor bound. O

The following algorithm recovers the exact RF tree of A.
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ALGORITHM 4.5. Recovering the RF tree of A.

Input:  The RF tree (mod p*") of A such that p** > 2n? | A|"
Output:  det(A) and Exact RF Tree of A
begin
step 1 Compute the determinant of the matrices A, mod pzk in the RF tree:

for all « at depth logn do in parallel
(det(Aq mod p?*)) := (Aa)1; mod p?*
(Comment: A, is a 1 x 1 matrix)
end for
for s :=logn — 1 down to 0 do (sequentially)
for all nodes of depth s do in parallel
(det( Ay mod pzk)) := det(Aqo) det(Aq1) mod 2
end for
end for
(Comment: det(A) mod p?* is computed at this stage.)
if (det(A<>) mod p?*) < 1p*" then
det(A<>) := (det(A<>) mod P2k);
else
det(Acs) := p* — (det(Ac>) mod p*);
end if
(Comment: Since |det(A)| < ||A]l”", the exact value of det(A)

can be computed.)

step 2 Compute integer multipliers m, for all « in the RF tree:
Mes =1
for s := 0 to logn — 1 do (sequentially)

for all nodes at depth s do in parallel

Mao = Myy
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~1
=~1

Mey 1= Mg (det(Ago) mod pzk);
(Comment: mg1 = My mod ;)2k has been computed.)
if Mo > %1)2k then ma := p? — Mg,
end if
end for
end for
(Comment: since |mq| < [|A]l", the exact values of m, can be

obtained.)
step 3 Compute A, for all nodes « in the RF tree:

for s := 0 to logn do (sequentially)
for all a at depth s do in paralleli
Al = (mg)(Ay mod p*);
For all the entries a;; in A],
if a; > %p2k then a;; := p*" — aij;
end if
Ao i= AL [my;
end for
end for
(Comment: Lemma 4.7 shows that |msAs] < n?||A]|", and
all the entries in myA, have absolute value at most n? || A||",
so the above stage computes myA, exactly. The RF tree of A

is therefore recovered.)
end

The above algorithm only fails when p is a divisor of m,, for one or more o; however,

the following lemma shows that this happens with a small probability.

LEMMA 4.22. Let p be a prime randomly and uniformly chosen from the set of

prime numbers in the interval [n®log?||A||,4n®log?||A|l]. If A is symmetric and
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positive definite, then m, = 0 mod p with probability O(logn/(nlog ||Al])).

PRrOOF. Let n(z) be the number of prime numbers less than 2, then n(z) =

) (1;[;33) (see, for example, [Zip93]). Furthermore, a tighter bound for 7 (=) is also

known (also [Zip93]):

i < w(z) < 1.105 °

0.92 .
log

log

Assuming n > 2, one can verify that there are at least cn®log? ||A]| / log(n3 log? || Al})
prime numbers in the interval [n®log? || A|| , 4n3 log? || Al|], for some constant ¢ =~ 0.73.

On the other hand, there are at most n. — | distinct m,’s (not including mes = 1),
since each m, is the determinant of a principal submatrix of A. Also because A is
symmetric and positive definite, my 7# 0. Clearly the determinant of the 2 x 2 principal
submatrix has absolute value at most || A||'. Thus there are at most 1‘,; log ||A|| prime
numbers that divide m,, for one or more a’s. Since p is uniformly and randomly
chosen from the set of the prime numbers in the given interval, the probability that
p divides m,, for one or more a’s, is
=2 log | A - log(n® log? JIA]])

en3log? || Al
&(log n + log log || Al])
nlog || Al ’

Pr(plme) <

for some constant ¢ > 2. Thus the lemma follows. 0O
The following theorem is a direct result of the previous two.

THEOREM 4.1. Given a symmetric and positive definite n xn integer matrix A such
that ||A|| € 2*°", there exists a randomized algorithm (Monte Carlo) that computes
the RF tree of A in O(log®n) time using O(P(n)) processors. The algorithm fails
with probability O(logn/(nlog | A|])).

Assume ||A]] < 2, for the input matrix A. When 8 > logn, the number of bits

needed to represent the inverse and each entry in the LU factorization is at least
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Qnf) in the worst case, because the determinant for a triangular matrix with the
entries of magnitude (2°) has value 2%™%), From the analysis of the algorithm, it is
sufficient to choose d € O(n?log||A]|), which can be represented using O(8 + logn)
bits. It is also shown that only O(logn) Newton iteration stages are required in the
computation. Observe that the algorithm never uses values that are represented using
more that O(n(logn + 3)) bits and this large number of bits is only used at the end
of the approximate Newton iteration stages and Newton Hensel Lifting stages. Thus
the bit precision of the algorithm is O(#), where 7 = n(/? + logn), which is optimal,

when £ > logn.



CHAPTER 5

Toeplitz and Toeplitz-like Matrix Computations

Fast sequential algorithms for Toeplitz and Toeplitz-like matrix computations re-
quire O(n log®n) steps [BGYS80, BASO, Mor80, Kal94]. However, known fast parallel
algorithms for general Toeplitz and Toeplitz-like matrix computations still require
Q(n?log®n) operations using the parameterized Newton iteration [Pan90b, Pan92d,
BP93]. Numerical algorithms compute the inverse of an n x n Toeplitz or Toeplitz-
like matrix in O(log®n) time using O(nlog®n) operations, but they require that
a good initial approximation to a short displacement generator for the inverse of
the input matrix is readily available or that the input matrix is well-conditioned
[PR87, Pan92c, Pan92b].

Reif gives the first processor efficient parallel algorithm for the exact solution for
Toeplitz and Toeplitz-like matrix computations [Rei95] with integer matrices as in-
puts. Modifications of the algorithm, similar to the changes made to Reif’s algorithm
for dense unstructured matrix computations, are considered, and it is conjectured
that bit precision for this algorithm can also be improved.

In the beginning of this chapter, the concept of displacement rank and the definition
of Toeplitz-like matrices are introduced. Then some known fast parallel algorithms
for Toepl.itz and Toeplitz-like matrix computations are briefly surveyed. Finally Reif’s

algorithm and ideas for its modification are discussed.

80
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5.1. Displacement Ranks and Toeplitz-like Matrices

In this section, definitions of displacement rank and Toeplitz-like matrices are given.

Some important properties of displacement rank are introduced.

5.1.1. Displacement Ranks. It is well-known that computing the product of
a Toeplitz matrix and a vector is computationally equivalent to the computation of
the product of two polynomials with degrees no more than twice the dimension of the
Toeplitz matrix ([BP94], pp. 137-138). Polynomial multiplication with coefficients
over a field supporting the Fast Fourier Transform (FFT) can be performed in O(log n)
time using O(n) processors; whereas, O(lognloglogn) time is required when the
coefficients are over an arbitrary ring assuming one can perform exact division by
some small prime [CK87]. Since only an O(loglogn) factor is added in the general
case, it is assumed that such a computation can be performed in O(logn) time using
O(n) processors in the later discussion. An attempt to generalize the properties of
Toeplitz matrices leads to the concept of displacement rank [KKMT79].

Notice that a Toeplitz matrix is uniquely defined by its first column and last column.
Let L(z) denote a lower-triangular Toeplitz matrix whose first column is = and let
U(yT) denote an upper triangular Toeplitz matrix whose first row is y7. It is easy to

check that any Toeplitz matrix T' can be represented as
(5.1) T = L(v)I + IU(uT),

where v is the first column of T and u is the last column of T" with the last entry set

to 0 and the order reversed.

DEFINITION 5.1. The (+)-displacement rank of an n x n matrix A is the smallest

integer oy (A) such that
oy (A)
A=Y LU;
i=1

for some lower triangular Toeplitz matrices {L;} and upper-triangular Toeplitz ma-

trices {U;}. The (—)-displacement rank of an n X n matrix A is the smallest integer
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a_(A) such that
a—(A)
A= > Ul
i=1

for some upper-triangular Toeplitz matrices {U;} and lower triangular Toeplitz ma-

trices {L;}.

If T is a Toeplitz matrix then ot (T) < 2 and a_(T) < 2 by Equation 5.1. A
general matrix A has displacement ranks no more than n. If the displacement ranks
of a matrix A are in O(n®), where 0 < o < 1, then there are two advantages for

computations:

(1) The matrix can be represented by O(n!**) elements instead of O(n?) elements;
(2) The product of the matrix and a vector can be computed in O(logn) time
using O(n!**) processors based on the fact that the product of a Toeplitz

matrix and a vector can be computed in O(logn) time using O(n) processors.

Recall that Z is the nxn matrix with 1’s immediately below the diagonal and zeroes
everywhere else. The following lemma suggests equivalent definitions for displacement

rank—as the (usual) rank of “shifted” matrices related to A.

LEMMA 5.1. [KKMT79] Given column vectors {z;,y;,1 = 1,... ,a}, the functional

¢

equation (for an “unknown” matrix A)

i

A-—ZAZT = Zmin
i=1

has the unique solution
. T
i t=1
where L(z) denotes a lower-triangular Toeplitz matrix whose first column is z, and
U(yT) denotes an upper-triangular Toeplitz matrix whose first row is yT.
Similarly, the functional equation.

A-2TAZ = ZmiyiT

i=1
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has the unique solution
o

A=} U@L,

1=1

where 37 = [zp,... ,21] when a7 = [21,... ,2n).
LeMMA 5.2. [KKMT79] The (+)-displacement ranks can be computed as

ay(A) = rank(R — ZAZT),  a_(A) =rank(A — ZT AZ).

Let ¢ be a function ¢ : F™*" — Fmxn Call ¢4 (A) = A— ZAZT and ¢_(A) =
A—ZTAZ (£)-displacement functions. Recall that a generator for a matrix A is the
pair of matrices &, H such that A = GHT. Define a generator of length d of ¢.(A)
to be a (x)-displacement generator of length d of A. Since the minimum length of
a generator of a matrix is the rank of the matrix, the minimum length of a (+)-
displacement generator of matrix A is the (£)-displacement rank of A. When the
above definitions appear without &, one can assume either + or — may apply to the

definitions.
5.1.2. Important Properties.
LEMMA 5.3. If A, B are n x n matrices then rank(l — AB) = rank(I — BA).

PRrROOF. It is sufficient to show that ] — AB and I — BA have the same nullity.

Let {zy,%2,...,%,} be a maximal linearly independent set of vectors satisfying
(5.2) (I - AB)z: =0,
and let vectors y; = Bz;, for 1 <i <r. Thus
(I — BA)y; = y; — B(ABz;) = Ba; — Bz; = 0.

It can also be shown that all y;’s are independent: Suppose there are scalars o;
such that 3°7_; cuy; = 0, so By [, ciz; = 0. Equation 5.2 shows that Y7, asz; =
ABY_, azz; = 0, which shows that the independence of the set {z1,z2,...,2,}
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implies the independence of {y1,y2,...,¥-}. A similar argument with the roles of A
and B interchanged completes a one-to-one correspondence hetween the null vectors
of I — AB and I — BA, so that I — AB and I — BA have the same nullity and hence

have the same rank. O

LeEMMA 5.4. [KKM79] The (&)-displacement rank of a nonsingular matrix A is

equal to the (F)-displacement rank of its inverse, i.e.,

ap(A) =a (A7) and a_(A) =a(A™).

PROOF. Since the rank of an arbitrary matrix is unaffected by multiplication by a

nonsingular matrix,

a (A7) = rank(A™' - ZTA7'Z)

A~
= rank((A7' = ZTA71ZT)A)
= rank(] — ZTA71ZA)

(
(
(
= rank(] = ZAZTA™") (by Lemma 5.3)
= rank((I — ZAZTA™)A)

(

= rank(A — ZAZT)
= a.|.(A).

A similar argument will establish that
ar(A™H) = a_(A).
O

There is an explicit formula for converting a > LU representation to a 3 UL rep-

resentation [KKM79, BA80]. Let z,y € R™, for some ring R. Then

(5.3) L(=)U(y") = IL() + U(E")] = U((ZJ=)")L(Z Ty),



5. TOEPLITZ AND TOEPLITZ-LIKE MATRIX COMPUTATIONS 85

where 47 is the reversed last row of L(z)U(yT), and # is the reversed last column of

L(2)U(yT) with the first entry set to 0. The dual formula is
(5.4) Uy )L(z) = L&) + TU(GT) = L(ZTy)U((ZJ2)7),

for @,y € R™, where §7 is the first row of U(yT)L(x), and & is the first column of

U(yT)L(x) with its first entry set to 0. This establishes the following.
LEMMA 5.5. |at(A) — a-(4)] L 2.

5.1.3. Toeplitz-like Matrices. A matrix that has constant displacement ranks
is called a Toeplitz-like matriz. Many efficient algorithms for Toeplitz matrix compu-
tations can be extended to Toeplitz-like matrix computations.

Block matrices with Toeplitz blocks, such as the Sylvester matrix corresponding
to the resultant of two univariate polynomials, are Toeplitz-like; the product of two
Toeplitz matrices is Toeplitz-like, because it can be shown to have (+)-displacement
rank at most 4 by Equation 5.1 and Equation 5.3. The inverse of a Toeplitz matrix
is also Toeplitz-like, since a_(T') < 2 and therefore oy () < 2 by Lemma 5.4.

Let T be an n X n invertible Toeplitz-like matrix subdivided as

Ty The
T21 T22

T =

where T11, Th2, T21, and Ty, are of size kx k, kX (n—k), (ﬁ—k) xk,and (n—k)x(n—k)

respectively.

LEMMA 5.6. Suppose T has (+)-displacement rank o and suppose Ty, is nonsingu-
lar. Then a+(T11), Oz._(Tﬁl), CY+(T22 - T21T1—11T12), and a_[(Tzz - TngﬁlTlg)—l] are

at most a; ay(Ti2) and ay(Ts) are at most a + 1; and oy (Ty2) is at most o + 2.

PROOF. It is easy to check that Ty; — ZT1;Z7 is the k x k principal submatrix of
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T-2TZ7Z7. So

CY+(T11) = rank(Tn e ZT11ZT)
< rank(T — ZTZ7)

= .

By Lemma 5.4, a_(T}7') = ey (T1;) < a.
Because T is invertible, if T3y is invertible, then the inverse of T has the following
form:
. Ta! + TR TuA T TR —T' TA™?
: ~ AT, T A1
where A = Ty — To1 157 Th. 1t is also easy to check that A™! — ZTA=1Z is the
(n.— k) x (n— k) bottom right submatrix of T-' — ZTT=1Z. Thus a—(A) < a(T71).
Again by Lemma 5.4, a_[(Ty2 — Ton T T12) Y] € @ and g (Toy — Tn T Th2) <
Compare T2 — ZT12 2T, Toy — ZTn Z7, and Ty — ZT92Z7 with the corresponding
submatrices of T — ZT ZT. They are only different by one column, one row, and one
column plus one row respectively. Thus ay(Ti2) and ay(T21) have value at « + 1;

a4 (Ts2) has value at most o+ 2. O

The above lemma has a requirement that both 7" and 73, are nonsingular. A further

observation shows that if Ty is nonsingular, then oy (Ty — T9:1T57'Ti2) < « even when

T is singular [Kal94].

LEMMA 5.7. If T and T}, are the matrices defined as above, and Ty, is nonsingular,
then oy (Toy — Ton T Th2) <

PROOF. Suppose T' is represented as 3°3_, LU, Let Lg’? be the £ x k principal
submatrix of L) and let Ul({) be the kx k principal submatrix of UY) foralll < j < a.
Thus T3, = 35, Lﬁ)Ul({). Because Tj; is nonsingular, there is at least one j such

that Uf{)[l, 1] # 0; otherwise, all the terms have the first column all 0, which implies
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that 77, is singular. Without loss of generality suppose Ul(})[l, 1} # 0, which implies
that UM[1,1] # 0.
Introduce the parameterized matrix
@
T(\) = (L(l) n /\I)U(l) 4+ ZL(J)U(J) =T+ \yM
i=2
which is nonsingular, (since U() is, and X is an indeterminate) and of displacement

rank a. Partition T'(A) according to the partitioning of T' so that

| T AU T+ AU

T(A) - o |
T21 122 + /\U22

Let

AN = Tos + AU = Toy(Tuy + AUSY (T + AUY).

Thus a(A(N)) £ a by Lemma 5.6.
The inverse of a matrix I + AB can be expressed as I — AB + A2B%2 — \3B3 + ...
Use this to expand (T3 + AU as

(Ty + AU = [T + 0T U]

= (I+ TR Uy
= T = MR UnT + M(TR'U) TR - -
then
A = A+ MUS) + T T U T Ty — T THUS) + - -

Thus the displacement rank of A cannot be higher than the displacement rank of

A(X). Therefore, ar(A) < ar(AN) La. O

The displacement rank of the product of two Toeplitz-like matrices is also bounded

by a constant [Pan92a] (Proposition A.3).

LEMMA 5.8. Let A, B be two n x n matrices with displacement ranks i (A) and
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ay(B). Then ay(AB) < ap(A) + ap(B) + 1 and a (+)-displacement generator of
length o + B+ 1 can be computed in O(logn) time using O((« + B)n) processors.

The dual claim holds for (—)-displacement rank and (—)-displacement generator.

PROOF. Tirst, observe that I = Z7Z + e,el, where I is the n x n identity matrix,

Z is the lower shift matrix, and e, is the nth unit vector. Therefore,

AB— ZABZT = AB - ZAIBZT
= AB—(ZAZT)(ZBZT) - ZAe, eI BZT
= (A—ZAZT\B+ ZAZT(B - ZBZT) — a7,

where « = ZAe, € F™ and b = ZBTe, € I'™. The equation implies that rank(AB —
ZABZT) < rank(A — ZAZT) + rank(B — ZBZT) + 1, since the rank of the sum of
several matrices is less than or equal to the sum of the ranks of these matrices. The

cost of the computation is obvious. [

5.1.4. Computing Generators of Minimum Length. A generic n X n ma-
trix has displacement rank n. For n X n matrices, a displacement generator can
usually be obtained efficiently, though the length of the displacement generator may
be greater than the displacement rank. A displacement generator of length n of a
generic n X n matrix can easily be computed by setting one of the pair of matrices
in the displacement generator to be an identity or a shift matrix. Suppose the dis-
placement generator X of length f > a(X) for a matrix X € F™*" is given, where
a(X) is the displacement rank of X. Let ¥V = ¢(X) = G- HT, where G, H ¢ Fn<#
is the displacement generator of X. The goal is to determine the displacement rank

a = a(X) and to compute a displacement generator of length « for X, G, H € F"*e,
such that ¥ = ¢(X) = GHT.

LEMMA 5.9. [KS91] Given a matrix A € F™" of rank r, let UT and L be two
unit lower triangular Toeplitz matrices, which have 1’s on the diagonal and the other

entries uniformly and independently selected from a subset S of the field F'. Then
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the probability that the 1 x i principal submatrices of A = UAL are all nonsingular

fori=1,...,r is at least 1 — r(r + 1)/ |S|.

If S is sufficiently large, then the probability will be high. Let Y = UYL, where
[l and L are chosen according to Lemma 5.9. Since U and L are both nonsingular,
rank(Y") = rank(¥). All the 7 x ¢ principal submatrices of ¥ will be nonsingular for
¢ = 1,...,a with high probability. If these principal submatrices are nonsingular,
then every column to the right of the first @ columns of ¥ is a linear combination of
the first o columns. These linear combinations determine generators for ¥'. Let G be
the matrix consisting of the first  columns of ¥. Let y = [y;|y2] be the first « rows

of Y, where #; is the o x o principal submatrix of Y and is nonsingular. Then

Y=G- A7,

R

where H € F™* and HT = [I|y; 2] (so that y = 4, HT). A displacement generator
of minimum length for X is then obtained as Y = (U™'G) - (HTL™1). The following
parallel algorithm is modified from the sequential algorithm of Kaltofen [Kal94].

ALGORITHM 5.1. Computing a Generator of Minimum Length

Input: G, H € F**f_ where § > o(X) and where Y = ¢(X) = GHT
Output: G,H € F™** where o = o(X) and where Y = ¢(X) = GHT
begin

Generate a unit upper triangular Toeplitz matrix U and a lower tri-

angular Toeplitz matrix L by uniformly and independently choosing

the entries from a sufficiently large subset S C F.
step 1 Compute ¥ = UY L:

G:=U-G
H:=HT.L

step 2 Find «, the rank of ¥:
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=1
Computé entries of ¥}, the 7 X # principal submatrix of ¥.
while ¥;7! exists do
1:1=2 X1
Compute entries of ¥}, the ¢ x 1 principal submatrix of Y.
end while

Now /2 < a < i. Find « using binary search.

step 3 Compute G, the first o columns of ¥, and A, the first o rows of V.

step 4 Compute f’;'yg to produce HT, where y, is the right » — a columns
of the first o rows of V.

steb 5 G:=U"G.
H:=(HL ).

end

LEMMA 5.10. Given a displacement generator of length 8 of a matrix X € F™*",
one can compute a displacement generator of length o = (X)), the displacement rank
of X, in O(log n+log alog f+log® ) time using O(afn+pPn-+P(a)) processors. The
algorithm is Monte Carlo and requires 2n — 2 elements uniformly and independently
chosen from a set S C F; it returns a correct result with probability at least 1 —

a(a+1)/|S]| (and a wrong answer otherwise).

PRrROOF. Step 1 only requires multiplication of an n x n triangular Toeplitz matrix
and n-dimensional vectors. There are only 28 multiplications involved. Thus Step 1
can be performed in Q(logn) time using O(fBn) processors.

In Step 2, assume V; has been computed. The additional entries in Ys; are in
three ¢ X ¢« matrices with each entry equal to a sum of § products, which can be
computed in O(log B) time using O(:%B) processors because it takes O(log 8) time

and O(B) processors to compute the inner product of two 3-dimensional vectors. If
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Ya; is nonsingular, the inverse Yy;! can be computed in O(log?7) time using O(P(7))
processors. Since 7 never exceeds 2¢, the total time is O(log® @ + log alog ) and the
total number of processors required is O(P(a) + o?f).

In Step 3 there are an entries of ¥ to be computed, and each entry is equal to
a sum of B products. Thus this step can be performed in O(log B) using O(afn)
Processors.

Step 4 is to compute the product of an o x .o matrix and an « X (n — 3) matrix.
It can be performed in O(log ) time using O{a?n) processors.

Step 5 is similar to Step 1. O

It follows that when « and B are constant, a displacement generator of minimum

length can be computed in O(logn) time using O(n) processors.



5. TOEPLITZ AND TOEPLITZ-LIKE MATRIX COMPUTATIONS 92

5.2. Previous Parallel Algorithms

Fast sequential algorithms are known for solving a linear system with a Toeplitz
or Toeplitz-like coefficient matrix that use O(nlog®n) steps [BGYS0, BA80, Mor80,
Kal94]. However, known fast parallel algorithms for exact solutions of a general
Toeplitz or Toeplitz-like matrix require Q(log®n) time and Q(n?/logn) processors
using a parameterized Newton iteration [Pan90b, Pan92d, BP93]. There are also
numerical algorithms that compute the inverse of an n x n Toeplitz or Toeplitz-like
matrix in O(log® n) time using O(n) processors. However, these numerical algorithms
require that a géod initial approximation to a short displacement generator for the
inverse of the input matrix is readily available or that the input matrix is well-

conditioned [PR87, Pan92c¢, Pan92b].

5.2.1. Fast Parallel Algorithms. The algorithm of Bini and Pan [BP93] is
similar to Csanky/Leverrier’s algorithm for computing the characteristic polynomial
of a general dense matrix. Given an n x n Toeplitz matrix T, the algorithm includes

the following steps:

(1) Compute the traces of T%,T3,... , T}
(2) Compute the coefficients co, ¢1,. .. , a1 of the characteristic polynomial with

the traces computed in the first step.

The second step can be performed in O(log? n) time using O(n/logn) processors
by the algorithm for computing the characteristic polynomial given in Section 2.1.
The following method shows that the first step can be computed in O(log®n) time
using O(n?/ logn) processors. '

Let A be an indeterminate over the ground field F, define Xo = I, B = I — AT,
and let X; = (2] — X;_1B)X;-1, for ¢ > 1. Then

X; =T+ AT+ XT? 4 -+ A1 = (] = AT)™! mod A%
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Let k = [logn]. Then Xy = I+ T+ 2T+ -+ A* 17?1 where A = 28 > n > /2.
The trace of the matrix X}, is given by tr(X;) = 1% Mtr(T%). Therefore, the traces
of all the 7th powers of the matrix 7 for 1 <12 < n — 1 can be deduced immediately
from Xj.

The straightforward algorithm cannot b?’ used to compute X; = (21 — X;_1 B)X;_1,
because it requires matrix multiplications which cost at least O(P(n)) processors. A
careful observation shows that step one may only require computation of the product
of a Toeplitz matrix or the inverse of a Toeplitz matrix and a vector, because the

inverse of a Toeplitz matrix is also uniquely determined by its first column and last

column [Tre64, GS72].

LEMMA 5.11. Let T=! be the inverse of an n.xn Toeplitz matrix T', suppose the top
left entry of this matrix is nonzero; and let u = [uy,... ,un)" and v = [vy,... ,va]7
be the two vectors representing the first and the last columns, respectively, of T~!.

Then
(5.5) T~ = L(u)U(w™) = L) U(u®),
where v = [V, Vp_1y - .. ,01]T, ) = [0,01,. .. ,0,21)7, and ) = [0, uy, ... ,us]T.

This formula is known to be Gohberg-Semencul formula.

Since )\ is an indeterminate and the top left entry of (1 — AT")~! is congruent to one
modulo ), this entry is clearly nonzero. Since X; = (1 —\)~! mod A% it is clear that
the top left entry of X; is also nonzero, for ¢ > 0. Thus, since X; = (I—AT)~! mod A2
and (I — AT) is also a Toeplitz matrix, the above lemma implies that X; is uniquely
determined by its first column and its last column. Subpose the first column u;_y and

last column v;_; of X;_; are given. Then, the first column «; of X; can be computed

by

U; = (2] — X,-_lB)ui_l;



5. TOEPLITZ AND TOEPLITZ-LIKE MATRIX COMPUTATIONS 94

that is,

1 . )
(5.6) wi = 250 — 7 [ Lo )U(02h) = L(ef2)U ()] Bui_s,

Ui
where ugl_)l is the first entry of the vector w;_y. The last column of v; of X; can be
computed by a similar method.
Notice that B is also a Toeplitz matrix. Thus the column u; can be obtained from
;=1 and ;1 by applying several matrix-vector products, where each matrix is a
Toeplitz matrix and such a computation can be reduced to polynomial multiplication.

Since the elements involved are polynomials in A, such a matrix-vector product is

further reduced to polynomial multiplication of two bivariate polynomials as follows:

(1) Compute Bu;_1, where B is a Toeplitz matrix with polynomial entries in A
with degrees at most 1, and w;—y is a vector with polynomial entries in A
with degrees no more than 2°-! — 1. The computation can be reduced to the
multiplication of two bivariate polynomials with degrees 2n — 1 and n — 1
respectively in the first variable, and 1 and 2=! — 1 respectively in the second,
so that it can be performed in O(i + logn) time using O(n2') operations by
2-dimensional FFT or Kronecker substitution [BP94].

(2) Compute L{wu;—1)U (v )(Bui—1) and L(v\?))U(u,)(Bui_;). Since the vector
Bu;_; has been computed, again the computations are only the multiplication
of Toeplitz matrices by vectors. The Toeplitz matrices have polynomial entries
in A with degree at most 2-! — 1 and the vector Bu;., has polynomial entries
with degree at most 2:~!. Thus the computation can also be reduced to the
multiplication of two bivariate polynomials with degrees n — 1 and 27! — 1
respectively in the first variable, and n — 1 and 2i=1 (or 2¢ — 1) respectively in
the second. Thus this step takes O(logn) time using O(n2') operations.

(3) The reciprocal of 1L1(1_)1 modulo AZ can also be computed efficiently [BM75].
In each iteration step of computing X;, one actually only needs to compute

one more stage of a Newton iteration for the reciprocal, which is equivalent
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to the multiplication of two polynomials with degrees less than 2°. Thus the
computation only costs O(z) time using O(:2!) operations.

The above shows that for 1 < i < k, the ith stage of the algorithm can be performed
in O(logn) time using O(n2¢) operations. Thus the first columns of Xp, Xq,..., X}
can be computed in O(log®n) time using O(n?logn) operations. Clearly a similar
procedure can be used to compute v;.

The whole matrix X can be recovered from its first column and its last column by
the Gohberg-Semencul formula, but the cost will be as high as O(n®log® n) because
all the entries of X are polynomials of degree n — 1 in A. However, notice that it
is only necessary to compute the trace of X,. Thus after the first column and the
Jast column of X have been computed, the trace of X} can be recovered using the
following formula (with the first column ux = (zy,2,. .. ,xn)T of X and the last

column v = (Y1,%2,--+ ,¥n)? of Xi.)

tr(Xg) = tr(f — )\T)_1 mod A2 = zyt Z (Z Ty — Z TmiYn—i ) mod A2".

This computation is only vector convolution (equivalent to polynomial multiplica-
tion) with entries being polynomials of degree less than n. The reciprocal of ¢ has
already been computed in the kth iteration step. Thus this step can be performed
in O(logn) time using O(n®logn) operations. Since computation of the traces of
T,T2,73,...,T™ ! is the most expensive step of the above algorithm, the following

lemma has been proved.

LEMMA 5.12. The characteristic polynomial of an n x n Toeplitz matrix T over a
field of characteristic zero or greater than n can be computed in O(log® n) time, using

O(n?/logn) processors.

The algorithm works over any field of characteristic zero or greater than n. The
restriction comes from the method for computing the characteristic polynomial from

the traces.
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The above method can clearly also be used to compute the determinant. The
algorithm uses O(log®n) time and O(n?/logn) processors.

Computing a Krylov Sequence. Given an nxn Toeplitz matrix T and a vector
b, it is possible to compute the Krylov sequence b, T'b, T'?b, ... , T™ b ili O(log®n) time
using O(n?/logn) processors by a modified version of the above algorithm.

Recall the above algorithm. At the kth stage of Newton iterations, the first column
uy and the last column v of X have been computed. Since Xy = I 4+ XT + \2T?% +
s AT X0 = (T4 AT + A2T2 4 - 4 AP 1T 1Y), s0 Xpb = b+ (T +
(T*0)A? + -+« 4+ (T 1b)A™1. Let b(A\) = Xpb. Then b()) can be computed by the

following formula, again with the first column of X equal to u = (21,22,...,2,)%

and the last column of X} equal to vy = (¥1,¥2,. .. »yn ).

(5.7) b(X) = 25 [L(w)U () — (o) U (u{?)) Bb,

where z¢ is the first entry of wy.

Compute b(A) using Equation 5.7 and performing multiplications from the right
to the left, so that one repeatedly computes the product of Toeplitz matrices and
vectors with polynomial entries of degree at most n. As argued above, this can be
performed in O(logn) time using O(n?/logn) processors.

The time and processor bounds are the same as those for computing the char-
acteristic polynomial. The vector b(A) has entries that are polynomials in A. The
coefficients in A* of the entries form the vector T*b in the Krylov sequence.

Computing the Solution of a Linear System. Suppose T is nonsingular.
Then the system T'x = b has a unique solution. The coeflicients of the characteristic
.polynomial and the the Krylov sequence can be computed in O(log®n) time using
O(n?/log n) processors. By the Cayley-Hamilton theorem, the solution of the system

for the above system is

(5.8) T==-=> cisa 0D,
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if the characteristic polynomial of T is co-+ci2+- - - +¢,2". Thus computing « from the
characteristic polynomial and Krylov sequence only requires multiplication of vectors
by scalars, which can be performed in constant time using O(n?) processors, .emd
vector additions (or subtractions) of n vectors, which can be performed in O(logn)
time using O(n?/logn) processors.

Thus if T is an n x n nonsingular Toeplitz matrix (again, over a field whose char-
acteristic is zero or greater than n), the system of linear equations Tz = b can be
solved in O(log®n) time using O(n?/logn) processors.

Toeplitz-like Matrix Computations. The above fast parallel algorithms for

Toeplitz matrix computations can be extended to Toeplitz-like matrix computations

[BPY3).

5.2.2. Numerical Algorithms. Suppose that a nonsingular n x n matrix A is
given with its displacement generator of minimum length (equal to the displacement
rank) and the displacement rank of A is bounded by a small constant. It is possible
to compute a displacement generator of A~ in O(log® n) time using O(n) processors
when a good initial approximation with small displacement rank of A~! is readily
available [Pan92c, Pan92b].

Recall the numerical algorithms based on Newton iteration or its extensions for
general dense matrix computations in Section 2.3. Given an n x n nonsingular matrix
A, and a sufficiently close initial approximation B to A, let B©® = B and let
B®) = B:=1)(2] — AB%*=1) for k > 1. Then I — BWA = (I — B*VA)? for k > 1,
SO "I — B(k)A" < “] — B(k_l)A||2. If the initial approximation B to A~! is given such
that ||I — BA|| < e <1 —1/n°W, then B*) is quadratically convergent to A~! such
that [/ — B®A| < . 1f § > 0 and loglog(1/6) € O(logn), then k € O(logn)
stages of iterations will ensure "I - B(’“')A” < 6. Each iteration requires O(logn)
time and O(P(n)) processors, which is the cost for matrix multiplication and matrix

addition (or subtraction).
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The above iteration method can be modified to achieve solutions for Toeplitz and
Toeplitz-like matrix computations. Assume that the (+)-displacement generator of
a Toeplitz-like matrix A of length » is given, and that an initial approximation B
to A™! is also given, with its (—)-displacement generator of length at most =, such
that || — BA|| < e< % Apply exact Newton iteration to compute an approximation
to A~! of accuracy within 8. Suppose B(® = B is given with its (—)-displacement
generator of length 7, where r is a constant. Clearly B!") = B©)(2] — AB®)) can
be computed in O(logn) time using O(n) processors. However, B(!) may have (—)-
© displacement rank as high as 3r+5 by Lemma 5.8. If the Newton iteration method for
general dense matrices is directly applied, then after O(loglogn) stages of iteration,
to compute B®) for k € O(loglogn), then the new generated approximation of A~}
may have (—)-displacement rank Q(logn), which will affect the cost of each stage
of iterations dramatically (it will require £(log n) matrix multiplications and m.a,trix
additions (or subtractions)). Thus it is necessary to keep the displacement rank of
these approximations small, in particular, to be at most r. Therefore, after each stage
of Newton iteration computing B®) = B:-1(2] — AB(*-1))  a subroutine should be
called to replace the current approximation of A~! with one whose (—)-displacement
rank is at most 7.

Define 7 to be a subroutine that takes a matrix B and a constant r as inputs,
and generates a matrix B, as an output that has (—)-displacement rank at most r
such that ||B — B,||, is small. Abusing notation, write 7_(B,r) to represent B,, the
output of the subroutine 7_ with (—)-displacement rank bounded by r. Similarly 7
is defined to be a subroutine to reduce the (+)-displacement rank. Thus the desired

modified Newton iteration is the following. -
(5.9) BW = -1 — ABG-1Y W) = (B ).

A suitable subroutine (which, however, is assumed when analyzed to use exact

real arithmetic) is described by Pan [Pan90b, Pan92b]. This subroutine generates an
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output by solving the Singular Value Decomposition (SVD) problem defined in Section
1.3 for auxiliary matrices of rank O(1), which is essentially reduced to computing the
zeros of polynomials of degrees O(1) have only real zeros. The algorithm only uses
O(logn) time and O(n) processors. Pan also shows that if B is an approximation of
X such that ||X — B||, = A, X has displacement rank r, and B has displacement
rank R, then ||B — B;|[, £ (1 +2n(R — r))A. Thus each stage of extended Newton
iterations uses O(logn) time and O(n) processors (see Equation 5.9).

Assume that an nxn nonsingular matrix A has been given with its (+)-displacement
generator of length at most » = O(1) and that an initial approximation B to A™?
is also available with its (—)-generator of length at most ». Suppose one recur-
sively computes B1), B, B2 B(®) . as given in Equation 5.9. Pan shows that if
|I — AB||, = € is small — in particular, if (1+2n(2r +3))conds(A)c' ¥ < 1, for some

fixed positive v < 1, then
|8 - a7, < " a],

The matrices B®), BM) B® . B® B®) can be computed in O(klogn) time
, if loglog(1/6) € O(logn),
then “B(k) — A‘1“ < § for some k € O(logn), and the algorithm can be used to

using O(n) processors. Since € < 1 and ||[A7!], < gn®)

compute such an approximation B*) of A=! in O(log® n) time using O(n) processors.

Approximation by a Matrix of Bounded Displacement Rank. The algo-
rithm 7_ solves the problem as follows. Let X be an unknown n x n matrix such that
a_(X) =r,for afixed r. In the above case, X = A™! and a4 (A) = r. Let B be an ap-
proximation to X (in the above case B = B(+1) with a_(B) < R and R > r (in the
above case R = 3r+5). Furthermore, the matrix B is given with its (—)-displacement
generator M, N € R™F® such that W = ¢_(B) = MNT. Let § = || X — B||,- The
algorithm is to compute G, H € R™*" a (—)-displacement generator of length r of a
matrix B, (in the above case, B, = B#+1), such that ¢_(B,) = GHT and || X — B,||,

is small.
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This problem is reduced to computing the SVD of A, by the following lemma

([GVL90], p.73):

LEMMA 5.13. Let A = USVT be the SVD of a matrix A € R™*" where ¥ is an
m X n diagonal matrix with exactly r nonzeros on the diagonal, oy > o9 > -+ >
o, > 0. Let s < r be a positive integer, ¥5 be the m x n diagonal matrix, ¥, =

diag(c1,02,- .. ,05,0,...,0), As = US,VT. Then ||A — Aslly = 0541 S J|A=Y, for

all matrices Y of rank at most s.

Pan shows that an algorithm to comi)ute the desired matrix B, [Pan90b, Pan92b].

(1) Compute the SVD of the matrix W = ¢_(B) = MNT. Let U, and V, denote
the pair of £ X r matrices formed by the first » columns of the matrices U and
V, respectively, of the SVD ‘and let ¥, = diag(o1(W),...,o.(W)).

(2) Compute and output the desired (—)-generator G = U, %,, H = V, of length

r for the matrix B,.

The complexity of this algorithm is glominated by the complexity of the first step,
of computing the SVD of W = MNT, which can be performed in O(logn) time
using O(n/logn) processors. Unfortunately, there is no rational algorithm for SVD
computation, since this computation produ'ces outputs that are not rational functions
of the inputs. Pan assumes that exact real arithmetic is used in the analysis of his
algorithm. Of course, we are interested here in finite precision computations. An
error (and complexity) analysis for an implementation of this algorithm using finite
precision arithmetic remains to be performed.

Pan shows that || X — B,||, < (1 + 2n(R — r)) || X — B||, [Pan90b, Pan92b]. The

above bound can be improved.

LEMMA 5.14. || X — B,||, £ (1+2n) || X - B|,.
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PRrROOF. Since ||[¢_(X) — ¢_(B)|, < 2||X — B|l,, and B, is computed {rom the

above algorithm using SVD, Lemma 5.13 shows that
[6-(B) — 6-(B:)ll, < lI¢-(B) — ¢-(X)]|, < 2||X = Bl .
It can be shown that A = X" (Z7)¢-(A)Z ([Wo093] Lemma 2). Thus
| B = B, < nll¢-(B) — ¢-(B:)ll.
so |B — B;|l, < 2n||.X — B||,. Therefore,

IX = Bl < |IX = Bll, + |B = Bl < (1+2n) || X — B,
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5.3. Efficient Toeplitz and Toeplitz-like Matrix Computations

Reif has given a processor efficient parallel algorithm for Toeplitz and Toeplitz-like
matrix computations using a method similar to the approach for general dense matrix
computations [Rei95].

The structure of the algorithm for Toeplitz and Toeplitz-like matrix computations
is identical to that of the algorithm for general dense matrix computations (given in

Section 4.2). The differences are as follows.

e The input matrix A is required to have “constant” displacement rank r, and is
given by a displacement generator of length »—that is, a pair of n x r matrices
G, H such that ¢, (A) = GHT.

e The input matrix in each Newton iteration should have small displacement
rank and be given by a displacement generator. In particular, the matrix
should have displacement rank at most r and be given by its displacement
generator of length at most r.

e The output matrix computed by each Newton iteration has small (but in-
creased) displacement rank (at most B < 3r + 5) and is represented by a

displacement generator of length R.

Unfortunately, Newton iteration and Newton Hensel Lifting produce displacement
ranks much higher than r (likely R = 3r 4+ 5). In order to keep the displacement
ranks and the length of the displacement generators small, one additional change is
required. Each Newton iteration and Hensel Lifting stage is followed by an additional
approximation stage, in which the current approximation is replaced by a slightly less
accurate estimate whose displacement rank is at most 7.

For most of the algorithm it is sufficient to replace general dense matrix multi-
plication and matrix vector multiplication by Toeplitz-like matrix multiplication and
Toeplitz-like matrix-vector multiplication in order to reduce the number of processors

to O(n). It is not so easy to recover an exact RF tree of A from an approximate RF
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tree efficiently—more sophisticated techniques are required for this step.

Changes to Newton iteration are discussed in Section 5.3.1. An algorithm for
recovering of an exact RF tree of A is given in Section 5.3.2. Hensel Lifting is discussed
briefly in Section 5.3.3. Additional work that should be done to complete an analysis

and, perhaps, description) of this algorithm is summarized in Section 5.3.4.
g

5.3.1. Approximate Newton Iteration for Toeplitz-like Matrices. Recall
that approximate Newton iteration replaces an approximation B for the inverse of
a matrix A by B®) = B-1)(2] — A®) BE=1)) where A% is an approximation of A. If
A® has (4)-displacement rank r (and hence A*) has (—)-displacement rank 7 +2 by
Lemma 5.5) and B*~1) has (—)-displacement rank r, then, by Lemma 5.8, A%) B(+=1)
has (—)-displacement rank at most 2r +3, 2 — A®) B(=1) has (—)-displacement rank
at most 2r + 4, and B%*+1) has (—)-displacement rank at most R = 3r + 5.

In order to keep the displacement rank of all the matrices returned as output
small, one has to find a matrix B**1) with (—)-displacement rank at most r such
that ”B(k“) - A“ln is not substantially larger than ”B(k"'l) — A" Then B*~V can
be used to continue the iteration instead of B*+1). One method to solve this problem
has been used in the previous numerical algorithms for Toeplitz and Toeplitz-like
matrix computations [Pan90b, Pan92b] (see also Section 5.2.2). However, Reif shows
a different way to solve this problem.

In the approximate Newton iteration, let B*) = B@2I — AW BE-1). Reif’s algo-
rithm computes B®*) from B® by the following steps.

e Find the maximum number r¥) < r such that ¢_(B®) has a nonsingular
r(®) x p(®) principal submatrix M),
e Compute the (—)-displacement generator of length r® of B®*) using the first

r*) columns and the first r® rows of ¢_(B®)).

Reifs shows the following lemma [Rei95] (Proposition 7.4).
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LEMMA 5.15. Suppose € = "I—B(k)/i(k)”oo; then ”]—B(k)/i(k)“oo < se, where
s = (Al ).

Reif appears to base a proof of this on the assumption that “if a matrix A has
displacement rank » then the first » rows and columns of ¢, (A) are linearly indepen-

dent”. However, this assumption is not generally true (as can be seen by considering

I .
A= . |, where A is an n/2 x n/2 matrix with displacement rank r — 2).

0 A

It has already been shown that the problem can also be solved by a numerical
method—using an SVD computation as described in Section 5.2.2. That method
is numerically stable and has a very small numerical error (see [Wil65, GVL90]).
" Hereafter, suppose that the subroutine 7 (and 7;.) can be found which computes a
matrix B, efficiently from B using finite precision arithmetic such that || B, — X|| <
2ncl||B — X||, for some constant ¢ > 1. Also assume all the norms || || are || ||,.

Suppose the matrix A of (+)-displacement rank r satisfies Equation 3.2, the se-
quence A®, A®) .. A® gatisfies Equation 3.3 and Equation 3.4, and all A® have
(+)-displacement rank at most r for ¢ > 0. Let B© = D1, B®) = Bk-1)(2] —
AWB®-D) B0 = (2L — AMB®). and B® = r_(BW, 1), for k > 1.

LEMMA 5.16. If€? < 1/(5¢cn), then HI — B(k)/i(k“)" < 1(2¢)%", and "I — B(k);l(k)“
< - B

PROOF. The inequality ”I — B(O);l(l)” < e has been shown in the proof of Lemma 3.4.
Suppose the claim holds for £ — 1, so ll] — B:=1) A() " < %(26)2k—1. Then

[1-BA®| = |1— BU-D(1 - A®Be-D)i0|

< |r-5aof
1 k1) 2 1 2
< (Jor)'s (boa) =
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Also

= B(k);{(k),’ = |- BWar - AW BM)AW)
< Jr-pavf

Since B® = 7_(B® 7} and A® has (+)-displacement rank at most r,
B - B9 < 20 (49" — 5]
Since A® satisfies Equation 3.3, it is easy to verify that

cond(A®) = ”/i(k) H H(;l(k))“lll <2

ey
1
S
=
o
=
A

1- BWAW| 4 [BWA® - B8 AW|
1- BWA®| 4+ A0 5® - 59|

IN A

1= BOAG] 4 | A0] (2¢n |(4) ~ BO))

IN

1 8080] a0 a0 - 8020
1+ 2¢n - cond(A™))) “I — B AK) “

INIA

1+ 4en) |7 - BA®|"

IA

(
(
(5¢n "I - f?;l(k)”) "I - B[l(k)“
(

IN

5cne?) HI - B(k_l)/i(k)nz < "I - B(k_l)fl(k)r.

The inequality "I -~ B(")/i(k“)" < %(26)2k can now be proved by an argument similar

to the one used to prove Lemma 3.4. Thus the lemma follows by induction. O

Suppose again that A satisfies Equation 3.2, the sequence A®, AM . . A®) sat-
isfies Equation 3.3 and Equation 3.4, B© = D!, and B® is computed as above,
for k> 1. Let A® = Dy, AW = A& _ AW B 4B 3ng A = 7o (AR p) for
k>1.
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LEMMA 5.17. If ¢ < 1/(2 + 4cn), then
30~ o] < o,
2
where A = Ay — Ay AT AL, and

[A®) — At < 5(26)2':’

for k> 0.

Proor. Lemma 3.8 shows that ”A(") — A” < (2—1(26)2k. Since A has displacement

rank r and A®) = 7 (A®+D 7),

[A9_A] < (14 20m) [0+ A
< (1-i-2c77,)—;£(26)2k+1
< (201 + 2en)e?) g(.?e)zk
< g(Qe)2k.

A similar method can be used to prove the bound on "A(k) - A(k“)”. O

Thus the analysis in Section 4.2 can be applied, assuming that the subroutines 7

and 7. have the properties described above.

5.3.2. Computing the Exact RF Tree of A. Suppose a good approximate
augmented RF tree of A has been computed, as defined in Section 4.3. All the
matrices A, and their inverses in the approximate augmented RF tree are given by
their (£)-displacement generators. The goal is to compute the (4)-generators for the
exact matrices from the generators for their approximations.

The algorithm for general dense matrices requires O(n?/ log n) processors to recover
the exact entries of A,. It only uses O(logn) time and O(n/logn) processors to
compute 7, and det(A,) exactly, but it uses Q(n?/logn) processors to recover the
exact entries of A. The following shows how to recover (+)-displacement generators

of all the (exact) Ay in O(logn) time using O(n) processors.
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Let A be an approximation of A such that ”/1 - A“ < ¢, for a small ¢, where A
is an unknown integer matrix and has (4)-displacement rank r, and G, H, a (+)-
displacement generator of length r of A, is given.

Let UT and L be two unit lower triangular Toeplitz matrices, which have 1’s on the
diagonal with the other entries uniformly and independently selected from the set of
integers {1,2,... ,n}, where n is the order ol the matrices A and A. Lemma 5.9 shows
that the probability that the i x 7 principal submatrices of B = U, (A)L are all non-
singular for ¢ = 1,... ,7 is at least L —r(r+1)/n. Since the entries of U and L are cho-
sen from {1,2,...,n}, U, IL|| £ n® Let M and M be the » x r principal submatri-
ces of Band of B = Ug¢,(A)L respectivély. Since "¢+(A)_— ¢>+(/i” <2 HA - A" < 2,
|B - B|| < llUh]|A - A| LIl < 2nte. Thus |M — M| < |B - B| < 2nte. When e
is small enough (say € < 1/(4n%)), rounding each of the entries of M to the nearest
integer will yield the exact matrix M. Also the first 7 columns and the first r rows
of B can be computed exactly from the first r columns and the first » rows of B by
rounding each entry to the nearest integer. If M is nonsingular, let G be the first
r columns of B and H¥ = [I|y{'ys), where [y1]ya] is the matrix consisting of the
first rows of B. Then B can be exactly represented by GHT. Let G = U -1 and
HT = ATL™; then ¢, (A) = GHT.

ALGORITHM 5.2. Rounding-off for Toeplitz-like matrices.

Input: ¢4 (A) = GHT, where G and H are two n x r matrices, for a matrix A
that is an approximation to an integer matrix A such that o (A) =7
and "A - ;1" < ¢, where € < 1/(4n?).)

Output: ¢.(A)=GHT

begin Generate two unit lower triangular Toeplitz matrices UT and L which
have 1’s on the diagonal and with the other entries uniformly and

independently selected from the set of integers {1,2,... ,n}.
step 1 Compute UG and ATL.
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step 2 Compute M, the » x r principal submatrix of B = Ud,(A)L =
(UGYHTL). Set M to be the integer matrix obtained by rounding
each entry of M to the nearest integer.

~step3 If M is singular then report failure and stop; otherwise, compute

M-

step 4 Compute the first 7 rows and the first 7 columns of B from UG and
HTL. Round each entry in these rows and columns to the nearest
integer to yield G, the first 7 columns, and § = [M|y,], the first r
rows, of B =Ud¢,(A)L.

step 5 Compute HT = [I|M~1y,] so that B = GHT.

step 6 Compute G = U~1G and HT = HTL!.

end

LEMMA 5.18. Given a displacement generator of length r € O(1) for A, an approx-
imation of an integer matrix A, such that ||/~1 — A" < € < 1/4n?, the above algorithm
computes a displacement generator G, H € Q™" of A such that ¢, (A) = GHT, in
O(logn) time using O(n) processors. The algorithm returns a correct result with

probability at least 1 — r(r + 1)/n.

Using the above algorithm as a subroutine, a (4)-displacement generator of A, and
a (—)-displacement generator of AZ! can be exactly computed from the approximate

RF tree for every node « in the RF tree of A.

ALGORITHM 5.3. Recovering the exact RF tree from an approximation of Toeplitz-
like matrix
Input: An approximate augmented RF tree of depth ¢ = ¢*
Output: The exact extended RF tree of depth ¢ = ¢*
begin

step 1 Compute the determinant of the matrices Aq:
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for all nodes « of depth ¢ do in parallel
dety := (/~1a)11 (/la is a 1 x 1 matrix)
end for | .
for s :=1 —1 down to 0 do (sequentially)
for all nodes « of depth s do in parallel
dety := detyo X detyg

end for

end for

step 2 Compute integer multipliers {14} such that the matrices m A, all

have integer entries

Mes =1
for s := 0 to t — 1 do (sequentially)
for all nodes « of depth s do in parallel
Meo = My
Mol i= Mo X detqo
Mq1 := Mgy rounded to the nearest integer
end for

end for

step 3 for s :=0 to t do (sequentially)
for all nodes « of depth s do in parallel

Call Algorithm 5.2 to compute a (+)-displacement generator
of Mo Ay
Compute the (+)-displacement generator of A, using the fact
that ¢4 (Ay) = . b4 (MaAy), so it suffices to divide each
of the entries of one of the matrices in the displacement
generator for Mo Ag by M.

end for
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end for

step 4 for s:= 0 to t do (sequentially)
for all nodes « of depth s do in parallel

Call Algorithm 5.2 to compute a (+)-displacement generator

of myadj(Aqy)
Compute the (—)-displacement generator of adj(A,) using
the fact that ¢_(adj(Aq)) = %;¢+(ﬁzaadjfio,), so it suffices to
divide each entry of one of the matrices in the displacement
generator for Mmyadj(Ay) by Me.

end for

end for

end

LEMMA 5.19. The exact extended RF tree of A can be computed from the approx-

imate extended RF tree of A in O(log® n) time using O(n/logn) processors.
8 g

5.3.3. Newton Hensel Lifting for RF Trees of Bounded Displacement
Rank. Recall the step to recover the extended RF tree of A from the extended
RF tree of A in the algorithm for general dense matrices. The main technique used
is Newton Hensel Lifting. Reif’s algorithm for Toe;')litz and Toeplitz-like matrix
computations uses the same approach. _

Given a displacement generator of a nonsingular matrix A and S©(A) = A~ mod
p?*, let SK)(A) = A~! mod p?" and compute S (A) = SE-1(A4) (2] — AS®)(A)) mod
p?". All these matrices involved are given by their (=)-displacement generators, thus
S(*)(A) can be computed from S*=1(A) in O(log n) time using O(n) processors. Reif
gives the following lemma ([Rei95], Proposition 6.1, p.24).

LEMMA 5.20. For all k > 0, if A has (+)-displacement rank r, then S¥)(A) =

A= mod p*" has (—)-displacement rank at most r in L k.
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The assertion “S®(A) = A~! mod p** has (—)-displacement rank at most r €
L " (apparently) means that there exist integer matrices G, H € Z™*" such that
$_(SK(A))= GHT = p*" (4, and also that S (A) — A=! = p2*Cs, where C} and’C'g
are 7. X n matrices with rational numbers as entries, such that none of the integer
denominators of the entries of these matrices is divisible by p.

Suppose S*)(A) has (—)-displacement rank at most 7 in Z i for k 2 0, S+ (A) is
computed from S)(A) in the usual way. In general S+ (A) is then given by a (—)-
generator of length 37 + 5 using the method for Toeplitz-like matrix multiplication
(see Lemma 5.8). Then an additional step is required to reduce the length of the
displacement generator to minimum.

Reif solves this problem by assuming that the » x r principal submatrix of the
displacement generator is nonsingular (see Corollary 2.1 in [Rei95]) and, again, this
assumption is not true for arbitrary inputs. It does not appear that Reif’s solution

for this problem is correct.

5.3.4. Further Work. The following questions need to be solved to complete
an analysis (and correction) of Reif’s processor efficient algorithm for Toeplitz and

Toeplitz-like matrix computations.

e In the stage of approximate Newton iteration, B*) = B(k“l)(ﬂ — Ak) pk=1)),
how can one compute an approximation B® from B® such that B® has
small displacement rank and “B(k) — B® " is small? Possibly, all that is re-
quired here is a more complete analysis of Pan’s solution for this problem—and
estimation of the precision needed to find a sufficiently accurate estimate B®)
when finite precision arithmetic is used.

e How can one solve the corresponding problem for the later stage of the algo-

rithm that uses Newton Hensel Lifting?

It appears that these problems can be solved and that it is not necessary to increase

the parameters p and d in order to do so. Thus it is conjectured that the improvement
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on Reif’s algorithm for general dense matrix computations can also be achieved for

this algorithm.



CHAPTER 6

Conclusion

This thesis has provided a complete analysis for Reif’s recent processor efficient par-
allel algorithm for general dense matrix factorizations [Rei94]. As a by-product of
the analysis, a modified (and somewhat simplified) version of Reif’s algorithm has
been achieved. A brief description of Reif’s processor efficient parallel algorithm for
Toeplitz and Toeplitz-like matrix computations [Rei95] has also been given in the
thesis. Some ideas to improve this algorithm have been discussed. However, certain
difficulties remain. A complete analysis of this algorithm is considered to be future
work.

It was shown in Chapter 3 that approximate Newton iteration (which works with
approximations of the input matrix A rather than A itself in order to approxi-
mate A~?) could be used to generate a sequence of approximations which converges
quadratically. Suppose a matrix A is close to a diagonal matrix D = dI such that
”A - D" < 425 for some ¢ < 7. It is possible to compute approximations of At
with a sequence of approximations of A instead of A. The results in Chapter 3 have
shown that if the sequence of the approximations of A converges quadratically, then
a sequence of approximations of A™! can be computed so that the sequence con-
verges quadratically as well; furthermore, a sequence of approximations to the Schur
complement of A that converges quadratically can also be computed.

Reif’s algorithm for general dense matrix computations was analyzed and its mod-

ified version was given in Chapter 4. Several problems in matrix computations can

113
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be efficiently reduced to computing the RF tree of the input matrix. The RF tree
used in this thesis differs slightly from the one in Reif’s original paper. The def-
inition was changed to simplify the algorithms that compute and use these trees.
The analysis showed that for a symmetric positive definite matrix A, the RF tree of
A = A + dI can be computed in O(log?n) time using O(P(n)) processors provided
that d = pd > (2n||A||)? and p is a prime number. Furthermore, it was shown that if
p is uniformly and randomly chosen from the interval [n%log® || A| , 4n® log? || A||], then
the RF tree of A can be exactly recovered from the RF tree of A in O(log?) time using
O(M(n)log n) operations with high probability. Since the modified version of Reif’s
algorithm in this thesis uses relatively “small” numbers throughout the computation,
the bit precision could be shown to be optimal.

The ideas to simplify Reif’s algorithm for Toeplitz and Toeplitz-like matrix com-
putations were given in Chapter 5. Reif’s algorithm for Toeplitz and Toeplitz-like
matrix computations was very similar to the one for general dense matrix computa-
tions. Thus it was conjectured that the improvement in the modified version of Reif’s
algorithm for general dense matrix computations could be also achieved in the case
of Toeplitz and Toeplitz-like matrix computations; however, certain steps of Reif’s
algorithm remain unclear. The remaining question is how to reduce the displace-
ment rank of a Toeplitz-like matrix and how to find a close approximation with small
displacement rank in the stages of Newton iterations and Hensel Lifting.

Once the analysis of Reif’s algorithm for Toeplitz and Toeplitz-like matrix com-
putations is complete, one may extend the algorithm to the computations of other
classes of matrices, such as Hankel-like, Hilbert-like, and Vandermonde-like matrices
by applying techniques in [Pan90a] (see also [BP94]).

It is still interesting to look for processor efficient parallel algorithms for Toeplitz

and Toeplitz-like matrix computations over an arbitrary field.



Bibliography

[AHU74)

[BASO]
[Ber84]
[BGYS0]

[BM75]

[BP93]

[BP94] |

A. V. Aho, J. E. Hopcroft, and J. D. Ullman. The Design and Analysis
of Computer Algorithms. Addison-Wesley Publishing Company, 1974.

R. R. Bitmead and B. D. O. Anderson. Asymptotically fast solution of
Toeplitz and related systems of linear equations. Linear Algebra and Its
Applications, 34:103-116, 1980.

S. J. Berkowitz. On computing the determinant in small parallel time us-
ing a small number of processors. Information Processing Letters, 18:147-
150, 1984.

R. P. Brent, F. G. Gustavson, and D. Y. Y. Yun. Fast solution of Toeplitz
systems of equations and computation of Padé approximants. Journal of
Algorithms, 1:259-295, 1980.

A. Borodin and I. Munro. The Computational Complexity of Algebraic
and Numerical Problems. American Elsevier, New York, 1975.

D. Bini and V. Pan. Improved parallel computations with Toeplitz-like
and Hankel-like matrices. Linear algebra and its applications, 188/189:3-
29, July 1993.

D. Bini and V. Pan. Polynomial and Matriz Computations, volume 1.

Birkhauser, Boston, 1994.

[BvzGHS82] A. Borodin, J. von zur Gathen, and J. Hopcroft. Fast parallel matrix and

GCD computations. Information and Control, 52:241-256, 1982.

115



[Chi85)

[CK87]

[CR93]

[CsaT6]

[CW90]

[Ebe9l]

[Gie]

[GPS89]

[GST72]

[GVL90]

[J4J92]

BIBLIOGRAPHY 116

A. L. Chistov. Fast parallel calculation of the rank of matrices over a field
of arbitrary characteristic. In Lecture Notes in Computer Science, volume
199, pages 63-69. Springer, 1985.

D. G. “Cantor and E. Kaltofen. Fast multiplication of polynomials with co-
efficients from an arbitrary ring. Technical Report 87-35, Dept. Computer
Science, Rensselaer Polyt. Inst., Troy, New York, 1987.

J. Cheriyan and J. Reif. Parallel and output sensitive algorithms for com-
binatorial and linear algebra problems. In Proc. ACM Symposium on Par-
allel Algorithms and Architecture, pages 50-56, New York, 1993. ACM
Press.

L. Csanky. Fast parallel matrix inversion algorithms. SIAM Journal on
Computing, 5:618-623, 1976.

D. Coppersmith and S. Winograd. Matrix multiplication via arithmetic
progressions. Journal on Symbolic Computation, 64:151-280, 1990.

W. Eberly. On efficient parallel independent subsets and matrix factor-
izations. In Proc. 8rd IEEE Conference on Parallel and Distributed Pro-
cessing, pages 204-211. IEEE Computer Society Press, 1991.

M. Giesbrecht. Nearly optimal algorithms for canonical matrix forms. To
appear in SIAM Journal on Computing,.

Z. Galil and V. Pan. Parallel evaluation of the determinant and of the
inverse of a matrix. Information Processing Letters, 30:41-45, 1989.

I. C. Gohberg and A. A. Semencul. On the inversion of finite Toeplitz
matrices and their continuous analogs. Mat. Issled., 2:201-233, 1972. In
Russian. ‘

G. H. Golub and C. F. Van Loan. Matriz Computations. Johns Hopkins
Series in Mathematical Sciences. Johns Hopkins Press Ltd., London, 2nd
edition, 1990.

J. JéJé,: An Introduction to Parallel Algorithms. Addison Wesley, 1992.



[Joh90]

[Kal94]

[KKM79]

[KP91]

[KP92]

[KS91]

[MCT9]

[Mor80]

[Mul87]

BIBLIOGRAPHY 117

D. S. Johnson. A catalog of complexity classes. In Handbook of Theoretical
Computer Science, chapter 2, pages 67-161. Elsevier Science Publishers
B. V., 1990.

E. Kaltofen. Asymptotically fast solution of Teoplitz-like singular linear
systems. In Proc. International Symposium on Symbolic and Algebraic
Computalion, pages 297-304, 1994.

T. Kailath, S.-Y. Kung, and M. Morf. Displacement ranks of matrices
and linear equations. Journal of Mathematical Analysis and Applications,
638(2):395-407, 1979.

E. Kaltofen and V. Pan. Processor efficient parallel solutions of linear
systems over an abstract field. In Proc. 8rd Annual ACM Symposium on
Parallel Algorithms and Architectures, pages 180-191, 1991.

E. Kaltofen and V. Pan. Processor-efficient parallel solutions of linear sys-
tems part II: The positive characteristic and singular cases. In Proc.,33rd
IEEE Symposium on Foundations of Computer Science, pages 714-723,
1992.

E. Kaltofen and B. D. Saunders. On Wiedemann’s method of solving
sparse linear systems. In AAECC-5, Lecture Notes in Computer Science,
volume 539, pages 29-38. Springer, 1991. |

R. T. Moenck and J. H. Carter. Approximate algorithms to derive exact
solutions to systems of linear equations. In Proc. Furosam, volume 72 of
Lecture Notes in Computer Science, pages 63-73, Berlin, 1979. Springer.
M. Morf. Doubling algorithms for Toeplitz and related equations. In Proc.
IEEE International Conference on ASSP, pages 954-959. IEEE Computer
Society Press, 1980.

K. Mulmuley. A fast parallel algorithm to compute the rank of a matrix

over an arbitrary field. Combinatorica, 7:101-104, 1987.



[Pan85]

[Pan87]
[Pan90a]

[Pan90b]

[Pan92a]

[Pan92b]

[Pan92c|

[Pan92d]

[PR8S5]

[PRS7]

BIBLIOGRAPHY 118

V. Pan. Fast and efficient parallel algorithms for exact inversion of integer
matrices. In Proc. Fifth Conf. on Foundations of Software Technology and
Theoretical Computer Science, volume 206 of Lecture Notes in C’ompzlttev*
Science, pages 504-521, New Delhi, India, 1985. Springer, Berlin.

V. Pan. Complexity of parallel matrix computations. Theoretical Com-
puter Science, 54:65-85, 1987.

V. Pan. On computations with dense structured matrices. Math. Comp.,
55(191):179-190, 1990.

V. Pan. Parallel least-squares solution of general and Toeplitz-like linear
systems. In Proc. 2nd Annual ACM Symposium on Parallel Algorithms
and Architecture, pages 244-253, 1990.

V. Pan. Complexity of computations with matrices and polynomials.
SIAM Review, 34(2):225-262, June 1992.

V. Pan. Concwrrent iterative algorithm for Toeplitz-like linear systems.
IEEE Transactions on Parallel and Distributed Systems, 4(5):592—6’00,
1992.

V. Pan. Parallel solution of Toeplitz-like linear systems. Journal of Com-
plexity, 8:1-21, 1992.

V. Pan. Parametrization of Newton’s iteration for computations with
structured matrices and applications. Computers Math Applic, 24(3):61-
75, 1992.

V. Pan and J. Reif. Efficient parallel solutions of linear systems. In Proc.

17th Annual ACM Symposium on Theory of Computing, pages 143-152,

Providence, RI, 1985.

V. Pan and J. Reif. Some polynomial and Toeplitz matrix computations.
In Proc. 28th Annual IEFE. Symposium Foundations of Computer Sci-
ence, pages 173-181, 1987.



[PRSY]
[PR93]
[PS78]

[Rei94]

[Rei95]

[Sch8?]
[Tre64]
[Wies6]
[Wil65]
[Wo093]

[Zip93]

BIBLIOGRAPHY 119

V. Pan and J. Reif. Fast and efficient parallel solution of dense linear
systems. Computers Math. Applic., 17(11):1481-1491, 1989.

V. Pan and J. Reif. Fast and efficient parallel solution of sparse linear
systems. SIAM Journal on Computing, 22(6):1227-1250, December 1993.
F. P. Preparata and D. V. Sarwate. An improved processor bound in fast
matrix inversion. Information Processing Letters, 7:148-150, 1978.

J. Reif. O(log® n) time efficient parallel factorization of dense, sparse sep-
arable, and banded matrices. In Proc. 6th Annual ACM Symposium on
Parallel Algorithms and Architectures (SPAA’94), July 1994. Page refer-
ences in this thesis are for the draft of the journal version of this paper
(manuscript, 1995).

J. Reif. Work efficient parallel solution of Toeplitz and other structure lin-
ear systems. In Proc. 27th Annual ACM Symposium on Theory of Com-
puting, 1995. Page references in this thesis are for the draft of journal
version of this paper (submitted to SIAM Journal on Computing.

A. Schonhage. The fundamental theorem of algebra in terms of compu-
tation complexity. manuscript, 1982.

W. F. Trench. An algorithm for inversion of finite Toeplitz matrices. Jour-
nal of SIAM, 12(3):515-522, 1964.

D. H. Wiedemann. Solving sparse linear equations over finite fields. I[EEE
Trans. Inf. Theory, IT-32:54-62, 1986.

J. H. Wilkinson. The Algebraic Eigenvalue Problem. Clarendon Press,
Oxford, 1965.

D. H. Wood. Product rules for th_e displacement of near-Toeplitz matrices.
Linear Algebra and Its Applications, 188/189:641-663, 1993.

R. Zippel. Effective Polynomial Computation. Kluwer Academic Publish-
ers, MA, USA, 1993.



