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ABSTRACT 

The dc and small signal ac theories for the Weimer 

and bulk charge models of an n-channel enhancement MOS FET 

are reviewed to form a basis for noise calculations at low 

and moderately high frequencies. A circuit analysis approach 

is utilized to evaluate thermal noise characteristics for 

both models. Results are presented explicitly in terms of 

device parameters and bias conditions. The calculations of 

gate noise for the bulk charge model indicate an error in 

recently published results. 

Low frequency generation-recombination noise and 

surface-state noise are analyzed using a unified approach to 

obtain the bias dependence of the noise. A method of modi-

fying the gradual channel approximation to account for the 

saturated condition is described, and the results are used 

to prevent the noise calculations from diverging at pinch-off. 

The theory of noise due to carrier trapping by bulk oxide 

traps is improved and effects of the substrate on the noise 

are analyzed in detail. The analysis is applicable to a 

variety of situations. 

A method of performing noise measurements using 

statistical analysis is described. The method facilitates 

the measurement of equivalent noise resistance quickly and 

accurately over a wide range of frequencies. The dependence 

of the shape and magnitude of the noise spectra on bias in 

four commercially available MOS FET's is studied using this 

technique. It is found that existing theories cannot explain 
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all the effects observed. In particular, the validity of -the 

tunneling model appears questionable at this time. 
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= L-x, position in the channel referred to the drain 

max 
= depletion width corresponding to the potential V  

X = electron affinity, the energy required to remove an 

electron from the bottom of the conduction band to 

a point just outside the material 

'1' = electrostatic potential 
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LIST OF SYMBOLS (CONT'D) 

'ibm = potential of the bulk with respect to the metal 

A (s'i 'P ) = incremental fluctuation in bm bm 

'P = equilibrium contact potential 
° IdL 
0= 

pzC ox 

0] = a function of voltage defined by (i.75) 

02 = a function of voltage defined by (Li.78) 

r= 

rd = °nd1ox 

= normal electric field at the surface 
y 

Ex = electric field along the channel 

AA = elemental volume element in the oxide or in the 

substrate 

T = relaxation time constant determining the return in 
0 

carrier density froma small deviation to equilibrium 

= time constant for traps located in the substrate 

depletion region 

T = time constant for traps located in the oxide 

= time constant for traps located at the interface 
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I. INTRODUCTION 

The basic metal-oxide-semiconductor FET structures 

shown in Fig. 1.1 were first proposed by P. Kahng 1 and 

M.M. Atalla 2 'inl96O 

source gate drain 

substrate substrate 

(a) Enhancement MOS FET. (b) Depletion MOS FET 

Fig. 1.1 Basic MOS FET structures. 

.The enhancement FET is constructed ,from a uniformly-

doped wafer of p-type silicon, known as the substrate. The 

surface of the wafer is polished and thermally oxidized to 

form an insulating layer of silicon dioxide. The oxide is 

etched to allow n-type impurities to be diffused into the p-

type substrate, forming heavily-doped n+ source and drain 

regions as shown. A layer of aluminum is then deposited over 

the oxide between the source and drain contacts to form the 

gate, and ohmic contacts are made to the source, drain and 

substrate to complete the device. - 
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In the normal mode of operation the bias voltages are 

connected as shown in Fig. 1.2.' 

depiction 
region 

Fig. 1.2 The MOS FET with bias voltages applied. 

With no bias between gate and source, drain current 

cannot flow since the application ofa bias voltage between 

drain and source results in either the source-substrate or 

drain-substrate p-n junction becoming reverse biased. The 

application of a negative voltage from gate to source causes 

an accumulation of holes at the oxide-semiconductor interface 

and again no current can flow. However, if the gate voltage 

is made positive, holes are depleted from the interface region 

and eventually an inversion layer of electrons will appear 

as shown in Fig. 1.2. The gate voltage at which this occurs 

is designated the threshold voltage. The inversion layer has 

a shielding action so that any -further increase in gate volt-

age past threshold results in an increase in the inversion 

charge density, and the depletion region width remains 



approximately constant at any point in the channel once inver-

sion occurs. , 

The inversion layer is in contact with the n+ source 

and drain regions, allowing drain current to flow. S;ince 

there is no substrate current, the substrate is an equipotential 

region. The potential along the oxide-semiconductor inter-

face varies from source to drain,, and as  result the deple-

tion region width increases from source to drain, while the 

inversion charge decreases. For any particular gate voltage 

above threshold, the drain voltage can be increased until; 

the inversion charge disappears at the drain, and , the drain 

current saturates. The drain voltage at which this occurs 

is known as the pinch-off voltage, and the FET is said to be 

pinched off or saturated 'at this point. As the gate voltage 

is increased, the pinch-off voltage increases, since the 

gate-to-drain voltage required 'to sustain inversion is a con-

stant for any particular substrate bias. This results in a 

family of curves which resemble those for the junction-gate 

FET, as shown in Fig. 1.3. 
/ 

St 

0 

Vgs 4' 
/ 

pinch-off 
cu rye 

/ 

/ 
/ 
/ 
/ 

/ 
/ 

Vgs 2 

Vgs l 

0 V d s •> 

gs 
increasing 

Fig. 1.3 DC characteristics of the MOS FET. 
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A p-channel enhancement MOS FET is constructed in an 

identical manner to the n-channel device just described, 

except that an n-type silicon substrate and p source and 

drain diffusions are used. 

The depletion FET shown in Fig. 1.1(b) is slightly 

different in that an n-type region is diffused into the sub-

strate before growing the insulating oxide layer. This 

allows drain current to flow with no gate bias. A positive 

gate bias causes an accumulation of electrons, increasing 

the drain current, while a negative gate bias depletes the 

n-type region of electrons, decreasing the drain current. 

A large negative gate bias will deplete the channel completely, 

and the device cuts off, in contrast to the enhancement MOS 

FET, wh-ich is cut off until threshold is exceeded. 

In recent years, semiconductor surface technology 

has advanced to the point where it is possible to grow very 

clean oxides, and as a result the MOS FET has become an 

important device for use in integrated circuit design. It 

is often used as a first stage in integrated circuit ampli-

fiers, so that the noise performance of the device is of 

major concern. 

The basic MOS FET concepts were first proposed in 

detail by Kahng 1 and Atalla 2 in 1960. The operation of the 

enhancement -type MOS FET was described in an unpublished 

report by Ihantola 3 in 1961, and later published by Ihantola 

and Moll. 1 This analysis neglected interface states, fixed 

charges in the insulator, and the metal-insulator -semiconductor 
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work function. However, the voltage-dependent bulk charge - 

in the depletion region was included explicitly. A descrip-

tion of -the thin-film insulated-gate transistor was given by 

Weimer 5 in 1962, and an analysis including the initial charge 

in the semiconductor was published by Borken and Weimer 6  i 

1963. A year later, Sah 7 published a theoretical description 

of the device, based on the mode of operation conceived in 

Kahng's 1 patent, using the same approach as Ihantola and 

Moll . The fami 1 jar 'gradual channel' approximation of 

Shock1ey 8 was used. The theory was presented with the assump-

tion of constant surface and bulk charge, and constant surface 

mobility. An equivalent circuit was derived and basic para-

meters were related to the materials and geometry of the 

device. Further work dealt with post- pinch-off operation,, 9-14 

and high field effects, 9- 11 as well as the effects of sub-

strate resistivity.151736 

Small signal analyses valid at moderately high fre-

quencies were performed for the Weimer model by Sah 7 and 

Das. 16 More detailed calculations treating the transistor 

as a non-uniform active transmission line were subsequently 

2021 19, , carried out for the Weimer model. 18, The effects of 

the fixed bulk charge on the dc and low frequency character-

istics were presented in detail by Sah and Pao. 17 However, 

the small-signal equivalent circuit, for the bulk charge model 

was left incomplete. Since the small-signal equivalent cir-

cuits for the pre-pinch-off case are essential to the calcu-

lation of the noise performance of the device, a portion of 
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this work is devoted to the review of the equivalent circuit 

for the Weimer model and the development of 'the equivalent 

circuit for the bulk charge model in the pre-pinch-off mode. 

The first quantitative theory of noise in MOS devices 

was published by Jordan and Jordan 22 in 1965. Subsequent 

work dealt with thermal noise calculations utilizing atrans-

mission line 'model of the channel, 23 excess noise calcula-

tions at very high frequencies, 52 '53 and with the effects of 

substrate doping on the thermal no ise. 225 A number of 

26-31,37 authors have attempted to predict the low frequency , 

noise mechanisms which give rise to the 1/f type noise 

observed at audio frequencies. In most cases the results are 

only valid for moderate drain voltages, the equivalent noise 

resistance approaching infinity as the pinch-off voltage is 

reached. This work uses an equivalent circuit approach that 

yields identical results with those obtained previously for 

thermal noise for both the Weimer model and the bulk charge 

model. The technique is used to extend the calculations to 

include gate noise and correlation for the bulk charge model. 

The results are presented in a form convenient for comparison 

with experimental measurements. Low-frequency generation-

recombination noise and surface state noise are analyzed in 

detail, and a method is presented for preventing the noise 

resistance from diverging at pinch-off. 

A fast method of measuring the spectral density of 

the noise is described. The equipment used allows measure-

ments to be made from 2Hz to 10kHz, quickly and accurately. 
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Measurements are performed on a number of enhancement type 

MOS EEl's with both p and n-type silicon substrates, in order 

to observe variations in the noise spectra as gate and drain 

bias conditions are altered. 
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2. DC 'THEORY 

2.1 THE WEIMER MODEL 

The simplest model of the MOS EEl neglects the bulk 

charge variation that was described by lhantola. 3 This 

assumption yields ,a simple theory. that. predi'cts the general 

shape of the exerimenta I characteristics, although it does 

not account for some of the fihe structure 'observ'ed. The 

theory is reviewed bri'efly here to serve as a basis for the 

small-signal -analysis to follow. ' 

Utilizing the schematic representation shown in 

Fig. 2.1, 

Vas  V d s 

+ 
n 

Fig. 2.1 Schematic representation of the MOS structure. 

it can be shown  that the drain current 'd is given by 

C Z 
ox dv 

d V.— nT ox dx 
(2.1) 

where v = gate-to-channel potential at any point x in the 

channel 

Pn = electron mobi'ity in the channel 

cx= permittivity of the insulating layer 

T = oxide thickness 
ox 
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z = device breadth 

x = distance co-ordinate, defined in Fig. 2.1. 

At the source, 

and at the drain 

V = S (V gs VT) (2.2) 

Vd = (V gs VT) - Vd s (2.3) 

where VgsVds = gate-source and drain-source bias voltages 

respectively, and 

VT = threshold voltage, positive for an n-channel 

enhancement device. 

Integration of (2.1) from x = 0 to x = L then yields 

- P fl ZC OX [Vds(vgs - VT) - 

- L 

Sox C0 = 

ox 

Vd g 2 

2 
(2.4) 

The transconductance 9m and output conductance g0 are easily 

obtained from (2.4) by taking the appropriate partial deriva-

tives, so that 

ll nZCox  
Vd s (2.5) Vg L  

and 

Did 1.t nZCo x 
= Vd s - L [(V gs -VT) - Vd].. (2.6) 

Then at pinch-off, Vds = Vg5 - VT 

3.IZC ox  
(V gm 9 ffls = L gsT' (2.7) 
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and 90 = 0. (2.8) 

These equations lead to a zero frequency small signal equiva-

lent circuit of the form shown in Fig. 2.2. 

g 

V 
S 

Fig. 2.2 Zero frequency small signal equivalent circuit 
for the MOS EEl. 

2.2 THE BULK CHARGE MODEL 

The spatially and applied voltage dependent bulk 

charge in the channel due to the depletion of majority 

carriers was included explicitly by Ihantola 3 in his original 

analysisof the MOS FET. Sah and Pao 17 improved the,analysis 

by differentiating between the surface potential and the 

quasi-Fermi potential along the channel, and by including 

the effects of oxide charge and interface charges. The dc 

theory is derived in the following section using a similar 

approach in order to establish the notation and indicate the 

approximations involved. 

2.2.1 The MOS Capacitor at Equilibrium 

For a p-type silicon bar with a 'perfect' surface, 

the energy band diagram will appear as shown in Fig. 2.3(a). 

A perfect surface is defined as one whose properties are 
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identical to those in the bulk, so that no band bending 

occurs, as shown. 

perfect 
surface 

silicon silicon 
 E 

C 

 E. 
  ri 

 E 
V 

(a) (b) 

Fig. 2.3 (a) Band configuration at a perfect surface 
(b) Energy band variations near the surface 

due to an externally applied field. 

E 
C 

E. 
E 

E 
v 

Using the well-known quasi-Fermi or imref notation of 

Shockley (1949), the hole and electron concentrations may be 

expressed in terms of electrostatic potentials as 

n = n exp DY( T-•• 

p = nexp DT (-i'j5 

where n = electron density 

p = hole density 

n = intrinsic -concentration per unit volume 

q = magnitude of the electronic charge 

k = Boltzmann's constant 

I = absolute temperature 

= -E /q, the Fermi potential 

E  = Fermi level of energy 
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=-E;Iq, the electrostatic potential. 

Now p > n in the bulk, so that 'Y-4 = -(E-E)/q must be negá-

tive which implies that EF is below the midgap position as 

indicatedin Fig. 2.3. , 

With an electric field directed toward the surface, 

holes are depleted from the surface region so that '(EI -EF) 

decreases and may even bec9me negative. This indicates an 

increase in the electron concentration near the surface, and 

the bands are bent downward as shown in Fig. 2.3(b). It. 

should be noted that the Fermi level remains constant as the 

system is in equilibrium. 

With the basic band structure established, it is now 

possible to analyze the metal-oxide-semiconductor capacitor 

system shown in Fig. 2.1. 

metal 

oxide 

(a) 

p.- type' 
Si ii con 

Wox 

Wm 

4 
X Wsc 
+  
BS 
A  

metal 
/111, 
/ 

oxide 

(b) 

s 11 icon 

Ec 

E 
EF 
Ev 

Fig. 2.11 (a) The basic MOS capacitor. 
(b) Detailed band structure at equilibrium. 
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The principle of detailed balance requires that the 

Fermi levels correspond to the same potential, since an energy 

transfer will occur without any work being done if this is 

not the case. The Fermi level in the metal is well defined. 

However, its position in the semiconductor depends on the 

doping level. Rather than trying to define the position of 

EF in the semiconductor, an 'electron affinity', x, is defined 

as the energy required to remove an electron from the bottom 

of the conduction band to a point just outside the semicon-

ductor. The electron affinity is independent of the electro-

static potential. It takes the same amount of energy to 

remove an electron from the Fermi level to a point outside 

the metal as it does to take the electron into the semicon-

ductor at constant energy, remove it through the boundary of 

the semiconductor and move it along the boundary to the point 

in question. This leads to 

W + w = x + (E -E ) + (2.11) 
ox c F BS 

where WBS = energy corresponding to the potential difference 

between the bulk and the surface 

x + (E C_ E  'F sc ) = W , the semiconductor work function. 

In terms of potential, the metal-semiconductor potential 

difference is written as 

ci: = - = - ms m sc BS ox 

Equation (2.12) can be taken as the definition of 4. 

(2.12) 
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2.2.2 The tICS Capacitor With External -Bias 

With the application of an external bias, the energy 

band diagram is modified as shown in Fig. 2.5. 

E  

ox 

Ems 

X 
W s c 

BS 

5 iiicon 

Fig. 2.5 The energy band diagram for an MOS 
capacitor with external bias. 

E  

E  

E 

The ohmic contact to the silicon is a region of high 

recombination, so that 4, = = 4 at the contact. Since 

there can be no current flow in the semiconductor, 

d4n 
- = 0. Thus n = J is constant, and 4 = 

implies that EF is also constant. The Fermi levels are merely 

shifted by an amount Ems as shown. This leads immediately to 

rs - = Vmsc - Vox 

where Vm(.c = applied voltage, metal-to-semicdnductor. 

(2. 13) 

2.2.3 Effect of Charge in the Oxide 

The oxide growth phase of the MOS fabrication process 

takes place at high temperatures, and as a result it is dif-

ficult to prevent impurities from getting into the oxide. 



-15 -

This results ina dis tribution of charges throughout the 

insulating layer as shown in Fig. 2.6. 

metal 

space charge density 

oxide silicon 

T0 

Fig. 2.6 Impurity charge distribution in the oxide. 

If the metal and semiconductor are shorted together, taking 

moments about y. = 0 yields 

so that 

ypdy + T dQ = 0 
ox S 

Qs 
0 

T pdyox  

Taking moments about y = T' it is easy to show that 

-  Qg f 
Tox (T' •-y) ox  

- T pdy. 
0 OX 

(2.14) 

(2.15) 

(2.16) 

An equivalent surface charge of C = -Q placed in the oxide 

at the oxide-semiconductor interface will then induce charge 

in the semiconductor. If, in addition, charges Q are ss Qs 
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+ Q;;. (2.17), 

The charge distribution man induced h-channel MOS capacitor 

'may thus be represented as shown in Fig. 2.7. 

Fig. 2.7 Charge distribution for an inverted 
MOS capacitor. 

It should be noted that Qn is the induced electron charge at 

the oxide-semiconductor interface, and QB isthe charge, 

corresponding to the bared acceptor Fon concentration in the 

depletion region formed in the semiconductor: 

2.2.4 Depletion Width Calculations 

The exact dependence of the depletion width on the 

gate voltage under post-inversion conditions is complicated. 

However, for conditions of heavy inversion, the inversion 

layer supplies any increase in charge necessary to absorb any 

increase in surface field strength, and the width of the 

depletion region becomes almost independent of the voltage. 59 

Using this approximation, a calculation of the depletion 

width may be performed directly. 

The onset of inversion is somewhat arbitrarily de-

fined as the point here n = Na.Lt If the bulk to surface 

potential is known prior to inversion, the depletion width 



can be be computed using Poisson's equation in the form 

Ni I 

V2 2U = -E-i [ sinh U + r- I 
iJ 

where V2 = the Laplacian 

L  = Debye length 

Deep in the bulk V 2 U = 0, so that 

At the surface, 

so that 

UB si.nh1(j) 

U 
n = N = n.e 

S 

s a 

Us = Zn() 

Then the surface potential when ns a = N is given by 

kT 
/N A 

= (U -U ) 2n 
SO q B s q 'n.J \ I, 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

In addition, if the inversion charge is much smaller than the 

depletion charge, then the solution of 

V211 = 
€ 
S 

where 'Y = electrostatic potential 

p = 

= semiconductor permittivity 

d'1' with - = 0 at ' = d as boundary condition yields 
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q 2 

BSO -  2E s 

Equating (2.22) and (2.23) then gives 

- r4c 5kT (NaJ 2 

= Lq2Na n  £nJ 

(2.23) 

(2.24) 

2.2.5 Surface ChargeCalculations 

The exact solution for the charge distribution in the 

semiconductor would require a numerical integration. Howeyer 

using the above approximation for the depletion width, it is 

possible to obtain a useful expression for the inversion 

charge in terms of bias voltages and device parameters. 

The total charge in the semiconductor to the right 

of the surface, Q5, is made up of the channel charge Qn and 

the depletion charge B• 

Q.s =Qn + QB (2.25) 

The end of the inversion layer is again somewhat arbitrarily 

defined as the point where p = n, so that 

U -U n.e = n1e (2.26) 

or U = 0 at this point. The inversion charge may. then be 

calculated immediately by integrating from the surface to 

U = 0, so that 

U=0 
-q .r n()dU. 

U=U 
(2.27) 
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The gate charge Q and oxide charge both act to induce charge 

so that 

Q  • Qss • s = (2.28) 

where Q = Qn  +B from (2.25) 

It can be shown 59 that once inversion occurs, the 

depletion width does not increase significantly with increas-

ing gate voltage, and the bulk-to-surface potential remains 

approximately at its value given by (2.22). The inversion 

charge can be obtained from 

where 

and 

Qn = 

QB = _qNy 

Qn = ss - QB  - Q  

Q =C V 
g ox ox 

V ox is given by (2.13), so that Qn 

(2.29) 

maybe written as 

kT  
+ qN[q2 N 5  £n()] - Cox (V msc+ ms 

(2.30) 

where Vmsc is the applied voltage of the metal with respect 

to the semiconductor. 

2.2.6 Addition of a Source Contact 

The addition of an n source region to the MOS 

capacitor yields the three-terminal device shown in Fig. 2.8. 
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bulk 

Fig. 2.8. The MOS capacitor with a source contact. 

Since there is no current flow along the induced 

channel, the quasi-Fermi level for electrons remains con-

stant in that direction. As well, since there is negligible 

current in the substrate, the quasi-Fermi level for holes 

remains approximately constant in the semiconductor. Then 

and n are separated by the bulk-to-source bias Vbs"O 7,57 

that 

4p 

4p 

so 

Uti 1 izing 

- = Vbs 

p = niekT 

n = nje T 1)1) 

it can be shown that 

[ - N q Vsb) v2u -   s + a e 1 inh u  
(L) 2 2n 

where 

= 
4p+cI n)] 

(2.31) 

(2.32) 

(2.33) 

(2.3L) 
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and 

L  = 

The condition V 2 U, = 0 yields 

/ 
kT I al 

= N + -v ) - - Zni -t 
p n sb q 

' I, 

(2.35) 

and again defining inversion as the point where n5 =Na it 

can be shown that 

)L.T /N, 

' 

BS0 = - 'P = V .!J_ 
S bs q (2.36) 

Thus the depletion width and inversion charge are easily 

modified to include the effects of. the source contact by 

substituting (2.36) for (2.22) in (2.23) and (2.29). 

2.2.7 The Four-Terminal MOS FET 

The dc equations for the three terminal device have 

now been obtained, and it is a simple matter to extend the 

calculations to include the four-terminal MOS FET shown in 

Fig. 2.9 

5 r L 
I-

y 

Yd 

r 
I 
d 

Fig. 2.9 Bulk charge model of the MOS FET. 
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In order to perform the analysis, the following 

assumptions are made: 

1. Non-degenerate substrate doping. 

2. Carriermobility in the inversion layer is field-

independent. 

3. The substrate is thick. 

1• The charge Q ss is independent of the surface field. 

5. Diffusion current in the channel is negligible compared 

to drift current. 

6. Electron-hole generation and recombination in the channel 

is negligible. 

7. The effects of source-substrate and drain-substrate 

reverse bias currents can be ignored. 

The effect of the drain contact is easily included 

by considering the separation of the quasi-Fermi levels 

and along the channel. If the surface potential along the 

channel with respect to the origin of the co-ordinate system 

of Fig. 2.9 is denoted as V, then it can be shown' 8 that 

the electron quasi-Fermi level is separated from the hole 

quasi-Fermi level by an additional amount proportional to V 

at any point x in the channel. The inversion charge, from 

(2.30), is then written as 

Qn = -Qss a + qN yd ox gs - C (v _V+4 BS_Vb s 4rng ) (2.37) 

where V = V + V , 4 is the bulk to surface potential 
gs msc bs BS 

at the source, and the depletion region width Yd is found 
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from (2.2 1+) to be 

IV 

w 
- V + 2kT £f--\1 . (2.38) \fl i)j) 

The drain current 'd may be obtained by integrating 

the electron current density J(x,y) over the cross-sectional 

area of the channel , so that 

= ZJJ(X,Y)dy (2.39) 

where z is the device breadth and the integration is performed 

from the oxide-semiconductor interface to the edge of the 

inversion layer. From the transport equation, neglecting 

diffusion current in the channel, 

J(x,y) = 

where V = electron mobility 

electric field along the channel. 

Then combining (2.39) and (2. 1+0), 

d 
f 
yi 

•r:;dV;: 0 - qndy. (2.41) 

Noting that the integral in (2. 1+1) is the inversion charge 

density defined by (2.37), the drain current can be expressed 

simply by 

- dV Q p z— d = n n dx 

Integration from x = 0 to x = L yields 

(2.1+2) 
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i zC L (V -v +V Vd  
2 

g  bs BS ss ms 2 
+çb ) 

=  

'2q 2  N a c 
- /I s  / c 2 [VdSBS 2 -• s)2]} (2.43) 

ox 

where C ox = E ox ox IT as for the Weimer model, and 

V ss ss = Q IC ox . The threshold voltage can be obt a ined e ith er 

by letting Vd become very small and examining the gate 

voltage at which the drain current goes to zero, or by letting 

the inversion charge go to zero. Both methods give 

[2qN 
V - V - V s s + + c ms as s)12 (2.44) T bs BS 

L ox 

The pinch-off voltage can be found either by calculating the 

value of V = Vds at the drain required to reduce Q to zero 

for a specific gate voltage, or by finding the value of Vds 

at which 1d reaches a maximum. Again both methods give 

V =V -v + p gs bs BS + V ss ms 

qN c 
+ as 

C 2 
0x  

2C 2 
Ii + ox  
I qN e 
L.. as 

(v -v +v - s J 2). (2.45) gs bs ss m 

The gate transconductance g and substrate transconductance 

gmb are calculated from the expression for the drain current, 

so that 

al d .i zC n ox  
V 

 = a V L d  
g  

p zC I2qN c 
n ox4l as 

9mb BV = bs L 2 
V ox 

(2.46) 

[(vd s- ;S - s)2} (2.1+7) 
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As well, the output conductance is given by 

g0 
p zC 

d n ox 

d  L 

At pinch-off, V 
ds 

VYs_VbS+Bs+VSS_ms) Vds 

E2qN e 
as 

[c 2 
ox 

(vds-s)] 2) (2.48) 

is replaced by V, and it is found that 

(2.48) reduces to zero, as expected, since Q n is also zero 

at the drain. 

Thus, the basic equations for the bulk charge model 

are given by (2.37), (2.38), (2.43) and (2. 144) through (2.148). 

The equations can be put in a convenient form by noting that 

•BS is relatively independent of gate voltage for n >> Na at 

the surface, 17 '59 so that from (2.36), 

NN a 
+ 2.n (_) =n.  Vb s + 2 c (2 .49 ) 

and F represents the position of the hole quasi-Fermi level 

in the bulk, with respect to the intrinsic level. 

If an effective bulk charge voltage V  is defined as 

[4qNa5 ] 

VB [ 2 ox j 
then the basic equations may be rewritten as follows: 

V 
Q V 

ox 2 F [Vgs = C V (1 bs  V _VT+VB(1-) _v]J qN 

C Vb 2 
ox 

Yd  B (1 + f) 
a 

p zC 
n ox  

g - V 
m L ds 

(2.50) 

(2.51) 

(2.52) 

(2.53) 
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9mb = 

llnzcox r Vbs 
V'd s 2 

L VB[( 1_+)  

Vb s 2 

24F 

- pnzcoxl - 1 _. )2 
- L Vgs _V +V T_VdsB( 2F VB( 24 F 

VT nr 

V 
p 

- Vss + + VB(l - Vb 

Vb s 2 VB j•V gs VT VB 2 V 
= Vgs _V T+V B((1_) [_ 2 2 F 16 2F 

- pnzcox IV - 1. 

4 
3 

(V 9S -VT+VB (1 

- Vb s 

2 F 

Vb s 2 - V 5 

2 

V 3 •;- 
+  ds )L - (1 

24 F 

(2.54) 

(2.55) 

(2.56) 

iJ 
V 12 

(1 bs) 
2 4 F 

(2.57) 

2-];)}. (2.58) 
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3. AC THEORY 

3.1, THE WEIMER MODEL 

A small-signal equivalent circuit for -the Weimer 

model that is validat moderately high frequencies has been 

described in the literature. 7, 16 Th e gate-source and gate-

drain capacitances are derived by calculating the total charge 

stored on the gate and examining the charge variations with 

fluctuating gate and drain voltages. This analysis-results 

in an equivalent circuit of the form shown in Fig. 3.1, 

9 

Cg5 

Fig. 3.1 Small-signal equivalent circuit for the MOS FET. 

where the gate-source and gate-drain capacitances Cgs and 

Cgd respectively, are given by 

2 LzCox(VYs-VT) [3(Vgs-vT )-2V ds] (3.1) 

Vd s 2(Vgs"VT 2 

(3.2) 

gs 3 

Cgd 
a LzCox(VgsVTVds) [3(Vgs -VT) -Vd  

3 P ds - L "tVgs V•l T J 2 

Equations (3.1) and (3.2) may be written more con-

veniently using (2.2) and (2.3) as 

(3.3) 
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and 
, LzC,v(2v..+v C - 'J,' A u' - - U'  

gd 3 (v S+vd) 2 

The transconductanceg and output conductance g0 as' given 

by (2.5) and (2.6) may be written in the new notation as 

gm 
pnzc ox 

L (v s vd) (3.5) 

nZCox 
g0  L  Vd 

and the drain current is given by 

I - 1. nCo xZ 2 2 
d 2L (v5 Vd ). 

(3.6) 

(3.7) 

3.2 THE BULK CHARGE MODEL 

The short-circuit gate capacitance forthe bulk 

charge model has been calculated by Sah and Pao. 17 The 

analysis is extended here to differentiate between gate-

source, gate-drain and gate-bulk capacitances under non-

saturated conditions. 

For an element of channel of length dx, the incre-

mental gate charge is given by 

dQg = Cox zV 0 dx 

where Vox  is the potential across the oxide, given by 

Vox = Vgs - Vb s - 4rs + - V 

From the expression for the drain current, 

dx = 
PnZQn dV 



- 29 -

andth e total gate -charge is foun.d by -integrating (3.8) from 

source to drain. Then 

t 0 
I I S - 

(v g s- v bs - ms "BS _ V)Q n dv. 

The short •circuit gate capacitance C gg 

directly from (3.11), since 

C =C +C +C 
gg gs gd gb = 

can be obtained 

gs 

(3.11) 

(3.12) 

where C gs , C gd and C gb are the gate-source, gate-drain and 

gate-bulk capacitances respectively. 

It can be shown (Appendix A) that 

and 

so that 

gt 
Cgd = 

C =  
gb 

DQ 
gt 

bs 

3Q gt + gt + gt 

Cgs = v gs av av ds bs 

The integral in (3.11) is performed for constant V S5 so that 

in evaluating (3.12), the partial derivative isallowed to 

operate on the integrand, yielding 

where 

C gg = C ox gs Lzf(V ,V ds' V bs ) 

V 

Vds f 
ds 

ds    rVdV 
f(VgsVdsVbs) = 1 - •ir- 2  
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r = QICox, (3.19) 

and it is assumed that 45S is practically •independent of gate 

voltage for Vgs > VT 17,5.9 The gate-drain capacitance can be 

evaluated by noting that 

V jd  dV = 1. (3.20) 

Then (3.11) may be written as 

- -. OX  V C zL c ds 
Qgt ox gs - = C zL(V v bs - j rVdv (3.21) ms 

0 

and substitution of (3.21) into (3.13) yields 

a f Vd s r vdv). C =-C zL 
gd ox V 

ds 
0 

(3.22) 

Utilizing Liebnitz's rule, he differentiation can be per-

formed directly to yield 

Cgd = C ox zLf 1 (V gs ,Vd S ,Vb S) (3.23) 

where rVdV 

f 1 (v gs ,v ds ,Vb S) = -( rd i fVds +  0 (3.2') 

0 

and = Qnd/Cox* 

Similarly, Cgb is obtained from (3.11) and (3..l'). In 

integral form, 

C gb = C ox zLf 2 (V gs ,VdS,Vb) 

where 

(3 .25) 
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L(1 VbS V 
F 2 F. 

S VT+VB( 1 

(1 

V i1 ds 

J f o dV 

Vds , -J VdV) 

0 

V - 

V I V+V(l b.s.. ) 
VB d gs T B 1+e1 
F 'o Vb s I 

(3.26) 

Finally, substitution of (3.16), (3:23) and (3.25) into (3.15) 

gives 

c gs ox 3 gs = C zLf (V , ds ' ,VbS) 

where 

(3.27) 

f 3 gs gs gs ds (V ,Vd S ,Vb S) = f(V ,VdS,vbS)fl(V ,V Vbs)_f2(VgsV ds' Vbs) 

and the integrals involved are listed in final form below. 

Vd 

rVdV - - 1fo 
6 

T. cV 

Ivgs -  

5 3 

r V bs) 2 V 3V VID Vd S 2 
'(1 (1 bs ds  L )-(I-24 F TO F 'F 2F 2 OF 

V 

r+ B(1 F .1 + 1 V3 2 3 ds 
(3.28) 
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V . . .3 

dSrdV = 4)F B[ V( 1 . ;-; + J  2• F. 2 •F ] 
0 1 

V 
ds 

IV gs- V T +V B0 - - -)]v ds + V2 2  

Igs_VT+VB(1 ]dv 

(1 
V . 
bs V 

2 4 F 24) 

V 
ds J VdV  

0 b  V )2 

2 F F 

)2 

F 

V •iI 
4 F[ 4> 1V gs_VT+VB) j 

1 1 

[VV -) •• 
24>F 24) F 24)F ] 

(3.29) 

(3.30) 

•1 3 

16 2I Vb s Vds V V V bs ) 
= - T4> F 1 iiç) (•' - FF + (1 •-;i;-;: j• 

(3.31) 

The remaining capacitances are obtained by performing the 

appropriate partial derivatives. However, the procedure is 

lengthy, and will be omitted here as only Cgs and Cgd are of 

interest as far as the noise calculations are concerned. 

The form of the equivalent circuit for the bulk charge model 

15,91 
has been discussed by Das. 
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4. THERMAL NOISE 

The high frequency thermal noise of the enhancement 

MOS FET has been analyzed by Shoji, 23 using a transmission 

line model of the channel for an intrinsic substrate. Other 

authors have analyzed the effects of the substrate on the 

thermal noise using a physical approach.2425,54 However, 

the gate noise parameters for the simple model have not been 

presented explicitly in terms of bias conditions and geomet-

rical parameters. In addition, the effects of the substrate 

on the gate noise -have not been analyzed correctly. An 

alternative analysis based on a lumped model app roac h7 4 753 2 '3 4 

is used in this work, and the results are obtained in a form 

convenient for comparison with experimental measurements. 

Both the Weimer model and the bulk charge model are treated 

in detail in both the pre-pinch-off and the pinch-off mode. 

4.1 THE WEIMER MODEL 

4.1.1 Thermal Channel Noise 

The transistor can be split at a point x in the 

channel as shown in Fig. 4.1. 
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+ 
n n 

• 

Fig. 

x 

(a) 

dv 1 d  

d 

dv 2 

Cr 

(b) 

.1 (a) Schematic representation of the MOS FET. 
(b) Two-transistor representation of an FET 

of channel length L. 

Utilizing the equivalent circuit of-Fi g. 2.2, it can 

be shown that 

and. 

where 

R - 

r 

90 1 

mnoxz 
g01 -   v 

is the output conductance for the transistor of channel 

length x, 

g02 
L-x d 

is the output conductance for the transistor of channel 

length L-x, and 



g12 = (Vvd) (4.5) 

is the transconductance of the transistor of channel length 

L-x. It should be noted 'that .v is the .-gate-channel potential 

at any point x in the channel, given by 

gs T 

Addition of (4.1) and (4.2) yields 

L  
R +R - £. r p   zv 

n ox 

(4.6) 

(4.7) 

The thermal noise voltage dv 2 generated in a length of channel 

dx at x is given by 

dv 2 = 4kThfdR 
n 

where the incremental channel resistance dR is given by 

-1 dx  
uR - p  n C ox zv 

(4.8) 

(4.9) 

From (2.1), the elemental channel length dx may be expressed 

in terms of the drain current as 

pC z 
dx 

n ox  vdv. 
= - 

11 d 

Substituting (4.10) and (4.9) into (4.8) yields 

dv 2 - 4kThf dv. 
n 

(4.10) 

(4.11) 

The contribution to the drain noise current from the element 

dx is, neglecting capacitive coupling to the gate, 
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di 
2 

d - (R +R r )2 

- 4kmf (Pn'ox v2dv. 
L ) 

dv 2 
n 

(4. 12) 

The spectral density of the noise current in the drain is 

then obtained by substituting for I from 

ing from source to drain. This yields 

(3.7) 

.2 kTii C z (v 2+v v +v 2) 
8 n ox s s d d 

L (v +V 
s d 

and integrat-

(4.13) 

The equivalent noise resistance R is obtained by writing 

so that 

or 

At pinch-off, 

and 

R - 

n 3 i zC 
n ox (v -v )2 (v +v ) S d s d 

.2 - 4kThfR g 2 
- nm 

2 L (V S2+v Svd+Vd 2) 

(v 2+v v d d +v 2) 
2  s s  

Rg --

nm 3 5 2 2 v -v d ) 

.2 - 8 kTh f  
ms 

R g = 
ns ms 

2 
3 

•(4. 14) 

(4.15) 

(4. 16) 

(4. 17) 

(4. 18) 

where Ms. the transconductance at saturation, is given by 

i zC 
n ox  

gms L vs (4. 19) 
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Graphs of the normalized drain noise and the Rg product 

given by (4.16) are shown for various bias conditions. in 

Figs. 4.2 and 4.3. 

4.1.2 Gate Noise 

The noise current that flows in the gate due to 

capacitive coupling between the gate and channel can be cal'-

culated by considering the capacitances C and Cr in Fig. 

4. 1(b) . 

Neglecting capacitive currents in calculating volt-

ages at d1 and s 2' it is clear that 

dv1 = didR 2, (4.29) 

and 

dv2 = didR (4.21) 

where dVn = dv.1-dv 2 (4.22) 

dv 

did = R n +R (4.23) 
r 

Substituting for R and R r in (4.20),, (4.21) and. (4.23), 

x 
dv 1 = - dv (4.24) 

L n 

- (L-x) 
dv . (4.25) dv2-  L n 

Then the differential current flowing into the gate is given 

by , 

or 

di g = -dv 1(jwC) +dv 2 (jwC) 

d g = _JW[C 
Ix L-1 -C (L  x)] dv n 

(4.26) 

(4.27) 



I I I I  

2 3 4 5 6 7 8 

Vds(VO1tS) 

Fig. 4.2 Normalized drain noise asa function of bras for the Weimer model. 



6 

5 

4 

3 4 5 6 

Vds (volts) 
Fig. 4.3 The Rg product as a function of bias for the Weimer model. 

8 
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For the transistor of channel length x, v  is replaced by 

v in (3.4). to give 

and (3.7) yields 

v (v S +2v) 
-  

C2, 3 ox  LzC 
(v +v) 2 

S 

pC z 
x -  n ox  
L 2 L I 

(v 2 2 -v ) 

(4.28) 

(4.29) 

For the transistor of channel length (L-x) , v is replaced 

by v in (3.3) to yield 

and 

from 

C = - LzC 
r 3 ox 

v (v+2vd) 

(v+vd) 2 

iiC z 
L-x n ox 2 2 

- 2 L I (v Vd 

L-x 
L 

(4.30) 

(4.31) 

(3.7). 

Substitution of (4.28) to (4.31) in (4.27) gives 

di = 
g 

2. r...., 3 3' 

3  ''s d '  vI dv 
2_ 2) L 2_  2 

(v v (v v 
s d s d 

The gate noise is obtained by integrating 

'I 

-;;--- fv 
d   

di 'di 
g g g 

5 

(4.32) 

(4.33) 

Substituting from (4.11) and (4.32) into (4.33), and integrat-

ing from source to drain yields 

.2 32 w2 kT(C Lz) 2 
'9  - 9 ox g(v 5 ,v) 

Af g (v s 2_ V d s d 2)2 (v +v ) 
m  

(4.34) 
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where 

4 (vs -vd) 3 2 2 
2' 2 2 - 3(v s +vd ) (vs 3-vd3) 

(v5 Vd ) 

or simplifying, 

g(v,v) - 

2 
15(v s+vd) 

(v s -vd) r 3 22 3 [2vs +l0v vd+ 2 1vsvd +lOVsVd +2Vd j. 
(4.36) 

At pinch-off vd = 0 and 

Substituting for 

64 w2kTf(CozL)2 

i92 135 gms 
(".37) 

grns from (.4.19), 

  - •32 
14 Rns 

kTfw 2 (C 0 zL) 

(.4.38) 

The normalized gate noise is plotted for pre-pinch-

off conditions 'in Fig. 4.14. 

4.1.3 The Correlation Coefficient 

where 

The correlation coefficient c is defined by 

g * d 

Vd 

tgtd = f d i 9 d d 

(4.39) 

(4 . 4o) 

is obtained by substituting (4.23) and (4.32) into (4.40). 

The result may be written as 



0.02 

I 2 3 4 5 6 

Vds (volts) 

Fig. 4.4 Normalized gate noise as a function of bias for the Weimer model. 



* 

'g 'd 
= j  

kThfC zL 
16 ox 
3 2 

(v v  

43 [V3 (v  - V 

2 

2 (v S3- vd 3) 1 
2 2 I• (4.41) 

(v Vd I S 

Substituting (4.41), (4.34) and (4.13) into (4.39) yields 

r3 (vs 4) 2 (v S3 vd 3)] 

Vd (v 2- 2 v ) s d 
[IT 

At Pinch-off, v  = 0 and 

c= 

3Vd3) g(v5 Vd)] 2 

(4.42) 

f5 = 0.395j. (4.43) 

Themagnitude of the correlation coefficient is shown in 

Fig. 4.5 for the pre-pinch-off case. 

4.1.4 Noise Figure Calculations 

The equivalent circuit for a simple MOS EEl amplifier 

with source bias resistance by-passed is shown in Fig. 4.6, 

'dt 

Fig. 4.6 Equivalent circuit fora simple amplifier 
at moderately high frequencies. 



0.4 

0.3 

0 

0.2 

0.1 

0 
4 

Vds (volts) 
5 0 2 

Fig. 4.5 Magnitude of the correlation coefficient as a function of bias for the Weimer 

model. 
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where Cgst = total gate-source capacitance, including strays 

Cgdt = total gate-drain capacitance, including strays 

'gR = thermal noise current resulting from Johnson 

noise of R  

ig = gate noise current due to capacitive coupling 

with the channel 

'd = thermal noise current from the conducting 

channel 

'dt = total noise current in the drain lead. 

The output is shown ac short-circuited for convenience 

since the load resistance does not enter into the expression 

for the noise factor. 1' 

it has been shown ' '35 that it is possible to write 

circuit equations for the model of Fig. 4.6 in the normal 

manner, replace currents with Fourier spectra, take the pro-

duct with the complex conjugate, and perform a suitable 

averaging procedure to obtain the mean squared noise currents 

directly. 

A nodal analysis of the circuit yields 

idt = id + 
(ig+igR)Rg(grnjwCgdt) 

l+Jü)R g (C gs t+C gdt) 
(4.44) 

Replacing currents with equivalent current spectra 

in (4.44), taking the product with the complex conjugate 

noting that •g and 'd are correlated, and averaging yields 



.2 .2 
'dt = • 

2 C 
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, Ui+1 )R 2 2+w2C 2 
g gR g m gdt ' 

1 + [wR g gst g (C +c dt1 

AI22 R 2 
g d g [Wg  m (Cgst +Cdt) + 

WC -I 
gdt i 
RJ 
g 

1 + R (C +C J2 
g gst gdt 

(4.45) 

Similarly, the mean square contribution to the output current 

from the gate resistance only is given by 

.2 2 2 2 2 
i R (g +w C ) 

-  gRg m gdt  

dtR 1-i-[wR g gst gdt (C +C )]2 

The noise factor is then defined as 

(4.46) 

2 

F - 1 d  (4.47) 
.2 
'dtR 

At pinch-off, substituting for i from (4.37), i from (4.13), 

id from (4.43), and noting that 

- 4kmf  
'gR R 

g 

yields the noise factor F, where 

F-i 2  1 + (wR g t  • 16 C )2 I g o c 2 

3g R 135 g- 
ms g I ms 

+ ( gdt) J 
ms 

+ 
2 O)R C gt C o   

_l + 

=C 
gst gdt 

and C = C Lz. 
0 ox 

Cg 

RgC 5 

WC 

(4.48) 

(4.49) 
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The first, second and third terms are due to channel noise, 

gate noise and correlation respectively. At moderately high 

WC dt  
frequencies, the term 9 1 is much smaller than unity. If 

ms 
R g t 0 $1 >> - and C > C  which is usually the case, it is found 

ms 
that channel noise dominates and F becomes 

F 1 + 35Rg [1 + (f )2] (11.50) 

where 

- (11.51) 2iiR  
gt 

The minimum noise factor is found by differentiating 

(4.119) with respect to Rg and equating the result to zero. 

This results in an optimum gate resistance 

and 

F. 
mm 

Rgopt = WC t 

11  
3R 

gop t ms 

(4.52) 

(11.53) 

Since the optimum gate resistance depends on frequency, it 

is not possible to minimize F over a wide 

using a fixed value for R g 

frequency range 

11.2 THE BULK CHARGE MODEL 

The effects of the substrate on the thermal noise 

characteristics have been analyzed in detail by Sah et a], 24 

and Klaassen and Prins. 25 An analysis of the gate noise and 

correlation coefficient has been pres ented by Rao 54using 

36 
the bulk charge theory of van Nielen and Memelink. 
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Identical results can be obtained by utilizing the lumped 

model approach used to calculate the noise quantities for 

the Weimer model. An error has been discovered in previous 

work involving the gate noise. The correct expressions are 

derived and discussed in detail. 

4.2.1 Thermal Channel Noise 

The two-transistor representation of the EEl with 

drain, gate and substrate ac short-circuited to the source 

is shown in Fig. 4.7. 

dv 1 
dv 

d 
1 +/ 

dv 2 

S_ 

C r 

Fig. 4.7 Two-transistor representation of a MOS FET 
ofchannel length L. 

The resistances R , and Rr are found from the small-signal 

equivalent circuit to be 

R r 

R - 

g +g +g mr mbr or 

g02 
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where g mr P gmbr are the gate and substrate trns'condutances. 

respectively, and g is the output conductance for the 
or 

transistor of channel length (L-x), given by 

p C ox z n  
a = ¼.l -v 
mr L-x ds 

p zC - 

n ox  
a = V 
mbr L-x 

p zC 
n ox 
L-x 

[(1 + d S) - (1 + 

IV gs  _VT+VB_Vds) 
and g0 is the output conductance for the transistor of 

channel length x, given by 

Pn Z Qn 
g0 —  

(4.56) 

(4.57) 

(4.58) 

(4.59) 

where Q is the inversion charge density at any point in the 

channel, described by (2.51). 

Then substitution into (4.54) and (4.55) gives, 

(4.60) 

(4.61) 

The channel conductance is given by -p n zQ nP so that the 

thermal noise voltage generated in an element of channel of 

length dx is 

-- dv - -4kThfdx  

n lin ZQ n 
(4.62) 
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Neglecting capacitive currents flowing to th gate, the con-

tributionto the short-circuited drain noise is given by 

-- d  2 
n  

Ir, 
'2 "r-

and substitution of (4.60), (4.61) and (4.62) into (4.63) 

yields 

- 4kT.f  
did - 'd (4.64) 

The total short-circuited noise current in the drain, 1, 

is obtained by integrating (4.64) from x = 0 to x = L, 

where 

and 

,V ds 
(.Ji 2_) dV 

ox 

4kTf (l.lnZCox )2 

= 1d L 

(3VBvd1 + 

,V ds 
(--Qn )2dv 

0 EOx 

V 
d  

TTF 

-(V gs -v I B_ +v V ds )3 

+ (V -v +v 
gs T B 

8 FVB(V gs TB+2F) 

5 
•- 

1 + V ds - + 

3 
+ ds )2 - 

24 F 
I]  

(4.65) 

(4.66) 

In (4.65), it has been assumed that Vbs = 0, for convenience 

Equation (4.65) yields resui.ts which are identical to those 

presented by Sah et a]. 24 

The equivalent noise resistance is found by writing 

ij = 4kTLfRg 
2 

(4.67) 
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and comparison of.(4.67) with (4.65) yields 

Rg - 

fo 

0Vd s 
(4.68) 

where 0 and r are given by (3.18) and (3.19) respectively. 

Graphs of Rg are shown in Fig. 4.8 as a function of drain 

bias for various values of the gate voltage. For values of 

Vds >> (4.68) can be simplified considerably by consider-

ing the expression for the output conductance, (2.55), with 

Vb s = 0. When g0 = 0, V 5 = VP and 

Vgs - V1 = V - vB(l - 2cF 41 + Vp 

If Vds = V >> F' then 

Vgs - V1 V + V 
p B 2'F 

(4.69) 

(4.70) 

Substitution of (4.70) into (4.68) and simplification gives 24 

21 + 11  V   1 

L 2 FV P J 

(4.71) 

From (4.71), it is apparent that the noise is increased over 

its value of .. as indicated by the Weimer model. Figure 4.9 

illustrates the increase in the Rg product at saturation 

as the substrate doping increases in value. The pinch-off 

voltage V decreases as the doping is increased, so that gm 

decreases and Rn can become much larger than the value of 

2 

3g 
obtained for the Weimer model. 
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I 2 3. 4 5 6 7 8 9 JO 

Vds/2 F 

Fig. 4.8 The Rg product as a function of bias for the 

bulk charge model. 



N a (atoms /cm3) 

Fig. 4.9 The Rngm product as a function of doping at pinch -off for the bulk 

charge model. 
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4.2.2 Gate Noise at Moderately High Frequencies 

. As for the Weimer model, a straightforward calcula-

tion of the gate noise can be performed by considering the 

effects of C , and Cr as shown in Fig. 4.7.. The, analysis 

given in section 4.1.2 applies, and the capacitive current 

flowing into the gate is given by 

dIg = FPI L r _L_ n 
(4.72) 

The capacitance C , represents the gate-drain capacitance for 

the transistor of channel length x, and is found by substi-

tuting V for Vds and x for L in (3.23) , so that 

C = CoxZL()f3(VV gs ) 

where 

V 

(—C)2 
r + r 

f3 (VV g5 ) = - f 0rVdV 

and 01 is found by replacing Vds by V in (3.18), viz. 

3 

V2 4 
gs I B - - FB (1 + V2 l. 0 = V(V -V +V ) 

(4.73) 

(4.74) 

(4.75) 

Similarly, Cr represents the gate-source capacitance for the 

transistor of channel length L-x, an'd is found by substituting 

V ds -V for V ds , V gs -V for V gs ) -V for V bs , and L-x for. L in 

(3.26). Then 

C = C zL(—')f (V , V ,V ) 
r ox L 4 gs ds 

(4.76) 
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where 

f (v , V ,V 
1 dS) = g 

( 
V s/- Vd 

1 - 02 2 rd) 

[v g 
s2 

V T + V I 
0 

'I 

I f  + F°2 (V z_VT+VB)J dV bs • 

.Vd s2 = 

V = V -v 
gs2 gs 

ds2 

° V V 

2 F F 

and °2 is found by replacing Vds V9 and Vbs 

and -v respectively in (3.18), so that 

ds2 

Vd g2 

rdV 

+ V 
24 11. 

V 
dsZ 

rvdV] 

vd V ) 2-j VdV 11 
o bs 

2 F 2 F 

('+.77) 

by Vd SZ, Vgs 2 

3 3 

.• 12 
•V (V 1+ ) -(1+±)]. (.78) 

gs 2 

It should be noted that 

V 
d s 2 

V  

2 F 2 F 

and 

VdV 16 2 3V ds F ) (1 • Vds ) 1( 1+ V 
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V 
d s 2 

d  

V • 
° (1-_b s1 V )2 

24 F 2 F 

4 (V -v +v -v) 
F gs T B 

In addition, from (3.18) we have 

I AL 
U  

i zC n ox 

and it follows that 

I A X 
U  - E), 

i zC 
fl OX 

Then 

Similarly, it is easy to show that 

0 L-X - 2 
L 0 

V 
ds 
+) -(l+)j. 

(3.18) 

(4.81) 

(4.82) 

(4.83) 

Substitution of (4.73), (4.76), (4.82) and (4.83) into (4.72) 

gives 

jwC z  
di g -  °  [® 3 gs (v,v ) - 0f4(VV gs' Vds )]dV n. (4.84) 

E)   

The gate noise is then obtained from 

V 
ds 

I di *di 
g j .g  g 

0 

and utilizing (4.62) and (4.84) yields 

(4.8s) 
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•1 2kThfw2 ox C zL 3 
= 

g r® i5 

nF [2•di 

= (2)  [bf3(VV ) - gs 

V 
d  

Y2d(L) 

0 

(4.86) 

(11.87) 

The integral in (4.86) can be evaluated numerically. Graphs 

of the normalized gate noise are shown in Fig. 4.10 as a 

function of drain bias for various gate voltages in excess 

of the threshold voltage V1 . It should be noted that all 

voltages are normalized to 2F for convenience. 

4.2.3 The Correlation Coefficient 

The correlation coefficient.c is obtained using (4.39) 

as before. The term ig* id is calculated using 

V 
ds 

g d 
di 'di 
g d 

(4.88) 

Substitution of (4.84), and did from (4.64). into (4.88) gives 
V 
d  

' -j4kTh ox fC zL 

i J 2  Yd( ± 1(20 )(4.89) 
g'd = F)2J 

Then combining (4.89), (4.86) and (4.65), the correlation 

coefficient can be written in integral form as 
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Fig. 4.10 Normalized gate noise as a function of bias for the bulk charge model.. 
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V 
d  

c=   

) 

IV d  V d s 

2 J Y2d(.-_)J (.--) d(—) 
0 0 

(4.90) 

The integrals in (1-i.90) can again be evaluated using numeri-

cal techniques. The magnitude of the correlation coefficient 

is shown in Fig. 14.11 for bias conditions corresponding to 

those used in Fig. 4.10. 

As the substrate doping becomes small, Na + •fl i 

+ 0, and the expressions for the gate noise (4.86) and 

,the correlation coefficient (4.90) should reduce-to those 

given by (4.314) and (4.42) for the Weimer model. At pinch-

off,with F =0, VgsVT = VP and it can 'be shown that 

0 f3(VV gs ) = (vv)(V3V) , (4. 91) 

®f 4 (V,V ,V ) = (v-v) 4 (4.92) 
gs p 

so that (4.87) becomes 

V 2 
P (V-v p) (v-3V) 

Substitution into (14.86) and (4.90) yields 

kThf 2 (C Lz) 2 64 ox 
'go - 135 g ms 

• I go i do = - 4 kTh ox fjwC Lz 
9  

(4.93) 

(14.94) 

(k.95•) 
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Fig. 4.11 Magnitude of the correlation coefficient as a function of bias for thebulk 
charge model. 
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and 
(4.96) 

in agreement with the results for the Weimermodel. 

The effects of substrate doping on the gate noise, 

cross correlation term, and correlation coefficient at pinch-

off are shown in Figs. 4.12, 4.13 and 4.14 respectively. 

The gate noise and correlation term are normalized to (4.94) 

and (4.95) so that the effects of the doping can clearly be 

seen. 

The results for the •gate noise and cross correlation 

agree in magnitude and form with those given by Rao, but the 

correlation coefficient does not. Rao's numerical results 

indicate amonotonically decreasing id. with incIeasing Na 

due to increasing 'd• Figure 4.15 illustrates that this is 

not the case. While it is true that R ns gMs increases with 

doping, the pinch-off voltage VP and thus g ms decrease with 

increasing Na so that i = 4kThfR 5g 5 does not vary appreci-

ably at pinch-off over a wide range of values for the doping. 

The magnitude of c is seen to increase slightly over the 

value of 0.395 for an intrinsic substrate, in agreement with 

Halladay and van der Ziel's 55 experimental results. The 

dependence of Icl on Na was used to support their theory of 

an "excess" noise generator operating in the channel at high 

frequencies. It has recently been shown 60 that the excess 

noise does not exist, and that their measurements were not 

performed a.t sufficiently high frequencies to ensure that the 

1/f component of noise was negligible. 
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Fig. 4.12 NormaVized gate noise as a function of doping at pinch-off. 



10 14 10 15 i 16 10 17 

Na (atoms/w3 ) 
.Fig. 14.13 Normalized cross-correlation as a function of doping at pinch-off. 
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Fig. 4.1'4 Magnitude of the correlation coefficient as a function of doping at pinch-off. 
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Fig. 4.15 Normalized drain noise as a function df doping at pinch-off. 
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5. LOW FREQUENCY NOISE MECHANISMS 

In addition to thermal noise in the channel of the 

MOS FET, there appear to be two major noise mechanisms which 

dominate the noise performance of the device at lower 

frequencies. The first of these is surface noise, at the 

oxide-semiconductor interface ,22, 26, 27, 29,37 'and the 'second 

is generation-recombination nq ise 28 31 71 .7 due to random 

emission and capture of carriers at the trapping centres in 

the depletion region of the semiconductor. In this work, 

both mechanisms will be analyzed in detail, using a straight-

forward approach to evaluate the magnitudeof the noise. 

5.1 SHOCKLEY-READ-HALL (sRH) STATISTICS 

The statistics of the SRH generation-recombination 

centres in a p-n junction depletion region have been well 

known for a number of years. 38- 44  A simple two-level trap 

will alternately emit a hole and an electron and simultane-

ously fluctuate between a charged and neutral state in the 

process. The random fluctuation in charge states causes low-

frequency noise due to the longtime constants involved in, 

the capture and emission processes. The energy band diagram 

showing a simple trap is given in Fig.' 5.1. 
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  E 

ef t I [ cp t 

0 El 0 El Et 

ef t c n nf tp I   
(a) (b). (c) (d) 

Fig. 5.1 Energy band diagram showing a simple two-level 
trap in the forbidden band. 
(a) hole emission,(b) electron emission, 
(c) electron capture,(d) hole capture.. 

It should be noted that 

e = emission probability of a hole by SRH centre 

en = emission probability, of an electron by SRH centre 

ft = fraction-of SRH centres occupied by electrons 

fraction of empty SRH centres 

C = electron capture probability of SRH centre 

c = hole capture probability of SRH centre 

n,p = electron and hole concentrations, respectively. 

For such a single level acceptor centre which is either nega-

tively charged when filled with an electron or neutral when 

empty, it can be shown that the maximum decay time constant 

for a regression in the trapped electron concentration n is 

,t. 
t cp (P o+Pi)+c n (n o+n1) 

As well, the fraction of filled centres is qiven by 

(5.1) 

Tt = tp - l+exp((E t-EF)/kT) 
(5.2) 
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where Et =energy level of SRH centre 

EF = Fermi level of energy 

po ,n o = steady-state hole and electron concentrations 

respectively 

PI = e/c = nexP[(E -Et)/kT] 

n1 = en/cn = n1exp [(E -E)/kT] 

ftp = fraction of unfilled SRH centres 

(5.3) 

(5.4) 

The variance of the charge fluctuation q(Snin an 

elemental volume can be calculated usingeithera statistical 

approach4243 44 or a thermodynamical approach. 4 

give (Appendix B) 

(Sn 
t 
2 = Ntftft  

LA 

Both methods 

(5.5) 

where Ntis the SRH centre concentration per unit volume, and 

A is the elemental volume element. 

The one-sided power spectral density of the noise 

which results from a single time constant process of this 

type can, be obtained (Appendix B) by calculating the auto-

correlation function and utilizing the Wiener-Khintchine 

theorem 46 to give 

4(S n 2T 

G(f) -  2 2 
l+w T   

(.6) 

where T   is the relaxation time constant for a particular 

trap level. Then for a system in which there are traps at 

many different levels, it can be shown 49 ,7 6 that the spectrum 
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is inversely proportional to some power of the frequency, 

usually close to unity. This leads to the well-known 1/f 

noise quoted in the literature. 

5.2 GENERATION-RECOMBINATION NOISE 

Since the Weimer model of the FET assumes the sub-

strate to be intrinsic, the channel-substrate depletion region 

does not enter into the calculations, and it is not meaningful 

to talk about noise from this mechanism. The analysis which 

follows applies only to the bulk charge model described in 

Chapter 2. 

The calculation of theeffects of fluctuations in the 

trap occupancy can be carried out by using the model shown in 

Fig. 5.2. 

Fig. 5.2 

Y=O 

An incremental length Of channel used for 
calculating the noise voltage due to 
generation -recombination in the depletion 

r e g ion. 
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The charge density profile for 'the, element of channel 

in Fig. 5.2 i's shown in Fig. 5.3. 

P 

y=-T0. Y=O 

Fig. 5.3 Charge density profile of a Ax element of channel 
showing a fluctuation cSn t in an elemental volume 
A in the depletion region. 

The source, gate and substrate are ac short-circuited 

while the drain is open circuited for ac signals, and the 

channel is divided into three sections by the lines at x = x 

and x = x2. Fluctuations in nt are permitted in a small 

elemental volume Mi in the region between x1 and x2 but are 

assumed to be suppressed elsewhere in the region x1 4 x 4 x2 

as we]] as in the regions O,< x < x1 and x < x < L. The 

contribution to the total noise voltage at the drain due to 

fluctuations in nt in the volume element Mi is calculated, 

the volume element is reduced to a differential element dA, 

and the total noise at the drain due to fluctuations in nt 

in the entire depletion region is calculated by performing 

a suitable integration. 
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The noise voltage due to a fluctuation Sn t in an 

elemental volume A at y = y1 can be dbtained by examining 

the total potential from the metal to the bulk. The well-

known moment formula is written as 

2 

'Y 21 I 2-ydy 
J C 

(5.7) 

so that a fluctuation Sn t in n in a small volume of width 

y causes an incremental fluctuation mb in the potential 

from metal to bulk, given by 

) = - . mb 

At the same time, the fluctuation 6n  gives rise to an 

incremental fluctuation in 1he bulk charge of magnitude 

(5.8) 

(QB) =. (5.9) 

Under static conditions, the total potential of the bulk with 

respect to the metal is determined by taking moments about 

y = 0, so that 

Q g  + 
bm C0 

Yd 

I. 
q  

0 .. ydy. 

In addition, if Q ss is assumed to be small, 

where 

Q  + Q + °B 0 

(5.10) 

(5.11) 

QB = (5.12) 
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Substituting (5.11) and (5.12) into (5.10) yUe1ds 

- - 

'i bm - C C 2e ox ox S 
(5.13) 

Fluctuations in 'n t then cause incremental fluctuations in 1', 

Qn and so that 

'I, +S'Y 
bm bm 

'[nn1  
C ox ox 

cpSny 

+ - -- [YdYd 2 + ox S 

Neglecting second order terms and separating static and 

fluctuating components yields 

A (oQ,) qN cSny 
(s'i ) -   bm - C a() + C 

ox ox ox 

+ •-; 6n.1yy. 

qNy. 

£ 
S 

(5. 15) 

Since the gate nd bulk are ac short-circuited, bm = 0, and 

utilizing (2.52) to find cSyd in terms of c5V yields 

'C 

' ' °n = E' (v d 
j (fli- + 

\ 
C 
ox 

- 

C y') ox  \ 
C . (5.16) 
S 

If I, Q, and V  represent the total drain current, inversion 

charge and channel potential, respectively, then 

= 'd (5.17) 

= °n + (5.18) 

Vt = V + 
(s. 19) Qn 

where 1d' and V are the average ,, values of I, Q and 

and ( 1d) ' (Q) , (V) are incremental fluctuations in I, 

Q and V  at any point x in the channel. For the regions 

0 x < x1 and x2 <'x L, the drain current is written as 
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dV 
= -i.izQ •;:i-;;.T- (5.20) 

Substitution of (5.17), (5.18) and (5.19) into (5.20) and 

retention of only first order fluctuations yields 

dV ' 
A (6 Id) z (Q nn d(V)J  + 

dx 
(5.21) 

For open circuit conditions at the drain 61 = 0 and (5.21) 

may be written as 

d[t(rSV)] Ln1  dv 
- 0. 

dQ Q dQ 

From the expression for the inversion charge  given by 

(2.51) it is easy to show that 

dQ n / c ' 5' 

dVk\ OX . 

Substitution of (5.l6 and (5.23) into (5.22) yields 

An C  +  OX y ) 

d (v  +  (dv) - (1 S  

dQ. Q c 
n n Q(c + s 

n ox 

(5.22) 

(5.23) 

(5.24) 

This is a linear first-order differntia1 equation of the 

form 

with solution 

db 
+ f(a)b = r(a) 

da 

b = e If e h r(a)da+A] , h = f f , ( . a)da 

where A is an arbitrary constant. 

(5.25) 

(5.26) 
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Substitution of appropriate variables from (5.2 4). gives 

= A + j— q 'C np Cy(l ±  ox  
y 

n S 

(5.27) 

which is valid in the region x1' x x2 ... 

In order to solve for A,, the boundary conditions -are 

determined as follows: 

Fluctuations in nt are suppressed in the regions 

0 x < x1 and x2 < x < L. Only fluctuations in I and V are 

allowed. Substitution of (5.17) to (5.19) into (5.20), 

expansion in series and retention of only first order terms 

yields, for 61 d = 

or 

d[QL(5V) =  0 (5.28) 

Q n A(6V) = a constant. (5.29) 

Thiscan be seen more directly if it is noted that Q n is an 

explicit function of the channel voltage V, so that 

A (5.30) 

Substitution of (5.30) into (5.21) for 61 d = 0 gives (5.28) 

directly. ' 

At th.e source, 5V S = 0 so that 

Q ns S) (V ) = Qnl (v 1) = 0 

implies that the fluctuation (sv 1) at x   x1 is zero as well, 

since Q nl o Then from (5.27), 



and 

= 0 
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qny(l + C ° E y )v 
ni S 

A = -qn.y(l + 

C y' 
OX  

/ r 
S 

(5.32) 

(5.33) 

Substituting (5.33) into (5.27) and examining SV at. x = x2 

gives 

(v) = qSn Ay (1 + C OXy )(v2-V 2 ). C 
n2 s 

If x1 is now allowed to approach x2 , then 

V2 - V1 + dv. 

For the region x2 < x < L, the condition (5.29) gives 

Q A (ov 2) = Qflô\) = Q dv 
n2 nd nd 

(5.3k) 

(5.35) 

(5.36) 

where dv nd is the contribution to the drain noise voltage. 

due to the fluctuation in the elemental volume L.A. Substi-

tuting for Q 2 (V 2) from (5.34) gives 

2 2 2 

2  q  1(l + XY 1 (dy)2. dv d 
nd L s J 

The power spectral* density of the noise is then 

(5.37) 

obtained by utilizing (5.6) and noting that the fluctuations 

dv ndt  are a result- of fluctuations in n which are character-

ized by a single time constant process. The incremental 

voltage dV is found from (2. 1+2) in terms of dx and 1d' and 

substituting for 6n 2 from (5.5) with AA = zdxdy yields 



4q 2 2 'd N 

11 n 23 2 
nd 
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L Yd 
C  (1+  ox y 

Tff ' C 
t t tp S 

1+w 22 Qn 2 

2 

dydx. (5.38) 

The short-circuit noise current spectrum at the drain, G 

can be obtaihed by multiplying G(f) by the square of the 

output conductance g0 , where. 

g 
ll nz 

o 
(5.39) 

The equivalent noise resistance R  can then be obtained by 

noting that 

where 

G1 (f) = 1IkTR 2 
nm 

i zC 
ox n  

gm L Vd s . 

(5.40) 

(5.41) 

The integration with respect to y in (5.38) can be 

performed readily. If it is assumed that the electron and 

hole densities in the depletion region are small so that the 

trap fluctuation parameters t . , f and f tP 

using (5.38) to (5.41) and substituting for dx in terms of 

1d and dV gives 

R 
_q 2 tpTNff c 

5  
= 

n kT( 2 2 3 l+w t LzC 
t ox 

where 

I. 
• 0 

are constant, then 

V dV d oxd[oxd ] Coxyd 
C I C i.r( 
5 L 5 S 

C 8 oxyd F V  2 

(1 + 24F C 
S 

ds r 

(5.42) 

(5.43) 
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Recently, Yau and Sah 31 have shown that the assump-

tion of constant Tt, ft and f.., is reasonable and only becomes 

invalid for small gate and drain voltages. If the spatial 

dependences of ft, .f tp  and Tt are to be taken into account, 

the expressions (5.1) and (5.2) must be used and the results 

become very complex for the bulk charge model. 

Graphs of. Rn as a function of gate and drain bias 

are shown in Figs. 5.4 and 5.5. It should be noted that the 

resistance diverges as saturation is approached. This is 

expected, since the calculations have been performed using 

the 'gradual channel' approximation. In order to obtain 

meaningful values of Rn in saturation, an attempt is made to 

derive a simple pinch-off theory for the device which will 

indicate the point at which the calculations should be 

terminated. 

5.2.1 A Method of Preventing the. .Noise Resistance From 

Diverging at Pinch-Off 

A comprehensive treatment of the operation of the 

bulk FET in the pinch-off mode has been presented by 

Trofimenkoff and Nordqu is t. 117 The calculations were carried 

out by obtaining the potential distribution along the centre 

line of the 'capcitor box' model for the pinched-off region 

near the drain, and then matching the potential and electric 

field as well as requiring that the charge density in the 

channel he continuous at the matching point near the drain. 
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Fig. 5.4 Normalized R due to generation-recombination noise, as a function ofbias. 
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Fig. 5.5 Normalized R  due to generation - recombination noise 

for various values of substrate doping. 
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A similar procedure may be used to obtain an approxi-

mate description of the operation of the MOS FET in saturation. 

Consider the drain end of' the channel as shown in Fig. 5.6. 

Vgs .Vds > VP 

ill 
inversion  

layer 1/ 
\\\ 

-'I 
substrate 

Fig. 5.6 Expanded view of the drain area showing 
equipotential lines. 

The depletion region that exists -around the n+ drain 

diffusion is a result of the applied bias 11ds' if the sub-

strate is at source potential. Thus the voltage throughout 

the region is spatially dependent. Under post pinch-off 

conditions, the channel is nearly depleted near the drain, 

and the electric field is high in this reg'ion, so that the 

equipotential lines will appear as shown. It is reasonable 

to assume that at some point x = Le in the channel depletion 

region near the drain there will exist a potential Ve such 

that conditions to the left and right of the point will 'be 

similar. If this is the case, potential calculations can 

be carried out using conventional p-n junction'theory and a 

procedure similar to that used by Trofimenkoff and Nordquist 
47 

can be utilized to match conditions with those from the 

'gradual approximation' which are valid for the inverted 

portion of the channel. 
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As a first order approximation it is assumed that the 

equipotential lines near the drain can be extended up, to the 

oxide-semiconductor interface as shown in. Fig. 5.7 

I Vd s max 

I I j g 
+ 

d 1 

\ \\ zero potential 

\N --
line 

Fig. 5.7 Approximate form of the equipotential lines 
at the drain, us.ed to calculate V and Le• 

Clearly the zero potential line cannot be extended, as this 

would. require that the potential near the drain be zero at 

some point. Instead, it is assumed that there will exist some 

voltage Vd < Vd s to which there will be a corresponding 

depletion width max. Then the point x = Le- will be some-

where in the region between = 0 and = max and this point 

will always occur such that LLe < max and V + Vdl = 

where Vdl < Vd. It should be noted that the source n+ diffu-

sion is in contact with the invers.ion layer, so that it is 

assumed that there is no potential drop from source to channel 

at x = 0. 

The potential variation from .= 0 to E = Fnlax can 

be obtained from the one dimensional Poisson's equation, 
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qN. d 2 'l p a 

d 2 - e: s - C5 
5.44) 

The solution of (5.41) is obtained using 'P = 0 at E = 0 and 

dT = 0 at = as boundary conditions. This gives 

where 

and 

'P = -V  [2 -  1 
max[ max] 

Vdt = Vd - To 

To = equilibrium contact potential 

= L-x 

es V dt  - 

max - qN 

(5.45) 

(5.46) 

The potential V (with respect to the source) at any point in 

the region between g = 0 and g = max is then given by 

V - ('v-'I) = Vd s '(5.47) 

Substituting (5.45) into (5.47) and taking first and second 

derivatives with respect to x yields 

V + V dt ;  [2 -  ] = (5.48) 
max max 

II (5.49) 

(5.50) 

- - 2Vd t [L_ x 

dx - maxImax 

d 2 V qN 

dx 2 - 

where Vd st = Vd S - 'V s . 

From the prepinch-off or gradual theory, (2.42) and 

(2.51) yield 

dV 

dx = - hmnn 
(5.51) 



-83 -

d2V IdCox [  VB  dV 
1 dx (5.52) 

dx 
2 = zQ 2 + F(1+2 F 

It is required that V, d and d2V be continuous at x = Le 
x 

so that (5.48) to (5.52) give 

qN 

Vd st - Ve 
- Vdt(LLe) [2 

max 

(L -L e)  

- max 

2Vdt L. I 1e ] 
max max - nzQne 

I-

V  
  + 

E: s IL. .1 
-4 F ( i+f-) 2 

where 

ii 
1d 2 C0< 

('i.i nz) 2 ('Qne) 3 

zco (Vgs_VT+VB)__ 1d Le fVe [ 2 B 

V 2 -\f)1 
= CoxEB (1 + e  (V Vgs +V -V T B ej' 

(5.53) 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

Equations (5.53) to (5.57) are then sufficient to describe 

the operation of the FET in the pinch-off mode. 

If the matching procedure is correct, the output 

conductance for post pinch-off conditions should match with 

that for the pre-pinch off case. Utilizing (5.53) to (5.57), 

the output conductance for post-saturated conditions is 

found from 

aid a id aL e aid aV e 

90 = aVd s - 't' + aVe ds 

and straightforward manipulation leads to 

(5.58) 
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R =  L  
0 _ 1n Z Qne 

L 
e 

(5.59) 

At first glance it appears that (5.59) would match with 

for the pre-p inch-off case when L = I e e. and ,V = V ds . How-

ever, the model has been chosen such that Le will never equal 

L, and V e ds can never equal V , as it coi.ild for the bulk PET. 

Thus it is difficult to match the output "conductance for the 

pre-pinch-off case with the value calculated using (5.59). 

The noise calculations can now be terminated at V e 

rather than V. 'Although it is difficult to obtain. expi icit 

expressions for V  and Le results can be obtained 'numerically 

as follows. ' 

Substituting for max from (5.46) into (.5.54) yields 

2qN V qN I 
a dt - a (L-L )  d  

c c e pzQ 
S S n ne 

Noting that (5.53) may be written as 

(5.60) 

zqNv '1 qNl 
Vd v = (L-L )  a dt ) - (L--L ) (5.61) 

C e 

it is apparent that Vdt may be eliminated by substituting 

from (5.60) to yield 

V qN a (L-L )2   (L-L ) (5.62) 
d -V 2e e 11 n zQ ne e St e 

s  

and solving the quadratic for (LLe) gives 
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1 •  i fl  (v -v ) (5.6 -  '  ± [ 2qN zQ 2 L-L  s d  
e t i d s t e 

s d 

where the negative root is retained s.ince:Qne is negative, 

the term inside the radical is always greater, than unity and 

Le must be less than L. Values for Ve can be'obtained using 

an iterative procedure by starting' with Le = L in (5.55) and 

(5.56), substituting the value of Ve obtained into (5.63), 

using the new value of L'obtained to recalculate Ve and 

continuing the procedure to obtain the desir.'d tolerance. 

Curves obtained using this procedure for a typical -device are 

shown in Figs. 5.8, 5.9,5.10 and 5.11. The effects of channel 

shortening are only appreciable at low values of substrate 

doping, as expected. 

5.2.2 Application of the Pinch-Off Theory 

The noise calculations can now be terminated at the 

'point Vel and if it is assumed that R remains constant past 

pinch-off, the normalized generation noise appear.s as shown 

in Fig. 5.12 for various values of gate voltage. Figure 5.13 

represents the generation.noise as a function of substrate 

doping at pinch-off. 

5.2.3 Suggestions for Reducing the Noise 

From Fig. 5.13, it is observed that for a constant 

trap density Nt, the no'ise may be decreased significantly 

if the substrate doping is increased. This may be due to 

the decrease in the dépletionwidth which results in less 

effective trapping sites in the substrate. Unfortunately, 
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higher substrate doping has undesirable effects on the elec-

trical characteristics of the device, so that a compromise 

must be reached in trying to reduce noise in this manner. 

An alternative approach would be to 1nc1ease the gate area, 

but again, a compromise must be reached when using this tech-

nique since the electrical characteristics of devices with 

large gate areas are usually undesirable. 

5.3 SURFACE STATE NOISE 

The effects of surface states on the energy band 

configuration in the semiconductor were discussed in section 

2.2.3. Trapped charges within the oxide as well as charges 

at the oxide-semiconductor interface cause band bending to 

occur at the surface of the semiconductor. Fluctuations in 

the occupancy of the surface states appear to contribute 

largely to the low-frequency noise in MOS FElts 22,26,27,29,i+8,19 

For a single time constant fluctuation in the surface state 

occupancy, it has been shown that the noise spectrum is in-

variant with frequency at low frequencies, and varies with 

1/f 2 at higher frequencies. However, experiniental resu.lts 

indicate that the noise actually varies inversely with fre-

quency over a large range of frequencies. It can be shown 

quantit'atively that a large dispersion in time* constants will 

produce this type of a result. 49 A number of different mech-

anisms have been proposed that will result in the interface 

state time constant dispersion necessary to produce the 1/f 

type nature of the noise It is 
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generally accepted that the dispersion in time constants 

originates, from capture and emission of bulk minority carriers, 

since fluctuations in bulk majority carriers only give a 1/f 

spectrum over a narrow range of frequencies. 51 Leventhal37 

postulates carrier motion in a surface band, assuming that 

the surface states form a continuous band of conducting 

states. Nicollian and Melchoir 48 assume that the distribution 

of trapping times can be explained by a ra.ndom distribution 

of surface potential caused by a random distribution over 

the plane of the interface of fixed charges located in the 

oxide. Jántsch 51 postulates modulation of surface recombina-

tion by.dissociation•of the chemisorbed moieules from their 

active centres. Bess5056 also assumes a Brownian motion of 

impurity atoms at the surface. Recently, an analysis of 

surface state noise in MOS FETs has been presented using the 

Weimer model of the device and utilizing the concept of 

minority carrier tunneling to traps located inside the 

29,49,72 oxide. The analysis is oversimplified and does not 

consider the effects of the substrate on the noise. Rather 

than trying to postulate a new mechanism for the 1/f noise, 

this model is considered in detail in this work. The effects 

of the substrate and of .different trap distributions on the 

spectrum are analyzed in detail to improve the previous theory 

and. test its validity. 

5.3.1 The Tunneling Model 

The theory of carrier tunneling to traps located on 
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the surface of the oxide Vayer' on germanium filaments was 

first introduced by McWhorter. 4 Heiman and Warfield 72 . later 

used the same approach to analyze the effects of oxide traps 

on the MOS capacitance. Recently, Christensson et a1 29 

applied the theory to p-channel MOS transistors. This 'simple' 

theory is reviewed in Appendix C for an n-channel device. It 

is shown that the equivalent noise resistance ,R due to sur-

face state noise can be written, in generaL, as 

V E 
ds c / 

2 t NEjff 
R -qire 2 J j t t  dEdV, (5.64) 

2kTLzC ccV ox ds o E 
V 

or for traps at a single energy level, 

2 Vd 
-q M iTO •r f f 

-  ° ttp dV  6 

2kTLzC cV 
ox ds o 

where N(E) = trap density per unit volume per electron volt 

in the oxide 

N = volume density of traps when the distribution 

is uniform over distance into the oxide at a 

single energy level 

and c is a constant. The 

(5.2), and, in general, 

product is obtained from 

PIPS + n n + y(n 2+n p ) ls I  i S  

[n + n1 + y(p5+p1)] 2 

where y = assumed to be unity in all - cases 

C = hole capture probabilityof a surface state 

(5.66) 
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c = electron capture probability of a surface state 

hole concentration per unit volume at the inter-

face 

ns = electron concentration per.unit volume at the 

interface 

p1 ,n 1 = hole and electron concentrations per unit volume 

in the valence and conduction bands, respectively, 

when the Fermi level coincides with the trap 

energy, Et. 

In order to evaluate the integrals in (5.64) and (5.65), it 

is necessary to know the variations in n5 and p with distance 

along the channel, and also to know the dependence of n on 

gate voltage at the source. The theory presented by 

Christensson et al 29 assumes that n5 may be described by 

ns (V -v) 
OS (5.67) 

V. 

where n = Os electron concentration per unit volume at the 

'interface at, the source 

V = p gs V -v T ) the pinch-off voltage for the Weimer 

model 

and V is the channel potential at any point x in the channel, 

with respect to the-source. Equation (5.67) indicates' that 

the electron concentration disappears at the drain when 

V ds p s = V . If it is further a.ssumed that n n > n everywhere 
l 

when applying (5.66), the integrals in (5.64) and (5.65) are 

convergent for all values of Vds. The magnitude of the noise. 

can then be evaluated using a typical value for n05 . Traps 
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at four different en ergy locations have been considered, as 

described in Appendix C. The results can be summarized 

briefly as follows. 

Case (a). Traps at the conduction band edge at the interface. 

For traps at this single energy level, the use of 

(5.66) and (5.67) in (5.65) yields the voltage dependent por-

tioh of R, given by 

n (2V -v ) 
FtV • nos  p ds (z 68 

ds' - n 2V 
p 

This indicates that the noise decreases with increasing drain 

voltage prior to pinch-off, and increases with increasing 

gate voltage for a given drain voltage. 

Case (b). Traps at the electron quasi-Fermi level at the 

source. 

In this case, it is found that 

F(Vd S) 

and the noise is independent of bias. 

(5.69) 

Case (c). Traps at midgap at the interface. 

With traps at the intrinsic Fermi level the voltage 

dependent portion of R becomes 

F(Vd 5) 

n. 

2n 
Os 

(2v -Vd s) 

2n. 

(V P_ V -V ds n P_ ) + !_(2V V ds ) 
Os 

(5.70) 
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the energy band diagram at a point x in the channel will 

appear as shown in Fig. 5.14. 

E 

E 
C 

oxide 

E. 

Iq V  : 
E. V 

Fig. 5.14 Energy band diagram at a point .-x in the channel. 

From (2.9) and (2.10), the electron and hole concen-

tration can be written as 

n.exp [q.(4-v)/kTJ 

n .exp [q n)1<Tl 

where '1! = -EIq 

and = -E/q. 

Poisson's equation is given by 

= (p_n+Nd -N) 
S 

(5.72) 

(5.73) 

(5.74) 

(5.75) 

(5.76) 

Substituting for p and n, noting that and are approxi-

mately constant in the substrate yields 
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where 

and 

IS 
inh U + 

N 
a 

2n. 
exp(-)] (5.77) 

UT = T IT pnII (5.78) 

( Ld) 
2 

in addition, in the bulk 

klc 
S  

= 2q2n1 exp kT 

N 
U = -n (-) qV 

2.kT 

(5.79) 

(5.80) 

Equation (5.77) cannot be integrated directly with 

respect to x. However, if it is noted that 

-2 -2- 
2U ,.a U  , 

' 2 / 

-then the square of the normal field. at the surface, E,, given 

by (U)2; can be obtained by direct integration of (5.77) 

with respect to U. Using Gauss' law to find the equivalent 

surface charge perunit area, Q5, yields 

Q = -c E = _2qn 1L exp(j-  ) 12 [coshU S - cosh 
s 5 kT 

(5.81) 

N 
+ (U '-U ') a exp L)] . (.82) 

s B 2n. 2kT ) 

The surface electron concentration is Qbtained from 

n = S s n. I exp[(v - )11 = n ex1[(E n- E  is )/kl]. (5.83) n kTJ 

From Fig. 5.1k, E-E = qV, and U, U8 can be *written as 
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= -: (E P_ EIS±E n_ E iS) (5.8 1+). 

= (E -E i +E -E ) (5.85) 
kl i P  n B 

so that Nn 

s 
- ,  a s + 1'L (5.86) 

U B U -2,n 2 kT n. 

Substituting for U  from (5.80) yields- 

2 
n  fN\ 

p[U + n1--- LL_j = n ex n exp(U .Y__). (5.8.7) 
N .=— \fl./ 2kT I s 2kT s 
a 

Using the depletion width concept, the surface charge can be 

related to the threshold voltage by using 

. Qs 

where Q is given by (2.51) and 

(5.88) 

QB = -q Nay d . (5.89) 

where 'd is given by (2.52), assuming Vb 0. 

The procedure for calculating n fora particular Na 

and V is to calculate U  from (5.80), calculate Q from (5.88) 

for a given value of VgSVT and then require that the value 

given by (5.88) agree with that given by (5.82), iterating 

U until the desired tolerance is obtained. Substitution of 
s 

the final value of U s into (5.87) yields n5 directly. A 

graph of n os gs T as a function of V -V for various values of 

Na may be obtained using, the above procedure with V = 0 . The 

results are given in Fig. 5.15. 

It is possible to approximate n5 by writing 
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[ n1 n 
Os  

s C ox gs (V -v T) 
(5.90) 

using the same type of an approximation as (5.67). This 

approximate solution is compared with the improved solution 

in Fig. 5.16, fora typical device. It can be seen that in 

mid-channel, the error is of the order of .a factor of two, 

while at the 'drain, where Vds = V, the improved solution 

yields n5 = Na while the approximation says n5 = 0. It will 

be shown in the following calculations that the approximate 

solution can be very misleading if the procedure adopted by 

Christensson et a1 29 is used. 

5.4.2 The Improved Theory 

The theory of trapping by surface states can now be 

examined, since the electron concentration at the interface 

is known. It is important to note that carriers in the inver-

sion layer near the interface may be trapped, as well as 

carriers directly at the interface. The present theory 

assumes that the density of carriers to be trapped is given 

by n5. This is a reasonable assumption, since the largest 

portion of mobile carriers is very near the interface. (The 

channel thickness concept has recently been discussed by 

Gndinger and Talley 100 .) The necessary data required for 

the calculation of the surface state noise is then available. 

The four cases mentioned previously will be considered. 
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Case (a). Traps at the conduction band edge. 

When Et = E, it can. be shown (Appendix C) that 

n1 > n >> p1 , and (5.66) is almost exactly given by 

where 

nn 
is  

(n +ns )2 
i  

niexP(EgI2kT) 

(5.91) 

(5.92) 

and EgI2 = 0.555 ev for silicon. 

Equation (5.65) may be evaluated using (5.91). The procedure 

is complicated, since at each interval of the integration the 

iterative pr.ocedure must be employed to calculate n This 

can be readily achieved using numerical techniques, and 

results are shown in Figs. 5.17, 5.18 and 5.19. The differ-

ence between the approximate and the improved theory is not 

appreciable in this case. However, it should be noted that 

at low values of the value of.n 05 is strongly dependent 

on the gate voltage, so that the overall level of the noise 

will increase by an order of magnitude as Vg   increases from 

just above threshold to some larger value. This must be kept 

in mind when comparing noise from this trap level with others 

in the gap. 

The calculations have been performed using the pinch-

off theory of section 5.2.1 with Vds = V. The noise should 

theoretically increase past pinch-off due to the effects of 

channel shortening, particularly at low values of Na• T  i s 

dependence can be obtained using the results of section 5.2.1. 
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However, for normal values of the doping the effect is not 

pronounced, except at very large drain voltages where other 

effects may become important. 

Case (b). Traps at the electron quasi-Fermi level at the 

sou rce. 

When the trap energy corresponds with the Fermi energy 

at the source, it can be shown that 

n  
S OS  

(n +n )2 (5.93) 
S OS 

The procedure for calculating R is similar to that 

for case (a). Results, are presented in Figs. 5.20, 5.21 and 

5.22 for a typical device. In this case, the simple theory 

predicts the noise to be independent of bias, while the 

improved theory predicts a decrease with increasing gate 

voltage at saturation, and a decrease with increasing drain 

voltage below saturation, for constant gate voltage. 
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Case (c). Traps at midgap at the interface. 

For traps located at energy E., the 

becomes 
n n. n. 
s   I 

= (n +2n )2 n 
I 

5 
S  

product 

(5.94) 

The dependence of the noise on doping and bias is 

illustrated in Figs. 5.23, 5.24 and 5.25. In this case, 

there is• a serious discrepancy between the simple and improved 

theory. The reason for this is apparent from (5.94). In 

reality, n s is always much greater than n1, while the simple 

theory predicts that'n 5 << n right at the drain. As Vd s 

approaches V, equation (5.70) indicates that F(VdS) tends 

rapidly to a value of 0.25, independent of the value of n05 , 

while the improved theory indicates a much smaller increase 

with drain voltage, and a decrease in the noise at saturation 

with increasing gate voltage. A closer approximation would 

be to say that - 

n. 
F(V ) ds n 

S 

(5.95) 

although this still indicates too large an increase in the 

noise near the drain. It must also be noted that the overall 

level of the noise is strongly dependent on n05) as for the 

case of traps at (a) 

Case (d). Traps at the electron quasi-Fermi level along the 

whole channel. 

For the simple theory, the term n 2/n 5 could not be 

neglected when evaluating the noise for this situation. In 
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-1 reality, the the electron concentration at the interface, n, is 

always orders of magnitude above n., even at pinch-off, and 

(5.96) 

at all points in the channel. The expression for R  reduces 

to 

V 
q2NirO ds 

n 8wkTLzC 2 v2 dV 
ox ds o 

(5.97) 

where NT is the 'effective' volume density of traps in the 

oxide, as defined in Appendix C. 

Results are shown in Figs. 5.26, 5.27 and 5.28 for a typical 

device. The improved theory again indicates significant 

differences over the simple theory as indicated in Figs. 5.26 

and 5.27. For a constant gate voltage, the increase in noise 

with drain voltage is not as pronounced as the simple theory 

predicts. In addition, the simple theory indicates an 

increasing noise 'ioltageat pinch-off with increasing gate 

voltage, while the improved theory shpws that the noise is 

almost constant for this condition. 

5.5 EFFECT OF NON-UNIFORM TRAP DISTRIBUTIONS ON THE SHAPE 

OF THE SPECTRUM 

In the preceding calculations, the trap distribution 

was assumed to be uniform over distance into the oxide. In 

reality, the density of surface states is expected to be 

large at the interface, decreasing with distance into the 
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49 
oxide. The effect an exponentially •decr'sing density 

with distance from the interface was inyestigated by 

Christensson et al 29 for a single bias condition. However, 

the distribution, chosen for mathematical convenience, was 

physically unrealistic because the density changed, orders of 

magnitude in less than an atomic distance at the interface. 

A more reasonable distribution is given by 

where 

• N(y) = N - (N -N ) 
s s o tdl (5.98) 

trap concentration per unit volume in the oxide 

at' the interface 

N0 = trap concetration per unit volume at y = d 

d = maximum d-epth in the oxide at which surface state 

traps are. located 

n = factor that determines the shape of N(y) 

Then at the interface, y = 0 and N(y) N while at 'y' d, 

N(y) = N0 independent of n. The form of the distribution is 

shown in Fig. 5.29. 

N(y) 

N 

N 
0 

0 

Fig. 5.29 A realistic distribution of traps in the oxide. 
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Using (5.98), it is possible to examine the effects of the 

ratio N/N0, the distance d,. and the trap ti.me constant on 

the shape of the spectrum. It can be shown. (Appendix C) that 

the factor which determines the shape of the spectrum is given 

by 

1
 d [N( 'r 5exp(ay) 

2  2  dy 
' 1+.w t exp(2cty) 
0 S 

(5.99) 

It is then possible to show that the low-frequency 

limit of the 1/f region is approximately determined by 

Where 

Wo = 1.- exp(-ad) 
S 

t = c(n 5+n 1) 

and a is. approximately 2x1O 8c.m. Thus, w is a function of 

n5. If traps are located only to •a distance of IOR instead 

of 20, the value of w will be altered by many orders of 

-magnitude, since a is large. Thus, depending on the depth 

of the traps and the gate voltage, the lower end of the spec-

trum may flatten at much higher frequencies than first 

expected. The results obtained by substituting (5.98) into 

(5.99) are shown in Figs. 5.30, 5.31 and 5.32 for a number of 

different situations. 

The effect of the exponential distribution is .to 

raise the level of the spectrum at higher frequencies.. How-

ever, for distributions such as those shown in Fig. .5.30 for 

1/8, the effect is only to raise the-overall level of the 

(5.100) 

(5.101) 
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spectrum. It is also apparent that as the depth of traps, 

d, varies the low frequency break point, w0 , (Fig. 5.32) 

varies over a wide range, but is always,asymptotic to a level 

determined by the value of N0 at moderate frequencies. For 

traps that are effective, at distances greater than lOg, it 

appea.rs that the low-frequency plateau would not be observ-

able using conventional measurement techniques. If it were 

possible to observe this plateau, it would provide a useful 

check on the theory, since 'T decreases and thus w should 

increase as the gate voltage increases above threshold. 

5.6 SOME COMMENTS ON THE VALIDITY OF THE MODEL 

The tunneling model appears to be a very attractive 

one for explaining surface state noise in MOS FET's,'.since 

it gives cOrrect results for reas'onable values of the para-

meters involved. The model has been investigated extensively . 

through the use of germanium filaments 8° •and MOS diodes. 72 '79 

(This is discussed in detail by Many et al. 8) There is some 

controversy as to the validity of th,e' theory, 95 and some 

authors say hysteresis should be observable in the capacitance-

voltage characteristics of the MOS capacitance, 72 if traps 

with very long time constants exist; The hysteresis that is 

observed is usually not as large as theory predicts. However,' 

as pointed out by Christensson et a], 29 noise measurements 

are usually carried out at frequencies •greater than 10Hz, 

while hysteresis is sensitive to states corresponding to much 

lower frequencies. In addition, the results of the pteceding 
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section show fhat the level of the spectrum seems to be very 

dependent on the trap distribution in the oxide near the 

interface, and the low-frequency break point may vary con-

siderably with bias and depth of traps. The break point 

could occur anywhere below the measurement frequency, and it 

would-be difficult to estimate the hysteresis that should be 

observed. Apparently, a paper concerning hysteresis measure-

ments will, be published in the near future. 81 

80 
Finally, as pointed out by van Vl let,. the model is 

attractive because of it's temperature independence. The 

magnitude of the spectrum is relatively independent of the 

magnitude of T5exp(cd) as long as the factor is large. There 

are, of course, situations where the noise in MOS FET's may 

be temperature dependent, if traps are located at certain 

levels in the gap. Since carrier concentration, mobility, 

etc. are dependent on temperature, .a complete analysis would 

be diffiäult to make. 

At this point, it is important to note that the 

results of the preceding sections do not need to be associ-

ated directly with the tunneling model. The bias dependence 

of the noise has been calculated using the fact that the 

integral of the time constant over distance is a constant 

and may be removed from the integration. It' is conceivable 

that other types of trapping mechanisms could result in the 

same type of situation. Provided the integral with respect 

to channel voltage does not involve any additional terms, 

the analysis will still 'apply. This may be useful for 
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evaluating, the noise from mechanisms which will no doubt be, 

postulated in the future. 

5.1 SUGGESTIONS' FOR REDUCING THENOISE 

Since the noise is associated with conditions at the 

interface in this case, no' significant redudti,on can be 

obtained by altering the substrate doping as was the case for 

generation-recombination noise. The Usual technique-of in-

creasing the gate area applies, but, as before the electrical 

characteristics of the device deteriorate as the area 

increases. A decrease in the oxide thickness would increase 

the oxide capacitance as well, but there are practica,l 

limitations to the thickness of oxide that can be used. Much 

attention in recent years has been focuse'd on growing clean 

oxides and oxide-semiconductor juhctions with low interface 

state density. 8 This appears to be the'mose useful method 

of improving the. noise performance to date. 
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•6. EXPERIMENTAL RESULTS 

At this point, in view of the theory derived in the 

preceding chapters, the value of performing conventional 

noise measurements on commercially available devices seems 

questionable. In order to verify the theory for each separate 

noise mechanism that has been discussed, it would be necessary 

to manufacture MOS FET's with different impurity concentra-

tions under many different. conditions. Fortunately, devices 

have been fabricated by others in an attempt to determine the 

effects of different factors on the overall noise performance. 

Yau and Sah 31 '71 have constructed gold doped devices in order 

to observe the dependence of the generat.fon-recombinatton 

noise on doping, geometry, and operating point. They have 

also constructed devices with low surface state 'density -in 

order to -examine the thermal noise characteristics at high 

frequencie.60 However, most measuremnts have been carried 

out only at a few discrete frequencies in the range of 

interest .28 31,53,55 It is desirable to carry out m&asure-

ments over a range of frequencies since the 1/f dependence 

of the noise can exist over many decades of frequency'. 61 -67 

This has not been done for a wide range of operating points 

due to the tedious nature of conventional measuring techniques. 

In order to reduce the tedious nature of the experimental 

work, as well as to obtain high resolution and 

accuracy ove,r a wide range of frequencies, a different method 

of noise measurement has been used in this work. The method 
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is based on statistical analysis of sampled data, and is des-

cribed in detail in Appendix D. The technique allows spectral 

measurements to be made from 2Hz to 10kHz at almost any 

desired resolution and statistical accuracy, with a minimum' 

of effort'. A total of 33 noise spectra have been measured 

to observe the frequency dependence of the noise under many 

different bias conditions. 

6.l DESCRIPTION OF THE MOS FET'S UNDER TEST 

The theory presented in the previous chapters should 

apply equally to p-and n-channel enhancement -type EEl's. 

Accordingly, measurements have been carried outon four 

commercially availabl,e enhancement MOS FET's of both channel 

polarities. Two complementary p-and n-channel devices are 

tested to eliminate differences in geometry, thus allowing 

a direct comparison of noise performance using the two types 

of material 

6.1.1 Determination of the Device Parameters 

In order to calculate the noise characteristics of 

the devicesunder test, it: was necessary to obtain a reason-

able estimate of geometric factorsand substrate properties. 

These were determined as follows. 

The 'substrate doping was obtained by performing 

breakdown measurements on the drain-bulk and source-bulk 

junctions. The method provides an estimate of Na since the 

breakdown voltage is related to impurity density. The results 

are accurate provided the source and drain are much more 
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heavily doped than the substrate, and provided thep-n junc-

tions are abrupt. 68 '69 An.alternate method, apparently used 

with considerable success, 17 is to consider the ratio of the 

transconductance in saturation to the output conductance when 

Vd s = 0, with gate voltages slightly above threshold so that 

VP < It can be shown' 7 that 

[ms1ods0)] 1d° = (1 + < 

which gives a value of Na directly from the ratio 

(6. 1) 

A more accurate value may be obtained from high-frequency 

C-V data for the MOS capacitance, 7° but this technique re-

quires aknowledge of the test pads incorporated into the 

device geometry,. and is a difficult measurement to make. 

Channel length and width measurements /were made by 

removing the can from the header of each transistor, and 

photographing the chip with a known magnification. The geom-

etry of the chip was easily obtained w.ith the aid of a 

compass and scale. 

Oxide thickness measurements were made by etching 

the gate metallization and observing the oxide under a 

microscope. The color of the oxide is a very good indication 

ofits thickness, and charts are available for comparison 

with observations. The order of the thickness was obtained 

by comparing measurements of 1d and 9m with theory. Since 

the mobility 11n is not known, this method may not be particu-

larly accurate, but should give a rough idea of the thickness 

under the gate metallization. 



Threshold voltages voltages were obtained from plots of I 4/g m  

as a function of gate-source voltage, and were compared with 

approximate values from static Id-Vd5 curves for each 

transistor. 

The parameters obtained for the four transistors are 

shown in Table 6.1. 

6.2 MEASUREMENT OF THE NOISE 

The measurements in this work have been performed 

keeping in mind that the b.ias dependence of the noise appears 

to be the best indication of the mechanisms involved. Accord-

ingly, noise spectra were obtained for a variety of bias 

conditions. The parameter chosen for measurement was the 

equivalent noise resistance referred to the input; the reasons 

for this choice are given in Appendix D. 

The results for the four FET 1s described in Table 6.1 

.are shown in Figs. 6.1 to 6.9. Table 6.2 is included to give 

an overall view of the quantities.being measured. The sharp 

peaks in the spectra are due to 60Hz and its harmonics. The 

problem can be avoided by using higher resolution, as des-

cribed in Appendix D, but processing time is significantly 

increased. All measurements were made at case temperatures• 

° 
of 25 ± 



Table 6.1 

Experimental Device Parameters 

FET Make 

and Number 

Channel 

Polarity 

Substrate 

Doping (cm 3) 

Threshold 
VoVtage 
(volts) 

Channel 
Length 
(cm) 

Channel 
Width 
(cm) 

Oxide 
Thickness 
(Angstroms) 

• 

Northern 
Electric 

#58 

p-channel, 
zener gate. 
protect ion 

3.5x1015 —1i.65 
- 

0.0012 0.112 1800 

Motorola 
2N4351 
#61 

• 

n-channel, 
no gate 

protect.ion 

• 

2.5x10 1" 2.40 
• 

0.0014 0.106 1600 

Motorola 
2N4352 

#126 

p-channel 
no gate 

protection 
4.3x10 5 

• • 

• 

0.0014 O;106 1700 

Siliconix 
M511 
#55 

p-channel, 
zener gate 
protection 

15 7.0xlO -5.50 0.0016 0.180 1500 
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Table 6.2 

PARAMETER OF INTEREST 
MOS FET 

NO. 
FIGURE 
NO. 

Equivalent mean square noise voltage 58 6.1 

referred to the input, as afunction 55 6.4 

of gate voltage with the drain in . 61 6.7 

saturation. 126 6.9 

Equivalent mean square noise voltag'e ' 58 6.2 

referred to the input, as a function •55 : 6.5 

of drain voltage below pinch-off for 61 6.8 

constant gate voltage. 

Equivalent mean square noise voltage .' 5,8 ' 6.3 

referred to the input, 'as a function . '55 6.6 

of drain voltage past saturation for 

constant gate voltage. 

6.3 ANALYSIS OF RESULTS 

The surface state noise calculations indicate that 

without a detailed knowledge of the distributions of the 

traps over energy and distance in the MOS FET, it is difficult 

to predict the noise performance of the device. However, the 

model for the generation-recombination nois'e appears to be 

a good one, so that the variations of noise. from this source 

with bias can be readily calculated using the experimental 

parameters in Table 6.1. The results, shown in Figs. 6.10 to, 

6.13, indicate that in all cases the noise, increases by a 
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factor of 2, to 5 for increasing drain voltage prior to pinch-

off, and also increases with gate voltage at saturation. This 

same type of dependence was predicted for the simple theory 

of surface state nois.e due to traps at the electron quasi-

Fermi level all along the,channel. However, the improved 

theory shows that this type of bias dependence is not expected 

at all for surface state noise from the tunneling model. 

With these factors in mind the results can be investigated 

more closely. 

A number of prominent features can be readily observed 

from the , diagrams. 

(1.) The'overall 'level for the' noise from transistor 

nos. 58 and 55 increases significantly with increasing.gate 

voltage at saturation, while' no noticeable increase is 

observed'for nos. 61 and 126. 

'(2) No increase in the noise level is observed with 

drain voltage increasing from well below pinch-off to well 

past pinch-off for any of the four devices. For nos. 58 and 

55, the noise decreases slightly. 

(3) The shape of the spectrum below 10Hz varies con-

siderably with bias changes for nos. 55, 58 and 126. 

(4) For frequencies above 10Hz, the, spectrum follows 

a 1/f dependence in all cases except for FET no. 126, where 

the spectrum is flat to 200Hz, and exhibits a.near 1/f 2 

dependence at higher frequencies. 

Separate consideration can now be given, to the results, for 

each transistor as follows. 
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(a) EEl #58. 

From Figs. 6.1 and 6.2, it can be seen that the noise 

increases with gate bias at pinch-off, and decreases slightly 

with drain bi-as increasing prior to pinch-off. This type of 

dependenceindicates that the noise maybe due to a high con-

centration 'of traps near the valence, band edge (It is a p-

channel device). 'Traps at this location are not unreasonable 

and, in fact, measurements performed by Sah, Pao and 

Hie lscherl7,26 have indicated that it is common to have high 

surface state densities at both the conduction and valence 

band edges. Since the device parameters are known, it is 

possible to calculate 

en 2 

N0 f 
4kTR n 
No (6.2) 

using (5.65) where ftf tp is given by (5.91) and No is the 

trap density per unit volume in the oxide, assumed to be uni-

formly distributed to a depth of 2O . At ]kHz, with Vg5 

9v, e 2/f is approximately 10 13 v0It 2/Hz from Fig. 6.2. The 

calculated value for en 2/N o/f is 6.05x10 35volt 2cm 3/Hz whtch 

indicates an No of approximately l.6x10 21 /cm 3. This value 

is slightly larger than would beexpected.172629L8 How-

ever, it should be noted that the overall level -of the 

spectrum is directly proportional to n1 from (5.91). The 

temperature would thus have to be known exactly to get an 

accurate value of n1. Finally, traps at or near the electron 

quasi-Fermi level give larger theoretical noise contributions 

than traps near the band edges. It is probable that traps 
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are distributed. over the energy gap, thus giving a larger 

magnitude of the noise for 'a smaller volume distribUtion of 

traps in the oxide. 

(b) FET #55 

The overall level of the spectrum for this transistor 

varies in much the same fashion with bias as FET #58, indi-

cating that a large contribution to the noise may be due, to 

traps near the valence band edge. However, in this case the 

shape of the spectrum varies considerably at low frequencies 

under conditions of high inversion prior to pinch-off. From, 

Fig. 6.5, it can be seen that below 10Hz, the spectrum follows 

a near 1/f 2 dependence with Vd s = 1 volt, decreasing to some-

thing less than a 1/f dependence as Vd5 increases. None of 

the theories presented in this work would Indicate this type 

of dependence with bias. It is possible tht mobility varia-

tions au the interface could cause the shape of the spectrum 

to change. Thestudy of carrier mobility in inversion layers' , 

on silicon is very complicated, and will not be reviewed in 

this work. 

(c) FET # 1 s 61 and 126 

These two devices are complementary p and n-channel 

enhancement type low-power switching transistors. They were 

chosen to eliminate geometrical dependence of the noise and 

allow a direct comparison of the two types of transistors. 

From Figs. 6.7, 6.8 and 6.9 it has become clear that the noise 

characteristics of the two devices are qUite different. The 



-150-

n-channel device (no. 61) shows very little change in the 

noise with all variations in bias, and follows a near 1/f 

spectrum ove.r the entire measurement range. The p-channel 

device (no. 126) exhibits a flat spectrum from 10Hz to 200Hz, 

and then f-ollows a near 1/f 2 dependence at higher frequencies. 

Below 10Hz, the shape of the spectrum again varies. However, 

in this case the shape varies with gate bias with the drain 

pinched-off, whereas for FET#55, the shape was seen to vary 

with drain bias prior to pinch-off under heavy inversion 

conditions,. 

The distinct corner frequency in the spectrum is 

indicative of a single time constant trapping process. From 

Fig. 6.13, it is apparent that generation-recomblnatión noise 

can be ruled out as the possible cause since the experimental 

spectrum decreases slightly with increasing gate voltage at 

saturation, while the theory for generation-recombination 

noise indicates that the noise should nearly double -as Vgs 

goes from 6 to 9 volts. On the other hand, if the plateau 

is the result of shallow traps in the oxide, then the corner 

frequency should be a function of bias, since Ts depends 

inversely on the electron concentration at the interface. 

From Fig. 6.9, no such dependence is observed. This Indicates 

that either traps with a single time constant independent of 

bias exist in the oxide, which Is unlikely, or that the pre-

dominant noise mechanism is of some other type. 

As a matter of interest, a qualitative test of the 

temperature dependence of the spectrum was made using a real 



,time Fourier Fourier Analyzer. The Analyzer uses an ensemble averag-

ing technique, and 50 ensembles were used for the tests. Two 

devices of the same make were tested to ensure that the spec-

trum was not characteristic of a single device. Th results 

are shown in Figs. 6.14 to 6.16. 

The shape of the spectrum for both transistors of 

this type is thus found to be very sensitive to temperature, 

the lower corner frequency decreasing with a decrease in 

temperature. From Figs. 6.14 and 6.15, t.he break frequency 

decreases , from 200Hz at room temperature to less than 20Hz 

simply by wetting the heat sink with a small amount of contact 

cleaner. This high sensitivity to.ternperature seems to indi-

cate the presence of generation-recombination noise, since 

the time constant has been shown to be highly temperature 

sensitive,. 3 1',83 and theoretically varies in the direction 

observed in this case. This is contrary to -.the conclusion 

that generation-recombination noise was not present, as was 

mentioned earlier. The effect-of temperature on the spectrum 

for surface state noise in MOS FET's is not quite as clear, 

and to date, to the author's knowledge, no detailed analysis 

has been performed for the model being used. In fact, the 

type of spectrum exhibited by FET'#126 is not common to all. 

The response is, indeed, peculiar and warrants further , 

investigation. 
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(a) 

(b) 

Fig. 6.14 EEl #126 
(a) Power spectrum with log magnitude vs. linear 

frequency scale, 0-1 kHz, Vg5 = -6V, Vds = -10V, transistor 
at room temperature. 

(b) Same data as in (a) displayed with log-log 
axes. 



- 153 -

(a) 

(b) 

Fig. 6.15 FET #126 
Effect of a slight decrease in temperature on the 

shape of the spectrum. (a) Log-linear axes. (b) Log-log 
axes. 
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(a) 

(b) 

Fig. 6.16 EEl #126. 
Effect of an increase in temperature on the shape 

of the spectrum. (a) Log-linear axes. (b) Log-log axes. 
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7 CONCLUSIONS AND SUGGESTIONS FOR 

FUTURE RESEARCH 

A unified approach has been used to analyze noise in 

silicon enhancement-type MOS'field-effect transistors at low 

and moderately high frequencies. Low-frequency-generation-

recombination noise has been analyzed for a single trapping 

process using the bulk charge model of Sah, 17 and a theory 

is derived that prevents the results from.cU.vergtng at ptnch-

off. The analysis is found to be in close agreement with 

recently published results. 31 '71 The éffets •of the sub-

strate on low frequency surface state noise due to carrier 

tunneling, to traps in the oxide are analyzed in detail. A 

technique. for calculating the carrier concentration per unit 

volume at. 'the interface along the channel is presented to 

show that. previous theory is oversimplified and misleading 

in some cases. The effects of different trap distributions 

in the oxide on t.he shape and magnitude of the spectrum are 

examined. The major contribution to the noise comes from 

traps 'at energies near or above the quasi-Fermi level for 

electrons along the channel. The bias dependenc.e of the 

spectrum is complicated by the energy distribution of traps 

over the bandgap of the silicon substrate. 

The thermal noise characteristics of the Weimer model 

at moderately high frequencies are presented explicitly in 

terms of device parameters and bias conditions. 33 Thebulk 

charge theory is. reviewed with the inclusion of an external 
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substrate bias, and the results are used to examine the 

effects of the substrate on the gate noise at moderately high 

frequencies. 84 The results for gate noise:and correlation. 

• between gate and drain noise are found to be in agreement 

with those presented recently by Rao 5 using a different 

approach. An error has been discovered in his results for 

the correlation coefficient c, and it is found that c In-

creases slightly over the value for an intrtnsic substrate. 

The gate noise expressions are shown to reduce analytically 

to the results for the Weimer model for the case of an 

intrinsic substrate at pinch-off. 

Noise measurements are performed using a statistical 

analysis approach to obtain high resolution and accuracy over 

•a wide frequency range. Experimental variations with bias 

are compared with theoretical calculations based on the 

theories derived in previous chapters. The dominant mech-

anisms are speculated and an estimate of the trap density 

per unit volume in the oxide is obtained. The model appears 

to give an approximate order of magnitude for the noise, as 

well as a 1/f dependence over many decades of frequency. 

However, one of the transistorstested does not behaveas 

the theory predicts. Thus, even though the model appears to 

give correct results in many cases, it cannot be used to 

explain all the variations observed. While it was originally 

hoped that the bias dependence of the noise might be a good 

indication of the mechanism involved, it has become apparent 

that no conclusive results can be obtained using this 
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technique. 

There is still a large amount, of work to be done on 

low-frequency noise in semiconductor devices. It has been 

generally accepted that noise in MOS devices is a surface 

phenomena, but, as mentioned earlier, there Is a wide variety , 

of opinion as to the actual mechanism involved. The theory 

of the tunneling model has been investigated thoroughly in 

this work, and it has been found that the model cannot explain 

all the resul-ts observed. It would be very useful to perform 

a detailed analysis of the effects of temperature on the 

noise characteristics. However, at this stage it appears 

that the -approach would be very complicated, due to the num-

ber of variables involved. 

Until very recently, it was thought that an excess 

noise generator was operating inthe.channei at high 

53-,55,85,87 
•A model assuming mobility fluctua-

tions in 'the channel was utilized to explain the experimental 

data. Rap's 4 results for the correlation coefficient were 

used to support this theory. However, it has now been 

shown 60 that the measurements were not performed at suffici-

ently high frequencies, and that the results obtained were 

due to a 1/f component in the noise. This work has shown 

that ihecorrelation coefficient calculations were also in 

error, so that it appears that the excess noise generator 

does not exist. 

Additional work has been done on very high frequency 

52 88 noise by Klassen and Prins. 89 However, many aspects 
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of high frequency noise can still be investigated. A start-

ing point would be the calculation of thermal noise using a 

lumped model approach as has been used in this work at moder-

ate frequencies. The author has deriveda small-signal high-

frequency equivalent circuit for the Weimer model that could 

be used for this calculation. 90 Further wo'rk would theh deal 

with the E.ffe6ts of the substrate on the noise at high 

frequencies. Das 91 has recently published a detailed descrip-

tibn of high-frequency properties of MOS FET's including the 

effects of substrate resistivity, which could be used as a 

basis for the noise calculations. 

In general, it appears that until 1/f noise mechanisms 

are more fully understood for MOS 'capacitors, no significant 

results will be obtained for the more' complicated MOS 

transistor '.., Fur.ther work should proceed with this in mind. 
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APPENDIX A 

INTERELECTRODE CAPACITANCE CALCULATIONS FOR 

THE MOS EEl 

A difficulty arises in thecalculationof small-signal 

capaëitances for the MOS FET, due to the non-reciprocal nature 

of the gate-to-bulk characteristics. A small-signal variation 

in V95 with the substrate ac short-circuited to the source 

will result in different variations in g''B and Q than a 

small-signal variation in Vbs with the gate ac short-circuited 

to the source. It is therefore difficult to represent the 

gate-bulkbranch of the equivalent circuit with a capacitance. 

The method of representation that is normally adopted is to 

calculate the compnents of s.mäll-sighal gate and bulk cur-

rents associated with the mutual coupling between the gate 

and substrate and then represent these components by current 

generators connected to the gate and substrate term ina is.15, 82 

In this work, we are only concerned.with capacitances associ-

ated with, the gate-source and gate-drain terminals, as the 

noise calculations using the split transistor technique are 

performed assuming gate, source and bulk are ac short-

circuited for the transistor of channel length x, and the 

gate, drain and bulk are ac short-circuited-for the 'transistor 

of channel length (L-x). The small signal gate and bulk 

currents can be written as 

• - dQ t 
- d  (A. 1) 
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.dQB t'. 

dt A.2) 

where Qgt and Bt are the total gate and bulk charges, 

respectively. Using the chain rule, these.can be eipanded 

in the form 

= dQgt - aQgt dy95 +  Q9t dVb s + a.Qg t. dVds (A.3) 

9 dt av gs dt av bs dt Vd s dt 

dQBt aQBt dV gs Bt dvb s Bt dVd s 
= dt - Vg5 dt bs dt + aV ds dt (A.l) 

If the capacitances associated with the gate terminal are 

denoted as 'C gs , Cgd and Cgb, then the gate current may be 

written in the form 

dV gd +c dV 95 dV gb 
+ C ig = C•g . 

dt gs dt gb dt 

which can be rewritten as 

dv dV dV. 
ig (Cg s+C gd+C gb) - d 5 - Cgd C dt gb At (A.6) 

The total gate capacitance, C99 , is represented by 

C C +CdC gg = gs g gb (A.7) 

and is usually associated with the variation in Q  withV 95 

from (A.3). This yields 

C +C +C gs gd gb -. 

(it 

Similarly, the gate-drain capacitance is represented by 

(A.8) 

q  
gd ds (A.9) 
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This means that the component of gate current due to mutual 

'capacitance' between gate and bulk is connected with 

and the gate-source and gate-drain capacitances can be 

written as 

C aQgt +  gt  aQ gt  
gs  

Qg 

(A. 10) 

(A.11) 

for the calculations performed in this work. Other elements 

of the equivalent circuit can be derived in a similar fashion 

but are not of interest as far as the noise calculations are 

concerned inChapter Li. 
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APPENDIX B 

STATISTICS OF A FLUCTUATION. PROCESS INVOLVING 

A SINGLE TIME CONSTANT 

The statistics of charge carrier density fluctuations 

in semiconductor.s has been analyzed in detail by 

Burgess.. 42,43,44 The statistics for an electrOn trapping 

process involving a single time constant are derived here in 

order to justify -the us•e of equations (5.5) and (5.6) in the 

noise analysis of Chapter 5. 

Consider a situation in which there are n electrons 

in the conduction band. If the probability that an electron 

enters the band in time dt is g(n)dt and the probability th at 

an electron leaves in time dt i.s r(n)dt, where g(n) and r(n) 

are the generation and recombination rates for eFectrons; 

then the probability of a transition out of the state n 

(i.e. into some other state) in time dt is 

[(n)P(n)+g(n)P(ndt, where:P(n) is the probability distri-

bution function of n. Similarly, the probability of a tran-

sition into the state n in time dt is. 

[r(n+I)P(n+l . )+g(n-I)P(n-IJ dt. The change in the probability 

of the state (n) with time is then 

dP(n)  
dt - (n+l)P(n+l)+g(n-l)P(n-i -[r(n)P(n)+gn)P(n (B. I) 

where") = 0 if P(n) is stat ionry. 
dt 

From (B.1) 'it can be shownh2 that 
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P(n) - 

n-I 
P(o) II g(v) 

v=O 
n 
II r(v) 

(B. 2) 

The most probable value of n, denoted as no , is foun.d at the 

extremum of P,(n), 'that is at the, point where 

P(n) - P(n+l) O. 

Substituting into (B.2) yields r(n+l) = g(h) and if . 

n = no >>. 1, 

(B.3) 

r(n) = g(n 0 ). (B.It) 

Equation (B.L) can also be obtained by examining £n[P(n3j. 

Increasing •n by 1 yields a change in Rn[P(nJ of 

kn rP(n) 1 
0 (B.5) 

arid substitutin.g from (B.2) gives 

or r(n 0) g(n 0) as before. 

Thus for large values of n 

•—n (A n[P ( nj) 

and it is easy to show that 

n=n 0 

0 (B.6) 

0 (B.7) 

• d2Q,n(n3J g'(n) r' (n)  
dn 2 - g(n) r(n) (B.8) 

where the primes denote differentiation with respect to n. 
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A Taylor series expansion of 2,nI1'(n1 about no retaining only 

second order terms yields 

P. n[P n =  P, nFP'( n J+' ( n-'n . ) d P. n[P (n] I 
-. + 

n—n o 

(n-no) 2. 

V. 

and substituting from (B.7) and (B.8) gives 

.5L1Z nE(nII 
dn , nn 

(B.9) 

2
 • .-,\ Ir n0 g n0)  I 

P(n) = [P(noexP(-f(nno) Lr(no) - g' ,,(n 0)J) 

which is a Gaussian distribution of n about 'n 0 with va 

Ir 

/(n 0 ) g (n 0 

= (no)  - g(n0) 

and the primes denote differentiation with respect to n. 

Now the variance of n is 'also the variance of n, the number 

of occupied traps. In order to apply (B.1)) it is necessary 

to obtain expressions for the rate of generating positively 

charged trap levels in a given volume Aan for the rate of 

generating neutral levels. The total number of traps in the 

6lemental volume AA is Nt A. The rate of generating positively 

charged trap levels is then given by 

r(n t,A) (e n+cpp)f tNt A . (B.12) 

since en is the emission probability of an electron, c is 

the capture probability of a hole, and ftNtA is the fraction 

of occupied traps in the volume AA. Similarly, the rate of 

generating neitral levels is . 

g(n,A) = (ep+c nnYftpNtAA (B.13) 
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where e care the emission probability of a hole and ca-

turé probability, of an. eletron, respectively, and 

tpNt = (l -ft)Nt = Nt -nt. (B. 14) 

Substituting (B.l2) and (B.13) into (13.11), and pe'rfo'rming ' 

the differentiations with respect—to nt. gives 

(Sn t A) 2 = 

- 1. 

[7+ N-nj AA (B- 15) 

It is then easy to show that the variance of the fluctuatton 

in the occupied trap density is given by 

Ntftft 
(B.16) 

The relaxation time constant determining the return from a 

small deviation to equilibrium is obtained by considering 

that if at any moment n no , the rate of change of n towards 

no is 

T (n -no) = g(n) - .' r (n) (B.17) 

where for small deviations 

g(n) = g(n 0) + (n_n o )g ' (n 0 (B. 18) 

r(n) = r(n0) + (n-n o)['(n o S (B. 19) 

so that 

where 

d (n-n 0) 
dt (n -no) - To (B.20) 

=  4,. . (B.21) 
r4 n0 )-g n0) 



-178-

Solving (B.20) using (n-n 0) = Sn and 6n = 5n 0 at t = 0 as 

boundary condition yields 

= Sn 0 ex'p(-t/T 0 ). (B.22) 

The autocorrelation function for the aperiodic function of 

time (B.22) is found from the definition, 16 

Co 

'R(T) = Jf(t)f(t+T)dt. 

Substituting Sn = f(t) from (B.22) gives 

2 T 
R(t) = On o) -  exp(-tcl/T,0 ). 

The square of the mean value i.t is given by 

11 2 = R(co) = 0 

and the mean square value is found from 

(B.23) 

(B.2) 

(B.25) 

= R(0) = (&n 0)2 (B.26) 

The variance On 2 is given by 

or 0 

so that (B.24) becomes 

T 2 
=  f (6n-V) dt + 

T2 2 

T 

(cSn0)2 ° 

(B.27) 

(B.28) 
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. R(T) = Sn 2 exp(-ttl/T) (B.29) 

and the physically realizeable one-side.d spectral densityis 

given by 

00 

G(f) 4 f R('T)cos2fTdT 0< f < CO . (8.30) 
o  

where (8.30) is known as the Wiener-Khinchine Theorem. 46 

Substituting from (13.29) and integrating yields 

1 5n 2 T 
G(f) - - 0  

22' 
T 

the one-sided spectral density for a relaxation process 

involving ásingle time -constant. 

(B.31) 
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APPENDIX C 

A REVIEW OF THE TUNNELING THEORY 

A simple model for the potential variation between 

semiconductor and oxide has been utilized to explain the 

dispersion in time constants which gives rise to the 1/f 

spectrum for the noise. 29,72 Traps are assumed to be located 

randomly in the oxide near the oxide-semiconductor interface, 

so that electrons will tunnel to the traps, remain for a time 

thai depends on the distance of the trap from the interface 

and the surface density of free carriers, and then return to 

the conduction band and the inversion layer at the interface. 

The theory and its application to MOS transistors as presented 

by Christensson et a1 29 is reviewed in detail in the following 

sections'. 

C.l The Tunneling Model 

A simple step in energy is assumed between the oxide 

and silicon as shown in Fig. C.1. 

energy 

silicon W 

iiCi dent 
wave 
packet 

-   

Wo 
2m 

W 
0 

K 2 = 2m"(W-W)/1i 2 

oxide 

00 •-y 

Fig. C.1 Simple potential barrier used for calculating trap 

time constants. 
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ft can then be shown 72 that foran 

surface, the 'capture probability' for a trap located at a 

electron at the 

distance y 'from the interface into the oxide is given by 

c(y) = cexp(-2Ky) (c.i) 

where c  = capture probability for an electron near a trap 

in the oxide, assumed to be the same. for all traps 

f2m* (W-W) ,j 2 ' 

W = height of the potential barrier 

= energy of the impinging electron 

= Plank's constant divided by 27t -

effective electron mass. 

Then 'using (5.1), assuming that p0 and p1 are small, 

the relaxation time constant is given by 

where 

[c(y)J(n+n 1) •- Texp(ay) 

c#. = 2 V2m*W. 

c (n +n ) 
n si 

and it is assumed that W >>.W to ensure that the decay con-
0 

stant K is thesarne for all electrons. The capture cross 

section  is of the order of iO 8cmisec, while n5 varie 

from 1016 to 10 19 1cth 3. For traps located a few angstroms 

into the oxide, the time constant can vary over many orders 
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of magnitude, thus giving the required dispersion necessary 

to produce-the 1/f noise. 

C.1.1 Application, of the Model 

In order to perform the noise calculations for the 

MOS FET, it -is necessary to consider that traps may be dis-

tributed in energy over the forbidden gap, as well as spati-

ally distributed in the oxide. The two types of distributions 

are shown in Fig. C.2. 

Fig. C.2 Two different types of trap distributions: over 
energy, N(E), and in the oxide, N(E). 

If traps are located at a distance y from the inter-, 

face, th-e surface state noisemust be evaluated by considering 

a fluctuation in the trapped charge in a volume element zxy 

located, in the oxide. It is assumed that there is a uniform 

distribution of traps N0 per unit volume over a distare d. 

from the interface into the oxide, where the traps may be 

distributed over the energy bandgap of the substrate, and the 
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distance •d is much less than the oxide thickness T . The 
ox 

situation is then similar to that in section 5.2, where the 

bulk charge is assumed uniform over a distance d in the 

bulk. In this case a fluctuation .ôn5 in the trapped charge 

located in a volume zxy causes an incremental fluctuà-

tion in the potential from bulk to metal given by the moment 

formula, 

(5'y _a_ bm e 6  ts yA y 
ox 

C.5) 

and at the 'same time the charge in the oxide fluctuates by 

an amount qtSn 5Ay. Straightforward analysis then leads to 

[t(sv)] (C 0 + + qony(i + ?-L) (C.6) 
Yd ox 

and repea'ting the procedure for calculating Rn assuming traps 

to be located at a single energy level gives 

R 
kTLzC v2 

ox ds 

-q. 2 N 
Vd d 

0 ' 0 

2 

ox  _ t tp _____ 

dyd 2 2 r V. 
l+ L 'r 

I U  L 
where 0 =   n zC and r n ox Q IC . The factors 0 and .1' may be 

i x 

evaluated for either the Weimeror bulk charge modelsof the 

device. The integral with respect to y is performed from 

zero -to d, so that the term (1 + T y is at most (1+ T —). 
ox ox 

Normally d is only a few angstroms, compared to a typical 

oxide thickness of 2000 angstroms, so that dlTox << 1 and to 

a very good approximation the term can be neglected in the 

integral. Then noting that ft, ft and r are independent of 

y, and that 
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dt 

from (C.2),, it can be shown that 

2 

ox • (tan 1 [WT exp(cdj tan 1(wt .dy = -fd 
2 2 cu l+ü)T S S) 

The factor T varies between 108 and 10- 11 seconds. If d 

is 20 R, 'a'n'd W = 4.0 eV, t5exp(ad) is greater than 106 under 

normal conditions, and tan - 1 texp(ad)], is nearly down to 

very low frequencies, the spectrum is of the form 

2 
fd.T.(]+ 

ox  

T 
0 

dy = irif tan - 1(WT )] (C. 10) 

which exhibits a 1/f dependence down to very low frequencies 

and up tô.frequencies where thermal noise becomes important. 

(A more general analysis whici results in a dependence other 

than 1/f has recently been published by Berz. 99 ) Then in the 

frequency range of interest, (C'.7) becomes 

R 
n 

2 ds 
•-q N ir 

0  O f 
2kTLzC' c.w V' 

ox ds o 

.1 -t has been shown 24 

ff 
t tp  r dV (C. 11) 

that the assumption of constant 

is reasonable for the case of generation-recombination 

noise, since the electron and hole concentrations, in the 

depletion region are small. However, at the surface, the 

electron concentration is large and varies from source to 
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drain, so that the dependence of f and f, on drain voltage 

must be 'taken into account for the case of surface state 

no  se. 

If the trapping processes are governed by Fermi-Dirac 

statistics, it can be shown that, in general, 

PIPS +n  5 I +n n +y(n 2+n 
- sS 

ttp [n s +n 
l 

where p5, p1, n5 and n1 are given by 

) 
(c.12) 

ps = n1exp (E1E P )/kT I (C.13) 

P 1 = nexp ('E -E)/kT I ' (c.l+) 
Y=O' 

n = n1exp (E-E1)/kT I (c.15) 
Y=O 

= n.exp (E -E.)/kT . (c.16) 
Y=O' 

In order to evaluate (C.12),. it is nec'ess'aiy to kno'ti the 

energy location of the traps. It is possible to have tr.aps 

at many energy levels in' the gap, as 'shown in Fig. C.3. 
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E 

D 
B 
C 

Y=O 

E 
C 

A 

E. 
• i D 

-----------E =E B 
n 

(a) 

E 

Y=O 

(b) 

Fig. C.3 Energy band diagram at (a) the source 
(b) a point x in the channel. 

E 
C 

E. 

the letters correspond to 

A. Traps at the conduction band edge 

B. Traps at the Fermi level at thesource 

C. Traps at midgap 

D. traps at the electron Fermi level along the 

whole channel. 

Traps at the valence band edge are not of particUlar interest. 

This can be seen as follows. With Et E, it can be shown 

that 

PI = niexP(Eg/2k1) 

n1 = njexp(_E g/2k1) 

(C. 17) 

(C. 18) 

so that p1 >> n1. There are two cases to consider, namely 

light and heavy inversion. 
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If the surface is lightly inverted, then 

(E -E.)I < (E -E) (c.19) 
p Y=O •Y=o 

and 

n12exp [(E 1-E•E_E )/kT] I > (c.20) 
Y=O 

that 

• p1 > n >> p > n (l i ght inversion) (C.21) 

and 

have 

Then 

and 

PS  

1+n s) 
(c.22) 

For conditions of heavy inversion, it is posib.1e to 

(E -Ei) > (E-E,) I (c.23) 
• y=O y=O 

1s < (c.24) 

np5 n,2 (C.25) 

n o.s > p1 >> n. > p (heavy inversion) (C.26) 

so that f t f tp is given by 

ff 
t tp 

2 
n. 

(p 1+n) 2 

In both cases p1 and n are so much larger than n i and p5 that 

isvery small and the noise contribution from traps at 

this level is negl igible. Even the case of traps at midgap 
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at the interface gives a noise contribution which is small 

compared to. traps located at energies above the quasi-Fermi 

level for electrons in the channel, as will be shown in the 

analysis to follow. 

In orderto evaluate the integral in (C.11), it is 

necessary to know the variations in n5 and p5 with distance 

along the channel, and also to know the dependence of n05 on 

gate voltage. The theory presented by Christensson et a] 29 . 

assumed that the concentration varied as 

(V -v) 
Os p n =   

S V 
p 

where V. .= V -V , the pinch-off voltage for the Weimer, 
p gsT 

model. 

(c.28) 

It was further assumed that nsn, > everywhere, which made 

the integral in (C.11) convergent for all values Of.Vd. The 

magnitude of the noise was then evaluated using a typical 

value for n os of 1016/cm3 for normal inversion condi.tions. 

The simple theory using (C.28) is reviewed briefly here to 

serve as a basis for the analysis in Chapter 5. 

At the surface, the electron concentration n is 
5 

much larger than p, and 

2 •' r(E -E )/kT] 2 p n n. ex = 
s   u 1'Ln p 

so that with y = 1, (C.12) Is given by 

n n 
is 

(n5+n1+p1)2 

(c.29) 

(c.30) 
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Using this approximation, the noise calculations can be per-

formed analytically for the four trap situations, shown in 

Fig. C.3. 

Case (a); Traps at the conduction band. edge at the interface. 

In this case, •Et c = E , and both E p and E n are larger 
'  

than E. so that 

nI > n >> Os p1. (c.31) 

Using (C.31) to evaluate (C.30),, the voltage.dependent portion 

of R becomes 
n 

V 
(v +v ) ds 

F(V ) -  s d ___ J •dv ds 2(v -v ) s d 
0 

(C. 32) 

where Vs'Vd and v. are defined by (2.2), (2.3) and (1 6) 

respect ive.ly. 

Equation (C.32) can be integrated t.o yield. 

When V ds = V 

and 

p 

n (2V -V ) 
d 

F(V ) nos , •p ds  
ds 2V 

p 

F(VdS) • "1 

F(0) 42k. 

(C.33) 

(c.35) 

Thus the noise decreases with increasingdrain voltage prior 

to pinch-off, and increases with. increasing gate voltage at 

any given drain bias. 
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Case (b) . Traps at the electron quasi-Fermi level at the 

source. 

If E n p = E = Et , it is easy to show that 

=n > 
Os p1 = p0g . 

Substitution into (C.32) yields 

(c.36) 

F(V ) ds (C.37) 

and the noise is independent of bias. 

Case (c). Traps at midgap at the interface. 

For this situation-E t = E1 and E., E are both greater 

than E. so that 

p = n = n. <<jn 
1 1 u os 

Substitution and integration giv.es 

F(Vd S) 

When  =V, 
ds p 

and wfren V = 0 ds , 

n. 

2n 
Os 

(2vp_vds) 

2n. 
(V -v L (2V - V ) 
P ds n p ds 

Os 

F(V) 

F(0) 
Os 

(C.39) 

(c.40) 

(C.41) 

The noise apparently increases many orders of magnitude as 

the drain voltage increases prior to pinch-off for traps in 

this location. 



Case (d). (d). Traps at the electron quasi-Fermi level along the 

whole channel.. 

In this case it is -assumed that trap.s are distributed 

over energy in the region of the electron quasi-Fermi level, 

and that traps at the Fermi level at each point along the 

channel are effective in the capture.process. Since the trap 

density, fraction of occupied traps, and trap time constant 

are functions of energy as well as voItageandspatial loca-

tion, the direct integration of (C.7) is not valid for this 

case. The expression for R in modified form is given by 

V E' d (E) 2 
ds c t 

R -q20  J J J .  2 ox  = 

kTLzC v2 l+w t .2 
ox ds 0 E 0 

V 

• (v,E) 
tp  

dyd Ed V 
r 

where f(V,E) = fraction of occupied traps at energy E 

= 1 - 

and 

(c.42) 

a(E) = distance into the oxide over which traps of 

energy E are distributed 

N(E) = trap distribution over energy and over dis-

tance into the oxide (see Fig. C.2). 

If -the trap density is uniform over distance, and 

assuming d t. (E) = d for all trap .en.ergies, (C.42) becomes 

R -  -q 2 ir®  

n 2kTLzC 2 v2 cw 
ox  

V•.' E 
•ds: 

dEdV (c..L3) 
r 
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in the frequency range of interest. 

S I nce 

and 

It is necessary to evaluate 

E 

T= 

E. 
V 

n1 = nexp[(E-E.)/kT] 

p1 = n1exp[(E-E)/kT].. 

(c.44) 

(C .'.45) 

(c.46) 

Fora uniform distribution of traps over energy, given by N(E), 

it can be'shôwn 29 that 

T - [w (,31 n. k1[_2 

ns >>,.n i. 

(E 1-E) 

kT 

However, for the simple theory, when n5 + 0 at the drain, 

(C.47) diverges to infinity, -and the dependence of f.t f tp on 

is not properly, reflected. In order to integrate with 

respect to channel voltage,' Christensson et a1 29 have shown 

that a good approximation is 

E 

[N t (E (V., E) f tp (v,E) dE = [N 4kTf t (V , E) f tp (V,E) 
E  

V , (c.4) 

since the integrand is sharply peaked about E = Et with a 

value of 1'I4'at the peak. '. From (C.49), the -result is' that 

the 'effective trap density' NT is given by 
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NT = 4kT(E (c.50) 

Then ft(V,E)f (V IE ) can be found by examining the quanti-

ties n5, ni, PS and p1, given by 

n s = nexp BEn_E i)11T1 I (c.51) 
Y=O 

n1 = n5exp [(E -E)/kT] (c.52) 

2 

I? s = -L-. exp[(E-E t)/kT] I (c.53) 
S y=o 

p1 = nexp E -E)/kT] I. (C.51+) 
Y=O 

If E = E at all points along the channel, (C.12) becomes 

ft (v , E) 

2 
n 
S 

2 
I n. 
I 2n 
\ s  

S 

.. (c.55) 

The term n 2 /n 5 cannot be neglected in the simple theory, 

since n S .-.O at the drain at pinch-off. Substituting (C.k9) 

into (C.k3), and using n. I .<<'n 05 n after integrating gives 

(2v -v ) . 1 
F(V 16v. ds v -v 2 2 £n  2  1 (C.56) 

ds 

• [2  p ds ) +() j 
n I ds 

'V 

and 

F(V) 
P 

p Os 

42 
os) 
n. 

This indicates that the noise increases with gate voltage at 

pinch-off and with,drain voltage prior to pinch-off. 
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The theory described in the previous sections forms 

a. basis for the improved analysis of Chapter 5. 
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APPENDIX D 

THE NOISE MEASUREMENT SYSTEM 

It is possible to measure a number of parameters when 

comparing device noise performance with theoretical calcula-

tions. For junction transistors, the minimum parameters 

required to describe the noise performance are two equivalent 

noise generators and a cross-correlation coefficient. With 

field-effect transistors, the main origin of noise is the 

fluctuation of the drain current, so that it is possible to 

represent the noise performance of the device by a single 

current generator at the output. If the input is ac short 

circuited, the noise can also be represented by a single 

voltage generator in series with the input, which can then 

be associated with the thermal noise of an equivalent noise 

resistance R. 30 '93 '94 '95 In this work, the equivalent noise 

voltage referred to the input is measured exclusively. Flinn 

et a1 3° have mentioned that it is not practical to refer the 

noise to the input at low, drain voltages, since g decreases 

and the gain decreases proportionately. However, measuring 

the noise current at the output is also 'a problem since at 

low drain voltages, part of the' noise current flows through 

the out put impedance and the current through the load resist-

ance must be corrected accordingly. The decrease in' drain 

voltage will only cause a problem if the gain of the first 

stage decreases to the point where amplifier noise becomes 

important. The measurements in this work were performed 
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under conditions where this was not a problem. If it is 

desired to obtain the mean square current at the output from 

the experimental results, the relationship 

id/L.f = 4kTR 2 2 2 / f g =e g 
nm n m 

can be used with the results shown in Figs. 0.1 and D.2. In 

Fig. D.2, the carrier mobility neff has been reduced from 

the bulk value Pb to bring the theoretical curves into close 

proximity with the experimental results. When using (0.1) 

for the measured values of the noise, the experimental values 

of g should be chosen throughout. 

0.1 THE STATISTICAL ANALYSIS APPROACH 

The digital processing approach to noise measurements 

is not a completely new idea. Fine and Winston 6 used stand-

ard IBM methods to measure noise •at frequencies below 

lO 2Hz in 1955. In this work, it was desired to have a 

fast method of measuring complete noise spectra as a function 

of bias, rather than to measure the noise at one or two 

discrete frequencies. A generalized commercially available 

spectral analysis program written for use on the IBM 360/50 

system provided the speed and accuracy desired. No attempt 

will be made to describe the operation of the program, as it 

is discussed in detail by Enochson and Otens. 6 

The basic noise measurement system is shown in Fig. 

0.3. 
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To prepare the random analog noise signal for digital 

analysis, appropriate amplification, low-pass filtering, 

analog-to--digital conversion, magnetic tapestorage, and tape 

format conversion are required. Details of the analog-to 

digital conversion system are shown in Fig. D.1i. The 

appropriate single-channel sampling program is read by the 

paper tape reader and stored in the small digital computer. 

The required sampling frequency and number of samples is 

specified on the teletype unit and the corresponding rate is 

set on the pulse generator. The computer collects samples 

in blocks of 2000 'words', and then dumps them onto digital 

magnetic tape. The teletype prints out a permanent record 

of tape file numbers and relevant information requi re.d for 

digital processing. The raw data tape obtained is compatible 

with IBM tape readers, but is not in the correct format for 

the spectral analysis program. A conversion to the standard 

intermediate data tape format is performed using a separate 

program. Spectral analysis then yields printed and plotted 

output of the power spectral density of the input noise. 

The input data is scaled by the gain factor before processing 

so that the output plot is a direct measure of the noise 

power referred to the input of the system 

The method of choosing the sampling frequency, number 

of samples., resolution bandwidth, and statistical accuracy 

desi.red is as follows.97,98 

(1) The maximum frequency of interest, fm , is chosen. Low-

pass filtering of the analog data at the maximum frequency 
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of interest is required to prevent 'a.liasing'. Aliasing 

refers to the effect of frequency folding about the 

Nyquist frequency (one half the sampling frequency, f5). 

The power spectral density evaluated after sampling can 

be distorted if frequency components beyond the Nyquist 

frequency are allowed to alias or add to the true 

spectrum. Filtering assures that the high-frequency 

components are removed and the resulting power spectral 

density is a true representation. - 

The sampling frequency f5 must be at least twice 

and is normally chosen as 

= 
(D.2) 

The cut-off frequency of the anti-allasing.ffltèr is then 

set.a't 

(2) The minimum resolvable frequency bandwidth Be far th e' 

spectral calculations is next specified. This parameter 

represents the narrowest fr.equehcy band which can be 

discriminated in the calculation of the power spectral 

density. It is analogous to Af used in the preceding 

chapters. As Be increases, the power spectra] density 

curves become artificially smoothed, covering up promi-

nent frequency components in the data. -Care must be 

taken to choose Be small enough to detect any significant 

periodicity in the noise. 
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(3) The -statistical accuracy is selected to ensure that the 

resulting spectra aie statistically reliable and smooth. 

The number of statistical degrees of freedom, , can be 

used as a measure of statistical accuracy, with ii = 100 

assuring that the calculated spectrum will lie within 

±1 db of the true spectrum 90 °i of the time. The hoice 

of j with a fixed value of Be then determines the minimum 

record length Tr required, since 

ii = 2BT• (D. 3) 

(Li) The number of samples, N, required to achieve the speci-

fied n and Be at the sampling frequency f5 , is given 'by 

N = . (0.4) 

If the data record length Tr is limited or if there is 

a limitation in the number of samples which can be 

economically processed, a trade-off between n and Be is 

required, as shown in equation .(D.3) where 

Tr = N/fe. 

(5) Finally, it can be shown •that the values of the.po.wer 

• spectral density should be calculated at -the following 

discrete frequencies: 

Be 
f = - , z = 0,1,2 

to provide independeit spectral estimates.' 8 



The system is set up to provide spectral estimates 

down to ver-y low frequencies. In this work, the preamplifiers 

used were ac coupled to prevent drift problems which arose 

due to the large gain needed to provide large enough signals 

for the A/D conversion system. The frequency response of 

the system was approximately flat from 2Hz to 10kHz. Schematic 

diagrams of the preamplifiers and typical gain characteristics 

are shown in. Figs. 0.5, D.6, D.7 and D.8. The upper limit of 

10kHz was imposed by the A/D system, and the amplifier res-

ponse was adjusted accordingly. 
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To obtain estimates of the power spectral density 

over the frequency range from 2Hz to 10kHz using a reasonable 

number of da.t.a points while retaining high resolution, the 

data for each frequency decade was processed separately. The 

number of samples and the statistical accuracy were held 

approximately constant while the resolution bandwidth Be 

increased for each succeeding decade. Typical output spectra 

are given in Figs. D.9, D.lO and D.11 for the same data pro-

cessed in three different fashions. Details pertaining to 

the data acquisition are given in Table 0.1. 

A comparison of Figs. 0.10 and 0.11 illustrates the 

'smearing' that can take place if 'a periodic component is 

present and the bandwidth B3 is large. The periodic compo-

nents show up in the data when processed with high resolution 

.a nd accuracy, but the processing time increases formidably 

as shown in Table D.I. As a result, the data In Fig. D-10 

was accepted as a compromise between record length, and 

resolution bandwidth. The usefulness of the measurement sys-

tem is apparent from Table D,1. The total processing time 

for a spectral measurement from 2Hz to 10kHz is 'under seven 

minutes, while the same measurements usingconventional 

filter techniques would have been much longer. ln.addition, 

the data is stored permanently on magnetic tape and may be 

reprocessed at any time to obtain spectra with different 

resolution, axis size and range for the same data. The 

entire statistical analysis program is compiled under 180K 

of core, to decrease turnaround time on the 360 system, and 



Table D.l 

Data Acquisition Parameters 

Fig. 
No. 

Frequency 
Range (Hz)Doi nts 

Y of Data 
(N) 

Sampling 
Frequency Hz 

B (Hz) e 

Data Acquisi- 
tion Time(sec) 

Total Process-
ing Time (mm) 

D.9 

2-10 6000 40 30 0.1 150 

16.68 
5-100 6000 300 40 1 20 

50-lOs 6000 3000 40 10 2 

500-l0 6000 24000 50 100 0.25 

:D1.lo 

2-10 6000 40 300 1 150 

6.77 
5-100 6000 300 200 5 20 

50 - 10 3 6000 3000 200 50 2. 

500-10 4 6000 24000 250 500 0.25 

D.11 

2-10 34000 40 170 0.1 850 

93.1 
5-100 34000 300 227 1 113.3 

50-10 34000 3000 227 10 11.33 

500-10 k 34000 2000 284 100 1.42 
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the technique is thus very useful for performing measurements 

of noise spectra on many devices in a short time. 

A second method of processing the data is available 

using the Fast Fourier Transform Algorithm. This reduces 

processing time significantly, but does not allow the freedom 

in choosing u, B et N and axis parameters that is obtained by 

the standari Blackman-Tukey procedure, 8 and as a result it 

was not used in this work. 

D.2 THE ACCURACY OF THE MEASUREMENTS 

It is always important to consider possible sources 

of error which may arise in noise measurement systems, since 

these errors are not always noticeable in the results. 

The.accuracy of the statistical analysis is determined 

by u, which varied between 200 and 300 in this work. This 

means that the spectrum obtained will lie within l0 of the 

true spectrum more than 90% of the time, which is more than 

sufficient for observing overall level changes in the spectra 

with bias variations. 

For, low drain voltages and thus low first stage gain, 

a high noise contribution from the preamplifiers could arti-

ficially enhance the noise. To make sure that this was not 

the case, 'two different preamplifiers were built and tested. 

The noise contributionfrom the amplifiers at the output, 

measured with the input terminated in RL, was found to be 

negligible in comparison with the noise from the MOS FET. 

Noise measurements using both amplifiers were found to bein 
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excellent .agreement and were very repeatable, so that this 

source 'of noise was assumed to be negligible. 

The final amplifiers used are shown in Figs. D.5 and 

D.6. It should be pointed out that at low drain voltages, 

the drain of the FET was coupled with back-to-back coupling 

capacitors and also direct coupled to the following stage. 

Again the' results were in good agreement, which indicates 

that noise from the second stage is negligible. If this were 

not the case, the noise should have been smaller in the case 

of direct coupling, since the second stage current is de-

creased when the base voltage is low, and the noise is pro-

portionalto the 'collector current. 

The final source of noise suspected of contributing 

at small drain voltages was thermal noise of the MOS EEl. 

An examination of Fig. 4.8 indicates that the thermal noise 

increases significantly at small drain voltages. However, 

the level is orders of magnitude below the 1/f noise at audio 

frequencies. In addition, the thermal noise spectrum is flat 

so if the level was significant the overall spectrum would 

be expected to 'tilt' as the thermal noise contribution be-

,came more dominant. This was not observed., 

It is concluded that the accuracy of the measurements 

is more than sufficient for the requirements of this work. 
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