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ABSTRACT

A Comprehensive silicon diode model is introduced. It mathematically
portrays the steady state behavior of diodes for a wide range of applied
bias and temperature. It is the summation of an improved diode equation
and a refined depletion region recombination - generation (RG} equation’
which are both derived from the existing theoretical foundation. The
improved diode equation extends the modelling capability of the popular
ideal diode equation into the high Level injection domain, and the refined
depletion region RG equation describes the very Low current region. The
extended coapability of the comprehensive diode model is demonstrated
by a computer assisted comparison of the theoretical and measured
characteristics of diodes exposed to elevated temperatures.

This work was motivated by the University of Calgary Electrical
Engineering Department's Interest in high temperature electronics for
energy sector applications. Since PN junctions are a fundamental
building block of both discrete and integrated semiconductor devices, &
thorough knowtedge of diode behavior is essential to the understanding
of semiconductor electronics.

The ideal diode equation governs only the central part of the forward
characteristic where Low Level in jection prevails; here the current is
larger than that which is attributable to depletion region RG but Less
than that which results from high Level injection. A high Level injection
equation is derived here and combined with the ideal diode equation to
create the improved diode equation. This equation continuously
describes both Low and high Level injection, and it also accounts for
series resistance. The development of the high Level injection equation
and the improved diode equation is-believed to be original work.

i~



It is shown that the temperature dependent DC characteristics of a diode
can be modelled outside of the influence of depletion region RG by the
improved diode equation, when that equation is supplied with the high
and Low Level injection intercepts of a single measured forward
characteristic. The validity of the improved diode equation is rigorousty
tested by comparing the measured high and Low Level injection
intercepts with values calculated using their theoretical formulae.
These formulae must be supplied with the junction area, substrate
doping, and the high and Low Level injection Lifetimes. This creates the
“need for a new high Level injéction transient analysis, which is
presented here, and which relates Lifetime to the measured charge
storage delay time. Non-uniform doping is accounted for, and the
effects of this make it impossible to show exactly that the calculated
and measured intercepts agree; however, It is shown that the
theoretical predictions are reasonable.

Like the ideal diode equation, the improved diode equation does not
model the depletion region RG current that dominates the Low current
portion of the diode characteristic; here the applied bias is 8 small
positive voltage or a negative voltage that does not exceed the
reverse breakdown voltage. A rigorous analysis of the depletion region
process ylelds, possibly for the first time, a refined depletion region RG

-equation. Values generated by this equation when it is supplied with the
Junction area, doping gradient,’lifetime, and trap energy Level are in
good agreement with observed currents. Current that Leaks around the
Junction is modelled by a paratlel resistor.

The improved diode equation extends diode modelling capabality into
the high in jection region where many devices normally operate; high
Injection dominates the forward characteristic at high temperatures.
The refined depletion region RG equation is expected to improve the
reverse biased diode modelling capability.
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-1 INTRODUCTION

The equation that is extensively used to model the DC characteristics of

PN junctions is the familiar ideal diode equation [1 pp91l. A typical diode

Is doped more heavily on the P side than on the N side, and for such a
p*n junction the ideal diode equation is

1= L[ 7], (11

where I, is the hole dominated diode current,
I5 is the the reverse saturation current,
V is the voltage across the depletion region,
T is the absolute temperature,
k is Boltzman's constant, and
qis the electron charge.

If V is greater than zero by even a small amount, the ideal diode
equation can be approximated by

VAT

Ip =l e (1.2)

Taking the Logarithm of both sides gives the Linear relationship

- q
Logl =Logl, T [‘Log e]v. | (1.3)

Hence, a plot of Log I; vs V is a straight line having intercept I and
slope {q/kT) Log e.

Actual diodes typically exhibit ideal diode behavior for only part of the
forward bias range. This is illustrated in Figure 1.1 where two tangent
lines have been drawn on the measured forward characteristic of a



silicon diode. This diode characteristic has the (q/kT) Log e slope
predicted by the ideal diode equation in the reglon where the current is
moderate. For larger current the slope decreases to (q/2kT] Log e
because of the effects of high Level injection [1pp96]. As the bias is
increased further the slope falls below [q/2kT) Log e because of series
resistance [5 pp70l. The departure from ideal observed at very Low
current results from depletion region recombination [1 pp951

Current 10° [NE287 200V 05W @ 25C
(amps)

1072

o - Series R
06 F High Injection
108 Low Injection (Ideal)

10710
10-12
107
10-16

Depletion Region
Recombination Measured eeoscce

1 § 1 1 i i { 1 i

0 1 2 3 4 5 B 7 8 9 1
Forward Bias (volts)

Figure 1.1 Measured Forward Characteristic of a IN5281 Diode at 25°C
Illustrating the Departures From Ideal.

Figure 1.2 uses a different current scale to show the slopes of the
_forward characteristic of the same diode measured at & much higher
. temperature. At this temperature most of the forward characteristic
has the (q/2kT] Log e slope that signifies high Level injection, and the
ideal diode equation is useful only in the region of small forward bias.
Depletion region recombination current is not evident at higher
temperatures.



Current 10° [NBZ8T 200V 05W @ 250C
(amps])
ot T
102
h qlLoge HighInjection -
1078 2kT
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“q Loge
5 |
10 kT Measured coo0000
106 4 i i L ] 1 L 1

0 1 2 3 4 5 B 4 .8 8 1
Forward Bias {volts)

Figure 1.2 Measured Forward Characteristic of a IN5281 Diode at 250°C.

The reasons for the departures from ideal are well known, but a single
equation that models diode behavior in both the Low and high Level
injection regions has not been reported. The improved diode equation
described here is intended to overcome this deficiency. This equation is
derived by applying appropriate boundary conditions to the steady state
simultaneous solutions of the transport and continuity equations in the
charge neutral regions for both Low and high Level injection. The Low
and high Level injection solutions are then combined using a boundary
condition that is applicable to both to yield the desired result. The
refined depletion region RG current equation presented here predicts the
" Low current portion of the characteristic more accurately than does the
approximate equation given in most texts.

Although the Low Level injection solutions are widely publicized, they
are included here for comparison with and for combination with the
unfamiliar high Level in jection solutions.



2 THE DC EQUATIONS OF STATE

The diode equétions are derived from the steady state transport and
continuity equations. These equations and their boundary conditions are
required for both holes and electrons for each of three cases:

p<<n, n<<p, n=p,

where p Is the hole concentration and
nis the electron concentration.

The p<<n situation occurs only on the N side during Low Level injection;
n<<p occurs onty on the P side also during Low Level injection; n=p
occurs on any side that is biased well into high level injection. The
initial requirement is that the materials be uniformly doped.

2.1 The Transport Equations

The basic transport equations for holes and electrons are [1Ch3]

- ~qp &
J,=aqu pE-qD o (2.1)
, d=lqp nE+qD &N 22
n n ndx’
where Jp is the hole current density,

Hp i8 the hole mobility,

D, is the hole diffusivity,

E is the electric field,

Jy is the electron current density,
L, is the electron mobility, and

D, is the electron diffusivity.



To preserve current ‘continuitg the total current density is [3 pp96]
dt-dp tJ, | : ;2.3]

and J; Is independent of X. Since [3 pp281

D_kT (2.4)
H q '
then
; \
e Y 25]
M, D, ,

The charge balance equations for the donor doped N side [3 pp171,

n =p,+ Ndr, ' (2.6

n

and the acceptor doped P side [3 ppi71,

Pp=nm t N, | (2.7)

can be differentiated to give

dp _dn |

i dx (2.8)
if Ng and N; are constant,
where Pr, is the hole concentration in the N region,

M, is the electron concentration in the N region,
Pp is the hole concentration in the P region,

n, is the electron concentration in the P region,
Ny is the donor doping concentration, and

N, is the acceptor doping concentration.
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Adding Equations (2.1) and {2.2) and applying Equations (2.3) and {2.8] gives

gt q[DP ) Dn] g‘g ' 20)

E =
q[“pp * My n]

Substituting the expression for E from Equation (2.9) into Equation (2.1)
and applying Equation (2.5] yields -

Jy DD-Dn 0 ]
- D n Dn PlqlR
dp P LAl I P S qu. (2.10)
Dpp Dp '

This reduces to three transport equations for holes:

-dp, |
JP" =-q Dp vy for p<<n, (2.11]
Py
Jp=dy-aD, ™~ for n<<p, | (212
J = % -qD®  forn-p (2.13)
P D dx ’ ’
1+ 0
?
where
20 D "
D=z 2B (2.14]
Dn + Dp

the geometric mean of the hole and electron diffusivities,
Jop I8 the hole current density in the P region, and
Jon is the hole current density in the N region.



Substituting the expression for E from Equation {2.9) into Equation (2.2)
and applying Equations (2.5) and (2.8] yields

t n *D d
- D D ntqln T
T I I R o (2.15)
Dnn Dn

This reduces to three transport equations for electrons:

dn
= —Bb
‘an qD o for n<<p, (2.16]
n
I =+ Q0 ™ for p<<n, (217]
ds—Jt——+qD@- for n=p | (2.18)
n D 7 dx ’ '
1+-L
Dn
where Jrp I8 the electron current density in the P region, and

Jmn I8 the electron current density in the N region.

2.2 The Continuity Equations

The continuity equations require expressions for the net recombination
rates for holes and electrons on both sides of the junction. On any
particular side, the net recombination rate for holes must be the same
as that for electrons, since there must be no net increase in the
concentration of one carrier type over the other. To maintain charge
neutrality in the bulk regions of the biased diode, the change in hole
concentration must equal the change in electron concentration on any
particular side of the junction; that is



gp—pO-Ap = n-n =4n, (2.19)
where -  p, is the equilibrium hole concentration,
M, is the equilibrium electron concentration,
Ap is the excess hole concentration, and
An is the excess electron concentration.

In silicon, recombination occurs indirectly via recombination centers or
traps created by impurities and crystal Lattice defects. The net
recombination rate is described by the Schockley-Hall-Read equation [1
pp511 [6] '

pn- n?
U= i , (2.20]
(E,- EJ/T (E,-EJAT
TalPp*+ne *l|n+ne
where
1 1
T s—————— agnd T =————0 (2.21)
P vth dp Nt i vth 0'n Nt A
and U is the net recombination rate,

n, Is the intrinsic carrier concentration,

Py, is the carrier thermal velocity,

N; is the trap density,

o, is the capture cross section for holes,

o, IS the capture cross section for electrons,

£ is the intrinsic Fermi Level,

Ey is the trap energy level, :

Tp is the Low injection Lifetime on the N side, and '
T, is the Low injection Lifetime on the P side.

To simplify this, assume that the capture cross sections are the same
for holes and electrons by letting T, = T, = 7, [1pp93]. Then Equation
(2.20) becomes



. 2
pn-n

E-E||
T,|P+n+2ncosh| ——
KT

U-

(2.22)

The term containing the hyperbolic can be neglected If it Is much Less
than either p or n, and one of these will be at Least as Large as the
doping. This term will be Less than even & Light doping if (E - E) < +10 kT;
that is, if the traps have energy levels within about the center half of
the energy band gap. Traps near the band gap edges are ineffective, ‘
because they result in a8 small value for U. The net recombination rate in
the charge neutral region for mid gap traps can be expressed as

2
pn-n

U= .
<[P, [nen)

(2.23)

Equation (2.30] reduces to

s |
U=—2=—2 forp<<n, (2.24)

An A
Um—L= 2P for n<<p, (2.25)

u=£ or U-% forp=n, (2.26)

where Ap, is the excess hole concentration in the N region,
Ap, is the excess hole concentration in the P region,
An, is the excess electron concentration in the N region,

An, is the excess electron concentration in the P region, and
< is defined as the high in jection Lifetime, © = T, + T,
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The steady state continuity equations are [1 ch3]

" ,
—LB=-qU forholes, (2.27]
ax

dJ

—d-;" =qU for electrons. . (2.28)

2.3 Boundary Conditions
The boundary conditions needed to solve the transport and continuity
equations are the excess carrier concentrations at both of the depletion .

region edges under the influence of the apptied voltage.

is valid everywhere in the diode at equilibrium. The norequilibrium
carrier concentrations are [2 pp45]

[+'p - ) /KT :
p=ne , (2.30)
(g - ¢, kT
n=ne , ' (2.31)
where d)p is the quasi Fermi potential for holes,

¢, is the quasi Fermi potential for electrons, and
 i8 the intrinsic Fermi potential.

At any particular Location, ¥ is the same for n and p, and their product is
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2 W-4JakT

np=n e (2.32)

The voltage across the junction,V, is equal to the difference between ¢,
on one side of the depletion region and ¢, on the other side. Since the

. depletion region is narrow, the change in both ¢, &nd ¢, across this
region is smatl. Hence, [1 pp94]

np=r e | ' (233}

everywhere in the depletion region.

Consider first the N side boundary conditions. In the charge-neutral N
region for Low level injection p << n, and Equation (2.6] becomes

S Ny ' (2.34)

The corresponding equilibrium hole concentration is obtained by
- substituting Equation (2.34] into (2.29) to give

2
n

P~ N—'d L . (2.35)

The non-equilibrium hole concentration at the depletion region edge,
that is at x = 0, is obtained by substituting Equation (2.34] into (2.33) to
give

2

n 7 . o
i qV/AT
Pn[O] = N_ e .

d

(2.36)

Therefore, the excess carrier concentration at the depletion region edge
in response to an applied voltage is [1 pp90l



2
n

Ap (0] -N—;[eqw”- |-anfo). (2.37)

For Large forward blas p, exceeds Ny at the depletion region edge, and
Equations (2.6) and [2.7]) become

n(0] = p(0] . ‘ (2.38)

Substituting this into Equation (2.33) yields the high Level injection
boundary condition

qw/2kT
- ni e

pl0] =n(0]. (2.39]

For the general case which applies to Low and high Level inJéction, itis
only necessary to substitute Equation (2.6) into (2.29) and (2.33]} and
solve for pn, and p,(0) :

12

-N,+ Nj s 4n
P, = > L (2.40)
-Nd + \/Nj + 4n.2 qu/kT
p,(0) = " , (241

S+ art e [\ ar '
Ap (0] = ' 5 ~=an (0]. (2.42)

The excess carrier concentrations at the P side edge of the depletion
region are similarly derived. The Low injection, high in jection and
general case boundary conditions are respectively

2
n
VAT
Anp[OJ = N_L [eq - 1] = App[O] , (2.43)

a



niQ] - n qu/2kT

\/N2+ 2qV/kT \/N
Anp[0]== 2

- plo]. - 244)

=Ap 0).  (245)
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3 THE DIODE EQUATIONS

The improved diode equation is the combination of the Low and high
Llevel injection diode equations. The word "Level" is henceforth dropped,
and the two Injection Levels are referred to as high Injection and Low
injection. These diode equations are derived by solving the DC state
equations for hole and electron current in terms of the total current in
the N and P charge-neutral regions. The total current is then obtained
by equating elther the N and P region hole currents or the N and P region
electron currents at the Junction of the P and N material. The
coordinate system used consistently throughout has the N region along
the positive x axis, the P region along the negative x axis, and the
depletion region concentrated at x = 0. Finite Length considerations
follow the derivations for infinitely Long uniformly doped diodes.

3.1 Solutions of the Low Injection State Equations

The transport equation for Low injection hole current in the

charge-neutral N region is Equation (2.11 which is repeated here for

convenience: | '
dp

- —n .
Jp=-aD, =L | (2.1

The corresponding continuity equation is obtained by substitution of
Equation [2.24] into (2.27] to give

dJ A r
m__q="n 34
dx ’L'p

Substitution of the derivative of the current density given by the
transport equation into the continuity equation produces the second
order Linear differential equation,



oap. Ap
2"-D 1.0, (3.2]
dx b p
which has the solution
—></Lp x/Lp
ap =Ce "+Ce °, (3.3)

where the N region diffusion Length, Lp, I8

L=/DtT . - (3.4)
P PP

If the N region Is Long, the boundary conditions are [1ch31
Ap,=0 at x=00 and
AD, = Ap,(0) a8t X=0;

and applying these to Equation (3.3] gives the N side excess hole
distribution
-x/Lp
Ap =4p (Ole . (3.5]

When the derivative of this expression for Ap, is substituted back into.
the transport equation, Equation (2.11}, the hole current density results:

-x/Lp

D
-q-2
I qu ap (Ole. (3.6)

-The transport equation for Low injection hole current in the
charge-neutral P region is Equation {2.12] which is repeated here for
convenience: ‘

15
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op S
=J - —B
Jp =90, — (2.12)

The corresponding continuity equation is obtained by substitution of
Equation {2.25) into (2.28] to give

dJ Ap
—B .- B (3.7
X T

Solving these as before but using the boundary conditions [1 ch3]
| aApp=0 at x=-c0 and
APy = Apy(0) at  x=0
gives the P side excess hole distribution

x/L,
Ap, =Ap, Ole -, - (3.8)

where the P region diffusion tength, L, is

Ln = ‘/Dn T, (3.9

When the derivative of this expréssion for Apy is substituted back into

the transport equation, Equation (2.12), the hole current density results:

Dn x/L,
Jp=d-a L—n ap(0le . (3.10

Because An,=Ap, and An, = Ap, for the preservation of charge
neutrality, the excess electron current density distributions are now



17

easily obtained by substitution of Equations {3.5) and (3.8} into the
appropriate transport equations, Equations (2.17) and (2.16) respectively
to give | ’
D —x/Lp :
J =Y -9 IE Ann[Ol e , - [(3.1)
P

Dn /L,
| dnp =q rn- Anp[O] e . (3.12)

3.2 Sotutions of the High Injection State Equations

High Level injection implies that the forward bias is sufficient to cause
the injected minority carrier concentration to exceed the doping st the
depletion region edge. When this occurs, Equations (2.6} and (2.7) predict
that the hole and electron concentrations become equal at the
depletion region edge. As the bias is increased further, the equality of
hole and electron concentrations extends further into the
charge-neutral region until eventually n = p essentially everywhere in
that region. Further justification for the use of n=p in the entire
charge-neutral region follows the derivations of the high injection
carrier concentration and current density distributions.

When i = p the transport equation for holes is given by Equation (2.13)
which is repeated here:

J , |
J=—t _qplR, 213
P D 9 dx (2.13)
1+
D

p

The corresponding continuity equation is obtained by combining
Equations (2.26] and (2.27] to give



dJ .
—Bu_ql
ol bt (5.13]

The high in jection state equations are the same on both sides of the
Junction; when n = p the doping has no influence. Substitution of the
derivative of the current density given by the transport equation into
the continuity equation produces the second order Linear differential
equation ‘

) ,
Q—‘zl--ﬁ--o (3.14)
dx Dt
. which has the solution
p=C e+ &t (3.15)

1 2

where the high in jection diffusion Length on either side is

L=vD . (3.16)

The boundary conditions for Long diodes are
p ‘- pl0} at x=0,
P, ~ 0 at x = 00 on the N side,
Pp = 0at x=-ocontheP si:de.

Thgrefore

p=plo) ™", (3.17)

p, =PlO) et (3.18)

18-
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Substituting the derivatives of these back into the transport equation,
Equation {2.13) gives '

J, . )
t _D_ /L
Jn —= Ay pl0le ", (3.19)
1+ '
D
p
J_ = % ~q2pim et (3.20)
" — a7 : .
L5
. D

Since py = My, Pp = My, 8nd p(0} = N[0} then substitution of the derivatives of
equations (3.17] and (3.18] into the high in jection electron transport '
equation, Equation (2.18] gives the electron current densities

J )
dn'n-—t—D-q%n[O] e 321
s 2

&t (322)

J
J et fq%n[O]

The N side high in jection hole distribution is illustrated in Figure 3.1 If
P,(0) is sufficiently greater than Ny, then p, exceeds Ny and n=p
throughout all of the distribution, except in the tail below Ny where Low
injection begins and the shape of the curve changes. The integral of the
continuity equation

Ojdqp . -%ojpn dx (3.23)
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shows that the current density is proportional to the area under the
hole distribution. This area is not significantly influenced by the change
in the shape of the tail of the hole distribution if p,(0] is one or more
.orders of magnitude above Ny. The higher the bias the closer is the
relative approach of Ny to the x axis, and the betteristhep=n
approximation. Note that similar considerations apply to the Low
injection equations; that is, it can be safely stated that p<<nin the
entire charge-neutral region only if p,(0] is sufficiently Less than Ny.

Hole Conc.
10x106 —

5 % 10'6

11016
0 x 10

Distance x
Figure 3.1 Typical Approximate Hole Distribution for High Injection.

3.3 The Low Injection (Ideal] Diode Equation

Equating at x = 0 the N side and P side wa injection hole current
densities given by Equations (3.6) and (3.10) and solving for J; gives

t
n

D D
-q-£ _n
J,=q N Ap (0] +q ] App[OJ. | (3.24)
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Inserting the depletion region edge boundary conditions from Equations
(2.37) and (2.43) and multiplying by the area, A, ylelds the familiar Ideal
diode equation for infinitely Long uniformly doped diodes

D

b
Lr'x Na

- |

n
Nd

2 2
1-Aq|-2 L0t AT ] (3.25)

+

r-lucj

P

The same result could have been achieved by equating the electron
current densities at x = 0. The P side of a diode is often doped heavier
than the N side. If both sides of a p*n diode are experiencing Low Level
injection, the current deﬁsitg distributions will appear approximately as
those depicted in Figure 3.2.

n<<p J p<<n

- X tx

Figure 3.2 Hole and Electron Current Densities for the Case of Low
Level Injection on Both Sides of the Junction.
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3.4 The High In jection Diode Equation

With increasing forward bias, a p*n diode will achieve high in jection on
the N side while the P side remains in a state of Low injection. For this
situation, the hole current at x = 0 will be much Larger than the electron
current, and Jy = Jy(0). The N side high In jection hole and electron
current densities expressed by Equations (3.19)-and (3.21) will be as
illustrated in Figure 3.3.

P ‘ N
n<<p J p=n
‘JDP

Ji
T+ 0,
Oh

Ji
- I i | ex b

Figure 3.3 Hole and Electron Current Densities for the Case of ngh
Injection on the N side of a p*n Junction.

Equatin to J; at x =0 in Equation (3.19) and éoLving for Jy gi\)es
9

D
J=2q —LP- pl0). (3.26)

Eliminating L by applging the definitions for D, L, and L gives
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. D ‘
Jy=€ a2 plo, (3.27)
p

where the high injection current factor is defined to be

Dlx
¢ = 21+—9J—E.‘ (3.28)
\/[ 0, < ‘_

Applying the high in jection depletion region edge boundary condition
from Equation (2.39) and multiplying by the area yields the high injection
diode equation '

I-fﬁq—ﬂn qV/2kT

D

(3.29)

When the derivative of the high in jection hole concentration from
Equation {3.17) is substituted into the hole transport equation, Equation
- [21), the result is:

Jl0l=qu pE+q —lfl pl0]. (3.30]

A comparison of this with Equation (3.26) reveals that, under high
injection conditions, drift current is responsible for 1/2 of the total
current, and diffusion accounts for the remainder, whereas diffusion
accounts for all Low injection current.

Consider the state of high injection on both sides of the junction. An

attempt to equate at x = 0 the N side and P side high injection hole

current densities given by Equations {3.19) and (3.20] shows that the two

can be equal only if the exponential terms representing the diffusion

- components of current vanish. Drift current accounts for all of the

diode current, the carrier concentrations are independent of the doping
on both sides, and the diode behaves like a resistor.
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3.5 The Improved Diode Equation

According to Equations {3.29] and (3.25], the high and Low inJectlon diode
equations for a p*n diode can be written as

2,

D Din
Lp L N

where the terms in the square brackets are the depletion region edge
carrier concentrations. Multiplying the Low injection equation by £/¢
gives

' 2
D
I.gﬂq_a[ QV/2kT] and I_gﬂq_g gN D oMl
p

(3.31)
Therefore, both the Low and hlgh injection diode equations can be

written as

| D
- -2
1=£Rg ¥ Ap (0] (3.32)

if Ny in Ap,(0) is replaced by éNy. When Ny is replaced by €N, in Equation
(2.42), the general form of the depletion region edge excess hole
concentration, and the result substituted into Equation (3.32), the
improved diode equation is created:

2
1'[69(‘_2} \/[fN] LU \/[GNd] +4n‘2. (3.33)

D 2

This equation is expected to model diode characteristics in both the Low
and high injection regions of Long uniformly doped p*n devices. -
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Figure 3.4 illustrates the relationship between carrier concentration and
current. When increasing forward bias Is applied, the depletion region
edge minority hole concentration rises above its equilibrium value of
n2/Ng; this causes the current to increase in the Low injection region

~ with a slope of [q/kT] Log e. When the hole concentration approaches
Ny, the current enters the high injection region, where it exhibits a
(q/2kT] Log e slope. The Location of the breakpoint between the Low and
high injection regions is governed by the doping concentration, Ny; it
moves to the Left along the high in jection characteristic as Ny is reduced.

Equilibrium Carrier Hole Current
Concentrations D
| I,=éag-E aAp (0
np {cm=) P f»qu o
10 17
([q/2kT)Log e
10 10
q/kT]Loge
03
Vio
o 3 6 9
Bias (volts]

Figure 3.4 The Relationship Between Carrier Concentration and Current

The breakpoint voltage is determined by equating the Low and high



26

injection diode equations to yield

2
EN I

vy -kl Ln[ 1 (3.34)
| q 2
n

which is Lessthan the built in contact potential [1 pp731, .

N N,

% LINyI (3.35)
1 q n‘z

of a p*n diode for which Ng<<N,.

To model a particular diode, the improved diode equation must be

supplied with the two quantities in the square brackets of Equation

{(3.33). These can be obtained from a measured forward characteristic

as follows. According to Equstions (3.31), the intercepts of the high and
-Low in jection diode equations can be defined respectively as

D .
Ihsfﬂq—ﬂn, {3.36)
- L i
p R -
I =A —Dﬂn‘z : (3.37)
s quN—d g :

Iy and I3 can be determined for a particular diode from the intercepts of
two tangent Lines drawn on the measured forward characteristic as
depicted in Figure 3.5. According to Equation (3.36}, the quantity

{€Aq Dp/Lp} can be calculated from I, that is

Ry
[6 ﬂqf—]-—“. (3.38)
pj M
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The other quantity, {£Nd}, can be calculated from the ratio of Equations
(3.36] and (3.37), that is

]

[€ny) %ﬁ . (3.39)

S

Substituting these into Equation (3.33) gives the improved diode equation
in terms of the high and Low injection intercepts:

2 . 2
I
[ =1 _h VAT _ h 1. (3.40)

S

Current 10°
lemps] -0
104
1078
108
10—10

10-12

NG281 200V U5W 25C

. ~14 0000000 -
10 w Measured

10_16 ] | i | i | | i |
0

R 2 3 4 5 B s .8 9 1
Forward Bias (volts)

Figure 3.5 Illustration of High and Low In jection Intercepts.

This modelling method is offered as an alternative to the popular
procedure that uses just the ideal diode equation. That procedure
requires the determination of the same 15 from an actual forward
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characteristic, but instead of using Iy, it uses an artificial ideality factor
that modifles the slope of the ideal diode equation 1o that which
approximates the average slope of the actual forward characteristic [1
pp95]. The ideality factor does not account for the Large differencein
the temperature dependence of the Low and high injec’tion intercepts.

There is little Loss of generality in restricting the derivations to p*n
diodes, since it is very unlikely that the doping will be the same on both

“sides. Equation (3.40) also models the electron current, I, of ann*p
device. '

3.6 Voltage Dropé in the Bulk Regions and Contacts

Thus far the diode equations have been written in terms of V, the
voltage across the depletion region. To express these in terms of the
applied voltage, V,, it is necessary to account for the voltage dropsin
the charge-neutral regions and the contacts. These potentials are only
significant for high current. The ohmic contacts can be modelled by a
small temperature independent series resistance [11] [12]. The heavily
doped P charge-neutral region is essentially always in a state of Low
Level injection, and the small resistance of that region can be added to
the contact resistance. Hence, to accommodate these two it is onLy
necessary to replace V by V, -R; I, [1pp961. TheE field that
accompanies the high injection condition on the N side can produce a
significant voltage drop across that reglon, Letting p =nin Equation (2.9]
yields the high in jection E field

~

p -p] %
En--d ol ]dx. (3.41)
q[llp*lin] P,

Substituting into this the expressions for the high injection current
density from Equatlon (3.26) and the high in jection hole concentration
from Equatlon [3.17) and its derivative gives
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2D D -D :
=Lk e PSP WY (3.42)
nLq D,+D Dp+Dn

Integrating this over the charge-neutral N region gives the voltage drop
across that region:

W owA -
v - Z(‘;—T-:l-[_Lﬂ+e" -1], (3.43)

where use has been made of the approximation, D, = 3 D,. Define the
high inJection field factor

1 w LUn/L :
x = - — + e - 1 ) (3-44]
41 L .
so that |
v - 2Ky, (3.45)
q ;

Replacing V by V-V, in th‘e high in jection hole current equation, Equation
(3.29) gives '

D
e U awxT
Ip e £AqQ 1 ne .

p

' (3.46)

Define the high in jection factor
o=e ¢ (3.47)
Hence, to accommodate the voltage drops across the bulk regions and

the contacts it is necessary to replace € by o and V by V, -Rs [inthe
diode equations.
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3.7 Diode Equation Summary
The high and Low in jection diode equatfons are

V/2kT
1= ¢ L=l [T ] (3.48)

and these can be combined to give the improved diode equation,

2 2
I I
I =Lf [{h| , oOVAT _h (3.40)
p 'h +e - +1
where '
 ong o1 |
Ih-o‘ﬂqL n Is-ﬂqL N ‘ (3.49]
P p d .
"‘g 1 uJn uJn/l"l ¢ 21+_DEER
::e W | e - =
7 X" " e Dl T
(3.50)
V=V -R I (351
P

3.8 Diodes of Finite Length

If the diffusion Length is not significantly Less than the actual Length of -
the charge neutral region, the change in the non-equilibrium carrier
concentrations cannot be assumed to vanish at X = oo, To solve the DC
state equations for a finite Length diode, it is necessary to know the
excess carrier concentration at the end of the charge-neutral region,
that is, at the semiconductor-to-metal contact surface. If the surface
recombination velocity is very large, the excess carrier concentration
will be essentially zero at the contact; the solutions for this situation
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follow.

The solution of the Low in jection state equations for holes in the N
charge-neutral region was given.by Equation (3.3} which is repeated here
for convenience: - :

-x/L x/L

Ap =Cie "+Coe . (3.3)

If the Length of the N region is W, the boundary conditions are
Ap,=0 at x=W, and
AP, = AD,(0) at x=0.

SéLving for the constants C; and C; gives

'sinh [{UJ - x}L ]
Ap, =4p, (0] - [r‘l’n/Lp] o (352)

Substituting the derivative of this into the transport equation, Equation
(2.11), and evaluating the result at x = 0 produces

D
J (01-q P Ap[0). (353)
pn n

L, tanh [w/L,]

Using the same boundary conditions and procedure to solve the high
in jection DC state equations for holes, Equations (2.13)'and (3.13), yields
for a p*n diode

D
J(0l=2q B pl0). (3.54)
P L tanh | W,/L] |

These Last two expressions will be the same as thelr infinitely Long p*n

-
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diode equivalents, Equations (3.24) and (3.26), onlg if tqhh {We/Lp) is
close to unity. Since tanh 2 = 0.96, the Long diode equations will
adequately apply as Long as L, < Wn/2.

If L, > Wy, the hole distribution on the N side is approximatety Linear,
recombination Is insignificant, and the hole current is constant. Setting
Jp =Jy = constant in the Low injection hole transport equation, Equation
{2.11) gives

dp

- m - —-’—‘-
J - Jy=-q Dp vl (3.55)
Integrating this equation . ,
w, P,
Idt dx=-qD, Idp (3.56)
0 p,{0]

produces the Low Injection p*n thin base diode equation

D
- B
L-Aqztap . (357)

n

The high injection equation for this diode Is s_imiLarLg derived by
integrating the high injection transport equation, Equation [2.13}, using J,
= Jp = constant; the result is

D
- B
1,-2AqLpl0). (3.58)

n

Therefore, the diode equations for a uniformly doped thin base p*n diode
are the same as those for a Long diode, except that W, replaces L, and

£=2.
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4 TRANSIENT AND SMALL SIGNAL ANALYSIS

Tocheck the agreement between the measured and theoretical
Intercepts given by Equations (3.49) It Is necessary 1o supply these
equations with estimates for the Lifetimes and the Junciion area. The
minority carrier Lifetime,'tp, can be determined from the time taken to
switch a diode from the Low injection forward biased state to the
reverse blased state. The high injection Lifetime, <, is similarly
determined using high injection currents. The relationship between
switching time and Lifetime is governed by the solutions of the time
dependent Low and high injection equations of state. The junctionarea
can be deduced from the measured small signal junction capacitance
and confirmed from the physical dimensions of the die.

4.1 The Time Dependent Equations of State

The transport equations are the same as the steady state ones, but
current density and carrier concentration are understood to be functions
of both distance, x, and time, t. The time dependent continuity equatlons
for holes and electrons are [4 pp85]

ad .

~ —L=-qU- q—Q (4.1
oJ

a—;=qU+q%. . (4.2)

4.2 Low Injection Transient Analysis [7]1 [8]

Without Loss of generality and in the interest of simplicity the transient
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analysis is performed for a p*n diode. The transport equation

appropriate for Low injection hole current in the N region is given by

Equation [2.11) which is repeated here:
‘ ap-

Jpn ==Q Dp -ax— . (2”]

Substituting the derivative of this into Equation (4.1 and using the net
recombination rate from Equation (2.24) yields the partial differential
equation

2
9 Ap, ) AP, 1 2Ap

-1 (43)
: 6X2 Dp ’C’p‘ Dp ot
The LGPLGCG transform of this is
i (0 Ap (0,0 "L
dA 1 s Ap (%,0 Ap {0,0] L '
D D
dx P P p p ] p

where the bold symbols represent transformed variables, and use has
been made of Equation (3.5). The solution to Equation {4.4) is

—1/7_1/4: . w/s+ Vr
D
p

X =X
, Jo Ap (0,0) L
p - n p )
Ap =C e +C,e +. . e . [45)

For an infinitely Long charge-neutral N region
App =0 at X =00, . Co=0.
The second boundary condition is determined from the ratio of the

- forward and reverse currents as follows. Fort < 0, steady state
forward current, Irg, flows in the diode. The steady state Low injection
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p*n diode equation derivation showed that

dAD ’ Ap (0,0
Ifwdrﬂqu[ ax"} -AqD, —1—. (4.6)

X =0,t<0 P

At 1 =0 the current is switched t0 Io, =- % lfyg, 50 fort> 0

3ap,
o=~ RAD, | — a8 P (4.7)
x=0,t>0
Therefore
oA ¥ Ap (0,0)
[ Py i il (48)
Ox sL
X-U,t>0 p

Equating this to the derivative evaluated at x =0 of Ap,, from Equation
(4.5) yields Cy, and Equation (4.5) becomes

—‘/s+ 114 .

-{1+ }A [OO] . D A
Ap,(X,8) = 7 %y o 4 Pn

‘/TL’_S /s+1/'r:

- X
0,00 L
[ e’ (4.9

Hence, at x=0

Ap (0,00 {1+ o}
__p_u[1 - } (4.10)

\/-'c_p.,/s + 1/'tp ’

and the inverse transform of this is [9 pp6731

Ap,(0,t)=Ap, (0,0) [1 -{1+ v} erf /«:LJ _ (4.1
p
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" When the depletion reglon edge carrier concentration, Ap,(0,t], decays to
zero, the diode voltage crosses zero, and t =ty , the Low injection

charge storage delay time. Setting Ap,(0,t) = 0 in Equation (4.11) produces

: |
erf \/Zh 1 | (4.12)
T Ty | |

Hence, for a uniformly doped infinitely Long p*n diode, <, can be deduced
from a measurement of ty using

t
T = d ) (4.13)

P gy 2"
N
1+

If the approximate form of the error function,

t T
erf\/:‘; ”1"';1""“ vl |4 , ' (4.14)
A AVES

is introduced, the resulting equation,

ﬁ =\/{; 2-{—}-:‘;-& (4.15)

will generate values for T, that are about 15% high for ¥'s near 1; this
amounts to about a 4% error in Ly, which is not very significant for this
. measurement.

- Substituting Equation (4.15] into the Low in jection diode equation ields
an expression for that equation in terms of the delay time:
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\/'D_ nZ .
o2 {Fi/_ ; ﬁ"; [T _ ], (4.16)
v

Ip=ﬁq

4.3 High Injection Transient Analysis

Proceeding in the same way as for the Low injection case by combining
the appropriate transport equation, continuity equation and net
recombination rate given respectively by Equations {2.13}, (4.1) and (2.26)
results in the partial differential equation

2
o Pn_ Pn __l_apn

. 4.17
sz Dt D ot 4.17)

As for the Low Injection case, the solution to the Laplace transform of
this equation for an infinitely Long diode is

-sz-l/ft:x % .
p,-C,e o : +Dl%gleL. {4.18)

Setting J,(0) = J; in the transport equation, Equation (2.13), and multiplying
by A gives ,

op
= - s - [0 0]
lLem HqZDp[ax"J HQZDPP_'_L< . (4.19)

X=0t<0

At t =0 the current is switched to gy == % Iy, SO fort > 0

op | '
Irw--ﬁqznp[-ax_"} = Loy (4.20]

x=0,1>0
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Therefore

[3129] _2pl0,0]
ox | sL
b -0, 0

Equating this to the derivative evaluated at x = 0 of p,, from Equatlon
- {4.18) yields C;, and Equation (4.18) becomes -

_Js+l/'ﬂx _x
o s _{1+7}p[oo} {o D00 4o
Tcsdes e ®

Comparing this with Equation (4.9) shows that the relationship between ©
and {g, the high injection charge storage delay time, is the same as that
between T, and ty, that is

Vo= ft,, 2—“7"??1}- ' (4.22)

Substituting Equation (4.22) into the high in jection diode equation yields
an-expression for that equation in terms of the delay time: '

o D D
[ -8 2 1+—2 Aq /o, ne*T (423
L / 20+ o} !

It

When measuring the high injection charge storage delay time, the
forward current must be large enough to ensure that the hole charge
stored in the N side due to high injection current substantially exceeds
that due to Low injection. The charge stored is equal to the area under
the hole concentration distribution. Figure 3.1is a reminder that high
injection will be responsible for most of this area if the forward current
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exceeds the breakpoint by about one order of magnitude.

4.4 Thin Base Diode Transient Analysis
It was previously argued that a thin base diode has a Linear excess

carrier distribution and behaves as If its Lifetime were very Large.
Letting <, — oo in Equation (4.3) gives

2
0 Ap. 1 0Ap,

. (4.24]
e Dp ot
The Laplace transform of 'this is
A Ap [%,0)
—zp"-i - Pt (4.25)
a’ D D

P p

At t = 0 the Linear excess carrier concentration changes from Ap,(0,0] at
X =010 0 at x =00, 50 its distribution must be

Apn[0,0l
W

n

X (4.26)

ap, (x,0}=ap (0,0] -
and the transformed differential equation becomes

d'ap, S _4p[00) 400
o DO " DU D,

(4.27)

for which the solution is
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-Js/0 x D A [00] ;
Ap =C e J——" ‘/—; - . (4.28)
n 1 S w

n

- The boundary condition for the derivative of this equation is again
obtained from the ratio of the reverse to the forward current, that is

2Ap,
o

7 Ap.(0,0]

4.29
A (4.29)

x=0,1>0
The other boundary condition is
Ap,-0 at x-=-U,

and solving for the constants C, and C; gives

-{1+ ¥} ap (0,0) sinh[,/s/Dp [x-wn]] . Ap (0,0) [1__><_}

Ap, [x,s)= - m
n
s/Dp cosh [,/S/Dp wn}
‘ (4.30)
which at x = 0 becomes
ap (0,0)| {1+ }tanh|w [fs/D
Ap, (0,5 - an 1~ [ 0 p] . (4.31)

The inverse transform of this is obtained using the first two terms of the
expansion
tanhz=1-2e"22+ . . ...,

to give
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2D [%
Ap (0,t] = Ap (0,0| 1-{1+ ] Ef /?1' . (4.32)

Letting Ap,{0,0) = 0 when t = t4 yields the relationship between the width
of the charge-neutral N region and the charge storage delay time for a
uniformly doped thin base diode

2
&A’t fLU..LI.ﬁ (4.33)
D ~ d TT - .4
P

Note the similarity between this and Equation (4.15). Equation (4.33) can
also be derived using the high injection equations; W, is obviously
independent of the injection Level.

4.5 Small Signal Junction Capacitance

The junction of uniformly doped P and N materials is abrupt. The space
charge densities in the depletion region on the P and N sides of the
Junction are respectively [1pp801

- p,=-qN, and p -qN,. (4.34)

For a p*n diode Ny << N,, and since the total space charge must be the
same on both sides of the junction, then the depletion region width on
the P side contributes very Little to the total depletion region width, W,
and the potential across the P side can be neglected. The N side electric
field is given by the integral of the space charge, that is

e
E, = il (4.35)
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where € is the permitivity of silicon, and the E field vanishes at the
depletion region edge. The potential distribution in the N side of the
depletion region is obtained by integrating Equations (4.35) to yield

-- - X | 4.36
Y-o e x2uJ {4.36)

where ¢ Is the potential at x=0. The potential across the narrow P side
is approximately zero, so the potential difference across the depletion
region is the difference in potential between the points x =W and x =0,
that is

2

qN, W

Voo™ which also equals ;- V, (4.37)

where ¢y is given by Equation (3.35). Solving Equation {4.37]) for W gives

2 €t -V
we 2tV (4.38)
qNy - v

Because the junction capacitanceis [1pp83l]

€A ;
| T (4.30)
then
L2y -—2 v, (4.40)
CJ qN;ef qN;€f

and a plot of 1/C Jz vs V will be Linear for an abrupt junction diode.



5 DIFFUSED JUNCTION DIODES
Doping Conc.
| p* Diffusion

N* Diffusion —»

Background Doping N,

0
r‘—-—— Resultant N, = P*-N,
Resuttant Ngy= Ny - P*+ N*

P side N side

Figure 5.1 Doping Profile for a Typical p*n Diode
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Figure 5.1 serves to illustrate the non-uniformity of the doping for a
typical diffused Jjunction p*n diode. The anode Is formed by a P*
diffusion into the N substrate. The P* concentration at the anode
surface is made Large enough to produce a non-rectifying ohmic contact
[1ppi70]. The N* diffusion is required for a non-rectifying cathode
contact.

Neither the ideal diode equation nor the improved diode equation
-accounts for the small electric field in the bulk regions created by the
doping gradients. Accurate knowledge of the doping profile is required
to solve the equations of state for a non-uniformly doped device, and
simple closed form solutions will not always be possible. However, an
understanding of the influence of non-uniform doping can be achieved
through consideration of a particular diode - one that is exponentially
doped. Manageable solutions are attainable for this device. Actual
Gaussian and erfc doping profiles do approximate exponential curves

Doping Conc.

Exponential
Approximation to the
Doping Profile

N\

Pside | Nside

Figure 5.2 Exponential Approximation to the Doping Profile of a
typical p*n Diode.



45

sufficiently far from the contact, and the exponential doping profile
ILlustrated In Figure 5.2 Is not very untike that of a realistically doped
diode.

5.1 The Equations of State for Non-uniform Doping
The most general form of the hole transport equation is deduced as it

was for uniform doping except that now Ny is recognized to be a function
of X. Differentiating the charge balance equation, Equation (2.6, gives

an_ d
n - pﬂ + de [5.1]
dx dx dx ‘ .

When this is used in place of Equation [2.8], the hole transport
mechanism for non-uniform doping becomes

t n n
-D| d d
J = Dnis« D P q.__pﬂ_ D n q_ﬁd.. (5.2)"
D p Dp D
p'n p'n p™n
Low Level injection and charge neutrality imply that
Po<<my and fp=Ny,
and applying these conditions to Equation (5.2] gives
dN d -
K Zdl oo P
o q[ a N, dx]“p P,~ 4D, vt (5.3)

The term within the square brackets is recognized as the equilibrium
electric field, obtainable also by setting J, = 0 in the electron transport



equation, Equation (2.2). This field remains undisturbed even when
current flLows as Long as n, =Ny. There must of course be some
departure from charge neutrality to generate the space charge for the
electric field. An exponential doping profile in the N region will be
described by |

Nyg=Ngpe ' (5.4]

where  Aisthe doping diffusion Length and
Ngo 18 the donor doping concentration at x = 0.

Substituting this into Equation (5.3] yields the Low injection hole
transport equation
dp

D
- - - —--n
Jp q—p-?\ P, qu v (5.5)

The DC and time dependent continuity equations are independent of the
doping gradient. ' '

5.2 Low Injection DC Solution of the Equations of State
Substituting the derlvative of J, from Equation (5.5) Into the steady state

continuity equation, Equation (2.27), and using the Low injection net
recombination rate of Equation (2.24] gives '

o d
Zn +_?\1_ dPn_Jz_Pn._._Jz_ » (5.6)
dx A L
P p
where
r‘2 r_]2 y
P P
PN "N (5.7)
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Note that
dApn dpln dpno
— »—  since 0.
dx dx dx -

The boundary conditions for an infinitely Long diode are

Ph-Pro=08tx=00 and p,=p,0latx=0,

so the solution is

(5.8)

Substituting this and its derivative evaluated at x = 0 into the transport
equation, Equation (5.5], yields the depletion region edge hole current
“density for an exponentially doped p*n diode:

D 2
J(0-q2| [ 1L 5 lap . (5.9)
L oA 2A
Define the non-uniform doping factor
2
L L
¢ = 1+[§%} "o (5101

and Equation (5.9 can be written as

D
J0)=q If ,C Ap (0} (5.11)



5.3 Low InjectionTransient Solution of the Equations of State

Substituting the derivative of J, from Equation (5.5] into the time
dependent continuity equation, Equation (4.1}, and using the Low in jection
net recombination rate of Equation (2.24) gives

R ,
o) P, iapn

+

p_+—=——L (5.12)

d - ' (x,0]
___+l_E'.'.-[Lz D}pn-— p”‘;—p" ) (5.13)
P SLp Dp

“Substituting into this  py(%,0] from Equation (5.8],
Pno from Equation (5.7),
and using Pr - Pro = 0 8t X = %0 for a Long diode,

delivers the solution to Equation (5.13):

i R R A LI ‘
2A 2 a2 L: DP Pn[x’O]
p,=C e + s (5.14)
According to the governing transport equation, Equation (5.5) |
6] - J (00 J
‘ --pﬂ} .. p (0,0} -- - fud (5.15)
X AT q Dp' q Dp

x =0, <0
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Bpn} 1 J Y
P + = p [0t m- L8 aq fWd (5.16)
[BX x=01>0 AT qu qu
Therefore
dp, L el o [?Eu} 1500 |
[&"} TPl s[ o AP0 )
X =0 X = 0, <0

Substituting into this

pp 8Nd its derivative evaluated at x = 0 from Equation (5.14)
and -

P, andits derivative evatluated at x = 0 from Equation (5.8)

~~

yields C,, and Equation (5.14) becomes at x =0

- D D
Ap (0,01 {1+ )| [—2+ L - [ B
p(00) T I w PN
p,0,8)=— - > .(5.18)
S [ D 1 D
‘ g S * EEPR s - —B
47\2 ’tp 47\2

This reduces to its uniformly doped equivalent, Equation (4.10), for Large
A. In general [9 pp673]

'8[-\/—5—_—% _D] it a 1 b[b + e;erf[a ﬁ]-be[bz-az]terfc[-bft-]]
(5.19]

which is of the same form as Equation (5.18] for
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D
+L and b- = (5.20)
T 4N

Also, when p,0,t) decags to n2/Ny, then t = ty ; therefore,

f "‘a./"p [_ ] )
a+b[b+aerf[a /ti]-be erfc b /td_

(5.21)

If 14 Is somewhat Less than Ty, as It is for uniformly doped diodes, then
erf[a .,/td_] --—\[2: a8 /td_ ,
Tf
erfc[-b /td_]-1 + %b /td_ ,
11

and Equation {5.21) becomes

F N o T
BE
1+ B +£
2\ 2A

-~

Invoking the definition for ¢ from Equafion (5.10] gives the resuit:

\/E;-c\/gﬁ-’f;ﬂ. (5.23)

For-large A this reduces to its uniformly doped equivalent, Equation
(4.15). The charge storage delay time is expected to be greater for an
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exponentially doped diode than for a Uniforml,g doped otherwise
equivalent part. The value for T, calculated from the measured delay
time is smaller using the formula for the exponentially doped diode.

5.4 The Low Injection Diode Equations for Non-uniform Doping

From Equation (5.11) the exponentially doped Low injection diode equation
is
2

n, [qu/kT ) 1] _ (5.24)

D
P Lp Ny

Combining Equation (5.24]) with Equation (5.23) gives the Low injection
diode equation in terms of the charge storage delay time

. ) niz[q"/” . - G

P q\/'(_- 2{1+ v} Ndo © B
|

This is the same as its uniformly doped companion equation, Equation
(4.18). From Equations [5.24]) and (5.25) the Low in jection intercept for a
non-uniformly doped diode is

2 2
- D n /D n
L=tAqt—=Agq — P -, (5.26]
Lp Ny \/t_ 2{1+ o3| Ny,
4| Jn

5.5 High Injection Diode Equations for Non-Uniform Doping

If the high injection condition, p = n, were satisfied everywhere in the
charge-neutral N region, Ng would have no influence, the fleld due to
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the dopirig gradient would vanish, and the high injection equations
would be unchanged for non-uniform doping. However, at some value of
x < W, the doping profile of a realistically doped device will rise sharply
towards a Large degenerate value as illustrated in Figure 5.3. Beyond
this point the high in jection condition is not satisfied. This will not
seriously change the overall shape of the hole distribution because the

- Low and high injection diffusion Lengths are much alike. But it will
reduce the voltage drop in the charge-neutral N region due to a
shortening of the the Length over which the high injection electric field
prevails. That Is, to get the voltage drop, Equation (3.42) cannot be
integrated over the entire bulk region but only over that part where the
high injection condition exists. Hence, W, a value Less than W, must
replace W, in Equation (3.43) which in turn reduces x and o~. Otherwise,

the high injection equations for uniformly doped diodes apply also to
those that are not.

conc.
16
10X 10 Ny
5x10
l p<n
1x1016 ,
0 X 1015 | - | '] g — | X
L 2L 3L 4L 5L
Wy W,

Figure 5.3 High InJection Hole distribution and Doping Profile.
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5.6 Linearly Graded Junction Capacitance

Figure 5.4 shows an expanded view of the doping concentration near the
depletion region for the diffused junction p*n diode. The doping gradient
, 8, 18 approximately Linear close to the junction, and the result is a
nearty Linear space charge distribution, that is

p=qax (5.27]

Doping Conc.
N, P side | N side

-w/2 : w/2

Figure 5.4 Doping Concentration in the Vicinity of the Depletion Region

Because the doping is Linear, then at the depletion region edges
PR w
N, (- W/2) - Nd[w/2] =8 o , [5.28]

The usual method for deriving the junction capacitance of a Linearly
graded junction is 10 assume that the electric field at the edge of the,
depletion region is zero [1 pp82] [3 pp881 [5 pp32]. A more rigorous
derivation accounts for the finite electric field at the depletion region
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edge due to the doping gradient that exists outside of the depLetion
region; according to Equation (5.3) and (5.28) this field is

o,
E(w/2) -- kL 1 --kT 2 5.20
wrz) d[ul/ZJ[ dx} Ly, AU 5.29)

Using this boundary condition to integrate the symmetrical Linear space
charge distribution gives

2
E- 9—{ _]-ﬂ?-, (5.30)
2¢ 4] q W :

and the maximum electric field occurs at x =0, that is

kT

_qe W kT2
E e 2¢ 4 qu (5.31)
Integrating Equation (5.30]} gives the potential distnbutldn,
qalw?, x|, kT 2
- = L SRV 1 -V 5.32
b-e 2¢| 4 . 3 + q w 5.32)

where use has been made of the bodndarg condition ¢ = ¢ at x =0 which
will be useful Later. The total potential across the depletion region is

aW’ , o kT
bop = =0y -0,y =L 27 63

The built in potential is obtained by combining Equations (3.35) and (5. 28]
to give
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kT ,~all , ,
by =2 “a“ ln h (5.34)

s

Unltike that of an abrupt junction, the built in potential of a Linearly
graded junction depends on the width and consequently on the applied
voltage. When voltage is applied the potential across the depletion
region becomes '

Voo =V~ Vs (5.35)

and equating this with Equation (5.33) gives

3 12e|okl p8W ok _y '

where use has been made of Equation (5.34). Equation (5.36) must be
solved numerically for W. Substituting this into Equation (4.39) yields

-2 [d’bi- 2 Kl] 12 V;V {(5.37)

ezﬁsqa q ezﬂsqa

c..ooa I"‘

hence, a plot of 1/C f vs V is expected to be linear for a linearly graded

Junction diode. The doping gradient can be determined from the known

breakdown voltage using the empirical relationship between these [1

ppi04]. Therefore, once a is established, the area of the junction can be

~ determined from the slope of the plot of 1/C J~3 vs V. At V=0 the vertical
intercept of this plot is

12 - kT
-ﬁ—-[w,,b 2 ] (5.38)
€ A g8

o |

where
Cj is the equilibrium junction capacitance and



Yrio IS the equilibrium built in potential.

Comparing Equations (5.38] and (5.37) it is apparent that

v =2 KT, Intercept
bo ™ g slope

(5.39)

56
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6. DIODE EQUATION EVALUATION

To test the improved diode equation's ability to predict the forward
characteristics of a diode at all temperatures, the equation must be
supplied with the essential parameters pertaining to the particular
diode. To begin with, the high and Low injection intercepts are obtained
from a measured forward characteristic, substituted into

2 2
I I
[ =1 _h_ qQuAkT _ _h_ , (3.40)
p h [215} ve [215} *1

- and compared with the measured curve. Then the theoretical
temperature dependencies of I;, and I are tested, and finally the
calculated quantities,

2

0, ag s
Ih-c;rﬁqL n, and Is-t;ﬁqL -'\E’
p

p

are compared with their measured values.

6.1 Modelling With I;, and I; at Room Temperature

A IN4764 100 volt 1 watt zener diode is chosen as a typical part. Figure
6.1 shows its measured room temperature forward characteristic. The
two required tangent Lines of slope (q/2kT} Log e and {q/kT] Log e have
been drawn on the measured curve, and I, and I, are found to be

h=3x107%amps and Ig=4.1x10"® amps.

Figure 6.2 shows the result of using these values in Equation (3.40) to
generate the theoretical characteristic.
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Figure 6.1 A Measured Forward Characteristic Showing the Tangent
Lines and High and Low Injection Intercepts,
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Figure 6.2 A Comparison of the Measured Currents and the Improved
Diode Equation With Zero Series Resistance.
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To account for the series resistance, it is necessary to replace V with

Va -Rs Ip. This makes the Improved diode equation nor-expLicit in I, but
an iterative solution can be avoided by using the measured values for I
in the expression V,; - Rg I, The result of this is depicted in Figure 6.3.
The value of the series resistance is selected by trial and error to cause
the theoretical and measured curves to match In the high current reglon.
That value is

R=14Qat 25°C.

Current 10° [Ng764 100V W @ 25°C
(amps) 02+

104
109 1
081
00 F
10712 5o Measured esoooc

1014 F Theoretical —

o 1 2 3 4 5 6 7 8 9 1
Forward Bias [volts]

Figure 6.3 A Comparison of the Measured Currents and Those
Generated by the Improved Diode Equation With the Series
Resistance Accounted for.

- 1076

6.2 TherTemperature Dependence of I, and Iq

The intrinsic carrier concentration has a much greater influence on the
temperature dependence of the intercepts than do any of the other
parameters. nis given by [1pp18]
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-E T ‘ -E AT ‘
n=NNe ' =094x107T°e * (6.1)

where the temperature dependence of the band gap energy has been
determined to be [1 ppt3]

4. 73)(10 .
E - 117 - t2n= 6.2
T+ 636 ' 6.2

The hole mobility, , is accepted as being proportional to T-%/2 o pp32]
which, according to the Einstein relation, makes D, proportional to T-V2.
The temperature dependence assigned for now to the lifetime is T%/2,
because the mean time between collisions involving carriers and
impurity traps is accepted as being proportional to T%/2 [1pp33];
experimental support for this follows. The high injection factor, o,
contains two terms: £ and eX. £ contains onty ratios of Like parameters,
so it is independent of temperature. Calculated values of e using W, =
L at 25°C show that this term varies by Less than 20% when the
temperature changes from 25°C to 250°C. According to the definition
for ¢ its temperature dependence is Less than that of Ly (whichis
proportional to T"2) and becomes completely temperature lndependent
for appreciable A. Therefore,

2

n, n
Ihoc? and I occ—. ’ (6.3)

T T

Using the measured 25°C intercepts for the IN4764 diode in Equations
(6.3) gives :
-17 -33
6.4x10 5.8x10 2
Ih-——T— n and Is""""f_f'”: .

Substitution of these into the Low {ideal) and high injection equations,

-1 [eMT-q] ana 1.1 ™,



Current 10°
(amps)

IN4764 100V W

1071

102
10°°

104 _
Measured ocoocso

Theoretical —

0 A 2 3 4 5 B .7 .8 8 1
Forward Bias {volts] .

Figure 6.4 A Comparison of the Measured Currents and Those
Generated by the Low (Ideal) and High In jection Equations.
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Flgure 6.5 A Companson of the Measured Currents and Those
Generated by the Improved Diode Equation.
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results in the theoretical predictions of Figure 6.4. The same -
expressions for I;, and I; are used in the improved diode equation,
Equation [3.40), to generate the theoretical characteristics of Figure 6.5.
In both cases series resistance has been accommodated.

The data of Figure 6.6 confirm that the high injection Lifetime is nearty
proportional to T2, The correlation coefficient is .998, and the linear
regression relation is

ty (usec) = 15 + .000028 T5/2,

Delay Time .40

(N4 764 100V W
(usec)

35 |-

30+
Measured e oo
Regression —

25 L “ !

5000 “ 6000 7000 8000

Temperature (K) 32
Flgure 6.6 High Injection Charge Storage Delay Time vs T3/2,

6.3 Calculation of I, and I; at Room Temperature

Numerical solutions would be required to handle actual doping profiles;
otherwise, it is only possible to see if the values of the parameters
needed 1o equate the calculated and measured intercepts are
reasonable numbers. Estimates are required for the ares, the lifetimes
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‘and the doping. The same IN4764 diode is considered. The geometry of
this device without its metallization is illustrated in Figure 6.7. The
square 20 mil wide die has a 12.5 mil wide diffusion window, and the
wafer is 8 mils thick, where 1 mil = 1/1000 in [10]. Therefore,

A~ .0010cm? and W, = .02 cm.

Junction

AN\

Wafer
P* Diffusion

| '\“\\\§ | I
N Substrate \ \\ ‘ Thickness
, nakil II i
IR ““ il
I|||||I|||l||lllllllIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII!
O |
N* Diffusion
4—— Die Width

Figure 6.7 Physical Geometry of the Tested Diodes.

The junction area can also be deduced from the measured small signal
Junction capacitance for various values of reverse bias. The Linear
regression relation for the measured data of Figure 6.7 is

L - texi0”® + a7x0® V),
3

CJ‘
and the correlation coefficient is .9999. This suggests that the junction
is linearly graded. The expected doping gradient for a8 breskdown

voltage of 100volts is [1 pp104]

a=.9x10%° cm~4.
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This value and the actual slope of the regression Line can be used with
Equation [5.37) to predict the area, and it is

A= 0012 cm?.

This is about the same as the area of the P* diffusion window plus the
area due 1o the actual Lateral diffusion of about 10 microns [10].

/¢ 5x10% [NG764 100V W @ 25°C

4x10% 1
/G = 18x10% + 47x10% |V

3x10%3

2 %1033

Measured eo s
1 x10%3
Regression —

i 1 | - 1 1 i i H ]

1 2 3 4 5 6 7 8 9 10
Reverse Bas [volts]

Figure 6.8 The Measured Small Signal Junction Capacitance

0x 1033
0

In Figure 6.8, the measured charge storage delay times for various
currents are plotted on the same graph as the measured forward
characteristic, along with the theoretical Low Injection diode equation,
and the theoretical high in jection diode equation in order to show the
relationship between delay time and injection level. The high injection
Lifetime can be obtained from the high in jection delay time using
Equation (4.22). For the measured tg, of .29x10® sec and the actual i of
11, ' :

T = 1.6x10°% sec at 25°C.
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IN4764 100V W & 25 C
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DeLag f
Times

Measured oosesoo

Theoretical —

6 1 2 3 4 5 6 7 8
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Delay Time (usec)

Re)

1

Figure 6.9 The Relationship Between Delay Time z_and Injection Level.

ﬁccordinb to the measured Lifetime, the diffusion tength is about 1/4 of
the Length of the charge-neutral N region. This adequately satisfies the
infinitely Long diode criteria that requires this fraction to be Less than

about 1/2.

The manufacturer specifies the substrate resistivity to be between 0.171

and 0.230 Q@ cm [10]. This translates to a background doping, N, of

2x10 to 4x10'® cm3,

According to Equation (4.23] I, can be written as

Yo

B
D}q 201+ 1V
n ﬁ;__i’/_;_li

i D
L=e " 2[“—9 A

(6.4)
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But D,/D, »-1/3, and ¥ = 11 was the ratio used to measure t4,, hence

- D ‘ .
L= 069A ql/——ﬁ- n. - (65)
v td-l
Using Jip =320 for N, =3x10' [4 pp60l, A =.0012 cm?
tgq = .20%107 sec, n, = 1.45x10° cm™

gives
I, =e™10.2x10"9

compared to the measured value of 3.1x10~° obtsined from the intercept’
of the (q/2kT] Log e tangent Line on the actual 25° C characteristic. If
- the measured and calculated values for I, are to be equal then

X =12,

and using Equation (3.44) with W, replaced by W, glves

W, =14 L.
But '
W
L=-yDT -.0045cm--5%'
therefore

w
n

lUb = ? )

15 is caleulated using Equation (5.26],
2
D - n
L -A ‘/—P ! (5.26)

s q- ?
- T 20+ 2P N,
o L
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which for o = 11 translates to

2
, D n .
I,-042Aq —‘[—_9- F‘- . (6.6)
t 4 do
The measured value of the Low injection deLag timeis
ty =.30x1076 sec.

The value of N4, needed to make the calculated value of I equal to the
measured value obtained from the intercept of the {q/kT] Log e tangent
line on the actual 25° C characteristic is

Ng, = 2.3x10% cmS.

This compares favorably with the manufacturer's specified back.ground
doping range of 2x10% to 4x10% cm™3,

Table 6.1 shows a comparison of measured and calculated diode
parameters for four different zener diodes of the same famity and
manufacturer. In each case the known area of the P* diffusion window is’
somewhat smaller than the junction area obtained from the junction
capacitance measurements; this is expected, since the difference is due
to Lateral diffusion. For each diode the value for Ny, needed to equate
the calculated Low injection intercept with the measured value
(obtained as shown in Figure 6.1) Is either within the range of or just
below the background doping specified by the manufacturer; according
to Figure 5.2, this is the expected result. The W,/W, ratios needed to
equate the calculated high injection intercepts with the measured
values (obtained as shown in Figure 6.1) are in the range of /5 to 1/3;

- according to Figure 5.3, these are not unreasonable fractions.
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IN5360

25V 05W 25v SW

p, [4 pp60] 135
a cm™ [1pp104] 3x102!

Area cm? of P* window .0010

Area cm? from C; 001
Measured ty psec .28
Measured tgy psec 27

T pusec from meas'd. tgy 15

Measured I;. amps 3.7x10°'6
Measuredl, amps = 2.4xi079
Spec'd. Ny, cm>[10]  2-+4x10"7

Calculated Ng, cm™ 17107

Calculated W,/W, 1/5

Calc'd. equilibrium W, .26x10~*

Calc'd. equiibrium ¥y, .76

Meas'd. gy, from Cy, 65

Table 6.1 Summary of 25° C Diode Paraheters.
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The equitibrium depletion region widths tabulated in Table 6.1 are
calculated using Equation (5.36) with V = 0. Three of the four values of
the equilibrium built in potential, yy,, calculated using Equation (5.34)
with W = W, are somewhat Larger than those determined from the 1/C f
vs V plots using Equation [5.39). This small discrepancy is of no
consequence to this work, and it is not examined further

6.4 Series Resistance

- Theory predicts that good ohmic contacts are dominated by the

- tunneling mechanism and can be modelled by small tempef'ature
independent resistors [11] [12]. Most of the measured values of series
resistance tabulated in Table 6.2 are independent of temperature. The
process of selecting values of series resistance that produce a match of
the improved diode equation or the high injection equation to the
measured characteristics at Large currents turns out to be a method for
measuring that series resistance.

- IN5253 IN5360 IN5369 IN4764
25v 05W 25v S5W S5V 5W 100V W

R(50°C) 0.87 0.47 060 14
Ry(100°C) @ 11 0.63 0.87 1.7
R[(150°C) Q 11 0.63 0.87 1.9
R(200°C} @ 1 0,63 0.87 21
Rs(250°C) © 11 o.éo 0.87 2.2

Table 6.2 Measured Series Resistance at Elevated Temperatures
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6.5 Diode Parameter Measurement Considerations

Figures 6.10, 6.11 and 6.12 compare the features of two diodes that are the
same in all respects except for their areas. They are both 25V zener '
diodes, but the IN5253 is a 0.5W device, and the IN5360 is a 5W device.
These are the same members of the group of four diodes whose
parameters were tabulated in Table 6.1. The two parts were not
fabricated on the same date.

In Figure 6.10, the measured charge storage delay times for various
currents are plotted on the same graph as the measured forward
characteristic, along with the theoretical Low injection diode equation,
and the theoretical high injection diode equation in order to show the
relationship between delay time and injection level. This Figure
demonstrates that these more heavily doped diodes do not exhibit much
high injection current at room temperature in the current range shown.
The slope is just beginning to change from q/kT Log e to q/2kT Log e at
the top of the characteristic. 1t is necessary to show enough of the high
injection region to facilitate accurate construction of the q/2kT Log e
tangent Line. To avoid the use of higher current and the possible
interference of self heating, it is preferable to measure the diode
characteristic at an elevated temperature where high injection is more
prevalent. Alternately, even with Little high injection exposed, a trial
and error match of the improved diode equation with the measured data
in a computer that plots both gives good estimates for I;,Is, and Ry,

The measured delay times for the 0.5U diode of Figure 6.10 do not -
change significantly when the current increases from Low to high
injection. The high in jection Lifetime is given by T = Tp + Tp, AN if T, <<
Tp then there would be no noticeable change in the Low and high

. injection delay times. Also, according to Equation (5.23], Tp could be
equal to T/2 even when ty =ty provided that ¢ =22 Equation (5.10)
predicts that ¢ will take on this value if A = L, and according to Figure
5.3, it Is possible for the carrier diffusion Length to be similar to the
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Current 10° [NBZ253 25V 05W @ 25°C
(amps) |
10—1 - . . L )
. High Injection
02 | o Low Injection
[ )
10—3 — [ B
10-4 - DGLGU J
Times Measured oseosso
5 L
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10_6 i | i ] 1 i ] ]
0 1 2 3 4 5 B 7 8 9 1
Forward Bias {volts)
or ,
Detay Time (psec]
Current 10° [NB360 25V 50 @ 25°C
(amps]
. 0! F . High Injection °
* - LowInjection
10-2 - .
®
10-3 + Delay
Times
104 r |
: Measured oeeseee
5 ° :
10 o Theoretical, —
10-6 1 1 ] L. ° g L i 1 T
0 1 2 3 4 5 .6 7 .8 Re] 1

Forward Bias (volts)
: or

Delay Time (psec]

Figure 6.10 Measured Delay Times for a 0.5W and a 5W Zener Diode.
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“Figure 6.11 Junction Capacitance Characteristics for Reverse Biased
0.5W and SW Zener Diodes.
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Figure 6.12Measured Currents and Theoretical Currents Generated by
the Improved Diode Equation for 0.5W and 5W Zener Diodes.
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doping diffusion Length. Consideration must be given to the effects of
non-uniform doping when calculating t, from the measured ty .

Since the relationship between delay time and Lifetime is not ares
dependent, it is easy to believe that the delay times for the 0.5W and
the 5W parts should be the same. However, Figure 6.10 shows that the
~measured delay times for the 5W diode increase significantly as the
current falls, while the 0.5W diode delay times remain constant. When
the forward current of a p*n diode is suddenly reversed, the reverse
current removes the charge stored In the bulk regions, but it must also
restore the depletion region space charge. It will be shown that the
time required to restore the space charge is insignificant only if the
diode area is small. '

An estimate of the equilibrium depletion region space charge can be
ascertained from the junction area, the equilibrium depletion region
width and the doping gradient. These were tabulated in Table 6.1.

The charge stored on each side of the depletion region capacitance at
equilibrium must be \ “

2
Tanal W
=—Aqal-2| . 6.7
BN [ 2 } !
Substituting into this the parameters for the two diodes gives

Q, = 4.5%10~" coul for the 0.5W diode
and
Q, = 6.1x10°1 coul, for the 5W diode.

As an example, consider a forward current of 3 mA. At this Level of bias
almost all of the depletion region space charge has been removed from
both diodes. The reverse current is ¥ X 3 mA = 3.3 mA. At this current
the time required to restore the space charge is

t = Qy/Ipey % 0.01 psec for the 0.5W diode
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and :
t = Q/Igey = 0.18 pisec for the SW diode.

Note that these times increase for smaller current. Figure 6.10 shows
that the additional time to restore the space charge for the 0.5W diode is
insignificant compared o the measured constant delay time. However,
the space charge recovery time for the 5W device is a8 substantial
fraction of the measured delay time, and it seems to be responsible for
the increasing delay time with decreasing current. Hence, the space
charge recovery time component of the delay time must be considered
when lifetime calculations are executed for Large diodes.
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¢ THE LOW CURRENT DOMAIN

The diode equations presented thus far model only the charge-neutral
region processes and not those of the depLetion region. Depletion kegion
RG current, Igg, dominates the very Low current portion of the forward
characteristic and also the reverse characteristic as shown in Figure 7.1.
The improved diode equation alone accurately models reverse current
only at elevated temperatures where lgg is inconsequential. A good
mathematical portrayal of both the Low and high current domains would
be given by the sum of the current predicted by the improved diode
equation, I, and the current predicted by a depletion region RG equation,
Ing. Two depletion region RG models will be compared with measured
data.

bl

Current 10°
(amps) 102
10
1076
1078

00F
I g

1012 - Measured sescsoo

i . Theoretical —

10-16
-1 -8 -6 -4 -2 O 2 4 6 8 1
Reverse {volts]) Forward

Figure 7.1 A Comparison of the Measured Forward and Reverse
Characteristics With Those Generated by the Improved Diode

Equation Showing the Influence of Depletion Region RG
at Low Current and at Moderate Temperatures.
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7.1 The Standard Depletion Region RG Equation

The standard textbook version of the depletion region RG equation is
derived as follows [1 pp841. Equation (2.33),

np=n e , : | (2.33)

is applicable everywhere in the depletion region. Substitution of this
equation into the expression for the net recombination rate given by

Equation (2.22) gives
.. . n|2 [eqvm_l]

, (7.1
< [p+n+2n]

where equal hole and electron capture cross sections have been
assumed; that is, T, = T, = T, Also, the energy level of the
recombination centers or traps is assumed to be Located at the intrinsic
energy level. According to Equation {2.33) the product of p times nis a
constant, so

dpnj-pd0,pdR.
'dx[pnl P " 0. (7.2)

U reaches a maximum when the denominator of Equation (7.1} is a
minimum, that is when

dlp+nj=0. (7.3)
The condition that satisfies Equations (7.2) and (7.3) and maximizes U is
p=n.

Combining this with Equations {2.33) and (7.1} gives
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2 [ VAT _ 1] QW/2kT -
U o= ~ & forV>3kT/q, (7.4]

max N/2KT
27, ni[eq . 1] 27,

that is, for forward bias. Substitution of this into the hol,e‘continuitg
equation, Equation [2.27) and integrating over the depletion region yields

ni qu/ZkT

J

prg ™AW

, (75)

2T
0

where J, g is the forward depletion region RG hole current density.
Simitarly, Equation (7.4] could be substituted into the electron continuity
equation, Equation (2.28) to yield the same result. The change In hole
current across the depletion region must equal the change in electron
current because equal numbers of holes and electrons recombine. The
forward current density distributions for a p*n diode are illustrated in
Figure 7.2; it is apparent that the total current density is given by the
change in hole current density across the depletion region plus the
charge neutral region hole current density at the depletion region edge.

=X

Figure 7.2 Depletion and Bulk Region Currents for a p*n Diode.



79

Multiplying Equation (7.5) by the area gives the change in forward
current across the depletion region, that is,

V/2kT V/2kT
W_ e = A q-w- net o

A Fud ﬂqu i < (7.6

To test the ability of Equation (7.6} to predict the forward Igg, it is
necessary to supply that equation with the ares, the depletion region
width and the high in jection Lifetime of the diode used for the test. A
diode that exhibits appreciable Ipg 8t moderate temperatures is the
INB369. It is a 51V 5W part, it is one of the four diodes listed in Table 6.1,
and its forward and reverse characteristics were plotted in Figure 7.1. _
The measured IN5369 25° C junction capacitance characteristic of Figure
7.3 Is indicative of a Linearly graded junction. The measured 25°C delay -
times for this diode are plotted in Figure 7.4.

VC®  5x10% MN5369 5V 50

4x10% |
VG = 20x102 + 43x10% |V

=

3x 102

2 x 102

Measured so e
1 x10%°
Regression —

c 1+ 2 3 4 &5 6 7 8 9 10
- Reverse Bias [volts)

Figure 7.3 Junction Capacitance Characteristic for a Reverse Biased 51V
S5W Zener Diode.

0x10%°

/
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Current 10° [N5360 5V 50 @ 25°C
(amps])

ot T . High Injection
. Low InJection
®

102

10° T

T
=
3
(O]
w

104
Measured ocococa

s L
10 Theoretical —

106 1 ! ! Lo/ ) \ 1 1 1
o 1 2 3 4 5 B8 7 8 9 1

Forward Bias (volts)
or

* Delay Time (psec)

Figure 7.4 The Relationship Between Chérge Storage Delay Time and
Injection Level for a 51V 5W Zéner Diode.

AlL of the parameters needed to evaluate the Igg equation for the
IN5369 diode are listed in Table 6.1, except that Equation (5.36) must be
evaluated numerically to determine the depletion region width for each
value of the applied voltage. Table 7.1 shows that W is a weak function
of V. ‘

Vivoltsl - _Wilcml
-10 65x1074
05 . 58x10~

0 47x107
0.1 45x107
0.2 42x107
0.3 - 3ox1074
0.4 34x1074

Table 7.1 Depletion Region Width and Voltage for a IN5369 Diode.
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The theoretical depletion region RG current, Ipg, generated by Equation
(7.6] and the theoretical charge neutral region current generated by the
improved diode equation, I, are compared with the measured data for
the IN5369 diode in Figure 7.5. The prediction of Equation (7.6} is much
too Large at this temperature, and the slope of the measured forward
characteristic in the Low current region Is Larger than that predicted by
Equation [7.6). This result is not unexpected, because the net
recombination rate used in the derivation of Equation (7.6] was the
maximum value of the recombination rate within the depletion region.

Current 10° [N5360 5V 50 @ 25°C

(amps)
102
104
Theoretical I gg
105
Theoretical | P
08 '
Measured eeoocos
-10 -
10 Theoretical —
‘0_12 ° 1 | i | 1
0

A 2 3 4 5 B V4 8 9 1
- Forward Bias [volts])

Figure 7.5 A Comparison of the Theoretical Depletion Region RG
Current, the Improved Diode Equation and the Measured
Forward Characteristic of a 51V 5W Zener Diode.

In the reverse direction n and p are assumed to be much Less than n, so
the net recombination rate of Equation (2.22) becomes

N, S :
B} .
2t n cosh{v, q/kT}’ (7.7]
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where vy is the potential corresponding to the trap energy Level
difference g - E;. Inserting this expression into the continuity equation
and integrating over the depletion region gives

1 Aqn W
RGRev 2t cosh{v, q/kT}

(7.8)

This can be forced to agree with the observed reverse current by the
appropriate selection of vj.

7.2 The Refined Depletion Region RG Equation

The net recombination }’ate can be written as

‘pn-nf
qv, AT i ~qv, /AT
o ne™ ] gl ne ™

Substituting into this the quasi Fermi Level expressions for p and n from
Equations (2.30) and {2.31) and also the p n product from Equation (2.33)
gives

U= (7.9)

. qVAT
U -t ni[_ 1] .
[ - qv AT . qvt/kT] [ ~qly - QP)/kT q[q--’,.]/kT]
T e +T e T e +7T @
n p | p
(.10
Figure 7.6 shows that for a symetrical Linearly graded junction
PR —6-V .
b=t and ¢ -b-o. (7.1

Substituting Equation (7.10} into the continuity equation and integrating
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N, L

Emax
A
v/
v-¢ d’ _¢p +2
%
Yrp bn t
= Emax

Figure 7.6 The Space Charge, Electric Field and Potential Distribution
for a Linearly Graded Junction.

over the depletion region gives the Integral form of the refined
depletion region RG equation for a Linearly graded junction:

. VAT |
Aqn, [eq - 1]
RG T, V2T

adx

—qly - AT
-w/z1+9-——['teq“ + + T
T n p

t

I

~WAT]
LR ]

A (7.12]
where T has been defined as
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_W. v,
kT kT
T, =T € + 'cpe ) (7.13)

The expression for (¢ - ¢] as a function of x for the linearly graded
Junction was given by Equation (5.32],

2 3
¢_¢.%%[%x_%]+%%x, . [532]

which can now be substituted into the integral of Equation (7.12) and the
result evaluated numerically. The only question is whether or not <, -
and T, have the same value in the depletion region as they have in the
‘charge neutral region. These regions differ by the P* diffusion which
could introduce impurities that alter the nature of the recombination
centers in the substrate. Figure 7.7 shows the result of the numerical

Current 10° [N5369 5V 50 @ 25°C
(amps) 02 F
04 F
100 r
08 F Theoretical I gg
10710 ---L._...._.__ A
o2t t—T Measured osseese
-14 F — Theoretical —
:2-15 ' t‘—Thef)reticlaLI p; . . ‘ L

-1 -8 -6 -4 -2 O 2 4 6 8 1
Reverse (volts) Forward -

Figure 7.7 A Comparison of the Improved Diode Equation, the R'efine‘d
Depletion Region RG Equation and Measured IN5369 Data.
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integration for the IN5369 diode at 25°C. The set of parafneters used to
obtaln this agreement are not unique; they range from about

Vi =.07 for ty=Tp=2 7, to  w=05forty=tandt,=4-,

where T Is the high injection Lifetime determined from the high injection
delay time. Some assumption must be made about the relative
magnitudes of 'tp and T, and the sign of v, to match the measured and
theoretical characteristics. The evidence suggests that the difference

. between the bulk region and depletion region Lifetimes for this diode is
not unexpectedly large. The values of v, show that the average trap
energy Level is about 2kT to 3kT away from the intrinsic energy Level at
25°C. This is reasonable for typical impurities [1 pp23] [14] and crystal
dislocations [15]. It is evident from Figure 7.7 that as the Low to high
injection breakpoint moves to the Left with Lower substrate doping, the
difference between I, and Ipg becomes Less significant. Figure 7.8
compares the measured INS5369 characteristics with the

Current 10° [N5360 5V 50
(amps]) 0
o2 — 250°C

1074

1076

108
Measured oososoo

10-10 Theoretical —

] 1 1 [
-1 -8 -6 -4 -2 O 2 4 6 8 1
Reverse’ (volts) Forward

Figure 7.8 A Comparison of the Comprehensive Diode Model with the
Measured Characteristics of a 51V 5W Diode.

10—12



86

theoretical currents genereted by the sum of the improved diode
equation and the refined depletion region RG equation for a wide range
of elevated temperatures. The summation of these two equations is
referred to as the integral form of the comprehensive diode model.

Figure 7.9 shows a comparison of the comprehensive diode model with
the measured characteristics of a 25V 50 diode. The parameters of this
diode were tabulated in Table 6.1, and its delay time, capacitance and
forward current characteristics were plotted in Figures (6.10, 11, 12). The
parameters used to obtain this fit range from about

Vi¢=12and T, =Tp=3T, to wv;=.09andT,=.1Tand =97
If the second set of parameters is the correct one, then T, + T, in the

depletion region equals < in the bulk region, and there is no apparent
difference in the lifetimes of the two regions of this diode. Also, T, < Tp,

Current 10° [N5360 25V 50
(amps)

02

1074

Measured ooecoosco

Theoretical —
10_,2 i i 1 L i i 1 { |
-1 -8 -6 -4 -2 O 2 4 6 8 1
Reverse (volts] Forward

Figure 7.9 A Comparison of the Comprehensive Diode Model with the -
' Measured Characteristics of a 25V 5W Diode.
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and that is in keeping with the generally observed indifference between
the Low and highinjection delay times. Figure 2 of reference [6]
suggests that <, can be less than <, .

In these Last two examples it was assumed that T, « 1, because it is
belleved to be this way In the N butk. However; the lifetimes in the bultk
are not generally the same as those in the depletion region; also, if the
magnitudes of <, and T, are reversed, the fit can be maintained by
reversing the sign of v;. It is not possible by matching the theoretical .
model 10 measured data to uniquely determine vy, the sign of v, T, and
Tp- Therefore, for modelling purposes, it seems reasonable to drop the |
distinction between the <'s in the depletion region, and to use instead <,
= T, ~ T, and consider v; as the absolute value of the trap potential.
Since 27, = T, + Tp, then T, can be thought of as the average of the
two Lifetimes. This suggests a simplification for the definition of <,

Wy hid! i

e Mgt o (7.14)

since the term with the positive exponent is Larger than the other.

An analytical solution of thé refined depletion region RG equation is
possible. The second and third terms of the expression for ¢ - ¢ given
by Equation (5.32) are significantly smaller than the first term; that is

v-o~92L x forx ¢ (7.15)

When this is used in place of Equation (5.32]) in the integral form of the
refined depletion region RG equation, Equation (7.12}, there is no
perceptible difference in the numerically integrated theoretical curves
of Figures 7.8 and 7.9. Because the depletion region potential.
distribution of Figure 7.6 is symmetrical, then the quasi Fermi Level
~expressions for p and n dictate that
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pix)=n(x), nix)=plx), n(x)»plx), pl=x)» nix).

Hence, Equation (7.12] can be integrated in two parts: over the P side

neglecting n since N p in the P side, and over the N side neglecting p

~ since p& nin the N side. This can be done while maintaining the
“distinction between T, 8nd T, but since there is Little merit in doing so,

the problemn can be simplified somewhat by using the average lifetime,

T, Which makes the two halves of the integral equal. Applying this

technique and substituting Equations (7.14) and (7.15) into (7.12) gives

qV/kT w2 , .
L -an'[e -1] 2] dx (7.16)
RG qv, kT V-2v, gaUJz_x__. ’
T, € kT/q  8e kT/g
1+e e

This is easily integrated to give

‘ o uv2
ﬂqni[eqvm‘d 8e kT V-2V gauf x
I.= 2| X-———=—1n 2kT/q  Be kT/q

R6 . qv AT qawz q 1+e e

'coe 0

(7.17)

For substantial reverse bias the natural Log term in this equatidn
vanishes, and Igg reduces to the standard depletion region RG equation
for reversed biased diodes, Equation {7.8]). Continuing the solution:

qvAT

Aqn ; v-2v] v-2v
UL '[eqv T 1] eezﬂz[m[nez”";]'2kT/t}
'toe t qa W q | q

Aqn| VAT . [ -z, V-2v,|
9 '[e 1] W kT olinl  557- t (78]

-1} 9
AT 33 a A7\ " 577
< e t ‘lfnp q e q
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where use has been of the fact thot

V-2v, qauf u
2k T/ Be 2kT/
e q e cki/q

> 1

for all values of the applied voltage. Equation (7.18) is the refined
depletion region RG equation. When the theoretical curves of Figures 7.8
and 7.9 are redrawn using Equation (7.18] with the same <, = T, '
parameters as used before in Equation (7.12), there is no noticeable
change.

7.3 Surface Leakage Current

Figure 7.10 shows a comparison of the comprehensive diode model and
the measured characteristics of a smaller 25V diode, a IND253. The

Current 10° [N5253 75V 05W
(amps]) 102
104
1076
108
10—!0

10712 F o . Measured eeeecce

101 Theoretical —

41 -8 -6 -4 -2 0 2 4 B 8 1
Reverse {volts) ~ Forward

Figure 7.10A Comparison of the Comprehensive Diode Model with the
Measured Characteristics of a 25V 0.5W Diode.

10-16
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measured reverse characteristic at the Lowest temperature has a
greater voltage dependence than that predicted by the model. Even
though the surface Leakage current is small, it can apparently exceed
the reverse diode current at moderate and Low temperatures. In Figure
7.11 an additional current component, '

V . \ '
ISL R 0.54AT’ (7.1)

s 1500 e

has been added to the theoretical model. The temperature dependence
assigned to Rg to achieve the best fit is that which would be expected
of a semiconductor oxide material [13 pp2-51] used for fabrication of the
P* diffusion mask and the package. At Low temperatures surface
Leakage dominates the Low current domain, and Its presence can be
recognized by the resistive voltage dependence of the measured
current. |

Current 10° [RBP53 95V 050
(amps) 02t
0% T
1078
108 [

(SR ARSI e L

1012 M“R ' Measured oooeocoo

101 F ' Theoretical —

10—16

1 { i i i 1 ] § i
1 -8 -6 -4 -2 0 2 4 6 8 |
Reverse (volts] Forward
Figure 7.11 A Comparison of the Measured Characteristics of a 25V 0.5W

Diode with the Comprehensive Diode Model and an Added
Surface Leakage Current Component.
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8 CONCLUSION

8.1 Summary
The ideal diode equation govems the Low in jection domain of the

forward characteristic where the current exceeds that due to depletion
region RG. The ideal or Low injection equation for a p*n diode is

=1, [qu/kT ) 1] .

The high in jection equation governs the high in jection region, and for a

- p*ndiode it is given by

\V/2kT
[ =1 ™5
p 'h

Both regions can be modeiled by the improved diode equation:

L ¥ L T
I =] _h QAT _ _h
P h {ZIJ ve {215] +

The high and Low injection intercepts, I, and I;, can be obtained from a
measured forward characteristic. To model the diode behavior at atl
temperatures, the temperature dependence assigned to the intercepts
must be '

2

n, n.
Ihoc—' and® I o« —.
T s T

Series resistance influences the forward characteristic at high current,
and it is accommodated by
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V=V -R I.
a S p
When 1;, and 15 are determined in this way and substituted into the
improved diode equation, and when series resistance is accounted for,
the resulting model is an excellent mathematical representation of the

diode's behavior outside of the influence of depletion region RG. ‘

The high in jection intercept can be caLcuLated from known or measured-
parameters using

l=e [ 2 1+9P- Aq ‘/D_p n .
IRV BN Ky T e
H o I

The only parameter in this equation that cannot be measured is x which

is given by
' W W, /L
X'l{—l-ﬂ"‘e ’ “1]

4

The value of x needed to equate the calculated and measured values of
I, requires a value for the ratio of W,/L that seems to be reasonable.

The Low injection intercept can also be calculated using

F R
\/iz{f,;z} Ny

The only unknown parameter in this equation is Nyg. The value of Ny,
needed to equaté the calculated and measured values of g is found to
be equal to or slightly Lower than the known substrate doping, which is
as expected.

1=Aq
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The relationship between lLifetime and charge storage delay time is the
same for high injection as it is for Low injection. When calculating the
Low in jection Lifetime from the measured Low injection delay time,
consideration must-be given to the effects of non-uniform doping and
space charge recovery time. '

The generally accepted depletion region RG current equation for
forward biased diodes,

W qV/2kT
IRG Fud ™ A q ? ni e s

generates theoretical values that al’é one to two orders of magnitude
greater than the measured currents at room temperature. The integral

form of the refined depletion region RG equation for a Linearly graded
Junction,

quAT ]
I _ani[e -1 . dx
RG p QV/2kT ’
-qly - $IKT {p -$IAT
¢ 1.8 ['ceq.* WAT | alb-4 ]
T n P
, t
where
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_ kT kT
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can be integrated numerically, and the results agree well with observed
currents in both the forward and reverse directions. The range of
values assigned to vy, T, and T, to equate the measured and theoretical
data seem to be reasonable, but the matching procedure does not
reveal unique values for these or for the sign of v;. To obtain a unique
set, use is made of T, » T, = T, and the absolute value of v,

Without noticeably degrading the model the refined depletion region RG
equation can be expressed in closed form as
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I ans[qu/kT-1] 8e kT Z[Ln{ —-——V-Z/v'} V-2v,
= - 2kT/q |~

T MM au? a 1+ ] 2T/q

where <, is used in place of T, and T,

Current that Leaks around the junction can be Larger than the diode
current in the Low current region. This Leakage current can be modelled
by
[ =LY
L C, /T
| RS— C1 e’

and the‘parameteré in this expression required to make Ig agree with
the measured currents are those that would be expected of typical
package materials.” At Low temperatures this Leakage current dominates
the Low current region. .

The improved diode equation alone adequately models the forward and
reverse characteristics of diodes exposed to high temperatures. At
moderate temperatures depletion region RG current dominates the
region of small positive bias and negative bias, and the refined depletion
region RG equation must be added to the improved diode equation to
produce a comprehensive model. Current that Leaks around the surface
of the diode can dominate the Low current region of small diodes at Low
temperatures, and this is easily modelled by a temperature sensitive
parallel resistor.

8.2 Applications

Itis hoped that this detailed analysis has resulted in a better
understanding of the influence that the diode parameters have on the
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shape of the DC characteristics. The comprehensive model should be
useful to diode designers endeavoring to achieve a particular kind of
response. A small computer can be used to plot DC characteristics
generated by the comprehensive model for various temperatures, and
the effects of changing the parameters can be readily visualized.

Since o is fairly close to unity, Equation {3.49],

D 1
o'ﬁq[-a——h,

p

can be used to obtain an order of magnitude estimate of the Low
injection Lifetime from the measured high injection intercept, if the diode
area is known. Also, Equation {3.49],

Ih
O'Nd--l—n] >
s

can be used to estimate the substrate doping from the ratio of the
measured high and Low intercepts. A more accurate method is to
measure the charge storage delay time, and thereby determine the
Lifetime, then calculate o from the first of the above two equations,
. then calculate Ny from the second. '

The series resistance, which is @ measure of the effectiveness of the
metal contacts, can be measured by matching the high injection equation
to the measured forward characteristic.

The average lifetime in the depletion region and the absolute value of
the trap potential can be measured by equating the closed form of the
refined depletion region RG equation to measured data. In the forward
direction for V > 2 v, v; does not influence the current, and <, can be
chosen to equate the measured and theoretical data. Once t, has been
established, then v, can be determined by matching the theoretical and
measured data in the reverse direction where vy is influencial.
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If the polarity of v and the ratio of T,/T, are otherwise known, then
there may be reason to retain both T, and t, in the integration of the
refined depletion region RG equation, and to attempt to determine these
from the curve fitting process. But for modelling purposes only this
does not seem to be necessary.

A good estimate of pn junction reverse current is useful in calculating
the quiescent power supply drain of integrated CMOS structures that
contain numerous reverse biased N substrate to P well junctions and
reverse biased gate protection diodes.

- Circuit simulators such as SPICE could more accurately model pn
Junctions by replacing the ideal diode model with the comprehensive
silicon diode model.

8.3 Suggestions for Further Research

The comprehensive silicon diode model could be confirmed at
temperatures below 25°C; it is expected to continue to predxct diode
behavlor at very tow temperatures.

The comprehensive model should be confirmed for abrupt junction
diodes. For this the improved diode equation is unchanged, but it will be
necessary to use the abrupt junction potential distribution in the refined
depletion region RG equation. A closed form solution should be possible
for a p*n junction, since it will onty be necessary to integrate the
depletion region RG equation across the N side of junction where the '
hole concentration term can be neglected.

| Noise measurements [14] could be used to confirm the value obtained
for the trap potential from the refined depletion region RG equation.

There could be some merit in applying an analysis similar to that used to
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“An invesiigation similar to the one presented here could be conducted

for direct recombination gatlium arsenide devices.
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9 LABORATORY INSTRUMENTATION

Three kinds of diode measurements were made:

- DC characteristics,

- charge storage delay time and

- Junction capacitance. ,
The DC characteristics were recorded at temperatures ranging from
25° C to 250° C. Charge storage delay times were measured at
temperatures of up to 150" C, and the junction capacitance
measurements were performed at room temperature. A Macintosh
computer was used to plot and compare the measured data with the
theoretical models and to serve as a word processor for the production -
of this document.

The steady state current voLfage characteristic measurement setup is
iLllustrated in Figure 9.1. The Despatch LFD 1- 42 oven was used to
elevate the temperature of the device under test. Although the ovenis

Figure 9.1 DC Characteristic Data Acquisition
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equipped with a digital temperature readout, a scientific thermometer
was placed In the oven ad jacent to the diode to make sure that the
diode had reached the desired temperature.’

The voltage and current ranges of the Hewlett Packard 4145A
programmable parameter analyzer are +100 volts and about 104 amps
to 10 ™ amps. The Hewlett Packard 9816 desktop computer was used to
interface the HP-IB bus of the parameter analyzer to the RS232 port of
the Macintosh computer.

Charge storage delay time measurement was accomplished as shown in
Figure 8.2. The square wave voltage across the series combination of
the diode and the resistor was maintained at +10 volts. The forward
voltage drop across the diode opposes the positive half of the
generator voltage and aids the negative half; consequently, the initial
reverse current is Larger than the forward current. This accounts for a
¥ =11 To keep the Leads short for these tests the diode's temperatUre
was elevated In a small beaker of hot oil rather than In the oven.

V4 {__ L
| Vg
— v .
scope €>
Ly Scope
Vh
Vg = Vg - Vi

Figure 9.2 Charge Storage Delay Time Measurement Schematic and
Waveforms.
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Junction Capacitance was measured using a Hewlett Packard 4262A LCR
meter and checked with a Wayne Kerr bridge. The LCR meter was
calibrated with several 1% capacitors. The reverse bias voltage source
connected in series with the diode was shunted with a 0.01 pufd capacitor
to short circuit the' Impedance of the supply and connecting Leads.

The instruments used to measure current and voltage are accurate to

- more than four significant figures. The accuracy of the capacitance
measurements is estimated to be better than £2%. The temperature

was known to within +1°C. The greatest source of error was the

uncertainty in the delay time measurements, but it should be no Larger

than about £5%. - S
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