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Abstract
Pipeline Inspection Gauges (pigs) have been used for many years to perform various maintenance
operations in oil and gas pipelines. Different pipeline parameters can be inspected during the pig
journey. Although, pigs uses many sensors to detect the required pipeline parameters, matching
these data with the corresponding pipeline location is considered a very important parameter that
needs to be estimated.
High-end, tactical-grade Inertial Measurement Units (IMUs) are used in pigging applications to
locate the detected problems of pipeline using other sensors, and to reconstruct the trajectories of
the pig. These IMUs are accurate; however, their high cost and large sizes limit their use in small
diameter pipelines.
Calibration would improve the accuracy of the uncertainties that exist in sensor errors behavior.
However, intensive calibration would also increase the cost of using IMUs. Therefore, another
way to improve the accuracy is used by augmenting IMU with aided sensors (i.e. odometers).
This thesis describes a new methodology for the use of low-cost IMUs using an extended Kalman
filter (EKF) and the pipeline junctions to increase the navigation parameters’ accuracy and to
reduce the total RMS errors even during the unavailability of Above Ground Markers (AGMs).
The results of this new proposed method using micro-electro-mechanical systems (MEMS) based
IMU revealed that the position RMS errors were reduced by approximately 85% of the standard
EKF solution. Therefore, this approach will enable the mapping of small diameter pipelines, which
was not possible before.
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Chapter One : INTRODUCTION
Advances in Micro-Electro-Mechanical-Systems (MEMS) technology combined with the
miniaturization of electronics, have made it possible to produce low cost and lightweight chipbased inertial sensors. These chips are small, lightweight, consumes very little power, and reliable.
It has therefore found a wide spectrum of applications in the automotive and other industrial
applications. MEMS technology, therefore, can be used to develop navigation systems that are
inexpensive, small, and consume low power (microwatt). The attractive advantages of this MEMS
technology have led to remarkable research progress in the field of MEMS inertial sensors.
However, on the negative side, the current achieved performance by these low cost sensors is
relatively poor due to their sensor errors.
The goal of this chapter is henceforth to present background information on the evolution of
MEMS technology and its increased adoption in the inertial navigation field. The main advantages
of MEMS inertial sensors as well as the basic limitations and shortcomings, that significantly
degrade their performance, are presented. The problem of optimizing the estimation procedure of
the MEMS-INS in pipeline navigation is stated. New approach to enhance MEMS sensors
performance in pipeline navigation applications is proposed. Finally, research objectives, research
contribution, and the dissertation outline are given.
1.1 Background and Problem Statement
Pipelines are the lifelines of a dynamic country’s infrastructure; it provides fuel, water, and all
other needs that touch millions of lives. In addition, it is one of the safest transportation for cured
oil, natural gas, and chemical fluid; it provides a transporting with speed, efficiency and reliability.
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Furthermore, it is considered as an eco-friendly option. Canada has a large network of pipelines –
over 830,000 km – but they are not the same. Different types of pipelines are used for oil and gas
transportation, and each varies in its size and function. Gathering pipelines move oil and gas from
the source to the processing facilities. More than 250,000 kilometers of these lines are concentrated
in the producing provinces of Western Canada, primarily in Alberta. The size of gathering
pipelines varies from 4 to 12 inch. Feeder pipelines move the product to transmission pipelines.
There are more than 25,000 kilometers of feeder pipelines in the producing areas of Western
Canada. Transmission pipelines carry oil and gas across Canada. There are approximately 117,000
kilometers of transmission lines in Canada. The size of transmission pipelines are varies from 4 to
48 inch. About half are 18 inch or larger, and about one third are 10 inch or smaller. Finally, the
distribution pipelines are used to get natural gas to the customer. The size of these pipelines are
varies from half to 6 inch. There are about 450,000 kilometers of distribution pipelines lines in
Canada.
Pipeline inspection gauge (pig) is a cylindrical device that is inserted into a pipeline to clean the
pipeline wall or monitor the internal condition of the pipeline (also called a smart pig). Smart pigs
commonly carries out inspection and fault identification of these pipelines Figure 1-1.
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Figure 1-1: Smart Pipeline Inspection Gauge (Nord Stream AG)

Variety of methods are used for pipeline inspection such as ultrasonic techniques, echo sounding,
radiography, and cameras. In the past, the position determination of the pig used to be obtained by
a set of velocity wheels (odometers). These wheels provides the longitudinal speed of the pig that
can be integrated to provide the distance traveled along the pipeline. Fiber Optic Gyro (FOG)
and/or Ring Laser Gyro (RLG) based high-end inertial navigation systems has been proposed to
be included in the positioning solution (Hanna, 1990), which is currently being used for this
purpose in the large diameter inspection tools.
This thesis addresses the issue of providing a low cost, MEMS, aided inertial navigation system
for an industrial tool called smart pipeline inspection gauge (pig). The definition of the terms “low
cost”, “MEMS” , and “aided inertial navigation” are as follows:
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1.

Low cost system symbolizes the ability to provide a solution that can be implemented
cost effectively by the civilian sector. In our case, we are focusing on low cost
navigation systems.

2.

Micro-Electro-Mechanical Systems, or MEMS, is a technology that in its most general
form can be defined as reduced mechanical and electro-mechanical elements. These
elements are built using microfabrication techniques. Perhaps the most interesting
elements these days are the micro-sensors and micro-actuators.

3.

Inertial Navigation is the implementation of inertial sensors to determine the position
and orientation of a motion body. Since the current evaluation of the states of the body
motion is formed by the relative increment from the previous known states, hence,
inertial sensors are assorted as dead reckoning sensors.

Low cost inertial sensors are characterized by large uncertainties and high noise (i.e. bias, scale
factor and non-orthogonality). Therefore, the errors in position, velocity and attitude of the motion
body grow rapidly in standalone mode. Therefore, aiding navigation systems become essential for
low cost INS to bed the unpredictable problems of sensor errors and noises [1]. In this thesis, the
aided information will be derived mainly from odometer sensor, pipeline modeling and Global
Navigation Satellite System (GNSS).
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Figure 1-2: IMUs' Comparison

From basic of physics, change in position can be calculated by integrating the acceleration twice
as shown in Figure 1-3. Similarly, acceleration errors propagate through this double integration.

Figure 1-3: Simplified Position Algorithm
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An incorrect projection of the acceleration signals onto any defined axes can be caused by an error
in the orientation. This causes several problems; firstly, the acceleration of the motion body is
integrated in wrong direction. Secondly, gravity cannot be removed correctly in the calculation.
Therefore, errors in the angular velocity signals also cause drift in the calculated position. As an
example, for gyro drift 6°/ℎ𝑟, the positional error accumulation after 10 𝑚𝑖𝑛 will be around
10500 𝑚.
1.2 Current Technology
The current small diameter pigs use odometers to record the distance travelled during their
operations. These distance measurements are then converted into terrestrial coordinates using
pipeline maps and external coordinate points.
Despite its simplicity, this standard method has serious limitations. Some small diameter pipelines
do not have any maps. For such pipelines, frequent control point surveys are needed which could
be very expensive and/or difficult. Furthermore, even if a map exists, these maps may not be
sufficiently accurate due to the movement of the pipelines (caused by, for example, underground
subsidence or sea bed currents in marine environments) (Hanna, 1990). The errors on the existing
maps cause much larger areas to be excavated for maintenance that significantly increases the
overall maintenance costs.
In addition to periodical pipeline inspection and maintenance, there are situations for which inline
tools are needed to generate new maps or validate existing maps for the pipelines. However, the
small diameter smart pig cannot be used for this purpose at all. Currently, the only mapping
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solution for small diameter pipelines involves external pipeline survey, which can be extremely
costly.
1.3 Pipeline Pigging
An old concept has been used in pipeline sector called ”pipeline pigging”. What do we mean by
pipeline pigging? pigs are devices / tools that can be inserted into the pipeline and travel
throughout the length of the pipeline, driven forward by the differential pressure across the tool.
Mainly, they are divided to two categories, ‘Utility pig’ that is used for separating and cleaning,
and the ‘Smart pig’ (sometimes called as ‘ILI tool’, or ‘intelligent pig’) that provide detailed
information of the pipeline (ex. corrosion, thickness …etc.) and the location of all detected
problems (Products & Association, 1995).
Pigging is an operation that needs to be taken seriously. There are often problems that need to be
solved with careful control and coordination. There is always a risk that an outlandish body
introduced in the pipeline, which will block the flow. Such an incident requires the pipeline to be
cut out with all operational expenses. Therefore, the pipeline operator should consider the pipeline
need to be pigged, whether it is suitable for pigging, and whether it is economic to do so.
The name pig was originally released to Go-Devil scrapers. These scrapers used to wax of the
internal wall of the pipeline by inserting them in the pipeline and drive them by the flowing fluid
trailing spring-loaded rakes. The rakes made a characteristic loud squealing noise, hence the name
"pig". Nowadays, the term pig is used to describe any device made to pass through a pipeline
driven by the pipeline fluid.
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Pipelines were mainly pigged to remove paraffin to increase the efficiency in crude oil pipelines
that will maximize flow conditions for the war effort in 1940s in the United States. The pigging
equipment utilized at that time was limited to a few applications while being very crude in nature.
In today's world, pipelines are pigged for a variety of reasons and the pigging equipment used is
designed by engineers to perform particular functions, such as (Tiratsoo, 1992):
1. Separation of products.
2. Gauging the internal bore.
3. Locating the obstructions.
4. Measure pipeline geometry.
5. Internal inspection.
6. Internal coating.
7. Corrosion inhibition.
1.4 Mapping Smart Pigs
Smart pig tool (shown in Figure 1-4); sometimes call Inline Inspection (ILI) tool; falls in four basic
types (Kuprewicz, 2005):
1. General metal loss.
2. Dimensional.
3. Mapping.
4. Specialty.
Increasingly, regulations demand that pipeline operators document the precise location of pipeline
assets. In some cases, however, records are old and of unknown accuracy, or may not include
8

details of centerline location. Therefore, in this thesis, we are interested in the third type (mapping).
The mapping smart pig tool is a geo-positioning or pipeline position tool. This tool uses inertial
navigation system (INS) along with distance measurement wheels to position or locate the
pipeline. Moreover, above ground markers are used to correct or update the navigation estimation
algorithm due to the errors in the inertial navigation system. AGM is a portable or permanently
installed device placed on the surface above a pipeline that both detects and records the passage of
an in-line inspection tool or transmits a signal that is detected and recorded by the tool.
Overview of Current Smart Pigs
Due to unavailability of GNSS signals inside the pipelines, IMUs with fiber optic gyroscopes
(FOG) are used to conduct the overall pig navigation journey. Aiding sensors are used to
compensate the growing errors in the stand-alone INS. Ground control point (GCP) are used as
coordinate update (CUPT). These control points are available along the pipeline several kilometers
apart. Usually, these GCP located at pipeline features (ex. valves) or at AGMs of which the
geodetic positions are precisely surveyed by DGPS (Shin & El-Sheimy, 2005). The accuracy of
CUPTs is affected by the uncertain lever-arm effect due to the time synchronization issue between
the IMU and AGMs, therefore, pipeline trajectories are forced to fit to these points (Liu, 2009).
The control point’s tracking module detects the magnetic signal of the pig and store the time when
the tool passes underneath.
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Figure 1-4: Smart pig (GEreports.ca)

Forward distance can be measured using the distance measurement wheels (Odometer). It can
provide the forward velocity information by differentiating the distance travelled by the time.
It is worth to highlight that the pig is pushed in and driven through the pipeline using the
differential pressure of the medium flow. This may cause some unexpected speed deviation due to
mechanical failure or residue on the pipe wall. Moreover, the uncertainty in the wheel
measurement can be increased due to the vibration and the varying contacts between the odometer
wheels and the pipeline wall.
At the beginning of the pig’s surveying journey, it sits in the launcher for sometimes that will be
required to calculate the initial alignment of the tool during the post-process calculation. Similar
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scenario can be repeated at the end of the journey (receiver). More details about pipeline pigging
process are expanded in the appendix.
1.5 Objectives
In summary, the main goal of this thesis is to provide an aided inertial navigation system for small
diameter pipelines (less than 8”) which can be used effectively by the pipeline inspection sector
and provide an adequate level of integrity not to expose the safety of the overall system. Every pig
requires a navigation system to associate its inspection data to a known terrestrial coordinate frame.
Due to IMU size (as shown in Figure 1-2) for small diameter pipelines, FOG/RLG IMU systems
cannot be employed in the small diameter pigs.
The overall objective is to improve the positioning accuracy for small diameter pigging
applications. Therefore, the objective of this thesis can be summarized as follows:
1.

Due to the large size of tactical grade IMUs, it is impossible to include them in the
current small size diameter’s pig. Current range of small pigs depends on odometers to
navigate the positions (Sahli, 2014). Therefore, the main objective of this thesis is to
improve the small diameter pig’s positioning capability by including MEMS-based
IMU

2.

Developing new methodology for aiding the IMU navigation results using pipeline
physical characteristics.

3.

Developing the methodology for detecting pipeline junctions and bends based on using
inertial measurements.

4.

Integrating the newly developed pipeline physical characteristics in the navigation filter

11

As a results of these developments, the overall cost of establishing AGMs will be reduced (by
reducing the total number of AGM).
After each operation of the pig, the 3D solution of the INS can be used to map the existing pipeline.
As every run of the pig provides an independent mapping solution for the entire pipeline, it will
also be possible to improve/verify the existing maps with each pig inspection mission without
incurring any additional cost at all.
1.6 Thesis Structure
The thesis is structured in seven chapters and includes a general conclusion and a list of references.
The status of present smart pipeline inspection gauge (pig) technology is documented in Chapter
One. This chapter reviews the pipeline integrity system, pipeline pigging technology, history of
pipeline pigs, and mapping using smart pigs. More details about pipeline industries are included
in the Appendix.
Chapter Two gives the essential building blocks for an aided inertial navigation system. Various
reference frames used in navigation field are introduced. Attitude representations used in an INS
will be introduced. INS mechanization algorithm will be presented. Finally, mathematical models
for aiding sensors will be discussed.
Chapter Three discusses the inertial sensor errors with their mathematical models, required
calibration methods, and alignment process for MEMS-based IMUs.
In Chapter Four, the extended Kalman filter (EKF) and the RTS smoother are reviewed. INS error
models and the random process modeling.
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New methodology for pipeline navigation using pipeline junctions has been introduced in Chapter
Five
In Chapter Six, the performance of the PLJ/EKF and EKF will be compared using MEMS IMUs.
Finally, Chapter Seven concludes the research work and provides the contributions and
recommendations for future development of the suggested techniques.
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Chapter Two : FUNDAMENTALS OF INERTIAL NAVIGATION
Navigation comprises the methods and technologies to determine the time varying position and
attitude of a moving object. The three main navigation states presented as time variable functions
are position, velocity and attitude. These states contain all necessary navigation information
needed to geo-reference a moving object at any moment of time. Positioning is a term that used
when the position state of the moving object is only required. In general, positioning is used in
place of navigation since most modern navigators actually position a platform in a discrete time.
Navigation information can be generated by joining multiple discrete periods. Inertial
measurement unit (IMU) are also provide discrete updates. These updates are relative and
mathematical integration are required in order to provide positioning in reference frame to a known
starting point.
Background information related to the fundamentals of inertial navigation including inertial
navigation mechanization models will be provided in this chapter. This information will serve the
basis for the development and analysis in later chapters.
2.1 Introduction
Inertia can be defined as a property of matter that causes it to resist changes in velocity. Since an
object with a given velocity maintains that velocity unless acted on by an external force; Newton's
first law1 of motion; therefore, inertia is the property of matter that makes this law hold true.

Newton’s 1st law states: “an object at rest tends to stay at rest and an object in motion tends to stay in motion with
the same speed and in the same direction unless acted upon by an unbalanced force” Lawrence, A. (1993). Modern
inertial technology : navigation, guidance, and control. New York: Springer.
1
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Inertial navigation is the determination of the motion body position using inertial sensors. The
external forces generate accelerations on the body. By measuring these accelerations then
integrating them mathematically with respect to the time, the changes in the body’s velocities (x,
y and z directions) and positions can be determined with respect to the initial conditions.
Inertial sensors can be divided into two categories, accelerometers and gyroscopes.
Accelerometers are the sensors that measure the acceleration of the body due to the gravity and all
other accelerations due to the external forces. Accelerometers attempt to measure the unbalanced
force through the application of Newton’s second low2. In order to remove the gravity component
of the acceleration, the attitude (or tilt) of the accelerometers with respect to the local vertical need
to be known. Gyroscopes are the sensors that measure the angular rotation of the moving body.
The mathematical integration of the angular rotation with respect to time provides the angular
change with respect to initial known angle.
Inertial Measurement Unit (IMU) is a device that contain both inertial sensors (accelerometers &
gyroscopes). Using IMU, the determination of the position of the vehicle will be possible. IMUs
have been divided into different categories based on their characterization as shown in Table 2-1.
IMU that contains three orthogonal accelerometers and three orthogonal gyroscopes called triaxial IMU.

Newton’s 2nd low states: “the acceleration of an object as produced by a net force is directly proportional to the
magnitude of the net force, in the same direction as the net force, and inversely proportional to the mass of the object”
ibid.
2
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Table 2-1: Classification of IMU
Performance

Gyroscope

Unit

Strategic

Navigation

Tactical

Commercial

Grade

Grade

Grade

Grade

∘/ℎ

10−4 − 10−3

< 0.01

1 − 10

∘/√ℎ

(0.1 − 5)10−4

< 0.002

0.05 − 0.2

> 10

Drift
Gyroscope

Large
Variation

Random Walk
Accelerometer

𝜇𝑔

0.1 − 1

< 100

(1 − 4)103

> 5000

$

> 105

(0.5 − 1)105

(5 − 20)103

< 2000

Bias
Approximate
Cost

Applications

General

Integrated with Low

Submarines

navigation

GPS

navigation,

Intercontinental

High precision,

for mapping,

Active

ballistic missile

Geo-referencing

Weapons

suspension,

Mapping

(short time))

Airbags
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cost

2.2 Navigation System Frames
Different reference frames are involved in INS algorithms development. This is because a
representation of one vector in one frame must frequently be transformed into another. As an
example, both angular rates and specific forces (as outputs of the IMU measurements) are
measured in the body frame, in order to calculate the navigation states, these values should be
transformed to navigation frame (l-frame). In this section, the properties of each reference frame
will be described along with their relationship to each other.
2.2.1 Earth-Centered Inertial Frame (i-frame)
Inertial frame is defined to be stationary in the space or moving at a constant speed (Noureldin,
Karamat, & Georgy, 2012). The i-frame has its origin at the center of the earth as shown in Figure
2-1. It is important to note that all inertial sensors measurements are produced relative to the iframe and resolved along the instrument’s sensitive axes (sensor-frame).
2.2.2 Earth-Centered Earth-Fixed Frame (e-frame)
ECEF-frame or simply called as Earth-frame (e-frame). This frame shares the same origin (center
of the earth) with i-frame as shown in Figure 2-1. The axes are defined as i-frame. The only
difference between e-frame and i-frame that e-frame is rotating with respect to i-frame around zaxis with a rotation speed of (𝜔𝑒 = 7.2921158 × 10−5 𝑟𝑎𝑑/𝑠). In this frame, the acceleration of
the moving body with respect to the earth (𝑣̇ 𝑒 ) is equal to the acceleration of the body with respect
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to the i-frame minus the Coriolis acceleration 3 due to the velocity of the body (𝑣 𝑒 )over the angular
𝑒
):
velocity of the earth rotation (𝜔𝑖𝑒

𝑒
𝑣̇ 𝑒 = 𝑣̇ 𝑖𝑒 − 𝜔𝑖𝑒
× 𝑣𝑒

(2-1)

𝑒
where 𝜔𝑖𝑒
= [0 0 𝜔𝑒 ]𝑇 .

Figure 2-1: Reference Frames

The theorem is named after the physicist Gaspard Gustave de Coriolis (1792-1843). “It states that, for a particle
moving in a Newtonian frame of reference, which is itself moving with respect to a second frame of reference, the
total acceleration for the particle is the vector sum of its acceleration with respect to the first reference, the acceleration
of the first to the second reference and a calculated Coriolis acceleration.”
3
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The position vector in e-frame can be expressed in terms of geodetic latitude (𝜑), longitude (𝜆),
and height (ℎ) as follows (El-Sheimy, 2012; Noureldin et al., 2012):
(𝑅𝑁 + ℎ) cos 𝜑 cos 𝜆
𝑥
𝑟 = [𝑦] = [ (𝑅𝑁 + ℎ) cos 𝜑 sin 𝜆 ]
𝑧
(𝑅𝑁 (1 − 𝑒 2 ) + ℎ) sin 𝜑
𝑒

Where 𝑒 2 is the first eccentricity (𝑒 2 =

𝑎2 −𝑏 2
𝑎2

(2-2)

), and (𝑎) and (𝑏) are the semi-major (Equatorial

radius) and semi-minor (Polar radius) axes of the earth, respectively 4. (𝑅𝑁 ) denotes the radius of
curvature in the prime vertical (Figure 2-2).
From Eq.(2-2), the longitude (refer to section 2.2.3) can be computed using the four-quadrant
inverse tangent function as follows:
𝜆 = tan−1
2 (𝑦, 𝑥)

4

(2-3)

For WGS84: 𝑒 2 = 0.006694380004260827, 𝑎 = 6378137 𝑚,
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𝑏 = 6356752.3142 𝑚

Figure 2-2: Geodetic Coordinates
To calculate the height and latitude, (Shin, 2005) more complicated algorithm will be used:
2
2
2
1. Initialize: ℎ0 = 0, and 𝜑0 = tan−1
2 (𝑧, (1 − 𝑒 )√𝑥 + 𝑦 ).

2. Repeat the following steps to achieve the required convergence:
a. Compute the radius of curvature in the prime vertical:

𝑅𝑁 =

𝑎
√1 − 𝑒 2 sin2 𝜑

(2-4)

b. Update the height as:

ℎ=

√𝑥 2 + 𝑦 2
− 𝑅𝑁
cos 𝜑

c. Update the latitude as:
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(2-5)

𝜑=

tan−1
2 (𝑧, (1

𝑒 2 𝑅𝑁
−
))
𝑅𝑁 + ℎ

(2-6)

Near the pole, Eq. (2-5), is singular. Therefore, applied non-singular computation procedure to
overcome this singularity (Shin, 2005):
ℎ = 𝑠𝑖𝑔𝑛(|𝑧| − |𝑧0 |)√(𝑝 − 𝑝0 )2 + (𝑧 − 𝑧0 )2

(2-7)

where 𝑠𝑖𝑔𝑛(. ) Denotes the sign of the argument. And as shown in Figure 2-2,
1. 𝑝0 = 𝑅𝑁 cos 𝜑
2. 𝑧0 = 𝑅𝑁 (1 − 𝑒 2 ) sin 𝜑.
2.2.3 Local Level Frame (l-frame)
This is a local geographic frame or sometimes called navigation frame (n-frame). The origin of
this frame is defined at the location of the navigation system. The axes of this frame are aligned
with the directions of north, east and the local vertical (down) as shown in Figure 2-1.
The converting between the navigation frame (n-frame) and the Earth-Centered Earth-Fixed frame
(e-frame) can be expressed using the direct cosine matrix (DCM)5 and quaternion, respectively, as
follows:

5

DCM will be explained in section 2.3.1
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− sin 𝜑 cos 𝜆
𝑅𝑙𝑒 = [ − sin 𝜑 sin 𝜆
cos 𝜑

− sin 𝜆
cos 𝜆
0

− cos 𝜑 cos 𝜆
− cos 𝜑 sin 𝜆 ]
− sin 𝜑

𝜋 𝜑
𝜆
− ) cos
4 2
2
𝜋 𝜑
𝜆
−sin (− − ) sin
4 2
2
𝑞𝑙𝑒 =
𝜋 𝜑
𝜆
sin (− − ) cos
4 2
2
𝜋 𝜑
𝜆
cos
(−
−
)
sin
[
4 2
2]

(2-8)

cos (−

(2-9)

The earth rotation rate can be expressed in l-frame using:
𝑙
𝑒
𝜔𝑖𝑒
= 𝑅𝑒𝑙 𝜔𝑖𝑒
= (𝑅𝑙𝑒 )𝑇 [0 0

𝜔𝑒 ]𝑇 = [𝜔𝑒 cos 𝜑

0 −𝜔𝑒 sin 𝜑]𝑇

(2-10)

2.2.4 The Computational Frame (c-frame)
The computational frame is the frame that the INS computer assumes to be the true navigation
frame (Scherzinger, 2004) and it is locally leveled at computed position.
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Figure 2-3: Relationship between true navigation, computer, and platform frames
(Scherzinger, 1996)
2.2.5 The Platform Frame (p-frame)
This is where the transformed accelerations from the accelerometers and angular rates from the
gyros are resolved (Scherzinger, 2004). Therefore, the computed rotation matrix from body to local
level frame (𝑅̂𝑏𝑙 ) is the same as 𝑅𝑏𝑝 :
̂ lb = 𝑅𝑏𝑝 = 𝑅𝑙𝑝 𝑅𝑏𝑙
R

(2-11)

From Figure 2-3, the 𝜓-angle is the orientation difference between the p-frame and c-frame.
Therefore, for small attitude errors:
p

Rc = 𝐼 − Ψ

(2-12)

where Ψ is the skew-symmetric matrix of the rotation vector pertaining to the platform tilt error
𝜓. The angle 𝜙 is the difference in orientation of the p-frame from the local level frame:
23

p

Rl = 𝐼 − Φ

(2-13)

where Φ is the skew-symmetric matrix of the rotation vector pertaining to the error of the attitude
DCM (ϕ).
Therefore,
ϕ = ψ + δθ

(2-14)

2.2.6 The Body Frame (b-frame)
The body frame is the frame which the angular rates and accelerations are generated by INS sensor
(Scherzinger, 2004). The axes of the b-frame are same as the axes of the IMU sensor. Its orientation
is usually in line with that of the platform, but small misalignments are inevitable. The axes of the
b-frame are aligned with the pitch (𝜃), roll (𝜙), and heading (𝜓) of the assembly. More details
about attitude representation will be discussed in section 2.3.
2.3 Attitude Representation
In (Shuster, 1993), numerous attitude representation techniques have been surveyed. Quaternion,
rotation vector, Euler angles, and direction cosine matrix (DCM) are widely used, (Savage,
2000).This section discusses the relationships between all of these techniques. For more
information, readers can refer to (Altmann, 2005; Kuipers, 2002).
In this section, special symbols abbreviations will be used. Letters such as 𝛼, 𝛽, and 𝛾 will represent
general frames. The transformation from frame (𝛽) to frame (𝛼) will be represented as 𝑅𝛽𝛼 , 𝑞𝛽𝛼 , and
𝜙 for DCM, quaternion, and rotation vector, respectively. As per (Savage, 2000), the rotation
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vector defines an axis of rotation and magnitude for a rotation about the rotation vector (Savage,
2000). Figure 2-4 illustrates two frames (𝛼) &(𝛽). Initially the (𝛽) frame is aligned with frame
(𝛼) then rotated about 𝑟 to obtain the final attitude of (𝛽) frame.

Figure 2-4: Rotation Frame
2.3.1 Direction Cosine Matrix (DCM)
Orientation kinematics deals with calculating the relative orientation of a body relative to a global
coordinate system. It is useful to attach a coordinate system to our body frame. Both the global
and the body frames have the same fixed origin O (see Figure 2-4). Let us also define 𝑖, 𝑗, 𝑘 to be
unity vectors co-directional with the body frame’s x, y, and z axes – in other words they are versors
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of 𝑂𝑖𝑗𝑘 and let 𝐼, 𝐽, 𝐾 be the versors6 of global frame 𝑂𝐼𝐽𝐾 . Thus, by definition, 𝐼, 𝐽, 𝐾 can be
expressed in terms of global coordinate as:
𝐼 𝐺 = [1 0

0]𝑇 , 𝐽𝐺 = [0

1 0]𝑇 , 𝐾 𝐺 = [0 0 1]𝑇

(2-15)

Similarly, 𝑖, 𝑗, 𝑘 can be expressed as follows:
𝑖 𝐵 = [1

0 0]𝑇 , 𝑗𝐵 = [0 1 0]𝑇 , 𝑘𝐵 = [0 0 1]𝑇

(2-16)

The vectors 𝑖, 𝑗, 𝑘 can be expressed in terms of global coordinates as follows:
𝑖 𝐺 = [𝑖𝑥𝐺

𝑖𝑦𝐺

𝑇

𝑖𝑧𝐺 ] , 𝑗 𝐺 = [𝑗𝑥𝐺

𝑗𝑦𝐺

𝑇

𝑗𝑧𝐺 ] , 𝑘 𝐺 = [𝑘𝑥𝐺

𝑘𝑦𝐺

𝑘𝑧𝐺 ]

𝑇

(2-17)

By analyzing the X coordinate 𝑖𝑥𝐺 , it is calculated as the length of projection of 𝑖 vector onto the
global X axis. Similarly of Y and Z coordinates. Therefore:
𝑖𝑥𝐺 = |𝑖| cos(𝑋, 𝑖) = cos(𝐼, 𝑖)

(2-18)

where |𝑖| is the norm of the 𝑖 unity vector and cos(𝐼, 𝑖) is the cosine of the angle formed by the
vectors 𝐼 and 𝑖. As |𝐼| = |𝑖| = 1,
𝑖𝑥𝐺 = cos(𝐼, 𝑖) = |𝐼||𝑖| cos(𝐼, 𝑖) = 𝐼. 𝑖
where (𝐼. 𝑖) is the scalar dot product of vectors 𝐼 and 𝑖. Similarly 𝑖𝑦𝐺 = 𝐽. 𝑖 and 𝑖𝑧𝐺 = 𝐾. 𝑖

6

Versor of a vector is also known as a normalized vector or in other ward a unit vector.
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(2-19)

now a convenient matrix form can be written as:

[𝑖

𝐺

𝑗

𝐺

𝑘

𝐺]

𝐼. 𝑖
= [ 𝐽. 𝑖
𝐾. 𝑖

𝐼. 𝑗
𝐽. 𝑗
𝐽. 𝑘

cos(𝐼, 𝑖)
𝐼. 𝑘
𝐽. 𝑘 ] = [ cos(𝐽, 𝑖)
𝐾. 𝑘
cos(𝐾, 𝑖)

cos(𝐼, 𝑗)
cos(𝐽, 𝑗)
cos(𝐾, 𝑗)

cos(𝐼, 𝑘)
cos(𝐽, 𝑘) ]
cos(𝐾, 𝑘)

(2-20)

This matrix is called Direction Cosine Matrix (DCM). It consists of all possible combinations of
body and global versors.
Now, let us assume we have two frames (𝛼) and (𝛽). The DCM from frame (𝛽) to frame (𝛼),
denoted as 𝑅𝛽𝛼 , is 3 × 3 matrix and can be expressed as:

𝑅𝛽𝛼

𝑅11
𝑅
= [ 21
𝑅31

𝑅12
𝑅22
𝑅32

𝑅13
𝑅23 ]
𝑅33

(2-21)

Where the element (𝑅𝑖𝑗 ) represents the cosine of the angle between the 𝑖 𝑡ℎ axis of the 𝛼-frame
and 𝑗 𝑡ℎ axis of the 𝛽-frame.
Multiplying the vector quantity (𝑟 𝛽 ) defined in 𝛽-frame with the 𝑅𝛽𝛼 will result the same vector
(𝑟 𝛼 ) expressed in 𝛼-frame as follows:
𝑟 𝛼 = 𝑅𝛽𝛼 𝑟 𝛽

(2-22)

2.3.2 Euler Angles
Euler angles is one of the popular transformation method. To transform one coordinate frame (𝛽)
to another (𝛼), three successive rotations can be carried out about three different axes as follows:
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1. Rotate through angle 𝜓 about z-axis.
2. Rotate through angle 𝜃 about y-axis.
3. Rotate through angle 𝜙 about x-axis.
where (𝜓, 𝜃, 𝑎𝑛𝑑 𝜙) are the Euler rotation angles. The mathematical expression of Euler angles in
terms of DCM can be expressed in three different matrices as follows:
cos 𝜓
𝑅1 = [− sin 𝜓
0
cos 𝜃
𝑅2 = [ 0
sin 𝜃

sin 𝜓
cos 𝜓
0

0
0]
1

(2-23)

0 − sin 𝜃
1
0 ]
0 cos 𝜃

(2-24)

1
0
𝑅3 = [0 cos 𝜙
0 − sin 𝜙

0
sin 𝜙 ]
cos 𝜙

(2-25)

Then the transformation from 𝛼-frame to 𝛽-frame can be calculated as:
𝑇

𝛽

𝑅𝛼 = (𝑅𝛽𝛼 ) = 𝑅3 𝑅2 𝑅1

(2-26)

Therefore, the DCM can be expressed as:
1
𝛽
𝑅𝛼 = [0
0

0
cos 𝜙
− sin 𝜙

0
cos 𝜃
sin 𝜙 ] [ 0
cos 𝜙 sin 𝜃

𝑐𝑜𝑠 𝜓 cos 𝜃
= [cos 𝜓 sin 𝜙 sin 𝜃 − cos 𝜙 sin 𝜓
sin 𝜙 sin 𝜓 + cos 𝜙 cos 𝜓 sin 𝜃

0
1
0

− sin 𝜃 cos 𝜓
0 ] [− sin 𝜓
cos 𝜃
0

sin 𝜓
cos 𝜓
0

cos 𝜃 sin 𝜓
cos 𝜙 cos 𝜓 + sin 𝜙 sin 𝜓 sin 𝜃
cos 𝜙 sin 𝜓 sin 𝜃 − cos 𝜓 sin 𝜙
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0
0]
1
− sin 𝜃
cos 𝜃 sin 𝜙 ]
cos 𝜙 cos 𝜃

(2-27)

This is the direction cosine matrix that describes the transformation from 𝛼-frame to 𝛽-frame.
Since all computational frames are orthogonal frames of references, the inverse of a transformation
matrix becomes equivalent to its transpose:
−1

𝛽

𝑅𝛽𝛼 = (𝑅𝛼 )

𝛽

𝑇

→ 𝑅𝛽𝛼 = (𝑅𝛼 )

(2-28)

Therefore, 𝑅𝛽𝛼 can be written as follows:
𝑅𝛽𝛼
𝑐𝑜𝑠 𝜃 cos 𝜓
= [ cos 𝜃 sin 𝜓
− sin 𝜃

cos 𝜓 sin 𝜙 sin 𝜃 − cos 𝜙 sin 𝜓
cos 𝜙 cos 𝜓 + sin 𝜙 sin 𝜓 sin 𝜃
cos 𝜃 sin 𝜙

sin 𝜙 sin 𝜓 + cos 𝜙 cos 𝜓 sin 𝜃
cos 𝜙 sin 𝜓 sin 𝜃 − cos 𝜓 sin 𝜙]
cos 𝜃 cos 𝜙

(2-29)

Eq. (2-29) describes the transformation matrix from 𝛽-frame to 𝛼-frame which can be calculated
easily when Euler angles are available.
On the other hand, Euler angles can be obtained when 𝑅𝛽𝛼 is available from Eq. (2-29):
sin 𝜃
−𝑅31
= tan−1
2
2
cos 𝜃
√𝑅32
+ 𝑅33

(2-30)

𝜙 = tan−1

sin 𝜙
𝑅32
= tan−1
cos 𝜙
𝑅33

(2-31)

𝜓 = tan−1

sin 𝜓
𝑅21
= tan−1
cos 𝜓
𝑅11

(2-32)

𝜃 = tan−1
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From Eq. (2-30), the positive square root solution has been selected to bind the pitch angle (𝜃) to
𝜋

never be greater than (2 ) (Savage, 2000, pp. 3-34).
Using small-angle approximation, the sine of small angles will approximately equal to the angle
itself (sin 𝜓 ≈ 𝜓, sin 𝜃 ≈ 𝜃, sin 𝜙 ≈ 𝜙). Moreover, the cosine of small angles approximately
equal to unity (cos 𝜓 ≈ cos 𝜃 ≈ cos 𝜙 ≈ 1). Therefore, Eq.(2-29), can be reduced approximately
to skew symmetric form as follow:

𝑅𝛽𝛼

1
≈[𝜓
−𝜃

−𝜓
1
𝜙

𝜃
−𝜙]
1

(2-33)

2.3.3 Attitude Quaternion
Quaternion is a mathematical technique to update the attitude in INS. The efficiency of this method
put it at the top of other methods because of its linearity of quaternion differential equations, and
because of small number of parameters contained (Farrell & Barth, 1998). This method is based
on an idea of transforming one coordinate from a frame (𝛼) to frame (𝛽) by a single rotation about
a vector 𝑞𝛽𝛼 . This vector composed of two parts, scalar (𝑞𝑠 ) and three dimensional vector parts
(𝑞𝑣 ) as shown in below equation:
𝑞𝑠
𝑞𝛽𝛼 ≝ [𝑞 ]
𝑣
The conjugate term of this vector (𝑞𝛽𝛼 )

−1

(2-34)

can be written as:
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(𝑞𝛽𝛼 )

−1

𝑞𝑠
= [−𝑞 ]

(2-35)

𝑣

Moreover, the product of two quaternions can be defined as:

𝑞𝛽𝛼

=

𝑞𝛾𝛼

⋆

𝛾
𝑞𝛽

𝑞𝑠1 𝑞𝑠2 − 𝑞𝑣𝑇1 𝑞𝑣2
=[
]
𝑞𝑠1 𝑞𝑣2 + 𝑞𝑠2 𝑞𝑣1 + 𝑞𝑣1 × 𝑞𝑣2

(2-36)

where ⋆ is the quaternion product (Miller, 1983).
To obtain the DCM from the corresponding quaternion vector as (Savage, 2000, pp. 3-46):
𝑞12 + 𝑞22 − 𝑞32 − 𝑞42
𝑅𝛽𝛼 = [ 2(𝑞2 𝑞3 + 𝑞1 𝑞4 )
2(𝑞2 𝑞4 − 𝑞1 𝑞3 )

2(𝑞2 𝑞3 − 𝑞1 𝑞4 )
− 𝑞22 + 𝑞32 − 𝑞42
2(𝑞3 𝑞4 + 𝑞1 𝑞2 )

𝑞12

2(𝑞2 𝑞4 + 𝑞1 𝑞3 )
2(𝑞3 𝑞4 − 𝑞1 𝑞2 ) ]
2
𝑞1 − 𝑞22 − 𝑞32 + 𝑞42

(2-37)

Therefore, the quaternion elements can be extracted from the DCM using the most robust
technique (Savage, 2000; Shuster, 1993) as follows:
𝑃1 = 1 + 𝑡𝑟(𝑅𝛽𝛼 )

𝑃2 = 1 + 2𝑅11 − 𝑡𝑟(𝑅𝛽𝛼 )

𝑃3 = 1 + 2𝑅22 − 𝑡𝑟(𝑅𝛽𝛼 )

𝑃4 = 1 + 2𝑅33 − 𝑡𝑟(𝑅𝛽𝛼 )

(2-38)

Where 𝑡𝑟(. ) denotes the trace of a matrix. Four different scenarios are included based on the
maximum value of (𝑃1 , 𝑃2 , 𝑃3 , 𝑃4 ) as follows (Savage, 2000, pp. 3-47):
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Table 2-2: Quaternion from DCM
𝒎𝒂𝒙

Step 1

𝑷𝟏

𝑞1 =

𝑷𝟐

1
√𝑃
2 1

𝑞2 =

𝑷𝟑

1
√𝑃
2 2

𝑞3 =

1
√𝑃
2 3

𝑷𝟒
1
𝑞4 = √𝑃4
2

Step 2

𝑞2 =

𝑅32 − 𝑅23
4𝑞1

𝑞3 =

𝑅21 + 𝑅12
4𝑞2

𝑞4 =

𝑅32 + 𝑅23
4𝑞3

𝑞1 =

𝑅21 − 𝑅12
4𝑞4

Step 3

𝑞3 =

𝑅31 − 𝑅13
4𝑞1

𝑞4 =

𝑅31 + 𝑅13
4𝑞2

𝑞1 =

𝑅13 − 𝑅31
4𝑞3

𝑞2 =

𝑅13 + 𝑅31
4𝑞4

Step 4

𝑞4 =

𝑅21 − 𝑅12
4𝑞1

𝑞1 =

𝑅32 − 𝑅23
4𝑞2

𝑞2 =

𝑅21 + 𝑅12
4𝑞3

𝑞3 =

𝑅32 + 𝑅23
4𝑞4

Note: If 𝑞1 < 0 → 𝑞 ≔ −𝑞
Quaternion can also be computed from Euler angles as follows (McGreevy & Litton Systems,
1986) :
𝜙
𝜃
𝜓
𝜙
𝜃
𝜓
cos cos + sin sin sin
2
2
2
2
2
2
𝜙
𝜃
𝜓
𝜙
𝜃
𝜓
sin cos cos − cos sin sin
2
2
2
2
2
2
𝑞𝛽𝛼 =
𝜙
𝜃
𝜓
𝜙
𝜃
𝜓
cos sin cos + sin cos sin
2
2
2
2
2
2
𝜙
𝜃
𝜓
𝜙
𝜃
𝜓
[cos 2 cos 2 sin 2 − sin 2 sin 2 cos 2 ]
cos
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(2-39)

2.4 INS Mechanization Algorithm
Mechanization is the process of converting the output of the IMU into position, velocity and
attitude information as shown in Figure 2-5. With reference to Newton’s second law, and as per
(El-Sheimy, 2012; Noureldin et al., 2012; Sahli, Al-Hamad, Ali, & El-Sheimy, 2013; Shin, 2005),
the mechanization equations can be expressed as the following set of first order differential
equations:
𝐷−1 𝑣 𝑙
𝑟̇ 𝑙
𝑙
𝑙
𝑙
𝑏
𝑙
𝑙
[ 𝑣̇ 𝑙 ] = [𝑅𝑏 𝑓 − (2Ω𝑖𝑒 + Ω𝑒𝑙 )𝑣 + 𝑔 ]
𝑅̇𝑏𝑙
𝑅𝑏𝑙 (Ω𝑏𝑖𝑏 − Ω𝑏𝑖𝑙 )

(2-40)

𝑙
𝑙
where (Ω𝑙𝑖𝑒 ) and (Ω𝑙𝑒𝑙 ) are the skew-symmetric matrices corresponding to (𝜔𝑖𝑒
) and (𝜔𝑒𝑙
),

respectively. (Ω𝑏𝑖𝑏 ) is the skew-symmetric matrix of the angular velocity measurements provided
𝑏
by the gyroscopes and corresponds to the angular velocity vector (𝜔𝑖𝑏
). More detail information

about INS mechanization can be found in (Council on Environmental Quality (U.S.) & Saflianis;
El-Sheimy, 2012; KING, 1998; Nassar, 2003; Sahli et al., 2013; Shin, 2001)
2.4.1 Measurement Data
𝑏
IMU outputs includes accelerations (𝑓 𝑏 ) and rotation rates (𝜔𝑖𝑏
). Where the basic principle of an

INS is based on the integration of these accelerations and rotation rates as shown in Eq. (2-41),
respectively.

𝑝 = 𝑝0 + 𝑣0 𝑡 + ∬ 𝑎(𝑡) 𝑑𝑡 𝑑𝑡
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(2-41)

𝐴 = 𝐴0 + ∫ 𝜔𝑔𝑦𝑟𝑜 𝑑𝑡

where 𝑝, 𝑣, 𝑎, 𝐴 represent the position, velocity, acceleration and the angle, respectively. Thus, an
appropriately initialized inertial navigation system is capable of continuous determination of
vehicle position, velocity and attitude without the use of the external information (Britting & R.,
1971). It is good to notice that this process is recursive process as shown in Figure 2-5. This means
that this process starts with a specified set of initial values and iterates on the output (Noureldin et
al., 2012).
Both sensed acceleration and angular rates are digitized with predefined frequency. The output
from the INS sensors can be divided into two different types:
𝑏
1. Incremental angles due to angular motion (Δ𝜃̃𝑖𝑏
), and incremental velocities due to specific

forces (Δ𝑣̃ 𝑏 ).
𝑏
2. Angular rate due to angular motion (𝜔
̃𝑖𝑏
), and specific forces (𝑓̃ 𝑏 ).

where (.̃ )denotes values corrupted by sensor errors. The following equations describe the
relationships between these two types:
Δ𝑣̃ 𝑏 = 𝑓̃ 𝑏 Δ𝑡

(2-42)

𝑏
𝑏
Δ𝜃̃𝑖𝑏
=𝜔
̃𝑖𝑏
Δ𝑡

(2-43)

where:
𝑏
Δ𝜃̃𝑖𝑏
: The angle that describe the change in angular rate during the time interval 𝑡
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Δ𝑣̃ 𝑏 : The velocity that describe the change in specific force during the time interval 𝑡
𝑓̃ 𝑏 : Specific force (𝑚/𝑠 2 )

𝑏
𝜔
̃𝑖𝑏
:

Rotation rate of the body frame with respect to the inertial frame and resolved in
the body frame (𝑟𝑎𝑑/𝑠). This is simply is the output of the gyroscope.

Δ𝑡: Sampling interval (𝑠𝑒𝑐)

To compensate for the known errors, the following equations can be applied (Shin, 2005):

𝑏
Δ𝜃𝑖𝑏
=

∆𝑣 𝑏 =

𝑏
Δ𝜃̃𝑖𝑏
− 𝑏𝑔𝑦𝑟𝑜 Δ𝑡
1 + 𝑆𝑔𝑦𝑟𝑜

(2-44)

Δ𝑣̃ 𝑏 − 𝑏𝑎𝑐𝑐 Δ𝑡
1 + 𝑆𝑎𝑐𝑐

(2-45)

where:
𝑏
Δ𝜃𝑖𝑏
: Corrected incremental gyroscope output (𝑟𝑎𝑑/𝑠)

Δ𝑣 𝑏 : Corrected incremental accelerometer output (𝑚/𝑠)
𝑏𝑔𝑦𝑟𝑜 : Gyroscope bias (𝑟𝑎𝑑/𝑠)
𝑏𝑎𝑐𝑐𝑒𝑙 : Accelerometer bias (𝑚/𝑠 2 )
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𝑆𝑔𝑦𝑟𝑜 : Gyroscope scale factor (𝑝𝑝𝑚)
𝑆𝑎𝑐𝑐𝑒𝑙 : Accelerometer scale factor (𝑝𝑝𝑚)
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Figure 2-5: IMU Mechanization Process Block Diagram (Noureldin et al., 2012)
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2.4.2 Updating Rotation Matrix and Quaternion
As the mechanization process is recursive, the rotation matrix should be updated every iteration.
The angular rate of the body with respect to the local level frame can be expressed as follows:
𝑏
ωblb = 𝜔𝑖𝑏
− 𝜔𝑖𝑙𝑏

(2-46)

where (𝜔𝑖𝑙𝑏 ) is the rotation rate if the local level frame with respect to the inertial frame and
resolved in the body frame. (𝜔𝑖𝑙𝑏 ) can be computed as:
𝑙
𝑙
𝜔𝑖𝑙𝑏 = 𝑅𝑙𝑏 𝜔𝑖𝑙𝑙 = 𝑅𝑙𝑏 (𝜔𝑖𝑒
+ 𝜔𝑒𝑙
)

=

𝑒
𝑅𝑙𝑏 (𝑅𝑒𝑙 𝜔𝑖𝑒

+

𝑙
𝜔𝑒𝑙
)

(2-47)

𝑙
𝑙
where (𝜔𝑖𝑒
) and (𝜔𝑒𝑙
) can be expressed in local level frame (NED) as follows:

𝑙
𝜔𝑖𝑒

− sin 𝜑 cos 𝜆
= [ − sin 𝜆
− cos 𝜑 cos 𝜆

− sin 𝜑 sin 𝜆
cos 𝜆
−cos 𝜑 sin 𝜆

𝜔𝑒 cos 𝜑
cos 𝜑
0
0
0 ][ 0 ] = [
]
−𝜔𝑒 sin 𝜑
− sin 𝜑 𝜔𝑒

𝑣𝑒
𝑅𝑁 + ℎ
𝑣𝑛
𝑙
𝜔𝑒𝑙
= −
𝑅𝑀 + ℎ
𝑣𝑒 tan 𝜑
−
[ 𝑅𝑁 + ℎ ]

(2-48)

(2-49)

where (𝑣𝑒 , 𝑣𝑛 ) are the velocities in east and north, respectively. The height is represented by (ℎ).
The angular increment of the body rotation with respect to the local level frame can be obtained
by integrating Eq. (2-46) for the interval Δ𝑡:
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θblb = θ𝑏𝑖𝑏 − θ𝑏𝑖𝑙

(2-50)

Now it is the time for quaternion’s update. The closed form of quaternion equation is:
1
𝜃
2
𝜃
q k+1 = 𝑞𝑘 + [2 (cos − 1) 𝐼 + sin 𝑆̅(𝜔)] 𝑞𝑘
2
2
𝜃
2

(2-51)

Witch can be written in expanded form as:
𝑐
𝑞1
𝑞1
𝑏
Δ𝑡
1 −𝑠𝜔𝑙𝑏,𝑧
𝑞2
𝑞2
[𝑞 ]
= [𝑞 ] +
𝑏
3
3
2 𝑠𝜔𝑙𝑏,𝑦 Δ𝑡
𝑞4 𝑘+1
𝑞4 𝑘
𝑏
[−𝑠𝜔𝑙𝑏,𝑥 Δ𝑡
𝑐

𝑞1
𝑏
1 −𝑠𝜃𝑙𝑏,𝑧
𝑞2
= [𝑞 ] +
𝑏
3
2 𝑠𝜃𝑙𝑏,𝑦
𝑞4 𝑘
𝑏
[−𝑠𝜃𝑙𝑏,𝑥

𝑏
𝑠𝜔𝑙𝑏,𝑧
Δ𝑡

𝑏
−𝑠𝜔𝑙𝑏,𝑦
Δ𝑡

𝑏
𝑠𝜔𝑙𝑏,𝑧
Δ𝑡

𝑐

𝑏
𝑠𝜔𝑙𝑏,𝑥
Δ𝑡

𝑏
𝑠𝜔𝑙𝑏,𝑦
Δ𝑡

𝑏
−𝑠𝜔𝑙𝑏,𝑥
Δ𝑡

𝑐

𝑏
𝑠𝜔𝑙𝑏,𝑧
Δ𝑡

𝑏
−𝑠𝜔𝑙𝑏,𝑦
Δ𝑡

𝑏
−𝑠𝜔𝑙𝑏,𝑧
Δ𝑡

𝑐

𝑏
𝑠𝜃𝑙𝑏,𝑧

𝑏
−𝑠𝜃𝑙𝑏,𝑦

𝑏
𝑠𝜃𝑙𝑏,𝑧

𝑐

𝑏
𝑠𝜃𝑙𝑏,𝑥

𝑏
𝑠𝜃𝑙𝑏,𝑦

𝑏
−𝑠𝜃𝑙𝑏,𝑥

𝑐

𝑏
𝑠𝜃𝑙𝑏,𝑧

𝑏
−𝑠𝜃𝑙𝑏,𝑦

𝑏
−𝑠𝜃𝑙𝑏,𝑧

𝑐 ]
𝑘

]𝑘

𝑞1
𝑞2
[𝑞 ]
3
𝑞4 𝑘
(2-52)

𝑞1
𝑞2
[𝑞 ]
3
𝑞4 𝑘

Where 𝑐 and 𝑠 are defined as follows:
𝜃
c = 2 (cos − 1)
2
(2-53)

2
𝜃
𝑠 = sin
𝜃
2
The magnitude of the incremental angle of the body rotation about a fixed axis is:
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2

2

𝑏
𝑏
𝑏
θb = √(𝜃𝑙𝑏,𝑥
) + (𝜃𝑙𝑏,𝑦
) + (𝜃𝑙𝑏,𝑧
)

2

(2-54)

2.4.3 Attitude Update
After computing the quaternion, using Eq. (2-37), direct cosine matrix can be computed. All
attitude angles can be extracted from the DCM as shown in Eq. (2-29) as express in Eq. (2-30),
(2-31), and (2-32).
2.4.4 Velocity Update
From Eq. (2-40), the digital algorithm for velocity update can be written as follows (Noureldin et
al., 2012; Savage, 2000):
Δ𝑣 𝑙
= 𝑅𝑏𝑙 𝑓 𝑏 − (2Ω𝑙𝑖𝑒 + Ω𝑙𝑒𝑙 )𝑣 𝑙 + 𝑔𝑙
Δ𝑡

(2-55)

Δ𝑣 𝑙 = Δ𝑣̃ 𝑙 − (2Ω𝑙𝑖𝑒 + Ω𝑙𝑒𝑙 )𝑣 𝑙 Δ𝑡 + 𝑔𝑙 Δ𝑡
where:
Δ𝑣̃ 𝑙 : Measurement velocity increment in local level frame, refer to (2-42).

(2Ω𝑙𝑖𝑒

+

Ω𝑙𝑒𝑙 )𝑣 𝑙 Δ𝑡:

Coriolis correction that compensates for the earth’s rotation and the
resulting change of orientation of the local level frame.
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Gravity correction. Where 𝑔𝑙 = [0 0

𝑙

𝑔 Δ𝑡:

−𝑔]𝑇 and 𝑔 can be calculated as

shown in Eq. (2-56).

𝑔 = 𝑎1 (𝑎 + 𝑎2 sin2 𝜑 + 𝑎3 sin4 𝜑) + (𝑎4 + 𝑎5 sin2 𝜑)ℎ + 𝑎6 ℎ2

(2-56)

Finally, the current velocity epoch can be calculated by:
1
l
𝑙
vk+1
= 𝑣𝑘𝑙 + (Δ𝑣𝑘𝑙 + Δ𝑣𝑘+1
)
2

(2-57)

2.4.5 Position Update
After calculating the velocities, the position coordinates (latitude, longitude, and height) is ready
to be updated. The change rate of the position vector is expressed as follows (El-Sheimy, 2012):

𝜑̇
𝑙
𝑟̇ = [ 𝜆̇ ] =
ℎ̇

1
𝑅𝑀 + ℎ
0
[

0

0

0

1
(𝑅𝑁 + ℎ) cos 𝜑
0

𝑣𝑛 𝑙
[ 𝑣 𝑒 ] = 𝐷 −1 𝑣 𝑙
0 𝑣𝑑
−1]

(2-58)

Therefore,

𝜑𝑘+1 = 𝜑𝑘 +

1 (𝑣𝑛,𝑘 + 𝑣𝑛,𝑘+1 )
Δ𝑡
2
𝑅𝑀 + ℎ
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(2-59)

1 (𝑣𝑒,𝑘 + 𝑣𝑒,𝑘+1 )
Δ𝑡
2 (𝑅𝑁 + ℎ) cos 𝜑

(2-60)

1
ℎ𝑘+1 = ℎ𝑘 + (𝑣𝑢,𝑘 + 𝑣𝑢,𝑘+1 )Δ𝑡
2

(2-61)

𝜆𝑘+1 = 𝜆𝑘 +

More detail information about INS mechanization can be found in (Council on Environmental
Quality (U.S.) & Saflianis; El-Sheimy, 2012; KING, 1998; Nassar, 2003; Sahli et al., 2013; Shin,
2001)
2.5 Aiding Sensors for INS
High tactical grade INS’s errors behavior is well described by Schuler dynamics (with its period
about 84.4 minutes). However, a low-cost INS cannot run in stand-alone mode for long periods
and, in extreme cases, can even experience computational failures before some part of the Schuler
period can be seen. Therefore, an external aided sensors with external navigation related
information should be included. This section will investigate two main aiding options that are
useful and used in pig positioning.
2.5.1 Global Navigation Satellite System (GNSS)
GNSS signals is not available inside the pipelines. However, AGMs are available sometime as
highlighted in section 1.4. The GNSS antenna is located above the ground. Therefore, the position
of the IMU (inside the pig) is different from the GNSS antenna. This difference is called lever-arm
effect and can be described as follows:
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𝑙
𝑏
𝑙
𝑟𝐺𝑁𝑆𝑆,𝑖
= 𝑟𝐼𝑀𝑈
+ 𝐷−1 𝑅𝑏𝑙 𝑙𝐺𝑁𝑆𝑆,𝑖

(2-62)

𝑙
𝑙
Where 𝐷 −1 is shown in Eq. (2-58). 𝑟𝐺𝑁𝑆𝑆,𝑖
and 𝑟𝐼𝑀𝑈
are the positions of the 𝑖th GNSS antenna

center and the center of the IMU in the local level frame, respectively. The lever-arm vector is
𝑏
represented by 𝑙𝐺𝑁𝑆𝑆,𝑖
.

Similarly, in velocity measurement, the lever-arm effect can be considered as follows:
𝑙
𝑏
𝑏
𝑙
𝑣𝐺𝑁𝑆𝑆,𝑖
= 𝑣𝐼𝑀𝑈
− (Ω𝑙𝑖𝑒 + Ω𝑙𝑒𝑙 )𝑅𝑏𝑙 𝑙𝐺𝑁𝑆𝑆,𝑖
− 𝑅𝑏𝑙 𝐿𝑏𝐺𝑁𝑆𝑆,𝑖 𝜔𝑖𝑏

(2-63)

Where 𝐿𝑏𝐺𝑁𝑆𝑆,𝑖 is the skew-symmetric matrix of the lever-arm vector.
Since AGM provides only static position (𝑡, 𝜑, 𝜆, ℎ), loosely coupled integration can be used to
aid the INS. Therefore, only Eq. (2-62) can be used directly as a measurement model.
2.5.2 Distance Measurement System
The vehicle frame velocity can be obtained for the odometers and/or speedometers. In general,
development of a rigorous model would require information about friction between wheels and the
inner side of the pipeline, angular speed of the wheels, and the suspension system. Since it is very
hard to acquire information about all of these parameters, a simplified model will be used.
Assume the pig has along-track speed, 𝜈, and cross-track velocities equal to zero. Therefore, the
velocity in the vehicle frame is 𝑣 𝑣 = [𝜈

0 0]𝑇 . The wheels are installed as shown in Figure

1-4. Therefore, the relationship between the velocity of the vehicle (pig) at the center of the IMU,
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𝑣
𝑙
𝑣𝐼𝑀𝑈
, which is installed at the center of the pig, and the wheels, 𝑣𝑤ℎ𝑒𝑒𝑙
, can be expressed as (Shin,

2005):
𝑣
𝑏
𝑙
𝑣𝑤ℎ𝑒𝑒𝑙
= 𝑅𝑏𝑣 𝑅𝑙𝑏 𝑣𝐼𝑀𝑈
+ 𝑅𝑏𝑣 Ω𝑏𝑙𝑏 𝑙𝑤ℎ𝑒𝑒𝑙

(2-64)

𝑏
where 𝑙𝑤ℎ𝑒𝑒𝑙
is the lever-arm vector of the wheel sensor in the body frame. It is good to notice

from Figure 1-4 that pig has multiple odometers/ speedometers that work in redundancy. ZUPT
will be applied in case of the along-track speed drops below a certain predefined threshold and Eq.
(2-64) will not be active for the same epoch.
2.5.3 Other Aiding Sources
Different aiding sources can be added to improve the navigation solution, such as:
1. Visual aiding using laser scanner and/or camera.
2. Magnetic heading sensors.
3. Map matching (aiding by database).
In this thesis, these additional aiding sensors have not been used due to the difficulty of collecting
pipeline data with additional sensors. Therefore, measurement models for these sensors will not
be considered here.
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Chapter Three : CALIBRATION OF INERTIAL MEASUREMENT UNIT
3.1 Introduction
Accelerometers and gyroscopes errors typically include biases, scale factors, tried nonorthogonality and noise. In general, both the stability of the biases and the magnitude of the noise
are the two common factors to determine the quality of the sensors. Therefore, the cost of the
sensors varies due to these factors. Considering that this research aims to reduce the pipeline
navigation cost by replacing the high-tactical grade IMUs with MEMS-based IMUs, which means
reducing the system cost and exploiting the size of MEMS-IMU devices for small diameter
pipelines. Moreover, the power consumption is much less in MEMS-IMU.
Biases are errors independent and uncorrelated of the angular velocity and specific force ("IEEE
Standard for Inertial Sensor Terminology," 2001). The turn-on and the time variant biases are the
main MEMS grade IMU bias parts. As shown in Chapter Four, the biases estimated in the filter.
Table 3-1: IMU Grade Bias Specifications
IMU Grade

Strategic

Gyro Bias

Accelerometer Bias

0.0001 (°/ℎ)

1 𝜇𝑔

1

Around 1000 of earth rotation rate

50 − 100 𝜇𝑔

Tactical

1 − 5 (°/ℎ)

100 − 1000 𝜇𝑔

MEMS

> 5 (°/ℎ)

> 1000 𝜇𝑔

Navigation
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The alignment of the IMU is the determination of the DCM (𝑅𝑏𝑙 ). As the navigation equations
(2-40), require starting values for position, velocity and attitude. Usually, these values are available
from the last epoch of an ongoing iteration. However, for the first epoch, attitude values should be
determined.
In this chapter, both calibration and alignment procedures with their effect to our navigation
solution will be illustrated.
3.2 Inertial Sensor Errors
In order to assess the inertial sensors, many different characteristics should be considered.
Repeatability, Stability, and drift are some general terms used to assess the IMU performance. The
errors in the inertial sensors limit the accuracy to which the observables can be measured
(Noureldin et al., 2012). These errors can be classified to two broad categories (i.e. Systematic &
Random errors).
Systematic errors can be compensated by laboratory calibration (i.e. scale factor, bias offset, nonlinearity, non-orthogonality, misalignment, and quantization errors) as shown in Figure 3-1.
The more important errors are the random errors, which are usually, change in time. In general,
these errors are modeled stochastically to mitigate their effects.
3.2.1 Bias Drift
A random change in bias over time is called bias drift. It is different from the systematic bias offset.
While the IMU is powered on, the initial bias changes over time. The temperature, mechanical
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stress, and time are the main reasons of this change. To increase the stability of the measurements,
IMUs are often manufactured with temperature compensation.
INS filter continuously estimates the bias drift by using external sources of information (Ex.
GNSS, odometer, barometer …etc.). Then the estimated bias drift value is compensated in the
IMU measurements before using them in the mechanization model.
In IMU sensors datasheets, bias drift sometimes called Bias-Stability or In-Run bias. The
measurement unit of this bias is (𝑑𝑒𝑔/ℎ𝑟/ℎ𝑟) or (𝑚/𝑠 2 /ℎ𝑟). Figure 3-2 illustrates the bias drift
concept.
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Figure 3-1: Systematic IMU Errors
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Figure 3-2: Bias Drift
3.2.2 Scale Factor Instability
The error relation between sensor input and output called scale factor (SF). Theoretically, when
the input is 100%, the expected output is 100%. However, in reality, the actual output is
proportional to the input and scaled. As an example, if the input is 5(𝑚/𝑠 2 ), and assume there is
a 3% scale factor error, the output measurement is 5.15 (𝑚/𝑠 2 ). This error can be described or
illustrated as a slope of the sensor signal, see Figure 3-3.
Scale factor combine both linear and non-linear parts. The linear part can be measured during the
calibration phase in the laboratory. This part is considered as a part of systematic error. However,
scale factor error has a nonlinear part that is changed during the run. The change in the scale factor
is estimated in the INS filter every iteration. Manufactured combine both linear and nonlinear parts
in one value. The measurement unit for this error is (parts per million – PPM). For the previous
example, the scale factor is 30,000 𝑝𝑝𝑚. In general, Scale factor effects appear mostly in high
acceleration and rotation applications.

49

Figure 3-3: Scale Factor
3.2.3 Random Walk
White noise is an uncorrelated noise that is distributed in all frequencies. For a constant
measurement signal, a random noise (error) in the measurement is always present. This type of
error is described as a stochastic process and is minimized using statistical techniques. In the final
solution, a random walk error is appear due to the integration of the random noises in the
measurements. Random walk error plays an important role is in static alignment. Therefore, static
alignment quality is affected directly by the random walk error of the sensor. Furthermore, the
performance of GNSS/INS integration and during the GNSS outage, the sensor noise error causes
the solution error to grow unbounded (Navatel, 2014).
3.3 Mathematical Models of INS Errors
INS consists of accelerometers and gyroscopes. Accelerometers and gyroscopes error models are
described as follows:
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3.3.1 Accelerometer Model Errors
The accelerometer measures specific force and is used to derive linear motion in three mutually
orthogonal directions. Measurements of the specific force can be modeled as the following
observation equation (El-Sheimy, 2012):
𝑓̃ 𝑏 = 𝑓 𝑏 + 𝑏𝑎 + 𝑆𝑎 𝑓 + 𝑁𝑎 𝑓 + 𝛿𝑔 + 𝜀𝑎
where
𝑓̃ b

: Accelerometer measurement vector (𝑚/𝑠 2 )

𝑓𝑏

: Specific force vector (𝑚/𝑠 2 )

𝑏𝑎

: Accelerometer bias vector (𝑚/𝑠 2 )

𝑆𝑎

: Scale factor error matrix (3 × 3)

𝑁𝑎

: Non-orthogonality of accelerometer triad matrix (3 × 3)

𝛿𝑔

: Anomalous gravity vector (𝑚/𝑠 2 )

𝜀𝑎

: Sensor noise (𝑚/𝑠 2 )
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(3-1)

3.3.2 Gyroscope Model Errors
Gyroscope sensor can measure either angular rate or attitude depending on the sensor type whether
it is rate sensing type or rate integrating type. Measurements of the angular rate can be modeled as
the following observation equation (El-Sheimy, 2012):
𝑏
𝑏
𝑏
𝑏
𝜔
̃𝑖𝑏
= 𝜔𝑖𝑏
+ 𝑏𝑔 + 𝑆𝜔𝑖𝑏
+ 𝑁𝑔 𝜔𝑖𝑏
+ 𝜀𝑔

(3-2)

where
𝑏
𝜔
̃𝑖𝑏

: Gyroscope measurement vector (𝑑𝑒𝑔/ℎ𝑟)

𝑏
𝜔𝑖𝑏

: Angular rate vector (𝑑𝑒𝑔/ℎ𝑟)

𝑏𝑔

: Gyroscope bias vector (𝑑𝑒𝑔/ℎ𝑟)

𝑆

: Scale factor error matrix (3 × 3)

𝑁𝑔

: Non-orthogonality of gyroscope triad matrix (3 × 3)

𝜀𝑔

: Sensor noise (𝑑𝑒𝑔/ℎ𝑟)

The scale factor and non-orthogonality matrices can be written as follows:
𝑆𝑖𝑥
𝑆𝑖 = [ 0
0

0
𝑆𝑖𝑦
0

0
0]
𝑆𝑖𝑧

0
𝑁𝑖 = [𝜃𝑖,𝑦𝑥
𝜃𝑖,𝑧𝑥

𝜃𝑖,𝑥𝑦
0
𝜃𝑖,𝑧𝑦

𝜃𝑖,𝑥𝑧
𝜃𝑖,𝑦𝑧 ]
0

(3-3)

Where the subscript (i) denotes whether the matrix is for accelerometer (a) or gyroscope (g).
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3.4 INS Calibration Methods
Calibration is the process of comparing sensor outputs with known reference of information to
determine the coefficients that make the output equal to the reference information (Chatfield,
1997). Calibration of INS is needed because the outputs of sensors contain errors. Hence, the
required parameters to be determined can be changed based on the IMU manufacture technology.
To determine all parameters precisely, some special calibration instruments (i.e. three axial
turntable) or special calibration techniques are required.
3.4.1 Six-Position Static Acceleration Test
In this test, the INS is mounted on a level table with each sensitive axis pointing alternately up and
down and get the average of (10-15) minutes. The total number of positions for 3 axes is 6. The
bias and scale factor for each axis can be computed using the following formula:

𝑏𝑖,𝑎 =

𝑓𝑖,𝑢𝑝 + 𝑓𝑖,𝑑𝑜𝑤𝑛
2

,

𝑆𝑖,𝑎 =

𝑓𝑖,𝑑𝑜𝑤𝑛 − 𝑓𝑖,𝑢𝑝 − 2𝑔
2𝑔

(3-4)

where the subscript (𝑖) represents the accelerometer axis (𝑥, 𝑦, 𝑜𝑟 𝑧).
Similarly for gyroscopes, placing the sensor in static mode with the axis being calibrated pointing
vertically upward and downward for all three gyros and get the average of (10-15) minutes
measurements (𝜔𝑢𝑝 ):

𝑏𝑖,𝑔 =

𝜔𝑖,𝑢𝑝 + 𝜔𝑖,𝑑𝑜𝑤𝑛
2

,

𝑆𝑖,𝑔 =

𝜔𝑖,𝑑𝑜𝑤𝑛 − 𝜔𝑖,𝑢𝑝 − 2𝜔𝑒 sin 𝜑
2𝜔𝑒 sin 𝜑
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(3-5)

where 𝜔𝑒 is the earth rotation rate and 𝜑 is the latitude of the gyro location. The drawback of Eq.
(3-5) that it will not work with MEMS-based gyroscopes because the output random noise of the
MEMS gyroscopes are greater than the magnitude of the Earth’s rotation rate (𝜔𝑒 ).
Using this method, the non-orthogonality cannot be determined. Furthermore, the misalignment of
the IMU sensitive axes with respect to vertical axis has an effect even if it is very small (Rogers,
2007).
3.4.2 Local Level Frame Calibration
This calibration method is similar to the previous method (Six-Position Static Acceleration Test).
The difference here that the INS sensor should be oriented precisely with respect to the local level
frame. Then the IMU be rotated through series of accurately known angles and positioned in
different orientation with respect to the local level frame.
Deterministic sensor errors can be then determined from static measurements of acceleration and
angular rate taken in each orientation of the unit. For more details, see (Salychev, 1998).
3.4.3 Angle Rate Test
Using a precision rate table, the IMU rotates through very accurately known angles. Estimates of
the gyro biases and scale factors errors can be calculated by comparing these known rotations with
estimates of the angles turned through by the systems, derived by integrating the rate outputs
provided by the gyros. A leveled rotation table is for IMU calibration is shown in Figure 3-4. For
more details, see (Titterton & Weston, 2004).
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Figure 3-4: IMU Calibration - Rotation Table
3.4.4 Allan Variance Analysis
The Allan variance analysis method is used to identify and quantify random noise modes with
different autocorrelation properties and expose their effect when the output signal is integrated
over time. In other words, it can be defined as a method of analyzing a time sequence to pull out
the intrinsic noise in the system as a function of the averaging time. In the time domain signal,
Allan variance analysis consists of computing its root Allan variance 𝜎(𝜏) for different integration
time constants τ and then analyzing the characteristic regions. A log-log scale slopes of the 𝜎(𝜏)
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curve can be generated to identify different noise modes (i.e., random components of the signal
with different autocorrelation power laws) (Trusov, 2011).
At short averaging times, the Allan Variance is controlled by the noise in the gyro sensor. There
is a direct correlation between the noise of the output (standard deviation) and the slope of the
Allan Variance at small 𝑡 (Angle Random Walk – ARW). The variance decreases by increasing
the average time. However, due to rate random walk (inherent instability in the output of the
sensor); the Allan Variance starts to increase again at some point. The minimum point on the loglog curve of the Allan Variance defines the bias instability used by the inertial sensor.
To perform Allan Variance analysis:
1. a long sequence of data is required. This dataset need to be divided into bins based on an
averaging time (τ). There must be enough data for at least 9 bins.
2. Average the data in each bin to obtain a list of averages (𝑦(𝜏)1 , 𝑦(𝜏)2 , … , 𝑦(𝜏)𝑛 ), where 𝑛
is the number of bins.
3. Allan variance can be computed as follows:

𝐴𝑉𝐴𝑅 2 (𝜏) =

1
∑(𝑦(𝜏)𝑖−1 − 𝑦(𝜏)𝑖 )2
2(𝑛 − 1)

(3-6)

𝑖

The characteristics of underlying noise processes can be determined by taking the square root of
the Allan Variance. Allan Deviation is plotted as a function of t on a log-log scale. Different types
of random process cause slopes with different gradients to appear on the plot, as shown in Figure
3-5 and Figure 3-6. Moreover, different processes usually appear in different regions of 𝜏. Their
presence can be easily identified that will allow us to read its numerical parameters directly. The
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important processes for MEMS-based IMUs that we want to measure are random walk and bias
instability, which can be identified and read as follows:
From the figures, bias instability shown as a flat region around the minimum. The numerical value
is the minimum value on the Allan Deviation curve.
A slope with gradient (−0.5) determines the white noise. The angular random walk of the gyro
and velocity angular walk of the accelerometer can be obtained by fitting a straight line through
the slope and reading its value at (𝜏 = 1).
For more information and full description of the Allan Variance analysis technique, reader can see
(El-Sheimy, Haiying, & Xiaoji, 2008; Hou, 2004; IEEE, 2008; Trusov, 2011).
3.5 Calibration Results
For this thesis, SiIMU02 sensor ("MEMS Inertial Measurement Unit - SiIMU02 Datasheet," 2010)
is a MEMS-based IMU. It has been selected for this project as explained in section 6.1. Table 3-2
shows the calibrated parameters for this IMU.
Table 3-2: SiIMU02 Calibrated Parameters
Calibration
Parameter

Datasheet
x

y

𝑨𝑹𝑾 (°/𝒉𝒓)

0.1 – 0.5

0.391

𝑽𝑹𝑾 (𝒎/𝒔 /√𝒉𝒓)

0.5

0.178
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z

Parameter

Bias
Instability

Bias
Repeatability

Calibration

Parameter

Datasheet

x

y

z

Datasheet

Gyro (°/𝒉𝒓)

1.5 - 6.5

0.063

0.131

0.024

Accel (𝒎𝒈)

< 0.5

0.118

0.097

0.115

Gyro (°/𝒉𝒓)

50 – 100

-37.544

-65.893

42.499

Accel (𝒎𝒈)

< 10

-5.408

3.610

-6.801

Figure 3-5: Allan Variance of SiIMU02 Gyroscopes
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Figure 3-6: Allan Variance of SiIMU02 Accelerometers

3.6 MEMS-INS Alignment
Alignment is referred to the procedure of initializing the INS. Particularly, the attitude information
between the body frame and the local level frame. Alignment algorithm can be classified in
different ways. Based on the attitude errors, they can be divided to two categories, coarse alignment
and fine alignment methods. Typically, the threshold of the attitude errors can reach few degrees
between both methods. Based on the dynamics of the vehicle upon initialization, then alignment
algorithms can be classified as stationary alignment or in-motion alignment methods.
INS coarse alignment is done in stationary mode using either leveling (by accelerometers)
followed by gyro-compassing, or using an analytical method (Britting & R., 1971). The analytical
method can be applied in one-step as follows:
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1
𝜔𝑒 cos 𝜑

0

0

𝑅𝑏𝑙 =

− tan 𝜑
𝑔

[

−

1
𝑔

0

0
−

(𝑓 𝑏 )𝑇

1
𝑏 𝑇
)
[ (𝜔𝑖𝑏
]
𝑔𝜔𝑒 cos 𝜑
𝑇
𝑏
(𝑓 𝑏 × 𝜔𝑖𝑏
)
0
]

(3-7)

Due to the large biases and low signal-to-noise ratio of MEMS-based gyroscopes, analytical coarse
alignment and gyro-compassing cannot be applied. However, roll (𝜙) and pitch (𝜃) can be
calculated as follows:

𝜙 = 𝑠𝑖𝑔𝑛(𝑓𝑧 ) sin−1

𝑓𝑦
𝑔

𝜃 = −𝑠𝑖𝑔𝑛(𝑓𝑧 ) sin−1

𝑓𝑥
𝑔

(3-8)

(3-9)

where sign(. ) denotes the sign of the value. The sign is used in z-channel because the gravity
errors is smaller than the biases in MEMS-based IMUs. For pig applications, the heading should
be determined manually or by using top-grade MEMS-based IMU.
The fine alignment can be determined once the coarse alignment is achieved using extended
Kalman filter (EKF) with small heading uncertainty (SHU) model.
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Chapter Four : ESTIMATION IN NAVIGATION
Estimation is the process of finding an approximation for a usable application. Various types of
estimation applications have been studied in previous decades. In navigation field, different
estimation techniques have been used and experimented. Kalman Filter (KF) (Gelb, Kasper, Nash,
Price, & Sutherland, 1974; Grewal & Andrews, 2001; Grewal, Weill, & Andrews, 2007; Kalman,
1960; Rogers, 2007) with all other different variations were the most successful estimation
techniques used. In this chapter, Extended Kalman filter (EKF) will be briefly introduced. For
more details about KF with its variations, the reader can refer to (Brown & Hwang, 1997; Chris
Goodall & El-Sheimy, 2007; Cossaboom, Georgy, Karamat, & Noureldin, 2012; Gelb et al., 1974;
Grewal & Andrews, 2001; Jazwinski, 1970; Petovello, Cannon, & Lachapelle, 2003; Wu & Chen,
1999).
4.1 Introduction
The EKF simply applies the Taylor series expansion for the nonlinear system along with
observation equations, and takes terms to the first order, where probability density function (PDF)
is approximated by a Gaussian distribution (Gelb et al., 1974; Gordon, Salmond, & Smith, 1993;
Grewal & Andrews, 2001; Peter, 1979). However, in practice, EKF has shown several limitations.
As per (Julier, Uhlmann, & Durrant-Whyte, 2000), the derivation of the Jacobian matrix is
nontrivial for both the system and the observation equations in most applications which leads to
significant implementation difficulties. Different styles of filters can be modeled based on using
distinct error models such as (large heading uncertainties – LHU, small heading uncertainties –
SHU, phi-angle error model, and psi-angle error model) (Benson & O., 1975; Scherzinger, 1996).
Therefore, filter designers should be aware of critical errors could occur in case of selecting an
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inappropriate error model. Furthermore, in EKF, only small errors are allowed to be delivered to
the filter (Sukkarieh, 2000); otherwise, the first order approximation can cause biased solution
which will lead to an inconsistency of the covariance update and filter instability in the presence
of nonlinear error behavior (Lerro & Bar-Shalom, 1993).
The minimum variance estimator is used in Kalman filter in the navigation field. It can be simply
defined through the use of conditional expectation (Meditch, 1969):
𝑥̂𝑘|𝑖 = 𝐸[𝑥𝑘 |𝑧1 , 𝑧2 , … , 𝑧𝑖 ]

(4-1)

where 𝐸[. ] is the expectation operator; 𝑥 is a state vector; and 𝑧 is the measurements vector. Based
on the value of 𝑘 and 𝑖, different scenarios can be defined:
1. 𝑘 > 𝑖 → Prediction.
2. 𝑘 = 𝑖 → Filtering.
3. 𝑘 < 𝑖 → Smoothing.
The state vector can be designed as a full state or error states. The error states vector can be
considered as either the linearized Kalman filter (LKF), or the extended Kalman filter (EKF). The
EKF considers an INS error control loop (feedback). Therefore, EKF corresponds to the closedloop filter configuration where the fed back errors are used to correct the system output as shown
in Figure 4-1.
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Figure 4-1: Block Diagrams (LKF vs EKF)

Due to the uncertainties in the INS sensors, errors in the navigation parameters will be generated
using the INS mechanization equations, Eq. (2-40). Different models have been developed in the
literature to describe the time-dependent behavior of these errors. There are two main approaches
have been derived of INS error models (Bar-Itzhack & Berman, 1988). One is the true frame
approach and called as the phi-angle approach. The second one is the computer frame approach
and called as psi-angle approach. Both approaches are reviewed briefly in section 4.3. However,
both approach models use the small angle assumption.
4.2 Kalman Filtering
GNSS, distance measurement sensors (odometers and/or speedometers), and inertial navigators
are complementary to one another; thus it makes logical sense to combine their measurements.
One of the pros of INS that it can provide a continuous solution at a high data rate. However, its
errors are time dependent. On the other hand, GNSS provides time-dependent measurements with
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accurate time standard, but GNSS is sensitive to signal blockage and radio frequencies (RF)
interference (Groves, 2008). Moreover, GNSS provides lower data rate. Distance measurement
sensors can provide higher data rate than GNSS. However, they provide only along-track speed.
To minimize inertial error accumulation with time, distance and/or GNSS measurements can be
applied. A filtering technique needs to be employed to optimally combine all of the different
measurements.
Dynamic inertial error state models can be derived for various error states. The general common
states for EKF include position errors, velocity errors, attitude errors, gyroscopes biases errors,
accelerometers biases errors, gyroscope scale factors errors, and accelerometer scale factors errors.
The dynamic model can be defined within the Kalman filter to predict the next step. The update
from either the GNSS or distance measurement sensor is used to correct the prediction and
constrain the growth of the initial errors. Of course, a weighting scheme will be applied in the filter
based on the errors from both combined measurements.
Since Kalman filter equations are well documented in the past few decades (Brown & Hwang,
1997; Gelb et al., 1974; Grewal & Andrews, 2001; Kalman, 1960), detailed derivation will not be
reviewed here. A short review will prove useful of this filter in next chapters. A simple recursive
block diagram with EKF equations is provided in Figure 4-2. The noises terms in Kalman filter
are considered to be white sequences with known covariance. The state vector is dependent on the
architecture that is used to combine GNSS and/or distance measurement with INS measurements.
This is normally referred as coupling. In theory, we there are three methods of coupling: loose,
tight, and deep (Goodall, 2009). In this thesis, we are interested in loosely couple method only.
For more details about other types of coupling, please refer to (Goodall, 2009).
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Figure 4-2: Kalman Filter Algorithm Flow Diagram
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There are many advantages for loosely coupling method: INS errors are bounded by the updates,
INS can be used to bridge the updates, and the update can be useful in inertial errors (deterministic
parts) online calibration (Goodall, 2009). The loosely coupled integration strategy, using position
update and along-track velocity update using GNSS and odometer, respectively, is shown in Figure
4-3.

Figure 4-3: Loosely Coupled Architecture using EKF

4.3 INS Error Models Review
Error models are developed by perturbing the nominal differential equations whose solution yields
the INS output of position, velocity, and attitude. These equations are based in Newton’s law. In
1992, Bar-Itzhack and Goshen-Meskin published a systematic methodology and a unified
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approach for INS error models development (Goshen-Meskin & Bar-Itzhack, 1992). Bar-Itzhack
and Berman approached the analysis of INS from a control theory point of view (Bar-Itzhack &
Berman, 1988) in 1988. Two types of differential equations that describe the behavior of INS error
have been described in their paper; i.e. the propagation of the attitude errors and the propagation
of translatory errors. Both types can be summarized in two different ways as follows:
1. Attitude errors differential equations depend on whether the equation variables are
components of:
a. Body to computer frame (Psi-angle approach).
b. Body to true-frame (Phi-angle approach).
2. Translatory equations depend on whether the equations are:
a. Position error components.
b. Velocity error components.
Phi-angle and psi-angle approaches assume small INS attitude errors. Both gyrocompassing and
analytic-coarse are the main principles of INS alignment which are based on the earth rate and
gravity vectors. Therefore, because of the ability of high-end tactical grade IMUs to measure the
earth rate, they are suitable to be used in these types of alignments. On the other hand, low cost
IMUs are not sensitive enough to measure the earth rate. Subsequently, navigation-aiding sensors
are required to be employed to obtain the INS initial attitude.
Usually, the initial heading may have a large or completely unknown uncertainty. Therefore, large
heading uncertainty (LHU) models have been developed (Scherzinger, 1996). Initially, LHU has
been developed for in-motion alignment or for in-air alignment until the heading-error is
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minimized to few degrees. Then normal fine alignment method for small heading uncertainty
(SHU) can be applied. Similarly, for MEMS-based IMUs, large heading uncertainty can be used
due to completely unknown heading even in stationary mode because of large gyro-compassing
errors.
Two different approaches have been developed using LHU. First, Rogers (Rogers, 2007) used
errors of trigonometric functions of the wander azimuth angle as a part of the state vector. In this
approach, a very different error model is required in case of heading uncertainty falls below certain
threshold. Second, (Scherzinger, 1996) used trigonometric functions of the heading error. Even
though, this approach still requiring a switch in the attitude error’s dynamics model, it provides a
continuous transition. For MEMS-based IMU sensors, and with an absence of aiding navigation
sensors, the heading error grows very fast in short time. Similarly, due to the poor observability of
the heading in the vehicle (pig) constant speed, the heading error grow fast as well. So far the error
model switch can be done in both directions, therefore, Scherzinger approach (Scherzinger, 1996)
will be more appropriate to be reviewed.
4.3.1 Psi-Angle Error Model
Two different models have been developed in Scherzinger approach, modified geographic
consistent (GC) model and modified platform consistent (PC) model. The different between both
models depends upon the type of the aiding sensors. GC model is used in case of using GNSS as
an aiding navigation sensor where the position is the main aiding update. However, PC model is
used in case of using a body-referenced velocity sensor as an aiding update.
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GC model has been implemented and tested in (Shin, 2005), and because our main aiding sensor
is the odometer and/or speedometer, the modified PC model will be introduced here.
The navigation parameters in 𝜓-angle approach between two representations can be represented
as follows:
𝑣̂ 𝑙 = 𝑣 𝑙 + 𝛿𝑣1𝑙 = 𝑣 𝑐 + 𝛿𝑣2𝑐

(4-2)

𝑔̂𝑙 = 𝑔𝑙 + 𝛿𝑔1𝑙 = 𝑔𝑐 + 𝛿𝑔2𝑐

(4-3)

𝑙
𝑙
𝑙
𝑐
𝜔
̂𝑖𝑒
= 𝜔𝑖𝑒
+ 𝛿𝜔𝑖𝑒
= 𝜔𝑖𝑒

(4-4)

𝑐
𝜔
̂𝑖𝑙𝑙 = 𝜔𝑖𝑙𝑙 + 𝛿𝜔𝑖𝑙𝑙 = 𝜔𝑖𝑐

(4-5)

Because we know the position and the transport rate of the c-frame from the navigation computer
𝑐
𝑐
(Scherzinger, 1996), 𝑅𝑐𝑙 , 𝜔𝑖𝑒
, and 𝜔𝑖𝑐
are known without errors. The navigation parameters errors

between two representations can be expressed as:
𝛿𝑣1𝑙 = 𝛿𝑣2𝑐 − 𝛿𝜃 × 𝑣 𝑐

(4-6)

𝛿𝑔1𝑙 = 𝛿𝑔2𝑐 − 𝛿𝜃 × 𝑔𝑐

(4-7)

𝑙
𝑐
𝛿𝜔𝑖𝑒
= −𝛿𝜃 × 𝜔𝑖𝑒

(4-8)

Since the gravity computation error can be expressed as (Rogers, 2007):
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0
0
𝛿𝑔𝑙 = [2𝑔𝛿𝑟 ]
𝐷
𝑅+ℎ

(4-9)

And the misalignment of the c-frame with respect to the true local level frame is (Benson & O.,
1975):
𝛿𝜆 cos 𝜑
𝛿𝜃 = [ −𝛿𝜑 ]
−𝛿𝜆 sin 𝜑

(4-10)

The gravity error in c-frame can be written using Eq. (4-7) as per (Scherzinger, 1996):
−𝑔𝛿𝑟𝑁
𝑅𝑀 + ℎ
−𝜔𝑠2 𝛿𝑟𝑁
−𝑔𝛿𝑟
𝐸
𝛿𝑔2𝑐 =
≈ [ −𝜔𝑠2 𝛿𝑟𝐸 ]
𝑅𝑁 + ℎ
2𝜔𝑠2 𝛿𝑟𝐷
2𝑔𝛿𝑟𝐷
[ 𝑅+ℎ ]

(4-11)

where 𝜔𝑠 is the Schuler frequency and 𝑅 = √𝑅𝑀 𝑅𝑁 is the Gaussian mean earth radius of curvature.
The c-frame analysis resulted in the following error model (Scherzinger, 1996):
𝑐
𝛿𝑟̇ 𝑐 = −𝜔𝑒𝑐
× 𝛿𝑟 𝑐 + 𝛿𝑣 𝑐

(4-12)

𝑐
𝑐 )
𝛿𝑣̇ 𝑐 = 𝑓 𝑐 × 𝜓 − (𝜔𝑖𝑒
+ 𝜔𝑒𝑐
× 𝛿𝑣 𝑐 + 𝛿𝑔𝑐 + 𝑅𝑏𝑝 𝛿𝑓 𝑏

(4-13)

𝑐
𝑏
𝑐 )
𝜓̇ = −(𝜔𝑖𝑒
+ 𝜔𝑒𝑐
× 𝜓 − 𝑅𝑏𝑙 𝛿𝜔𝑖𝑏

(4-14)

The extended misalignment vector 𝜓𝑒 is defined as follows:
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𝜓𝑥
𝜓𝑦
𝜓𝑒 = [
]
sin 𝜓𝑧
cos 𝜓𝑧 − 1

(4-15)

where (cos 𝜓𝑧 − 1) and (sin 𝜓𝑧 ) are considered as a random constants when heading error is large
(Scherzinger, 2004). The first three elements of Eq. (4-15) define the misalignment vector 𝜓′ =
[𝜓𝑥

𝜓𝑦

sin 𝜓𝑧 ]𝑇 . Using a simple algebraic expression, the matrix representation of the

“extended cross-product type (-)” operator can be defined as follows:

𝐴𝑒−

−𝑎𝑥
−𝑎
≡ [𝐴| 𝑦 ]
0

𝐴𝑒+

(4-16)

𝑎𝑥
𝑎
≡ [𝐴| 𝑦 ]
0

where 𝐴 is a skew-symmetric matrix of a vector 𝑎 = [𝑎𝑥

𝑎𝑦

𝑎𝑧 ]𝑇 , then (Scherzinger, 1996)

derived the modified PC error equations as follows:
𝑐
𝑐
𝛿𝑟̇ 𝑐 = −𝜔𝑒𝑐
× 𝛿𝑟 𝑐 + Δ𝑣 𝑐 + 𝑉𝑒−
𝜓𝑒

(4-17)

𝛿𝑣̇ = 𝛿𝑓 𝑝 + Δ𝑔𝑐 − 𝑔̂ × 𝜓 − (2Ω𝑐 + 𝜌𝑐𝑐 ) × 𝛿𝑣 − 𝑣̂ × (Ω𝑐 × 𝜓) + 𝑣̂
× 𝜖 − 𝑓𝑥𝑦 (𝑓̂ 𝑝 , 𝜓) + 𝑓𝑐 (𝜓, 𝑣̂) + 𝐵
𝑝

01×2
−(Ω𝑐𝑖𝑐 )𝑒+
𝑅𝑝
𝑏
𝜓̇𝑒 = [
] 𝜓𝑒 + [𝜔𝑥 𝜓𝑦 − 𝜔𝑦 𝜓𝑥 ] − [ 𝑏 ] 𝛿𝜔𝑖𝑏
01×4
01×3
0
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(4-18)

(4-19)

where 𝑣̂ = [𝑣̂𝑥

𝑣̂𝑦

𝑣̂𝑧 ]𝑇 . The nonlinear term 𝑓𝑥𝑦 (𝑓̂ 𝑝 , 𝜓) is not negligible and appears in the 𝑥

and 𝑦 components of the velocity error dynamics.

̂𝑝

(Ω𝑐𝑦 + 𝜌𝑦𝑐 )𝑣𝑦

−(Ω𝑐𝑥 + 𝜌𝑥𝑐 )𝑣𝑦

0

(Ω𝑐𝑥 + 𝜌𝑥𝑐 )𝑣𝑥
0

𝑓𝑥𝑦 (𝑓 , 𝜓) = [−(Ω𝑐𝑦 + 𝜌𝑦𝑐 )𝑣𝑥

0
0] 𝜓
0

−(3Ω𝑐𝑦 + 2𝜌𝑦𝑐 )𝑣̂𝑧
𝐵 = [ (3Ω𝑐𝑥 + 2𝜌𝑥𝑐 )𝑣̂𝑧 ] (cos 𝜓𝑧 − 1)
Ω𝑐𝑥 𝑣̂𝑦 − Ω𝑐𝑦 𝑣̂𝑥

(4-20)

(4-21)

4.3.2 Phi-Angle Error Model
The phi-angle error model is the classical INS error analysis approach. The navigation parameters
are perturbed with respect to the true local level frame as shown in Eq. (2-40). The basic
assumption that all the errors are small enough. The derivation of psi-angle model has been
described in many studies in the literatures; for instance, see (Britting & R., 1971; Farrell & Barth,
1998).
The position error vector in local level frame (NED) can be expressed as:
𝛿𝑟𝑁
𝛿𝑟 𝑙 = [ 𝛿𝑟𝐸 ]
𝛿𝑟𝐷

(4-22)

Perturbations on other navigations parameters can be expressed as:
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𝑏
𝑏
𝑏
𝜔
̂𝑖𝑏
= 𝜔𝑖𝑏
+ 𝛿𝜔𝑖𝑏

(4-23)

𝑓̂ 𝑏 = 𝑓 𝑏 + 𝛿𝑓 𝑏

(4-24)

𝑅̂𝑏𝑙 = [𝐼 − Ψ]𝑅𝑏𝑙

(4-25)

𝑙
𝑙
𝑙
𝜔
̂𝑖𝑒
= 𝜔𝑖𝑒
+ 𝛿𝜔𝑖𝑒

(4-26)

𝜔
̂𝑖𝑙𝑙 = 𝜔𝑖𝑙𝑙 + 𝛿𝜔𝑖𝑙𝑙

(4-27)

𝑣̂ 𝑙 = 𝑣 𝑙 + 𝛿𝑣 𝑙

(4-28)

𝑔̂𝑙 = 𝑔𝑙 + 𝛿𝑔𝑙

(4-29)

Then the model perturbation model can be written as follows (Scherzinger, 2004):
𝑙
𝛿𝑟̇ 𝑙 = −𝜔𝑒𝑙
× 𝛿𝑟 𝑙 + 𝛿𝜃 × 𝑣 𝑙 + 𝛿𝑣 𝑙

(4-30)

𝑙
𝑙
𝛿𝑣̇ 𝑙 = 𝑅𝑏𝑙 𝛿𝑓 𝑙 + 𝑅𝑏𝑙 𝑓 𝑙 × 𝜙 + 𝛿𝑔𝑙 − (𝜔𝑖𝑒
+ 𝜔𝑖𝑙𝑙 ) × 𝛿𝑣 𝑙 − (𝛿𝜔𝑖𝑒
+ 𝛿𝜔𝑖𝑙𝑙 ) × 𝑣 𝑙

(4-31)

𝑏
𝜙̇ = −𝜔𝑖𝑙𝑙 × 𝜙 + 𝛿𝜔𝑖𝑙𝑙 − 𝑅𝑏𝑙 𝛿𝜔𝑖𝑏

(4-32)

4.4 Random Processes
The gyroscope and accelerometers sensors errors of INS can be categorized to two different parts;
the deterministic part that can be determined by calibration process and removed from the raw
measurements data. Biases and scale factors are included in this category. Second the stochastic
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part that is due the random variations of the sensor errors over time. Stochastic error can be
modeled stochastically and then included in the INS error model to be estimated using the filters.
The output of the MEMS-based IMUs contains large uncertainties. Hence, it is required to
determine the sensor errors as much as possible through the calibration. On the other hand,
calibration process increase manufactures cost significantly. Therefore, including sensor errors
models in the state vector of the navigation filter may solve huge save many problems. Never the
less, filter actual behavior depends on the dynamic of the vehicle.
4.4.1 Sensor Errors
Biases (𝑏), scale factors (𝑆), and non-orthogonality (𝛾) are the main sensor error known terms.
Based on the application and the design engineer, either all of these terms should be included in
the sensor error models, or parts of them. The most important part is the bias. Recalling Eq. (3-1)
and Eq. (3-2), if it is only considered, then:
𝑏
𝛿𝜔𝑖𝑏
= 𝑏𝑔 = [𝑏𝑔𝑥

𝑏𝑔𝑦

𝑏𝑔𝑧 ]𝑇

𝛿𝑓 = 𝑏𝑎 = [𝑏𝑎𝑥

𝑏𝑎𝑦

𝑏𝑎𝑧

(4-33)
𝑏

]𝑇

where the subscripts (𝑔, 𝑎) represent gyroscope and accelerometer, respectively.
For biases and scale factor error model:
𝑏
𝑏
𝛿𝜔𝑖𝑏
= 𝑏𝑔 + 𝑑𝑖𝑎𝑔(𝛿𝜔𝑖𝑏
)𝑆𝑔

(4-34)
𝑏

𝛿𝑓 = 𝑏𝑎 +

𝑑𝑖𝑎𝑔(𝛿𝑓 𝑏 )𝑆𝑎

where 𝑑𝑖𝑎𝑔(𝛼) denotes:
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𝛼𝑥
𝑑𝑖𝑎𝑔(𝛼) = [ 0
0

0
𝛼𝑦
0

0
0]
𝛼𝑧

(4-35)

Including the non-orthogonality, Eq. (4-34) can be written as:
𝑏
𝑏
𝛿𝜔𝑖𝑏
= 𝑏𝑔 + 𝑑𝑖𝑎𝑔(𝛿𝜔𝑖𝑏
)𝑆𝑔 + Γ𝑔 𝛾𝑔

(4-36)
𝑏

𝛿𝑓 = 𝑏𝑎 +

𝑑𝑖𝑎𝑔(𝛿𝑓 𝑏 )𝑆𝑎

+ Γ𝑎 𝛾𝑎

where:
𝜔𝑦
Γ𝑔 = [ 0
0

𝜔𝑧
0
0

𝑓𝑦
Γ𝑎 = [ 0
0

𝑓𝑧
0
0

0
𝜔𝑥
0

0
𝜔𝑧
0

0
𝑓𝑥
0

0
𝑓𝑧
0

0
0
𝜔𝑥
0
0
𝑓𝑥

0
0]
𝜔𝑦

(4-37)

0
0]
𝑓𝑦

(4-38)

𝛿𝛾𝑔 = [𝛾𝑔,𝑥𝑦

𝛾𝑔,𝑥𝑧

𝛾𝑔,𝑦𝑥

𝛾𝑔,𝑦𝑧

𝛾𝑔,𝑧𝑥

𝛾𝑔,𝑧𝑦 ]

𝛿𝛾𝑎 = [𝛾𝑎,𝑥𝑦

𝛾𝑎,𝑥𝑧

𝛾𝑎,𝑦𝑥

𝛾𝑎,𝑦𝑧

𝛾𝑎,𝑧𝑥

𝛾𝑎,𝑧𝑦 ]

(4-39)

4.4.2 Stochastic Process
The sensor errors must be modeled in order to include it in the state vector. Different general
stochastic processes have been studied in literature; ex. White noise, random walk, random
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constant, Gauss-Markov, …etc. Selecting the best model requires an investigation of the behavior
of the errors under the operational scenario of the given application. Sensor performance, working
environment, and operation time are the main factors that affects model selection. As an example,
for very short operation time, the errors can be modeled as random constant.
In this section, white noise, random walk, random constant, and Gauss-Markov stochastic models
will be introduced briefly.
White Noise Process
By definition, a white noise process is one whose power spectral density is constant at all
frequencies (Petovello, 2012). This can be written mathematically as follows:
𝑆𝜔𝑛 (𝑗𝜔) = 𝑁

(4-40)

𝑅𝜔𝑛 (𝜏) = 𝑁𝛿(𝜏)

(4-41)

where the subscript 𝜔𝑛 represent the white noise and 𝛿(. ) represents the Dirac delta function.
From Eq. (4-41), white noise is uncorrelated with itself except for at zero offset.
The white term has been derived from the concept of white light where all frequencies have equal
power. This means such a process would have infinite power. Therefore, white noise is not
physically realizable, but it is primarily as a useful and convenient approximation to a situation in
which a distributing noise in a wideband compared with the bandwidth of the system (Gelb et al.,
1974) and it can be useful to describe the noise in inertial sensors.
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Random Constant Process
Random constant process can be thought as an output of integral process without any input, but
with unknown initial condition. Therefore, it does not change with time but has an unknown value.
The continuous time system model can be expressed as follows:
𝑥̇ (𝑡) = 0

(4-42)

The discrete system model can be expressed as follows:
𝑥𝑘+1 = 𝑥𝑘

(4-43)

In inertial navigation, random constant can be used as initial states an extended heading error states
(sin 𝜓𝑧 , cos 𝜓𝑧 − 1) of the large heading uncertainty models. Moreover, during calibration
process, non-orthogonality of sensor triads can be dealt as random constant.
Random Walk Process
Random walk term has been driven from the concept of a person that randomly takes steps forward
or backward with equal probability (Petovello, 2012). Therefore, it is by definition the integration
of the white noise. Wiener or Brownian motion process (Brown & Hwang, 1997) assumes that the
step length are normally distributed. The continuous time system can be expressed as follows:
𝑥̇ (𝑡) = 𝑤(𝑡)

(4-44)

where 𝑤 is the white Gaussian random noise process. The corresponding discrete time process is:
𝑥𝑘+1 = 𝑥𝑘 + 𝑤𝑘

(4-45)
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The mean square value is expressed as follow:

𝐸{𝑥

2 (𝑡)}

𝑡

𝑡

= 𝐸 {∫ 𝑤(𝑢)𝑑𝑢 × ∫ 𝑤(𝑣)𝑑𝑣}
0

0

𝑡

𝑡

= 𝐸 {∫ ∫ 𝑤(𝑢) 𝑤(𝑢)𝑑𝑢𝑑𝑣}
0
𝑡

(4-46)

0

𝑡

= ∫ ∫ 𝐸{𝑤(𝑢)𝑤(𝑣)}𝑑𝑢𝑑𝑣
0

0

Since 𝐸{𝑤(𝑢)𝑤(𝑣)} is an auto-correlation function7, therefore:
𝑡

𝑡

𝐸{𝑥 2 (𝑡)} = ∫ ∫ 𝑞𝛿(𝑢 − 𝑣)𝑑𝑢𝑑𝑣
0

0

(4-47)

𝑡

= ∫ 𝑞𝑑𝑣 = 𝑞𝑡
0

Eq. (4-47) shows that the mean square values grows linearly with time and the random walk
processes are not stationary.
In inertial navigation sensors, the angular random walk (ARW) and velocity random walk (VRW)
are the terms used to describe these effects.

7

Auto-correlation process for two white process is given by the Dirac delta function scaled by the noise spectral
density, 𝑞.
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Gauss-Markov (GM) Process
Gauss-Markov random process model is a stationary process and its stochastic auto-correlation
function decays exponentially with time (Figure 4-4). The first ordered Gauss-Markov process can
be expressed as:
𝑅(𝜏) = 𝜎 2 𝑒 −𝛽|𝜏|

(4-48)

where 𝛽 is the reciprocal of the time constant 𝜏, and 𝜎 is the temporal standard deviation of the
process.
GM is useful in many engineering applications. It can describe many physical random processes
with good approximation (Brown & Hwang, 1997). Most of the present inertial systems use first
order Gauss-Markov process to model their residual sensor errors. GM process is used in INS filers
to model slowly biases and scale factors because its capability to represent bounded uncertainty.
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Figure 4-4: ACF of GM Process

Figure 4-5: Block Diagram of First Order GM Process
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From Figure 4-4, a random constant model will be formulated if 𝑇𝑐 → ∞, on the other hand, if
𝑇𝑐 → 0, then a white noise model will be formulated.
Finally, first-order Gauss-Markov processes are commonly used because they tend to adequately
approximate a wide range of physical processes. Moreover, they are mathematically simple to
work with. A block diagram of a first-order Gauss-Markov process is shown in Figure 4-5.

4.5 Backward Smoothing
The purpose of smoothing is to find an optimal estimate utilizing all past, current and future
measurements (Shin, 2005). In other word, smoothing is estimating the states at some prior time
based on all measurements taken up to the current time. Smoothing problems have been studied
extensively in the literature and classified into three different types (e.g. Fixed-point, Fixed-lag,
and Fixed-interval smoothing) (Meditch, 1969).
Combining both forward and backward filter solution can perform smoothing:

−𝟏
𝑷𝒔𝒎 = (𝑷−𝟏
𝒇 + 𝑷𝒃 )

−𝟏

̂=𝒙
̂𝒇 + 𝑷𝒔𝒎 𝑷−𝟏
̂𝒃 − 𝒙
̂𝒇 )
𝒙
𝒃 (𝒙

(4-49)

(4-50)

Where superscripts 𝑓, 𝑏 and 𝑠𝑚 are the forward, backward and smoothing solution, respectively.
Both equations (4-49) and (4-50) can be used not only for smoothing, but also for combining
information coming from a multi-sensor network.
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Rauch-Tung-Striebel (RTS) smoother is well known fixed-interval smoother. The algorithm of
this smoother was written in (Brown & Hwang, 1997):

̂𝒌|𝑵 = 𝜹𝒙
̂𝒌|𝒌 + 𝑨𝒌 (𝜹𝒙
̂𝒌+𝟏|𝑵 − 𝜹𝒙
̂𝒌+𝟏|𝒌 )
𝜹𝒙

(4-51)

𝑷𝒌|𝑵 = 𝑷𝒌|𝒌 + 𝑨𝒌 (𝑷𝒌+𝟏|𝑵 − 𝑷𝒌+𝟏|𝒌 )𝑨𝑻𝒌

(4-52)

𝑨𝒌 = 𝑷𝒌|𝒌 𝜱𝑻𝒌 𝑷−𝟏
𝒌+𝟏|𝒌

(4-53)

where 𝑘 = 𝑁 − 1, 𝑁 − 2 … 0, and 𝑁 is the total number of measurements. The RTS smoother does
not require full scale backward filter and the solution is equivalent of combining forward and
backward solutions.

82

Chapter Five : PIPELINE NAVIGATION USING CONSTRAINTS
From previous chapters we noticed that inertial navigation errors grow unboundedly without any
assumptions of the motion body and without any aiding sensors. This is the reason that INS cannot
provide proper navigation solution as a standalone system for long period. However, the error
growth can be limited if the navigation solution can be constrained. Constrain inertial navigation
measurements could add some useful values to the system. As an example, forcing the velocity to
be zero when the vehicle is not moving (static) will allow to reset the biases. Similarly, if we have
a land vehicle (ex. Car, bus, truck …etc.) that does not have a velocity in body frame with
directions perpendicular to the forward motion, all perpendicular velocities can be reset to zero.
This is called non-holonomic constraint in navigation society.
When designing a navigation system, it is often useful to consider the environment conditions that
affect the motion body. In this chapter, new constraints based on pipeline structure for pig
navigation will be reviewed. The effect of these constraints will be analyzed and compared with
standard INS navigation using EKF.
Section 5.1 will introduce non-holonomic constraints. Pipeline junctions will be defined in section
5.2. Section 5.4 will discuss pipeline bend’s detection technique. Pipeline junction algorithm will
be introduced in section 5.5.
5.1 Non-Holonomic Constraints
For land vehicles, the motion can be governed by two non-holonomic constraints. Ideally, when
the vehicle does not slide on or jump off the ground, the perpendicular velocities to the forward
direction of the vehicle assumed to be zero. However, these assumptions are valid if engine
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vibrations, suspension dynamics, and sideslip during cornering are ignored. Therefore, the
approximated vertical and horizontal velocities model can be expressed as follows:
𝑣𝑦𝑏 ≈ 0
(5-1)

𝑣𝑧𝑏 ≈ 0

where 𝑣𝑦𝑏 and 𝑣𝑧𝑏 are the horizontal and vertical velocities perpendicular to the forward direction,
respectively.
The errors in these velocities can be expressed as:
𝑏
𝑏
𝑏
𝑣𝑦,𝐼𝑁𝑆
− 𝑣𝑦,𝑇𝑟𝑢𝑒
𝑣𝑦,𝐼𝑁𝑆
𝛿𝑣𝑦𝑏
𝛿𝑧𝑘 = [ 𝑏 ] = [ 𝑏
]
=
[
]
𝑏
𝑏
𝑣𝑧,𝐼𝑁𝑆 − 𝑣𝑧,𝑇𝑟𝑢𝑒
𝑣𝑧,𝐼𝑁𝑆
𝛿𝑣𝑧

(5-2)

Since pig tool is tightly moves inside the pipeline, similar approach is applied, only forward motion
is allowed. Therefore, non-holonomic constraints approach is applied for pig navigation.
5.2 Pipeline Junctions
Pipeline is consisting of multiple pieces of pipelines and fittings (bends, T-connections, valves
…etc.). The pipeline pieces are fabricated in straight-line shapes. Different methods can be used
to connect these pipeline pieces with each other, such as, push on, flange, and welding techniques
as shown in Figure 5-1. In all cases, small gap tolerance will appear between two pieces.
The connection point between two pipelines is called pipeline junction / joint. These junctions can
be detected using magnetic flux leakage (MFL) and electromagnetic acoustic transducers for
pipeline analysis purposes. However, due to sudden vibration of the pig during the period of
passing pipeline junctions, INS sensors are sensitive enough to capture these junctions. Sample
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accelerometers pipeline data outputs for MEMS based IMU (SiIMU02) and high-end tactical grade
IMU (LN200) are illustrated in Figure 5-2 and Figure 5-3. As shown, repetitive pattern spikes are
shown. Taking into consideration the speed of the pig, the distance between two spikes is equal
to the length of the fitting or the pipeline pieces. Therefore, the pattern represents the pipeline
junction (PLJ). Such information is used as a new constraint to the estimation techniques (will be
explained in Section 5.5.2). Figure 5-7 shows an illustration for pipeline junctions with bend
fittings.

(a) Flange Type

(b) Push-On Type

(c) Welding Type
Figure 5-1: Pipeline Joints
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Figure 5-2: Accelerometer output - MEMS (SiIMU02)

Figure 5-3: Accelerometer output - LN200
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Figure 5-4: Pipeline Junctions – Sample

5.3 Detecting Pipeline Junctions
To detect the INS pipeline junctions signal spikes, different methods can be used (e.g. moving
average, neural network (NN), wavelet transformation …etc.). Two different methods have been
applied in this section to detect pipeline junctions signal spikes.
5.3.1 Moving Average & Convolution
Moving average is a simple operation that can be used to suppress noise of a signal. This can be
done by setting the value of value of each point to the average of the values in its neighborhood.
Mathematically:

𝑦𝑘 =
n=

𝑥𝑘−𝑛 + 𝑥𝑘−𝑛+1 + ⋯ + 𝑥𝑘 + ⋯ + 𝑥𝑘+𝑛−1 + 𝑥𝑘+𝑛
𝑤
(5-3)

𝑤−1
2

Where 𝑤 is the size of the window (supposed to be odd number).
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To detect the spikes, convolution method is applied on the accelerometer signal. The result of this
process is subtracted from the original signal. The results of this subtraction should be compared
with a threshold to define the spikes. Each spike is set to be the center of junction window with a
width equal to the frequency of the data. Figure 5-5 shows a sample result of this algorithm.

Figure 5-5: Junctions Detection Using Moving Average

5.3.2 Wavelet Transformation
For the simplicity of applying discrete wavelet transformation (DWT), this method is used in our
application as well.
The definition of wavelet transform can be written as:

88

𝑋𝑤 (𝑎, 𝑏) =

1

𝑡−𝑎
∫ 𝑥(𝑡)𝑀 (
) 𝑑𝑡
𝑏
√𝑏

(5-4)

Where 𝑥(. ) is the input, and 𝑀(. ) is the mother wavelet. The parameters (𝑎) is real number that
represents a time location. (𝑏) is a positive real number that represents the scaling.
Many types of mother wavelets can be used in signal pattern detection applications, such as Haar
basis and Mexican Hat. Figure 5-6 illustrates the Mexican Hat mother wavelet that has the
following model:
5

𝑀(𝑡) =

24
√3

(1 − 2𝜋𝑡 2 )e−πt

2

(5-5)

Mexican Hat mother wavelet has been applied to detect the signal pattern (pipeline junctions) as
shown in Figure 5-8. For more details about the wavelet detection technique, please refer to (Graps,
1995; Mesa, 2005; Meyer, 1993; Vetterli & Herley; Wickerhauser, 1994).

Figure 5-6: Mexican Hat Mother Wavelet
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Figure 5-7: Pipeline Bends & Junctions

Figure 5-8: Detected Pattern Using WL
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Since these patterns represent the pipeline junctions, a constraint is introduced here and called
Pipeline Junction Constraint (PJC). This constraint fixes both the heading and pitch angles during
the movement inside the pipeline piece (not during the junctions), (El-Sheimy, Sahli, & Moussa,
2015). New measurement model for PJC will be introduced in section 5.5.2. It is noticeable that
roll angle is free to rotate along pipeline axis. Therefore, roll angle will not be included in PJC
measurement model.
Until now, we assumed that the period between two junctions represents a straight pipe. However,
due to the fittings (i.e. bends), this assumption cannot be considered true all the time. Therefore,
the PJC model will be supported by bend detection algorithm (BDA) to detect the bends and
disable PJC model during the bends periods. BDA is introduced in the next section.
Finally, it is good to mention that junction detection function should be executed prior to
navigation offline process to save the pipeline junctions file. This file will be used as an input to
the navigation offline process.
5.4 Bend Detection Algorithm (BDA)
Pig has three gyroscopes that measure and record the angular rates (𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 ) of its motion
around three axes x, y, and z, respectively. In this thesis, the pig axes are defined as shown in
Figure 5-9. The 𝑥-axis angular rate (𝜔𝑥 ) measures the rate change of the roll angle, while 𝜔𝑦 and
𝜔𝑧 measure the rate change of the pitch and heading angles, respectively.
To detect whether the pig is located inside a fitting (bend), the change in heading and/or pitch
angles of the pig in motion should not exceed certain threshold (𝐶𝑡ℎ ). The selection of this
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threshold can be selected by sensor calibration. Different methods can be applied to measure the
change in the heading and pitch angles.
5.4.1 Angular Velocity Magnitude
In this method, the change rate for both 𝑦 and 𝑧 axes are monitored. The magnitude of the change
in these values can be compared to the selected threshold (𝐶𝑡ℎ ). For easier practice, both values
are merged as follows:

𝜔𝑅 = √𝜔𝑦2 + 𝜔𝑧2

(5-6)

Where 𝜔𝑅 is called a resultant angular rate which is equal to the norm of cross product of 𝜔𝑦 and
𝜔𝑧 .
Selecting the threshold is the most important part in this method. By plotting different resultant
angular rates for different IMUs, it has been noticed that the best value to select (𝐶𝑡ℎ ) is the mean
value of the static period. Checking the condition of this threshold should be done at every iteration
and before applying the PJC constraints as shown in Figure 5-11.
Figure 5-10 illustrates the 𝜔𝑅 values that have been calculated before compensating for gyro biases
and scale factors. Threshold (𝐶𝑡ℎ ) can be selected as the mean value of all resultant angular rates
of 𝜔𝑦 and 𝜔𝑧 during the static period of the pig before it begins moving.
5.4.2 Mean of Heading & Pitch Angles History
Since we are dealing with offline system, data history can be more useful for bend detection. To
detect the changes in the heading and pitch angles, a certain amount of heading and pitch angles
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history can be saved regularly. Each set can be averaged and compared with the previous set. The
differences in both average values (heading to heading and pitch to pitch) will help to classify the
current location as a bend or not. In this method, the thresholds can be set as the integral value of
the drift in the static mode as follows:

𝐶𝛿𝜃 = ∫ 𝑏𝑤 𝑑𝑡

(5-7)

The optimum solution can be obtained by combining both methods in detecting the pipeline bends.

X

Y

Z

Figure 5-9: Pig Defined Axes
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Figure 5-10: Selecting Threshold Criteria – Angular Velocity

5.5 Methodology
To cater for all three-dimensional dynamics of the pig motion, a total of six sensors are used in a
full IMU, which comprises three gyroscopes and three accelerometers. In addition to the IMU, the
odometer is used to measure the displaced travel distance of the pig. AGMs and their measurement
model will be shown in this section, although the target is to use the fewest number of AGMs as
possible.
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Figure 5-11: Algorithm for corrected state estimation

5.5.1 Dynamic Error Model
MEMS-based IMU was the main sensor used to collect the pig’s motion data. EKF was used as an
estimation technique to overcome the poor performance and non-linearity of the dynamic system
in this work. Both dynamic and measurement models developed in this section to estimate, as
accurately as possible, the states of the system. The state vector to be estimated was designed to
include the errors associated with the position, velocity, and attitude. The stochastic bias errors
associated with the gyroscopes and accelerometers are included as well. The state vector is defined
as follows (Noureldin, Karamat, Eberts, & El-Shafie, 2009):

𝜹𝒙 = [𝜹𝒓 𝜹𝒗 𝜹𝜺 𝜹𝒃𝒈 𝜹𝒃𝒂 ]𝑻
where
𝛿𝑟 : Position error vector (3 × 1)
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(5-8)

𝛿𝑣 : Velocity error vector (3 × 1)
𝛿𝜀 : Attitude error vector (3 × 1)
𝛿𝑏𝑔 : Gyroscope bias error vector (3 × 1)
𝛿𝑏𝑎 : Accelerometer bias error vector (3 × 1)
The dynamic model is non-linear and can be represented in discrete form as follows (El-Sheimy,
2012; Noureldin et al., 2012):

𝒙𝒌+𝟏 = 𝒇(𝒙𝒌 , 𝒌) + 𝒈(𝒙𝒌 , 𝒌)𝒘𝒌

(5-9)

where 𝑓 is the dynamic model, 𝑔 is the stochastic model, and 𝑤 is the process noise.
The linearized error state system’s model can be expressed as:

𝜹𝒙𝒌+𝟏 = 𝚽𝒌 𝜹𝒙𝒌 + 𝑮𝒌 𝒘𝒌

where
𝛿𝑥𝑘+1 : is the (15 × 1) state vector
Φ𝑘 : is the (15 × 15) transition matrix
𝐺𝑘 : is the (15 × 1) noise distribution matrix
𝑤𝑘 : is the unit variance white Gaussian noise
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(5-10)

By applying Taylor series expansion and ignoring the higher order terms, the linearized system
model in the local level frame (LLF), represented as North, East, and Down (NED), can be
expressed as follows:

𝛿𝑥𝑘+1

𝐼 𝐹1
0 𝐼
= 0 𝐹4
0 0
[0 0

0
𝐹2
𝐼
0
0

0
0
𝐹3
𝐹5
0

𝜎𝑟
0 𝛿𝑟𝑘
𝜎
𝐹3 𝛿𝑣𝑘
𝑣
0 𝛿𝜀 + 𝜎𝜀 𝑤𝑘
𝐹7
0 𝛿𝑏𝑔
[
𝐹8 ]
𝐹6 ] [𝛿𝑏𝑎 ]

where
𝛿𝑟𝑘 = [𝛿𝜑𝑘 ,𝛿𝜆𝑘 ,𝛿ℎ𝑘 ]𝑇 ,

𝛿𝑣𝑘 = [𝛿𝑣𝑘𝑁 ,𝛿𝑣𝑘𝐸 ,𝛿𝑣𝑘𝐷 ]𝑇

𝛿𝜀𝑘 = [𝛿𝜙𝑘 ,𝛿𝜃𝑘 ,𝛿𝜓𝑘 ]𝑇 , 𝛿𝑏𝑔 = [𝛿𝑏𝑔𝑥 ,𝛿𝑏𝑔𝑦 ,𝛿𝑏𝑔𝑧 ]𝑇
𝛿𝑏𝑎 = [𝛿𝑏𝑎𝑥 ,𝛿𝑏𝑎𝑦 ,𝛿𝑏𝑎𝑧 ]𝑇
1
𝑅𝑀 + ℎ

𝐹1 =

0
[

0

0

0

1
(𝑅𝑁 + ℎ) cos 𝜑
0

0
−1]

0
𝐹2 = [−𝑓𝑢
𝑓𝑛

𝑓𝑢
0
−𝑓𝑒

−𝑓𝑛
𝑓𝑒 ] . Δ𝑡
0

𝑅11
𝑅
𝐹3 = [ 21
𝑅31

𝑅12
𝑅22
𝑅32

𝑅13
𝑅23 ] . Δ𝑡
𝑅33
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. Δ𝑡

(5-11)

1
𝑅𝑀 + ℎ
𝐹4 =

0
−1
𝑅𝑁 + ℎ
− tan 𝜑
𝑅𝑁 + ℎ

0
[

0

0

0 . Δ𝑡
0
]

−𝛽𝜔𝑥
𝐹5 = [ 0
0

0
−𝛽𝜔𝑦
0

0
0 ] . Δ𝑡
−𝛽𝜔𝑧

−𝛽𝑓𝑥
𝐹6 = [ 0
0

0
−𝛽𝑓𝑦
0

0
0 ] . Δ𝑡
−𝛽𝑓𝑧

𝜎𝜙
𝜎𝑣 𝑛
𝜎𝜑
𝜎𝑟 = [ 𝜎𝜆 ] , 𝜎𝑣 = [ 𝜎𝑣𝑒 ] , 𝜎𝜀 = [ 𝜎𝜃 ]
𝜎𝜓
𝜎𝑣 𝑑
𝜎ℎ
2
√2𝛽𝑓𝑥 𝜎𝑓𝑥

2
√2𝛽𝜔𝑥 𝜎𝜔𝑥

2 , 𝐹 = √2𝛽 𝜎 2
𝐹7 = √2𝛽𝜔𝑦 𝜎𝜔𝑦
8
𝑓𝑦 𝑓𝑦
2 ]
[ √2𝛽𝜔𝑧 𝜎𝜔𝑧

[

2
√2𝛽𝑓𝑧 𝜎𝑓𝑧

]

where
𝛽 : Reciprocal of the correlation time of the bias instability random process
𝜎 2 : Variance of the white noise associated with the random process
𝑅𝑀 : Meridian radius of curvature (North-South)
𝑅𝑁 : Prime vertical radius of curvature of the Earth’s surface (East-West)
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𝜑, 𝜆, ℎ : Latitude, longitude and height, respectively
𝑓 𝑛 , 𝑓 𝑒 , 𝑓 𝑑 : Specific forces in east, north and up directions, respectively.
𝑅𝑖𝑗 : Rotation matrix (𝑅𝑏𝑙 ) elements from body to local level frame.
Δ𝑡 : Rate change of time
In this thesis, a new measurement model has been developed specifically for pipeline navigation.
The mathematical equations will be demonstrated in the next section.
The linearized measurement error model can be expressed as:

𝜹𝒛𝒌 = 𝑯𝜹𝒙𝒌 + 𝜹𝝂𝒌

(5-12)

where 𝐻 is the design matrix and 𝜈 is the measurement noise. Both process and measurement
noises are assumed to be white and uncorrelated to each other. Readers can refer to (Shin, 2005)
for more details about measurement models
5.5.2 Pitch & Heading Measurement Model
The attitude of the pig in the pipeline is computed from the elements of the following DCM (Sahli
& El-Sheimy, 2016):
𝑎̂11
𝑙
𝑣 𝑇
𝑙
𝑣 𝑇
𝑙
̂
̂
(𝑅
)
[𝐼
(𝑅
)
𝑎
𝑅𝑣 = 𝑅𝑏 𝑏 = − Ψ]𝑅𝑏 𝑏 = [ ̂21
𝑎̂31

99

𝑎̂12
𝑎̂22
𝑎̂32

𝑎̂13
𝑎̂23 ]
𝑎̂33

(5-13)

where (𝑅𝑗𝑘 ) represents the rotation matrix or direct cosine matrix (DCM) from (𝑗) to (𝑘) frames.
(Ψ) represents the skew-symmetric matrix of the rotation vector pertaining to the error of the
attitude DCM and (𝑏, 𝑙, 𝑣) represent body, local level (navigation), and vehicle (pig) frames,
respectively.
0
𝛹 = [ 𝛿𝜓
−𝛿𝜃

−𝛿𝜓
0
𝛿𝜙

𝛿𝜃
−𝛿𝜙]
0

Let 𝑎̂𝑖𝑗 , 𝑏𝑖𝑗 and 𝑐𝑖𝑗 represent that 𝑖𝑗 𝑡ℎ elements of 𝑅̂𝑣𝑙 , 𝑅𝑏𝑣 , and 𝑅𝑏𝑙 , respectively,
Where the elements of 𝑅𝑏𝑙 can be expressed as follows:
𝑐11 = cos 𝜃 cos 𝜓
𝑐12 = − cos 𝜙 sin 𝜓 + sin 𝜙 sin 𝜃 cos 𝜓
𝑐13 = sin 𝜙 sin 𝜓 + cos 𝜙 sin 𝜃 cos 𝜓
𝑐21 = cos 𝜃 sin 𝜓
𝑐22 = cos 𝜙 cos 𝜓 + sin 𝜙 sin 𝜃 sin 𝜓
𝑐23 = − sin 𝜙 cos 𝜓 + cos 𝜙 sin 𝜃 sin 𝜓
𝑐31 = − sin 𝜃
𝑐32 = sin 𝜙 cos 𝜃
𝑐33 = cos 𝜙 cos 𝜃
From (𝑅𝑏𝑙 ), the computed heading and pitch angles can be written as follows:
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(5-14)

𝜓̂ = tan−1

sin 𝜓̂
𝑎̂21
= tan−1
𝑎̂11
cos 𝜓̂
̂

𝑠𝑖𝑛 𝜃
𝜃̂ = tan−1 𝑐𝑜𝑠 θ̂ = tan−1

(5-15)

−𝑎̂31
2 +𝑎
2
√𝑎̂32
̂ 33

(5-16)

where
𝑎̂11 = 𝑏11 (𝑐11 + 𝑐21 𝛿𝜓 − 𝑐31 𝛿𝜃) + 𝑏12 (𝑐12 + 𝑐22 𝛿𝜓 − 𝑐32 𝛿𝜃) + 𝑏13 (𝑐13 + 𝑐23 𝛿𝜓 − 𝑐33 𝛿𝜃)
𝑎̂21 = 𝑏11 (𝑐21 + 𝑐31 𝛿𝜙 − 𝑐11 𝛿𝜓) + 𝑏12 (𝑐22 + 𝑐32 𝛿𝜙 − 𝑐12 𝛿𝜓) + 𝑏13 (𝑐23 + 𝑐33 𝛿𝜙 − 𝑐13 𝛿𝜓)
𝑎̂31 = 𝑏11 (𝑐31 + 𝑐11 𝛿𝜃 − 𝑐21 𝛿𝜙) + 𝑏12 (𝑐32 + 𝑐12 𝛿𝜃 − 𝑐22 𝛿𝜙) + 𝑏13 (𝑐33 + 𝑐13 𝛿𝜃 − 𝑐23 𝛿𝜙)
𝑎̂32 = 𝑏21 (𝑐31 + 𝑐11 𝛿𝜃 − 𝑐21 𝛿𝜙) + 𝑏22 (𝑐32 + 𝑐12 𝛿𝜃 − 𝑐22 𝛿𝜙) + 𝑏23 (𝑐33 + 𝑐13 𝛿𝜃 − 𝑐23 𝛿𝜙)
𝑎̂33 = 𝑏31 (𝑐31 + 𝑐11 𝛿𝜃 − 𝑐21 𝛿𝜙) + 𝑏32 (𝑐32 + 𝑐12 𝛿𝜃 − 𝑐22 𝛿𝜙) + 𝑏33 (𝑐33 + 𝑐13 𝛿𝜃 − 𝑐23 𝛿𝜙)
Ideally as per the algorithm assumption, the heading and pitch angles do not change in the pipeline
piece; the change in these angles should be zero. Therefore, the approximated changes of heading
and pitch angles model can be expressed as follows:
𝑣
𝛿𝑧𝜃,𝜓
= 𝜖̂ − 𝜖̃

(5-17)

where 𝜖̂ is the computed heading and pitch vector, and 𝜖̃ is the measured heading and pitch vector.
The measurement design matrix can be expressed as follows:

𝐻𝑝,𝐴

𝜕𝜃̂
𝜕𝛿𝜙
=
𝜕𝜓̂
[𝜕𝛿𝜙

𝜕𝜃̂
𝜕𝛿𝜃
𝜕𝜓̂
𝜕𝛿𝜃
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𝜕𝜃̂
𝜕𝛿𝜓
𝜕𝜓̂
𝜕𝛿𝜓]

(5-18)

Finally, the innovation sequence of EKF at each epoch can be calculated as follows:
𝑣
𝑒𝑘 = 𝛿𝑧𝜃,𝜓
− 𝐻𝜃,𝜓 𝛿𝑥

where 𝛿𝑥𝑘 represents the error state vector [𝛿𝜙

𝛿𝜃

(5-19)

𝛿𝜓]𝑇 .

The elements of the first matrix can be calculated as follows:
𝜕𝜃̂
𝜕𝛿𝜙
[2(𝑏21 𝑐21 + 𝑏22 𝑐22 + 𝑏23 𝑐23 )𝐸𝑄9 + 2(𝑏31 𝑐21 + 𝑏32 𝑐22 + 𝑏33 𝑐23 )𝐸𝑄8 ]𝐸𝑄4
𝐸𝑄5
−
) 𝐸𝑄7
𝐸𝑄3
√𝐸𝑄7
=
𝐸𝑄1
(

𝜕𝜃̂
𝜕𝛿𝜃
[2(𝑏21 𝑐11 + 𝑏22 𝑐12 + 𝑏23 𝑐13 )𝐸𝑄9 + 2(𝑏31 𝑐11 + 𝑏32 𝑐12 + 𝑏33 𝑐13 )𝐸𝑄8 ]𝐸𝑄4
𝐸𝑄6
(
−
) 𝐸𝑄7
𝐸𝑄3
√𝐸𝑄7
=−
𝐸𝑄1
𝜕𝜃̂
=0
𝜕𝛿𝜓
(𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )(𝑏11 𝑐31 + 𝑏12 𝑐32 + 𝑏13 𝑐33 )
𝜕𝜓̂
=
𝜕𝛿𝑟 (𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2 + (𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )2
(𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )(𝑏11 𝑐31 + 𝑏12 𝑐32 + 𝑏13 𝑐33 )
𝜕𝜓̂
=
𝜕𝛿𝜃 (𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2 + (𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )2
(𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )2
(
+ 1) (𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2
̂
𝜕𝜓
(𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2
=−
(𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2 + (𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )2
𝜕𝛿𝜓
where:
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𝐸𝑄1 = (𝑏11 𝑐31 + 𝑏12 𝑐32 + 𝑏13 𝑐33 )2 + (𝑏21 𝑐31 + 𝑏22 𝑐32 + 𝑏23 𝑐33 )2
+ (𝑏31 𝑐31 + 𝑏32 𝑐32 + 𝑏33 𝑐33 )2
𝐸𝑄2 = (𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13 )2 + (𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23 )2
𝐸𝑄3 = 2√((𝑏21 𝑐31 + 𝑏22 𝑐32 + 𝑏23 𝑐33 )2 + (𝑏31 𝑐31 + 𝑏32 𝑐32 + 𝑏33 𝑐33 )2 )3
𝐸𝑄4 = 𝑏11 𝑐31 + 𝑏12 𝑐32 + 𝑏13 𝑐33
𝐸𝑄5 = 𝑏11 𝑐21 + 𝑏12 𝑐22 + 𝑏13 𝑐23
𝐸𝑄6 = 𝑏11 𝑐11 + 𝑏12 𝑐12 + 𝑏13 𝑐13
𝐸𝑄7 = 𝐸𝑄82 + 𝐸𝑄92
𝐸𝑄8 = 𝑏31 𝑐31 + 𝑏32 𝑐32 + 𝑏33 𝑐33
𝐸𝑄9 = 𝑏21 𝑐31 + 𝑏22 𝑐32 + 𝑏23 𝑐33
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Chapter Six : EXPERIMENTAL RESULTS
In this chapter, the performance of the PLJ/EKF approach and the EKF approach will be compared
using two datasets collected from MEMS based IMU and FOG based IMU mounted in pipeline
inspection gauge (pig). The results will be compared with true reference trajectory that has been
made specifically for this research.
This chapter is divided into different sections. Section 6.1 describes the experiment environment.
Forward-Backward smoothing results for MEMS based IMU is shown in section 6.2. Section 6.3,
shows the experimental results to verify PLJ/EKF algorithm for the MEMS dataset with three
different scenarios. In the first two scenarios, AGM point has been introduced in two different
locations. In the last scenario, no AGM is used. In all scenarios, comparisons between both
algorithms are shown (PLJ/EKF & EKF). Section 6.4 shows the experimental results for FOG
based IMU (LN200).
6.1 Experiment Description (MEMS)
This section presents the experiment description to be analyzed in the next sections using different
navigation algorithms developed in this thesis. The experimental platform consists of a low cost
IMU (SiIMU02) aided by odometer. The dataset was collect by M/S ROSEN using a pipeline
inspection gauge in pipeline environment. The standard pipeline piece length used in this project
is 24 𝑚.
The IMU used in this experiment is a strapdown inertial measurement unit ("MEMS Inertial
Measurement Unit - SiIMU02 Datasheet," 2010) which contains three gyroscopes and three
accelerometers. The IMU is installed directly in the pig. The outputs of the IMU are in the body
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frame of the pig whose origin is defined at the IMU mass center. The pig body frame is defined as
IMU body frame. The three accelerometers (x, y, and z) are installed in the (x, y, and z) axes of
the body frame to measure the specific force of the body frame. The three gyroscopes (x, y, and z)
are installed in the (x, y, and z) axes of the body frame to provide the angular rate of the pig with
respect to body frame. The total trajectory length is around (3 𝑘𝑚). The pig traveled the total
distance in (1 ℎ𝑟) with average speed (0.8 𝑚/𝑠). The data sampling frequency is 125 Hz. The
measurement range of the gyroscope (𝐺𝑥 ) is (±9,000 °/𝑠), and for both (𝐺𝑦 , 𝐺𝑧 ) is (± 500 °/𝑠).
The pig trajectory in the experiment is shown in Figure 6-1. Pig starts the motion from the origin
of the local level frame (0,0) after stationary period of (5 𝑚𝑖𝑛). The starting point is marked in
the figure as a red star.

Figure 6-1: Pig Trajectory
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Figure 6-2: Accelerometers Output
The output of the three accelerometers and three gyroscopes after smoothing are shown in Figure
6-2 and Figure 6-3, respectively. The spikes in all figures represents the junctions of the pipeline.
These spikes can be detected as shown in section 5.3. A sample of detected junctions are shown in
Figure 6-4. From this figure, the time difference between two spikes multiplied by the average
speed of the pig (≈ 0.8 𝑚/𝑠) will be equal to pipe length (2914 − 2883) × 0.8 = 24 𝑚.
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6.1.1 Simulated AGM
The true reference trajectory has been provided for this pig experiment by M/s ROSEN. No Above
Ground Markers (AGMs) have been used in this experiment. Therefore, a simulated AGM has
been calculated to simulate the effect of this update coordinate on the system solution. Since the
original solution is based on trajectory (latitude, longitude, and height) without any travelling time,
the reference solution was calculated based on the distance traveled based on the odometer time
and the distance traveled.

Figure 6-3: Gyroscopes Output
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Figure 6-4: Detected Junctions

6.1.2 Adding time to original reference trajectory
Using the original reference (latitude, longitude, and height) along with the odometer output
including its time stamp, a new reference trajectory has been generated that includes time stamp
as shown in Figure 6-5.
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Figure 6-5: Add Time to Original Reference Trajectory

6.2 Forward-Backward Smoothing (MEMS)
In this section, results from Extended Kalman filter with Rauch-Tung-Striebel (RTS) smoother is
applied to the dataset. Two different scenarios have been applied as shown below. These results
have been discussed in (Sahli, 2014).
1. Scenario #1: Processed IMU & Odometer data using no AGM.
2. Scenario #2: Processed IMU & Odometer data using one AGM point.
The results can be summarized as shown in Table 6-1 and Table 6-2 , where North, East & Height
RMS errors for both cases are presented.
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Table 6-1: North, East & Height Errors - Filtered
RMS Error
North (m)

East (m)

Height (m)

Scenario #1

12.53

26.56

3.74

Scenario #2

10.70

27.50

2.20

Table 6-2: North, East & Height Errors – Smoothed
RMS Error
North (m)

East (m)

Height (m)

Scenario #1

1.76

6.77

1.65

Scenario #2

1.16

0.93

0.88

6.2.1 Scenario #1:
Figure 6-6 to Figure 6-9 represent the output results of data processed for scenario #1. In this
scenario, no AGM points have been included. However, the starting and ending position are
known. In Figure 6-7, we can notice the increments of the estimated errors in all different directions
(NED) due to lack of position update. The maximum error in east direction increased to 80 𝑚.
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Figure 6-8 shows the errors in North, East, and Height directions, respectively.

Figure 6-6: Full Trajectory (Scenario #1)
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Figure 6-7: NED Error - Filtering (Scenario #1)

Figure 6-8: NED Error - Smoothing (Scenario #1)
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Figure 6-9: Roll, Pitch and Azimuth - Smoothing (Scenario #1)
The three main orientation angles of the pig can be defined as:


Azimuth: is the Heading of the IMU, which is the angle between the IMU y-axis and
magnetic north.



Pitch: the rotation around the IMU's x-axis.



Roll: the rotation around the IMU's y-axis.

Since there is no restriction about the rolling motion of the pig (pig is free to roll about its axis),
the drop in roll angle’s value represents the rolling motion of the pig during its journey through
the pipeline as shown in Figure 6-9 (blue curve). The green curve in shows the changes of the pitch
angle of the pig. Only a tiny change of this angle is noticeable except at the pig launches at the
beginning and the end of the pipeline where the lunches are located above the ground surface.
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6.2.2 Scenario #2:
In this scenario, one simulated AGM (as shown in Figure 6-10) has been added to the data as a
coordinate update (CUPT). The position error at (4324 𝑠𝑒𝑐) has been reset due to AGM update
(AGM STD 0.1 𝑚).

Figure 6-10: Full Trajectory (Scenario #2)
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Figure 6-11: NED Error - Filtering (Scenario #2)

Figure 6-12: NED Error - Smoothing (Scenario #2)
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Figure 6-12 shows how the errors have been reduced using the backward smoothing. Huge
improvement can be noticed especially in north and east direction.
Adding one position update, improve the backward solution dramatically. However, for long
distance pipeline, multiple AGMs need to be added to get the same results. Which will increase
the cost of the inspection. Therefore, in the next section, the new proposed algorithm will shows
the improvement that can be achieved without adding new position update (AGM) for forward
solution.
6.3 PLJ/EKF Results (MEMS)
The new pipeline navigation approach’s results using PLJ/EKF algorithm developed in this thesis
are shown in this section. The same two scenarios (as shown in section 6.2) for MEMS based IMU
are applied here. This section introduces the equipment used and describes the pipeline inspection
test performed to assess the efficacy of the PLJ algorithm. The results of the proposed method pipeline junction’s integration - will be discussed in detail and compared to the results of the
traditional method of the EKF-based Odometer/AGM integration for pipeline navigation. In
figures and tables, EKF/PLJ will be referred to as the new developed method, while EKF will be
referred to as the normal EKF method. Please note that Odometer and AGM (if available) are used
in both methods. Moreover, in all cases, starting and ending position of the pipeline are known.
The developed method was examined through real pipeline inspection trajectories, using as few
AGMs as possible. SiIMU02 (by UTC Aerospace Systems) MEMS-based inertial sensors were
used for the experiment in this section. SiIMU02 is a six degree of freedom inertial system that
uses solid-state devices to measure the angular rate and linear acceleration. Table 6-3 shows the
IMU specifications.
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The reference solution used to evaluate the proposed method is based on the LN200 high-end
tactile grade IMU has been provided by the pipeline contractor. The forward speed (odometer data)
was provided by the pig’s manufacturer with an odometer STD 0.15 𝑚/𝑠.
One point worth noting is that the pig operator did not provide the AGMs’ positions; as a result,
artificial AGMs were extracted from the true reference trajectory (Section 6.1.2). The total pig
journey distance in this experiment is almost 3km over a total travel time of 1 hour.
Table 6-3: MEMS – IMU Specifications (SiIMU02)
Gyroscope

Accelerometer

Bias Repeatability (𝟏𝝈)

≤ 100°/ℎ𝑟

≤ 10 𝑚𝑔

Random Walk

≤ 0.5°/√ℎ𝑟

≤ 0.5𝑚/𝑠/√ℎ𝑟
Diameter (65.5)

Size (mm)
Depth (35.5)

For comparison purposes, the proposed algorithm was applied for two different scenarios. In both
scenarios, the position of the first and last point of the trajectory is known. The first point represents
the pig pipeline inlet and the last point is the pig pipeline outlet.


Scenario #1: Processed IMU & Odometer data using no AGM.



Scenario #2: Processed IMU & Odometer data using one AGM (after 30 𝑚𝑖𝑛)

117

6.3.1 Scenario #1
This scenario is similar to scenario #1 earlier without adding any AGM, the difference between
both solutions is clear, as shown in Figure 6-13. The position errors for each method are shown in
Figure 6-14 and Figure 6-15, respectively. The bar graphs in Figure 6-16 and Figure 6-17 show
that the proposed EKF/PLJ method greatly improved the accuracy of the results. EKF/Odometer
integration for pipeline navigation, using the developed method of EKF/PLJ, had a maximum
position error of 11.59 m in the north direction, and EKF/Odometer solution only had a maximum
position error of 76.41 m in the same direction. This is an overall average improvement of 85%.

Figure 6-13: Trajectories - Scenario #1
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Figure 6-14: Positions RMS Errors - EKF Scenario #1

Figure 6-15: Positions RMS Errors - EKF/PLJ - Scenario #1
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Figure 6-16: Maximum Position Errors - Scenario #1

Figure 6-17: RMS Positions Errors - Scenario #1
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Despite all the improvements in the horizontal plane (north and east directions), the above bar
graphs reveal that height errors have slight increments using the new EKF/PLJ method. This
increment does not affect the total solution for the pipeline trajectory, especially, if we know that
the pipeline is usually located 1-5 m below the earth surface. Finally, the results can be summarized
as shown in Table 6-4 and Table 6-5 where north, east, height maximum and RMS errors for both
scenarios are shown.

Table 6-4: North, East & Height Errors
Maximum Error
Method

North (m)

East (m)

Height (m)

EKF

31.99

72.89

3.28

EKF/PLJ

11.83

10.77

7.03

EKF

76.41

51.94

1.99

EKF/PLJ

11.59

8.48

5.99

Scenario #1

Scenario #2
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Table 6-5: North, East & Height Errors
RMS Error
Method

North (m)

East (m)

Height (m)

EKF

17.7

25.05

1.61

EKF/PLJ

7.11

5.80

2.91

EKF

46.72

34.58

1.03

EKF/PLJ

7.35

5.91

2.31

Scenario #1

Scenario #2

6.3.2 Scenario #2
In this scenario, one AGM was added after 20 minutes of motion to provide position update
(CUPT) to the navigation algorithm. Figure 6-18 shows the solutions of the EKF-based and
EKF/PLJ-based, where both solutions are compared against the reference trajectory. The EKF/PLJ
proposed solution showed an improvement over the standalone EKF solution, which is clearly
noticed in Figure 6-19 and Figure 6-20. The figures illustrate the north, east, and height positions
RMS errors for both methods. Maximum and RMS position errors (in meters) for each solution
are shown by bar graphs in Figure 6-21 and Figure 6-22, respectively.
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Figure 6-18: Trajectories - Scenario #2
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Figure 6-19: Positions RMS Errors - EKF Scenario #2
.

Figure 6-20: Positions RMS Errors - EKF/PLJ Scenario #2
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Figure 6-21: Maximum Position Error - Scenario #2

Figure 6-22: RMS Position Errors - Scenario #2
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6.4 PLJ/EKF Results (LN200)
In this section results of FOG based IMU (LN200) are demonstrated. The IMU specifications are
shown in Table 6-6.
Table 6-6: LN200s – IMU Specifications

Bias Repeatability (𝟏𝝈)
Random Walk

Gyroscope

Accelerometer

0.5 °/ℎ𝑟

300 μg

0.05°/√ℎ𝑟

0.34 𝑚/𝑠/√ℎ𝑟
Diameter (88.9)

Size (mm)
Height (85.1)

The data of this experiment has been collected for 36 𝑖𝑛𝑐ℎ diameter pig with a velocity average
around 0.4 𝑚/𝑠. No reference trajectory has been provided for this test, however, 10 AGMs
coordinates have been provided. The pig ran in the pipeline for 21.42 hours and traveled about
31.24 𝑘𝑚.
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Figure 6-23 illustrates the full trajectory results for LN200 IMU. The “+” markers are the above
ground markers. The area inside the rectangle is zoomed and illustrated in Figure 6-24.

Figure 6-23: Full Trajectory - LN200
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Figure 6-24: Trajectory - Zoomed area from Figure 6-23
The 3D errors has been calculated at the AGM markers by calculating the differences between the
position of the AGM and the position of the filtering solution at the same time. Table 6-7 shows
all combined errors that includes latitude errors, longitude errors, height errors, 2D errors, and 3D
errors.
Figure 6-23 illustrates both AGM #2 and AGM #3. As shown in Table 6-7, the 3D error at AGM
#2 has been reduced from 40.215(𝑚) to 14.88(𝑚) using EKF/PLJ algorithm.
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Table 6-7: LN200 - Errors
AGM
Algorithm
#

Latitude
Error (m)

Longitude
Error (m)

Height
Error (m)

2D Error
(m)

3D Error
(m)

EKF

0.039

0.087

0.203

0.096

0.224

EKF/PLJ

0.038

0.089

0.141

0.097

0.171

EKF

31.36

23.22

9.728

39.021

40.215

EKF/PLJ

8.039

7.863

9.746

11.245

14.88

EKF

18.913

0.246

31.762

18.915

36.967

EKF/PLJ

7.092

13.9

31.793

15.605

35.416

EKF

4.591

6.563

15.465

8.009

17.416

EKF/PLJ

4.564

6.549

15.371

7.983

17.32

EKF

1.259

10.356

32.224

10.432

33.87

EKF/PLJ

1.622

8.212

32.216

8.371

33.286

EKF

5.251

1.927

10.911

5.593

12.261

EKF/PLJ

5.255

1.918

10.911

5.594

12.261

EKF

0.186

0.062

0.015

0.196

0.197

EKF/PLJ

0.186

0.062

0.015

0.196

0.197

EKF

33.823

6.237

39.881

34.393

52.663

EKF/PLJ

33.788

6.287

39.881

34.368

52.646

EKF

0.022

0.064

0.045

0.068

0.081

EKF/PLJ

0.022

0.064

0.045

0.068

0.081

EKF

1.968

1.985

16.157

2.795

16.397

EKF/PLJ

2.12

2.105

16.156

2.988

16.430

1

2

3

4

5

6

7

8

9

10
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Figure 6-25: The effect of EKF/PLJ algorithm

Figure 6-25 shows the effect of EKF/PLJ algorithm for a short period (red line). It is noticeable
that the aliasing appeared using EKF algorithm have been removed (blue line).
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Chapter Seven : CONCLUSION AND RECOMMENDATION
This chapter brings together the theoretical and practical results to create a unified view of the
integrating pipeline junction algorithm with the EKF. All conclusions and recommendations are
made in an attempt to improve usability and adoption of MEMS-based IMU systems for pipeline
inspectors.
Although there are many avenues that can be progressed from this thesis, those are the most
concern relate to improve the accuracy when using MEMS-based IMUs. Accuracy improvement
can result from increasing the accuracy of the inertial sensors, increasing the accuracy of the aiding
navigation sensors, through the understanding of the physical source of the initial errors.
In Chapter One an introduction to pipeline navigation has been introduced. The problem statement
has been highlighted with the current pigs capabilities. Various types of aiding sensors that can
improve navigation algorithms have been investigated in Chapter Two. In section 2.2, the required
navigation frames have been introduced. Section 2.3 introduced the different attitude
representations used in mechanization algorithm. Gradually mechanization algorithm have been
shown in section 2.4. The required aiding sensors for pipeline navigation have been modeled in
section 2.5. Inertial sensor errors with their mathematical models have been introduced in Chapter
Three. INS calibration methods for MEMS-based IMUs are explained in section 3.4. MEMS-based
IMU alignment procedures have been shown in section 3.6. Kalman filter with INS error models
(𝜓 and 𝜙) have been reviewed in Chapter Four. Stochastic random processes including GaussMarkov model have been explained in section 4.4. Pipeline junction algorithm has been introduced
in Chapter Five. Pipeline bend detection method are explained in section 5.4. Required constraints
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for PLJ has been introduced in section 5.5 . A comparison between EKF and PLJ/EKF algorithms
has been illustrated in Chapter Six.
7.1 Research Contribution
There are two main contributions developed in this research work:
1. Enhancing the navigation solution for smart pipeline inspection gauge’s (pig) tool using
new defined pipeline constraints. Without these constraints, as shown in Figure 6-6, the
IMU errors cannot be bounded and the solution drifts extremely. In Chapter Five, these
constraints have been developed and used to bound the IMU error and reduce the position
errors dramatically.
2. In pipeline industry, magnetic flux leakage (MFL) and electromagnetic acoustic
transducers are used to detect pipeline junctions. However, in section 5.2, new method for
pipeline junctions detection has been introduced using gyroscopes and accelerometers
readings.
3. IMU turn detection (pipeline bend detection) has been introduced by combining two
methods as follows:
a. Using angular velocity magnitude.
b. Calculating the average value of heading and pitch angles.
7.2 Conclusion
From the work performed in this thesis, the following conclusions can be drawn:
1. This thesis’s objective was to investigate means of improving the small diameter pig’s
positioning capability by including MEMS-based IMU. Due to the size of tactical grade
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IMUs, it is not possible to include them in the current small size diameter pigs (8” and
below). Therefore, the need of using MEMS-based IMUs appeared. However, the
performance of these MEMS-based IMUs are low compared to the required accuracy by
industry. Ideally, the pig should be positioned to within one pipe length so that the correct
section may be determined if pipe replacement is required. However, two to three meters
should be accepted for in case of excavation for maintenance.
2. Inertial navigation errors grow unboundedly without any assumptions of the motion body
and without any aiding sensors. This is the reason that INS cannot provide proper
navigation solution as a standalone system for long period. Constraints can limit the growth
of these errors. Therefore, understanding the behavior and system environment added
useful values to the designed system. Based on the reality of constructing the pipelines
(i.e. series of straight pipes), and how they have been connected to each other, new
constrains have been added to the measurement model to bounds the errors in IMU drift.
Pitch and heading angles have been constrained between two pipeline junctions (excluding
the pipes’ fittings). This constrain method is called pipeline junction constraints (PJC).
3. In order to implement the PJC, the current pig position need to be marked as inside or
outside the straight pipe. Two different methods have been integrated for this purpose:
a. Pipeline junctions’ detection technique has been developed in section 5.3 using two
different methods (moving average technique, and wavelet transformation).
b. Bend detection algorithm (BDA) has been developed in section 5.4 using two
different methods (angular velocity magnitude, and mean of heading & pitch angles
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history). BDA allows the system to decide wither the current position is inside the
fitting (bend) or not.
4. By applying PJC, the IMU drift has been reduced. Therefore, the system was capable of
reducing the trajectory navigation root mean square errors (RMSE) by around 80% over
one hour of operation and without using any AGM along the pig journey using MEMSbased IMU. Hence, the system is capable to reduce the used number of AGMs as shown in
both scenarios of section 6.3. However, some external AGMs are still required in order to
limit the absolute positional error growth of the INS.
5. Finally, the output solution can be used to generate the new maps, or validate the existing
maps, and mark the detected parts of pipeline for maintenance.
In Chapter Six, results from MEMS-based IMU and high-end tactical grade IMU have been
provided. Two different scenarios have been discussed for MEMS-based IMU as results of real
pipeline data that was collected using a MEMS-IMU-based system. These results show that
the newly proposed method is capable of reducing the trajectory navigation RMS error by
around 80% over one hour of operation and without using any AGM along the pig journey.
Similarly, the proposed algorithm has been tested on pipeline data that has been collected using
high-end tactical grade IMU. The algorithm has slight improvement over the high-end tactical
grade IMU due to its accuracy. Table 6-7 shows the improvement of 9% in the 3D position
errors.
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7.3 Recommendations for Further Research
Here are some recommendations for further research to be investigated to improve the current
pipeline navigation using MEMS-based IMU:
1. Making a system of cheaper and more numerous inertial sensors can match or exceed the
performance of high-end tactical grade IMU using multiple MEMS-based IMUs.
2. Smart pigs contain multiple sensors for different types of measurements. Some of them are
able to detect cracks and pipe wall thickness. It is advisable to use their data to detect the
pipeline junctions and update PLJ/EKF algorithm.
3. Including different types of aiding sensors can improve the navigation results. Hence,
vision sensors (i.e. camera or LIDAR) and magnetometer can be included in future
research.
4. In this research, map matching has not been used based on the industrial required.
However, if initial maps have been including, using initial engineering maps to integrate
them with PLJ/EKF algorithm can improve the results dramatically.
5. Since this is an offline system, other non-linear filtering algorithms can be tested; such as
unscented Kalman filter (UKF) or particle filter (PF).
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APPENDIX: Pipeline Pigging
Pipeline Integrity
Pipeline system integrity is a key operational issue in oil and gas industry. Pipeline systems starts
from the production fields to refineries and finally to the end users. Significant financial losses can
be caused by interruption in oil flow due to pipeline system components failure (ex. pipes, valves,
flanges …etc.). A recent example is the Long Lake oilsands incident at facility south of Fort
McMurray in northern Alberta. Where M/s Nexen pipeline spills five million liters of bitumen,
sand and oil to cover about 16,000 square meters in July 2015. Similarly, in April 2011, a Plains
Midstream Canada ULC pipeline leaked 4.5 million liters of crude oil near a First Nations
community in northwest Alberta. In 2013, Macondo incident of BP Deepwater Horizon accident
in the Gulf of Mexico. A gas leak and subsequent explosion in combination with component
failure, ultimately rendering the emergency blow out preventer to seal off the well. The following
fire burned for 36 hours before the drilling rig sank. Eleven operators died and an estimate of 3.26
million barrels of oil were released. The operation cost exceeded $14 billion (bp.com, 2013).
Pipeline maintenance management (PMM) is essential in preserving pipeline integrity.
Maintenance objective, strategies, and the responsibilities must be determined in order to achieve
effective pipeline maintenance management. The implementation of these through an organized
work process is a crucial factor in order to anticipate and prevent pipeline system failure. Any
failure affects both the environment and company assets. Pipeline operators’ maintenance
management is normally based on regulations and industry standards established by national and
international regulators. Alberta Energy Regulator (AER) is the applied Albertan industry standard
developed, updated, and regulated in cooperation by and for the oil and gas industry. They are
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authorized to make decisions on applications for energy development, monitoring for compliance
assurance, decommissioning of developments, and all other aspects of energy resource activities.
This authority extends to approvals under the public lands and environment statutes that relate to
energy resource activities. Standards have been updated constantly and they influence all key
aspects of pipeline operations. This includes the origin of the pipelines, the building process, and
its operation and maintenance.
The basic design of the oil and gas pipelines has been conceived to ensure a harmonious blend of
safety and efficiency. Safety is considered as a top priority, especially for oil and gas
transportation.


Safe

Pipelines are considered safe for transporting considerable quantities of oil even over long
distances. Since they are not affected by climatic conditions, pipelines run equally efficiently
throughout the year.


Reliable

Pipelines are a convenient, safe and reliable means of transportation especially when you consider
the high risks of rail and road transportation. There is also the added advantage of least wastage
and loss during transit even though large volumes of oil are continuously transported. Generally,
pipelines are accepted as the safest natural gas transportation technique.


Economical
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Suitable for large volumes of transportation, oil transported by pipelines does not require any
handling operations thereby bringing down total costs incurred for medium and even long haul
transportation to an affordable figure.

Figure 7-1: Pipelines in North America. Total length approximation 2,000,000 km

Therefore, oil and gas transported by pipelines seems to be the preferred option. However,
maintaining the quality of these pipelines along the years is considered as the most important factor
in pipeline industry.
Figure 7-1 shows the curdle oil & natural gas pipelines. Several Federal and state standards and
regulations regulate oil & gas transported by pipelines (i.e. NEP). They enforce the pipelines
clients to ensure both human and environmental safety along with the pipelines safety.
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The status of pipelines’ lifetime provides true challenge to the pipeline integrity. Therefore, it is
important for the pipelines’ operators to assess the pipeline conditions regularly. Both internal and
external assessments are required to be implemented in order to establish full pipeline condition.
As the vast majority of the pipelines are buried or located at subsea level, external assessment
methods are inconvenient (Tiratsoo, 1992). On the other hand, internal and external pipeline
assessments are obtainable by accessing the bore of the pipeline. Early detection and identification
of developing pipeline threats can be achieved by a feedback of conditional assessment data into
the pipeline integrity strategy.
The main responsibility of ensuring pipelines safe operations falls on operators. Hence, the
pipelines are inspected by specialists (safety inspectors) to make sure they meet all regulatory
requirements.
As more and more emphasis is being placed on the safety of existing pipelines, many of oil and
gas pipeline operators’ have made rehabilitation of overall pipeline system their top priority
(Tiratsoo, 1999).

Launcher and Receiver
In practice, pigging a pipeline starts with a pig trap section in the pipeline that includes a launcher
and/ or a receiver. This will allow the system to launch and/or receive a pipeline pig without
interruption of the flow. The launcher inserts the pig into the pipeline, where it is either pushed
along by line pressure or pulled through the pipe by a cable. The receiver acts as a point to remove
the pig from the line, as well as any debris the pig has knocked loose.
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Figure 7-2: Launcher Receiver Design
Piggable Valves
For pipe to be piggable, the in-line valves need to provide a suitable bore. Pipeline can be
unpiggable if the in-line valve does not offer a suitable conduit bore. Similarly, all other pipeline
fittings and check valves will also need to be assessed. Figure 7-3 illustrates the difference between
two types of ball valves. The hollow ball valve cannot be used in piggable pipeline. Similarly,
Figure 7-4 shows a difference between two gate valves. Through conduit gate valve is suitable for
pipeline pigging.
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Figure 7-3: Ball Valves (Wint)

Figure 7-4: Gate Valves (Wint)
Bends
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For pipeline to be piggable, pipeline engineers make sure to design pipeline’ bends with a bend
radius of a minimum three times pipe diameter. Where a pipeline is not designed for pigging, bend
radii of 1 or 1.5 D are most common.
History of Pigs Technology
Different reasons to pig pipelines; ex. cleaning, inspection, batching or displacement. Pigging
process has been around for a long time. However, the earliest project to retrieve pig information
originated in 1959. T.D Williamsons introduced a caliper tool for detecting dents in pipeline in the
same year and a “Cooley Tool” was under development by American Petroleum. Cooley tool used
the magnetic flux leakage (MFL) technique (Woodley, 2011).
Companies were racing in pipeline tools development. M/s Tuboscope had a tool that could detect
defects in down-hole casings where M/s Shell Oil Research was developing a “MacLean tool” that
can detect pitting in down-hole casings. In 1962, Tuboscope developed a pig that is able to carry
an array of remote field eddy current sensors through a pipeline after they obtained a license from
Shell Oil Research for the MacLean tool. Unfortunately, the early test was unsuccessful as the
MacLean tool was not able to detect known pits in test spools.
M/s Tuboscope has purchased the Cooley tool patent by Pan-American Petroleum. Therefore, the
MacLean tool was abandoned and development switched to Cooley or MFL, which was branded
LINALOG. This tool had only four sensors with no distance measurement wheels. It completed
its first job in 1965. The pig positioning was identified using a coil on the pig that can detect
permanent magnets where they have been placed in the pipe before the pig passed.
Until these days, pigs’ development is client driven. In 1966, M/s Tuboscope delivered a prototype
of 360° tool.
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During these early days, pigs were used to target pipeline operators to make their maintenance
more effectively. The transistor was still in its infancy, printed circuit boards were relatively
unsophisticated with the circuits often hand-wired, and rare earth magnets were not available. The
information recorded by the pigs were recorder using a roll of ultraviolet-sensitive paper via a
“visicorder”. The recorded data did not give a suitable information of the status of the pipe unless
it has a major metal loss, which will alert the operator to the site where they should dig.
In 1974, British Gas started to build its own tool on a 24-inch diameter, 12-channel analogue tool.
To achieve the required accuracy, a high sensor density is required. This means typically ten
sensors per pipe inch diameter with a high sampling frequency of 3.3 mm of pig travel. This
amount of data could not be recorded onto analogue tapes. Therefore, a completely new approach
was needed.
In 1977-1978, digital processing pack and 60-channel digital recorders began. As technology has
advanced, data storage and computing power become cheaper, more compact and faster. These
days, the digital recorders can store vast amount of pigging data in hundreds of dollars. Similarly,
the cost of processing data dropped from around $US 1 million in 1980s to hundreds or thousands
of dollars nowadays. This has enabled companies with low financial support to enter the market.
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