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Abstract
Laser scanning systems are employed in a wide variety of applications, such as digital
building model generation, industrial site modeling, cultural heritage documentation, and other
civilian and military needs. Depending on the mounting platform used, laser scanners can be
classified into two groups: static or kinematic. A static laser scanner usually refers to a terrestrial
laser scanner that is mounted on a tripod, while a kinematic laser scanner could be mounted on a
fixed-wing plane, helicopter, or ground/terrestrial vehicle. A complete 3D model for a given site
typically cannot be derived from a single scan. Therefore, several scans with significant overlap
are needed to cover the entire site and also to obtain better information about the site than is
possible from a single scan. When a static laser scanner is utilized to collect several scans to
achieve complete coverage of a site of interest, the collected scans are referenced to different
local frames that are associated with the individual scanner locations. Hence, a registration
process must be performed in order to combine the several laser scans. The main goal of the
registration process is to estimate the transformation parameters which determine the geometric
variations between the reference frames of the collected datasets from different locations. The
scale, shifts, and rotation parameters are generally used to describe such variations. The main
objective of this thesis is a registration procedure for two overlapping static terrestrial laser scans
using linear features that have been automatically extracted and matched in the available scans.
The invariant characteristics of linear features in 3D space are utilized for establishing
hypothesized matches of linear features between the overlapping scans; hence, the registration is
performed in a pairwise scenario. Three alternative matching strategies are proposed to form
correspondences between the linear features in overlapping laser scans. Another objective of this
research is a segmentation/extraction procedure for low-level geometric features, such as planes,
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3D lines, and cylinders, from static and mobile laser scanning data, which is conducted through a
region-growing segmentation process. The main characteristics of the proposed segmentation
procedure are utilization of the proper parameterization models for the features of interest as well
as consideration of the noise level and the point density variation within the laser scanning data.
Experiments were performed to verify the outcome of the proposed segmentation and
registration procedures. The segmentation experiments were conducted on static-terrestrial,
mobile-terrestrial, and airborne laser scans, and an existing quality control procedure was used to
evaluate the segmentation results. In the registration experiments, the proposed matching
strategies were tested with real datasets of static laser scans captured over sites that are rich with
linear features.
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Chapter One: Introduction
1.1 Motivation
Laser scanning systems have become a leading technology over the last decade for the
acquisition of dense and accurate 3D spatial data. Their ability to rapidly collect dense and
accurate spatial data without the need for direct contact with the object of interest, together with
their low operational and manpower costs, has encouraged institutions and individuals to utilize
laser scanning systems in a wide range of applications, such as digital building model generation,
industrial site modeling, cultural heritage documentation, and other civilian and military needs.
Due to the limited field of view of laser scanners, as well as the size of the objects of interest,
seldom is one scan sufficient to fully capture the object; therefore, several scans are needed to
completely cover the object to be mapped and also to attain better information about the object
than is possible from a single scan. The derivation of 3D models as the final product through the
utilization of the laser scanners involves two main pre-processing steps; namely, registration and
segmentation of the laser scanning data. A set of point clouds acquired by successive scans then
is referenced to the different local frames associated with the individual scanner locations. A
registration process is necessary to realign the different scans with respect to a common
reference frame. The registration process aims at estimating the 3D-Helmert transformation
parameters, which are required to align the scans to a common reference frame. The 3D-Helmert
transformation parameters include three rotation angles, three translations, and a scale factor. For
a well-calibrated laser scanner, the scale factor is considered unity since the laser ranging
principle provides the true scale. According to Habib and Al-Ruzouq (2004), a registration
paradigm should address four issues:

1

(1) The registration primitives, which are the conjugate features within the scans that can be used
to solve the registration problem. These primitives could be points, 3D lines, and/or planes,
(2) The transformation parameters relating the reference frames of the involved datasets,
(3) The similarity measure, which is the mathematical constraint that describes the coincidence
of conjugate primitives after the registration process, and
(4) The matching strategy, which represents the guiding framework for the automatic registration
process.
Regarding the segmentation prerequisite, laser scans are usually acquired over complex scenes
that might contain buildings, roads, trees, light poles, and many human-made and natural objects.
The raw point cloud does not provide any semantic information about the types of scanned
surfaces (i.e., planar, linear, or cylindrical surfaces) so in order to interpret the acquired data, it
must go through a segmentation process that aims to extract features of interest from the laser
scanning data and reduces the scene complexity by disassembling it into meaningful categories.
Due to the mechanical characteristics of laser scanning systems, the resulting points within a
laser scan will exhibit non-homogenous distribution. In fact, the objects that are close to the
scanner position will be represented by dense points unlike the objects that are relatively far
away. Also, the individual object orientation will cause inconsistent points distribution along its
surface. Furthermore, the physical properties (i.e., reflective characteristics) of the scanned
objects will also affect the distribution of the laser points over their surfaces. For instance, dark
objects might absorb some of the incident light, which will lead to having fewer points along
those surfaces. Thus, the segmentation process should consider the point density variation within
the laser scan data.
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1.2 Research objectives
The research objectives are as follows:


The main objective of this work is the registration of two overlapping static terrestrial
laser scans using linear features that have been automatically extracted and matched in
the available scans.



Development of adaptive techniques for automated segmentation/extraction of low-level
geometric features such as planes, 3D lines, and cylinders from static and mobile laser
scanning data.



Investigation of the performance of the developed segmentation techniques using an
existing quality control procedure for quantifying the validity of the segmentation results.



Development of matching strategies for the automated registration of static terrestrial
laser scans using automatically extracted linear features.



Verification of the performance of the developed matching procedures through testing
with real datasets captured from sites that are rich with linear features.

1.3 Summary of contributions
In this thesis, region-growing procedures are proposed for the extraction of low-level
geometric features, such as planes, 3D lines, and cylinders, from laser scanning data
(Sections 3.4.1 and 3.4.2). The main contribution of the segmentation methods is the utilization
of the proper parameterization models for the features of interest. The segmentation methods
consider the noise level and the point density variation within the laser scanning data.
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Regarding the contribution of this thesis in the registration area, the author presents new
matching strategies to perform the registration of two overlapping scans using linear features.
The linear features are chosen to be the registration primitives since they can be considered the
simplest geometric shapes that commonly exist in overlapping scans over urban and industrial
sites. The invariant characteristics of pairs of linear features in 3D space are utilized for
establishing hypothesized matches of linear features between overlapping scans and hence
performing the registration in a pairwise scenario. The matching strategies are named after the
matching procedures that are used to establish the correspondences between the linear features in
the overlapping laser scans. These matching strategies are proposed as alternatives for the
commonly adapted RANdom Sample Consensus approach (RANSAC). A RANSAC-similar
procedure is presented in the section (4.5.1) in which the formula that was provided by Derpanis
(2010) is adapted for the derivation of the minimum number of required RANSAC trials.
Thereafter, the new matching strategies are introduced;


The first matching strategy, which is denoted as the “association-matrix-based sample
consensus approach” (Section 4.5.2), the hypothesized conjugate pairs are stored in an
association matrix. A surface matching procedure that uses the Iterative Closest Projected
Point (ICPP) (Al-Durgham et al., 2011) is utilized to identify the most probable matches
among the linear features in the involved scans. The association-matrix is later used in a
RANSAC-like approach along with the ICPP surface matching procedure to identify the
most probable matches among the linear features in the involved scans.
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The second matching strategy is the solution frequency-based approach (Section 4.5.3) in
which all the hypothesized conjugate pairs – taken one at a time – are used to estimate the
3D-Helmert transformation parameters that realign one scan into the reference coordinate
system of another scan. Logically, the right conjugate pairs among the hypothesized
matches will lead to similar solutions for the transformation parameters. Therefore, the
most repeated set of estimated parameters will point to the right solution of the
transformation parameters. A procedure is developed in this thesis for identifying the
most common set of parameters among the derived solutions from the hypothesized
matches.

The last contribution of this work is adapting the closed-form approach that was proposed by
Guan and Zhang (2011). Their approach considers the consistent direction vectors of the
lines in the overlapping scenes to solve for the transformation parameters. The proposed
adaptation in this work revolves around solving potential direction ambiguities in the case of
having hypothesised matches of line pairs with arbitrarily defined direction vectors
(Section 4.4.2).
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1.4 Thesis outline
This thesis consists of six chapters, which are briefly explained below.


Chapter Two reviews previous research relevant to laser data registration and
segmentation techniques. This chapter starts with a brief overview of operational laser
scanning systems. Then, the registration paradigm components, different alternatives to
register overlapping laser scans, the segmentation concept, and some of the existing
laser data segmentation algorithms are reviewed.



Chapter Three discusses the methodology to extract planar and linear/cylindrical
features from static and mobile terrestrial laser scanning data.



Chapter Four presents the methodology for the registration of two overlapping laser
scans using linear features. The utilized components of the registration paradigm are
presented and three alternative matching strategies are introduced.



Chapter Five includes the experimental results of the proposed segmentation and
registration procedures.



Chapter Six presents the conclusions and recommendations for future work.
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Chapter Two: Literature review
2.1 Introduction
This chapter reviews the literature relevant to laser data registration and segmentation
techniques. First, a brief overview about the operational laser scanning systems is presented.
Then, the registration concept, the registration paradigm, and the different alternatives to register
overlapping laser scans are introduced. Finally, the segmentation concept and some of the
existing laser data segmentation algorithms are reviewed.
2.2 Laser Scanning Overview
A laser scanner is an instrument that employs laser-ranging principles to acquire 3D
spatial information over physical surfaces by firing a laser beam and receiving its reflections to
derive the 3D coordinates of object points. In order to derive the 3D coordinates of a certain
object point, the laser instrument measures the directional range (distance) between the laser
firing point and the object point. Thereafter, the range direction components are determined with
respect to a local coordinate system associated with the scanner location (Weitkamp, 2005). In
general, there are three methods of laser ranging: (1) pulse-based method, (2) phase-shift
method, and (3) triangulation method (Amann et al., 2001). The pulse-based method determines
the range by measuring the elapsed time of a laser signal with a known speed to travel from the
laser firing point and be received back by the laser receiver. The phase-shift method measures
the phase difference between the transmitted and received modulated signal in order to determine
the range, where in this case the wavelength of the modulated signal is known. Both the pulsebased and the phase-shift methods are usually denoted as time-of-flight methods because they
operate by measuring the elapsed time of a fired laser pulse to travel out and be received back by
the laser ranging instrument. The triangulation method utilizes a camera alongside the laser
7

transmitter for the derivation of the 3D coordinates of object points. This method is called
triangulation since the laser transmitter, the camera, and the object point form a triangle. Three
values are involved to determine the triangle shape and size that will lead to a range estimate: 1)
one of the triangle sides (i.e., the distance between the laser transmitter and the camera), 2) the
laser transition angle, and 3) the incident angle of the reflected laser light from the object onto
the camera. In addition to the 3D coordinates that are derived from the range information, the
commonly used laser scanners deliver panchromatic and/or intensity information. Depending on
the mounting platform used, laser scanners can be classified into two groups: static or kinematic
(Habib, 2006). A static laser scanner usually refers to a terrestrial laser scanner that is mounted
on a tripod while a kinematic laser scanner refers to a laser scanner that could be mounted on a
fixed-wing plane, helicopter, or ground/terrestrial vehicle.
2.3 Laser Data Registration
2.3.1 Registration Concept
Static terrestrial laser scanners have been widely employed in many applications, such as
building modeling, indoor mapping, heritage documentation, and industrial site modeling.
Acquiring several laser scans with significant overlap is one of the fundamental requirements to
guarantee full coverage of the site of interest and also attain more details than possible from a
single scan. The raw outcome of a single static terrestrial laser scan is a cloud of 3D coordinates
that are defined with respect to the localcoordinatesystemassociatedwiththescanner’slocation
and orientation. Hence, a registration process must be performed when dealing with multiple
static terrestrial scans in order to align these scans with a common reference frame. A
registration process aims to estimate the 3D-Helmert transformation parameters that describe the
absolute orientation parameters between the involved scans. The 3D-Helmert transformation
8

parameters include three rotation angles, three translations, and a scale factor. For a wellcalibrated laser scanner, the scale factor is considered unity since the laser ranging principle
provides the true scale.
Kinematic laser scanners provide another alternative to achieve complete coverage of the
site of interest by having the scanner mounted on a moving platform. Kinematic laser scanners
are equipped with Global Navigation Satellite Systems/Inertial Navigation Systems (GNSS/INS),
which are used to derive the scanner location and orientation relative to a certain mapping frame
during the scanning mission, assuring that the resultant point cloud will be located relative to that
mapping frame. However, a registration process is still required in the case of inaccurate
GNSS/INSS information and/or systematic errors in the system calibration parameters.
A vast amount of research work with various target functions and objectives has been
conducted to date on the registration of laser scans (Liang et al., 2014; Al-Durgham and Habib,
2013; Theiler and Schindler, 2012; Yao et al., 2010; Habib et al., 2010; Matabosch et al., 2005;
Besl, 1988). The following section provides a detailed description of the registration procedure.
2.3.2 Registration Paradigm
According to Habib and Al-Ruzouq (2004), the registration process should address the
following four different issues: the registration primitives, the transformation parameters, the
similarity measure, and the matching strategy.
(1) The registration primitives are the features that can be identified in the individual scans and
used for the co-alignment of the different scans relative to a common reference frame. Points and
linear and/or planar features can be used as the registration primitives.
(2) The transformation parameters describe the relationship between the reference frames of the
different scans. In general, two 3D models are related to each other through a seven-parameter
9

transformation (three shifts, three rotations, and a scale factor). For a well-calibrated laser
scanner, three shifts and three rotations are sufficient to relate the reference frames of the
different scans since the absolute scale is already defined by the measured ranges.
(3) The similarity measure is a mathematical constraint that describes the coincidences of
conjugate primitives after registering the different scans to a common reference frame. The
formulation of the similarity measure depends on the type of the utilized primitives.
(4) Finally, the matching strategy is the controlling framework, which is used for manipulating
the primitives, the transformation parameters, and the similarity measure to automatically
identify the corresponding primitives in overlapping scans and thereby register them to a
common reference frame.
2.3.3 Registration Alternatives
Based on the final level of accuracy, the registration algorithms can be divided into either
coarse registration or fine registration algorithms (Matabosch et al., 2005). The coarse
registration algorithms are used to establish the rough alignment between the involved scans.
This type of registration algorithms does not require approximate values for transformation
parameters that are of good quality. On the other hand, the fine registration algorithms are
usually employed to achieve precise alignment between the involved scans by starting from the
good approximations for the transformation parameters. Based on the type of methodology
utilized, the registration algorithms can be further classified into four categories; (1) point-based,
(2) feature-based, (3) target-based, and (4) direct georeferencing. These categories represent the
different possible alternatives to establish the registration of overlapping laser scans. Each of
these various alternatives has its own target function, advantages, and disadvantages.
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The point-based algorithms are generally used to establish the fine alignment between the
overlapping scans. The well-known Iterative Closest Point (ICP) (Besl and McKay, 1992), which
minimizes the point-to-point distance in the overlapping area between the different scans, is an
example of the most commonly used point-based registration algorithms. The Iterative Closest
Patch (ICPatch) (A Habib et al., 2010) is a variant of the ICP where the points in one scan and a
triangular irregular network in another scan serve as the registration primitives. The
transformation parameters are estimated by minimizing the sum of the squared normal distances
between the conjugate point-patch pairs. Another derivative of the ICP is the Iterative Closest
Projected Point (ICPP), which aims to minimize the distance between a point in one scan and its
projection on the plane defined by the closest three points in the other scan (Al-Durgham and
Habib, 2013). Point-based registration algorithms have been proven to be accurate. However, in
order to establish the primitive correspondence (i.e., point to its nearest point in another scan or
point to its nearest patch), a coarse alignment of the scans being registered is required. In other
words, the point-based registration approaches should start from very good approximations for
the transformation parameters (Besl, 1988).
Feature-based registration algorithms target the problem of establishing the coarse
alignment between the scans. Since these algorithms do not require approximate values for the
transformation parameters that are of good quality, they usually aim to automate the initial
alignment between the laser scans as a preparatory step to applying the point-based registration
algorithms. For instance, shape descriptors such as the 3D Scale Invariant Feature Transforms
(SIFT) operators were used to track the correspondences between rigid and non-rigid meshes
(Zaharescu et al., 2009). Least-squares image matching techniques can be extended to 3D leastsquares matching for establishing feature-to-feature correspondence between 3D surfaces (Akca,
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2010). Other matching techniques involve extracting corresponding primitives from panoramic
reflectance images, which are known in literature as Image-based Registration (IBR) (Kang et
al., 2009). Such techniques consist of two steps.

First, an image matching procedure is

established to allow for the pixel-to-pixel registration; and second, a point-based registration is
applied over the point cloud since the point-to-pixel correspondence is provided. Matabosch et
al. (2005) surveyed several techniques, such as Spin Images, Point Signature, and the RANdom
SAmple Consensus approach (RANSAC), for identifying possible congruent points, curves, or
surfaces. These techniques are computationally expensive since the feature extraction requires
transforming the raw point cloud into another domain (i.e., images or meshes), and then further
steps are required to identify matching primitives. Other feature-based registration algorithms
utilize geometric primitives such as lines, planes, spheres, and other higher order primitives to
establish the initial alignment between the laser scans. These primitives, which can be
automatically extracted, provide a strong link between the laser scans and have been proven to be
good registration primitives that are robust to the quality of the initial approximations of the
transformation parameters. Rabbani and vanden Heuvel (2005) used planes, cylinders, and
spheres as registration primitives. Their methodology of finding possible conjugate features was
complemented by geometric constraints. Jaw and Chuang (2008) showed that linear and planar
primitives offer reliable accuracy for the registration of neighboring laser scans. The most
comprehensive work for automating laser data registration using linear and planar primitives was
proposed by Yao et al. (2010), who developed a RANSAC-based algorithm to register laser
scans in a pairwise fashion (i.e., two scans are registered at a time). Their algorithm is based on
measures that describe the shape and distribution of groups of linear and planar primitives in 3D
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space. This method is sensitive to the presence of repetitive patterns and the results of their
outdoor scene registration usually failed.
One can argue that linear features are the best choice of geometric primitives for
automatic registration for the following reasons: (1) they are the most common geometric
primitives that would exist in laser data covering urban scenes or industrial sites; (2) they can be
represented with a few parameters that will help in simplifying the fundamental tasks of aligning
the scans in 3D space; and (3) 3D linear primitives provide a strong tie between the
photogrammetric and laser data, which could be quite useful for subsequent integration activities
(i.e., they can be used for further alignment of photogrammetric and laser scanning data)
(Canaz, 2012). Note that the aforementioned reasons are valid for planar and linear features.
Nevertheless, as long as the laser scanners provide true scale and, assuming there are no
systematic errors in the laser data, a minimum of one corresponding pair of non-parallel lines is
enough for estimating the six transformation parameters relating two laser scans (i.e., three shifts
and three rotation angles) (Renaudin et al., 2011). On the other hand, a minimum of three
corresponding pairs of non-parallel planar features are required for the estimation of such
parameters (Dold and Brenner, 2006). From a matching strategy point of view, the search for two
conjugate linear features in two scans is much easier than searching for three conjugate planar
features.
Target-based methods utilize artificial targets for the registration of terrestrial laser scans
(Liang et al., 2014). Typically, specially-designed targets are involved to allow for their
automatic recognition from the laser scans. A human effort is required to localize the targets
within the scanner field of view, which can be restricted by the field access limitations. In
addition, the initial alignment (coarse alignment) between the involved scans is manually
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achieved by visualizing the scans using specially-developed software (i.e., to determine the
initial approximations of the transformation parameters). Thereafter, the fine registration is
achieved through point-based registration algorithms.
In the direct georeferencing methods, additional sensors such as GNSS and INS are
combined with the laser scanner. Integrated GNSS/INS units are used to derive the absolute
position and orientation of the laser scanner relative to the mapping frame and thus establish the
alignment between the overlapping scans. The quality of alignment is dependent on the accuracy
of the utilized GNSS/INS units. In the case of less accurate GNSS/INS-based position and
orientation information, point-based registration is applied as a secondary step to achieve the fine
alignment between the scans. The direct georeferencing methods are applicable for airborne laser
scanners (Ayman Habib et al., 2010), mobile terrestrial laser scanners (Wen et al., 2014), and
static terrestrial laser scanners (Wilkinson et al., 2010). Due to the fact that the incorporation of
direct georeferencing sensors impose additional expenses on the scanning system, the direct
georeferencing methods are not preferable for most static terrestrial laser scanning applications.
This research work aims to automate the registration process of overlapping static
terrestrial laser scans. Linear features are used as the primitives that could be automatically
extracted and matched within the scans. The estimated transformation parameters using the
automatically matched linear features provide the coarse alignment between the overlapping
scans. Then, these parameters are refined through a point-based registration method (i.e., the
ICPP in this research work). As a further illustration of the laser data processing techniques, the
following section reviews some of the segmentation algorithms. These algorithms are necessary
to provide the required registration primitives when performing feature-based registration.
Furthermore, once the full coverage of a certain site is achieved through registering multiple
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laser scans, segmentation algorithms are also required for interpretation of the acquired data. In
other words, segmentation algorithms are used to extract features of interest from the laser
scanning data and to reduce the scene complexity by disassembling it into meaningful categories.
2.4 Laser Data Segmentation
2.4.1 Segmentation Concept
Laser data segmentation is the process of partitioning the laser point cloud into
individual groups with similar geometric or physical properties (Vosselman et al., 2004). In
general, the outcome of any segmentation procedure is homogenous regions.

In many

applications, laser scans are acquired over complex scenes, which might contain buildings, roads,
trees, light poles, and many human-made and natural objects. Recently, in addition to 3D spatial
information, the commonly used laser scanners deliver panchromatic and/or intensity
information. However, the raw point cloud does not provide any semantic information about the
type of scanned features (i.e., whether the scanned surfaces are planar, linear, cylindrical, or
spherical). Therefore, the raw point cloud must go through a segmentation process in order to
automatically identify features of interest. The segmentation processes have several benefits in
different applications: (1) increasing the visualization performance and minimizing
computational cost by simplifying the laser scan into geometric models (Pauly et al., 2002); (2)
registering overlapping scans by using the segmented linear and planar features as the
registration primitives (Habib et al., 2005); (3) identifying and modeling human-made structures
by extracting planar surfaces and pole-like features from laser scanning data (Pu and Vosselman,
2006); and (4) reducing the scene complexity by separating background from foreground objects
(Goron et al., 2010). The following section reviews some of the existing segmentation
approaches.
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2.4.2 Segmentation Alternatives
Nowadays, there is a wide variety of segmentation methods with different target
functions, processing steps, and performance. The selection of a specific segmentation method is
a choice that is highly dependent on the type of feature that has to be extracted and the required
accuracy. Originally, image segmentation techniques inspired the development of most of the
laser data segmentation methods. In the early age of laser range finders in the 1990s, Hoover et
al., (1996) provided a comprehensive evaluation of laser data segmentation methods that had
terminology similar to the image segmentation techniques (e.g., region-growing, edge-based,
split and merge). In general, the laser data segmentation methods can be classified into two main
categories: (1) indirect segmentation, and (2) direct segmentation. The indirect methods are used
to extract different features from the laser scans after converting the 3D point cloud to another
domain (e.g., range images, intensity images, or proximity graphs). These methods modify the
point cloud to a suitable form for the image segmentation techniques. The direct segmentation
methods are designed to directly operate on the raw point cloud for the extraction of features of
interest. Such methods modify the image segmentation techniques to be suitable for the point
cloud. In both methods, the pixels/points that belong to a certain feature can be aggregated in one
group through different alternatives of similarity measures between the pixels/points. The
similarity measures aim to compare the geometric characteristics of the pixels/points within a
selected neighborhood of pixels/points, such as proximity, connectivity, or roughness. For laser
data that comprises radiometric information, similarity measures can also include intensity or
panchromatic values. Segmentation methods can be further classified into two main categories
based on the way they perform the similarity measure: spatial-domain or parameter-domain.
Spatial-domain methods measure the closeness of the points and the similarity of their geometric
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or radiometric characteristics while the parameter-domain methods store the radiometric or
geometric characteristics of the points in an attribute space. Then, these methods aim to identify
points with similar attributes by detecting peaks/clusters in the attribute space. The following
paragraphs provide some examples of existing segmentation methods, which are categorized as
either direct or indirect methods.
Indirect Methods:
The scan-line method is an example of a segmentation procedure that interpolates the
laser data to a range image (i.e., Digital Surface Model (DSM)) in order to extract planar features
(Jiang and Bunke, 1994). This method follows a split-and-merge strategy and is based on the fact
that a cross-section on a planar surface in any direction will result in a straight line. More
specifically, the range image is first split into scan lines in a specified direction, where each scan
line represents a sequence of pixels within the range image. Then, each individual scan line is
further segmented into shorter line segments. The process of segmenting the scan line into
shorter line segments continues until the normal distances between the points in the original scan
to their corresponding line segments are less than a pre-specified threshold. Thereafter, the short
line segments from different scan lines that share some similar properties are merged together in
a region-growing fashion to extract the planes. This procedure was specifically designed to
extract planar features and will not be able to extract other objects (e.g., pole-like features).
Furthermore, the segmentation results depend on the chosen split direction (i.e., different split
directions will lead to different segmentation results).
Bellon and Silva (2002) developed an edge-based procedure which also utilizes range
images to extract different objects from laser scanning data. In this method, the laser scan was
converted to a range image to make it suitable for the edge detection operator. The detected
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edges are used as the outlining boundaries of different objects within the range image.
Thereafter, the pixels inside the boundaries are grouped to provide the final segmentation results.
The results of the edge-based methods are highly dependent on the utilized edge detection
operator and they are mainly applicable to airborne laser scanning data. In general, a huge
information loss will happen when converting the 3D laser data to a 2.5D range image,
especially in the case of complicated scenes.
In a manner similar to the utilization of range images for performing segmentation, the
point cloud can be interpolated into intensity images. Planes, lines, or edges then can be
extracted through image-based segmentation techniques (Nobrega and O’Hara, 2006). Such
techniques are applicable where a laser scanner delivers intensity measurements.

Due to the

limitations of the employed spectral range of the scanner, the intensity measurements are known
to be highly noisy and sometimes do not represent the actual radiance of the scanned surfaces.
Furthermore, range measurements of multi-return scanners might lead to incorrectly interpolated
intensity images and hence unreliable segmentation results. Intensity images are mainly utilized
for facilitating the interpretation of airborne laser data. For instance, Starek et al. (2007) used
intensity images to identify dry, wet, or water regions from airborne laser data. Also, intensity
images can be used to discriminate between trees, buildings, grass, roads, and soil (Yan et al.,
2012). Intensity images therefore are preferable for identifying certain regions with specific
physical characteristics and are rarely used for extracting geometric features.
Other indirect segmentation methods utilize proximity graphs for extracting features of
interest from laser scanning data. Such graphs are used as the means to store the connectivity
information between laser points in a pixel-based structure. In these graphs, each pixel represents
a connection node that is encoded with the weighted connectivity information of a laser point to
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its neighbors. The theoretical basis of these segmentation methods is to analyze the connectivity
information within the graph. A certain feature will be represented as a group of pixels that are
more closely connected to each other than they are to the pixels of another feature (CarreiraPerpinán and Zemel, 2004). Connectivity information is usually analyzed through graph
partitioning techniques, which aim to split the graph into smaller components with homogenous
properties. The boundaries between different features in a proximity graph would exist in the
pixels that have the weakest connections (Wang and Chu, 2008). Proximity graphs generally are
utilized in computer vision applications and are not intended for high accuracy applications (e.g.,
registration, individual features extraction, and 3D modeling).
Direct Methods:
According to Fillin (2002), forested areas, low vegetation, rough surfaces, and smooth
topography can be distinguished through a parameter-domain segmentation procedure. In this
procedure, the geometric characteristics of the points within the scan are determined to extract
the aforementioned segments. First, a local neighborhood is defined for each individual point
within the scan that encloses a certain number of points that are spatially close to the point of
interest. Then, the parameters of the tangent-plane to the neighborhood are estimated. Through
this step, each individual point within the scan is associated with its own set of tangent-plane
parameters. Then, the point 3D location, the height difference of the point relative to its
neighbors, and the associated tangent-plane parameters with the point are used as the descriptive
geometric characteristic for each individual point. These values are stored in an attribute space,
which is then used as the means to identify the points that share similar attributes and hence
extract the features. This method requires a precise similarity measure that needs to consider a
seven-dimensional attribute space through strict thresholds.
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In Belton and Lichti (2006), pipes were extracted through a region-growing procedure
from laser scans by investigating the curvature characteristics of the laser points. Using their
approach, a local neighborhood was defined for each individual point within the scan. The
neighborhood was defined to enclose a certain number of points that are spatially close to the
point of interest. Then, they fitted a plane for each neighborhood by applying an iterative leastsquares fitting procedure. Eigen value analysis over the covariance matrix of each established
neighborhood was conducted to provide the required approximations for this plane. Through the
eigen value analysis, the approximate normal vector to the plane enclosing the points in the
neighborhood was determined as the eigen vector that corresponded to the smallest eigen value.
The variance of the fitting in the normal direction was considered an indication of the curvature
of the established neighborhoods (i.e., the residual of fitting the established neighborhood to a
plane). At this stage, the points that belong to curved surfaces (curvature points) were identified.
Then, the points that were located at the boundaries of the curved surfaces were identified. More
specifically, a boundary point was identified as the curvature point that had no neighboring
points at one of its sides. They used the distance between the curvature point and the center of its
neighboring points, where a large distance (within a threshold) indicated that such point had no
neighboring points at one of its sides (boundary point). Thereafter, they used a region-growing
procedure to isolate the points that fell inside the outlined boundaries to extract the individual
pipes.
In Lari and Habib (2014), a parameter-domain segmentation procedure was developed for
the extraction of planar, linear, and cylindrical features. This procedure considered the noise
level and the point density variation within the laser scanning data. First, eigen value analysis
was performed over the established neighborhood for each point within the scan to identify the
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points that belonged to the planar and linear/cylindrical surfaces. Second, for these points, the
best fitting plane or line/cylinder to the point neighborhood was determined through a leastsquares fitting procedure. An appropriate parameterization of the planar, linear, and cylindrical
features was considered to avoid singularities during the fitting procedure and to reduce the
number of descriptive parameters of these features. Third, for the points that belonged to the
planar or linear/cylindrical surfaces, the local point density was estimated along their enclosing
plane or line/cylinder surface. Based on the estimated local density, the parameters of the
enclosing plane or line/cylinder were then precisely computed using an adaptive cylinder
neighborhood. More specifically, the neighborhood of the points that belonged to the planar and
linear/cylindrical features was redefined within an adaptive cylindrical buffer. Then, the
parameters of the enclosing plane or line/cylinder were re-estimated while excluding the outlier
points. Finally, the estimated parameters for the planar, cylindrical, and linear features were
stored in an attribute space. Then, a grouping procedure was followed to extract the features of
interest from the attribute space.
For multisource point clouds, a heterogeneous segmentation would be advantageous
(Al-Durgham and Habib, 2012; Al-Durgham and Habib, 2013). Heterogeneous segmentation is
performed through three main steps. In the first step, the points that belong to planar surfaces are
identified and are applied to determine the characteristic attributes of each planar point within the
laser scans from different sources. These attributes comprise the local point density information,
the local surface normal, and the local surface roughness for the neighborhood of each individual
point. In the second step, the identified planar points in the involved scans are used as the
registration primitives to align the laser scans from different sources to a common reference
frame. In the third step, the planar surfaces are extracted through a region-growing procedure
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that is performed along and across the involved multi-source scans. In this step, the regiongrowing process starts from randomly selected seed points that most probably belong to the
planar surfaces. Also, the characteristic attributes of the identified planar surfaces are refined
through a sequential least-squares procedure during the region-growing process.
It must be mentioned that advanced segmentation algorithms consider having nonhomogenous point density within the scan, and they also target the problem of the neighborhood
definition for the points under query (Lari et al., 2011). Such considerations are important in
order to avoid the drawbacks of the segmentation algorithms that assume consistent point density
within the laser data. In this thesis, the focus is extracting simple geometric features from
terrestrial laser scanning data such as planar, linear, and cylindrical features. These features will
be extracted through a new region-growing segmentation procedure that considers the point
density variation within the laser scanning data.

22

Chapter Three: Geometric Features Extraction
3.1 Introduction
This chapter presents the proposed segmentation methodology to extract planar and
linear/cylindrical features from static and mobile terrestrial laser scanning data. The lines and
cylinders are treated as one category since a line can be defined as a cylinder with zero radius. In
order to guarantee an efficient segmentation process, a synergetic integration between several
tools/methods is established. For laser scans that are acquired over industrial sites, the ground
points are excluded from the segmentation process by implementing a histogram-based approach
to filter out the ground surface. This ground filtering procedure assumes a flat ground surface. A
kd-data structure is employed to handle the point cloud efficiently and to allow for different
query tasks. Principal Component Analysis (PCA) is performed to classify the laser points as
planar or linear/cylindrical based on the geometric properties of their local neighborhood. The
main characteristic of the proposed segmentation methodology is the utilization of the proper
parameterization models for planar, linear, and cylindrical features. The local point density
indices of the classified planar, linear, and cylindrical points are estimated along the best fitting
surface (i.e., plane, line, or cylinder) to their local neighborhood. An existing adaptive cylinder
procedure is used to compensate for probable outliers within a defined neighborhood. The other
surface characteristic attributes of the classified planar, linear, and cylindrical points are
precisely computed through the adaptive cylinder, which is established based on the local point
density attribute. The classified planar, linear, and cylindrical points are used as seed points to
start a region-growing process for the extraction of the features of interest. Then, a quality
control procedure is used to evaluate and specify the segmentation results; and finally, the
procedures for extracting the registration primitives (i.e., linear features that are described by two
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end points) are illustrated. The following sections explain the processing steps, the outcomes,
and the advantages of the aforementioned methodology components. Figure 3.1 displays the
segmentation methodologies flow-chart. Note that the ground filtering procedure is only
applicable for the laser scans that are acquired over flat areas; but for the other type of laser
scans, the procedure in Figure 3.1 is applied while excluding the ground filtering step.

Features extraction

Data characterization

Data preparation

Original point cloud

Histogram approach to remove ground points

Building a kd-tree data structure

PCA to identify planar and linear/cylindrical points

Determining the descriptive attributes for planar and linear/
cylindrical points (point density and surface parameters)

Region-growing to extract planar features

Region-growing to extract linear/cylindrical features

Quality control
Registration-primitives extraction
(linear features that are described with two end points)
Figure 3.1. Segmentation methodology flow chart
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3.2 Laser data preparation
3.2.1 Ground removal
For most laser scanning missions, the resulting point cloud will encompass a significant
quantity of laser points that belong to the ground surface. Excluding the ground surface is
therefore an essential step toward improving the performance of the segmentation process by
having a smaller amount of laser points that need to be processed. In the work of this thesis, the
histogram-based procedure that was recommended by Arastounia and Lichti (2013) is
implemented to filter out the points that belong to the ground surface. This procedure assumes
that the laser scanner was leveled during the data acquisition and the ground surface is almost
flat, which is generally the case for the laser scans acquired within industrial sites. Among all the
points within the scan, the ground points are assumed to be the largest number of points that
share similar height values. The ground removal process is conducted through two steps. First,
the laser points are examined according to their height values through a frequency histogram,
where each frequency column in the histogram represents a certain height interval. Second, the
height interval with the largest number of laser points is considered as the ground surface.
Hereafter, this interval and the intervals beneath are filtered out. Figure 3.2 shows an example of
the height-frequency histogram for a laser scan acquired over an electrical substation. One
should note that different interval size selection would result different histogram results. In case
of a perfectly flat area and assuming that the features of interest are located significantly higher
than the ground surface, the interval size can be set into a relaxed value (e.g., 0.15 m).
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Ground points

Figure 3.2. Height-frequency histogram for a point cloud over an electrical substation

3.2.2 Laser Data Structuring
The resulting point cloud from a laser scanning mission comprises a massive amount of
3D coordinates that are usually stored in a list structure according to the instant of scanning. On
the other hand, any segmentation process requires extensive query tasks over the utilized point
cloud. Hence, a suitable data structure is required to guarantee an efficient segmentation process
through increasing the query speed. The well-known kd-tree data structure (Bentley, 1975) is
used in this work to handle/organize the point cloud. This structure is established through a
recursive splitting across the point cloud in the 3D space. More specifically, a given point cloud
is first divided into two partitions by using a plane that is perpendicular to the longest extent of
the data. This plane passes through the point with the median coordinates along the selected
splitting direction. Then, the resulting partitions on both sides of the plane are sequentially
subdivided in the same manner until no subdivision is possible. This partitioning procedure leads
to a balanced kd-tree data structure (Moore, 1991). Figure 3.3 (a-c) shows a sequential twodimensional kd-tree partitioning along the horizontal/vertical directions and the resulting tree
structure (Figure 3.3.d).
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Figure 3.3. A sequential two dimensional kd-tree subdivision (a-c) and the resulting tree
structure (d) adapted from Moore (1991)

The kd-tree provides the tool to organize the point cloud and allows for different query
purposes in the 3D space during the segmentation procedure. The kd-tree is used for the
following query tasks:


Searching for the nearest ( ) neighbors for a query point, and



Searching for the neighbors within a specified searching radius from the query point.

3.3 Laser data characterization
3.3.1 PCA for identifying laser points that belong to planar, linear, and cylindrical features
The raw point cloud does not provide any semantic information about the type of the
scanned surfaces (i.e., planar, linear, or cylindrical surfaces). Therefore, the segmentation
methodology starts by utilizing PCA to determine the geometric properties of the local
neighborhood of laser points. To check whether or not a certain laser point (query point) belongs
to planar, linear, or cylindrical surface, the following steps are taken. First, a local neighborhood
(𝑃 ) is defined to enclose the

) nearest neighbors to the query point. Then, a covariance

matrix 𝐶𝑜𝑣) is formed based on the dispersion of the points (𝑃 ) from their centroid 𝑃̅ ) as
given by Equation (3.1). Then, eigenvalue analysis is performed to decompose the covariance
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matrix into two matrices (Equation 3.2). The first matrix (W) comprises thee eigenvectors
𝑒⃗ , 𝑒⃗ , 𝑒⃗ )andthe other matrix (Ʌ) provides their corresponding eigenvalues (𝜆 , 𝜆 , 𝜆 ).

𝐶𝑜𝑣

==

1

𝑃̅
𝑃̅
𝑃
𝑃
∑ ([ 𝑃 ] − [𝑃̅ ]) ([𝑃 ] − [𝑃̅ ])
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𝑃
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3.2

The eigenvectors/eigenvalues are quite advantageous in determining the geometric nature
of the established neighborhood. The eigenvectors represent the orientation of the neighborhood
in the 3D space. While the eigenvalues define the extent of the neighborhood along the directions
of their corresponding eigenvectors (Pauly et al., 2002). For a planar neighborhood, one of the
estimated eigenvalues will be quite small when compared to the other two (Figure 3.4.a). The
eigenvector that corresponds to the smallest eigenvalue will represent the approximate direction
of the normal vector to the plane enclosed within this neighborhood. In the case of a
linear/cylindrical neighborhood, one of the estimated eigenvalues will be quite large when
compared to the other two (Figure 3.4.b). The eigenvector that corresponds to the largest
eigenvalue will represent the approximate direction vector of the line/cylinder enclosed within
the neighborhood.
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Figure 3.4. Eigenvalue analysis outcome from a planar neighborhood (a) and a
cylindrical neighborhood (b)

In general, the quality of the estimated information through the eigenvalue analysis
depends on the number of the enclosed points within the neighborhood and the existence of
outliers. Knowing that the point density is not consistent within the laser scan, it would be quite
critical to come up with a general definition for the size of the neighborhood. Also, the
neighborhood should enclose a reliable number of points for the planar or linear /cylindrical
features representation while excluding the points that do not belong to the feature in question
(Lari and Habib, 2014). Therefore, the eigenvalue analysis is conducted through two steps in this
work. First, the eigenvalue analysis is performed over an established neighborhood that is
defined to enclose a certain number of points (e.g., nearest 50 points to the query point). The
number of points here is determined based on the operator’s assumption about the required
points for a reliable representation of planar or linear/cylindrical feature with the possibility of
having some outliers. Second, a plane, line, or cylinder will be fitted to the neighborhood if it has
been identified as being a part of a planar, linear, or cylindrical surface. Also, a cylindrical buffer
(adaptive cylinder) can be established around the fitted surface to exclude points that belong to
other surfaces.
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In this case, the outlier points are defined as the points that fall within a given distance from the
best-fit surface to the established neighborhood. More specifically, if the normal distance
between a point and the best-fit surface exceeds the expected noise value within the data, this
point will be considered as outlier points. The point density information along the fitted surface
then is estimated and used to define a precise neighborhood. Therefore, eigenvalue analysis
could be re-performed over a precisely established neighborhood that contains a sufficient
number of points along the feature in question. The following section illustrates the utilized
mathematical models for planar and linear/cylindrical surfaces representation and explains the
adaptive cylinder process and point density estimation.
3.3.2 Fitting proper models to planar, linear, or cylindrical neighborhoods
Any segmentation process aims at partitioning the point cloud into distinct groups of
laser points. Mainly, these groups enclose laser points that are spatially connected and have some
degree of homogeneity in terms of geometric characteristics; and mathematical models therefore
are able to provide the means to describe the surface geometric characteristics of the grouped
laser points. In other words, the mathematical models can be used for the representation of the
individual geometric features wherever these models are in a good fit with the laser data. This
section illustrates the theoretical basis of the utilized mathematical models for representing
planes, lines, and cylinders in 3D space.
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3.3.2.1 Planar features modeling
A common representation of a planar feature can be written as in Equation 3.3 where (X,
Y, and Z) are the Cartesian coordinates of a certain point along the plane surface. The parameters
(A, B, C) are the components of the unit vector of the plane normal while (D) represents the
perpendicular distance from the plane to the origin of the 3D coordinate system in which the
plane is defined.
𝐶

=0

3.3

This representation comprises four parameters while three of these parameters are
independent. To reduce the number of the descriptive parameters while preserving a unique
definition of the planes, the planes are divided to three types based on their slope/intercept
relative to the Cartesian coordinate system (Figure 3.5):


Type 1 planes: They are almost parallel to the XY plane. For this type of planes, the Z
component of the normal vector to the plane surface is modified to unity. Thus,
Equation 3.3 can be rewritten into the form in Equation 3.4. Where ̀ = −
−

𝐶,

̀ =−

𝐶, ̀ =

𝐶. The parameter ( ̀ ) in Equation 3.4 is the Z-coordinate of the

intersection point of the plane with the Z-axis of the coordinate system (Figure 3.5.a).
= ̀


̀

̀

3.4

Type 2 planes: They are almost parallel to the XZ plane. For this type of planes, the Y
component of the normal vector to the plane surface is modified to unity. Thus,
Equation 3.3 can be rewritten into the form in Equation 3.5. Where ̀ = −
−𝐶

,

̀ =−

, 𝐶̀ =

. The parameter ( ̀ ) in Equation 3.5 is the Y-coordinate of the

intersection point of the plane with the Y-axis of the coordinate system (Figure 3.5.b).
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= ̀


𝐶̀

̀

3.5

Type 3 planes: They are almost parallel to the YZ plane. For this type of planes, the X
component of the normal vector to the plane surface is modified to unity. Thus,
Equation 3.3 can be rewritten into the form in Equation 3.6. Where ̀ = −
−𝐶

. The parameter ( ̀ ) in Equation 3.6 is the X-coordinate of the

̀ =−

,

, 𝐶̀ =

intersection point of the plane with the X-axis of the coordinate system (Figure 3.5.c).
= ̀
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𝐶̀

̀
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Figure 3.5. Representation forms of planar features

The mathematical models in Equations (3.4, 3.5, and 3.6) can be used to fit a plane to
three or more non-collinear points. The selection of the proper plane type (i.e., type 1, type 2, or
type 3) is based on the outcome of the PCA. More specifically, the eigenvector that corresponds
to the smallest eigenvalue will provide the approximate direction of the normal to the plane and
consequently the appropriate model for representing the plane.
 Least-squares formula to estimate parameters of the best-fit plane
The best-fit plane for a set of 3D points is the one that has the minimum squared sum of
the normal distances to these points. To estimate the three parameters of the best-fit plane
through least-squares, the target-function of the least-squares model aims at minimizing the sum
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of the squared normal distances between the points in question and the plane surface. Figure 3.6
illustrates the target function in the case of a plane fitting. Based on Figure 3.6, the observation
model for the plane fitting process – in the case of Type1 planes – can be written as a function of
the normal distances similar to Equation (3.7).

Figure 3.6. Plane fitting example

)=

For a set of points ( ), where

=

̀

̀
√̀

̀
̀

1

3.7

=0

≥3non-collinear points, the function to be minimized through

least-squares is the summation of the squared normal distances between the points and the plane
surface (Equation 3.8). Each point

) contributes one linear observation equation to the least-

squares adjustment model (Equation 3.4). One can derive similar forms for type 2 and 3 planes
(Equations 3.5 and 3.6).
∑

=

̀, ̀ , ̀ )

3.8

3.3.2.2 Linear/Cylindrical features modeling
Typically, a 3D line can be modeled through six descriptive parameters using Equation
(3.9), where

,

,

) are the coordinates of a point along the 3D line,

components of the direction vector of the 3D line, and 𝜆 is a scale factor.
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,

,

) are the

=
=
=

𝜆
𝜆
𝜆

3.9

On the other hand, a cylinder is usually described by seven parameters; namely, six
parameters to represent the cylinder axis (which is a 3D line) and one additional parameter to
represent the cylinder radius. A 3D line/cylinder axis has four degrees of freedom (Roberts,
1988) (i.e., the minimum number of required parameters to represent a 3D line/cylinder axis
should be four). Hence, the representation of 3D lines/cylinder axes as written in Equation (3.9)
is not sufficient for performing the task of line fitting in 3D space since the number of
parameters exceeds the degrees of freedom. Therefore, the number of descriptive parameters of
lines/cylinders has to be reduced to four/five in order to avoid singularities. For this purpose, the
3D lines/cylinder axes are classified into three types based on their orientation relative to the
Cartesian coordinate system (Figure 3.7);


Type 1: 3D lines/cylinder axes that are not parallel to the XY-plane (Figure 3.7.a). A
modified direction vector
point

,

, 1) of the 3D line/cylinder axis and its intersection

, , 0) with the XZ-plane are used to represent this type. Then, Equation (3.9)

can be modified to the form in (3.10).
=
=0
=


𝜆
𝜆
𝜆

3.10

Type 2: 3D lines/cylinder axes that are not parallel to the XZ-plane (Figure 3.7.b). A
modified direction vector (

, 1,

) of the 3D line/cylinder axis and its intersection

point (p,0,q) with the XZ-plane are used to represent this type. Then, Equation (3.9) can
be modified to the form in (3.11).
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=
𝜆
=0 𝜆
=
𝜆


3.11

Type 3: 3D lines/cylinder axes that are not parallel to the YZ-plane (Figure 3.7.c). A
modified direction vector 1,

,

) of the 3D line/cylinder axis and its intersection

point (0, p, q) with the XZ-plane are used to represent this type. Then, Equation (3.9)
can be modified to the form in (3.12).
=0 𝜆
=
𝜆
=
𝜆
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Figure 3.7. Representation forms of 3D lines/cylinder axes

The selection of the proper type of a line/cylinder (i.e., Type 1, Type 2, or Type 3) is done based
on the outcome of the PCA over the points being fitted. More specifically, the eigenvector that
corresponds to the largest eigenvalue provides the approximate direction of the line/cylinder axis
and consequently the appropriate model for representing the line/cylinder. The mathematical
models in Equations (3.4, 3.5, and 3.6) can be used to fit a line through two or more laser points.
In the case of a cylinder fitting, the radius parameter has to be involved. Since we are solving for
five unknowns, a minimum of five non-planar/non-collinear points are required where each point
provides a single observation equation. These conditions are necessary due to the fact that fitting
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a cylinder to perfectly planar points would result in an infinite cylinder radius; and in the case of
collinear points, the radius parameter is indeterminable.
 Least-square formulas to estimate parameters of the best-fit line/cylinder
The best-fit line for a set of 3D points is the one that has the minimum sum of normal
distances to these points. On the other hand, the best-fit cylinder for a set of 3D points is the one
that has the minimum sum of the normal distances between the points and the cylinder surface.
In addition, the relation between the cylindrical and 3D linear features can be established based
on the fact that a 3D line is a cylinder that has zero radius. For a set of points, the cylinder fitting
can be applied first to estimate the best fitting cylinder parameters. If the resulting radius is very
small (within a threshold, such as .02 m) or the iterative solution is diverging, then line fitting
will be used instead of the cylinder equation. To estimate the four/five parameters of a
linear/cylindrical feature through least-squares, the target function of the least-squares model is
to minimize the sum of the squared normal distances between the points and the fitted features.
Figure 3.8 illustrates the observation function components.

𝑋 ,𝑌 ,𝑍 )

Known quantity
Unknown quantity
Figure 3.8. Observation function components

As per Figure 3.8, the observation model of a 3D line can be written as a function of the
components of the normal distance between the point in question and the 3D line. A minimum of
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two points are required to define a line in the 3D space (Bottema and Veldkamp, 1977). Hence,
each 3D point contributes three observations to the least squares model according to Equation
(3.13). On the other hand, the observation model of a cylinder can be written as a function of the
normal distance between the point in question and the surface of the cylinder. Since a minimum
of five points are required to represent a cylinder in 3D space (Arnon et al., 1984), each 3D point
contributes one observation to the least squares model according to Equation (3.14).
=0
=0
=0

)=

)=
Where (

,

,

=√

3.13

−

3.14

=0

) are the components of the normal distances between the point in question

and the 3D line/cylinder axis, and is the parameter representing the cylinder radius.
The coordinates of the projection of the point in question onto the 3D line/cylinder axis
(

,

,

) are estimated using the 3D line/cylinder axis parameters as in Equation (3.15).

Hence, one can derive the observable components of the normal distance as per Equation (3.16).
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For a set of ( ) points, where

√
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√
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√
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]
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)≥2inthe case of a line and ( )≥5non-planar/non-

collinear points in the case of a cylinder, the function to be minimized through least-squares is
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the summation of squared the normal distances between the points and the 3D line/cylinder
surface (Equation 3.17).
𝑒 ,

∑

=

(

,

,

,

,

,

)
3.17

𝑒 ,

∑
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,

,

,

,

,

, )

For 3D line fitting, each point ( ) contributes three observation equations to the leastsquares model (Equation 3.13). In the case of cylinder fitting, each point ( ) contributes one
observation equation to the least-squares model (Equation 3.14). One should note that a single
direction parameter of the line/cylinder axis has to be fixed to one depending on the line/cylinder
axis type (i.e.,

,

,𝑜

). Also, a single coordinate is modified to zero (i.e.,

,

,𝑜

).

So far, Equations 3.13 to 3.17 explain the derivation steps of the mathematical model. Finally,
the Gauss Markov representation of the mathematical model can be written as in Equation (3.18).
=

3.18

Where y is the observation vector, A is the design matrix, dx is the vector of unknowns, and e is
the noise contaminating the observation vector.
Since those mathematical models are non-linear, the required approximations for the
iterative least-squares solution are determined as follows:


The approximate direction vector of the line/cylinder axis will be provided by the
eigenvector that corresponds to the largest eigenvalue,



The approximate coordinates of the point along the line/cylinder axis will be estimated
as the centroid of the coordinates of the points within the local neighborhood, and
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In the case of a cylinder fitting, the approximate cylinder radius will be estimated by
averaging the normal distances between the points being fitted and the approximate
direction vector.

Note: The detailed partial derivatives of the lines and cylinders mathematical models as well as
their least-squares design matrices are summarized in Appendix A.
3.3.3

Adaptive cylinder definition for planar, linear, and cylindrical neighborhoods
For an established neighborhood within a planar, linear, or cylindrical surface, there

would be a possibility to have some outlier points. These points might belong to other nearby
surfaces or they appear due to environmental effects. The quality of the estimated information
about the surface will suffer if those points are considered in the fitting process. The adaptive
cylindrical buffer that was proposed by Lari and Habib (2014) is utilized in this work for the
purpose of excluding outlier points. This buffer can be constructed based on the noise level that
is provided by the scanning system specifications. For a planar neighborhood, this buffer is
established as an orthogonal cylinder to the best-fit plane (Figure 3.9.a). The cylinder height is
twice the absolute noise value. And the plane surface passes through the middle of this cylinder.
For a linear neighborhood, a single-cylindrical buffer can be established with a radius equal the
absolute noise value in the given point cloud (Figure 3.9.b). For a cylindrical neighborhood, a
double-cylindrical buffer is established (Figure 3.9.c). The first cylindrical buffer is defined with
a larger radius than the estimated radius of the best-fit cylinder to the neighborhood (i.e., the
radius of the first cylindrical equals the estimated radius of the best-fit cylinder plus the noise
level) while the other cylindrical buffer is defined with a radius smaller than the estimated radius
of the best-fit cylinder (i.e., the radius of the second cylindrical buffer equals the estimated radius
of the best-fit cylinder minus the noise level).
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(a) orthogonal cylinder to
the best-fit plane

(b) single-cylindrical buffer to
the best-fit line

(c) double-cylindrical
buffer to the best-fit
cylinder

Figure 3.9. Adaptive cylinder neighborhood definition (Lari and Habib, 2014)

After establishing the adaptive cylinder, weights will be assigned to the points within the
neighborhood. The weights are inversely proportional to the normal distances between the points
within the neighborhood and the best-fit surface. These weights are involved in the least-squares
adjustment process in order to eliminate the impact of the outliers during the iterative fitting
procedure.
3.3.4 Point density estimation for planar, linear, and cylindrical features
Due to the mechanical characteristics of the laser scanning systems, the resulting points
within a laser scan will not exhibit a homogenous distribution. In fact, unlike the objects that are
relatively far, the objects that are close to the scanner position will be represented by dense
points. Also, the individual surface orientation relative to the laser pulse will cause inconsistent
points distribution. Furthermore, the physical properties (i.e., reflective characteristics) of the
scanned objects will also affect the distribution of the laser points. For instance, dark objects
might absorb some of the laser beams, which will lead to having fewer points along their
surfaces. Therefore, the point density variation within the laser scan has to be quantified and
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utilized in order to guarantee a reliable segmentation process. The local point density estimation
approach that was proposed by Lari and Habib (2013) is used in this work. This approach aims at
estimating the point density along the scanned planar, linear, or cylindrical surfaces while
excluding probable outlier points. The local point density (LPD) and the average point spacing
along an examined planar, linear, or cylindrical neighborhood can be evaluated according to
Equations 3.19, 3.20, and 3.21, respectively. These equations deal with the estimation of the
point density as a function of the number of the points within the established buffer and the
surface area. Since the points corresponding to the features are examined while excluding
probable outlier points, the number of the utilized points ( ) to estimate the point density should
be less than the total number of points ( ) within the defined local neighborhood.
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𝑜𝑜

)=1 √ 𝑃

Where

is the number of points within the adaptive cylinder neighborhood(i.e., after excluding

the outlier points),

is the distance between the center point and the farthest point in the

sphericalneighborhood,andRistheestimatedcylinderradius.
Following the estimation of the point density information, one can determine the proper
) for establishing the local neighborhood of a query point and thereafter

spherical search radius

re-perform the eigenvalue analysis. Given the number of points

) within the adaptive cylinder

neighborhood for a query point as well as the estimated point density information, the spherical
search space

) can be determined according to Equations 3.22, 3.23, and 3.24.
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3.4 The extraction of the individual planar, linear, and cylindrical features
The aforementioned processing steps thus far have focused on identifying the laser points
that belong to planar and linear/cylindrical features and determining their characteristic
attributes. At this stage, the characteristic attributes, such as the local surface parameters and
local point density information, will be associated with the detected planar, linear, or cylindrical
points.
For the extraction of the individual planar, linear, or cylindrical features, a region-growing
procedure is conducted. The detected planar, linear, and cylindrical points are used as seed points
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to start the region-growing process. The planar features are first extracted, which is followed by
another region-growing procedure to extract the linear and cylindrical features.
3.4.1 Region-growing procedure to extract planar features
The region-growing process to extract the individual planar features from the point cloud is
implemented as follows:
1. Points that are identified as planar points will be used as seed-points,
2. Starting from a single seed-point, a spherical search space is established with its origin at
the seed-point (Figure 3.10.a). The radius of the spherical search space depends on the
average point spacing value that is associated with the seed point as well as the number of
desired points within the spherical neighborhood (Equation 3.22),
3. The points within this spherical search space are considered as a seed region
(Figure 3.10.b). The normal distances are estimated between each point in the seed region
and the plane defined at the seed point (i.e., the plane which is defined using the plane
parameters that are associated with the seed point),
4. The absolute noise level value is used as a normal distance threshold to identify the
points within the seed region that belong to the defined plane,
5. A spherical search space will be established from each point within the seed region that
is identified as a part of the plane. The radii of each spherical search space are set
according to the point spacing values associated with these points. The points in each
search space that satisfy the normal distance threshold are aggregated into one group,
6. The grouped points are used to re-estimate the plane parameters through the least-squares
fitting procedure, and
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7. The process continues in the same manner by establishing a search space from each
grouped point, identifying the points that belong to the same plane using the normal
distance threshold and then refining the plane parameters through least-squares until no
further points can be added to the group. Eventually, the group is considered as a single

Spherical search space

planar feature (Figure 3.10.c).
Spherical search
spaces

Seed Point

(a) Establishing a spherical
search space from the
seed point

Seed region

(b) Defining a spherical
search space for each
point within the seed
region

(c) Extracting the
individual feature

Figure 3.10. Region-growing process steps for extracting planar features
3.4.2 Region-growing procedure to extract linear/cylindrical features
The region-growing process to extract the individual linear/cylindrical features from the
point cloud is performed while excluding the planar points. A cylinder with an infinite radius
could be fitted to planar points. Due to this fact, the planes segmentation procedure is applied
before extracting the linear/cylindrical features. This sequence is important since the radius is
involved in the linear/cylindrical features segmentation process as a searching threshold. The
region-growing process to extract the individual linear/cylindrical features from the point cloud
is implemented as follows:
1. The points that are identified as linear/cylindrical points are used as seed-points. The seed
points that have an associated radius value of less than a predefined threshold are
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considered as part of the linear features. While the seed points that have a radius value
exceeding that threshold are considered as part of the cylindrical features,
2. Starting from a single seed-point, a spherical search space is established, with its origin at
the seed-point (Figure 3.11.a). The radius of the spherical search space is set according to
the average point spacing value that is associated with the seed point as well as the
number of desired points within the established neighborhood (Equations 3.23 and 3.24),
3. The linear/cylindrical radius that is associated with the seed point is used as a threshold to
identify the points within the spherical search space that belong to the same
linear/cylindrical feature. More specifically, the normal distances are estimated between
the points in the spherical search space and the associated linear/cylinder axis with the
seed point. Then, the estimated normal distances are compared to the radius threshold
while considering the noise level within the data (Figure 3.11.a). The points that satisfy
this threshold are assumed to belong to the same linear/cylindrical feature. These points
will be aggregated in one group,
4. The grouped points are used to re-estimate the linear/cylindrical parameters through the
introduced least-squares fitting procedure. The associated attributes – except the point
spacing attribute – with these points are updated according to the least-squares outcome,
5. Then, a spherical search space is established from each point within the group
(Figure 3.11.b). The radii of these spherical search spaces are set according to the point
spacing values associated with the grouped points. The normal distance check is
conducted for all the points in each spherical search space. The normal distances are
estimated between the points and the refined linear/cylinder axis from the previous step.
All the points that satisfy the normal distance threshold, while considering the noise
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level, are aggregated to the group. Thereafter, the parameters that are associated with the
grouped points are refined through least-squares, and
6. The region-growing procedure proceeds in a way similar to step (5) by establishing a
spherical search space from each grouped point until no points can be added to the group.
Eventually, the group is considered a single feature (Figure 3.11.c).

(a) Establishing a spherical
search space for the
seed point and checking
the normal distances

(b) Defining spherical
search space for the
points within the
group

(c) Extracting the
individual feature

Figure 3.11: Region-growing process steps for extracting linear/cylindrical features

3.5 Quality control of the segmentation process
In order to evaluate the quality of the segmentation results, the quality control (QC)
procedure proposed by Lari and Habib (2013) is utilized. The QC procedure aims at establishing
an automatic framework to identify and resolve potential problems in the segmentation outcome.
As shown in Figure 3.12, the segmentation problems can be categorized into: (1) non-segmented
points, (2) over-segmented clusters, and (3) under-segmented clusters. Generally, these
categories are expected for the segmented planar and linear/cylindrical features. The QC
procedure addresses the different issues in the segmentation outcome (i.e., segmented planar and
linear/cylindrical features) and provides possible actions for solving such problems. For each of
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the identified problems (i.e., non-segmented points, over-segmented, and under-segmented
features), a quantitative measure is then provided which gives an indication about the frequency
of such a problem.
Problem
Category

Planar

Linear

Cylindrical

Planar point

Before
QC

Segmented
plane

Segmented
line

Non-segmented
After
QC

Before
QC

Segmented
plane

Plane
1

Segmented
line

Plane
2

Line 2
Line 1

Oversegmentation
Merged planes

After
QC

Segmented plane

Before
QC
Undersegmentation
After
QC

Plane
1

Plane
2

Line 2
Line 1

Figure 3.12. The addressed problems by the utilized QC procedure
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The non-segmented planar, or linear/cylindrical points (i.e., the points that are classified
as planar or linear/cylindrical points during the PCA process) might exist due to the operational
thresholds of the region-growing process (i.e., the normal distance and local point spacing
thresholds). For instance, a planar-classified point whose normal distance to a neighboring plane
exceeds the normal distance threshold will not be included in the segmented plane. Similarly, the
region-growing process will also miss classified linear/cylindrical points in the case of
linear/cylindrical features segmentation. Furthermore, in the case of wrongly estimated local
point spacing information, the growing process will not be continued to find other points that
belong to the same feature. For a non-segmented planar or linear/cylindrical laser point, the
nearest segmented feature will be identified based on the associated local point density with that
point. In the case of a non-segmented planar point, the normal distance is estimated between the
point in question and the best-fit plane of the neighboring planar segment. If the normal distance
is less than a pre-specified threshold, the point will be added to the segmented plane. The
threshold is chosen to be 2-3 times the neighboring plane’s roughness factor. In the case of a
non-segmented linear/cylindrical point, the normal distance is estimated between the point in
question and the neighboring linear/cylindrical feature’ssurface.
Regarding the over-segmentation problem, a single feature might appear as several segments in
the segmentation results, which is identified by comparing the attributes of neighboring features.
The attributes include the feature parameters (i.e., plane parameters in the case of planar feature
and the direction vector in the case of linear/cylindrical features) as well as the surface roughness
factor. The surface roughness factor is estimated as the root mean square of the normal distances
between the points of a segmented feature and the best-fit surface to these points. If the attributes
of the neighboring features are similar within a predefined threshold, then the features will be
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merged together. Eventually, the parameters of the merged feature will be estimated again. If the
resulting parameters vary significantly from the original segments, then the generated feature is
rejected and the original features is restored.
The under-segmentation problem occurs when different features are segmented into one cluster
(e.g., two cylinders with different radii are segmented as a one cluster). In order to resolve the
under-segmentation problem, the average surface roughness factor of all the derived features is
utilized. If the surface roughness factor of an individual feature is significantly higher than the
average roughness factor, then this feature is reported as a suspect for under-segmentation.
Eventually, the the segmentation process is repeated starting from a new origin location and the
new results are checked for any differences (Lari and Habib 2013).
3.6

Registration primitives extraction
In this work, linear features are used as the registration primitives to estimate the 3D

transformation parameters that relate the overlapping scans. In the reregistration process, a single
linear feature is described by its two end-points. These points are used as the observation
quantities to solve for the transformation parameters through a least-squares model. There are
two options for the extraction of linear features from a single scan. 1) The linear features can be
extracted indirectly through planar feature segmentation and thereafter detecting virtual lines that
represent the intersections between neighboring planar surfaces. The intersection of such planes
provides infinite lines. Therefore, the end points of the linear features are established through a
projection of the point cloud in the neighboring planes within a given buffer around their
intersection onto the infinite linear feature (Figure 3.13). The planar features do not need to be
physically connected. However, the intersection procedure will look for nearby planar features to
avoid excessive extrapolation for the derivation of linear features. The second option for the
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extraction of linear features is by directly identifying the available linear/cylindrical features
within the mapped scene (e.g., pole-like features such as light poles, power lines, and sign posts).
Then, the points in a single feature are projected onto its axis to determine the extreme points.
Eventually, the extreme projected points are used as descriptors of the lines within the scan
(Figure 3.14).

Plane1
(X,Y,Z)

Buffer
Linearfeature

(X,Y,Z)

Plane2
Figure 3.13. Intersectingneighboringplanestoderivelinearfeatures

(X,Y,Z)

(X,Y,Z)

Pole-likefeature

Figure 3.14. Projecting the points in a pole-like feature onto its axis
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Chapter Four: Registration Methodologies
4.1 Introduction
This chapter presents the utilized components of the registration paradigm and introduces
three alternative matching strategies. Linear features could be directly available within the
mapped scene (e.g., light poles, power lines, sign posts, etc.) or derived through planar feature
segmentation followed by an intersection procedure. The estimation of the transformation
parameters using linear features is conducted through two options for the mathematical model.
The first one is a non-linear mathematical model, which requires initial approximations of the
transformations parameters. The second one is a linear mathematical model, which is adapted to
compensate for ambiguities resulting from potential direction variations among hypothesized
matches. The Iterative Closest Projected Point (ICPP) registration procedure is utilized for
refining the estimated transformation parameters resulting from linear features as well as
quantifying the agreement between the registered scans. The conceptual basis of the proposed
matching strategies is establishing hypotheses about potential minimal matches (i.e., the
minimum number of the linear features, which could be used for the estimation of the
transformation parameters relating the scans) and then refining the estimated transformation
parameters. Since angular deviation and spatial separation between the constituents of a line pair
are invariant with respect to translations and rotations, these values are used to establish
candidate matches of linear features between the overlapping scans.
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4.2 Linear features extraction methodologies
In this work, linear features are used as the registration primitives to estimate the 3D
transformation parameters that relate the overlapping scans. A linear feature is described by its
two end points. The end-points of the individual linear feature are used as the observation
quantities to solve for the transformation parameters through a least-squares model. As
illustrated in Section (3.6), there are two options for the extraction of the linear features from the
laser scans. (1) The linear features can be extracted indirectly through planar feature
segmentation and thereafter detect virtual linear features that represent the intersections between
neighboring planar surfaces. The end-points corresponding to the linear features are established
through a projection of the point cloud in the neighboring planes within a given buffer around
their intersection onto the infinite linear feature. (2) The other option for the extraction of linear
features is by directly identifying the available linear/cylindrical features within the mapped
scene (e.g., pole-like features such as light poles, power lines, and sign posts). Then, the points in
a single feature are projected onto its axis to determine the extreme points. Eventually, the
extreme projected points are used as descriptors of the linear features within the scan.
It must be mentioned that a merging process is applied for linear features that happen to be
collinear within the scan. The merging process is conducted through establishing a (U, V, W)
coordinate system for each line. In which the U axis is defined along the line direction, and the
V and W axes are arbitrarily defined in a way that they should be perpendicular to each other and
to the U axis. If aline“ ⃗ ” is collinear with another line (e.g., a line ⃗ ), thentheline“ ⃗ ”
,when transformed to the coordinate system that is defined by the line“ ⃗ ”, will have almost
zero components along the V and W axes  of “ ⃗ ”. Further explanation about establishing a
local coordinate system for a given line is provided in Section 4.5.1.
52

4.3 Identifying candidate matches of line pairs
The conceptual basis for the identification of conjugate linear features in two neighboring
scans is figuring out the invariant characteristics among conjugate linear features. Since angular
deviation and spatial separation between the constituents of a line pair are invariant with respect
to translations and rotations, these values are used to establish candidate matches of linear
features between the overlapping scans. First, the angular deviation between two lines is
invariant to the shift, rotation, and scale differences between two neighboring scans. As seen in
Figure 4.1, the angular deviation ( ) between two 3D lines (e.g., ⃗ and ⃗ ) can be derived
through the dot product of their direction vectors according to Equation (4.1).
=

⃗

⃗ )

⃗

θ

⃗ )

4.1

𝑛⃗
𝑛⃗

Figure 4.1. Angular deviation between two lines in 3D
Secondly, in the absence of scale differences between two neighboring scans, the spatial
separation between the lines ⃗ and ⃗ in Figure 4.2 is invariant with respect to shift and rotation
differences. The spatial separation (S) represents the length of the common perpendicular line
between two lines in 3D.

𝑘⃗

𝑛⃗
e

a
c

b

S
f

d
𝑛⃗

Figure 4.2. Spatial separation in 3D
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The following write-up will discuss the required equations for the derivation of the
spatial separation, which is denoted by “S” in Figure 4.2. It starts with defining the coordinates
ofpoint“e”alongline ⃗ according to Equation (4.2).Also,thecoordinatesofpoint“f”along
line ⃗ is defined in the same way according to Equation (4.3).
=
=
=

Where

,

⃗ , and

⃗

, and

⃗

⃗

⃗

⃗

⃗

⃗

4.2

arethecoordinatesofthepoint“a”whichisthebeginningofthevector

is an unknown scale factor along the vector ⃗ whose components along the X, Y,

and Z directions are

⃗

Where

,

=
⃗
⃗
4.3
=
⃗
⃗
=
⃗
⃗
arethecoordinatesofthepoint“c”whichisthebeginningofthevector

⃗ , and

⃗

, and

,

⃗

, and

⃗

, respectively.

is an unknown scale factor along the vector ⃗ whose components along the X, Y,

and Z directions are

⃗

,

⃗

, and

⃗

, respectively.

The cross product of any two non-parallel vectors produces a third vector, which is
perpendicular to both vectors being multiplied. Therefore, the vector ⃗ which is derived from the
cross product of the vectors ⃗ and ⃗ is used to define three more equations as seen in Equation
(4.4).

Where

⃗

− = ⃗ ⃗
4.4
− = ⃗ ⃗
− = ⃗ ⃗
is an unknown scale factor along the vector ⃗ whose components along the , Y, and

Z, directions are

⃗,

⃗,

and

⃗,

respectively.
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Equations (4.2 to 4.4) are then used to solve for the nine unknowns: the scale factors
(

⃗

,

⃗

,

⃗)

and thecoordinatesofpoints“e”and“f”.Oncethecoordinatesofpoints“e”and

“f” are estimated, the spatial separation can be determined by calculating the 3D distance
between them.
The angular deviation and spatial separation values between all the line pairs in a given
scan are used to identify potential conjugate linear features in overlapping scans. Therefore, if
there are

linear features in the first scan, there will be

− 1)

angular deviations and

spatial separations that need to be estimated in the first scan. Similarly, if the second scan has
linear features, there will be

− 1)

angular deviations and spatial separations that need

to be estimated in the second scan. Then, the line pairs in both scans that share the same angular
deviation and spatial separation are identified.Inthiscase,“same”meansthattheyhavesimilar
values within a predefined threshold. This threshold depends on the noise level in the data as
well as the accuracy of the feature extraction procedure. If the angular deviation and spatial
separation between lines ⃗ and ⃗ in the first scan are similar to those between lines ⃗ and
⃗ in the second scan, one can make a hypothesis that these line pairs are conjugate to each
other. In this work, the thresholds are selected as 5° for the angular deviation and 0.1 m for the
spatial separation. Since the matching approaches that will be presented later are aiming at the
coarse alignment of two scans, the outcome of the matching process would not be too sensitive
to the utilized values of these thresholds. However, one should note that there will be two
ambiguous matches in this case (i.e., line ⃗ in the first scan could be conjugate to either line ⃗
or line ⃗ in the second scan while line ⃗ in the first scan would correspond to either line ⃗ or
line ⃗ in the second scan). Therefore, these ambiguous matching options must be considered
when establishing the candidate matches of linear features.
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In summary, the total number of line pair combinations (

) from different scans will

equal the number of line pair combinations in the first scan multiplied by the number of line pair
combinations in the second scan according to Equation (4.5).
− 1)

=

− 1)

4.5

Due to the fact that a hypothesized match between two pairs in two scans is equivalent to two
possible matches between the individual linear features, the total number of possible matching
line pairs (

) will equal the number of line pair combinations in the first scan multiplied by

twice the number of line pair combinations in the second scan according to Equation (4.6).
=

− 1)

− 1)

4.6

Eventually, based on examining the angular deviations and spatial separations of the
established possible matching line pairs in (
matches (

), there will be a certain number of candidate

).The number of the candidate matches (

established possible matching line pairs (
<

) should be less than the number of the

) as per Equation (4.7).

− 1)

− 1)

4.7

4.4 Transformation parameters estimation and refinement
A 3D linear feature has four degrees of freedom (Roberts, 1988). Therefore, a single
straight line that could be identified in two terrestrial laser scans enables the estimation of four
transformation parameters relating these scans (i.e., two shifts across the line direction and two
rotation angles defined by the line direction). Another parallel line would allow for the
estimation of the relative scale between the two scans as well as the rotation across the lines (i.e.,
theseventransformationparameterswiththeexceptionoftheshiftalongthelines’directioncan
be estimated using two parallel lines). Two coplanar and non-parallel lines would allow for the
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estimation of the three shifts and three rotation angles between the two scans (i.e., only the scale
parameter cannot be estimated using such lines). Therefore, two non-coplanar lines which can be
identified in both scans will allow for the estimation of the relative scale, three shifts, and three
rotation angles between the two scans. Thus, in the absence of systematic errors and knowing
that laser ranges define the true scale, the minimum number of linear features for the estimation
of the three rotation angles and the three translations are two non-parallel lines.
As for the incorporation of linear features to estimate the transformation parameters, one
could implement one of the following procedures: the line-based approach (Habib et al., 2005) or
the point-based approach (Renaudin et al., 2011). The point-based approach (Renaudin et al.,
2011) would be much easier in terms of implementation. An advantage of using the line-based
and point-based approaches is that it will result in a unique solution for the transformation
parameters. These approaches are nonlinear and they require initial approximations for the
transformation parameters, which are usually derived by roughly evaluating the position and
orientation of the scans with respect to each other. To eliminate the need for approximate
transformation parameters, a closed-form approach can be utilized for the estimation of the
transformation parameters using linear features (Guan and Zhang, 2011). This approach uses unit
quaternion to represent the rotation angles and hence it allows for the formation of a linear
mathematical model. However, this mathematical model is derived while assuming that the
conjugate linear features in the two scans are in the same direction. This assumption would be
applicable only if the linear features are manually matched. Therefore, further adaptation to this
model is conducted to compensate for potential ambiguities that might result from direction
variations.
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In general, the estimated transformation parameters using linear features provide the
coarse alignment between the scans being registered. The quality of alignment in this case is
dependent on the accuracy of the linear features extraction procedure. Therefore, in order to
guarantee the fine alignment between the scans, one can perform the registration by using all the
points in the overlapping area as registration primitives. For this purposes, the Iterative Closest
Projected Point (ICPP) (Al-Durgham et al., 2011) is utilized as the means to improve the quality
of the estimated transformation parameters and hence to achieve the fine alignment between the
scans being registered. The following sub-sections explain the conceptual basis of the utilized
mathematical models to solve for the transformation parameters using linear features (the pointbased non-linear approach as well as the linear quaternion-based approach), and the ICPP
registration procedure.
4.4.1 Point-based non-linear approach for the estimation of the transformation parameters
using linear features
Due to the nature of the linear feature extraction procedure, the definition of the line endpoints is quite arbitrary (i.e., conjugate linear features will not have conjugate end-points).
The weight modification process that was proposed in Renaudin et al. (2011) is utilized in order
to solve for the transformation parameters while resolving the issue of having non-conjugate
end-points among conjugate linear features. This procedure aims at artificially changing the
weight properties of the least-squares model. To explain the conceptual basis of this
mathematical model, suppose

⃗) and ( ⃗) are two conjugate lines in two different scans

(Figure 4.3). Assuming that the end-points of these lines are conjugate to each other, the 3D
similarity transformation function relating a single end-point ( ) to its correspondence ( ́ ) in the
other scan can be written as in Equation (4.8).
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3Dsimilaritytransformation
𝑛⃗

⃗
́

Scan1

Scan2

Figure 4.3. 3D similarity transformation relating two lines with conjugate end points

[

]=[

]

́

[
́

]
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́

Where (

,

,

point ( ́ ),

,

) are the coordinates of the point ( ), (
,

́,

́,

́)

are the coordinates of the

) are the components of the translation vector,

is the 3D rotation matrix,

and S is the scale factor relating the reference frames of the two scans.
The Gauss Markov representation of the mathematical model in Equation (4.8) would
have the form in Equation (4.9).
⃗
Where ⃗
⃗

)

)

=

)

⃗

)

𝑒⃗

),

𝑒⃗~(0,Σ),Σ=𝜎 𝑃

)  is the observation vector for a single

is the vector of unknowns: three shifts (

,

point pair,
,

4.9
)  is the design matrix,

), one scale factor, and three rotation

angles (ω, φ, κ) that are needed to define the rotation matrix, ⃗

) isthe

random noise vector,

whichisnormallydistributedwithazeromean,andΣis the variance-covariance matrix that is
estimated by product of the a-priori variance factor 𝜎 ) and the weight matrix (𝑃).
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In the case of having non-conjugate end-points along corresponding linear features as
shown in Figure 4.4, the least-squares model in Equation (4.9) would not be convenient for the
estimation of the transformation parameters. Hence, an additional unknown vector ( ⃗ ), which is
defined along the linearfeature,must be added to the least-squares model, and this will lead to
Equation (4.10). The vector ( ⃗ ) has components different from zero along the linear feature
whilehavingzerocomponentsacrossthelinearfeatureunderconsideration.

3Dsimilaritytransformation

𝑛⃗
⃗

⃗

́
Scan1

Scan2

Figure 4.4. 3D similarity transformation relating two
lines with non-conjugate end-points
⃗

)

=

)

⃗

)

⃗

)

𝑒⃗

),

𝑒⃗~(0,Σ)

4.10

In order to solve for the unknown transformation parameters, the least-squares procedure
aims at minimizing the sum of the squared-weighted residuals according to Equation (4.11). For
estimating the unknown transformation parameters while eliminating the unknown vector

⃗ , the

stochastic properties of the random noise vector have to be changed according to Equation
(4.12). In this case, one can reduce Equation (4.11) to the form in (4.13).
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𝑒⃗ 𝑃 𝑒⃗ = ( ⃗ −

⃗ − ⃗)

𝛴 {𝑒⃗} = 𝜎
𝑒⃗ 𝑃 𝑒⃗ = ( ⃗ −

⃗ − ⃗) =

(⃗ −

𝑃 , 𝑃 ⃗ =0

⃗ − ⃗) 𝑃 ( ⃗ −

= ⃗−

⃗) 𝑃 ⃗ −

⃗, ⃗

⃗ − ⃗) =
⃗)=

4.11
4.12

⃗, ⃗

4.13

⃗

Where, the new weight matrix (𝑃) is chosen in a way that it should satisfy (𝑃 ⃗ =0). This
condition indicates that the unknown vector ( ⃗ ) belongs to the null space of the weight matrix
(𝑃). Theinverseoftheweightmatrix ́

)doesnotexistsinceitisnot-positivedefinite.Based

on that, the modified covariance matrix (𝛴 {𝑒⃗}) is achieved through the product of the
pseudoinverse ́

)andthea-priori variance factor 𝜎 .

Suchmodificationwillhavealmostnoimpactontheleast-squaresmodel.Based on the
law of error propagation, the solution vector ( ̂⃗ ) can be derived using Equation (4.14) as
explained in Kersting (2011).
̂⃗ =

𝑃 )

4.14

𝑃

So far, the aforementioned discussion has focused on the manipulation of the stochastic
properties of the least-squares model in order to eliminate the

⃗ )term. Forthederivationof

theweightmatrix(𝑃)thatsatisfiesthecondition(𝑃 ⃗ =0),onecanstartwith establishingthe
originalweightmatrix 𝑃).Theoriginalweightmatrix(𝑃)canbederivedbasedontheprecision
oftheextractedlinearfeaturesfromthelaserscansasgivenbyEquation(4.15).
4.15
𝑃=Σ
Where Σ is the variance-covariance matrix, which is defined by the linear features extraction
procedure.
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As previously mentioned, the

⃗ vector is defined along the line direction and will have

no components in the across-line directions. More specifically, by establishing a local coordinate
system (U, V, W) for the given line, in which the U axis is defined along the line direction, and
the V and W axes are arbitrarily defined in a way that they should be perpendicular to each other
and to the U axis, the ( ⃗ ) vector will have zero components along the V and W directions. The
relationship between the (U, V, W) coordinate system and the coordinate system in which the
linear feature is defined can be established using Equation (4.16).
[ ]=
𝑊

[ ]=[

][ ]
𝑊

𝑊

4.16

𝑊

Where M is the rotation matrix that defines the relationship between the two coordinate systems.
The M matrix is obtained using the components of the unit vectors (U, V, and W). (
( ,

,

,

,

),

) and (𝑊 , 𝑊 , 𝑊 ) are the ( , Y, Z) components of the unit vectors ( , , 𝑊),

respectively.
Given that the weight matrix (𝑃 = Σ ) is defined in the (X, Y, Z) coordinate system, one
can estimate its equivalent in the (U, V, W) coordinate system using Equation (4.17). Similarly,
the weight matrix 𝑃

, ,

,whichsatisfisthecondition(𝑃 ⃗  =0)in the(U, V, W) coordinate

system, is provided according to Equation (4.18). Following the definition of the 𝑃 matrixinthe
(U,V,W)coordinatesystem, the𝑃 matrixcanbetransformedtothecoordinatesysteminwhich
thelinearfeatureisdefinedusingtherotationmatrix( )asperEquation(4.19).
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Eventually, one can derive Equation (4.20) which signifies that 𝑃
expression is established based on the fact that the components of the vector

, ,

⃗ = 0. This

⃗ alongtheVand

Wdirectionsarezeroes.


𝑃
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=

Where
,

𝑃

⃗=

, ,

0
0
[0 𝑃
0 𝑃

𝑃

0
𝑃 ] [ 0 ]=0
𝑃
0

is the component of the vector

, ,

⃗
4.20

⃗ with respect to the U axis. One should note that

, which are the components of the vector

⃗ along the VandWaxes,respectively,will

havezerovalues.
4.4.2 Linear quaternion-based approach for the estimation of the transformation parameters
using linear features
The closed form approach that was proposed by Guan and Zhang (2011) can be utilized
for the estimation of the transformation parameters. Their approach uses unit quaternion to
represent the rotation matrix and hence it allows for the formation of a linear mathematical
model. Through this model, one can derive the transformation parameters (i.e., three rotations
and three shifts) in two steps. First, the rotation angles are determined. Then, the translation
vector components are estimated. This mathematical model is derived while assuming that the
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identified linear features in the overlapping scans are in the same direction. This assumption
would be applicable only if the linear features are manually matched. Therefore, the model is
adapted to resolve for potential direction ambiguities in the case of having arbitrarily defined
directions. In this sub-section, the conceptual basis of the linear model will be explained first.
Then, the conducted adaptation on the model to resolve for potential ambiguities in the direction
will be illustrated.


The mathematical model
To explain the conceptual basis of the mathematical model, suppose ⃗ = [

and ⃗ = [

⃗,

⃗,

⃗]

⃗,

⃗,

⃗]

are two unit vectors that represent conjugate lines in two different scans.

In order to align the vectors ⃗ and ⃗ to be parallel to each other, a 3D rotation matrix (R) is
required as per Equation (4.21).
[

⃗

⃗]
⃗

Where

⃗,

⃗,

⃗,

=

[

⃗

⃗]
⃗

[

⃗

⃗]
⃗

4.21

are the components of the residual vector 𝑣⃗ that result from aligning the

vectors ⃗ and ⃗.
Assuming that one can identify two pairs of vectors that are pointing in the same
direction similar to those shown in Figure 4.5 (i.e., ⃗ , ⃗ and ⃗ , ⃗ ). The least-squares
adjustment principle can be employed to estimate the unknown rotation matrix through
minimizing the Sum of Squared Residuals (SSR). Equation (4.22) represents the formation of the
SSR for

) lines.
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⃗

𝑛⃗

⃗

Scan 1

𝑛⃗

Scan 2

Figure 4.5. Pair of conjugate linear features that have similar direction vectors
∑

Where

=∑

⃗ − ⃗)

⃗ − ⃗)=∑ ⃗

is the associated residual for the

⃗

⃗

⃗ −

⃗

⃗)

4.22

conjugate line pair,

is the number of involved

The first two terms of Equation (4.22) (i.e., ⃗ ⃗ , and ⃗

⃗ ) are always positive as

conjugate lines.

they are the squared magnitude of ( ⃗ ) and ( ⃗ ). Hence, in order to estimate the rotation matrix
by minimizing the SSR, the term ( ∑
term ∑

⃗

⃗

⃗ ) must be maximized. One should note that the

⃗ ) has positive magnitude since the vectors ( ⃗ ) and ( ⃗ ) have similar

directions. Horn (1987) introduced a method to find the unit quaternion corresponding to R that
maximizes this term. To explain this method, let’s start first with a brief overview about the
quaternions. A quaternion is a four-dimensional vector that is usually denoted by the symbol
( ̇ ). A quaternion ( ̇ ) has one real and three imaginary elements and can be written as ( ̇ =
,

,

,

)), where

) is the real part and

quaternion ( ̇ ) (i.e., quaternion whose magnitude ̇

,

,

) are the imaginary parts. Unit

̇ is unity) can be used to represent any

rotation in 3D space. Simply, the three imaginary components define the rotation axis, while the
real component defines the rotation angle around the rotation axis. For any 3×3 rotation matrix,
there is an equivalent unit quaternion ( ̇ ). In other words, the rotation multiplication ( ⃗ ) is
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̇ ̇

equivalent to the quaternion multiplication

̇ ). Where ( ̇ ) is the unit quaternion

corresponding to ( ), ( ̇ ) denotes the conjugate quaternion which is constructed by negating the
imaginary part of ( ̇ ), and ( ̇ ) represents quaternion form of ( ⃗ ). The term ( ̇ ) is constructed
by setting its real part to zero and using the vector ( ⃗ ) as its three imaginary elements (i.e.,
̇ = 0, ⃗ )). Using quaternion properties, one can utilize Equation (4.23) to derive the
equivalent quaternion representation of the term ( ∑

∑ ⃗

̇

⃗=

̅̇𝐶
∑ ̇ 𝐶=

∑ ̇ ̇ ̇) ̇ =
̇

̇ ̇

̅
̇ ∑(𝐶
=
̇

̇

⃗

̇

⃗ ).

∑ ̇ ̇)

̇ )̇ (∑
𝐶 ̇ 𝐶̇ )̅ 𝐶 ) ̇ =
̇
̇
̇

̇

̇ ̇)

4.23

̇

Where 𝐶 and 𝐶̅ are 4×4 matrices that are used to convert the quaternion-based multiplication to
matrix-based multiplication, and ( ) is a matrix constructed from all the known vectors ( ⃗ , ⃗ ).
The formation of the matrix ( ) is illustrated in Appendix B.
To find the unknown unit quaternion ( ̇ ) corresponding to ( ) that maximizes the term
( ̇

̇ ), one should use the Lagrangian function ( ) according to Equation (4.24). Provided that

the unit quaternion has unit magnitude (i.e., ̇

̇ is unity), Equation (4.24) will get the form in

(4.25) by differentiate the function ( ) with respect to ( ̇ ). Eventually, Equation (4.25) can be
reduced to Equation (4.26).
̇) = ̇
̇

̇

=

̇− 𝜆 ̇

̇ − 1)

4.24

̇− 𝜆 ̇ =0

4.25

̇ =𝜆 ̇

4.26
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Obviously, the expression in Equation (4.26) represents the eigenvalue decomposition of
the matrix ( ), which indicates that (𝜆) and ( ̇ ) are the corresponding eigenvalues and
eigenvectors of the matrix (N). Based on Equation (4.26), and provided that the rotation defined
by ( ̇ ) is a unit quaternion, the term ( ̇

̇ ), which has to be maximized, can be manipulated to

get the forms in Equation (4.27).
̇

̇ = ̇ 𝜆 ̇ =𝜆 ̇

̇ =𝜆

Equation (4.27) signifies that the term ( ̇

4.27

̇ ) is maximized if and only if (𝜆) is the

largest eigenvalue of the matrix ( ) and therefore ( ̇ ) is the eigenvector corresponding to the
largest eigenvalue. It is worth mentioning that if the vectors ( ⃗ ) and ( ⃗ ) have opposite
directions (Figure 4.5), the term ( ̇

̇ ) will be maximized when (𝜆) is the smallest eigenvalue

of the matrix ( ) since in this case the term (∑

⃗

⃗ ) in Equation (4.22) will have negative

magnitude.
According to Horn (1987), the rotation matrix can be derived from ( ̇ ) as in Equation
(4.28). Consequently, the rotation angles (ω, φ, κ) can be derived according to Equation (4.29).
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4.28

),
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(
(

−

−
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4.29

Where
,

,

,

and

are the components of the quaternion vector ( ̇ ) (i.e., ̇ = [ ,

, ]).
So far, the mathematical basis to derive the rotation matrix that relates two scans is

explained. By identifying conjugate points within the overlapping scans (e.g., a point 𝑃 and its
conjugate

) and assuming that there is no scale difference between the scans, one can estimate

the translation vector relating the scans (i.e.,

[ ] = ∑ ([

Where (

,

,

respectively. While

) and (

,

,

,

,

]−

[

) as per Equation (4.30).

])

4.30

) are the coordinates of a point 𝑃 ) and its conjugate ( ),

is the total number of involved conjugate points within the two scans.

Based on the aforementioned discussion, in order to estimate the rotation matrix ( ) that
maximizes the summation term ∑

⃗

⃗ in Equation (4.22), one should identify conjugate

linear features in the overlapping scans while preserving consistent directions for each conjugate
line pair. It should be noted that the definition of the direction vectors for the extracted linear
features within a laser scan is quite arbitrary. Thus, one cannot guarantee similar directions for
conjugate pairs in order to solve for the rotation matrix relating the overlapping scans. On the
other hand, due to the nature of the scanned data, it would be hard to automatically identify
conjugate points within the overlapping scans for the estimation of the translation vector. Three
different matching strategies, which will be introduced in Sections ( 4.5.1, 4.5.2 and 4.5.3), are
proposed to automatically estimate the transformation parameters between overlapping laser
scans using potential minimal matches of linear features (i.e., hypothesized conjugate line pairs).
Therefore, in order to maximize the benefit of this mathematical model for the estimation of the
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transformation parameters while resolving potential direction issues, the following write-up
illustrates the procedure to automatically specify the directions of a hypothesized conjugate pair
of linear features. As for identifying conjugate points between the scans, the middle point of the
common perpendicular line to a selected line pair in one scan is chosen as the conjugate to its
equivalent for the selected line pair from the second scan (which helps for the estimation of the
translation vector).


The adaptation of the mathematical model

This write-up introduces the adaptation of the mathematical model to solve for the
transformation parameters using a hypothesized match of line pairs. For a given non-parallel
pair of linear features in one scan, such as ( ⃗ , ⃗ ), there would be four possible configurations
for its conjugate pair ( ⃗ , ⃗ ) as displayed in Figure 4.6.

⃗

𝑛⃗

Scan 1

𝑛⃗

⃗
Scan 2

Configuration 1

⃗

⃗

Configuration 2

Scan 2

⃗

Configuration 3

Scan 2

⃗

Configuration 4

Figure 4.6. Possible configurations for conjugate line pairs
One can establish these configurations for a hypothesized conjugate pair of linear features
to solve for four rotation matrices. However, rather than considering all the configurations, and
in order to reduce the number of investigated solutions, the line pairs are classified into three
categories: (a) skew lines, (b) coplanar non-orthogonal lines, and (c) coplanar orthogonal lines.
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(a) The following steps are required to reduce the number of possible configurations between
the hypothesized conjugate pairs of skew lines. First, the direction vectors of the involved
lines are defined in the first pair in a way that their cross-product and their common
perpendicular ( ⃗) will have compatible directions (e.g., vectors ⃗ , ⃗ in Figure 4.7). Then,
one can determine which configuration for the second pair will have compatible directions
for their cross product and common perpendicular (i.e., the common perpendicular from
⃗ to ⃗ should be pointing in the same direction as the cross product ( ⃗

⃗ ). As

shown in Figure 4.7, configurations 3 and 4 are filtered-out since their cross product
direction is not compatible with the direction of the common perpendicular from ⃗ to ⃗
( ⃗). Thereafter, one can estimate two rotation matrices that will correspond to two opposite
configurations (i.e., configurations 1 and 2). The first rotation matrix is derived using the
eigenvector that corresponds to the largest eigenvalue of the matrix ( ) as mentioned
earlier. To account for configuration 2, the rotation matrix is derived using the unit
quaternion which is equal to the eigenvector corresponding to the smallest eigenvalue of
matrix ( ), since the smallest eigenvalue will maximize the term ⃗

⃗ (Equation 4.22).

It should be noted that both rotation matrices are derived using the same matrix ( ).
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⃗𝟏

⃗𝟐
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𝑛⃗
⃗

⃗
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⃗

⃗

⃗

⃗

⃗
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Dir ( ⃗
⃗ )=
⃗
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⃗
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⃗𝟏

⃗𝟐

⃗
⃗

⃗

⃗

⃗

𝑛⃗
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⃗𝟏
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⃗𝟏

⃗𝟐

Dir ( ⃗
⃗ ) = Dir. ( ⃗
⃗ ) Dir ( ⃗
⃗ )≠ Dir ( ⃗
⃗ )
⃗
⃗
⃗
⃗
Dir ( )
= Dir ( )
Dir ( )
≠Dir( )
Configuration 1 Configuration 2
Configuration 3 Configuration 4
Figure 4.7. Direction comparison for the potential configurations of skew lines
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(b) The following steps are required to reduce the number of possible configurations between

the hypothesized conjugate pair of coplanar non-orthogonal lines. First, one can define
the direction vectors of the involved lines in the first pair in a way that they should form
an acute angle (e.g., vectors ⃗ , ⃗ in Figure 4.8). Then, one can determine which
configuration of the second pair forms an acute angle. In this case, configurations 3 and 4
are filtered-out. Thereafter, one can estimate two rotation matrices that will correspond to
two different configurations (i.e., configurations 1 and 2). For configuration 1, the
eigenvector corresponding to the largest eigenvalue of the matrix ( ) is the unit
quaternion that defines the unknown rotation matrix. On the other hand, the eigenvector
corresponding to the smallest eigenvalue of the matrix ( ) defines ( ) for configuration 2.
Similar to the skew line pairs, both rotation matrices are derived using the same matrix ( ).

𝑛⃗

⃗

θ

θ

θ
𝑛⃗

Scan 1

⃗

⃗
Scan 2

Scan 2

⃗

⃗

θ

θ
Scan 2

⃗

⃗
⃗

Scan 2

θ = acute angle
θ = acute angle
θ ≠acuteangle
θ ≠acuteangle
Configuration 1
Configuration 2
Configuration 3 Configuration 4
Figure 4.8. Angle check for potential configurations of non-orthogonal coplanar lines

θ = acute angle

(c) For the hypothesized conjugate pair of coplanar orthogonal lines, all four configurations
must be considered since a pair of coplanar orthogonal vectors (e.g., ⃗ , ⃗ ) would match
any of the configurations shown in Figure 4.9. In this case, four rotation matrices must be
estimated. First, two rotation matrices are derived using the matching pair of linear
features for configurations 1 and 2. Then, another two rotation matrices are derived after
changing the direction of one of the involved lines, which considers the case in
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configurations 3 and 4. One should note that, in this case, two ( ) matrices will be
formed.

⃗

𝑛⃗
𝑛⃗

⃗

⃗

⃗

⃗

⃗

⃗
⃗

Configuration 1 Configuration 2 Configuration 3 Configuration 4
Figure 4.9. Possible configurations for coplanar orthogonal lines
The aforementioned categories dealt with reducing the number of resulting rotation
matrices by investigating the directions of the hypothesized conjugate line pairs. As for the
estimation of the translation vector using Equation (4.30), the middle point of the common
perpendicular line to a selected line pair in one scan is chosen as the conjugate to its equivalent
for the selected line pair from the second scan. One should note that depending on the number of
estimated rotation matrices, there will be an equivalent number of corresponding translation
vectors.
4.4.3 Transformation parameters refinement using the Iterative Closest Projected Point
registration procedure (ICPP)
The ICPP, as developed by Al-Durgham (2011), is utilized in this work for refining the
transformation parameters which result from the linear features, as well as for quantifying the
agreement between the registered scans. The ICPP can be considered as a variant to the wellknown ICP method (Besl, 1988). The ICPP aims to minimize the distance between a point in
one scan and its projection on the plane defined by the closest three points in the other scan. In
order to establish the primitives correspondence (i.e., point and its projection in the other scan),
this procedure starts from very good approximations of the transformation parameters. Hence,
the estimated transformation parameters using linear features can be introduced as the initial
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approximations to perform the ICPP registration. Since the ICPP procedure utilizes all the points
in the overlapping area as the registration primitives, it provides the fine alignment between the
registered scans (i.e., the refinement of the estimated transformation parameters using linear
features).
Given two overlapping laser scans (e.g., Scan1 and Scan 2) and very good approximations of the
transformation parameters relating them, the ICPP establishes the point-to-projected point
correspondence as follows. A point (Pt) from Scan1 is transformed to the reference frame of
Scan2. The closest three points in Scan 2 (P1, P2, P3) to the transformed (Pt) are determined. A
triangle shape is formed using the points (P1, P2, and P3). The centroid of the triangle shape (Pc)
also is estimated. The centroid point (Pc) is extruded within a pre-specified normal distance
threshold (N) to establish a point (P4). The centroid point can be extruded in two different
directions relative to the established triangle surface. Therefore, the selected direction is the one
that satisfies the condition of having the points Pt and P4 in the same side with respect to the
triangle surface. As shown in Figure 4.10.a, the points (P1, P2, P3, and P4) are used to establish
a tetrahedron shape (A). Then, the tetrahedron (A) is split into four different tetrahedrons (B, C,
D, and E) using the points (Pt, P1, P2, P3, and P4) according to Figure 4.10.b. The four
tetrahedrons (i.e., B, C, D, E) are formed using the points combinations (Pt, P1, P2, P3), (Pt, P1,
P2, P4), (Pt, P1, P3, P4), and (Pt, P2, P3, P4), respectively. One can check if the point (Pt) falls
inside the tetrahedron (A) by calculating the determinants of the tetrahedrons (A, C, D, E, and F).
Specifically, the point (Pt) is considered to be inside the tetrahedron (A) if all the determinants
have the same sign. Next, the projection of the point (Pt) onto the formed triangle (Figure 4.10.c)
is determined according to Equation (4.31).
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(a) The resulting tetrahedron
using the points (P1, P2, P3,
and P4 ) and the transformed
point (Pt)

(b) Four tetrahedrons (B,C,D,
and E) resulting from splitting
the tetrahedron (A)

(c) Point Pt and its projection
Pp

Figure 4.10. Initializing the point-to-projected point correspondence through the ICPP,
adapted from (Al-Durgham et al., 2011)
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) are the coordinates of the projection point (Pp), (

,

,

) are the

coordinates of the transformed point (Pt), and (a, b, c, d) are the parameters of the formed plane
using the points P1, P2, and P3.
The point (Pt) and its projection (Pp) are used as a conjugate pair of points from the two
scans. Eventually, all possible conjugate pairs are used for the estimation of the transformation
parameters relating the scans.
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4.5 Proposed matching strategies
As explained in Section 4.4, a minimum of two non-parallel lines are required for the
estimation of the transformation parameters (i.e., three rotations and three shifts) between two
scans. Also, the angular deviation and spatial separation between the constituents of a line pair
are invariant with respect to translations and rotations. According to Section (4.3), the angular
deviation and spatial separation values can be used to establish candidate matches of linear
features from the possible line pair combinations. As per Equation (4.7), the number of candidate
matches

) should be less than the number of possible line pair combinations

). The

following sub-sections illustrate the workflow of the introduced matching strategies to deal with
the

candidate matches. The first matching strategy simulates the well-known RANSAC

procedure to register laser scans. In this procedure, the hypothesized conjugate features will be
randomly selected to derive the transformation parameters. The second matching strategy is
denoted as the “association-matrix-based sample consensus approach”. In this approach, the
hypothesized matches of linear features are stored in an association matrix. This matching
strategy operates in a RANSAC-similar fashion to identify the most probable matches among the
linear features in the involved scans. However, the candidate matches are selected based on the
vote information provided the association matrix. The third matching strategy is a frequencybased approach; all the hypothesized matches, taken one at a time, are used to estimate the
transformation parameters. Thereafter, the most repeated set of estimated transformation
parameters are detected and then used as the correct solution of the transformation parameters.
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4.5.1 Random Sample Consensus Approach (RANSAC)
The conceptual basis of the RANSAC-based approach is establishing hypotheses about
potential minimal matches (i.e., the minimum number of linear features, which could be used for
the estimation of the transformation parameters relating the scans) and then quantifying the
agreement between the registered scans. The RANSAC-based approach operates as follows.
First, a randomly selected pair of linear features from the first scan is considered as a candidate
match to a randomly selected pair in the second scan if they have similar angular deviation and
spatial separation values. Then, the hypothesized pairs are used to estimate the transformation
parameters relating the two scans, provided that the linear features in either of these pairs are not
parallel to each other. Following the estimation of the transformation parameters from a given
pair, the linear features in one scan are transformed to the reference frame of the other scan. The
compatibility among other linear features is then checked by identifying which linear features in
the two scans would become collinear following the application of the estimated transformation
parameters. Since the two lines that are used to estimate transformation parameters always
become collinear during the compatibly check, a minimum of three aligned lines is required as
an acceptance criterion for the hypothesized match. Of course, the three lines include the utilized
two for the estimation of the transformation parameters. Then, all the aligned lines are used to
estimate a new set of the transformation parameters. These parameters are introduced as initial
approximations to perform a point-based registration procedure. Specifically, the ICPP is used
for this purpose, through which the transformation parameters are refined and the number of
matched points between the scans is determined. The process of randomly selecting pairs of
linear features from both scans, estimating the transformation parameters, and identifying the
compatible matches of linear features and points between the scans following the registration are
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repeated until a sufficient number of hypothesized pairs (i.e., trials) are investigated. Eventually,
the matching pair that results in the largest number of compatible points between the scans
following the registration would be considered a true match.
From a mathematical-model point of view, one can use either the non-linear point-based or the
linear quaternion-based mathematical models for the estimation of the transformation using a
hypothesized match of linear features. In this matching strategy, the non-linear point-based
approach is utilized as it provides a single set of the transformation parameters. Since we are
dealing with a non-linear mathematical model, initial approximations of the transformation
parameters are required and can be easily derived by roughly evaluating the position and
orientation of the scans with respect to each other. The estimated transformation parameters from
a given line pair are only accepted if their values are within a pre-specified buffer from the initial
approximations. This step is conducted to filter out unreliable transformation parameters. For
example, in the case of having two leveled scanners, the resulting off-horizon angles from the
registration process should not have large values. In the same manner, the other transformation
parameters (i.e., the remaining rotation angle and the three shifts) can be evaluated based on the
operator’s expectations.
Figure 4.11 displays the RANSAC flow chart to establish the correspondence between the linear
features and solve the registration problem. Then, the alignment procedure and the probabilistic
estimate for the number of required RANSAC trials are explained.
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Select line pair combination from the candidate matches
No
If 𝑛𝑐𝑖

𝑁

YES
Solve for transformation parameters
No
Evaluate the transformation
parameters *
YES

No

Check line
alignment**
YES
Update the number of required trials (𝑁)
Transformation parameters from all matched lines

Select the solution
which yields the
highest number of
matches at the point
matching level
(ICPP)

ICPP
combination in question
total number of required trials
* Check if the estimated transformation parameters are within acceptable values from
the initial approximations
** Check if the number of aligned lines satisfies the set threshold
Figure 4.11. RANSAC matching strategy flow chart
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Identifying collinear features in overlapping scans following the registration
Following the estimation of the transformation parameters from a given pair, the linear

features in one scan are transformed to the reference frame of the other one. The compatibility
among other linear features is then checked by identifying which linear features in the two scans
would become collinear following the transformation. To clarify this step, let’s assume that a
pair of lines, such as ⃗ and ⃗4 in“Scan1,”hasacandidatematchin“Scan 2,”suchaslines ⃗
⃗4 as shown in Figure 4.12.a. These pairs are used to estimate the transformation

and

parameters between the scans. Then, the transformation parameters are used to transform all
lines in one scan to the reference frame of other scan as shown in Figure 4.12.b.

𝑛⃗

𝑛⃗

⃗

𝑛⃗

⃗

⃗

𝑛⃗4

𝑛1

𝑛⃗

𝑛⃗

𝑛⃗

⃗

⃗4

⃗
𝑛⃗4

⃗

𝑛

⃗4

(a) Simulated scenario of lines with the same
separation values for ⃗ , ⃗4 from Scan1 and
⃗ , ⃗4 from Scan 2

(b) Transformation of all the lines in
Scan1 to the reference frame of
Scan 2

Figure 4.12. Compatibility check using transformed lines
Figure 4.12.b shows that the conjugate lines become collinear after transforming all the
lines in Scan 1 into the reference frame of Scan 2. Therefore, at this stage, it is assumed that all
collinear lines are conjugate to each other and will be used to solve for a new set of
transformation parameters. The question now is how to check if a certain linear feature will have
any other collinear mates. For this purpose a local coordinate system (U, V, W) is established for
a given line as shown in Figure 4.13. The U axis is defined using the unit vector along the line

79

direction and the V and W axes are arbitrarily defined in a way that they should be perpendicular
to each other and to the U axis.
𝑊

𝑉
𝑈

⃗

𝑛⃗
Figure 4.13.Localcoordinatesystem(U,V,W)definitionforline“ ⃗ ”
If the lines ⃗ and ⃗ are collinear, then the line ⃗ should have no components in the V
and W axes when it is transformed to the local coordinate system (U, V, W) defined by ⃗ . Using
this property, the number of collinear lines can be determined. One should note that having zero
components along the V and W axes is only true if the lines from different scans are derived in
the absence of noise, which is not the case here. Hence, one should expect small components
along the V and W axes where these can be determined based on the noise level in the data as
well as the accuracy of the linear features extraction procedure.
One can make an assumption that the right transformation parameters are those that
provide the highest number of collinear lines after the registration. However, this assumption is
not always satisfied. In some situations, one might have non-conjugate pairs of lines in one scan
that have similar spatial separation and angular deviation values. This might lead to a case in
which the check for the number of matched lines after the registration process is not sufficient to
determine the right solution of the transformation parameters. (i.e., non-conjugate lines might
become collinear with each other). To clarify this point in more detail, small parts of two
overlapping scans will be introduced as an example. Figure 4.14 shows a part of laser scans
taken over an electrical substation as well as the extracted lines from the available linear features.
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Figure 4.14. Extracted linear features from two laser scans taken over an electrical substation
As shown in Figure 4.14, the lines ( ⃗ , ⃗ , ⃗ , and ⃗4 )fromScan1areconjugatetothe
lines( ⃗ , ⃗ , ⃗ , and ⃗4 )fromScan2,respectively.Theestimatedtransformationparameters
using the conjugate pairs ( ⃗ , ⃗ ) and ( ⃗ , ⃗ ) leads to having four true compatible matches
amongthelinearfeaturesaftertransformingallthelinesinScan1tothereferenceframeofScan
2 as per Figure 4.15.a (the compatible matches are: ( ⃗ , ⃗ ), ( ⃗ , ⃗ ), ( ⃗ , ⃗ ), ( ⃗4 , ⃗4 )).
However,in spite of the fact of being non-conjugate line pairs, the angular deviation and spatial
separation between lines ⃗ and ⃗ are similar to the ones between lines ⃗ and ⃗ . The use of
these pairs in the registration process produces four false compatible matches among nonconjugate linear features as shown in Figure 4.15.b (thecompatiblematches:( ⃗ , ⃗ ),( ⃗ , ⃗ ),
( ⃗ , ⃗ ), ( ⃗4 , ⃗ )). The scenarios in Figure 4.15(a) and Figure 4.15(b) indicate that the
compatibility check using the number of matched lines does not provide a reliable test for the
validity of the transformation parameters. By comparing the number of matching laser points
resulting from the same scenarios as in Figure 4.15(c) and Figure 4.15(d), one can make a
hypothesis that the correct transformation parameters will lead to having a larger number of
matched points. Therefore, to verify the validity of the estimated transformation parameters, the
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ICPP is used to quantify the agreement between the scans by determining the number of matched
points.
⃗𝟏

⃗𝟐
⃗𝟐
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⃗𝟓 ⃗𝟏
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⃗𝟑
⃗𝟔

⃗𝟕

⃗𝟐

⃗𝟖

(a) True matches among linear feature

⃗𝟒

⃗𝟐
⃗𝟔

⃗𝟑
⃗𝟕

⃗𝟒
⃗𝟖

(b) False matches among linear feature

(c) True matches among the laser points
(d) False matches among the laser points
Figure 4.15. Examples of compatibility among linear features and points


Determining the number of required RANSAC trials
The RANSAC-based approach does not perform exhaustive investigation of all candidate

matching pairs in the two scans. Rather, it only investigates a predetermined number of candidate
matching hypotheses (trials). The formula that was provided by Derpanis (2010) is adapted for
the derivation of the minimum number of required RANSAC trials. This formula derives the
number of required RANSAC trials based on a probabilistic estimation to guarantee that at least
one correct draw of a true matching pair (inlier pair) has been selected from the candidate
matching pairs

). For further explanation, first we start by establishing the probability (𝑃 ) of
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having one correct draw of a true matching pair from the candidate matches according to
Equation (4.32). An important note is that if there are ( ) conjugate lines (inlier features) within
the overlapping scans, the number of inlier pairs ( ) can be determined as per Equation (4.33).
𝑃 =
=

4.32
− 1)

4.33

Assuming that 𝑃 ) is the probability of having at least one correct draw after ( ) trials,
one can derive the expression in Equation (4.34), which represents the probability of not having
any correct draws after ( ) trials. Based on Equation (4.34), the number of required trials ( )
can be determined as per Equation (4.35) provided that the probability (𝑃 ) is usually set to a
high value (e.g., 0.99).
1−𝑃 =

=

1−𝑃)
=
1−𝑃 )

1− 𝑃 )

1−𝑃)

4.34

(1 −

)

4.35

One should note that the number of inlier pairs ( ) is not known a-priori since we do
not know the number of conjugate linear features in the two scans. Therefore, following the
estimation of the transformation parameters using a matching pair, we use the transformation
parameters to transform the linear features in one scan to the reference frame of the other scan.
And then, we identify which linear features from the different scans will become collinear. In
particular, the number of linear features that will become collinear (i.e., the number of
compatible linear features) is used as an indication of the number of conjugate features within
the scans. The number of compatible features then will be used to determine the number of inlier
pairs. In other words, the number of required trials are estimated after each matching-pair draw
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by updating the number of inlier pairs. The estimated value for the necessary trials from a
previous draw is updated if and only if a larger number of inlier features has been established,
since a larger number of inlier features would lead to fewer numbers of trials. In this regard, one
should note that having a fewer number of inlier features in the earlier draws of the sample
selection process would lead to having higher number of trials to achieve the desired probability
of having at least one correct draw of a true matching pair from the available candidate matches.

4.5.2 Association-matrix-based sample consensus approach
In this matching strategy, the hypothesized matches of linear features are stored in what
will be denoted as the “association matrix” (Cox, 1993). This matching strategy operates in a
RANSAC-similar fashion to identify the most probable matches among the linear features in the
involved scans. However, rather than randomly selecting the line pairs as in the RANSAC-based
approach, the sample draws will be restricted by utilizing the association matrix that guides the
process of selecting candidate matches of linear features. Figure 4.16 displays the associationmatrix-based sample consensus flow-chart to establish the correspondence between linear
features.
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Constructtheassociationmatrix
Sample selection from the association matrix
No
If 𝑛𝑐𝑖

𝑁
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Solve for the transformation parameters
No
Evaluate the transformation
parameters*
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Check line alignment**
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Update the number of required trials (𝑁)
Transformation parameters from all matched lines

Select the solution
which yields the
highest number of
matches at the point
matching level
(ICPP)

ICPP
combination in question
total number of required trials
* Check if the estimated transformation parameters are within acceptable values from the
initial approximations
** Check if the number of aligned lines satisfies the set threshold

Figure 4.16. Association-matrix-based sample consensus flow chart
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Building the association matrix
The association matrix in this context is a mean to store information about probable

matches of linear features. A voting scheme is followed to build the matrix based on the angular
deviation and spatial separation values between linear features. The association matrix is an
matrix where

is the number of the linear features in the first scan and

of linear features in the second scan. A non-zero element in the

row and

association matrix indicates that a hypothesized match can be made between the
first scan and the

is the number
column of the
line in the

line in the second scan. To establish the correspondences between the linear

features in the overlapping scans, the process starts by constructing an association matrix, whose
elements are initialized to zero. Then, the line pairs in both scans that have similar angular
deviation and spatial separation values are identified. For each of these pairs, two ambiguous
matches will exist. For example, if the angular deviation and spatial separation between two lines
in one scan (e.g., lines ⃗
scan (e.g., lines

⃗

and ⃗ ) are similar to those between another two lines in the other

and ⃗ ), one can make a hypothesis that these line pairs are conjugate to

each other. However, there will be two ambiguous matches for this case: line ⃗ in the first scan
could be conjugate to either line ⃗ or line ⃗ in the second scan while line ⃗ in the first scan
would correspond to either line ⃗ or line ⃗ in the second scan. Therefore, we increment the
corresponding elements in the association matrix for all the possible matching options for that
matched pair. This process is repeated until all the pairs with similar angular deviation and
spatial separation in both scans are considered. Since conjugate linear features in two scans are
expected to appear several times among pairs of lines with equivalent angular deviation and
spatial separation, these lines would end up with higher votes in the data association matrix. The
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best case scenario would lead to an association matrix that could be used for uniquely identifying
corresponding features in overlapping scans. Starting from the match with the highest vote and
proceeding in descending order while avoiding one-to-many matches (i.e., two matches in the
same row or column are not allowed), one can identify the correspondences between the linear
features in the two scans. Therefore, such a characteristic would allow us to identify conjugate
linear features in the two scans. As an illustration of the use of the sequential approach for
building the association matrix and identification of conjugate features, an example that is based
on a simulated scenario of extracted linear features in two scans will be introduced. Figure 4.17
shows two simulated laser scans over a building model and the extracted linear features, where
the lines ( ⃗ , ⃗ , ⃗ ,and ⃗4 ) are conjugates to lines ( ⃗ , ⃗ , ⃗ ,and ⃗4 ), respectively.

⃗𝟑

⃗𝟑

⃗𝟒

⃗𝟐

⃗𝟏
Building under consideration

Scan 1 and the extracted linear
features (𝑛⃗ , 𝑛⃗ , 𝑛⃗ , and 𝑛⃗4 )

⃗𝟒

⃗𝟐

⃗𝟏
Scan 2 and the extracted linear
features ( ⃗ , ⃗ , ⃗ , and ⃗4)

Figure 4.17. Extracted linear features from two laser scans taken over a building

The angular deviation and spatial separation values between all possible pairs of linear features
in Scan 1 are illustrated in Table 4.1. The upper triangle of the table contains the spatial
separation values between the line pairs, and the lower triangle contains the angular deviation
values. All the possible pairs of linear features in Scan 2 have similar angular deviation and
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spatial separation values to those in Table 4.1 since the lines in both scans follow the same
pattern.
Table 4.1.Spatialseparation“S”andangulardeviation“ϴ”values
between all possible pairs of linear features in Scan 1
Line ID
⃗
⃗
⃗
⃗4
S=0m
S= 0 m
S= 0 m
⃗
S=
0
m
S= 0 m
ϴ = 90
⃗
S= 0 m
ϴ = 60
ϴ = 45
⃗
ϴ =90
ϴ = 90
ϴ = 35
⃗4
The procedure for building the association matrix for the provided scenario in Figure 4.17 can be
summarized in the following steps:
a) Construct a 2D matrix with the number of rows equal to the number of linear features in
the first scan, and the number of columns equal to the number of linear features in the
second scan. All the elements of the association matrix are set to zero as shown in
Table 4.2. Starting from the first candidate match of line pairs, a single vote is added for
the corresponding elements in the association matrix. For example, the lines pair ( ⃗ , ⃗ )
is a candidate match to the lines pair ( ⃗ , ⃗ ) since they have similar angular deviation
and spatial separation values. Considering that line ⃗ in the first scan could be conjugate
to either line ⃗ or line ⃗ in the second scan while line ⃗ in the first scan could
correspond to either line ⃗ or line ⃗ in the second scan, a single vote is added for the
corresponding elements to the following matches: ( ⃗ , ⃗ ) ( ⃗ , ⃗ ), ( ⃗ , ⃗ ), and ( ⃗ ,
⃗ ) in the association matrix as shown in Table 4.3.
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Table 4.2. Association matrix initialization
Line ID
⃗
⃗
⃗
⃗4
0
0
0
0
⃗
0
0
0
0
⃗
0
0
0
0
⃗
0
0
0
0
⃗4
Table 4.3. Adding a single vote in the corresponding
matching positions of line pairs ( ⃗ , ⃗ ) and ( ⃗ , ⃗ )
Line ID
⃗
⃗
⃗
⃗4
1
1
0
0
⃗
1
1
0
0
⃗
0
0
0
0
⃗
0
0
0
0
⃗4
b) Considering all the candidate matches for the line pairs that are summarized in Table 4.4,
we increment the votes for the four elements corresponding to the constituents of a given
candidate match (i.e., the line pairs that exhibit similar angular deviation and spatial
separation). The resulting association matrix for the provided example after considering
all the candidate matches in Table 4.4 is shown in Table 4.5.
Table 4.4. Candidate matches of linear features
Pairs
⃗ , ⃗
⃗ , ⃗
⃗ , ⃗4 ⃗ , ⃗
⃗ , ⃗4 ⃗ , ⃗4


⃗ , ⃗ 

⃗ , ⃗


⃗ , ⃗4 

⃗ , ⃗


⃗ , ⃗4 

⃗ , ⃗4
Table 4.5. Final association matrix
Line ID
⃗
⃗
⃗
⃗4
5
4
1
4
⃗
4
5
1
4
⃗
1
1
3
1
⃗
4
4
1
5
⃗4
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Based on Figure 4.17, one can visually identify that line ⃗ is conjugate to line ⃗ , line
⃗ is conjugate to line ⃗ , and so on for lines ( ⃗ , ⃗ ) and ( ⃗4 , ⃗4 ). The association matrix in
Table 4.5 can be used to derive the correct conjugates of linear features by checking the final
votes in the association matrix. One can note that the number of votes for the matching pair ( ⃗ ,
⃗ ) is the highest-unique number of votes within the row ⃗ and the column ⃗ . In like manner,
the same observation is valid for the matching pairs ( ⃗ , ⃗ ), ( ⃗ , ⃗ ) and ( ⃗4 , ⃗4 ). At this
stage, one can define the correct correspondence among the linear features as the elements in the
association matrix that have the highest-unique number of votes within the column and row
where these elements reside. From an implementation point of view, one can start with the
hypothesized match that has the highest vote in the association matrix as the first established
match. Since in this approach one-to-many matches are not allowed (i.e., a linear feature in the
first scan is not allowed to correspond to more than a single line in the second scan), the
remaining elements in the respective row and column of that match are set to zero. The same
process would proceed by considering the subsequent highest votes in a descending order within
the association matrix.
In some situations, a laser scan might contain a pattern of linear features that is similar to
a non-conjugate pattern of linear features in another scan. This situation will lead to a matching
ambiguity in the association matrix. Figure 4.18 shows an example of this scenario as it exists in
a real dataset coming from an electrical substation. As can be seen in this figure, the lines ( ⃗ ,
⃗ , ⃗ ,and ⃗4 ) form a pattern similar to the lines ( ⃗ , ⃗ , ⃗ ,and ⃗4 ) and they are conjugate.
Also, the lines ( ⃗ , ⃗ , ⃗ ,and ⃗4 ) form a pattern similar to the lines ( ⃗ , ⃗ , ⃗ ,and ⃗ ) but
they are non-conjugate.
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⃗

𝑛⃗

𝑛⃗

𝑛⃗

𝑛⃗4

⃗

⃗

⃗

⃗4

⃗

⃗

⃗

Scan 2

Scan1

Figure 4.18. Extracted linear features from two laser scans taken over an electrical substation
After following the proposed procedure of building the association matrix for the
scenario in Figure 4.18, one would obtain the association matrix in Table 4.6.
Table 4.6. Association matrix for the linear
features in Figure 4.18 exhibiting matching
ambiguity
Line ID ⃗
⃗
⃗
⃗4 ⃗
⃗
⃗
9
3
3
3
9
3
3
⃗
3
4
3
4
3
3
3
⃗
3
2
3
2
3
2
3
⃗
3
3
3
3
3
4
3
⃗4

⃗
3
3
2
4

Due to the similar angular deviation and spatial separation values between conjugate and nonconjugate line pairs within these patterns, using the association matrix in Table 4.6 to establish
the correspondence will face an ambiguity. In this case, there is no element in this matrix that
satisfies the condition of having the highest-unique number of votes within the corresponding
row and column of that element. For example, the highest number of votes (which is 9) is
repeated in two elements (i.e., ⃗ , ⃗ , and ⃗ , ⃗ ). In this case, two ambiguous matches exist
and one cannot determine if line ⃗ is conjugate to ⃗ or to ⃗ . In a similar manner, there are
ambiguous matching options for all the other lines. Therefore, the general methodology to
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identify candidate linear feature matches based on the vote information within the association
matrix is introduced in the following paragraph.


Identifying potential linear feature matches through the association matrix
To deal with ambiguous matching scenarios that might happen within the association

matrix, a general methodology is designed to identify probable candidate matches of linear
feature through the association matrix. For this purpose, a matching strategy which bears some
similarity to the RANSAC procedure is followed. However, rather than randomly selecting some
pairs from possible matching pairs, the data association matrix is used to select the potential
matching pairs for identifying the inliers consensus. The impact of using the association matrix is
reducing the number of trials to achieve the solution with the highest number of inlier
features/pairs. The association-matrix-based sample selection methodology can be summarized
as follows:
1. Identify the highest vote in the association matrix. If the highest vote appears more than once
in the association matrix, one can randomly pick any of these matching hypotheses
corresponding to that vote.
2. To complete the pair of needed lines for the estimation of the transformation parameters,
choose the matching element corresponding to the second highest vote. The selected pairs by
the highest and second highest votes should satisfy three conditions. First, since one-to-many
matches are not allowed, the second highest vote should not be located along the same row or
column of the matching hypothesis corresponding to the highest vote. Second, the established
matches by the highest and second highest votes should be considered only when the angular
deviation and spatial separation between the two linear features in the first scan are similar to
those associated with the hypothesized matches in the second scan. Third, the defined pairs
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by the highest and second highest votes should not be parallel to each other to allow for
reliable estimation of the six transformation parameters relating the two scans.
3. Use the established matches in steps 1 and 2 to determine the transformation parameters as
well as the number of inlier features (i.e., compatible linear features according to the
estimated transformation parameters). Use the estimated inlier pairs to update the number of
trials to achieve the required probability of having at least one correct draw of conjugate
features from the available linear features in the two scans as per Equation 4.35).
4. If a certain number of compatible matches of linear features are identified, all the compatible
matches are used to estimate a new set of transformation parameters, which are finally
refined through an ICPP procedure.
5. After considering the hypothesized matches by the highest and second highest votes, one
would proceed with another matching hypothesis that is formed by the highest and third
highest votes while considering the three conditions in step 2. These pairs are used to
estimate the transformation parameters, determine the number of inlier linear features,
determine the number of inlier pairs, and update the number of trials needed to achieve the
set probability of having at least one correct draw, which can be set to 0.99.
6. Step 5 is repeated while considering the highest vote together with the remaining highest
votes in a descending order.
7. After considering all the possible matches involving the highest vote in the association
matrix, the vote at this location is set to zero (i.e., this potential match will not be considered
any further). Then, steps 1 to 6 are repeated while considering the new highest vote in the
updated association matrix (i.e., after setting the original highest vote to zero).
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8. Steps 1 to 7 are repeated to consider all possible matching pairs in the association matrix
until the number of required trials is achieved.
9. Finally, the correct set of transformation parameters is selected as the one that provides the
largest number of matched points between the scans.
In general, if we consider that we will exhaust all the possible options in the association
matrix, the association-based sample consensus approach would not be significantly different
from the RANSAC-based approach. However, one could argue that the association-based
approach would have a higher probability of bringing up a correct match first before the
RANSAC-based approach. Having a correct match first would lead to a higher number of inlier
features/pairs very early in the conducted trials as well as reducing the required number of trials
to stop the sample selection process. Moreover, rather than conducting the necessary trials set by
the RANSAC-based procedure as determined in Equation (4.35), only a subset of those trials can
be conducted since Equation (4.35) is based on a random selection of the pairs from the two
datasets, which is not the case here.
4.5.3 Solution frequency-based approach
In order to solve for the transformation parameters relating two laser scans through the
solution frequency-based approach, any pair of linear features that is selected from the first scan
is considered as a candidate match to another selected pair from the second scan if these pairs
have similar angular deviation and spatial separation values. By utilizing all the candidate
matches to solve for the transformation parameters (i.e., each candidate match is used to solve
for a single set of transformation parameters at a time), only the pairs representing correct
matches would result in similar sets of transformation parameters. The degree of similarity
between the estimated transformation parameters using the correct matches depends on the noise
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level in the data as well as the accuracy of the extracted lines. In other words, the derived
transformation parameters from correct matches will not be perfectly identical. Hence, it is
required to identify a cluster of transformation parameters that are numerically close to each
other. The process of identifying similar sets of transformation parameters requires an evaluation
of six estimated values; namely, three translations ( ,

,

) and three rotation angles (ω, φ, κ).

In this regard, one could use a six-dimensional kd-tree data structure to store the six values.
Since the spatial components (

,

,

) and the angular components (ω, φ, κ) of the

transformation parameters would make it difficult for deriving an acceptable radius to encompass
similar solutions, one can use two three-dimensional kd-tree structures, one for the rotation
parameters, which is then followed by another one for the shift parameters. In this case, one can
start by identifying compatible solutions in the (ω, φ, κ) kd-tree. Then, for the identified
compatible solutions for the rotation-parameters, one can build another three-dimensional kd-tree
for the shift parameters (i.e., the constituents of the kd-tree for the shift parameters are the
elements that correspond to the identified peak in the rotation kd-tree). Finally, the compatible
solutions for the shift parameters within the respective kd-tree will be identified. However,
identifying the most frequent solution might be sensitive to the selected radii for identifying
similar solutions within the two kd-tree data structures.
In this research work, the similar sets of transformation parameters are identified by using
each set of transformation parameters to transform a specific 3D point (which is chosen to be the
center of one of the scans) from the reference frame of one of the scans to the reference frame of
the other one. It is assumed that similar transformation parameters will lead to a group of
transformed points, which are spatially close to each other. A kd-tree is used to store the
transformed points and to identify the most common location of the transformed points (peak)
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and consequently the most probable solutions that lead to such points. One could argue that
defining a meaningful radius for identifying compatible transformed points is much easier than
defining the radii for compatible solutions in the rotation and translation kd-tree data structures.
Moreover, this approach would be much faster since it utilizes a single kd-tree data structure
rather than two. Following the procedure of determining the most frequent set of transformation
parameters, the average of these parameters is used as an initial approximation for the ICPP
registration process to achieve the fine alignment between the scans under consideration.
Figure 4.19 illustrates the flow chart for the solution frequency-based approach.

Selectlinepaircombinationfromthecandidatematches
No
While 𝑛𝑐𝑖 ≤ 𝑁𝑐
YES
Solve for transformation parameters

Findthetransformed
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largestnumberof
neighbors/refine
parametersthrough
theICPP

Transform the center of Scan1 into the coordinate system
defined by Scan 2
𝑛𝑐𝑖 𝑖 𝑡 c b t
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u b r f c

qu st
t
thch

Figure 4.19. Flow chart for solution frequency-based approach
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Chapter Five: Experimental Results
5.1 Introduction
Two essential concepts of laser scanning data, segmentation and registration, were
introduced in Chapters Three and Four. This chapter discusses the experiments conducted with
real datasets to evaluate the performance of the proposed segmentation and registration
approaches. In order to validate the performance of the proposed segmentation approaches,
different segmentation experiments were performed over samples of airborne, mobile-terrestrial,
and static-terrestrial laser scans. The objective of the segmentation experiments was to assess the
performance of extracting planar, linear, and cylindrical features from the laser scanning data.
An existing quality control procedure was used to evaluate the outcome of the segmentation
results. Since the main focus of this work is to automate the registration of static-terrestrial laser
scanning data using linear features, three challenging datasets of static-terrestrial laser scans
were used for the automated registration experiments of overlapping laser scans using the
proposed matching strategies. The objectives of the registration experiments were as follows: (1)
evaluate the performance of the proposed association-matrix-based sample consensus approach
compared to the well-known RANSAC approach; (2) validate the ability of the proposed
solution frequency-based approach for establishing the alignment between the overlapping laser
scans; and (3) investigate the quality of the transformation parameters that are estimated using
the matched linear features.
5.2 Segmentation Experiments
This section introduces the experiments performed using the proposed region-growing
segmentation procedures. The objective was to validate the performance of the proposed
segmentation procedures for extracting planar, linear, and cylindrical features from laser
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scanning data. These procedures were applied on airborne, mobile-terrestrial, and staticterrestrial laser scanning datasets. A quality control procedure proposed by Lari and Habib
(2013) was used to evaluate the segmentation results.
5.2.1 Datasets Description
The proposed region-growing segmentation procedures were performed with samples of
airborne, mobile-terrestrial, and static-terrestrial laser scans. The utilized datasets are listed
below according to the type of scanning mission from which it originated.
(1) An airborne laser scanning dataset collected over the University of Calgary campus area
(Figure 5.1.a), which includes a variety of urban features such as building rooftops, roads, and
parks, and were collected in 2011 using an airborne Optech ALTM 3100 laser scanner.
(2) A mobile-terrestrial laser scanning dataset – available online1 which is acquired using the
Velodyne HD32 laser scanner in Decatur-Georgia, USA (Figure 5.1.b). This dataset includes
different features such as building facades, light poles, and traffic signs,
(3) A static-terrestrial laser scanning dataset, which was collected using the FARO Focus3D
terrestrial laser scanner over the Ronald McDonald house in Calgary-Alberta (Figure 5.1.c). The
Ronald McDonald house has a complex architecture, and the facade is designed to have planar
surfaces with different orientations.
(4) Another two sets of static-terrestrial laser scanning data collected over an electrical substation
in Airdrie, Canada. Each of these datasets was acquired using different laser scanners; the first
dataset was collected using the FARO Focus3D while the other one was collected using the
Leica HDS6100 terrestrial laser scanner. The electrical substation includes a variety of

1

LiDAR USA (http://www.lidarusa.com)
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cylindrical features, such as electrical transmission lines, electrical transformers, and
transmission poles, which can be extracted as linear/cylindrical features. Figure 5.1.d shows a
laser scan that was collected over the electrical substation using the FARO Focus3D scanner.

(a) Part of an airborne laser scan collected
over the University of Calgary campus
– Engineering Building area

(b) Mobile terrestrial laser scan acquired
over the
Avenue in Decatur Georgia, USA

(c) A static-terrestrial laser scan collected
over the Ronald McDonald house in
Calgary-Alberta

(d) A static-terrestrial laser scan collected
over an electrical substation in Airdrie,
Canada. This figure is a depiction after
filtering the ground surface
Figure 5.1. Laser scanning datasets colored according to the height values

5.2.2 Region-Growing Segmentation Results
As stated in Chapter Three, the proposed region-growing approaches start from seed
points that belong to planar and linear/cylindrical features. Principal Component Analysis (PCA)
is utilized for the purpose of classifying the point cloud into planar, linear/cylindrical points
based on the geometric properties of their local neighborhood. The classified planar and
linear/cylindrical points are used as seed points to start the region-growing process for extracting
the features of interest. For a given laser scan, the region-growing procedure for extracting the
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planar segments is applied, followed by another procedure for extracting the linear and
cylindrical features. The points that are segmented as being a part of the planar features are
excluded during the segmentation of linear and cylindrical features. Then, a Quality Control
(QC) procedure is utilized to validate the segmentation results. More specifically, for a given
scan, QC is performed over the segmented planar features followed by another QC procedure for
the segmented linear/cylindrical features.
The utilized ground filtering procedure assumes a leveled scanner over a flat ground surface.
Therefore, it must be noted that the ground filtering procedure was applied before the regiongrowing process only for the laser scanning data that were acquired over the electrical substation
since there is no height variation within the substation area. For the remainder of the examined
laser scans, the region-growing segmentation was applied on the original scans (i.e., without
filtering the ground surface), in which the ground surface was detected as planar segments.
Table 5.1 lists the thresholds used for identifying planar or linear/cylindrical seed points through
thePCAprocess.Thethreeeigenvaluesdenotedby“”weresortedfromthelargesttothe
smallest value as  ,  , and  , respectively.
Table 5.1. PCA Thresholds
Threshold Purpose
Threshold Value
Number of points for local
50 points
neighborhood definition
Expected ratio between the

eigenvalues for a planar
01



neighborhood
Expected ratio between the

eigenvalues for a
0
linear/cylindrical



neighborhood
The number of points for the neighborhood definition is determined based on the user
expectations for the reliable number of representing the features of interest. The eigenvalues ratio
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for defining a planar neighborhood is set based on the fact that one of the eigenvalues would be
very small when compared to the other two (e.g., 0 1). For linear/cylindrical neighborhood, one
of the eigenvalues would be very large when compared to the other two. Hence, the ratio is set to
a large of value (e.g., 0.7).
For the adaptive cylinder process, the expected noise-level within the data was used as the
threshold. Table 5.2 lists the noise level values according to the used laser scanners for collecting
the data. The noise values were provided by the specifications of the individual scanner.
Table 5.2 expected noise level within the data according to the utilized scanners
Scanner Name
Typical Accuracy (m)
Optech ALTM 3100 laser scanner
0.15
Velodyne HD32 laser scanner
0.02
FARO Focus3D
0.02
Leica HDS6100
0.03
The region-growing procedure is controlled through two thresholds. The first threshold is
a global one determined by the user, which is the acceptable normal distance between the point
in question and the surface of the established planar or linear/cylindrical feature. This threshold
is set to be the expected noise value within the laser data, which is used for augmenting points
during the growing process. The second threshold (point-spacing threshold) is estimated
according to the data characteristics, which is evaluated by the point density measure. The point
spacing threshold is automatically defined at the locations of the planar and linear/cylindrical
points as estimated by the point density value. Figure 5.2 shows the segmentation results before
the QC procedure for the different laser scans. In this figure, different colors indicate different
planar and linear/cylindrical segments. For the airborne laser scanning data, no linear/cylindrical
features were extracted since the pole-like features within the scan were represented by a few
points that could not assist in identifying the linear seed points through the PCA process.
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(a) Segmented planar features – University of Calgary campus area

(b) Segmented planar and linear/cylindrical

features –

(c) Segmented planar and linear/cylindrical

features – Ronald McDonald house

Avenue in Decatur, USA

(d) Segmented planar and linear/cylindrical

(e) Segmented planar and linear/cylindrical

features – electrical substation (Faro
Scanner)

features – electrical substation (Leica
Scanner)

Figure 5.2. Planar and linear/cylindrical features segmentation results (before QC)
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According to Figure 5.2, the proposed region-growing approaches for extracting planar
and linear/cylindrical features led to reasonable segmentation results. In general, any
segmentation process is expected to have some artifacts such as non-segmented points and oversegmented and under-segmented features. The different examples of these segmentation
problems are shown for the planar and linear/cylindrical features in Figure 5.3. These
segmentation problems occurred due to the thresholds utilized during the region-growing
procedures. Thus, an over/under-estimation of the segmentation thresholds will cause the
aforementioned artifacts.

(a) Non-segmented planar
points (within the the
red circle)

(b) Over-segmented planar
features (within the the
red circle)

(d) Non-segmented
linear/cylindrical
points

(e) Over-segmented
linear/cylindrical
features

(c) Under-segmented
planar features (crosssection view)

(f) Under-segmented
linear/cylindrical
features

Figure 5.3. Segmentation artifacts for planar and linear/cylindrical features
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The QC procedure proposed by Lari et al., (2013) was used in order to quantitatively
evaluate the segmentation results. The QC procedure reports the frequency of instance of the
segmentation problems and proposes possible actions to solve such issues (e.g., the oversegmentation and under-segmentation issues). Table 5.1 summarizes the reported QC measures
for the segmented scans. In this table, the higher percentages indicate higher frequency of
segmentation problem instances. There were no extracted linear/cylindrical segments from the
airborne dataset since the laser scanning resolution in this case was not sufficient for detecting
pole-like features. Therefore, the corresponding cells in Table 5.1 were assigned “N/A.”
Figure 5.4 shows the results after the application of the QC procedure to resolve the nonsegmented classified points as well as the over-segmented features.

Segmentation
problem
Non-segmented
planar points
Non-segmented
linear/cylindrical
points
Over segmented
planar features
Over segmented
linear/cylindrical
features
Under-segmented
planar features
Under-segmented
linear/cylindrical
features

Table 5.3. QC measures for the segmentation results
Ronald
electrical
University of Avenue in
McDonald
substation
Calgary
Decatur,
house
(Farocampus area
USA
Scanner)

electrical
substation
(LeicaScanner)

2.9%

3.2%

4.8%

1.0%

3.9%

N/A

0.3 %

0.5%

2.8%

3.0%

5.0%

15.0%

3.0%

4.0%

1.0%

N/A

3.0%

0.6%

2.0%

3.1%

3.4%

0.0%

4.0%

1.0%

0.8%

N/A

0.2%

1.0 %

1.7 %

0.9%
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(a) Segmented planar features – University of Calgary campus area

(c) Segmented planar and linear/cylindrical

(b) Segmented planar and linear/cylindrical

features –

features – Ronald McDonald house

Avenue in Decatur, USA

(e) Segmented planar and linear/cylindrical

(d) Segmented planar and linear/cylindrical

features – electrical substation (Leica
Scanner)

features – electrical substation (Faro
Scanner)

Figure 5.4. Planar and linear/cylindrical features segmentation results (after QC)
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In Table 5.3, the non-segmented points represent the number of classified points as a part
of planar or linear/cylindrical feature during the PCA process but they were not extracted
through the region-growing procedure. The percentage of such points in a laser scan is estimated
as the number of non-segmented points divided by the total number of points within the scan.
The percentage of over-segmentation is estimated as the number of detected over-segmented
planes or lines/cylinders divided by the total number of segmented features within the scan.
Similarly, the percentage of under-segmentation is estimated as the number of suspicious undersegmented planes or lines/cylinders divided by the total number of segmented features within the
scan. As can be seen in Table 5.3, a relatively low percentage of segmentation problems was due
to the utilization of the point density indices as well as the noise value information, which
provide a reliable guide for the region-growing process. However, a high percentage of oversegmented features in the case of the terrestrial-mobile laser scan was due to optimistic noise
values. The relatively high percentage of under-segmented planar features in the Ronald
McDonald house data was due to the roughness of the asphalt-shingles on the rooftop. In this
case, the surface roughness factor of the detected planes on the roof-top was higher than the
other detected planar features within the scan. Eventually, the planes on the rooftop were
reported as under-segmented. According to Figure 5.4, the utilized QC procedure was able to
verify the segmentation results and resolve potential segmentation problems. Next, the quality of
the derived linear features is better examined by using the linear features as the registration
primitives for establishing the coarse alignment between overlapping static-terrestrial laser scans.
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5.3 Registration Experiments
This section summarizes the outcome of the performed registration experiments over
static-terrestrial laser scans. All the experiments aimed to perform the registration between
overlapping laser scans taken two at a time. A total of 16 scan pairs were established from three
static-terrestrial laser scanning datasets. These datasets were introduced briefly in the
segmentation experiments section as they were used to perform the segmentation experiments.
However, a detailed description of these datasets in terms of the number of scans and the
percentage of overlap between the scans will be introduced here. The experiments will be listed
according to the matching strategies used. In this work, the association-matrix-based sample
consensus approach is introduced as an alternative for the commonly used RANdom Sample
Consensus approach (RANSAC). Hence, the in the first experiment, the RANSAC-based and the
association-matrix-based sample consensus matching strategies were evaluated against each
other. Then, the experiments of the frequency-based matching strategy will be introduced.
Thereafter, the the estimated parameters from the different matching approaches are evaluated
qualitatively. Eventually, the three alternative matching strategies are compared in the
experiments conclusions section.
5.3.1 Datasets Description
Three static-terrestrial laser scanning datasets were utilized. Several linear features with
varying orientations can be extracted from these datasets. These datasets provide a challenging
test for evaluating the performance of the proposed matching strategies by having large numbers
of extracted linear features. The first and second datasets were collected over an electrical
substation in Airdrie, AB, Canada. Each one of these datasets includes seven laser scans. The
first dataset was collected using a Leica HDS6100 terrestrial laser scanner while the second
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dataset was collected using a FARO Focus3D terrestrial laser scanner. The first and second
datasets were collected by seven well-distributed tripods within the electrical substation. The
tripods were fixed at their locations within the electrical substation while the scanners were
moved around the tripods. Figure 5.5 shows the distribution of the tripod locations within the
electrical substation. As can be seen in Figure 5.5, the scanning mission was designed to have
two central scans (i.e., scans 6 and 7) with significant overlap in between them (roughly 90%).
The remaining five scans (i.e., scans 1, 2, 3, 4, and 5) were collected at the outer bounds of the
field to fully cover the entire site. The outer scans had roughly 50% overlap with the central
scans. As explained in the segmentation experiments section, the electrical substation contains
several pole-like features with different orientation that can be used to provide the required linear
features for performing the registration experiments. The third dataset included five laser scans
that were acquired using a FARO Focus3D terrestrial laser scanner over the Ronald McDonald
house in Calgary, AB, Canada. The Ronald McDonald house has a complex architecture design;
therefore, linear features with various angular deviations and spatial separations between lines
could be extracted. These lines were extracted through the planar-patch segmentation procedure
followed by the intersection of neighboring planar features. Figure 5.6 shows the distribution of
the scanner locations around the Ronald McDonald house. The transformation parameters
relating the scans in each dataset were known through a previously established target-based
registration process. The target-based transformation parameters were used for the purpose of
validating the resulting transformation parameters during the automated registration process.
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Scan 6
Scan 7

Scan 1

Scan 5
Scan 2

Scan 4

Scan 3

Figure 5.5. The distribution of the tripods locations within
the substation (datasets 1 and 2)

Scan 5
Scan 4

Scan 3

Scan 2

Scan 1

Figure 5.6. The distribution of the scanner locations around
the Ronald McDonald house (dataset 3)

As explained in Section 3.6, there were two options for the extraction of the linear
features from the laser scanning data. The selection of the type of extraction procedure is done
based on the type of objects within the laser scanning data. For the laser scans that were acquired
over the electrical substation (i.e., datasets 1 and 2), the region-growing segmentation procedure
was performed to directly extract the pole-like features from the individual scans of the electrical
substation. Then, the points in a single feature were projected onto its axis to determine the
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extreme points. For the Ronald McDonald house data (i.e., dataset 3), the linear features were
extracted indirectly through the planar feature segmentation procedure, and thereafter,
virtual/physical lines that represent the intersections between the neighboring planar surfaces.
The planar features do not need to be physically connected to derive the intersection lines.
However, the intersection procedure was only performed for nearby planar features to avoid
excessive extrapolation for the derivation of linear features (i.e., the neighboring planes should
have less than a 2.0m distance between their boundaries to derive the intersection lines). The
end-points of the linear features in this case were established through the projection of the point
cloud in the neighboring planes within a given buffer around their intersection. Figure 5.7(a)
shows an example of the existing pole-like features within a part of the electrical substation after
filtering the ground surface (i.e., only the above ground features are displayed). The proposed
segmentation approach was performed to extract the linear features from this part as can be seen
in Figure 5.7(b).

Figure 5.8(a) shows the above ground point cloud of Scan 2 (Ronald

McDonald house) while the extracted linear features from this scan are displayed in
Figure 5.8(b).
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(a)

(b)
Figure 5.7. (a) True color display of the electrical substation (Scan 6 - Dataset 1) and
(b) the corresponding extracted linear features

(a)

(b)
Figure 5.8. (a) True color display of the Ronald McDonald house (above ground point
cloud) and (b) the corresponding extracted linear features
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Table 5.4 summarizes the number of extracted linear features from the electrical
substation laser scans (i.e., datasets 1 and 2). Note that long and precisely-derived lines (e.g.,
linear features more than 1.0 m long with .05 m fitting precision) only were selected to perform
the automated registration experiment since it was assumed that such lines will have accurate
attributes. By comparing the number of extracted linear features from the same scans in datasets
1 and 2, one can observe that a larger number of lines were extracted in the six scans of dataset 1
since the Leica scanning range is longer than the Faro scanning range. A lower number of lines
was extracted from scan 6 (dataset 1) due to occlusions at that scanning location. Table 5.5 lists
the number of extracted linear features from the Ronald McDonald house scans (i.e., dataset 3).
The planar patch intersection procedure was applied over the neighboring planar segments that
had large numbers of points (e.g., each plane should have a minimum of 200 points). Among all
the resulting lines from the intersection procedure, the long lines only were selected to be used
later for the automated registration.

Table 5.4. The number of extracted lines from each scan
of the electrical substation (datasets 1 and 2)
Number of linear features
Scan ID
Dataset 1
Dataset 2
1
147
33
2
102
43
3
101
46
4
82
33
5
137
68
6
89
93
7
183
85
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Table 5.5. The number of extracted linear features from
each scan of the Ronald McDonald house (dataset 3)
Scan ID
Number of lines
1
46
2
39
3
22
4
19
5
21

5.3.2 Results from the Different Matching Strategies
A total of 16 scan pairs were established from the three datasets. For each dataset, the
laser scans were selected two at a time where one scan always was chosen as the reference scan.
Table 5.6 summarizes the identifiers of the reference scans in each dataset. These scans are
selected as the references since they have the highest percentage of overlapping area with other
scans in their corresponding datasets. For any pair of scans, all possible combinations (

)

(Equation 4.6) of the linear features were established. Then, the candidate matches of line pairs
(

) between the scans were identified as the ones which share similar angular deviation and

spatial separation values. The candidate matches of the linear features in each scan pair were
used as the inputs for the different automated registration experiments.

Table 5.6. List of reference scans for the different datasets
Dataset ID
Reference scan identifies
Dataset 1
Scan 7
Dataset 2
Scan 6
Dataset 3
Scan 4
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RANSAC-based and association-matrix-based experiments
These experiments aimed to evaluate the performance of the proposed association-

matrix-based sample consensus approach compared to the RANSAC-based approach. The
objective here was to determine which matching strategy has a higher probability for identifying
correct matches of the linear features after a certain number of trials. Therefore, two experiments
that represent the different matching approaches were established to perform the automatic
registration for the 16 scan pairs. In the first experiment, the RANSAC-based procedure was
applied to select samples from the candidate matches of linear features within the scans being
registered. In the second experiment, the candidate matches of the linear features were used to
build the association matrix. The association-matrix-based sample consensus approach then was
used to guide the process of selecting the candidate matches based on the association vote
information. In both experiments, the sample selection process was set to consider all candidate
matches of linear features (i.e., draw all candidate matches without applying Equation 4.35 that
should be used to determine the number of sample draws). The selection of the same sample
more than one time was not allowed in order to guarantee a fair comparison between the two
approaches. The point-based non-linear mathematical model was used to solve for the
transformation parameters using the hypothesized matches of linear features. This mathematical
model was used here since it provides a single set of transformation parameters from any
hypothesized match of line pairs.
The estimation of the transformation parameters between the scan pairs required initial
approximations since we were dealing with a non-linear model. These approximations were
derived by roughly evaluating the position and orientation of the scans with respect to each other.
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It should be noted that only the line pairs that had angular deviation exceeding a predefined
threshold (e.g., 35°) were considered to solve for the transformation parameters. This condition
was necessary to avoid selecting parallel pairs since such lines cannot be used to determine the
shift along a line’s direction. Since the true set of transformation parameters relating the scans
was known through a previously established target-based registration process, the correct
solutions resulting from both experiments were identified as the ones that fell within a certain
buffer from the true set of transformation parameters (e.g., within 0.5m for the translations and
within 0.5° for the rotation angles). Table 5.7 and Table 5.8 illustrate the total number of lines
combinations, the number of candidate matches, the conducted trials, and the number of found
solutions for all the examined scan pairs. The trial number associated with the first instance of a
correct solution (as determined by the acceptable deviation from the target-based registration) is
also shown for the RANSAC-based and the association-matrix-based consensus approaches. The
reported numbers in Table 5.7 and Table 5.8 represent the automatic registration components for
all the established scan pairs. The number of combinations is the total number of possible
matches of line pairs within the scans. The number of candidate matches represents the total
number of line pairs from different scans that share similar angular deviations and spatial
separations. The number of candidate matches was identified by examining the angular deviation
and spatial separation values between all the possible combinations of linear features. All the
candidate matches – taken one at a time – were used to solve for the transformation parameters
(total number of possible trials). The number of correct solutions is the number of transformation
parameter sets that fell within the pre-set threshold, away from the true solution, as determined
by the target-based registration.
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Dataset
2

Dataset
1

Dataset
ID

Table 5.7. Automatic registration outcome for the RANSAC-based and the associationmatrix-based experiments (datasets 1 and 2)

Scans
ID

Combinations

Candidate
matches

7-1
7-2
7-3
7-4
7-5
7-6
6-1
6-2
6-3
6-4
6-5
6-7

357,406,686
171,559,206
168,195,300
110,609,226
310,278,696
130,426,296
4,517,568
7,726,068
8,855,460
4,517,568
19,490,568
30,544,920

1,389,405
738,267
902,215
444,224
1,295,929
621,870
13,531
13,859
59,782
11,987
86,812
174,996

Total
number
of
possible
trials

Number
of right
solutions

1,389,405
738,267
902,215
444,224
1,295,929
621,870
13,531
13,859
59,782
11,987
86,812
174,996

789
409
413
151
385
1136
31
29
69
8
85
476

Number of
trials to
bring the
first correct
solution –
RANSAC
experiment
37,623
10,120
130,460
42,082
117,834
24,854
2,394
665
294
364
12,321
4,399

Number of
trials to
bring the
first correct
solution –
association
experiment
6,063
4
3,323
35,680
35,611
1
16
403
682
51
3
1

Dataset
ID

Scans
ID

Combinations

Candidate
matches

Dataset
3

Table 5.8. Automatic registration outcome for the RANSAC-based and the associationmatrix-based experiments (dataset 3)

4-1
4-2
4-3
4-5

353,970
253,422
79,002
71,820

3,015
2,752
1,221
984

Total
number
of
possible
trials

Number
of right
solutions

3,015
2,752
1,221
984

52
61
49
4
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Number of
trials to
bring the
first correct
solution –
RANSAC
experiment
377
167
166
322

Number of
trials to
bring the
first correct
solution –
association
experiment
1
2
1
34

A significant variation between the number of solutions and the number of candidate matches is
noticeable in Table 5.7 and Table 5.8 due to the repetitive patterns of linear features within the
utilized datasets. In this case, most of the candidate matches belonged to non-conjugate line
pairs. By comparing the number of conducted trials to achieve the first correct solution in both
experiments as shown in the last two columns of Table 5.7 and Table 5.8, one can note that the
association-matrix-based sample consensus approach brought the first correct solution earlier
than the RANSAC- approach in 15 out of 16 scan pairs. The first correct solution was
determined earlier in the RANSAC procedure for the scan pairs (6, 3) (Table 5.7), which might
occur by chance since the RANSAC-based approach is totally random.
For further investigation, the correct solutions occurrence was tracked with respect to the
conducted trials for all the examined scan pairs. For each of the examined scan pairs, plots
illustrating the trial number for different correct solutions are shown in Figure 5.9, Figure 5.10,
and Figure 5.11.
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(a) Scans 7 and 1

(b) Scans 7 and 2

(c)Scans 7 and 3

(d) Scans 7 and 4

(e)Scans 7 and 5

(f) Scans 7 and 6
Association

RANSAC

Figure 5.9. Performance comparison between the RANSAC-based and
association-matrix-based sample consensus approaches (dataset 1)
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(a) Scans 6 and 1

(b) Scans 6 and 2

(c) Scans 6 and 3

(d) Scans 6 and 4

(e) Scans 6 and 5

(f) Scans 6 and 7
Association

RANSAC

Figure 5.10. Performance comparison between the RANSAC-based and
association-matrix-based sample consensus approaches (dataset 2)
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(a) Scans 4 and 1

(b) Scans 4 and 2

(c) Scans 4 and 3

(d) Scans 4 and 5
Association

RANSAC

Figure 5.11. Performance comparison between the RANSAC-based and
association-matrix-based sample consensus approaches (dataset 3)
According to Figure 5.9, Figure 5.10, and Figure 5.11, the association-matrix-based
sample consensus approach succeeded in finding the correct solutions with less trials when
compared to the RANSAC-based approach in the 16 experiments.

Therefore, it can be

confirmed that the sample selection through the association-matrix-based sample consensus
approach performed better and had a higher probability for identifying correct matches of the
linear features. However, random chance might play a role in finding correct solutions first
through the RANSAC-based approach as in the case for the scan pairs 6-3 (dataset 2) as per
Table 5.7.
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The two experiments for evaluating the RANSAC-based approach against the
association-matrix-based sample consensus approach were repeated while applying Equation
(4.35) which was used to determine the number of required trials (i.e., without considering the
entire candidate matches, which is the default scenario for a RANSAC procedure). Table 5.9 and
Table 5.10 summarize the number of recovered solutions compared to the number of conducted
trials after applying Equation (4.35). By examining these tables, one can note that the
association-matrix-based sample consensus approach resolved more solutions with less or equal
numbers of trials when compared to the RANSAC-based approach.

Dataset
2

Dataset
1

Table 5.9. RANSAC-based vs. association-matrix-based after using the pre-specified
probability to determine the number of required trials to have at least one correct draw
(datasets 1 and 2)
Dataset
Association
RANSAC
Association
ID
RANSAC total
total
Scans total number of total number
number of found
number of
ID
conducted
of conducted
solutions
found
trials
trials
solutions
7-1
79,714
12,013
25
114
7-2
17,734
12,093
13
65
7-3
130,460
7,611
1
27
7-4
131,343
35,691
4
4
7-5
118,170
35,611
2
1
7-6
24,854
4,474
1
197
6-1
2,594
1,002
7
21
6-2
2,725
2,725
4
21
6-3
2,928
2,928
10
48
6-4
6,010
6,010
4
8
6-5
12,985
3,460
1
67
6-7
4,399
1,964
2
83
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Dataset
3

Table 5.10. RANSAC-based approach vs. association-matrix-based approach after
using the pre-specified probability to determine the number of required trials to have at
least one correct draw (dataset 3)
Association
RANSAC
Association
RANSAC total
total
Dataset Scans total number of total number
number of found
number of
ID
ID
conducted
of conducted
solutions
found
trials
trials
solutions
4-1
760
466
10
17
4-2
407
276
6
22
4-3
216
158
2
40
4-5
938
655
4
4
Based on the reported results in Table 5.9 and Table 5.10, rather than conducting the necessary
set of trials using Equation (4.35), one can conduct a subset of those trials only since Equation
(4.35) is based on a random selection of the pairs from the two datasets, which was not the case
for the association-matrix-based sample consensus approach.


Solution frequency-based approach experiments

The objective of this experiment was to verify the ability of the solution frequency-based
approach in registering overlapping laser scans. Here again, for a selected pair of scans, all the
possible combinations of linear features (
line pairs (

) were established. Then, the candidate matches of

) between the scans were identified as the ones which shared similar angular

deviation and spatial separation values. The number of candidate matches was identified by
examining the angular deviation and spatial separation values between all the possible
combinations of linear features. By utilizing all the candidate matches to solve for the
transformation parameters (i.e., each candidate match is used to solve for a single set of
transformation parameters at a time), only the pairs representing correct matches resulted in
similar sets of transformation parameters. Each set of transformation parameters was used to
transform a specific 3D point (which was chosen to be the center of the reference scan) from the
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reference frame of one of the scans to the reference frame of the other one. It was assumed that
similar transformation parameters would lead to a group of transformed points which would be
spatially close to each other (e.g., within a spherical radius equal to 0.20 m). Since this approach
aimed at the coarse alignment of two scans, the outcome of the registration process therefore
would not be too sensitive to the utilized values of this threshold. A kd-tree was used to store the
transformed points and to identify the most common location of the transformed points (peak)
and, consequently, the most probable solutions that lead to such points. Following the procedure
for determining the most repeated set of transformation parameters, the average of these
parameters was introduced as an initial approximation for the ICPP registration process to
achieve the fine alignment between the scans under consideration.
One can utilize the linear quaternion-based or the point-based non-linear mathematical
models to solve for the transformation parameters using a hypothesized match of linear features.
The non-linear mathematical model will result in a single set of transformation parameters from
conjugate line pairs. On the other hand, the linear mathematical model will result in two or more
sets of the transformation parameters from conjugate line pairs depending on the enclosed angle
between these lines. This experiment was established using the linear mathematical model,
which offers a more challenging test for the solution frequency-based approach by having more
outlier sets of transformation parameters.
Table 5.11 and Table 5.12 summarize the total number of line combinations, the number of
candidate matches, the number of estimated transformation parameters, and the peak size for all
the examined scan pairs. In the 16 experiments, the detected peaks pointed to the correct set of
the transformation parameters. As can be seen in these tables, the number of estimated
transformation parameters is twice the number of the candidate matches since each candidate
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match provided two sets of the transformation parameters as the linear mathematical model was
used here. In this case, all the candidate matches were from the types of skew and nonorthogonal coplanar lines (Section 4.4.2). Figure 5.12 displays two examples of the cloud of
transformed points and the corresponding detected peak from each cloud.

Dataset
2

Dataset
1

Table 5.11.Solution frequency-based components (datasets 1 and 2)
Number of
Candidate
Combinations
Dataset
estimated
matches
Scans ID
ID
transformation
parameters
7-1
357,406,686
1,389,405
2,778,810
7-2
171,559,206
738,267
1,476,534
7-3
168,195,300
902,215
1,804,430
7-4
110,609,226
444,224
888,448
7-5
310,278,696
1,295,929
2,591,858
7-6
130,426,296
621,870
1,243,740
6-1
4,517,568
13,531
27,062
6-2
7,726,068
13,859
27,718
6-3
8,855,460
59,782
119,564
6-4
4,517,568
11,987
23,974
6-5
19,490,568
86,812
173,624
6-7
30,544,920
174,996
349,992

Dataset
3

Dataset
ID

Table 5.12. Solution frequency-based components (dataset 3)
Number of
Candidate
Combinations
estimated
matches
Scans ID
transformation
parameters
4-1
353,970
3,015
6,030
4-2
253,422
2,752
5,504
4-3
79,002
1,221
2,442
4-5
71,820
984
1,968
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Peak
size
1075
537
658
280
633
1337
78
104
165
23
132
769

Peak
size
40
73
49
10

(a) Cloud of 2,778,810 transformed points
(scans 7 and 1 – dataset 1)

(c) Cloud of 5,504 transformed points
(scans 4 and 2 – dataset 3)

(b) Detected peak with 1075 points
(scans 7 and 1 – dataset 1)

(d) Detected peak with 73 points
(scans 4 and 2 – dataset 3)

Figure 5.12. Samples of clouds of transformed center-point (a and c) and their corresponding
detected peak (b and d)

5.3.3 Transformation Parameters Evaluation
The previous sections introduced the conducted experiments using the three alternative
matching strategies. The objective in this section is to evaluate the quality of the resulting
transformation parameters as determined by the final outcome from each matching experiment.
For all the established experiments, the resulting transformation parameters were always pointing
to the correct set of the transformation parameters relating the scans as evaluated by their
deviation from those derived from the target-based registration. The output transformation
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parameters from each matching experiment were used to establish the initial alignment between
the corresponding scan pair. Then, the quality of the alignment between the scans was inspected
visually. The line-based transformation parameters always provided a coarse alignment between
any scan pairs, which finally were refined through the ICPP procedure. The quality of the
alignment depended on the attributes of the utilized lines as well as their distribution within the
scans under consideration. Table 5.13, Table 5.14, and Table 5.15 list the estimated
transformation parameters using the identified linear feature matches through the RANSACbased, the association-matrix-based, and the solution frequency-based approaches. The refined
transformation parameters by the ICPP are displayed as well. Also, the estimated transformation
parameters through the manual approach are listed as they provide the ground-truth. The
estimated transformation parameters from the linear features provided a very good initial
alignment between the scans, and then the ICPP registration starting from these parameters,
guaranteeing accurate alignment between the involved scans. Figure 5.13(a) and Figure 5.13(b)
display the registration result of selected parts of two scans from the electrical substation using
the line-based transformation parameters and using the ICPP-based transformation parameters,
respectively. In this figure, different colors indicate different scans. A cross-sectional view for
the same parts is shown in Figure 5.13(c) and Figure 5.13(d) for better visualization of the
registration results. As can be seen in Figure 5.13(c), the displayed parts that are coming from
different scans are roughly aligned (coarse registration) using the linear-feature-based approach.
This result was expected as the derived transformation parameters were impacted by the
precision of the linear feature extraction procedure as well as the distribution of the utilized
linear features within the overlap area between the scans. In contrast, Figure 5.13 (d) shows that
the ICPP was more successful in establishing more precise alignment of the two scans. This
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ability is attributed to the fact that all the points in the overlap area between the scans were
involved in the derivation of the transformation parameters (i.e., more observations are used for
the derivation of the transformation parameters) unlike the case of only using the matched linear
features. Similar observations are valid for selected parts of the Ronald McDonald house as can
be seen in Figure 5.14(a), Figure 5.14 (b), Figure 5.14 (c), and Figure 5.14 (d).

(a) Registration using the line-based
transformation parameters

(b) Registration using the ICPP-based
transformation parameter

(c) Cross-section over a single feature from
the electrical substation after the
registration using the line-based
transformation parameters

(d) Cross-section over a single feature from
the electrical substation after the
registration using the ICPP-based
transformation parameters

Figure 5.13. Registration results for a part of the electrical substation
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(a) Registration of two scans using the linebased transformation parameters

(b) Registration of two scans using the
ICPP-based transformation parameter

(e) Cross-section over a small part of the
Ronald McDonald house after the
registration of two scans using the linebased transformation parameters

(f) Cross-section over a small part of the
Ronald McDonald house after the
registration of two scans using the
ICPP-based transformation parameters

Figure 5.14. Registration result for a part of the Ronald McDonald house
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Table 5.13.Estimated transformation parameters between the scan pairs (dataset 1)
(m)
Scans ID Parameters source
ω°
φ°
κ°
(m)
(m)
RANSAC-based
5.096 21.948 -0.128 -0.093 0.087
42.309
Association-based 5.121 22.145 -0.111 -0.027 0.149
42.320
7-1
Frequency-based
5.105 22.112 -0.056 0.019 0.040
42.340
ICPP
5.113 22.131 -0.114 -0.058 0.099
42.338
Manual approach
5.075 22.143 -0.132 -0.161 0.080
42.361
RANSAC-based
-19.507 20.797 -0.071 -0.272 -0.382 -11.789
Association-based -19.609 20.795 0.072 -0.330 -0.044 -11.706
7-2
Frequency-based -19.580 20.809 0.023 -0.378 -0.077 -11.702
ICPP
-19.662 20.770 0.140 -0.061 -0.008 -11.606
Manual approach -19.610 20.780 0.082 -0.298 -0.036 -11.679
RANSAC-based
-23.737 -1.185 0.106 -0.534 -0.380 -34.372
Association-based -23.731 -1.093 0.167 -0.079 -0.082 34.482
7-3
Frequency-based -23.674 -1.143 0.010 -0.362 -2.073 -34.404
ICPP
-23.707 -1.165 0.130 -0.366 -0.964 -34.360
Manual approach -23.732 -1.112 0.171 -0.078 -0.075 -34.449
RANSAC-based
-26.940 -24.845 -0.107 -0.130 -0.447 -105.225
Association-based -26.975 -24.791 -0.256 0.707 -0.695 -105.245
7-4
Frequency-based -26.947 -24.671 0.004 0.1115 -0.293 -105.645
ICPP
-26.973 -24.793 -0.220 -0.090 -0.004 -105.311
Manual approach -26.956 -24.781 0.046 0.153 -0.238 -105.285
RANSAC-based
-7.974 -32.758 -0.052 0.440 -0.276 141.949
Association-based -7.940 -32.787 0.006 -0.086 0.019 142.057
7-5
Frequency-based -7.930 -32.762 -0.174 0.544 0.1967 141.811
ICPP
-7.966 -32.766 0.007 -.075 0.037 141.968
Manual approach -7.949 -32.784 -0.096 0.199 0.001 142.000
RANSAC-based
-1.978 -9.086 -0.092 -0.490 -0.024 108.142
Association-based -1.976 -9.026 0.049 -0.029 0.036 107.891
7-6
Frequency-based -1.979 -8.9719 0.0355 -0.140 0.065 107.740
ICPP
-1.977 -9.024 0.057 -0.060 0.036 107.890
Manual approach -1.980 -9.037 0.014 0.054 -0.054 107.916

129

Table 5.14. Estimated transformation parameters between the scan pairs (dataset 2)
(m)
Scans ID Parameters source
ω°
φ°
κ°
(m)
(m)
RANSAC-based 6.275 -31.371 -0.518 -0.827 0.645 0.263
Association-based 6.308 -31.352 -0.136 0.034 -0.077 0.284
6-1
Frequency-based 6.328 -31.356 -0.254 0.395 -0.542 0.268
ICPP
6.311 -31.361 -0.146 0.045 -0.084 0.268
Manual approach 6.298 -31.364 -0.456 -0.826 0.668 0.173
RANSAC-based 28.329 -19.815 -0.109 0.516 0.601 1.385
Association-based 28.380 -19.889 0.007 0.224 0.218 1.351
6-2
Frequency-based 28.391 -19.918 -0.072 0.756 0.364 1.277
ICPP
28.407 -19.882 0.027 0.201 0.210 1.394
Manual approach 28.372 -19.942 -0.113 0.499 0.697 1.220
RANSAC-based 22.974 1.877 -0.113 0.303 0.957 4.153
Association-based 23.100 1.720 0.148 0.173 0.014 3.561
6-3
Frequency-based 22.994 1.803 -0.009 -0.029 0.876 4.025
ICPP
23.108 1.716 0.147 0.191 0.011 3.549
Manual approach 23.097 1.748 0.039 -0.022 0.322 3.676
RANSAC-based 16.386 24.362 -0.214 -0.106 1.786 1.962
Association-based 16.086 24.607 -0.014 -0.41 0.530 2.951
6-4
Frequency-based 16.050 24.647 -0.007 -0.440 0.523 3.009
ICPP
16.117 24.569 -0.027 -0.376 0.561 2.870
Manual approach 16.072 24.583 -0.082 -0.282 0.628 1.904
RANSAC-based -4.275 24.089 0.021 0.217 0.196 -4.644
Association-based -4.274 24.092 0.024 0.223 0.202 -4.652
6-5
Frequency-based -4.275 24.103 0.028 0.232 0.204 -4.651
ICPP
-4.275 24.089 0.020 0.215 0.196 -4.644
Manual approach -4.281 24.132 0.055 0.329 0.097 -4.589
RANSAC-based 1.904 -9.056 -0.002 0.116 -0.119 2.394
Association-based 1.926 -9.034 -0.010 0.224 -0.139 2.426
6-7
Frequency-based 1.907 -9.042 -0.051 0.017 -0.097 2.438
ICPP
1.930 -9.005 -0.034 0.446 -0.219 2.510
Manual approach 1.913 -9.060 -0.006 0.093 -0.113 2.398
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Table 5.15. Estimated transformation parameters between the scan pairs (dataset 3)
(m)
Scans ID Parameters source
ω°
φ°
κ°
(m)
(m)
RANSAC-based
4-1

4-2

4-3

4-5

-4.895

-12.613

-9.964

0.441

-2.244 -52.331

Association-based -4.812

-12.840

-9.926

0.556

-2.294 -51.830

Frequency-based

-4.815

-12.780

-9.997

0.317

-2.496 -51.907

ICPP
Manual approach
RANSAC-based

-4.820
-4.930
-5.030

-12.783 -10.002 4.403 -2.733 -51.877
-12.503 -9.987 -0.081 -2.169 -52.677
-11.933 1.303 0.219 -0.221 -1.646

Association-based
Frequency-based
ICPP
Manual approach
RANSAC-based
Association-based
Frequency-based
ICPP
Manual approach
RANSAC-based
Association-based
Frequency-based
ICPP
Manual approach

-5.052 -11.970 1.323 0.181 -0.178
5.0123 12.010
1.401 0.123 0.100
5.0320 11.9327 1.371 0.089 0.068
-5.058 -12.013 1.510 0.929 0.370
-2.701 0.844 -10.097 -0.211 0.134
-2.687 0.897 -10.158 -0.159 0.050
-2.709 0.991 -10.109 -0.976 0.287
-2.688 0.874 -10.107 -0.312 0.203
-2.682 0.856 -10.190 -0.079 -0.086
14.403 14.337 -3.158 0.199 -0.250
14.401 14.338 -3.168 0.178 -0.266
14.357 14.258 -3.134 0.885 -0.889
14.194 14.357 -3.130 0.766 -0.459
14.387 14.526 -2.999 1.090 -0.413

-1.628
1.546
1.654
1.755
50.055
49.984
49.707
50.043
50.085
8.658
8.661
8.540
8.440
7.669

For dataset 3, a high elevation difference ( ) between the scan pairs is noticeable.
However, this variation did not truly exist between the scanner locations as the surrounding area
of the Ronald McDonald house is almost flat. This variation happened since the barometer of
the Faro scanner was activated, and it was reporting inaccurate elevation values at the scanner
locations.
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5.3.4 Registration Experiments Summary
A total of 16 scan pairs were used to establish automated registration experiments in which the
linear features were automatically derived and matched between the overlapping scans. The
utilized datasets provided a challenging test for evaluating the performance of the proposed
matching strategies by having large numbers of extracted linear features. Based on the achieved
results, the registration experiments showed that the three alternative matching strategies were
successful in finding the correspondences between overlapping laser scans.
According to the comparison experiment between the RANSAC-based and the associationmatrix-based matching approaches, the sample selection through the association-matrix-based
sample consensus approach performed better and had a higher probability for identifying
potential matches of linear features. However, random chance might have played a role in
finding correct solutions first through the RANSAC-based approach.
In the second experiment, the solution frequency-based approach showed that the proposed
transformed-center procedure was sufficient in finding the correspondence between the laser
scans among a large number of outlier points.
One should note that the association-matrix-based sample consensus approach would have better
preference when compared to the solution frequency-based approach for the following reasons:
(1) The association-matrix-based sample consensus approach does not perform excusive trials of
selecting candidate matches to solve for the transformation parameters, which is not the case for
the solution frequency based approach.
(2) The association-matrix-based sample consensus approach employs a surface matching
procedure (the ICPP registration) to derive the number of matched points for each estimated set
of transformation parameters and it determines the most-probable solution as the one which has
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the highest number of matched points. Hence, the association-matrix-based sample consensus
approach can be considered as more reliable than the solution frequency-based approach since it
quantifies the agreements between the scans for each conducted trial.
(3) In case of having a single pair of conjugate linear features between the scans, a single
transformed center point will correspond to the right set of the transformation parameters. In this
case, the solution frequency-based approach might fail in identifying the correct solution of the
transformation parameters (since the correct solution is assumed to be a group of transformed
centerpointsthatareclosetoeachother“peak”). However, the association-matrix-based sample
consensus approach would have higher probability of identifying the correct solution in such
scenario.
By evaluating the line-based and the point-based transformation parameters, one can notice that
the estimated transformation parameters from the linear features provided a very good initial
alignment between the scans, and then the ICPP registration starting from these parameters,
guaranteeing an accurate alignment between the involved scans.
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Chapter Six: Conclusions and Recommendations for Future Work
This thesis deals with the extraction of geometric features from static and mobile laser
scanning data and the utilization of linear features in an automated approach for the
registration/alignment of static-terrestrial laser scanning data. In this chapter, the findings of the
proposed segmentation and the registration algorithms are summarized. In addition
recommendations for future development are presented at the end of this chapter.
6.1 Segmentation Conclusions
Two region-growing-based approaches were proposed in this thesis. These approaches
deal with extraction of low-level geometric features such as planes, 3D lines, and cylinders from
static and mobile laser scanning data. Principal Component Analysis (PCA) is used to classify
the laser points into planar, linear, and cylindrical features based on the geometric properties of
their local neighborhood. The classified points are used as seed points to start the region-growing
process. The main characteristics of the proposed segmentation procedure are the utilization of
the proper parameterization models for the features of interest, as well as the consideration of the
noise level and the point density variation within the laser scanning data. The mathematical
models utilized avoid singularities during the least-squares fitting procedure by reducing the
descriptive parameters of the planar, linear, and cylindrical features. An adaptive cylindrical
buffer is utilized for the purpose of excluding outlier points during the fitting procedure. The
local point density estimation in this thesis helped in the quantification of the point spacing along
the examined planar, linear, and cylindrical features, which aided the region-growing process.
More specifically, the point spacing information assisted in establishing the seed-region as well
as the spherical search space during the growing procedure.
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Other tools/methods were employed for increasing the efficiency of the segmentation
procedure. For instance, an existing histogram-based procedure was implemented to filter-out the
points that belong to the ground surface in the case of having laser scans over flat areas. The
ground filtering procedure improved the performance of the segmentation process by having a
smaller amount of laser points that need to be processed. Also, the kd-tree data structure was
used to handle the point cloud efficiently. The kd-tree was very useful in organizing the point
clouds and permitting various query tasks in the 3D space during the segmentation procedure.
Finally, an existing quality control procedure helped in addressing the different issues that
commonly affect the quality of laser scanning data segmentation outcomes (i.e., segmented
planar and linear/cylindrical features); and it provided possible actions for resolving these
problems, such as non-segmented points and over-segmented and under-segmented features.
Different segmentation experiments were performed over samples of airborne, mobile-terrestrial,
and static-terrestrial laser scans. The proposed segmentation approaches led to reasonable
segmentation results as shown by the samples of segmented laser scanning datasets. The use of
an existing quality control procedure helped in finding, resolving, and providing a quantitative
measure for the segmentation issues. Based on the achieved segmentation results, one can start
working on the modeling and the recognition of features of interest from the laser scanning data
using the proposed segmentation approaches and by utilizing the benefits from the quality
control procedure.
The segmentation results (i.e., the derived linear features) were used later as the input for
performing the automated registration of overlapping static-terrestrial datasets. More
specifically, the segmentation results provided the required linear features for the registration
procedure through two alternative approaches. First, the direct approach of identifying the
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available linear/cylindrical features within the mapped scene (i.e., pole-like features) was
applied. Then, the points in a single feature were projected onto the major axis of the features to
determine the extreme points. The second approach for extracting linear features from the laser
scans was through planar feature segmentation followed by an intersection procedure. Then, the
virtual/physical lines that represented the intersections between neighboring planar surfaces were
identified. Eventually, the end-points of the linear features were established through a projection
of the point cloud in the neighboring planes within a given buffer around their intersection onto
the infinite linear feature.
6.2 Registration Conclusions
The work outlined in this thesis offers new methodologies for the automatic registration
of overlapping terrestrial laser scans using linear features. Linear features were chosen to be the
registration primitives for the following reasons: (1) they are the most common geometric
primitives that would exist in laser data covering urban scenes or industrial sites; (2) they can be
represented with a few parameters, which will help to simplify the fundamental tasks of aligning
the scans in 3D space; and (3) 3D linear primitives provide a strong tie between
photogrammetric and laser data, which could be quite useful for subsequent integration activities
(i.e., they can be used for further alignment of photogrammetric and laser scanning data). Linear
features are preferable on other types of geometric features, such as planar features, since a
smaller number of primitives is required for the estimation transformation parameters. As long as
the laser scanners provide true scale; and, assuming there are no systematic errors in the laser
data, a minimum of one corresponding pair of non-parallel lines is sufficient for estimating the
six transformation parameters relating two laser scans while a minimum of three corresponding
pairs of non-parallel planar features are required for the estimation of such parameters.
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The estimation of the transformation parameters using linear features was conducted
through two alternative existing mathematical models. The first model was a non-linear
mathematical model, which required initial approximations for the transformations parameters.
This mathematical model helped in solving for the transformation parameters while resolving the
issue of having non-conjugate end-points among corresponding linear features. The second
mathematical model was a linear mathematical model. This mathematical model, as provided by
Guan and Zhang (2011), is derived while assuming that the identified linear features in the
overlapping scans are in the same direction. This assumption would be applicable only if the
linear features are manually matched. Therefore, the model was adapted to resolve for potential
direction ambiguities in the case of having arbitrarily defined directions among the hypothesized
matches. The adaptation procedure helped in automatically specifying the directions of a
hypothesized conjugate pair of linear features and hence solving for the transformation
parameters. Nevertheless, utilizing a linear mathematical model for estimating the transformation
parameters avoided the need for initial approximations.
In general, the estimated transformation parameters using linear features can provide
coarse alignment between the scans being registered. Therefore, in order to guarantee the fine
alignment between the scans, one should perform the registration by using all the points in the
overlapping area as registration primitives. For this purpose, an existing point-based registration
procedure (ICPP) is utilized as the means to improve the quality of the estimated transformation
parameters and, subsequently, to achieve the fine alignment between the scans being registered.
The lines-based transformation parameters provide the required initial approximations to perform
the point-based registration process. The point-based registration will guarantee the fine
alignment between the scans, which cannot be achieved through the line-based registration.
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Three alternative matching strategies are proposed to form the correspondence between the linear
features in the overlapping laser scans. The proposed matching strategies revolve around
establishing hypotheses about potential minimal matches (i.e., the minimum number of linear
features, which could be used for the estimation of the transformation parameters relating the
scans) and then refining the estimated transformation parameters. The angular deviation between
the constituents of a line pair is invariant to shift, rotation, and scale differences between two
neighboring scans. In the absence of scale differences between two neighboring scans, the spatial
separation between the constituent of a line pair are invariant with respect to shift and rotation
differences. These invariant characteristics of linear features in 3D space were utilized for
establishing hypothesized matches of linear features between the overlapping scans.

The

proposed matching strategies introduce a synergic combination of two registration
methodologies (i.e., line-based and point-based) to overcome the drawbacks of each method. In
other words, the lines-based transformation parameters provide the required initial
approximations to perform the point-based registration process. The point-based registration will
guarantee the fine alignment between the scans, which could not be achieved through the linebased registration.
In the RANSAC-based approach, the formula that was provided by Derpanis (2010) was adapted
for the derivation of the minimum number of required RANSAC trials. The adaptation revolves
around using the number of aligned lines as an indicator for the number of inlier features within
the scans.
An alternative to the RANSAC-based approach is introduced by utilizing an association matrix
as the means to store potential matches of linear features. The advantage of the proposed
association-matrix-based sample consensus approach is to avoid selecting random samples as in
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the RANSAC-based matching strategy and hence accelerate the registration process. The vote
information within the association matrix provided a reliable guide for the sample consensus
during the automatic registration process. The registration experiments showed that the
association-matrix-based approach has a consistent tendency of bringing up the correct matches
before the RANSAC-based approach.
The solution frequency-based matching strategy provided another alternative to establish the
correspondences between the overlapping laser scans. Several options to determine the most
frequent set of transformation parameters were introduced, and the use of the transformed center
is recommended as the most convenient approach to check for the similarity between a set of
available transformation parameters.
A total of 16 scan pairs were used to establish the automated registration experiments in which
the linear features were automatically derived and matched between the overlapping scans. The
utilized datasets provided a challenging test for evaluating the performance of the proposed
matching strategies by having a large number of extracted linear features. Based on the achieved
results, the registration experiments showed that the three alternative matching strategies were
successful in finding the correspondences between the overlapping laser scans.
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6.3 Recommendation for future work
Future work should focus on establishing the relative alignment between multiple scans
at the same time instead of doing the registration in a pair-wise scenario; specifically, to develop
an automatic matching procedure that will be able to simultaneously estimate the transformation
parameters between multiple laser scans that would enable hypotheses using more than two lines
at a time as inspired by the proposed alternative matching strategies. In addition, other nonpositional point cloud characteristics, such as color and intensity information, can be used for the
automatic matching process. This information could be helpful in resolving ambiguous matching
scenarios, which will result in more reliable registration results.
Heterogeneous data registration should be considered in future work, such as registering imagebased point clouds (e.g., semi-global dense matching) and laser scanning point clouds. This
registration could be used for linking the spectral information with laser-based positional
information.
Registration of airborne and terrestrial laser scanning data also could be considered as both types
of scanning data have different point characteristics (i.e., precision and point density). Future
work should also consider investigating the recognition of objects of interest and the modeling of
individual features. A more professional ground filtering procedure should be implemented for
the case of having non-flat areas.
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APPENDIX A: LINEAR/CYLINDRICAL FEATURES LSA MODEL
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Observation Function Components

The normal distance components can be derived as per Equation (A.1):
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The design matrix of a single observation in case of line fitting:

=[

]

Since we only solve for the four line parameters, two columns of this matrix should be assigned
to zeroes depending on the line orientation with respect to the (X,Y,Z) coordinate system.
The design matrix of a single observation in case of cylinder fitting:
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Since we only solve for the five cylinder parameters, two columns of this matrix can be assigned
to zeroes depending on the cylinder orientation with respect to the (X,Y,Z) coordinate system.
Partial derivatives for a line observation:
=

)) − 1

/

=

)/

))

=

)/

))

=(

)

)

=

)) − 1

=(

)

)

=(

)

)

=(

)

)

=

) −1

149

=

=

=

((

)

=

=

=

)

−

)

−

) −(

(

)

)

)

−

(

)

)

)

−

)

) −(
((

)

) −(
(

)

−

)

−

)

)

−

(

)

)

−
−
−

)

(

)

)

−

)

))

))

))
)

)

−

))

) )
)

)

)

−

(

)

(

)

)

−

−

))

))

−

)

))

) )
)

)

−

)
−

))

))

)
−

−

−

−
))

−
)

−
−

)

) −(

) −(

(

−

(

)

(

)

)

)

(

)

) −(
((

)

−

) −(
(

−

)

)

)

−
−

)

−

)

−

(

)

−

) −(
(

)
−

−

)

−

(

−

) −(

=

=

)

(

=

))

) )
)

)

−

)

))

) )
)

)

−
−

150

)

)

(

)
−

−
))

))
)

Partial derivatives for a cylinder observation:
=

=

=

=

=

=

= −1

Where:
=

=

=

√

√

√

151

APPENDIX B: THE FORMATION OF THE QUATERNION MATRIX N
The N matrix – as provided by Guan and Zhang (2011) – can be derived for k linear features
as follows:
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