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ABSTRACT 

A Comprehensive silicon diode model, is introdUced. It mathematically 

portrays the steady state behavior of diodes for a wide range of applied' 

bias and temperature. It is the summation of an improved diode equation 

and a refined depletion region recombination - generation CR61 equation 

which are both derived from the existing theoretical. foundation. The • 

improved diode equation extends the modelling capability of the popular 

ideal diode equation into the high Level injection domain, and the refined 

depletion region AG equation describes the very low current region. The 

extended côpbility of the comprehensive diode model is demonstrated 

by a computer assisted comparison of the theoretical and measured 

characteristics of diodes exposed to elevated temperatures. 

This work was motivated by the University of Calgary Electrical 

Engineering Department's Interest in high temperature electronics for 

energy sector applications. Since PN junctions are a fundamental 

building block of both discrete and integrated semiconductor devices, a 

thorough knowledge of diode behavior is essential to the understanding 

of semiconductor electronics. 

The ideal diode equation governs only the central part of the forward 

characteristic .where low level injection prevails; here the current is 

Larger than that which is attributable to depletion region RG but less 

than that which results from high level injection. A high level injection 

equation Is derived here and combined with the ideal diode equation to 

create the improved diode equation. This equation continuously 

describes both low and high Level injection, and it also accounts for 

series resistance. The development of the high Level injection equation 

and the improved diode equation isbeLieved to be original work. 



It is shown that the temperature dependent DC characteristics of a diode 

can be modelled outside of the Influence of depletion region RG by the 

improved diode equation, when that equation is suppLied with the high 

and Low level, injection intercepts of a single measured forward 

characteristic. The validity of the improved diode equation is rigorously 

tested by comparing the measured high and low Level injection 

intercepts with values calculated using their theoretical formulae. 

These formulae must be supplied with the junction area, substrate 

doping, and the high and low level injection lifetimes. This creates the 

need for a new high level Injection transient analysis, which is 

presented here, and which relates Lifetime to the measured charge 

storage delay time. Non-uniform doping Is accounted for, and the 

effects of this make it impossible to show exactly that the calculated 

and 'measured intercepts agree; however, it is shown that the 

theoretical predictions are reasonable. 

Like the ideal diode equation, the Improved diode equation does not 

model the depletion region RG current that dominates the Low current 

portion of the diode characteristic; here the appUed bias is a small 

positive voltage or a negative voltage that does not exceed the 

reverse breakdown voltage. A rigorous analysis of the depletion region 

process yields, possibly for the first time, a refined depletion region RG 

equation. Values generated by this equation when It Is supplied with the 

junction area, doping gradient,lifetlme, and trap energy level are in 

good agreement with observed currents. Current that leaks around the 

Junction Is modelled by a parallel resistor. 

The improved diode equation extends diode modetUng capabality into 

the high injection region where many devices normally operate; high 
injection dominates the forward characteristic at high temperatures. 

The refined depletion region RG equation Is expected to improve the 

reverse biased diode modelling capability. 
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1 INTRODUCTION 

The equation that is extensively used to model the DC characteristics of 

PN junctions is the familiar ideal diode equation L[1 pp9lll. A typical diode 

Is doped more heavily on the P side than on the N side, and for such a 

junction the ideal diode equation is 

I = 1 [ e qV/kT 1 -1 J (1.1) 

where I, is the hole dominated diode current, 

I is the the reverse saturation current, 

V is the voltage across the depletion region, 

T is the absolute temperature, 

k Is Boltzman's constant, and 

q is the electron charge. 

If V is greater than zero by even a small amount, the ideal diode 

equation can be approximated by 

cv'/kT 
IIe 
PS 

Taking the logarithm of both sides gives the Linear reLationship 

Log I, - Log I + Q [ Log e] v. 
kT 

(1.2) 

(1.3) 

Hence, a plot of Log Ip vs V is a straight line having intercept 1 and 

slope (q/kT) Log e. 

Actual diodes typically exhibit ideal diode behavior for only part of the 

forward bias range. This is illustrated in Figure 1.1 where two tangent 

lines have been drawn on the measured forward characteristic of a 
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silicon diode. This diode characteristic has the (q/kT) Log e slope 

predicted by the ideal diode equation in the region where the current is 

moderate. For Larger current the slope decreases to (qI2kT) Log e 

because of the effects of high Level injection Eli pp96:ll. As the bias is 

increased further the slope falls below (q/2kT) Log e because of series 

resistance E[5 pp7oll. The departure from Ideal observed at very Low 
current results from depletion region recombination Eli pp95ll. 

Current 

(amps) 
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10-8 
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10_16 
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Low Injection (Ideal) 

Depletion Region 

Récombinatlon Measured   

I I I  

.1 1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 

Figure 11 Measured Forward Characteristic of a 1N5281 Diode at 25°C 

Illustrating the Departures From Ideal. 

Figure 1.2 uses a different current scale to show the slopes of the 

forward characteristic of the same diode measured at a much higher 

temperature. At this temperature most of the forward characteristic 

has the (q/2kT) Log e slope that signifies high level injection, and the 

ideal diode equation is useful only in the region of small forward bias. 

Depletion region recombination current is not evident at higher 

temperatures. 
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Current 100 
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io-3 

10-5 
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2kT 
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Log e 

kT 
Measured 

I I I I I I I I 

.1 .2 .3 .4 .5 .6 .7 .8 .9 

Forward Bias (voLts) 

Figure 1.2 Measured Forward Characteristic of a 1N5281 Diode at 250°C. 

The reasons for the departures from ideal, are weLL known, but a singLe 

equation that modeLs diode behavior in both the Low and high Level, 

injection regions has not been reported. The improved diode equation 

described here is intended to overcome this deficiency. This equation is 

derived by appLying appropriate boundary conditions to the steady state 

simuLtaneous soLutions of the transport and continuity equations in the 

charge neutral, regions for both Low and high Level, injection. The Low 

and high Level, injection soLutions are then combined using a boundary 

condition that is appLicabLe to both to yieLd the desired resuLt. The 

refined depLetion region RG current equation presented here predicts the 

• Low current portion of the characteristic more accurateLy than does .the 

approximate equation given in most texts. 

ALthough the Low Level, injection soLutions are wideLy pubLicized, they 

are incLuded here for comparison with and for combination with the 

unfamiLiar high Level, Injection soLutions. 
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2 THE DC EQUATIONS OF STATE 

The diode equations are derived from the steady state transport and 

continuity equations. These equations and their boundary conditions are 

required for both holes and electrons for each of three cases: 

p<<n, n< <p, np, 

where p is the hole concentration and 

n is the electron concentration. 

The p< <n situation occurs onLy on the N side during low level injection; 

n< < p occurs only on the P side also during low level injection; n = p 

occurs on any side that is biased well into high level injection. The 

initial requirement is that the materials be uniformly doped. 

2.1 The Transport Equations 

The basic transport equations for holes and electrons are EEl ChM 

J = qjJ. PE-qD . 2. [2.1] 
p p Pdx' 

- q jt n E + q D dn , 

where JP is the hole current density, 

is the hole mobility, 

DP is the hole diffusivity, 

E is the electric field, 

J is the electron current density, 

JJ. is the electron mobility, and 

O is the electron diffusivity. 

(2.2) 
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To preserve current continuity the totat, current density is 113 pp96}I 

J - J + J 
t p n 

and 't is Independent of x. Since 113 pp2811 

Q.iI 

then 

i n n 

(2.3] 

(2.4) 

(2.5) 

The charge balance equations for the donor doped N side 113 ppl7]L 

nn - Pfl 

and the acceptor doped P side 113 ppl7]I, 

Pp n + Na 

can be differentiated to give 

dx dx' 

if Rj and Na are constant, 

where p is the hole concentration in the N region, 

r is the electron concentration in the N region, 

pp is the hole concentration in the P region, 
n is the electron concentration in the P region, 

Nd is the donor doping concentration, and 

Na is the acceptor doping concentration. 

(2.6) 

(2.7) 

(2.8) 
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Adding Equations (2.1) and (2.2) and applying Equations (2.3) and (2.8) gives 

J+q[D -01.c2 
E dx  

q[jlP P + An n] 
(2.9) 

Substituting the expression for E from Equation (2.9) into Equation (2.1) 

and applying Equation (2.5) yieLds 

Jp a + q.2. 
dx 

This reduces to three transport equations for holes: 

where 

P forp<<n, 
dx 

dp 
forn<<p, 

PP n dx 

it JP D dx -qD forn - p. 

20 0 
n 

D + D 
n p 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

the geometric mean of the hole and electron diffusivities, 

JPP is the hole current density in the P region, and 

Jpn is the hole current density in the N region. 
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Substituting the expression for E from Equation (2.9) into Equation (2.2) 

and applglng Equations (2.5) and (2.8) yields 

J n 
a 

it  
Op 

1+ 
D  n 

+ q  dn 
dx 

This reduces to three transport equations for electrons: 

in 

J qD 1 for n<<p, 
dx 

dn 
for p<<n, 

P dx 

it  O + qD —  for nap, 
dx 

On 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

where J is the electron current density in the P region, and 

inn is the electron current density in the N region. 

2.2 The Continuity Equations 

The continuity equations require expressions for the net recombination 

rates for holes and electrons on both sides of the junction. On any 

particular side, the net recombination rate for holes must be the same 

as that for electrons, since there must be no net increase in the 

concentration of one carrier type over the other. To maintain charge 

neutrality in the bulk regions of the biased diode, the change in hole 

concentration must equal the change in electron concentration on any 

particular side of the junction; that is 
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p-p0 p M n- n0 =An, (2.19) 

where p0 is the equilibrium hole concentration, 

no is the equilibrium electron concentration, 

p is the excess hoLe concentration, and 

n is the excess electron concentration. 

In siUcon, recombination occurs Indirectly via recombination centers or 

traps created by impurities and crystal lattice defects. The net 

recombination rate is described by the SchockLey-Hall-Read equation Eli 
pp5ill ff611 

U= 

where 

2 
p n - n1 

1C n F LE, - E/kT] + ,t. I n + n [E - 

qAT .e 
I J 

oN and   
P,  

th " 

and U is the net recombination rate, 

n Is the intrinsic carrier concentration, 

'th is the carrier thermal velocity, 

Nt is the trap density, 

a is the capture cross section for holes, 

o is the capture cross section for electrons, 

q is the intrinsic Fermi Level, 

Et is the trap energy level, 

is the Low injection lifetime on the N side, and • 

'i is the low injection Lifetime on the P side. 

(2.20) 

(2.21) 

To simplify this, assume that the capture cross sections are the same 

for holes and electrons by letting 'r - - -ro Eli pp9311. Then Equation 
(2.20) becomes 
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U-

2 
pn-r1 

,co 
-Eli 

p + fl + 2n. fE cosh f j I 
I icTij 

(2.22) 

The term containing the hyperbolic can be neglected If It IS much Less 

than either p or n, and one of these will be at least as large as the 

doping. This term will be Less than even a Light doping if (E - Et) < ±10 icT; 

that is, if the traps have energy levels within about the center half of 

the energy band gap. Traps near the band gap edges are ineffective, 

because they result in a small value for U. The net recombination rate in 

the charge neutral region for mid gap traps can be expressed as 

2 

U  . (2.23) 
,cJp + n1] + .[n + n] 

Equation (2.30) reduces to 

/p • n 
U a for p< <n, (2.24) 

forn<.<p, 
, 'C. 
n n 

(2.25) 

u - or U - - for p - n, (2.26) 
'C. 

where Apn is the excess hole concentration in the N region, 

'Pp is the excess hole concentration in the P region, 
Ann is the excess electron concentration in the N region, 

is the excess electron concentration in the P region, and 

'r is defined as the high injection Lifetime, r a r, + 
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The steady state continuity equations are Eli ch3] 

dJ 
_2. - q U for holes, 
dx 

dJ 
= q U for electrons. 

dx 

2.3 Boundary Conditions 

(2.27) 

(2.28) 

The boundary conditions needed to solve the transport and continuity 

equations are the excess carrier concentrations at both of the depLetion. 

region edges under the Influence of the applied voltage. 

The equilibrium mass action equation Eli ppi9]J, 

2 

=ni (2.29) 

Is valid everywhere in the diode at equilibrium. The non-equilibrium 

carrier concentrations are 112 pp45]I 

(f- f) q/kT 
p - n1 e (2.30) 

t$ -4q/kT 
n - n1 e 

where is the quasi Fermi potential for holes, 

4, is the quasi Fermi potential for electrons, and 
4, is the, intrinsic Fermi potential. 

(2.31) 

At any particular Location, 4, is the same for n and p, and their product is 
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2 
npn e (2.32) 

The voltage across the junction,V, is equaL to the difference between 

on one side of the depletion region and 4n on the other side. Since the 
depletion region is narrow, the change in both and 4, across this 
region is smaLL Hence, 111 pp94]I 

2 qV/kT 
npn e 

everywhere in the depLetion region. 

(2.33) 

Consider first the N side boundary conditions. In the charge-neutral N 
region for Low Level injection p << n, and Equation (2.6) becomes 

• n n =Nd. 

The corresponding equiLibnum hole concentration is obtained by 

substituting Equation (2.34) into (2.29) to give 

2 
ni 

d 

(2.34) 

(2.35) 

The non-equilibrium hoLe concentration at the depletion region edge, 

that is at x - 0, is obtained by substituting Equation (2.34) into (2.33) to 

give 

2 

p (0)= fl. qV/kT --e 
Nd 

(2.36) 

Therefore, the excess carrier concentration at the depletion region edge 

in response to an appLied voltage is Eli pp9011 
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2 

I- [ e  qV/kT 
- I = n(0) . (2.371 

For Large forward bias pn exceeds Nd at the depletion region edge, and 

Equations (2.6) and (2.7) become 

n(0) = p(0). (2.38) 

Substituting this into Equation (2.33) yieLds the high Level, injection 

boundary condition 

p(0)=neqV/2k1 =n(0). (2.391 

For the general case which applies to Low and high Level injection, it is 

only necessary to substitute Equation (2.6) into (2.29) and (2.33) and 

solve for pno and p[0): 

= 

ro 

+ 4n 

2 

I N + 4 qV/kT 
p(0)- d  
n 2 

(2.40) 

(2.41) 

I + 4n e N2 2 qV/kT12 4 2 

AP (0)  d . 2 = in (0). (2.42) 

The excess carrier concentrations at the P side edge of the depletion 

region are similarly derived. The Low injection, high injection and 

general case boundary conditions are respectively 

2 
n 

iflP (0) N... L[V/kT i] = p(0), (2.43) 
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qV/2kT 
n(0) - ne - p(0). 

2 2 qV/kT _]N2 + 4n2 +4n.e 
I a 

(2.44) 

2 p(0). (2.45) 
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3 THE DIODE EQUATIONS 

The improved diode equation is the combination of the Low and high 

Level injection diode equations. The word "level" is henceforth dropped, 

and the two Injection Levels are referred to as high injection and Low 

injection. These diode equations are derived by solving the DC state 

equations for hole and electron current in terms of the total current in 

the N and P charge-neutral regions. The total, current is then obtained 

by equating either the N and P region hole currents or the N and P region 

electron currents at the junction of the P and N materiaL. The 

coordinate system used consistently throughout has the N region along 

the positive x axis, the P region along the negative x axis, and the 

depletion region concentrated at x 0. Finite Length considerations 

foLLow the derivations for infinitely Long uniformly doped diodes. 

3.1 SoLutions of the Low Injection State Equations 

The transport equation for Low injection hoLe current in the 

charge-neutral N region is Equation (2.11) which is repeated here for 

convenience: 

dp 
J -- qD -. 

Pfl Pdx 
(2.11) 

The corresponding continuity equation Is obtained by substitution of 

Equation (2.24) into (2.27) to give 

dJ • ip Pfl q fl 

dx TP 
(3.1) 

Substitution of the derivative of the current density given by the 

transport equation into the continuity equation produces the second 

order Linear differential equation, 
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which has the soLution 

=0 
2 D  

uX p p 

(3.2) 

-x/L x/L 
Lp C1 e + C2 e , (3.3) 

where the N region diffusion Length, L, is 

L P -VID P c P 

If the N region is Long, the boundary conditions are Eli ch3J1 

p- O at x=oo and 

Apn = Ap(0) at x-0; 

and appLying these to Equation (3.3) gives the N side excess hoLe 

distribution 

-x/L 
p=p(0)e p. 

(3.4) 

(3.5) 

When the derivative of this expression for Apn is substituted back into, 
the transport equation, Equation (2.11), the hoLe current density resuLts: 

-x/LP 
J pn -qp(0)  (3.6) 

The transport equation for Low injection hole current in the 

charge-neutral, P region is Equation (2.12) which is repeated here for 

convenience: 
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J = J - qD —n. (2.12) 
PP •t dpdx 

The corresponding continuity equation is obtained by substitution of 

Equation (2.25) into (2.28) to give 

cU Ap 
PP - - 

dx Ir 
n 

SoLving these as before but using the boundary conditions Eli ch3ll 

at x--oo and 

pap(0) at x- O 

gives the P side excess hoLe distribution 

where the P region diffusion Length, L, is 

Ln - VDn cn . 

(3.7) 

(3.8) 

When the derivative of this expression for App is substituted back into 

the transport equation, Equation (2.12), the hoLe current density resuLts: 

0 x/L 
Jpp -J - q.[ p(0)e 

n 

(3.10) 

Because - Apn and Anp - LPP for the preservation of charge 

neutraLity, the excess eLectron current density distributions are now 
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easily obtained by substitution of Equations (3.5) and (3.8) into the 

appropriate transport equations, Equations (2.17) and (2.16) respectively 
to give 

J - q D— n(0)e 
x/L 

flP L P 
n 

3.2 SoLutions of the High Injection State Equations 

(3.11) 

(3.12) 

High Level injection implies that the forward bias is sufficient to cause 

the injected minority carrier concentration to exceed the doping at the 

depletion region edge. When this occurs, Equations (2.6) and (2.7) predict 

that the hole and electron concentrations become equal at the 

depletion region edge. As the bias.is increased further, the equality of 

hole and electron concentrations extends further into the 

charge-neutral region until eventually n - p essentially everywhere in 

that region. Further Justification for the use of n - p in the entire 

charge-neutral region folLows the derivations of the high injection 

carrier concentration and current density distributions. 

When n - p the transport equation for holes is given by Equation (2.13) 
which is repeated here: 

it -qO dP 
D dx 

i+a 
0 
P 

The corresponding continuity equation is obtained by combining 

Equations (2.26) and (2.27) to give 

(2.13) 
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dx 
(3.13) 

The high injection state equations are the same on both sides of the 

junction; when n - p the doping has no infLuence. Substitution of the 

derivative of the current density given by the transport equation Into 
the continuity equation produces the second order Linear differential, 

equation 

which has the soLution 

dx2 Dt 

-x/L x/L 
p-C1e + C2e 

where the high Injection diffusion Length on either side Is 

L-Jb. 

The boundary conditions for Long diodes are 

p-p(0)atx-O, 

p z 0 at x - co on the N side, 

Therefore 

Pp z 0 at x - - oo on the P side. 

(3.14) 

(3.15) 

(3.16) 

p - p(0) e-x/L , (3.17) 

pp(0)e x/L (3.18) 



Pfl 0 L 
i+a 
D 
P 

J 
PP 
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Substituting the derivatives of these back into the transport equation, 

Equation (2.13) gives 

- -x /L 
I. -p(0)e 

it  D x/L 
= 0 - q-p(0)e 

1+- 
0 
P 

(3.19) 

(3.20) 

Since Pn - i' Pp - and p(0) n(0) then substitution of the derivatives of 
equations (3.17) and (3.18) into the high injection electron transport 

equation, Equation (2.181 gives the electron current densities 

it D 
- q n(0) -x/L 

____ e __ -  

0 
n 

x/L 
J '. + flP - D q-n(0)e 

1+ -a 
on 

[3.21] 

(3.22) 

The N side high injection hoLe distribution is iLLustrated in Figure 3.1. If 

p(0) is sufficiently greater than Nd, then pn exceeds Nd and n - 

throughout all of the distribution, except in the tail below Nd where low 

injection begins and the shape of the curve changes: The integral of the 

continuity equation 

QD 

JP --aJpX (3.23) 
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shows that the current density is proportional to the area under the 

hole distribution. This area is not significantly Influenced by the change 

in the shape of the tail of the hole distribution if p(0) is one or more 

orders of magnitude above Nd. The higher the bias the closer is the 

relative approach of Nd to the x axis, and the better is the p = n 

approximation. Note that similar considerations apply to the Low 

injection equations; that is, it can be safely stated that p< <n in the 

entire charge-neutral region only if p(0) is sufficiently Less than Nd. 

Hole Conc. 
10 x 10 16 - 

5 x 1016 

1 x 10 16 

0 x 1016 

p-p(0)e<11-

I I  

L 2L 3L 4L 5L 

Distance x 

Fi9ure 3.1 Typical Approximate Hole Distribution for High Injection. 

3.3 The Low Injection (Ideal) Diode Equation 

Equating at x - 0 the N side and P side low injection hole current 

densities given by Equations (3.6) and (3.10) and solving for Jgives 

D D 
J_ j iP0(0)+ q-11 p(0). (3.24) 
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Inserting the depletion region edge boundary conditions from Equations 

(2.37) and (2.43) and multiplying by the area, A, yields the famluar Ideal 

diode equation for infinitely Long uniformly doped diodes 

I - Aq 
D n2 0 n21 

n ii L Nd çj[e/kT_1]. (3.25) 

The same result could have been achieved by equating the electron 

current densities at x -0. The P side of a diode is often doped heavier 

than the N side. If both sides of a pn diode are experiencing low level 

injection, the current density distributions wilL appear approximately as 

those depicted in Figure 3.2. 

P 

n<<p J 

Jt 

N 

p<<n 

Jpp 

Jpn 

Figure 3.2 Hole and Electron Current Densities for the Case of Low 

Level Injection on Both Sides of the Junction. 
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3.4 The High Injection Diode Equation 

With increasing forward bias, a pn diode wiLl achieve high injection on 

the N side while the P side remains in a state of low injection. For this 

situation, the hole current at x - 0 wilL be much Larger than the electron 

current, and Jt J(0). The N side high Injection hole and electron 

current densities expressed by Equations (3.19) and (3.21) wiLl be as 

iLLustrated in Figure 3.3. 

P 

n<<p J 

Jt 

N 

p- n 

Jpp 

Jt 
i+q 

Jnp 
- x .   - + x 

Dn 

Jt 

Figure 3.3 HoLe and Electron Current Densities for the Case of High 

Injection on the N side of a pn Junction. 

Equating J to Jt at x - 0 in Equation (3.19) and solving for Jt gives 

Jt =2 q - p(0). (3.26) 

ELiminating L by applying the definitions for D, L and L gives 



.0 
- E q p(0), 

1p 

where the high injection current factor is defined to be 

/ 
E /2 1+—a_PDnJ "r .. 
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(3.27) 

(3.28) 

Applying the high injection depletion region edge boundary condition 

from Equation (2.39) and multiplying by the area yields the high Injection 

diode equation 

(3.29) 

When the derivative of the high injection hole concentration from 

Equation (3.17) is substituted into the hole transport equation, Equation 

[2.1), the result Is: 

0 
J[O] - q ji p E + q p(0). (3.30) 

A comparison of this with Equation [3.26) reveals that, under high 

injection conditions, drift current is responsible for 1/2 of the totaL 

current, and diffusion accounts for the remainder, whereas diffusion 

accounts for alt. Low injection current. 

Consider the state of high injection on both sides of the junction. An 

attempt to equate at x - 0 the N side and P side high injection hole 

current densities given by Equations (3.19) and (3.20) shows that the two 

can be equal only if the exponential terms representing the diffusion 

components of current vanish. Drift current accounts for all of the 

diode current, the carrier concentrations are independent of the doping 

on both sides, and the diode behaves like a resistor. 
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3.5 The Improved Diode Equation 

According to Equations (3.29) and (3.25), the high and Low injection diode 

equations for a pn diode can be written as 

o r V/2kT] 0 Fr? qV/kT 
J-EAq[n1e and I - AqI(e _1}] 

P  P L[N 

where the terms in the square brackets are the depletion region edge 
carrier concentrations. Multiplying the Low injection equation by EIE 
gives 

- E A q [ qV/2kT1 0 n1e j and I-EA - 1} 
(3.31) 

Therefore, both the Low and high injection diode equations can be 

written as 

0 
1p - E A q P Apn(0) (3.32) 

if Nd in p(0) is replaced by ENd. When Nd is replaced by ENd in Equation 

(2.42), the general form of the depletion region edge excess hole 

concentration, and the result substituted into Equation [3.32), the 

Improved diode equation Is created: 

2 qV/kT 
1 o 1 \//[ ENd]2 + 4 n1 e - v'[EN d]2 + 4n, 

Ip_[EAt [3.33) aj  2 

This equation Is expected to model diode characteristics In both the low 

and high injection regions of Long uniformly doped pn devices. 
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Figure 3.4 ilLustrates the relationship between carrier concentration and 

current. When Increasing forward bias Is applied, the depletion region 

edge minority hole concentration rises above its equilibrium value of 

2/Nd• this causes the current to increase in the Low injection region 
with a slope of (q/kT) Log e. When the hole concentration approaches 

Nd, the current enters the high Injection region, where it exhibits a 

(q/2kT) Log e slope. The location of the breakpoint between the low and 

high injection regions is governed by the doping concentration, Nd; it 

moves to the Left along the high injection characteristic as Nd is reduced. 

Equilibrium Carrier 

Concentrations 

fl,P (èmJ 

10 17 

10 10 

10 

ni 

n 

Na 
P 

Hole Current 

Ap(0) 
LP 

tAqDP 
LP 

(q/2kT) Log e 

(q/kT) Log e 

0 .3 .6 .9 

Bias (volts) 
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injection diode equations to yield 

Vpb "I 1fl [ENd ] 

which is Less-than the built in contact potential E[1 pp7311, 

of a pn diode for which Nrj< <Na. 

I 

(3.34) 

(3.35) 

To model a particular diode, the improved diode equation must be 

supplied with the two quantities In the square brackets of Equation 

(3.33). These can be obtained from a measured forward characteristic 

as follows. According to Equations (3.31), the intercepts of the high and 

Low injection diode equations can be defined respectively as 

E A q n1, (3.36) 

2 
O 

I n Aq_2._J 
LN pd 

(3.37) 

1h and I can be determined for a particular diode from the intercepts of 
two tangent lines drawn on the measured forward characteristic as 

depicted in Figure 3.5. According to Equation (3.36), the quantity 

(E A q D/L) can be calculated from 1h' that is 

•D I 
Aq— 
L n 

(3.38) 



27 

The other quantity, {ENd), can be caLcuLated from the ratio of Equations 

(3.36) and (3.37), that is 

[&4d] nl. (3.39) 

Substituting these into Equation (3.33) gives the improved diode equation 

in terms of the high and Low injection Intercepts: 

Current 
(amps) 

2 

qV/kT 
- 

21 
S 

2 

21 
S 

Measured 

I I I I I I I 

(3.40) 

.1 .2 .3 .4 .5 .6 .7 .8 

Forward Bias (voLts) 

Figure 3.5 ILLustration of High and Low Injection Intercepts. 

This modeLLing method is offered as an aLternative to the popuLar 

procedure that uses just the ideal diode equation. That procedure 

requires the determination of the same I from an actual, forward 

1 



26 

characteristic, but instead of using 'hi it uses an artificial, ideaLity factor 

that modifies the sLope of the Ideal, diode equation to that which 

approximates the average sLope of the actual, forward characteristic Eli 
pp95]I. The ideaLity factor does not account for the Large difference in 

the temperature dependence of the LOw and high injection intercepts. 

There is LittLe Loss of generaLity in restricting the derivations to pn 

diodes, since it is very unLikeLy that the doping wILL be the same on both 

sides. Equation (3.40) aLso modeLs the electron current, I, of an np 

device. 

3.6 Voltage Drops in the BuLk Regions and Contacts 

Thus far the diode equations have been written in terms of V, the 

voLtage across the depLetion region. To express these in terms of the 

appLied voLtage, V8, it is necessary to account for the voLtage drops in 

the charge-neutral, regions and the contacts. These potentiaLs are onLy 

significant for high current. The ohmic contacts can be modeLLed by a 

smaLL temperature independent series resistance Ellill Lti2J1. The heaviLy 

doped P charge-neutral, region is essentiaLLy aLways ir a state of Low 

Level, injection, and the smaLL resistance of that region can be added to 

the contact resistance. Hence, to accommodate these two it is onLy 

necessary to repLace V by V - R9 I Eli pp96ll. The E fieLd that 
accompanies the high injection condition on the N side can produce a 

significant voLtage drop across that region. Letting p = n in Equation (2.9) 

yieLds the high injection E fieLd 

it - q [Dn 1dn 
E dx  
n q [ lip + 11n] pn 

(3.41) 

Substituting into this the expressions for the high injection current 

density from Equation (3.26) and the high injection hoLe concentration 

from Equation (3.17) and its derivative gives 
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E IkI[  2D eX1'L + 0n -D 1 
Lq[D p n +D D p +0[ 

nj 

(3.42) 

Integrating this over the charge-neutral N region gives the voltage drop 

across that region: 

FW W/L 1 2kT .i' i__a• 
q 4  e - 1] (3.43) 

where use has been made of the approximation, D z 3 D. Define the 

high injection field factor 

so that 

XE1F W/L 1 
4k e 

v._ 2 k 
q 

(3.44) 

(3.45) 

Replacing V by V - V in the high injection hole current equation, Equation 

(3.29) gives 

-x . Ie A neqV/2kT 
p 

P 

Define the high injection factor 

0- e 

(3.46] 

(3.47) 

Hence, to accommodate the voltage drops across the bulk regions and 

the contacts it is necessary to replace E by o and V by Va - Rs I in the 
diode equations. 
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3.7 Diode Equation Summanj 

The high and Low injection diode equations are 

'p 'h
 eqV/2kT Ie

VAT  1] 
- 

and these can be combined to give the improved diode equation, 

where 

0 On2 
IoAqn 

p L Nd 

-x o=e iI a+eWfh _i] 

4 [L 

V- V -RI 

3.8 Diodes of Finite Length 

(3.48) 

(3.40) 

3.49) 

(3.50) 

(3.51) 

If the diffusion Length is not significantLy Less than the actuaL Length of 

the charge neutraL region, the change in the non-equiLibrium carrier 

concentrations cannot be assumed to vanish at x - ±00. To soLve the DC 

state equations for a finite Length diode, it is necessary to know the 

excess carrier concentration at the end of the charge-neutral, region, 

that Is, at the semiconductor-to-metaL contact surface. If the surface 

recombination veLocity is very Large, the excess carrier concentration 

wiLL be essentiaLLy zero at the contact; the soLutions for this situation 
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follow. 

The solution of the Low injection state equations for holes in the N 

charge-neutral region was given by Equation (3.3) which is repeated here 

for convenience: - 

-x/L x/L 
Ap-C1e + C2e . 

If the length of the N region !SW, the boundary conditions are 

p,,- O at x- W and 

p' APO) at xO. 

Solving for the constants C1 and C2 gives 

sinh [(Wn - x}/L] 

ip=ep(0) sinh[w1L.] 

(3.3) 

(3.52) 

Substituting the derivative of this into the transport equation, Equation 

(2.11), and evaluating the result at x - 0 produces 

J (0)-q  D Ap(0]. 
L tanh [ w/L] 

(3.53) 

Using the same boundary conditions and procedure to solve the high 

injection DC state equations for holes, Equations (2.13) and (3.13), yields 

for a pn diode 

0 
J(0)- 2q P 

P(0) 

. 
L tanh 1w ILl] L  

(3.54) 

These Last two expressions wILL be the same as their Infinitely Long pn 
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diode equivalents, Equations (3.24) and (3.26), only if tanh {W/L) is 

close to unity. Since tanh 2 - 0.96, the Long diode equations will 

adequateLy apply as Long as L ( W/2. 

If L> W, the hole distribution on the N side is approximateLy Linear, 

recombination Is insignificant, and the hole current Is constant. Setting 

Jp - Jt - constant in the low injection hole transport equation, Equation 

(2.11) gives 

Integrating this equation 

dp 
U - J -- qD 
pn t Pdx 

W. PjWr) 

JJt dx -R-qD idp 

0 Pr!O1 

produces the low Injection pn thin base diode equation 

In - A q.2Ap(0). 

(3.55) 

(3.56) 

(3.57) 

The high injection equation for this diode is similarly derived by 

integrating the high injection transport equation, Equation (2.13), using J 

- Jt - constant; the result is 

0 
A q-- p(0). 
wn 

(3.58) 

Therefore, the diode equations for a uniformLy doped thin base pn diode 

are the same as those for a Long diode, except that W repLaces L and 

E -2. 
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4 TRANSIENT AND SMALL SIGNAL ANALYSIS 

To check the agreement between the measured and theoretical 

intercepts given by Equations (3.49) it IS necessary to supply these 

equations with estimates for the Lifetimes and the junction area. The 

minority carrier Lifetime,'c, can be determined from the time taken to 

switch a diode from the low injection forward biased state to the 

reverse biased state. The high injection lifetime,'r, is similarly 
determined using high injection currents. The relationship between 

switching time and lifetime is governed by the solutions of the time 

dependent low and high injection equations of state. The junction-area 

can be deduced from the measured small signal junction capacitance 

and confirmed from the physical dimensions of the die. 

4.1 The Time Dependent Equations of State 

The transport equations are the same as the steady state ones, but 

current density and carrier concentration are understood to be functions 

of both distance, x, and time, t. The time dependent continuity equations 

for holes and eLectrons are E14 pp8511 

_a = qU + q. an 
ax at 

(4.1) 

(4.2) 

4.2 Low Injection Transient Analysis E[711 E[811 

Without loss of generality and in the interest of simplicity the transient 
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anaLysis is performed for a pn diode. The transport equation 

appropriate for Low injection hole current in the N region is given by 

Equation (2.11). which is repeated here: 

J --- qD dp -. 
Pfl P< (2.11) 

Substituting the derivative of this into Equation (4.1) and using the net 

recombination rate from Equation (2.24) yieLds the partial, differential, 

equation 

32Ap ip ap 
n 

ax 2 D P ' p P D at 

The LapLace transform of this is 

(4.3) 

d2Ap 1 1 + p(x,O) Ap(O,O) L 
n_I 
2 IDt ds 4Pn0 0 e (4.4) 

dx LP p  

where the bold symbols represent transformed variables, and use has 

been made of Equation (3.5). The soLution to Equation (4.4)is 

  x x 

e ip(O,O) LP 
  e. (45) 

FDP 

2 

For an infiniteLy Long charge-neutral, N region 

p-Oatx-oo, 

S 

The second boundary condition is determined from the ratio of the 

forward and reverse currents as foLLows. Fort ( 0, steady state 

forward current, I, flows in the diode. The steady state Low injection 
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pn diode equation derivation showed that 

if" 
=AqDI' =AqD  p(0,0) (46) 

Lax] P L 
xO,t<O P 

At t 0 the current is switched to Irev - - ' I, so fort) 0 

Therefore 

1 
Ir. ev  -  -AqD IE)APnI - 

P ax ] - 'fwd  

x=O,t>O 

'' p(0,0) 

axi s 
x - O,t>O P 

(4.8)FOP A n 

Equating this to the derivative evaLuated at x = 0 of Ap from Equation 
(4.5) jieLds Cl, and Equation (4.5) becomes 

_.Js+ i,"v0 
x 

- (1 's') p(0,0) p (0,0) FICP L9 
.(4.9] Ap(x,$). + 

P e   e  11 

Hence, at x - 0 

AP (O S)_Pn[ 1 + -   1 
Fr, i + pjI (4.10) 

S• /  

and the Inverse transform of this Is 9 pp673]1 

P(01t)AP(00)[ 1 {1 + i) erf (4.11) 
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when the depletion region edge carrier concentration, p[O,t), decays to 

zero, the diode voltage crosses zero, and t - t,, the low injection 

charge storage delay time. Setting p(O,t) = 0 in Equation (4.11) produces 

(4.12) 

Hence, for a uniformly doped infinitely Long pn diode, 'cp  can be deduced 

from a measurement of tdL using 

'C -
p 2 

[e1 1 

tdL 

If the approximate form of the error function, 

erf 

is introduced, the resulting equation, 

FICP FtCL 2{1+'}  
FIT 

(4.13) 

(4.14) 

(4.15) 

will generate values for ci, that are about 15% high for T's near 1; this 

amounts to about a 4% error in L, which is not very significant for this 

measurement. 

Substituting Equation (4.15) into the Low injection diode equation yieLds 

an expression for that equation in terms of the deLay time: 
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2 

IzAq  i1 Le qV/kT ] P FtdL 2{l + )Nd -1 

FTT 

4.3 High Injection Transient AnaLgsis 

(4.16) 

Proceeding in the same way as for the low injection case by combining 

the appropriate transport equation, continuity equation and net 

recombination rate given respectively by Equations (2.13), (4.1) and (2.26) 

results in the partial differential equation 

a2p Pn 1 ap n. 
ax  DrDt 

(4.17) 

As for the low injection case, the solution to the Laplace transform of 

this equation for an infinitely long diode is 

-Js+ik  

L 
e 

p - e + p(O,O)  
n Cl S 

(4.18) 

Setting J(0) - Jt in the transport equation, Equation (2.13), and multiplying 

by A gives 

1 
IfjAQ2D lap q2 Ial -A p(0O) (4.19) 

Piaxi D L 
x-O,t<O 

At t 0 the current is switched to 'rev = - ' I, so for t> 0 

I =- Aq2D Ial 
rev Paxj ftLd 

x-O,t>O 

(4.20) 
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Therefore 

lapl _'p(O,O]  
E.axj s  

x -O,t>O 

Equating this to the derivative evaLuated at x 0 of pn from Equation 

(4.18) yields Cl, and Equation (4.18) becomes• 

(x . 
- {1 + '} p(0,0) e FD + e - p(0,0) L 

Pfls s) r   S 
(4.21) 

Comparing this with Equation (4.9) shows that the reLationship between 'r 

and t, the high injection charge storage delay time, is the same as that 

between r and t, that is 

(4.22) 

Substituting Equation (4.22) into the high injection diode equation yieLds 

anexpression for that equation in terms of the delay time: 

Ip_e_X\J2[ D' 15 qV/2kT 

FtdH 
1+.5aA q 'SIp 

IrTr 

When measuring the high injection charge storage deLay time, the 

forward current must be Large enough to ensure that the hole charge 

stored in the N side due to high injection current substantiaLLy exceeds 

that due to Low injection. The charge stored is equal to the area under 

the hole concentration distnbution. Figure 3.1 is a reminder that high 

injection wiLL be responsibLe for most of this area if the forward current 
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exceeds the breakpoint by about one order of magnitude. 

4.4 Thin Base Diode Transient AnaLysis 

It was previousLy argued that a thin base diode has a Linear excess 

carrier distribution and behaves as if its Lifetime were very large. 

Letting ce,, -. 00 in Equation (4.3) gives 

aAPn  - 1  

ax  o at 

The Laplace transform of this is 

(4.24) 

d2Ap - - - p(x,O) (4.25) 

2 D 
dx p op 

At t - 0 the Linear excess carrier concentration changes from ip(0,O) at 

x 0 to 0 at x - 00, so its distribution must be 

AP) (x,O)-p(O,o) p (O,O) x 

n 

and the transformed differential equation becomes 

d2Ap AP (0,0) X AP(O10) 
= 

dx2 D Ap DW 0p 

for which the solution is 

(4.26) 

(4.27) 
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APn (010) F xl 
I w I• Ap-C1e +c2e + (4.28) (0, L 

The boundanj condition for the derivative of this equation is again 

obtained from the ratio of the reverse to the forward current, that is 

[ eAp 1 
"I 
x j swn 

The other boundary condition is 

Ap - O at x - W, 

and soLving for the constants C1 and C2 gives 

(4.29) 

* (1 + '} p(010) sinh [ j7s t< - Wi] + p(O0) - X 1 
Ap[x,$)  W sVs/DP cosh [•7s/ wj [ 

(4.30) 

which at x 0 becomes 

Ap(0,5) - AP n(0'0] s  (4.31) 

The inverse transform of this is obtained using the first two terms of the 

expansion 
tanhz_1_2e 2z+  

to give 
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20 r 
p it 

Ap(O,t) AP(OO)[1 - Cl + ) I. (4.32) 

Letting p(0,0) - 0 when t - td yields the relationship between the width 

of the charge-neutral. N region and the charge storage delay time for a 
uniformly doped thin base diode 

W2 4(l+,}2  

Dtd IT 
P 

(4.33) 

Note the similarity between this and Equation (4.15). Equation (4.331 can 
also be derived using the high injection equations; Wn is obviously 

independent of the injection level. 

4.5 SmaLL SignaL Junction Capacitance 

The junction of uniformly doped P and N materials is abrupt. The space 
charge densities In the depletion region on the P and N sides of the 

junction are respectively Eli pp8oil 

p 
o - - q N8 and - q Nd. (4.34) 
'  

For a pn diode N€ <' N3, and since the total, space charge must be the 

same on both sides of the junction, then the depletion region width on 

the P side contributes very little to the total depletion region width, W, 

and the potential across the P side can be neglected. The N side electric 

field is given by the integral of the space charge, that is 

(4.35) 
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where € is the permitivity of silicon, and the E flew vanishes at the 

depletion region edge. The potential distribution In the N side of the 
depletion region is obtained by integrating Equations (4.35] to yield 

qNd W 21 

€ L 2Wj 
(4.36) 

where 4) is the potential at x 0. The potential across the narrow P side 
is approximately zero, so the potential difference across the depletion 

region is the difference in potential between the points x - W and x 0, 

that is 

qNW2 
-  d  which also equals bi - 

flP 2€ 
(4.37) 

where is given by Equation (3.35). Solving Equation (4.37) for W gives 

Because the junction capacitance is Ill pp83]1 

then 

 2 V. 
C2 qN€A2 qN€A 

(4.38) 

(4.39) 

(4.40) 

and a plot of vs V will be linear for an abrupt junction diode. 
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5 DIFFUSED JUNCTION DIODES 

Doping Conc. 

  P Diffusion 
W Diffusion 

Background Doping t% 

4 

Resultant N a = - 

ResuLtant N = N  - P N 

P side N side 

x 

x 

Figure 51 Doping Profile for a Typical pn Diode 
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Figure 5.1 serves to illustrate the non-uniformity of the doping for a 

typical diffused junction pn diode. The anode is formed by a P 

diffUsion into the N substrate. The P concentration at the anode 

surface is made large enough to produce a non-rectifying ohmic contact 

11:1 ppl7O]L The N diffusion is required for a non-rectifying cathode 

contact. 

Neither the ideal diode equation nor the improved diode equation 

accounts for the small electric field in the buLk regions created by the 

doping gradients. Accurate knowledge of the doping profile is required 

to solve the equations of state for a non-uniformly doped device, and 

simple closed form solutions will not aLways be possible. However, an 

understanding of the influence of non-uniform doping can be achieved 

through consideration of a particular diode - one that is exponentially 

doped. Manageable-solutions are attainabLe for this device. Actual 

Gaussian and erfc doping profiles do approximate exponential, curves 

Doping Conc. 

Exponential 

Approximation to the 

Doping Profile 

P side N side 

x 

Figure 5.2 Exponential Approximation to the Doping Profile of a 

typical pn Diode. 
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sufficiently far from the contact, and the exponential doping profile 

illustrated in Figure 5.2 is not very unlike that of a realistically doped 

diode. 

5.1 The Equations of State for Non-uniform Doping 

The most general form of the hole transport equation is deduced as it 

was for uniform doping except that now Nd is recognized to be a function 

of x. Differentiating the charge balance equation, Equation (2.6), gives 

dx dx dx 

when this is used in place of Equation (2.8), the hole transport 

mechanism for non-uniform doping becomes 

pn 

J.t  

D  
1+ 
Dp pn 

+ 

D - o 
p  

On P 
1+ 
Op 
Pn 

dp 

dx 

Low level injection and charge neutrality imply that 

Pn<<flr, and nn Nd, 

and applying these conditions to Equation (5.2) gives 

1kT 1 dNdl. dp 

(5.1) 

dN 
(5.2) 

dx 

(5.3) 

The-term within the square brackets is recognized as the equilibrium 

electric field, obtainable also by setting J = 0 in the electron transport 
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equation,. Equation (2.2). This field remains undisturbed even when 

current flows as Long as r Nd. There must of course be some 

departure from charge neutrality to generate the space charge for the 

electric field. An exponential doping profile in the N region will be 

described by 

x /7's 
Nd=Ndo e 

where ? is the doping diffusion length and 

Ndo is the donor doping concentration at x = 0. 

Substituting this into Equation (5.3) yieLds the Low injection hole 

transport equation 

J -- q 0— p - qD a• 
P 7. fl dp dx 

(5.4) 

(5.5] 

The DC and time dependent continuity equations are independent of the 

doping gradient. 

5.2 Low Injection DC SoLution of the Equations of State 

Substituting the derivative of Jp from Equation (5.5) into the steady state 

continuity equation, Equation (2.27), and using the Low injection net 

recombination' rate of Equation (2.24) gives 

where 

d2p dp j_ p= 1 

dx2 7 dx L2 
P 

2 2 
n. n. —x/7 

p -- - -- e 
° Nd Nj 

(5.7) 
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Note that 

dp dp dp 
since 

dx dx dx 

The boundary conditions for an infinitely Long diode are 

p-pm  and pp[O]atx-O, 

so the solution is 

2 
fl• - x/7 LTIA 2 PI 

p - —i-- e + pn (0) e (5.8) 
do 

Substituting this and its derivative evaluated at x 0 into the transport 

equation, Equation (5.5), yieLds the depletion region edge hole current 

density for an exponentially doped pn diode: 

D 
Jpn(0) 

Define the non-uniform doping factor 

Cl 
2 

+ 
ILl L 2 

i1_2_1 ._ 
[2?] 27k' 

and Equation (5.9) can be written as 

0 
,J pn 
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5.3 Low InjectionTranslent SoLution of the Equations of State 

Substituting the derivative of J from Equation (5.5) into the time 
dependent continuity equation, Equation (4.1), and using the Low injection 

net recombination rate of Equation (2.24) gives 

a2pn ap ap 
+ i . 

ax  ? ax L ° Dat p. + p 

The LapLace transform of this partiaL differential, equation is 

d2p + j .!?nJ_1j I. pn- p1102 p(x,O) 

dx2 dx [ L sL  DP 
P 

Substituting Into this 

and using 

Pn(X,O) from Equation (5.8), 

pno from Equation (5.7), 

p - p Oat x 00 for a Long diode, 

deLivers the soLution to Equation (5.13): 

- C1 e 

I_LJ. i:L+1+i.l 
[22 2 V 2 L Dpj 

+ p(x,O) 

$ 

According to the governing transport equation, Equation (5.5) 

(5.12) 

(5.13) 

(5.14) 

lap]  I i + P (0 0) L_  (0,0)_ Jf (5.15) pn  ___ 

[ax- qO cD 
x -O,t<O P • P 



Therefore 

+ P(O Jfujd lt) rev  

xOt>U qD q  

+ Pn(0,S) F1 1 
S ax] 

Substituting into this 

x -0, t<0 

+ p1.(0,0} 
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(5.16) 

(5.17) 

p, and Its derivative evaLuated at x - 0 from Equation (5.14) 

and 

pn and its derivative evaLuated at x - 0 from Equation (5.8) 

wieLds Cl, and Equation (5.14) becomes at x 0 

I /D lop-- 
p(OO) (1 + L 4 72 it. - \J 42 p (0,0) 

p (0, 
n s)=  f / 1 lop 

LV4 p V4 2 

.(5.18) 

This reduces to its uniformLU doped equivaLent, Equation (4.10), for Large 

A. In generaL E[9 pp673]J 

a - b 1  1 [b2_ 2]t 

- b s [Vs +a2 '1 a+blb [a ]- e erfc[-b]] 
j 

(5.19) 

which is of the same form as Equation (5.18) for 
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8= and b= 

Also, when p(0,t) decays to n•2/Ndo then t t; therefore, 

  + a erf [a Ii] - be - tcL k erfc-[ b FtdL]] - a + b  

(5.20) 

(5.21) 

If tdL is somewhat less than rp, as It Is for uniformly doped diodes, then 

erf [ a FtdL] - -L a, Ft 
FIT cL 

erfc[-bj]-1+ 2 b TtdL , 
FIT 

- tdL ' p 

e - 1, 

and Equation (5.21) becomes 

jt—  2{1+'} 1  

j\/r 2 

L L [2J 1+ __I2_ +-— 

Invoking the definition for C from Equation (5.10) gives the result: 

2(1+FTT 
'i)  

I FCp FtdL 

(5.22) 

(5.23) 
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exponentially doped diode than for a uniformly doped otherwise 

equivalent part. The value for 'r calculated from the measured delay 
time is smaller using the formuLa for the exponentiaLLy doped diode. 

5.4 The Low Injection Diode Equations for Non-uniform Doping 

From Equation (5.11) the exponentially doped low injection diode equation 

is 

On2 
IP A q L P N i [ e qVAT 

pdo 

(5.24) 

Combining Equation (5.24) with Equation (5.23) gives the low injection 

diode equation in terms of the charge storage delay time 

A q 

FtdL 

2 

  I [ qv/k1 1] 

[2 (1 + T) Ndo 

tH. 

(5.25) 

This is the same as its uniformly doped companion equation, Equation 

(4.16). From Equations (5.24) and (5.25) the low injection intercept for a 

non-uniformly doped diode is Nclo 

2 2 
Dn. FDP n. 

I = Aq=Aq  (5.26) 
L 12(1+i)  P 

5.5 High Injection Diode Equations for Non-Uniform Doping 

If the high injection condition, p = n, were satisfied everywhere in the 

charge-neutral N region, Nd would have no Influence, the field due to 
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the doping gradient would vanish, and the high injection equations 

would be unchanged for non-uniform doping. However, at some value of 

X < W, the doping profile of a realistically doped device will rise sharply 

towards a large degenerate value as illustrated in Figure 5.3. Beyond 

this point the high injection condition is not satisfied. This will not 

seriously change the overall shape of the hole distribution because the 
low and high injection diffusion lengths are much alike. But it will 

reduce the voltage drop in the charge-neutral N region due to a 

shortening of the the length over which the high injection electric field 

prevails. That Is, to get the voltage drop, Equation (3.42) cannot be 

integrated over the entire bulk region but only over that part where the 

high injection condition exists. Hence, Wb, a value less than Wn must 

replace Wn in Equation (3.43) which in turn reduces x and a. Otherwise, 

the high injection equations for uniformly doped diodes apply also to 

those that are not. 

Conc. 
in X u in 15 
IJ  

p - p(0) e'1-

5 x 10's 

2L 3L 4L 5L 

W  

Figure 5.3 High Injection Hole distribution and Doping Profile. 
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5.6 Lineai-Lg Graded Junction Capacitance 

Figure 5.4 shows an expanded view of the doping concentration near the 

depletion region for the diffused junction pn diode. The doping gradient 

a, is approximately Linear close to the junction, and the result Is a 

neat-Ly Linear space charge distribution, that is 

p'qax. (5.27) 

Na 

Doping Conc. 

P side N side 

Nd 

x 

-W/2 W/2 

Figure 5.4 Doping Concentration in the Vicinity of the Depletion Region 

Because the doping Is Linear, then at the depletion region edges 

NJ- W/2) - Nd(W/2) - a .. (5.28) 

The usual method for deriving the junction capacitance of a linearly 

graded junction is to assume that the electric field at the edge of the, 

depletion region is zero 111 pp8211 113 pp88]I 115 pp32]J. A more rigorous 
derivation accounts for the finite electric field at the depletion region 
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edge due to the doping gradient that exists outside of the depletion 
region; according to Equation (5.3) and (5.28) this field is 

E(W/2)__.!SI 1  1.41x 1tV2 kT2 
q Nd(W/2)[ cixj q w 

-  

(5.29) 

Using this boundary condition to integrate the symmetrical Linear space 

charge distribution gives 

E- 1a [ -- x2 .Jt _. I2.. 
2€ 4 qW' 

and the maximum electric field occurs at x - 0, that is 

2 

Emac 2€4 qW 

Integrating Equation (5.30) gives the potential distribution, 

1 2 31 
+ isI2, 

2E L4 3jq  

(5.30) 

(5.31) 

(5.32) 

where use has been made of the boundary condition 4, -4 at x - 0 which 
will be useful later. The total potential, across the depletion region is 

 + 2kt. (5.331 
12€ q 

The built In potential is obtained by combining Equations (3.35) and (5.28) 

to give 



4, bi q 2n1 
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(.34) 

Unlike that of an abrupt junction, the built in potential of a linearly 

graded junction depends on the width and consequently on the applied 

voltage. When voltage is applied the potential across thedepletlon 
region becomes 

4,bl - V rip p 

and equating this with Equation (5.33) gives 

w3_12E[2-1n_ 2J1_V' 
qa[ q 2n1 q j' 

(5.35) 

where use has been made of Equation (5.34). Equation (5.36) must be 

solved numerically for W. Substituting this into Equation (4.39) yields 

1 12  lbr 2 .!SI]  12  v• 
3 23 23 
C € Aqa q € Aqa 

(5.37) 

hence, a plot of 1/C 3 vs V is expected to be (Anear for a linearly graded 

junction diode. The doping gradient can be determined from the known 
breakdown voltage using the empirical relationship between these 111 

pplO4]J. Therefore, once a is established, the area of the junction can be 

determined from the slope of the plot of 1/C 3 vs V. At V - 0 the vertical 

intercept of this plot is 

where 

_L.  12 -2 T]' 
3 23 
€ A qa 

C is the equilibrium junction capacitance and 

(5.38) 
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is the equilibrium buiLt in potential. 

Comparing Equations (5.38) and (5.37) it, Is apparent that 

-2 kT + Intercept  
q slope 

(5.39) 
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6. DIODE EQUATION EVALUATION 

To test the improved diode equation's ability to predict the forward 

characteristics of a diode at aLl temperatures, the equation must be 

supplied with the essential, parameters pertaining to the particular 

diode. To begin with, the high and Low injection intercepts are obtained 

from a measured forward characteristic, substituted into 

I - I 
ph 

2 

qV/kT 

21 [ 
and compared with the measured curve. Then the theoretical 

temperature dependencies of 1h and J are tested, and finally the 

caLculated quantities, 

IlI crAqn and D n2 
L 
P pdo 

are compared with their measured values. 

6.1 ModeLLing With 'h and 15 at Room Temperature 

(3.40) 

A 1N4764 100 voLt 1 watt zener diode is chosen as a typical part. Figure 

6.1 shows its measured room temperature forward characteristic. The 

two required tangent lines of slope (q/2kT) Log e and Eq/kTJ Log e have 

been drawn on the measured curve, and 'h and Is are found to be 

- 3.lxlcr9 amps and I - 4.1x10 amps. 

Figure 6.2 shows the result of using these values in Equation (3.40) to 

generate the theoretical characteristic. 
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Current 100 

(amps) 10-2 

10-4 

10-6 

'h io-% 
10 10 

10-12 

is 10 

10-16 
0 

Measured 0000000 

I I I I I I I I  

.1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 

Fi9ure 6.1 A Measured Forward Characteristic Showing the Tangent 

Lines and High and Low Injection Intercepts, 

Current 

(amps) 

1 .1 .2 .3 .4 .5 .6 .7 .8 

Forward Bias (voLts) 

Figure 6.2 A Comparison of the Measured Currents and the Improved 

Diode Equation With Zero Series Resistance. 
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To account for the series resistance, it is necessary to replace V with 

Va - R I. This makes the improved diode equation non-explicit In I, but 

an iterative solution can be avoided by using the measured values for I 

in the expression V. - R5 I. The result of this is depicted in Figure 6.3. 

The value of the series resistance is selected by trial and error to cause 

the theoretical and measured curves to match In the high current region. 

That value is 

R = 1.4) at 25°C. 

Current 

(amps) 

.1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 

Figure 6.3 A Comparison of the Measured Currents and Those 

Generated by the Improved Diode Equation With the Series 

Resistance Accounted for. 

6.2 The Temperature Dependence of 'h and I 

The intrinsic carrier concentration has a much greater influence on the 

temperature dependence of the intercepts than do any of the other 

parameters. r is given by Eli ppl8]1 



60 

-E GAT -E9/kT 
n - N0 N e '. o.g4x1032 T e , (6.1) 

where the temperature dependence of the bond gap energy has been 

determined to be 111 ppl3]] 

E - t17 - 4.73x10 4 
9 1+636 

The hole mobility, Jip, is accepted as being proportional to T'2 ff1 pp32]1 

which, according to the Einstein relation, makes D proportional to T112. 

The temperature dependence assigned for now to the lifetime is T3a, 

because the mean time between coWsions involving carriers and 

impurity traps Is accepted as being proportional to 13/2 111 pp33]1; 

experimental support for this follows. The high injection factor, o, 

contains two terms: E and eX. E contains only ratios of Like parameters, 
so it is independent of temperature. Calculated values of e using Wb - 

L at 25°C show that this term varies by less than 20% when the 

temperature changes from 25° C to 250°C. According to the definition 

for C its temperature dependence is less than that of L (which is 

proportional to T'12) and becomes completely temperature independent 

for appreciable A. Therefore, 

2 

and Ioc n --. 16.3) 

Using the measured 25°C intercepts for the 1N4764 diode in Equations 

16.3) gives 

6.4x10 17 5.8x10 33  
Ih a1 n and I rL 

Substitution of these into the low (ideal) and high injection equations, 

r v/kT 1] and IPIhe qV/2kT 
51e 
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Current 100 

(amps) 
10 .-i 

1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 

Figure 6.4 A Comparison of the Measured Currents and Those 

Generated by the Low [IdeaL) and High Injection Equations. 

Current 100 

(amps) 
10 -1 

.1 .2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (voLts) 

Figure 6.5 A Comparison of the Measured Currents and Those 

Generated by the Improved Diode Equation. 
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results in the theoretical predictions of Figure 6.4. The some 

expressions for 1h and Is are used in the improved diode equation, 

Equation (3.40), to generate the theoretical characteristics of Figure 6.5. 

In both cases series resistance has been accommodated. 

The data of Figure 6.6 confirm that the high Injection Lifetime Is nearly 

proportional to T3'2. The correlation coefficient Is .998, and the linear 

regression relation is 

td (j..tsec) - .15 + .000028 13/2. 

Delay Time .40 
[p.sec) 

.35 

.30 

.25 

5000 6000 7000 

Temperature (K) 3'2 

Figure 6.6 High Injection Charge Storage Delay Time vs T3'2. 

6.3 CaLcuLatáon of 1h and I at Room Temperature 

8000 

Numerical solutions would be required to handle actual doping profiles; 

otherwise, it is only possible to see if the values of the parameters 

needed to equate the calculated and measured intercepts are 

reasonable numbers. Estimates are required for the area, the lifetimes 
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and the doping. The same 1N4764 diode is considered. The geometry of 

this device without its metaltizatlon Is Illustrated In Figure 6.7. The 

square 20 miL wide die has a 12.5 mil wide diffusion window, and the 

wafer Is 8 mils thick, where 1 mu - 1/1000 in 111011. Therefore, 

A .0010 cm2 and W z .02 cm. 

P Diffusion 

N Substrate 

Junction 

Width 

$k== 11 I IIIIIIIIIIIII1IIIIIIIIIIII1II1IIIIIIHIIII liii" 
IlIlIulilUlilt I IlUlil lIIIIIIIIIIIIIIIIIII IIIIItIIIIIIIIIIIlIIIIIIIIh'ItIiIilhIINIUhIIIIUt 

Die Width 

Figure 6.7 Physical Geometry of the Tested Diodes. 

Wafer 

Thickness 

W Diffusion 

The Junction area can also be deduced from the measured small signal 
junction capacitance for various values of reverse bias. The Linear 

regression relation for the measured data of Figure 6.7 is 

- .18x1O 33 + .47x10 33 I Vf, 
C. 
J 

and the correLation coefficient, is .9999. This suggests that the junction 

is Linearly, graded. The expected doping gradient for a breakdown 

voltage of lOOvolts is 111 pplo4ll 

a - .9x10° CM-4. 
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This value and the actual slope of the regression line can be used with 

Equation (5.37) to predict the area, and it is 

A - .0012 cm2. 

This is about the same as the area of the P diffusion window plus the 

area due to the actual lateral diffusion of about 10 microns 111011. 

0 x 1033 
0 

1N4764 bOy 1W @ 25'C 

iic - .18x10 33 + .47x1033 1VI 

L 
Measured 0 

Regression - 

I I I 

1 2 3 4 5 6 7 8 9 10 

Reverse Bas (volts) 

Figure 6.8 The Measured Small Signal Junction Capacitance 

In Figure 6.8, the measured charge storage delay times for various 

currents are plotted on the some graph as the measured forward 

characteristic, along with the theoretical low Injection diode equation, 

and the theoretical high injection diode equation in order to show the 

relationship between delay time and injection LeveL The high injection 

lifetime can be obtained from the high injection delay time using 

Equation (4.22). For the measured tdH of .29x10 sec and the actual ' of 

1.1, 

- 1.6x10 6 sec at 25'C. 
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Current 100 

(amps) 
10-1 

.2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 
or 

Delay Time (jisec) 

Figure 6.9 The Relationship Between Delay Time and Injection Level. 

According to the measured lifetime, the diffusion length is about 1/4 of 

the length of the charge-neutral, N region. This adequately satisfies the 

infinitely long diode criteria that requires this fraction to be less than 
about 1/2. 

The manufacturer specifies the substrate resistivity to be between 0.171 

and 0.230 0 cm E101. This translates to a background doping, F%, of 
2x1016 to 4x10 cm. 

According to Equation (4.23) 'h can be written as 

I 

Iii- e- x I2l1+JAq  p n. (6.4) 
/:-2(1+j} 
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But O/D z.1/3, and ' - 1.1 was the ratio used to measure t, hence 

DP 
1h - e X 0.69 A q J n. 

FtdH 
Using - 320 for t% - W016 114 pp60]1, A .0012 cm2 

tdH - .29x10 sec, n - 1.45x1010 cm 

gives 

Ih - e 10.2x10 9 

(6.5) 

compared to the measured vaLue of 3.lxlcr5 obtained from the intercept 
of the (q/2kTJ Log e tangent Line on the actuaL 25°C characteristic. If 

the measured and caLcuLated vaLues for 1h are to be equal, then 

-1.2, 

and using Equation (3.44) with W replaced by tUb gives 

W,- 1.4L. 
But 

W 
L-./i5 r -.0045cm-a' 

therefore 

Is is calculated using Equation (5.26)) 

IS - Aq  
FtdL 2 {1 + T} Ndo 

FTr 

(5.26) 
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which for - 1.1 translates to 

• _ 

is -O.42Aq ') 

Ft  NdQ 

The measured value of the low injection delay time is 

tdL - .30x10- 6 sec. 

(6.6) 

The value of Ndo needed to make the calculated value of Is equal to the 

measured value obtained from the intercept of the (q/kT) Log e tangent 
line on the actual 25°C characteristic is 

Ndo - 2.3x10'6 cm. 

This compares favorably with the manufacturers specified background 

doping range of 2x1O to 4x1O cm-3. 

Table 6.1 shows a comparison of measured and calculated diode 

parameters for four different zener diodes of the same family and 

manufacturer. In each case the known area of the P diffusion window is 

somewhat smaller than the junction area obtained from the junction 
capacitance measurements; this is expected, since the difference is due 

to lateral diffusion. For each diode the value for Nth needed to equate 
the calcuLated Low Injection intercept with the measured value 

(obtained as shown In Figure 6.1) Is either within the range of or just 

below the background doping specified by the manufacturer; according 

to Figure 5.2, this is the expected result. The Wb/Wfl ratios needed to 

equate the calculated high injection intercepts with the measured 

values (obtained as shown in Figure 6.1) are in the range of 1/5 to 1/3; 
according to Figure 5.3, these are not unreasonable fractions. 
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1N5253 1N5360 1N5369 1N4764 

25V 0.5W 25v 5W 51V 5W bOy 1W  

p.c,, ([4 pp6oll 135 135 270 320 

a cm 111 pplO4ll 3x102' 3x102' 4.7x1020 9X'1019 

Area cm2 of P window .0010 .014 .014 .0010 

Area cm2 from Cj .0011 .015 .015 .0012 

Measured tcL p.sec .28 .28 .21 .30 

Measured tcH jisec .27 .27 .21 .29 

'c jsec from meas'd. tdH 1.5 1.5 1.2 1.6 

Measured I. amps 3.7x1( 6.5xlcr'5 1.8x10-14 4.1x10 '5 

MeasuredIh amps 2.4x1cr9 2.4x10 8 3.9x10 8 3.lxlO 9 

Spec'd. t% cm ([1011 2-+4x1017 2-'4x1017 5-'8xb0 2-'4x10 

CalcuLated Ndo cm 1.7x1017 1.2x10'7 7.0x10 2.3x1016 

Calculated Wb/W 1/5 1/4 1/4 1/3 

Calc'd. equiUbrium W0 .26x10'4 .26x10 4 .47x10 4 .80x10 4 

Calc'd. equilibrium 4 .76 .76 .70 .64 

Meas'd. *uO from C, .65 .62 .73 .44 

TabLe 6.1 Summary of 25°C Diode Parameters. 
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The equilibrium depletion region widths tabulated in Table 6.1 are 

calculated using Equation (5.36) with V - 0. Three of the four values of 
the equilibrium built In potential, , calculated Using Equation (5.34) 

with W - W0 are somewhat larger than those determined from the 1/C/ 

vs V plots using Equation (5.39). This small discrepancy is of no 

consequence to this work, and it is not examined further 

6.4 Series Resistance 

Theory predicts that good ohmic contacts are dominated by the 

tunneling mechanism and can be modelled by small temperature 

independent resistors E[1111 111211. Most of the measured values of series 

resistance tabulated in Table 6.2 are Independent of temperature. The 

process of selecting values of series resistance that produce a match of 

the improved diode equation or the high injection equation to the 

measured characteristics at large currents turns out to be a method for 

measuring that series resistance. 

1N5253 1N5360 1N5369 1N4764 

25V 0.5W 25v 5W 51V 5W bOy 1W  

R5(50°C) () 0.87 0.47 0.60 1.4 

R9E100° C) ) 1.1 0.63 0.87 1.7 

R(15O° C) 0 1.1 0.63 0.87 1.9 

R(200 °C) 0 1.1 0.63 0.87 2.1 

R5[250 ° 0 1.1 0.60 0.87 2.2 

TabLe 6.2 Measured Series Resistance at Elevated Temperatures 
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6.5 Diode Parameter Measurement Considerations 

Figures 6.10, 6.11 and 6.12 compare the features of two diodes that are the • 

same in all respects except for their areas. They are both 25V zener 

diodes, but the 1N5253 is a 0.5W device, and the 1N5360 is a 5W device. 

These are the same members of the group of four diodes whose 

parameters were tabulated in Table 6.1. The two parts were not 

fabricated on the same date. 

In Figure 6.10, the measured charge storage delay times for various 

currents are plotted on the same graph as the measured forward 

characteristic, along with the theoretical low injection diode equation, 

and the theoretical high Injection diode equation in order to show the 

relationship between delay time and Injection Level. This Figure 

demonstrates that these more heavily doped diodes do not exhibit much 

high injection current at room temperature in the current range shown. 

The slope is just beginning to change from q/kT Log e to q/2kT Log e at 

the top of the characteristic. It is necessary to show enough of the high 

injection region to facilitate accurate construction of the q/2kT Log e 

tangent Line. To avoid the use of higher current and the possible 

interference of self' heating, it is preferable to measure the diode 

characteristic at an elevated temperature where high Injection is more 

prevalent. Alternately, even with Little high injection exposed, a trial 

and error match of the improved diode equation with the measured data 

in a computer that plots both gives good estimates for 1h"s' and I% 

The measured delay times for the 0.5111 diode of Figure 6.10 do not 

change significantly when the current increases from Low to high 

injection. The high injection Lifetime is given by ' - cp  + ¶, and if c,. << 

then there would be no noticeable change in the Low and high 

• injection delay times. Also, according to Equation (5.23), c.,, could be 

equal to t/2 even when t - t, provided that C - 2 ui'2• Equation (5.10) 

predicts that C will take on this value if 7 L, and according to Figure 

5.3, It Is possible for the carrier diffusion length to be similar to the 
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Current 100 

(amps) 
10-1 

Current 100 

(amps) 
10_I 

.2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (voLts) 
or 

DeLay Time (jisec) 

.2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (voLts) 
or 

DeLay Time (p.sec) 

Figure 610 Measured DeLay Times for a 0.5W and a 5W Zener Diode. 
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2 3 4 5 6 7 8 9 10 

Reverse Bias (voLts) 

1N5360 25V SW • 25C 

i/c - .37x10 + .65x10 2B IV I 

Measured 

Regression 

I I I I I I I I 

o.e 

01 2 3 4 5 6 7 8 9 10 

Reverse Bias (voLts) 

Figure 6.11 Junction Capacitance, Characteristics for Reverse Biased 

0.5W and 5W Zener Diodes. 
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Current 100 

[amps) 
10-1 

10-2 

1N5253 25V 0.5W 

250°c 

200°C 

150°C 

1000C 

iü- - 50°C 

10-6 
0 

Current 100 

(amps) 
10-1 

'0 0 

.1 

01 

Measured 

Theoretical - 

I I I I 

.2 .3 .4 .5 .6 .7 .8 .9 

Forward Bias (volts) 

.1 .2 .3 .4 .5 .6 .7 .8 .9 

Forward Bias (volts) 

Figure 6.12 Measured Currents and Theoretical Currents Generated by 

the Improved Diode Equation for 0.5W ,and 5W Zener Diodes. 
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doping diffusion length. Consideration must be given to the effects of 

non-uniform doping when calculating from the measured tj. 

Since the relationship between delay time and lifetime is not area 

dependent, it is easy to believe that the delay times for the 0.5W and 

the 5W parts should be the same. However, Figure 6.10 shows that the 

measured delay times for the 5W diode increase significantly as the 

current falls, while the 0.5W diode delay times remain constant. When 

the forward current of a pn diode is suddenly reversed, the reverse 

current removes the charge stored in the bulk regions, but It must also 
restore the depletion region space charge. It will be shown that the 

time required to restore the space charge is insignificant only if the 
diode area is small. 

An estimate of the equilibrium depletion region space charge can be 

ascertained from the junction area, the equilibrium depletion region 

width and the doping gradient. These were tabulated in Table 6.1. 

The charge stored on each side of the depletion region capacitance at 
equilibrium must be 

2 
[Wi 

Q - AQaI—I 
0 2 • 2j 

Substituting into this the parameters for the two diodes gives 

- 4.5x10-1' coul for the 0.5W diode 
and 

- 6.lxlO-10 coul for the 5W diode. 

(6.7) 

As an example, consider a forward current of 3 mA. At this level of bias 

almost all of the depletion region space charge has been removed from 

both diodes. The reverse current is ' x 3 mA - 3.3 mA. At this current 

the time required to restore the space charge is 

t - Q0/Ip, z 0.01 jisec for the 0.5W diode 
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and 

t - Q/I 0.18 jasec for the 5W diode. 

Note that these times Increase for smaLler current. Figure 6.10 shows 

that the additional time to restore the space charge for the 0.5W diode is 

Insignificant compared to the measured constant delay time. However, 

the space charge recovery time for the 5W device is a substantial 

fraction of the measured delay time, and it seems to be responsible for 

the increasing delay time with decreasing current. Hence, the space 

charge recovery time component of the delay time must be considered 

when Lifetime calculations are executed for Large diodes. 
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7 THE LOW CURRENT DOMAIN 

The diode equations presented thus far model only the charge-neutral 

region processes and not those of the depletion region. Depletion region 

RG current, 1, dominates the very low current portion of the forward 

characteristic and also the reverse characteristic as shown in Figure 7.1. 

The improved diode equation alone accurately models reverse current 

only at elevated temperatures where IFG is inconsequentiaL A good 

mathematical portrayal of both the low and high current domains would 
be given by the sum of the current predicted by the improved diode 

equation, J,, and the current predicted by a depletion region RG equation, 

I. Two depletion region RG models will be compared with measured 

data. 

Current 100 1N369 51V 5W 
(amps) 10 2 - 

10 - 150 

10-8 

10-10 

10-12 

10-14 

10 16 
-1 

Theoretical - 

I I I I I I I I I 

'p 

Measured 0000000 

-.8 -.6 -.4 -.2 0 .2 .4 .6 .8 
Reverse (volts) Forward 

Figure 7.1 A Comparison of the Measured Forward and Reverse 
Characteristics With Those Generated by the Improved Diode 

Equation Showing the Influence of Depletion Region AG 

at Low Current and at Moderate Temperatures. 
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7.1 The Standard DepLetion Region RG Equation 

The standard textbook version of the depletion region RG equation is 
derived as follows Eli pp94]J. Equation (2.33), 

2 qV/kT 
np-ni e (2.33) 

is applicable everywhere in the depletion region. Substitution of this 

equation into the expression for the net recombination rate given by 

Equation (2.22) gives 

2r •J]_  r  

-c 1P + n + 2 fl.1 $ 
oL Ii 

(7.1) 

where equal hole and electron capture cross sections have been 

assumed; that is, c  ce. Also, the energy level of the 

recombination centers or traps Is assumed to be located at the Intrinsic 

energy Level. According to Equation (2.33) the product of p times n is a 

constant, so 

dx dx dx 

U reaches a maximum when the denominator of Equation (7.11 is a 

minimum, that is when 

(7.2) 

d(p+n)-O. (7.3) 

The condition that satisfies Equations (7.2) and (7.3) and maximizes U is 

p - n. 

Combining this with Equations (2.33) and (7.1) gives 
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- n [eQ1 -  1]  qV/2kT 
U  

max 2 co  I qV/2kT + 1J 1 2ico 
for V > 3 kT/q, (7.4) 

that is, for forward bias. Substitution of this Into the hole continuity 

equation, Equation (2.27) and integrating over the depletion region yields 

-P -(1W RG 2c 
0 

qV/2kT 
ne 

(7.5) 

where J Fe is the forward depletion region RG hole current density. 

Similarly, Equation (7.4) could be substituted into the electron continuity 

equation, Equation (2.28) to yield the same result. The change in hole 

current across the depletion region must equal the change in electron 

current because equal numbers of holes and electrons recombine. The 

forward current density distributions for a pn diode are illustrated in 

Figure 7.2; It is apparent that the total current density is given by the 

change in hole current density across the depletion region plus the 

charge neutral region hole current density at the depletion region edge. 

x 

Figure 7.2 Depletion and Bulk Region Currents for a pn Diode. 
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Multiplying Equation (7.5) by the area gives the change in forward 

current across the depletion region, that Is, 

W qV/2kT w qV/2kT 
- A q n e - A q - n e . (7.6) FUA 2'c0 

To test the ability of Equation (7.6) to predict the forward J, it is 

necessary to supply that equation with the area, the depletion region 

width and the high injection Lifetime of the diode used for the test. A 

diode that exhibits appreciable IFG at moderate temperatures Is the 

1N5369. It is a 51V 5W part, it Is one of the four diodes listed in Table 6.1, 

and its forward and reverse characteristics were plotted in Figure 7.1. 

The measured 1N5369 250 C junction capacitance characteristic of Figure 

7.3 Is Indicative of a Linearly graded junction. The measured 25°C delay 
times for this diode are plotted in Figure 7.4. 

0 1 2 3 4 5 6 7 8 9 10 

Reverse as (volts) 

Figure 7.3 Junction Capacitance Characteristic for a Reverse Biased 51V 

5W Zener Diode. 
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Current 100 

(amps) 
10_i 

.2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (voLts) 
or 

Delay Time (jisec] 

Figure 7.4 The Relationship Between Charge Storage Delay Time and 

Injection Level for a 51V 5W Zener Diode. 

ALL of the parameters needed to evaluate the IFG equation for the 

1N5369 diode are Listed in TabLe 6.1, except that Equation (5.36) must be 

evaluated numerically to determine the depletion region width for each 

value of the applied voltage. TabLe 7.1 shows that W is a weak function 

of V. 

V Ivolts) W 1cm)  

-1.0 .65x10 

-0.5 . 58x10 

0 .47x10 

0.1 .45x10 

0.2 .42x10 

0.3 .39x10' 

0.4 .34X1074 

TabLe 7.1 Depletion Region Width and Voltage for a 1N5369 Diode. 
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The theoretical, depletion region AG current, Ip, generated by Equation 

(7.6) and the theoretical charge neutral region current generated by the 

improved diode equation, I, are compared with the measured data for 

the 1N5369 diode in Figure 7.5. The prediction of Equation (7.6)19 much 

too large at this temperature, and the slope of the measured forward 

characteristic In the low current region Is larger than that predicted by 

Equation (7.6). This result is not unexpected, because the net 

recombination rate used in the derivation of Equation (7.6) was the 

maximum value of the recombination rate within the depletion region. 

Current 100 

(amps) 
10-2 

.2 .3 .4 .5 .6 .7 .8 .9 1 

Forward Bias (volts) 

Figure 7.5 A Comparison of the Theoretical Depletion Region RG 

Current, the Improved Diode Equation and the Measured 

Forward Characteristic of a 51V 5W Zener Diode. 

In the reverse direction n and p are assumed to be much less than r, so 

the net recombination rate of Equation (2.22) becomes 

W I'- nI 
2 t  ni cosh(vt q/kT)' 

(7.7) 
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where Vt is the potential corresponding to the trap energy level 

difference E - Et. Inserting this expression into the continuity equation 
and integrating over the depletion region gives 

I z2 Aqn1W 
RORev 2't0 cosh {vq/kTY 

(7.8) 

This can be forced to agree with the observed reverse current by the 

appropriate selection of Vt. 

7.2 The Refined DepLetion Region RG Equation 

The net recombination rate can be written as 

2 
p n - n 

n[ qv/kT]j -qv/kTjV U  + 'C• [ n+ 
p•n1e  

(7.9) 

Substituting into this the quasi Fermi level expressions for p and n from 

Equations (2.30) and (2.31) and also the p n product from Equation (2.331 

gives 

n I [ •',VAT _ 1] 

U-

['Cn 
e- ' Y +' T e iI  L qv,  -q( -+/kT p q( -f1)/kT] 

I ce  

(7.10) 
Figure 7.6 shows that for a symetncal Linearly graded junction 

and - 4. - . (7.11) 

Substituting Equation (7.10) into the continuity equation and integrating 
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max 

V/2. 

max 

X 

Figure 7.6 The Space Charge, Electric Field and Potential Distribution 

for a Linearly Graded Junction. 

over the depletion region gives the integral form of the refined 

depletion region RG equation for a linearLy graded junction: 

U.V2 

Aqnj[e1'kT_i] i dx 
RO qV/2kT 

- U.V2 1 + e  ['rn e 'te - q (f - f)/kT q ( - +i/kTl 
j 

(7.12) 

where 'rt has been defined as 
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qv, 

TT kT +'ce (7.13) 

The expression for (4 -4)) as a function of x for the Linearly graded 
junction was given by Equation (5.32), 

1 2 31 
+ .I2-x 

244 3J q  
(5.32) 

which can now be substituted into the integral of Equation (7.12) and the 

result evaluated numericaLly. The only question is whether or not 'r 

and TP have the same value in the depletion region as they have in the 

charge neutral region. These regions differ by the P diffusion which 

couLd introduce impurities that alter the nature of the recombination 

centers in the substrate. Figure 7.7 shows the result of the numerical 

Current 100 

(amps) 10-2 

10-4 

10-6 

10-8 

10_10 

10-12 

10-14 

10 16 
-1 

1N5369 51V 5W 9 25 C 

—Theoretical I RG 

Measured 

Theoretical I I 
I I I I 

Theoretical - 

I I I 

-.8 -.6 -.4 -.2 0 .2 .4 .6 .8 
Reverse (volts) Forward 

Figure 7.7 A Comparison of the Improved Diode Equation, the Refined 

Depletion Region RG Equation and Measured 1N5369 Data. 
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Integration for the 1N5369 diode at 25°C. The set of parameters used to 

obtain this agreement are not unique; they range from about 

Vt - .07 for c - cp  -2 r, to Vt - .05 for 'r - c and - 4 'r, 

where r is the high Injection Lifetime determined from the high injection 

deLay time. Some assumption must be made about the relative 

magnitudes of and c, and the sign of Vt to match the measured and 

theoretical characteristics. The evidence suggests that the difference 

between the bulk region and depletion region lifetimes for this diode is 

not unexpectedly Large. The values of Vt show that the average trap 

energy Level is about AT to 3kT away from the Intrinsic energy Level at 

25°C. This is reasonable for typical impurities 111 pp23]J 111411 and crystal 
dislocations 111511. It is evident from Figure 7.7 that as the Low to high 

injection breakpoint moves to the Left with Lower substrate doping, the 

difference between I and IFO becomes less significant. Figure 7.8 

compares the measured 1N5369 characteristics with the 

Current 10° 1N5369 51V sw  
(amps) 

10-2 - 250°C 

In .-4 - 200OCJ d* 150°C 
100° C 

10-6 - 

•  

10-a  

10-10 •°  

10-12   
-1 -.8 -.6 -.4 -.2 0 .2 .4 .6 .8 1 

Reverse (volts) Forward 

Figure 7.8 A Comparison of the Comprehensive Diode Model with the 

Measured Characteristics of a 51V 5W Diode. 

50°C 

Measured 0000000 

Theoretical - 

I I I I 
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theoretical, currents generated by the sum of the improved diode 

equation and the refined depletion region RG equation for a wide range 

of elevated temperatures. The summation of these two equations is 

referred to as the integral form of the comprehensive diode model. 

Figure 7.9 shows a comparison of the comprehensive diode model with 

the measured characteristics of a 25V 5W diode. The parameters of this 

diode were tabulated in Table 6.1, and its delay time, capacitance and 

forward current characteristics were plotted in Figures (6.10, 11, 12). The 

parameters used to obtain this fit range from about 

Vt - .12 and ' 're,, .3 r, to Vt .09 and 'r .1 'r and .9 'c. 

If the second set of parameters is the correct one, then 'r + in the 
depletion region equals r In the bulk region, and there is no apparent 

difference in the lifetimes of the two regions of this diode. Also, Tn < 

Current 100 

(amps) 
10-2 

10-6 

10 

10-10 

10 12 
.-1 -.8 -.6 -.4 -.2 0 2 .4 .6 .8 

Reverse (volts) Forward 

Figure 7.9 A Comparison of the Comprehensive Diode ModeL with the 

Measured Characteristics of a 25V 5W Diode. 
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and that is in keeping with the generally observed indifference between 

the Low and high injection delay times. Figure 2 of reference 11611 
suggests that c, can be Less than 

In these Last two examples it was assumed that because it is 

believed to be this way In the N bulk. However, the lifetimes In the bulk 

are not generally the same as those in the depletion region; also, if the 

magnitudes of and 'c are reversed, the fit can be maintained by 

reversing the sign of Vt. It is not possible by matching the theoretical 

model to measured data to uniquely determine Vt, the sign of Vt, 'r and 

,cp. Therefore, for modelling purposes, It seems reasonable to drop the 

distinction between the ¶'s in the depletion region, and to use instead 1r0 

zrn = cp and consider Vt as the absolute value of the trap potential. 

'Since 2r0 z cn + 'ce,,, then c0 can be thought of as the average of the 

two lifetimes. This suggests a simplification for the definition of 1tt, 

qv, 

kT kT kT 
+' r0e (7.14) 

since the term with the positive exponent is larger than the other. 

An analytical solution of the refined depletion region RG equation is 

possible. The second and third terms of the expression for -4) given 
by Equation (5.32) are significantly smaller than the first term; that is 

4)Qâw2 x for xO L. 
8€'' 2 

(7.15) 

When this is used in place of Equation (5.32) in the integral form of the 

refined depletion region RG equation, Equation (7.12), there is no 

perceptible difference in the numerically integrated theoretical curves 

of Figures 7.8 and 7.9. Because the depletion region potential 

distribution of Figure 7.6 is symmetrical, then the quasi Fermi level 

expressions for p and n dictate that 
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p(x) n(-x), n(x) - p(-x), n(x) >> p(x), p(-x)>> n(-x). 

Hence, Equation (7.12) can be integrated in two parts: over the P side 

neglecting n since n<< p in the P side, and over the N .side neglecting p 

since p<< n in the N side. This can be done while maintaining the 

distinction between r and rn, but since there is Little merit' in doing so, 

the problem can be simplified somewhat by using the average Lifetime, 

'c, which makes the two halves of the Integral equal. Applying this 

technique and substituting Equations (7.14) and [7.15) into (7.12) gives 

1' Aqn1[ VAT _] 2 111/2 

J 
'r 

AG qv/kT 
0e 0 

This is easily integrated to give 

I A q n, [ eqVAT 

AG qv/kT 

0 

dx  
V.- 2v gaW2_& 

•e e _ 2k1/q Be k-T/q 
1  

(7.16) 

Uil2 

2X- 8€kT1[ v 2v g w2 x li 
2kT/q I I I. qauj q [i+e e 8 kT/q 

0 

(7.17) 

For substantial reverse bias the natural Log term in this equation 

vanishes, and 'AG reduces to the standard depletion region RG equation 
for reversed biased diodes, Equation (7.8). Continuing the solution: 

A q fl [ e hh1T - 2v V 
- - 2v1 

AG qv, /kT qaW2 q [ [ife J 2kT/qj 
2 In 2kT/q I 

A q n, [ v/kT -  V- 2vtj V - 2vT 
3 q [ [ + e 2kT/qj' (7.18) 
2 W kT 2 In 2kT/ 

qvt AT  
rip  e 
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where use has been of the fact that 

V-2vt qw2 w 
2kT/q B 2kT/q 
e e >> 1 

for all values of the applied voltage. Equation (7.18) is the refined 

depletion region RG equation. When the theoretical curves of Figures 7.8 

and 7.9 are redrawn using Equation (7.18) with the same c, — rp 

parameters as used before in Equation (7.12), there is no noticeable 

change. 

7.3 Surface Leakage Current 

Figure 7.10 shows a comparison of the comprehensive diode model and 

the measured characteristics of a smaller 25V diode, a 1N5253. The 

Current 
(amps) 

100 1N5253 25V 0.5W 

10-2 - 

2500C 
10-4 

200°C 
10-6 k  

In-B - 

IcJ 

1010 

10-12   

150°C 

100°C 

50°C 

Measured —00000 

Theoretical 

I I I I I I I I 

-.8 -.6 -.4 -.2 0 .2 .4 .6 .8 1 
Reverse (volts) Forward 

Figure 7.10 A Comparison of the Comprehensive Diode Model with the 

Measured Characteristics of a 25V 0.5W Diode. 
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measured reverse characteristic at the Lowest temperature has a 

greater voltage dependence than that predicted by the modeL Even 

though the surface leakage current is smalL, it can apparently exceed 

the reverse diode current at moderate and low temperatures. In Figure 

7.11 an additional current component, 

I V  
a R O.S/kT 

a 1500e 
(7.19) 

has been added to the theoretical model. The temperature dependence 

assigned to Ra to achieve the best fit is that which would be expected 

of a semiconductor oxide material, ([13 pp2-51]J used for fabrication of the 

P diffusion mask and the package. At Low temperatures surface 

Leakage dominates the Low current domain, and its presence can be 

recognized by the resistive voltage dependence of the measured 

current. 

Current 100 1N5253 25V 0.5w 
(amps) 10-2 - 

10-4 

10-6   

250 0C 

200°C 150°C 

loc 0  
- 

- 

lu  

1O_10 

50°C 

Measured 0000000 

Theoretical - 

I I I I I I I I I 

-.8 -.6 -.4 -.2 0 .2 .4, .6 .8 1 
Reverse (volts) Forward 

Figure 7.11 A Comparison of the Measured Characteristics of a 25V 0.5W 

Diode with the Comprehensive Diode Model and an Added 

Surface Leakage Current Component. 
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8 CONCLUSION 

8.1 Summary 

The ideal, diode equation governs the Low injection domain of the 

forward characteristic where the current exceeds that due to depLetion 

region RG. The ideaL or Low injection equation for a pn diode is 

I qV/kT 1 I, 
-ii . 

The high injection equation governs the high injection region, and for a 

pn diode it is given by 

qV/2k1 

Both regions can be modeLLed by the improved diode equation: 

The high and Low injection intercepts, 'h and I, can be obtained from a 

measured forward characteristic. To modeL the diode behavior at aLL 

temperatures, the temperature dependence assigned to the intercepts 

must be 

2 
n. n. 

I oc— and I oc —' -. 
h T ST 

Series resistance infLuences the forward characteristic at high current, 

and it is accommodated by 
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VV - R I 
a s  

When 1h and I are determined in this way and substituted into the 
improved diode equation, and when series resistance is accounted for, 

the resulting model Is an excellent mathematical representation of the 

diode's behavior outside of the infLuence of depletion region RG. 

The high injection intercept can be calculated from known or measured. 

parameters using 

2 [1 
+ A q  n.. 

14 al FIT 

The only parameter in this equation that cannot be measured is x which 
is given by 

iIWb + Wb/L 1 
4[f e 

The value of x needed to equate the calculated and measured values of 

'h requires a value for the ratio of Wb/L that seems to be reasonable. 

The Low injection intercept can also be calculated using 

2 
FDP 

/tdL 2{1+'}N do 

FTr 

The only unknown parameter in this equation is Nk. The value of Ndo 

needed to equate the calculated and measured values of Is is found to 

be equal, to or slightly lower than the known substrate doping, which is 

as expected. 
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The reLationship between Lifetime and charge storage deLay time is the 
same for high injection as it is for tow injection. When caLcuLating the 

Low injection Lifetime from the measured Low injection deLay time, 

consideration must. be given to the effects of non-uniform doping and 

space charge recovery time. 

The generaLLy accepted depLetion region RG current equation for 

forward biased diodes, 

W C qV/2kT I q—ne ROFU.dA 1 

generates theoretical, vaLues that are one to two orders of magnitude 

greater than the measured currents at room temperature. The integral, 

form of the refined depLetion region RG equation for a Unearty graded 

junction, 

11V2 
I qV/kT 

1I . dx qEf -+VkT1 ' 
RG -t J  02 + 

A q n1 L - W2kT [Cn q(f f)/kT + rPe j 

'Ct 

where 

qv, 

ki kT 

can be integrated numertcaLLj, and the resuLts agree welL with observed 

currents in both the forward and reverse directions. The range of 

vaLues assigned to Vt, cn and c to equate the measured and theoretical, 

data seem to be reasonabLe,but the matching procedure does not 
reveal unique vaLues for these or for the sign of Vt. To obtain a unique 

set, use is made of C0 z c, 'rn, and the absoLute vaLue of Vt. 

Without noticeably degrading the model the refined depLetion region RG 

equation can be expressed in cLosed form as 
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- A q 1 [eqVAT -  8 €  kT V - 2vl V - 2v1 
2 In 2kT/q I   

RG AT qaW2 q [ [1+e ] 2kT/qj 

where ' is used in place of c,, and 

Current that Leaks around the junction can be larger than the diode 

current In the low current region. This leakage current can be modelled 

by 

j ._SL-_  V  
a R.. C  C2 AT 

-  

and theparameters in this expression required to make 1a agree with 

the measured currents are those that would be expected of typical 

package materlals. At low temperatures this leakage current dominates 

the low current region. 

The improved diode equation alone adequately models the forward and 

reverse characteristics of diodes exposed to high temperatures. At 

moderate temperatures depletion region RG current dominates the 

region of small positive bias and negative bias, and the refined depletion 

region RG equation must be added to the improved diode equation to 

produce a comprehensive model. Current that leaks around the surface 
of the diode can dominate the' low current region of small diodes at low 

temperatures, and this is easily modelled by a temperature sensitive 

parallel resistor. 

8.2 AppLic0tions 

It is hoped that this detailed analysis has resulted in a better 

understanding of the influence that the diode parameters have on the 
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shape of the DC characteristics. The comprehensive model should be 

useful to diode designers endeavoring to achieve a particular kind of 

response. A small computer can be used to plot DC characteristics 

generated by the comprehensive model for various temperatures, and 

the effects of changing the parameters can be readily visualized. 

Since cr is fairLy close to unity, Equation (3.49), 

can be used to obtain an order of magnitude estimate of the low 

injection Lifetime from the measured high Injection intercept, if the diode 

area is known. Also, Equation (3.49), 

oNd hu Lh 1 nj 

can be used to estimate the subètrate doping from the ratio of the 

measured high and low intercepts. A more accurate method is to 

measure the charge storage delay time, and thereby determine the 

Lifetime, then calculate o from the first of the above two equations, 

then calculate Nd from the second. 

The series resistance, which is a measure of the effectiveness of the 
metal contacts, can be measured by matching the high injection equation, 

to the measured forward characteristic. 

The average Lifetime in the depletion region and the absolute value of 

the trap potential can be measured by equating the closed form of the 

refined depletion region RG equation to measured data. In the forward 

direction for V> 2 Vt, Vt does not influence the current, and 'c0 can be 

chosen to equate the measured and theoretical. data. Once r0 has been 

established, then Vt can be determined by matching the theoretical and 
measured data in the reverse direction where Vt is influencial. 
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If the polarity of Vt and the ratio of r/'r are otherwise known, then 
there may be reason to retain both cp and cn in the Integration of the 

refined depletion region RG equation, and to attempt to determine these 
from the curve fitting process. But for mode Wng purposes only this 

does not seem to be necessary. 

A good estimate of pn junction reverse current is useful in calculating 

the quiescent power supply drain of integrated CMOS structures that 

contain numerous reverse biased N substrate to P well junctions and 

reverse biased gate protection diodes. - 

Circuit simulators such as SPICE could more accurately model pn 

junctions by replacing the Ideal diode model with the comprehensive 

silicon diode model. 

8.3 Suggestions for Further Research 

The comprehensive silicon diode model could be confirmed at 

temperatures beLow 25°C; It Is expected to continue to predict diode 

behavior at very low temperatures. 

The comprehensive model should be confirmed for abrupt junction 

diodes. For this the improved diode equation is unchanged, but it will be 

necessary to use the abrupt junction potential distribution in the refined 
depletion region RG equation. A closed form solution should be possible 

for a pn junction, since it wiU. only be necessary to integrate the 
depletion region AG equation across the N side of junction 'where the 

hole concentration term can be neglected. 

Noise measurements 111411 could be used to confirm the value obtained 
for the trap potential from the refined depletion region AG equation. 

There could be some merit In applying an analysis similar to that used to 
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thUristors. 

An investigation similar to the one presented here could be conducted 

for direct recombination gallium arsenide devices. 
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9 LABORATORY INSTRUMENTATION 

Three kinds of diode measurements were made: 

- DC characteristics, 

- charge storage delay time and 

- junction capacitance. 

The DC characteristics were recorded at temperatures ranging from 

25 °C to 250° C. Charge storage delay times were measured at 

temperatures of up to 150 °C, and the Junction capacitance 

measurements were performed at room temperature. A Macintosh 

computer was used to plot and compare the measured data with the 

theoretical models and to serve as a word processor for the production 
of this document. 

The steady state current voltage characteristic measurement setup is 

illustrated in Figure 9.1. The Despatch LFD 1- 42oven Was used to 

elevate the temperature of the device under test. Although the oven is 

Figure 9.1 DC Characteristic Data Acquisition 
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equipped with a digital temperature readout, a scientific thermometer 

was pLaced In the oven adjacent to the diode to make sure that the 

diode had reached the desired temperature: 

The voltage and current .ranges of the Hewlett Packard 4145A 

programmable parameter analyzer are ± 100 volts and about 10-14 amps 

to 10 amps. The Hewlett Packard 9816 desktop computer was used to 

interface the HP-113 bus of the parameter analyzer to the R8232 port of 

the Macintosh computer. 

Charge storage delay time measurement was accompLished as shown in 

Figure 9.2. The square wave voltage across the series combination of 

the diode and the resistor was maintained at ± 10 voLts. The forward 

voltage drop across the diode opposes the positive half of the 

generator voltage and aids the negative half; consequently, the initial 

reverse current is Larger than the forward current. This accounts for a 

1.1. To keep the leads short for these tests the diode's temperature 

was elevated In a small beaker of hot oil rather than in the oven. 

Vd -VA . 

Figure 9.2 Charge Storage Delay Time Measurement Schematic and 

Waveforms. 
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Junction Capacitance was measured using a Hewlett Packard 4262A LCR 

meter and checked with a Wayne Kerr bridge. The LCR meter was 

calibrated with several, 1% capacitors. The reverse bias voLtage source 

connected in series with the diode was shunted with a 0.01 JJ.fd capacitor 

to short circuit the Impedance of the suppLy and connecting Leads. 

The instruments used to measure current and voltage are accurate to 

more than four significant figures. The accuracy of the capacitance 

measurements is estimated to be better than ± 2%. The temperature 

was known to within ± 10 C. The greatest source of error was the 

uncertainty in the delay time measurements, but it shouLd be no Larger 

than about ± 5%. 
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