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ABSTRACT

Mixture theory provides a framework to study materials composed of an arbitrary

number of constituents. In addition to describing the motion and deformation of a

material, mixture theory also describes reactions between constituents. The coupling

of reactions and mechanical deformations for bone will be examined using a mixture

theory approach.

Bone will be considered as a reactive diffusionless solid-fluid mixture. Assumed

evolution equations which depend on mechanical deformations will be used to describe

reactions in bone. Considering a steady state biaxial stretch case and a uniaxial stress

case, assumed evolution equations will be solved numerically.

Results showed an increase of solid apparent density with increased mechanical

loading. The precise relation between solid apparent density and mechanics depended

on the choice of remodeling constants. In addition, the steady state orientation of

a transversely isotropic solid constituent was determined to depend on the initial

mixture composition.
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NOMENCLATURE

C̄ Fourth order stiffness tensor.

Ēs Archetypal strain tensor.

T̄s Archetypal solid stress tensor.

ω̄ Molar density of the mixture.

ω̄α Molar density of constituent α.

ω̄0 Initial molar density of the mixture.

ω̄s0 Initial molar density of the solid constituent.

ρ̄m Intrinsic density of matrix structure.

C̄ij Component ij of stiffness tensor C̄.

x̄α Molar fraction of constituent α.

x̄f Molar fraction of fluid constituent.

x̄s Molar fraction of solid constituent.

β Orientation of isotropic material plane.

β0 Initial value for material orientation.

S̄ Archetypal compliance tensor.

S Compliance tensor.

χα Mapping between referential and spatial points for constituent α.

δS Small piece of mixture surface.

δSα Small piece of constituent surface.

δV Differential mixture volume.

δV α Differential constituent volume.

ẋ Mean velocity of the mixture.

η Mixture entropy.

ηα Entropy for constituent α.

x̀α Velocity following material particle from constituent α.
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α̂ Solid stretch.

ĝ Evolution of material implant function.

m̂s Configurational force associated with the material implant for the solid
constituent.

p̂α Momentum interactions for constituent α.

T̂ Mixture stress function.

û Solid displacement.

ψ̂ Specific Helmholtz free energy function.

ψ̂f Specific Helmholtz free energy function for the fluid constituent.

ψ̂s Specific Helmholtz free energy function for the solid constituent.

ε̂α Non-compliant energy production for constituent α.

ĉ Mass added to solid matrix.

ûs Solid displacement.

ûsy Solid displacement in y direction.

ûsz Solid displacement in z direction.

ŵ Evolution equation function.

λc Lagrange multiplier.

(x, y, z) Defines a Cartesian coordinate system for examples.

A(e) Tensor valued function of the change in volume fraction.

b Body force for mixture.

bα Body force for constituent α.

E Infinitesimal strain tensor.

Es Solid strain tensor.

F Deformation gradient for single continuum.

Fα Deformation gradient for constituent α.

Fe Elastic part of deformation gradient.

Fg Growth deformation.
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Fs Solid deformation gradient.

h Entropy flux for the mixture.

hα Entropy flux for constituent α.

I Identity tensor.

K Change of basis tensor.

K(1) Component of change of basis tensor K.

K(2) Component of change of basis tensor K.

K(3) Component of change of basis tensor K.

K(4) Component of change of basis tensor K.

Kα Chemical potential tensor for constituent α.

L Velocity gradient for mixture.

Lα Velocity gradient for constituent α.

ms Referential Mandel stress for the solid constituent.

n Surface normal.

P Material implant.

q Heat flux for the mixture.

qα Heat flux for constituent α.

RP Orthogonal tensor.

Ss Second Piola-Kirchhoff stress for solid constituent.

T Mixture stress tensor.

t Total mixture traction.

Tα Partial stress for constituent α.

tα Surface traction for constituent α.

TI Internal part of the mixture stress tensor.

TsR First Piola-Kirchhoff stress for solid constituent.

uα Diffusion velocity following material particle α.

VP Positive definite symmetric tensor.
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x Spatial point.

Xα Referential point for constituent α.

Bα Reference configuration of constituent α.

Bf Fluid reference configuration.

Bs Solid reference configuration.

Bt Current configuration.

Cij Component ij of the elasticity tensor.

div Spatial divergence with respect to the current configuration.

dω Differential volume element.

da Differential surface element.

Grad Gradient with respect to the reference configuration.

grad Gradient with respect to the current configuration.

µα Chemical potential for α.

µ0
α Standard chemical potential for constituent α.

µf Chemical potential for fluid constituent.

µ0
f Standard chemical potential for fluid constituent.

µi Mechanosensitivity of osteocyte i.

µs Chemical potential for solid constituent.

µ0
s Standard chemical potential for solid constituent.

∇ζ Gradient of mapping ζ.

να Stoichiometric coefficient for constituent α.

νf Stoichiometric coefficient for fluid.

νp Poisson’s ratio in the material symmetry plane.

νs Stoichiometric coefficient for solid.

νt Poisson’s ratio perpendicular to material symmetry plane.

ν23 Poisson’s ratio.

ν31 Poisson’s ratio.

xi



ν32 Poisson’s ratio.

ω Arbitrary spatial volume.

DP Symmetric part of velocity gradient for the material implant P.

g Evolution of material implant function.

LP Velocity gradient of material implant P.

ms Archetypal Mandel stress for the solid constituent.

msW Skew-symmetric part of archetypal Mandel stress.

WP Skew-symmetric part of velocity gradient for the material implant P.

ψs Specific Helmholtz free energy of solid archetype.

ρα Intrinsic density of constituent α.

ρsR Archetypal apparent solid density.

σi Continuum level effective stress.

σbi True bone tissue level effective stress.

φ0
sR Initial volume of the solid in the reference configuration.

φs Volume fraction of solid constituent.

φsR Solid volume fraction in solid reference configuration.

π Volumetric production for the mixture.

Πα Referential volumetric production for constituent α.

πα Volumetric production for constituent α.

ψ Specific Helmholtz free energy for the mixture.

Ψ0 Threshold constant for bone formation.

Ψα Helmholtz free energy for constituent α.

ψα Specific Helmholtz free energy for constituent α.

Ψb Daily tissue level stress stimulus.

ΨAS Attractor state stress stimulus.

Ψdaily Continuum level daily stress stimulus.

ψs0 Specific Helmholtz free energy for the solid constituent at zero strain.

xii



ρ Density of the mixture.

ρα Apparent density of constituent α.

ρt True density of bone tissue.

ρcortical Density of cortical bone.

ρmineral Apparent density of mineralized tissue.

ρs0 Initial value for solid apparent density.

σ Chemical affinity for the mixture.

σf Chemical affinity for the fluid.

σs Chemical affinity for the solid.

τ Proportionality constant.

θ Temperature of the mixture.

λ̃ Specific Lamé first parameter.

C̃ Fourth order elasticity tensor.

g̃ Evolution of material implant function.

µ̃ Specific Lamé second parameter.

ψ̃s Specific Helmholtz free energy function.

ψ̃s0 Specific Helmholtz free energy function for the solid constituent at
zero strain.

C̃ij Component ij of the elasticity tensor C̃.

Ẽ Specific elastic modulus.

k̃r Constant describing osteclast activity.

ε Internal energy for the mixture.

εα Internal energy for constituent α.

εijk Permutation tensor.

ξ Extent of the reaction.

ξs Internal state for growth.

ξs0 Initial value for internal state variable for growth.
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ζ Change of solid reference configuration.

{e1, e2, e3} Ordered basis.

a Magnitude of uniaxial stress.

a(e) Scalar valued function of the change in volume fraction.

Aα Chemical composition of constituent α.

C1 Constant.

C2 Constant.

cα Mass concentration of constituent α.

cα0 Initial mass concentration of constituent α.

Cijkl Fourth order elasticity tensor.

d1 Remodeling rate constant.

d2 Remodeling rate constant.

d3 Remodeling rate constant.

d4 Remodeling rate constant.

e Change in volume fraction.

E1 Elastic modulus in direction 1.

E2 Elastic modulus in direction 2.

E3 Elastic modulus in direction 3.

Ea Proportionality constant.

Ep Elastic modulus in the material symmetry plane.

Et Elastic modulus perpendicular to material symmetry plane.

Esij Component ij of the solid strain tensor.

f Arbitrary function.

fi Decay function for osteocyte i.

G Shear modulus.

g Specific isotropic growth of solid material.

Gt Shear modulus perpendicular to material symmetry plane.
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G23 Shear modulus.
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h Height of rod.
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t Time.
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Chapter 1

INTRODUCTIONS, BACKGROUND, AND LITERATURE

REVIEW

Introductions, background, scope, literature review, and the layout of the entire thesis

will be found in this chapter. Section 1.1 contains introductions to the subject of both

mixture theory and bone. Background for mixture theory and bone will be provided

in Section 1.2. Section 1.3 will define the scope of this thesis. Following the scope,

will be Section 1.4. Relevant literature will be introduced and discussed in Section

1.4. The layout of the thesis will be provided in Section 1.5.

1.1 Introductions

Mixture theory is a continuum theory which is suited to describing materials com-

posed of multiple constituents. Both inert and reacting mixtures can be modeled

using mixture theory. Reacting mixtures will be defined as any mixture where mass

transfer can occur between any number of constituents. Inert mixtures will be defined

such that there is no mass transfer between any constituents.

The purpose of this thesis is to examine the coupling of reactions in a mixture

with mechanical deformations. Bone will be used as a practical application for the

proposed theory. Numerous experiments have been conducted to determine the effect

mechanical loading has on the growth and remodeling of bone [1][2][3][4][5][6]. The

various experiments support the assumption that mechanical stimulus is required to

maintain bone tissue. As a result, coupling the evolution equation of growth and

remodeling with mechanical deformations will be valid for bone.
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Bone provides an interesting application for mixture theory, since it acts as a

structural material that also undergoes reactions. The reactions within bone contin-

ually break down old bone mineral and form new bone mineral in a process called

remodeling [7]. Remodeling allows bone to both repair damage and to optimize its

structure to external loading conditions. In addition to remodeling, bone tissue can

also undergo a process termed modeling [7], where rates at which bone tissue is bro-

ken down and formed differ. As a result, bone tissue can change its mass, to adapt

to external factors.

Bone will be modeled as a biphasic solid-fluid reactive diffusionless mixture. The

fluid constituent will be assumed to be inviscid and incompressible. The solid con-

stituent will be approximated as a linear elastic material. For the solid constituent the

linear elasticity will be further simplified by considering the solid to be either isotropic

or transversely isotropic. To describe the reactions in the mixture, an internal state

variable termed the extent of the reaction will be used.

The extent of the reaction specifies the various constituent concentrations in a dif-

fusionless mixture [8]. In addition to the extent of the reaction an evolution equation

must be specified constitutively to describe how the extent of the reaction changes

over time. The evolution equation for the extent of the reaction will be chosen to

depend on mechanical deformations. For the transversely isotropic solid, in addition

to the an internal state for growth, the material direction must also be specified by

an internal state variable.

Similar to the internal state for growth, an evolution equation for the material

direction must also be specified. The material direction of bone is known to coincide

with the principal stresses in a given region [9][10]. Since mechanical factors determine

the material orientation of bone, the evolution equation for the material direction will

be chosen to depend on mechanical deformations.
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The resultant solid-fluid reactive mixture theory will be applied to two simple

mechanical examples. One example will assume that the solid bone tissue is an

isotropic material subjected to a steady state biaxial stretch. In addition, an external

traction will be applied to the mixture. Using the resultant solid strain, steady state

solutions of the assumed evolution equation for growth will be presented.

Steady state solutions of the evolution equation show that increasing the mechan-

ical loading will increase the apparent solid density. The precise dependence of solid

apparent density and mechanical loading depends on the choice of constants to de-

scribe the evolution equation for growth. Constants that will be modified represent

the relative rate of bone breakdown to bone formation and an energy threshold for

bone formation.

For the second example, bone tissue will be considered as a transversely isotropic

material that will be subjected a uniaxial load. Using the resultant stress and strain

calculated from uniaxial loading conditions, the evolution equations for the growth

and remodeling will be solved numerically. The orientation of the strong material

direction in the transverse isotropic case will be assumed to represent the average

trabecular orientation.

Results for the uniaxial stress case show that the steady state trabeculae align-

ment will depend on the initial mixture composition. Trabeculae tended to align

perpendicular to the uniaxial mixture stress for an initial mixture composed primar-

ily of solid constituent. Specifying an initial mixture composed primarily of fluid

constituent resulted in trabeculae aligning with the uniaxial mixture stress.

The two considered numerical examples will be intended to describe the coupling of

growth and remodeling with mechanical factors. Assumed constitutive and evolution

equation used for simulations have not yet been proven valid for a realistic model of

bone. As a result, the model for bone created will not be considered a fully realistic
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model. Instead, the model will be used as an approximation of bone to determine how

reactions can be coupled with mechanical deformations. Future work to improve the

current model include improved constitutive equations, determination of remodeling

constants, and the inclusion of more constituents.

1.2 Background

Continuum balance laws provide the governing equations to describe the motion and

composition of a general mixture composed of N constituents. The first derived

continuum balance laws for a mixture are attributed to Truesdell [11]. In addition

to balance laws, constitutive equations must also be specified to describe the nature

of each constituent and relevant interactions between constituents. For continua

composed of single constituents, the Second Law of Thermodynamics can be used to

determine admissible constitutive equations as shown by Coleman and Noll [12]. To

use the procedure of Coleman and Noll for mixtures, requires an entropy inequality

to be postulated.

Different forms of a mixture entropy inequality have been proposed by various

authors including Eringen and Ingram [13], Green and Naghdi [14][15], Bowen [16],

Müller [17], and Bowen and Wiese [18]. The reviews of mixture theory by Atkin and

Craine [19] and Bowen [20] provide a more detailed discussion on various proposed

entropy inequalities. The entropy inequality used in future chapters follow those of

Bowen [20] simplified to a single temperature.

Various applications of a reactive mixture theory to biological tissues include

growth of cartilage [21][22], intracranial fusiform aneurysms [23], bone [24][25], and

growth of general soft tissues [26][27][28]. The various applications mentioned, show

the utility of mixture theory in modeling both growth and mechanics of biological

tissue. Since bone will be the considered application for the proposed mixture theory,
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previous models of bone will be of interest.

Existing theoretical models have been proposed by Cowin and Hegedus [29],

Beaupré et al. [30], and Huiskes et al. [31]. The models by Cowin and Hegedus

[29], Beaupré et al. [30], and Huiskes et al. [31] all attempt to couple the reactions in

bone with either the mechanical strain or strain energy. Other authors have suggested

the use of fatigue damage [32][33][34] or available surface area [35] as indicators for

bone reactions. Evolution equations that will be used in Chapter 4 and 5 to de-

scribe bone reactions will be assumed to depend on strain. Any dependence that

the evolution equations may have on fatigue damage or specific surface area will be

neglected.

The reactions which occur in bone can be attributed to different bone cells, in-

cluding the osteoclast, osteblast, osteocyte, and bone lining cells. The bone cells

work to break down and form bone tissue. Relative rates of bone break down and

formation determine the net change in bone mass. When the rates of bone formation

and resorption differ, the overall reaction is termed modeling [7]. For cases when the

rates of bone formation and resorption are equal the term remodeling is used [7]. For

the case of remodeling, the overall bone tissue mass remains unchanged, but changes

to the architecture of the existing structure are possible. The rates of bone formation

and resorption are known from experiments to be affected by mechanical stimulus

[1][2][3][4][5][6].

While at a coarse scale bone appears to be a composed of a single constituent, at

finer scales the primary constituents of bone can be determined as hydroxyapatite,

collagen, and bone serum [36, pp. 39-40][37][38]. Hydroxyapatite is an inorganic

mineral with a chemical composition given by Ca10 (PO4)6 (OH)2. Collagen is a

structural protein which comprises the majority the organic matrix for bone [37].

Bone serum is water which perfuses the bone tissue carrying nutrients and other
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chemicals required to maintain both the organic and inorganic components of bone.

For the mixture theory model being considered the composition of bone will be

further simplified to a solid and a fluid. The hydroxyapatite and collagen will be

approximated as a single solid constituent. Water and any dissolved nutrients will be

approximated as a single fluid constituent.

1.3 Scope

A solid-fluid reacting diffusionless mixture will be constructed for bone. The solid-

fluid mixture will be assumed to be a simple ideal mixture, such that the Helmholtz

free energy can be additively decomposed into a solid contribution and a fluid con-

tribution. The fluid will be approximated as inviscid and incompressible, while the

solid will be approximated as linearly elastic.

Reactions which occur in the mixture and the material direction of the solid will

be described by internal state variables. The variation of the internal states over

time will be described by evolution equations. Constitutive equations and evolution

equations will be assumed to depend on temperature, solid deformations, and the

internal states.

Two examples will be completed using the solid-fluid mixture model for bone. The

first example will approximate bone as an isotropic material subjected to a biaxial

stretch. Assuming steady state values and an applied surface traction, the steady

state apparent solid density will be determined for various applied tractions. In

addition, results of varying remodeling constants will be determined.

The second example will consider bone as a transversely isotropic material sub-

jected to a uniaxial stress case. Initial conditions and solid deformation will be spec-

ified such that mixture will be homogeneous. Solutions of the material direction and

internal state for growth as functions of time will be determined.
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1.4 Literature Review

The first derivations of continuum balance laws for a general reacting mixture theory

are attributed to Truesdell [11]. The continuum balance laws for mixtures determined

by Truesdell, were later contained in the works of Truesdell and Toupin [39, Sections

158, 159, 215, 243, 254, 255, 259]. For the balance of momentum, one modification

was later published by Kelly [40] to allow for partial stresses to be non symmetric. In

addition to the balance laws for mass, momentum, and energy an appropriate entropy

inequality must be postulated for a mixture theory.

In mixture theories, the entropy inequality is used to determine thermodynami-

cally admissible processes by a method attributed to Coleman and Noll [12]. Early

entropy inequalities for a mixture were proposed by Eringen and Ingram [13] and

Green and Naghdi [14]. Other entropy inequalities were later proposed by Green and

Naghdi [15][41], Bowen [16], Müller [17], and Bowen and Wiese [18]. A detailed dis-

cussion on the various entropy inequalities proposed for mixtures have been given in

the reviews by Atkin and Crain [19] and Bowen [20]. The entropy inequality discussed

by Bowen [20] will be used to describe the mixture in following chapters.

A diffusionless reacting mixture theory was previously published by Bowen [8].

The diffusionless reacting mixture proposed by Bowen [8] considered constitutive

equations which depended upon a variable termed the extent of the reaction. The

extent of the reaction is similar to an internal state variable used in the work by

Coleman and Gurtin [42]. Bowen [8] used the extent of the reaction to describe all

possible reactions which take place in a diffusionless mixture. In addition, Bowen [8]

showed that for a diffusionless mixture the extent of the reaction provides the current

mass concentration of all constituents in the mixture. The extent of the reaction will

be used in Chapter 4 when describing reactions for isotropic bone tissue.

The extent of the reaction will not be used to describe reactions in Chapter 5.
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Instead of using the extent of the reaction, growth and remodeling terms that arise

naturally from the use of the general theory of material inhomogeneities will be used

in Chapter 5. The general theory of material inhomogeneities that will be used

to describe the solid constituent in Chapter 5 follows Epstein and Elżanowski [43].

Another available method to describe growth in biological tissues is the multiplicative

decomposition described by Rodriguez et al. [44].

The multiplicative decomposition for growth described by Rodriguez et al. [44]

has been previously used in a reactive mixture theory for cartilage proposed by Klisch

et al. [21]. As a result, the multiplicative decomposition could be used to describe

other biological mixtures such as bone. To avoid specifying an intermediate config-

uration, the general theory of material inhomogeneities will be used instead of the

multiplicative decomposition.

Applications of reactive mixture theories to various biological tissues include

growth of cartilage [21][22], intracranial fusiform aneurysms [23], bone [24][25], and

growth of general soft tissues [26][27][28]. The model for bone considered by Rouhi

[24] and Rouhi et al. [25] was a solid fluid reacting mixture, which included a depen-

dence on the extent of the reaction similar to Bowen [8].

The bone mixture theory model that will be proposed in Chapter 4 and 5 will

follow similar to the previous work of Rouhi [24] and Rouhi et al. [25] by assuming

a solid-fluid mixture. In addition, the model used in Chapter 4 will include a de-

pendence on the extent of the reaction similar to Rouhi [24] and Rouhi et al. [25].

Different constitutive equations for the solid and fluid will be used in both Chapters

4 and 5 compared with previous mixture theory bone models [24][25]. In addition,

evolution equations to describe growth and remodeling will be specified in Chapters

4 and 5 that were not used in previous mixture theory bone models [24][25].

As discussed by Roesler [45], Martin et al. [36, Chapter 6], and Cowin [46], an
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important theory in bone literature is the ability of bone to adapt to external loading

conditions. In bone literature, the ability of bone to adapt to external loading is

typically termed Wolff’s Law, after Julius Wolff [47]. One particular aspect of Wolff’s

Law discussed by Roesler [45] is the hypothesis that trabeculae in bone align with

the principal stress directions.

To determine if trabeculae align with the principal stress direction Koch [9] cal-

culated the principal stress trajectories for a femur subjected to static loading con-

ditions. Koch [9] found that the trabeculae within the femur tend to align with the

principal stress directions. Experimental support for the hypothesis that trabecular

bone aligns with the principal stress directions has been provided by Lanyon [10].

The orientation of trabecular bone with principal stress direction will be used when

discussing a transverse isotropic model for bone.

Experimental studies examining the effects of mechanical stimulus on the growth

and resorption of bone have been published by numerous authors including Uhthoff

and Jaworski [1], Jaworski and Uhthoff [2], Rubin and Lanyon [3][4], Forwood and

Turner [5], and Turner et al. [6]. Results from experimental studies [1][2][3][4][5][6]

support the hypothesis that the growth and remodeling in bone is affected by me-

chanical stimuli. Theoretical models have been proposed by Cowin and Hegedus [29],

Beaupré et al. [30], and Huiskes et al. [31] to describe the coupling of reactions and

mechanics in bone. The models proposed by Cowin and Hegedus [29], Beaupré et al.

[30], and Huiskes et al. [31], all considered reactions to be coupled with mechanical

factors.

Material properties of bone are necessary both to verify the validity of constitutive

equations and to complete numerical examples. Experiments to determine linear elas-

tic material properties for bone result in either orthotropic or transversely isotropic

material properties [48][49][50][51]. The assumption of transverse isotropy will be

9



used to describe bone in Chapter 5. While experimental results [48][49][50][51] show

that bone is anisotropic, an isotropic material symmetry will be assumed in Chap-

ter 4. The approximation of isotropic material symmetry will be used to simplify

numerical examples.

For trabecular bone, the mechanical properties are known to depend on the ar-

rangement of trabeculae in a given region [52][53][54]. By approximating the mi-

crostructure of trabecular bone by connected plates and rods, Gibson [55] determined

that the elastic modulus of bone will be proportional to the apparent density of solid.

The proportionality determined by Gibson [55] will be linear, quadratic, or cubic

depending on the arrangement of trabeculae. An earlier experiment by Carter and

Hayes [56] determined that the elastic modulus of trabecular bone is proportional to

the apparent density of the solid cubed. Other experimental studies have determined

that the exponent on the apparent density will be between one to three for trabecular

bone [50][51][57]. The various experiments determining the proportionality between

the elastic modulus and the apparent solid density for trabecular bone [50][51][56][57]

find values which are inside the range or proportionality constants specified theoreti-

cally by Gibson [55].

Rice et al. [57] determined that cortical bone requires different exponents than

trabecular bone to describe the relation between elastic modulus and apparent den-

sity. Similar results were found by Rho et al. [58]. For cortical bone the exponent

was determined experimentally by Schaffler and Burr [59] to be 7.4. For the bone

model considered in Chapters 4, the elastic modulus will be linearly proportional to

the apparent solid density due to the choice of constitutive equations. As a result,

future work includes improving constitutive equations to include elastic properties

proportional to the square or cube of the apparent solid density.

Cowin [60] has proposed a fabric tensor as a continuous method to describe struc-
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tural anisotropy due to the microstructural arrangement of trabeculae. The fabric

tensor provides a measure of anisotropy at a point due to the microstructural ar-

rangement of material. By assuming that the stress in bone is dependent on the

porosity, strain, and the fabric tensor, Cowin [60] determined material properties for

bone as functions of porosity and the fabric tensor. Experiments by Turner et al.

[61] determined that 72% to 94% of the variance in elastic constants of cancellous

bone could be explained by the material property relationships described by Cowin

[60]. A fabric tensor will not be used in the models described in Chapter 4 or 5. The

implementation of a fabric tensor in the current model will be left for future work.

1.5 Layout of Thesis

The thesis is laid out in a chapter format, with a varying number of sections in each

chapter. Chapter 1 contains introductions and a general background for the thesis.

Included in Chapter 1 is a review of relevant literature, the scope of the thesis, and

the layout of the thesis. Chapter 2 introduces mixture theory. The basic structure

and equations necessary for a general mixture theory will be introduced in Chapter 2.

Equations derived in Chapter 2 will be referred to in future chapters, when discussing

a solid-fluid reacting mixture theory model for bone. Chapter 3 contains background

information on bone physiology and remodeling. The focus of Chapter 3 will be on

the bulk mechanical properties of bone and the experimental results which support

bone growth and remodeling. Models present in the literature for bone remodeling

will also be discussed. The constructed solid-fluid model for bone will be covered

in Chapter 4. Chapter 4 will introduce the governing equations being used for a

solid-fluid diffusionless reacting mixture. A steady state problem will be solved using

the governing equations introduced earlier in the chapter. Chapter 5 will introduce

the addition of anisotropy to the bone mineral and the capacity of the bone mineral
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to change the anisotropic direction under loading. A two dimensional plane strain

problem will be solved for the bone mineral where the bone tissue can both grow and

remodel. Results, discussions, conclusions, and future work will be found in Chapter

6.
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Chapter 2

MIXTURE THEORY

Mixture theory is a continuum theory which allows two or more different constituents

to occupy the same spatial location. Balance laws which provide the framework

for mixture theory are attributed to Truesdell [11]. The balance laws for mixture

theory were later found in the work of Truesdell and Toupin [39]. One addition to

the balance of angular momentum was later added by Kelly [40]. Kelly allowed an

angular momentum supply which allows the partial stress of each constituent to be

non-symmetric. The angular momentum supply will not be used in derivations or

calculations contained in this thesis. As a result, the partial stresses appearing in

this thesis will be symmetric.

As discussed in reviews by Atkin and Craine [19] and Bowen [20], the specifica-

tion of the Second Law of Thermodynamics was the primary difference in various

proposed mixture theories. Mixture theories found in the literature use similar bal-

ances of mass, momentum, and energy, but differ in the entropy inequality used

[13][14][15][16][17][18]. A detailed history and comparisons between the various en-

tropy inequalities used in mixture theories can be found in the review by Atkin and

Craine [19] or in the review by Bowen [20].

The balance laws for mass, momentum, and energy provide the governing equa-

tions for mixture theory. Balance laws are constructed for each constituent and for

the mixture. The constituent balance laws are derived assuming various interactions

and relative motions between constituents. Mixture balance laws result from the

summation of constituent balance laws over all constituents. The mixture balance

laws are assumed to coincide with the usual balance laws of continuum mechanics for
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a single continuum. For mixture balance laws to coincide with the usual balance laws

of continuum mechanics, various restrictions are imposed on constituent interactions.

The kinematics of mixture theory will be introduced in Section 2.1. Following the

kinematics, the derivations of balance laws for mass, momentum, and energy will be

provided in Sections 2.2, 2.3, 2.4, and 2.5 respectively. Balance laws will be derived for

the constituents, and the necessary restrictions will be determined using the mixture

balance laws.

In addition to balance laws, the Second Law of Thermodynamics must also be

constructed for a mixture theory. The Second Law of Thermodynamics for a mixture

theory will be used to provide necessary and sufficient restrictions on constitutive

equations by the method described by Coleman and Noll [12]. Derivation of the

Second Law of Thermodynamics for a general mixture will be found in Section 2.6.

The derivations follow those of Bowen [20], simplified for a single temperature mixture.

2.1 Kinematics

A general mixture will be composed of N constituents with each consitutent being

assigned a reference configuration given by B1,B2, . . . ,BN . A smooth mapping will

be assigned to each constituent which maps points in the reference configuration to

the current configuration. The mapping is shown below in (2.1)

x = χα(Xα, t) (2.1)

where χα maps a point in the reference configuration given by Xα to the spatial

configuration at time t. The current configuration will be denoted by Bt with spatial

points given by x. The inverse of the mapping will also be assumed to exist as shown

below in (2.2).

Xα = χ−1
α (x, t) (2.2)
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A representation of the mapping is shown in Figure 2.1.

Bt

B1 B2 BN

χ1 χ2

χN

. . .

X3

X2

X1

Figure 2.1: Representation of mapping χα.

The time derivative of the χα produces the velocity following a material particle

from constituent α. Shown below in (2.3) is the time derivative of χα

x̀α =
∂χα
∂t

(Xα, t) (2.3)

where x̀α is the velocity following a material particle from constituent α. To describe

the mean velocity of the mixture, a mass weighted average of each constituent velocity

will be used. The mean velocity of the mixture will be defined by (2.4)

ẋ =
1

ρ

N∑
α=1

ραx̀α (2.4)

where the ρα is the apparent density of constituent α and ρ is the density of the

mixture.

The mixture density will be determined from the apparent densities of each con-

stituent as shown in (2.5).

ρ =
N∑
α=1

ρα (2.5)

The mass concentration will be defined as shown below in (2.6)

cα =
ρα
ρ

(2.6)
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where cα is the mass concentration of constituent α. In addition, the molar density

for constituent α and for the mixture will be defined by (2.7) and (2.8) respectively

ω̄α =
ρα
Mα

(2.7)

ω̄ =
N∑
α=1

ω̄α (2.8)

where ω̄α is the molar density of constituent α, ω̄ is the molar density of the mixture,

and Mα represents the molecular mass of constituent α. The molar fractions will be

defined by (2.9) shown below

x̄α =
ω̄α
ω̄

(2.9)

where x̄α is the molar fraction of constituent α.

Both the mean mixture velocity and the velocity of a particular material particle

will be used to define the diffusion of a particular material particle. The diffusion

velocity will be defined as shown below in (2.10)

uα = x̀α − ẋ (2.10)

where uα is the diffusion velocity following material particle α. Using (2.4), (2.5),

and (2.10) results in (2.11) shown below.

N∑
α=1

ραuα = 0 (2.11)

Equation (2.11) will be used in further sections to relate the balance laws for individual

constituents with balance laws for the mixture.

Since velocities have been defined for both a given constituent and for the mixture,

two different material derivatives will also be defined. The material derivative will be

taken with respect to a particle of constituent α or with respect to the motion of the

mixture. The material derivative with respect to a particle of constituent α will be

given by (2.12)

D(α)f

Dt
(x, t) =

∂f

∂t
(x, t) + (grad f)(x, t) · x̀α(x, t) (2.12)
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where f is an arbitrary differentiable function. The material derivative with respect

to the mixture is given below in (2.13).

Df

Dt
(x, t) =

∂f

∂t
(x, t) + (grad f)(x, t) · ẋ(x, t) (2.13)

Subtracting (2.12) from (2.13) results in (2.14).

Df

Dt
(x, t) =

D(α)f

Dt
(x, t)− (grad f)(x, t) · uα (x, t) (2.14)

As shown in (2.14), material derivatives will be the same for a diffusionless mixture.

The notations shown in (2.15) and (2.16) will be used to define the material derivative

with respect to a particle of constituent α and with respect to the mixture respectively.

D(α)f

Dt
(x, t) = f̀(x, t) (2.15)

Df

Dt
(x, t) = ḟ(x, t) (2.16)

The gradient of χα shown below in (2.17), gives the deformation gradient for

constituent α

Fα = Grad χα (Xα, t) (2.17)

where Fα is the deformation gradient of constituent α and Grad is the gradient with

respect to the reference configuration. The deformation gradient provides a mapping

between vectors in the reference configuration and the current configuration. The

determinant of the deformation gradient will be defined by (2.18) as shown below

Jα = detFα (2.18)

where Jα is the determinant of the deformation gradient associated with constituent

α.

The velocity gradient for α will be defined using (2.19) shown below

Lα = gradx̀α (2.19)
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where Lα is the velocity gradient for constituent α and grad is the gradient with

respect to the current configuration. Using the chain rule for derivatives, (2.19) will

be written as shown below in (2.20).

Lα = F̀αFα (2.20)

For the mixture, the velocity gradient will be defined by (2.21)

L = gradẋ (2.21)

where L is the velocity gradient for the mixture. To obtain a relationship between the

velocity gradient of α and the velocity gradient of the mixture, (2.10) is substituted

into (2.19) resulting in (2.22).

Lα = L + graduα (2.22)

As shown by (2.22), the velocity gradients for the constituents will be the same as

the mixture velocity gradient for a diffusionless mixture.

2.2 Mass Balance

Considering an arbitrary spatial volume element for the mixture given by ω, the

balance of mass takes the following form

D(α)

Dt

∫
ω

ρα dω =

∫
ω

πα dω (2.23)

where πα is the volumetric production for constituent α. By the use of Reynold’s

Transport theorem, (2.23) can be rewritten as (2.24).∫
ω

ρ̀α + ραdiv x̀α dω =

∫
ω

πα dω (2.24)

Localizing (2.24) gives (2.25) shown below.

ρ̀α + ραdiv x̀α = πα (2.25)
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Equation (2.25) is the mass balance equation for constituent α. The mass balance

for a constituent in its reference configuration is given by (2.26)

ρ̀αR = Πα (2.26)

where ραR is the apparent density of constituent α in its reference configuration and

Πα is the referential volumetric production of constituent α. The referential and

spatial versions of the density and volumetric production will be related by (2.27)

and (2.28) shown below.

Jαρα = ραR (2.27)

Jαπα = Πα (2.28)

Summing all local mass balance equations for the constituents gives (2.29).

N∑
α=1

ρ̀α + ραdiv x̀α =
N∑
α=1

πα (2.29)

The sum of all volumetric production terms will be defined by (2.30).

π =
N∑
α=1

πα (2.30)

where π represents the mass entering or leaving the mixture. Substitution of (2.4),

(2.5), and (2.30) into (2.29) results in (2.31)

ρ̇+ ρdiv ẋ = π (2.31)

For a closed mixture π = 0.

The mass balance given by (2.25) can also be written in terms of mass concentra-

tions. Assuming a closed system, (2.31) will be rewritten as (2.32) shown below.

div ẋ = − ρ̇
ρ

(2.32)

Substitution of (2.10), into the local constituent mass balance given by (2.25) result

in (2.33) shown below.

ρ̀α + ραdiv ẋ + ραdiv uα = πα (2.33)
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Substitution of (2.6), (2.14), and (2.32) into (2.33) result in (2.34) shown below.

ρċα = −div(ραuα) + πα (2.34)

Equation (2.34) specifies the change in mass concentration for a given constituent.

For theories where diffusion can be neglected, (2.34) allows the mass concentration

to be directly related to the volumetric production.

When considering diffusionless reacting mixtures, the volumetric production can

be directly related to a quantity termed the extent of the reaction [8]. A typical

reaction can be written as shown in (2.35) below

ν1A1 + ν2A2 + . . . νN−1AN−1 + νNAN = 0 (2.35)

where να is the stoichiometric coefficient for constituent α and Aα is the chemical

composition of constituent α. The convention will be used that reactants are defined

by a negative stoichiometric coefficient and a product by a positive stoichiometric

coefficient.

As shown by Bowen [8], for a diffusionless mixture which obeys the chemical

reaction shown in (2.35), the volumetric production of constituent α will be given by

(2.36)

πα = ρMαναξ̇ (2.36)

where Mα is the molecular mass of constituent α and ξ is the extent of the reaction.

In addition, Bowen [20, Section 1.3] showed that for a diffusionless mixture, the mass

concentration will be directly related to the extent of the reaction by (2.37) shown

below

cα − cα0 = Mαναξ (2.37)

where cα0 is the initial mass concentration of constituent α.
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2.3 Linear Momentum Balance

For an arbitrary spatial volume ω, the balance of linear momentum for each con-

stituent will be given by (2.38) shown below

D(α)

Dt

∫
ω

ραx̀α dω =

∫
ω

ραbα + p̂α + παx̀α dω +

∫
∂ω

tα da (2.38)

where bα is the body force for constituent α and tα is the partial traction for con-

stituent α. By using Reynold’s Transport theorem, (2.38) will be rewritten as (2.39)

shown below. ∫
ω

ρα
D(α)x̀α

Dt
dω =

∫
ω

ραbα + p̂α dω +

∫
∂ω

tα da (2.39)

Cauchy’s theorem allows the surface traction to be rewritten as shown below in (2.40)

tα = Tα · n (2.40)

where Tα is the partial stress for constituent α and n is a surface normal. Using

Cauchy’s theorem and the divergence theorem, (2.39) will be rewritten as (2.41)

shown below. ∫
ω

ρα
D(α)x̀α

Dt
dω =

∫
ω

ραbα + p̂α + divTα dω (2.41)

Localizing (2.41) gives (2.42) shown below.

ρα
Dx̀α
Dt

= ραbα + divTα + p̂α (2.42)

Equation (2.42) represents the balance of linear momentum for constituent α. The

balance of linear momentum for the mixture will be obtain from (2.42), by summing

over all constituents. The resultant sum is shown below in (2.43).

N∑
α=1

ρα
Dx̀α
Dt

=
N∑
α=1

[ραbα + divTα + p̂α] (2.43)

In order to relate the left hand side of (2.43) to the mixture balance, requires the use

of the derivative shown below.

ρ
Dẋ

Dt
=

N∑
α=1

[
ρα

D(α)x̀α
Dt

− div (ραx̀α ⊗ uα) + παx̀α

]
(2.44)
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Substituting the definition of diffusion given by (2.10) into (2.44), results in (2.45)

shown below.

ρ
Dẋ

Dt
=

N∑
α=1

[
ρα

D(α)x̀α
Dt

− div (ραuα ⊗ uα)− div (ραẋ⊗ uα) + παẋ + παuα

]
(2.45)

Making use of (2.11) and assuming a closed system allows (2.45) to be rewritten as

(2.46).

ρ
Dẋ

Dt
=

N∑
α=1

[
ρα

D(α)x̀α
Dt

− div (ραuα ⊗ uα) + παuα

]
(2.46)

Substituting (2.46) into the left hand side of (2.43) and simplifying, results in (2.47)

shown below.

ρ
Dẋ

Dt
=

N∑
α=1

[ραbα + div (Tα − ραuα ⊗ uα) + p̂α] (2.47)

To relate (2.47) with the usual balance of linear momentum for the mixture, the stress

and body forces for the mixture will be defined by (2.48) and (2.49) respectively. In

addition, the sum of the momentum interactions will be constrained by (2.50)

ρb =
N∑
α=1

ραbα (2.48)

T =
N∑
α=1

[Tα − ραuα ⊗ uα] (2.49)

N∑
α=1

p̂α = 0 (2.50)

where b is the body force for the mixture and T is the mixture stress. In addition to

the total mixture stress defined by (2.49), the internal part of the mixture stress will

be defined by (2.51) shown below

TI =
N∑
α=1

Tα (2.51)

where TI is the internal part of the mixture stress. Substitution of (2.48), (2.49), and

(2.50) into (2.47) results in (2.52) shown below.

ρẍ = divT + ρb (2.52)

Equation (2.52) is the usual balance of linear momentum from continuum mechanics.
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2.4 Angular Momentum Balance

For an arbitrary spatial volume ω, the balance of angular momentum for constituent

α will be given by (2.53) shown below.

D(α)

Dt

∫
ω

ραx× x̀α dω =

∫
ω

ραx× bα + x× p̂α + παx× x̀α dω +

∫
∂ω

x× tα da (2.53)

Using Reynold’s Transport theorem on the left hand side of (2.53) and rearranging

the resultant equation produces (2.54) shown below.∫
ω

[ρ̀α + ραdiv (x̀α)] x×xα−παx×xα+x×
[
ρα

D(α)x̀α
Dt

− ραbα − p̂α

]
dω =

∫
∂ω

x×tαda

(2.54)

Substitution of (2.25) into (2.54) results in (2.55) shown below.∫
ω

x×
[
ρα

D(α)x̀α
Dt

− ραbα − p̂α

]
dω =

∫
∂ω

x× tα da (2.55)

Using Cauchy’s theorem and the divergence theorem, (2.55) will be written as (2.56).∫
ω

x×
[
ρα

D(α)x̀α
Dt

− ραbα − p̂α

]
dω =

∫
ω

div (x×Tα) dω (2.56)

Expanding the divergence term in (2.56) results in (2.57)∫
ω

x×
[
ρα

D(α)x̀α
Dt

− ραbα − p̂α − divTα

]
dω =

∫
ω

εijk x
j
,m (Tα)km dω (2.57)

where εijk is the permutation tensor. The comma appearing in the second index of

xj,m specifies a spatial derivative with respect to direction m. Substitution of (2.42)

into (2.57) results in (2.58) shown below.

0 =

∫
ω

εijk x
j
,m (Tα)km dω (2.58)

Localizing (2.58) results in (2.59).

0 = εijk x
j
,m (Tα)km (2.59)

23



For (2.59) to be true, requires that Tα be symmetric. As a result, the balance of

angular momentum for each constituent reduces to (2.60).

Tα = TT
α (2.60)

Taking the sum of (2.60) over all constituents gives (2.61)

N∑
α=1

Tα =
N∑
α=1

TT
α (2.61)

Using the definition of the mixture stress given by (2.49), (2.61) will be rewritten as

(2.62).

T +
N∑
α=1

ραuα ⊗ uα =

(
T +

N∑
α=1

ραuα ⊗ uα

)T

(2.62)

Since uα ⊗ uα is symmetric, (2.62) reduces to (2.63).

T = TT (2.63)

Equation (2.63) states that the mixture stress tensor is symmetric.

2.5 Energy Balance

The energy balance for an arbitrary spatial volume ω will be given by (2.64) shown

below

D(α)

Dt

∫
ω

ραεα +
1

2
ραx̀α · x̀α dω =∫

ω

ραx̀α · bα + x̀α · p̂α + πα

(
εα +

1

2
x̀α · x̀α

)
+ ραrα + ε̂α dω

+

∫
∂ω

x̀α · tα − qα · n da (2.64)

where εα is the internal energy for constituent α, rα is the volumetric heat production

for constituent α, ε̂α is the non-compliant energy production for constituent α, qα

is the heat flux for constituent α, and n is a surface normal. By use of Reynold’s
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Transport Theorem with (2.64) and rearranging the result, produces (2.65) shown

below.

∫
ω

[ρ̀α + ραdiv (x̀α)]

(
εα +

1

2
x̀α · x̀α

)
+ ραὲα + x̀α ·

[
ρα

Dαx̀α
Dt

− ραbα − p̂α

]
dω =∫

ω

πα

(
εα +

1

2
x̀α · x̀α

)
+ ραrα + ε̂α dω +

∫
∂ω

x̀α · tα − qα · n da (2.65)

By use of the divergence theorem, (2.65) will be rewritten as (2.66) shown below.

∫
ω

[ρ̀α + ραdiv (x̀α)]

(
εα +

1

2
x̀α · x̀α

)
+ ραὲα + x̀α ·

[
ρα

Dαx̀α
Dt

− divTα − ραbα − p̂α

]
dω =∫

ω

πα

(
εα +

1

2
x̀α · x̀α

)
+ ραrα + ε̂α + tr (TαLα)− div (qα) dω (2.66)

Substitution of (2.25) and (2.42) into (2.66) results in (2.67) shown below.∫
ω

ραὲα dω =

∫
ω

tr (TαLα)− div (qα) + ραrα + ε̂α dω (2.67)

Localizing (2.67) results in (2.68) shown below.

ραὲα = tr (TαLα)− div (qα) + ραrα + ε̂α (2.68)

Equation (2.68) is the local balance of energy for constituent α.

The balance of energy for the entire mixture will be given by taking the sum of

(2.68) over all constituents. The sum will be shown below in (2.69).

N∑
α=1

ραὲα =
N∑
α=1

[tr (TαLα)− div (qα) + ραrα + ε̂α] (2.69)

To relate (2.69) with the usual balance of energy, the energy for the mixture will be

defined. The total energy for the mixture will be defined by (2.70) shown below

ρε =
N∑
α=1

[
ραεα +

1

2
ραuα · uα

]
(2.70)
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where ε is the internal energy for the mixture. The derivative of the total energy will

be shown below in (2.71).

ρε̇ =
N∑
α=1

[
ραὲα + ραuα · ùα − div

(
ραεαuα +

1

2
ρα (uα · uα) uα

)
+πα

(
εα +

1

2
uα · uα

)]
(2.71)

Equation (2.71) will eventually be used to simplify the left hand side of (2.69). Before

substitution, (2.71) will be simplified using the identity shown below.

N∑
α=1

ραuα · ùα =
N∑
α=1

[
ραuα ·

Dαx̀α
Dt

− tr (ραLuα ⊗ uα)

]
(2.72)

Substituting (2.42) into (2.72) results in (2.73) shown below.

N∑
α=1

ραuα · ùα =
N∑
α=1

[ραuα · bα + uα · div (Tα) + uα · p̂α − tr (ραLuα ⊗ uα)] (2.73)

In addition, the sum of all constituent stress powers will be written as shown below

in (2.74).

N∑
α=1

tr (TαLα) = tr (TIL)−
N∑
α=1

uα · div (Tα) +
N∑
α=1

div (Tαuα) (2.74)

Substituting (2.71), (2.73), and (2.74) into (2.69), results in (2.75) shown below.

ρε̇ = tr (TIL)− tr (ραLuα ⊗ uα)

− div

(
N∑
α=1

[
qα + ραεαuα +

1

2
ρα (uα · uα) uα −Tαuα

])

+
N∑
α=1

[
πα

(
εα +

1

2
uα · uα

)
+ ραuα · bα + uα · pα + ε̂α

]
(2.75)

The heat flux and energy production for the mixture will be defined by (2.76) and

(2.77) respectively

q =
N∑
α=1

[
qα + ραεαuα +

1

2
ρα (uα · uα) uα −Tαuα

]
(2.76)
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r =
1

ρ

N∑
α=1

ραrα (2.77)

where q is the heat flux for the mixture and r is the volumetric heat production for

the mixture. Substituting (2.76) and (2.77) into (2.75) gives (2.78) shown below.

ρε̇ = tr (TL)−div (q)+ρr+
N∑
α=1

[
πα

(
εα +

1

2
uα · uα

)
+ ραuα · bα + uα · pα + ε̂α

]
(2.78)

For (2.78) to coincide with the balance of energy for the mixture, the following con-

straint will be required.

N∑
α=1

[
πα

(
εα +

1

2
uα · uα

)
+ uα · pα + ε̂α

]
= 0 (2.79)

Substitution of (2.79) into (2.78) results in (2.80) shown below.

ρε̇ = tr (TL)− div (q) + ρr +
N∑
α=1

ραuα · bα (2.80)

Equation (2.80) will be simplified further by assuming that the body forces per mass

of each constituent take the form shown below.

bα = b (2.81)

Equation (2.81) states that the body forces per mass of each constituent will be the

same. Substituting (2.81) into (2.80) and using (2.11), results in (2.82) shown below.

ρε̇ = tr (TL)− div (q) + ρr (2.82)

Equation (2.82) is the balance of energy for the mixture when (2.81) applies to each

constituent.

2.6 Entropy Inequality

Entropy for the mixture will be defined by (2.83)

η =
1

ρ

N∑
α=1

ραηα (2.83)
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where ηα is the entropy of constituent α and η is the mixture entropy. Unlike previous

sections, the entropy inequality will be assumed to apply only to the mixture. As

a result, for an arbitrary spatial volume ω, the entropy inequality will be given by

(2.84)

N∑
α=1

D(α)

Dt

∫
ω

ραηαdω ≥ −
N∑
α=1

∫
∂ω

qα
θ

da+
N∑
α=1

∫
ω

ραrα
θ

dω −
∫
ω

Hdω (2.84)

where H is a non-compliant volumetric entropy production term. The use of a non-

compliant entropy term to describe bone is attributed to Cowin and Hegedus [29].

Using Reynold’s Transport theorem on (2.84) results in (2.85) shown below.

N∑
α=1

∫
ω

παηα + ραὴαdω ≥ −
N∑
α=1

∫
∂ω

qα
θ

da+
N∑
α=1

∫
ω

ραrα
θ

dω −
∫
ω

Hdω (2.85)

To further simplify (2.85) the derivative of the mixture entropy must be defined with

respect to the motion of the mixture.

Shown below in (2.86) is the derivative of the mixture entropy with respect to the

motion of the mixture.

ρη̇ =
N∑
α=1

[ραὴα − div (ραηαuα) + παηα] (2.86)

Substitution of (2.86) into (2.85) results in (2.87) shown below.∫
ω

ρη̇ dω +
N∑
α=1

∫
ω

div (ραηαuα) dω ≥ −
N∑
α=1

∫
∂ω

qα
θ

da+
N∑
α=1

∫
ω

ραrα
θ

dω −
∫
ω

Hdω

(2.87)

Applying the divergence theorem to (2.87) and rearranging the result produces (2.88)

shown below.∫
ω

ρη̇ dω +

∫
ω

div

(
N∑
α=1

[qα
θ

+ ραηαuα

])
dω −

∫
ω

N∑
α=1

ραrα
θ

dω +

∫
ω

Hdω ≥ 0 (2.88)

Localizing (2.88) gives (2.89).

ρη̇ + div

(
N∑
α=1

[qα
θ

+ ραηαuα

])
−

N∑
α=1

ραrα
θ

+H ≥ 0 (2.89)
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The heat influx for each constituent and for the the mixture will be defined by

(2.90) and (2.91) respectively

hα = qα + ραθηαuα (2.90)

h =
N∑
α=1

hα (2.91)

where hα is the entropy flux for constituent α and h is the entropy flux for the

mixture. Substituting (2.90) and (2.91) into (2.89) produces (2.92).

ρη̇ + div

(
h

θ

)
− ρr

θ
+H ≥ 0 (2.92)

Using (2.82) to eliminate the volumetric heat production term in (2.92), results in

(2.93) shown below.

− ρε̇+ ρθη̇ + tr (TL) + div (h− q)− gradθ · h
θ

+H ≥ 0 (2.93)

Defining the specific Helmholtz free energy for the mixture by (2.94), allows (2.93)

to be rewritten as (2.95).

ψ = ε− ηθ (2.94)

− ρψ̇ − ρηθ̇ + tr (TL) + div (h− q)− gradθ · h
θ

+H ≥ 0 (2.95)

For a reacting mixture where diffusion is negligibe h = q, by (2.76), (2.90), and

(2.91). As a result, for a diffusionless reacting mixture, the entropy inequality will be

written as (2.96).

− ρψ̇ − ρηθ̇ + tr (TL)− gradθ · q
θ

+H ≥ 0 (2.96)

Since bone will be considered a reacting diffusionless mixture, (2.96) will be used as

the entropy inequality for the mixture.

For discussion purposes only, the entropy inequality will also be derived for a

diffusing reacting mixture. Substituting (2.77), (2.86), and (2.91) into (2.92) gives
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(2.97).

N∑
α=1

[ραὴα − div (ραηαuα) + παηα] + div

(
N∑
α=1

hα
θ

)
−

N∑
α=1

ραrα
θ

+H ≥ 0 (2.97)

Equation (2.68) will be used to eliminate the production term rα in (2.97).

N∑
α=1

[ρα (θὴα − ὲα) + tr (TαLα) + div (hα − qα)

−gradθ · hα
θ

− θdiv (ραηαuα) + θπαηα + ε̂α

]
+H ≥ 0 (2.98)

Using (2.79) to eliminate ε̂α in (2.98) results in (2.99) shown below.

N∑
α=1

[
ρα (θὴα − ὲα) + tr (TαLα) + div (hα − qα)− gradθ · hα

θ

−θdiv (ραηαuα) + πα

(
θηα − εα −

1

2
uα · uα

)
− uα · p̂α

]
+H ≥ 0 (2.99)

To simplify the specification of constitutive equations, the specific Helmholtz free

energy will be specified as (2.100) shown below.

ψα = εα − θηα (2.100)

By use of (2.100), (2.99) will be rewritten as (2.101).

N∑
α=1

[
−ραψ̀α − ραηαθ̇ − ραηαgradθ · uα + tr (TαLα) + div (hα − qα)− gradθ · hα

θ

−θdiv (ραηαuα)− πα
(
ψα +

1

2
uα · uα

)
− uα · p̂α

]
+H ≥ 0 (2.101)

Expanding div (hα − qα) in (2.101) results in (2.102) shown below.

N∑
α=1

[
−ραψ̀α − ραηαθ̇ + tr (TαLα)− gradθ · hα

θ

−πα
(
ψα +

1

2
uα · uα

)
− uα · p̂α

]
+H ≥ 0 (2.102)

Substitution of (2.83) and (2.91) into (2.102) gives (2.103) shown below.

N∑
α=1

[
−ραψ̀α + tr (TαLα)− πα

(
ψα +

1

2
uα · uα

)
− uα · p̂α

]
− ρηθ̇ − gradθ · h

θ
+H ≥ 0 (2.103)
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Equation (2.103) can also be rewritten in an alternative form, by use of (2.104) shown

below.

ραψ̀α =
`

(ραψα)− ρ̀αψα (2.104)

Using (2.25), (2.104) will be rewritten as (2.105).

ραψ̀α =
`

(ραψα)− παψα + ραtr (ψαLα) (2.105)

Substitution of (2.105) into (2.103) produces (2.106) shown below.

N∑
α=1

[
− `

(ραψα)− ραtr

[(
ψαI−

Tα

ρα

)
Lα

]
− 1

2
παuα · uα − uα · p̂α

]
− ρηθ̇ − gradθ · h

θ
+H ≥ 0 (2.106)

Equation (2.106) will be further simplified by using the chemical potential as defined

by Bowen and Wiese [62, Section 3]. The chemical potential is shown below in (2.107)

Kα = ψαI−
Tα

ρα
(2.107)

where Kα is the chemical potential tensor for constituent α and I is the identity

tensor. In addition the Helmholtz free energy will be defined per unit volume as

shown in (2.108)

Ψα = ραψα (2.108)

where Ψα is the Helmholtz free energy of constituent α per unit mixture volume.

Substitution of (2.107) and (2.108) into (2.106) produces (2.109).

N∑
α=1

[
−Ψ̀α − ραtr (KαLα)− 1

2
παuα · uα − uα · p̂α

]
−ρηθ̇−gradθ · h

θ
+H ≥ 0 (2.109)

Equation (2.109) is the entropy inequality which can be used for a reacting diffusing

mixture.
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Chapter 3

BONE MECHANICS AND REMODELING

Bone appearing in organisms can be separated into two different types of bone tissue

[36, pp. 32-34]. These two types of bone tissue are classified as cortical bone and

trabecular bone. Cortical bone can also be classified as compact bone, while trabec-

ular bone can also be classified as spongy or cancellous bone. The mechanical and

physical properties of cortical and trabecular bone will be examined in Section 3.1

and 3.2 of this chapter.

Both mechanical and physical properties of bone can be determined at numerous

scales. As bone is a biological structure, it is possible to view properties at cellular

scales, microscopic scales, and macroscopic scales. Mechanical and physical properties

that will be discussed for cortical and trabecular bone in Sections 3.1 and 3.2, will

focus on the macroscopic scale.

Bone growth and remodeling will be discussed in Section 3.3 of this chapter. Sec-

tion 3.3 will provide a brief description of the cellular nature of growth and remodeling

in bone. In addition, various experimental results concerning the effects of mechanics

on bone growth and remodeling will be discussed. A brief review of models available

to describe bone growth and remodeling will be presented. The review will focus on

theoretical models available in literature to describe bone as a reactive tissue.

3.1 Cortical Bone

Cortical bone comprises the outer surfaces of bone, and acts as a shell for trabecular

bone. The basic microstructural unit of cortical bone is termed the osteon. A study

by Rho et al. [58] found that the apparent density for cortical bone ranges from
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approximately 1400 kg/m3 to 2400 kg/m3. An approximate porosity measure given

by Martin et al. [36, p. 33] for cortical bone was 5% to 10% .

To determine the elastic properties of cortical bone, mechanical testing including

tensile, torsion, and bending can be performed. One particular tensile test performed

by Reilly and Burstein [48] determined transverse isotropic properties for cortical

bone. The results obtained by Reilly and Burstein for human femoral cortical bone

assuming transverse isotropy are given below in Table 3.1

Variable Value

Et 17.0 [GPa]

Ep 11.5 [GPa]

Gt 3.28 [GPa]

νt 0.46

νp 0.58

Table 3.1: Transverse isotropic material properties for human femoral cortical bone de-

termined by mechanical testing [48].

where Et is the elastic modulus in the longitudinal direction, Ep is the elastic modulus

in the transverse or radial direction, Gt is the shear modulus, νt is the Poisson’s

ratio for the longitudinal direction, and νp is the Poisson’s ratio in the transverse or

radial direction. The material properties given above for cortical bone are determined

from numerous samples of cortical bone. Another experimental method available to

determine bulk material properties for cortical bone involves the use of ultrasonic

devices [49].

Ultrasonic methods of determining material properties relate the speed of sound

in the material to its elastic properties. A detailed description on determining cortical
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bone material properties using ultrasonic testing can be found in the published results

of Ashman et al. [49]. Orthotropic material properties measured by Ashman et al.

[49] using ultrasound are given below in Table 3.2

Variable Value [GPa]

C11 18.0 (1.60)

C22 20.2 (1.79)

C33 27.6 (1.74)

C44 6.23 (0.479)

C55 5.61 (0.398)

C66 4.52 (0.371)

C12 9.98 (1.29)

C23 10.1 (1.73)

C31 10.7 (1.78)

Table 3.2: Orthotropic material properties of cortical bone by ultrasound [49].

where Cij gives component ij of the elasticity tensor. Values given in Table 3.2 are

average elastic coefficients for human femoral bone. Standard deviations are given in

parenthesis.

Material properties given in Table 3.1 and 3.2 do not provide the complete mechan-

ical properties for cortical bone. Various studies have shown that for cortical bone,

the apparent density and material properties are related [56][57][59]. For cortical

bone, the relationship between elastic modulus and apparent density was determined

by Schaffler and Burr [59] as shown below in (3.1)

E = Eaρ
7.4
s (3.1)

where E is the elastic modulus of cortical bone and Ea is a proportionality constant.
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As shown in (3.1), the study by Schaffler and Burr [59] determined that the elastic

modulus of cortical bone is porportional to the apparent density of cortical bone to

the power of 7.4.

3.2 Trabecular Bone

Trabecular bone is found in the end of longs bones and inside vertebrae. As men-

tioned in the previous section, trabecular bone is surrounded by a shell of cortical

bone. Trabecular bone is composed of the basic structural component termed the

trabeculae. Due to the arrangement of trabeculae, trabecular bone can have appar-

ent density values ranging from 100 kg/m3 to 900 kg/m3 [58]. Approximate porosity

values for trabecular bone were given as 75% to 95% by Martin et al. [36, p. 32].

Comparison of the apparent density and porosity values of trabecular bone with those

for compact bone given in Section 3.1, shows trabeculae arrange in a more porous

structure compared with osteons.

The mechanical properties of trabecular bone are strongly dependent on the ar-

rangement of trabeculae in a given region [52][53][54]. To theoretically determine the

mechanical properties from the trabecular arrangement, Gibson [55] approximated

the structural arrangement of trabeculae by connected plates and rods. The model

considered by Gibson determined that the proportionality between the elastic mod-

ulus and apparent density of trabecular bone is dependent on the microstructural

arrangement of trabeculae.

Gibson [55] determined that the elastic modulus is proportional to the square

of the apparent density for an asymmetric open cell structure. For an asymmetric

closed cell structure, the elastic modulus is proportional to the cube of the apparent

density. Considering a columnar open cell structure Gibson determined that the

elastic modulus of trabecular bone should be linearly proportional to the apparent
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density. Experimental studies find that the exponent on the apparent density ranges

between 1 and 3 [50][51][56][57], which are consistent with the theoretical results of

Gibson [55].

To determine the elastic anisotropy caused by the arrangement of trabeculae in

a given region, Cowin [60] proposed the use of a fabric tensor. The fabric tensor

averages the microstructural arrangement of trabeculae at each point, providing a

continuum representation of anisotropy. By assumptions that the fabric tensor and

strain are isotropic Cowin [60] determined relations between the mechanical properties

of trabecular bone, porosity, and fabric tensor. Using the fabric tensor in addition to

mechanical testing, material properties for pelvic trabecular bone were determined

by Dalstra et al. [51]. The material properties determined by Dalstra et al. [51] are

shown on the next page in Table 3.3
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Variable Value

E1 59.8 (45.2) [MPa]

E2 50.1 (41.5) [MPa]

E3 38.3 (39.1) [MPa]

G23 20.8 (17.1) [MPa]

G31 23.5 (18.3) [MPa]

G12 25.2 (17.8) [MPa]

ν21 0.17 (0.10)

ν12 0.20 (0.12)

ν31 0.15 (0.08)

ν13 0.26 (0.16)

ν32 0.19 (0.13)

ν23 0.27 (0.21)

Table 3.3: Material properties for pelvic trabecular bone determined from mechanical test-

ing [51].

where E1, E2, and E3 are Young’s moduli. In Table 3.3 G23, G31, and G12 are shear

moduli and ν21, ν12, ν31, ν13, ν32, ν23 are Poisson’s ratios. Material properties shown

in Table 3.3 are averaged values with standard deviations provided in parenthesis.

As shown in Tables 3.1, 3.2, and 3.3 the material properties for trabecular are

lower than those for cortical bone. Studies by Rice et al. [57] and Rho et al. [58]

determined that the bulk elastic modulus of trabecular bone is less than bulk elastic

modulus of cortical bone. As a result, trabecular bone is less stiff than cortical bone.
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3.3 Bone Modeling and Remodeling

The terms modeling and remodeling were used by Frost [7] to refer to different pro-

cesses within bone. Modeling as defined by Frost [7], is the breakdown or formation

of bone which results in net changes in bone mass. For specific cases of bone mod-

eling, the terms growth and resorption will be used. Growth will be used to define

the addition of solid mass to the existing bone structure. Resorption will be used

to define the loss of solid mass from the existing bone structure. The process of old

bone mineral being replace by new bone mineral with no net change of bone mass is

termed bone remodeling by Frost [7].

The bone models considered in Chapters 4 and 5 will assume that the rate of bone

growth and remodeling is determined by mechanical deformations. Regions of bone

with high mechanical activity will be assumed to have higher bone formation rates.

Conversely, regions subjected to lower mechanical activity will be assumed to have

lower bone formation rates. The physical processes of modeling and remodeling in

bone can be attributed to different bone cells. These bone cells are the osteoblast,

osteclast, osteocyte, and bone lining cells. The chemical signals which regulate the

functioning of bone cells will not be discussed in detail. For the model being created,

only the general functions of each bone cell will be required.

Osteclasts function to break down existing bone tissue, while osteoblasts function

to build new bone tissue. Osteoblasts produce new bone tissue by secreting osteoid

[63, p. 2]. Osteoid is the organic part of bone tissue, composed primarily of collagen

[37]. Secreted osteoid acts as a nucleation site for formation of hydroxyapatite crystals

[63][64]. The relative rates at which bone tissue is resorped and formed by osteoclasts

and osteoblasts determines the overall change in bone tissue. When the rate of bone

tissue resorption and formation are equal, there is not net change in mass but the

existing structure can be modified.
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Osteoblasts which become trapped in bone tissue differentiate into osteocytes [65].

The imbedded osteocytes form a network of connections [66][67] which is believed to

act as a mechanical sensor [68]. Osteoblasts which do not become trapped remain on

the surface of bone tissue and differentiate into lining cells [65]. Lining cells are also

linked with the network of imbedded osteocytes [67] and are believed to aid in bone

growth and remodeling [69].

The precise coupling of mechanical loading with individual bone cells will not be

examined. Instead, bulk growth or resorption due to the actions of numerous bone

cells will be useful for the continuum models in Chapters 4 and 5. Experiments which

examine the bulk growth or resorption of bone as a function of mechanical factors,

will be discussed in subsection 3.3.1. Following the experimental evidence provided

in 3.3.1 will be a review of existing models of bone growth and remodeling.

3.3.1 Experimental Evidence

The hypothesis that mechanical factors effect the architecture of bone has been the

subject of numerous theoretical [29][30][31] and experimental studies [1][2][3][4][5][6][9]

[10]. As mentioned in Section 3.1 and 3.2, trabecular and cortical bone are anisotropic

materials. Due to the continual breakdown and renewal of bone material by the

actions of osteoclasts and osteoblasts, the anisotropic material directions can change.

For trabeculae bone, individual trabeculae are assumed to align with the principal

stress directions in a given region [9][10]. As a result, the material direction of trabec-

ular bone tends aligns with the principal stress directions. For cortical bone, Reilly

and Burstein [48] found that the strong material direction aligns approximately with

the long axis of the bone. In addition to the orientation of material direction, growth

and resorption of bone has been related to mechanical factors [1][2][3][4][5][6].

The study of Uhthoff and Jaworski [1] and Jaworski and Uhthoff [2] examined

the result of mechanical disuse on bone growth and remodeling in dogs. Uhthoff and
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Jaworski [1] immobilized the right foreleg of young adult Beagle dogs by use of a cast.

The left foreleg acted as the control. Results of immobilization was a decrease in bone

mass relative to the control. After 40 weeks of immobilization, the bone mass reached

a steady state value. The steady state value after 40 weeks was approximately 30%

to 50% less than the original bone mass.

To determine the capability of bone recovery after immobilization, Jaworski and

Uhthoff [2] casted the forelimb of both young and old Beagle dogs for 32 weeks. As

a result of immobilization bone volume in the third metacarpal diaphyseal compacta

was reduced by 53.6% in young dogs and 37.6% in old dogs. After 28 weeks from

cast removal, bone volume recovery was 70% in young dogs and 40% in old dogs.

The studies by Uhthoff and Jaworski [1] and Jaworski and Uhthoff [2] show that the

absence of mechanical stimulus, due to immobilization, causes loss of bone tissue. In

addition, Jaworski and Uhthoff [2] also show that bone lost due to resorption can be

regained by the remobilization.

Studies by Rubin and Lanyon [3][4] experimented on the ulna of turkeys and roost-

ers to determine the effect mechanical loading has on bone growth. The experiments

undertaken by Rubin and Lanyon involved artificially loading the ulna of roosters

and turkeys. For the experiments on roosters, Rubin and Lanyon found that in the

absence of strain, resorption would occur and bone would lose mass [3].

The experiments by Rubin and Lanyon [4] on the ulna of turkeys showed that peak

strain values applied to bone affect the remodeling and growth of bone. In particular,

peak strains below 0.001 were associated with bone lose in the ulna of turkeys. Peak

strains above 0.001 were associated with bone formation. The study by Rubin and

Lanyon [4] show that a strain threshold for bone formation may exist.

Another experiment undertaken by Forwood and Turner [5] and Turner et al.

[6] studied the effects of strain on bone formation in rats. The experiments studied
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the tibia of rats when a four point bending load was applied. Turner et al. [6]

found that bending strains above approximately 1050 µstrain resulted in lamellar

bone formation. Above the threshold of 1050 µstrain, lamellar bone formation was

observed to be linearly related to the peak applied strain magnitude. In addition,

woven bone formation was found to occur above loads of 40N .

Forwood and Turner [5] applied four point bending loads on rat tibia in bouts,

to determine the relation of bone formation with number of loading cycles. Each

bout was a 54 N load applied as sine wave with a frequency of 2 Hz for 18 seconds.

Forwood and Turner determined that bone formation may be quantized, such that a

quantum of bone cells is activated in response to the loading conditions.

Experimental results discussed in this subsection, provide evidence that the growth

and resorption of bone depends on mechanical factors. Reactive models for bone

which attempt to couple reactions with either strain or strain energy density, will be

discussed in the following subsection.

3.3.2 Existing Models

Existing models for bone, which couple reactions with mechanical stimuli will be

discussed in this subsection. The specific models which will be discussed are the

models proposed by Cowin and Hegedus [29], Beaupré et al. [30], and Huiskes et al.

[31].

Cowin and Hegedus [29] have proposed an adapative elasticity model to describe

bone as a reactive tissue. Cowin and Hegedus [29] assume that bone can be modelled

as a continuum composed of a porous solid material with no fluid perfusant. The

fluid acts as a volumetric source, supplying the material for increasing the mass of

the solid. Alternatively, the fluid can also act as a volumetric sink, receiving material

resorped from the solid constituent.
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The bulk density of the solid used by Cowin and Hegedus [29] is shown in (3.2)

ρs = ρ̄mφs (3.2)

where ρs is the bulk density of the solid, ρ̄m is the intrinsic density of the matrix

structure, and φs is the volume fraction of the material. The model considered by

Cowin and Hegedus [29] assumes that the intrinsic density of the matrix structure ρ̄m

is constant. The assumption was also made that the constitutive equations depend

on the volume fraction of the solid material in an unstrained configuration. Equa-

tion (3.3) was used by Cowin and Hegedus [29] to define the volume fraction in an

unstrained configuration

φsR = φsdetF (3.3)

where φsR is the volume fraction in an unstrained configuration and F is the defor-

mation gradient of the solid material.

By use of the mass balance equation, Cowin and Hegedus [29] were able to write

the rate of volume fraction change as shown in (3.4)

φ̇sR =
ĉ

ρ̄m
detF (3.4)

where ĉ is the mass added to the solid matrix. Hegedus and Cowin [70] simplified the

adaptive elasticity model of bone by using the assumption of small strain.

Using small strain assumptions, Hegedus and Cowin [70] determined the strain

tensor and change in volume fraction as shown below in (3.5) and (3.6) respectively

Eij =
1

2
(ûi,j + ûj,i) (3.5)

e = φsR − φ0
sR (3.6)

where E is the infinitesimal strain tensor, û is the solid displacement, e is change in

volume fraction, and φ0
sR is the initial volume fraction of the solid in the reference
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configuration. Using the small strain approximation Hegedus and Cowin [70] deter-

mined the remodeling rate of the solid material as shown below in (3.7) and the stress

of the solid material as shown in (3.8)

ė = a (e) + Aij (e)Eij (3.7)

Tij =
(
φ0
s,R + e

)
Cikjl (e)Ekl (3.8)

where a (e) is a scalar valued function of the change in volume fraction, Aij is a tensor

valued function of the change in volume fraction, and Cijkl is a fourth order elasticity

tensor. As shown in (3.7), the remodeling rate for bone considered by Hegedus and

Cowin is dependent on strain. A different indicator for remodeling rate can be found

in the model proposed by Beaupré et al. [30].

The model proposed by Beaupré et al. [30] relies on previous work by Carter [71],

Fyhrie and Carter [72], and Whalen et al. [73]. Beaupré et al. [30] assumes that a

daily level stress stimulus determines the remodeling rate of bone. The daily stress

level stimulus is given by (3.9) shown below

Ψb =

(∑
day

niσ
m
bi

)1/m

(3.9)

where Ψb is the daily tissue level stress stimulus, ni is the number of cycles for load

type i, σbi is the true bone tissue level effective stress, and m is an empirical constant.

At the continuum level, the daily stress stimulus was given by Carter et al. [74] as

(3.10)

Ψdaily =

(∑
day

niσ
m
i

)1/m

(3.10)

where Ψdaily is the continuum level daily stress stimulus and σi is the continuum level

effective stress. The continuum level effective stress was given by (3.11) shown below

[72][74]

σi =
√

2EU (3.11)
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where E is the continuum average elastic modulus and U is the continuum strain

energy density. The relationship between the daily stress stimulus at the tissue level

and the continuum level was determined by Beaupré et al. [30] to be given by (3.12)

shown below

Ψb =

(
ρcortical
ρmineral

)2

Ψdaily (3.12)

where ρcortical is the density of cortical bone and ρmineral is the apparent density of

mineralized tissue. The tissue level daily stress stimulus was used by Beaupré et al.

[30] as an indicator for modeling and remodeling stimulus.

Beaupré et al. [30] assumed that bone was near an equilibrium condition, such that

the daily tissue level stress stimulus was near an attractor state stress stimulus. The

error between the actual daily tissue level stress stimulus and the attractor state stress

stimulus, shown below in (3.13), provided the stimulus for modeling and remodeling

error = Ψb −ΨAS (3.13)

where ΨAS is the attractor state stress stimulus. Using the error defined in (3.13),

Beaupré et al. [30] defined the rate of remodeling by a piecewise function shown

below in (3.14)

ṙrate =



d1 (Ψb −ΨAS) + (d1 − d2)w1 (Ψb −ΨAS < −w1)

d2 (Ψb −ΨAS) (−w1 ≤ Ψb −ΨAS < 0)

d3 (Ψb −ΨAS) (0 ≤ Ψb −ΨAS < +w2)

d4 (Ψb −ΨAS) + (d3 − d4)w2 (Ψb −ΨAS > +w2)

(3.14)

where d1, d2, d3, and d4 are remodeling rate constants. w1 and w2 are constants

which define the width of the normal activity zone and rrate is the rate of remodeling.

Beaupré et al. [30] use the previous work of Frost [75] to relate the remodeling rate

given by (3.14) to the change of bone density. Using the previous work of Frost [75],
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Beaupré et al. [30] determined that (3.15) can be used to describe the bone formation

rate per unit bulk volume

ρ̇s = ṙrateSvρt (3.15)

where ρt is the true density of bone tissue, Sv is the bone surface area density, and

ρs is the apparent density of bone tissue. As shown by (3.10), (3.11), (3.12), (3.14),

(3.15) the reactions for bone proposed by Beaupré et al. [30] can be related to the

continuum strain energy. As a result, the reactions in bone considered by Beaupré et

al. [30] are coupled with mechanical deformations of bone.

Another theoretical model has been studied by Huiskes et al. [31] to determine

trabecular architecture . The model created by Huiskes et al. specified the change of

local mineral density for a specified point by (3.16) and (3.17) shown below

dmb

dt
= τ {Ps(x, t)− ktr} − roc for Ps(x, t) > ktr (3.16)

dmb

dt
= −roc for Ps(x, t) ≤ ktr (3.17)

where mb is the local mineral density of the bone, τ is a proportionality constant, roc

is the relative osteoclast activity, Ps(x, t) is the osteoblast recruitment stimulus, and

ktr is the threshold for osteoblast recruitment. The form of the osteoblast recruitment

stimulus used by Huiskes et al. [31] is shown below in (3.18)

Ps(x, t) =
n∑
i=1

fi(x)µiRti(t) (3.18)

where Rti(t) is the strain energy density rate, µi is the mechanosensitivity of osteocyte

i, and fi is the decay function for osteocyte i. Since the strain energy density rate

depends on mechanical deformations, the osteoblast recruitment stimulus proposed

by Huiskes et al. [31] will depend on mechanical deformations. As a result, the

local mineral density mb proposed by Huiskes et al. [31] also depends on mechanical

deformations through (3.16) and (3.17).

45



The reactive bone models proposed by Cowin and Hegedus [29], Beaupré et al.

[30], and Huiskes et al. [31] all couple reactions with some form of strain. The model

for bone that will be discussed in Chapter 4 and 5 will follow similar to previously dis-

cussed bone models and use mechanical deformations to describe the rate of reactions

in bone.
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Chapter 4

SOLID-FLUID REACTING MIXTURE THEORY MODEL

FOR BONE

A reactive diffusionless solid-fluid mixture theory model for bone will be discussed in

Chapter 4. The hydroxyapatite and collagen in bone will be approximated as a solid

phase. Bone serum and any dissolved nutrients will be approximated as a fluid phase.

While reactions will be assumed to occur in the mixture all diffusion terms will be

neglected.

Similar to the previous works of Rouhi [24] and Rouhi et al. [25], bone will

be considered as a solid-fluid reacting mixture. The mixture model proposed in

this chapter will assume different constitutive equations for the solid-fluid mixture

compared with the previous bone models proposed by Rouhi [24] and Rouhi et al.

[25]. In addition, an evolution equation will be specified for the growth of bone, which

was not specified in previous bone mixture models [24][25]. The assumed constitutive

and evolution equations were chosen to couple reactions in bone with mechanical

deformations.

Constitutive assumptions for the mixture will be introduced in Section 4.1. Re-

strictions on constitutive equations by the Second Law of Thermodynamics will be

discussed in Section 4.2. The constitutive equation for the solid constituent will be

further simplified in Section 4.3 by assuming infinitesimal strains. The assumed evo-

lution equation for the extent of the reaction will be discussed in Section 4.4. For

future work, Section 4.5 describes results of using the incompressibility constraint

proposed by Mills [76] with a solid-fluid diffusionless reacting mixture. Results found

in Section 4.5 will not be used for the considered solid-fluid diffusionless mixture.
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To solve a simple mechanical example discussed later in this chapter, the total

traction applied to the mixture must be split between the solid and fluid constituents.

The method used to split surface tractions will follow the method proposed by Ra-

jagopal and Tao [77, pp. 36-37]. Section 4.6 will present the equations proposed by

Rajagopal and Tao [77, pp. 36-37] to split surface tractions.

Governing equations for a numerical example will be presented in Section 4.7.

Simplification of governing equations for a steady state biaxial stretch case will be

presented in Section 4.8. Equations resulting from the steady state biaxial stretch

case will not be solved in Chapter 4. Solutions for the biaxial stretch case will be

presented in Chapter 6.

4.1 Constitutive Assumptions

The constitutive equations for the mixture will be assumed to take the form shown

below

ψ = ψ̂ (θ,Fs, ξ) (4.1)

T = T̂ (θ,Fs, ξ) (4.2)

ξ̇ = ŵ (θ,Fs, ξ) (4.3)

gradθ = 0 (4.4)

where ψ is the specific Helmholtz free energy, T is the mixture stress, θ is the tem-

perature, Fs is solid deformation gradient, and ξ is the extent of the reaction. ψ̂,

T̂, and ŵ are particular functions which describe the specific Helmholtz free energy,

mixture stress, and evolution equation respectively.

The constitutive assumptions given above in (4.1), (4.2), (4.3), and (4.4) are a

simpler form of the constitutive assumptions used by Rouhi [24, Chapter 5], Rouhi

et al. [25], and Bowen [8]. Constitutive assumptions used by Rouhi [24], Rouhi et al.
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[25], and Bowen [8] included a dependence on viscous terms as well as temperature

gradients.

As diffusion will be considered negligible, the stress tensor for the mixture given

by (2.49) simplifies to (4.5)

T = Ts + Tf (4.5)

where Ts and Tf are the partial solid stress and partial fluid stress respectively. The

Helmholtz free energy for the mixture will be assumed to take the additive form

shown below in (4.6)

ρψ̂ (θ,Fs, ξ) = ρsψ̂s (θ,Fs, ξ) + ρf ψ̂f (θ,Fs, ξ) (4.6)

where subscript s represents the solid and subscript f represents the fluid.

4.2 Restrictions Imposed by Second Law of Thermodynamics

To determine restrictions imposed by the Second Law of Thermodynamics, the deriva-

tive of (4.1) with respect to the mixture velocity will be required. The derivative will

be shown below in (4.7).

˙̂
ψ (θ,Fs, ξ) =

∂ψ̂ (θ,Fs, ξ)

∂θ
θ̇ + tr

(∂ψ̂ (θ,Fs, ξ)

∂Fs

)T

Ḟs

+
∂ψ̂ (θ,Fs, ξ)

∂ξ
ξ̇ (4.7)

Substitution of (4.7) into (2.96) and using (2.22) assuming a diffusionless mixture,

results in (4.8) shown below

−

[
ρ
∂ψ̂ (θ,Fs, ξ)

∂θ
+ ρη

]
θ̇+

tr

(T− ρ∂ψ̂ (θ,Fs, ξ)

∂Fs

FT
s

)T

L

− ρ∂ψ̂ (θ,Fs, ξ)

∂ξ
ξ̇ +H ≥ 0

(4.8)

where L is the velocity gradient for the mixture and H is a non-compliant entropy

source. Necessary and sufficient conditions for (2.96) to be satisfied are given below
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in (4.9), (4.10), and (4.11).

T = ρ
∂ψ̂ (θ,Fs, ξ)

∂Fs

FT
s (4.9)

η = −∂ψ̂ (θ,Fs, ξ)

∂θ
(4.10)

H − ρ∂ψ̂ (θ,Fs, ξ)

∂ξ
ξ̇ ≥ 0 (4.11)

As shown in (4.9) and (4.10), the mixture stress and entropy will be determined from

derivatives of the specific Helmholtz free energy of the mixture. The chemical affinity

will be defined as shown below in (4.12) [8][78]

σ = −ρ∂ψ̂ (θ,Fs, ξ)

∂ξ
(4.12)

where σ is the chemical affinity for the mixture. Substitution of (4.6) into (4.12)

results in (4.13) shown below

σ = σs + σf (4.13)

where σs and σf are the chemical affinities for the solid and fluid respectively. The

chemical affinities for the solid and fluid will be defined as shown below in (4.14) and

(4.15) respectively.

σs = −ρs
∂ψ̂s (θ,Fs, ξ)

∂ξ
(4.14)

σf = −ρf
∂ψ̂f (θ,Fs, ξ)

∂ξ
(4.15)

Substitution of (4.12) into (4.11) yields (4.16) shown below.

H + σξ̇ ≥ 0 (4.16)

The entropy inequality given by (4.16) must be satisfied for a given process to be

considered thermodynamically admissible. For the considered bone model, the non-

compliant entropy source given by H will be necessary due to the chosen evolution

equation and chemical affinity. The evolution equation and chemical affinity chosen

for the bone model will be discussed in Section 4.4.
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4.3 Linear Elasticity

The specific Helmholtz free energy for the solid shown in (4.6) will be written as a

function of strain rather than the deformation gradient. As a result, the Helmholtz

free energy for the solid constituent takes the form shown below in (4.17)

ψ̂s (θ, ξ,Fs) = ψ̃s (θ, ξ,Es) (4.17)

where Es is the strain tensor for the solid. The solid strain will be defined by (4.18)

shown below

Es =
1

2

(
FT
s Fs − I

)
(4.18)

where I is the identity tensor. With the change of variable to solid strain, the Cauchy

stress for the solid constituent will be given by (4.19) shown below.

Ts = ρsFs
∂ψ̃s (θ, ξ,Es)

∂Es

FT
s (4.19)

Assuming that the solid is subjected only to infinitesimal deformations, the specific

Helmholtz free energy for the solid constituent will be expanded in a Taylor series.

The first three terms of the Taylor series expansion of the specific solid Helmholtz

free energy about Es = 0 are shown below in (4.20).

ψ̃s (θ, ξ,Es) = ψ̃s (θ, ξ,0) +
∂ψ̃s (θ, ξ,Es)

∂Es

∣∣∣∣
Es=0

: Es +
1

2
Es :

∂2ψ̃s (θ, ξ,Es)

∂Es∂Es

∣∣∣∣
Es=0

: Es

(4.20)

The assumption will be made that (4.21) applies to the mixture under consideration.

∂ψ̃s (θ, ξ,Es)

∂Es

∣∣∣∣
Es=0

= 0 (4.21)

Equation (4.21) has the physical meaning that at zero strain the solid stress will be

assumed to be zero. In addition, (4.22) will be used to define the first term in (4.20).

ψ̃s (θ, ξ,0) = ψ̃s0 (θ, ξ,0) (4.22)
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Substitution of (4.21) and (4.22) into (4.20) results in (4.23) shown below.

ψ̃s (θ, ξ,Es) = ψ̃s0 (θ, ξ,0) +
1

2
Es :

∂2ψ̃s (θ, ξ,Es)

∂Es∂Es

∣∣∣∣
Es=0

: Es (4.23)

The second derivative of the specific solid Helmholtz free energy with respect to the

strain evaluated at zero strain will be written as shown below in (4.24)

C̃ (θ, ξ) =
∂2ψ̃s (θ, ξ,Es)

∂Es∂Es

∣∣∣∣
Es=0

(4.24)

where C̃ is a fourth order elasticity tensor. As infinitesimal strains are being assumed,

the strain tensor given by Es will be written in terms of solid displacement as shown

below in (4.25)

(Es)ij =
1

2

(
(ûs)i,j + (ûs)j,i

)
(4.25)

where ûs is the displacement of the solid relative to its chosen reference configuration.

The comma in (4.25) represents a spatial derivative where the direction is given by

the index after the comma. The solid displacement ûs will be defined by (4.26) shown

below.

ûs = x−Xs (4.26)

Substitution of (4.23) into (4.19) results in the stress for the solid constituent as

shown below in (4.27).

Ts = ρsC̃ (θ, ξ) Es (4.27)

The determination of the stress for the solid constituent shown above in (4.27) follows

similar to the adaptive elasticity model of Hegedus and Cowin [70]. The difference

between the stress given by (4.27) and the stress determined by Hegedus and Cowin

[70] is the meaning of internal state variables used. Hegedus and Cowin [70] use

volume fraction while (4.27) uses extent of reaction as the internal state variable.

To determine an approximate form for the elasticity tensor, Hegedus and Cowin

[70] expand the strain energy of the solid in a Taylor series expansion using both the

52



internal state and the strain. While a similar procedure can be used to approximate

the elasticity tensor found in this section, a different approach will be taken.

Over the particular range of the extent of the reaction that will appear in numerical

studies, it will be assumed that the elasticity tensor will be a constant. By assuming a

constant elasticity tensor, the stress for the solid constituent will be written as (4.28)

shown below.

Ts = ρsC̃Es (4.28)

Equation (4.28) will be simplified by use of Voigt notation, since the partial stress for

the solid constituent has been considered symmetric. The result of writing (4.28) in

Voigt notation is shown below in (4.29).

Ts11

Ts22

Ts33

Ts23

Ts13

Ts12


= ρs



C̃11 C̃12 C̃13 C̃14 C̃15 C̃16

C̃12 C̃22 C̃23 C̃24 C̃25 C̃26

C̃13 C̃23 C̃33 C̃34 C̃35 C̃36

C̃14 C̃24 C̃34 C̃44 C̃45 C̃46

C̃15 C̃25 C̃35 C̃45 C̃55 C̃56

C̃16 C̃26 C̃36 C̃46 C̃56 C̃66





Es11

Es22

Es33

2Es23

2Es13

2Es12


(4.29)

The elasticity tensor will be simplified further by using the material symmetry for

the solid constituent.

Assuming an isotropic solid constituent, the elasticity takes the form shown below

in (4.30)

C̃ =



λ̃+ 2µ̃ λ̃ λ̃ 0 0 0

λ̃ λ̃+ 2µ̃ λ̃ 0 0 0

λ̃ λ̃ λ̃+ 2µ̃ 0 0 0

0 0 0 µ̃ 0 0

0 0 0 0 µ̃ 0

0 0 0 0 0 µ̃


(4.30)
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where λ̃ and µ̃ are specific Lamé first and second parameters respectively. As shown in

(4.30), an isotropic material requires two material constants to describe the elasticity

tensor. As a result, the stress and strain relation for an isotropic material will be

simplified to (4.31) shown below.

Ts = 2ρsµ̃Es + ρsλ̃tr (Es) I (4.31)

The modified Lamé parameters will be related to the specific elastic modulus by (4.32)

Ẽ =
µ̃
(

3λ̃+ 2µ̃
)

λ̃+ µ̃
(4.32)

where Ẽ is the specific elastic modulus for the solid constituent.

Equations (4.31) will be used to describe the constitutive equation for the partial

stress of the solid constituent. In addition, (4.23) will be used to determine the

evolution equation for bone remodeling. The evolution equation that will be used for

bone remodeling will be discussed in Section 4.4.

4.4 Bone Remodeling

Bone remodeling in the proposed theory will be described by the evolution equation

ξ̇. For the numerical example in Section 4.8 a particular evolution equation will be

assumed. The assumed evolution equation is shown below in (4.33)

ξ̇ = kfMsνsξ − krln

1 +
ρs

(
ψ̃s − ψ̃s0

)
Ψ0

 (4.33)

where kf is a constant representing the activity rate for osteoclasts, kr is a constant

representing the activity rate for osteoblasts, Ψ0 is a constant, Ms is the molecular

mass of the solid constituent, and νs is the stoichiometric coefficient for the solid.

The first term on the right hand side of (4.33) represents the rate at which os-

teoclasts break down bone tissue. The second term on the right hand side of (4.33)
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represents the rate which osteoblasts form bone tissue. As a result, ξ̇ < 0 corresponds

to the formation of bone tissue and ξ̇ > 0 corresponds to resorption of bone tissue.

Bone remodeling occurs when ξ̇ = 0.

To determine if the chosen evolution equation naturally satisfies the entropy in-

equality given by (4.16), the form of the chemical affinity for the mixture must be

determined. While (4.14) and (4.23) can be used to determine the chemical affinity

for the solid, the exact form of ψ̃s0 is not known for bone. As a result, a different

definition of the chemical affinity will be used for the mixture.

The chemical affinity for the mixture will be defined by (4.34) shown below [79][80]

σ = −
N∑
α=1

ναµα (4.34)

where να is the stoichiometric coefficient for constituent α and µα is the chemical

potential of constituent α. As the mixture will be composed of a solid and fluid

constituent, the affinity given by (4.34) will be rewritten as (4.35) shown below.

σ = |νs|µs − |νf |µf (4.35)

In determining (4.35), the solid has been assumed to be the reactant, resulting in a

negative stoichiometric coefficient. The fluid has been assumed to be the product,

resulting in a positive stoichiometric coefficient. From a chemical point of view, the

affinity given by (4.35) is a poor approximation for bone.

Considering the hydroxyapatite in the mixture, a dissolution reaction for the min-

eral [81] will be written as shown below (4.36).

Ca10 (PO4)6 (OH)2 + 2H+ → 10Ca2+ + 6PO3−
4 + 2H2O (4.36)

As shown in (4.36) there are numerous dissolved constituents in bone that will be

neglected by a biphasic mixture. To obtain a more accurate model for the chemical

reactions in bone would require the current biphasic mixture to be expanded to include
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more constituents. Expanding the current biphasic mixture will be left for future

work.

While the chemistry provided by (4.35) does not represent an accurate bone model,

the resultant entropy inequality will still be discussed. The entropy inequality deter-

mined using (4.35) will be useful to determine if (4.33) will always be thermodynam-

ically permissible. For an ideal mixture, the chemical potentials will be written as

shown in (4.37) [79][82]

µα = µ0
α +Rθ ln x̄α (4.37)

where µ0
α is a standard chemical potential, R is the ideal gas constant, and x̄α is the

molar fraction of constituent α. Substitution of (4.35) and (4.37) into (4.16) results

in (4.38) shown below.

H −

[(
|νf |µ0

f − |νs|µ0
s

)
+Rθ ln

(
x̄
|νf |
f

x̄
|νs|
s

)]
ξ̇ ≥ 0 (4.38)

While the chemical affinity given by (4.38) is not realistic for bone, the resultant

entropy inequality will still useful in providing insights into bone growth and remod-

eling.

As shown in (4.38), during a case of growth or resorption without the active control

provided by H, the satisfaction of the entropy inequality will be dependent on the

current relative concentrations of constituents and the difference in standard chemical

potentials of the reactant and products. Under certain relative concentrations of

constituents, growth or resorption may not be possible without the use of some active

control provided by H. During a state of remodeling, when ξ̇ = 0, the entropy

inequality can be satisfied as all terms except H will be zero. Depending on the

stability of the state of remodeling, some active control may still be necessary to

maintain remodeling.

Since the chemical affinity used to determine (4.38) is not realistic for bone, (4.38)

will not be evaluated in examples. Instead, it will be assumed that the active con-
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trol H will be sufficient to satisfy the entropy inequality under any case of growth,

resorption, or remodeling considered.

As mentioned earlier in this section, the chemical affinity for the solid can be

determined if ψ̃s0 has been specified. To aid future work, ψ̃s0 will be assumed and

the corresponding chemical affinity will be determined. The results derived from the

assumed function for ψ̃s0 will not be used for the considered model in future sections.

Results are intended to aid future work in determining appropriate constitutive and

evolution equations for reacting mixtures.

Equation (4.39) will be assumed to apply to the mixture

ψ̃s0 = θR

(
ω̄s0 − |νs| ξ

ω̄0

)
ln

(
ω̄s0 − |νs| ξ

ω̄0

)
(4.39)

where ω̄s0 is the initial molar density of the solid constituent and ω̄0 is the initial

molar density of the mixture. Equation (4.39) has been assumed in an attempt to

match an ideal chemical mixture [82]. Substitution of (4.39) into (4.23) and using

(4.14), results in (4.40) shown below.

σs = −θR |νs| − θR |νs| ln
(
ω̄s0 − |νs| ξ

ω̄0

)
+

1

2
Es :

∂C̃ (θ, ξ)

∂ξ
: Es (4.40)

Substitution of (4.40) into (4.13) results in (4.41) shown below.

σ = −θR |νs| − θR |νs| ln
(
ω̄s0 − |νs| ξ

ω̄0

)
+

1

2
Es :

∂C̃ (θ, ξ)

∂ξ
: Es + σf (4.41)

As shown above in (4.41), mechanical factors affect the chemical affinity of the solid

through the variation of the elasticity tensor with ξ. Future work involves deter-

mining how the elasticity tensor depends on the extent of the reaction. In addition,

determining the form of the chemical affinity for the fluid will be left for future work.

4.5 Incompressibility Constraint

For future work, the incompressibility constraint for a mixture specified by Mills [76]

may prove useful in models of bone. The incompressibility constraint for a solid-fluid
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mixture is shown in (4.42)

ρs
ρs

+
ρf
ρf

= 1 (4.42)

where ρs is the apparent solid density, ρf is the apparent fluid density, ρs is the

intrinsic solid density, and ρf is the intrinsic fluid density. Both ρs and ρf are assumed

to be constants. Results derived from the use of (4.42) will be intended to aid future

work. Aside from this section, the incompressibility constraint will not be assumed

to apply to the considered mixture.

The material derivative of (4.42) assuming a diffusionless mixture is shown below

in (4.43)

1

ρs

∂ρs
∂t

+
1

ρf

∂ρf
∂t

+
1

ρs
grad (ρs) · ẋ +

1

ρf
grad (ρf ) · ẋ = 0 (4.43)

where ẋ is the mixture velocity. Substitution of (2.25) into (4.43) results in (4.44)

shown below (
ρs
ρs

+
ρf
ρf

)
divẋ− πs

ρs
− πf
ρf

= 0 (4.44)

where πs and πf are the volumetric productions of the solid and fluid constituent

respectively. Assuming a closed mixture and substitution of (2.21), (2.30), and (4.42)

into (4.44) results in (4.45) shown below

trL− πs
(

1

ρs
− 1

ρf

)
= 0 (4.45)

where L is the velocity gradient for the mixture. Substitution of (2.36) into (4.45)

results in (4.46) shown below

trL + ρMs |νs|
(

1

ρs
− 1

ρf

)
ξ̇ = 0 (4.46)

where Ms is the molecular mass of the solid constituent, νs is the stoichiometric

coefficient associated with the solid constituent, ρ is the density of the mixture, and

ξ is the extent of the reaction. In determining (4.46), the solid constituent has been

assumed to be a reactant and the fluid has been assumed to be a product.
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Using the constraint (4.42) with the entropy inequality defined by (4.8) results in

(4.47)

−

[
ρ
∂ψ̂ (θ,Fs, ξ)

∂θ
+ ρη

]
θ̇

+ tr

(T− ρ∂ψ̂ (θ,Fs, ξ)

∂Fs

FT
s + λcI

)T

L


+

(
ρMs |νs|

(
1

ρs
− 1

ρf

)
λc − ρ

∂ψ̂ (θ,Fs, ξ)

∂ξ

)
ξ̇ +H ≥ 0 (4.47)

where λc is a Lagrange multiplier, T is the mixture stress, Fs is the solid deformation

gradient, I is the identity tensor, θ is the temperature, η is the entropy, ψ̂ is the

response function for the specific Helmholtz free energy, and H is a non-compliant

entropy term. Necessary and sufficient conditions to satisfy (4.47) are given below in

(4.48) to (4.51)

T = −λcI + ρ
∂ψ̂ (θ,Fs, ξ)

∂Fs

FT
s (4.48)

η = −∂ψ̂ (θ,Fs, ξ)

∂θ
(4.49)

σ = −ρMs |νs|
(
ρf − ρs
ρsρf

)
λc (4.50)

H = 0 (4.51)

where σ is the chemical affinity for the mixture defined by (4.12). As shown in (4.48),

the Lagrange multiplier can be defined as a pressure for the entire mixture. With the

Lagrange multiplier identified as a mixture pressure, (4.50) specifies that the mixture

chemical affinity depends linearly on the mixture pressure.

Whether the use of the incompressibility constraint specified by (4.42) is applicable

to a reacting mixture remains to be determined. Determining the applicability of

(4.42) to reacting mixtures, in particular to bone, will be left for future work. Aside

from this section, (4.42) will not be assumed to apply to the considered mixture.
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4.6 Splitting of Surface Traction

For mixture theory problems, typically only the total traction at the boundary is

known. To solve mixture theory problems in terms of each constituent, the total

traction must be split between constituents. The method which will be used for

numerical examples was proposed by Rajagopal and Tao [77, pp. 36-37]. Derivations

and equations shown in this section, follow the derivations and equation proposed by

Rajagopal and Tao [77, pp. 36-37].

The method of splitting traction proposed by Rajagopal and Tao involves assum-

ing that the surface fraction a given constituent at the boundary is equivalent to the

volume fraction, as shown below

δSα

δS
=
δV α

δV
(4.52)

where δSα and δS are the small piece of the constituent surface and mixture surface

respectively. In (4.52), δV α and δV are a differential volume of the constitutent and

mixture respectively. The volume fraction can also be written as (4.53) shown below

δV α

δV
=
ρα
ρα

(4.53)

where ρα is the intrinsic density of constituent α and ρα is the apparent density of

constituent α. As a result of (4.52) and (4.53), the surface fractions will be written

as (4.54).

δSα

δS
=
ρα
ρα

(4.54)

The partial traction for a given constituent will then be given by (4.55)

tα =
δSα

δS
t (4.55)

where tα is the partial traction for constituent α and t is the total mixture traction.

Substituting (4.54) into (4.55) results in (4.56) shown below.

tα =
ρα
ρα

t (4.56)
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As a result of (4.56), the partial traction carried by the fluid will be specified by (4.57)

shown below

tf =
ρf
ρf

t (4.57)

where tf is the partial traction for the fluid, ρf is the apparent density of the fluid, and

ρf is the intrinsic fluid density. For the examples that will be completed in Sections

4.8 and 5.6 the partial traction for the fluid will be specified by (4.57) shown above.

4.7 Governing Equations

The equations which will describe the diffusionless solid-fluid reacting mixture are

given below.

ρ̀s + ρsdiv ẋ = πs (4.58)

ρ̀f + ρfdiv ẋ = πf (4.59)

divT = 0 (4.60)

The mixture stress tensor T in (4.60) can be additively decomposed into a solid and

fluid partial stress as shown in (4.5). In addition, taking the sum of (4.58) and (4.59)

results in the (4.61).

ρ̇+ ρdiv ẋ = 0 (4.61)

Equation (4.61) represents the usual balance of mass for a closed mixture.

The solid constituent will be assumed to follow a linear elastic material model

given by (4.31). For the fluid, the constitutive equation for the parital stress will be

assumed to given by (4.62) shown below

Tf = −ρfP I (4.62)

where P is an indeterminate pressure and I is the identity tensor.

The evolution equation describing the extent of the reaction for bone will be

specified by (4.33). As discussed in Section 4.4, the chosen evolution equation for
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the extent of the reaction will not naturally satisfy the entropy inequality. Since the

entropy inequality will not be naturally satisfied the active control given by H in

(4.16) will be necessary.

4.8 Diffusionless Steady State Biaxial Stretch

The piece of bone that will be considered in this section is shown below in Figure 4.1.

(x, y)

z

th

h

Figure 4.1: Mixture undergoing biaxial stretch.

As shown in Figure 4.1, the considered piece of bone will be subjected to a traction th

at the top surface and will be fixed at z = 0. The height of the mixture shown in Figure

4.1 is given by h. The density of the mixture will be assumed to be homogeneous. In

addition, the apparent density of the solid and fluid will be assumed to be vary only

in the z direction. Since steady state conditions will be assumed, all dependence on

time will be dropped.

For the steady state biaxial loading being considered, the displacement of the solid

will be written as (4.63) shown below

ûsx = α̂x ûsy = α̂y ûsz = f (z) (4.63)

where ûsx, ûsy, and ûsz are the solid displacements in the x, y, and z directions

respectively. Equation (4.63), specifies that the solid constituent is being stretched
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equally in the x and y directions by a constant factor α̂. The stretch in the z direction

will be determined as a function of z. Using the displacement profiles given by (4.63)

and assuming infinitesimal strains, the solid strain will be written as (4.64) shown

below

E =


α̂ 0 0

0 α̂ 0

0 0 f ′ (z)

 (4.64)

where a prime will be used to denote a derivative with respect to the z direction.

Approximating the solid constituent as a linear isotropic material and using the in-

finitesimal strain tensor given by (4.64), the components of the solid stress tensor

become (4.65), (4.66) and (4.67).

Ts11 = Ts22 = 2ρs(z)
(
λ̃+ µ̃

)
α̂ + ρs(z)λ̃f ′(z) (4.65)

Ts33 = ρs(z)
(
λ̃+ 2µ̃

)
f ′ + 2ρs(z)λ̃α̂ (4.66)

Ts12 = Ts13 = Ts23 = 0 (4.67)

The components of the fluid stress tensor take the form shown below.

Ts11 = Ts22 = Ts33 = −ρf (z)P (4.68)

Ts12 = Ts13 = Ts23 = 0 (4.69)

The intrinsic pressure P , shown in (4.68), will be assumed to be a constant.

For steady state conditions, the mass balance equations given by (4.58) and (4.59),

simplify to (4.70) shown below.

ξ̇ = 0 (4.70)

Substitution of (4.33) into (4.70) produces (4.71).

kfMsνsξ − krln

1 +
ρs

(
ψ̃s − ψ̃s0

)
Ψ0

 = 0 (4.71)
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For the assumed strain and material properties (4.23) will be simplified to (4.72)

shown below.

ψ̃s − ψ̃s0 =
1

2
(λ̃+ 2µ̃)f ′2 + 2λ̃α̂f ′ + 2(λ̃+ µ̃)α̂2 (4.72)

Substituting (4.72) into (4.71) produces (4.73) shown below.

kfMsνsξ − krln

1 +
ρs

(
1
2
(λ̃+ 2µ̃)f ′2 + 2λ̃α̂f ′ + 2(λ̃+ µ̃)α̂2

)
Ψ0

 = 0 (4.73)

For the considered example, (4.73) will be simplified using the relation between the

mass concentration of constituents and the extent of the reaction determined by

Bowen [20, Section 1.3]. Assuming zero initial conditions, substitution of (2.37) into

(4.73) results in (4.74)

k̃fρs − krln

1 +
ρs

(
1
2
(λ̃+ 2µ̃)f ′2 + 2λ̃α̂f ′ + 2(λ̃+ µ̃)α̂2

)
Ψ0

 = 0 (4.74)

where k̃r is a constant describing osteoclast activity. Equation (4.74) provides a non-

linear constraint between the apparent density of the solid constituent and the solid

strain.

The balance of linear momentum for the fluid constituent simplifies to (4.75)

shown below.

d (ρf (z)P )

dz
= 0 (4.75)

Since P has been considered a constant, (4.75) specifies that the apparent density of

the fluid at steady state will be spatially homogeneous. Since both the fluid apparent

density and the mixture density will be homogeneous, the solid apparent density will

also be homogeneous by (2.5). As a result, the dependence on z will be dropped in

all densities.

The balance of linear momentum for the solid constituent and the mixture simplify

to (4.76) and (4.77) respectively.

d

dz
(ρs(λ̃+ 2µ̃)f ′ (z) + 2ρsλ̃α̂) = 0 (4.76)
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d

dz
(−ρfP + ρs(λ̃+ 2µ̃)f ′ (z) + 2ρsλ̃α̂) = 0 (4.77)

Equation (4.76) and (4.77) specify that the mixture stress, partial solid stress, and

the solid strain will be homogeneous. As a result, the normal stress for the mixture

in the z direction will be written as shown below in (4.78)

T33 = −ρfP + ρs(λ̃+ 2µ̃)f ′ + 2λ̃α̂ = W (4.78)

where W is a constant value.

The condition of homogeneous solid strain results in (4.79) shown below.

f ′′ = 0 (4.79)

Integrating (4.79) results in (4.80) and (4.81) shown below

f ′ = C1 (4.80)

f (z) = C1z + C2 (4.81)

where C1 and C2 are constants. To determine the homogeneous strain given in (4.80),

the external traction th will be used. At z = h the mixture stress must be equivalent

to the applied traction th, as shown below in (4.82).

− ρfP + ρs(λ̃+ 2µ̃)f ′ + 2ρsλ̃α̂ = −th (4.82)

As discussed in Section 4.6, the method for splitting tractions proposed by Rajagopal

and Tao [77, pp. 36- 37] will be used to determine the partial traction for the fluid.

Using (4.57), the partial fluid stress in the z direction will be specified as (4.83) shown

below

Tf33 = −ρf
ρ̄f
th (4.83)

where ρ̄f is the intrinsic fluid density. The intrinsic fluid density will be assumed to

be a constant. Substituting (4.83) into (4.68) results in (4.84) shown below.

P =
th
ρ̄f

(4.84)
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Substitution of (4.84) into (4.82) and rearranging the result, produces (4.85) shown

below.

f ′ =
−
(

1− ρf
ρf

)
qh − 2ρsλ̃α̂

ρs

(
λ̃+ 2µ̃

) (4.85)

Equation (4.85) specifies the solid strain for the mixture and the constant C1 in both

(4.80) and (4.81). To determine C2 shown in (4.81), the fixed boundary condition at

z = 0 will be used. The fixed boundary condition for the solid constituent will be

written as (4.86) shown below.

f(0) = 0 (4.86)

Substitution of and (4.86) into (4.81) results in (4.87) shown below.

f (z) =

−
(

1− ρf
ρf

)
th − 2ρsλ̃α̂

ρs

(
λ̃+ 2µ̃

)
 z (4.87)

Equation (4.87) provides the solid displacement in the z direction.

To determine the resultant apparent solid density from the applied stretch and

axial load, the roots of the (4.74) must be determined. Numerical solutions of the

apparent solid density using (4.74) subjected to f ′ given by (4.85) will be presented

in Section 6.1. The solutions presented in Section 6.1 will determine how the solid

apparent density varies with k̃f , kr, th, α̂, and Ψ0.
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Chapter 5

ANISOTROPY

The previous chapter, treats the solid constituent of bone as an isotropic material. In

Chapter 5, the solid constituent of bone tissue will be assumed to be a transversely

isotropic material. The orientation of the transverse isotropy will be assumed to

change under mechanical loading. As a result, an evolution equation will be necessary

to describe the changing orientation of anisotropy.

To describe both the changing anisotropy and the addition of mass to the solid

constituent, the general theory of material inhomogeneities will be used. The general

theory of material inhomogeneities that will be used follows the work of Epstein and

Elżanowski [43]. To describe the solid constituent in this chapter, a material implant

field given by P will be used. The material implant describes the mapping between

the tangent space of an archetype with each point in the solid reference configuration.

As a result, the material implant will operate on the right of the solid deformation

gradient.

To describe both the growth and remodeling in bone, the left polar decomposition

will be used on the material implant P. The polar decomposition will result in a

positive definite symmetric tensor VP and an orthogonal tensor RP . The addition of

mass will be described by VP and the material orientation will be described by RP .

A similar theory available for biological tissues, is the multiplicative decomposi-

tion proposed by Rodriguez et al. [44]. Rodriguez et al. proposed a multiplicative

decomposition on the deformation gradient as shown below in (5.1)

F = FeFg (5.1)

where F is the total deformation gradient, Fe is the elastic deformation, and Fg is the
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growth deformation. The multiplicative decomposition will not be used to describe

bone in this chapter. Instead the concept of a material implant field will be used.

Similarities and differences between the multiplicative decomposition and the theory

of homogeneities can be found in the article by Ciancio et al. [83].

The mixture will be considered to be composed of an anisotropic solid phase and

an inviscid incompressible fluid phase in this chapter. Diffusion will be considered

negligible and the mixture will be assumed to be a closed system. As a result of

assuming a closed system, if the mass transfer of one constituent is known the other

can be determined from (2.30).

Assumed constitutive equations used throughout Chapter 5 will be introduced in

Section 5.1. Restriction imposed on the assumed constitutive equations by the Second

Law of Thermodynamics will be discussed in Section 5.2. The solid constituent will

be described further by use of the general theory of inhomogeneities in Section 5.3.

Derivations and resultant equations in Section 5.3 follow the general theory of material

inhomogeneities described by Epstein and Elżanowski [43]. Section 5.4 will describe

the evolution equations of growth and remodeling that will be used to describe bone.

Using an assumption of infinitesimal strain, the constitutive equation for the solid

partial stress will be discussed in Section 5.5. The resultant model will be subjected

to a uniaxial stress case in Section 5.6. Ordinary differential equations derived in

Section 5.6 will not be solved in Chapter 5. Solutions for the equations derived in

Section 5.6 will be presented in Chapter 6.

5.1 Constitutive Assumptions

Constitutive equations will be assumed to take the form shown in (5.2) to (5.5)

ψ = ψ̂ (θ,Fs,P) (5.2)

T = T̂ (θ,Fs,P) (5.3)
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Ṗ = ĝ (θ,Fs,P) (5.4)

gradθ = 0 (5.5)

where ψ is the specific Helmholtz free energy, T is the mixture stress, θ is the temper-

ature, Fs is solid deformation gradient, and P is the material implant field. ψ̂, T̂, and

ĝ are particular functions which describe the specific Helmholtz free energy, mixture

stress, and evolution equation respectively. The Helmholtz free energy of the mixture

will be assumed to be additively decomposed into a solid and fluid component as

shown below in (5.6)

ρψ (θ,Fs,P) = ρsψs (θ,Fs,P) + ρfψf (θ,Fs,P) (5.6)

where a subscript s represents the solid and a subscript f represents the fluid. Dif-

fusion will be considered negligible. As a result, the mixture stress will be additively

decomposed into a partial solid stress and partial fluid stress as shown in (4.5).

5.2 Restrictions Imposed by Second Law of Thermodynamics

Since diffusion will be considered negligible, the entropy inequality for the mixture

will be given by (2.96). To determine restrictions on the constitutive equations, the

time derivative of (5.2) will be required. The time derivative of (5.2) is shown below

in (5.7).

˙̂
ψ (θ,Fs,P) =

∂ψ̂ (θ,Fs,P)

∂θ
θ̇+tr

(∂ψ̂ (θ,Fs,P)

∂Fs

)T

Ḟs

+tr

(∂ψ̂ (θ,Fs,P)

∂P

)T

Ṗ


(5.7)

Substitution of (5.7) into (2.96) results in (5.8) for a diffusionless mixture

−

[
ρ
∂ψ̂ (θ,Fs,P)

∂θ
+ ρη

]
θ̇ + tr

(T− ρ∂ψ̂ (θ,Fs,P)

∂Fs

FT
s

)T

L


−ρtr

(∂ψ̂ (θ,Fs,P)

∂P

)T

Ṗ

+H ≥ 0

(5.8)
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where L is the velocity gradient for the mixture and H is a non-compliant entropy

source. Necessary and sufficient conditions to satisfy (5.8) are shown below in (5.9),

(5.10), and (5.11).

T = ρ
∂ψ̂ (θ,Fs,P)

∂Fs

FT
s (5.9)

η = −∂ψ̂ (θ,Fs,P)

∂θ
(5.10)

H − tr

ρ(∂ψ̂ (θ,Fs,P)

∂P

)T

Ṗ

 ≥ 0 (5.11)

Substitution of (5.6) into (5.11) results in (5.12 shown below.

H − tr

(ρs∂ψ̂s (θ,Fs,P)

∂P
+ ρf

∂ψ̂f (θ,Fs,P)

∂P

)T

Ṗ

 ≥ 0 (5.12)

The dependence of the solid portion of the Helmholtz free energy shown above in

(5.12) will be further discussed in Section 5.3. Specifying a dependence of the

Helmholtz free energy of the fluid on the material implant will be left for future

work. The current model will assume that the active control provided by H will be

sufficient to satisfy (5.12) under any conditions.

5.3 General Theory of Material Inhomogeneities

The formulation of equations discussed in this section follow the previous work of

Epstein and Elżanowski [43, Chapter 6]. Equations necessary to discuss an anisotropic

bone model using the general theory of material inhomogeneities will be introduced.

Since the mixture will be considered diffusionless, the material derivatives following

the mixture and a particular constituent particle will be the same as shown in (2.14).

As a result, the distinction between material derivatives will be dropped and the

material derivative will be indicated by a superimposed dot.

A material archetype will be assumed to exist which can be implanted into a

chosen reference configuration by the implant field P. A graphical representation of
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the mappings is shown in Figure 5.1.

Bt

Bs Bf

Fs Ff

X3

X2

X1

P

Xs0

Xs
Xf

x

Figure 5.1: Representation of a material isomorphism.

As shown above in Figure 5.1, Bs represents the reference configuration of the solid,

Bf represents the reference configuration for the fluid, and Bt represents the current

configuration. Material points in the solid and fluid reference configurations are

specified by Xs and Xf respectively. Spatial points and the archetypal point are given

by x and Xs0 respectively. The material implant P provides a mapping between the

tangent space of the archetype and the solid reference configuration. In addition, the

solid deformation gradient Fs and the fluid deformation gradient Ff provide mappings

between the tangent spaces of their respective reference configuration and the current

configuration.

The Helmholtz free energy of the solid constituent per unit mass will be assumed

to be given by (5.13)

ψs = ψs (θ,FsP) (5.13)

where ψs is the specific Helmholtz free energy of the solid at the archetype. Two

derivatives of the Helmholtz free energy will be useful for the model of bone being
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considered. The first will be the derivative of the Helmholtz free energy with respect

to the deformation gradient. The derivative is shown below in (5.14)

TsR = ρsR
∂ψs (θ,FsP)

∂Fs

= ρsR
∂ψs (FsP)

∂ (FsP)
PT (5.14)

where TsR is the first Piola-Kirchhoff stress of the solid constituent and ρsR is the ref-

erential solid apparent density. Another derivative that will be used, is the derivative

of the Helmholtz free energy with respect to the material implant. The derivative is

shown below in (5.15)

m̂s = ρsR
∂ψs (θ,FsP)

∂P
= ρsRFT

s

∂ψs (FsP)

∂ (FsP)
(5.15)

where m̂s is the configurational force associated with the material implant for the

solid constituent. Equation (5.15) will be simplified by substitution of (5.14) into

(5.15). The result is shown below in (5.16).

m̂s = FT
s TsRP−T (5.16)

The purely referential form of (5.16) is shown below in (5.17)

ms = FT
s TsR (5.17)

where ms is the referential Mandel stress for the solid. Pulling back the referential

Mandel stress to the archetype results in (5.18) shown below

ms = JPPTmsP
−T (5.18)

where ms is the archetypal Mandel stress and JP is the determinant of the material

implant P. The definition of JP is shown below in (5.19).

JP = detP (5.19)

The evolution of the material implant in the solid reference configuration will be

defined by (5.20) shown below.

Ṗ = ĝ (θ,Fs,P) (5.20)
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Under a change of solid reference configuration given by ζ, (5.20) transforms as shown

below in (5.21)

Ṗ = ∇ζ−1g̃
(
θ,Fs∇ζ−1,∇ζP

)
(5.21)

where ∇ζ specifies the gradient of the mapping ζ and g̃ is a particular function

describing the evolution equation. Following Epstein and Elżanowski [43, pp. 139-

140], the change of reference configuration will be specified to bring the evolution

equation into coincidence with the archetype. As a result, substitution of ∇ζ = P−1

into (5.21) results in (5.22)

Ṗ = Pg (θ,FsP) (5.22)

where g is a paritcular function describing the evolution equation. By defining the

implant velocity gradient at the archetype by (5.23), the evolution will be specified

by (5.24)

LP = P−1Ṗ (5.23)

LP = g (θ,FsP) (5.24)

where LP is the velocity gradient of the material implant. To determine how the

evolution affects growth, the determinant of the material implant P will be used.

Taking the time derivative of JP shown in (5.19) results in (5.25) shown below.

J̇P = JP tr
(
P−1Ṗ

)
= JP trLP (5.25)

The referential density will be related to the density at the archetype by (5.26)

JP =
ρsR
ρsR

(5.26)

where ρsR is the apparent solid density at the archetype. The time derivative of

(5.26), results in (5.27) shown below.

J̇P = −JP
ρ̇sR
ρsR

(5.27)
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Equating (5.25) and (5.27) results in (5.28) shown below.

ρ̇sR = −ρsRtrLP (5.28)

Substitution of (5.28) into (2.26), yields (5.29) shown below

Πs = −ρsRtrLP (5.29)

where Πs is the solid volumetric production. Equation (5.29) specifies the relationship

between referential volumetric production term and the implant field. The trace of the

velocity gradient of the implant field will be equivalent to the referential volumetric

solid production.

To simplify the specification of the evolution equation, the velocity gradient of the

material implant will be decomposed into a symmetric and skew-symmetric part as

shown below in (5.30)

LP = DP + WP (5.30)

where DP is a symmetric tensor and WP is a skew-symmetric tensor. DP and WP

are defined by (5.31) and (5.32) respectively.

DP =
1

2

(
LP + L

T

P

)
(5.31)

WP =
1

2

(
LP − L

T

P

)
(5.32)

Using the left polar decomposition on the implant field, produces (5.33)

P = VPRP (5.33)

where VP is a positive definite symmetric tensor and RP is an orthogonal tensor.

Substitution of (5.33) into (5.23), (5.31), and (5.32) produces (5.34), (5.35), and

(5.36) respectively.

LP = Rt
PV−1

P V̇PRP + RtṘP (5.34)

DP =
1

2
Rt
P

(
V−1
P V̇P + V̇PV−1

P

)
RP (5.35)
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WP =
1

2
Rt
P

(
V−1
P V̇P − V̇PV−1

P

)
RP + RtṘP (5.36)

Substitution of (5.30) into (5.29) results in (5.37).

Πs = −ρsRtrDP (5.37)

Equation (5.37) shows that the volumetric solid production will be specified by the

symmetric part of the material implant velocity gradient.

The derivations and equations found in this section follow closely to those of

Epstein and Elżanowski [43, Chapter 6]. The equations introduced in this section

will be used in the following sections to describe growth and remodeling in bone.

5.4 Anisotropic Bone Remodeling

For the model being considered, growth will be assumed to be isotropic. As a result,

VP shown in (5.33) will take the form shown below in (5.38)

VP = gI (5.38)

where g specifies the growth of solid material and I is the identity tensor. Substitution

of (5.38) into (5.35) and (5.36) results in (5.39) and (5.40) respectively.

DP = g−1ġI (5.39)

WP = Rt
P ṘP (5.40)

Substitution of (5.39) into (5.37) results in (5.41) shown below.

Πs = −3ρsR
ġ

g
(5.41)

Instead of specifying the growth by g, the exponential shown below in (5.42) will be

used to define growth

g = exp

(
ξs
3

)
(5.42)
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where ξs is an internal state variable for growth. Substituting (5.42) into (5.19) and

(5.37), results in (5.43) and (5.44) shown below.

JP = g3 = exp (ξs) (5.43)

Πs = −ρsRξ̇s (5.44)

As shown in (5.44) the growth will be specified by ξ̇s. Using (2.27) and (2.28), the

spatial volumetric production for the solid will be written as shown below in (5.45).

πs = −ρsξ̇s (5.45)

While ξs appears similar to the extent of the reaction given by ξ in (2.36), the two

variables are different.

The extent of the reaction ξ used in Chapter 4 specifies the amount of moles

exchanged per mass of the mixture during reactions. As discussed by Bowen [8],

the extent of the reaction can be used to describe multiple reactions occurring in a

mixture with an arbitrary number of constituents. The internal state ξs only specifies

the production of the solid constituent. Since ξs only specifies solid production, the

internal variable is limited in explaining the evolution of multiple constituents in a

mixture.

While the symmetric portion of the evolution equation results in (5.44), the skew-

symmetric part still remains to be specified. The skew-symmetric part of the material

evolution given by WP will determine the rate at which the anisotropy changes. For

a single constituent continuum, Epstein and Elżanowski [43, p. 172] and Epstein [84,

p. 299] have previously specified (5.46)

WP = −kWmsW (5.46)

where kW is a positive constant for a single constituent continuum and msW is the

skew-symmetric part of the archetypal Mandel stress. Equation (5.46) will be assumed

to describe the skew-symmetric part of the evolution equation for bone tissue.
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The skew-symmetric part of the Mandel stress at the archetype is given by (5.47).

msW =
1

2

(
ms −mT

s

)
(5.47)

Substitution of (5.18) into (5.47) results in (5.48).

msW =
1

2
JP
(
PTmsP

−T −P−1mT
s P
)

(5.48)

Substituting the left polar decomposition of P given by (5.33), in addition to (5.38)

into (5.48) results in (5.49).

msW =
1

2
JPRt

P

(
ms −mT

s

)
RP (5.49)

Substituting (5.49) into (5.46) results in (5.50).

WP = −1

2
kWJPRt

P

(
ms −mT

s

)
RP (5.50)

By using the definition of WP given by (5.40) and substitution of (5.43) into (5.50),

results in (5.51).

ṘP = −1

2
kW exp (ξs)

(
ms −mT

s

)
RP (5.51)

Equation (5.51) will be used in the proceeding sections to describe the change of

material direction with respect to time.

5.5 Linear Elasticity

The constitutive equation for the partial solid stress at the archetype will be assumed

to take the form shown below in (5.52)

T̄s = C̄ (θ) Ēs (5.52)

where Ēs is the infinitesimal strain at the archetype, T̄s is the solid stress at the

archetype, and C̄ is a fourth order stiffness tensor. The archetypal stress and strain
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are related to the purely referential stress and strain by (5.53) and (5.54) respectively

T̄s = JPP−1SsP
−T (5.53)

Ēs = PTEsP (5.54)

where Ss is the Second Piola-Kirchhoff stress for the solid constituent. Es is the solid

strain defined by (4.18). Substitution of (5.53) and (5.54) into (5.52) and using (5.33),

(5.38), (5.42), and (5.43) results in (5.55) shown below.

(Ss)
IJ = exp

(
−ξs

3

)
(RP )Iα (RP )Jβ C̄ (θ)αβγν

(
RT
P

)M
γ

(
RT
P

)N
ν

(Es)MN (5.55)

Assuming infinitesimal strain, the fourth order archetypal stiffness tensor will be

written in contracted notation. For a transversely isotropic material symmetry, the

archetypal stiffness tensor for a given ordered basis {e1, e2, e3} will be written as

shown below in (5.56)

C̄ =



C̄11 C̄12 C̄13 0 0 0

C̄12 C̄11 C̄13 0 0 0

C̄13 C̄13 C̄33 0 0 0

0 0 0 C̄44 0 0

0 0 0 0 C̄44 0

0 0 0 0 0
(C̄11−C̄12)

2


(5.56)

where C̄11, C̄12, C̄13, C̄33, and C̄44 are constant material properties. In addition, the

archetypal compliance tensor for a transversely isotropic material will be written as
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shown in (5.57)

S̄ =



1
Ep

−νp
Ep

−νtp
Et

0 0 0

−νp
Ep

1
Ep

−νtp
Et

0 0 0

−νpt
Ep

−νpt
Ep

1
Et

0 0 0

0 0 0 1
Gt

0 0

0 0 0 0 1
Gt

0

0 0 0 0 0 2(1+νp)

Ep


(5.57)

where Ep, Et, Gt, νp, νtp, and νpt are material constants. The archetypal compliance

tensor is the inverse of the archetypal stiffness tensor as shown below in (5.58).

S̄ = C̄−1 (5.58)

The archetypal stiffness tensor given by (5.56) and the archetypal compliance tensor

given by (5.57) result when the symmetry plane of the material is specified by the e1

and e2 basis. The basis e3 is then aligned perpendicular to the plane of symmetry for

the material. As a result, any rotations of the basis about the e3 leaves (5.56) and

(5.57) unchanged. Rotations about of the basis about e1 or e2 will result in a change

of material properties.

As shown in (5.55) rotations of the archetypal elasticity tensor will be specified

by RP . The changing stiffness tensor will be defined by (5.59) shown below

CIJMN = RP
I
αRP

J
βC̄αβγν

(
RT
P

) M

γ

(
RT
P

) N

ν
(5.59)

where C is the stiffness tensor in the new basis and C̄ is the stiffness tensor in the

old basis. To simplify changes of basis and the resulting elasticity tensor, a partic-

ular method described by Ting will be used [85, pp. 53-56]. Following the method

described by Ting, the change of stiffness tensor will be specified by (5.60) shown

below

C = KC̄KT (5.60)
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where K is a second order tensor representing the change of basis. For the compliance

tensor, the transformation described by Ting [85, pp. 53-56] takes the form shown

below in (5.61)

S = K−T S̄K−1 (5.61)

where S is the compliance tensor in the new basis and S̄ is the compliance tensor in

the old basis. As described by Ting [85, pp. 53-56], the tensors K, K−T , and RP can

be related by use of (5.62) to (5.67). Equations (5.62) to (5.67) are derived assuming

a Cartesian coordinate system.

K =

K(1) 2K(2)

K(3) K(4)

 (5.62)

K−T =

K(1) K(2)

2K(3) K(4)

 (5.63)

K(1) =


(RP11)2 (RP12)2 (RP13)2

(RP21)2 (RP22)2 (RP23)2

(RP31)2 (RP32)2 (RP33)2

 (5.64)

K(2) =


RP12RP13 RP13RP11 RP11RP12

RP22RP23 RP23RP21 RP21RP22

RP32RP33 RP33RP31 RP31RP32

 (5.65)

K(3) =


RP21RP31 RP22RP32 RP23RP33

RP31RP11 RP32RP12 RP33RP13

RP11RP21 RP12RP22 RP13RP23

 (5.66)

K(4) =


RP22RP33 +RP23RP32 RP23RP31 +RP21RP33 RP21RP32 +RP22RP31

RP32RP13 +RP33RP12 RP33RP11 +RP31RP13 RP31RP12 +RP32RP11

RP12RP23 +RP13RP22 RP13RP21 +RP11RP23 RP11RP22 +RP12RP21


(5.67)
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Using the assumption of infinitesimal solid strains, the Cauchy stress, first Piola-

Kirchhoff stress, and second Piola-Kirchhoff stress are all approximately equivalent.

As a result, for examples discussed in Section 5.6, the Cauchy stress, first Piola-

Kirchhoff stress, and second Piola-Kirchhoff stress will be assumed to be equivalent

as shown in (5.68)

Ts = TsR = Ss (5.68)

where Ts is the Cauchy stress, TsR is the first Piola-Kirchhoff stress, and Ss is

the second Piola-Kirchhoff stress for the solid constituent. The approximation of

equivalence shown in (5.68) will only be valid for infinitesimal strains which cause

second order and higher deformations to be negligible.

Higher order deformation terms will also appear when determining the Mandel

stress. The higher order terms will not be neglected for the Mandel stress due to

the evolution equation given by (5.51). As will be shown in Section 5.6, neglected

higher order deformation causes all terms in (5.51) to be zero. Since non-zero terms

in (5.51) are necessary to describe changes in material direction, higher order terms

in the Mandel stress will not be neglected.

Assuming infinitesimal strains, changes in volume will be calculated by (5.69)

shown below

Js =
√

1 + 2tr (Es) (5.69)

where Js is the determinant of the solid deformation gradient. Substitution of (5.69)

into (2.27), results in (5.70) shown below.

ρs =
ρsR√

1 + 2tr (Es)
(5.70)

Equation (5.70) will be simplified by series expansion, where deformation terms of

order two and higher will be neglected by assumption of infinitesimal strain. The

result of series expansion of (5.70) is shown below in (5.71).

ρs = (1− tr (Es)) ρsR (5.71)
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Equations for the solid constituent discussed in this section will be used for a uniaxial

stress case discussed in Section 5.6.

5.6 Uniaxial Stress Case

The uniaxial stress case considered in this section will be similar to a bone remodel-

ing example previously examined by Epstein and Elżanowski [43, pp. 170-174] and

Epstein [84, pp. 298-301]. Examples by Epstein and Elżanowski [43, pp. 170-174]

and Epstein [84, pp. 298-301] considered the orientation of the material direction

for a single constituent continuum subjected to uniaxial stress. For the example in

this section, both the orientation of the material direction and the apparent density

of the solid constituent in a solid-fluid mixture will be examined for uniaxial stress

conditions.

Loading conditions and material direction that will be used for numerical simula-

tions will be shown in Figure 5.2.

y

z

a

a

β

Figure 5.2: Mixture subjected to unaixial loading.

As shown above in Figure 5.2 the mixture will be subjected to a uniaixal stress given

by a. The material direction for the solid constituent will be represented by the

normal to the plane of isotropy. Orientation of the material direction of the solid
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constituent will given by β, as shown in Figure 5.2. For the given mixture RP will

be assumed to take the form shown below in (5.72).

RP =


1 0 0

0 cos β sin β

0 − sin β cos β

 (5.72)

The evolution of the internal state ξs will be specified as shown below in (5.73)

ξ̇s = k̂f exp (−ξs)− k̂rln
(

1 +
1
2
Ts : Es

Ψ̂0

)
(5.73)

where k̂r is a constant activity rate for bone formation, k̂f is a constant activity rate

for bone resorption, and Ψ̂0 is a constant strain energy threshold for bone formation.

The first term on the right hand side of (5.73) represents the rate at which bone

tissue is broken down by osteoclasts. The second term on the right hand side of

(5.73) represents the rate at which bone tissue if formed by osteoblasts.

The mixture will be assumed to have a constant and homogeneous mixture density

given by ρ. Initial values for the referential solid apparent density, material direction,

and internal state ξs will be homogeneous as shown below

ρs(x, 0) = ρs0 (5.74)

β(x, 0) = β0 (5.75)

ξs(x, 0) = ξs0 (5.76)

where ρs0, β0, and ξs0 are constants.

As uniaxial loading will be considered, the stress tensor for the mixture will be

written as shown below in (5.77).

T =


0 0 0

0 0 0

0 0 −a

 (5.77)
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The fluid stress will be assumed to be given by (5.78) shown below.

Tf =


−ρf (t)P 0 0

0 −ρf (t)P 0

0 0 −ρf (t)P

 (5.78)

Substitution of (5.77) and (5.78) into (4.5) provides the solid stress as shown below

in (5.79).

Ts =


ρf (t)P 0 0

0 ρf (t)P 0

0 0 −a+ ρf (t)P

 (5.79)

The solid deformation gradient will be assumed to take the form shown below in

(5.80).

Fs =


1 0 0

0 1 + ∂ûsy
∂y

(t) 0

0 ∂ûsz
∂y

(t) 1 + ∂ûsz
∂z

(t)

 (5.80)

For the initial conditions and boundary conditions specified, the strain, stress, ma-

terial properties, and apparent density for the solid constituent will be homogeneous

at the initial time. As a result, the evolution equations given by (5.51) and (5.73)

will also be homogeneous at the initial time. Since both (5.51) and (5.73) will be

homogeneous at the initial time, the initially homogeneous solid material angle and

the internal state for growth will stay homogeneous at any later time. As a result,

only one point in the mixture needs to be examined.

Assuming that the mixture velocity will be negligible, the balance of mass given

by (2.25) simplifies to (5.81) shown below for the solid constituent

∂ρs(t)

∂t
= −ρs(t)ξ̇s(t) (5.81)

where (5.45) has been substituted in for the volumetric solid production term πs.

Integration of (5.81) results in (5.82) shown below.

ρs(t) = ρs0 exp [− (ξs(t)− ξs0)] (5.82)
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Equation (5.82) will be used to describe the apparent solid density for the mixture.

Since the mixture density will be assumed constant, the apparent fluid density will

be determined by (2.5).

To determine the infinitesimal strain tensor, (5.80) will be substituted into (4.18)

and higher order displacement terms will be neglected. The resultant infinitesimal

strain is shown below in (5.83).

Es =


0 0 0

0 ∂ûsy
∂y

(t) 1
2
∂ûsz
∂y

(t)

0 1
2
∂ûsz
∂y

(t) ∂ûsz
∂z

(t)

 (5.83)

Using (5.79) and (5.80) provides the following solid Mandel stress shown below in

(5.84).

ms = Ts +


0 0 0

0 ρf (t)P
∂ûsy
∂y

(t) (−a+ ρf (t)P ) ∂ûsz
∂y

(t)

0 0 (−a+ ρf (t)P ) ∂ûsz
∂z

(t)

 (5.84)

The second term on the right hand side of (5.84) would contain higher order dis-

placement terms, if the stress terms were replaced by the corresponding strain terms.

Typically, higher order displacement terms are neglected when assuming infinitesimal

strains. By neglecting the second term on the right hand side of (5.84), the material

direction would be fixed since all terms in (5.51) would be zero. Evolution of the

material direction will be desired for the considered mixture. As a result higher order

displacement terms appearing in the solid Mandel stress will not be neglected.

The skew symmetric solid Mandel stress will be given by (5.85) shown below.

msW =


0 0 0

0 0 1
2

(−a+ ρf (t)P ) ∂ûsz
∂y

(t)

0 −1
2

(−a+ ρf (t)P ) ∂ûsz
∂y

(t) 0

 (5.85)

Instead of using the solid displacement in (5.85), the infinitesimal strain given in (5.83)

will be substituted. The resulting skew symmetric solid Mandel stress is shown below
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in (5.86).

msW =


0 0 0

0 0 (−a+ ρf (t)P )Es23(t)

0 − (−a+ ρf (t)P )Es23(t) 0

 (5.86)

Substitution of (5.72) and (5.86) into (5.51) simplifies the evolution of the material

direction. The simplified evolution equation is shown below in (5.87).

β̇ = − (−a+ ρf (t)P ) kW exp (ξs(t))Es23(t) (5.87)

As shown above in (5.87), the evolution of the material direction depends on the

shear strain, the solid stress, and the internal state ξs. To determine the intrinsic

fluid pressure shown in (5.87), the external traction applied to the mixture will be

split using the method described by Rajagopal and Tao [77, pp. 36-37]. Substitution

of the fluid stress given by (5.78) and the assumed uniaxial stress into (4.57), results

in the intrinsic fluid pressure shown below in (5.88)

P =
a

ρ̄f
(5.88)

where ρ̄f is the intrinsic density of the fluid. The intrinsic density of the fluid will be

assumed to be a constant value.

Substitution of (5.88) into (5.87) results in (5.89) shown below.

β̇ = a

(
1− ρf (t)

ρ̄f

)
kW exp (ξs(t))Es23(t) (5.89)

As shown in (5.89), when the apparent fluid density is equivalent to the intrinsic

fluid density the evolution equation will reach a steady state. In addition, (5.89) will

approach a steady state value as the internal state ξs approaches a limit of negative

infinity. For numerical studies, the apparent fluid density and internal state ξs will

be chosen to avoid a steady state solution of (5.89).

86



To determine the shear strain required for (5.89), the plane strain condition spec-

ified by (5.83) will be used. Neglecting out of plane stresses, (5.55) will be written in

contracted notation as shown below in (5.90).
Es22

Es33

2Es23

 = exp

(
ξs
3

)
K−T


1
Ep

−νtp
Et

0

−νpt
Ep

1
Et

0

0 0 1
Gt

K−1


Ts22

Ts33

0

 (5.90)

As discussed in Section 5.5, K will be used describe the change of basis in contracted

notation. Following the method described by Ting [85, pp. 53-56] and using RP

defined by (5.72), the tensor K−T will be written as (5.91) shown below.

K−T =


cos2β sin2β cosβsinβ

sin2β cos2β −cosβsinβ

−2cosβsinβ 2cosβsinβ cos2β − sin2β

 (5.91)

Due to the assumed stress-strain relationship shown in (5.90) and the assumed solid

stress, the solid shear strain will be zero at β = 0 or π and β = ±π/2. As a result,

the evolution of material angle given by (5.89) will reach a steady state at material

angles of β = 0 or π and β = ±π/2.

Similar results for the steady state solution of material angle were determined by

DiCarlo et al. [86], Epstein and Elżanowski [43, pp. 170-174], and Epstein [84, pp.

298-301]. The results of DiCarlo et al. [86], Epstein and Elżanowski [43, pp. 170-174],

and Epstein [84, pp. 298-301] all assumed a single constituent continuum, no growth,

and a uniaxial stress. The current work assumes a solid-fluid mixture and allows for

growth in addition to remodeling. While a uniaxial stress has been assumed for the

mixture, the resultant solid stress shown in (5.79) is not uniaxial.

DiCarlo et al. [86] determined that for a single constituent continuum subjected

to a uniaxial stress the steady state solution of β = 0 or π was unstable. The steady

state solution of β = ±π/2 was determined by DiCarlo et al. [86] to be a stable

87



solution. Results of Epstein and Elżanowski [43, pp. 170-174] and Epstein [84, pp.

298-301] follow similarly to the results of DiCarlo et al. [86]. Since the current model

includes a growth term, a fluid constituent, and a solid stress that is not uniaxial, the

applicability of previous results to the current model are not known.

As mentioned in Section 5.4, the constant kW shown in (5.89) has been previously

determined to be a positive constant for a single constituent continuum [43, pp. 170-

174][84, pp. 298-301]. The restriction on kW [43, pp. 170-174][84, pp. 298-301] was

determined from the entropy inequality for a single constituent continuum. Since

the entropy inequality for a mixture and a single constituent continuum differ, the

restriction of kW being a positive value are not known for a mixture. For numerical

simulations kW will be assumed to be a positive value.

To determine thermodynamic restrictions on the assumed evolution equations re-

quires a particular dependence of the fluid Helmholtz free energy on the material im-

plant to be specified. Determining an appropriate dependence of the fluid Helmholtz

free energy on the material implant will be left for future work. For the example

being considered, the active control H will be assumed to be sufficient in magnitude

to satisfy the entropy inequality under any conditions.

Numerical simulations of the ordinary differential equations specified by (5.73)

and (5.87) will be discussed in Section 6.2. Simulations will use two different initial

conditions. The first simulation discussed in Subsection 6.2.1 will use a larger initial

apparent solid density compared with the second simulation. An initial angle close

to zero will also be specified for the first simulation. Initial values for the second

simulation will use a lower initial apparent solid density compared with the first

simulation. In addition, the initial angle will be chosen close to π/2. The second

simulation results will be discussed in Subsection 6.2.2.
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Chapter 6

RESULTS, DISCUSSIONS, AND CONCLUSIONS

Results for the examples discussed in Sections 4.8 and 5.6 will be presented in Section

6.1 and 6.2 respectively. In addition, discussions on results will be found in Section

6.1 and 6.2. Discussions on overall results and the proposed reactive diffusionless

solid-fluid mixture model for bone will be provided in Section 6.3. Final conclusions

and future work will be provided in Section 6.4.

6.1 Isotropic Bone Model

To approximate the specific material properties, experimental measurements of can-

cellous bone by Ashman et al. [87] using ultrasonic methods will be used. Results

determined by Ashman et al. [87] are shown below in Table 6.1

Material Property Value [MPa] Apparent Density [kg/m3]

E 504 388

G 164 363

Table 6.1: Material properties for cancellous bone determined by ultrasonic measurements

[87].

where E and G are the elastic modulus and shear modulus respectively. Specific

Lamé parameters determined by using the data shown above in Table 6.1, are shown

in Table 6.2.
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Variable Value [MPa/ (kg/m3)]

λ̃ 3.2 [87]

µ̃ 0.45 [87]

Table 6.2: Specific Lamé parameters used for simulations.

The densities shown below in Table 6.3 will be used as constant values during simu-

lations.

Variable Value [kg/m3]

ρ 1100 [88]

ρf 993 [89]

Table 6.3: Assumed material constants for isotropic simulations.

The intrinsic fluid density shown above in Table 6.3 was determined by a linear in-

terpolation between tabulated values for water [89]. Water temperature was assumed

to be 37.5◦C [90].

Using the constants defined in Tables 6.2 and 6.3, the roots of (4.74) will be found

for varying values of kr, k̃f , α̂, th, and Ψ0. Roots will be found using the fzero function

in MATLAB R© [91]. The MATLAB R© code for the steady state biaxial stretch case

is presented in Appendix A. Results varying the solid stretch and applied traction

with constant remodeling terms will be presented in Subsection 6.1.1. Results for

varying the remodeling terms at a constant solid stretch and applied traction will be

presented in Subsection 6.1.2.
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6.1.1 Variation of Apparent Solid Density With Strain

Assumed remodeling constants used for simulations are shown in Table 6.4.

Variable Value

kr/k̃f 220 [kg/m3]

Ψ0 100 [J/m3]

Table 6.4: Assumed remodeling constants for isotropic simulations.

Using the material properties and remodeling constants specified in Tables 6.2,

6.3, and 6.4 solutions of (4.74) varying α̂ and th are shown below in Figure 6.1.
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Figure 6.1: Change in solid apparent density versus external traction at various biaxial

stretch values.
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As shown in Figure 6.1, increasing the applied traction or solid stretch results in an

increased apparent solid density.

6.1.2 Effect of Varying Remodeling Constants

For variations of remodeling constants, the external traction and applied stretch will

be assumed as th = 1 MPa and α̂ = 900 µstrain respectively. Solutions of (4.74)

varying kr, k̃f , and Ψ0 are shown below in Figure 6.2.
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Figure 6.2: Change in solid apparent density versus remodeling constants.

As shown above in Figure 6.2, increasing the ratio of kr to k̃f results in an increase

of apparent solid density. Results support the assumption that kr represents a rate

of bone formation and k̃f represents a rate of bone resorption.

As shown in Figure 6.2, increasing Ψ0 results in a reduced apparent solid density.

Ψ0 acts as a threshold for solid constituent formation. For a given constant stretch
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and external traction applied to the mixture, increases in Ψ0 will reduce the amount

of solid constituent in a mixture of bone.

6.2 Anisotropic Bone Model

Assumed material properties used for numerical simulations are shown below in Table

6.5.

Variable Value

Et 96.4 [MPa] [51]

Ep 25.2 [MPa] [51]

Gt 19.3 [MPa] [51]

νtp 0.64 [51]

νpt 0.17 [51]

ρ 1100 [kg/m3] [88]

ρf 993 [kg/m3] [89]

Table 6.5: Assumed material properties for transversely isotropic simulations.

Orthotropic material properties for trabecular bone, determined by Dalstra et al.

[51], were simplified to produce the transversely isotropic material properties shown

above in Table 6.5. In addition, the intrinsic density of water was obtained from

linear interpolation between tabulated density values for water published by Çengel

and Boles [89]. The water temperature was assumed to be 37.5◦C [90].

Experimental values for the remodeling constants are not known to be available

for the assumed evolution equations (5.73) and (5.89). As a result, the numeric value

of the remodeling constants will be assumed. Table 6.6 shows the assumed remodeling

constants used for numerical simulations.

93



Variable Value

k̂r 5× 10−7 [s−1]

k̂f 5× 10−6 [s−1]

kW 5× 10−8
[
rad · Pa−1 · s−1

]
Ψ̂0 5× 10−6 [J/m3]

Table 6.6: Assumed remodeling constants for transversely isotropic simulations.

The values shown above in Table 6.6 will be used to numerically solve (5.73) and

(5.89) using the ode45 function in MATLAB R© [91]. The MATLAB R© code for the

uniaxial stress case is presented in Appendix B.

Numerical solutions for two different initial conditions will be presented. Simula-

tion one will specify an initial apparent solid density greater than the apparent solid

density in simulation two. For simulation one, the initial angle will be specified close

to zero. Simulation two will specify an initial angle close to π/2.

6.2.1 Simulation One

Assumed initial and boundary conditions for simulation one are shown in Table 6.7.

Variable Value

β0 0.01 [rad]

ξs0 −0.4

ρs0 700 [kg/m3]

a 0.2 [MPa]

Table 6.7: Assumed initial and boundary conditions for simulation one.
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Results for the apparent solid density using the assumed initial and boundary condi-

tions specified in Table 6.7 are shown in Figure 6.3. Results for the material direction

using the assumed initial and boundary conditions specified in Table 6.7 are shown

on the next page in Figure 6.4.
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Figure 6.3: Change in solid apparent density over time for simulation one.
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Figure 6.4: Change in solid material angle over time for simulation one.

As shown in Figure 6.3, the apparent solid density initially increases to a steady value.

After approximately 100 days, the apparent solid density increases again to a second

steady state value. The sudden change in the apparent solid density after 100 days

can be attributed to the change in material direction shown in Figure 6.4. As shown

in Figure 6.4 the material angle switches from an angle close to zero to an angle of

π/2 radians at approximately 100 days.

Since, the uniaxial mixture stress is applied at an angle of β = 0, the steady state

solid material direction shown in Figure 6.4 is perpendicular to the uniaxial mixture

stress. Assuming β defines the average trabecular orientation, results for simulation

one imply that trabeculae tend to align perpendicular to the uniaxial mixture stress.

Similar results for a single constituent continuum were found by DiCarlo et al. [86],
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Epstein and Elżanowski [43, pp. 170-174], and Epstein [84, pp. 298-301].

The change in solid material angle shown in Figure 6.4 can be related to the solid

shear strain. Shear strain for the solid constituent over time is shown below in Figure

6.5.
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Figure 6.5: Change in solid shear strain versus time for simulation one.

As shown in Figures 6.4 and 6.5, the maximum angle change corresponds to the

maximum shear strain. In addition, when the material orientates to an angle of

β = π/2 the solid shear strain reaches a value of zero.

6.2.2 Simulation Two

Assumed initial and boundary conditions for simulation two are shown on the next

page in Table 6.8.
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Variable Value

β0 1.56 [rad]

ξs0 −0.4

ρs0 300 [kg/m3]

a 0.2 [MPa]

Table 6.8: Assumed initial and boundary conditions for simulation two.

Results for the apparent solid density using the assumed initial and boundary con-

ditions specified in Table 6.8 are shown on the next page in Figure 6.6. Results for

the material direction using the assumed initial and boundary conditions specified in

Table 6.8 are shown in Figure 6.7 on page 100.
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Figure 6.6: Change in apparent solid density versus time for simulation two.
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Figure 6.7: Change in solid material angle versus time for simulation two.

As shown in Figure 6.6, the apparent solid density initially rises to a steady value.

At approximately at 85 days, the apparent solid density begins increasing again to

a new steady state value. The increase of apparent solid density starting at 85 days

can be explained by the solid material angle shown in Figure 6.7.

As shown in Figure 6.7, at approximately 85 days the solid material angle begins

changing to a new steady state angle of β = 0. The changing solid material angle cor-

responds to the increase of apparent solid density shown in Figure 6.6. As mentioned

in Subsection 6.2.1, a material angle of β = 0 corresponds to the material direction

aligning with the uniaxial mixture stress.

Results for simulation two show that the solid material angle for the simulation

tends to align with the uniaxial mixture stress. Assuming that the solid material angle
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β represents the average orientation of trabeculae, then the trabeculae for simulation

two tend to align with the applied uniaxial load. The aligning of trabeculae with

the uniaxial mixture stress differs from the previous results of DiCarlo et al. [86],

Epstein and Elżanowski [43, pp. 170-174], and Epstein [84, pp. 298-301]. The

difference between current work and the previous work of other authors [86][43, pp.

170-174][84, pp. 298-301] can be attributed to the inclusion of a fluid component in

the current work.

For simulation two, the initial apparent fluid density is larger than simulation one.

As a result, the fraction of the partial stress carried by the fluid phase is larger than

simulation one. The increased fluid partial stress changes the partial solid stress,

which changes the resultant solid shear strain calculated by (5.90). For simulation

two, the solid shear strain is shown in Figure 6.8.
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Figure 6.8: Change in solid shear strain versus time for simulation two.

As shown in Figure 6.8, the solid shear strain has switched signs when compared to

the shear strain for simulation one shown in Figure 6.5. The change of shear strain

results in the difference of steady state material angles between simulations one and

two.

Similar to simulation one, the maximum shear strain corresponds with the maxi-

mum change of solid material direction. In addition, when the material angle reaches

a steady state value the shear strain for simulation two reaches a value of zero.

6.3 Discussions

Results presented in Sections 6.1 and 6.2 show that the current model couples reac-

tions non-linearly with mechanical factors. For the considered evolution equations
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for growth given by (4.74) and (5.73), increases in mechanical activity result in an

increased apparent solid density. As discussed in Section 6.1, the precise dependence

of reactions on mechanical factors will change with the choice remodeling constants.

In addition to growth, the evolution of material direction was also dependent on

mechanics, as shown by (5.89).

For the example considered in Section 5.6, the steady state material angle was

found to align either with or perpendicular to the uniaxial mixture stress. The

steady state angles for the mixture model were similar to previous steady state angles

for a single constituent continuum determined by DiCarlo et al. [86], Epstein and

Elżanowski [43, pp. 170-174], and Epstein [84, pp. 298-301]. Numerical simulations

presented in Subsections 6.2.1 and 6.2.2 showed that the steady state solid material

angle depends on the initial mixture composition.

By choosing the initial mixture composition to be primarily solid constituent,

the solid material angle tended to align perpendicular to the uniaxial mixture stress.

Results for a mixture composed primarily of a solid constituent were similar to the

single constituent results of previous authors [86][43, pp. 170-174][84, pp. 298-301].

Choosing an initial mixture composed primarily of fluid constituent, resulted in the

solid material angle aligning with the uniaxial mixture stress. The alignment of the

solid material angle with the uniaxial mixture stress differs from the results of previous

authors [86][43, pp. 170-174][84, pp. 298-301].

The chosen evolution equations and constants for growth and remodeling have

been assumed. As a result, the current model and results do not represent a fully

realistic model for bone. To obtain an actual model for the growth and remodeling

in bone, evolution equations and constants used for the model must be verified by

experimental results. The current evolution equations and constants have been chosen

solely to show how reactions and mechanics can be coupled in a mixture theory model.
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In addition to evolution equations, the constitutive equations for the Helmholtz

free energy and the stress have been assumed. The additive decomposition shown in

(4.6) and (5.6) have been assumed to apply to bone. Whether the mixture Helmholtz

free energy for bone can be decomposed into a solid and fluid constituent is not known.

Unlike the Helmholtz free energy, the stress for the solid constituent has been studied

by various authors [50][51][55][56][57][59].

For the solid constituent of bone, the elastic properties are known to be propor-

tional to the apparent solid density taken to a varying power [50][51][55][56][57][59].

As shown in (4.31), the model considered in Chapter 4 assumes that the elastic prop-

erties of bone will be linearly dependent on the apparent solid density. By modifying

the current assumed solid constitutive equation for stress using previous work of other

authors [50][51][55][56][57][59], a more realistic model for bone may be created. Since

the current model is intended to examine the coupling of reactions and mechanics,

modifications to the current assumed constitutive equations will be left for future

work.

Similar to the solid constitutive model, the constitutive model for the fluid partial

stress used in both Chapters 4 and 5 has been assumed to apply to bone. As shown in

(4.62) the fluid partial stress has been assumed to be weighted linearly on the apparent

fluid density. Whether the assumed constitutive equation for the fluid applies to a

mixture of bone requires verification by experiments. A possible improvement to

the current fluid model would be including diffusion and viscous terms. Including

diffusion and viscous terms for the fluid, would also require the mixture and solid

model to be expanded to include diffusion and viscous effects. Expansion of the

current assumed model will be left for future work.

To determine the partial traction carried by the fluid, the total mixture traction

was split using a method attributed to Rajagopal and Tao [77, pp. 36-37]. Whether
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the method used to split the mixture traction is applicable to bone has not been

verified experimentally. As a result, the contribution of the fluid partial stress to the

entire mixture stress may change with improved knowledge of bone. In addition to

the fluid phase, various nutrients required for bone growth and remodeling may also

contribute to balance laws in a mixture of bone.

As discussed in Section 4.4, neglecting other constituents results in difficulties

describing chemical reactions in bone. To study more detailed chemical reactions

in bone and the resultant mass, momentum, energy, and entropy balances, requires

expanding the current model. Expansion of the current model to include more con-

stituents would allow for chemical reaction which occur in bone to be modeled in

greater detail. In addition, expanding the current model may allow other constituent

contributions to be included in the momentum balance for bone.

While numerous improvements to the current model may improve its applicability

to bone, the purpose of this thesis was to couple reactions with mechanical factors

in a mixture theory model. Bone was intended to be used as an example for the

coupling of reactions and mechanics, rather than as a realistic case study. The results

of using known material properties for bone and assumed evolution and constitutive

equations have been presented in Sections 6.1 and 6.2. Results show that the current

model couples reactions non-linearly with mechanical deformations.

6.4 Conclusions and Future Work

A reactive diffusionless solid-fluid mixture theory model was constructed which cou-

ples reactions and mechanical deformations. Using bone as an example, the resultant

growth and remodeling were shown to depend non-linearly on the mechanical defor-

mations. Increases in mechanical deformations resulted in increased growth of bone

tissue. The precise dependence of growth on mechanics depended upon the choice of
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remodeling constants. In addition to growth, the material direction of a transverse

isotropic solid constituent was also determined as a function of mechanical factors.

For a transverse isotropic solid, the material direction was assumed to be defined

by the normal to the isotropic plane. Considering a uniaxial mixture stress, the

material direction was found to align either with or perpendicular to the uniaxial

mixture stress. The material direction was found to align perpendicular to the uniax-

ial mixture stress for an initial mixture composed primarily of solid constituent. For

a mixture composed primarily of fluid constituent, the material direction tended to

align with the uniaxial mixture stress.

The current model was not intended to provide a realistic model for bone. Rather

bone was used as an example to determine how reactions and mechanics can be

coupled in a mixture theory. Future work includes improving the constitutive and

evolution equations to better represent a realistic bone model. In addition, the current

biphasic model may be expanded in future work to include more constituents. The

expansion of the biphasic model to include more constituents will allow realistic bone

reactions to be included in the considered model.
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Appendix A

MATLAB R© CODE FOR STEADY STATE BIAXIAL

STRETCH CASE

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 %Fi l e Name: Biax ia lRoot .m

3 %

4 %Purpose : S p e c i f i e s e v o l u t i on equat ion f o r roo t s o l v e r .

5 %

6 %Var iab l e s :

7 % rhos = apparent d en s i t y o f s o l i d

8 % rhobar f = i n t r i n s i c d en s i t y o f f l u i d

9 % rho = mixture d en s i t y

10 % alpha = s o l i d s t r e t c h

11 % th = ex t e rna l t r a c t i o n app l i e d to mixture

12 % lambda = mater ia l cons tant

13 % mu = = mater ia l cons tant

14 % ps i0 = remodel ing ra t e cons tant

15 % kra t i o = ra t i o o f o s t e b l a s t a c t i v i t y to o s t e o c l a s t a c t i v i t y

16 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

17 function f = Biax ia lRoot ( rhos , rhobarf , rho , alpha , th , lambda ,mu, ps i0 , k r a t i o

)

18

19 %Ca lcu l a t e Mater ia l Proper t i e s and Dens i t i e s

20 a = lambda + 2 .∗mu;

21 c = lambda .∗ alpha ;

22 rho f = rho − rhos ;

23 b = (1− rho f . / rhobar f ) ;

24
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25 %Ca lcu l a t e S t ra in and St ra in Energy Densi ty

26 gprime = (−b .∗ th−2.∗ rhos .∗ c ) . / ( rhos .∗ a ) ;

27 SED = rhos . ∗ ( 0 . 5 . ∗ a .∗ gprime .ˆ2 + 2 .∗ c .∗ gprime + 2 .∗ a .∗ alpha . ˆ 2 ) ;

28

29 %Spec i f y Function

30 f = rhos − k r a t i o .∗ log(1+SED. / ps i 0 ) ;

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 %Fi l e Name: B iax i a l S t r e t chVary ingS t ra in .m

3 %

4 %Purpose : Determine s teady s t a t e va l u e s o f an e vo l u t i on equat ion

5 % over a range o f s o l i d s t r e t c h va l u e s and e x t e r na l t r a c t i o n

6 % va lue s .

7 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

8 clear ;

9 clc ;

10

11 %Spec i f y Constants

12 rhobar f = 993 ; %In t r i n s i c F lu id Densi ty

13 rho = 1100 ; %Mixture Densi ty

14 alpha = 700e−6; %Mater ia l S t r e t c h

15 lambda = 3 .2 e6 ; %Mater ia l Constant

16 mu = 0.45 e6 ; %Mater ia l Constant

17 ps i 0 = 100 ; %Remodeling Rate Constant

18 k r a t i o = 220 ; %Ratio o f Os t eo b l a s t Ac t i v i t y to Os t eo c l a s t Ac t i v i t y

19

20 %Spec i f y Range o f Externa l Tract ion

21 th0 = 0 .1 e6 ;

22 t h f i n a l = 5e6 ;

23 s tep = 0 .1 e6 ;

24 numfinal = ( t h f i n a l−th0 ) . / s tep + 1 ;

25 th = th0 ;
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26

27 %I n i t i a l Guess f o r So l i d Apparent Densi ty

28 rhos0 = 700 ;

29

30 %I n i t i a l i z e i n d i c e s

31 i = 0 ;

32 j = 0 ;

33

34 %Outer Loop Increments S t r e t c h i n g Value

35 for j = 1 :3

36 th = th0 ;

37 %Inner Loop Increments Over Externa l Tract ion Range

38 for i = 1 : numfinal

39 %Find Roots o f Evo lu t ion Equation and Saves So l i d Apparent Densi ty

40 x = fzero ( @BiaxialRoot , rhos0 , [ ] , rhobarf , rho , alpha , th , lambda ,mu,

ps i0 , k r a t i o ) ;

41 rhos ( i ) = x ;

42

43 %Increment Externa l Tract ion Value

44 th = th+step ;

45 end

46 i = 0 ; %I n i t i a l i z e Index

47 f i n a l ( : , j ) = rhos ; %Save Apparent So l i d Densi ty Values

48

49 %Increment S t r e t c h i n g Value

50 alpha = alpha + (200 e−6) ;

51 end

52

53 %Sp e c i f i e s Vector Containing Externa l Tract ion Ranges For P lo t s

54 th = th0 : s tep : t h f i n a l ;

55

56 %Plo t s Apparent So l i d Densi ty Versus th
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57 plot ( th ./1 e6 , f i n a l )

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 %Fi l e Name: Biax ia lS tre tchVary ingRemode l ing .m

3 %

4 %Purpose : Determine s teady s t a t e va l u e s o f an e vo l u t i on equat ion

5 % by vary ing t h r e s ho l d f o r bone formation and r a t i o o f

6 % o s t e o b l a s t a c t i v i t y to o s t e o c l a s t a c t i v i t y .

7 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

8 clear ;

9 clc ;

10

11 %Spec i f y Constants

12 rhobar f = 993 ; %In t r i n s i c F lu id Densi ty

13 rho = 1100 ; %Mixture Densi ty

14 alpha = 900e−6; %Mater ia l S t r e t c h

15 lambda = 3 .2 e6 ; %Mater ia l Constant

16 mu = 0.45 e6 ; %Mater ia l Constant

17 k r a t i o = 200 ; %I n i t i a l Ratio o f Os t eo b l a s t Ac t i v i t y to Os t eo c l a s t

Ac t i v i t y

18 th = 1e6 ; %Appl ied Mixture Tract ion

19

20 %Spec i f y Range f o r Threshold f o r Bone Formation

21 p s i 0 s t a r t = 50 ;

22 p s i 0 f i n a l = 250 ;

23 s tep = 5 ;

24 numfinal = ( p s i 0 f i n a l−p s i 0 s t a r t ) . / s tep + 1 ;

25 ps i 0 = p s i 0 s t a r t ;

26

27 %I n i t i a l Guess f o r So l i d Apparent Densi ty

28 rhos0 = 700 ;

29
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30 %I n i t i a l i z e i n d i c e s

31 i = 0 ;

32 j = 0 ;

33

34 %Outer Loop Increments Ratio o f Os t eo b l a s t Ac t i v i t y to Os t eo c l a s t

Ac t i v i t y

35 for j = 1 :3

36 ps i 0 = p s i 0 s t a r t ;

37 %Inner Loop Increments Over Threshold f o r Bone Formation

38 for i = 1 : numfinal

39 %Find Roots o f Evo lu t ion Equation and Saves So l i d Apparent Densi ty

40 x = fzero ( @BiaxialRoot , rhos0 , [ ] , rhobarf , rho , alpha , th , lambda ,mu,

ps i0 , k r a t i o ) ;

41 rhos ( i ) = x ;

42

43 %Increment Bone Formation Threshold

44 ps i 0 = ps i 0+step ;

45 end

46 i = 0 ; %I n i t i a l i z e Index

47 f i n a l ( : , j ) = rhos ; %Save Apparent So l i d Densi ty Values

48

49 %Increment Ratio o f Os t eo b l a s t Ac t i v i t y to Os t eo c l a s t Ac t i v i t y

50 k r a t i o = k r a t i o + 20 ;

51 end

52

53 %Sp e c i f i e s Vector Containing Threshold f o r Bone Formation Ranges For

P lo t s

54 ps i 0 = p s i 0 s t a r t : s t ep : p s i 0 f i n a l ;

55

56 %Plo t s Apparent So l i d Densi ty Versus Threshold f o r Bone Formation

57 plot ( ps i0 , f i n a l )
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Appendix B

MATLAB R© CODE FOR UNIAXIAL STRESS CASE

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 %Fi l e Name: ThesisBoneAnisotropy .m

3 %

4 %Purpose : Function to s p e c i f y the e v o l u t i on equa t ions o f growth and

5 % remodel ing f o r a t r a n s v e r s e l y i s o t r o p i c p i e ce o f bone .

6 %Var iab l e s : t s p e c i f i e s time v a r i a b l e s

7 % y (1) s p e c i f i e s i n t e r n a l s t a t e f o r growth

8 % y (2) s p e c i f i e s mate r ia l ang l e

9 %

10 %To so l v e the s p e c i f i e d e v o l u t i on equat ion r e qu i r e s the f o l l ow i n g

11 %command shown below to be entered in to the MATLAB Command Window .

12 %

13 %[T,Y] = ode45 (@ThesisBoneAnisotropy , [ t0 t f ] , [ x i 0 be ta0 ] , [ ] , x i 0 )

14 %

15 %Where ,

16 % t0 = i n i t i a l time

17 % t f = f i n a l time

18 % xi0 = i n i t i a l va lue f o r growth i n t e r n a l s t a t e v a r i a b l e

19 % beta0 = i n i t i a l va lue f o r mate r ia l ang l e

20 % T = output v ec t o r f o r time v a r i a b l e

21 % Y = output v e c t o r f o r i n t e r n a l s t a t e s

22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

23 function dy = ThesisBoneAnisotropy ( t , y , x i0 )

24 dy = zeros ( 2 , 1 ) ;

25

26 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

27 %Ca lcu l a t e change o f b a s i s f o r compliance tensor
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28 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

29 K1T = [ cos ( y (2 ) ) . ˆ 2 , sin ( y (2 ) ) . ˆ 2 , cos ( y (2 ) ) .∗ sin ( y (2 ) ) ;

30 sin ( y (2 ) ) . ˆ 2 , cos ( y (2 ) ) . ˆ 2 , −cos ( y (2 ) ) .∗ sin ( y (2 ) ) ;

31 −2.∗cos ( y (2 ) ) ∗ sin ( y (2 ) ) , 2 .∗ cos ( y (2 ) ) .∗ sin ( y (2 ) ) , cos ( y (2 ) ) . ˆ2 −

sin ( y (2 ) ) . ˆ 2 ] ;

32

33 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

34 %Spec i f y Mater ia l Constants

35 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

36 Et = 96 .4 e6 ;

37 Ep = 25.2 e6 ;

38 mut = 19 .3 e6 ;

39 nupt = 0 . 1 7 ;

40 nutp = 0 . 6 4 ;

41 S = [ 1 . / Ep , −nutp . / Et , 0 ; −nupt . /Ep , 1 ./ Et , 0 ; 0 , 0 , 1 . /mut ] ;

42 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

43 %Spec i f y Remodeling Constant

44 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

45 kf = 5e−6;

46 kr = 5e−7;

47 kw = 5e−8;

48 ps i 0 = 5e−6;

49

50 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

51 %Spec i f y Externa l Mixture Tract ion and Dens i t i e s

52 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

53 a = 0 .2 e6 ; %Externa l Tract ion

54 r h o r e f = 1100 ; %Mixture Densi ty

55 rhos0 = 300 ; %I n i t i a l So l i d Apparent Densi ty

56

57 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

58 %Ca lcu l a t e Apparent Dens i t i e s

127



59 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

60 rhos = rhos0 .∗exp(−(y (1 ) − x i0 ) ) ; %Apparent Densi ty o f So l i d

61 rho f = rhore f−rhos ; %Apparent Densi ty o f F lu id

62 rho fbar = 993 ; %In t r i n s i c Densi ty o f F lu id

63

64 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

65 %Ca lcu l a t e S t r e s s and St ra in

66 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

67 T33 = −a .∗(1−( rho f . / rho fbar ) ) ;

68 T22 = a . ∗ ( rho f . / rho fbar ) ;

69 Ts = [ T22 ; T33 ; 0 ] ; %Sp e c i f i e s So l i d S t r e s s

70 E = (exp( y (1 ) . / 3 ) ) .∗K1T∗S∗K1T. ’∗Ts ; %Ca l cu l a t e s So l i d S t ra in

71 SED = 0.5∗Ts ’∗E; %Ca l cu l a t e s S t ra in Energy

72

73 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

74 %Spec i f y Evo lu t ion Equat ions

75 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

76 dy (1) = exp(−y (1 ) ) ∗ kf − kr .∗ log (1+(SED) . / p s i 0 ) ;

77 dy (2) = −T33 .∗kw.∗E(3) . / 2 . ∗ exp( y (1 ) ) ;

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

2 %Fi l e Name: Reca l cu l a t e .m

3 %

4 %Purpose : Function to r e c a l c u l a t e s t r e s s , s t ra in , and apparent d en s i t y

5 % from in t e r n a l s t a t e v a r i a b l e s .

6 %Var iab l e s : t s p e c i f i e s time v a r i a b l e s

7 % y (1) s p e c i f i e s i n t e r n a l s t a t e f o r growth

8 % y (2) s p e c i f i e s mate r ia l ang l e

9 %

10 %To r e c a l c u l a t e s t r e s s , s t ra in , and apparent d en s i t y from i n t e r n a l

11 %s t a t e v a r i a b l e s the f o l l ow i n g command shown below must be

12 %entered in to the MATLAB Command Window .
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13 %

14 %[ rhos , rhof , Ts , E, E22 , E33 , E23 , K,SED, a , as , a f ] = Reca l cu l a t e ( t , y )

15 %

16 %Where ,

17 % t = vec to r con ta in ing time s t e p s

18 % y = vec to r con ta in ing i n t e r n a l s t a t e s

19 % rhos = output v ec t o r f o r s o l i d apparent d en s i t y

20 % rho f = output v ec t o r f o r f l u i d apparent d en s i t y

21 % Ts = output v ec t o r f o r p a r t i a l s o l i d s t r e s s

22 % E = output v e c t o r f o r s o l i d s t r a i n

23 % E22 = output v ec t o r f o r s o l i d s t r a i n component E22

24 % E33 = output v ec t o r f o r s o l i d s t r a i n component E33

25 % E23 = output v ec t o r f o r s o l i d s t r a i n component E23

26 % K = output v ec t o r f o r b a s i s change

27 % SED = output v ec t o r f o r s o l i d s t r a i n energy den s i t y

28 % a = output v e c t o r f o r mixture t r a c t i o n

29 % as = output v e c t o r f o r s o l i d p a r t i a l t r a c t i o n

30 % af = output v ec t o r f o r f l u i d p a r t i a l t r a c t i o n

31 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

32 function [ rhos , rhof , Ts , E, E22 , E33 , E23 ,K1T,SED, a , as , a f ] = Reca l cu la t e ( t , y

)

33 I = s ize ( t , 1 ) ;

34 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%

35 %Ca lcu l a t e Basis Change

36 %%%%%%%%%%%%%%%%%%%%%%%%%%%

37 for i = 1 : I

38 K1T{ i }=[[ cos ( y ( i , 2 ) ) . ˆ 2 , sin ( y ( i , 2 ) ) . ˆ 2 , cos ( y ( i , 2 ) ) .∗ sin ( y ( i , 2 )

) ; sin ( y ( i , 2 ) ) . ˆ 2 , cos ( y ( i , 2 ) ) . ˆ 2 , −cos ( y ( i , 2 ) ) .∗ sin ( y ( i , 2 ) )

;−2.∗ cos ( y ( i , 2 ) ) ∗ sin ( y ( i , 2 ) ) , 2 .∗ cos ( y ( i , 2 ) ) .∗ sin ( y ( i , 2 ) ) ,

cos ( y ( i , 2 ) ) . ˆ2 − sin ( y ( i , 2 ) ) . ˆ 2 ] ; ]

39 end

40
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41 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

42 %Spec i f y Mater ia l Constants

43 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

44 Et = 96 .4 e6 ;

45 Ep = 25.2 e6 ;

46 mut = 19 .3 e6 ;

47 nupt = 0 . 1 7 ;

48 nutp = 0 . 6 4 ;

49 S = [ 1 . / Ep , −nutp . / Et , 0 ; −nupt . /Ep , 1 ./ Et , 0 ; 0 , 0 , 1 . /mut ] ;

50

51 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

52 %Spec i f y Remodeling Constants

53 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

54 kf = 5e−6;

55 kr = 5e−7;

56 kw = 5e−8;

57 ps i 0 = 5e−6;

58

59 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

60 %Spec i f y Mixture Tract ion and I n i t i a l Dens i t i e s

61 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

62 a = 0 .2 e6 ;

63 r h o r e f = 1100 ;

64 rhos0 = 300 ;

65 rho fbar = 993 ;

66

67 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

68 %Ca l cu l a t e s apparent d e n s i t i e s o f s o l i d and f l u i d

69 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

70 rhos = rhos0 .∗exp(−(y ( : , 1 ) − y (1 , 1 ) ) ) ;

71 rho f = rhore f−rhos ;

72
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73 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

74 %Ca l cu l a t e s S t r e s s and St ra in

75 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

76 T33 = −a .∗(1− rho f . / rho fbar ) ;

77 T22 = a . ∗ ( rho f . / rho fbar ) ;

78 Ts = [ T22 . ’ ; T33 . ’ ; zeros ( I , 1 ) . ’ ] ;

79 for i = 1 : I

80 as ( i ) = T33( i ) ;

81 a f ( i ) = T22( i ) ;

82 E{ i } = ( 1 . / ( exp(−y ( i , 1 ) ) . / 3 ) ) ∗K1T{ i }∗S∗K1T{ i } . ’∗Ts ( : , i ) ;

83 E22( i ) = E{ i } (1 , 1 ) ;

84 E33( i ) = E{ i } (2 , 1 ) ;

85 E23( i ) = E{ i } (3 , 1 ) ;

86 SED( i ) = 0 .5∗Ts ( : , i ) ’∗E{ i } ;

87 end
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