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Abstract

The objective of this research is to investigate the effects of the reversibility of chemical

reactions on the instability of reactive fluids displacements in porous media. Such instability

is encountered in various fields such as engineering processes, natural phenomena and en-

vironmental systems. Therefore, understanding the mechanisms of this instability is key to

enhancing the efficiencies of reversible reactive flows in porous media. The reactive displace-

ment was modeled through a bimolecular reversible chemical reaction (BRCR), A + B �

C. In addition, a mathematical model was adopted for the transport of the chemical species

through the porous media.

The first part of the research focuses on the horizontal displacement of a reversible reac-

tive interface in homogeneous porous media, where the importance of the reversibility of the

chemical reactions in understanding and optimizing reactive displacement processes such as

heavy oil recovery as well as underground water treatment techniques was illustrated. The

effects of reversibility were found to vary for different scenarios of frontal instability based

on the variation of the viscosities of the chemical species. A linear stability analysis of the

problem was performed for short time scales, which allowed determining the importance of

the different parameters controlling the process. Furthermore, the non-linear interactions

between the chemistry and the hydrodynamics were studied by performing numerical simu-

lations. The simulation results revealed that for a particular set of parameters, reversibility

can result in an enhancement of the instability of reactive flows.

The research was also extended to address the influence of reversibility on the efficiency

of reactive chromatographic process as well as environmental issues related to geological

storage of carbon dioxide. The properties of the instability of a horizontal BRCR interface
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between a solution of reactant (A) on top of (B) were analyzed. The role of reversibility on

the instability of reactive displacements under gravity field where densities mismatch drives

the instability was also investigated. The analysis examined the effects of the reversibility

where the instability of the flow is driven by the variation of both densities and viscosities

of the chemical species. Here too, reversibility enhanced the instability of the flow for some

cases of frontal instability.
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Chapter 1

Introduction

This thesis focuses on the instability of reversible reactive interfaces in homogeneous porous

media. The reactivity of the system may dramatically influence the instability of the dis-

placement process as soon as the chemical reaction produces a new chemical species at the

initial interface between the displacing and the displaced fluids, and possibly changes the

physical properties of the fluids such as the viscosity, density, diffusion coefficient or surface

tension. The interface between the displacing and the displaced fluids can be destabilized as

a result of the variations in the viscosities or the densities of the solutions, if not both. This

instability may grow to form finger-shaped intrusions of one of the fluids into the other. This

instability is referred to as viscous fingering or Saffman-Taylor instability when the variation

in the viscosities of the fluids triggers the instability. Whereas, when the density mismatch

drives this instability, it is referred to as density fingering or Rayleigh-Taylor instability [3],

[4].

There is a growing number of studies that deal with fingering instability of non-reactive

flows in porous media where the fingers hydrodynamically interact without affecting the

properties of the solutions or the surrounding porous medium [5], [6]. However, the influ-

ence of the chemical reaction on the physical properties of the displacing or the displaced

fluid finds important applications in fields as the removal of chemical pollutants from under-

ground water, liquid chromatographic separation, heavy oil recovery, fixed bed regeneration

and carbon dioxide sequestration [7], [8], [9]. In theses processes, the chemical reaction will

change the physical properties of the fluids or the surrounding area if not both, and as a

result instability may develop at the reactive interfaces between the chemical species.
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Reactive flows are usually encountered in energy and environmental sectors. In particu-

lar, the injection of a reactive fluid into a reservoir in order to change the physical properties

of the resident fluid such as the viscosity, is an environmentally friendly alternative to cur-

rent heavy-oil recovery techniques such as Steam Assisted Gravity Drainage (SAGD) as well

as Vapour extraction (V APEX). Furthermore, the injection of a reactive fluid to remove

pollutants from the underground water is also an important application that has shown

promising results [10], [11], [12].

The instability of the reactive flows plays an important role in the success and the efficiency

of the displacement process. Furthermore, since most homogeneous chemical reactions are

reversible [13], it is important to consider the effects of the reversibility on the instability of

the reactive displacements. In this study a mathematical model is developed to illustrate the

effects of reversibility on the instability of the reactive flows in homogeneous porous media.

The influence of the reversibility is investigated using two techniques, namely linear sta-

bility analysis and nonlinear simulations. In the second chapter, a detailed review of the

state of the art of literature on experimental and theoretical studies of non-reactive and

reactive displacements is presented.

The third chapter presents derivations and results of linear stability analysis (LSA) to il-

lustrate the effects of the various parameters on the instability at early stages where the

disturbances are small, by reducing the nonlinear equations to linearized ones. The linear

stability analysis is a powerful tool in examining the influence of each of the parameters that

control the flow on the instability of the system. In particular, the limits at which reactive

flows may switch from stable to unstable regimes were identified. Furthermore, LSA helped
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in determining the parameters at which the nonlinear simulations were to be carried.

In the fourth and the fifth chapters, the different scenarios of frontal instability of reversible

reactive flows in horizontal and vertical porous media are presented, respectively. In the

fourth chapter, the influences of the reversibility on the instability of the reactive flows are

illustrated for various possible scenarios of frontal instability. In addition, the efficiency of

the displacement process was examined in term of the rate of production as well as the rela-

tive total contact area between the chemical species. Similarly in chapter five, the effects of

reversibility were also investigated when the variations in the densities or/and the viscosities

of the chemical species drive the instability, and the relative total contact area between the

species was also analyzed.

Chapters three and four are under review journal articles. In addition, parts of the in-

troduction and the mathematical model presented in chapter three are repeated in chapter

four since these two chapters deal with reversible reactive flows in a horizontal geometry.

Furthermore, the same mathematical and numerical techniques in chapter four are used in

chapter five, while considering the gravity field. Therefore, the reader may omit reading the

introduction of chapter four and the mathematical modeling sections in chapters four and

five.

1.1 Origin of fingering mechanism

The flow of fluids in porous media was first investigated in (1856) by Darcy [14]. Darcy found

that the pressure gradient (5P ) along a sand packed column is linearly proportional to the

fluid velocity vector (u) according to the following relation, famously known as Darcy’s law.

∇P = −µ
κ

u + ρg (1.1)
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In the above equation, µ/κ represents the proportionality factor, ρg the hydrostatic pressure

per unit length, µ the fluid viscosity, ρ the fluid density and κ is the medium permeability.

Such displacements in porous media were found to be unstable, under certain flow con-

ditions. The development of such instability was mathematically modeled in (1952) by Hill

[15]. Hill considered a one dimensional displacement process in porous media where a fluid

with properties (µ1, ρ1) was injected with a uniform velocity to displace a resident fluid with

properties (µ2, ρ2), while the gravity field was parallel to the direction of the flow. Further-

more, a small disturbance at the initial interface between the fluids will grow in time if the

driving force (5P ) across the interface is positive.

P1 − P2 = −µ1 − µ2

κ
U4x+ (ρ1 − ρ2)g4x (1.2)

The conditions at which the initial interface is stable or unstable can be anticipated from the

above relation. For example, In the absence of densities mismatch, the interface is unstable

if a less viscous fluid is injected to displace another one with higher viscosity (µ1 < µ2).

Whereas, an unstable interface is encountered if a heavier fluid is placed on top of a lighter

one (ρ1 > ρ2) when the viscosities are equal (µ1 = µ2). Furthermore, when both densities

and viscosities vary, the disturbance will grow if the velocity exceeds a certain value, referred

to as the critical velocity.

Uc =
(ρ1 − ρ2)gκ

µ1 − µ2

(1.3)

Considering the obscure nature of porous media and the difficulty in tracking the interactions

between the disturbances in time, the Hele-Shaw cell has been widely used as a prototype

to investigate fluid flows in homogeneous porous media.

1.2 Hele-Shaw cell

The complexity of flows in porous media indicates the need to study the flow instability in

simpler and more idealized model systems such as the Hele-Shaw cell. This system can be
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Figure 1.1: Schematic of Hele-Shaw cell.

used to investigate the development of flows in both horizontal and vertical directions for

radial and rectilinear geometry. The Hele-Shaw cell consists of two parallel plates separated

by a gap that is considered very small compared to the length (Lx) and the width (Ly) of the

plates as shown in figure 1.1. In general, the flow through the narrow gap between the plates

obeys the Navier-Stokes equation. However, for a small gap and low Reynolds numbers

(Re << 1), the flow can be considered to develop only in the x- and y- directions and to

be governed by the two dimensional (2D) Darcy’s law. Under these assumptions, the flow

in a Hele-Shaw cell is analogous to a two dimensional incompressible flow in homogeneous

porous media and is described by the continuity equation for the conservation of mass and

Darcy’s law for the conservation of momentum.

1.3 Objectives

A number of studies have focused on the frontal instability of a simple bimolecular A + B →

C reaction. However, a number of aspects still need to be investigated. It should be noted

that most of the bimolecular homogeneous reactions are reversible and this reversibility may
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dramatically influence the fate of the reactive displacements and their efficiency in terms of

the rate of production and the mixing areas between the chemical species. Therefore, it is

interesting to examine the effects of reversibility on the hydrodynamics of fingering instabil-

ity for the different scenarios of frontal instability.

First, the influence of reversing the chemical reaction A + B � C on the instability of

a horizontal reactive displacement process where the instability is driven by viscosities mis-

match between the fluids is examined analytically and numerically. This is achieved by

conducting a linear stability analysis and nonlinear simulations of the fingering instability.

Furthermore, the role of reversibility on the properties of a horizontal reactive interface

where both viscosities and densities mismatch trigger the instability is also investigated in

the case of a vertical flow geometry.
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Chapter 2

Literature Review

This chapter presents and discusses existing studies related to the flow instability in porous

media for both non-reactive and reactive flows. Studies on non-reactive flows are presented

first. These are followed by a review of experimental work of reactive flow displacements.

After that, theoretical studies on reactive flows are presented in two sub-sections, which are

auto-catalytic and bimolecular chemical reactions.

2.1 Viscous fingering in non-reactive systems

In this first part, major experimental and theoretical results for non-reactive systems are

discussed. The first study on fingering instability was carried out in (1950) by Taylor [16]

who proposed a theory about the growth of instability under gravity force at the interface

between fluids with different densities. A set of experiments were conducted by Lewis [17]

where a high shadow photography was used to confirm Taylor’s theory. Hill [15] studied

experimentally the development of instability at the interface between sugar liquid and wa-

ter where the instability was driven by both viscosities and densities mismatch between the

fluids. The fingering patterns in Newtonian displacements in porous media were examined

in (1952) by Slobod and Caudle [3] using X-ray technique. Saffman and Taylor [4] examined

the immiscible displacement of oil by water and air, and derived a mathematical model for

the development of the instability.

A number of studies focused on the mathematical and numerical modelling of the devel-

opment of the instability. These studies date back to the work of Chuoke et al.,[18] as well

as that of Peaceman and Rachford [19].
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Some experimental studies focused on the effects of different factors on the instability of the

non-reactive systems such as surface tension [20], non-Newtonian profiles [21], anisotropy

[22] as well as transverse gravity fields [23]. McCloud and Maher [6] presented an extensive

review of experimental studies in Saffman-Taylor flows, which detailed the influence of the

previous factors on the dynamics of fingering.

A review of relevant literatures and challenges in the simulation of miscible displacements

was presented by Homsy [5].

Tan and Homsy [24], [25] investigated analytically and numerically the stability of misci-

ble displacements in porous media, where good agreements with the previous experimental

work were observed. The authors presented for the first time the splitting phenomena in

miscible displacements and they also reported that the mixing length growths linearly in

time.

Yortsos and Zeybek [26] investigated the effect of dispersion on the instability of misci-

ble displacements where it was reported that dispersion has a destabilizing contribution at

short wavelengths.

The work of Tan and Homsy [25] was extended by Zimmerman and Homsy [27] where the

effects of viscosity contrast, anisotropy and velocity dependence of longitudinal dispersion

were studied. It was reported that the combination of high mobility contrast, weak trans-

verse dispersion and and strong dependence of longitudinal dispersion on velocity enhances

the long time growth of instability.
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Subsequent studies focused on the variation of instability in homogeneous and heteroge-

neous porous media [28], [29], [30] where it was reported that the intensity of the instability

and consequently the mixing zone increase monotonically with the variance of the hetero-

geneity.

In a vertical geometry, Manickam and Homsy [31] investigated analytically and numeri-

cally the instability of miscible displacements driven by both density and viscosity. The

authors presented the different scenarios of frontal instability and calculated the growth rate

of the mixing zones for different injection velocities and viscosity ratios.

Other studies investigated the role of gravity on the instability of miscible displacement

under gravity field [32], [33], [34], [35] where fingering phenomenon such as diagonal finger-

ing, trailing-lobe detachment and secondary side-finger instability were presented.

Singh and Azaiez [36] examined numerically the instability of miscible shear-thinning fluids

in a rectilinear Hele-Shaw cell where the authors showed that shear thinning has the effect

of accelerating growth rates of fingering patterns in comparison to Newtonian fluids. Fur-

thermore, new fingering mechanism such as mulitiple side-branching, diagonal fingering and

trailing-lobe detachment were observed.

De Wit et al. [37] studied numerically the instability of a displacement of a miscible high

viscosity slice where the authors showed that fingering contributes transiently to the broad-

ening of the peak in time.

The influences of high mobility ratio and Pèclet number were examined by Islam and Azaiez

[38] where new fingers structures such as uneven tip-splitting, partial coalescence, stretched
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coalescence, gradual coalescence, single-sided tip-splitting, alternating side-branching, dense

branching, skewering, double coalescence, trailing lobe detachment and side-branching were

observed. The authors also analyzed qualitatively the relative fingers widths and contact

areas.

Rousseaux et al. [39] studied the non-linear instability in packed chromatographic columns.

Here the authors focused on the non-linear properties of the instability plus the quantita-

tive measurements in the chromatographic columns. These results can be applied to both

numerical and experimental data of such a system in order to understate the effects of the

mobility ratio as well as the model’s dimensions on the properties of viscous fingering.

The spreading of containments in underground water was investigated by Kim [40]. Here,

the author carried a linear stability analysis to investigate the onset of miscible viscous fin-

gering of a high viscous slice of the contaminants in the underground water. It was reported

that there is a critical time for the instability to grow and there is a critical width at which

the system is always stable. From these results the author concludes that the system is

unconditionally stable under critical time and width.

Kim and Choi [41] investigated the effect of shear-thinning on the onset of the instability in

porous media using the Carreau model. The stability equations were solved both analyti-

cally and numerically with and without the quasi steady state approximation (QSSA). The

authors reported that displacing a Newtonian fluid with a shear-thinning one makes the flow

more unstable than displacing with a Newtonian fluid. However, when the displacing fluid

is Newtonian, then shear-thinning makes the flow, in general, more stable.

Jha et al. [42] examined the mixing efficiency of fluids in porous media at low Reynolds
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Figure 2.1: Qualitative comparison of viscous fingering in a tilted Hele-Shaw cell: (a) Ex-
periment, (b) Simulation. From Dong et al. [1].

numbers. From the results, it was possible to predict the optimum viscosity ratio for a given

Péclet number, which maximizes the interfacial area between the fluids and consequently

reduces the mixing time.

The instability of immiscible displacements in porous media was simulated using the lat-

tice Boltzmann Method (LBM) by Dong et al. [1]. The study focused on the effects of

capillary force, viscous force, gravity and surface wettability on the fluid behavior. In addi-

tion, the areal sweep efficiency was used to evaluate the displacement efficiency. The present

study demonstrated that the lattice Boltzmann Method is useful in simulating multiphase

flow in porous media as shown in figure 2.1.

The gravity-driven fingering of immiscible flow of water and a dense non-aqueous-phase liquid

(DNAPL) such as trichloroethylene (TCE) was experimentally examined in a homogeneous
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sand-filled column by Nsir et al. [43]. The spatial distribution of the advancing displacement

front in a given control section of the experimental device was examined for different values

of the system parameters such as flow rate, flow mode and grain size. It was observed that

both higher injection rate of the (DNAPL) and lower medium permeability attenuates the

gravity instability.

Dias et al. [44] investigated analytically the possibility of minimizing convectional viscous

fingering in an initial unstable immiscible interface in a radial Hele-Shaw cell. It was re-

ported that the optimum injection rate at which the front disturbances can be minimized is

a linearly increasing function of time. Furthermore, the authors performed series of experi-

ments and non-linear simulation in order to support the analytical results.

Mishra et al. [45] studied the pressure driven miscible displacement in a channel geome-

try when a viscous fluid is injected to displace a less viscous one. The problem was governed

by the continuity and Navier-Stokes equations along with a concentration-dependent viscos-

ity profile and two convection-diffusion equations for the distribution of the concentrations.

The authors focused on the capability of the double diffusive effects on destabilizing the

initially stable system. The double diffusive effect is observed when the fluid consists of

a solvent that contain two different solutes both influencing the viscosity of the fluid and

diffusing at different rates. It was reported that increasing the diffusivity contrast between

the faster diffusing and the slower diffusing solutes enhances the intensity of the instability.

2.2 Viscous fingering in reactive systems: Experimental studies

A growing number of experimental studies have focused on reactive viscous fingering. In

particular, there is a growing number of studies on viscous fingering coupled with chemical

reactions in porous media or Hele-Shaw cells. In most of these studies the initial interface
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between the displacing and the displaced fluids was considered unstable without chemical

reaction.

One of the first studies on reactive flows was conducted in (1990) by Naser-El-Din et al.

[46] where the authors examined the effect of chemical reaction on a secondary oil recovery

process. A Hele-Shaw cell filled with glass beads was used as a water wet porous medium

saturated with paraffin oil doped with 1 wt linoleic acid. A solution of alkaline (NaOH) was

used to examine the patterns and the efficiency of the immiscible displacement. A substantial

reduction in interfacial tension was observed at the interface between the linoleic acid in the

oil phase and the alkaline solution in the water phase as the chemical reaction takes place.

The authors also reported that both the interfacial tension and the break-through recovery

are functions of the concentration of NaOH. Another experimental study on immiscible

reactive system was carried out by Hornof and Baig [47] in a Hele-Shaw cell where a mixture

of linoleic acid with oil representing the high-viscous phase and a mixture of sodium hydrox-

ide with water as the low-viscous phase, were used in the reactive displacement. Differences

between fingering patterns in reactive and non-reactive systems were reported, in addition

to a higher oil recovery in reactive than non-reactive displacements.

Carey et al. [48] studied experimentally the instability of a miscible displacement pro-

cess involving an auto-catalytic iodate-arsenous acid chemical reactive front. These authors

reported the onset of buoyancy driven fingering as the density changes with the chemical

reaction. Bockmann and Muller [49] focused on a similar buoyancy unstable system where

they experimentally defined the growth rate of the unstable modes.

A set of experiments were carried out by Nagatsu and Ueda [50] to examine the effect of

the reactants concentrations on the fingering patterns in a miscible displacement. In these
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experiments, a Hele-Shaw cell with a centered injection well was considered. The injection

was slow enough in order to allow molecular diffusion to control the transport of both the

solute and the solution. In addition, it was reported that the initial concentrations of the

reactants play a major role in the distribution of the product. Moreover, the reaction zone

was located in regions of less concentrated high- or low- viscous fluid. Moreover, it was ob-

served that the chemical product will either accumulate at the fingertips or broadens in the

area inside the fingers when the reaction zone was located in the high and low viscous fluids,

respectively. The same authors [51] investigated the effects of finger growth velocity on the

fingering pattern as well as the distribution of the product. The authors found that the

reactants’ concentrations ratio has insignificant effects on the reaction pattern and the prod-

uct will be concentrated around the fingertips when the bulk finger-growth velocity increases.

Another study by Fernandez and Homsy [52] examined the immiscible reactive displace-

ment in a radial Hele-Shaw cell for a liquid-liquid system where the products (surfactants)

were able to change the surface tension. The experiments were performed over a wide range

of both Capillary Ca, which represents the relative effects of viscous forces against surface

tension across immiscible liquid interfaces and Damköhler Da numbers, which represents the

rate of the reaction in order to illustrate the effects of the capillary force and the reaction

rate on the fingering patterns. The authors stated that the reduction in the mobility ratio

at the interface as a result of the chemical reaction decreases the driving force for instability,

which resulted in wider fingers and higher sweep efficiency. A critical Damköhler number

was defined (Dacr), where the finger width was controlled by Da above that number, while a

similar behavior to that of non-reactive systems was observed below Dacr . In addition, the

capillary number was found to have stronger influence on the finger width in non-reactive

compared to reactive systems.
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Zhang [7] conducted laboratory and field experiments where a reactive fluid was injected

to remove pollutants from the underground water and promising results were reported.

A study by Nagatsu et al. [53] examined the effect of changing the viscosity of the product on

the fingering patterns in an initially unstable miscible reactive displacement. They showed

that the existing fingering patterns can be modified as the chemical reaction increases or

decreases the viscosity of the product. In addition, they reported that fingers are wider and

the product occupied more area as the viscosity of the product increases, while narrower

fingers were observed as the product viscosity decreases. This was attributed to the increase

in the shielding effect. Effects of the reactants’ concentrations were also examined in this

study where it was reported that increasing the concentration of the less viscous fluids has

a monotonically increasing effect of fingering patterns in cases where the reaction decreases

the viscosity of the product. Whereas, when the reaction increases the viscosity of the prod-

uct, increasing the concentration of the less viscous fluid enhanced the instability up to a

threshold value before it starts to attenuate the fingering patterns. The same authors also

studied the effect of strong and moderate chemistry on the flow by analyzing the fingering

patterns at high and moderated Damköhler numbers [53], [54].

In the same year (2007), Podgorski et al. [55] performed similar experiments where the

instability was triggered by a simple chemical reaction of the A + B → C type. The system

consisted of two reactants with the same viscosity, which made the system neutrally stable

before the chemical reaction takes place. Once the reactants come in contact, the product

(C) with a higher viscosity than the reactants’ appears at the interface and triggers the

instability. The results showed that the fingering patterns will be different if the reactant

(A) is injected into (B) or vice-versa, which was attributed to differences in the diffusion

coefficients of the chemical species.
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An experimental study on a reactive miscible displacement process by Nagatsu et al. [56]

investigated the effect of precipitation. The results showed that the fingering patterns may

change as the precipitation concentration varies. These authors reported that in a reactive

displacement process with low Péclet number and stoichiometric ratio of the reactants, fin-

gers will bend and grow in a direction almost perpendicular to the flow when the precipitation

concentration exceeds a certain value. Moreover, a higher initial concentration of the less

viscous fluid was needed for the bending pattern to be observed at a moderate Péclet number.

Shuwang Li et al. [57] studied numerically and experimentally the viscous fingering patterns

in a radial Hele-Shaw cell and it was reported that fingering instability can be suppressed

by controlling the injection rate of the less viscous fluid.

A series of core flooding experiments were conducted by Berg et al. [58] in order to inves-

tigate the performance of carbon disulfide (CS2) as a novel agent for enhanced oil recovery.

X-ray computed tomography was used to obtain the three dimensional (3D) spatial distri-

bution of the displacing fluid and the displaced oil. Recoveries over 90% were observed at

small viscosities ratio and large flow rates. Whereas, high viscosities contrast and slow flows

reduced the oil recovery.

The effects of chemical reaction on the fluids’ viscosities in miscible displacements in a radial

Hele-Shaw cell were investigated experimentally by Nagatsu et al. [59]. It was observed that

when the reaction increases the viscosities, the shielding effect is suppressed and the fingers

are widened, which result in denser fingering patterns. On the other hand, the shielding ef-

fect is enhanced and the fingers are narrowed as the reaction decreases the viscosities, which

result in less dense fingering patterns
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Buchgraber et al. [60] conducted experimentally and monitored optically water/oil and

polymer-solutions/oil displacements in a 2D micro-model. The observed results illustrated

the ability of the polymer to stabilize multi-phase flows. At low concentration of polymer,

relatively long wide fingers of the displacing fluid were observed, which led to an early water

breakthrough and low recovery. On the other hand, as the polymer concentration increased,

relatively shorter fingers were observed, which made the displacement front appear to be

stabilized at large scales.

In a more recent study, Riolfo et al. [2] analyzed reaction-driven viscous fingering in an

initially stable displacement in a horizontal Hele-Shaw cell. Aqueous solutions of polymers

were used in order to benefit from the dependence of their viscosities on the pH. Two cases

where instability developed in the upstream or the downstream directions of a bimolecular

reaction system were presented as shown in figure 2.2. Non-linear simulations were also

performed to support the experimental results.

2.3 Viscous fingering in reactive systems: Theoretical studies

A growing number of theoretical studies dealt with the reactive flows. Some of these studies

focused on reactions between the fluid and the surrounding porous media while others dealt

with the auto-catalytic fluid-fluid reactions. Some recent theoretical works investigated the

instability of simple type of bi-molecular chemical reactions A + B −→ C. In addition

there is a limited number of studies that have examined the instability of reversible reactive

interfaces A + B 
 C. In this section, studies dealing with reactions between the fluid and

the porous media are presented first followed by those related to auto-catalytic fluid-fluid

reactions and then recent studies on both complete and reversible chemical bi-molecular

reactions.
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2.3.1 Auto-catalytic and infiltration reactive systems

The modelling study by Chadam [61] is considered one of the first studies that modelled

mathematically the ability of the chemical reaction in changing the macroscopic patterns

of the media. In this study, the authors investigated infiltration flow in addition to the

variation in the porosity of the media as a result of the reaction. The possibility of fingering

instability in such a process was confirmed by both linear stability analysis as well as non-

linear simulations.

In parallel, Lichtner et al. [62] used the numerical finite difference technique to study diffu-

sion mass transport accompanied with reversible auto-catalytic chemical reaction in porous

media. A porous medium consisting of an inert solid matrix and a reactive solid phase in

equilibrium with an aqueous solution was considered. When the solute concentration was

fixed at one end of the porous medium at fluid composition that is under-saturated with re-

spect to the reactive solid phase, the solid starts to dissolve at a reversible reactive interface

that propagates along the porous medium. Here, the authors were able to determine the

position of the dissolving front as well as the concentration distribution of the different solute

species. Furthermore, the numerical results were validated against exact analytical solutions.

Another mathematical model that simulates the carbon-cemented sandstone system was

proposed by Wei and Ortoleva [63] where the reactive flow can decrease or increase the

porosity and consequently the permeability of the medium by dissolving the matrix. The

study revealed that fingering instability may exist at such a system as a result of the dissolu-

tion of the matrix and the changes in the properties of the medium. Furthermore, different

dynamics of fingering such as tip splitting were observed for different types of rocks and

fluids properties.
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A linear stability analysis for acid flows through porous rocks was conducted by Hinch

and Bhatt [64] where the injected acid dissolved the matrix and increased the permeability.

In this study, reaction convection equations coupled with Darcy’s law were used to control

the transport of the acid and the dissolved materials. Moreover, it was assumed that the

medium’s porosity was not affected significantly with the dissolution of the materials, while

permeability varied significantly with the concentration of the dissolved materials. This

study showed that changes in the permeability can destabilize the reactive front. In ad-

dition, it was observed that the growth rates were small at long wavelengths, while they

increased at short wavelengths.

Another linear stability analysis where the reactive fluid can dissolve the matrix, but for

a vertical slab was carried out by Aharonov et al., [65]. These authors studied the forma-

tion of conducts as melt flowed from the Earth’s mantle. The mass conservation equations

along with Darcy’s law were used to model the propagation of the reactive flow as well as

the deformation of the matrix. The authors showed that increasing the diffusion coefficient

decreases the instability and that the reactive-infiltration instability is a significant factor in

the up-welling melt in the mantle.

De Wit and Homsy [66] simulated the instability of auto-catalytic miscible horizontal dis-

placements in the Hele-Shaw cell geometry. Here too, the reaction convection diffusion

equations along with Darcy’s law were used to model the propagation of the concentration

of the fluids. In addition, a third order auto-catalytic chemical reaction as a function of

the concentration of the displacing fluid was used. The authors showed that this type of

reactions can result in a sharper displacement front as well as in stronger tip-splitting mech-

anisms along with droplet formation.
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Another study by Jahoda and Hoenof [67] modelled the reactive displacement of two im-

miscible fluids in porous media. A two-dimensional reactive-convective-diffusion model was

adopted to investigate the instability of the oil-water interface in addition to the interactions

with the medium. The objective of this study was to illustrate the effect of the concentration

of the product, which is alkaline, on the fate of the displacement process. Furthermore, the

authors observed a decrease in the concentration of the product in the water phase especially

at the fingertip.

The previous work by Chadam [61] was subsequently improved by the same authors where a

velocity-dependent hydrodynamic dispersion was adopted [68]. Here, a dispersion-convection-

reaction equations coupled with Darcy’s law were used for mass and flow field modeling. The

authors found that the rate of increase in the porosity of the medium was proportional to

the reaction rate. Moreover, the study showed that transverse dispersion had a stabilizing

effect of the system, but without eliminating the reaction-infiltration instability.

De Wit [69] performed a linear stability analysis on the system introduced in the previ-

ous study with Homsy [66] in order to illustrate the effects of the reaction parameters on

the instability of the system. In this study, the author reported that the stability of the

system depends on both the width and the speed of the reactive front. Furthermore, De

Wit reported that the major difference between pure and chemically driven fingering is that

the dispersion curves do not vary in time in absence of chemical reactions. In a subsequent

study, Yang et al., [70] studied the buoyancy driven instability for a chlorite-tetrathionate

reaction in a Hele-Shaw cell where good agreements between the linear stability analysis,

non-linear simulations and experimental measurements were observed.

A numerical model based on the lattice Boltzmann model (LBM) for the transport and
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reactions of fluids in porous media was developed by Kang et al., [71]. This study focused

on the acid stimulation properties in an enhanced oil recovery process. It was found that

highly conductive channels wormholes can be formed in the carbonate rocks as the acid’s

injection dissolves the matrix. In addition, the dependence of the dissolution process and the

wormholes patterns on the acid type as well as the injection rate was successfully simulated

using the LBM and the results confirmed the existence of an optimal injection rate at which

the wormholes are formed. Furthermore, good qualitative agreements between the results

and other experimental and theoretical studies were reported.

Considering a vertical Hele-Shaw cell geometry, Demuth and Meiburg [72] conducted a linear

stability analysis for an auto-catalytic miscible reactive front. In their study, the viscosity

was assumed to be constant, while the instability was driven by the variation in the density

of the product. The reaction-convection-diffusion equations were coupled with the three-

dimensional Stokes equations to model the process and the results were compared to the

linear stability analysis presented by De Wit [69]. From this comparison, the authors ob-

served that the maximum growth rate and the cut off wave-numbers were under-predicted

by a factor of three. This variations in the results were attributed to the applicability of

the Darcy’s law for small Rayleigh numbers (Ra). The authors also reported that three-

dimensional effects become more significant as the Rayleigh number increases and therefore,

the linear stability analysis should be based on the three-dimensional Stokes equations.

The applicability of the lattice Boltzmann method for the non-linear simulation of a mis-

cible reactive and an immiscible displacement in a vertical Hele-Shaw cell were illustrated

by Grosfils and Boon [73] and Grosfils et al. [74], respectively. In these studied, the auto-

catalytic chemical reactions had the similar effects on the surface tension by sharpening the

interface, which may affect the fingering patterns.
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Similarly, Vasquez and De Wit [75] conducted a linear stability analysis for a chlorite-

tetrathionate (CT) auto-catalytic reaction in a vertical Hele-Shaw cell. In this study, four

different models resulting from coupling Darcy’s law or Brinkman’s equation for flow field to

an eikonal equation or a one variable reaction diffusion model, were adopted. The authors re-

ported that the combination of Darcy’s law with the eikonal equation failed in predicting the

dispersion curves, while other three models resulted in good agreements with experimental

results for narrow gaps. However, the Darcy-reaction-diffusion model showed poor results as

the cell gap increased as reported previously by Demuth and Meiburg [72]. The Brinkman’s

model resulted in a good agreement between the experimental and the theoretical results

when the diffusion coefficients were assumed to be equal.

The infiltration instability problem for in-situ leaching Uranium mining was investigated

by Kai-Xuan et al. [76]. It was shown numerically that the feedback between the reactive

fluid and the dissolved minerals can result in a frontal instability which affects the rate of

recovery of the mineral resource.

The work of Yang et al., [70] was extended by Kalliadasis et al., [77] where the heat of

an exothermic reaction was considered in a vertical Hele-Shaw system with insulated plates.

Moreover, it was assumed that the auto-catalytic reactions take place at both ends of the

vertical cell. In absence of thermal effects, the heavier products invaded the reactants and

resulted in stable ascending and unstable descending fronts. It was observed that, thermal

effects have opposite contribution to that of the solutal ones on the density. The linear

stability analysis as well as the nonlinear simulations showed that the heat of the reaction

may actually result in an unstable ascending front.
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In a similar geometry, De Wit [78] conducted a non-linear simulation to investigate the

development of fingers in an auto-catalytic iodate-arsenous-acid front. Here, the reaction

diffusion equations coupled with Darcy’s law and a concentration dependent density profile

were used in the analysis. Here, the author illustrated the effects of the different parameters

modeling the flow on the fingering dynamics.

D’Hernoncourt et al., [79] investigated the role of heat loss when auto-catalytic reactions

were triggered at both the top and bottom of a vertical Hele-Shaw cell. Here, a density

mismatch at both reactive fronts was considered as a function of both the thermal and the

solutal profiles. The reaction produced a hot-light product, which resulted in unstable up-

ward propagating and stable descending, fronts. The linear stability analysis showed that

the dispersion curves for the ascending front can be similar to those of the isothermal system

when the Hele-Shaw cell is insulated. In addition, the authors found that the heat losses

may stabilize a system with perfectly insulated walls. However, heat losses through the walls

may result in a non-monotonic density profile at the descending front, which may destabilize

the front at a certain range of thermal parameters.

Miscible displacements of radionuclide leaks from underground containers in a water sat-

urated heterogeneous porous media were analyzed by Bruneau et al., [80]. The authors

modelled mathematically and numerically the changes in the concentration of the radioac-

tive element in the medium. It was found that the radionuclide coming from a leak of a

buried container may reach the surface even in a slow flow.

Zadrazil et al., [81] conducted a linear stability analysis as well as non-linear simulations

to examine the effects of an external electric field on the buoyancy driven instability in a

vertical geometry. A light product was produced at the bottom of the Hele-Shaw cell as a
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result of a third order auto-catalytic reaction, which destabilized the upward propagating

front. The transport of the negative ions in the opposite direction of the propagation was

increased when a negative electric field was applied. This resulted in an increase in the

density mismatch across the front and consequently a more unstable system. On the other

hand, applying a positive electric field, increased the transport of the ion in the direction of

the propagation and as a result decreased the frontal instability. However, it was reported

that a high enough strength of the electric field may stabilize the buoyancy unstable system.

The non-linear interactions of buoyancy driven instability of the auto-catalytic reaction dif-

fusion acidity front of the chlorate-tetrathionate were examined by Lima et al., [82]. A

two-variables reaction diffusion equation coupled with Darcy’s law were used to model the

instability between the heavy product and the fresh reactants in a vertical Hele-Shaw cell. It

was found that the development of the fingers is a function of the Damköler number Da, the

diffusivity ratio δ of the chemical species and the Rayleigh number Ra. Simulations showed

that for a moderate Ra number, the developed fingers merged to a single symmetric finger.

However, tip splitting was observed above a certain value of Ra. Also, a faster travelling

front was observed when the chemical product diffused faster than the reactants. Finally, a

less elongated but faster developing single finger was observed as the Da increased.

The buoyancy driven instability of a chemical reaction was classified by D’Hernoncourt et

al., [83]. In this study, the authors considered exothermic auto-catalytic miscible fronts in a

vertical Hele-Shaw cell where a temperature and density dependant density profile was used.

Here, the system can be destabilized by the buoyancy-driven convection. This convection

was driven by the solutal and thermal effects on the variation in the density profile of the

product. Furthermore, a linear stability analysis was conducted and showed that a counter-

intuitive unstable region exists between the hot light and the heavy cold solutions. This
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observation was identified as a localized reaction area coupled with variation in the diffusion

of heat and concentration.

Adiabatic reactive miscible displacements were also investigated by Swernath and Push-

pavanam [84] where, using solutal and thermal expansion constants, the viscosity was con-

sidered to be a function of both concentration and temperature. It was observed that the

growth rates of the unstable wave-numbers were increased and decreased by increasing the

solutal and the thermal expansion constants, respectively. Furthermore, a higher thermal

expansion constant had stabilizing and destabilizing effects for exothermic and endothermic

reactions, respectively. Finally, a non-linear simulation was carried out in order to support

the reported results.

The fingering patterns in a miscible reactive displacement where both the viscosity and

the density were modified by the concentration across the auto-catalytic bi-stable front were

investigated by Swernath and Pushpavanam [85]. In this study, the authors examined the

conditions under which the viscosity profile can stabilize a density unstable profile in a ver-

tical geometry where the auto-catalytic reaction can be triggered either at the top or at the

bottom of the surface. When the chemical reaction is triggered at the bottom, the interface

between the product and the reactant is buoyancy unstable when the density of the product

is lower than that of the reactant. Both linear stability analysis and non-linear simulation

confirmed that the interface of such a system can be stabilized when the viscosity of the

product is much larger than that of the reactant. Results showed that even when the reac-

tion is triggered at the top to result in an unstable gravitational front, the unstable front

may be stabilized if the viscosity of the product is very high compared to that of the reactant.

In a miscible reactive displacement, the effects of the velocity dependent transverse dis-
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persion and the longitudinal dispersion on the fingering patterns were examined by Ghesmat

and Azaiez [86]. Darcy’s law and the reaction diffusion convection equation were used for

the velocity field and the continuity of the solute and the solution, respectively. The authors

considered second and third-order auto-catalytic reactions and it was reported that the fin-

gering dynamics in dispersive flows with high reaction rates are similar to those observed in a

high mobility ratio displacement. Moreover, the authors reported that dispersion had more

pronounced effects on the fingering patterns of the reactive flows than on the non-reactive

ones.

2.3.2 Bimolecular reactive flows

The previous reviewed studies are related either to the interactions between the fluids and

the porous medium or to auto-catalytic reactions. However, there is a growing number

of studies on the frontal instability of non-auto-catalytic reactions where the instability is

driven by the variation in the physical properties of the reactants and the products. Here,

studies on irreversible bimolecular chemical reactions (BCR) will be presented first, followed

by studies on bimolecular reversible chemical reactions (BRCR).

Irreversible chemical reactions:

The stability of the A + B → C front was examined by Rongy et al. [87] where the chem-

ical reaction takes place at the interface between horizontal layers of the initially separated

reactants. The model was governed by the two dimensional incompressible Stokes equations

for the flow field along with the reaction diffusion convection equation for the conservation

of mass. Here, the density profile was assumed to be linearly dependant on the local con-

centration of the chemical species (A), (B) and (C). The authors reported that the stability

of the reactive interface may be influenced by the buoyancy-driven convection as a result of

densities mismatch between the reactants and the product even if the diffusion coefficients

of the chemical species are equal and the initial concentrations of both reactants are equal.
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Furthermore, the authors supported the reported results by numerical simulations and the

various dynamics of frontal propagation were classified based on the solutal expansion coef-

ficients.

For the same type of chemical reactions A + B → C, Gerard and De Wit [88] numeri-

cally investigated the viscous fingering in a miscible displacement in a horizontal Hele-Shaw

cell geometry. Here, it was assumed that the viscosities of both reactants are equal, which

resulted in a neutrally stable initial interface. Furthermore, the viscosity of the product was

assumed to be different than the viscosities of both reactants, while an exponential variation

of the viscosity of the fluid with the concentration of the product was adopted. The authors

reported that the viscous fingering patterns were similar whether (A) is displacing (B) or

vice verse when the initial concentrations of the reactants are equal as well as the diffusion

coefficients. This study confirms the asymmetry in fingering patterns observed in the exper-

iments by Podgorski et al. [55].

Hejazi et al. investigated analytically [89] and numerically [90] the different scenarios of

frontal instability in a horizontal miscible displacement process that involves a simple chem-

ical reaction A + B → C. The authors adopted a slab configuration where each half of

the slab was filled with only one of the reactants. In this study, the authors focused on the

instability of the interfaces between the reactants and the product based on the mobility

ratio at each interface.

Hejazi and Azaiez also examined the displacement of a reactive slice of pollutant solution

in a carrier solution [91]. Here, the dynamics of the flow as well as the rate of consump-

tion of the pollutant were investigated when a chemical reaction takes place between the

two solutions A + B → C. It was reported that the widest distribution of the pollutant is
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observed when the pollutant’s viscosity is smaller or larger than those of the carrier solution

and the product, while the highest consumption rate is reported when the chemical product

is the least or the most viscous solution. Furthermore, the authors observed that the carrier

solution may break through the pollutant when the viscosity of the product is larger than

that of the carrier solution.

Almarcha et al. [92] studied the buoyancy chemically driven instability experimentally and

numerically in a vertical reactive displacement. Here, the authors confirmed the unstable

nature of the system when the chemical product is heavier than the reactants or when the

diffusion rates of the chemical species vary.

Nagatsu and De Wit [93] conducted non-linear simulations in the same model considered

by Hejazi and Azaiez [90], but for an infinite Damköler number (Da → ∞). Here, the au-

thors characterized quantitatively the fingering patterns in terms of the mixing lengths, the

fingering density (FD) as well as the total amount of the product (C). Furthermore, they

validated the results with previous linear stability analysis and experimental studies.

The stability of the horizontal reactive interface under gravity field in the presence of trans-

verse velocity was recently examined by Hejazi and Azaiez [94]. In this system, a bimolecular

chemical reaction (BCR) A + B → C takes place between the displacing and the displaced

reactants. A linear stability analysis was performed to determine the stability of the purely

buoyancy driven flow as well as where the density contrast is combined with the viscosity one

at the presence of transverse flow. It was reported that a chemical reaction may destabilize

a buoyancy stable initial interface.

In a horizontal geometry Davison et al. [95] studied numerically the instability of paral-
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lel reactants streams flow through porous media and react transversely at the centerline to

produce a product that may increase or decrease the fluid viscosity. The authors observed

that a reduction in fluid velocity and consequently a higher production rate as the product

increases the fluid viscosity. Here, the increased production rate was attributed to the in-

creases in the diffusion time as the velocity decreases. In contrast, higher fluid velocity and

slower production rate were observed as the fluid viscosity decreases.

Reversible chemical reactions:

Chopard et al. [96] analyzed the properties of the interface of a reversible reactive process

with initially separated reactants. In this study, the authors focused on determining the

width of the reaction zone numerically. The authors reported that the dynamics of the re-

active front can be described as a crossover between irreversible and reversible regimes at

short and long times, respectively. Moreover, the existence of this crossover between short

time ”irreversible” and long time ”reversible” regimes was confirmed by Sinder et al. [97]. In

addition to the previous confirmation, the authors investigated analytically and numerically

the reaction rate profile in an immobilized reaction zone and it was found that at long times,

the reaction rate will encounter two maxima and may attain negative values in between.

Benes et al. [98] developed a numerical simulation of multi-component gas transport ac-

companied with reversible reactions in porous media. Here, the authors built the simulation

based on the dusty gas model and the simulation results were validated against the analyti-

cal solution for a simple system. Furthermore, the simulation showed accurate results of the

distribution of the chemical species in the porous media.

Gopich and Szabo [99] studied the long time behavior of the concentrations of the chemical

species involved in a reversible reaction A + B 
 C as they approach their equilibrium

values. The authors used the Poisson representation, where the asymptotic of the relaxation
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function was transformed into a FokkerPlanck or equivalent Langevin equation. The ampli-

tude of the power law (t−
d
2 in d dimensions) decay of the concentrations to equilibrium for

constant diffusion coefficients and concentrations of the reactants, was determined.

Mayer [100] illustrated the important role of reversibility on the efficiency of the under-

ground water treatment process examined by Zhang [7].

Koza [101] developed a method for studying analytically and numerically the long-time

properties of a reaction-diffusion system with a reversible reaction A + B 
 C. The study

focused on the expansion of the concentrations of the chemical species as series in τ ≡ 1
t
,

which was useful in deriving some interesting conclusions analytically. From the observed

results, the author concluded that systems with irreversible reactions can be studied by tak-

ing the limit where the reversibility coefficient approaches zero for reversible reactions.

Sinder et al., [102] investigated the reaction rate of a reversible reactive-diffusive process

where the reactants are initially mixed with different diffusion coefficients. It was reported

that the reactive-diffusive process for this case can be considered as a quasi-equilibrium pro-

cess. Furthermore, the authors analyzed the dependence of the reaction rate on the initial

distribution of the concentration of the reactants and it was observed that the number of

the reaction zones varies with time and can be determined by the initial conditions.

In all previous studies on reversible reactive process, the spatial distributions of the chemical

species were controlled by diffusion and none of the these studies has considered the effects of

convection. Furthermore, the non-linear interactions between the different chemical species

involved in the process have never been investigated. Since the injection of one of the reac-

tants into the other is encountered in various applications and the frontal instability is a key
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Figure 2.2: Reaction driven viscous fingering when a polymer solution displaces from left to
right a less vsicous aqueous dyed solution. Left: polyacrylic acid (PAA) displacing NAOH
solution with concentration (a) 0 M Stable front, (b) 0.01 M, (c) 0.06 M at t = 225s. Right:
Salt sodium polyacrylate (SPA) displacing aqueous solutions of 60 wt% glycerol + HCl in
concentration (a) 0 M, (b) 0.3 M, (c) 0.5 M at t = 360s. From Riolfo et al. [2].

factor to improve the efficiency of these processes, it is important to examine analytically

and numerically the frontal instability of reversible reactive flows in porous media.
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Chapter 3

Stability Analysis of Reversible Reactive flow

displacements in Porous Media

1 The effects of reversibility on the viscous fingering of miscible reactive flow displacement

processes are examined. A model, where the viscosity mismatch between the reactants and

the product triggers instability is adopted. The stability of the flow displacement is examined

in the case of initial sharp front between the two reactants as well as when the reactants

are given time to diffuse. In the case of a sharp front, a transformation allows to map the

reversible case to that of the non-reversible one and an analysis of the effects of chemical

reversibility is presented. In general, faster attenuation in the development and growth of

instability is reported as the reversibility of the chemical reaction increases. However, it

was found that reversibility can actually enhance the instability when a critical reversibility

coefficient that depends on the mobility ratios of the chemical species, is exceeded. Different

trends for the effects of reversibility were obtained for initially diffusing chemical reactants

and the results are discussed in terms of the mobility ratios of the different species. It

was found that the effects of stronger chemical reversibility on the stability of the flow are

qualitatively similar to those induced by slower chemical reactions in non-reversible cases,

however quantitative differences are reported and discussed.

3.1 Introduction

When a viscous fluid is used to displace another one of a larger viscosity, a frontal insta-

bility appears at the interface between the two fluids, which may affect dramatically the

1This chapter is the exact reproduction of the following submitted journal article:
H. Alhumade and J. Azaiez (2013). Stability Analysis of Reversible Reactive flow displacements in
Porous Media. Chemical Engineering Science
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overall efficiency of the displacement process. This instability may grow to form fingers that

propagate in both upstream and downstream directions and is referred to as fingering or

Saffman-Taylor instability [15, 3, 4]. The instability can be triggered by either viscosity

mismatch and is referred to as viscous fingering or density mismatch, where it is known as

the Rayleigh-Taylor instability.

Many experimental and theoretical studies have focused on the frontal instability of non-

reactive displacement process, where hydrodynamic interactions between the fluids result

in the viscous fingering instability. In these studies the effects of different parameters were

examined and most of these studies were reviewed by [5] and [6]. However, the effects of

these parameters on the fate and the efficiency of the displacement process may change when

chemical reactions take place between the displacing and the displaced fluids, since chemi-

cal reactions can change the physical properties of the fluids as well as those of the porous

medium.

Reactive flow displacements are encountered in processes such as underground water treat-

ment, heavy oil recovery, chromatographic separation, polymer processing and fixed bed

regeneration. In such applications involving chemical reactions, the efficiency and viability

of the process strongly depend on the flow instability.

There is a number of experimental studies that deal with reactive flow displacements. The

first such a study was carried out by [46], where the reaction leads to an interfacial tension

decrease in a secondary oil recovery process. In 1995, Hornof and Baig studied flows in a

secondary oil recovery process where the chemical reaction leads to a modification of the vis-

cosity ratio at the reactive interface. Subsequent studies examined the role of stoichiometry

[50], finger growth rate [51], precipitation [56] as well as that of elastic mi-cellar product de-
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veloping at the interface between the reactants [55]. Similar experiments were conducted to

study the effect of high [53] and moderate [54] Damköhler numbers on the fingering patterns

in miscible displacements.

The dynamics of a bi-molecular A + B → C reactive front in horizontal reactive displace-

ments were investigated by [88]. In their study, the viscosity of both reactants were assumed

to be equal while the product (C) was more viscous than the reactants. In a series of

studies, Hejazi and Azaiez investigated analytically [89] and numerically [90] the different

scenarios of frontal instability in a horizontal miscible displacement process that involves a

non-autocatalytic chemical reaction. The same authors also examined the displacement of a

reactive slice of pollutant solution in a carrier solution [91]. Here, the dynamics of the flow

as well as the rate of consumption of the pollutant were analyzed.

[59] studied experimentally the effects of changing the viscosity of the displacing less-viscous

fluid by chemical reaction for miscible displacements in a radial Hele-Shaw cell. In a sub-

sequent study, [93] conducted non-linear simulations in the same model considered by [90],

but for an infinite Damköler number and characterized quantitatively the fingering patterns.

In a more recent study, [2] analyzed experimentally reaction-driven viscous fingering in an

initially stable horizontal displacement involving aqueous polymer solutions. Non-linear sim-

ulations were also performed to support the experimental results.

In all previous studies, the chemical reactions were assumed to be complete, which is not

always the case in a reactive fluid displacement process. The reversibility of the reaction

actually plays an important role in many phenomena studied in physics, chemistry, biol-

ogy, and geology [104]. For example, in the in-situ soil remediation, promising results were

reported by [7], where a reactive fluid was injected to remove the pollutant from the un-
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derground water and the important role of reversibility on the efficiency of such a process

was discussed by [100]. Reversibility is also an important factor in the study of the effects

of the transport of reactive tracers on the dispersion coefficients at pore-level [105]. The

first study on reactive-diffusive systems with reversible reaction was carried out by [96] who

analyzed the properties of a reversible reactive front with initially separated reactants. It

was reported that the dynamics of the reactive front can be described as a crossover between

irreversible and reversible regimes at short and long times, respectively. Another study [97]

confirmed the results obtained by [96] regarding the existence of a crossover between short

time ”irreversible” and long time ”reversible” regimes. The authors also investigated ana-

lytically and numerically the reaction rate profile in an immobilized reaction zone and it was

found that as t → ∞, the reaction rate will encounter two maxima where it might attain

negative values in between. In a more recent study, [102] investigated the reaction rate of a

reversible reactive-diffusive process when the reactants are initially mixed with different dif-

fusion coefficients. The authors reported that the reactive-diffusive process for this case can

be considered as a quasi-equilibrium process. Furthermore, they analyzed the dependence

of the reaction rate on the initial distribution of the reactants and it was reported that the

number of reaction zones is determined by the initial conditions and varies with time.

In all previous studies of reversible reactive displacement processes, only the diffusive ef-

fects were considered. However, when the injection of one of the reactants is required, the

convective term must be considered in addition to the diffusive one. In such a case, the dis-

placement process is expected to be dominated by convection rather than diffusion. There-

fore, it is important to conduct a full analysis of a reversible reactive-diffusive-convective

flow displacement to understand the effects of reversibility on the flow dynamics as well as

on the overall efficiency of the displacement process.
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Figure 3.1: Schematic of a reactive front displacement process.

3.2 Mathematical model

3.2.1 Physical problem

In this study, miscible reactive flows in a rectilinear Hele-Shaw cell which is an analogous of

a homogeneous porous medium, are examined. The cell is assumed to be initially filled with

a miscible solution of reactant (B) with viscosity µB. A miscible solution of reactant (A)

with viscosity µA is injected at a constant velocity U to displace fluid B as shown in Figure

3.1. It is assumed that both reactants (A) and (B) have an equal initial concentration, a0.

Furthermore, all fluids are assumed to be incompressible and Newtonian. In addition, an

instantaneous reversible reaction takes place between the reactants as soon as they come in

contact to generate a chemical product (C) with viscosity µC .

(A) + (B) 
 (C) (3.1)

As time proceeds, more product accumulates at the interface between the two reactants.

Figure 3.1 shows an idealized distribution of the two reactants (A) and (B) and the product

(C).
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3.2.2 Governing equations

The flow is governed by the equations for conservation of mass, momentum (Darcy’s Equa-

tion) and the transport of the three chemical species.

∇.u = 0 (3.2)

∇p = −µ
κ

u (3.3)

φ
∂A

∂t
+ u.∇A = φDA∇2A− kAB + krC (3.4)

φ
∂B

∂t
+ u.∇B = φDB∇2B − kAB + krC (3.5)

φ
∂C

∂t
+ u.∇C = φDC∇2C + kAB − krC (3.6)

In the above equations, the superficial velocity is denoted by u = uî + vĵ where î and ĵ

are the unit vectors along x and y, respectively. Furthermore, p represents the pressure, k

the forward reaction constant, kr the reverse reaction constant, φ the medium porosity, and

µ is the ratio of the solution viscosity to the constant permeability of the porous medium,

which will be simply referred to as viscosity. The concentrations of the two reactants and

the product are denoted by A, B and C, respectively while DA, DB and DC represent their

corresponding diffusion coefficients. In the present study, it will be assumed that all species

have the same diffusion coefficient, i.e. DA = DB = DC = D. Furthermore, since the initial

concentrations as well as the diffusion coefficients of all reactants are equal, the maximum

concentration of the product (C) remains at the location of the initial interface between the

reactants [106, 107].

Following [90], a Lagrangian reference frame moving with the injection velocity U is adopted.

The equations are made non-dimensional using φD/U and Dφ2/U2 as the reference length

and time, respectively. Furthermore, the velocity, viscosity, pressure and concentrations are

scaled using U , µA, µADφ and a0, respectively. The resulting dimensionless equations are:

∇ · u = 0, (3.7)
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∇p = −µ(u + i), (3.8)

∂A

∂t
+ u · ∇A = ∇2A−DaAB +DrC, (3.9)

∂B

∂t
+ u · ∇B = ∇2B −DaAB +DrC, (3.10)

∂C

∂t
+ u · ∇C = ∇2C +DaAB −DrC, (3.11)

The Damköhler number Da = ka0φD/U
2 represents the ratio between the characteristic

hydrodynamic time scale and the chemical time scale, while Dr = krφD/U
2 represents a

reversible Damköhler number. Furthermore, for non-zero Da, a parameter α = Dr

Da
= kr

ka0

which involves the ratio of both reaction constants k and kr is defined and will be referred

to as the reversibility coefficient. It should be noted that α is actually the inverse of the

equilibrium constant of the reaction Kc in dimensionless form. The reversibility coefficient

varies between zero and one, with the limiting values α = 0 and α = 1 corresponding to

non-reversible and completely reversible reactions, respectively.

Following previous studies [90], a concentration dependent viscosity profile is adopted to

complete the model:

µ = eRbB+RcC (3.12)

In the above equation Rb and Rc are the log mobility ratios between the viscosity of (B) to

(A) and (C) to (A), respectively.

Rb = ln(
µB
µA

) and Rc = ln(
µC
µA

) (3.13)

3.2.3 Base-State profiles

In the absence of any disturbances, the system admits a base-state solution corresponding to

u0 = v0 = 0, where the base-state concentrations A0(x, t), B0(x, t) and C0(x, t) and viscosity

µ0(x, t) are solutions of the following equations:

∂A0

∂t
=
∂2A0

∂x2
−DaA0B0 +DrC0, (3.14)
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∂B0

∂t
=
∂2B0

∂x2
−DaA0B0 +DrC0, (3.15)

∂C0

∂t
=
∂2C0

∂x2
+DaA0B0 −DrC0, (3.16)

µ0(x, t) = eRbB0(x,t)+RcC0(x,t). (3.17)

A linear combination of the above equations leads to:

∂(A0 +B0 + 2C0)

∂t
− ∂2(A0 +B0 + 2C0)

∂x2
= 0. (3.18)

The above set of base-state equations has no exact analytical solution. However, given the

initial and boundary conditions, one can show that the base state concentration satisfies A0

+ B0 + 2C0 = 1. Furthermore, by analyzing the viscosity profiles, it is possible to show

that the reactive system will be always stable when Rb ≤ Rc

2
≤ 0, and that the case Rb = Rc

reduces to the non-reactive flow [89]. Therefore, the effects of reversibility on these special

cases will not be discussed.

Before discussing the results of the stability analysis, it is worth examining the influence

of the chemical reversibility on the base-state viscosity profile. Figure 3.2 depicts the loga-

rithm of the viscosity as a function of the self-similar variable η = x
2
√
t
. These profiles were

obtained by solving numerically equations (3.14) - (3.16) in conjunction with equation (3.17)

and are presented for asymptotically long times when the product (C) reaches its maximum

concentration at the initial interface (η = 0). The code has been checked for numerical con-

vergence and was validated by reproducing the results for non-reversible reactions for long

time asymptotic derived by [106] and presented by [89]. From the figure, it can be seen that

the viscosity exhibits different profiles depending on whether η > 0 or η < 0 with either a

positive or negative gradient that corresponds to an unstable or stable front, respectively.

Therefore following [89], one zone between (A) and (C) and referred to as the trailing zone,

and another between (C) and (B) and referred to as the leading zone, can be defined (see
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Figure 3.2: Logarithm of the viscosity profiles as a function of the self-similar η for asymptotic
large time (t→∞) at (a) Rb = 1, Rc = 3,−3, (b) Rb = −1, Rc = 3,−3 for different α.

Figure 3.1). The mobility ratios at these trailing and leading zones will be referred to as:

RAC = ln(
µC(C = 0.5)

µA
) =

Rc

2
and RCB = ln(

µB
µC(C = 0.5)

) = Rb −
Rc

2
(3.19)

It can be seen from Figure 3.2 that for the different combinations of mobility ratios, the

reversibility coefficient α affects the viscosity profiles and can actually change them from

non-monotonic to monotonic. As we shall see later, this will result in changes of the stability

characteristics.

40



3.3 Linear stability analysis

3.3.1 Linearized equations

In this section, in order to conduct the stability analysis, all dependent variables are expressed

as the sum of the base-state solution and a perturbation :

A(x, y, t) = A0(x, t) + A′(x, y, t),

B(x, y, t) = B0(x, t) +B′(x, y, t),

C(x, y, t) = C0(x, t) + C ′(x, y, t),

p(x, y, t) = p0(x, t) + p′(x, y, t),

µ(x, y, t) = µ0(x, t) + µ′(x, y, t),

u(x, y, t) = u′(x, y, t),

v(x, y, t) = v′(x, y, t),

(3.20)

The resulting linearized equations for the perturbation terms, which are indicated with prime,

are:

∂u′

∂x
+
∂v′

∂y
= 0, (3.21)

∂P ′

∂x
= −µ0u

′ − µ′; ∂P
′

∂y
= −µ0v

′, (3.22)

∂A′

∂t
+ u′

∂A0

∂x
=

(
∂2

∂x2
+

∂2

∂y2

)
A′ −Da(A

′B0 + A0B
′) +DrC

′, (3.23)

∂B′

∂t
+ u′

∂B0

∂x
=

(
∂2

∂x2
+

∂2

∂y2

)
B′ −Da(A

′B0 + A0B
′) +DrC

′, (3.24)

∂C ′

∂t
+ u′

∂C0

∂x
=

(
∂2

∂x2
+

∂2

∂y2

)
C ′ +Da(A

′B0 + A0B
′)−DrC

′, (3.25)

µ′ = µ0(RbB
′ +RcC

′). (3.26)

The following relation between the perturbation of the reactants and the product is used to

eliminate the product’s concentration C ′:

A′ +B′ + 2C ′ = 0. (3.27)
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Furthermore, the transverse velocity and pressure disturbances are eliminated by applying

the curl to Darcy’s equation and using the continuity equation:(
∂2

∂x2
+

∂2

∂y2

)
u′ +

1

µ0

∂µ0

∂x

∂u′

∂x
= (

Rc

2
−Rb)

∂2B′

∂y2
+
Rc

2

∂2A′

∂y2
. (3.28)

As a result, the stability can be analyzed in terms of the disturbances A′, B′ and u′.

3.3.2 Quasi-Steady-State approximation

The coefficients of the above equations (3.23) - (3.25) and (3.28) are functions of one of the

dimensions (x) and time, therefore the quasi-steady-state approximation (QSSA) where the

base-state solution is frozen at a certain time t0 was adopted to solve the problem [24]. The

disturbances are expanded in terms of Fourier components in order to determine the stability

of the frozen system.

(u′, A′, B′) = (φ, ψA, ψB)eiky+σ(t0)t, (3.29)

In the above equations, φ, ψA and ψB are functions only of (x), while σ(t0) is the distur-

bance’s growth rate at wave-number k.

Applying the QSSA to equations (3.23), (3.24) and (3.28) leads to:

[σ(t0)− d2

dx2
+ k2 +DaB0 +

Dr

2
]ψA = −∂A0

∂x
φ− (DaA0 +

Dr

2
)ψB, (3.30)

[σ(t0)− d2

dx2
+ k2 +DaA0 +

Dr

2
]ψB = −∂B0

∂x
φ− (DaB0 +

Dr

2
)ψA, (3.31)

[
d2

dx2
+ ([Rb −

Rc

2
]
∂B0

∂x
− Rc

2

∂A0

∂x
)
d

dx
− k2]φ = k2[(Rb −

Rc

2
)ψB −

Rc

2
ψA]. (3.32)

In what follows the above system of eigenvalue differential equations is solved analytically

and numerically to determine the growth rate σ at t0 = 0 and t0 > 0, respectively.

3.4 Results

In this section the instability characteristics are obtained and the effects of the chemical

reaction reversibility on the flow instability are presented. Results are first obtained in the
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case of an initial concentration step profile (t0 = 0) and then for a diffuse initial profile

(t0 > 0).

3.4.1 Dispersion curves at t0 = 0

Characteristics equation

In this section, an analytical solution for the growth rate will be derived at t0 = 0. The

Heavy-side step function is used to represent the concentrations of reactants A and B.

For x < 0 : (A0=1, B0=0), Equations (3.30)-(3.32) become:

[σ − d2

dx2
+ k2 +

Dr

2
]ψA = −(Da +

Dr

2
)ψB, (3.33)

[σ − d2

dx2
+ k2 +Da +

Dr

2
]ψB = −Dr

2
ψA, (3.34)

[
d2

dx
− k2]φ = k2([Rb −

Rc

2
]ψB −

Rc

2
ψA), (3.35)

The solutions of the above equations are:

ψ−A = A−exp(γ1x) +B−exp(γ0x), (3.36)

ψ−B = − Dr

2Da +Dr
A−exp(γ1x) +B−exp(γ0x), (3.37)

φ− = G−exp(kx)− k2(RbDr +RcDa)

(2Da +Dr)(γ1
2 − k2)

A−exp(γ1x) +
k2(Rb −Rc)

γ0
2 − k2

B−exp(γ0x), (3.38)

Where

γ0 =
√
σ + k2 +Da +Dr, γ1 =

√
σ + k2 (3.39)

For x > 0 : (A0=0, B0=1), equations (3.30)-(3.32) simplify to:

[σ(t0)− d2

dx2
+ k2 +

Dr

2
+Da]ψA = −(

Dr

2
)ψB, (3.40)

[σ(t0)− d2

dx2
+ k2 +

Dr

2
]ψB = −[Da +

Dr

2
]ψA, (3.41)
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[
d2

dx2
− k2]φ = k2([Rb −

Rc

2
]ψB −

Rc

2
ψA), (3.42)

The solutions of the above equations are:

ψ+
A = A+exp(−γ0x)− Dr

2Da +Dr
B+exp(−γ1x), (3.43)

ψ+
B = A+exp(−γ0x) +B+exp(−γ1x), (3.44)

φ+ = G+exp(−kx) +
k2(Rb −Rc)

γ0
2 − k2

A+exp(−γ0x) +
k2(Rb(2Da +Dr)−RcDa)

(γ1
2 − k2)(2Da +Dr)

B+exp(−γ1x),

(3.45)

Where A+, B+, G+, A−, B− and G− are constant coefficients and the following continuity

conditions are used at x=0, to evaluate these constants.

[µ0
dφ

dx
]0

+

0− = 0, [φ]0
+

0− = 0,

[
dψB
dx

]0
+

0− = φ(0), [ψA]0
+

0− = 0,

[
dψA
dx

]0
+

0− = −φ(0), [ψB]0
+

0− = 0,

(3.46)

The following relation between the growth rate σ and disturbance wave-number k is obtained

by requiring the determinant of the coefficient matrix to be zero for a non-trivial solution:

[−2kγ1(1 +
Dr

2Da +Dr

)− k2(Rb −Rc)

γ0
2 − k2

(γ0 − k)(1− Dr

2Da +Dr

)

+ 2
k2(Rb(2Da +Dr)−RcDa)

(γ1
2 − k2)(2Da +Dr)

(γ1 − k)](1 + eRb)

+ 2
k2(Rb −Rc)

γ0
2 − k2

(γ0 − k)(1− Dr

2Da +Dr

) +
4Da(Rc −Rb)

(2Da +Dr)(γ1
2 − k2)

k2(γ1 − k) = 0,

(3.47)

The above characteristic equation can be further simplified to:

(eRb + 1)(γ0 + k)(Da +Dr)[Rbk− 2γ1(k+ γ1)] + kDa(e
Rb − 1)(Rc−Rb)(γ1− γ0) = 0. (3.48)

The values of the growth rate, which can be complex, determine the stability of the system.

If Re(σ) is always negative for all values of k, then the system will be stable. On the other

hand, the system will be unstable if Re(σ) is positive for some values of k. The effects of

the flow parameters on the stability of the system can be examined by plotting the Re(σ)
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against the wave-number k for various values of those parameters. The dispersion curves

obtained by plotting Re(σ) against the wave-number k have been classified into three types

by Cross and Hohenberg [108]. The first type of dispersion curves (Type I) cross the line

Re(σ) = 0 at two different values of k along with k = 0. In this type of dispersion curves,

the long wave instabilities are absent and the fingers maintain a finite wave-number in time

[109]. The second type of dispersion curves (Type II), cross the line Re(σ)=0 at one value

of k along with k = 0, where the growth rate is positive between the two values of k. This

kind of dispersion curves may include long-wave instabilities. In the third type of dispersion

curves (Type III) σ 6= 0 for k = 0, which does not satisfy (3.48).

First, it should be noted that in the special case of a non-reversible reaction (Dr = 0), equa-

tion (3.48) reduces to the one reported by Hejazi et al., [89]. Furthermore, in the absence

of chemical reaction (Da = 0), equation (3.48) results in the classical dispersion equation

obtained by Tan and Homsy [24] for miscible viscous fingering in non-reactive systems.

σ =
k

2
[Rb − k −

√
k(k + 2Rb)] (3.49)

Equation (3.49) corresponds to a type II dispersion curves since σ > 0 for 0 < k < Rb

4
.

It is important at this stage to determine if it is possible to find a relationship that allows

to predict the stability nature of the reversible-reaction flow from that of the non-reversible

one when t0 = 0. A close examination of equation (3.48) reveals that the characteristics of

the reversible case with parameters [Rb, Rc, Da, α] are the same as those of a non-reversible

reactive flow displacement with the corresponding parameters [R′b = Rb, R
′
c = Rc+αRb

1+α
=

Rb + Rc−Rb

1+α
, D′a = Da(1 + α)]. This indicates that the corresponding non-reversible flow

will have a different Damköhler number and mobility ratio Rc and implies that stronger

reversibility is equivalent to an increase of Da in conjunction with a change in Rc which

would increase with α for flows where Rb > Rc and decrease for Rb < Rc. However, it is
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not easy to infer the effects of reversibility from this transformation, since the stability of

the non-reversible system depends on both the Damköhler number and the mobility ratios

Rb and Rc. In what follows the effects of the reversibility coefficient α are examined using

equation (3.48).

Long-wave instability

Before proceeding with the numerical solution of the algebraic equation (3.48), some general

information can be obtained by examining few special limits. In particular, it is interesting

to examine the long-wave instability of the flow when k −→ 0. A series expansion resulted

in a first order approximation of the growth rate as σ = Λk + o(k), where

Λ =
eRb [Rb(2 + α)−Rc] +Rc + αRb

2(1 + α)(eRb + 1)
. (3.50)

It is worth noting that the above expansion can be obtained from the expression reported by

[89] for a non-reversible case using the transformation mentioned previously, and that it re-

duces to that expression when α = 0. Furthermore, unlike the non-reversible case where the

above term does not depend on the reaction constants, the first order term for the reversible

case does depend on the reaction constants through the reversibility coefficient α = Dr

Da
.

Neutral stability in the long-wave regime is defined by imposing Λ = 0, which from equation

(3.50) leads to Rc = RL, where:

RL =
[eRb(2 + α) + α]Rb

(eRb − 1)
. (3.51)

Note that RL is always positive for any value of Rb. Long wave instability will take place if

Λ > 0, which requires that

eRb [Rb(2 + α)−Rc] +Rc + αRb > 0. (3.52)
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The above condition will require Rc < RL if the initial reactive front is unstable, i.e. Rb > 0,

and Rc > RL otherwise. The critical value of α for long wave instability is:

αc =
(Rc − 2Rb)e

Rb −Rc

Rb(eRb + 1)
(3.53)

Note that αc will be positive if Rc ≥ 2Rbe
Rb

(eRb−1)
= 2Rb + 2Rb

(eRb−1)
and is less than one only if

Rc ≤ Rb(3eRb+1)

(eRb−1)
= 3Rb + 4Rb

(eRb−1)
.

Few general conclusions can be drawn from the above results. First, since for any given

Rb, RL is a monotonically increasing function of α, the range of the parameter Rc for which

long wave instability is expected, will expand (contract) with α for positive (negative) values

of Rb. As a result, for any given values of Rb and Rc, the stability to long wave disturbances

can be changed as the reversibility factor α increases. Furthermore, one can easily show

that RL > 2Rb for any value of Rb and α. Therefore, for an initially unstable reactive front

(Rb > 0), if the mobility ratios are such that at least the leading (C − B) front is unsta-

ble, i.e. Rb > Rc/2; then the condition for long wave instability Rc < RL is automatically

satisfied, regardless of the value of α. Hence the flow will be unstable for any value of the

reversibility coefficient α and the instability characteristics will be of type II. On the other

hand if the leading front is stable, i.e. Rb < Rc/2 then the flow may be stable or unstable

to long wave disturbances since, depending on the value of α, the condition Rc < RL may

or may not be satisfied. In particular, the flow will be unstable to long-waves disturbances

if α > αc and stable otherwise. Note that since α ≤ 1, the condition α > αc is possible only

if αc < 1 or equivalently if Rc <
Rb(3eRb+1)

(eRb−1)
.

Different conclusions are obtained when the initial reactive front is stable, (Rb < 0). In

this case, the flow will be always stable to long wave disturbances if Rc < RL while for

Rc > RL > 0, the flow is unstable and the characteristics will be of type II.
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Cut-off wave-numbers

It is possible to determine the wave-numbers at which the growth rate is zero. These wave-

numbers will include the cut-off wave-numbers beyond which the flow is stable. These

wave-numbers can be determined by requiring σ in (3.48) to be identically zero. In addition

to the trivial solution k = 0, these wave-numbers are solution of the following equation:

Γ(k) = (
√
k2 +Da +Dr + k)2(Rb − 4k)− Da(Rc −Rb)(e

Rb − 1)

(eRb + 1)
= 0 (3.54)

Few general conclusions can be actually drawn without solving equation (3.54). First, it can

be shown that for Rc ≤ Rb < 0, the above equation has no positive solution and hence the

flow is stable for all wave-numbers. Furthermore, by inspecting the sign of the two terms

in equation (3.54), it is possible to determine the upper and lower bounds of the cut-off

wave-numbers. First, it should be noted that the cut-off wave-number of the non-reactive

flow is kcut−nr = Rb

4
. For a reactive flow with an initially unstable front (Rb > 0) and where

the chemical product is less viscous than the displaced reactant (B); i.e. Rc < Rb, the cut-off

wave-number will be always larger than that of the non-reactive flow; Rb

4
. On the other hand,

if the product is more viscous than the reactant (B), then the cut-off wave-number will be

smaller than that of the non-reactive system. In all these cases, the cut-off wave-numbers

and hence the range of unstable wave-numbers depend on the reversibility coefficient α.

Furthermore noting that:

Γ(+∞) = −∞,Γ(0) = Da[(1 +α)Rb−
(Rc −Rb)(e

Rb − 1)

(eRb + 1)
] = Da(RL−Rc)

(eRb − 1)

(eRb + 1)
(3.55)

It is possible to show that if Γ(0) is positive (Rb > 0 and Rc < RL or Rb < 0 and Rc > RL),

then equation (3.54) has one root in [0,+∞] and the characteristics are of type II. On the

other hand, if Γ(0) is negative, then equation (3.54) will either have no positive roots (stable

flow) or two roots (type I characteristics). In particular, one can show that for Rb ≤ 0,

Γ(k) is a monotonically decreasing function (see equation (3.56)) and therefore, if Γ(0) is
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negative, the flow will be stable.

Γ′(k) = 2(
√
k2 +Da +Dr + k)2[

Rb − 4k√
k2 +Da +Dr

− 2] (3.56)

Furthermore, for Rb > 0 and Rc > RL, it is possible to show that the flow can actually be

unstable (type I characteristics) for Rc < Rs with a critical wavenumber for the onset of

such instability obtained by requiring Γ(kc) = Γ′(kc) = 0, leading to:

kc =
Rb

3
−
√
R2
b + 12(Da +Dr)

6
(3.57)

Rs = Rb +
[R3

b + 18Rb(Da +Dr) + (R2
b + 12(Da +Dr))

3/2]

54

(eRb + 1)

Da(eRb − 1)
(3.58)

The above expressions which depend on both Da and Dr, reduce to the ones reported in

[89] for a non-reversible reaction. The previous results confirm and extend the conclusions

obtained from the long-wave analysis.

Parametric analysis

In this section, the effects of the reversibility coefficient on the instability of the system are

examined. The results which are based on numerical solutions of the algebraic equation

(3.48) will give a general picture of the instability that goes beyond the previous analysis

restricted to special limit cases. In particular, the effect of reversibility on the stability will

be examined. The discussion will be presented for cases where one of the leading or trailing

fronts is unstable followed by flows where the viscosity distribution is such that both leading

and trailing fronts are expected to be unstable.

Unstable trailing or leading front:

Figure 3.3 depicts instability characteristics for a system where the initial reactive front

is unstable (Rb > 0) with Rb = 1 and Rc = −3, which corresponds to a stable trailing

(Rc/2 = −1.5) and an unstable leading (Rb − Rc/2 = 2.5) fronts. The non-reversible case
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(α = 0) and the non-reactive one (Da = 0) are shown with solid lines. For this choice of

mobility ratios αc = −2.85 and the instability characteristics as expected are of type II. The

flow is found to be unstable for all values of the reversibility coefficient and the instability

decreases as reversibility increases. Note that the attenuating effects of chemical reversibility

are more pronounced for large Damköhler numbers, and that a completely reversible reaction

(α = 1) is more unstable than the non-reactive flow.

A scenario with an initial unstable front but where the trailing front is unstable while the

leading one is stable has also been examined (Rb = 1, Rc = 2). Here, the flow is also unstable

at large wavelengths for all values of α (Type II curves). It is however interesting to note that

in this case, reversibility actually makes the flow more unstable, leading to larger maximum

growth rates as well as a wider spectrum of unstable wave-numbers (Figure 3.4-a). A similar

scenario with an unstable trailing front and a stable leading one was also considered but

with a different set of mobility ratios (Rb = 5, Rc = 12). This example that results in a value

of αc = 0.38, illustrates well the case where an increase of α changes the characteristics from

type I to type II (Figure 3.4-b). Here too, stronger reversibility leads to a more unstable

flow. Note that in both cases, flows with a fully reversible reaction are always less unstable

than the non-reactive case.

Similar trends were obtained in the case of an initially stable front (Rb < 0). Figure 3.5

depicts instability characteristics for Rb = −1 and Rc = 3, which corresponds to unstable

trailing (Rc/2 = 1.5) and stable leading (Rb−Rc/2 = −2.5) fronts. The instability decreases

as reversibility increases and in fact, the system is expected to shift from an unstable to a

stable regime for long wave-numbers when α reaches or exceeds the critical value for insta-

bility as obtained from equation (3.53), in this case αc = 0.85.
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Figure 3.3: Dispersion Curves at t0 = 0 showing the influence of Dr at (a) Da = 1.0, (b)
Da = 100.0 for Rb = 1 and Rc = −3.

The above results show that if the initial front is stable (Rb < 0), then reversibility tends to

attenuate any instability that may develop in the flow. On the other hand, if the initial front

is unstable (Rb > 0) and the distribution of the viscosities is such that the leading front is

stable while the trailing one is unstable, then reversibility makes the flow more unstable.

Unstable trailing and leading fronts:

The case where both trailing and leading fronts are unstable, which can be achieved only

when the initial front is unstable (Rb > Rc/2 > 0), is now considered.

Figure 3.6-a shows instability characteristics in the case Rb = 2 and Rc = 3 which lead

to positive values of RAC = 1.5 and RCB = 0.5. It is interesting that in this case reversibility

actually enhances the flow instability. Indeed both the maximum growth rate and the spec-

trum of unstable wave-numbers are increased with increasing α. However, it was found that

reversibility is not always in favour of the growth of instability when both the trailing and

the leading fronts are unstable. To illustrate this, another example was considered with a

51



 

-0.010

-0.005

0.000

0.005

0.010

0.015

0.020

0.025

0.0 0.1 0.2 0.3

σ

k

α = 0.0

α = 0.2

α = 0.5

α = 0.7

α = 1.0

Da = 0.0

 

 

 

-0.15

-0.05

0.05

0.15

0.25

0.35

0.45

0.55

0.00 0.50 1.00

σ

k

α = 0.0

α = 0.2

α = 0.5

α = 0.7

α = 1.0

Da = 0.0

(a) (b)

Figure 3.4: Dispersion Curves at t0 = 0 showing the influence of Dr at Da = 1.0 for (a)
Rb = 1 and Rc = 2, (b) Rb = 5 and Rc = 12.
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Figure 3.6: Dispersion Curves at t0 = 0 showing the influence of Dr at Da = 1.0 for (a)
Rb = 2 and Rc = 3, (b) Rb = 2 and Rc = 1.

different set of mobility ratios Rb = 2 and Rc = 1, which leads to RAC = 0.5 and RCB = 1.5.

For this particular choice of mobility ratios, reversibility actually attenuates the instability

as shown in figure 3.6-b.

These different effects of reversibility could have actually been anticipated from the pre-

vious analytical discussion. Indeed, in the case Rb > Rc/2 > 0, the flow is expected to be

unstable to long wave disturbances and the characteristics to be of Type II. Furthermore the

parameter Λ in equation (3.50) is positive and its derivative with respect to the reversibility

coefficient α is:

∂Λ

∂α
=

Rc −Rb

2(1 + α)2

(eRb − 1)

(eRb + 1)
. (3.59)

Clearly, the slope is positive if Rc > Rb and negative otherwise. This implies that the flow

will be more unstable with increasing α if Rc > Rb and less unstable if Rc < Rb. Noting

that Rc −Rb = RAC −RCB, the previous results show that reversibility attenuates the flow

instability if Rb < 0 while for Rb > 0 it will enhance the instability if the trailing front is

more unstable than the leading one i.e. Rc > Rb and will reduce it otherwise.
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3.4.2 Instability at later times (t0 > 0)

In the previous section, the stability of the system was examined at t0 = 0. However,

the initial front is typically diffuse and the chemical reaction will change the base state as

time proceeds. In this section, the development of the instability is examined by solving

numerically the eigenvalue problem described by equations (3.30)-(3.32) using base-state

profiles obtained from the numerical solution of equations (3.14)-(3.16). A finite difference

method allowed to transform the eigenvalue differential problem into a generalized eigenvalue

problem. The general real matrix of the eigenvalue problem was converted to an upper Hes-

senberg form to obtain the eigenvalues and eigenfunctions. The computational domain was

chosen wide enough to capture all eigenfunctions and the code was validated by comparing

the results at Dr = 0 to those presented by [89] for non-reversible reactions. The effects of

reversibility on the instability will be illustrated for all possible scenarios in cases where the

chemical reaction is complete (α = 0) or reversible (α 6= 0).

It was found that for cases where the initial front is stable (Rb < 0) and those where the

initial front is unstable with Rb > Rc, the effects of reversibility on the instability at t0 > 0

are similar to what was observed for t0 = 0 where reversibility attenuates the instability.

In addition, the strength of the attenuating effects were found to depend on t0 and α. For

brevity and following [89], the effects are analyzed in terms of the maximum growth rate.

In all figures, the non-reversible case (α = 0) and the non-reactive one (Da = 0) are shown

with thick and thin solid lines, respectively. The fully reversible reaction flow is shown with

thin dotted lines and a result for a non-reversible reaction with a small Damköhler number

(Da = 0.01) is included for the purpose of the discussion.

Figure 3.7-a shows the variations of the maximum growth rate with t0 in the case Rb =

−1, Rc = 3. Results for Da = 0 are not shown since the non-reactive flow is stable. The
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variation with time is non-monotonic and in this case, the maximum growth rates decreases

monotonically with increasing α. Note that for large times t0, all curves of the non-reversible

reaction merge together regardless of the value of Da while those corresponding to different

reversible coefficients α are still distinct.

Results for a flow displacement with Rb = 1, Rc = 2 which corresponds to an unstable

trailing and a neutrally stable leading fronts, are depicted in figure 3.7-b. For short times,

the non-reversible reaction flow (α = 0) has the smallest growth rate and the larger the

reversibility coefficient α the larger the maximum growth rate. these effects are similar to

what was observed at t0 = 0 where reversibility enhanced the instability. Furthermore,

the non-reactive flow has in this case the largest maximum growth rate and the one with

small Damköhler number (Da = 0.01) was still more unstable the the fully reversible case

(α = 1). However, reversibility had an opposite effect on the instability at later time where

the maximum growth rate decreases with increasing α, though the effects are less marked.

Furthermore, similar results were observed for cases where both the trailing and the leading

fronts are unstable, but the instability of the trailing front is more than that of the leading

one (Rc > Rb > 0). However, for this case, a less noticeable variation between the maximum

growth rates was observed as the reaction reverses.

3.5 Conclusions and discussion

The main objective of this study is to determine the effects of reversibility on the instability

of a horizontal reactive displacement where the frontal instability is triggered by the viscosity

mismatch between the chemical species. The study revealed that the fate of the displace-

ment process can be dramatically influenced when a reversible chemical reaction takes place

between the displacing and the displaced fluids. The effects of chemical reversibility which

were observed in terms of the longwave instability as well as the whole range of unstable
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Figure 3.7: Dispersion Curves at t0 > 0 showing the influence of Dr at Da = 1.0 for (a)
Rb = −1 and Rc = 3, (b) Rb = 1 and Rc = 2.

wavenumbers and the maximum growth rates, were found to depend on the initial profile of

the front between the two reactants.

For an initial sharp concentration front, (t0 = 0), it was found that beyond a certain crit-

ical coefficient αc, a flow which is unstable to longwave disturbances may actually become

stable and vice versa, as a result of chemical reversibility. This critical reversibility coef-

ficient is a function of the mobility ratio of the three chemical species. In particular, for

an initially unstable reactive front where the displacing reactant (A) has a smaller viscosity

than the displaced reactant (B), i.e. Rb > 0, the flow is unstable to longwave disturbances

only for reversibility coefficients larger than αc. On the other hand for an initially stable

front (Rb < 0), longwave instability is observed only for reversibility coefficients smaller

than αc while for larger values of the reversibility coefficient, the flow is intrinsically stable.

Furthermore, chemical reversibility tends to attenuate the flow instability in all cases except

for initially unstable flows (Rb > 0) where the chemical product is more viscous than the

displaced reactant; i.e. Rc > Rb.
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For diffusing initial fronts (t0 > 0), the trends reported in the case of a sharp front are

also observed, at least for short times. However, the effects of reversibility tend to weaken

at very long times, and actually the trends are reversed from enhancing to attenuating the

instability in the cases where at t0 = 0 reversibility was found to make the flow more unstable.

The effects of reversibility are qualitatively similar to those of the Damköhler number Da as

reported in [89], where it was found that for t0 = 0, a decrease of Da will attenuate the flow

instability for Rb < 0 as well as for Rb > 0;Rb > Rc and enhances it for Rc > Rb > 0. This

result is expected since chemical reversibility can be considered to have a similar effect as a

slowing down of the rate of the chemical reaction. However the similarities between a de-

crease of the Damköhler number and an increase of the strength of the chemical reversibility

do not extend beyond this qualitative similarity in how both affect the flow instability. First

based on the long wave expansion in [89], changes in the rate of the reaction do not affect

the instability for short wave numbers and depend only on Rb and Rc (see equation (4.15)

in [89]). This implies that decreasing the Damköhler number does not affect the instabilities

at small wavenumbers, and a flow will be always stable or unstable to longwave disturbances

regardless of the reaction rate, at least for non-complex growth rates [89]. The present results

however show that chemical reversibility can switch the flow from being stable to unstable to

longwave disturbances or vice versa. Furthermore, increasing the reversibility to the highest

limit (α = 1) does not lead to the results obtained when the Damköhler number is reduced

to its minimum zero value. In fact, except for an initially stable reactive front (Rb < 0)

where the curves for Da = 0 and α = 1 superpose, in all other scenarios the characteristics

of these two limiting cases are different resulting in the complete reversible reaction always

leading to a system that is either more unstable or less unstable than the non-reactive flow.

The trends reported in this study can be explained through the mobility ratios of the vari-
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ous species. The interpretation makes use of the concepts of the leading and trailing fronts,

which though are an idealization of the flow, can help in elucidating the effects of chemical

reversibility. First, It should be noted that as the chemical reaction reverses, part of the

chemical product (C) is converted into the reactants (A) and (B). This implies that in

the two zones of the flow where instability may develop, i.e. the leading and trailing fronts,

more regions of the flow which initially involved the product, will now involve more of the

reactants and hence the mobility ratios are shifted towards Rb = ln(µB
µA

). For cases where

the initial interface is stable (Rb ≤ 0), only the leading or the trailing fronts of the reactive

flow can be unstable. Furthermore, the mobility ratio between the reactants is in this case

always smaller than that at the unstable trailing or leading front. As a result of chemical

reversibility, the mobility ratio at the unstable front, whether the leading (C−B) or the

trailing (A−C) one, will decrease since part of the chemical product (C) is converted into

the reactants. As a consequence, the instability will be systematically attenuated. However,

reversibility may have different effects on the instability when the initial front is unstable

(Rb > 0). In such a case, there are three possible scenarios for the instability to develop.

In the first one the instability develops only at the trailing front (Rc > 2Rb), in the sec-

ond only the leading front will be unstable (Rc < 0) while in the third both trailing and

leading fronts are unstable (2Rb > Rc > 0). In the first two scenarios the mobility ratio

of the two reactants Rb is always less than that of the unstable front, be it the leading or

the trailing one, while in the third one it is larger than those of the unstable leading and

trailing fronts. As a consequence as the reaction reverses, the mobility ratio at the stable

front in the first two scenarios, or both unstable fronts in the third one, will be enhanced.

When this enhancement of the instability is combined with the influence of the direction

of injection, which is in favour of the growth of the instability at the leading but not the

trailing front [110], chemical reversibility will result in a more unstable displacement. This

explains the enhancement of instability by chemical reversibility in flow displacements where
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Rc > Rb. Finally, the growth of the instability in a reactive displacement process depends

on the mobility ratios as well as the amount of the chemical species at the reactive fronts.

As time proceeds, the chemical species diffuse and the influence of the mobility mismatches

in enhancing the instability decreases for both complete and reversible reactions, which ex-

plains the systematic attenuation of the instability at very large times, whether the reaction

reverses or not.

The present analysis can serve as a guide in determining the conditions of instability of

displacements involving reversible reactions and in choosing the parameters when examining

the full non-linear development of the flow.
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Chapter 4

Numerical Simulations of Reversible Reactive Flows in

Homogeneous Porous Media

1 The effects of reversibility on the viscous fingering of miscible reactive flow displacements

in homogeneous porous media are examined through numerical simulations. A model, where

the viscosities mismatch between the reactants and the chemical product triggers the insta-

bility, is adopted. The problem is governed by the continuity equation, Darcy’s law and the

convection-diffusion-reaction equations which are solved using a pseudo-spectral method. It

was found that in general, chemical reversibility tends to attenuate the instability at the

fronts resulting in less complex fingers than in the non-reversible case. However, stronger

chemical reversibility also leads to less diffuse and thinner finger structures. Furthermore,

the chemical product was found to be homogeneously distributed in the porous medium in

the case of the reversible reaction, while strong concentration gradients are observed in the

non-reversible case. The study has also revealed that chemical reversibility is capable of en-

hancing the instability of a stable reactive front. It is also found that the rate of production

can be the same for different cases of frontal instability for a period of time that increases

with the increase in the magnitude of chemical reversibility.

4.1 Introduction

In a fluid displacement process, the interface between the displacing and the displaced fluids

is unstable when the viscosity of the displaced fluid is higher than that of the displacing one.

When the instability between the fluids is triggered by viscosity mismatch, the instability is

1This chapter is the exact reproduction of the following submitted journal article:
H. Alhumade and J. Azaiez (2013). Numerical Simulations of Reversible Reactive Flows in Ho-
mogenous Porous Media. Journal of Porous Media
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referred to as viscous fingering or Saffman-Taylor. This instability may grow to form fingers

that propagate in both upstream and downstream directions. The instability between the

fluids may also take place as a result of density mismatch, in which case it is referred to as

the Rayleigh-Taylor instability [15, 3, 4].

Many experimental and theoretical studies have examined the instability in the absence

of chemical reactions in the flow. In these studies the effect of different parameters on the

instability were examined and most of these studies were reviewed by [5] and [6]. How-

ever, the fate of the displacement process can be dramatically influenced when a chemical

reaction takes place between the displacing and the displaced fluids. Reactive flow displace-

ments are encountered in various important fields such as underground water treatment,

heavy oil recovery, chromatographic separation, polymer processing and fixed bed regenera-

tion. Furthermore, an environmental friendly approach was explored for heavy oil upgrading

and in-situ recovery as an alternative to current techniques that have strong impact on the

environment [111]. In all different sectors involving a reactive displacement process, the flow

instability is an important factor in measuring the efficiency and the viability of that process.

There is a growing number of studies on reactive flow displacement processes. The first

study on reactive flows was carried out on a secondary oil recovery process by [46] where

the chemical reaction led to an interfacial tension decrease in the process. The capacity

of chemical reactions to also modify the viscosity ratio at the interface of a secondary oil

recovery process was investigated by [47]. A number of subsequent studies investigated the

influence of other aspects on the efficiency of the reactive displacement such as the dimen-

sions of the Hele-Shaw cell [49], stoichiometry [50], geometry orientation [112], finger growth

rate [51], chemical composition [113], external electrical field [114], variation in the physical

properties of the phases [115], and precipitation [56]. Other experiments studied the effect
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of the chemical reactions in changing the viscosities of the chemical species and consequently

the fingering patterns of miscible displacements at high [53] and moderate [54] Damköhler

numbers.

A limited number of studies have also focused on modeling the reactive displacement process.

One of the first studies is the mathematical model by [61], where the macroscopic patterns

of the medium can be changed as a result of the reactive displacement process. This mathe-

matical model focused on the infiltration flow as well as the variation in the porosity of the

medium as a result of the reaction. A number of subsequent studies investigated different

aspects such as medium dissolution [63], acid flow through porous rocks [64], auto-catalytic

reactions in immiscible [116] and miscible [117] displacements, buoyancy driven displace-

ment [118] and displacement of immiscible fluids with a reactive interface [67]. Furthermore,

the influence of various factors on the reactive displacements have been investigated such

as, the role of velocity dependant hydrodynamic dispersion [68, 119], reaction parameters

[69], buoyancy [70], cell gap-width [72], heat of reaction [109, 77, 79] and external electrical

field [81]. [84] analyzed adiabatic reactive miscible displacements for both endothermic and

exothermic reactions where the viscosity was considered to be a function of both concentra-

tion and temperature.

Most of the previous studies are related to cases involving either interactions between the

fluids and the porous medium or auto-catalytic reactions. However, a growing number of

studies have investigated the cases where non-auto-catalytic reactions drive the instability

of the process. The dynamics of a bimolecular reaction A + B → C were investigated by

[88] where the viscosity of both reactants were assumed to be equal, which resulted in a

neutrally stable initial interface, while the viscosity of the product was assumed to be larger

than that of both reactants. The authors adopted the configuration where reactant (B) was
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sandwiched inside reactant (A). Different scenarios of frontal instability in a horizontal mis-

cible displacement process that involves a chemical reaction A + B → C were investigated

by [90]. A slab configuration where each half of the slab was filled with only one of the

reactants was adopted and the authors focused on the instability of the interfaces between

the reactants and the product based on the mobility ratio at each interface as well as the

effect of Péclet number on the rate of production. [93] conducted non-linear simulations in

the same model considered by [90], but for a infinite Damköler number (Da →∞). Here, the

authors characterized quantitatively the fingering patterns in terms of the mixing lengths,

the fingering density (FD) as well as the total amount of the product (C). Furthermore, the

authors validated the results with previous linear stability analysis and experimental studies.

In a more recent study, [2] analyzed reaction-driven viscous fingering in an initially stable

displacement in a horizontal Hele-Shaw cell. In this experiment, aqueous solutions of poly-

mers were used in order to benefit from the dependence of their viscosities on pH. Two cases

where instability developed at the upstream or the downstream directions of a bi-molecular

reaction, were presented. Non-linear simulations were also carried out for comparisons with

the experimental results.

In all previous studies, the chemical reactions were always assumed to be complete. However

in certain applications, chemical reactions can be reversible and this can influence the effects

of different factors on the instability of the process. Reversibility of the chemical reaction

has major influence on many phenomena studied in physics, chemistry, biology, and geology

[104]. For example, In the in-situ soil remediation, promising results were reported by [7],

where a reactive fluid was injected to remove the pollutant from the underground water and

the important role of reversibility on the efficiency of such a process was examined by [100].

Moreover, reversibility is an important factor in the study of the effect of the transport of

reactive tracers on the dispersion coefficients at pore-level [105]. The first study on reactive-
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diffusive systems with reversible reaction was carried out by [96] who have analyzed the

properties of the interface of a reversible reactive process with initially separated reactants.

In this study, the authors focused on calculating the width of the reaction zone numerically

and it was reported that the dynamics of the reactive front can be described as a crossover be-

tween irreversible and reversible regimes at short and long times, respectively. Furthermore,

the existence of a crossover between short time ”irreversible” and long time ”reversible”

regimes was confirmed by [97]. In addition, the authors also investigated analytically and

numerically the reaction rate profile in an immobilized reaction zone and it was found that

at long times, the reaction rate will encounter two maxima and may attain negative values

in between. Recently, [102] investigated the reaction rate of a reversible reactive-diffusive

process where the reactants are initially mixed with different diffusion coefficients, by using

the boundary layer function method. It was reported that the reactive-diffusive process for

this case can be considered as a quasi-equilibrium process. Furthermore, the authors ana-

lyzed the dependence of the reaction rate on the initial distribution of the reactants and it

was reported that the number of the reaction zones varies with time and can be determined

by the initial conditions.

In all previous studies of reversible reactive displacement processes, only the diffusive term

was considered. However, when one of the reactants is injected to displace the other as in

most applications, the convective term must be considered in addition to the diffusive one.

In such cases, the displacement process is expected to be dominated by convection rather

than diffusion. A recent study [103] used linear stability analysis to determine how chemical

reversibility may influence the stability of the reactive flow displacement. Various possible

scenarios of instability were determined based on the mobility ratios between the chemical

species as well as the strength of the reversibility. However, even though linear stability

analysis did lead to interesting conclusions about the effects of different parameters on the
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instability, it cannot extend beyond the linear regime and therefore does not provide any in-

formation about the non-linear regime and hence about the actual growth and development

of the fingers. In the present study, full non-linear simulations of reversible reactive-diffusive-

convective flow displacements are conducted in order to understand the effects of reversibility

on the flow dynamics as well as on the overall efficiency of the displacement process.

4.2 Mathematical model

4.2.1 Physical problem

The non-linear simulations of a two dimensional displacement process will be carried out

in a homogeneous porous medium with constant permeability and porosity. The flow is in

the horizontal direction referred to by the x-axis, whereas the y-axis is perpendicular to the

direction of the flow. Furthermore, both the displacing and displaced fluids are assumed to

be incompressible, Newtonian and miscible with equal initial concentrations. A schematic of

the process is shown in Figure 4.1, where Lx and Ly are the length and width of the medium,

respectively.

A fluid (A) of viscosity µA is injected with a constant velocity U from the the left-hand

side to displace fluid (B) of viscosity µB. A reversible reaction results in a chemical product

(C) of viscosity µC :

A+B 
 C (4.1)

As time proceeds, more products will accumulate at the interface between the two reactants.

Figure 4.1 shows an idealized distribution of the two reactants (A) and (B) and the product

(C), with two fronts. The first one is between the reactant (A) and the product (C); (A−C)

while the other is between the reactant (B) and the product(C); (C −B), and they will be

referred to as the trailing and leading front, respectively.
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Figure 4.1: Schematic of a reactive front displacement process.

4.2.2 Governing equations

The flow is governed by the equations for conservation of mass, momentum (Darcy’s Equa-

tion) and the transport of the three chemical species.

∇.u = 0 (4.2)

∇p = −µ
κ

u (4.3)

φ
∂A

∂t
+ u.∇A = φDA∇2A− kAB + krC (4.4)

φ
∂B

∂t
+ u.∇B = φDB∇2B − kAB + krC (4.5)

φ
∂C

∂t
+ u.∇C = φDC∇2C + kAB − krC (4.6)

In the above equations, the superficial velocity is denoted by u = uî+ vĵ where î and ĵ are

the unit vectors along x and y, respectively. Furthermore, p represents the pressure, k the

forward reaction rate constant, kr the reverse reaction rate constant, φ the medium porosity,

κ the medium permeability and µ is the viscosity. The concentrations of the two reactants

and chemical product are denoted by A, B and C, respectively while DA, DB and DC

represent their corresponding diffusion coefficients. In the present study, it will be assumed
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that all species have the same diffusion coefficient, i.e. DA = DB = DC = D. Furthermore,

the maximum concentrations of both reactants are equal, i.e. a0 = b0 and under these

conditions, the center of the reaction region remains at the initial frontal locations between

the two reactants [106]. The above equations are expressed in a Lagrangian reference frame

moving with the constant injection velocity and the equations are made non-dimensional

using U , Dφ/U and Dφ2/U2 as the reference velocity, length and time, respectively. In

addition, the constant permeability is integrated in the expression of the viscosity as µ/κ

and this expression is simply treated as µ, which is referred to as the mobility or viscosity

ratio. Furthermore, the viscosity, pressure and concentrations are scaled using µA, µADφ

and a0. The resulting dimensionless equations are:

∇ · u = 0, (4.7)

∇p = −µ(u + i), (4.8)

∂A

∂t
+ u · ∇A = ∇2A−DaAB +DrC, (4.9)

∂B

∂t
+ u · ∇B = ∇2B −DaAB +DrC, (4.10)

∂C

∂t
+ u · ∇C = ∇2C +DaAB −DrC, (4.11)

The Damköhler number Da = kφa0D/U
2 represents the ratio between the characteristic

hydrodynamic time scale and the chemical time scale, while Dr = krφD/U
2 represents the

reversible Damköhler number. In all what follows, the ratio α = Dr

Da
for Da 6= 0 is referred

to as the reversibility coefficient.

Following a previous study [90], a concentration dependent viscosity profile is adopted to

complete the model:

µ = eRbB+RcC (4.12)
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In the above equation Rb and Rc are the log mobility ratios of the viscosity of (B) to (A)

and (C) to (A), respectively.

Rb = ln(
µB
µA

) and Rc = ln(
µC
µA

) (4.13)

Furthermore, the mobility ratios at the trailing and leading fronts are referred to as:

RAC = ln(
µC
µA

) =
Rc

2
and RCB = ln(

µB
µC

) = Rb −
Rc

2
(4.14)

Following previous studies [88, 90], the problem is formulated in terms of stream-function ψ

and vorticity ω, which are related to velocity in the stream-wise and transverse directions

by the following equations:

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (4.15)

ω =
∂v

∂x
− ∂u

∂y
. (4.16)

Furthermore, the stream-function and vorticity are related by the following equation:

52 ψ = −ω. (4.17)

Where 52 is the Laplacian operator.

The curl of the Darcy’s law, equation (4.8), is taken in order to eliminate the pressure,

resulting in the following equation:

ω = Rb(
∂ψ

∂x

∂B

∂x
+
∂ψ

∂y

∂B

∂y
+
∂B

∂y
) +Rc(

∂ψ

∂x

∂C

∂x
+
∂ψ

∂y

∂C

∂y
+
∂C

∂y
) (4.18)

The partial differential equations are solved using the following initial conditions:

A = 1, B = 0, C = 0 for x < 0 (4.19)

A = 0, B = 1, C = 0 for x > 0 (4.20)

While the boundary conditions at the streamwise direction in dimensionless form are:

u = 0, v = 0, A = 1, B = 0, C = 0 at x = −Pe
2
− t (4.21)
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u = 0, v = 0, A = 0, B = 1, C = 0 at x =
Pe
2
− t (4.22)

and at the transverse direction:

(u, v, A,B,C)(x,− Pe
2Ar

, t) = (u, v, A,B,C)(x,
Pe

2Ar
, t) (4.23)

In the above equations Pe = ULx

Dφ
is the Péclet number and Ar = Lx

Ly
is the cell aspect-ratio.

4.2.3 Numerical technique

The variables in the problem can be decomposed as the sum of the base-state and a pertur-

bation. The base-state is a numerical solution of the reactive-diffusive-convective equations

(4.4)-(4.6) while the adopted initial perturbation consists of a random noise with values be-

tween -1 and 1. The random noise is introduced at the initial interface between the reactants,

with a magnitude that decays rapidly away from the initial interface. The magnitude of the

initial perturbation may increase, decrease or stay constant based on the mobility ratio at

the initial interface and the final solution will be a combination of the perturbation that has

evolved in time and space and the base-state solutions.

Following previous studies [120, 90], the Hartley-Pseudo-spectral method is used to determine

the perturbation part of the problem. This method allows recasting the partial differential

equations in time and space into an ordinary differential equations in time. The resulting

ordinary differential equations are stepped in time using a semi-implicit predictor-corrector

method along with an operator-splitting algorithm.

4.3 Results

4.3.1 Validation and convergence of the numerical code

The numerical convergence was tested by using different spatial resolutions (up to 512 x

512) and corresponding time steps. Based on the results of these tests, it was found that a
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spatial resolution of 256 x 256 and a time step 4t = 0.005 allow to ensure the numerical

convergence for the cases discussed in this study. Furthermore, the code was validated by

comparing the time evolution and the related viscous fingers interactions to those presented

by [90] for the non-reversible case (α = 0). It was found that the dynamics of fingering were

identical when the same parameters were used along with the same spatial resolution and

time step size.

4.3.2 Concentration iso-surfaces contours

The flow evolution will depend on the mobility ratios of the different species; Rb and Rc as

well as Pe, Ar, Da and α. In order to limit the analysis to the effects of the reversibility of

the chemical reaction, the following parameters are fixed as Ar = 2, Pe = 1000 and Da = 1.

Furthermore, the analysis will examine separately the cases where the initial front between

the two reactants is unstable (Rb > 0) and that where it is stable (Rb ≤ 0). In each of

these cases, the roles of the reversibility coefficient and the mobility ratios are investigated.

For each case, concentration iso-surfaces of the product (C) are presented for a complete

chemical reaction (α = 0) and for two different non-zero values of the reversibility coefficient

(α).

Unstable initial interface (Rb > 0)

When a less viscous fluid (A) is used to displace another one (B) with a higher viscosity, the

initial interface between the two fluids is unstable (Rb >0). The viscosity of the chemical

product (C) can be either smaller than, larger than or in between the viscosities of (A) and

(B). As a result, regardless of the viscosity of the product (C), instability will take place

at least at the trailing or the leading front, if not at both. In what follows, various cases of

instability are discussed.

Concentration contours of the chemical product (C) are depicted in Figure 4.2 for the case
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where the product’s viscosity is smaller than those of both reactants; i.e. RAC(= Rc

2
) < 0

and RCB(= Rb − Rc

2
) > 0. The results are presented for the cases where the chemical reac-

tion is complete (α = 0), weakly reversible (α = 0.3) and strongly reversible (α = 0.8). It

is worth noting that in all three cases the instability develops mainly on the leading front

and the fingers extend in the downstream direction. Furthermore, it is clear that in this

case reversibility tends to attenuate the instability of the flow. In particular, fingers are

less developed and are more diffuse than in the non-reversible case. However, reversibility

also increased the number of developed fingers. Moreover, it should be noted that the dis-

tribution of the chemical product is more homogeneous and shows less gradients than in

the non-reversible reaction flow. This indicates that in such reversible-reaction flows, the

chemical product will be more uniformly distributed in the medium.

When the viscosity of the product (C) is larger than those of both reactants, the viscosity

ratio will be in favour of the growth of instability at the trailing (Rc > 0), but not the

leading one (Rb− Rc

2
< 0). As a result, fingers will appear on the trailing front and extend in

the opposite direction of the flow, while the leading front will be stable. Figure 4.3 depicts

the case Rb = 1 and Rc = 2, which corresponds to unstable trailing and neutrally stable

leading fronts. It is interesting to note that in this case, reversibility does actually enhance

the instability particularly at the leading front, where the fingers become more developed

and narrower with increasing α. This is also the case on the trailing front, though the fin-

gers extend less in the upstream direction. Furthermore here too, reversibility leads to a

more homogeneous distribution of the product. These results are to be compared with the

predictions of the linear stability analysis that have indicated that for (Rb = 1, Rc = 2), the

maximum growth rate increases with chemical reversibility at short times, but are smaller

than those of the irreversible ones at later times [103].
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Figure 4.2: Concentration iso-surfaces for Rb = 1, Rc = −3 (stable trailing front, unstable
leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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Figure 4.4 depict results for reactive flow displacements where the viscosity of (C) lies be-

tween those of the two reactants. In this case both the trailing and the leading fronts are

unstable (Rc > 0, Rb − Rc

2
> 0). The non-linear simulations indicate that reversibility does

not actually have a major effect on the finger structure, and aside from the fact that the

chemical product is more uniformly distributed in the porous medium when the reaction

reverses, the number and overall structures of fingers are virtually unchanged. It should be

finally noted that in all previous cases where the initial reactive front is unstable, stronger

reversibility systematically leads to thinner and less diffuse fingers with a uniform distribu-

tion of the chemical product.

The previous results can be explained by examining the effects of the chemical reversibility

on the distribution of the viscosity on the different fronts. First, it should be noted that

in a reactive displacement process, instability will not grow until a certain amount of the

product (C) is generated. Furthermore, for the unstable initial reactive front case (Rb > 0),

when the instability develops at one of the trailing or the leading fronts, the mobility ratio

at that unstable front is always larger than that of the initial reactive front. As the reaction

reverses and (C) is converted back into (A) and (B), the favourable mobility ratio between

the reactants will increase and decrease the mobility ratios at the stable and the unstable

front, respectively. Furthermore, it is known that the direction of injection is in favour of

the growth of the instability at the leading (C − B), but not the trailing (A − C) front

[121]. These two factors explain the influence of reversibility in attenuating or enhancing

the instability of the cases where instability developed at the leading (Rb = 1, Rc = −3 and

RCB > Rb) or the trailing (Rb = 1, Rc = 2 and RCB < Rb) front, respectively.

The less noticeable effects of reversibility in Figure 4.4 corresponding to (Rb = 2, Rc =

3, RAC = 1.5, RCB = 0.5) can be attributed to the fact that in this case the trailing and lead-
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Figure 4.3: Concentration iso-surfaces for Rb = 1, Rc = 2 (unstable trailing front, neutrally
stable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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ing fronts are unstable, resulting in a stronger mixing of the chemical species. Furthermore,

the favorable mobility ratio between the reactants (Rb) increases the mobility ratios at both

the trailing and the leading fronts as the reaction reverses. This helps the instability to keep

growing regardless of how fast the product (C) is converted back to (A) and (B).

Stable or neutrally stable initial interface (Rb ≤ 0)

The initial interface between the two reactants is stable or neutrally stable if the viscosity of

the displacing fluid is larger than or equal to that of the displaced one (Rb ≤ 0). However,

as the reaction takes place and chemical product is generated, instability may develop at

either the trailing or the leading front but not at both. The case where the viscosity of

(C) lies between those of (B) and (A) or equal to both or any of them (µA ≥ µC ≥ µB)

results in a stable displacement process and therefore, will not be discussed. In what follows,

the two cases where instability appears at only the trailing or the leading front are examined.

A stable trailing front and an unstable leading front is observed in the case where the

viscosity of (C) is smaller than that of both reactants. On the other hand, a stable leading

front and an unstable trailing will occur when the viscosity of the product (C) is larger than

the viscosities of both reactants. It is worth mentioning that unlike the previously discussed

cases of an unstable initial front, the mixing between the two reactants for a stable initial

front is mainly controlled by diffusion. As a result, the growth of fingers is rather slow

compared to cases with an unstable initial front.

In such cases involving stable initial reactive fronts, reversibility tends to attenuate the

instability at the unstable trailing or leading front and may actually result in a completely

stable system for a period of time. Figure 4.5 depicts the case where the instability takes

place at the leading front when the chemical reaction is complete (α = 0), while the system

was found to be stable when the reaction reverses (α 6= 0). This can be attributed to the fact
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Figure 4.4: Concentration iso-surfaces for Rb = 2, Rc = 3 (unstable trailing front, unstable
leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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Figure 4.5: Concentration iso-surfaces for Rb = −0.5, Rc = −3 (stable trailing front, unstable
leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8

77



                                            

                                                      

             

                                                    

                                          

  

 

t=7000 t=10000 

t=600 t=800 

Figure 4.6: Concentration iso-surfaces for α = 0.3, Rb = −0.5, Rc = −3 (stable trailing
front, unstable leading front)

that in the initial stages of the flow, the mixing of the different species is governed by diffu-

sion and reversibility perpetuates this state by preventing more of the product to accumulate

and to trigger instability at the leading front. However, the amount of chemical product will

still keep growing with time, though slowly, and instability will eventually appear at the

unstable leading front at later times (see Figure 4.6). The time for the instability to appear

depends on the rate of chemical reversibility, with smaller reversibility coefficients leading to

an earlier growth of fingers. This time also depends on the mobility ratios of the different

chemical species, with distributions that lead to a more unstable leading front resulting in

the instability developing earlier in time. To illustrate this, the results for (Rb = −0.01,

Rc = −3, RCB = 1.49) depicted in Figure 4.7 show that the instability develops earlier in

time in comparison with the case in Figure 4.6 where RCB = 1. Similar conclusions were

reached for the case where the instability takes place at the trailing front, and for brevity

the corresponding contours are not shown.

4.3.3 Quantitative analysis

In this part, the efficiency of the displacement process is quantified through the total amount

of (C) produced for different scenarios of frontal instability. In addition the complexity of

the fingering structure is examined by determining the relative contact area between the

chemical species.
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Figure 4.7: Concentration iso-surfaces for α = 0.3, Rb = −0.01, Rc = −3 (stable trailing
front, unstable leading front)

Total amount of Product C

The total amount of product (C) is determined using the following equation:

C(t) =

∫ −Pe
2

Pe
2

∫ −Pe
2Ar

Pe
2Ar

C(x, y, t)dxdy (4.24)

It is obvious that reversibility will decrease the total amount of the chemical product. How-

ever, this part will focus on the variation on the total amount of the product for all possible

scenarios of instability. The total amounts of the product (C) for different cases of frontal

instability at α = 0.5 are presented in Figure 4.8-a. Similar to the non-reversible cases pre-

sented in [90], the total amount of (C) is larger in cases with an unstable (Rb > 0) compared

to those with a stable (Rb < 0) initial front. However, it can be noticed that unlike the

results obtained for non-reversible reactions, the normalized number of moles of product (C)

for both cases with a stable initial front (Rb < 0) are overlapping for a longer period of time.

From Figure 4.8-b, it is found that increasing the magnitude of α results in the total amount

of the product (C) for both cases (Rb = −0.5, Rc = −3) and (Rb = −1, Rc = 3) being equal

for a longer period of time. From the figure, it can also be seen that the production rate

was higher in the case where instability takes place at the trailing front. This is due to the

higher mobility ratio at the unstable trailing front (Rc/2 = 1.5) than that at the unstable

leading front (Rb −Rc/2 = 1.0).
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For cases with unstable initial fronts, the effect of increasing the magnitude of reversibil-

ity on the total amount of the product (C) has also been investigated when instability takes

place at the trailing (Rb = 1, Rc = 3), the leading (Rb = 1, Rc = −3) as well as both fronts

(Rb = 2, Rc = 3). Here, it was observed that the trends for the accumulation of the prod-

uct (C) are similar to those obtained for non-reversible cases and furthermore as expected,

the total amount of the product decreases as reversibility increases. Similar to the results

obtained for the cases with stable initial fronts, increasing α equalizes the total amount of

(C) for the above three scenarios for a longer period of time. However, the variation in the

total amount of (C) was observed at earlier times compared to those where the initial front

is stable. Furthermore, the total amount of (C) for the case with an unstable leading front

(Rb = 1, Rc = −3) was at later time larger than that where the trailing front is unstable

(Rb = 1, Rc = 3) and this is again attributed to the higher mobility ratio at the leading

(Rb −Rc/2 = 2.5) than the trailing front (Rc/2 = 1.5).

In summary, for a fixed Rb, stronger chemical reversibility leads to total amounts of the

product (C) that superpose for different scenarios of instability for a longer period of time.

Increasing the mobility ratios at the unstable fronts results in an earlier variation in the total

amount of (C) for fixed α and Rb.

Relative Contact Area

The effect of reversibility on the instability of the reactive system will be quantified by ex-

amining the relative contact areas (R.C.A.). The relative contact area which is defined as

the area of contact between the species involved in the displacement process scaled by the

cross-sectional area of the cell, is a good criterion to quantify the complexity of the insta-
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Figure 4.8: Normalized number of moles of product C for Pe = 1000, Da = 1.0: (a) α = 0.5,
(b) α = 0.0, α = 0.3 and α = 0.8

bility. For a stable front, the R.C.A. at one front will be equal to one, while it is larger

than one once instabilities develop. This contact area is determined by measuring the length

of a contour that corresponds to a specific concentration value of one of the species. In

this study, three chemical species are involved in the process and therefore, there are two

contact interfaces to be measured, one corresponding to the leading and the other to the

trailing front. For both cases where the chemical reaction is either complete or reversible,

the contour that corresponds to concentration of 0.01 of the chemical product (C = 0.01),

is used to determine the length of the contact areas at both fronts.

The numerical data on the curves that represent the contact areas have been extracted

using an algorithm and the results are presented in terms of the variation of the (R.C.A.)

with time. This analysis focuses on the case where an increase in the instability of the system

has been observed. Figure 4.9 illustrates the variation in R.C.A with time for the case where

reversibility triggers instability at the neutrally stable leading front (Rb = 1, Rc = 2). It is

clear that at early times, R.C.A. is virtually constant and equal to one, indicating a stable

flow. However at later times, the relative contact area increases and the increase is found to
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be stronger for stronger chemical reversibility. Furthermore, this increase is most noticeable

at the trailing front, where the values of R.C.A. of the reversible reaction flow actually be-

comes larger than that of the non-reversible reactive displacement. It is also worth noting

that for a large value of the reversibility coefficient (α = 0.8), R.C.A. at the trailing front

also can exceed that of the non-reversible reaction flow.

These trends for the variation of the R.C.A can be explained by the fact that the growth of

instability is influenced by both the total amount of the chemical species and the mobility

ratios at both reactive fronts. The reduction in the total amount of the chemical product (C)

as the reaction reverses, explains the slower growth of instability at early stages at both the

trailing and the leading fronts. However, the favourable mobility ratio between the reactants

(Rb) increases the mobility ratio at the neutrally stable leading front as the reaction reverses,

which explains the faster growth of the R.C.A at the leading front as α increases (Figure

4.9-a). Furthermore, it is interesting to notice that even though the mobility ratios at the

trailing and initial reactive fronts are equal (Rc

2
= Rb = 1), the R.C.A for the extremely

reversible reaction (α = 0.8) is at some later times larger than that for the complete one.

This is attributed to the strong instability of the leading front which in turn enhances that

of the trailing front. This is confirmed by noting that the relative contact area reaches its

maximum on both fronts around the same time.

4.4 Conclusion

The main objective of this study is to determine the effects of chemical reversibility on the

overall efficiency of bi-molecular reactive displacements in homogeneous porous media. The

viscous fingering instability in these flows is triggered by the viscosity mismatch between the

reactants and the product. The non-linear interactions between the fluids were captured for

different scenarios of frontal instability at a specific set of parameters. It was found that the
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Figure 4.9: Variations of the Relative Contact Area (R.C.A.) for Rb = 1, Rc = 2: (a) at
Trailing Front, (b) at Leading Front, (c) Total R.C.A.
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fate of the displacement process can be dramatically influenced as a result of the reversibility

of the chemical reaction.

The development of viscous fingering is much faster in cases where the initial front be-

tween the reactants was unstable (Rb > 0) compared to cases with a stable initial front.

This is due to the larger production rate in the former cases, as a result of the rapid mixing

between the reactants. It was found that in all cases, reversibility tends to result in a more

homogeneous spatial distribution of the chemical product in the porous medium. However,

the effects of reversibility on the viscous fingering instability were found to depend on the

distribution of the viscosity of the different reactants. In particular, in all flow displacements

where the initial front is stable or where the initial front is unstable with unstable leading

and stable trailing fronts, stronger chemical reversibility leads to less unstable flows. Fur-

thermore, for viscosity distributions that result in unstable initial reactive front as well as

unstable trailing and leading fronts, reversibility has virtually no effects on the development

of the flow instability. The intense mixing between the reactants in addition to the favourable

mobility ratio of the initial front help the continuous growing of the instability regardless of

the speed of the reversibility. On the other hand, for unstable initial and trailing fronts and

stable leading one, reversibility was found to enhance the instability of the stable leading

front as the favourable mobility ratio between the reactants increases the mobility ratio at

that front in addition to the fact that the direction of injection is in favour of the growth of

the instability at the leading front.
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Chapter 5

Reversible Reactive Flow Displacements in Vertical

Homogeneous Porous Media

The effect of reversibility on the instability of a miscible vertical reactive flow displacement

is examined. A model, where densities and viscosities mismatches between the reactants

and the product trigger instability is adopted. The problem is governed by he continuity

equation, Darcy’s law and the convection-diffusion-reaction equations and is solved using a

pseudo-spectral method. A non-linear simulation was carried out to illustrate the effect of

reversibility on the instability at different scenarios of frontal instability. In general, faster

attenuation in the development and growth of instability is reported as the reversibility

of the chemical reaction increases. However, it was observed that reversibility is capable

of triggering instability at a particular choice of densities and viscosities mismatches. In

addition, the effect of reversibility in enhancing the instability was illustrated by presenting

the total relative contact area between the reactants and the product.

5.1 Introduction

Instability at the interface between flowing solutions in a porous media may take place as

a result of viscosities and/or densities mismatch between the fluids. This instability will

develop in shape of fingers and will be referred to as viscous fingering or Saffman-Taylor

instability in case of viscosity mismatch or as density fingering or Rayleigh-Taylor instability

in case of densities mismatch between the fluids [15], [3], [4], [5], [6].

The simultaneous variation in viscosities and densities is encountered in various applica-
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tions. An analytical expression for the growth of instability in a non-reactive system with

variation in viscosities and densities was driven by Bacri et al.[122]. In 1993, Rogerson and

Meiburg carried out a linear stability analysis to investigate the interface of a non-reactive

system with densities and viscosities mismatch in a porous media where both normal and

tangential velocities can be observed [32]. It was reported that the growth rate of instabil-

ity was not affected by tangential velocity in immiscible displacements, unlike the miscible

displacements where a stabilizing role was observed. In the same year, the same authors

investigated the non-linear evolution in instability for the unstable modes of the same sys-

tem [33], where remarkable features of instability such as diagonal fingering and secondary

side-finger instability were observed. The effect of non-monotonic viscosities and densities

profiles on the instability of a vertical non-reactive displacement process was investigated by

Manickam and Homsy by running a no-linear simulation of the system [31]. Authors found

that, a stable viscous interface between the fluids can break the symmetry of buoyancy driven

instability by acting as a barrier against the upward growth of instability.

A simple chemical reaction A + B −→ C, can change the physical properties such as vis-

cosity or density of the fluids, which might change the fate of the displacement process.

Reactive flows are encountered in many applications such as in-situ oil recovery, carbon

dioxide sequestration, in-situ groundwater re-mediation and chromatographic columns. It

has been shown that frontal instability can be purely driven by a chemical reaction, where

a viscous product is generated at the interface of two reactants with smaller viscosities [55].

In a series of experiments, the effect of chemical reaction on the viscosity profile of an ini-

tially unstable system was investigated by Nagatsu et al. [53], [54], [123]. The properties

of the unstable miscible reactive displacements were analysed by a number of theoretical

and numerical studies. For example, Rongy et al. [87] showed that the instability of the

interface in a vertical displacement process can be influenced by buoyancy-driven convection

86



once the densities of the species are changed by a chemical reaction even for equal diffusion

coefficients and equal initial concentrations of the reactants. Another study examined the

buoyancy chemically driven instability where the reaction introduces a heavier product at

the initial interface and where a variation in the diffusion rates of the solutions exist [92].

In a horizontal geometry, Alhumade and Azaiez carried out a linear stability analysis [103]

followed by non-linear simulations [124] of the reversible reactive flow displacements. Au-

thors investigated quantitatively and qualitatively and influence of the reversibility on the

instability of the flows. Hejazi and Azaiez conducted a detailed linear stability analysis [94]

followed by a non-linear simulation [125] of a miscible vertical reactive displacement pro-

cesses with transverse velocity.

The instability of miscible reactive solutions under gravity force is involved in many un-

derground flows applications. For example, geological storage of CO2 in addition to mixing

of brine [126]. The former process involve dissolution of carbon dioxide in the reservoir’s

fluid and this can be modelled by a chemical reaction [8], [127]. A heavier solution will be

introduced on top of the reservoir’s lighter fluid as a result of the CO2 dissolution, which

will establish instability at the fluids interface.

The reversibility of the chemical reaction plays an important role in various fields such

as in-situ soil remediation [100] and liquid chromatographic columns [128]. This triggers the

need to investigate the effect of reversibility on the frontal instability of miscible vertical re-

active displacements. In this study, a system where the variation in viscosities and densities

between the reactants and the product initiate frontal instability in absence of injection or

transverse velocities is examined.
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5.2 Mathematical model

5.2.1 Physical Problem

Non-linear simulations of a two dimensional displacement process are carried out in a ho-

mogeneous reservoir, where the porosity and permeability are assumed to be constant. The

displacement takes place in the vertical direction, which is referred to as the x-axis, while the

y-axis is perpendicular to the direction of the flow. Furthermore, both the displacing and

displaced fluids are assumed to be incompressible, Newtonian and miscible. A schematic of

the process is shown in figure 5.1, where Lx, Ly and w are the length, width and thickness

of the medium, respectively. When the thickness of the medium is small compared to the

other dimensions, the system corresponds to a Hele-Shaw cell, which is a common prototype

for homogeneous porous media [5].

Fluid (A) of viscosity µA is on top of fluid (B) of viscosity µB. The two fluids react to

generate a chemical product (C) of viscosity µC that can be different than the viscosities of

both reactants. The chemical reaction is first order and can be reversible:

A+B 
 C (5.1)

As time proceeds, more product accumulates at the interface between the two reactants.

Figure 5.1 shows an idealized distribution of the two reactants (A) and (B) and the product

(C), with two fronts. One front is between reactant (A) and product (C); (A - C) while the

other is between reactant (B) and product (C); (C - B), and these fronts are referred to as

the trailing and leading front, respectively.
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Figure 5.1: Schematic of a reactive front displacement process.

5.2.2 Governing equations

The flow is governed by the equations for conservation of mass, momentum (Darcy’s Equa-

tion) and the transport of the three chemical species.

∇.u = 0 (5.2)

∇p = −µ
κ

u + ρg (5.3)

φ
∂A

∂t
+ u.∇A = φDA∇2A− kAB + krC (5.4)

φ
∂B

∂t
+ u.∇B = φDB∇2B − kAB + krC (5.5)

φ
∂C

∂t
+ u.∇C = φDC∇2C + kAB − krC (5.6)

In the above equations, the superficial velocity is denoted by u = uî+ vĵ where î and ĵ are

the unit vectors along x and y, respectively. Furthermore, p represents the pressure, k the

forward reaction constant, kr the reverse reaction constant, φ the medium porosity, and µ

is the viscosity and κ is the constant medium permeability. Here, the constant permeability

is integrated in the expression of the viscosity as µ/κ and this expression is simply treated

as µ, which is referred to as the mobility or viscosity ratio. The concentrations of the two
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reactants and chemical product are denoted by (A), (B) and (C) respectively while DA,

DB and DC represent their corresponding diffusion coefficients. In the present study, it will

be assumed that all species have the same diffusion coefficient, i.e. DA = DB = DC = D.

Furthermore, the maximum concentrations of both reactants are equal, i.e. a0 = b0. Under

these conditions, the center of the reaction region remains at the initial frontal locations

between the two reactants.

The above equations are expressed in a Lagrangian reference frame moving with constant

velocity Uch = |5ρ|g
µA

where |5 ρ| is the absolute value of the difference between the densities

of the displacing and displaced fluids. The equations are made non-dimensional using Uch,

Dφ/Uch and Dφ2/Uch
2 as the reference velocity, length and time, respectively. Furthermore,

the viscosity, pressure and concentrations are scaled using µA, µADφ and a0. The resulting

dimensionless equations are:

∇ · u = 0, (5.7)

∇p = −µ(u + Uî) + ρ̂i, (5.8)

∂A

∂t
+ u · ∇A = ∇2A−DaAB +DrC, (5.9)

∂B

∂t
+ u · ∇B = ∇2B −DaAB +DrC, (5.10)

∂C

∂t
+ u · ∇C = ∇2C +DaAB −DrC, (5.11)

The Damköhler number Da = ka0Dφ/Uch
2 represents the ratio between the characteristic

hydrodynamic time scale and the chemical time scale, while Dr = kDφ/Uch
2 represents the

reversible Damköhler number. In all what follows, the ratio α = Dr

Da
for Da 6= 0 is referred to

as the reversibility coefficient. U is the injection velocities in the direction of the flow, which

is included only to provide a complete framework model, and is assumed to be zero in this

study.
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Following previous studies [125], concentration dependant viscosity and density profiles are

adopted to complete the model:

µ = eRbB+RcC (5.12)

ρ = GaA+GbB +GcC (5.13)

In the above equation Gi is the density expansion coefficient of specie i and is defined as

Gi = ∂ρ
∂Ci

, while Rb and Rc are the log mobility ratios between the viscosity of (B) to (A)

and (C) to (A), respectively. In what follows, these log mobility ratios are simply referred

to as the mobility or viscosity ratios

Rb = ln(
µB
µA

) and Rc = ln(
µC
µA

) (5.14)

Furthermore, the mobility ratios at the trailing and leading fronts are referred to as:

RAC = ln(
µC
µA

) =
Rc

2
and RCB = ln(

µB
µC

) = Rb −
Rc

2
(5.15)

Following previous studies; [38], [88], [90], the problem is formulated in term of vorticity ω

and streamfunction ψ, which are related to velocity field as follows:

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (5.16)

ω =
∂v

∂x
− ∂u

∂y
= −52 ψ. (5.17)

The curl of the Darcy’s law equation (5.8) is taken in order to eliminate the pressure, which

shows that vorticity is produced by concentration gradients according to the following equa-

tion:

ω = Rb(
∂ψ

∂x

∂B

∂x
+
∂ψ

∂y

∂B

∂y
+ U

∂B

∂y
)

+Rc(
∂ψ

∂x

∂C

∂x
+
∂ψ

∂y

∂C

∂y
+ U

∂C

∂y
)

− 1

µ
(Ga

∂A

∂y
+Gb

∂B

∂y
+Gc

∂C

∂y
)

(5.18)

The partial differential equations are solved using the following initial conditions:

A = 1, B = 0, C = 0 for x < 0 (5.19)
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A = 0, B = 1, C = 0 for x > 0 (5.20)

While the boundary conditions at the streamwise direction in dimensionless form are:

u = 0, v = 0, A = 1, B = 0, C = 0 at x = −Pe
2
− t (5.21)

u = 0, v = 0, A = 0, B = 1, C = 0 at x =
Pe
2
− t (5.22)

and at the transverse direction:

(u, v, A,B,C)(x,− Pe
2Ar

, t) = (u, v, A,B,C)(x,
Pe

2Ar
, t) (5.23)

In the above equations Pe = UchLx

Dφ
is the Péclet number and Ar = Lx

Ly
is the cell aspect-ratio.

5.2.3 Numerical technique

The problem can be solved by splitting the variables into a base-state part and a perturba-

tion term, where the base-state is a numerical solution of the reactive-diffusive-convective

equations (5.4)-(5.6). The perturbation is initiated as a random noise centred at the initial

interface between the reactants, and that decays rapidly far from the interface. The mag-

nitude of the initial perturbation may increase, decrease or stay constant depending on the

density and viscosity mismatch between the different species. This approach where the prob-

lem is solved in term of a perturbation allows to use the highly accurate spectral methods.

Following previous studies; [129], [27], [120], the Hartley-Pseudo-spectral method is used

to evaluate the perturbation part of the problem. This method allows to cast the original

partial differential equation in time and space into an ordinary differential equation in time.

The solution for the time stepping of the reactive-diffusive-convective equations was gener-

ated by using a semi-implicit predictor-corrector method along with an operator-splitting

algorithm [120].
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5.3 Results

5.3.1 Validation and convergence of the numerical code

The numerical code was validated by comparing the time evolution and the related finger

structures for the case where the chemical reaction is complete (α = 0) with those presented

by Hezaji and Azaiez [125] for the non-reversible case. It has been noted that the dynamics

of fingering were identical when the same parameters that characterize the flow were used

along with the same spatial resolution and time step size. In this study, a spatial resolution

of 256 x 256 with at time step 4t = 0.005 are used to present the non-linear simulation

results for the effect of reversibility on the instability of the displacement process.

5.3.2 Concentration iso-surfaces contours

The flow evolution will depend on both viscosities and densities mismatch between the

chemical species, in addition to Pe, Ar, Da and Dr. In order to limit the analysis to the

effects of the reversibility of the chemical reaction, the following parameters are fixed as

Ar = 2, Pe = 1000 and Da = 1. Furthermore, the analysis will first examine the cases where

instability is only driven by densities mismatch (Rb = Rc = 0) for both scenarios involving

stable (GA < GB) and unstable (GA > GB) initial fronts. The effects of mobility mismatch

are examined afterwards. For each case, concentration iso-surfaces of the product (C) are

presented for a complete chemical reaction (α = 0) and for one or two different non-zero

values of reversibility coefficient (α) in order to illustrate the effect of reversibility on the

dynamics of fingering.

5.3.3 Effect of densities mismatch at equal mobility ratios

In this part, it is assumed that there is no viscosity mismatch between the chemical species

(Rb = Rc = 0) and therefore, the frontal instability depends only on the variation of densities

between the reactants and the product. Flows with an unstable initial reactive fronts (GA >
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GB) are presented first followed by cases with stable initial fronts (GA < GB).

Unstable initial reactive front (GA > GB)

In a vertical displacement process, the initial interface between the displacing and displaced

fluid is unstable if the top fluid (A) is heavier than the bottom one (B) (GA > GB). The

density of the chemical product (C) can be either smaller than, larger than or in between the

densities of (A) and (B). As a result, regardless of the density of product (C), instability will

take place at least at the trailing or leading fronts if not at both. In what follows, various

cases of instability are discussed.

The case where the density of the product (C) is higher than those of both reactants; i.e.

GC > GA > GB, resulted in a stable trailing front and an unstable leading front. As a result,

fingers appeared and extended in the direction of the flow on the leading front as shown in

figure 5.2. The figure shows results for the cases where the chemical reaction is complete

(α = 0), weakly reversible (α = 0.3) and strongly reversible (α = 0.8). It is clear that in this

case, reversibility tends to attenuate the instability of the flow at the unstable leading front,

while there was a noticeable increase in the instability at the trailing front. In this particular

case (GA = 4, GB = 1, GC = 10), It can be noticed that the number of developed fingers

increases as the reaction reverse. However, fingers are less developed and more diffuse than

in the non-reversible case. Furthermore, for reversible cases (α > 0), there is a noticeable

variation in the number of fingers as well as their structure as the magnitude of α varies.

It is worth mentioning that, the effects of reversibility on the instability of the reactive system

may vary based on the particular choice of densities gaps between the chemical species. To

illustrate this, another simulation was carried out for the previous case of frontal instability,

where instability takes place at the leading front using a different magnitude of densities

(GA = 2, GB = 1, GC = 4). In this case, the densities mismatch at the initial interface be-
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Figure 5.2: Concentration iso-surfaces for GA = 4, GB = 1, GC = 10 (Stable trailing front,
Unstable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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tween the reactants as well as that at the unstable leading front are smaller compared to the

previous case (GA = 4, GB = 1, GC = 10) and the results for both complete and reversible

reactions are presented in Figure 5.3. From the figure, it can be noticed that reversibility

still attenuates the instability of the system. However, the variation in the magnitude of

reversibility had no effect on both the development and structure of fingers.

When the density of the product (C) is smaller than those of both reactants, the varia-

tion of densities is favourable at the trailing front (GC > GB) and unfavourable at the

leading one(GA < GC). This combination of densities mismatches triggers instability at

the trailing front, while the leading front will be stable. A simulation was carried out for

(GA = 4, GB = 2, GC = 1) and It was found that here too, reversibility acts towards reducing

the growth of fingers and results in more diffuse less developed fingers as shown in figure 5.4.

In addition, similar fingers structures were observed for reversible reactions with different α

as the variation in densities decreases (GA = 3, GB = 2, GC = 1).

In a reactive displacement process, instability will not grow at the unstable front till a cer-

tain amount of product (C) is produced. Furthermore, for cases with an unstable initial

front, where instability appears at only one of the trailing or the leading fronts the densi-

ties mismatch at the unstable front is always higher than that of the initial interface. As

the reaction reverses and part of product (C) is converted to (A) and (B), the variation

of densities between the reactants will attenuate the instability by decreasing the densities

divergence at the unstable trailing or leading front. Furthermore, The existence of a stable

front limits the degree of mixing between the reactants and this, in addition to the reduction

in the amount of chemical product, attenuate the instability of the flow. This also explains

the unnoticeable effect of increasing the magnitude of reversibility in the development and

fingering structure in the case where a small variation between the densities mismatch at
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Figure 5.3: Concentration iso-surfaces for GA = 2, GB = 1, GC = 4 (Stable trailing front,
Unstable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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Figure 5.4: Concentration iso-surfaces for GA = 4, GB = 2, GC = 1 (Unstable trailing front,
Stable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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the initial and the unstable leading fronts is considered (GA = 2, GB = 1, GC = 4)

For displacements where the density of the product (C) lies between those of the two re-

actants, the trailing and leading fronts are both unstable (GC > GB, GC < GA) as shown

in Figure 5.5 for GA = 3, , GB = 1 and GC = 2. In this particular case, it can be noticed

that reversibility has small tendency to attenuate the instability of the system. The limited

effect of reversibility in the instability of such a system is due to the fast mixing between the

reactants as instability takes place at both the trailing and the leading fronts. In addition,

the variations between densities at both fronts are less than that of the initial interface and

as the reaction reverses, the favourable densities mismatch between the reactants helps insta-

bility to keep growing regardless of how fast product (C) is converted back to (A) and (B).

It should be noted that in this particular case, stronger reversibility has a hardly noticeable

effect on the structure of fingers.

In all previous cases, reversibility tends to attenuate or slightly enhance the instability of

the reactive system. However, the effect of reversibility on the instability where both the

trailing and the leading fronts are unstable may vary as the densities gap between the reac-

tants increases. This is well illustrated in figure 5.6 where GA = 4, GB = 1 and GC = 2. For

this choice of the density coefficients, there is actually a tendency for the fingers at both the

trailing and leading fronts to extend more and have more interactions, when the reaction is

reversible. Here, the fingers are more diffuse but more developed in the reversible cases, and

the change in the degree of reversibility (i.e.α) does actually have a strong noticeable effect

on the fingers structures.

The strong effect of reversibility in increasing the instability at the leading front can be

explained by looking at the variation of density coefficients at that interface. When the
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Figure 5.5: Concentration iso-surfaces for GA = 3, GB = 1, GC = 2 (Unstable trailing front,
Unstable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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Figure 5.6: Concentration iso-surfaces for GA = 4, GB = 1, GC = 2 (Unstable trailing front,
Unstable leading front): (a) α = 0.0, (b) α = 0.3, (c) α = 0.8
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chemical reaction is complete, the growth of instability at the leading front depends on the

densities gap between reactant (B) and product (C) (GB = 1, GC = 2). However, as the

reaction reverses, the favourable densities mismatch of the initial interface (GA = 4, GB = 1)

increases the variation in densities mismatch at the leading front, which explains the effect of

reversibility in boosting instability at that front. On the other hand, the small variation in

densities gaps at the initial and the trailing fronts explains the limited effect of reversibility

on the instability at the trailing front.

Stable or neutrally stable initial reactive front (GA ≤ GB)

The initial interface between the two reactants is stable or neutrally stable if the density of

the displacing fluid is either smaller or equal to that of the displaced fluid (GB ≤ GA). How-

ever, as the reaction takes place and product (C) appears at the initial interface, instability

may develop at either the trailing or the leading front, but not both based on the density of

the product. The case where the density of (C) lies between those of (B) and (A) or equal

to both or any of them (GB ≥ GC ≥ GA) will result in a stable displacement process and

therefore, will not be discussed. In what follows, the two cases where instability appears at

only one of the trailing or the leading fronts are discussed.

An unstable trailing front and a stable leading front is observed in the case where density of

(C) is smaller than that of both reactants. On the other hand, an unstable leading front and

a stable trailing front is observed when the density of product (C) is higher than those of

both reactants (GA = 1, GB = 2, GC = 5) as shown in figure 5.7. It is worth mentioning that

unlike the previously discussed cases with an unstable initial front, the mixing between the

two reactants when the initial front is stable is mainly controlled by diffusion. As a result,

the growth of fingers is rather slow compared to cases with unstable initial fronts. In both

cases, reversibility tends to reduce the instability at the unstable front and may actually

result in a stable system for a period of time. This reduction in instability is due to the fact
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that the unfavourable densities gap between the reactants reduces the variation of densities

at the unstable front. However, depending on the magnitude of reversibility coefficient and

the variation of densities at the unstable front, instability will eventually appear at the un-

stable front at later times. A small reversibility coefficient combined with a large densities

gap will result in an earlier development of the instability at the unstable front as shown

in figure 5.9. The complete stabilization of the system in these cases is due to the limited

amount of the product (C) at the unstable front, which in addition to the very weak mixing

between the reactants delay the development of instability.

The case where instability takes place at the trailing front (GA = 2, GB = 4, GC = 1)

was also examined. Here too, reversibility attenuated the instability and resulted in stable

system for a period of time as shown in figure 5.8.

5.3.4 Effect of mobility ratios

In a displacement process, the variations in the densities of the fluids involved are not the

only source of instability. In fact, frontal instability can also be encountered as the viscosi-

ties of these fluids vary. In a displacement process, The interface between the displacing and

displaced fluid is unstable or stable, if the viscosity of the displacing fluid is lower or higher

than that of the displaced one, respectively. In this part, the effect of viscosities mismatch

on the instability of a reversible-reactive displacement process is examined by including the

variations of viscosities in addition to densities of the species involved in the displacement.

In a vertical displacement process, a stable or neutrally stable viscous interface (Rb ≤ 0)

between the fluids will limit the degree of mixing between the chemical species and con-

sequently attenuates the instability of the system. Moreover, a favourable mobility ratio

(Rb > 0) at the initial interface will help the mixing between the species and enhance the

instability of the system. However, in absence of injection, the mixing between the species
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Figure 5.7: Concentration iso-surfaces for GA = 1, GB = 2, GC = 5 (Stable trailing front,
Unstable leading front): (a) α = 0.0, (b) α = 0.8
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Figure 5.8: Concentration iso-surfaces for GA = 2, GB = 4, GC = 1 (Unstable trailing front,
Stable leading front): (a) α = 0.0, (b) α = 0.8

                                                                            

 

t=2000 t=4000 

Figure 5.9: Concentration iso-surfaces for GA = 1, GB = 2, GC = 10, α = 0.8 (Stable
trailing front, Unstable leading front)
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is controlled by diffusion rather than convection.

Starting with the unstable initial viscous interface, mobility ratios of Rb = 2 and Rc = 3,

which make both the trailing (RC/2) and the leading (Rb−Rc/2) fronts viscously unstable.

Figure 5.10 depicts the non-linear simulation results for the examined case for both complete

(α = 0) and extremely reversible reactions (α = 0.8). From the figure, it can be noticed

that the growth of the instability is much weaker compare to the same case in absence of

mobility ratios (figure 5.6).

The case where the viscous initial interface between the reactants is stable (Rb < 0) is

examined using mobility ratios of Rb = −2 and Rc = 3. Here, the trailing front is viscously

unstable (Rc/2), while the leading front is viscously stable. The non-linear simulation re-

sults are presented for both cases of complete (α = 0) and extremely reversible (α = 0.8)

reactions in figure 5.11. In this case, the unfavourable mobility ratio between the reactants

(Rb) enhances the mixing between the chemical species, which enriched the instability of the

system and resulted in an earlier development of the instability compare to the same case in

absence of viscosities mismatch (figure 5.3).

It is worth mentioning that in the previous two cases, reversibility had an opposite in-

fluence on the instability where it enhanced/attenuated the instability instead of attenuat-

ing/enhancing the instability for the cases (GA = 2, GB = 1, GC = 4) and (GA = 4, GB =

1, GC = 2), respectively. Furthermore, the previous two cases were considered as one of

the densities or viscosities mismatch was in favour of the growth of the instability while the

other was not. Whereas, the instability will be enhanced/attenuated when both densities

and viscosities mismatches are in favour of the growth/reduction of the instability. Finally,

it should be stressed that these results are observed in absence of injection and the effect of
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t=1500 t=1500 

t=500 t=800 

Figure 5.10: Concentration iso-surfaces for GA = 4, GB = 1, GC = 2, Rb = 2, Rc = 3 : (a)
α = 0.0, (b) α = 0.8

viscosities on the instability may vary with the speed of injection.

The observed effects of the variation of viscosities can be explained by the countered relation

between viscosity and diffusion [31], [130]. In absence of injection, the mixing is controlled

by diffusion and the increased/decreased mobility ratio between the reactants limits/helps

the mixing between the reactants and consequently attenuates/enhances the instability.

5.3.5 Quantitative analysis

In this part, the effect of reversibility on the instability of the reactive system is illustrated by

presenting the relative contact areas (R.C.A.) of the system, which is defined as the area of

contact between the species involved in the displacement process scaled by the cross-sectional

area of the cell. This contact area is determined by measuring the length of a contour that

corresponds to a specific concentration’s value of one of the species, which is the product(C)

in this case. There are two contact interfaces to be measured one correspond to the leading

front and the other to the trailing front. The contour that correspond to concentration of

0.01 of the chemical product (C = 0.01), is used to determine the length of the contact areas
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Figure 5.11: Concentration iso-surfaces for GA = 2, GB = 1, GC = 4, Rb = −2, Rc = 3: (a)
α = 0.0, (b) α = 0.8

at both fronts.

Measuring the contact area between the species is a good criteria to quantify the com-

plexity of instability. Moreover, this contact area is expected to increase as the complexity

of fingering structure increases. Here, the R.C.A for the case where an increase in the insta-

bility of the reactive front was observed (GA = 4, GB = 1, GC = 2) is calculated. Figure 5.12

illustrates the variation in R.C.A with time for the case, where densities mismatch triggers

instability at both fronts in absence of mobility ratios between the chemical species. The

results confirm what have been reported in the qualitative part where an increase in the

instability of the leading front has been observed as the reaction reverses. Furthermore,

it can be noticed that the growth of instability or equivalently the contact area between

the species at the trailing front is higher than that at the leading one, which is a result of

the higher densities mismatch at the trailing front. Furthermore, the relative contact areas

were also calculate for the cases were instability is triggered by both densities and viscosities

mismatch and it was observed that the contact areas grow faster/slower than cases with

densities mismatch only as the viscosities mismatches enhanced/attenuated the instability

108



as the reactions reverse.

It is worth mentioning that the growth of the instability when the reaction reverses is always

slower than that of complete reactions at both the trailing and the leading fronts at early

stages, which is a result of the reduction in the total amount of the chemical product (C).

However, as time proceed and more products accumulate at the reactive interfaces, the effect

of converting part of (C) back to (A) and (B) become more pronounced.
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Figure 5.12: Concentration iso-surfaces for GA = 4, GB = 1, GC = 2, Rb = Rc = 0: (a)
R.C.A. at Leading Front, (b) R.C.A. at Trailing Front, (c) Total R.C.A.
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5.4 Conclusion and discussion

The main objective of this study was to illustrate the effect of reversibility on the overall

efficiency of a vertical reversible reactive displacement process, where frontal instability is

triggered by the densities combined or not with viscosities mismatch between the reactants

and the product. The non-linear interaction between the fluids was capture for different

scenarios of frontal instability at a specific set of parameters. It was found that, the fate of

the displacement process can be dramatically influenced when a reversible chemical reaction

takes place between the displacing and the displaced fluids, which introduces a new fluid with

a viscosity and density that might be different than those of both reactants. The dynamics

of fingering were mainly controlled by the viscosities and densities mismatch at the initial

as well as the trailing and the leading fronts in addition to the magnitude of reversibility.

The development of instability was much faster in cases where the initial front between the

reactant was unstable (GA > GB) compare to cases with a stable initial front (GA < GB)

and this is due to the higher production rate in former cases, which is a result of the quick

mixing between the reactants. The frontal instability of the reactive leading and trailing

fronts determine the direction of fingers development, where they develop in the upstream

or downstream direction when instability appears only at the trailing or the leading front,

respectively if not in both directions when both fronts are unstable.

In absence of mobility ratios, the effect of reversibility of the chemical reaction was found to

be similar for cases where only one of the trailing or the leading front is unstable regardless of

the stability of the initial front. For those cases, the reduction in fingering instability increases

analogously with the increase in the magnitude of reversibility. Indeed, a complete stabiliza-

tion of the system was reported for cases with stable initial fronts (GA < GB). Moreover,

for unstable initial fronts similar fingering structures were observed for reversible reactions
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with different magnitude of reversibility as the densities gap between the reactants decreases.

Furthermore, it was found that reversibility has a weak tendency to attenuate the instability

when both of the reactive fronts are unstable combined with a hardly noticeable change in

fingering structure when there is a small variation in densities (Ga = 3, GB = 1, GC = 2).

However, an enhancement of the instability was observed as the variation of densities in-

creases (Ga = 4, GB = 1, GC = 2). The quick mixing between the reactants in addition to

the favourable densities mismatch between the reactants helped the continuous growing of

instability regardless of the magnitude of reversibility.

Finally, it was observed that increasing the viscosities mismatch between the chemical species

in order to achieve a viscously unstable trailing and leading fronts (Rb = 2, Rc = 3), attenu-

ated the instability of the system by limiting the degree of mixing between the species. On

the other hand, the stable initial viscous interface (Rb < 0) enhanced the instability of the

displacement process.
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Chapter 6

Conclusions and Recommendations

The reversibility of the chemical reaction has been shown to dramatically influence the

properties of the chemical species and consequently the dynamics of reactive displacement

processes in porous media. In this thesis, a model where a simple reversible bimolecular

chemical reaction (BRCR) A + B � C develops, is adopted. The reaction produces a new

chemical species with properties that can be different that those of the reactants. The study

focuses on the case where the initial interface between the displacing (A) and the displaced

(B) reactants may be stable or unstable based on the physical properties of the chemical

species. However, once the reactants come in contact and the chemical reaction takes place

to produce (C), two reaction zones are defined. The trailing zone between reactant (A) and

the product (C) and the leading zone between reactants (B) and the product (C) where

the variations in the species properties trigger hydrodynamical instability at one or both of

these zones. Here, the effects of reversibility on the instability of the different scenarios were

examined in both horizontal and vertical geometry.

In the horizontal geometry, a detailed linear stability analysis was performed in order to

investigate analytically and numerically the capability of the reversibility of the chemical

reaction in modifying the flow instability. Here, the variation in the concentrations of the

chemical species as a result of the reversible reaction induces the instability by modifying

the viscosity profile. For unstable initial fronts, the effect of the reversibility varied between

enhancing and attenuating the instability based on the particular choice of the mobility ra-

tios at the initial as well as the trailing and the leading fronts. On the other hand, it was

observed that reversibility always attenuates the instability when the initial front between
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the reactants is stable.

For the same geometry, the non-linear interactions between the chemical species were illus-

trated by performing non-linear simulations. In agreement with the linear stability analysis,

it was observed that reversibility may stabilize the unstable system for a period of time that

increases analogously with increasing and decreasing the reversibility coefficient (α) and the

mobility ratio, respectively at the unstable front when the initial interface is stable. Fur-

thermore, the capability of reversibility to enhance the instability was also illustrated. This

particular case was observed when the effects of the direction of the flow, which is in favour of

the growth of the instability at the leading but not the trailing fronts, were combined with

the role of reversibility in increasing the mobility ratio at the leading front. In addition,

the enrichment of the instability as the reaction reverses was presented by determining the

relative contact areas between the chemical species at both the trailing and the leading fronts.

In parallel, the effects of reversibility on the instability of the reactive displacements have

also been examined in a vertical geometry. Here, the growth of the instability can be influ-

enced by either the densities or both the densities and the viscosities mismatches between

the chemical species. In absence of viscosity mismatch, reversibility was found to attenuate

the instability when the initial buoyancy interface is stable. Indeed, the unstable system

can be stabilized for a period of time before stability takes place at the unstable trailing or

leading front. The time at which instability takes place depends on both the strength of the

reversibility as well as the densities gap at the unstable trailing or leading front. Further-

more, it was observed that based on the particular choice of densities gaps at the trailing

and the leading fronts, reversibility may enhance the instability when the initial interface is

unstable. Counter relation between the viscosity and the diffusion coefficient resulted in an

earlier development of the instability when the initial front was viscously stable.
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The scope of the present research can be expanded for future studies on the same topic.

In the present study it was assumed that the porous media is homogeneous with a simple

isothermal bimolecular reversible chemical reaction taking place between the reactants with

no interactions with the medium. However, since many chemical reactions are actually en-

dothermic or exothermic, it would be interesting to consider the influence of the temperature

on the physical properties of the chemical species and the role of the variation of the tem-

perature on the instability of the reversible reactive flows. Furthermore, it is recommended

for future studies to consider the effects of the chemical interactions between the fluids and

the medium such as precipitation in addition to the heterogeneity of the porous medium.
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Appendix A

Derivation of The Stability Characteristic Equation

The continuity conditions are obtained by taking the integral of equations (3.30)–(3.32)

across the initial interface (x = 0). Starting with integrating the velocity perturbation

equation (3.32) from 0− to 0+:∫ 0+

0−

[
µ0
d2φ

dx2
+
∂µ0

∂x

dφ

dx

]
dx−

∫ 0+

0−
µ0k

2φ dx =

∫ 0+

0−
µ0k

2

[
Rb −

Rc

2

]
ψB dx−

∫ 0+

0−
µ0k

2Rc

2
ψA dx

(A.1)

The continuity of the perturbation and the velocity impose that the last three integrals in

(A.1) are zeros, which result in: ∫ 0+

0−

d

dx

[
µ0
dφ

dx

]
dx = 0 (A.2)

and as a result: [
µ0
dφ

dx

]
0+

0−
= 0 (A.3)

The above equation (A.3) expresses the continuity of pressure across the initial interface.

The second condition is obtained by taking the integral of equation (3.32) twice, which

results in:

[φ]
0+

0−
= 0 (A.4)

The other conditions are obtained by integrating once and twice equations (3.30) and (3.31)

across x = 0:∫ 0+

0−
− d2

dx2
ψA dx+

∫ 0+

0−

[
σ(t0) + k2 +DaB0 +

Dr

2

]
ψA dx = −

∫ 0+

0−

∂A0

∂x
φ dx−

∫ 0+

0−
(DaA0+

Dr

2
)ψB dx,

(A.5)

Imposing the continuity of perturbation and velocity across the initial interface (x = 0) and

the property of the delta function (∂A0/∂x = ∂H(−x)/∂x = −δ(x)) yields∫ 0+

0−
− d2

dx2
ψA dx = −

∫ 0+

0−
−δ(x)φ dx, (A.6)
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Which can me simplified to: [
dψA
dx

]
0+

0−
= −φ(0). (A.7)

Integrating equation (3.30) twice across x = 0 yields

[ψA]
0+

0−
= 0 (A.8)

Similarly for equation (3.31), the integral once and twice across x = 0 yields[
dψB
dx

]
0+

0−
= φ(0) (A.9)

and

[ψB]
0+

0−
= 0. (A.10)

The above conditions result in a system of six algebraic equations for the unknowns and the

determinant of the coefficient matrix has to be zero for non-trivial solutions

1 − Dr

2Da+Dr
1 −1 0 0

1 −1 − Dr

2Da+Dr
−1 0 0

γ0 + (Rb−Rc)k2

γ20−k2
− γ1Dr

2Da+Dr
γ1 + (Rb(2Da+Dr)−RcDa)k2

(γ21−k2)(2Da+Dr)
γ0 1 0

γ0 − (Rb−Rc)k2

γ20−k2
γ1 −( (Rb(2Da+Dr)−RcDa)k2

(γ21−k2)(2Da+Dr)
+ γ1Dr

2Da+Dr
) γ0 −1 0

(Rb−Rc)k2

γ20−k2
(Rb(2Da+Dr)−RcDa)k2

(γ21−k2)(2Da+Dr)

(RbDr+RcDa)k2

(γ21−k2)(2Da+Dr)

(Rc−Rb)k2

γ20−k2
1 −1

eRb (Rb−Rc)k2

γ20−k2
γ0 − (RbDr+RcDa)k2

(γ21−k2)(2Da+Dr)
γ1 eRb (Rb(2Da+Dr)−RcDa)k2

(γ21−k2)(2Da+Dr)
γ1

(Rb−Rc)k2

γ20−k2
γ0 keRb k



×



A+

A−

B+

B−

G+

G−


=



0

0

0

0

0

0


(A.11)

Solving the above system results in the implicit relation (equation 3.48) between the growth

rate σ and the wavenumber k.
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Appendix B

Non-linear Simulation - Pseudo-Spectral Method

In this thesis, the non-linear simulation numerical code was performed based on the pseudo-

spectral method. The Hartley transform based on pseudo-spectral method, which is a special

case of Fourier transformation, was used to solve the dynamics equations for the reactive

flow. Hartley transformation was first used by [27] to solve viscous fingering related problems.

The general form of the Hartley transform is:

G(s) = H〈g(t)〉 =

∫ ∞
−∞

g(t)cas(2πst) dt. (B.1)

Where H represent the transform function and cas(α) = cos(α) + sin(α). Here, a two-

dimensional discrete Hartley transform is used [131], which for an arbitrary function g(x, y)

gives

G(kx, ky) = H〈g(x, y)〉 =
1√
NxNy

∑
x

∑
y

g(x, y)cas

(
2πkxx

Nx

)
cas

(
2πkyy

Ny

)
. (B.2)

Where kx and ky represent the discrete wave-numbers and Nx and Ny are the number of

spectral modes in the x and y directions, respectively. The transform of a derivative of a

function using the Hartley derivative theorem is obtained as

H
〈
∂

∂x
g(x, y)

〉
= −2πkxG(−kx, ky). (B.3)

For brevity the numerical procedure is presented for only one of the chemical species (A).

Here, A0 and A′ represent the base state and the perturbation concentrations, respectively

and the total concentration is

A(x, y, t) = A0(x, t) + A′(x, y, t), (B.4)

Recall the RDC equation for transport of (A) and vorticity equation as:

∂A

∂t
+ u.∇A = ∇2A−DaAB +DrC, (B.5)
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ω = Rb

(
∂ψ

∂x

∂B

∂x
+
∂ψ

∂y

∂B

∂y
+
∂B

∂y

)
+Rc

(
∂ψ

∂x

∂C

∂x
+
∂ψ

∂y

∂C

∂y
+
∂C

∂y

)
, (B.6)

Where ψ is the stream-function and is related to the vorticity as:

∇2ψ = −ω, (B.7)

Using the expressions for total concentration in (B.5) yeilds:

∂A′

∂t
=

(
∂2

∂x2
+

∂2

∂y2

)
A′ − JA, (B.8)

Where JA represents the non-linear terms in the above equation:

JA(x, y, t) =
∂ψ

∂y

(
∂A0

∂x
+
∂A′

∂x

)
− ∂ψ

∂x

∂A′

∂y
+Da(A

′B′ + A′B0 + A0B
′)−DrC

′, (B.9)

While the Base-State solution A0(x, t):

∂A0

∂t
=
∂2A0

∂x2
−DaA0B0 +DrC0, (B.10)

The two dimensional domain of size Pe × Pe/Ar is divided into Nx × Ny domain of size dx

and dy where Pe = Nx.dx and Pe/A = Ny.dy. The collocation points are defined as

xm =
m

Nx

.Pe, m = 0, 1, 2, ..., Nx − 1. (B.11)

yn =
n

Ny

.
Pe
Ar
, n = 0, 1, 2, ..., Ny − 1. (B.12)

In Hartley modes, flow variables (A′), (ψ), (ω) and (JA) are expanded as:

A′(x, y, t) =
1√
NxNy

Nx−1∑
m=0

Ny−1∑
n=0

Ǎ(t)cas(kmx+ kny), (B.13)

ψ(x, y, t) =
1√
NxNy

Nx−1∑
m=0

Ny−1∑
n=0

ψ̌(t)cas(kmx+ kny), (B.14)

ω(x, y, t) =
1√
NxNy

Nx−1∑
m=0

Ny−1∑
n=0

ω̌(t)cas(kmx+ kny), (B.15)

JA(x, y, t) =
1√
NxNy

Nx−1∑
m=0

Ny−1∑
n=0

J̌A(t)cas(kmx+ kny), (B.16)
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where

km =
2πm

Pe
, kn =

2πn

Pe/Ar
, m, n = 0, 1, 2, ... (B.17)

First, the non-linear terms ω and JA are evaluated in the real space before they are trans-

formed to the Hartley space.

The equations (B.6) - (B.8) in Hartley space are

dǍ

dt
= −J̌A − (k2

m + k2
n)Ǎ, (B.18)

ψ̌ =
ω̌

(k2
m + k2

n)
, (B.19)

The Hartley transform allows recasting the partial differential equations in space and time

into ordinary differential equations in time. known variables at a given time t can be used to

predict the concentration at time t + ∆t according to (B.18) and then the stream-function

can be updated with (B.19). A semi-implicit predictor-corrector scheme along with operator-

splitting techniques are used for time stepping of the dynamic equations. Equation (B.18)

can be rearranged as:(
dǍ

dt
+ (k2

m + k2
n)Ǎ

)
e−(k2m+k2n)t = −J̌Ae−(k2m+k2n)t, (B.20)

Using the fact that Ă = Ǎe(k2m+k2n)t, the left hand side is further simplified to

dĂ

dt
= −J̌Ae−(k2m+k2n), (B.21)

The nonlinear convective reactive terms J̌A is advanced with a second order Adams-Bashforth

method to compute a conditional value
˜̆
A at t+ ∆t

˜̆
A(t+ ∆t)− Ă(t)

∆t
=

(
3

2
J̌A(t)− 1

2
J̌A(t−∆t)

)
e−(k2m+k2n)t, (B.22)

and the predicted concentration value of Ã(t+ ∆t) is computed by:

Ã(t+ ∆t) =

[
Ǎ(t)−∆t

(
3

2
J̌A(t)− 1

2
J̌A(t−∆t)

)]
e−(k2m+k2n)∆t, (B.23)
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The vorticity is updated using the predicted concentration from (B.23) then the velocity

fields is updated using (B.19) before the correction evaluation sequence is imposed over the

predicted values using the trapezoid rule for the nonlinear terms.

Ǎ(t+ ∆t) =
1

1 + ∆t(k2
m + k2

n)

[
Ǎ(t)− 1

2
∆t(J̃A(t+ ∆t) + J̌A(t))

]
. (B.24)
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