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ABSTRACT
Two levelling-based vertical datums have been used in North America, namely CGVD28
in Canada and NAVD88 in the USA and Mexico. The unification of these levelling-based
vertical datums is of great interest to the scientific and user communities. In this thesis,
the geodetic boundary value problem (GBVP) approach is studied as a rigorous method
for connecting vertical datums through computed datum offsets from a global
equipotential surface defined by means of a GOCE-based geoid. The so-called indirect
bias term, the effect of the GOCE geoid omission error, the effect of the systematic
levelling datum errors and distortions, and the effect of the data errors on the datum
unification are four important factors affecting the practical implementation of this
approach. These factors are investigated numerically using the GNSS-levelling and tide
gauge stations. The results show that the indirect bias term can be omitted if a GOCEbased global geopotential model is used in geoid computation. The omission of the
indirect bias term simplifies the linear system of equations for the estimation of the datum
offset. Because of the existing systematic levelling errors and distortions in the Canadian
and US levelling networks, the datum offsets are investigated in eight smaller regions
along the Canadian and US coastal areas. Using GNSS-levelling stations in the US
coastal regions, the mean datum offset can be estimated with a 1 cm error if the GOCE
geoid omission error is taken into account using local gravity and topographic
information. In the Canadian Atlantic and Pacific regions, the datum offsets can be
estimated with 2.3 and 3.5 cm uncertainty, respectively, using GNSS-levelling stations.
However, due to the very limited number of tide gauge stations, the datum offset error
can reach one decimetre in the Pacific regions. With the available GNSS-levelling
stations in Alaska and Mexico, the datum offsets can be estimated with less than 3 cm
error. The numerical investigations of this study provide, for the first time, the datum
offsets between North American vertical datums and their associated errors with which
the offsets can be estimated.
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CHAPTER 1
Introduction

1.1 Background
Heights of the points on the surface of the Earth are required for a variety of scientific
and engineering applications. The advent of space-based technologies, such as Global
Positioning System (GPS), GLObal NAvigation Satellite System (GLONASS), Very
Long Baseline Interferometry (VLBI), Satellite Laser Ranging (SLR), Doppler
Orbitography and Radiopositioning Integrated by Satellite (DORIS), and satellite radar
altimetry, makes the height determination a very simple task. In fact, it is commonly said
by non-experts that the position of a point on or above the Earth’s surface (in terms of the
latitude, longitude and height) can be obtained as easily as the push of a button on a GPS
receiver. This is true but the provided heights by space-based technologies refer to a
mathematically defined reference surface (reference ellipsoid) and do not carry any
physical meaning, i.e., they are purely geometrical heights. The shortcoming of the
geometrical heights is that they do not show the direction of flow of water. In other
words, heights referenced to the ellipsoid may have water flowing from a lower
ellipsoidal height to a higher ellipsoidal height. A good example for this effect is the
existence of “Gravity Hill” in some parts of the world, where it can be clearly seen that
the water flows uphill.

In order to have physically meaningful heights, the Earth’s gravity field information
needs to be incorporated in the height determination. The gravity information is used to
compute a correction term to the geometrical height differences obtained from classical
spirit levelling to convert them to physically meaningful height differences between
points. Over the past two hundred years, spirit levelling combined with gravity
measurements has been the standard approach to obtaining physically meaningful heights
of points on the surface of the Earth. Spirit levelling yields the geometrical height
differences between two points. In order to obtain the absolute heights, a zero-height
point or a zero-height surface is required to constrain the observed height differences to
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this point or surface. This zero reference surface to which levelling heights can be
referenced to is known as a vertical datum. Regional and national vertical datums have
traditionally been realized by fixing one or more tide gauge (TG) stations as the zeroheight reference point to which the levelling observations are constrained. Spirit levelling
combined with gravimetry is then performed to give absolute, physically meaningful
heights to a network of benchmarks over a small region, a country or even a continent.
This type of vertical datum will be referred to as a classical levelling-based local vertical
datum (LVD) throughout this text. Fig. 1.1 shows a schematic representation of how a
classical levelling-based vertical datum is realized by tying to the mean sea level (MSL)
at one individual TG station.

Figure 1.1 Schematic representation of the realization of a classical levelling-based local
vertical datum

A different approach is to use the available gravity information to compute a gravimetric
geoid model, which can be used to convert the geometrical heights to the physical
heights. This approach is called “GNSS-levelling”, and is the principle for height datum
modernization in North America and some other parts of the world. In this approach, the
ellipsoidal heights are obtained by use of the Global Navigation Satellite System (GNSS)
technology. Assuming that a precise gravimetric geoid model is available in the region,
the geoid height of that point (separation between the geoid surface and the surface of the
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reference ellipsoid) is obtained from the geoid model. The difference between ellipsoidal
height and geoid height will provide the physical height of the point. Fig. 1.2
schematically represents the GNSS-levelling concept in a modernized vertical datum.
This subject will be explained in more detail in Chapter 2.

Figure 1.2 GNSS-levelling concept in a modernized geoid-based vertical datum

In physical geodesy, a vertical datum should be defined in a more scientific manner than
just a surface of zero height. A vertical datum is an equipotential surface defined by a
geopotential value W0 , which serves as the reference surface for physical heights. In
practice, the W0 value depends on the realization of the vertical datum. A levelling-based
LVD was traditionally related to the geodetic Gauss-Listing definition of the geoid
(Gauss 1828; Bessel 1837; Listing 1873; Helmert 1884) as the equipotential surface of
the gravity field of the Earth that coincides with the idealized surface of the oceans. In
this case, W0 is the potential of the MSL at the origin of the levelling network, i.e., the
fundamental TG, which defines the zero-height level. Upon ignoring the mean dynamic
topography (MDT) at the fundamental TG, the realization of the levelling-based datum
results in physical heights that are biased with respect to the geoid. A datum realized by
constraining the zero-height level to the MSL at several TGs is distorted with respect to
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the geoid. A typical example is the Canadian Geodetic Vertical Datum of 1928
(CGVD28; Cannon 1929, 1935) described in Chapter 2.

More than one hundred LVDs exist nowadays that are defined by the local MSL and are
therefore biased (or distorted) with respect to a global geoid determined by means of
gravimetric satellite observations. At the same time, a single unified and global vertical
datum is required to provide a reference surface for monitoring the solid and fluid Earth,
and enabling the connection between the geometric and gravity reference frames.
Regionally, unified datums are required for international engineering projects, flooding
control, coastal hazard studies, unification of national gravity anomaly databases, and
improvement of continental geoid models. The problem of the unification of LVDs is
referred to as a vertical (or height) datum problem. Various strategies for its solution are
reviewed in the following section.

1.2 Previous studies
The vertical datum problem has been investigated extensively in the geodetic literature.
There are basically three different strategies that can be implemented for the unification
of vertical datums (Rummel 2000):

First strategy: A Direct Connection by Levelling and Gravimetry
At a regional or continental level, two or more LVDs can be connected on land by
geodetic levelling in combination with gravity meter. An example is the common
adjustment of the national levelling networks of 27 European countries in the European
United Vertical Network (EUVN; Ihde et al. 2000). Another example is the North
American Vertical Datum 1988 (NAVD88; Zilkoski et al. 1992). This approach is
straightforward but can only be used to unify national datums with connected levelling
points.

Second strategy: The Oceanographic Approach
LVDs without connected points on land can be connected by means of oceanic levelling
using oceanographic information (Rummel and Ilk 1995; Thompson et al. 2009;
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Woodworth et al. 2012, 2015). MDT, which is the height of MSL above (or below) the
geoid, is used in these methods. If the MDT is known at the fundamental TGs of the
datums, the MDT difference at the TGs is equal to the relative height offset between the
datums. The MDT information can be obtained from ocean models or a combination of
satellite altimetry and a geoid model. This approach can also be viewed as an alternative
for the unification of LVDs with the geodetic boundary value problem approach, which is
reviewed next.

Third strategy: The Geodetic Boundary Value Problem Approach
The geodetic boundary value problem (GBVP) approach is the rigorous method for LVD
unification. It connects the datums by solving the GBVP and computing LVD offsets
with respect to a global equipotential surface. An overview of the different GBVP
approaches developed for solving the vertical datum problem is given by Sansò and
Venuti (2002). The GBVP approach with multiple vertical datums was developed and
investigated by Colombo (1980), Rummel and Teunissen (1988), Heck (1989), Heck and
Rummel (1990), Xu (1990), Xu and Rummel (1991), Rapp and Balasubramania (1992),
and Balasubramania (1994). Some of the important contributions are shortly explained in
the following.

Xu (1992) performed simulations in order to investigate quality of the vertical datum
unification with the GBVP approach. His investigations provide evidence that the quality
of the height datum unification is affected by the number and geographical distribution of
stations in each vertical datum zone. Significant efforts have been made in South
America to unify the many existing LVDs within a global vertical reference system
(Sánchez 2007, 2008, 2009; Sánchez and Bosch 2009; Sánchez and Brunini 2009). The
potential of the global reference level W0 was computed using the so-called fixed GBVP
in ocean areas. Then the potentials of the zero-level surfaces of the LVDs were computed
by applying the GBVP approach with fundamental TGs at the coast and GNSS-levelling
stations over land. The gravimetric geoid (quasi-geoid) heights were computed from
Global Geopotential Models (GGMs) or available local quasi-geoid models.
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The local geoid or quasi-geoid models used in the LVD unification are most often
computed by means of Stokes’s integration with local gravity anomalies that refer to
LVDs biased with respect to the global reference. This gravity anomaly bias indirectly
affects LVD offsets (this effect is called “indirect bias term”) and, therefore, an iterative
solution to the GBVP approach is required. Gravity anomalies at each iteration are
updated with computed LVD offsets at the previous step (see, e.g., Amos and
Featherstone 2009). The iterations can start with offsets computed by combining a
satellite GGM from the Gravity field and steady-state Ocean Circulation Explorer
(GOCE; ESA 1999) mission and Earth Gravitational Model 2008 (EGM2008; Pavlis et
al. 2012).

A different approach to the time-consuming iterations is the use of a satellite GGM of the
highest possible spherical harmonic degree together with gravity anomalies, applying an
appropriately modified Stokes kernel. Such a simulation study has been performed by
Gerlach and Rummel (2013), showing that if a satellite GGM up to degree and order
(DO) 200 is used in the computation of LVD offsets in the European countries, the effect
of the indirect bias term can be neglected in the GBVP approach. Thus the offsets
computational procedure is simplified enormously.

It should be mentioned here that there are other types of boundary value problems
proposed by other researchers to tackle the vertical datum problem. Some examples of
the recent contributions are the works by Ardalan and Safari (2005), Zhang et al. (2009)
and Ardalan et al. (2010). Ardalan and Safari (2005) proposed a method for global
vertical datum unification based on the solution of the fixed-free two-boundary-value
problem (Ardalan and Grafarend 2004). Zhang et al. (2009) unified the height datums
between Shenzhen and Hong Kong using the solution of the linearized fixed GBVP.
Ardalan et al. (2010) formulated a bias-free GBVP approach for vertical datum
unification; they used potential differences and gravity differences in their boundary
value problem, which can be considered as bias-free observables.
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Gruber et al. (2012) have recently used GOCE-based GGMs to compute relative
intercontinental height datum offsets. The gravimetric geoid heights were computed by
combining GOCE-based models with the high-resolution EGM2008 model in order to
account for the GOCE-geoid omission error (see Chapter 2). Rülke et al. (2012) have also
benefited from the GOCE-based models for estimating the datum offsets between
European height datums. The European Gravimetric Geoid/Quasigeoid 2008 (EGG2008;
Denker 2013) model was improved in the long wavelengths by combination with a
GOCE GGM using a Gaussian filter. A low pass and high pass filter was applied to the
GOCE GGM and EGG2008, respectively, in order to combine the high accuracy of the
GOCE GGM in the long wavelengths with the high accuracy of the regional geoid model
in the short wavelengths. The new improved gravimetric Geoid/Quasigeoid model was
then used to compute the datum offsets. In another recent contribution, the offset of the
South Korean national vertical datum with respect to a global geoid was computed by
Jekeli et al. (2012) using the EGM2008 geoid model.

1.3 Problem statement
NAVD88 and CGVD28 have been used in North America for many decades. NAVD88
was a joint effort in the 1970s and 1980s by the geodetic governmental agencies in the
USA, Canada and Mexico to unify the vertical control networks on the continent. The
height (geopotential) of the primary tidal benchmark in Rimouski, Québec, Canada was
held fix in the joint adjustment of the networks of the three countries. NAVD88 is still
the official vertical datum in the USA and Mexico. NAVD88 was never implemented in
Canada due to the unexplained systematic errors. CGVD28 served as the official datum
in Canada until November 2013, when it was replaced by the new modern Canadian
Geodetic Vertical Datum of 2013 (CGVD2013). CGVD28 was constrained to the MSL at
five TG stations in the Pacific and Atlantic Oceans and in the St. Lawrence River. The
levelling-based vertical datums in North America will be explained in more details in
Chapter 2.

The existing classical levelling-based vertical datums do not meet the accuracy
requirements of modern geodesy (Sánchez 2009). Different strategies can be
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implemented to modernise a vertical datum at a continental scale. Filmer and
Featherstone (2012) have recently investigated three viable options for modernising the
Australian vertical datum. The option chosen by the North American geodetic agencies is
modernization based on a gravimetric geoid. The US National Geodetic Survey (NGS) of
the National Oceanic and Atmospheric Administration (NOAA) and the Canadian
Geodetic Survey (CGS) of Natural Resources Canada (NRCan) decided to eventually
replace the official levelling-based vertical reference frames, CGVD28 and NAVD88 in
Canada and the USA, respectively, by a common geoid-based and GNSS-compatible
vertical datum (Véronneau and Héroux 2006). Vertical datum modernization in North
America will be explained in more details in Chapter 2.

Before moving on to the next section, it should be mentioned that the modernized vertical
datum (geoid based vertical datum) in North America has a time dependent (dynamic)
component which affects the targeted 1 cm accuracy of the datum. The main source of
this time variability is the changes in the geoid mainly due to Glacial Isostatic
Adjustment (GIA), climate-induced loss of polar ice masses and mountain glaciers, and
hydrology variations. This topic is out of the scope of this study as the main focus of this
thesis is on the static part of the vertical datum. Recent works by Rangelova et al. (2007,
2008, 2009, 2010, 2012) can be consulted for more details on the adoption of a dynamic
vertical datum in North America. For the effect of GIA on gravity and geoid changes in
North America, Pagiatakis and Salib (2003) and Van der Wal et al. (2008a, 2008b) can be
consulted.

1.4 Objectives
A main motivation for this study was the promise of improved geoid determination by
use of the GGMs from the GOCE dedicated satellite gravity mission. The goal of GOCE
mission was, upon completion, to determine the Earth's gravity field with an accuracy of
1 ppm and geoid heights with an accuracy of 1-2 cm at a spatial resolution of
approximately 100 km. Thus, the GOCE geoid is of ultimate importance for the
unification of LVDs. In addition to the computation of the LVD offsets, the GOCE geoid
provides a means for identifying systematic errors in the levelling networks and biases
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and distortions in the national gravity anomaly databases, including those due to the
differences between national vertical datums. Although the replacement of the outdated
North American vertical datums by a common, continent-wide datum is in the
foreseeable future, studying their connection and unification is important due to the effect
of the aforementioned datum biases, long-wavelength errors and distortions in the new
continental geoid model, as well as the improvement of the gravity information on the
continent.

The theory of the GBVP approach for unification of the LVDs has been well developed
but the practical implementations of the GBVP approach needs extra care due to various
factors affecting the estimation of the datum offsets. Within the context of the recent high
accuracy GOCE-based GGMs, the main objectives of this study are:
•

Evaluation of the GOCE-based GGMs in North America in order to choose the
best performing model that should be used in the numerical computation of the
GBVP approach. The models will be evaluated using degree variances and by
comparison against GNSS-levelling geoid heights as external control values. The
GOCE geoid omission and commission errors will also be evaluated in this
chapter.

•

Evaluation of the factors affecting the practical implementation of the GBVP
approach for the unification of the LVDs in North America. These factors are the
indirect bias term, the GOCE geoid omission error, the effect of the existing
systematic levelling errors and distortions in the levelling-based LVDs, and
finally the effect of the data errors on the datum unification. The mean datum
offsets over the whole landmass of Canada, the USA, Alaska, and Mexico will
also be estimated along with recommendations to unify the gravity anomaly data
base over the North American continent.

•

Providing a set of recommendations as a scientific roadmap for the purpose of the
unification of the vertical datums regionally (in well surveyed and sparsely
surveyed regions) and globally based on the main findings of this research.
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1.5 Thesis outline
Chapter 2 provides the necessary background information regarding the height data types,
vertical reference systems and frames. The existing levelling-based LVDs in North
America are also presented along with some information about the recent activities in
North America towards the modernization of the vertical datums and their time
variability. In Chapter 3, the global single and multiple vertical datum GBVPs are
explained along with the practical evaluation of the GBVP solution by the removecompute-restore technique. Numerical results of GGM evaluation in North America by
degree variances and by comparing to external control values are given in Chapter 4.
Chapter 5 presents the numerical results and analysis of the implementation of the GBVP
approach in North America. Some preliminary numerical investigations towards the
global unification of vertical datums will also be presented in this chapter. Finally
Chapter 6 provides the main conclusions with respect to the stated thesis objectives. It
also provides recommendations on the application of the GBVP approach for unification
of vertical datums in well-surveyed as well as sparsely-surveyed regions.
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CHAPTER 2
Heights, Geoid and Vertical Datums

The main purpose of this chapter is to provide the necessary background information
regarding different height systems, height types and the terminology used throughout this
thesis. A height system is a one-dimensional coordinate system that is used to define the
height or elevation of a point, i.e., the distance of the point from a reference surface along
a well-defined path. Different height systems can result from the choice of the zeroheight reference surface (vertical datum) and the path along which the distance is
measured. There are basically two classes of the height systems: geometrical height
systems and physical height systems. In geometrical height systems, the Earth’s gravity
field is completely ignored and the heights in this system are free from any physical
meaning and are purely mathematical heights. The physical height systems are naturally
linked to the Earth’s gravity field and can represent potential differences that show the
direction of the flow of water.

Ellipsoidal heights (from GNSS) and physical heights (from levelling and gravity
measurements) are the realization of the aforementioned two height systems. These two
height systems can be connected through the geoid height or geoid undulation (geoid
height and geoid undulation are used interchangeably throughout this thesis). Ellipsoidal
height, physical height and geoid height are three different terms that will be frequently
used during this thesis. Therefore, the first three sections of this chapter are dedicated to
ellipsoidal height, physical height and geoid height, respectively. The North American
case in the context of the existing vertical datums and recent activities towards the
modernization of vertical datums in the continent will be explained in the final section of
this chapter to set the stage for the rest of the investigations in the upcoming chapters.
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2.1 Ellipsoidal height
By the advent of the satellite-based positioning, the determination of the position of any
point on or above the Earth’s surface is an extremely easy task. Fig. 2.1 illustrates the
geometry of the position obtained from GNSS.

Figure 2.1 Curvilinear ellipsoidal coordinates (geodetic latitude φ , longitude λ , and
ellipsoidal height h )

The provided coordinates of a point P by GNSS are mathematical coordinates of the
points with respect to an approximate mathematical shape of the Earth (or the geoid). The
Earth is approximated by a rotational ellipsoid defined by a semi-major axis a and
flattening f (see Fig. 2.2). All other geometrical quantities of this ellipsoid, such as
semi-minor axis b and eccentricity e2 can be derived from the aforementioned two
defining parameters.
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Figure 2.2 Geoid, ellipsoid and Earth’s surface
The curvilinear coordinates of point P on the surface of Earth, geodetic latitude φ ,
longitude λ , and ellipsoidal height h , are shown in Fig. 2.1. The straight-line distance
between a point P on the surface of the Earth and its projection along the ellipsoidal
normal onto the ellipsoid, denoted by Q, is the ellipsoidal height. The location of the
point P can also be defined in terms of Cartesian coordinates (X, Y, Z) by
X = ( RN + h) cos φ cos λ ,
Y = ( RN + h) cos φ sin λ ,
Z = ( RN

(2.1)

b2
+ h) sin φ ,
a2

where RN is the prime vertical section radius of curvature at the point on the surface of
the ellipsoid, which is a function of the shape of the ellipsoid and the ellipsoidal latitude
of the point:

RN =

a2
a 2 cos 2 φ + b 2 sin 2 φ

.

(2.2)
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The ellipsoidal heights of the points can be obtained by different technologies and
techniques such as VLBI, SLR, DORIS, and GNSS. Furthermore, the ellipsoidal heights
over the oceans, which cover more than 70% of the Earth’s surface, are obtained from
satellite altimetry measurements. No information regarding the gravity field of the Earth
is required for the definition of the ellipsoidal height. It is a purely mathematical quantity
which provides the vertical position of a point with respect to a mathematical
approximation of the Earth. For many engineering and scientific applications, however,
physically meaningful heights are required which can represent potential differences.
Knowledge of the Earth’s gravity field is required in order to obtain such physically
meaningful heights. The following section explains different physical heights and their
derivations.

2.2 Physical Heights
As has been mentioned in the previous section, GNSS-derived ellipsoidal heights do not
have any physical meaning. On the other hand, the classical method for measuring the
height difference between two points, i.e., spirit levelling, provides the geometrical height
difference between two points. Fig. 2.3 simply shows the basic concept of spirit-levelling
using a level. The δ n AB in Fig. 2.3 is actually the measured geometrical height difference
between points A and B.

Figure 2.3 Geometric (straight line) height difference between two points from levelling

Incorporation of the Earth’s gravity field information to convert geometrical height
differences to physically meaningful height differences yields different physical height
types used in engineering and scientific applications. Understanding different height
types, and their conversions, is of great importance to ensure the consistency in the
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numerical investigations and analyses in this thesis. This section explains how physically
meaningful heights can be obtained from levelling measurements using Earth’s gravity
field information. The starting point of all derivations is the geopotential number because
all height types are obtained from this quantity.

2.2.1. Geopotential numbers

The relationship between the gravity vector g and the gravity potential W is

g = ∇W ,

(2.3)

where ∇ denotes the gradient operator. The gradient is a vector pointing in the direction
of the steepest descent of a function. In the case of the gravity potential, the gradient of W
is the vector perpendicular to the equipotential surface. Thus, the relationship between the
magnitude of the gravity vector and the gravity potential can be written as

dW

g =g=−
,
dn

(2.4)

where dn is the differential path along the vertical. The negative sign indicates that
potential decreases with altitude, the path length is positive upwards, and the gravity
magnitude is positive. Equipotential surfaces are closed and continuous surfaces with a
unique constant gravity potential value, W. Since the height differences obtained from
levelling δ n are dependent on the levelling path, the potential values are used to
determine the heights by obtaining the difference between the potentials of the local
geoid and the potential of the equipotential surface that passes through the point at the
Earth’s surface. This difference is called geopotential number (Hofmann-Wellenhof and
Moritz 2005):

P

CP = W0 − WP =

∫ gdn ,

(2.5)

P0
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where W0 is the potential of the local geoid, and WP is the gravity potential at point P (see
Fig. 2.5). The geopotential numbers are measured in geopotential units (g.p.u.) where 1
g.p.u = 1 kGal m = 1000 Gal m (Hofmann-Wellenhof and Moritz 2005). Subsequently
they are scaled by the gravity to obtain the height. Any point on the Earth’s surface has a
unique geopotential number. A representation of levelling and equipotential surfaces is
given in Fig. 2.4.

Figure 2.4 The principles of levelling and equipotential surfaces (Hofmann-Wellenhof

and Moritz 2005)
If gravity is also measured along with the levelled height differences, based on Eq. (2.4)

δW = −g δ n ,

(2.6)

which shows that the geometrical height differences from levelling can be converted to
potential differences. If g is the measured gravity at the levelling station and g B is the
gravity on the plumb line of point B at δ H B (see Fig. 2.4), we have

δ W = − g B δ H B = − gδ n → δ H B =

g
δ n ≠ δ n.
gB
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(2.7)

Therefore, it is observed that the leveled height differences are path dependent and do not
represent potential differences. The value of the geopotential number depends on the
vertical differential distances, δ n , obtained from levelling between the equipotential
surfaces and on the value of the gravity, g , measured at the levelling points. The
geopotential number difference between two points A and B can be obtained practically
by

B

C A − CB = WB − WA = −∑ g δ n.

(2.8)

A

It has been observed so far that gravity measurements are required to convert levelling to
meaningful heights which represent potential differences. Using l to denote "generic"
height and gɶ as average gravity, and performing the integration along an appropriate
plumb line (see Eq. (2.5)), we get

l

l

l

1
C = − ∫ dW = ∫ gdl = l ∫ gdl = lgɶ ,
l0
0
0

(2.9)

where

l

gɶ =

1
gdl ,
l ∫0

(2.10)

and therefore the height is

l=

C
.
gɶ

(2.11)

The different height systems are based on the choice of the gɶ value. There are three types
of physical heights: dynamic heights, orthometric heights, and normal heights, which are
explained in the following three sub-sections.
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2.2.2 Dynamic heights

The dynamic height of a point P is given by Eq. (2.11) for gɶ = γ 45 :

H Pdynamic =

CP

γ 45

,

(2.12)



where γ 45 is the nominal value of normal gravity at mid-latitude (45˚ latitude). The
dynamic height is simply the potential difference converted to straight distance relative to
the geoid. The same constant scale factor is used for all dynamic heights; therefore,
dynamic heights are physically meaningful but they have no geometric meaning.

2.2.3 Orthometric heights

In contrast to the dynamic height, the orthometric height of a point P has a very definite
geometric interpretation: it is the distance of a point above the geoid along the plumb
line. The plumb line is curved due to the fact that the equipotential surfaces are not
parallel to each other. The orthometric height is given by Eq. (2.11) for gɶ = g :

HP =

CP
,
gP

(2.13)

where g P is the average value of gravity along the plumb line from the geoid to point P:

gP =

1
HP

P

∫ g dH ,

(2.14)

P0

where dH is a differential element along the plumb line and P0 is at the base of the
plumb line on the local geoid.
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Figure 2.5 Ellipsoidal ( hP ) and orthometric ( H P ) heights (Jekeli 2000)

However, the value of g P cannot be evaluated exactly as this requires complete
knowledge of the mass density of the Earth’s crust. Thus, orthometric heights cannot be
exactly determined. The computation of orthometric height therefore depends on a
density hypothesis for the crust. For this purpose, a frequently utilized model assumes a
constant crustal density and constant topographic height in the region near the point P.
With this assumption, the average gravity along the plumb line between P0 and P can be
obtained using the Prey reduction (Hofmann-Wellenhof and Moritz 2005) by the
expression:
 1 dγ

g PPr ey = g P − 
+ 2π G ρ  H P .
 2 dh


(2.15)
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The Prey reduction models the gravity value inside the crust by removing the attraction of
a Bouger plate (i.e., 2π G ρ H P ) of constant density, which is followed by applying a
free-air downward continuation using the normal gravity gradient (i.e., d γ / dh ), and
lastly the Bouger plate is restored. Using nominal values for the density and the gradient
(i.e., 2670 kg/m3 and -0.0848 mGal/m), Eq. (2.16) simplifies to

mGal 

g PPr ey = g P +  0.0424
 HP ,
m 


(2.16)

for g P in mGal and H P in meters. When substituting g PPr ey for g P in Eq. (2.13), the
orthometric height is known as Helmert orthometric height. It can also be determined by
the following equation (Jekeli 2000):

H

Helmert
P

2

CP  
mGal  CP 
mGal 2   CP 
1 −  0.0424
,
=
+
0.00180
−
...





gP  
m  g P2 
m 2  g P2 



(2.17)

where the higher order terms contribute less than 10-10. The actual gravity in Eq. (2.17) is
often replaced by normal gravity resulting in so-called normal orthometric heights.

2.2.4 Normal heights

A geometrically interpretable height may be estimated using an approximation of the
Earth’s gravity field in order to avoid making a density hypothesis for the Earth’s crust.
The approximation of the gravity field refers to the normal gravity field, where the
gravity field is generated by an Earth-fitting ellipsoid that contains the same mass as the
Earth, rotates with the Earth around its minor axis, and is itself an equipotential surface of
the gravity field it generates (equipotential surface in normal gravity field) .
The normal height of a point P is given by Eq. (2.11) for gɶ = γ :
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H P* =

CP

γP

,

(2.18)

where γ P is the mean normal gravity along the normal plumb line. It is given analytically
and can be obtained iteratively from



γ P = γ P 1 − (1 + f + m − 2 f sin 2 φ )


H P*
H* 
+ ( P )2  ,
a
a 

(2.19)

where the magnitude of γ P can be calculated exactly anywhere on the ellipsoid using the
Somigliana-Pizzetti formula (Hofmann-Wellenhof and Moritz 2005):

γP =

aγ a cos 2 φ + bγ b sin 2 φ
a 2 cos 2 φ + b 2 sin 2 φ

,

(2.20)

where a and b are respectively the semi-major and semi-minor axis of the ellipsoid, γ a
and γ b are the normal gravity at the equator and the pole, respectively, m = ω 2 a / γ a
where ω is angular velocity of the reference ellipsoid and φ is the geodetic latitude of
the point.

The normal height of point P can be geometrically defined as the length, along the
normal plumb line, from the ellipsoid to the telluroid (Fig. 2.6). It can be seen in Fig. 2.6
that the point Q lies on the telluroid. The telluroid is the surface whose normal potential
is equal to the actual gravity potential at the Earth’s surface along the ellipsoidal normal.
It should be noted that the telluroid is not an equipotential surface. The distance between
the telluroid and the Earth’s surface is known as the height anomaly at P, ζ P .
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Figure 2.6 Normal heights ( H P* ), height anomaly ( ζ P ), telluroid and quasi-geoid

2.3 Geoid height

The geoid height can be defined as the separation between the reference ellipsoid and the
geoid surface measured along the ellipsoidal normal. The geoid height of the points can
be determined either geometrically or gravimetrically (the gravimetric approach for geoid
determination will be explained in Chapter 3). The geometrically determined geoid height
is the difference between the ellipsoidal and orthometric height (if the effect of the
vertical deflection can be neglected) of the points on the surface of the Earth:
N P = hP − H P .

(2.21)

Due to the curvature of the plumb line, a length along the plumb line and a corresponding
length along the perpendicular (or normal) to the ellipsoid are different. The deflection of
vertical θ is the angle between the plumb line and the ellipsoid normal. The deflection of
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vertical is usually of the order of 10 arcsec and in rare cases can reach 1 arcmin. With
reference to Fig. 2.7, the effect on height is

δ h ≈ h sin θ tan θ .

(2.22)

This height difference is at the sub-millimeter level (Jekeli 2000). Therefore, all
geometrically interpretable heights can be treated as lengths along the ellipsoidal normal,
which considerably simplifies comparisons and conversions among the different heights.

Figure 2.7 The difference between lengths along the curved plumb line and along the

straight ellipsoidal normal

For a more in depth analysis on the concepts of different height types and vertical
datums, the comprehensive report by Jekeli (2000) should be consulted.

2.4 North American vertical datums

This section explains the existing classical levelling-based LVDs in North America. The
classical LVDs are going to be replaced by a unified geoid based vertical datum over the
whole continent by 2022. This topic, which is called vertical datum modernization, is
covered in this section too.
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2.4.1 Classical levelling-based vertical datums

NAVD88 was a joint effort in the 1970s and 1980s by the geodetic governmental
agencies in the USA, Canada and Mexico to unify the vertical control networks on the
continent. The networks of the three countries were adjusted together by holding fixed
the height (geopotential number) of the primary tidal benchmark in Rimouski, Québec,
Canada (Zilkoski et al. 1992). This general adjustment included improved historic
levelling data and 81,500 km re-levelled first-order levelling lines in order to reinforce
the primary vertical control network of the USA (NGS 1996). Rod scale and temperature,
level collimation, astronomical (tidal), refraction and magnetic corrections were applied
to the levelling data (Zilkoski et al. 1992). It was determined that the systematic errors
had large local effects on the re-adjusted heights, but a minimal continental effect except
for the magnetic correction. Geopotential numbers were obtained using gravity values
interpolated from the actual measured gravity data. The maximum effect on heights of the
use of these geopotential numbers instead of the “normal” geopotential numbers used in
the old USA vertical datum, National Geodetic Vertical Datum 1929 (NGVD29), was 50
cm in the mountains. Details and definitions are given in the internal CGS report
available at www.geod.nrcan.gc.ca/hm/pdf/hdc_e.pdf.

The control network was connected to 57 US primary TG stations and 55 international
water level stations around the Great Lakes. It also included 28 connections to Canadian
benchmarks and 13 connections to Mexican benchmarks. The NAVD88 heights are
Helmert orthometric heights computed by scaling the geopotential numbers with the
Helmert approximation of the mean gravity along the plumb line (see Eqs. (2.17) and
(2.18)). The USA adopted NAVD88 in 1993 but Canada did not adopt the new datum
because of an unexplained 1.5 m height discrepancy, possibly from the accumulation of
systematic errors, from the Atlantic to Pacific coasts (Véronneau and Héroux 2006).

The official levelling-based vertical datum of Canada is the CGVD28. It was constrained
to the MSL at five TG stations on the Pacific and Atlantic Ocean and St. Lawrence River
(Cannon 1929, 1935). The heights are normal-orthometric and were determined from
geopotential numbers computed with normal gravity instead of actual gravity values. As
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a result, the CGVD28 heights are systematically lower than the Helmert orthometric
heights. In the Rocky Mountains, the deviations are up to several decimetres. While the
datum remains precise locally, it does not represent today’s required national accuracy
for GNSS heighting and compatibility with the gravimetric geoid models. Thus,
CGVD28 provides the least accurate height component among the ellipsoidal,
orthometric and geoid heights.

Both CGVD28 and NAVD88 have large tilts with respect to recently computed
gravimetric geoid models. Across USA, NAVD88 has a large northwest-southeast tilt. In
Canada, NAVD88 indicates that the MSL at the Pacific coast is higher than the MSL at
the Atlantic coast by 1.5 m (Véronneau et al. 2006). Many regional distortions are found
in CGVD28 contributing to approximately a one-meter distortion range. These distortions
are due to the fact that

1) the MSL constraints were not corrected for Sea Surface Topography (SSTop);
2) GIA was not considered;
3) several systematic corrections to levelling observations were not included; and
4) the vertical control network in Canada was established over the years in a piecewise manner by combining observations after 1928 over several consecutive years
and adjusting these observations locally.

The network is characterized by a rapid rate of degradation due to destruction and loss of
physical markers and limited maintenance. Furthermore, GIA, earthquakes, subsidence,
frost heave, local instabilities and other sources of vertical crustal motion all contribute to
the degradation of the accuracy of CGVD28 at a regional and/or local level.

Re-adjustments of the first-order levelling network in Canada provide improved
orthometric height information for the validation of regional and global gravimetric geoid
models. The newest unofficial vertical reference frame is labelled Nov07. Similar to
NAVD88, this datum is constrained to the MSL at Rimouski, Québec, Canada and
heights are Helmert orthometric heights and are therefore compatible with the
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gravimetric geoid. The levelling measurements were corrected for various systematic
errors including refraction, rod calibration, magnetic field and astronomical (tidal)
correction. The adjustment of the levelling data was realized in a stepwise procedure by
constraining the older levelling measurements to the adjusted newer measurements. This
procedure allowed minimizing the accumulation of the systematic errors in the levelling
network.

2.4.2 Modern vertical datums

The existing classical levelling-based vertical datums in North America do not meet the
accuracy requirements of modern geodesy (Sánchez 2009). As has been mentioned
before, among different strategies for modernization of the vertical datum, the Canadian
and US governmental agencies have decided to modernize the vertical datum in North
America through a continent-wide gravimetric geoid model. The advantages of the
implementation of such a vertical datum are:

1) coverage of the entire North American continent will be achieved;
2) compatibility with space-based positioning (e.g., GNSS, altimetry) will be
ensured;
3) the datum maintenance will be less expensive; and
4) the vertical datum will be fairly stable.

The first step towards the modernization of the North American vertical datums was the
release (in November 2013) of the new Canadian vertical datum CGVD2013, which is
realized by the new Canadian gravimetric geoid of 2013, CGG2013 (Huang and
Véronneau 2013) and defined by the equipotential surface W0 = 62636856.00 m 2 / s 2 .
NGS is planning on establishing a geoid-based vertical datum in the USA by 2022
(Roman and Weston 2012). NGS is now conducting an airborne campaign, known as the
GRAV-D project (Gravity for the Redefinition of the American Vertical Datum), which
is planned to be accomplished around 2022. The project is currently underway and
actively collecting gravity data across the USA and its holdings. The new geoid-based
vertical datum for the USA is expected to be accurate at 2 cm level. A comprehensive
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report on the GRAV-D project can be found at: http://www.ngs.noaa.gov/GRAVD/pubs/GRAV-D_v2007_12_19.pdf.

US and Canada signed an agreement for the realisation of a unique height reference
system between the two countries by 2022.

The common datum is defined by

W0 = 62636856.00 m 2 / s 2 (adopted definition of CGVD2013). Fig. 2.8 and Fig. 2.9 show
the CGG2013 geoid model as the realization of the CGVD2013 in Canada and its
accuracy, respectively. The CGG2013 computation follows the Stokes-Helmert removecompute-restore scheme (Huang and Véronneau 2013). CGG2013 is based on the
EIGEN6C3stat model (Forste et al. 2012), which extends to DO 1949 and includes
GOCE data up to May 2013. Table 2.1 summarizes the characteristics of this gravimetric
geoid model. Although no technical paper on CGVD2013 has been published yet, general
information about the new Canadian vertical datum can be found in Lamothe et al. (2013)
and Véronneau et al. (2014a, 2014b)

Figure 2.8 CGG2013 model as the realization of the CGVD2013 in Canada
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Figure 2.9 Accuracy of the CGG2013 model

Table 2.1 Characteristics of the CGG2013 model
Boundaries

10 ≤ φ ≤ 90
−170 ≤ λ ≤ −10

Resolution

2′ × 2′

GGMs

EIGEN-6C3stat (Förste et al. 2012)
GOCE (until May 24, 2013)

Reference Frames

International Terrestrial Reference Frame of 2008 (ITRF2008;
Altamimi et al. 2011) and North American Datum 1983 of
Canadian Spatial Reference System (NAD83 (CSRS); technical
report available at:
http://geodesy.noaa.gov/CORS/Articles/nad83csrs.pdf)

Methodology

Stokes-Helmert remove-compute-restore scheme (Huang and
Véronneau 2013) with the transitional zone between degrees 120
to 180
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An open scientific issue with the current Canadian and US governments’ initiatives for
the realization of the new vertical datum over the North American continent is the
methodology that should be used for the computation of the gravimetric geoid model.
The methods used for geoid determination in Canada and the USA are equivalent but not
equal. In other words, if the Canadian and US approaches are applied on the same data
set, the computed geoid heights will be different by cm to dm level. The current official
gravimetric geoid model in the USA is the United States Gravimetric Geoid of 2012
model (USGG2012; Wang et al. 2011) which is shown in Fig. 2.10. Fig. 2.11 shows the
difference between USGG2012 and CGG2013 in the common area ( 24 ≤ φ ≤ 58 and
−130 ≤ λ ≤ −60 ) and Table 2.2 summarises the statistics of the differences between two
models.

Table 2.2 Statistics of the differences between CGG2013 and USGG2012 [meter]
Statistics
USGG2012 – CGG2013

Min

Max

Mean

Std

-0.924

0.788

0.031

0.031

Figure 2.10 USGG2012 model
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Figure 2.11 Map of the difference between CGG2013 and USGG2012

(USGG2012-CGG2013)

It can be seen that the difference between these two gravimetric geoid models can reach
to about 90 cm in some areas. It is expected that both agencies come up with a consistent
approach for the realization of the modernized North American vertical datum which is
going to be adopted for the whole continent in 2022.
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CHAPTER 3
Geodetic Boundary Value Problem Approach

The GBVP approach is the rigorous method for unification of LVDs (Sideris 2014). The
offsets of a LVD can be computed with respect to a global equipotential surface by this
approach through solving a GBVP. The geoid heights are required to be computed at the
available GNSS-levelling or TG stations using a gravimetric geoid model. The GBVP
solution for gravimetric geoid determination (global single vertical datum problem) and
global multiple vertical datum problem are studied in the first two sections of this
chapter. The practical evaluation of the GBVP solutions by remove-compute-restore
scheme is studied in Section 3.3.

3.1 Single vertical datum problem

With a harmonic disturbing potential T = W − U outside the boundary surface, the global
single vertical datum GBVP in spherical approximation is defined as follows:

∆T = 0
∆g = −

,
∂T 2
2
− T + ∆W0
∂r R
R

(3.1)

where R is the mean radius of the Earth and ∆g is the gravity anomaly given on the
boundary surface which is geoid (we assume that the actual gravity measurements on the
topographic surface have been reduced to the zero-height level via an appropriate
topographic reduction using the orthometric heights). The datum problem can be solved
for the potential upon introducing the regularity condition T → 0 when the geocentric
distance r → ∞ . On the boundary surface, the ∆g values are corrected for the unknown
height datum parameter ∆W0 = W0 − U 0 , where W0 is the potential of a conventional
equipotential surface (geoid) and U 0 is the normal potential of the reference ellipsoid.
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The analytical solution of the Stokes GBVP given by Eq. (3.1) at the computation point P
can be expressed by (Hofmann-Wellenhof and Moritz 2005)

TP =

Gδ M
R
+
R
4π

∫∫ St (ψ

PQ

) ∆g Q d ΩQ ,

(3.2)

Ω

or in terms of geoid height by

NP =

TP − ∆W0

γ

 G δ M ∆W0  R
=
−
+
γ  4πγ
 Rγ

∫∫ St (ψ

PQ

) ∆g Q d ΩQ ,

(3.3)

Ω

where Ω denotes the Earth’s surface and St (ψ PQ ) is the Stokes’ kernel function given by

St (ψ PQ ) =

1
sin(ψ PQ / 2)

− 6 sin

ψ PQ
2

+ 1 − 5cosψ PQ − 3cosψ PQ ln(sin

ψ PQ
2

+ sin 2

ψ PQ
2

) , (3.4)

and ψ PQ is the spherical distance between the data points Q and the computation point P.
The first two terms between parentheses on the right hand side in Eq. (3.3) comprise the
zero-degree term of the geoid height:

N0 =

G δ M ∆W0
−
,
Rγ
γ

(3.5)

where δ M is the difference between the mass of the Earth and the mass of the reference
ellipsoid, and γ is the normal gravity at the reference ellipsoid.

The third term on the right hand side of Eq. (3.3) is Stokes’s integral evaluated using
global gravity anomalies ∆g :
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N PStokes =

R
4πγ

∫∫ St (ψ

PQ

)∆g Q d ΩQ .

(3.6)

Ω

3.2 Multiple vertical datum problem

In reality, the gravity anomalies do not refer to a global vertical datum defined by W0 .
Instead, they refer to local vertical datums j , defined by the level surfaces with potential
W0 j (the local zero height level). The single vertical datum problem is transformed to a
multiple vertical datum problem with as many unknown vertical datum parameters
(biases) δ W0 j = W0 − W0 j as vertical datums exist. To describe the multiple vertical datum
problem, the original work by Rummel and Teunissen (1988) is followed. The global
multiple vertical datum GBVP in spherical approximation is defined as follows:
∆T = 0
∆g j = −

,
∂T 2
2
2
2
− T + ∆W0 − δ W0 j = ∆g − δ W0j
R
R
R
∂r R

(3.7)

where ∆g j represents the gravity anomaly on the equipotential surface of the zero height
level in datum zone j (it is assumed that the actual gravity measurements on the
topographic surface have been reduced to the zero-height level via an appropriate
topographic reduction using the orthometric heights in datum zone j). The term 2 δ W0j / R
is interpreted as the “free-air” reduction to reduce the gravity anomaly ∆g j from the local
zero-height level to the reference level surface defined by the W0 value.

We assume there exist J + 1 non-overlapping LVD zones Ω j , j = 0,1,..., J , which cover
the whole Earth including the oceans. Local gravity anomalies ∆g j , needed for the
solution of the GBVP, are also available. Let one arbitrary LVD zone ( j = 0) with
geopotential W0 define a reference level surface with respect to which the geopotential
difference δ W0 j is computed. The offset of the datum j from the reference level surface is
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δ W0 j
,
δN =
γ
j

(3.8)

where γ is the normal gravity on the ellipsoid. The solution to the multiple vertical
datum problem in terms of the anomalous potential at point P, TP , is given by Eq. (3.2)
using the global gravity anomaly ∆g = ∆g j + 2δW0 j / R :

TP =

Gδ M
R
+
R
4π

j
∫∫ St (ψ PQ )(∆gQ + 2

δ W0 j

Ω

R

)d Ω Q .

(3.9)

Next, Eq. (3.9) is inserted in Bruns’s equation

N Pj =

TP − ∆W0 + δ W0 j

γ

,

(3.10)

to obtain the equation of the geoid height

 G δ M ∆W0  δ W0 j
N =
−
+
+
γ 
γ
 Rγ
j
P

R
4πγ

∫∫ St (ψ
Ω

J

PQ

)∆g d ΩQ + ∑
j
Q

i =1

1
2πγ

(3.11)

δW

i
0

∫∫ St (ψ

PQ

)d Ω

i
Q

Ωi

The upper index j for geoid height indicates that the point P is located in datum zone j.
As was mentioned before, the first two terms between parentheses on the right hand side
in Eq. (3.11) is the zero-degree term of the geoid height (See Eq. (3.5)). The fourth term
in Eq. (3.11) is Stokes’s integral evaluated using local gravity anomalies ∆g j (see Eq.
(3.6)):

N PjStokes =

R
4πγ

∫∫ St (ψ

PQ

)∆gQj d ΩQ .

(3.12)

Ω
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Using S Pi =

J

1
2π

∫∫ St (ψ

PQ

)d ΩQi , the fifth term can be written as

Ωi

J

1

1

J

δ W0i ∫∫ St (ψ PQ )d ΩQi = ∑ S Pi δ W0i = ∑ S Pi δ N i .
∑
i =1 2πγ
i =1 γ
i =1
Ω

(3.13)

i

With Eq. (3.12) and (3.13), Eq. (3.11) becomes

J

N Pj = N 0 + δ N j + N PjStokes + ∑ S Pi δ N i ,

(3.14)

i =1

where

J

N Pind = ∑ S Piδ N i

(3.15)

i=1

is the indirect bias term.

If we assume that in each vertical datum zone j, at least one point P exists has a known
ellipsoidal height hp determined by GNSS and orthometric height H Pj , the geoid height
of point P in datum j can also be computed geometrically from (see Eq. (2.21))
N Pj = hP − H Pj .

(3.16)

Using N Pj from Eq. (3.16) in the left-hand side of Eq. (3.11) and N PjStokes from Eq. (3.12)
in the right-hand side of Eq. (3.11) and rearranging yields the following observation
equation:

J

hP − H Pj − N PjStokes − N 0 = δ N j + ∑ S Pi δ N i = (1 + S Pj ) δ N j +
i =1
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J

∑

i =1, i ≠ j

S Pi δ N i ,

(3.17)

All quantities in the left-hand side are measured or computed. The right-hand side
contains the unknowns, namely the offsets of all datum zones from the reference level
surface. A linear system of equations with J unknowns can be written by means of Eq.
(3.17). If necessary, the zero-degree term of the geoid height can be moved to the righthand side of Eq. (3.17) as an unknown, and the J + 1 unknowns of the system can be
estimated together. The design matrix of such system is a fully-populated matrix whose
entries are the coefficients of the unknowns. It should be stressed here again that at least
one station is needed in each datum zone in order to be able to solve the system for the
unknown offsets.

Here an example is provided to show the structure of the design matrix. Let us assume
there are three different datum zones ( j = 0, 1, 2) with five GNSS-levelling stations in
total (A, B, C, D and E). Fig. 3.1 shows the locations of the five stations in the three
datum zones.
The datum zone j = 0 is assumed to be the reference datum zone and the offsets of the
other two datum zones with respect to the datum zone j = 0 are δ N 1 and δ N 2 , which are
the unknowns of this example together with N 0 . The structure of linear system of
equation for this example is given in Eq. (3.18).

 hA − H A0 − N AStokes 
S 1A
S A2 

 1
1

 hB − H B − N BStokes  1 1 + S 1
S B2 
B



1
1
SC2 
 hC − H C − N CStokes  = 1 1 + SC


 1 1 + S 1
1
S D2 
D
 hD − H D − N DStokes  

 1
S E1
1 + S E2 
2
h
H
N
−
−






EStokes 
 E E


Design matrix
Observation vector
l

 N0 
 1
δ N  ⇔ l = A δN
δ N 2 

Unknowns
δN

A
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(3.18)

Figure 3.1 Schematic representation of three different vertical datum zones and five

GNSS-levelling stations

The required data sets for applying the aforementioned procedure for the estimation of
the datum offsets are listed below for two different scenarios; see also Fig. 3.2 which
schematically shows two datum zones with TG and GNSS-levelling stations in both
datums.

Figure 3.2 Schematic representation of the necessary data for computing vertical datum

offsets using TG and/or GNSS-levelling stations in multiple vertical datum problem

First scenario: Datum offset estimation with GNSS-levelling stations
h: Ellipsoidal heights of benchmarks
H: Orthometric heights of benchmarks with respect to LVD
N: Geoid heights at benchmarks computed from a gravimetric geoid model
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Second scenario: Datum offset estimation with TG stations
h: Ellipsoidal heights of MSL at TG
H: Orthometric heights of MSL with respect to the LVD
N: Geoid heights of MSL computed from a gravimetric geoid model

3.3 Remove-compute-restore scheme

The use of Eq. (3.3) requires global coverage of gravity anomalies for the computation of
a single geoid undulation. This is an impractical requirement, as gravity anomalies do not
have global coverage, or even if there is global coverage, the data is not always available.
Thus, Eq. (3.3) can only be applied to a limited region. In such a case, the removecompute-restore scheme (Sanso and Sideris 2013) is implemented for practical
gravimetric geoid computation.

In remove-compute-restore technique, the long wavelength contribution of the gravity
field is computed from the spherical harmonic coefficients of a GGM. Since the integral
in Eq. (3.3) is discretized, and is evaluated as a summation using discrete data, the short
wavelength components will be aliased. As a result, the short wavelengths must be
evaluated from topographic heights. In other words, the gravity anomalies utilized with
Eq. (3.3) have the contributions from the topography and the GGM removed (i.e., short
and long wavelength contributions are removed). Thus the ‘remove’ stage in the removecompute-restore for geoid modelling involves the computation and removal of the GGM
and terrain contribution from the free air gravity anomalies while the ‘restore’ step
involves the restoration of the GGM contribution and the terrain contribution to N. This
concept is illustrated in Fig. 3.3, which shows the contributions of different data to
regional geoid determination.
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Figure 3.3 Illustration of remove-compute-restore technique for regional geoid

determination (After Schwarz et al. 1987)

The smooth geoid N GGM is the contribution of the spherical harmonic coefficients from a
GGM. The slightly more detailed line indicated by N GGM + N ∆g shows the geoid surface
with contributions from long and medium wavelength components from GGMs and the
use of Stokes’s integral with gravity anomalies that have the long and short wavelength
contributions of the gravity signal removed (i.e., hence only medium contributions).
Lastly, the N GGM + N ∆g + N H shows the detailed geoid, where short wavelengths are due
to the Earth’s topography.

The residual gravity anomaly in Fig. 3.3 is determined as:
∆g res = ∆g FA − ∆g GGM − ∆g H ,

(3.19)

where ∆g FA is the free-air gravity anomaly obtained from terrestrial, shipborne, or
airborne platforms; ∆g GGM is the gravity anomaly which represents the long wavelength
component of the gravity signal and is computed from a GGM; and lastly, ∆g H is the
topography-reduced gravity anomaly. The N GGM and ∆g GGM are computed by spherical
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harmonic synthesis of fully-normalized spherical harmonic coefficients of a GGM (see
Section 3.3.2).
The term N ∆g + N H which is also called the residual geoid height, i.e., the GGM omission
error is obtained from Stokes’s integral (using residual gravity anomalies) and
topography information. When the residual gravity anomalies are used in the Stokes
integral, modified Stokes kernel which does not contain degrees lower than N max ; i.e.,
residual Stokes function should be used for the integration:
St res (ψ ) = St (ψ ) − St nmax (ψ ) ,

(3.20)

where the low frequency component can be computed by

2n + 1
Pn (cosψ ) ,
n =2 n − 1

nmax

St nmax (ψ ) = ∑

(3.21)

where Pn (cosψ ) is the Legendre Polynomials.

3.3.1 Terrain reduction

In the solution of the GBVP approach, it was assumed that an appropriate topographic
reduction was implemented in order to reduce the actual gravity measurements on the
topographic surface to the zero-height level (geoid). One way to take care of topographic
masses of density ρ is through Helmert’s 2nd condensation reduction, which can be
approximately applied in three steps (see Fig. 3.4; Sansó and Sideris 2013):

1) remove all masses above the geoid,
2) lower the stations from P to P0 using the free-air reduction F,
3) and restore masses condensed on a layer on the geoid with density σ = ρ H .
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Figure 3.4 Actual and condensed topography in Helmert’s 2nd condensation reduction

(After Sideris 1990)
Helmert’s 2nd condensation gives ∆g Helmert on the geoid computed from (Sansó and
Sideris 2013)

∆g Helmert = ∆g P − AP + F + APC0 ,

(3.22)

where ∆g P + F is the free-air gravity anomaly at P, ∆g FA , AP is the attraction of the
topography above the geoid at P, and APC0 is the attraction of the condensed topography at
P0 (see Fig. 3.4). The attraction change is denoted by δ AP , which is simply − AP + APC0 in
Eq. (3.22). If the gravity anomalies are linearly dependent on heights, δ AP can be
approximated by classical terrain correction at point P, cP and therefore the Helmert
gravity anomalies can be approximated by Faye anomalies:
∆g Helmert ≈ ∆g P + F + cP = ∆g FA + cP = ∆g Faye .
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(3.23)

Due to the shifting masses, the potential changes as well by an amount known as the
indirect effect on the potential (Sansó and Sideris 2013)

δ T = TP − TPC ,
0

(3.24)

0

where TP0 is the potential of the topographic masses at P0 and TPC0 is the potential of the
condensed masses at P0 . Due to this potential change, Eq. (3.3) with ∆g from Eq. (3.23)
produces a surface that is known as the co-geoid (i.e., a surface different from the geoid).
The difference between the geoid and the co-geoid is denoted by δ N in Fig. 3.4, which
is due to the indirect effect of the shifted topography on the geoid. Ideally, the indirect
effect should be small (i.e., the co-geoid should be near the geoid) in order to allow
approximations in the geoid modelling computations. Helmert reduced gravity anomalies
yields a small indirect effect (e.g., ∂ δ N / ∂H ≈ 1m / 3km ; Sansó and Sideris 2013) and is
therefore very suitable for geoid determination. Before one can apply Eq. (3.3), the
gravity anomalies must be transformed from the geoid to the co-geoid by applying a
correction δ∆g known as the indirect effect on gravity (Sansó and Sideris 2013):

δ∆g = −

1 ∂γ
δT .
γ ∂h

(3.25)

The indirect effect on gravity is usually negligible and ignored in most geoid
computations. The final geoid height is a sum of the co-geoid height N c and the indirect
effect on the geoid δ N :
N = Nc +δ N .

(3.26)

For further discussion on the Helmert’s 2nd condensation reduction in geoid
determination, one may refer to Wichiencharoen (1982), Wang and Rapp (1990), Sideris
(1990), Martinec et al. (1993) and Sansó and Sideris (2013).
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For small distances, inside a certain area E, the planar approximation can be used for Eq.
(3.3) where the first term in the St (ψ PQ ) is the dominant one (see Eq. (3.4)). Therefore
we have

1
sinψ PQ / 2

=

2

ψ PQ

=

2R
,
d

(3.27)

R 2 dσ = dxdy ,

(3.28)

and therefore Eq. (3.3) simplifies to
 G δ M ∆W0 
1
NP = 
−
+
γ  2πγ
 Rγ

∫∫
E

∆gQ
d

dxQ dyQ ,

(3.29)

where

d = ( xQ − xP )2 + ( yQ − yP ) 2 .

(3.30)

The coordinates of the data points are denoted by ( xQ , yQ ) and the coordinates of the
computation points are denoted by ( xP , yP ) . When using the remove-compute-restore
technique the terrain effect on ∆g and the indirect effect on geoid can be respectively
approximated in planar approximation as (Sansó and Sideris 2013)

1
2

δ AP = cP = −∆g PH ≈ G ρ ∫∫
E

H 2 − H P2
H − HP
dxdy − H P G ρ ∫∫
dxdy,
3
l
l3
E

and
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(3.31)

δ N P = N PH ≈ −

π G ρ 2 G ρ H 3 − H P3
HP −
dxdy .
γ
6γ ∫∫
l3
E

(3.32)

3.3.2 Spherical harmonic synthesis

A GGM represents the total mass of the solid Earth, the atmosphere and the ocean
masses. The coefficients are usually provided in a fully-normalized form. The Earth’s
gravitational constant and the radius of the sphere used in the development of the models
are provided in the model’s header. The header also includes an indicator whether the
permanent tides are included in the model or not.
Given a set of spherical harmonic coefficients, height anomaly, ζ , can be computed at an
arbitrary point defined by its spherical coordinates radius, rP , co-latitude, θ P , and
longitude, λP , on the Earth’s surface. The constants of various GGMs (Earth’s
gravitational constant GM and radius of the mean sphere R) are different; therefore, the
spherical harmonic coefficients of each GGM must first be rescaled to the constants of
the reference ellipsoid by

Scaled
cnm
  GM GGM   a GGM
 Scaled  = 

 snm   GM   a

 cnm 
  GGM  ,
  snm 
GGM

(3.33)

where

GM GGM is Earth’s gravitational constant of the GGM;
GM is Earth’s gravitational constant of the reference ellipsoid;
a GGM is radius of the sphere used for the development of the GGM; and

a is semi-major axis of the reference ellipsoid.

After rescaling the spherical harmonic coefficients, the height anomaly of point P on the
surface of the Earth is computed by the expression (Hofmann-Wellenhof and Moritz
2005)
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GM
ζ (rP ,θ P , λP ) =
rPγ

a
 
∑
n = 2  rP 

nmax

n

n

∑ (δ c

nm

cos mλP + δ snm sin mλP ) Pnm (cos θ P ) ,

(3.34a)

m =0

δ cnm = cnmScaled − cne0 = cnmScaled + J n 0
δ snm = snmScaled − sne0 = snmScaled

,

(3.34b)

where cne0 = − J n 0 are the fully normalized zonal spherical harmonic coefficients of the
normal gravity field, Pnm (cos θ P ) is the fully normalized associated Legendre function
(ALF) of degree n and order m and nmax is the maximum degree that defines the
spectral resolution of the GGM. Due to the rotational symmetry of the reference ellipsoid,
only the even zonal spherical harmonic coefficients are nonzero numbers. The summation
of the spherical harmonics in equation (3.34a) starts from n = 2 because the satellite
orbits around the geocenter; therefore, the first degree harmonics are zero.
The height anomaly ζ at the computational point P is converted to geoid height using a
correction term that is a function of the orthometric height H P and the Bouguer anomaly
∆g B (Hofmann-Wellenhof and Moritz 2005)

N (φP , λP ) = ζ (φP , λP , rP ) +

∆g B

γ

HP ,

(3.35)

where γ is the average value of the normal gravity between the telluroid and the
ellipsoid measured along the normal plumb line. Geoid heights can also be obtained using
the procedure described in Rapp (1997). The geoid heights are computed from the height
anomalies on the surface of the reference ellipsoid ζ 0 (at point Q ) plus two correction
terms, C1 and C2:
N (φP , λP ) = ζ 0 (φP , λP , rQ ) + C1 (φP , λP ) + C2 (φP , λP ) .
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(3.36)

The sum of these two correction terms can be evaluated by a spherical harmonic series up
to DO 2160 provided by the EGM2008 development team to convert height anomalies to
geoid heights (Pavlis et al. 2012). This is the approach used in this thesis for the
conversion of the height anomaly to geoid height.

The gravity anomaly can also be approximated on the surface of geoid (boundary surface
for the solution of Stokes problem) by spherical harmonic synthesis of the coefficients
using

∆g GGM (θ P , λP ) =

GM
R2

∞

n

∑ ∑ (n − 1) (δ c

nm

cos mλP + δ snm sin mλP ) Pnm (cos θ P ).

(3.37)

n=2 m=0

The input coordinates for Eqs. (3.34) to (3.37) are spherical coordinates of the points.
The spherical coordinates are computed from the GNSS ellipsoidal coordinates by the
following equations (Torge 2001):

λ Spherical = λ Ellipsoidal ,
 b2

tan φ Ellipsoidal  ,
2
a


φ Spherical = tan −1 

(3.38)

r = X 2 +Y2 + Z2 ,

where a and b are the semi-major and semi-minor axis of the reference ellipsoid,
respectively, and (X,Y,Z) are the geodetic Cartesian coordinates of a point on the surface
of the Earth (see Eq. (2.1)).

Before moving on to Chapter 4, some important points are emphasized herein on
spherical harmonic synthesis for geoid height, fully normalized zonal spherical harmonic
coefficients of the normal gravity field and the numerical computation of the fully
normalized ALFs.
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Note on the spherical harmonic synthesis for geoid height
The computed geoid undulation from Eq. (3.35) or (3.36) is actually the separation
between two equipotential surfaces with the same potential of the reference ellipsoid, but
one in the normal gravitational field generated by the reference ellipsoid’s mass (brown
surface in Fig. 3.5) and the other one in the actuall gravitational field generated by
Earth’s mass (blue surface in Fig. 3.5). By adding the zero-degree term of the geoid
height (see Eq. (3.5)) to the computed geoid height, the equipotential surface of the actual
gravitaional field of the Earth is shifted to coincide with a conventional equipotential
surface defined by W0 (red surface in Fig. 3.5). Fig. 3.1 shows different surfaces in the
actual and normal gravity fields and the relations between them along the normal to the
reference ellipsoid. It should be mentioned that in this figure, the curvature of the plumb
line in the actual and normal gravity field has not been considered for the sake of
simplicity.

Note on the reference ellipsoid and normal gravity field
The reference ellipsoid is uniquely defined by the following four parameters:

a

Semimajor axis

GM

Geocentric gravitational constant

J2

Dynamic form factor

ω

Angular velocity

Other parameters consistent with the defining parameters can be derived from the
aforementioned parameters. With the nowadays computers in the double precision
environment, the parameters should be used with at least 16 digits in the mantisa.
Investigations have shown that a truncation at degree 12 is sufficient in the double
precision environment for the computation of the normal gravity field functionals.
Therefore, fully normalized zonal spherical harmonic coefficients of the normal gravity
field should at least be used up to degree 12. In this study, the normal gravity field
coefficients are used up to degree 20.
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Figure 3.5 Schematic representation of different surfaces in the actual and normal gravity

field of the Earth

Note on the numerical evaluation of the fully normalized ALFs
The fully normalized ALFs are evaluated using recursive equations. The well-known
recursion is the fixed-order, increasing-degree which is known to be stable (Gautschi
1967). Table 3.1 along with Fig. 3.6 illustrate the aforementioned recursion for the
evaluation of the fully normalized ALFs.

The regular recursive formulas for the computation of the fully normalized ALFs can be
used up to a limited DO because of the underflow problem in the double precision
environment. Therefore, one should always note that up to what DO the GGM is used for
computations and if the equations for the computation of ALFs are valid up to that DO
without underflow problem. Various solutions have been proposed to tackle this problem.
This topic is out of the scope of this study. For further details, the reader can refer to the
works by Holmes and Featherstone (2002), Fu-Qing and Zhe-Ren (2004), Xiao and Lu
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(2007), Jekeli et al. (2007), Balmino et al. (2012), Wittwer et al. (2008) and Fukushima
(2012).

Table 3.1 Fixed-order, increasing-degree recursion for the evaluation of the fully

normalized ALFs as a function of cos θ

• Diagonal recursion n ≥ 2
Pn ,n = f1 sin θ Pn −1,n −1
• Vertical recursion − 1st step n ≥ 1
Pn ,n −1 = f 2 cos θ Pn −1,n −1
• Vertical recursion − 2nd step
Pn ,m = f 3  f 4 cos θ Pn −1,m − f 5 Pn − 2,m 
where
f1 =

2n + 1
2n

f 2 = 2n + 1
f3 =

2n + 1
(n − m)(n + m)

f 4 = 2n − 1
f5 =
• Initial values
P0,0 = 1, P1,1 = 3 sin θ
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(n + m − 1)(n − m − 1)
2n − 3

Figure 3.6 Schematic of the fixed-order, increasing-degree recursion for the evaluation

of the fully normalized ALFs

50

CHAPTER 4
Evaluation of Global Geopotential Models

This chapter presents the numerical results of the evaluation of the GOCE-based GGMs
using degree variances and also using the GNSS-levelling geoid heights as external
control values in Canada, the USA, Alaska and Mexico. Section 4.1 presents the
methodology for the evaluation of the models. Section 4.2 presents the data sets and
models used for the numerical investigations of this chapter. Section 4.3 is dedicated to
the numerical results of the model evaluation and finally in Section 4.4 a summary of the
main findings of this chapter and conclusions are presented.

4.1 Methodology

A GGM is a set of dimensionless spherical harmonic coefficients up to a certain DO
which can be used to compute different functionals of the Earth’s gravity field such as
gravity anomaly, gravity disturbance, disturbing potential, height anomaly, geoid height,
and deflections of the vertical. These coefficients are usually recovered from global grids
of functionals of the Earth’s gravitational potential such as gravity anomalies. The advent
of the dedicated satellite gravity field missions back in 2000 opened a new era in the
modelling of the Earth’s gravitational potential as they could provide a homogenous
global coverage of data to recover the global spherical harmonic coefficients.

The first dedicated satellite gravity field mission, CHAllenging Mini-Satellite Payload
(CHAMP), was launched in July 2000 (Reigber et al. 2003). The CHAMP satellite was
followed by the second dedicated gravity field mission, Gravity Recovery and Climate
Experiment (GRACE), in March 2002 (Tapley et al. 2004). The third dedicated gravity
mission is the GOCE, which was launched, by the European Space Agency (ESA) in
March 2009.

The scientific objectives of the GOCE mission are to provide a global geoid with an
accuracy of 1-2 cm and a gravity field model with an accuracy of 1 ppm (1 mGal) at a
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spatial resolution of approximately 100 km which corresponds to a spherical harmonic
expansion up to DO 200 (ESA 1999). According to these objectives, the contribution of
the GOCE mission to the global unification of height systems was defined as one of the
major scientific objectives of this satellite mission.

There are basically two different approaches for evaluating the performance of GGMs.
The first approach is based on the degree variances which explains the internal accuracy
of the GGMs. In order to evaluate the actual performance of the GGMs, some
independent control values should be incorporated. Various data can be used as external
control values such as gravity anomalies, deflections of vertical, and geoid heights
obtained from GNSS-levelling stations. The external control values are different in terms
of sensitivity to the higher or lower frequencies of the gravity field spectrum. For
example, the deflections of vertical and gravity anomalies are more sensitive to the higher
frequencies compared to the geoid heights which are more sensitive to lower frequencies.

In this study, the GGMs are evaluated for the purpose of the unification of the vertical
datums. For this purpose, the GGMs are used to compute the geoid height at the GNSSlevelling or TG stations. Therefore, the geometrically derived geoid heights obtained
from GNSS-levelling stations are used as independent external control values for the
evaluation of the models’ performance.The reader is referred to other existing studies
evaluating the performance of the GOCE-based models over different regions using
different control values, e.g. over Norway (Šprlák et al. 2012; Gerlach et al. 2013; Mysen
2013), Sudan (Abdalla et al. 2012; Godah and Krynski 2013b), Brazil (Guimaraes et al.
2012), central Europe (Janak and Pitonak 2011), Hungary (Szücz 2012), Germany (Voigt
et al. 2010; Voigt and Denker 2011), Australia (Rexer et al. 2014), Turkey (Ince et al.
2014), China (Li et al. 2014), Argentina (Tocho et al. 2014), Greece (Vergos et al. 2014),
Saudi Arabia (Alothman et al. 2014), Iran (Amjadiparvar et al. 2011), and Poland (Godah
and Krynski 2013a).

4.1.1 Evaluation of the GGMs by degree variances

The geoid height signal degree variances of a GGM are computed by
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c =R
2
n

n

2

∑ (c

2
nm

2
+ snm
),

(4.1)

m =0

where n and m are the degree and order of the spherical harmonic coefficients,
respectively and cnm and snm are the fully normalized spherical harmonic coefficients of
degree n and order m and R is the mean Earth radius. The signal degree variances show
the signal content of the GGM in different spectral bands. In other words, each degree
variance of the geoid height gives the contribution of all coefficients of degree n to the
mean square value (the variance) of N , i.e.,
∞

MS ( N ) = var( N ) = ∑ cn2 .

(4.2)

n=2

The geoid height error degree variances can also be computed in the same way but using
the standard deviations of the model coefficients instead of the coefficients themselves:

σ =R
2
cn

n

2

∑ (σ
m =0

2
cnm

+ σ s2nm ) ,

(4.3)

where σ cnm and σ snm are the standard deviations of the coefficients. The standard
deviations are provided for each GGM along with its coefficients. The by-degree global
error is the square root of the error degree variance and the total or cumulative (global)
error is the square root of the sum of the error degree variances which is simply the
global root mean square error (RMSE) of the geoid height or the global commission error
of the GGM up to nmax :

RMSE ( N ) =

nmax

∑σ
n=2

2
cn

.

(4.4)
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4.1.2 Evaluation of the GGMs by means of GNSS-levelling geoid

At a GNSS-levelling station, the ellipsoidal height h is measured by the GNSS and the
orthometric height H (with respect to a LVD) is derived from levelling data and gravity
measurements. Therefore, the geoid height, which is the separation between the geoid
and reference ellipsoid, is determined by
N GNSS −levelling = h − H .

(4.5)

It was shown that the effect of the deflection of the vertical on the computed geoid height
is at the sub-millimeter level (see Eq. (2.22)); therefore, it can be neglected in Eq. (4.5).

On the other hand, the geoid height N GGM at each GNSS-levelling station can be
computed using a GGM (see Section 3.3.2). The aforementioned two sets of geoid
heights, the geometrically derived geoid heights N GNSS −levelling , and the gravimetric geoid
heights computed by a GGM, N GGM , are compared as follows:

∆N = N GNSS −levelling − N GGM .

(4.6)

The geoid height differences contain the offset of the zero height level of the levelling
network with respect to the conventional equipotential surface if the network is
constrained to one fundamental TG station or more complex distortions if the network is
constrained to several TG stations. The standard deviation of the geoid height differences

∆N computed at the GNSS-levelling stations in a region can be considered as a criterion
to compare the performance of the GGMs.

The error of the computed GNSS-levelling geoid height is an aggregate of random and
systematic errors in the ellipsoidal and orthometric heights: accumulated systematic
errors and local distortions in the levelling network, inconsistent use of the permanent
tidal corrections in the ellipsoidal and orthometric heights, locally correlated errors in
GNSS networks, among others. All these errors affect the quality of the GNSS-levelling
geoid height as an external data set for the evaluation of the GGMs. It has been suggested
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to use a corrector surface model to take all the aforementioned error sources into account
before the evaluation of the GGMs (Fotopoulos 2003). The implementation of a corrector
surface will be investigated in the following section.

4.2 Data set
4.2.1 Global Geopotential Models (GGMs)

A great variety of GGMs have been computed and released based on the data collected
by ESA’s GOCE gravity field mission. The models are available via International
Association of Geodesy’s (IAG) International Centre for Global Earth Models (ICGEM,
http://icgem.gfz-potsdam.de/ICGEM/).

Three different approaches have been developed and implemented in ESA’s High-level
Processing Facility (HPF) for recovering the spherical harmonic coefficients from
satellite measurements. These are the space-wise (SPW; Migliaccio et al. 2007), the timewise (TIM; Pail et al. 2011) and the direct approach (DIR; Pail et al. 2011). Other
research groups and universities have also developed different GGMs based on GOCE’s
measurements. Previous studies in North America have shown that the GOCE models
developed by other research centers and universities have the same level of performance
or in some cases worse performance than the models developed by ESA’s HPF
(Amjadiparvar et al. 2012b, Hayden 2013). On the other hand, it is hard to include all the
available models in the numerical analysis of this study. Therefore, it has been decided to
limit the investigations of this thesis to the models from ESA’s HPF.

Five generations of TIM and DIR models have been computed by ESA’s HPF. From the
SPW approach, only two models were released, which are based on 2 and 8 months of
GOCE observations, respectively. The first generation models were computed from the
first two months of GOCE data, but the fifth generation models have been recently
computed based on approximately 42 months of GOCE observations. The fifth
generation models are actually final models that have been developed using all the
available GOCE observations during the satellite’s life. The models of each generation
may use exactly the same period of data but they differ in the computation strategies, a-
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priori information used and spectral resolution. An overview of the GGMs used in this
study can be found in Table 4.1. The information was obtained from the ICGEM
homepage.

Table 4.1 GOCE-based Global Geopotential Models
Model
go_cons_gcf_2_dir_r5
(DIR5)

Max D/O
300

Data Source
Approximately 42 months
of GOCE data and DIR4 as
a background model

References
Bruinsma et al. 2013

go_cons_gcf_2_tim_r5 280
(TIM5)

Approximately 42 months
of GOCE data

Pail et al. 2011

go_cons_gcf_2_dir_r4
(DIR4)

240

Approximately 28 months
of GOCE data and DIR3 as
a background model

Bruinsma et al. 2013

go_cons_gcf_2_tim_r4 250
(TIM4)

Approximately 26.5 months
of GOCE data

Pail et al. 2011

go_cons_gcf_2_dir_r3
(DIR3)

Approximately 12 months
of GOCE data and DIR2 as
a background model

Bruinsma et al. 2010

go_cons_gcf_2_tim_r3 250
(TIM3)

Approximately 12 months
of data

Pail et al. 2011

go_cons_gcf_2_dir_r2
(DIR2)

8 months of GOCE data and
itg-grace2010s as a
background model

Bruinsma et al. 2010

go_cons_gcf_2_tim_r2 250
(TIM2)

8 months of GOCE data

Pail et al. 2011

go_cons_gcf_2_dir_r1
(DIR1)

2 months of GOCE data and
eigen-5c as a background
model

Bruinsma et al. 2010

go_cons_gcf_2_tim_r1 224
(TIM1)

2 months of GOCE data

Pail et al. 2010

EGM2008

itg-grace03s, surface
gravimetry and altimetry

Pavlis et al. 2012

240

240

240

2190
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The DIR and TIM approaches solve the inverse problem of satellite geodesy using the
least-squares (LS) principle (Pail et al. 2011). A large system of normal equations is
solved to estimate the spherical harmonic coefficients of the model. The main difference
between these two approaches is that, in the DIR approach, an a-priori gravity field
model is used as a background model and GOCE observations are used to improve this
model. The TIM approach does not use a background model and, thus, provides a GGM
based solely on the GOCE data (Pail et al. 2011). The GOCE observations are considered
as a time series along the orbit. In the space-wise approach, the geopotential spherical
harmonic coefficients are recovered by solving a boundary value problem on the mean
orbital sphere. The real observations along the satellite orbit are reduced to the mean
sphere by a least-squares collocation (LSC) solution (Moritz 1989). The main idea of this
approach is to derive the spherical harmonic coefficients by taking the spatial correlation
of the Earth’s gravity field into account; therefore, LSC models the gravity field signal
covariance as a function of the spatial distance. It is beyond the scope of this thesis to go
more into details of the different approaches and computational procedures used in the
derivation of the GGMs. A complete description about different methods used in the
development of the GOCE-based models can be found in Pail et al. (2011).

4.2.2 GNSS-levelling stations

The GNSS-levelling stations in Canada, the USA, Alaska and Mexico are used in this
study. The CGS, NRCan, provided the GNSS-levelling data for Canada.

For the

conterminous USA (CONUS) and Alaska, the data were provided by the NGS, NOAA.
Instituto Nacional de Estadística y Geografía (INEGI) provided the data for Mexico.

1315 data points on the Canadian mainland with orthometric heights obtained by the
Nov07 levelling adjustment (see Chapter 2) are used for the evaluation of the GGMs in
Canada. The GNSS ellipsoidal heights come from the newest adjustment of the GNSS
SuperNet network in Canada (Craymer and Lapelle 1997) in International Terrestrial
Reference Frame of 2005 (ITRF2005; Altamimi et al. 2007), epoch 2006. The ellipsoidal
heights were corrected for the effect of GIA of the Earth crust using a crustal velocity
model developed by CGS. The ellipsoidal heights are referred to the reference ellipsoid
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defined by the Geodetic Reference System 1980 (GRS80; Moritz 2000). Ellipsoidal
heights refer to a tide-free crust by convention (Petit and Luzum 2010).

The GNSS-levelling data sets in the USA and Alaska consist of 18399 and 176 stations
(available at http://www.ngs.noaa.gov/GEOID/GNSSonBM09/) with orthometric heights
in the NAVD88 vertical datum. The GNSS ellipsoidal heights are given in NAD83
(CORS96) 2002.0 and NAD83 (CORS96) 2003.0 in the USA and Alaska, respectively.
The coordinates of both regions were transformed to ITRF2005 using the “htdp” software
developed by NGS which is freely available for the users through their website
(http://www.ngs.noaa.gov/TOOLS/Htdp/Htdp.shtml).

The

reason

for

doing

this

transformation is to make them consistent with the Canadian data points.

The GNSS-levelling data set in Mexico consist of 744 stations. The orthometric heights
are in NAVD88, with the primary tidal benchmark at Fathers Point/Rimouski, Québec,
Canada. There is unfortunately no information about the horizontal reference frame of
these stations and the treatment of the permanent tide. Therefore, it is assumed that the
ellipsoidal heights are given in ITRF2005, epoch 2006, and they refer to a tide-free crust.
The geographical distribution of the GNSS-levelling stations in Canada, the USA, Alaska
and Mexico is depicted in Fig. 4.1.

4.2.3 Standards

All ellipsoidal heights should be determined in one of the most recent realizations of
International Terrestrial Reference Frame (ITRF). As has been mentioned before, the
ellipsoidal heights of the USA and Alaska GNSS-levelling stations were transformed to
ITRF2005 to be consistent with the Canadian data points. It was also assumed that the
Mexican data points are given in ITRF2005.

The ellipsoidal, orthometric and geoid heights should be consistent with respect to the
treatment of the permanent tide. The GGMs are usually distributed by the processing
centers in a conventional tide-free system (in the case of GOCE), or a zero-tide system
(GRACE), or in both (EGM2008). The transformation between the two tidal systems is
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performed by correcting the spherical harmonic coefficient of degree two and order zero,
C20 (Petit and Luzum 2010). Ellipsoidal heights refer to a tide-free crust by convention
(Petit and Luzum 2010). Significantly more problematic is the treatment of tides in the
levelling networks. Given that historically no tidal corrections were usually applied to the
levelled height differences, most of the levelling networks are in a mean-tide system. The
use of the luni-solar correction in the North American levelling data, however, resulted in
levelled heights in a conventional tide-free system (Mäkinen and Ihde 2008). Therefore,
ellipsoidal, orthometric and geoid heights used in this study are in a tide-free system.

Figure 4.1 Geographical distribution of the GNSS-levelling stations in Canada, the USA,

Alaska and Mexico

The GRS80 reference ellipsoid is used in this study with the following defining
parameters:

a=6378137 m

Semimajor axis

GM = 3986005 × 108 m3 s −2
J 2 = 108263 × 10

−8

ω = 7292115 ×10−11 rad s −1

Geocentric gravitational constant
Dynamic form factor
Angular velocity
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(4.7)

The fully normalized even zonal spherical harmonic coefficients up to DO 20 are derived
from the defining parameters; see Table 4.2.

The potential of the conventional global equipotential surface ( W0 ) and the gravitational
constants were obtained from the International Earth Rotation and Reference Systems
Service 2010 (IERS 2010) conventions (Petit and Luzum 2010) as follows:

W0 = 62636856.0 m 2 s −2 ,

(4.8)

GM = 3.986004418 × 10 4 m3 s −2 .

The W0 value is identical to the conventional equipotential surface in North America,
which was computed by averaging the coastal mean see level measured at Canadian and
US TG stations. As has already been mentioned, NOAA’s NGS and NRCan’s CGS
signed an agreement in 2012 to realize and maintain a common vertical datum for the
USA and Canada defined by this W0 value (Hayden 2013; Hayden et al. 2014).

4.2.4 Systematic levelling errors in the levelling network
4.2.4.1 Corrector surface

As has been mentioned before, a corrector surface should be applied in order to take care
of existing systematic errors and distortions in the GNSS-levelling geoid undulations
before the GGM evaluation. The removal of the systematic levelling errors and
distortions can be performed through an appropriate deterministic parametric model as
follows (Fotopoulos 2003):
GNSS −levelling

Ni

− N iGGM + vi = ai x ,

(4.9)

where the vi is the residual, the ai is the vector of the known coefficients of the
parametric model, which usually depends on the location of the GNSS-levelling stations,
and x is the vector of the unknown parameters of the parametric model.
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Table 4.2 The fully normalized zonal spherical harmonic coefficients of the GRS80
reference ellipsoid
Degree n

Fully normalized coefficients

2

-0.4841668548960604×10-3

4

0.7903040728831084×10-6

6

-0.1687251175649286×10-8

8

0.3460532397838111×10-11

10

-0.2650062176834783×10-14

12

-0.4107880016329596×10-16

14

0.4471761790899047×10-18

16

-0.3463619026650258×10-20

18

0.2411452248270371×10-22

20

-0.1602430736195476×10-24

The general linear functional of the observation equation given by Eq. (4.9) can be
written as follows:
l + v = Ax ,

(4.10)

where l is a n × 1 vector of observations which are the geoid undulation differences at
each GNSS-levelling station. A is the n × u coefficient (design) matrix which depends
on the parametric model type. x is a u × 1 vector of the unknown parameters of the
parametric model and the v is the n × 1 vector of the residuals. The accuracy information
of the observations is given by the variance-covariance matrix (VCM) of the observations
Σll . The weight matrix of the observations is correspondingly given by the inverse of the
VCM matrix of the observations multiplied by the a-priori variance σ 02 as follows:
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P = σ 02 Σ-1ll .

(4.11)

The LS solution of the aforementioned system which fulfills the condition
v T Pv = min ,

(4.12)

under L2-norm is given by

xˆ = (A T PA)-1 A T Pl .

(4.13)

The vector of the residuals can be estimated by
vˆ = Axˆ − l ,

(4.14)

and from this estimated residuals, a posteriori variance is computed as follows

σˆ 02 =

vˆ T Pvˆ
.
df

(4.15)

df is the degrees of freedom of the linear system or the redundancy (number of
equations minus number of unknowns). The VCM of the estimated parameters can then
be computed by
2
T
-1
Σ xx
ˆ ˆ = σ̂ 0 (A PA) .

(4.16)

4.2.4.2 Implementation of corrector surface

Previous studies have shown that there are some systematic levelling errors and
distortions in the levelling networks of Canada (Nov07) and the USA (NAVD88), see
e.g., Amjadiparvar et al. (2012a). Therefore, a corrector surface should be implemented
in order to absorb these systematic errors before the evaluation of the models at GNSS-
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levelling stations. Different models have been suggested to be used as the corrector
surface model. A comprehensive study has been performed by Fotopoulos (2003) on the
empirical selection of a corrector surface model using real data. This topic is out of the
scope of this study. On the other hand, since the main purpose of this chapter is the
intercomparison of the GOCE-based GGMs, it is not necessary to select the best corrector
surface model for each region based on the available data. We use a plane (a first order
polynomial which has three parameters to be estimated) corrector model, which seems to
be well-suited for describing the physical nature of the existing systematic errors in
Canada and the USA. The first order polynomial model is defined by (Fotopoulos 2003)
ai x = x1 + x2 (φi − φ ) + x3 (λi − λ ),

(4.17)

where φ and λ are the mean latitude and longitude of the GNSS-levelling stations,
respectively. The linear system of equation for the LS estimation of this corrector surface
is as follows:

 h1 − H1 − N1  1 φ1 − φ

 
⋮
⋮

 = ⋮
 hn −1 − H n −1 − N n −1  1 φn −1 − φ

 
 hn − H n − N n  1 φn − φ

λ1 − λ 

  x1 
⋮  
x2 ⇔ l = Ax
λn −1 − λ   
  x3 
λn − λ 

(4.18)

It has been observed that the existing systematic errors were long-wavelengths errors;
therefore, a GRACE-based GGM should be sufficed for the computation of the geoid
heights. On the other hand, we do not want to use GOCE-based models to reduce the
levelling errors followed by the evaluation of the same models. Therefore, the geoid
heights are computed by the most recent GRACE-based GGM, ggm05s, up to DO 150.
This DO was suggested by the ggm05s model development team (Tapley et al. 2013).

The parameters of the corrector surface are estimated along with their estimation errors
by solving the linear system given by Eq. (4.18) using Eqs. (4.13) and (4.16). Since the
accuracy information of the input ellipsoidal and orthometric heights are not available, a
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unit weight matrix has been used in the solution. Figs. 4.2 to 4.5 show the first-order
polynomial fits for Canada, the USA, Alaska and Mexico networks, respectively.

Figure 4.2 first-order polynomial corrector surface in Canada

Figure 4.3 first-order polynomial corrector surface in the USA
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Figure 4.4 first-order polynomial corrector surface in Alaska

Figure 4.5 first-order polynomial corrector surface in Mexico

Figs. 4.6 to 4.9 show the misclosures (h-H-N) computed at the four regions in this study
(Canada, the USA, Alaska and Mexico) before and after the plane fit.
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A large longitudinal tilt of approximately 80 cm is observed in Fig. 4.6. This tilt is
actually the difference of the MSL in Vancouver and Halifax as indicated by the
levelling. The Pacific Ocean near Vancouver is about 50 cm higher than the Atlantic
Ocean in Halifax according to oceanographic models of SSTop (see Thompson et al.
2009); therefore, the actual Nov07 tilt is approximately 30 cm. This tilt is due to the
accumulation of systematic errors in the minimum constrained levelling network. Large
longitudal and latitudal tilts are observed in the USA in Fig. 4.7. This is basically the tilt
of the geometrically derived geoid (h-H) with respect to the gravimetric geoid computed
by ggm05s model. The reason for the existing systematic error in the US network is still
unknown (Marc Véronneau, personal communication).

A significant tilt cannot be observed in Alaska and Mexico in Fig. 4.8 and Fig. 4.9,
respectively. It is seen that the corrector surface in Alaska mostly accounts for the bias in
the levelling network.

Figure 4.6 Geoid height differences (h − H − N ) in Canada before and after plane fit
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Figure 4.7 Geoid height differences (h − H − N ) in the USA before and after plane fit

Figure 4.8 Geoid height differences (h − H − N ) in Alaska before and after plane fit
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Figure 4.9 Geoid height differences (h − H − N ) in Mexico before and after plane fit

Table 4.3 presents the statistics of the geoid height differences for Nov07 in Canada and
NAVD88 in the USA, Alaska and Mexico before and after the plane fit. The standard
deviations, after filtering out the differences for the bias and tilt through a plane surface,
improve by 4.4 cm for Nov07. The improvement for NAVD88 in the USA is 10.1 cm
which is significantly larger than the improvement in Canada. The amount of
improvement in Alaska and Mexico is smaller compared to Canada and the USA as no
significant tilts were observed in these two regions. The standard deviations improved by
1.8 am and 2.8 cm in Alaska and Mexico, respectively. This shows that the systematic
errors in the levelling data that accumulate from coast to coast have a large effect on the
dispersion of the geoid height differences besides the measurement and the geoid model
errors. Therefore, it is suggested to compute the geoid height differences (h − H − N )
after a plane fit for the purpose of the evaluation of GGMs using GNSS-levelling geoid
heights. The estimated plane parameters in each region will be used in the numerical
investigations on the performance of the GGMs in different spectral bands in Sec. 4.3.2.1.
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Table 4.3 Statistics of the geoid height differences (h − H − N ) before and after (in

parentheses) the plane fit [cm]
Region

Max

Min

Mean

Std

Canada

120.3 (204.5)

-221.2 (-136.6)

-60.9 (0.0)

46.2 (41.8)

USA

302.9 (399.0)

-405.2 (-274.9)

-47.2 (0.0)

62.5 (52.4)

Alaska

102.8 (302.2)

-422.6 (-222.4)

-180.4 (0.0)

96.2 (94.4)

Mexico

249.6 (224.2)

-255.5 (-225.7)

-6.42 (0.0)

73.5 (70.7)

4.3 Evaluation results
4.3.1 Evaluation by degree variances

Fig. 4.10 shows the square root of the signal degree variances for the TIM and DIR
models (see Eq. (4.1)). The EGM2008 model is also included in the figure.

Figure 4.10 Square root of the signal degree variances for the DIR and TIM models

It can be observed that the signal content of the models are almost identical for all the
models up to DO 180 and the curves are practically indistinguishable from each other.
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Fig. 4.11 is an enlargement of Fig. 4.10 from DO 180 up to maximum resolution of TIM5
and DIR5 models, where the differences between models are most obvious.

Figure 4.11 Square root of the signal degree variances for the DIR and TIM models

It is seen in Fig. 4.11 that the TIM5 model has more signal content than the previous
models, which can be explained by the longer time period and thus larger amount of
GOCE observations used in the development of the release 5 models. It should also be
mentioned that the low orbit mission data was used in the development of the release 5
models, which in turn helps in the improvement of the signal strength of the GOCE
models. By comparing the models with EGM2008, which contains terrestrial and
altimetric data, it can be said that the full signal of the Earth’s gravitational filed has been
obtained solely from GOCE measurements up to DO 220, which corresponds to a spatial
resolution of approximately 91 km.

It can be seen in the Figure 4.11 that the signal content of the DIR model has been
improved from release 2 to release 5. The DIR1 model shows more signal content than
the newer models. The reason is that its background model, eigen-5c (Förste et al. 2008),
is not a satellite-only model and contains terrestrial gravity measurements. The DIR2
model is a satellite-only model as its background model is ITG-GRACE2010s (Mayer-
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Gürr et al. 2010) which is a GRACE-based satellite-only model. The signal content of
this model is surprisingly higher than other DIR model. The reason for this is unknown.

Fig. 4.12 shows the cumulative global geoid error in cm (Eq. (4.4)) for different
resolution of the models. The TIM5 model delivers 2.3 cm for the mean geoid error at
DO 200, which is close to the goal of the GOCE mission. The DIR5 model provides a 1
cm mean geoid error at DO 200, thus meeting GOCE’s goal of 1 cm at the spatial
resolution of 100 km.

Figure 4.12 Cumulative global geoid error for the DIR and TIM models

It has been observed so far that the newest releases of the models provide better
performance than the predecessors. To complete the discussion of this section, the square
root of the signal degree variances and the cumulative global geoid error of the release 4
and 5 of the TIM and DIR models are shown together in the Fig. 4.13. Table 4.4 presents
the geoid error of these four models for different degrees of expansion. It can be seen that
the DIR5 model delivers less than 2 cm geoid error at DO 240 where at the same time
this model roughly contains the full signal content according to Fig. 4.11.
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Figure 4.13 Square root of the signal degree variances and cumulative global geoid error

for releases 4 and 5 of the DIR and TIM models

Table 4.4 Cumulative global geoid error for releases 4 and 5 of TIM and DIR models for

different resolutions [cm]
Degree

TIM4

DIR4

TIM5

DIR5

180

3.0

0.8

1.5

0.6

190

3.4

1.0

1.8

0.7

200

4.0

1.2

2.3

0.8

210

4.8

1.5

2.8

1.0

220

6.0

1.9

3.6

1.2

230

7.5

2.4

4.6

1.5

240

9.4

3.0

5.9

1.9

250

11.3

3.7

7.4

2.3
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The evaluated performance of the models so far is considered as the internal accuracy of
the models. The realistic error of the models needs to be evaluated by comparing the
GOCE signal with external independent information. For this reason, the performance of
the models will be evaluated using GNSS-levelling stations as external information.

4.3.2 Evaluation of the GGMs using GNSS-levelling stations

This section evaluates the GGMs at the GNSS-levelling stations in Canada, the USA,
Alaska and Mexico. The performance of the GGMs in different spectral bands is
evaluated in the first section by comparing to the GNSS-levelling geoid heights. The
omission error of the GOCE-based GGMS is evaluated in the second section, and finally
the commission error of the GGMs is evaluated at the available GNSS-levelling stations
in the last section.

4.3.2.1 Performance of the GGMs in different spectral bands

In the comparison of the GNSS-levelling and GGM-derived geoid heights (Eq. (4.6)),
one should ensure that both have the same spectral resolution. The GNSS-levelling geoid
heights sample the full spectrum of the gravity field as opposed to GGMs, which have
spectral resolution limited by the maximum DO of the spherical harmonic coefficients.
The signal contribution above the maximum degree nmax is the omission error of the
GGM, and it should be estimated in order to evaluate the actual accuracy of the GGM.
This can conveniently be done (though not optimally) by means of a higher resolution
GGM such as EGM2008 (Pavlis et al. 2012) that incorporates terrestrial data. The
EGM2008 model can be used to account for the gravity signal in the spectral band from
the maximum DO of the GGM to the maximum resolution of EGM2008, i.e., 2190.

The computed residual gravity signal contains both the EGM2008 commission error in
this particular spectral band and the omission error beyond degree 2190. The effect of the
latter can be reduced by means of the residual terrain model (RTM) technique (Forsberg
1984) as shown by Hirt et al. (2010). Since the main purpose of this chapter is the
intercomparison of the geoid models, the effect of RTM, as well as the effect of using
local/regional gravity measurements, is not considered here. More details about the
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concepts of the GGM’s performance evaluation can be found in Gruber (2004), Gruber
(2009), and Jekeli et al. (2009).

To evaluate the geopotential models’ performance in different spectral bands, geoid
heights are computed from the GOCE-based models truncated to a selected degree. The
residual geoid undulations are computed using EGM2008 from the truncation degree to
the maximum resolution of the EGM2008 model. Plots of the standard deviation of the
geoid undulation differences computed for each truncation degree allow us to compare
the performance of the models in different spectral bands. The standard deviation of the
EGM2008 is a constant for all truncation degrees and is shown as a horizontal line in the
plots. It should be mentioned that the geoid height differences are computed after a plane
fit. The plane constants have been computed in the previous section by ggm05s model for
each region.

In the first assessment, the performance of the TIM and DIR models are investigated in
Canada. Fig. 4.14 shows the standard deviation of the geoid height differences. The
improvement from the first to the fifth generation of GOCE models is observed clearly in
the plots. This improvement can be explained by two factors. First of all, the longer time
series and lower orbit of the GOCE observations can be considered as the main reason for
the observed improvement. The second factor is the improvement in the processing
strategies. The introduction of the new Level-1b processing procedure (Stummer et al.
2012) in 2012 resulted in better performance of SGG in the fourth and fifth generation
models.

It can be seen in Fig. 4.14 that the TIM5 and DIR5 models have slightly better
performance than the EGM2008 model in the spectral band between DO 100 and 210 in
Canada. The DIR1 model shows different behaviour than the other models. Its
performance is better than the DIR2 and DIR3 model. The reason is that its background
model eigen-5c contains terrestrial gravity measurements. Therefore, the DIR1 model
cannot be considered as a satellite-only model and its good performance can be explained
by the terrestrial gravity information used in its development.
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Figure 4.14 Standard deviation of the geoid height differences for the DIR and TIM

models in Canada

Fig. 4.15 shows the standard deviation of the geoid height differences for the TIM and
DIR models in the USA. These models show slightly better performance than the
EGM2008 model in the spectral band between DO 100 to DO 210.

Figure 4.15 Standard deviation of the geoid height differences for the DIR and TIM

models in the USA
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It was observed that the GOCE models could not bring a significant improvement to
Canada and the USA over the EGM2008 model. The reason is that the coverage and
quality of the terrestrial gravity data in these two countries is good and the EGM2008
model benefits from these good quality gravity data. It is expected to observe a more
significant improvement in areas where good gravity data were not available for the
development of the EGM2008 model, as well as in areas with no gravity data at all. The
Alaska and Mexico can be considered as the regions where the quality of the gravity data
is not very good; therefore, better performance of the GOCE-based models are expected
in these regions. Fig. 4.16 and Fig. 4.17 show the standard deviation of the geoid height
differences (after a planar fit) for TIM and DIR models in Alaska and Mexico,
respectively.
It can be seen in the figures that the improvement brought by GOCE to Alaska and
Mexico is more significant. In Alaska, the TIM5 and DIR5 models improve the geoid
signal in the spectral band between DO 100 and 250. In Mexico, where good terrestrial
gravity information is not available, the last generation of GOCE models improves the
geoid signal between DO 110 and 280.

Figure 4.16 Standard deviation of the geoid height differences for the DIR and TIM

models in Alaska
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Figure 4.17 Standard deviation of the geoid height differences for the DIR and TIM

models in Mexico

4.3.2.2 Omission error of the GGMs

This section evaluates the omission error of the DIR5 model which was selected as the
best performing model based on the outcome of the previous section. Figs. 4.18 to 4.21
show the omission error of the DIR5 models in Canada, the USA, Alaska and Mexico,
respectively and the Table 4.5 presents the statistics of the omission error. It should be
noted that, in Canada and the USA, the omission error is evaluated from DO 211 to the
maximum resolution of the EGM2008 but in Alaska and Mexico the omission error is
evaluated above DO 250 and 280, respectively.

Table 4.5 Statistics of the DIR5 geoid omission error [cm]
Region

Min

Max

Mean

Std

Canada (above DO 210)

-118.4

91.2

-10.5

28.8

USA (above DO 210)

-157.7

226.8

-3.2

32.9

Alaska (above DO 250)

-108.4

81.3

-20.7

34.1

Mexico (above DO 280)

-158.5

118.3

-0.8

30.3
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Figure 4.18 DIR5 GOCE geoid omission error in Canada

Figure 4.19 DIR5 GOCE geoid omission error in the USA
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Figure 4.20 DIR5 GOCE geoid omission error in Alaska

Figure 4.21 DIR5 GOCE geoid omission error in Mexico
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It is observed in the Figs. 4.18 to 4.21 and from the presented statistics in Table 4.5 that
the omission error of the DIR5 model is significant in all four regions. From the mean
value, however, it can be seen that the omission error tends to average out especially in
the USA and Mexico where the mean value of the DIR5 omission error is -3.2 cm and 0.8 cm, respectively. The mean values in the other two regions are larger. This notable
difference between the USA and the other two regions (Canada and Alaska) is due to the
geographical distribution and density of the GNSS-levelling stations. The Canadian
GNSS-levelling stations are predominantly located in the populated southern areas while
significant areas in the north remain unsurveyed. The mountain topography in Western
Canada is also coarsely sampled by stations. A small number of GNSS-levelling stations
are available in Alaska. In contrast, the USA territory is far more regularly covered with
GNSS-levelling stations. The Mexican landmass has also been sampled by a small by a
small number of GNSS-levelling stations but the omission error has practically averaged
out. This case will be investigated in more detail in Chapter 5 where the effect of
omission error in the estimation of datum offsets is investigated using local gravity and
topography information.

The mean value of the omission error at the GNSS-levelling stations is basically the
effect of the GOCE geoid omission error on the computation of mean datum offset with
respect to the conventional global geopotential surface defined by W0 . The implication of
these results is that when using GNSS-levelling data for the computation of the mean
vertical datum offsets, the effect of the GOCE geoid omission error depends on the
geographical distribution and density of the stations. For example, the omission error is
of less importance in the computation of the NAVD88 mean datum offset in the USA
compared to the Nov07 offset in Canada. This effect has been investigated in more
details by Amjadiparvar et al. (2013a) and Sideris et al. (2014). The effect of the GOCE
geoid omission error on the estimation of datum offsets will also be investigated in more
details in Chapter 5 for the purpose of the computation of the datum offsets of the
existing classical levelling-based vertical datums in smaller regions along the Canadian
and US coastal areas using TG and GNSS-levelling stations.
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4.3.2.3 Commission error of the GGMs

It was shown that the DIR5 model is the best performing model in North America. The
DIR5 geoid height commission error is computed by propagation of the errors of the
spherical harmonic coefficients of the DIR5 GGM. The DRI5 is used up to DO 210 in
Canada and the USA, DO 250 in Alaska, and DO 280 in Mexico.

The easiest way to propagate the errors of the spherical harmonic coefficients is to
assume a diagonal VCM which makes the calculation very easy. Theoretically, the full
error VCM should be used for the computation of the geoid height error but the
propagation of the full VCM is difficult to implement as it needs an inversion of a very
large matrix. A comprehensive study has been performed by Gerlach and Fecher (2012)
investigating the propagation of the errors of the GOCE-based GGMs. Three different
approaches, diagonal, block-diagonal and full VCM, were numerically investigated. Fig.
4.22 shows the structure of the design matrix for three different cases.

Figure 4.22 Structure of full, m-blocks and diagonal error VCM of GOCE spherical

harmonic coefficients (Gerlach and Fecher 2012)

It was observed that (ibid) the use of a block-diagonal error VCM in the error
propagation is numerically sufficient. Therefore, it is not needed to perform a full
variance-covariance error propagation which is a difficult and time consuming
computation.

This approximation is implemented herein in the computation of the
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commission error of the DIR5 geoid heights. Figs. 4.23 to 4.26 show the geoid
commission error of the DIR5 model over the GNSS-levelling stations in Canada, the
USA, Alaska and Mexico, respectively. It is seen that the DIR5 geoid omission error is
about 1 cm up to DO 210 in Canada and the USA. The geoid commission error reaches to
3 cm and 4 cm in Alaska (up to DO 250) and Mexico (280).

Figure 4.23 DIR5 GOCE geoid commission error (up to DO 210) in Canada

Figure 4.24 DIR5 GOCE geoid commission error (up to DO 210) in the USA
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Figure 4.25 DIR5 GOCE geoid commission error (up to DO 250) in Alaska

Figure 4.26 DIR5 GOCE geoid commission error (up to DO 280) in Mexico

It can be seen the Figs. 4.23 to 4.26 that the GOCE geoid commission error increases
towards higher latitudes. The reader is referred to the Gerlach and Fecher (2012) and
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Bingham et al. (2014) for GOCE variance-covariance matrices and their error
propagation.

4.4 Summary and conclusions

Releases 1 to 5 of the GOCE-based models were evaluated in North America by degree
variances and by comparison against the geoid height computed at GNSS-levelling
stations. The model degree variances suggest that the GOCE mission goal has been
achieved by the fifth generation of the DIR models. The DIR5 delivers better than 1 cm
geoid accuracy at DO 200 (100 km spatial resolution). It was observed that the newest
releases of the DIR and TIM models are much better than releases 3. The reason can be
explained by the larger amount of GOCE measurements, improvement in the processing
strategies and the low orbit mission data used in the release 4 and 5.

Significant systematic errors were found in the Canadian and US levelling networks. For
the case of the levelling networks in Alaska and Mexico, significant systematic errors
were not observed. A first-order polynomial (a plane with three parameters) model was
implemented as the corrector surface in order to absorb these systematic errors. It was
observed that by implementing the corrector surface, the standard deviation of the geoid
height differences reduced by 4 cm and 10 cm in Canada and the USA, respectively.
Therefore, the corrector surface in each region is implemented before the evaluation of
models in different spectral bands by GNSS-levelling stations.

The comparisons against EGM2008 showed that the release 5 models brought a slight
improvement over EGM2008 in Canada and the USA between DO 100 and 210. A
considerable improvement over EGM2008 was brought by the release 5 models in Alaska
and Mexico. The release 5 models can be safely used up to DO 250 and 280 in Alaska
and Mexico, respectively.

The DIR5 geoid omission error was evaluated using the EGM2008 model. It was
observed that the omission error can be significant at individual stations but when the
mean value is computed, it tends to cancel out. The mean value of the GOCE geoid
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omission error is the effect of the GGM omission error on the estimation of mean datum
offsets using GNSS-levelling stations. It was observed that this effect depends on the
geographical distribution and density of the stations. In a more dense area, the geoid
omission error has a smaller effect on datum offset estimation compared to an area with
sparse distribution of the GNSS-levelling stations.

The DIR5 GOCE geoid commission error at the available GNSS-levelling stations in
Canada, the USA, Alaska and Mexico were investigated by block-diagonal error
propagation of the VCM of the spherical harmonic coefficients. It was observed that the
DIR5 model up to DO 210 delivers 1 cm geoid error at the GNSS-levelling stations in
Canada and the USA. The DIR5 geoid commission errors are 3 cm and 4 cm in Alaska
(up to DO 250) and Mexico (up to DO 280), respectively. The GOCE geoid commission
error is required in the LS estimation of the datum offsets which will be investigated in
Chapter5.

Overall, it has been observed that the GOCE-based models brought cm improvements to
the modelling of the medium frequency geoid signal in North America against the
EGM2008 model. Precise gravimetric geoid heights are required when the unification of
vertical datums is performed using the GBVP approach. Therefore, the determination of
the geoid for the purpose of height datum unification should definitely benefit from the
improvement brought by GOCE-based models. It was observed that the DIR5 and TIM5
models perform similarly in North America. Since the global cumulative geoid error
provided by the DIR5 model is smaller than that of the TIM5 model, it has been decided
to use the DIR5 model as the GOCE-based GGM in the numerical computations of
Chapter 5. The DIR5 model is therefore the currently recommended GGM for vertical
datum unification in North America which can be safely used up to DO 210 in Canada
and the USA, up to DO 250 in Alaska, and up to DO 280 in Mexico.

The impact of the release 5 models on the gravimetric geoid was already investigated by
Sideris et al. (2015). It was observed that the gravimetric geoid models based on the
DIR5 model with modification degrees between 190 and 260 perform better than the
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CGG2013 model in Canada (Sideris et al. 2015). A more detailed investigation on the
performance of the GOCE-based models up to release 3 was also performed by
Amjadiparvar et al. (2013b).
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CHAPTER 5
Datum Offset Estimation with GBVP

This chapter focuses on the implementation of the GBVP approach in North America for
estimating the datum offsets with respect to a reference equipotential surface. The
investigations are performed using both TG and GNSS-levelling stations. Section 5.1
explains the characteristics of the available TG and GNSS-levelling stations in Canada,
the USA, Alaska and Mexico. The factors affecting the practical implementation of the
GBVP approach are studied in Section 5.2 with main focus on the smaller regions along
the Canadian and US coastal areas. Section 5.3 presents the estimation of the mean datum
offsets in the four regions along with recommendation for updating the gravity anomaly
data sets in North America. A preliminary analysis towards a global unified height datum
is presented in Section 5.4, and finally in Section 5.5 a summary of the main findings of
this chapter is presented.

5.1 Data sets

As has been explained in Chapter 3, either GNSS-levelling stations or TG stations can be
used for the purpose of estimating the datum offsets. The following two sub-sections
provide information about the available data sets in North America.

5.1.1 Tide gauge stations

A network of Permanent Service for Mean Sea Level (PSMSL) TG stations is used in the
computation of the CGVD28 and NAVD88 datum offsets in Canada and the USA,
respectively. The ellipsoidal height of MSL at each TG is given in ITRF2005 or 2008,
and the height of MSL above the local datum is also known. The MSL data has been
corrected for the inverse barometer effect, but the nodal tide correction was not applied
(Woodworth et al. 2012). Accuracy information is not available for the GNSS ellipsoidal
heights and heights of MSL in the local datum. Fig. 5.1 shows the geographical
distribution of the TG stations used in this study.
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Figure 5.1 Geographical distribution of the available TG stations in Canada and the USA

5.1.2 GNSS-levelling stations

589 first order levelling data points on the Canadian mainland with normal-orthometric
heights in the CGVD28 vertical datum, which was the official levelling-based vertical
datum in Canada, and GNSS ellipsoidal heights (Craymer and Lapelle 1997) in
ITRF2005, epoch 2006 are used for the estimation of the datum offsets in Canada. The
GNSS-levelling stations in the USA, Alaska and Mexico are the same as the stations used
in Chapter 4 for the purpose of the evaluation of the GGMs. The geographical
distribution of these stations is depicted in Fig. 5.2.

Note on the standards
All standards that were mentioned in Chapter 4 are applied to the numerical investigation
of this Chapter. The TG stations are also provided in either ITRF2005 or ITRF2008.
Since detailed information about the TG stations is not available, it has been assumed that
they are all in ITRF2005.
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Figure 5.2 Geographical distribution of the available GNSS-levelling stations in Canada,

the USA, Alaska and Mexico

5.2 Analysis of the factors affecting the estimation of datum offsets

The indirect bias term, the effect of the GOCE geoid omission error, the effect of the
systematic levelling errors and distortions, and the effect of the data errors on the datum
unification are four important factors affecting the practical implementation of GBVP
approach. These factors are investigated in this section. Results of the numerical
investigations presented in this section provide insight into the strategy that should be
followed for the practical implementation of the GBVP approach in North America and
other parts of the world.

5.2.1 Effect of the indirect bias term

If the indirect bias term can be neglected, as it has been shown by Gerlach and Rummel
(2012) and as it will also be shown herein, the design matrix of the linear system of
equations (see Eq. (3.18)) is simplified, and the offset in each datum zone can be
estimated separately from the other datum zones. The simplified version of the design
matrix of the example presented in Chapter 3 by Eq. (3.18) is
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1
1

A = 1

1
1

0 0
1 0 
1 0 .

1 0
0 1 

(5.1)

One can solve a linear system of n observation equations for n TG or GNSS-levelling
stations in the datum zone Ω j and estimate the mean offset δ N j by means of the LS
adjustment model:

Αδ N j = l, Σ ll = Σ hh + Σ HH + Σ NN , P = σ 02 Σll-1 .

(5.2a)

δ Nˆ j = (A T PA)-1 A T Pl , Σ δ Nˆ

(5.2b)

j

δ Nˆ

j

= σˆ o2 (A T PA) -1 ,

where l = h − H j − N j with VCM Σll composed of Σ hh , Σ HH and Σ NN . With known
2
2
error variances σ h , σ H , and σ N2 , and assuming uncorrelated observations h, H, and N ,

Eq. (5.2b) is simplified and the datum offsets are estimated as a weighted means of the
differences between geometrically and gravimetrically computed geoid heights:

n

n

n

δNˆ j = ∑ pi li / ∑ pi , σˆδ2Nˆ = σˆ o2 / ∑ pi ,

(5.3)

j

i =1

i =1

i =1

n

with pi = [(σ h2 )i + (σ H2 )i + (σ N2 )i ]−1 ; σˆ o2 = ∑ (li − δ Nˆ i ) 2 pi /(n − 1) is the a-posteriori variance
i =1

factor. The degrees of freedom in each datum zone is (n − 1) and pi are the diagonal
components of the weight matrix.

The effect of the indirect bias term in North America is assessed by means of Stokes’s
integration in a regional simulation scenario. For the simulation, a 30' x 30' grid of datum
offsets is generated over Canada, the USA, Alaska and Mexico. The mean datum offsets
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with respect to the equipotential surface W0 = 62636856.00 m 2 / s 2 are estimated by Eq.
(5.3) using the GNSS-levelling stations (see Fig. 5.2) and the geoid heights computed
from the DIR5 model combined with EGM2008 (abbreviated as ExtDIR5 model) to
account for the DIR5 geoid omission error. The DIR5 model is used up to DO 210 in
Canada and the USA and up to DO 250 and 280 in Alaska and Mexico, respectively. Fig.
5.3 shows the values of the datum offsets in North America, which are used for the
computation of the indirect bias term.

Figure 5.3 30' x 30' grid of mean datum offsets in North America

Fig. 5.4 shows the indirect bias term computed by Eq. (3.15) with the original Stokes
kernel St (ψ ) given by Eq. (3.4). It can be seen that the effect ranges between 2 cm in
southern Mexico and 45 cm in Alaska. Fig. 5.5 shows the indirect bias term computed
with different residual kernels (Eq. (3.20)), which is the correct way of evaluating the
indirect bias term when the geoid heights are computed by remove-compute-restore
technique. It is seen that the effect is getting smaller with higher degrees of truncation.
Table 5.1 presents the statistics of the indirect bias term for different truncation degrees
of the residual Stokes kernel. The indirect bias term is less than 1 cm for truncation
degrees higher than or equal to 180. Therefore, the indirect bias term can be safely
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neglected in North America if DIR5 (or any other satellite GGM of maximum DO higher
than or equal 180) is used in the computation of the geoid.

Figure 5.4 Indirect bias term computed with the original Stokes kernel

Table 5.1 Statistics of the indirect bias term for different truncation degrees nmax [cm]
Truncation degree nmax

Min

Max

Mean

Std

70

-1.8

2.1

0.0

0.2

120

-1.3

1.5

0.0

0.1

150

-1.2

0.9

0.0

0.1

180

-0.9

0.9

0.0

0.1

200

-0.9

0.9

0.0

0.1

210

-0.9

0.9

0.0

0.1

250

-0.8

0.7

0.0

0.0

280

-0.7

0.7

0.0

0.0
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Figure 5.5 Indirect bias term computed with the residual Stokes kernels for different truncation degrees
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Figure 5.5 (continuation) Indirect bias term computed with the residual Stokes kernels for different truncation degrees
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5.2.2 Effect of the systematic levelling errors and distortions

The existing systematic levelling errors in the Canadian and US levelling networks are
shown in this section by comparing the geometrically derived geoid heights at the GNSSlevelling stations with the ExtDIR5 geoid heights. The presence of the systematic errors
in the levelling networks should be considered in the datum offset estimation in order to
end up with reliable estimates of datum offsets.

Figs. 5.6 to 5.9 show the geoid height differences computed at the GNSS-levelling
stations in North America. Geoid heights are computed from the ExtDIR5 GGM in order
to take the omission error of the DIR5 geoid into account.

Figure 5.6 Differences between geoid heights computed by ExtDIR5 model and the

GNSS-levelling geoid heights in Canada
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Figure 5.7 Differences between geoid heights computed by ExtDIR5 model and the

GNSS-levelling geoid heights in the USA

Figure 5.8 Differences between geoid heights computed by ExtDIR5 model and the

GNSS-levelling geoid heights in Alaska
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Figure 5.9 Differences between geoid heights computed by ExtDIR5 model and the

GNSS-levelling geoid heights in Mexico

The east-west tilt of CGVD28 in Canada with respect to the geoid, which is due to the
constraints of the datum to both Atlantic and Pacific MSL, is obvious in Fig. 5.6. The
difference of the MSL at the two coasts is about 60 cm and is explained by the difference
in MDT (see Hayden et al. 2012). Many regional distortions are also found in CGVD28
contributing to approximately a one-meter distortion from west to east (Amjadiparvar et
al. 2013a). The northwest-southeast tilt in the US levelling data, the reason for which is
still unknown (Marc Véronneau, personal communication), can be observed in Fig. 5.7.
In the case of Alaska and Mexico, no significant tilt is observed in their levelling
network.

In the presence of the systematic errors and distortions in the vertical control networks,
the observation equation (Eq. (3.17)) is not correct. It has been suggested to take these
systematic levelling errors and distortion into account through a parametric model
included in the observation equation. Kotsakis et al. (2012) tested three different
parametric models to remove the existing systematic errors and distortions in the
estimation of the Greek islands datum offsets. Hayden et al. (2012) and Hayden (2013)
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have done numerical investigations on the use of the different parametric models for the
estimation of the datum offsets in North America. It was shown that a 2-parameter model,
which accounts for the north-south and east-west tilts of the LVD, is the best model as it
resulted in the smallest RMS value of the geoid height differences. It was also shown
(ibid.) that the use of a 2-parameter model does not change the CGVD28 and NAVD88
mean datum offset in Canada and the USA, respectively, through the correlations
between the estimated parameters in the LS adjustment model.

An advantage of using TG stations instead of GNSS-levelling stations for the estimation
of the datum offsets is that the existing, and usually unknown, systematic levelling errors
and distortion in the levelling data sets are avoided. The disadvantage would be the small
number of TG stations and the poor geographical coverage of the stations in each studied
area. The geographical coverage and density of the stations is an important factor on the
estimation of the datum offsets. It has been shown that improving the density and spatial
distribution of the GNSS-levelling stations decreases the effect of the geoid omission
error on the estimation of mean datum offsets in North America. The mean values of the
omission error presented in Table 4.5 indicate the effect of the GOCE geoid omission
error on the estimation of datum offsets. It is seen that with better coverage and density of
the GNSS-levelling stations in the USA, the GOCE geoid omission error has a very small
effect (3 cm) on the datum offset estimation while in other three regions, the effect is
significant (except for Mexico).

In addition to the large tilts of CGVD28 and NAVD88 with respect to the GOCE geoid,
local datum distortions, more specifically in CGVD28, also affect the computed mean
datum offsets. Hence, computing the mean offsets over the whole land mass of Canada
and the USA using benchmarks is not very reliable, except maybe for computing the
magnitude of the indirect bias term (see Sect. 5.2.1) in a simulation scenario. However,
since no significant tilt was observed in the levelling networks of Alaska and Mexico, the
mean datum offsets of these two regions are investigated. Therefore, the numerical tests
and discussion in the following sections concentrate on eight small coastal regions along
the Canadian and US coast. These regions are Atlantic and Pacific Canada, Atlantic USA
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(divided into three sub-regions with respect to latitude ϕ ≤ 36°N, 36°N < ϕ < 40°N, and ϕ
≥ 40°N), Pacific USA (with two sub-regions ϕ < 40°N and ϕ ≥ 40°N) and Gulf of
Mexico. The GNSS-levelling stations in each region are selected within boundaries
defined by the most northern/southern latitude and most western/eastern longitude of TGs
and extended by 1 degree in each direction. Table 5.2 presents the number of TG and
GNSS-levelling stations in each region, and Fig. 5.10 shows the geographical boundaries.
Fig. 5.11 shows the geographical distribution of TG and GNSS-levelling stations together
in the eight coastal areas where the distribution and density of the stations can be clearly
observed. The Differences between geoid heights computed by ExtDIR5 model and the
GNSS-levelling geoid heights in eight coastal areas are depicted in Fig. 5.12. It is seen
that no significant tilt or systematic error exist in these small coastal regions.

Table 5.2 Number of TG and GNSS-levelling stations in eight coastal regions in Canada

and the USA
Region

Number of

Number of GNSS-

TG stations

levelling stations

Atlantic Canada

7

77

Pacific Canada

5

21

Atlantic USA I

10

799

Atlantic USA II

10

1677

Atlantic USA III

8

3280

Pacific USA I

8

201

Pacific USA II

9

476

Gulf of Mexico

13

1867
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Figure 5.10 Boundaries of the eight test regions in the Canadian and US coastal areas

5.2.3 Effect of the geoid omission error

The omission error of the GOCE DIR5 geoid model can be conveniently evaluated at
each TG and GNSS-levelling station by means of EGM2008 above the maximum DO
used for the DIR5 model (DO 210 in Canada and the USA, DO 250 in Alaska and DO
280 in Mexico). Maps of the omission error are shown in Fig. 5.13 along with the
location of the TG stations. The numbers beside each TG station give the magnitude of
the omission error.

It can be seen from Fig. 5.13 that the omission error at the individual TG stations can be
as large as few decimeters. Statistics of the GOCE geoid omission error at the TG stations
and the surrounding GNSS-levelling stations are given in Table 5.3 and Table 5.4,
respectively. The mean value of the omission error in each region is the direct effect of
the omission error on the mean datum offsets.

100

Figure 5.11 Geographical distribution of the TG and GNSS-levelling stations
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Figure 5.12 Differences between geoid heights computed by ExtDIR5 model and the

GNSS-levelling geoid heights in eight coastal areas
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Figure 5.13 Omission error of the DIR5 geoid model in eight coastal areas. The numbers

in white boxes show the omission error at individual TG stations
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Table 5.3 Statistics of the DIR5 geoid omission error at the North American TG stations

computed with EGM2008 up to its full resolution [cm]
Region

Mean

Std

Min

Max

Atlantic Canada

5.4

36.5

-47.1

51.4

Pacific Canada

-17.6

26.3

-59.4

7.8

Atlantic USA I

11.0

13.3

-13.0

26.4

Atlantic USA II

-14.9

26.7

-54.3

17.5

Atlantic USA III

-7.2

29.5

-24.7

46.8

Pacific USA I

-17.3

24.8

-56.9

28.6

Pacific USA II

-6.6

20.8

-27.0

41.2

Gulf of Mexico

-2.1

16.7

-39.4

33.2

Table 5.4 Statistics of the DIR5 geoid omission error at the North American GNSS-

levelling stations computed with EGM2008 up to its full resolution [cm]
Region

Mean

Std

Min

Max

Atlantic Canada

-4.3

25.0

-51.7

74.0

Pacific Canada

-39.3

44.0

-105.7

82.8

Atlantic USA I

-3.7

36.9

-103.4

98.9

Atlantic USA II

7.2

32.3

-85.2

72.4

Atlantic USA III

-2.2

32.9

-76.8

86.8

Pacific USA I

-13.1

43.2

-109.2

139.4

Pacific USA II

-10.6

39.8

-132.5

187.2

Gulf of Mexico

-8.7

26.2

-76.8

48.3

Alaska

-20.7

34.1

-108.4

81.3

Mexico

-0.8

30.3

-158.5

118.3
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It can be seen from the mean values in Tables 5.3 and 5.4 that the omission error
decreases when averaged over the TG or the GNSS-levelling stations. It is also evident
that the mean in the rugged Pacific coasts can contribute few decimetres to the datum
offsets. A smaller effect of a few centimeters to one decimetre on the offsets is observed
for the Atlantic coast and Gulf of Mexico. However, neither the GNSS-levelling stations
nor the TG stations in the test areas can ensure a one-centimetre effect of the omission
error in the computed datum offsets (except for Mexico, where the omission error
practically cancels out). Therefore, the omission error of the GOCE geoid model must be
computed precisely and taken into account for the purpose of the datum offset estimation.

Extending the GOCE GGM by EGM2008 is one very practical way to take care of the
GOCE omission error. However, the resolution of the ExtDIR5 model is limited to the
maximum resolution of the EGM2008 model of degree 2190 (the spatial half-wavelength
of approximately 9 km). Hirt et al. (2010) and Prasanna and Chen (2012) have computed
the short-wavelength contributions using terrain data by the RTM method. Their results
show that the remaining signal above the maximum resolution of EGM2008 is significant
in mountainous regions. Therefore, the EGM2008 model is not sufficient for the
estimation of the GOCE geoid omission error, and the ExtDIR5 geoid height may still be
improved with the use of topographic information. An example is the recent contribution
by Gruber et al. (2012), where the residual geoid above the maximum resolution of
EGM2008, computed by RTM method, was applied for the estimation of the vertical
datum offset in Germany.

A different method to take into account the omission error of a GOCE GGM is to
combine it with local gravity and topography information following the classical removecompute-restore scheme explained in Chapter 3. In this study, the DIR5 GGM is
combined with local 2' x 2' Faye anomaly data (Faye anomalies are approximate
boundary values on the geoid corresponding to Helmert's reduction) and the gtopo30
digital elevation model (LP DAAC 2004), and as a result, high resolution (2' x 2') local
geoid heights are computed in the test regions. Comparison of these local geoid heights
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with the DIR5 geoid heights is presented in Tables 5.5 and 5.6 for TG and GNSSlevelling stations, respectively.

Table 5.5 Statistics of the DIR5 geoid omission error at the North American TG stations

computed with the gravimetric geoid [cm]
Region

Mean

Std

Min

Max

Atlantic Canada

7.7

30.6

-36.0

46.1

Pacific Canada

-22.5

26.1

-59.4

2.4

Atlantic USA I

10.7

13.2

-14.1

28.7

Atlantic USA II

-16.3

25.9

-57.0

15.9

Atlantic USA III

2.5

29.5

-39.9

47.1

Pacific USA I

-16.9

30.2

-72.7

31.7

Pacific USA II

-11.4

18.4

35.6

23.7

Gulf of Mexico

-2.3

16.2

-37.8

29.2

By comparing the mean values in Table 5.5 and Table 5.6 with the mean values in Table
5.3 and Table 5.4, it can be observed that the mean omission errors of the DIR5 geoid
model computed by the EGM2008 model and by the gravimetric geoid model are
practically the same in flat terrain areas (compare the mean omission error at the
Canadian and US Atlantic areas when GNSS-levelling stations are used). This shows that
the ExtDIR5 geoid model can be sufficient for the estimation of the datum offsets in flat
terrain areas. In other regions with rougher topography, the difference between the
computed mean of the omission error with the EGM2008 model and the gravimetric
geoid model is significant. For example, in Pacific Canada, where the very few and
clustered GNSS-levelling stations do not sample well the topography roughness, the
difference reaches 14 cm. For Mexico, which is also considered a mountainous region, it
was observed in Table 5.4 that the GOCE omission error computed by EGM2008 cancels
when averaged over the GNSS-levelling stations. However, gravity field half-
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wavelengths shorter than 9 km have a significant effect of 13 cm on the NAVD88 datum
offset (compare the mean of the omission error in Table 5.4 and Table 5.6 in Mexico). As
an overall observation, it can be pointed out that the use of the ExtDIR5 geoid for
computing the local CGVD28 and NAVD88 offsets is only adequate when a decimeter
offset error is sufficient, which is not acceptable for modern accuracy requirement.

Table 5.6 Statistics of the DIR5 geoid omission error at the North American GNSS-

levelling stations computed with the gravimetric geoid [cm]
Region

Mean

Std

Min

Max

Atlantic Canada

-3.7

21.1

-37.8

63.3

Pacific Canada

-53.4

36.8

-105.9

45.6

Atlantic USA I

-4.2

33.4

-95.9

97.3

Atlantic USA II

5.4

30.0

-74.8

63.1

Atlantic USA III

-2.3

30.3

-78.4

73.5

Pacific USA I

-16.5

44.3

-121.7

137.3

Pacific USA II

-14.5

41.2

-153.9

189.1

Gulf of Mexico

-4.6

21.6

53.3

53.0

Alaska

-27.3

33.1

-116.2

74.3

Mexico

-14.0

35.2

-167.1

110.9

5.2.4 Accuracy analysis of the datum offset estimation

A detailed review of the different systematic and random error sources in the estimation
of vertical datum offsets is provided by Kotsakis et al. (2012). In this section, the main
focus is placed on the sensitivity of the estimated offsets and their accuracy to the errors
of the available data sets used in Eq. (5.3): the geoid height error, which consists of the
GOCE geoid height commission error and the error of the gravimetric residual geoid
height, and the error of the geometrically computed geoid height.
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The error of the zero-degree term given by Eq. (3.5) needs to be taken into account in the
error analysis, as well. The uncertainty of the geocentric gravitational constant GM, i.e.,

σ GM , affects the accuracy of the estimated offset of the LVD with respect to the global
geoid as follows (Kotsakis et al. 2012):

σ δ Nˆ

j

, GGM

≈

2
1 σ GM
.
γ 2 R2

(5.4)

Using the IERS 2010 conventions (Petit and Luzum 2010) for the GM uncertainty and
the mean radius of the Earth R and normal gravity γ computed from the GRS80
reference ellipsoid parameters, Eq. (5.4) yields around 1 cm error in the estimated LVD
offset. Therefore, the error in the zero-degree term sets a 1 cm accuracy limit with which
a LVD offset can be computed.

The DIR5 geoid height error is computed by propagation of the errors of the spherical
harmonic coefficients of the DIR5 GGM. The block-diagonal error propagation was
implemented (see Section 4.3.2.3). Table 5.7 and 5.8 presents the statistics of the DIR5
geoid commission error at the TG and GNSS-levelling stations respectively.

The error of the residual geoid height can be computed by propagation of the errors of the
local gravity anomalies and topography information. The error propagation is done via
Stokes’s formula using the residual Stokes kernel. Tables 5.9 and 5.10 present the
statistics of the residual geoid height errors for TG and GNSS-levelling stations,
respectively, computed in different regions by propagation of the errors of the local Faye
gravity anomalies.

A gravity grid of a continental extent that is an amalgamation of terrestrial, marine and
airborne gravity data sets collected over the course of many decades with different
accuracy instruments, over different surfaces (including ice shelves in the Canadian far
north), and in the presence of secular geodynamics such as postglacial rebound is always
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subject to systematic errors, blunders, and height inaccuracies. Although such flaws in
the Faye gravity anomaly grid used in this study were resolved to a large degree by the
CGS, the reliability of the Faye anomaly errors remains arguable, especially since the
gravity grid itself is a product of various interpolation schemes (Marc Véronneau,
personal communication).

It should be noted that error VCM of orthometric heights at the GNSS-levelling stations,
especially when using old vertical control network adjustments such as CGVD28, are
usually not available. On the other hand, GNSS ellipsoidal heights are not always
supplemented by their uncertainties, especially when the set of GNSS heights is an
amalgamation of adjustments of government-established GNSS networks and networks
established by provincial or state agencies. This is the US data case in this study.
Therefore, it is virtually impossible to have reliable error VCMs of the geometrically
derived geoid heights.

Table 5.7 Statistics of the DIR5 geoid commission error at the TG stations (up to DO 210

in Canada and USA, 250 in Alaska and 280 in Mexico) [cm]
Region

Min

Max

Mean

Atlantic Canada

0.9

0.9

0.9

Pacific Canada

0.9

0.9

0.9

Atlantic USA I

0.9

0.9

0.9

Atlantic USA II

0.9

0.9

0.9

Atlantic USA III

0.9

0.9

0.9

Pacific USA I

0.9

0.9

0.9

Pacific USA II

0.9

0.9

0.9

Gulf of Mexico

0.9

0.9

0.9
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Table 5.8 Statistics of the DIR5 geoid commission error at the GNSS-levelling stations

(up to DO 210 in Canada and USA, 250 in Alaska and 280 in Mexico) [cm]
Region

Min

Max

Mean

Atlantic Canada

0.9

0.9

0.9

Pacific Canada

0.9

0.9

0.9

Atlantic USA I

0.9

0.9

0.9

Atlantic USA II

0.9

0.9

0.9

Atlantic USA III

0.9

0.9

0.9

Pacific USA I

0.9

0.9

0.9

Pacific USA II

0.9

0.9

0.9

Gulf of Mexico

0.9

0.9

0.9

Alaska

2.9

3.2

3.0

Mexico

4.0

4.5

4.2

Table 5.9 Statistics of the residual geoid error at the TG stations [cm]
Region

Min

Max

Mean

Atlantic Canada

0.8

1.3

1.0

Pacific Canada

2.2

4.4

3.2

Atlantic USA I

0.8

1.3

1.0

Atlantic USA II

0.8

1.1

1.0

Atlantic USA III

0.8

1.6

1.1

Pacific USA I

1.3

2.7

1.7

Pacific USA II

1.6

2.9

2.0

Gulf of Mexico

0.8

2.7

1.0
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Table 5.10 Statistics of the residual geoid error at the GNSS-levelling stations [cm]
Region

Min

Max

Mean

Atlantic Canada

0.8

2.4

1.3

Pacific Canada

1.9

11.4

4.0

Atlantic USA I

0.8

12.8

1.6

Atlantic USA II

0.7

3.1

1.0

Atlantic USA III

0.7

3.5

0.9

Pacific USA I

1.2

8.4

2.4

Pacific USA II

1.0

14.1

2.9

Gulf of Mexico

0.7

3.4

0.9

Alaska

0.8

13.5

4.0

Mexico

0.9

7.1

3.6

Due to lack of reliable errors for the ellipsoidal and orthometric heights at the GNSSlevelling and TG stations, a simulation study has been designed to assess the effect of the
accuracy of the data sets on the offsets and their errors when the datum offset is estimated
by means of the LS model in Eq. (5.3). In the simulations, the errors of the gravimetric
geoid heights are kept fixed, while the errors of the geometrically derived geoid heights
are varied from 1 to 40 cm in each region. A χ 2 test on the a-posteriori estimate of the
variance factor σˆ 02 (Mikhail and Ackermann 1976) is applied to determine the threshold
of the geometrically derived geoid height error for which the test is not rejected, and the
range of mean datum offset error in each region. A brief description of the applied test
procedure is given in the following.
The a-posteriori σˆ 02 is compared to the a-priori value σ 02 using the χ 2 test. The test
statistic is
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χɶ =
2

df σˆ 02

σ 02

,

(5.5)

where df is the degrees of freedom of the LS adjustment. With α as the level of
significance, the test is as follows:
H 0 :σ 2 = σ 02 
reject H 0 when χɶ 2 < χ12−α , df .
2
2
H1 : σ > σ 0 

(5.6)

The σ 02 is equal to one and the level of significance is set to 0.05. The degrees of
freedom is equal to the number of stations minus the number of unknowns in each region,
which is one in each study case. The results are presented in Tables 5.11 and 5.12 for the
case of TG and GNSS-levelling stations, respectively.

Table 5.11 Geometrically derived geoid height error threshold and the range of the mean

offset error using TG stations [cm]
Region

Range of the

Range of the mean

Geometrically derived

mean offset

offset error

geoid height error
threshold

Atlantic Canada

-60.3 to -62.4

1.1 to 13.7

36.1

Pacific Canada

4.4 to 7.0

1.7 to 13.3

29.5

Atlantic USA I

-34.6 to -34.9

1.1 to 3.0

8.9

Atlantic USA II

-32.5 to -32.6

1.1 to 2.2

6.2

Atlantic USA III

-1.7 to 1.3

1.1 to 11.5

32.5

Pacific USA I

-94.5 to -97.0

1.2 to 11.6

32.5

Pacific USA II

-64.4 to -66.2

1.2 to 9.9

29.6

Gulf of Mexico

-10.4 to -11.8

1.1 to 6.7

24
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Table 5.12 Geometrically derived geoid height error threshold and the range of the mean

offset error using GNSS-levelling stations [cm]
Region

Range of the

Range of the

Geometrically derived

mean offset

mean offset

geoid height error

error

threshold

Atlantic Canada

-57.4 to -58.2

1.0 to 2.3

17.6

Pacific Canada

25.9 to 26.7

1.2 to 3.5

14.6

Atlantic USA I

-34.0 to -34.1

1.0 to 1.0

5.1

Atlantic USA II

-31.0 to -31.4

1.0 to 1.0

6.0

Atlantic USA III

-5.0 to -6.1

1.0 to 1.0

16.9

Pacific USA I

-97.9 to -99.4

1.0 to 1.3

12.0

Pacific USA II

-65.8 to -69.5

1.0 to 1.2

15.7

Gulf of Mexico

-5.0 to -5.6

1.0 to 1.0

12.6

Alaska

-142.3 to -149.7

1.1 to 2.8

34.5

Mexico

7.6 to 9.3

1.0 to 1.7

37.8

As seen in Tables 5.11 and 5.12, the threshold of the geometrically derived geoid height
error is larger than 5 cm in all regions and for all TG and GNSS-levelling study cases.
This can be considered as a realistic error level for the geometrically derived geoid
heights. Therefore, it can be concluded that the available TG or GNSS-levelling stations
in the Canadian and US coastal areas and also in Alaska and Mexico and the computed
gravimetric geoid based on the DIR5 GOCE model can provide a meaningful estimate of
the mean datum offsets by LS estimation.

The mean datum offset error in the six US coastal regions with abundance of GNSSlevelling stations (see Table 5.12) is not very sensitive to the simulated error of the
ellipsoidal and orthometric heights. The mean datum offsets in the US coastal areas can
be estimated with a 1 cm error using GNSS-levelling stations. However, this error ranges
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between 1 cm to a decimetre using TG stations which shows that with limited number of
TG stations, the mean datum offset error is more sensitive to the error of the input data. A
similar behaviour is observed in the estimation of the CGVD28 datum offset in the
Canadian Atlantic and Pacific. The mean datum offset error ranges between 1.2 to 3.5 cm
using the GNSS-levelling stations, but with the use of TG stations the mean datum offset
error can be as large as 13 cm and 14 cm in the Canadian Pacific and Atlantic,
respectively. The mean datum offset can be estimated with less than 3 cm and 2 cm error
in Alaska and Mexico, respectively. The lower error limit of 1 cm in Tables 5.11 and 5.12
is provided by the uncertainty of GM in Eq. (5.4).

5.3 Mean datum offsets in Canada, the USA, Alaska and Mexico

The estimation of the datum offsets and their errors in smaller regions along the Canadian
and US coastal areas were investigated in detail in the previous chapter. Countries usually
require having a single datum offset of their LVD with respect to other countries or with
respect to a conventional equipotential surface. This section focuses on the estimation of
the mean datum offsets in Canada, the USA, Alaska and Mexico using the best available
data and geoid model with respect to the equipotential surface defined by W0 =
62636856.00 m2/s2 (NGS and CGS signed an agreement in 2012 to realize and maintain a
common vertical datum by this W0 ). The estimated datum offsets are then used to
compute the correction terms ( 2δ W0 j / R ) that should be applied to the national gravity
anomaly data sets in the four regions to bring them to a unified vertical datum.
The mean datum offsets of the over-constrained CGVD28 in Canada and NAVD88 in the
USA, Alaska and Mexico are estimated (by Eq. (5.3)) using available GNSS-levelling
stations which cover the land masses better than the TG stations. The CGG2013 geoid
model, which covers the whole land mass of the four regions, is used in the computation
assuming that this geoid model is the best available gravimetric geoid model over the
North American continent at the moment. The geoid heights and their errors at the
GNSS-levelling stations are interpolated from the available 2' x 2' geoid model and error
map shown in Figs. 2.8 and 2.9. The desktop application (GPS·H v3.2 package) provided
freely to the users by NRCan is used to perform this interpolation (available at:
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http://www.nrcan.gc.ca/earth-sciences/geomatics/geodetic-reference-systems/9054). The
worst case scenario (in terms of the geometrically derived geoid height error threshold)
has been selected as the error of the geometrically derived geoid heights from Table 5.11.
The estimated offsets and their accuracies are summarized in Fig. 5.14.

Figure 5.14 Datum offsets in Canada, the USA, Alaska and Mexico with respect to the

equipotential surface defined by W0 = 62636856.00 m2/s2 (the figure is not to scale)
Based on the estimated offsets with respect to the equipotential surface defined by W0,
the correction terms for the gravity anomaly data sets are -0.050 mGal, -0.147 mGal, 0.449 mGal, and -0.017 mGal for Canada, the USA, Alaska and Mexico, respectively. It
is suggested to update the gravity anomaly data sets in these regions by adding the
correction terms to the gravity anomaly values.

5.4 Preliminary investigations towards Unified global vertical datum

One of the primary scientific tasks of geomatics engineers in general and more
specifically geodesists is to provide the engineering and scientific community with
geodetic frames which meet the following requirements (Sánchez 2012):
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1. an order of accuracy higher than the magnitude of the effects we want to study,
2. consistency (same standards and reference surfaces) and reliability (the same
accuracy everywhere) worldwide, and
3. a long-term stability (the same order of accuracy at any time).

The realization and maintenance of the International Terrestrial Reference System (ITRS;
Petit and Luzum 2010) guarantee a globally unified geometrical reference frame with
mm-level reliability but the existing physical height systems are not reliable at this level
of accuracy. In general, the accuracy of a physical reference frame is about two orders of
magnitude less than that of the realisation of geometric reference systems (Sánchez
2012).

During the last four decades, various contributions to the unification of local height
systems in a global one have been reported. We can refer to the works by Rapp and
Balasubramania (1992), Rapp (1983), Balasubramania (1994), Colombo (1980), Ardalan
and Safari (2005), Rummel (2001), Heck and Rummel (1990), Sacerdote and Sansò
(2004), Xu and Rummel (1991), Van Onselen (1997), Ihde and Sánchez (2005), Sánchez
(2007), and Kutterer et al. (2012). The main objective of all the aforementioned
contributions is to refer all existing physical heights to one and the same reference
surface. The offsets between LVDs and a conventional equipotential reference surface
defined by W0 can be estimated by the GBVP approach. This conventional equipotential
reference surface is usually referred to as “geoid” which can be realized by the available
GGMs and local gravity and topography information. Due to the presence of various
inconsistencies in the input data (geometrical heights, physical heights and geoid models)
for the solution of GBVP approach, the reliability level of the global vertical reference
system is still an open problem which requires a global collaboration of different research
groups, organizations and governmental agencies to resolve the problem.

IAG has established a joint working group with input from its Global Geodetic Observing
System (GGOS), Commissions 1 (reference frames) and 2 (gravity field), and the
International Gravity Field Service (IGFS), for the purpose of standardization of height
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systems globally. This joint working group (established during the GGOS plan meeting
held in Miami, Florida between 1 to 3 of February 2010) supports the GGOS Theme 1
(Unified Height System) activities. The immediate objective of the GGOS Theme 1 is the
practical implementation of the fundamentals required for the definition and realization
of a global vertical reference system. These fundamentals have been reported in the
document “Conventions for the definition and realisation of a Conventional Vertical
Reference System (CVRS)” (Ihde et al. 2007), and Sánchez (2012) summarized the most
important aspects that should be first investigated towards the practical implementation
of the fundamentals. The practical implementation of the GBVP approach for the
unification of the LVD is one of the most important aspects mentioned by Sánchez
(2012) which was the main focus of this thesis.

An often discussed matter in geodetic community has been the determination of W0. The
absolute value of the gravity potential is not an observable quantity but in geodesy due to
the introduction of the regularity condition (potential tends to zero at infinity) in solving
the GBVP, the absolute value of the gravity potential becomes an estimable quantity.
Different strategies have been suggested for the determination of W0. An example of the
recent contribution in North America is the work by Hayden (2013) and Hayden at al.
(2014) where the W0 was estimated in Canada using Canadian TG records and GOCEbased GGMs. The computed W0 was not statistically different from the IERS global
conventional value of 62636856.00 m2/s2. A summary of the IAG’s joint working group
investigations on the estimation of a reliable W0 has been reported by Sánchez et al.
(2014).

Once a reliable W0 value is adopted by IAG, a global height datum can be realized by
computing the geopotential numbers C (or, equivalently, the offset between the LVD and
globally adopted reference surface defined by W0) and the associated error standard
deviations at a selected set of globally distributed reference stations. The existing datum
offsets between different LVDs around the world can then be computed once we have the
offsets of all datums with respect to a common surface.
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The main advantage of using GOCE-based models for the global unification of vertical
datums is based on its high accuracy and spatial resolution which allows us to neglect the
indirect bias term in the computational procedure of the GBVP. It was shown in Chapter
4 that the GOCE-based models perform better than EGM2008 model up to DO 210 in
Canada and the USA. Canada and the USA can be considered as well-surveyed areas
with good-quality terrestrial gravity information used in the development of the
EGM2008 model. It is therefore expected that even better performance will be obtained
from GOCE-based models in other parts of the world where good quality terrestrial
gravity information was not available for the EGM2008 development team or are not
available at all (maybe due to political and legal restrictions). A good example is the
outstanding performance of the GOCE-based models in Mexico and Alaska (see Chapter
4), and Iran (Amjadiparvar et al. 2011). Therefore, it is expected that for the purpose of
the estimation of the datum offsets with respect to the globally adopted reference surface
(W0), the indirect bias term can be safely neglected which enormously simplifies the LS
estimation of the datum offsets. To justify this, numerical simulation has been performed
to illustrate the effect of indirect bias term in a larger area including European and South
American countries.

Twenty offsets in Europe were obtained from the differences between the European
Vertical Reference Frame of 2007 (EVRF2007) and national height systems (Gerlach and
Rummel 2013). In order to have the offsets with respect to the reference datum zone
defined by W0 = 62636856.00 m2/s2, a constant value of -28.8 cm (which is the mean
datum offset of the EVRF2007 with respect to the global conventional equipotential
surface defined by W0) was added to the original offsets. Nine offsets for South America
were obtained from Sánchez (personal communication) and transformed from the
regional equipotential surface defined by W0=62636853.15 m2/s2 to the reference datum
zone by adding 29.0 cm to all original offsets. The datum offsets in North America are
identical to the values used in Chapter 5. Tables 5.13 and 5.14 presents the datum offsets
in European and South American countries, respectively. A 30' x 30' grid of mean datum
offsets is shown in Fig. 5.15.
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Table 5.13 Mean datum offset of the European countries with respect to an equipotential

surface defined by W0 = 62636856.00 m2/s2 [cm]
Country

Datum offset

Austria

-39.0

Belgium

-260.8

Croatia

-59.8

Czech Republic

-15.8

Denmark

-28.8

Estonia

-9.8

France

-75.8

Germany

-27.8

Hungary

-12.8

Italy

-58.8

Latvia

-13.8

Lithuania

-16.8

Netherlands

-26.8

Poland

-11.8

Portugal

-48.8

Slovakia

-14.8

Slovenia

-67.8

Spain

-77.8

Switzerland

-51.8

United Kingdom

-23.8
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Table 5.14 Mean datum offset of the South American countries with respect to an

equipotential surface defined by W0 = 62636856.00 m2/s2 [cm]
Country

Datum offset

Argentina

39.0

Brazil

73.0

Chile

74.5

Colombia

53.0

Ecuador

59

Paraguay

127

Peru

95

Uruguay

63

Venezuela

82

Figure 5.15 30' x 30' grid of mean datum offsets in with respect to an equipotential

surface defined by W0 = 62636856.00 m2/s2 [cm]
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Fig. 5.16 shows the indirect bias term computed by Eq. (3.15) with the original Stokes
kernel St (ψ ) (see Eq. (3.4)). Fig. 5.17 shows the indirect bias term computed with
residual kernel computed for a GGM up to DO 200 (Eq. (3.20)).

Figure 5.16 Indirect bias term computed with the original Stokes kernel

Figure 5.17 Indirect bias term computed with the residual Stokes kernels for a GGM up

to DO 200
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It can be seen in Fig. 5.15 that the indirect bias term can reach 60 cm in South America
but in the case of the residual Stokes kernel (Fig. 5.16), the effect is below 1 cm
everywhere which shows that the indirect bias term can be safely omitted from the
numerical computations. Therefore, the datum offsets of the LVDs with respect to the
reference datum zone defined by W0 can be computed by Eq. (5.3). Gruber et al. (2012)
have published a rough estimate of the intercontinental datum offsets between Europe
and North America computed by a GOCE-based GGM combined with EGM2008 model
to account for the GOCE geoid omission error which is an example of the possibility of
the global unification of vertical datums using the GOCE based models.

The result of the unified vertical datum will be a set of the stations with their geopotential
numbers and in addition their offsets with respect to a global equipotential reference
surface defined by W0. This unified vertical datum can be referred to as International
Height Reference System (IHRS) and International Height Reference Frame (IHRF)
similar to the ITRS and ITRF. The most important factor that should be considered in the
definition and realization of an IHRS is the consistency in the standards and procedures
used.

5.5 Summary and conclusions

The indirect bias term, the geoid omission error, the systematic levelling errors and
distortions and the effect of the accuracy information on the estimation of CGVD28 and
NAVD88 offsets were investigated in this chapter. These factors are important in view of
the procedure that needs to be followed for practical implementation of the GBVP
approach for unification of the levelling-based vertical datums.

It was observed that the indirect bias term is less than 1 cm in North America if a GGM
up to at least DO 180 is used in the geoid computation. Since the GOCE DIR5 model can
be safely used up to DO 210 in Canada and the USA and up to DO 250 and 280 in Alaska
and Mexico, respectively, this effect can be neglected. The design matrix in the LS
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adjustment model was therefore simplified and CGVD28 and NAVD88 datum offsets
were estimated separately.

The existing systematic levelling errors were shown in the Canadian and US levellingbased vertical datums. Due to these systematic levelling errors, a mean datum offset
computed over the whole landmass of Canada and the USA should not be trusted. On the
other hand, local mean datum offsets estimated in separate (coastal) regions are easier to
interpret. For example, the difference between the CGVD28 estimated mean datum
offsets using TG stations in the Canadian Atlantic and Pacific regions reflect the
difference of the MDT at both coasts. The difference between computed NAVD88 mean
datum offsets in the US Atlantic and Pacific regions show the mean effect of the
accumulated levelling errors from east to west.

The GOCE geoid omission error should always be accounted for in particular in regions
with poor distribution of TG or GNSS-levelling stations. It is an exception that, in some
areas, the omission error almost cancels out when averaged over a few TG stations or
over the available GNSS-levelling stations. Although such a tendency was observed for
the TG and GNSS-levelling stations in the studied regions when the DIR5 model of DO
210 (in Canada and the USA), DO 250 (in Alaska) and DO 280 (in Mexico) was used,
the effect of the omission error on the datum offsets varied between a few centimetres
and a few decimetres with the exception of Mexico. Further reduction in this effect was
achieved by accounting for the higher frequencies than DO 210, 250 and 280 by means of
EGM2008. The remaining geoid signal above DO 2190 was also estimated by a
gravimetric geoid model computed by a remove-compute-restore technique. It was
observed that the remaining geoid signal can be significant especially in mountainous
areas like the Canadian Pacific coast where it can reach 14 cm. Therefore, in regions with
rugged topography such as the Canadian and US west coasts, accurate geoid heights
should be computed by means of a rigorous combination of a GOCE GGM and local
gravity and topography data. In flatter regions, such as the Canadian and US Atlantic
coasts, the use of a GOCE GGM extended with EGM2008 seems to be sufficient, with a
maximum error of 2 cm introduced in the mean datum offset.
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The performed analysis on the sensitivity of the datum offsets and their errors to the
errors of the input data showed that with abundance of GNSS-levelling stations, the
NAVD88 datum offset error is not very sensitive to the errors of the input data. The
NAVD88 datum offsets can be accurately estimated using GNSS-levelling stations with
an error of only 1 cm imposed primarily by the uncertainty in the geocentric gravitational
constant. TG stations can also provide an accurate estimate of the NAVD88 offset in flat
regions (such as Atlantic USA I and II with latitudes greater than 36°N) with an error up
to 3 cm. This is accompanied by little to no variation of the datum offset itself. On the
contrary, rugged topography sampled by a very limited number of TG stations yields a
large variation of the estimated offsets and their errors. A notable example is the North
American Pacific coast, where a decimetre error of the offset seems plausible. With the
available distribution of the GNSS-levelling stations in Alaska and Mexico, the datum
offset errors are not sensitive to the errors of the input data as the datum offset errors are
less than 3 cm in both regions.

The mean LVD offsets in Canada, the USA, Alaska and Mexico with respect to the
equipotential surface defined by W0 = 62636856.00 m2/s2 were estimated using the most
recent official Canadian geoid model (CGG2013). Preliminary correction terms that
should be added to the gravity data sets of the four regions are estimated as -0.050 mGal,
-0.147 mGal, -0.449 mGal, and -0.017 mGal for Canada, the USA, Alaska and Mexico,
respectively, in order to unify the gravity data sets of the North American continent.

Finally, a preliminary investigation was performed on the possibility of the global
unification of the vertical datums. The study on the indirect bias term effect showed that
with the high accuracy and spatial resolution of the GOCE-based GGMs, the indirect bias
term can be neglected in numerical computations with the GBVP approach. The omission
of the indirect bias term plays a key role in the practical application of GBVP for global
unification of vertical datums. The result is that the offset of each LVD can be computed
separately from other datum zones and there is no need to solve a huge linear system of
equations with fully-populated design matrix.
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CHAPTER 6
Conclusions and Recommendations

The GOCE satellite provided a completely new view of the static part of the Earth’s
global gravitational field. The geopotential can be computed globally with an accuracy of
about 0.1 to 0.2 m2/s2 at DO 200 of a spherical harmonic expansion. This corresponds to
an accuracy of about 1 to 2 cm in the geoid heights and to a spatial half-wavelength
resolution of about 100 km. Before these dedicated gravity field missions, a patchwork of
incompatible "local geoids" and regional height systems had been established. Now these
systems can be unified in a global scale, even across the oceans, with wide-ranging
benefits in science and engineering.

Precise gravimetric geoid heights are required when the unification of vertical datums is
performed using the GBVP approach. Gravimetric geoid determination has benefited
from the available GOCE-based GGMs; therefore, the evaluation of the available GGMs
using external control values was the first step towards the estimation of the datum
offsets in this thesis which was presented in Chapter 4.

The GBVP approach, which is the rigorous method for connecting two LVDs, was
presented in this thesis, and its implementation for unifying North American vertical
datums was numerically investigated through studying the various factors affecting its
implementation in practice. The indirect bias term, the GOCE geoid omission error, the
systematic levelling errors and distortions, and the effect of the accuracy information on
the estimation of CGVD28 and NAVD88 offsets are the factors studied in Chapter 5. The
consistency in the geometric and gravity reference frames was also ensured by using
consistent input data in terms of the ITRF, tidal system and the reference ellipsoid
used.The datum offsets between the LVDs in North America were computed, for the first
time, with their associated errors.
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The main conclusions of this research and recommendations for future studies are
provided in the following two sections.

6.1 Conclusions
The following conclusions can be made from the evaluation of the GOCE-based GGMs in
North America:

•

The GOCE mission’s goal has been achieved by the fifth generation of DIR
models. The DIR5 delivers better than 1 cm geoid accuracy at DO 200 (100 km
spatial resolution) as illustrated by the computed degree variances.

•

The larger amount of GOCE measurements, improvement in the processing
strategies and the low orbit mission data used in releases 4 and 5 are the reasons
for the better performance of the GOCE-based models compared to their
predecessors.

•

Due to the existing systematic levelling errors and distortions in the levelling
networks of the North American countries (mainly in Canada and the USA), a
corrector surface was incorporated before the evaluation of the models by external
geoid heights at GNSS-levelling stations in order absorb the systematic errors and
distortions.

•

The GOCE-based models brought cm-level improvement, compared to
EGM2008, to the modelling of the medium frequency geoid signal in North
America. The DIR5 model in particular is the best performing model in this
region. It can safely be used up to DO 210 in Canada and the USA, and up to DO
250 and 280 in Alaska and Mexico, respectively. Before GOCE, the knowledge of
the global geoid at these scales was very heterogeneous because the GRACEbased GGMs could not recover the spherical harmonic coefficients up to DO 200.
Terrestrial gravity observations were required along with the available satellite
data from the GRACE mission in order to obtain geoid heights at this spatial
resolution.

On the other hand, the commission error of the geoid heights

computed from GOCE-based models is extremely small (less than 1 cm for DO
200), which was not achievable by the pre-GOCE era models.
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•

The DIR5 model is therefore the currently recommended GGM for vertical datum
unification in North America.

The following conclusions can be made from the investigations on the estimation of the
CGVD28 (in Canada) and NAVD88 (in the USA, Alaska and Mexico) datum offsets with
respect to the equipotential surface defined by W0 = 62636856.00 m2/s2 using GOCEbased GGMs:
•

Due to the high accuracy and spatial resolution of the recent GOCE-based GGMs,
the indirect bias term can be omitted for a GGM of DO 180 in North America
(below 1 cm). The extended investigation in a larger area (including European and
South American countries) showed that the indirect bias term can also be safely
omitted in datum offset estimation with the GBVP approach. Then the LVD offset
is a (weighted) mean of the discrepancies between the geometrically-derived and
gravimetric geoid heights computed at TG or GNSS-levelling stations in each
region.

•

Due to the existing systematic levelling errors, a mean datum offset computed
over the whole landmass of Canada and the USA should not be trusted.

•

The GOCE geoid omission error should always be accounted for, in particular in
regions with poor or uneven distribution of TG or GNSS-levelling stations.

•

With a limited number of available TG stations, the datum offset error can be very
sensitive to height data errors. With a larger number of GNSS-levelling stations, a
more accurate datum offset can be estimated, which is not very sensitive to height
data errors.

•

Using GNSS-levelling stations in the US coastal regions, the mean datum offset
can be estimated with a 1 cm error if the GOCE geoid omission error is taken into
account using local gravity and topography information. In the Canadian Atlantic
and Pacific regions, the datum offsets can be estimated with 2.3 and 3.5 cm
uncertainty using GNSS-levelling stations. Using the very limited number of TG
stations, the datum offset error can reach one decimeter in the Pacific regions.
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With the available GNSS-levelling stations in Alaska and Mexico, the datum
offsets can be estimated with less than 3 cm error.

6.2 Recommendations on the application of GBVP

A clear trend exists internationally for the complete or partial replacement of the
geodetic/spirit levelling with “GNSS-geoid-levelling”. This is leading to the
modernization of the classical levelling-based vertical datums by replacing them with
geoid-based ones. Nevertheless, the knowledge of the existing datum offsets between
classical LVDs is of great interest for practical applications.

6.2.1 GBVP approach in well surveyed regions

Based on the outcome of this study, the following factors are recommended to be
considered in order to implement the GBVP approach for the estimation of the datum
offsets between existing regional levelling-based vertical datums or the datum offsets
with respect to a conventional equipotential surface defined by W0 in a well surveyed
region:
•

The existing vertical datums in the area under investigation should be studied in
terms of their datum origin, height data type, realization and the existence of
systematic errors and distortions in the levelling networks. As an example, it
should be known whether the heights are orthometric or normal. If the vertical
datums over the study area represent two different height types, height
conversions should be performed to bring both height data types to the same
height system. Another example is the way of the vertical datum realization. If the
vertical datums are constrained to more than one TG station along the coastal
areas, there are chances that the existing vertical datum will be distorted (a good
example of this case is the CGVD28 vertical datum in Canada). The geodetic
governmental agencies should actively be consulted in order to provide the most
reliable information on the vertical datums.
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•

The consistency between geometry and gravity plays a very important role. All
input data must refer to consistent standards such as ITRF, tide system, and
reference ellipsoid.

•

Geoid determination should benefit from the best available satellite-only GGM
over the study area. Therefore, if external control values are available to check the
GGMs’ performance, such an analysis should be performed in order to select the
best performing model. Different control values can be used for the evaluation of
the GGMs.

•

The effect of the omission error of the best performing GGM on the datum offset
estimation must be taken into account. By the recent advancements in the
numerical calculations of the very high degree and order ALFs (Fukushima 2012)
and the availability of high performance computers, the development of a very
high resolution GGM is possible at the moment. On the other hand, modern
countries do have access to high resolution grids of gravity anomalies which can
be used for the development of such a model. Therefore, the development of such
a high resolution GGM, which benefits from the excellent performance of the
GOCE-based model and the best available global set of dense terrestrial and
altimetric gravity anomalies, can be expected in the foreseeable future. An
example of a recent effort towards the development of a high-resolution GGM is
the EIGEN-6C4 (DO 2190) model (Förste et al. 2014) developed by GFZ, which
is the latest combined global gravity field model that includes GOCE data. The
classical geoid determination approach can also be implemented to account for
the GOCE geoid omission error using the available local gravity and topography
information. However, it should be ensured that a consistent geoid determination
approach is used everywhere. In the author’s point of view, the time has arrived
for IAG to start initiatives towards the standardization of geoid determination
methodology.

•

Since the indirect bias term can be neglected, a linear system of equations can be
set up and solved by LS adjustment (using Eq. (5.3)) using available GNSSlevelling or TG stations. The available accuracy information of the input data
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should be included in the LS estimation. If accuracies of some of the input data
are not available, a reasonable approximation should be made or a simulation
study (similar to what was done in Chapter 5) should be performed in order to
provide the accuracy of the estimated datum offsets.
•

Height datum unification is recommended to be repeated at regular intervals. The
main reason is the time-variable nature of the Earth’s gravity filed and the
temporal changes of the stations’ heights. In each realization of the global height
unification, the improved geopotential (geoid) model can be used along with the
improved adopted standards and methodologies. By updating the unified global
height reference frame, the most up to dated vertical datum which meets the
accuracy requirements of the era is ensured.

6.2.2 GBVP approach in sparsely surveyed regions

Sparsely surveyed regions may be characterized by missing GNSS infrastructure, low
accuracy or lack of regional gravity data, and lack of surveying and mapping
infrastructure. Acquiring reliable information about the vertical datums is always a big
issue in developing countries with little geodetic infrastructure.

From the comparisons of the GOCE-based models with EGM2008, it was observed that
the performance of EGM2008 is in agreement with the quality of the data sources that
were available for its determination. The EGM2008 is much less accurate in regions
where the good quality terrestrial gravity information were not available. This situation
will not change fundamentally in the near future; therefore, the next generation of high
resolution GGMs will not perform well in sparsely surveyed regions. The high accuracy
and resolution GOCE-based GGM provides a means to test the available gravity data in
these regions. This test can play an extremely important role in developing countries with
little geodetic infrastructure as the probable systematic errors, distortions or biases in the
gravity data can be recognized and accounted for through this test.

A master plan may help to assess the point-of-departure in terms of available data
(positioning, levelling, gravity, topography and hydrographic data), the quality of the
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available data, the expected user community and its needs and the possible set-up and
characteristics of the required regional height system.
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