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ABSTRACT 

A thick shell theory based on three-dimensional linear classical 

elasticity is derived in general tensorial form using a variational 

principle and series expansions for the displacements in powers of the 

normal coordinate. Dependence of shell space quantities on the normal 

coordinate is expressed in closed form integration through the thickness 

and generalized stress resultants corresponding to any number of terms 

in the displacement series are defined 

Cosserat or oriented surface theory is shown to be equivalent to 

an approximate form of the thick shell theory and this equivalence is 

used for evaluating the Cosserat constitutive coefficients. A model 

for a kinematic description of shell space using oriented surface 

quantities and including transverse shear and normal strain effects is 

developed to facilitate the application of surface theories to the 

analysis of thick shells. 

Finite difference numerical solutions based on each of the above 

theories are obtained for several different shell problems and the 

results are used to evaluate the merits of the two theories by mutual 

comparison as well as by comparison with thin shell and finite element 

solutions. 

Experimental data for the elastic response of particular thick 

shells of revolution subject to symmetric and unsymmetric loading is 

obtained using strain gauging and surface photoelasticity stress 

analysis techniques. The measured response is found to compare 



favorably with the numerical predictions obtained by means of the 

finite difference solutions. Results of an extension of the experimental 

investigation into the elastoplastic range emphasize the limitations of 

the elastic theories. 
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CHAPTER 1 

INTRODUCTION, BACKGROUND, AND SCOPE 

1.1 Introduction 

Whether used as a concrete arch dam, a nuclear reactor 

containment vessel, or as a blast observation bunker, thick shells are 

geometrically characterized by a relatively large thickness to curvature 

ratio,' and functionally, by an enormous load bearing capacity. In 

contrast to thin shells, which generally serve to span large spaces 

while incurring relatively small distributed loads such as wind and snow 

loads [ 122] thick shells are generally used to resist very large loads 

such as those caused by huge hydrostatic heads, steep and rapidly 

changing thermal gradients, high energy shock waves, or large localized 

forces. 

Although the initial call for an exact analysis of thick shell 

structures should be attributed to the hydroelectric power industry 

which required thick shell analysis for the design of arch dams [ 106], 

it is likely that the most sophisticated problems have emanated from 

nuclear reactor engineering [ 28, 107, 135]. In this field, problems 

involving transient thermo-elastic response, vibrations, or visco-

plasto-elastic material behavior are encountered in predicting the 

response of steel, concrete, or composite reactor containment vessels 

and reactor shielding. In addition, the civilian use and consequent 

* 
Numbers in square brackets indicate publications listed under 

"References". 
1 
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need for analysis of thick shells has proliferated to the point where 

these structures are frequently encountered among machine components 

such as thick hollow shafts, curved turbine blades, or thick toroidal 

housings, as well as in the oil exploration industry where thick shells 

are being contemplated for use as arctic pack ice barriers for drilling 

rigs [ 35]. 

Because in many instances the thick shell, as an industrial 

structure, either is very large or is duplicated many times over, an 

exact method of analysis becomes essential to ensure optimal material 

economy. Although the methods of analysis have not yet been adequately 

documented, through mutual comparison and comparison with empirical data, 

many thick shell problems are soluble by means of finite difference or 

finite element numerical techniques in conjunction with large digital 

computers. In many instances an elastic analysis may govern the design. 

In others, dynamic, elastoplastic, or thermoelastic considerations are 

necessary. However, because of the large strains accompanying small 

deformations of thick shells and the consequent high probability of a 

material failure in the small deflection range, it is most unlikely 

that a geometrically nonlinear, or stability-type analysis would be 

warranted to predict in-service behavior of a thick shell. In general, 

although a number of thick shell theories have been formulated, and 

modern technology clearly manifests a need for their application, their 

numerical documentation is still scarce, and their experimental 

corroboration, virtually non-existent. 

1.2 Historical Background 

A. E. H. Love, the father of modern elasticity theory, who is 
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responsible for the well-known Kirchhoff-Love Hypothesis of classical 

thin shell theory, was also among the first to note, in 1893 [79], some 

of the shortcomings of the hypothesis in applications to the analysis of 

thick shells, thereby precipitating a still continuing search for an 

alternate method of reducing a three-dimensional shell problem to a two-

dimensional one. The essence of the problem is analogous to but 

considerably more complicated than that of beams, where the Bernoulli-

Euler beam theory becomes inadequate for deep, short beams, and must be 

replaced by a shear-deformation type theory such as that of Timoshenko 

[121]. Much of the complication is due to the need in thick shell 

theories to increase the accuracy of the description of shell space 

geometry which becomes significantly dependent on the normal coordinate. 

For shells, alternatives to the Kirchhoff-Love Hypothesis have customarily 

taken one of two forms [ 44, 54, 130]: that of an assumption concerning 

the displacement field or that of an assumption concerning the stress 

field. Major contributors to the latter type of treatment have been 

Reissner in 1952 [105] and Naglidi in 1957 [92]; to the former, Synge and 

Chien in 1941 [ 117], Hildebrand et al. in 1949 [61], and KI1'chevskiy 

in 1965 [67]. In addition, in 1966 the displacement assumption was 

generalized and cast into tensorial form by Mart{nez-Mrquez [84] while 

the stress assumption was further refined by Reissner [ 104] in 1971. 

A different stream of investigation, which only becomes explicitly 

confluent with that of thick shell theory in this work, is generally 

attributable to the brothers E. and F. Cosserat through the publication 

of their book Théorie des Corps Dgforinables [ 17] in 1909, although the 

idea was first suggested by Duhem [ 21] in 1893. In their book, the 
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Cosserats give a systematic development of the mechanics of continuous 

media, each point of which has the six degrees of freedom of a rigid 

body. One of the consequences of their theory was the asymmetry of the 

stress tensor and the emergence of couple-stresses in the equations of 

motion of a continuum. This work appears to have remained in relative 

obscurity until about 1958 when Ericksen [25] and Gunther [ 57] ignited a 

considerable amount of interest in Cosserat and couple-stress elasticity, 

to be followed by a large number of publications on the subject, notably 

by Toupin [ 123], Eringen [ 27'], and Kuvshinskii [ 74] in 1964, and Green 

and Naghdi in 1965 [53]. From these works emerged the concept of a 

continuum having not only the additional property of orientation for 

each point as developed by the Cosserats, but also the property of 

localized deformability. Such a continuum has-been referred to as a 

"micromedium" with "ntLcrorotations" and "microdeformatjons" [ 123]. 

These notions have also been cast into a form specifically describing 

the behavior of elastic [45] as well as inelastic [ 46] oriented surfaces. 

In this work the application of oriented surface theories to the analysis 

of thick shells is investigated and realized. The terms "Cosserat 

surface" and "oriented surface" shall be used synonymously. 

The solution is the essential connection between a theory and its 

results. Since the advent of the modern computer, the study of solving 

systems of partial differential equations such as those of shell theory 

has become dominated by computer-implemented numerical techniques. 

Although a considerable amount of literature has been published 

concerning the numerical solution of various types of thin shell 

equations, using finite difference techniques [ 11, 100, 103], finite 
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element techniques [34], as well as other methods [ 10, 14], the 

literature on the solution of thick shell equations has been somewhat 

limited. In 1960, Greenspon [ 56] 

cylinders with thick shell theory 

[68, 691 published studies of the 

made dynamical studies of thick 

solutions; in 1963 and 1966 Klosner 

linear static response of thick 

cylinders using thick shell and elasticity theory solutions; and more 

recently, Goldberg [ 41] presented results for moderately thick shells 

based on a numerical technique previously developed by him for thin 

shells [43]. In general, though, it can be stated that numerical 

documentation of thick shell theories, particularly for non-symmetric 

loads is difficult to obtain. 

The same statement, mutatis mutandis, holds for experimental 

documentation. Although relevant experimental stress analysis 

techniques such as strain gauging [ 58, 63], surface photoelasticity 

[8, 101, 124], or three dimensional photoelasticity [ 31] have been 

developed 

published 

available 

to a high level of sophistication, there are very few 

studies on their application to thick shells. Among the 

literature is a stress freezing study of symmetrically loaded 

thick cylinders published by MacLaughlin [ 88] in 1965 and a similar one, 

by Durelli [ 23] in 1968, the gauge study of asymmetrically edge-loaded 

thick cylinder by Dohrmann [ 20] in 1966, and the strain monitoring 

investigation of in situ unsymmetrically loaded thick composite 

cylindrical tunnels by Kiesling [ 66] in 1970. 

As the author has been unable to locate further relevant 

publications, it is his opinion that there exists a need to generate 

further experimental information, particularly for non-cylindrical 
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shells loaded unsymmetrically in order to provide data for the evaluation 

of thick shell theories. 

1.3 Scope 

The scope of the work for this dissertation may be summarized as 

follows: 

1) With regard to theory, to derive and present in general 

tensorial form a thick shell theory based on a power series 

displacement expansion restricted to linear geometrical and 

homogenous linearly elastic orthotropic material behavior, 

describable by the laws of classical elasticity. In addition, 

to study the application of Cosserat surface theories to the 

analysis of thick shells, and to evaluate all pertinent 

constitutive coefficients so that actual numerical shell problems 

may be solved by means of these theories. 

2) With regard to solutions, using a finite difference technique 

to develop computer programs for the analysis of generally loaded 

thick shells of revolution, in correspondence with each of the 

two theories mentioned above, and to generate numerical data that 

can be used to evaluate these theories by comparison with the 

results of others or with experimental results. 

3) With regard to experiments, to empirically document the 

elastic response of particular thick shells of revolution 

subject to symmetric and unsymmetric loads by means of standard 

experimental stress analysis techniques. 

4) To utilize the results of the above three phases of the work 
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to evaluate the relative merits of the Cosserat and thick shell 

theories, and to point out avenues for further research on the 

general problem of thick shells. 

The analytical development for both thick shell and Cosserat 

surface theories was carried out within the conceptual framework of 

linearly geometric and elastic continuum theory. For the thick shell 

analysis, orthotropic material properties with a preferred elastic axis 

in the normal direction were permitted, while the Cosserat theory was 

restricted to isotropic behavior. The incorporation of nonvanishing 

transverse shear and normal strains was common to both theories. The 

description of shell space kinematics provided by the thick shell 

theory includes the effects of highçr order geometrical terms and permits 

coefficients up to any power of the normal coordinate in the displace-

ment power series expansion; that arising from the Cosserat theory 

excludes higher order terms and is limited to a linear form of the 

spatial displacement expansion. Shells in the form of hemispheres, 

cylinders, and their composites were studied through numerical solutions 

obtained by means of finite difference computer programs and elasto-

static tests on thick hemispheres with cylindrical skirts were performed 

to corroborate some of the numerical predictions. 

In addition to the above, extensive elastoplastic testing as well 

as some elementary thermoelastic expements were carried out in 

conjunction with the work for this dissertation. However, since these 

tests are somewhat apart from the primary theme and were not part of 

the original research proposal, their presentation, except for the 

occasional reference in Chapter 4, is restricted to Appendices D and E, 



CHAPTER 2 

THICK SHELL THEORY 

2.1 Introduction 

Analytically, the essential difference between thick and thin 

shell theories is the requirement in the former to provide a more exact 

description of the variation through the shell thickness of the governing 

parameters and dependent variables, including non-vanishing transverse 

shear and normal strains. In order to achieve this, on the one hand, as 

was pointed out in Section 1.2, the Kirchhoff-Love Hypothesis must be 

abandoned and replaced by a more realistic model; and, on the other hand, 

a more accurate description of the variation of geometric properties 

throughout the shell space must be provided. The latter concern can 

generally be rectified through the use of ' higher order" geometric 

descriptions [ 6, 711. Here, the former concern, of replacing the 

Kirchhoff-Love Hypothesis, shall be treated through the utilization of a 

kinematic assumption [ 44, 54, 105, 129] with regard to the variation of 

displacements with respect to the normal coordinate. Such an assumption 

has generally been expressed in the form of either a special function 

[125] or a power series [19, 57, 67, 831 expansion of the displacement 

field in shell space. 

Considerable attention has also been directed at the use of 

oriented media theories [ 17, 24, 25, 53, 57, 951 which have recently been 

shown to be directly applicable to the solution of engineering problems 

such as thick shells [ 5, 45, 52], sandwich shells [ 37, 81, 82], or 

8 
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multi-story buildings[4]. In the application of oriented surface 

theory to thick shells the rotation of and elongation of the surface 

normal, characterizing transverse shear and normal strains, respectively, 

is simulated through the incorporation of six degrees of freedom for each 

point of the oriented, surface continuum: namely, the three classical 

translational degrees of freedom and, in addition, three rotational 

degrees of freedom [ 47, 90]. Such a model provides another alternative 

to the classical hypothesis, based on akineivatic assumption [ 6]. 

In this chapter, use is made of general tensor notation with the 

usual summation convention and index notation having Latin and Greek 

indices range 3 and 2, respectively [ 87, 113]. Convected coordinates 

[91] and a positive outward surface normal are utilized. A bar above a 

symbol denotes a vector; partial and covariant derivatives with respect 

to the undeformed midsurf ace metric are indicated by a comma and a 

vertical stroke in front of an index, respectively. Starred quantities 

correspond to the deformed configurations. Where possible kernel symbols 

are chosen in consonance with previous literature and usage throughout 

the balance of this work. Symbols are defined where they first appear 

in the text as well as in the summary, "Notations." The contents of the 

section on preliminaries, 2.2, are restricted to the presentation of 

results and notations utilized in this chapter, with no attempt being 

made at providing derivations or comprehensive explanations which can be 

obtained from any of the standard works giving a tensorial treatment of 

shells, such as that by Naghdi [ 91], Nart{nez-Nárquez [83], or Green and 

Zerna [49]. 
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2.2 Mathematical and Geometrical Preliminaries 

Let the position of a generic point P of a surface S, which is 

embedded in Euclidian three-space, be defined relative to a fixed right-

handed Cartesian coordinate system, y.,, by means of the position vector 

= (x1, x2), where the 2 are arbitrary Gaussian surface coordinates, 

and let x3 = z denote the coordinate in the direction of the surface 

normal a3 = n. The surface S shall lie at z = 0 and shall be called 

the midsurface, and the space bounded by _h/2 z '2 shall be 

referred to as the shell space. Designate the position, vector of a 

point, Q, in shell space and on the normal through P by R, where R is 

defined as 

(x 1,x2 ,z) = (x 1,x2) + z 3(x',x2) 

Covariant base vectors for the midsurf ace are defined by 

(2.1) 

= i a (2.2) 
a , 

whereas the components of the associated covariant surface metric tensor, 

a, are given as 

a ='a • 
a3 a 3 

(2.3) 

and the usual relations between covariant and contravariant components 

may be established by raising and lowering indices with this metric. 

Similarly, the base vectors, E., and'metric components, g, for the 

shell space are defined through 

= = + z 
a ,a a 3,c 

(2.4a) 
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= 
(2.4b) 

The covariant components of the midsurf ace second fundamental tensor, 

are expressed as 

b =- •i = . 
c3 c 3,(3 3 c,13 

while derivatives of the unit surface normal are given by 

, = i 
3,c , cx X  

By means of expressions (2.4a) and (2.6) the spatial base vectors 

may be expressed in terms of midsi.trface quantities as 

-  g a - - zb a A_. (6•'-zb t x\...a aa aX = a a/A 

A-
= 

(2.5) 

(2.6) 

(2.7) 

where Sa is the Krone'cker delta and Ii is called the "shifter" tensor. 
13 

Likewise, the components, of the spatial metric, g, may be written in 

terms of midsurf ace quantities as 

ga  = P all f3aA 

The determinants of g 13 , a13, and p  are denoted by g, a, and p 

respectively, and can be shown [91] to be connected by the relation 

(2.8) 

Ii = = 1 - 2zH + z2K (2.9) 

c a i where H = 1 - b is the mean curvature and K = Jb I s the Gaussian 
2a 13 

-la i curvature. The inverse shifter, (p )13 s defined [ 91] as 
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z (b 2Hô 
CL 11  CL 

and the reciprocity relation 

= 

(2.10) 

(2.11) 

holds. In "shifting" contravariant components of surface tensors, 

use is made of the inverse shifter in a manner analogous to Eq. (2.8), 

so that 

a13 -1 CL ( 1)3 g '(r u a (2.12) 

2.3 Thick Shell Theory 

2.3.], Kinematics 

Let the displacement field v1 in shell space be expressible a≤ a 

power series in z with coefficients, 4V, in the form [ 61,67] 

00 11 n  

n0 • 

z=0 

(n) 

n=0 
(2.13) 

Alternatively, in vector notation the vector displacement field, V, can 

be expressed as 

.00 - CL  n rn) CL 3 CL- 
(n) 

v(x,z)= Z X1 + aCL + 3 V  + Va 3 

n=0 a  
(2.14) 

Now, using the general vectorial definition of the linear strain tensor 

[49] together with the expression for the partial derivative of ,a 

spatial vector in convected coordinates [38], expressions for the 
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tangential, y, transverse shear, and transverse normal, Y 33j, 

strains of shell space are obtained as  

4  ; = , + g ci 

1 { i = v 1 _bv3) + ic ) -b v3\] 

co 
_1 I 
- 2 L -' 

n=O 

ft I 
r i(n) (n) ((n) (n) , 

z x  X 
Lc x 5ct 

-b 3) 

1a3 = 4 a V 3 g 

[v + v + bv 1 a 5,3 3,a a 

00 

•n)1 1 + b x n0n.  3,a a 

133 4 [ 3• V 3 + g3 

00 

n1 

=V 
3,3 

1  (U- 1) (ii) 

-1) Z 

(2. 15a) 

(2. 15b) 

(2.15c) 

2.3.2 Equilibrium Equations 

The total potential energy functional, V, is defined in the usual 

manner as 

v=U - w (2.16) 

where U is the total strain energy and W represents the work done by the 
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external loads and boundary forces. Specifically, 

fff U(y..) dV (2. 17a) 

= JJ p v. 1 da + if p i  v. 1 da 

+ j ]dz ds (2.17b) PLPxa V V + V V 
3 

where U denotes the strain energy density, v are components of the 

unit normal to the boundary inidsurface curve, p1 are load 'components per 

unit surface area, the superscripts (+) and (-) indicate quantities 

evaluated at 1h/2 and _h12, respectively, the ` above a symbol denotes 

a prescribed quantity, and a ij are components of the symmetric stress 

tensor. In accordance with the variational form of the principle of 

minimum potential energy [60, 128], for an equilibrium state, we set 

SV = 0 (2.18) 

for which the variation of the strain energy density, cStJ, is obtained 

in the customary manner as 

- DU Dy ii ôy 13. 

= + 2cYC3cSy + i33 6-y33 (2.19) 

where the ô before a quantity denotes the variation of that quantity. 
(n) 

Next, define generalized load, p', and generalized stress and 
(n) (n) (n) 

moment resultants, R°, Sc, and T , in the form 
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(n). 

p ) - I IP 11 +(-l)  

(n) h, 2 
c •_ 1 J n 

R ---i- lie p n. dz 

(n) 
1 I a3 n 

j pa z f.  

h/2 

(2.20a) 

(2. 20b) 

dz (2.20c) 

J. T = --  dz (2.20d) p Cra 33  
n. 

_h/2 

where p is the determinant of p. Using the relation 

dV = p dz da (2.21) 

connecting a spatial volume element dV with a inidéurface area element 

da [ 91] as well as expressions (2.15), (2.19), and (2.20) in (2.18),. 

and taking the variation and performing integration by parts using 

standard techniques [ 18, 60, 128] yields the following variational 

equation: 

= ff 
00 (n) (n) (n-i) (n)1 (n) 

(n-i) S 2 b+ S - pjôX 
IL-0 R a 

00 r ( ' S n) (n) (n-i) (n) ] (n) 
+ n 0 [-s - R YO b + T - p X3J da 

C r/(n) (n) (n) ((n)a (n) \ (n) 
- L- R/X _ sa; a X] 
jn=0 

ds = 0 

(2.22), 
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where for the case n = 0, s a = 0 and T = 0. 

Now the requirement of arbitrary variations and termwise 

vanishing of the series yields the following equilibrium equations and 

boundary conditions: 

(n) (u) a (n-i) (n) 
a R + (n-i) S I b - a S + P = 0 

(n) I (n) (n- 1) (n) 
5a.+ R   - . + p 3 =0 
a 

((n) qo (n) S\ (n) 
R- ft1v x=o Ct 

((n) (n\ (n) 

\s- Iv a x3 = 0 

(2.23a) 

(2.23b) 

(2.23c) 

(2.23d) 

with restrictions for n = 0, the same as above. The linear equations 

of equilibrium of various approximate shell theories are contained n 

the above expressions; thus, letting n = 0 results in the membrane 

equilibrium equation; letting n = 0 and n = 1, succeively, results in 

the equations of a Coserat surface theory [ 5] as will be shown in 

Subsection 2.4.2, or in the equations of classical thin shell theory if, 

in addition, the Kirchhoff-Love Hypothesis is invoked in the kinematic 

descriptions used above. Furthermore, as will be shown in Subsection 

2.3.4, the equations corresponding to n'= 0, 1, and 2 are those of a 

thick shell theory based, on a power series expansion of ' the displacement 

field truncated after the quadratic z-term. [ 61]. , 

2.3.3 Stress Resultants 

The stress strain relations for a homogeneous elastic shell may 
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be expressed as [92] 

c3 [ a'y' a = 1 g g + 2gg j 'y1 + 3gy 33 

c3 cX 33 c43 
a = 1X3 ; a = 5g 1cf3 + 6'33 

(2.24a) 

(2.24b,c) 

where the constitutive coefficients , for transversely orthotropic 

material with the preferred elastic axis in -the surface normal direction, 

are given by [ 78] 

z 

E E V z  

2 2 = 2 ' 

E(1-v) 

If 
= 2G Z ; -   ' . $6 =   (2.25d,e,f) 

V V4 

[ 1-v .., z 1-v 2jI 
-i---.- 

Z 

(2.25a,b,c) 

and where E, v, and G are Young's modulus, Poisson's ratio and the shear 

modulus, respectively, and the subscript z denotes quantities associated 

with the preferred elastic axis. Substitution of Eqs. (2.24) into 

Eqs. ( 2.20), and the use of the strain displacement relations (2.15), 

together with elementary integrals, results in the following expressions 

for the generalized stress resultants 

00 
(N) 2N' [I cy + 'N+n+l 

n=0 • N+n E p  [60• 
(b - 2H 1 

P 

+ (b_ 2H'1 ± I (b_ 2H 1b - 2H 1 T 
C c)j N±n+2 P P/J 



18 

I ca p ep ,'(n) (n) \ 
3 a a 2 au ) -b X  

3 co 
'  .1  Ii 

+ n=i (n-i)! N+n_ 

2N 

(n) 
+ J 1b-2H 1a X 3 (2.26a) 

E:  

1  — j- 
n. < N+n ctAp + IN+fl+l[oA(bP_ 2H a Xp ) 

+ (b_ 2H\]+ IN+n+2[(bA_2HA)(b_2H6)]> pA A) 

((n) (n)\ 
X +b x + 1  pf 
31 (n-i)' a L N+n-1 p 

n=1 

(n)' 

+ N+n( 2H)] x} 

(N) 00 

T = —j-a 
n=O LN 

• ((n) (n) .\ 
X 1 -b x 3) + 

+ JN+n+1(bp 2H)] 

00 (fl) 

n=i (n-i)! 

(JN+n- 1 23N+n H + J 1 K) 

where K and H are the Gaussian and mean curvatures, respectively, 

R = /H2 - K , and where 

h/2 

MI-i 
M 1 (h) J z dz =  + ( 1)M] 

/2 N = 0, 

(2.26b) 

(2.26c) 

•.. (2.27a) 
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P 

1= 
0 

+h/2 

I 
_h/2 

h 

= j 2 
_h/2 

dz 1 
ii - 2R 

zdz 1 
P 2K 

1  —  ---+hR 

Kh 
hR 

1+7 hil 
'+  

Kh2 2K 0 
1 + -i- + hH 

z M dz 1 T 2H T 

P KM-2 m K LM1 M-2 

(2.27b) 

(2.27c) 

M = 2, 3, •.. (2.27d) 

The above expressions with the integration carried out in closed 

form were derived during the course of this work and first published 

in reference [ 6]. They have not appeared elsewhere. The relatively 

compact form and systematic ordering of these generalized variables 

makes them amenable to numerical formulations of the shell problem for 

solution by means of digital computers. Also, expressions for such 

generalized variables may be obtained in a similar manner for thick 

shells having material non-homogeneities which are an analytic function 

of the z-coordinate, as well as for shells possessing material' properties 

of degree of anisotropy higher than that used here. In the latter case, 

however, the development would have to be carried out in physical 

components, since an explicit form of the relevant constitutive relation 

is not yet available in general tensorial notation [2]. 

2.3.4 A Special Case of the Theory 

The equilibrium equations and stress resultants shall be written 
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here for. the case corresponding to the thick shell theory of Hildebrand 

et Sal. 6l], in notation more familiar to shell theoreticians and more 

convenient for use in the remainder of this work. 

Choose, 

and let 

I (-) 
=p = p ii - P P 

(l) i, h p=q ((+)i (+) (-) i (-) ) 1 - i P 

(2) i h2  
P. t = -b- \ p p + p p ) (2.28c) 

(2.28a) 

+h/ 2 

R N pa•uXp$ dz 
= 

+h/2 

ao I cX 
= = pa 1tzdz 

-h,2 

- Qc =. J pa 3 dz 

(1) 
-i-h1 

= M3 = , f pa  2 ,z dz 

-h, 2 

= c3 = J Z2 d:9 

(2.28b) 

(2.29a) 

(2.29b) 

(2.29c) 

(2.29d) 

(2.29€) 
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(0) 

+h/≥ 
1 1 

=.. J p Z2 dz 

-h/2 

=A= f Ila 33 dz 

=B= fIla33 zdz 

(2.29f) 

(2. 29g) 

(2. 29h) 

Then the equilibrium equations, obtained by setting n = 0, 1 and 2, 

as given by 

NI - Q% 13 + p =o + Qolo + p3 = 0 

0 ; Y1 ao b aa + S13 j - A + q3 = 0 

P - so + Tb 13 +t 13 =O 

P ao b cI3 +T13 113 - B+t 3 =0 

(2.30a,b) 

(2.30c,d) 

(2.30e) 

(2.30f) 

with the associated boundary conditions, when written in terms of 

physical components in lines of curvature midsurf ace coordinates, are 

identical to the corresponding relations in [ 61]. 

2.4 Oriented Surface Theory 

Since a considerable amount of work has already been published 

concerning the derivations of oriented or Cosserat surface theories, 

[17, 24, 45, 47,'48, 51, 52, 53, 90, 93], presentation here shall be 
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restricted to those results essential for the evaluation of the 

constitutive coefficients of the theory and its application to thick 

shell analysis. 

2.4.1 A Description of Shell Space 
Using Cosserat Quantities 

If a Cosserat surface is identified as a shell midsurf ace, each 

point of which is characterized by a deformable vector d (in addition 

to the position vector ), and if the undeformed director, D, is 

coincident with the unit surface normal, then it is possible to describe 

the linear deformation of shell space as shown in Fig. 2.1. The 

deformable vectors are called "directors" [3]. It is assumed that 

straight lines along the normal to the undeformed midsurf ace, n = B, 

such as PQ, deform into straight lines along the deformed director, d, 

such as P*Q* The extensional strain 133 along d or R is then given by 

II -  II  
133 - 

IDI 
53 (2.31.) 

where the vertical bars around a vector indicate the Euclidian norm. 

From vector addition it follows 

= u + p*Q* - PQ 

=i+ Z  

=i+ z (2.32) 

where 3 = d - D is the director displacement. It is clear that this. 

expression for the spatial displacement vector corresponds to a 

displacement expansion of the type given in Eq. (2.13) with n=O and 1 only. 
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FIG. 2.1 APPLICATION OF DIRECTOR KINEMATICS TO LINEAR DEFORMATION OF SHELL SPACE 
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2.4.2 Cosserat Surface Equilibrium 

From reference [ 90] the Cosserat surface static equilibrium 

equations are 

NI - ON 3a +• = 0 N 3  I a, + b c3 + p3 = 0 ( 2.33a,b) 

-N 3 +q0 ; Mb 4  + S- m3 3 + q = 0 (2.33c,d) 

and it is obvious that these equations are equivalent to Eqs. (2.30a, 

b,c,d) if N and m3 are identified as Q  and A, while correspondence 

exists among the remaining variables. Thus, as was mentioned in. 

Section 2.3.2, the Cosserat equilibrium equations are identical in form 

to those obtainable from the generalized theory by setting 11 and 1. 

2.4.3 Cosserat Surface Constitutive Theory 

The evaluation of all the elastic constitutive coefficients of 

oriented surface theory can be carried out through comparison of a 

two-term power series surface approximation of the three-dimensional 

thick shell energy density with the corresponding surface energy 

potential of oriented , surface theory. This procedure was developed as 

par  of this work and first published by the author in reference [ 5]. 

If it is assumed that the displacement vector is expressible as 

i i 
v = u + zS (2.34) 

and that z/R is very small in comparison to unity so that replacement 

of P with is justified, the approximate form of the strain-

displacement relations (2.15) can be written as 
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where 

1 
' [ + + z( + K )} 
a2 a13 Pa ct3 Oa 

1c3 = + + + a3 a3 

Y33 = S3 

(2.35a) 

(2.35b) 

(2.35c) 

= u - bu 3 ; = u 3 + b 1u1 (2.35d,e) 

bô 3 ; = + (2.35f,g) 

By means of the above equations, together with the constitutive 

relation for homogeneous isotropic linearly elastic materials, the 

strain energy density fl integrated through the thickness becomes 

(cA v  ctX?\1 
2 J U dz = 2Gha' a 12 a a 

-h/ 2 

+ Gha'(S + )( 5 + ) + E(1-v)h  
c c3 y y3 (1+v)(1-2v) 33 

+  GO .. (aaXaoy cry X 2v a3 
+ a a + 1-2v a •a j KK 

Gh3 Ev h  a( + + a K K + 12  c3 y.3 ( 1+v)(1-2v) a43 

Now, using the variables defined by (2.35) the strain displacement 

relations of Cosserat surface theory [ 90] can be written as 

K = - b 
cf3 c3 X .c 

2.36) 

(2.37a) 

(2.37b) 
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K K + b 4-
3a a3 a v3 (2.37c) 

Using these variables, the surface energy potential, H, for a Cosserat 

surface as given in reference [ 90] b'ecomes 

aXy aAy 
2H= (a1a a + 2a2a a ) -1 (4)+4)(4)x+4)x) 

a13 
+a3a (S +4) )(ô +4) )+ a 

a a3 LI 33 

+ (a5aaA1+cL6a ax a y + a7aay a y )(K - .b 4)) )( -b 4) 1) ) 
v a Ay yp . X 

+ a a( +b)(+b4)) + 2aact3 1 
2 ac? 3 8 a3 x3 3 3 9  

(2.38) 

where the a. are the constitutive coefficients. The two expressions are 

in agreement to within the underlined terms in Eq. (2.38), which are of 

an order of magnitude (€/R) where c is any strain quantity on the 

midsurf ace and R denotes the minimum radius of curvature or torsion of 

the midsurf ace. However, in the derivation of the approximate surface 

energy potential for thick shells, Eq. (2.36), approximations which are 

equivalent to neglecting (e/R) type terms in comparison to the bending 

strains and K 3 were made in omitting the (h/R) portion of the 

shifter tensor, as has been documented and proved by Koiter [ 70, 71 ]. 

Thus the two expressions for the energy potentials may be considered 

equivalent to within the degree of approximation used here. 

From a comparison of the individual terms of Eq. ( 2.36) and 

(2.38), expressions for all the constitutive coefficients of Cosserat 

theory are obtained as 
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=  Evh -  Eh  
a1 (1+v)(1-2) 2 2(1+v) 

Eh  
a3 2(1+v) 

E(1-v)h  
- (1+v),(1-2v) 

Evh 3 Eh3  
a5 = 12(1+v)(1-2v) a6 24(1+v) 

(2.39a,b) 

(2.39c,d) 

(2.39e,f) 

Eh 3 Eh3 Evh  
a7 = 24(1+v) = 24(1+v)' a9 = (1+v)(1-2v) (2.39g,h,i) 

where E and v are Young's modulus of elasticity and Poisson's ratio, 

respectively. Of these coefficients, a] a2, a3, a,a6, a7, and a9 . 

are identical to those obtained in [ 45, 50]; a5 does not agree with that 

given in above-cited works; and a3 and a8, to the best of the author's 

knowledge, were first published by the author and, Glockner in, [5]. The 

value of a5 does not agree with that in the above-cited references, [45, 

50], because in these references its evaluation was based on the use of 

thin plate bending theory, involving two-dimensional constitutive rela-

tions whereas, here, three-dimensional constitutive theory was used. 

The stress resultants of Cosserat surfaces can now be explicitly 

obtained by means of the following relations [90]: 

=   , ia =   , m1 - (2.40a,b,c) 
DK 
ia 

where 

Na = + M°'b ; ma = N3a - Siba ; = M3 (2.41a,b,c) 
I I ,. 

Generally, the above results indicate that Cosserat surface 

theory may be considered to be equivalent to a first order shell theory 
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which takes into account transverse normal and shear strains. The 

evaluation of the COsserat constitutive coefficients and kinematic 

interpretations such as that presented above, permit the use of 

Cosserat surface theories as a basis for the numerical solutions of 

engineering problems. Such solutions are presented in the ensuing 

chapter. 



CHAPTER 3 

NUMERICAL ANALYSIS 

3.1 Introduction 

Over the last decade, largely as a result of widespread 

development and use of second '-and third generation computers, numerical 

solutions to engineering shell problems have become the rule rather 

than the exception. Although noteworthy work has been done and continues 

to 'be pursued in the 'realm of analytical solutions by a number of 

investigators [ 9,'29, 93], by far the most attention has been devoted 

to the development of numerical techniques and computer programs. 

Primarily two broad categories of computer-dependent numerical 

techniques applicable to thick or thin shells have emerged; namely, 

numerical integration solutions of the differential equations of shell 

theory and direct variational techniques. The latter, which include 

optimization techniques used for shell, limit analysis [ 14, 62] and 

classical methods such as the Ritz and Bubnov-Gãlerkin method [ 118, 135], 

have become dominated by finite element techniques [134] which have 

received by far the most attention in the recent past from a general 

point of view as well as in the context of plates and- shells [ 34]. 

Development of the former category, that concerned with 

numerical integration of shell equations, has taken place primarily 

through stepwise integration and finite difference methods. Stepwise 

integration methods ( 72, 109] consist essentially of reducing the 

pertinent system of higher order differential equations to a first 

29 
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order ' system, then integrating this in a step-by-step fashion, starting 

from prescribed values at the initial point and working through 

algebraically to the extremity of the domain of integration. Such a 

technique and its modifications havebeen successfully applied to 

arbitrary shells of revolution [10]', sandwich shells, [ 64] and thick 

shells [ 41]. The finite difference'methods 'consist of approximating 

the relevant differential equations.-with finite difference expressions, 

and solving the resultant algebraic linear or nonlinear system by means 

of an iterative or direct numerical algorithm. They have been used for 

general linear thin shells of revolution [11], nonlinear membranes [ 126], 

and elasto-plastic dynamically loaded thin shells [ 77, 100]. 

In this dissertation,, finite difference solutions for thick shell 

problems are obtained. The techniques used evolve from' the series of 

papers by Sepetoski [ ill] Radkowski [ 103], and Budiansky [11], where 

they were applied to thin shells of revolution. Here, two independent 

sets of programs were developed: one, derived from the thick shell 

theory presented in Section 2.3; the other, from the Cosserat surface 

theory in Section 2.4. 

Both programs- developed include provision for general loads, 

poles, a restricted class of geometric discontinuities in generating 

curves, and several boundary conditions. The thick shell program, in 

addition, possesses provision for transverse elastic anisotropy and is 

'applicable to any midsurface generating curve while the oriented 

surface program is restricted to elastic isotropy and generating curves 

of, constant curvature. ' The most salient use of the program is 

mathematical simulation of the behaviour of the experimental models, 
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although they are also used to generate solutions comparable to ones 

already published in the literature as well as for producing numerical 

results and for evaluating the relative merits of thick shell and 

oriented surface theories. 

Since considerable matrix algebra is given in what follows, a 

consistent notation for matrices will be introduced now. Column or 

row vectors are designated with a bar above the vector name or braces, 

{ }, about the element names or algebraic combinations; square or 

rectangular matrices are indicated with a bar below the matrix name 

or square brackets, [ 1, about the.element name or algebraic combination; 

while three-dimensional arrays are designated with two bars below their 

name. Where double subscripts are used with matrix elements the first 

designates row numbers,' the second, column numbers. The single 

subscript i is reserved in this chapter only to designate grid 

locations. 

3.2 Differential Equations for 
Shells of Revolution 

Coordinatization for a general shell of revolution was 

accomplished by means of aright-handed convected coordinate system 

xi = x, x2 = 0, and x3 = z, as shown in Fig. 3.1. The radius R0 (x) of 

a latitude circle at x was chosen as the primary geometric parameter. 

With the use of the appropriate relations from differential geometry 

[73, 115], and designating derivatives with respect to x with a prime, 

the principal radii of curvature, R and R0, can be expressed in terms 

of R0 as 



FIG. 3.1 COOPDINATIZATION OF SHELL OF REVOLUTION 
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R = - V1 1 - (R) 2 / R 

Re = R0 1 1 1 - (R') 2 

while the metric and second fundamental form components become 

a a 
11 xx 

a22 = a0p = R 

1. 
b11 - - - R 

x 

0 
b22 = b00 

(3. la) 

(3. lb) 

(3.2a) 

(3.2b) 

(3.2c) 

(3.2d) 

With the use of the rules for physical components given in 

Appendix A the appropriate tensor equations from Chapter 2 may then be 

written out for shells of revolution. For the case of thick shell 

theory corresponding to the displacement expansion, 

a ()c () c'. 
v = X + z X 

(0) ( 1) 2(2)3 
= X 3 +zX 3+z X 

(3.3a) 

(3.3b) 

the strain displacement relations (2.15), the equilibrium equations ( 2.23), 

and the stress-resultant relations (2.26) were used. For the Cosserat 

surface theory, Eqs. ( 2.33), (2.35), and ( 2.39) were employed. Although 

the process of rewriting these equations in physical components for shells 
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of revolution is algebraically tedious, it is standard and straight-

forward and needs no further elaboration here. Once these equations 

were obtained, appropriate substitutions were made in each theory to 

express the equilibrium equations in- terms- of displaceiñent quantities. 

The thick shell theory thus yielded seven second order partial differen-

tiál equations with variable coefficients in the seven dependent 

(0) (0) (0) ( 1) (1) (1) (2) 
variables x ', x 2, x 3, X 1, X 2, X 3, and X 3, while the 

Cosserat surface theory yielded an analogous six equations in the six 

dependent variables u1, u2, u3, and S. Next, coefficients for 

each of the variables and its derivatives were collected in preparation 

for the numerical procedure to be described shortly. These coefficients 

were then named in correspondence with the variable and its type and 

order of derivative, using a convention representable by CK, where P 

ranges from 1 to M, with M = 7 for the thick shell theory and M = 6 for 

the Cosserat theory, in correspondence with the appropriate equation 

number; 3 corresponds to the appropriate variable number 1, . . . , 

with the pertinent variables listed in the same order as above; and K 

is either 0, x, y, xx, xy, or yy in correspondence to the variable, 

2 2 
-p-, 3x 2 xO , or —, respectively. For instance, the coefficient 

2 

of in the fourth equation would be named C . The set of these 
x O sxy . 

coefficients corresponding to the Cosserat theory is listed in Section 

B.l of Appendix B. 
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3.3 Numerical Approximations of the 
Differential Equations 

3.3.1 Fourier Decomposition 

Since the coefficients CK were all 0-independent, elimination 

of the implicit dependence of the differential system on the 0-coordinate 

was performed through the customary (16, 1081 assumption of odd or even 

Fourier series form for each of the dependent variables and load terms. 

For the Cosserat theory, the dependent variables took the form 

N 
= ul cos no 
n0 

N 
U2  u2 sin n0 .2 n 

n=1 

N 

= u3 cos no 
n=0 n. 

N 
1 = U4 ccis no 
• . 

n=0 n 

N 
52= X . u5 sin n0 

n1 

N 
53 1 u6 cos no 

n=0 

whereas the load terms were assumed. to be 

N 
r x 

1 = L p  cos nO 
n0 

N 

2 = p 0 sin no 
n=l n 

-S . 

(3. 4a) 

(3.4b) 

(3.4c) 

* (3.4d) 

(3.4e) 

(3.4f) 

(3.5a) 

(3.5b) 
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N 

P3 p3 cos no 
n=O 

(3.5c) 

where the Fourier coefficients can be evaluated from known load 

distributions in the usual manner and N is chosen as large as necessary 

for the desired level of accuracy. An exactly analogous treatment is 

possible for the thick shell variables. Substitution of these series 

for the appropriate quantities in each of the partial differential 

equations characterized by the coefficients C P JK, and performance of 

differentiation with respect to 0 whrever possible, enables one to 

factor out of each equation the now explicit 0-dependence in the form 

of either sin no or cbs no. The result is a series equation which, to 

hold, requires the independent vanishing of the coefficients of each 

of the 0-dependent terms, resulting in N ordinary differential equations 

in the Fourier coefficients u. There are 6N such equations for the 
n 

Cosserat theory and 7N for the thick shell theory. 

3.3.2 Finite Differences 

Let the spacing between nodes along the x-coordinate be Ax. Then 

the finite difference approximation for the derivative with respect to 

x for some dependent variable y(x) at grid point i corresponding to a 

value of x = x. i can be expressed as 

dy 
dx 

while the second derivative can be similarly approximated as 

(3.6a) 
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d2y 1 

2 T - 2yi + 
dx x=x. x 

1 

(3.6b) 

by means of the central difference approximations, developed in standard 

references such as [ 30, 76, 109, 112 1. Use will also be made of the 

forward difference approximations 

= - 

x=x 
1 

and the backward difference approximations, 

dy 
dx 

(3.6c) 

(3.6d) 

documented in thesame references. 

Substitution of the central difference approximations for the 

appropriate derivatives in each of the ordinary differential equations 

described at the end of the previous subsection, now yields a system 

of MN algebraic equations in 3M variables corresponding to each value 

x of x. Of course, M is 7 for the thick shell equations and 6, for 

the Cosserat surface equations. 

Now, corresponding to any point i.define a column vector, z.,, 

the elements of which are the nth Fourier coefficients of the dependent 

variables listed in the order in which they are given in Section 3.2. 

Then, if the coefficierts of each of the 3M variables are collected 

and designated by a name O where, 

n is the Fourier index 
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k corresponds to the equation number 1, . . . N 

£. takes on a number 1, . . . N corresponding to a variable 

-n 
number in z 

m corresponds to the grid position of the variable relative 

to location i, in accordance with, (i-l).<> (m1) 

I <=> (m=2) 

(i-El) <=> (m=3), 

it becomes possible to, express each of the N algebraic equations for 

N = 0, 1, . . . N as the product of ,a row and a column vector. For 

example, the first of the N equations for a given value. of xi is now 

expressible as 

r '0 : n 
L0  ill 0121°1M1 : 0 1120 122 ° 1M2 : 0 113 '' -n 

z  
(3.7) 

The set of coefficients 0 corresponding to the Cosserat equations 

is listed in Section B.2 of Appendix B. To simplify the notation, in 

what follows, the Fourier index n shall be omitted as a variable. 

subscript or superscript with the understanding that pertinent quantities 

shall continue to relate to a given value of that index. 

3.4 Solution of the Algebraic System 

3.4.1 Matrix Formulation  

Arrange each set of coefficients Okem corresponding to the same 

value of the grid position subscript m in a square matrix of order N 
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in the following manner: 

0 11 ° 12m • • • ° 1Mm 

° 1m   °MMm 

and let the matrices corresponding to m = 1, 2, and 3 be called C, B, 

and A, respectively. Then the algebraic approximation of the M equations 

at any interior point i corresponding to a given n can be expressed as, 

(. 
[C. kA.Jz = jpi  (3.8) 

'. zi+l ) 

where represents the load vector at a point i, given explicitly for 

Cosserat theory in Section B.3. The matrices C, .a, and A shall be 

referred to as "block matrices" while z. and. shall be called the 

"solution vector" and the "load vector", respectively. 

The form (3.8) for the algebraic equations can be extended over 

the entire domain of grid points i = 0, . . ., I if appropriate block 

matrices. B0, A0 and C1, B1 are defined at the extremities. In assembled 

form the resulting system is given in full as, 
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C: B A 
— i-i 1-1 - i-1 

C. B. A. 

C. B. A. 
- i+ 1 - i+ 1 i+ 1 

.c1_1 

.c.I .I 

or in compact notation 

. =p 

3.4.2 The Solution Algorithm 

z 
0 

zi 

z. 

/ 

(3.9a) 

(3.9b) 

The coefficient matrix A defined in Eq. (3.9b) is clearly 

analogous to the tridiagonal coefficient matrix discussed in elementary 

numerical analysis, the only difference being that its elements are the 

block matrices rather than single numbers. Consequently a method 

analogous to the direct method of L-U decomposition used for solving 

tridiagonal systems [ 76] can be used to solve the one encountered here. 

Accordingly, first decompose the coefficient matrix A into a 

lower triangular matrix L with element matrices L., C. and an upper 
1 - 

triangular matrix U with element matrices U., and the identity matrix 

I, in the form, 

= L . - - - - - - (3.10a) 
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where 

_i U0 

C. L. 
- 1 - 1 

U1 

I 

giving rise to the block matrix relations, 

and 

=.o O =j: 1 O 

Ii = 1 i - 2 i = 1, •.•, I 

± = i, ..., (I-i) 

(3. lOb) 

(3. lOc) 

(3. lla,b) 

Next, the decomposed matrix is used to define an auxiliary vector G 

having elements j by 

L•U• (3.12a) 
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. Z  

where the last of these in block form gives 

= I 

• - 

Finally, Eq. (3.12b) is solved forZ using back-substitution, giving 

directly in block form 

= 

=. i - .!:!j j+1 I = 0, •.., (I-i) 

(3.14a) 

(3. 14b) 

A direct solution of this type was probably first used for engineering 

problems in [ 1031. 

A variation of this method for the case of 'a singular B matrix 

is given in [ 11], while a similar technique for symmetric A matrices is 

developed in [ 134]. 

For the general case where the block matrices are variable 

functions of x, the operations may be performed in the following 

sequence: 

1. Evaluate A0 and B0, then g0 and U0 by means of Eqs. 

(3.13a) and (3.11b). Store g0 and U0. 

2. For a given value of i only, evaluate AV  B1, C, then 

j,, and U1 using Eqs. (3.11.c), (3.13b) and (3.l Id) . 
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Store all g and U but do not store A B, C, L. longer 

than necessary. Proceed until all g. (i = 1, ", I) and 

(I-i)) are evaluated and stored. 

3. Perform the back-substitution procedure using Eqs. (3.14). 

Using this sequence of operations, about 4,000 simultaneous equations 

having variable coefficients were solved in less than one minute entirely 

within the 130 K. core of a CDC 6400 machine. 

3.4.3 Generation of Dependent Variables 

Once the solution vector Z for each Fourier index n has been 

obtained, the requisite values of the spatial displacements, strains, 

stresses, and the stress resultants can be generated using subroutines 

which sum the appropriate algebraic combinations of the z. in Fourier 

stuns. 

A common pattern was used for development of these subroutines. 

Starting from n = 0, the n th Fourier harmonic for the appropriate 

variable was expressed in terms of zf or the required values of 0 and 

stored until the (n-I-i) th harmonic had been generated, added to it, and 

stored in its place, whereupon the procedure was repeated until the 

sum had converged. 

3.5 Special Conditions 

3.5.1 Boundary Conditions 

The shell equations constituted a2Mt order differential system 

requiring a corresponding 2M constraints. Since the sphere-cylinder 

possessed only one physical boundary, the edge, M conditions were 
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applied there while the additional M constraints were applied at the 

pole. In the problems solved herein, two types of edge boundaries were 

encountered; a fixed edge and an edge supported in a manner simulating • 

ideal membrane conditions. At the fixed edge, the z vector was set to 

zero. For the membrane edge, in the case of thick shell theory, 

(o) (0) 
quantities x '-, x 2, 1, M]2 , S1, and T1 were prescribed and set 

to zero. Details of the physical prototype of the membrane boundary 

are given in Subsection 4.3.2. The conditions were incorporated into 

the numerical scheme using the general technique described at the end 

of the next section. 

3.5.2 The Pole 

In a discussion of the pole conditions presented in Budiansky's 

paper [ 11], Greenbaum [55] stated, "The correct conditions to apply at 

the pole of a surface of revolution are not really boundary conditions, 

since no physical boundary exists there. The author tends to think of 

them as necessary conditions to insure the existence of a finite 

solution at RO = 0." Within this conceptual frame of reference the. 

scheme outlined by Greenbaum is one whereby such necessary conditions 

are obtained and relevant field equations are transformed for the pole 

by means of a limiting process. It is important to note, however, that 

the necessary conditions must be obtained independently for different 

Fourier harmonics; specifically, for values of n = 0, 1, and ?2. 

A procedure analogous to Greenbaum's was applied here to the 

thick shell and oriented surface equations. -  For instance, consider the 

circumferential strain Fourier coefficient relation for n = 0 
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LL + R l R2+  1 '3 (3. 15a) 

For the application of l'Hôpital's Rule [120], in addition to having 

certain continuity conditions the numerator and denominator must both 

approach zero in the limit. The numerator in the first term vanishes 

since n = 0, but in the second term u1 = 0 must be prescribed to ensure 

that the numerator vanishes at R0 = 0. The third term is well behaved. 

Then, taking the limit gives 

' 
lim IRO 

u2+ R 0u1•3 
0 R• 0 R x=0 0  0 2 

u' R' u' + R'(0) u 

- T R0 R I R2 0 

I U3 

2 
(3.15b) 

where one of the conditions for n = 0 shall be u1 = 0. Following a 

similar treatment for the remaining strain displacement, constitutive, 

and equilibrium expressions for n = 0, 1, 2, the following pole 

conditions were deduced for the Cosserat theory: 

1. For n0 

U = 11 = = = 

du d5 3 3 

1 2 '1 ' 2 CIx dx 

2. Forn=1 

(u1 + U2 S. + 
du d5 

U3v3 dx dx 

(3.16a) 

(3.16b) 
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3. For n2 

(3. 16c) 

Analogously, for the thick shell theory equations, the conditions 

deduced were 

1. For n=O 

(0) (1) () 
(0) (0) W(i) dX  dX 3 dX —o (3.17a) 
X 1 = X - X 1 = X =  dx - dx - dx 

2. For n1 

(o (0) \ (Ci) (i) \ (0) (i) (2) 
1 + x 2 = x 1 + x 2) = x 3 = x 3 = x 

(0) (1) 
_d X 1 dX 1  

dx dx 

3. For n2 

(3. 17b) 

(3.17c) 

Incorporation of these conditions into the numerical scheme was achieved 

through modification of the appropriate elements of the block matrices 

corresponding to i = 0 in A. For instance, using the customary notation 

of w in the place of u3, the condition = 0 at the pole implies 
dx 

w 1 - w 

2 A x 

W i = W_ i 

The field operator operating on w in the kth equation would be 
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Ok3lw_l+Ok32wO + Ok33Wl 

which upon substitution of Eq. ( 3.18b) becomes 

Ok32Wo + (0k31+0k33)wl 

(3.18c) 

(3.18d) 

Accordingly, in the numerical scheme., 0k33 in block matrix A0 would be 

replaced by 0k31 + 0k33) for all values of k. 

Such a procedure was used for all pole as,well as boundary 

conditions. 

3.5.3 Junction Conditions 

Ata point.where a sudden change in properties takes place, 

resulting in a discontinuity in the differential coefficients, the field 

operator ° m is not valid and must be replaced by a set of appropriate 

conditions. Such discontinuities may be caused by changes in the 

geometric parameters, elastic properties, or the grid spacing. 

In the examples solved later, the discontinuity was a result of 

the change in curvature from that of a sphere to that of a cylinder. 

The, author, at first, was not convinced that, in fact, such a "second-

order" discontinuity would be deleterious to the solution and 

accordingly attempted various types of "smoothing" in the area of. 

curvature discontinuity, including transitions from the sphere to the 

cylinder via cubic parabolas or transition spirals [59], Hermite 

polynomials [ 181 and higher-order polynomial curve fitting, as well as 

slope and displacement compatibility [ 127], with negligible success. 

The answer lies in treating the domains on either side of a 

discontinuity as separate' mathematical entities joined by means of 
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equilibrium and compatibility at the junction, involving coefficients 

corresponding to the geometry on both sides of the junction. Such an 

approach is developed for thin shells in [il]. It is also fundamental 

to finite element analysis. 

Here, the treatment shall be restricted to discontinuities in 

properties associated with a continuous tangent at the discontinuity. 

point, i. Using (-) to designate properties directly below the 

discontinuity and (+), above, in the sense that x increases from below 

to above, compatibility and equilibrium may be expressed as 

= 

= 

(3.19) 

(3.20) 

whee P is the boundary stress resultant vector. Rewriting F in terms 

of z and its derivative gives 

(3.21) 

Substitution Of (3.21) and (3.19) into (3.20) and use of backward and 

forward derivatives to express EH and &+), respectively, gives the 

tangent condition for the discontinuity at i as 

b H -) - i /Ax ( I z + 

+EH(+)/ x I (+)1_ z = 0 
- Ji+1 

- - G(- )] Zi 

and the quantities in square brackets directly form C, B, and A. 

(3.22) 
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3.6 The Computer Program 

Each of the two programs was developed as an interacting set of 

specialized subroutines. Figure 3.2 shows these subroutines and their. 

interrelation. In the general case, the MAIN program merely incremented 

the value of the Fourier coefficient n, and called subroutine SOLV which 

generated the solution vector z for each value of n by means of the 

algorithm described in Subsection 3.4.2. Subroutines GEOM and ELAS 

gave the geometric and elastic parameters, respectively, for any value 

of the independent variable, x, for the evaluation of the block matrices 

through DSCOEF and SOLV during the solution procedure. SROP gave the 

values of the load vector T,. Each of the dependent variable subroutines, 

DISPL, STRAIN, and STEL, generated displacements, strains, and stresses, 

and stress resultants, corresponding to successive Fourier sums as 

described in Subsection 3.4.3. 

3.7 Convergence 

Two forms of convergence are pertinent to the numerical scheme 

used here: convergence of the finite difference approximation and 

convergence of the Fourier series. Since both have been well established 

analytically [16, 100, 108, 109], their consideration here was restricted 

to a numerical investigation directed at a determination of the optimal 

number of grid nodes and Fourier harmonics. 

Table 3.1 shows the maximum values of the first power series 

(0) 
coefficient x at n = 0 corresponding to a circumferential line load 

at x = 11.97 inches for the sphere-cylinder described later. It appears 

that the lower bound solution continues to converge until I 450, 
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TABLE 3.1 

(0) 
VALUES OF MAXIMUM X FOR 

VARIOUS MESH SPACINGS 

i 
(0) 
x3 xio3 

(in) (in) 

50 2.9044 11.734 

100 3.0839 11.984 

150 3.1353 11.830 

200 3.1433 11.934 

250 3.1529 11.934 

300 3.1535 11.9.17 

350 3.1578 11.979 

400 3.1580 12.012 

450 3.1642 11.957 

500 3.1629 11 . 986 
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after which, presumably due to the build-up of machine"error, it starts. 

to oscillate. The Optimal mesh would appear to be I = 400 or 450. 

Since a negligible difference in the solution exists between the values 

corresponsing to I = 250 and 450,- while a substantial saving in computer 

core and time can be made with the use of the lower I, the author chose 

I = 250 for the optimal mesh. The effect of mesh spacing variation on 

the higher Fourier harmonics was not numerically investigated. 

In Table 3.2 are presented strains at 8 = 0 due to unsymmetric 

loading, corresponding to successive Fourier sums for N c.0 to N = 15. 

It is evident that the series have converged by n = 12 as virtually no 

changes occurred after that. Again, in the ihterestof economy, the 

series were summed only up to n = 7, giving an average. error in the 

order of 4 per cent, which does not significantly affect the graphical 

comparisons of the empirical unsymmetric loading data, and numerical 

predictions. For the numerical comparisons the summation effect was 

eliminated through the use of symmetric problems only. 

3.8 Some Numerical Results 

3.8.1 Comparison with Published Results - 

for a Pressure Vessel 

Table 3.3 gives calculated stresses based on several shell theories 

and solution techniques for a long steel cylinder with a hemispherical 

head having h/R = 1/20.5 and loaded by an internal pressure of 1 p.s.i. 

Generally there is good agreement among all theories. The thick shell 

stress values appear to range above those calculated by means of a finite 

element method which incorporates transverse shear and normal strains 

nearer those calculated using thin shell theory [7]. The oriented 



TABLE 3.2 

STRAIN FOURIER SUNS FOR DIFFERENT VALUES OF N 

x 
(in) 

Quantity N=O N=1 N=2 N3 N=4 N=5 N6 N=7 

5.00 
c X. 0.90 2.50 -47.0 -55.80 -35.04 -33.11 -32.54 -32.39 

2.72 8.17 81.22 74.41 83.29 81.20 80.46 80.24 

8.95 
38.16 102.58 -64.57 -170.02 -203.75 -213.31 -217.68 -221.58 

ee -43.05 -137.54 -228.53 -447.19 -612.25 -705.83 -753.95 -777.27 

10.00 x 
12.28 12.24 -344.41 -618.97 -741.70 797.27 -327.79 -847.97 

-94.99 -282.11 -494.50 -831.76 -1079.84 -1223.61 -1298.19 -1331.99 

15.00 
c 
x 

43.89 254.14 96.89 12.33 15.55 27.54 33.59 34.96 

-31.36 .48.13 -322.04 -625.46 -811.36 -903.03 -946.74 967.18 

20.00 
x  

-6.94 416.15 725.52 927.72 976.32 985.90 987.81 988.20 

1.11 2.10 12.90 -14.65 -28.99 -33.04 -34.03 -34.26 



TABLE 3.2 (continued) 

x 
(in) 

Quantity N=8 N=9 N10 N11 N12 N=13 N=14 N=15 

5.00 
C 
x 

-32.35 -32.34 -32.34 -32.35 -32.35 -32.35 -32.35 -32.35 

80.19 80.17 80.17 80.17 80.17 80.17 80.17 80.17 

895 
X 

-225.46 -228.98 -231.92 -234.20 -235.91 -237.15 -238.01 -238.62 

Ce -787.89 -792.30 -793.80 -794.06 -793.83 -793.50 -793.19 -792.92 

10.00 

c -862.45 -872.87 -880.03 -884.58 -887.14 -888.29 -888.51 -888.19 

C0 -1343.16 -1342.65 -1336.79 -.329.15 -1321.63 -1315.14 -1309.99 -1306.19 

15.00 
c X 34.12 32.58 31.06 29.81 28.87 28.19 27.73 27.43 

C0 -976.44 -980.42 -981.99 -982.50 -982.58 -982.51 -982.42 -982.33 

20.00 
x 

988.29 988.31 988.31 988.31 988.31 988.31 988.31 988.31 

6e -34.32 -34.34 -34.34 -34.34 -34.34 -34.34 -34.34 -34.34 



TABLE 3.3 

* 
COMPARISON OF RESULTS FROM SEVERAL ANALYSES OF A TYPICAL PRESSURE VESSEL 

Finite 
Difference, 
Thin Shell 

Finite 
Difference, 
'Thin Shell 

[103] 

Predictor 
Corrector, 
Thin Shell 

[64] 

Finite 
Element, 

Thick Shell, 

Analytical, 
Thin Shell e 

[127] 

Finite 
Difference, 
Thick Shell 

Finite 
Difference, 
Oriented 
Surface 

a, Apex, 
z = +h/2 

a, Apex, 
z= -h/2 

9.9947 

10.002 

9.9939 

10.001 

9.9948 

10.001 

9.27 

9.77 

--- 9.5186 

10.027 

9.3583 

9.9500 

Junction, 
z=+h/2 

10.014  10.026 10.007 9.35 10.006. 10.036 9.7848 

Junction, 
z-h/2 

a0, Junction, 
z=+h/2 

a0, Junction, ' 

z=-h/2 

= a0 

9.9862 

14.998 

14.990 

20.624 

9.9735 

15.012 

14.997 

20.629 

9.9933 

14.996 

14.992 

20.627 

9.68 

14.10 

14.88 

 20.24 

9.9940 

14.996 

14.992 

20.630 

9.5736 

14.717 

15.108 

20.719 

9.7496 

14.610 

' 15.026 

20.726 

Location aMAN 

from Junction 
(inches),,  

6.5 "6.44 6.25 , 9.2 

' 

6.46 9.18 8.15 

* Results other than those in the last two columns were obtained from [72]. Stresses a 

are in p.s.i. 
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surface results are generally slightly larger than the finite element 

results but smaller than the thick shell results, except for the value 

of peak stress which exceeds the thick shell value by 3.5 per cent. 

Figures 3.3 and 3.4 graphically represent the stress indices, 1, 

corresponding to thick and thin shell calculations for the same geometry 

as above. The stress index I is defined as 

I = ci/(pR/h) 

where c represents a stress, p the internal pressure, R the radius of 

curvature of the midsurf ace, and h the shell thickness. Subscripts x 

and 0 refer to meridional and tangential quantities, respectively. The 

results plotted correspond to ' thick shell, Cosserat, and, thin shell 

theory [127]. While agreement at the apex and junction is excellent,-

considerable divergence is evident in the cylindrical region immediately 

following the junction. 

3.8.2 Stress Resultants 

Figures 3.5 and 3.6 show nondiniensional stress and couple result-

ants corresponding to thick shell, Cosserat, and thin shell [ 69] theory 

solutions for a fixed-edge hemisphere loaded by uniform internal pressure, 

for h/R = 1/10 and 1/100. designates the spherical angle coordinate, 

starting with 0 at the apex. The Cosserat surface circumfrential stress 

resultants agree more closely with the thick shell resultants than with 

the thin shell resultants. Meridional thin shell stress resultants were 

not available. The Cosserat couple resultants, on the other hand, 

agree more closely with the thin shell theory than thick shell 
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resultants do. The general agreement indicates that the Cosserat 

quantities describe the same physical entities as the corresponding thick 

and thin shell quantities. 

3.8.3 Comparison of Thick Shell and 
Cosserat Surface Results 

Table 3.4 gives quantities for different values of h/R of a 

fixed-edge steel hemisphere loaded by an internal pressure of 1 p.s.i., 

based on the thick 

(0.S.). 4 is zero 

of the thick shell 

to less than 1 per 

shell theory (T.S.) and the oriented 

at the apex. The differences, based 

results, generally range from 50 per 

surface theory 

on a percentage 

cent at h/R = 1.00 

cent at h/R = 1/100. The best agreement is evident 

for both meridional and normal midsurf ace displacements, where the 

largest differences at h/R = 1.00 are generally less than 30 per cent. 

3.9 Comparison of Numerical and 
Experimental Results 

The computer programs were used to solve for the static load 

response of the thick shell models described in Chapter 4. Briefly, 

the models were circular cylinders with hemispherical heads, of h/R = 

1/9.11, loaded by static surface loads applied at various locations. 

Strain readings taken by means of electrical resistance strain gauges 

on the inner and outer surfaces proved to be the most reliable 

documentation of the response. Dial gauge readings of displacements 

were less reliable. 

Although it was intended to generate uniform contact stresses 

between the load applicator and the shell surface, preliminary numerical 
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TABLE 3.4 

COMPARISON OF THICK SHELL AND COSSERAT SURFACE THEORY 
RESULTS FOR A FIXED-EDGE HEMISPHERE LOADED 

WITH UNIT INTERNAL PRESSURE 

(a) MERIDIONAL STRAIN ON OUTER SURFACE (x 1O9 in/in) 

4) T. S. O.S. T. S. O.S. 

h/R = 1.00 h/R = 1/5 

0 1.9620 1.6413 37.594 42.446 

15 1.9444 2.8556 38.588 45.416 

30 1.8876 2.4005 41.736 48.732 

45 1.7710 2.0276 47.138 54.403 

60 1.5693 1.4974 51.342 58.254 

75 1.2863 0.5643 44.884 50.969 

90 2.2358 -1.3580 -3.646 -10.678 

h/R = 1/10 h/R = 1/20.5 

0 91.539 98.181 213.67 222.61 

15 91.177 99.013 213.63 222.82 

30 91.739 100.33 • 212.24 220.95 

45 99.198 109.16 209.57 219.30 

60 119.50 129.23 230.65 243.83 

75 124.95 135.24 293.04 301.40 

90 -19.486 -18.77 -42.363 -21.548 

h/R = 1/50 h/R = 1/100 

0 556.52 566.63 1139.4 1149.9 

15 556.59 566.80 1139.6 1150.0 

30 556.71 566.98 1139.5 1150.0 

45 556.67 566.36 1139.7 1150.3 

60 546.97 557.63 1136.5 1145.7 

75 634.39 652.78 1152.1 1170.9 

90 -30.87 33.19 190.9 287.7 
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TABLE 3.4 (continued) 

(b) CIRCUNPERENTIAL STRAIN ON OUTER SURFACE (x 1O9 in/in) 

T.S. O.S. T.S. O.S. 

h/R = 1.00 h/R= 1/5 

0 1.9620 1.6390 37.592 40.862 

15 1.9231 2.5670 38.086 44.589 

30 1.2996 2.5037 38.963 45.619 

45 1.6089 2.1305 38.208 44.400 

60 1.3223 1.4780 31.858 36.393 

75 0.9414 0.6502 16.904 18.480 

90 0.0515 0.0040 .363 -.162 

h/R 1/10 h/R = 1/20.5 

0 91.538 96.967 213.65 216.94 

15 91.891 99.751 213.50 222.79 

30 93.538 102.16 213.08 222.55 

45 96.326 105.15 215.49 226.17 

60 91.15. 97.834 222.46 232.16 

75 62.174 65.114 186.32 188.96 

90 0.422 -.402 .41 -. 67 

h/R = 1/50 h/R = 1/100 

0 556.46 564.23 1139.3 1148.8 

15 556.61 566.80 1139.6 1150.0 

30 556.66 566.89 1139.6 1150.0 

45 555.91 565.96 1139.6 1150.2 

60 561.72 574.43 1137.5 1148.2 

75 573.48 579.63 1181.5 1195.4 

90 1.21 .11 5.1 4.2 
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TABLE 3.4 (continued) 

(c) MERIDIONAL STRESS ON OUTER SURFACE (psi) 

T. S. O.S. T. S. O.S. 

h/R = 1.00 h/R = 1/5 

0 0.13552 -. 26273 1.9271 . 9025 

15 0.13462 . 10692 1.0632 1.8782 

30 0.13179 . 24005 2.0709 2.0319 

45 0.12638 . 20276 2.2340 2.2562 

60 0.11768 . 14975 2.3053 2.3290 

75 0.10712 . 20239 1.9779 1.8652 

90 0.09530 -. 05546 0.0211 -. 5050 

h/R = 1/10 h/R = 1/20.5 

0 42936 3.9616 

15 4.2857 4.1603 

30 4.3200 4.2404 

45 4.5884 4.6325 

60 5.1941 5.3653 

75 5.1884 5.2322 

90 -.3120 -1.0637 

9.5563 9.2800 

9.5535 9.4783 

9.5040 9.4373 

9.4411 9.5304 

10.197 10.430 

11.881 12.248 

-.6619 -1.9943 

h/R 1/50 h/R = 1/100 

0 24.267 24.193 

15 24.270 24.218 

30 24.275 24.227 

45 24.266 24.191 

60 24.005 23.937 

75 27.025 27.837 

90 0.247 -2.94 

49.251 49.197 

49.260 49.215 

49.260 49.214 

49.267 49.226 

49.141 49.017 

50.089 50.595 

8.037 1.751 
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TABLE 3.4 (continued) 

(d) CIRCUMFERENTIAL STRESS ON OUTER SURFACE (psi) 

T. S. O.S. T. S. O.S. 

h/R = 1.00 h/R = 1/5 

0 .13552 -. 67885 1.9271 . 9025 

15 .13419 . 09980 1.9516 1.8591 

30 .13010 . 09472 2.0069 1.9600 

45 .12263 . 08080 2.0280 2.0254 

60 .11198 .05429 1.8557 1.8245 

75 .09741 .021189 1.3840 1.1770 

90 .04490 -.02402 0.1136 -. 2622 

h/R = 1/10 h/R = 1/20.5 

0 4.2937 3.7028 9.5559 9.2800 

15 4.3020 4.1772 9.5506 9.4783 

30 4.3615 4.2827 9.5234 9.4373 

45 4.5221 4.5401 9.5791 9.5304 

60 4.5398 4.6407 10.008 10.161 

75 3.6681 3.6138 9.4180 9.6539 

90 0.1473 -.6397 .3250 -1.5125 

h/R = 1/50 h/R = 1/100 

0 24.266 24.138 

15 24.271 24.218 

30 24.274 24.225 

45 24.249 24.182 

60 24.345 24.325 

75 25.596 26.148 

90 0.988 -3.711 

49.249 49.167 

49.261 49.215 

49.260 49.216 

49.265 49.223 

49.163 49.075 

50.766 51.160 

3.750 -4.792 
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TABLE 3.4 (continued) 

(e) NORMAL DISPLACEMENT OF NIDSURFACE (x 1O9 in) 

T. S. O.S. T. S. O.S. 

h/R = 1.00 h/R = 1/5 

0 17.850 24.028 363.90 398.37 

15 17.225 22.377 361.79 395.21 

30 15.438 21.016 351.62 383.69 

45 12.492 18.067 319.65 347.24 

60 8.592 13.115 244.75 264.14 

75 4.689 7.572 137.15 149.65 

90 0.024 1.35 0.23 1.42 

h/R = 1/10 h/R = 1/20.5 

0 742.70 779.80 1544.3 1586.6 

15 740.82 778.97 1533.3 1574.1 

30 737.92 778.83 1503.9 1545.7 

45 726.91 764.70 1479.7 1526.9 

60 645.07 666.69 1467.3 1501.1 

75 415.83 421.46 1174.7 1168.1 

90 .56 2.62 2.2 5.1 

h/R = 1/50 h/R = 1/100 

0 3690.8 3741.5 7257.6 7311.7 

15 3674.9 3724.2 7233.5 7286.0 

30 3692.4 3676.6 7162.9 7213.2 

45 3549.5 3592.1 7048.8 7095.0 

60 3489.2 3543.7 6885.8 6928.0 

75 3461.3 3469.9 6998.5 7052.7 

90 11.3 14.7 37.1 40.2 
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TABLE 3.4 (continued) 

(f) MERIDIONAL DISPLACEMENT OF MIDSTJRPACE (x 10 in) 

4) T. S. O.S. T. S. O.S. 

h/R = 1.00 h/R = 1/5 

O -.0472 -.0140 -.709 -1.688 

15 -1.9283 -1.4903 -29.594 -31.628 

30 -3.4963 -2.7597 -57.026 -61.080 

45 -4.4626 -4.2524 -79.661 -85.990 

60 -4.4647 -4.9164 -87.356 -94.802 

75 -3.4481 -4.0639 -70.159 -71.251 

90 -0.1095 -0.1216 -1.800 -1.885 

h/R = 1/10 h/R = 1/20.5 

0 -1.077 -1.608 -1.740 -2.0681 

15 -45.082 -47.891 -72.098 -75.929 

30 -88.398 -94.578 -137.10 -144.57 

45 -131.42 -141.53 -196.22 -208.58 

60 -163.06 -174.75 -253.86 -271.23 

75 -149.68 -158.52 -273.56 -287.69 

90 -4.080 -4.20 -9.04 -9.19 

h/R = 1/50 h/R = 1/100 

0 -2.93 -3.17 -4.50 -4.71 

15 -121.90 -127.68 -187.07 -193.68 

30 -232.90 -243.96 -357.32 -369.93 

45 -330.14 -345.69 -507.25 -525.25 

60 -405.51 -426.38 -620.46 -642.26 

75 -476.32 -501.42 -705.39 -734.33 

90 -23.42 -23.60 -47.89 -48.08 
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investigations suggested that this had not been done. If uniform contact 

stresses were inputted, deviations as much as 100 per cent in the , 

vicinity of the load occurrd but very 'close agreement thrughout the 

remainder of the domain was retained, regardless of what contact load 

distribution was used, as long as the resultant was the same. A number 

of different load distributions were programmed. For the symmetrical 

apical loading casd a load distribution in the form of,a right triangle 

of revolution, with the right angle at the perimeter of the load ram 

and the base extending to the edge of the central depression, was found 

to agree best. In the case of unsymmetrical loads, a. uniform load over-

a 3/4 inch wide ring having its outer radius coincident with the' 

perimeter of the load applicator was found to simulate best. Unsymmetri-

cal load distributions along the ring gave inferior results. 

Curves from the thick shell programs for each of the four load-

model combinations investigated experimentally are shown plotted in the 

appropriate graphs in Appendix C. It is generally evident that 

circumferential strain results agree more closely than meridional strain 

results; that the symmetric load case shows the best agreement while the 

lateral loading agrees better than the 45 ° loading; and that the 

response in the plane of symmetry of the structure and load for unsym-

metric loads appears to be best predicted while the predictions at 

o = 'ir/4 and ir/2 are the worst. Further, it is noteworthy that relatively 

large strain level predictions manifest much smaller per cent deviations 

than those corresponding to small strain levels. Deviations with 

respect to the empirical strain value greater than 400 microstrains, 

which is relatively large, exceeds 10 per cent for only two readings: 
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the edge point in Fig. C.5(a) and the point at 0 = 0, below the load, 

in Fig. C.6(a), where deviations are in the order of 30 per cent. In 

all cases, the shape of the curve obtained from the programs fits the 

data points well. 

For some plots, where the calculated . response oscillates consider— 

ably with respect to x, the arc length coordinate, as in Fig. C.3 in the 

vicinity of the load at x = 4.5 inches, data points are too infrequent 

to corroborate the calculations; in other plots showing oscillation 

such as those in Figs. C.1 and C.7, agreement is confirmed. 

Cosserat and thick shell theory prediction, as shown in Figs. C.1 

and C.8, are generally in close agreement except at peaks, where the 

deviation is about 10 per cent as may be expected from the figures for 

h/R = 1/10 in Table 3.4. 

Displacements, plotted in Fig. C.9, are not sufficiently well 

documented empirically to permit discussion, although general agreement 

is evident. 

Computer running times with a 250 point mesh for the program 

described in Section 3.6 were considerably lower for the Cosserat 

programs than for the thick shell programs. The symmetric case ran on 

a C.D.C. 6400 computer in 62 seconds and a seven harmonic Fourier sum 

took 251 seconds for the Cosserat theory while the corresponding times 

for the thick shell theory were 115 seconds and 376 seconds, respectively. 

120 K. core was used. The lower Cosserat theory times can be accounted 

for by the absence of higher order terms and derivatives of principal 

curvatures as well as the reduction by one of the displacement variables. 



CHAPTER 4 

THICK SHELL EXPERIMENTS 

4.1 Introduction 

As was pointed out in the section on historical background, very 

little experimental documentation for thick shells other than 

symmetrically loaded thick cylinders E12, 20, 231 has previously been 

published. 

Here, the experimental determination of the elastic response of 

thick shells of revolution to both symmetric and unsymmetric static 

loads shall be described and documented. In addition, since it was found 

both convenient and desirable to perform thermoelastic and elastoplastic 

tests with the models and equipment constructed, and since, in the 

author's opinion, the results have their own merit although they are 

largely incidental to the main thrust of this work, such additional 

results have been presented in Appendices D and E. 

The experimental program was carried out in the laboratories of 

the Department of Civil Engineering at The University of Calgary, and 

altogether was spread over a period of about three years, although it 

was active for only about half of that period. The major portion of the 

time spent on the program was directed toward various forms of preparation, 

including the design and fabrication of models and apparatus, strain 

gauging, wiring, and load alignment. The actual tests consumed 

approximately two months, occurring throughout the latter portion of the 

active period of the program. 

70 
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4.2 General Description of the Experiments 

Two models having the same geometry but different boundary 

conditions were used. Geometrically, the models were 12 inches long, 

5/8 inch thick, 12 inches outside diameter cast aluminum cylinders with 

a closed hemispherical head at one end and an edge boundary at the other 

end. This choice of geometry was motivated by a study of the forms used 

in certain mild-steel nuclear reactor containment vessels [ 28]. In the 

case of one model, which shall be referred to as "Model I", and is shown 

in Fig. 4.1, the boundary simulated an ideal membrane boundary; in the 

case of the other model, which shall be referred to as "Model II", and is 

shown in Fig. 4.2, the boundary simulated complete fixity. Model I could 

only be loaded symmetrically about the apex of the hemisphere, as shown 

in Fig. 4.3. Model II was loaded in the same manner at the apex, as well 

as along a line at 450 and one at 900 to the axis of revolution, as shown 

in Figs. 4.4, 4.5, and 4.6, respectively, and referred to as Positions 1, 

2, and 3, again, respectively. These surface loads may be regarded as 

simulation of forces caused by the thermal expansion of piping associated 

with a prototype vessel. 

The testing program consisted of four phases: thermoelastic tests, 

photoelastic tests, elastic tests, and ultimate tests. For the thermal 

tests, strain response due to a known temperature difference across the 

shell thickness was measured. on the outer surface of the shell. The 

photoelastic tests consisted of determining principal strain differences 

and the qualitative distribution of the stress field by means of a 

photoelastic coating method. The results were meant primarily to be used 

as a guide for locating strain gauges most strategically for the third 



FIG. 4.1 MODEL I FIG. 4.2 MODEL II 



FIG. 4.3 LOADING OF MODEL I FIG. 4.4 LOAD POSITION 1 
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FIG. 4.5 LOAD POSITION 2 

FIG. 4.6 LOAD POSITION 3 
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and fourth phases, but were also later compared with results obtained 

concurrently by means of strain gauges, to evaluate the accuracy of the 

photoelastic method used. In the third phase, bonded foil electrical 

resistance strain gauges and spring activated dial gauges were used to 

determine strains and displacements, respectively, at various points on 

the inner and outer surfaces of the shell models during loading below the 

proportional limit of the material. And finally, in the fourth phase, 

with the same type of measurements, the load in Position 1 on Model I and 

Position 3 on Model II was incrementally increased until failure. The 

data was processed. The second and third phases are discussed in this 

chapter; the first and last in Appendices C and D. 

4.3 Models, Materials, and Apparatus 

4.3.1 Model Fabrication 

The choice of dimensions of the models was predicated on 

considerations of having manageable maximum loads, of having large 

enough areas to permit accurate measurement of strain gradients, and of 

having a sufficiently large h/R ratio to qualify for the class of thick 

shells. 

Aluminum was chosen as the model material through the process of 

elimination of alternatives. Of the most viable two alternatives, steel 

and plastic, the former was eliminated because of the gigantic loads 

that would be required to stress it; the latter, because no one could be 

found to fabricate the models from it, locally or abroad. 

Sand castings, conforming as far as possible to an ALCAN Alloy 

A-135 with a T-6 temper specification [ 1] were produced in a local 



76 

foundry as a basis from which to machine the models. Essentially, the 

alloy is a 7 per cent silicon, 0.20 per cent copper, 0.3 per cent 

magnesium alloy of aluminum, heat treated to provide higher strength and 

better machinability. "High Pressure" industrial casting specifications 

were required and radiographic and surface inspections were performed by 

a commercial agency to ensure these. For Model I it was necessary to 

produce two castings, due to the accidental destruction of the first of 

these caused by an electrical failure of a load control device associated 

with the frame shown in Fig. 4.3. These two castings were produced, 

after one or two attempts, without excessive difficulty, however the 

casting for Model II, due to inhornogenous solidification rates caused by 

the difference in shell and flange thicknesses, required seventeen 

casting attempts before an acceptable result was finally obtained. The 

'major defect most frequently detected radiographically was a "hot tear",' 

an internal fissure in the material, which appeared to range in length 

from one inch to about 12 inches. The inhomogenous solidification rates 

causing such tears, as well as large areas of porosity, in the attempted 

castings were finally traced to insufficient "chills" or carbon heat 

conductors surrounding the flange. The castings finally accepted were 

still not perfect. During machining, voids less than 1/16 inch in 

diameter, patches of localized prosity, and one void about 1/4 inch in 

diameter, which had not been evident on the radiographs, were discovered. 

Since the large void was in the flange of Model II, while the other 

imperfections were few and widely distributed, and since the experimental 

program had already been delayed about eight months due to the casting 

difficulties, the castings were retained. Nevertheless, it is possible 
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that additional voids or porosities which might be below the surface 

near strain gauge locations disturb the monitored response. The 

probability of these having a significant effect on the results, however, 

is low. Plates for material test specimens were cast from the same 

batch and processed through the same solution and air heat treatment as 

the corresponding model castings. 

The final dimensions, shown in Fig. 4.7, were attained by 

machining the castings to within tolerances of ±. 003 inches on a tracer 

lathe in the machine shops of the Faculty of Engineering. 

4.3.2 Mechanical Properties of the Model Material 

Tensile, compressive, and flexural specimens were machined from 

the test plate material and corresponding tests were run to determine 

the material properties. Young's Modulus and Poisson's ratio were found 

to be 10.0 x 1o6 p.s.i. and 0.32, respectively, for both models. No 

anisotropy or inhomogeneity could be detected. The material used for 

the models had tensile stress-strain curves as shown in Fig. 4.8 and 

properties as tabulated in Table 4.1. The Bauschinger effect was found 

to be negligible. The material properties indicate a considerable 

deviation from those specified for the alloy A-135 T-6 in [i]. 

4.3.3 Apparatus and Accessories 

The membrane boundary for Model I was simulated by means of a 

segmented ring notched to fit over the edge of the shell and resting on 

a series of cylindrical 1/4 inch diameter bearing rollers which were 

constrained by a circular groove in the ring in order to remain centered 

at the edge of the shell but be permitted to roll radially along the 
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TABLE 4.1 

MECHANICAL PROPERTIES OF THE MODEL MATERIAL 

Property Model I Model II 

Young's Modulus (k.s.i.) 

Poisson's Ratio 

Tensile Yield Strain (pc) 

Tensile Yield Stress (k.s.i.) 

Tensile Ultimate Strain (ne) 

Tensile Ultimate Stress (k.s.i.) 

% Elongation at Failure 
for 2 inch Gauge Length (%) 1.25 

10.00 x 10 10.05 x 10 3 

0.321 

1920.00 

19.2 

8100.00 

35.00 

0.318 

1150.00 

11.5 

12900.00 

28.30 
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base plate beneath. The assembly is shown in Fig. 4.9. Clearly, under 

compressive symmetric axial- loading such a boundary would eliminate edge 

moments and transverse shear forces other than those caused by friction. 

Both the segmented ring and the base ring were fabricated from steel of 

Brinnell hardness number greater than 500 to minimize indentation by the 

rollers. 

The fixed boundary for Model II was simulated by bolting the 

flange by means of sixteen 1.00 inch diameter high strength steel bolts 

to a 4.00 inch thick steel plate, using a 3/8 inch thick steel collar to 

distribute the bolt forces over the flange, as shown in Fig. 4.10. One - 

mild steel load ram was machined to fit the spherical outer surface; 

another, to fit the cylindrical outer surface, as shown in Fig. 4.11. A 

relatively soft material, about 3/32 inches thick was used as an 

interface between the ram and the shell surface in an attempt to obtain 

uniform contact stress over the loading area. Initially Teflon was used 

.but because it tended to flow excessively at high stresses, it was 

replaced by a commercial high pressure gasket material which performed 

adequately at stresses of about 10,000 p.s.i. 

Model II was loaded in the specially modified frame shown in 

Fig. 4.12. The frame was designed for a maximum working load of 120K in 

Position 3, the most critical loading configuration, and stiffened and 

braced to minimize deflections and to maximize the symmetry of its 

stiffness about a plane passing through the midsurf ace of the primary 

member webs, the axis of revolution of the shell, and the line of 

action of the loads. The load ram described above was positioned with a 

ball joint at the head of a load cell, which in turn was set symmetrically 



(a) 

(b) 

FIG. 4.9 MODEL I BOUNDARY FIG. 4.10 MODEL II IN PLACE 
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(a) 

(b) 

FIG. 4.11 LOAD RAMS 



FIG. 4.12 LOAD FRAME FOR MODEL II 
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on the business end of a hydraulic jack. The ram, load cell, and jack 

were aligned by means of centering screws in a load sleeve as shown in 

Fig. 4.13. This assembly, with the short column to which it was bolted' 

formed a portable loading device which was moved as required among 

Positions 1, 2, and 3. Model I in the elastic tests was loaded' in a 

stock press in the structures laboratory, as shown in Fig. 4.3. 

The electrical resistance strain gauge readings for both models 

were recorded by means of an automatic digital display and print-out 

device (Fig. 4.14) with the capability of sequentially scanning and 

recording at a rate of about one channel per second; that is, one strain 

gauge per second. 

Both 45° rosette and simple tee configurations of aluminum 

corrected gauges were used. In areas where steep straingradients were 

anticipated, 1/8 inch long gauges were used; in other areas 1/4 inch 

long gauges 

total of 49 

for a total 

for Model I 

sufficed. For Model I, 5 rosettes and 17 tees, giving a 

gauges, were used; for Model II, 44 rosettes and 27 tees, 

of 186 gauges, were used. A map of the gauge distribution 

is shown in Fig. 4.15(b), while that for Model II is shown 

in Fig. 4.15(a). A view of the actual gauges is given' in Fig. 4.10. 

For Model II only the 180° half starting from the meridian on which the , 

load was centered was strain gauged, on the assumption that the other 

180° would respond symmetrically. Analogously, for Model I, which was 

loaded only symmetrically, one arbitrary meridian was strain gauged. 

However, in each case several additional gauges were mounted in 

complementary locations to confirm the symmetry assumptions, as shown in 

Fig. 4.15. ' 



FIG. 4.13 MODEL II LOADING DEVICE FIG. 4.14 STRAIN GAUGE MONITOR 
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Dial gauges for Model II were attached by means of magnetic bases 

to the 4 inch thick base, plate so that deflections could be measured 

along the Ti-meridian, in the vicinity of the load, and laterally. For 

Model I tests, only the apical deflection was monitored. 

4.4 Photoelastic Tests 

4.4.1 Introduction 

The reader will recall from Section 4.2, that the stated purpose 

of the photoelastic investigation was primarily the qualitative 

determination of high strain gradient areas, and additionally, the. 

evaluation-of the -accuracy of the, technique used. A simple photoelastic 

coating procedure sufficed for fulfillment of the primary objective. 

Fringe multiplication techniques [ 8] and three-dimensional photo-

elasticity [ 23], which would have increased both the accuracy and. 

generality of the investigation, were ruled out through temporal and 

economic restrictions on this work. Accordingly, the procedure used 

here consisted of applying a photoelastic coating. over a portion of the 

model which would not be strain gauged and using a reflection polariscope 

to determine principal directions and principal strain differences. 

4.4.2 Theory of Photoelastic Coatings 

A schematic of the reflection polariscope used herein is shown in 

Fig. 4.16. With the usual assumption that normal light incidence is 

prevalent, the strain optic law can be written as 

(4.1) 
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FIG. 4.16 SCHEMATIC OF REFLECTION POLARISCOPE ASSEMBLY 
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where and are the principal strains at a point on the coating, t 

is the path length through the coating, i is the strain optic coefficient, 

nA is the birefringence, nis the fringe order, and X, the wave length. 

The fringe constant f, defined as 

f A  
2 tK (4.2) 

can be determined empirically by measuring the principal strain 

difference corresponding to a first order fringe. Once this value is 

established, the strain difference can be found simply by determining 

the fringe order n at a point using a circular polariscope, and 

substituting into th& expression 

AE: =nf (4.3) 

The direction of the principal strains at a point may be found by 

rotating a crossed analyzer-polarizer plane polariscope assembly until 

the analyzer-axis coincides with the principal axis, resulting in the 

emergence of an extinction isoclinic at that point, in accordance with 

the relationship for the light intensity I, 

I = a2 sin2 (28) sin2(,rn) (4.4) 

where P is the angle between the principal directions and the analyzer-

polarizer axis and a1 is a constant for the system. 

A full development of the theory of photoelasticity and its 

application to photoelastic coatings is given in [ 31, 63, 124]. 
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4.4.3 Photoelastic Coating Technique 

For fabrication of the coatings, commercially available [98, 99] 

plastic resin and a polymerizing agent were first mixed in. specified 

proportions and cast to a depth of 1/10 inch on an oiled, Teflon-coated 

casting plate as shown in Fig. 4.17(a). When, after about two hours, 

the polymerization process had reached the stage where the plastic sheet 

was appropriately pliable it was removed from the casting plate and, 

after removing a test strip, moulded directly to the cleaned shell 

surface (Fig. 4.17(b)) where it was left overnight to polymerize into 

the final solid state. Enough sheets to cover the required surface were 

manufactured in this manner. The sheets were then cleaned, trimmed, put 

together smoothly, and bonded to the shell surface by means of an epoxy-

type reflective cement, as shown in Figs. 4.17(c) and ;(d). 

Each of the test strips, after having been processed a similar 

manner, was bonded to a cantilever beam which was fixed and loaded as shown 

in Fig. 4.18. Then the strain difference corresponding to an observed 

fringe order was, calculated, taking into account both the composite 

nature of the beam and the variation in strain between the beam surface 

and the coating surface. This yielded the fringe constant f mentioned 

in the previous" section, Formulae and sample calculations are given by. 

Holister [63]. ' 

Once the preparations had been completed, the determination of 

principal strains and their directions for the loaded rnodl was 

accomplished using standard photoelastic methods. Thus, a dark field 

system obtained using white light with a crossed analyzer-polarizer and 

crossed quarter-wave plates generated a system of whole order .' 



(a) 

(c) 

(b) 

(d) 

FIG. 4.17 PREPARATION OF PHOTOELASTIC COATINGS 



(a) (b) 

FIG. 4.18 CALIBRATION OF PHOTOELASTIC COATING 
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isochromatics; a light field system with parallel polarizer-analyzer and 

quarter-wave plates, gave half order isochromatics. Optical removal of 

the quarter-wave plates permitted the investigation of principal 

directions through extinction isoclinics. 

The portable polariscope shown set up for Model II in Fig. 4.19(a) 

was used. Isochromatics were photographed both with panchromatic and 

color reversal films; isoclinics, with panchromatic film only. The 

polariscope and camera in place are shown in rig. 4.19(b). 

4.4.4 Results of Photoelastic Tests 

Observations of the photoelastic patterns provided the requisite 

information concerning strain gradients to assist in strategically 

locating strain gauges. A typical black and white view of isochromatics 

is shown for both a dark field and a light field in Fig. 4.20. The 

frequency of fringes in the vicinity of the load ram indicate a 

relatively high strain difference gradient in that region. A typical 

sequence of isoclinic photographs is shown in Pig. 4.21. 

The principal directions given in Table 4.2 were obtained from 

the isoclinic photographs while the principal strain differences were 

obtained by matching the isôchromatic hues with ones given in a fringe-

order color chart by Holister [631. This was done by projecting color 

slides of the isochromatics on a screen on which was an outline of the 

shell and grid lines, and matching .hues point-wise. Comparable values 

obtained later by means of strain gauges are also given. Agreement 

between the two sets of values is generally within 15 per cent. Due to 

the lack of normal light incidence, the possibility of erring in the 



96 

(a) 

(b) 

FIG. 4.19 PORTABLE POLARISCOPE 



(a) (b) 

FIG. 4.20 PANCHROMATIC PHOTOGRAPH OF ISOCHROMATICS 
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(a) (b) (c) 

(d) (e) (f) 

FIG. 4.21 ISOCLINIC SEQUENCE 
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TABLE 4.2 

COMPARISON OF PHOTOELASTIC AND STRAIN GAUGE DATA 

Location Principal Direction Principal Strain Difference 
x 0 (Degrees) (Nicrostrain) 

(in) (rad.) Photoelastic Strain Gauge Photoelastic Strain Gauge 

15.5 ir/2 60.00 

10.5 /4 30.00 

16.5 ff/4 45.00 

15.5 71/2 

10.5 7r  30.00 

16.5 71/4 

15.5 7r /2 75.00 

10.5 71/4 30.00 

16.5 ir/4 45.00 

15.5 71/2 75.00 

10.5 ff14 30.00 

16.5 ff14 45.00 

10.5 3iT/4 

16.5 3i1/4 

13.5 371/4 

LOAD = 16T  

62.80 

36.81 

43.93 

LOAD = 20T  

64.46 

35.42 

44.28 

LOAD = 26T  

66.86 

35.02 

44.39 

LOAD = 3OT  

67.91 

33.34 

43.71 

45.42 

42.40 

30.32 

836.00 786.15 

470.00 398.13 

834.00 857.95 

1427.00 1172.12 

707.00 669.20 

1381.00 1387.29 

2730.00 2233.41 

1660.00 1606.91 

2820.00 2982.72 

3060.00 3547.48 

2350.00 2779.03 

4850.00 5029.66 

695.00 775.21 

695.00 631.68 

615.00 439.43 
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color matching, and the coarseness of the isoclinic gradations, it is 

probable that much of this error is attributable to the photoelastic 

values. 

4.5 Elastic Tests 

4.5.1 Description of Elastic Tests 

Loading of Models I and II was carried . out sequentially for each 

of the load positions described in Section 4.2 and shown in Figs. 4.3 to 

4.6, inclusive. In the case of Model I load increments of 4 kips were 

used while for Model II, increments of 2 long tons (1 long ton = 

2240.00 lbs) were used. The maximum loads were 30 kips and 12 tons, 

respectively. Strain readings were recorded between load increment 

applidations by means of the digital print-out device described in 

Sub-Section 4.3.2; dial gauge readings were taken visually. Considerable 

effort and time were expended to ascertain, as far as possible, that the 

load center line coincided with a line (for Position 1) or plane (for 

Positions 2 or 3), lying in the longitudinal vertical plane of symmetry 

of the structure. This load centering was accomplished through 

geometrical alignment of the loading device as well as by means of strain 

and dial gauges located, as shown in Fig. 4.15, to measure complementary 

pairs of lateral deformations. Since it proved to be impossible to have 

all of these symmetry indicators - geometrical centering, strain gauges, 

and dial gauges - simultaneously give symmetric readings, an optimal 

load position was determined to give the least possible asymmetry. In 

addition, for Model II with Position 3, tests with small measured 

perturbations in load location between two limits - symmetric readings 
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of strain gauges for one limit, and symmetric readings of dial gauges 

for the other - were performed. The corresponding variation in strain 

response never exceeded 20 microstrains, and for most gauges was less 

than 10 micróstrains, which is the magnitude of the possible error of 

the strain monitoring system. Also, dial gauges were used to measure 

deflections of the flange relative to the base plate. Since these 

continued to register zero deflections under maximum lateral load, it 

was assumed that the shell was adequately fixed to the base plate. 

Additional deflection measurements of the base plate relative to the 

laboratory floor indicated that twisting about the centroidal longi-

tudinal axis of the top frame member, which could account for the 

difficulty in load centering, was taking place. The optimal lateral 

loading position was found to be one at the geometric center, where 

strain readings were symmetric, while dial gauge readings were •a few 

per cent out. 

Each of the elastic tests, with the load, in the optimal position, 

was run three times. The maximum variation in strain response then was 

found to be the greater of ±10.00 inicrostrains or ±5.00 per cent, while 

the dial gauge variation was in the order of 10 per cent. 

4.5.2 Results of the Elastic Tests 

Graphs showing pertinent results of the elastic tests are given 

in Appendix C. All plots are of data corresponding to the response to a 

12 ton load applied in the appropriate manner. The abscissae represent 

the arc length in inches, along a midsurface meridian, starting from 

zero at the pole of the hemisphere. Each graph showing strain 

distributions along a meridian gives the outer surface plots in the 
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upper half and the inner surface plots in the 1oweha1f. Figures C.1 

to C.8 give the strain distributions for each of the elastic tests, with 

two figures for each test, one giving meridional strains c, the other 

circumferential strains c0. Of these, Figs. C.3 to C.6 consist of five 

sub-figures each, giving the strain distributions along the 0, irl4, ir/2, 

3ir/4, and ir meridians. In addition, Fig. C.9 •gives the outer surface 

normal displacement along the i-meridian for 1odel II loaded in 

Positions 2 and 3. The figures also show numerical results described 

in the previous chapter. 



CHAPTER 5 

CONCLUSIONS 

5.1 Summary and Discussion of Results 

A thick shell theory based on a displacement expansion was 

derived by means of the indirect method, using three-dimensional 

classical elasticity as a starting point for application of the prin-

ciple of minimum potential energy. The question of how many higher 

order terms to retain in the stress resultant integration was eliminated 

through the use of closed form integration. In addition, the theory was 

expressed in form and notation appropriate for a formulation to any 

desired level of accuracy, depending on the number of terms retained in 

the displacement series. 

It was shown that a Cosserat or oriented surface theory, which is 

derived directly from general continuum laws applied to an elastic 

oriented surface, may be viewed as a first order form of the generalized 

thick shell theory described above. That is, if h/R is neglected with 

respect to unity in the thick shell theory, its capabilities for 

describing the variation in geometry with respect to the normal coordinate 

in the shell space would be equivalent to those of the oriented surface 

theory. Utilization of this fact in generating an approximate surface 

energy potential by pertinent truncation and integration through the 

thickness in the three dimensional thick shell potential provided a 

result which was directly comparable to the corresponding Cosserat 

quantity so that the constitutive coefficients, ct., could be evaluated 

103 
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from a term-wise comparison. 

A physical interpretation of pertinent Cosserat surface quantities 

for describing the linear kinematics of shell space was proposed and 

incorporated into the numerical analysis. Although such a model is 

somewhat alien to the surface theory, it merely represents an extension 

to shell space of a surface theory that has been claimed to depict 

midsurface shell behaviour. 

The numerical results obtained indicate that the agreement between 

the Cosserat surface theories and thick shell theories in applications to 

shell analysis is within 10 per cent up to a ratio of h/R = 1/10. For 

h/R ratios greater than 1/10, divergence is quite rapid, probably due to 

the dominance of higher order geometrical effects which are totally 

neglected in the Cosserat theory. This divergence is most evident near 

the fixed boundary where bending effects are prevalent. For lower values 

of the h/R ratio, say 1/100, agreement is excellent, indicating that the 

two theories "converge," so to speak, to the thin shell mathematical 

model as h/R decreases. 

Comparison with numerical results based on thin shell theories 

indicates good agreement for both the Cosserat surface and thick shell 

theories, explicitly for h/R 1/20 and implicitly for h/R 4 1/20. 

The close agreement, generally within 5 per cent, indicates that the 

theories are interchangeable for stress analysis directed at predicting 

overall stress distributions, although when localzCd load response or 

other phenomena requiring the inclusion of transverse shear and normal 

stress is sought, a thick shell theory should be used. 

Comparison with the experimental results indicates that the 

major discrepancy is between the theoretical ad experimental results, 
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regardless of which theory is used, rather than between the thick shell 

and Cosserat surface results. Since the experimental error could 

account for up to 5 per cent except at points of material flaws where it 

could be larger, it is likely that at some points a portion of the 

error is a result of faulty input or inherent error in the numerical 

solutions and theory. The general agreement, however, is good and the 

predicted curves fit the data well. In both ultimate tests described in 

Appendix E, the failure was initiated in the area which would have been 

predicted on the basis of both the elastic tests and the elastic 

numerical results. 

From the point of view that experiments should be used only to 

corroborate theory, the experiments here were too complex, resulting in 

some information gaps about phenomena such as the load contact stresses, 

effects of imperfections, or frame-model interactions; from the point 

of view that experiments should also simulate a rlatively sophisticated 

practical situation pertinent to the realm of application of the theory, 

the experiments herein were adequate. They provided a substantial bank 

of data both for elastic and elastoplastic thick shell response and 

afforded the corroboration of shell theories in their application to 

non- trivial problems in the elastic range. 

As was pointed out in Subsection 4.5.1, the limit of experimental 

error of the primary response data, the electronically monitored strains, 

was the greater of ± 10.00 microstrains or 5 per cent in the elastic 

range. Naturally, additional error was possible due to both shell 

material and loading symmetry imperfections, while another element of 

uncertainty entered due to the lack of information concerning the 
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contact stresses at the loading areas. The last of these was largely 

circumvented by mathematically modelling a load 

measured response in the loading area. Loading 

were measured and their effect was eliminated. 

that matched the 

symmetry imperfections 

Shell material imperfec-

tions, if any, would only affect one or two random points as their 

observed distribution was quite sparse. Consequently, it is likely that 

the major source of error in the deviation between photoelastic and 

strain gauge results is due to the photoelastic instrument -and human 

error. For the plastic range, however, the error could not be easily 

determined since the experiments were not reversible, and the frequent 

outriding values in the data in Tables E.1 and E.2 indicate considerable 

loss of confidence at some points. 

Since difficulties were encountered in virtually every phase of 

the experiments, from model fabrication to ultimate loading, which can 

probably be largely attributed to the unprecedented natur& of much of 

the work, some effort was made to document these herein so that future 

investigators can avoid them. Thus descriptions of the model fabrication, 

load alignment, and ultimate loading problems are given in Sections 

4.3.1, 4.5.1, and Appendix E, respectively. 

5.2 Conclusion 

The dependence of the geometrical parameters on the normal 

coordinates of shell theory may be expressed through a closed form 

integration procedure for a thick shell theory based on a series 

expansion in powers of the normal coordinate. Generalized stress and 

couple resultants. may then be expressed in closed form for any number 
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of power series coefficients. Quantities corresponding to a power series 

truncated after the second term form what is essentially a classical thin 

shell theory if the Kirchhoff-Love Hypothesis is invoked, and otherwise 

a higher order six displacement variable thick shell theory. Results of 

such a theory based on two-term tangential displacement expansions and 

a three-term normal displacement expansion, when used, for the analysis 

of symmetrical and unsymmetrical response of elastic thick shells of 

revolution of h/R 1/9, agree reasonably well with actual results. 

Further, results of thick and Cosserat surface theories converge as h/R 

decreases, giving virtually exact agreement when it reaches a value of 

1/100. 

Cosserat or oriented surface theories may be applied to the 

analysis of thick or thin shells if an appropriate kinematic model for 

shell space behaviour is developed. Although such a kinematic model 

clearly cannot be regarded as an intrinsic part of the surface theory, 

whose derivation geometrically is based entirely on surface considera-

tions, the surface theory can be thought of as a description of an 

elastic and geometric shell equivalent of the surface. In addition, it 

was demonstrated that an approximate form of the generalized thick 

shell theory, corresponding to a two-term series expansion and neglect 

of h/R type terms with respect to unity, is analytically equivalent to 

the Cosserat theory. This equivalence permits explicit evaluation of 

the constitutive coefficients generated from a direct derivation of the 

oriented surface energy potential. 

As a consequence of the kinematic model of shell space and 

evaluation of the constitutive coefficients, numerical solutions to 
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actual shell problems may now be obtained using the Cosserat theory. 

Such solutions were generated and found to agree well with thin shell 

theory results, and reasonably well with those of thick shell theory up 

to a value of h/R = 1/10. For considerably larger values of h/R, in the 

order of 1, there is drastic disagreement between the thick shell and 

Cosserat results, but it is likely that the thin shell results would 

still be quite close to the Cosserat results. Agreement with experimen-

tal results at h/R = 1/9 was adequate enough for most industrial 

applications. 

Advantages of the Cosserat theory, in the author's opinion, lie 

in its analytical simplicity and consequent easy manageability for 

numerical or analytical solutions. However, its limitation with regard 

to the description of the variation of geometric parameters through the 

shell thickness restricts its use to thin and moderately thick shells. 

Although analytically more cumbersome, the thick shell theory 

developed here has no theoretical restriction on h/R, but the effect on 

accuracy of increasing the number of terms in the displacement series 

beyond three is not yet known exactly, although it is likely to increase 

accuracy somewhat. However, an increase in these terms would 

automatically enlarge the computer program since each additional term 

results in one more unknown at each point. - 

Finite difference techniques as utilized here for the solution of 

general shells of revolution based on each of the theories resulted in 

a smoothly functioning mathematical simulator having properties of 

relatively rapid convergence and low computer time and core requirements, 

as well as accurate modelling capabilities. Once the initial programming 
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phase was passed, the set of programs was applicable to numerous 

geometry and load combinations with only limited programming changes. 

The experimental results, of course, substantiate the conclusion 

that the numerical predictions obtained on the basis of both theories 

are reasonably accurate. Further, the photoelastic phase of the work 

indicates that the surface reflection photoelas tic techniques are 

applicable to non-destructive stress analysis for the purpose of 

approximate determination of the static response of structures, as long 

as the strain levels are high enough to generate sufficient fringes. 

The extension of the experimental program into the elastoplastic range 

provides documentation for further investigations and helps point out 

the serious limitations of the elastic theories used here, which, 

although accurate enough in the elastic range, would fall drastically 

short in describing the ultimate response of the structure. 

5.3 Recommendations for Further Research 

The effect of increasing the number of terms 

series for the general thick shell theory should be 

an investigation would probably be best carried out 

in the displacement 

investigated. Such 

using Fourier-

Bessel or Fourier-Legendre type series solutions, since a tremendous 

amount of computer time would be required if the number of solution 

variables were increased much beyond seven. In addition, further 

documentation through three-dimensional elasticity solutions and 

experimental investigations for large values of h/R, say 1/2 or 1, 

is necessary. 

Although the use of Cosserat theory in the present form is 
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restricted to thin shells, it seems reasonable to assume that micro-

elastic theories could be applied to the analysis of grid shells such as 

geodesic domes or lamella shells in much the same way as they have been 

used for multi-story building frames. Naturally, should the grid shell 

thickness increase in proportion to its midsurf ace macro-curvature, the 

equations of microelasticity could be used to develop a microelastic 

thick shell theory through a process analogous to that given in 

Chapter 2. 

In the author's opinion, the most pressing problem of thick shell 

analysis now is that of elastoplastic or ultimate analysis. It can be 

attacked along one of two routes---limit analysis or elastoplastic theory. 

Using the former approach, pertinent optimization techniques would have 

to be developed, although the degree of success attained for unsynimetric 

problems may be dependent on the still unproved premise that the sum of 

optimal Fourier coefficients is the optimum sum; that is, converges to 

the optimum function. The elastoplastic approach, on the other hand, 

could be based on incremental constitutive theory, with the generalized 

stress resultants expressed in two parts, one corresponding to the 

elastic strain and one, to the plastic strain. An incremental numerical 

solution could then be used to determine locations of the elastoplastic 

interface corresponding to each load increment, with consequent 

adjustment of the shell stiffnesses as yielding progressed. Both 

approaches, although they appear to present no overwhelming theoretical 

difficulties, promise to be portentious numerical problems unless 

alternative solution techniques are found. 
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be expanded as 

A 1 = A 
inn/q mn,q mq Sn nq ms 

++r r j A ske. k A js.e +r £ A jks 
sqinn sqmn sqnin 

where the r.k are Christoffel symbols of the second kind [ 87]. 

In orthogonal normal coordinates, the spatial line element, 

ds, is expressible as 

ds 2 = H (dx1)2 + H (dx2)2 + (dx) 2 

ijk 
The covariant derivative of a mixed tensor of rank 5, Atm 5, may 

(A.1) 

(A.2) 

where g11 = H and g22 = H while g33 = 1 and all other components of 

g1 vanish. For the surface, a11 = H and a22 ='H and the corresponding 

Christoffel symbols are 

11 r2 
-  11 H1 ax 22 - H2 x2 

2 H1 M 1 

11 - - H2 
2 

- H1 - 

12 - H1 3x 21 

- H2 H2 

22 112 @xj 

r2 J_  '2 r2 
21 H2 Bx1 - 12 

If physical components of a tensor are designated with 

(A.3a,b) 

(A.3c,d) 

(A.3e,f) 

parentheses around the indices, then the physical components in 

orthogonal ijk curvilinear coordittates of the mixed tensor, A , are given 

by 
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= H1 H Hk 

(ern) £m Ht H. 
(A.4) 

with no summation taking place. 

Finally, the non-zero second fundamental form coefficients b ao 

of the rnidsurf ace in orthogonal curvilinear coordinates become 

Hi 
2 2 

b11 - - , b11 - - 

while the mixed components b can be obtained as 

b2 - 
2R2 

(A. 5a,b) 

(A.5c,d) 

where Ri and R2 are the principal radii of curvature. 

A comprehensive treatment of shell theory in physical components 

in general normal coordinates is given in [ 39]. 
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B.1 Differential Coefficients 

Define 

YO R / R0 

K0 = 1 / R0 

567 = c5 + a + 

(B. la) 

(B. lb) 

(B.lc) 

(B.ld) 

(B. le) 

and recall that the prime after a quantity denotes differentiation 

with respect to x. 

Then, using the notation introduced in Section 3.2, the non-zero 

differential coefficients are, for the first equation 

1 
•C = Ry(c + cKK)+R'(a KKY) 

10 00 1 50x 0 bxO0 

- R(2 2Y0 +c 56 Y0K2) + K R (-K - c K3) 
0 x0 x3 Ox 
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lx 0 1 5 0 x 2 567x 1 5x0 
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Ixx 0 1 2 567 X 
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1yY 0 2 6X 
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2y S0x00 

cKK - c - cK2) 
x  2 6x 

-R0 (2c 2K0 +c 567K0K) + c1R0K 

(B. .2 a) 

(B. 2b) 

(B. 2c) 

(B. 2d) 

(B. 2e) 
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C30 = R0(2a2K + a557K2+ ct5KK) - R(2 ct2K0+ c5K2K0 

(B. 2f) 

+ c567'y 0I) 

C I = R0 [a1  + 2c 2K+ a567K3 + c5KKJ 

+ KR0 (c3 + a 8K2) (B. 2g) 
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1 7 
C — RKK + K — Ky  — KKR' (B.21) 
5Y 5 OX 0 5 x 0 7 x o 567 0 0 0 

C1 = K (a + ) (B. 2m) 
5xy x 5 6 

C 0 c R (K2 —K) (B. 2n) 
567 0 x 
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for the second equation 
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C = R0K(a2 +a7KK0) + ?0(4ct2+ c7K K0+ c+ c5 7K0+ ct6K2) (B.3a) 
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ixy 1 2 x8 5 7 
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C 2x = R(c 6K - ct7K K0 + c2+ ct7K K0) + R0 (c 3K - o8K) 
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for the fourth equation, 
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C, = a5(KR0K+Ky 0) + a567y0K0 + a7Ky0 

C5 
ixy 

= (a5+a6) K1 

C 0 = R0 (a3  a8K) - a K YO - a6 (K 1 y'+K R'y ) 
7X0 X00 XOO 

C5x = a (R1K0- R'K ) + a R'K 
2 6 0x 700 

(B. 5e) 

(B.5f) 

(B. 5g) 

(B. 5h) 

(B. 5i) 

(B. 5j) 

(B. 5k) 

(B.51) 

(B.5m) 

(B. 5n) 

(B. 5o) 

(B. 5p) 

(B.6a) 

(B. 6b) 

• (B.6c) 

(B.6d) 
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C = aRK 
2xx 700 

C 5 a K  
2yy 567 0 0 

c5 = aK2+aK-a3 8 -aK 
3y 5x 567 

= (a + a7) 0 + a567 0 y +700a R K' 
Lty 6 

C 5 =a + a 
I4xy 5 7 

5 ' ' 2 
C50 = -a7 (R0y0 +R00) - a6R0y0 - a8R0K0 - R0 a3 

C 5 =aR 
5x 6 

C 5 =aR 
5xx 6 

5yy - 567 0 

c5 = a K .+ aK + a  
6y 5x 567 0 8 0 

and for the sixth equation, 

(B. 6e) 

(B.6f) 

(B. 6g) 

(B..6h) 

(B. 6i) 

(B . 6j) 

(B. 6k) 

(B.61) 

(B. 6m) 

(B. 6n) 

C6 = y (a K K + a. K2 - a K  + a ) (B. 7a) 
10 0 5 x 0 5670 OX 9 

c6x 1(2( -a)+a + a K K 
I 567 8 9 5 x 0 

C 6 =K(aKK+c K2 -aK2+a) 
2y 0 5 x 0 567 0 8 0 9 

0 = K (a + a5K+a K 2 ) + K (a + a K2+a567K 3 x 9 ) 567x 0 9 5x 

6. 
C3 = a8K -y0 

C 6 =aK 
3xx 81 

(B. 7b) 

(B. 70 

(B. 7d) 

(B. 7e) 

(B. 7f) 
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6 2 
C = cKK 
3yy 800 

=Ki (+ c)+c K  
0 x 0 5 8 567 0 0 

C 6 x 
= ( 8+s67)Kt c5K0 

=K(cK +cK+c K) 
5y 0 5 x 8 0 567 0 

C6 K(cK+ct K)+K(aK+c K)+c 
60 x 5 0 567 X 0 5 x 567 0 

6 
= 

C 6 =-a 
6xx 8 

6 2 
C =-cK 
6yy 8 0 

(B. 7g) 

(B. 7h) 

(B. 7i) 

(B. 7j) 

(B.7k) 

(B. 71) 

(B. 7m) 

(B. 7n) 

B.2 Difference Coefficients 

Denoting the grid spacing in the x-direction by Ax, and using 

the notation introduced in Subsection 3.3.2, the non-zero difference 

coefficients 0... which form the elements of the block matrices are: 
ijk. 

0 = -C1 /2,x + C1 /ix 2 
111 lx lxx 

0112 = C 0 - 2C 1 / x2 - n 2 C 1 
lxx Lyy 

0 = C1 /2& + C1 /Lx 
113 lx lxx 

0121 = -n C1 /2& 2xy 

1 
0122 = n C2 

0 = nC 1 /2tx 
123 2X 

(B. 8a) 

(B. 8b) 

(B. 8c) 

(B. 8d) 

(B. 8e) 

(B. 8f) 
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0131 = -C1 /2tx 
3x 

1 
0132 = C30 

0 = C1 /2tx, 
133 3x 

0 = -C1 /2x + Cl /&2 
11+1 tfX tfXX 

011+2 = C, 0 - 2C / x2 + n2C1 
LXX LfXy 

011+3 = C1 /2Lx + Cl / x2 
LfX 1+XX 

0 =-nC1 /2tx 
151 5xy 

0 = nC 1 
152 5y 

0 = nC 1 /2& 
153 XY 

0161 = -C1 /2& 6x 

0162 = C o 

0 /2x 
163 6X 

0 = nC2 /2Ax 
211 ixy 

2 
0 =-nC 
212 ly 

0 =-nC 2 /2& 
213 1 x 

0 = -c2 /2Lx + C2 /Lx2 
221 2x 2XX 

0 C 222=0 _2C2 / 2 2 
Ix - n C 

2XX 

(B. 8g) 

(B. 8h) 

(B. 8i) 

(B. 8j) 

(B. 8k) 

(B. 81) 

(B. 8m) 

(B. 8n) 

(B. 8o) 

(B. 8p) 

(B. 8q) 

(B. 8r) 

(B.9a) 

(B. 9b) 

(B. 9c) 

(B.9d) 

(B.9e) 
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0 = C2 /2Lx + C2 /&2 
223 2X 2Xx 

0232 = -n C 2 3 

02141 = n c2 /2x 4xy 

= -n C 2 242 14 

02143 = -n C/2& 

0 = -c2 /2x + C2 / x2 
251 5x 5xx 

0252 = C 0 - 2C2 /Ax - n2C2 
5xx 5yy 

0 = C2 /2Lx + c2 ,&2 
253 5X 5xx 

2 
0262 = -n C5 

0 = -C3 /2& 
311 lx 

3 
0 312 - Cl0 

0 = C3 /2Lx 
313 lx 

0 = n  3 
322 2y 

0 = -c3 /2& + C3 / x2 
331 3x 3xx 

0332 = C - 2C3 /& 
30 3xx 

0 = C3 /2Lx + C3. / x2 
333 3x 3xx 

0341 = -C/2x 

3 

3yy 

(B.9f) 

(B.9g) 

(B. 9h) 

(B . 91) 

(B.9j) 

(B. 9k) 

(B.91) 

(B. 9m) 

(B. 9n) 

(B. 10a) 

(B. lob) 

(B. lOc) 

(B. lOd) 

(B. lOe) 

(B.lOf) 

(B. lOg) 

(B. 10h) 
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3 
0 3'+2 - c 4 

03'+3 = C/2Lx 

3 
0352 = n C5 

0 = - C3 /2x + C3 / x2 
361 6X 6XX 

0362 = C60 .- 2C 3 /L\x2- n2C3 
6xx 6yy 

0 = C3 /2& + C3 /& 
363 6X 6D 

0,+ii = -C/2x + C/2& ix ixx 

0'+12=C'0- 2C'+ / 2n2C'+ 
lxx lyy 

0 = C'+ /2& + C'+ /2c 
1+13 lx ]ix 

o -nC'+ /21x 
1+21 2xy 

1+ 
0'+22 = n C2 

0 = nC'+ /2& 
'+23 2xy 

0 = -C'+ / 2Lx 
'+31 3x 

1+ 432 - C30 

0'+33 = C3 /2 x 

0 = -C'+ /2x + C'+ / x2 
4'+I '-ix 1+xx 

(B. loi) 

(B. ioj) 

(B. 10k) 

(B.101) 

(B. lOm) 

(B. 10n) 

(B. ha) 

(B. lib) 

(B. 11c) 

(B. lid) 

(B. Ile) 

(B. hf) 

(B. hg) 

(B. hlh) 

(B.11i) 

(B. ilj) 
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0 = c - 2C ' /2/x - n2C. 
442 '40 4xx tfy 

0 = C'4 /2x + c'4 iix 
'4'43 4x LFXx 

0 =-nC'4 /Thx 
'451 5xy 

'4 
0 = n  
'452 5y 

0 = n  '4 /Thx 
458 5xy 

0 = -c'4 /2tx 
'+61 6x 

° LF62 = 60 

0,463 = C/2L\x 

0 = n C 5 / 1x 
511 1 x 

0 =-nC 5 
512 ly 

0 =-nC 5 /21x 
513 ixy 

Q = -05 /2.x + C5 /tx2 
521 2x 2xx 

0522 = C 0 - 2C5 /&2 - 25 
2xx 2yy 

0 = /2& + C5 / x2 
523 2x 2x 

5 
0 =   -nC 
532 

0'+ = n C/2x 

°5Lf2 = -n C 5 LFy 

(B. Ilk) 

(B. 111) 

(B. urn) 

(B. un) 

(B. I o) 

(B.hlp) 

(B.hlq) 

•(B. hir) 

(B. 12a) 

(B. 12b) 

(B. 12c) 

(B. 12d) 

(B. 12e) 

(B. 12f) 

(B. 12g) 

(B. 12h) 

(B. 121) 
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0 =-nC 5 /2& 
543 4Xy 

0 = -05 /2Lx + C5 / x2 
551 5X 5xx 

0552 = C 0 - 2C5 / - n C 2 2 5 
5xx 5yy 

0 = C5 /2Lx + C5 / x 
553 5x 5xx 

5 
0 =-n  
562 

0611 = -C6 /2& Ix 

0612 - Cl0 

0613 = C/2& Ix 

0622 = n C 2y 

o = -c6 /2& + C6 /x2 
631 3x 3xx 

0632 = C 0 - 2C6 / - n C 2 2 6 
3xx 3yy 

0 = C6 /2& + C6 f&2 
633 3x 3xx 

0641 = -C6 /2/x 
l+x 

0 = C6 
61+2 40 

0643 = C/2x 

6 
0652 = n C5 

0661 = - 
/2x +, C6 x 6x .x i& 

(B. 12j) 

(B. 12k) 

(B. 121) 

(B. 12m) 

(B. 12n) 

(B. 13a) 

(B. 13b) 

(B. 13c) 

(B. 13d) 

(B. 13e) 

(13. 13f) 

(B. 13g) 

(B. 13h) 

(B. 15i) 

(B. 13j) 

(B. 13k) 

(B. 131) 
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0662 C60 2C / - n 2 2 C 6 
6xx 6yy 

0 = C6 /2& + c6 , 2 
663 6x 6xx 

Coefficients '231., 0233, 926t' 263' 0321,0323, 035k , 0353, °531' 

0533, 0561, ° 563 , 0621, °623, 0651, and 0653 are equal to zero. 

B.3 Load Coefficients 

P1 =-R0 ; P2 =-Rb 

P5 =-R0 ; 

These load coefficients are the multipliers of the load Fourier 

(B. 14a,b) 

(B. 14c,d) 

(B. 14e,f) 

coefficients on the left-hand side of the equations developed herein. 
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APPENDIX C 

ELASTIC TEST RESULTS 
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In Appendix C all strain scales are in microsträins, the arc 

length x is the value of the midsurface meridional coordinate in inches, 

and values of e are in radians. Meridional strains are denoted by c; 

circumferential strains by e0. The following legend is used: 

0 EXPERIMENTAL VALUES 

THICK SHELL THEORY VALUES 

COSSERAT SURFACE THEORY VALUES 

The ijertical mark on the arc length scale immediately preceding 10 inches 

designates the junction point. The value x = 0 corresponds to the apex. 
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Although the thermal loading tests tarried out here were neither 

complex nor sophisticated, they add to the generality and completeness 

of the experimental work and furnish some useful data concerning the 

thermoelastic response to steady state temperature fields in thick 

shells. The associated problem of rapidly changing steep temperature 

gradients, relevant to nuclear reactor vessel operation, could not be 

considered here due to the lack of sufficiently quick thermal loading 

and monitoring equipment. In the literature, only studies of thermal 

tests of composite cylinders [ 12] and thin cylinders [ 9] appear, but 

the author is not aware of any such work done with the geometry 

considered here. 

Here, surface strains corresponding to a measured temperature 

difference across the thickness of Model I were determined. This was 

accomplished simply by standing the shell model on its apex, as shown 

in Fig. D.l(c), filling it with water of which the temperature was 

controlled by means of a thermostatic immersion heater, Fig. D.l(a), and 

measuring the relevant quantities. Temperatures at the outer surface 

were measured by means of a thermocouple, Fig. D.1(d); in the water, 

by means of a centigrade thermometer. Homogeneity of temperature both 

within the shell and over the outer surface was confirmed. Dead load 

effects were eliminated by taking the zero response datum in the filled 

configuration with a temperature difference of zero. Ambient tempera-

ture was room temperature. 

Figure 0.2 gives the strain distribution along a typical 

meridian for several temperature differences, while Fig. D.3 shows the 

variation in strain with respect to temperature difference at a given 
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point., The variation is linear within the bounds of experimental error 

in all cases except at the apex. There, the variation in strain appears 

to be a nonlinear function of the temperature difference. 
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Essentially, these tests consisted of continually increasing the 

load, in Position 1 on Model I, and Position 3 on Model II, until 

failure. For Model II, the procedure went as anticipated, with failure 

occurring at the end of a sequence of monotonically increasing load 

increments; for Model I, a number of complications developed, resulting 

finally in a series of three loading-unloading sequences culminating in 

the failure. 

Prior to the planned ultimate test of Model I, as the reader may 

recall from Sub-Section 4.3.1, the original Model I was failed 

prematurely because of an electronic malfunction of the loading system 

due to a burnt out amplifier in the load cell. No quantitative data 

were recorded prior to the failure, however, the crushing load had been 

applied symmetrically, in Position 1, resulting in the failure mode 

shown in Fig. E.l. 

With the final version of Model I, in the first attempt at 

ultimate, the load in the frame shown in Fig. 4.4 was incrementally 

increased to 112.5 kips, when, due to horizontal forces probably caused 

by a small load eccentricity and torsional deflection of the load frame 

cross-head, the model lost static equilibrium, popped out of the load 

frame, flew about eight feet, and landed in a manner that destroyed 

several dial and strain gauges. In the second 

and a laterally constraining diaphragm for the 

mentioned load frame were provided as shown in 

attempt, safety bracing 

ram in the above-

Fig. E.2. This time, all 

went well, but the model had not failed when the load cell capacity of 

150 kips was reached. Evidently, the model was stronger than the 

writer had anticipated. For the third and successful attempt, the 



FIG. E.1 FAILURE MODE OF 

ORIGINAL MODEL I 

FIG. E.2 SAFETY BRACING 

FOR MODEL I 
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model was loaded in the 200 long ton capacity press, shown in Fig. E.3, 

where failure took place at a load of 93 tons with the result shown in 

Fig. E.4. The failure occurred explosively, with no prior warning, so 

that it was not possible to activate in time the high speed motion 

picture cameras which had been set up to record the formation of the 

failure mechanism. Activation of the cameras was to be manual, at a 

certain strain magnitude monitored from the anticipated failure area on 

the shell. It is the author's opinion that a camera activating 

mechanism linked to strain rate indicators, set to trigger the camera 

at a certain strain rate predetermined (by means of material tests) to 

be associated with failure, would be a better way of ascertaining 

photographic recordings of similar cracking phenomena. 

For the case of Model II, it was possible to monotonically 

increase the load until failure, with pertinent strain gauge, dial gauge, 

photoelastic, and motion picture recordings made. Two long ton 

increments were used up to a load of 32 tons, with the failure at 33 

tons. Strain rates were virtually zero throughout the loading sequence 

until the last increment, above 32 tons, when they became too rapid to 

record with the strain monitoring equipment used. However, enough 

warning, from observation of the rapid strain rate acceleration on the 

digital display, was available to activate the cameras in time to record 

the failure crack formation. A crack in the cylinder at the end of the 

flange fillet spread circumferentially from the 0 - meridian to about 

the ¶ 12 - meridian. Details of the failure are shown in Fig. E.5; the 

corresponding isochromatics are shown in Fig. E.6. 

Since the elastoplastic experimental analysis is included here 



FIG. E.3 ULTIMATE LOADING OF MODEL I FIG. E.4 FAILURE NODE OF MODEL I 
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(a) 

(b) 

FIG. E.5 FAILURE OF MODEL II 



(a) (b) 

FIG. E.6 POST-FAILURE ISOCHROMATICS FOR MODEL II 
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largely on its own merit, the most salient data from it are presented in 

a form intended to provide maximum flexibility in its future application 

to specific uses such as corroboration of analytical results. Strain 

data for sequential load increments describing the response throughout 

the elastoplastic load history of Models I and II are given in Tables 

E.l and E.2, respectively. 

The graphs in Fig. E.7 show the load-strain relationships on the 

inner surface at the apex and slightly below the edge of the load ram 

of Model I. The latter curve shows the maximum recorded strain. It is 

probable that a material failure associated with these large compressive 

strains initiated the collapse mechanism of Model I. Once a crack was 

started in the vicinity of these large strains and propagated to the 

junction, it is likely that the sizeable horizontal dome thrust and 

ensuing circumferential tensile fqrces caused the splits in the cylinder 

characterizing the failure'in both cases of Model I. It is also evident 

from Table E.l that prior to cracking, inelastic behavior was restricted 

to the upper portion of the hemisphere, in the vicinity of the load. 

For Model II, it is quite clear that a tensile material failure 

at the base of the shell initiated the collapse. The maximum meridional 

strain read just before failure at this point was 11800 microstrains - 

close to the measured ultimate strain of 12900 microstrains for the 

material. In addition, inspection of the failure crack and observation 

of the motion picture of the crack formation, indicate that the crack 

progressed symmetrically about the 0 = 0 meridian. Fig. E.8 shows the 

load-strain relationship at the point of initial failure at x = 21. In 

contrast, an adjacent point on the zero meridian at x = 19.5 shows a 
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TABLE E.1 

STRAIN HISTORY OF MODEL I 

Arc 
Length 
(in) 

Load 
(kips) 

z +h/2 z = -h/2 

x 0 
c 
x 0 

O 0 0 0 0 

60 -567 -570 -892 -900 

112.5 -1660 -2200 -2680 -1950 

O - - -1700 -800 

30 -113 91 -353 -488 

60 -225 -193 -770 -964 

90 -326 -275 -1182 -1441 

120 -325 -231 -2030 -2258 

0 150 -140 -20 -3790 -3770 

O 600 670 -2050 -1760 

34 -169 -188 -501 -330 

67 -333 -372 -935 -743 

102 -472 -524 -1352 -1177 

134 -600 -660 -1790 -1650 

168 -560 -690 -2770 -2520 

202 230 110 -8420 -7060 

Post 720 710 -6310 -5070 

0 0 0 0 0 

60 -348 -148 -1414 673 

112.5 560 -270 -6500 2000 

O 1520 0 -4710 460 

30 -289 -184 -391 243 

60 -609 -460 -800 510 

90 -929 -561 -1204 767 

120 -1217 -842 -1775 1017 

3 150 -1430 -1430 -3190 1540 

0 80 -660 -1270 310 

34 -402 -251 -514 302 

67 -762 -435 -993 581 

102 -1129 -621 -4434 850 

134 -1460 -820 -1906 1130 

168 -1820 -1500 -5356 1920 

202 -1580 -5270 -20193 5230 

Post -70 -6920 -15563 5980 
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TABLE E.1 (continued) 

Arc 
Length 
(in) 

Load 
(kips) 

z = +h/2 z -h/2 

Ex c0 

6 

0 

60 

112.5 

0 

30 

60 

90 

120 

150 

0 

34 

67 

102 

134 

168 

202 

Post 

0 

-303 

-710 

0 

-109 

-240 

-370 

-501 

-710 

-70 

1108 

1002 

704 

1470 

590 

-690 

1220 

0 

481 

970 

0 

208 

434 

663 

905 

1220 

90 

282 

546 

807 

1070 

1410 

2240 

-300 

0 

-760 

-1370 

0 

-355 

-739 

-1130 

-1542 

-2000 

-90 

-487 

-935 

-1375 

-1810 

-2280 

-3400 

-1980 

0 

571 

1150 

0 

256 

533 

813 

1109 

1470 

90 

347 

665 

982 

1290 

1690 

2760 

1880 

9 

0 

60 

112.5 

0 

30 

60 

90 

120 

150 

0 

34 

67 

102 

134 

168 

202 

Post 

0 

-324 

-610 

0 

-144 

-298 

-456 

-617 

-790 

-20 

-184 

-365 

-542 

-720 

-90 

-1230 

220 

0 

345 

650 

0 

117 

219 

323 

427 

530 

20 

128 

247 

364 

480 

580 

670 

-760 

0 

-349 

-650 

0 

-170 

-335 

-500 

-664 

-820 

0 

-197 

-385 

-568 

-750 

-900 

-910 

-200 

0 

224 

410 

0 

110 

228 

343 

458 

570 

-10 

146 

276 

405 

530 

640 

720 

780 
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TABLE E.1 (continued) 

Arc 
Length 
(in) 

Load z = +h/2 Z = h/2 
(kips) 

c 
x 

C 
0 0 

12 

o 
60 

112.5 

0 

30 

60 

90 

120 

150 

0 

34 

67 

102 

134 

168 

202 

Post 

0 

-305 

-550 

0 

-137 

-280 

-422 

-565 

-710 

0 

-178 

-338 

-498 

-660 

-810 

-950 

-70 

0 

98 

170 

0 

41 

74 

111 

147 

190 

0 

44 

90 

131 

170 

220 

260 

-560 

0 

-228 

-430 

0 

- 

- 

- 

- 

- 

- 

142 

-691 

- 

-3780 

-5590 

-6330 

-813 

0 

69 

130 

0 

57 

106 

146 

184 

220 

0 

66 

109 

152 

190 

220 

250 

850 

15 

0 

60 

112.5 

0 

30 

60 

90 

120 

150 

0 

34 

67 

102 

134 

168 

202 

Post 

0 

-226 

-480 

0 

-141 

-344 

-409 

-537 

-670 

0 

-185 

-329 

-469 

-610 

-740 

-890 

-40 

0 

100 

175 

0 

19 

74 

93 

132 

170 

0 

67 

110 

153 

190 

340 

280 

-100 

0 

-290 

-520 

0 

-155 

-359 

-426 

-559 

-690 

0 

-178 

-326 

-473 

-620 

-760 

-910 

-120 

0 

76 

140 

0 

90 

182 

206 

254 

300 

0 

83 

138, 

184 

230 

280 

320 

130 



TABLE E.2 

STRAIN HISTORY OF }870E1. It 

Arc - 0 0/4 6 tt/2 6 3q/2 9 

Length Load   
(in) (Tons) z - ThI2 z - -h/2 z 4'n/2 2 -h/2 z +h/2 z -6/2 z - +6/2 2 - -6/2 z - +6/2 z 6/2 

X 0 
C C. 
X 0 

C- C 
x C  x 

C' CC C C C 
S X C -- - 

12 -31 13 -82 83 

16 -35 11 -102 111 

20 -36 -6 -137 155 

0 24 -39 -34 -182 199 

26 -32 -34 -224 230 

30 -9 -55 -295 311 

Post 174 -279 -193 209 

- - 13 -31 83 -82 

- - 11 -35 111 -102 

- - - - -6 -36 155 -137 

- - - - -34 -39 199 -182 

- - -34 -32 230 -224 

- - -55 -9 311 -295 

- -279 174 209 -193 

- .- - - -31 13 -82 83 

- - -35 11 -102 111 

- - -36 -6 -137 155 

- - - -39 -34 -182 199 

-32 -34 -224 230 

-9 -55 -295 311 

- 174 -279 -193 209 

12 -38 32 -166 783 -6 3 

4.6 16 -45 31 -220 251 -8 6 

- - 0 20 -50 33 -285 345 -16 12 

24 -44 38 -374 475 -36 14 

3.0 26 16 28 -446 578 -36 24 

• , 0 30 46 -2 -650 864 -77 55 

Post 302 -339 -436 721 -108 75 

- -41 103 111. 

- -51 137 -148 

- - -55 185 -198 

- 704 -61 238 -262 

- 704 -51. 279 -303 

- - 116 371 -415 

- 459 204 249 -293 

-43 38 -83 84 

-54 54 -111 113 

-64 66 -148 150 

-72 72 -202 195 

-72 72 -222 255 

-62 72 514 297 

141 -141 -181 184 

12 -7 22 76 -80 48 -75 -1 1 -45 65 -119 97 

16 -22 33 115 -108 60 -96 0 -3 -57 83 -170 130 

20 -44 67 172 -150 73 -119 11 -12 -68 109 -216 173 

6 24 -85 123 255 -224 86 -146 27 -21 -81 137 -281 224 

26 -116 164 316 -275 86 -176 - 48 -32 -81 148 -322 255 

30 - - - -187 297 510 -439 97 -217 89 -63 - - 168 -81 -383 326 

Post - -310 389 480 -367 -158 78 - 110 -105 163 -137 -241 204 

12 -5 -400 - 412 104 193 113 -531 137 -60 209 -168 -19 -28 

16 -9 -633 - 583 151 290 167 -824 178 -81 287 -223 -20 -43 

20 61 -1012 - 836 207 445 241 -1303 230 - 115 382 -268 -16 -65 

9 24 147 -1608. - 1484 288 690 363 -2140 296 -169 531 -356 -7 -106 

26 178 -2088 - 1505 340 868 468 -2767 338 -211 605 -387 3 -127 

30 293 -3437 - 2387 486 1419 729 -4669 453 -346 845 -471 24 -200 

Post 1192 -3478 - 2547 215 1464 687 51.60 25 -106 605 -387 76 -190 

-6 66 -149 91 

- - -88 84 -200 125 

- - -138 111 -259 166 

- -174 144 -336 218 

- - -205 165 -388 239 

- - -237 196 -493 312 

- - 86 -179 -200 343 

12 - - - 213 279 - - 305 -29 

16 - - - 318 430 - - 427 -50 

20 - - - 484 703 - 580 - 

10.5 26 - -. - - 758 1164 - 797 -160 

26 - - 973 1521 - 950 -221 

30 - - - 1575 -675 - 1369 -425 

Post - - - - 1657 3155 - 869 -293 

-40 -91 - - -172 39 

-59 -110 - -250 55 

- -82 - - -297 78 

-132 -133 - -394 104 

-142 -154 - - -455 114 

-224 -235 - -578 -34 

-71 -215 - - -108 -243 



TABLE E.2 (continued) 

Arc 6-0 e-'./4 e-,I2 - e- 3s/2' 
Length Load   
(in) (Tons) •z +h/2 z - - h/2 z - -+h/2 z - -h/2 z - +h/2 z - -h/2 z • +h/2 z - -h/2 z - +h/2 z - -h/2 

x c  Cx  C  C C8 C Ce Cx C8 Cx Ce ex  Ce Cx C6 C 
x 8 x 

12 -573 -804 90 1 304 324 - -1096 353 -7 

16 - -1003 85 -73 438 504 - -1698 492 -29 

20 -1093 -1276 88 -215 668 803 - -2783 708 -87 

12 24 -1450 -1645 116 -364 1023 1271 - -4545 1046 -214 

26 -1736 -19l0 147 -436 1284 1637 - -5883 1265 -308 

30 -2634 -2778 341 -619 2026 2776 - -10032 1892 -653 

Post -2778 -2432 422 -405 2130 3152 - -11975 1610 -632 

- - -110 -51 

- - -.144 -74 

- - -188 -116 

- - -253 -197 

- -285 -239 

- -379 -375 

-170 -293. 

- - -240 57 -155 60! 

- - -342 76 -210 84! 

- -424 99 -267 108 1 
- - -563 125 -354 137 

- - -646 156 -396 148 

- - -876 201 -521 179 

- -500 -282 -239 723 

12 -268 --726 -119 620 251. 285 

16 -424 -1129 -110 840 406 415 

20 -690 -1792, -39 1161 676 629 

15 24 -1450 -1645 -20 1632 1099 982-

26 - -. - - 1402 1246 

30 -2656 -5985 306 3062 2311 2226 

Post -5065 -7623 ' 531 3808 .2130 3152 

- 291 -6 136 -147 -151 -48 

430 -26 203 -195 -203 -75 

647 -88 320 -241 -248 -112 

978 -227 497 -287 -327 -174 

- 1203 -340 609 -308 -368 -216 

1836 -707 967 -339 -483 -331 

2316 -707 1212 -992 -44 - -216 

- -279 74 

- -373 97 

- - -491 127 

- - -654 180 

- - -756 211 

- - -1042 313 

- - -1379 37 

12 91 -268 58 131 . - 133 - -130 -12 - - -294 65 

16 - 154 -378 96 200 -: 213 - -174 -25! - - -395 78 

20 275 -551 135. 293 - 330 -- - -224 -33! - - -529 102 - - 

18 24 491 -800 - 181 447 - 497 - -284 -54 - - -727 150 - - 

26 658 -980 - - 223 562 - - 622 - - -315 -64 - -852 192 - - 

30 1201 -1563 - 948 296 - 946 - -420 -96. - - -1208 317 - - 

Post 574 -2441 - 66 990 - 3329 -. 1136. -399, - - -2305 547 - - 

12 265 22 124 364 77 120 

16 332 12 180 502 109 177 

20 423 -7 264 .693 142 250 

19.5 24 561 -46 369 938 188 361 

26 - - 441 - 229 434 

30 1041 259 . 635 1530 313 654 

Post 61 -1599 339 3257 533 654 

61 -7 51 -123 -149 -32 - - -271 7 -247 22 

115 -8 97 -182 -205 -51. - 2 -324 43 

180 -13 197 -241 -266 -64 - ,- -1 -424 87 

261 -26 376 -316 -346 _86 1 - -690 6 -586 130 

322 -47 512 -358 -388 -97; - -802 26 -688 161 

455 -108 898 -494 -514 -118 - -1129 87 -984 243 

5234 -2488 3479 -3900 1617 -1016 - -4264 343 -3139 947 

12 1039 289 -847 385 378 117 -254 - -173 -85 257 -147 -338 -48 53 - -439 -43 - -13 

16 1600 404 -1257 537 541 154 -380 - -186 -124 360 -235 -457 -61" 68 -, -593 -51 - 0 

20 2494 560 -1903 749 713 216 -553 - -179 -154 490 -307 -588 -83; 96 - -823 -58 - 57 

21 24 3802 779 -2781 1021 887 287 -761 - -174 -178 645 -374 -782 -117 109 - -1115 -61 - 101 

26 4772 901.., -3360 1194 981 329 -876 - -164 -178, 747 -415 k -887 -127! 141 - -1309 -20, -. 141 

- 30 7366 ,1197 -4783 1644 1138 434 -1138 - -188 - 597. 1043 386 -3179 _1791 182 - -1840 -20. - 213 

Post 7346 -865 159 2624. 760 -1332 2070 4666 -6306 14718 -14161 3439 28401 9546 -: -1739 0 - 254 
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FIG. E.7 LOAD-STRAIN CURVES FOR MODEL I 
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FIG. E.8 LOAD-MERIDIONAL STRAIN CURVES FOR MODEL II 
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relatively low strain response, emphasizing the likelihood of enormous 

strain gradients between the two points. Additional load versus strain 

plots are given in Fig. E.9. The large deflections in the vicinity of 

the load 'and the relatively small ones away from it', at 0 = ir, may be 

compared in Fig. E.10. This, comparison, and consideration of the strain 

history data in Table E.2 indicates, as for Mode]. I, that only negligible 

inelastic response took place in areas remotefrom the local effect of 

the load prior to formation of the collapse mechanism. , 

For both models, the ultimate load is roughly wo and one-half 

times the load at which yielding begins. 
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EQUILThRITJM EQUATIONS FOR THICK SHELLS 

OF REVOLUTION 
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For shells of revolution coordinatized as shown in Fig. 3.1, the 

thick shell equilibrium equations obtained from Eqs. (2.30) in correspond-

ence with the displacement assumption (3.3) are, 

--(RN )+ - (No)_Neo - +QKR + Rp = 0 x 0 x xxo ox 

t 

--(RN )+--(N )+ N R + QKR + Rp 0 
0 Be Ox 0 0 0 o ' o 0' x oxO 

--(RQ)+---(Q)--R(KN+KN)+Rp0 
x ox 0 0 o xxx 000 qz 

--(RM 
X 0 x '0x -M00 R 0 .- R Q Q - Ro  x q = 0. 

'  

(RM 0) + - (M00) + MOXR - R0Q0 + R0q0 = 0 

(F. la) 

(F. lb) 

(F. 1c) . 

(F. 1d). 

(?.1e) 

(R M ) + (M ). - R (K M + K M ) - RA + R q .= 0 (F.lf) Tx  z 

-x- (ox RT)+-(T0)-R(KP+KP)-RB+Rt 0 (F. 1g) 
o xxx 000 o 0  

where the subscripts x, 0, andz designate the corresponding coordinate 

directions. Equations (F.la) to (F.lf), inclusive, are also the Cosserat 

theory equilibrium equations obtainable from the tensorial forms (2.33). 

If the shell of revolution tobe described is a cylinder of 

m±dsur'f ace radius, R, then the pertinent equilibrium equations may be 

obtained from equations (F.l) by substituting - 

R 0 X = R, K = K0 = hR (F. 2a,b , c) 



19 

whereas, for a hemisphere of radius R, the appropriate equilibrium 

equations are obtainable with the substitutions, 

R = R sin(x/R) 

K=l/R, K0 1/R 

where the origin of the arc length coordinate, .x, is chosen at the apex. 

(F.3a) 

(F.3b,c) 


