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ABSTRACT 

This thesis deals with the financial aspects of petroleum leasing 

contracts in Alberta, in conjunction with the uncertainty of explora-

tion. In particular we solve for the Pareto Optimal allocation of 

risk between a. firm and the provincial government, on a lease of given 

size, for a specific payment schedule. The major factors influencing 

the allocation of risk include: the attitudes of the firm and the 

government towards risk, the characteristics of the lease in question, 

and the possibility of expectation asymmetries. 
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CHAPTER ONE 

INTRODUCTION 

This study is concerned with one issue in the allocation of pub-

licly owned mineral rights for the private exploration and production 

of oil and gas. Mineral leasing policy arises out of the fact that 

some governments, which own mineral rights, do not involve themselves 

with the exploration, development or production of their resources. 

In Alberta, the mineral rights to almost 86% of potential oil and gas 

bearing land are owned by the provincial government. The remaining 

14% is owned primarily by the private sector with a small percentage 

in the hands of the federal government 1. 

The rights to potential oil and gas reserves are transferred 

from the government to the oil industry by way of a complex system of 

leases. Different type leases or contracts may be applicable to 

different stages of development from preliminary exploration to produc-

tion. The lease is defined over a tract of land of given size. The 

location and pattern are closely regulated. In addition, the lease 

includes a list of obligations to the company which are both financial 

(the lease specifies the type of payment, such as a bonus bid) and 

non-financial (such as drilling requirements). Our main concern is 

with the financial aspects of a lease. 

1For a more complete discussion of the allocation of mineral rights 
in Alberta see Croninielin, Pearse and Scott, Management of Oil and Gas  
Resources in Alberta: An Economic Evaluation of Public Policy, Univer-
sity of British Columbia, Dept. of Economics, June 1976, p. 16-23. 
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Most exploration rights are linked directly to production rights 

in the sense that exploration rights may be converted in whole or in 

part to production rights. Leases are usually offered for sale in 

response to a request by a firm. The lease is then auctioned to the 

industry by way of sealed bids. In general, the firm making the 

highest bid obtains the lease, although the government retains the 

right to reject all bids. In addition to the bonus bid payment, most 

Alberta leases require rental payments as well 

a gross royalty payment if production ensues. 

fixed terms under established royalties. Now, 

as the obligation for 

Initially, a lease had 

the government reserves 

the right to alter the specifications of the lease at any time. Pro-

fits from oil and gas production are subject to the Canadian corporate 

profit tax, divided between the federal and provincial governments. 

In general, there are two types of payments made on a lease: the 

fixed payment (annual rent or bonus bid) and the profit or royalty 

tax. The royalty scheme in Alberta uses a gross royalty: a proportion 

of the gross value of the recovered resource. A gross royalty is to 

be distinguished from a net royalty: a proportion of the net value 

of the recovered resource. The gross royalty is essentially a revenue 

tax and the net royalty a profit tax. The economic implications of a 

gross royalty and a net royalty will be discussed in later chapters. 

Any government leasing policy that regulates the allocation of 

oil and gas rights may be evaluated with respect to several criteria. 

The major ' over-riding' objective may be the maximization of govern-

ment utility derived from oil and gas revenue. In addition to revenue 
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the components that may be considered when evaluating a leasing 

policy include: the timing of resource development, self-sufficiency 

in energy, environmental impact, distribution of income and so on. 

All these concerns have, no doubt, influenced mineral leasing policy 

in Alberta. 

Perhaps the most important element is the government utility 

derived from revenue earned through exploitation of its resources. 

Although we do not overlook the other issues, our attention will be 

focused on the maximization of government utility derived from revenue. 

Directly related to this issue is the timing problem. Clearly, the 

government wishes to maximize utility over the life of the resource, 

and so is concerned with the rate of development and depletion of the 

petroleum resource base. This in turn implies some rate of invest-

ment in exploratory activity (for example, the rate at which the in-

dustry accumulates new reserves) and some rate of production. However, 

we will refrain from considerations of this aspect of the problem. 

Rather, we will assume that the timing implicatons on any tract of 

land have already been considered by -the government prior to actual 

leasing of that tract. Our focus is upon the financial terms which 

should be attached to a particular lease. 

If the government wishes to maximize its utility of oil and gas 

revenue there are two areas of concern with respect to economic effi-

ciency. First, the government should try and preserve the total value 

of the lease by choosing a payment schedule that is as neutral as 

possible with respect to the firm's production decisions. Second, it 
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must minimize the adverse effects the taxation scheme, when combined 

with the uncertainty of exploration, may have on the firm's production 

decisions. 

Both these topics will be discussed in this study. Through a 

careful selection of payment schemes it can be ensured that the firm 

will not be affected on its marginal decisions. Having satisfied the 

first problem of efficiency, our focus will be on the influence of 

uncertainty in the determination of the lease contract. 

The existence of uncertainty in exploration is one of the most 

notable characteristics of the oil industry. As put by Peterson2: 

Instead of a world of perfect information we have 
a world dominated by risk and uncertainty, and 
mineral exploitation is one of the most risky 
businesses, with costly exploration programs and 
low success ratios. 

The existence of risk has a notable influence on the firm's pro-

duction decisions. Leland 3 notes three specific influences risk will 

have on a risk averse firm: 

(a) they will tend to explore less as exploration is a risky invest-

ment; 

(b) they may produce resources too quickly if there is price uncer-

tainty; 

(c) any fixed payments made to the government, such as a bonus bid, 

2Peterson, "The Government Role in Mineral Exploration", in Mineral  
Leasing as an Instrument of Public Policy, edited by Crommelin and 
Thompson, University of British Columbia Press, 1977, p. 34. 

• 3Le1and, "Comment" on " Cash Bonus Bidding for Mineral Resources" 

by Mead, in ibid., p. 56-57. 
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will tend to be lower. 

One response by the government to uncertainty in the crude petro-

leum industry has been to utilize two payments: conditional and un-

conditional payments. 

Most lease contracts contain unconditional and 
conditional payment clauses. Unconditional 
payments such as lease bonuses do not depend on 
subsequent events, such as the discovery of 
resources on the tract. If there are no further 
conditional payments, the firm which wins the bid 
bears the entire uncertainty regarding the amount 
of resources, selling price and cost of produc-
tion. Thus, the outright sale (or lease with 
only unconditional payments) transfers none of 
the risk from the buyer to the seller. Condi-
tional payments are dependent on conditions 
which are unknown at the time the lease is sold. 
Royalties, for example, depend on future produc-

tion (if any) and on the market price at the time 
of production. Properly chosen conditional pay-
ments reduce undertainty to the firm, since they 
involve large amounts only in conditions favorable 
to the firm, and small amounts otherwise. 4 

In general, risk sharing by the government, in the form of condi-

tional payments in conjunction with unconditional payments will: 

reduce social welfare loss resulting from risk 
aversion. Firms will make more economically 
efficient exploration, development, and produc-
tion decisions. And the government will enjoy 
greater expected revenues. 5 

That risk sharing is beneficial is clear: the relevant questions 

4Leland, op cit., p. 57. 

5Leland, op cit., p. 58. 
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become how much risk should the government bear and how the financial 

terms of the lease are affected by a change in the characteristics of 

the lease. In order to examine these issues we will develop a model 

of leasing under uncertainty. In it we will solve for the optimal 

leasing contract under a variety of conditions. From the general 

theory developed, it will be seen that the characteristics of a given 

tract of land will be a major determinant of the lease arrangement. 

The relevant topics of discussion include: attitudes of the firm and 

the government toward risk, uncertainty on the tract of land in ques-

tion and symmetric and asymmetric expectations of the companies and 

the government. 

In order to facilitate the reader's understanding of the analysis 

presented in this study the second chapter will be devoted to a short 

summary of the relevant aspects of the state preference theory used in 

subsequent chapters. 

In Chapter Three we will develop the model and discuss its major 

features. In Chapter Four we derive the optimal characteristics of 

one of the payment schedules developed in the third chapter. This 

chapter examines the optimum under conditions of symmetric expectations 

between the firm and the government. In Chapter Five we relax this 

assumption and consider the optimum under conditions of asymmetric 

expectations. Chapter Six incorporates the conclusions of this study. 



CHAPTER TWO 

STATE PREFERENCE THEORY 

The model used in this thesis is based on the State Preference 

Theory. In order to assist the reader with the model developed in 

subsequent chapters we will provide some of the underlying theory by 

developing a simple uncertainty model in this chapter. We will focus 

our attention on those elements in the State Preference Theory that 

will aid in the understanding of later analysis. The model we will 

use in this chapter is based on a model developed by Greene in his 

book Consumer Theory. 1 

A.. The Basic Model  

Greene's model has the following specifications. Let there be 

one consumer with an initial stock of wealth W. The consumer wishes 

to maximize his utility by allocating his wealth between a safe asset 

holding, 5, and a risky asset holding, R. The safe asset pays a 

guaranteed rate of return r. The risky asset pays the safe rate of 

return r, plus either a capital gain, g, or a capital loss, 1. Accor-

dingly, we may specify two states of nature: state A if a capital 

gain is realized and state B if a capital loss is realized. 

The consumer has subjective expectations about the occurance of 

'John Greene, Consumer Theory, MacMillian Press Ltd., 1976, 
p. 249-274. The reader may also be interested in Kenneth Arrow 
(1974), Jack Hirshleifer ( 1964-66) and Tobin (1958). 
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either state of nature. State A occurs with probability ff A and state 

B occurs with probability ff B' where 7r  + 11B = • From the above con-

ditions we may write: 

(2-1) R+SW or R=W - S 

(2-2) If state A occurs the consumer receives: 

W a W(1+r)+Rg 

If state B occurs the consumer receives: 

W  = W(l+r) - Ri 

By definition wealth in state A is greater than or equal to wealth in 

state B. 

Associated with the two states of nature is the expected value 

of future wealth, E(W), where: 

(2-3) E(W) = 7 A  + Wb7rB 

[W(l+r) + Rg]rr + [W(l+r) - Rl]ITB 

= W(l+r) + R(g7r - 1 B 

A bet may be defined as being fair, unfair, or favorable. In 

terms of our model we may specify a bet as being fair, unfair, or 

favorable as follows: 

if E(W) - W(l+r) = 0 and R(g1rA 1B = 0 then the bet is fair; 

if E(W) - W(l+r) < 0 and R(gir - 1B < 0 then the bet is unfair; 

if E(W) - W(1+r) > 0 and R(giT - lir  > 0 then the bet is favorable. 
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This implies that if hg < 'lrA[TrB then the bet is favorable. Using 

this definition of a bet, Arrow2 defines a risk averter as: 

one who starting from a position of 
certainty is unwilling to take a bet 
which is actually fair to him (a 
fortiori, he is unwilling to take a 
bet which is actually unfair to him). 

If the consumer is risk averse then unless hg < Tr /Tr  (the bet is 

favorable) the consumer will invest no wealth in the risky asset R. 

We may define the expected utility hypothesis with respect to a 

risk averter with a utility of wealth function, U(W), having the follow-

ing properties: 

(a) W > W  if and only if U(W a) > U(Wb) 

(b) if W(l+r) = E(W) (the bet is fair) then 

tJ[W(l+r)] > E[UM] = U'aa A + Ub(Wb )Tr B 

These two conditions imply that a risk averter's utility func-

tion is strictly concave. U(W) is assumed to be at least twice differ-

entiable: 

(2-4) UT (W) > 0 is the marginal utility of wealth 

U"(W) < 0 is the rate of change of the marginal 

utility of wealth 

where the primes denote differentiation. Wealth is assumed to be 

desirable so that the marginal utility of wealth U'(W), is positive. 

2Kenneth Arrow, Essays in the Theory of Risk Bearing, North Holland 
Publishing Co., 1974, p. 94. 
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For a risk averter U' (W) is strictly decreasing as wealth increases 

hence, U" (W) < 0. If the consumer is risk neutral then U(W) will be 

linear (U"(W) = 0) and if he prefers risk U(W) will be strictly con-

vex (U', (W) > 0). 

Much of our later analysis will depend on how risk averse an 

individual is; we will introduce two measures of risk aversion 3: 

Utt(W) the absolute degree of risk aversion 
- U'(W) 

U"(W) w the relative degree of risk aversion 
U'(W) 

These are local measures of risk aversion, defined at a specific 

point on the utility function. Clearly, a constant level of absolute 

risk aversion implies an increasing level of relative risk aversion 

as wealth rises. Further, a constant or decreasing level of relative 

risk aversion implies a decreasing level of absolute risk aversion. 

The absolute degree of risk aversion may be interpreted as a measure 

of an individual's demand for a favorable bet. The relative degree 

of risk aversion, a somewhat ' finer' measure, measures the bet not in 

absolute terms but in terms proportional to W. 

These two measures of risk aversion will be used extensively in 

future chapters. In the next section we demonstrate the importance 

of the absolute and the relative degrees of risk aversion. These 

points and other issues will be clearly demonstrated as we work through 

3Kenneth Arrow, op cit., p. 94; and see J.W. Pratt, "Risk Aversion 
in the Small and in the Large", in Econometrica, 32 (January-April, 
1964). 



the model. 

The relationships described by equations (2-1) to (2-3) are 

illustrated in Figure (2-1). The axes show the levels of wealth in 

the two alternative states of nature, A and B. Along the certainty 

line all wealth is held in the safe asset (R = 0). Expected wealth is 

constant along this 45° line and is equal to W(l+r). Alternatively, 

if all wealth is invested in the risky asset, R, his possible gains 

are shown along the line R = W. The possible divisions of wealth 

between holdings of the risky asset and the safe asset will . yield 

future levels of wealth in state A or B as shown by the line CD (ig-

noring the possibilities of buying long or selling short). This line 

is analogous to the budget constraint of consumer theory. The slope 

of this ' budget constraint' is - 1/g. 

The problem facing the consumer is to choose a portfolio so as 

to maximize expected utility. Expected utility may be expressed as: 

(2-5) E(U) = UA(WA)7rA + UB(WB)1TB 

To find the consumer's indifference curves differentiate the 

above equation with respect to WA and W  while holding expected util-

ity constant. 

(2-6) dE(TJ) = UrAdWA + UirBdWB = 0 

or 
dWB - Uj rA 

dWAU B 

where U is the marginal utility of wealth in state i. 
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From equation (2-6) we see that as WA increases W  must decrease 

in order for the consumer to maintain a constant level of utility. 

Further differentiation of ( 2-6) yields: 

(2-7) 
d2WB = '11A [iJU 27rE + UUt2 ir. 

dW JTB [ U , 37r 

Equation (2-7) is positive if the consumer is risk averse (U" < 0), 

zero if risk neutral (U" = 0) and negative if the consumer prefers 

risk (U" > 0). 

From equation (2-6) we see that U1 = U on the certainty line, 

where WA =  W. The slope of the consumer's indifference curve on the 

certainty line will therefore equal - In figure (2-1), that is 

indicated by the slope of the consumer's indifference curve, I, on 

the certainty line. We see from the slope of CD that the bet is 

favorable (hg < Hence, the consumer would maximize utility 

at point G, where 12 is tangent to the budget line. 

To obtain the optimal point G we solve the following problem for 

the given level of wealth W, and the given subjective probabilities: 

(2-8) Max E(U) = UA[W(l+r) + + UB [W(1+r) - Rl]1rB 

As R is the only variable we may write the first order conditions as: 

(2-9) dE(U)  dR = U I gff - UlB = 0 A' A 

or 
____ 1 

U1rg 
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Equation (2-9) states that at the optimum the individual's indiffer-

ence curve must be tangent to the budget line, as is indicated by 

point G in figure (2-1). 

The second-order condition for a maximum requires 

(2-10) d2E(U) it 2 g 2 
dR2 = 1A + UBi B < 

which is satisfied if the consumer is risk averse (U" < 0). 

W ( 1+r 

W( 1+r-1 

W(l+r) 

FIGURE ( 2-1) 

Certainty Line 

R= 0 

WA 
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B. Comparative Static Analysis  

1. Change in Wealth  

To illustrate the importance of the absolute and relative degrees 

of risk aversion let us undertake an exercise in comparative statics. 

Consider the movement in equilibrium if both W and R are allowed to 

vary. The first-order condition requires that at equilibrium 

dE(U)/dR = 0. Further a change in W will effect a change in R unless 

the absolute -degree of risk aversion is constant. Take the total deri-

vative of the first order condition in equation (2-9) with respect to 

R and W. This yields: 

(2-11) [U 21r + UB1 TB]dR + [Ug(l+r)7r - Ul(1+r)r3]dW = 0 

dR - Ug(1+r)1T + U It 1(l+r)TrB 
or --

dW U"g2ir + TJ it l27rB 

The denominator is the second order condition for a maximum which 

we know to be negative. So, the sign of the numerator determines the 

sign of dR/dW. Specifically we have: 

(2-12) 

dR 
-= < 0 
dW 

as Ug(l+r) .rrA U 1(1+r) .TrB 

dR ≥ 
-d=W0 as 

U 1 (l+r) .1rB 

UA<  g(l+r)r 

U 

UB 

U  U  
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The second inequality in equation (2-12) compares the absolute 

degrees of risk aversion, in the respective states of nature. We may 

define the relationship between the degrees of absolute risk aversion 

as follows: 
Ti'' 

UA UB 

if - < - j 
A B 

- - 

B 

decreasing absolute risk aversion 

constant absolute risk aversion 

increasing absolute risk aversion. 

Thus, if our consumer has decreasing absolute risk aversion then 

an increase in his initial stock of wealth will cause him to increase 

his absolute holdings of bonds. It is generally assumed that an indi-

vidual will have decreasing absolute risk aversion. In order to see 

what proportion this increase in R will take relative to the increase 

in wealth we must examine the relative degree of risk aversion. 

Multiply equation ( 2-il) by W/R to obtain: 

- - U(l+r)g7r + U(l+r)l1rB 
(2-13) 

ft "  d R URg 2 T + UBRi 2 ff 
B 

We have already determined that equation (2-12) is positive if 

the consumer has decreasing absolute risk aversion. From equation 

(2-13) we may determine that: 

'Kenneth Arrow, op cit., p. 96. 
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d  W 
- - Tt 

< 1 as UR 2 r + TJR12 dW R 7r  < - UW(l+r)g + UW(l+r) 11rB 

TJA[W(l+r) + RgJgir A < UB[W(1+r) - Rl]llrB 

17r B 

VA < UWB 

1j fl U tt 

WAWB 

Hence the following condition holds: 

dRW U: . 
(2-14) -= < 1 as - WA 5 - 4 WB 

A UB 

The second inequality in equation (2-14) compares the relative degrees 

of risk aversion in alternative states of nature. As with the absolute 

degree of risk aversion, a consumer has increasing constant or decrea-

sing relative risk aversion as the relative degree of risk aversion 

in state A is greater than, equal to, or less than the relative degree 

of risk aversion in state B. If our consumer has decreasing relative 

risk aversion then an increase in W will increase the optimal holdings 

of the risky asset R, and the increase in R will be proportionally 

greater than the increase in W. 

2. Change in Degree of Risk Aversion  

Another useful piece of information is how a change in the degree 

of risk aversion will affect the portfolio choice. First, it is useful 
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to know that the relative degree of risk aversion is equivalent to the 

reciprocal of the elasticity of substitution of wealth in state A for 

wealth in state B5 . In order to examine the effects of a change in 

the degree of risk aversion we may simplify the problem. Assume that 

our consumer has 

stant elasticity 

risk aversion) 6. 

a constant degree of relative risk aversion 

of substitution 

(a con-

and a decreasing absolute degree of 

This allows us to draw indifference curves that are 

homothetic to the origin. As noted above, the proportion of the risky 

asset in his portfolio will be constant at all levels of wealth, for 

budget lines of a given slope. 

The effects of a change in the relative degree of risk aversion 

as shown in figure ( 2-2). Let TrA'B be suh that the indifference 

curves I and 12 both intersect the certainty line with the slope indi-

cated. Initially the relative degree of risk aversion is assumed to 

be such that an indifference curve like I will be tangent to the 

budget line CD at G1. Now allow the relative degree of risk aversion 

to decrease ( the elasticity of substitution to increase) while holding 

all other variables constant; in other words allow the consumer to 

become less risk averse. 

The initial indifference curve I will flatten out to say 12, as 

the relative degree of risk aversion decreases. At the limit, as the 

relative degree of risk aversion approaches zero, the indifference 

5John Greene, ibid., p. 319-32. 

6Arrow suggests that the appropriate value for a constant relative 
degree of risk aversion is one, ibid., p. 98. 
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curve will be linear and have a constant slope equal to - /Tr  (see 

equation (2-6)): the consumer has become risk neutral). 

Certainty Line 

WA 

In order for the 12 curve to be tangent to the budget line the 

ratio WA/WB must increase, from that at a point as G1 to that at a 

point as G2. As the elasticity of substitution increases the marginal 

rate of substitution, dWA/dW on an indifference curve, decreases at 

all points off the certainty line. A greater increase in the ratio 

WA/WB is necessary to reduce the marginal rate of substitution of an 

12 curve to the slope of the budget line, - hg, than is necessary for 

an I curve. Hence, G2 is further away from the certainty line than 

G1. 
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In general, a decrease in the relative degree of risk aversion 

(an increase in the elasticity of substitution) will cause an increase 

in the optimal holdings of the risky asset. This movement is always 

away from the certainty line. 

3. Change in Expectations  

Another comparative static result is of interest. Examine the 

effects of a change in ff A (and Tr B" since ff = 1 - on the optimal 

holdings of R7. Differentiation of ( 2-9) with respect to 1A and R 

yields: 

(2-15) + U12(l_1TA)]dR + [Ug + Ul]drA = 0 

dR  (Ug + U, 1) 
or - > 0 

dirA U it g2ir + U ff 12 (l- IrA) 

if the individual is risk averse. 

A more optimistic level of subjective expectations about future 

wealth will increase the holdings of the risky asset at the optimum. 

Note that at the limit as ItA approaches one the uncertainty is elimi-

nated and all assets will be held in R (which is, of course, no longer 

a risky asset, but yields a positive return equal to r+g). 

The results of equation (2-14) are depicted in figure ( 2-3). In 

figure (2-3) the slope of an I curve on the certainty line is - IrA/irE. 

The slope of an 12 curve on the certainty line is _irjI'ir, where ir > Ir 

7John Greene, ibid., p. 266. 
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Certainty Line 

From figure ( 2-3) and equation ( 2-6) we see that the marginal 

rate of substitution is less for an 12 curve than for an I. curve 

everywhere below the certainty line. The result is the same as for 

an increase in the degree of relative risk aversion: in order for 

both I and 12 to be tangent to CD the ratio of WAIW must be smaller 

at G1 than at G2. 

In general, we may conclude, that as our consumer becomes more 

'optimistic' about the future (E(W) increases) then he will increase 
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his holdings of the risky asset. Conversely if he becomes ' pessimistic' 

about the future (E(W) decreases) he will decrease his holdings of the 

risky asset. 

C. The Certainty Equivalent and the Risk Premium  

Two additional concepts that will be useful in later chapters are 

the cash or certainty equivalent and the risk premium8. Essentially, 

the certainty equivalent, CE, is an amount such that an individual 

will be indifferent between receiving this amount with certainty and 

undertaking a particular gamble E(W) (i.e. select CE such that U(CE) = 

E[U(W)]). For example, in our two-state model, with a certainty equi-

valent level of W(1+r), the consumer would-be indifferent between 

receiving W(l+r) with certainty and taking any gamble along the in-

difference curve that intersects the certainty line at W(1+r). For 

any particular gamble the value of the certainty equivalent will 

depend on the amount of risk undertaken (as commonly measured, for 

example, by the variance of WA and W  around the mean E(): the 

greater the variance the greater the risk) and on the degree of risk 

aversion. 

The risk premium, P, is defined as the difference between the 

expected value of any given risk (for example, E(W) = A  7 A + WBirB) and 

the certainty equivalent. 

8For a more indepth discussion of these two concepts see Stone, 
Risk, Return and Equilibrium, The Colonial Press Inc., 1970, p. 12-21 
and J.W. Pratt, ibid. 
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(2-16) P = E(W) - CE 

From equation (2-16) and the definition of certainty equivalent 

an individual will be indifferent from receiving CE = E(W) - P with 

certainty and taking the risk E(W). Hence we may write: 

(2-17) U[E() - P] = E[U(W)] 

Equation (2-17) states that the expected utility for any given 

risk is equal to the utility of the certainty equivalent for that risk. 

If the consumer is risk averse it must be the case that 

(2-18) U([E()] > E(U(W)] 

From equations (2-17) and (2-18) we see that for a risk averter 

the risk premium must be positive (P > 0). If the consumer is risk 

neutral (UIt = 0) then the risk premium is zero. Hence, starting 

from a position of certainty, the risk premium is the amount a risk 

averter is willing to pay to avoid taking any particular risk. 

These concepts are illustrated in figure (2-4). In this graph 

wealth is measured along the horizontal axis and the total utility of 

wealth along the vertical axis. U(W) is strictly concave as is re-

quired for a risk averter. Assume that for a particular gamble W  and 

Wb have the values indicated in figure (2-4). The points G and H 

indicate the expected utility and wealth levels in state B and state A 

respectively. The chord between G and 1-I, the straight line GH, indi-

cates the expected wealth and the expected utility of wealth for 
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different subjective probabilities associated with the occurance of 

either state A or state B. Let the values of w and 7r be such that 

the expected value of the gamble is determined by the point F. The 

point F yields us the expected value of the gamble E(W) as well as 

the expected utility of the gamble E[U(W)]. Notice that the utility 

of the gamble, U{E()} is greater than the expected utility of the 

gamble, E[U()}. The point C indicates an amount of wealth, CE, such 

that the consumer is indifferent between receiving CE with certainty 

and taking the gamble E(W); U(CE) = E[U(W)]. The difference between 

E(W) and CE is, of course, the risk premium, P. 

U(W) 

U(WA) 

U [E (W)] 

U(CE)=E[U(W)] 

U(WB) 

WB CE E(W) WA 

FIGURE (2-4) 

W 
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We may translate these concepts into our earlier consumer uncer-

tainty model. In figure (2-5) the indifference curve I intersect the 

certainty line at point C, where R = 0 and future wealth is known with 

certainty and equal to W(l+r). The line CD is the budget constraint. 

If we allow W  and W  to vary but hold E(W) constant and equal to 

W(l+r) we obtain the line CH. This is, of course, an indifference 

curve for a risk neutral consumer and has a slope equal to - and 

describes points of constant expected wealth. From figure ( 2-5.) we 

see that the consumer is indifferent between taking any risk along the 

indifference curve I and receiving W(l+r) with certainty. Hence, the 

certainty equivalent W(l+r), is identified with respect to the indiff-

erence curve I. 

The risk premium, P, is the difference between the expected wealth 

as measured along I and the certainty equivalent, W(l+r). 

Certainty Line 

WA 

FIGURE (2-5) 
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Consider the optimal allocation of risk in figure (2-5) as des-

cribed by the tangency between 12 and the budget constraint CD. This 

point is G. The consumer is indifferent between taking any risk des-

cribed along 12 and receiving the amount of wealth described at J with 

certainty (J defines the value of the certainty equivalent for all 

points on 12). The line JK describes a constant level of expected 

wealth equivalent to receiving the amount J with certainty. The line 

JK is parallel to the line CH. The risk premium, P, as defined, at the 

optimal point G, is equal to the expected value of wealth as evaluated 

at G less the certainty equivalent as evaluated at J. In one sense, 

the risk premium at the optimum is a measure of the risk averseness 

of the individual. It is essentially the ' difference' between the in-

difference curve for a risk averter and the indifference curve for a 

risk neutral consumer. This difference may be visualized in figure 

(2-5) as the " distance" between the constant expected wealth line JK9 

(a constant utility line for a risk neutral consumer) and the indiff-

erence curve for a risk averse individual I2• 

It is also important to note that as an individual becomes less 

risk averse the certainty equivalent increases and the risk premium 

decreases for any given risk. Furthermore, as the amount of risk under-

taken decreases (WA decreases and W  increases or IrA rises) then the 

certainty equivalent increases and the risk premium decreases. 

9The constant wealth line .3K has a slope of - IrAIlrB and along .3K 
wealth is constant: dE(W) = 0. 
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Having completed this section we have all the basic tools nece-

ssary for developing our undertainty model. Let us proceed, there-

fore, to Chapter Three where we describe the basic model. 



CHAPTER THREE 

THE MODEL 

In this chapter we will outline a particular uncertainty model 

based on the State Preference Theory developed in the last chapter. 

This model is a variation of a model developed by Markusen1. The pur-

pose of the model is to yield the characteristics, in the oil industry, 

of an optimal leasing contract between the government and the firm. A 

variety of different conditions will be examined. With the help of 

comparative static analysis we will also be able to consider the type 

of contract that may be optimal under different stages of development 

of any particular lease. This analysis will be conducted in the next 

chapter. For this chapter we will be satisfied with outlining the 

model and illuminating the characteristics of profit-sharing contracts 

in the context of oil leases. 

Much of the analysis will be done by comparing a general profit-

sharing contract with two extreme forms of a profit-sharing contract. 

In addition we will examine the characteristics of a bonus bid lease 

arrangement. These four major contract types may be generally defined 

as follows: 

(a) Fixed-Rent Contract: this contract denotes a lease wherein the 

government receives a fixed-rent per unit of land leased. The firm 

'James Markusen, Personal and Job Characteristics as Determinants  
of Employee-Firm Contract Structure, 1977 and 1978, an unpublished 
manuscript. 
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receives all the net income from the sale of the'oil less the rent 

paid to the government. This implies that the government assumes no 

risk and the firm assumes all risk. 

(b) Fixed-Profit Contract: this contract arrangement is opposite to 

a fixed-rent contract. The government 'hires' the firm at a fixed rate 

per unit of land on the lease in question. The government's revenue 

will vary depending on the amount of oil produced. The firm's profits 

are, of course, fixed. 

(c) Bonus Bid Contract: in order for the firm to acquire a lease from 

the government it submits a bid to the government. The bid is a ' front-

end' payment, made at the time the lease is acquired. It is assumed 

that the amount of the bid will be such that the firm will maintain 

a constant level of utility, given the associated risk. In a very 

competitive bidding environment the firm would 'presumably make maximum 

bids: those which keep its utility level equal to what it would be in 

the absence of the project2 . Hence, the firm assumes all the risk and 

the government no risk. Thus, the bonus bid contract will generally 

be analogous to a fixed-rent contract at least as far as risk sharing 

is concerned. 

(d) Profit-Sharing Contract: under this contract type the revenue 

the government receives and the profit the firm receives are both a 

2Cronimelin, Pearse and Scott, Management of Oil and Gas Resources  
in Alberta: An Economic Evaluation of Public Policy, Resource Paper 1, 

June 1976, University of B.C., Department of Economics, p. 22-23; 
Leland, "Optimal Risk Sharing and the Leasing of Natural Resources, 
with Application to Oil and Gas Leasing on the OCS," The Quarterly  
Journal of Economics, August 1978, p. 415-416. 
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function of the net return from the lease in question. In our model a 

profit-sharing contract will generally have two components: a fixed 

payment per unit of land leased and a profit or net royalty tax. 

In Alberta, land leased solely for exploration purposes utilizes a 

fixed-rent contract arrangement but with an option to convert partially 

to a lease with production rights. However, most land is leased for 

exploration and production purposes. Usually, there is a royalty tax 

and a profit tax, as well as a front-end payment3. This model will 

not deal with the optimal size of land that should be leased by the 

government, however, the acreage of any given lease used for explora-

tion will, in general, tend to be greater than the acreage on a given 

lease used for production: that is, unproductive acreage will not be 

held. 

The fixed-profit contract and the fixed-rent contract are two 

extreme forms of the more general profit-sharing contract. Most of 

the analysis on profit-sharing contracts will focus on a net royalty 

tax with a fixed-payment. Two other types of profit-sharing contracts 

will also be considered. 

The use of a net royalty tax or profit tax requires some explana-

tion as the government is in the habit of using a gross royalty tax 

(a gross royalty does not take into account production costs when 

assessing taxes). The major problem with most royalty schemes is that 

they use a gross royalty. A gross royalty promotes production ineffi-

ciences by the firm: in particular they effect the firm's decisions 

3Crommelin, Pearse and Scott, op cit., p. 16-24. 
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at the margin, which induces early abandonment of a well. Further they 

will lead to underinvestment in exploration and development activity. 

Leland4 demonstrates that a Pareto optimal production decision 

will be made by the firm only if the firm is not affected, at the 

margin, by the leasing contract. Clearly a gross royalty tax will not 

fulfill this requirement. However, in practice the government does 

have an influence on the firm's production decisions. In particular 

the North American governments have exercized price control, established 

maximum efficient rates of production, introduced market demand pro-

rationing, offered exploration incentives and so on. These tools 

allow the government some degree of control over the firm's production 

decisions. Also, many gross royalty schemes in use involve a sliding 

scale royalty designed to reduce the marginal impact. Accordingly, 

it would seem that deviations from productive efficiency, due to speci-

fic tax equations, have been regarded by governments in North America 

as being relatively minor. 

Hence, the analysis implicitly assumes that any loss in profits, 

due to changes in the firm's production decisions, is negligible. When 

we solve for Pareto optimal conditions we will be referring to the 

optimal allocation of risk ietween the firm and the government as well 

as the optimal production decisions by the firm. 

In order to get to the issues at hand we will develop an uncer-

tainty model based on the following specifications. 

Leland, op cit., p. 426-431. For a theoretical approach to this 
problem see Ross, "The Economic Theory of Agency: the Principal's 
Problem", The American Economic Review, May 1973, p. 134-139. 
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(a) There exists one government that owns all the mineral rights in 

question. 

(b) There exists one firm that desires access to these particular min-

eral rights, or a number of firuwith identical utility of wealth 

functions, defined over the possible income from the property concerned. 

(c) There is only one variable which affects the level of production: 

the size of the lease in question L. We may specify the production 

function as: 

(3-1) Q=F(L) 

where F has the usual neoclassical properties (FT(L) > 0, F't(L) < 0) 

and o allows us to distinguish between alternative states of nature. A 

production function dependent only on land ( and the state of nature) 

implicitly assumes that there are perfectly fixed proportions between 

land and capital and labor inputs. Also, the land input is the con-

straining input on capital and labor. The assumption might be inter-

preted as implying that each lease requires an exploratory well, and 

that such a well has fixed capital and labor inputs. 

We further assume that the lease in question is on a tract of 

land of specified size so that L = L. This also implies given quanti-

ties of capital and labor. We will not explicitly consider the optimal 

quantity of its total land the government should lease in each period; 

rather, given that the government has decided to lease a particular 

plot of land, we ask what the optimal lease conditions should be. 

Although the lease in question is of a fixed area, the size of the 
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underlying oil deposit is uncertain. Both the firm and the government 

associate the same size of deposit with the same state of nature: they 

have identical expectations about the quantity of oil discovered in any 

given state of nature. For simplicity, we assume there are only two 

possible states of nature: state A, the ' good' state and state B, the 

'bad' state. In other words, the size of the deposit found if state .A 

occurs is larger than the size of the deposit found if state B occurs. 

We may specify the following quantities for each state of nature: 

State A 

State B 

QA = AL) 

QB = 

occurs with frequency (ir'jr) 

occurs with frequency (iT,ir) 

The 7r's are the subjective probabilities of either state A or B occur ing, 

where the superscripts f and g denote the probabilities as preceived 

by the firm and the government respectively. 

(d) We assume that the net price p. (net of production costs but not 

lease payments in state i) is determined by the state of nature. The 

well head price of oil is assumed to be fixed and known with certainty. 

The difference in pA and PB will reflect production cost differences 

between the two states of nature. Consistent with our assumption that 

state A is the preferred state, net income in state A is greater than 

net income in state B: pAaAF(L) > pBaBF(L). In the event of a dry 

well in state B it must be the case that pBaBF(L) < 0. We will, how-

ever, assume that both pAaAF(L) and PBBF(L) are positive. For simpli-

city of notation let E(V) = E[pcF(L)]. We may write the expected net 

income from the lease in question from the government's and the firm's 

point of view as: 
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E(V) = PAAF CL) A + PBBF(L)1TB 

= VA Tr+ 

(3-2) E(V) = PAAFA + PBaBF(L)7rB 

f f 
= VArA + VB7rB 

Note that (V) = E(V) if the firm and the government have sym-

matric expectations ( rr = n'). Also, the government and the firm per-

ceive the same net income from the lease in each alternative state: 

V. 1 is the same for both the firm and the government. 

The net expected value of the lease may be different for the 

government and the firm if the subjective probabilities attached to 

each state of nature by the firm and the government differ ( recall that 

both the firm and the government preceive the same V for each alterna-

tive state of nature). The case of asymmetric expectations (ii 0 7r) 

will not be dealt with until Chapter Five. Rather, the analysis in 

this chapter and in Chapter Four will be restricted to the case of 

symmetric expectations ('rr = ii.). 

(e) The firm maximizes a utility of profit function written as: 

(3-3) 

where W is the total utility of the firm and denotes profits. In the 

event of uncertainty the firm acts to maximize the expected utility 

value, E[W(4)] = EW.ir1 for states of nature i. 
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(f) Similarly, the government maximizes the total utility of revenue. 

(3-4) U=U(R); Ut >o 

where U is the total government utility and R is revenue. Under condi-

tions of uncertainty the government maximizes total expected utility, 

E[U(R)] = EU1ir. for states of nature i. 

If the firm and the government are risk averse then W" < 0 and 

Uu < 0. 

(g) By definition the income from the lease in the alternative states 

of nature must be captured by either the firm or the government. That 

is: 

and 

+ A = VA 

RB + cI B V  

where R and denote government revenue and firm profits and V total 

'economic rent' in state i. 

With the above information we may give specific functional form to 

our contract types. 

Fixed-Rent Contract  

(3-5) E(R ) = R = r L 
S S 5 

E(c ) = (V - rL)ir+ (V - rL)ir 
s a s A b s B 

The unit rental rate r5 determines the fixed level of revenue for the 
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government R5. The expected value of firm profits is denoted by E(4 5). 

Fixed-Profit Contract  

(3-6) E(Rf) = (VA - rfL)rrA + (VB - rfL) 7rB 

E(f) = f = rfl 

where the subscript f denotes a fixed-profit contract. 

Bonus Bid Contract  

Assume that the firm maintains some fixed level of utility, W. 

Then, the bonus bid made by the firm will represent the amount the 

firm is willing to pay for the gamble E(V) rather than not have it. If 

the firm is risk neutral, then the bid, rL, made by the firm will 

equal the certainty equivalent necessary to maintain W ( the risk premium 

is zero for any given risk). So we may write: 

(3-7) E(R) = 

E ( = = (VA - rL)7rA + (V B - rL) 

where 4 is the fixed level of profits that a risk neutral firm will 

maintain under a bonus bid scheme. Notice that the firm will submit a 

bid rL, such that all its profits are bid away up to the point where 

profits equal 

If, however, the firm is risk averse, then in order to maintain 

a constant level of utility, E[W()] = W the bid made by the firm will 
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equal its certainty equivalent ( the amount of profit the firm can expect 

to receive with certainty, necessary to maintain a level of utility 

equal to W) less the risk premium for any associated risk. Hence, the 

bid made by a risk neutral firm will be greater than the bid made by a 

risk averse firm: the difference between the two bids being the risk 

premium. The concept of a bonus bid contract will be discussed in more 

detail as we proceed with our analysis. 

Profit-Sharing Contract  

(3-8) E ( R) = [ (VA - y rL) Jir + [ (V - y rL) 17r + r  

E() = [(1 - )VA )7r + C(l - )VB]7r - (1 - y)rL 

where the subscript, p, denotes a profit-sharing contract. The govern-

ment tax rate is denoted by , where 0 1; the tax rate is con-

strained by being no less than zero per cent and no more than 100 per 

cent. The inclusion of y allows us to alter the payment schedule by 

making the fixed payment, rL deductable from, non-deductable from, or 

added to income before assessing taxes. Specifically, we will examine 

the above three cases by allowing ' to take on the values one, zero, 

and negative one. 

Notice that the fixed- rent contract and the fixed-profit contract 

are two extreme cases of the more general profit-sharing. 

The fixed- rent contract is obtained from equation ( 3-8) by setting 

0 and r = r5 > 0. The fixed-profit contract is obtained by setting 

1, r p = r  < 0, and -y = 0. If r = 0 then we have a ' pure' profit-

sharing contract. Otherwise there is a rental payment made to the 
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government by the firm ( rn > 0), or a rental payment made to the firm by 

the government ( r < 0). 

Risk in this model is defined in terms of income variability. 

Holding the expected value of the lease constant, expected government 

revenue constant and expected firm profit constant, if, for example, 

R A B increases and R decreases then income variability increases for the 

government (and decreases for the firm since A must decrease and 

must increase). Hence, the amount of risk undertaken by the government 

has increased ( and the amount undertaken by the firm has decreased). 

As we move from a fixed-rent contract to a fixed-profit contract ( 

increases and r decreases) the variability of government revenue in-

creases and the variability o.f firm profit decreases. At the one 

extreme, when the government bears no risk and the firm bears all risk, 

we are restricted to a fixed-rent dontract (or a bonus bid contract). 

At the other extreme, a fixed-profit contract, the firm bears no risk 

and the government bears all risk. Between these two extremes lies the 

set of profit-sharing contracts, where risk is shared by the firm and 

the government. 

Let us now examine in detail three profit-sharing contracts, as 

defined by assigning y the value one, negative one and zero. 

(a) Assign y the value one and rewrite equation ( 3-8) to read: 

(3-9) E(R ) = (VA - p A + (VB - rL) + rL 
p 

E() = (1 - )( VA - r pL) A Tr (1 - )(VB - rL)ir 

In this instance we see that the fixed payment rL is deductable 
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from income before assessing taxes. If, for example, r is positive 

then the government receives the fixed-rental payment plus a percentage 

of net income as determined by the tax rate a. 

As mentioned previously we will assume that the firm and the govern-

ment have symmetric expectations about alternative states of nature 

(ir = 7r). For the moment also assume that both the government and the 

firm are risk neutral (W" and U" = 0). Looking at the government first, 

differentiate equation ( 3-9) with respect to r and , while holding 

expected revenue constant. This yields: 

(3-10) dE(R) = E(V - rL)d + (1 - )Ldr = 0 

dr g E(V - rL) 

Fd _$21  < 0 (l - )L 
assuming the numerator is positive and is not equal to one. 

From the above expression we see that the marginal rate of substi-

tution of r for is negative. In other words, for expected government 

revenue to remain constant, the unit rental rate, r, must decrease as 

the tax rate, a, increases. At the limit, as a approaches one, 

(dr/d) 8 approaches infinity. This implies that the government will 

never impose a one hundred per cent tax rate under this contract type. 

Upon further differentiation of equation ( 3-10) we obtain 

(3-11) 
d2r g E(V - r L) I p' - p  
d 2 J - - (1 -) 2t < 

The relationship between r and as described in equations (3-10) 
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and ( 3-11) is, in fact, an indifference curve for a risk neutral govern-

ment. Pictured in figure ( 3-1), the curve r5X defines the locus of 

points along which the risk neutral government has constant utility. 

Assigning r an initial value equal to r5 and setting = 0, we see 

that along r5X the government is indifferent between various profit-

sharing contracts with different rental rates and 0 < a < 1 and a fixed-

rent contract with rental payment equal to r5L. The pure profit-

sharing contract is located at the point T. 

0 rs r 

FIGURE (3-1) 
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Performing the same calculations for the firm we obtain, from 

equation (3-9): 

dr E(V- rL) 

(3-12) L.al -  •d8 pj - (1-)t < 

and 

(d2r' E(V- rL) 

(3-13) Cj• = (1 _) 2 < 0 

If we compare equation ( 3-10) with ( 3-12) and ( 3-11) with ( 3-13) 

we see that for a risk neutral firm and a risk neutral government: 

dr g dr £ 
= 

d 
and 

d2r g [d2r 
p - p  

d 2 - d 

Thus, given an initial fixed- rent contract with r = r5 and = 0 the 

curve rX describes the locus of points along which a risk neutral 

firm and a risk neutral government have constant utility and constant 

in come. 

(b) If we wish to add the fixed payment onto the taxable income we set 

y < 0. In this case we will let -y = -1. In this instance the fixed 

payment is taxable in addition to all pre-rent profits earned by the 

firm. In effect, rents are taxed twice. We may rewrite equation ( 3-9) 

to read: 

(3-14) E(R ) = p p p E[(V + r L)] + r L 

E() = E[(l - )(V)) - (1 + )rL 
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From equation (3-14) if, for example, r is greater than zero 

then the fixed payment made to the government is added to corporate 

profits before taxes are levied. As done in case ( a) differentiate 

equation ( 3-14) with respect to r and while holding expected govern-

ment revenue constant. This yields: 

(3-15) 
drg E(V+ r p L) LaI =_  

J 

and upon further differentiation 

(3-16) 
P p r E(V + r L) 

;O-kJ (1+)2t>° 

The government indifference curve resulting from equations ( 3-15) 

and ( 3-16) is described in figure (3-1) by the curve r5Y ( given an 

initial fixed-rent contract where 

case the MRS of r for a is negative. However, the rate of change of 

and a = 0). Like the previous 

the government's MRS is positive. This is due, of course, to the fact 

that the fixed payment rL is added to income before assessing taxes. 

Deriving the firm's indifference curve from equation (3-14) yields: 

(3-17) 

and 

Idr If E(V+ r p L) 

j• -   de (1+ 
0 
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(3-18) 
1d2r p p ' E(V + r L) 

- 

d2 J - (1+ ) 2f> 0 

Hence, in case (b), as in case ( a), if both the firm and the govern-

ment are risk neutral and have symmetric expectations then their in-

difference curves will be the same, given initial values for r = r5 

and = 0. 

(c) In the final case the rental payment is neither deductable from or 

added to income before levying taxes. We set y equal to zero. This 

case is the simplest of the three cases. For a risk neutral firm and 

government we shall see the MRS will, in fact, be constant for all 

values of r and a. From equation ( 3-9) this case is described by: 

(3-19) E(R ) = E(V) + r 
p p 

E() = E[(l - )V] - rL 

If r is positive the government receives a percentage of corpor-

ate income plus a fixed payment. The fixed payment is not deductable 

from firm profit when calculating taxes. This case approximates the 

situation for petroleum production in Canada since the November 1974, 

federal budget. 

We may describe the indifference curves for a risk neutral firm 

and government with symmetrical expectations as: 

(3-20) p1 - T E(V) - 
dr ' g [-d-JCJdr 19 

tdj -- - < 
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and 

(3-21) 

(d2r g (d2r 'I 

d) = 0= dj 

This linear relationship between r and is depicted in figure 

(3-i) as the straight line rSrf. Along the line r s r expected revenue 

and expected profits are constant. It describes the profit-sharing 

contract, fixed-rent contract and fixed-profit contract between which 

the firm and government are indifferent. 

Furthermore, if the government is utilizing a bonus bid scheme 

with a royalty tax then for any value of along rrf the corresponding 

value of in figure ( 3-1) will represent the bonus bid the firm will 

make for that value of $. 

On particularly important result that is derived from this analysis 

is summarized in the following proposition: 

Proposition 1  

If the firm and the government are risk 

neutral and have symmetric expectations 

about alternative states of nature then 

for any given type of profit-sharing 

contract, points of constant government 

revenue and constant company profit will 

be identified by the same curve (where 

E(V) = E(R) + E()). 

If we move along any curve in figure ( 3-1) from the point where 

r = r and = 0 we see that as r decreases increases until at the 
p 5 p 
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point T, r = 0. Any profit-sharing contract where r = 0 and 0 < 6 < 1 

is termed a pure profit-sharing contract. The set of all pure profit-

sharing contracts divide risk evenly between the firm and the govern-

ment. However, this does not imply an equal division of expected in-

come or, of course, equal utility levels. This is determined by the tax 

rate 6. In order for the tax rate to reach higher levels than indi-

cated by T, the government must, in a sense, ' hire' the firm. 

Consider an increase in 6 for any pure profit-sharing contract 

(r = 0). This will cause RA and 9 to increase and and to 

decrease. This implies that government utility has increased and that 

firm utility has decreased, but that the allocation of risk has not 

changed. In a sense, the fixed-payment is equivalent to the safe asset 

used in the previous model (in Chapter Two). The fixed payment is made 

or paid with certainty. Of course, the tax rate used in this model is 

not directly analogous to the risky asset used in Chapter Two. In the 

previous model an increase in the holdings of the risky asset implied a 

decrease in the holdings of the safe asset as well as an increase in 

WA and a decrease in WB. However, in this model, there is no such 

trade-off between the ' safe' asset and the ' risky' asset. 

Note that the points along = 0 are identical to the certainty 

line for the government, and points along 6 = 1 are identical to the 

certainty line for the firm. When r = 0 neither the government nor 

the firm are holding any ' safe' assets. Hence, as stated, any pure 

profit-sharing contract defines points of equal risk sharing, but not 

necessarily points of equal expected income or equal utility levels. 
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In fact, as will be proved in the next chapter, if the firm and the 

government are equally risk averse then the optimal contract will be a 

pure profit-sharing contract, regardless of the utility levels that the 

government and the firm are able to maintain. 

As r decreases and increases, along any constant revenue (profit) 

line, income variability is increased for the government and decreased 

for the firm. The amount of risk borne by either party is, of course, 

positively correlated to income variability. Thus, if r is positive 

more risk is carried by the firm, and if r is negative more risk is 

carried by the government. 

For the rest of this analysis we will focus on case ( c), with the 

fixed payment non-deductable5. Now let us derive the indifference 

curves for a risk averse firm and government. Rewriting equation (3-19) 

we have: 

(3-22) E(U) = E[TJ(V + rL)]; U" < 0 

E(W) = E{W((l - )V - wu < 0 

First solving for the government's indifference curve, differen-

tiate equation ( 3-22) with respect to r and while holding expected 

government utility constant. 

(3-23) dE(TJ) = E(U'V)d8 + E(TJ')Ldr = 0 

ldr g 
p - E(U'V)  

- - E(U')L < 0 

5see Leland, ibid., p. 418-420 for certain restrictions on the 
utility functions that are given in equation ( 3-22). 
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From the above equation we see that, as in the risk neutral case, 

a decrease in r must be met by an increase in in order for government 

utility to remain constant. Further differentiation of equation (3-23) 

yields: 

(d2 r g 1Tr (VA - VB) (UU2r + U if TJk2 
(3-24) I I   >0 

E(U T) 

The relationship between r and 0 for a risk averse governrnent is 

drawn in figure (3-2) as the curve r5r. It shows the locus of points 

along which expected go'ernment utility under a profit-sharing contract 

is equal to government utility under a particular fixed-rent contract 

(r = r8, a = 0) or is equal to expected government utility under a 

particular fixed-profit contract ( r = 4, a = 1). 

0 r' 
5 

FIGURE (3-2) 

r 
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If we compare the MRS for a risk neutral government with the MRS 

for a risk averse government we see that: 

dr ' g 

•__.ai d8 ' RISK AVERSE - 

g 

irki RISK NEUTRAL 

since U is strictly concave by definition of a risk averter. The strict 

inequality holds for all values of 8, where 8 is greater than zero. 

The indifference curves for a risk neutral government and a risk averse 

government will be tangent on the certainty line (8 = 0). Hence, for 

all points where a is greater than zero the slope of the curve rr, in 

figure (3-2) will be greater than the slope of the line rSrf for any 

given tax rate 0. Notice that in order for a risk averse government to 

remain indifferent between receiving r9L with certainty and taking any 

given risk ( r > r5 and 0 < 1) the expected revenue must be higher; 

revenue will increase at all points as r decreases and 8 increases 

along the curve r r'. The horizontal distance between r r and r r' 
sf sf sf 

is a measure of the amount a risk averse government is willing to pay 

(receive) for any 8 > 0 in order to avoid ( assume) the associated risk. 

In fact, this value is the government's risk premium associated with 

any given risk. 

Now let us apply the above methodology to derive the indifference 

curve for a risk averse firm. First solve for the tax conditions which 

yield a constant utility for the firm. Equation (3-19) yields the 

following marginal rate of substitution for the firm: 
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(3-25) 

dr £ 

P] 
E(W'V)  

d8 J E(W')t< ' 

and upon further differentiation 

d2r f V ) (W AWBl + wit W2r) 
(3-26) d ] =  AB (VA - B B  < 0 

E(W t)3— 

We immediately know from equation (3-25) that for any given value 

of the MRS for a risk averse firm is greater than the MRS fora risk 

neutral firm. This is due to the fact that W is strictly concave. 

However, on the firm's certainty line ( = 1) these two indifference 

curves will be tangent. 

The relationship between r and as described by equations ( 3-25) 

and ( 3-26) is represented in figure (3-2) as the curve r'rf. Along 

the curve rrf the firm maintains a level of utility equal to receiving 

rfL with certainty. In order for a risk averse firm to maintain W = rfL 

as it bears more and more risk ( r increases and decreases) the firm's 

expected profits must increase. The difference between the certainty 

equivalent, rfL, and the expected profits for any given tax rate along 

the curve rrf is equal to the firm's risk premium for that given risk. 

That is the horizontal distance between r r and r'r 
s  sf 

Further, if r is positive, then the locus of points along r'rf 

describe the bonus bid the firm would make for any given tax rate, 

assuming there is no rental. If there is a rental payment, the bonus 

bid would be the difference between this amount and the rental. For 
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any given royalty rate the firm will bid just enough to maintain a level 

of utility equal to receiving rfL with certainty. 

Having completed our discussion about the specifications and 

characteristics of our model, we are now ready to solve for the optimal 

contract. This will be accomplished in the next chapter. 



CHAPTER FOUR 

CHARACTERISTICS OF AN OPTIMAL CONTRACT 

In this chapter we solve for the Pareto Optimal allocation of risk 

between the firm and the government. This analysis will be performed 

in the first section. In the second section we analyze the conditions 

under which the fixed payment is received by either the firm or the 

government, or is zero. Comparative static analysis is done in.the 

third section. We are particularly interested in the changes in the 

optimal contract resulting from a change in the expected value of the 

lease. Throughout this chapter we assume that the firm and the govern-

ment have symmetric expectations about alternative states of nature 

The case of asymmetric expectations ( ir will be 

dealt with in the fifth chapter. 

A. Optimal Characteristics  

We wish to maximize government utility while constraining the 

utility level of the firm. Let us first consider the case where the 

government is risk averse but the firm is risk neutral. For this sec-

tion and the remainder of this thesis we will use the linear profit-

sharing equation: the net royalty contract with a fixed payment. 

The maximization problem may be formulated as follows: 

(4-1) Max E(U) subject to E(4) = ; U" < 0; W" = 0;i = It. 

Notice that we are constraining the firm's profits to , which is 

- 50 - 
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an amount that the firm receives with certainty. Hence, the contract 

that identifies, , is a fixed-profit contract. 

Form the Lagrange equation, T, from equation (4-i): 

(4-2) T = UA[VA + rL]ir + 13B [ VB + rL]rr 

+ X[(l_)VA1r + (1-)V3 r - r  - 

Solving for the first order conditions for a maximum yields: 

= UjVA1r + TJVB 1r -. + VBTI•B] = 0 

(4 - 3) - BT  ar - ULir + TJLii - AL = 0 

p 

f £ 

Dividing the first two equations of (4-3) we obtain: 

(4-4) 
U' 
A 

TI 1 - 

B 

Equation (4-4) states that the government's marginal utility in 

state A must equal the marginal utility in state B, at the constrained 

optimum. Or in other words, the government's marginal rate of substi-

tution of revenue in state A for revenue in state B must equal one at 

the optimum. This condition will be satisfied only if RA = RB. Hence, 

the optimal contract will be either a fixed-rent contract or a bonus 
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bid contract. At this optimal contract the firm bears all risk and the 

government bears no risk. These results are summarized in the following 

proposition: 

Proposition 2  

Assume ( a) the firm is risk neutral and the govern-

ment is risk averse and (b) they have symmetric 

expectations about alternative states of nature. 

With these conditions then at the optimum any profit-

sharing contract is Pareto inferior to some fixed-

rent contract or bonus bid contract. 

The above proposition is well known in risk theory. If one agent 

is risk neutral and the other agent is risk averse then the risk neutral 

agent should bear all risk. The results in Proposition 1 will be re-

versed if the firm is risk averse and the government is risk neutral. 

The more interesting case is where both the government and the 

firm are risk averse. Accordingly we may reformulate the problem in 

equation (4-1). 

(4-5) Max E(U) subject to E(W) = W; U" and W' < 0; ir = 7T i 

Form the Lagrange function: 

(4-6) J = UjV • + rL1ir + + rL1ir 

+ A[WA((l_)vA - rr)ir + WB((l)vB - rr) - w] 
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Solving equation (4-6) for the first-order conditions we obtain: 

- = E[U'V} - XE[W 'V] = 0 

(4-7) 31 - 

- E[U T]L - XE{W t]L=O 
p 

T = WA(A)rA + WB()rB - = 0 

Dividing and expanding the terms in the first two equations of 

(4-7) we obtain: 

(4-8) 

Equation (4-8) states that at the optimal contract the marginal 

rates of substitution between income in the two states of nature will 

be equal. This implies that the indifference curves for the firm and 

the government will be tangent at the optimal contract. Furthermore, 

since the MRS for the firm and the government equal one only on their 

respective certainty lines it must be the case that R > R  and > 

at the optimal contract. 

The second order condition for a constrained optimum is that the 

relevant boardered Hessian determinant be positive: 

(4-9) 

E[U t1V2] + 

AEEW 'tV2] 

E[TJ"V) + 
XE [W'TVI 

-E [w'v] 

E [ U" JL + 

XE[W" ]L 

E[U"]L + 
XE[W"]L 

-E' IT 

-E[W 'V] 

-E {W'] 

0 

>0 
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Expanding equation (4-9) we obtain: 

(4-la) - 7r 7T AB AVB) U lt T2 11 AWBf B + UWkITA 

+ if I I if WUWTB + WUW1tBA A A ]> 0 

or 

- Tr W  AB ( VA - VB) [w' Ut - BB+ T B' WAA 

w,t 
+ Wr3 +  WB Wjr] 0 

where (4-10) is strictly positive if the firm and the government are 

risk averse (1311 and W'T are negative). 

The above results are summarized in the following proposition: 

Proposition 3  

If ( a) the firm and the government are risk 

averse and (b) they have symmetric expectations 

about alternative states of nature then any 

fixed-rent contract or fixed-profit contract is 

Pareto inferior to some profit-sharing contract. 

Like Proposition 2, Proposition 3 has a basis in risk theory. It 

is well known that if both agents are risk averse then the optimal con-

tract will involve risk sharing by both agents. 

The graphic solution to the optimal contract implied by Proposi-

tion 3 is indicated at point C in figure (4-1). 
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r. 

I' I fit o r r' r" r  
P S S PS 

FIGURE (4-1) 

rs r 

There are several interesting features about the particular repre-

sentation depicted in figure (4-1). First we notice that at the optimal 

contract, as depicted by the tangency between the firm's (r'rf) and 

government's ( r"r) indifference curves, point C, the fixed-payment, 

is positive. In other words the government receives a fixed sum 

from the firm. This fixed sum could be either a rental payment or a 

bonus bid. We see that the firm is constrained to an expected utility 

level equivalent to r f L with certainty: the government is con-
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strained to points along the firm's indifference curve r'rf. This 

allows the government to maximize its utility at the point C. Note that 

the point C gives the government a level of expected utility equiva-

lent to receiving the amount ri with certainty. Furthermore, the 

expected revenue the government receives when the firm is risk averse 

is less than the certain revenue the government receives when the firm 

is risk neutral (total expected revenue at point C is less than total 

revenue at point r = r.5 and = 0). 

We see that at the optimal rate of taxation, ', the fixed payment 

is equal to rL. If the government was using a bonus bid payment then 

the bonus bid made by the firm for this level of taxes is equal to the 

firm's certainty equivalent rfL less the firm's risk premium, P f, at 

this level of risk = (r - 

B. Determining the Recipient of the Fixed Payment 

One issue we have not yet dealt with is whether the sign of r is 

greater than, less than or equal to zero. A casual inspection of 

figure ( 4-1) shows that as the government becomes less risk averse 

relative to the'firm ( and holding the firm's utility fixed at rr f) 

then the optimal contract will move up along the firm's utility curve 

rr f. In other words, if the government becomes less risk averse, at 

the old optimum C, U/U< W'/W'. In order for the firm's MRS of r 

for and the government's MRS of r for to be equal, the ratio r/ 

must decrease from point C so that the firm's MRS will decrease and the 

government's MRS will increase. Such a new optimal point is I-I in 
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figure (4-1), where the firm's indifference curve is tangent to the 

government's new indifference curve rUTrt. Furthermore we see that as 

the government becomes less risk averse its expected revenue, at the 

optimal contract, will increase ( expected revenue at H is greater than 

expected revenue at C). 

Before proving this more formally we may advance the following 

proposition: 

Proposition 4  

If ( a) the firm and the government are risk 

averse, (b) they have symmetric expectations 

about alternative states of nature and ( c) 

they have constant relative risk aversion then 

the fixed payment, rL will be zero, paid 

to the government or paid to the firm as the 

firm and the government are equally risk 

averse, the goverment is more risk averse, or 

the government is less risk averse. 

This proposition has been demonstrated by Stiglitz 1. We will pre-

sent a somewhat different proof. This proof requires an alternative 

approach to the one we have used so far in this paper. We may identify 

an expected government utility function and an expected firm utility 

function: 

1Stiglitz, Joseph; "Incentives and Risk Sharing in Sharecropping", 

The Quarterly Journal of Economics, 1974, p. 231-232. 
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(4-11) E[U] = UA(RA) 7r + 

E[W] WA(A)TA + WB( B)T3 

where E(R) and E(q) are described by equation (3-19). Also recall that., 

by definition: 

(4-12) AVARA and B_VBRB 

Solving for the government's indifference curves from equation 

(4-11) yields: 

(4-13) 
dRB U 

and upon further differentiation: 

d2RB r"'B +(4-14) -dR2 9  1J 3IrB5 1 >0 

where equation (4-14) is positive if the government is risk averse. 

The corresponding indifference curves for the firm are described 

by:. 

(4-15) 

and 

(4-16) 

d B 

dA w:rB 
-  < 0 

f  2 f it '2 f-
d2 B A r 1l AWB B + WBWA A 

d '3f 
B WBrB 

if the firm is risk averse. 

>0 
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Solving for the optimal contract as we have done earlier, we may 

formulate the following optimization problem: 

(4-17) Max E(U) subject to E(W) = W; U" and W" < 0; Tr = iT. 

From equation (4-17) we may write the following Lagrange equation: 

(4-18) S = UA(RA)1r + + + WB(VB_RB)1T B - W} 

From equation (4-18) the following first order conditions for a 

maximum are obtained: 

g 
- - = 0 

(4-19) 
as I g 

- Uir - XW 1T B = 0 
9R B BB 

ax =WA WAir+WBir_W0.. 

As earlier results dictate, dividing the first two equations of 

(4-19) yields: 

(4-20) 

The second order conditions require that the determinant of the 

relevant boardered Hessian be positive for a maximum. 

(4-21) 

+ xw 

0 

0 

g it f 
UB7rB + Tr 

If 

- WBIFB 0 

>0 
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Expanding the determinant in ( 4-21) we obtain: 

(4-22) - 

U" W 
+ -- W r " W1' 

W'r +— W +— W'r 
-- A A B B A A >0 

where (4-22) is strictly positive if the firm and the government are 

risk averse. 

The results of this analysis are graphed, in figure (4-2), uti-

lizing an Edgeworth box diagram. In figure (4-2) 09 f and 0 are. the 

origins for the government and the firm respectively. The dimensions 

of the box are V  measured along the horizontal axis., and V  measured 

along the vertical axis. Any point in the box implies a division of 

income and risk. The government's certainty line, 0 D, is drawn at a 

450 angle from the origin 0g• It  represents the set of all fixed-rent 

or bonus bid contracts (r = r5 or r  > 0, = 0). Movement along 

away from the government's origin 09 will increase government utility. 

RA 

FIGURE (4-2) 
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The corresponding certainty line for the firm is the line OFF. 

It defines the set of fixed-profit contracts (r = 

Movement along OF away from the firm's origin Of will increase firm 

r f < 0, = 1). 

utility. In this graph we have constrained the firm's expected utility 

to be equal to receiving r f L with certainty, where r  is evaluated at 

the point E. The set of points that yield this constraint are defined 

by the firm's indifference curve 

Any point between the government's certainty line and the .firm's 

certainty line describes some profit-sharing contract (0 < < 1). 

The diagonal 090  defines the set of pure profit-sharing contracts for 

any given tax rate . Any point to the right of the pure profit-sharing 

line has the fixed payment made to the firm (r < 0). Conversely, any 

point to the left of the pure profit-sharing line has the fixed pay-

ment made to the government (r > 0). 

The optimal values of a and r are determined by the tangency 

point of the firm's and the government's state preference indifference 

curves. Such a point is C in figure (4-2). Notice that since the 

firm is constrained the optimal contract must lie along I between 

and 0FF. 

In order to demonstrate the content of Proposition 4 assume that 

the firm and the government have constant degrees of relative risk 

aversion (constant elasticities of substitution). This allows us to 

draw the government's and the firm's indifference curves homotheti-

cally to their respective origins. Hence, along any ray from the ori-

gin the MRS will be constant. 
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We may identify three cases as r is equal to, greater than or 

less than zero at the optimal contract. 

(a) Assume that the value of r at the optimal contract is equal to 

zero. This implies that the optimal contract will be a pure profit-

sharing contract. Hence, the firm's MRS and the government's MRS 

will be equal on the pure profit-sharing line. This point is depicted 

by the tangency of 1 and I at point C in figure (4-3). 

RA 

FIGURE (4-3) 

Since 1 and I are homothetic and since the pure profit-sharing 

line 090  is a common ray to the firm's and the government's origins, 

it must be the case that the firm and the government have equal and 

constant degrees of relative risk aversion ( equal and constant 
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elasticities of substitution). Thus, if the firm and the government 

are equally risk averse then the optimal allocation of risk will al-

ways yield a pure profit-sharing contract. The firm and the govern-

ment will share risk equally. This proves the first case of proposi-

tion 4. 

To prove the second part of Proposition 4 allow the government 

to become more risk averse (decrease the elasticity of substitution), 

but hold the firm ' s indifference curve fixed. From the definition of 

the degree of relative risk aversion we may write that the government 

is relatively more risk averse than the firm if: 

(4-23) 
U" w it 
- - ir 

We may draw the government's new indifference curve through C as 

in figure (4-3). We see that at C the MRS for the government is 

less than the MRS for the firm. In order for an I' type curve to be 

tangent to If the government must decrease its share of risk from the 

point C. Thus the ratio r/ must decrease in order for the firm's 

MRS to decrease and the government's MRS to increase. In effect, the 

optimal contract will move to a point, along I. closer to the govern-

ment's certainty line. Notice that this also implies an increase in 

R  and a decrease in RA and a corresponding decrease in and in-

crease in Furthermore, we see that the firm's risk premium at 

the new optimum will be greater than was previously experienced. As 

the risk premium is a measure of the amount of risk undertaken (as 

well as the degree of risk aversion) we see that as the government 
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becomes more risk averse it assumes less risk and the firm assumes 

more risk. 

These results will, of course, be reversed for a decrease in the 

degree of relative risk aversion for the government. The new optimum 

in this case will have the government assuming more risk and the firm 

assuming less risk. This analysis confirms the statements contained 

in Proposition 4. 

In general, if an agent experiences an increase (decrease)in the 

relative degree of risk aversion then that agent will assume less 

(more) risk at the optimal contract, all other things being equal. 

These results have some interesting implications for the oil 

industry in Alberta. It is evident that Alberta does not in any di-

rect sense ' hire' firms for exploration and production activity, 

although one might suggest that government exploration incentives to 

the industry are, in fact, an indirect payment. However, in general, 

we may assume that front-end payments are being received by the govern-

ment. From the above analysis this suggests that Alberta is relatively 

more risk averse than the oil industry as a whole2. 

Examination of the sources of government revenue from oil in 

Alberta reveal the increasing dominance of gross royalty payments over 

rental payments and bonus bid payments 3. This tendency reflects the 

2For a discussion of government's attitude toward risk see 
Peterson, "The Government Role in Mineral Exploration", in Mineral  
Leasing as an Instrument of Public Policy, edited by Crommelin and 

Scott, p. 149-158. 

3For the relevant figures see Alberta Department of Mines and 
Minerals, Annual Reports, Edmonton. 
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fact that Alberta has become more dominated by production rather than 

exploration. In addition, rising oil prices have increased the rent 

base available for taxation. Furthermore, the province has been 

steadily raising the gross royalty rate. The increases in the royalty 

rate suggest that Alberta has become less risk averse. (This assumes, 

of course, that the dispersion of expected outcomes has remained 

relatively constant. Although this is not the case, one must also 

consider the fact that Alberta has begun to get more directly involved 

with the development of her oil resources, through the establishment 

of the Alberta Energy Company and her equity participation in Syncrude. 

Hence, in all likelihood, Alberta has become 

over time.'.) As we proceed with our analysis 

further insights into the above discussion. 

somewhat less risk averse 

we will be able to gain 

C. Comparative Static Analysis  

In this section we wish to examine the effects on the optimal 

allocation of risk due to a change in the expected value of the lease, 

E(V). A change in E(V) can be produced by allowing the subjective 

probabilities (of the firm and the government) to change. A change 

in either the net price, p (reflecting changes in production costs 

or the well head price), or the quantities of oil, a or cB, will also 

change E(V). In particular we will examine a change in irA and 

The change in the allocation = 1 - and in V 
a 

of risk will be determined by the movements in , RA and R  due to 

a change in E(V). 
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1. A Change in 7A and ffB  

Recall that we are still operating under the assumption that both 

the firm and the government are risk averse and that they have symme-

tric expectations about future alternative states of nature. Let us 

first find the directional changes in RA and R  due to a change in 

7r A and 7T B = (1 - To accomplish this take the total differentials 

of equations (4-19) to obtain the following system: 

- U if T + AW if r 0 - 

0 TJ3ir + XWr - Wr 

(4-24) 

AW it rdVAA A 

dRA 

dRB 

dX 

0 

- - (WA  _WB) dlrA - WjrdV - 

Noting that the first order conditions require = and 

that A > 0, hold dVA = 0 and solve via Crammer's rule for dRA/diTA and 

dRB/dirA. 

ru WIT  
dR, = - (WA_WB) LB B 

+  (4-25) > 0 
dirA 

and 

G 
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' 1 A A' 

ijIT W'1 
' 

dR3 - - (WA_WB) UAWB + 

(4-26)   > 0 
dirA G 

where G is the determinant of equation (4-21) and must be positive. 

From equation (4-25) and (4-26) we see that a decrease in the un-

certainty for any given lease (IrA increases and 7  decreases) will 

increase RA and R3 at the optimum. This implies that A 4A = VA - RA) 

will increase and B = VB - R B ) will decrease, since the company 

is constrained to be at the same utility level as before (E(W)  

If both RA and RB increase then the government has moved to a higher 

level of utility. The firm, of course, is constrained to a. constant 

level of utility (E(W) = W). 

An increase in RL and R  does not, a prori, indicate a parti-

cular movement for the tax rate, 13, or the fixed payment, r. In fact, 

as we shall see, the movement of r and 13 will be very conditional 

indeed. In order to find the effects on r and 13 due to a change in 

7T A and 7r  take the total differentials of equation (4-7) and form the 

following system: 

E(U"V2) + E(U 1tV)L + -E(W TV) - d$ - 

XE (w11V2) XE (W"V)L 

E(U 11V) + E(U't)L + -E(W 1) dr 
XE(W"V) XE(W")L p 

-E(W TV) -E(W')L 0 dX - 
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Make appropriate substitutions for = W T/wl and hold 

dVA = 0 and solve (4-27) for d/dIrA and dr p / dirA using Crammer?s rule. 

(4-28) 

and 

w; ç 
d (VA VB) UkWrA1rB W 1 W 1 [UA- - U + 

dirA H 

dirA 

H WI? 

- (VA_VB) AB - -- VB + VA 

H 

where H is the determinant of equation (4-9) and must be positive for 

a maximum. 

First let us determine the sign of d/dirA, as written in equation 

(4-28). Notice that the terms in the large bracket are the degrees 

of absolute risk aversion. From the definition of absolute risk 

aversion we may write: 

(4-30) 

TI TT LJ if A U lf 

0 
A B 

W It W It 

and j---- < 0 

as the government and the firm have decreasing, constant or increasing 

absolute risk aversion (recall that U"/U T and W"/W' are negative). 

The normal assumption in risk theory is that individuals have decreas-

ing absolute risk aversion. This assumption is compatable with the 

see Arrow, Essays in the Theory of Risk Bearing, North Holland 
Publishing Company, 1974, p. 96. 
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case of constant relative risk aversion assumed elsewhere in this 

study. We may write: 

(4-31) UA UB j ----j- >O and A 

Hence, from equation (4-31) the sign of d/drA is positive if 

both the firm and the government have decreasing absolute risk aver-

sion5. 

This result has strong implications for the oil industry. As the 

uncertainty of discovering oil diminishes (IrA increases and all else 

remains constant) the government should impose a higher tax rate. 

When a tract of land is first being explored the probability of 

a successful well is relatively low. However, as the land becomes 

more delineated (and in this case assuming expectations about the 

size of the deposit remain unchanged, dV = 0) then the probability of 

a successful well may increase. In other words, as 

about a tract of land increases, the probability of 

nishes. This implies a low royalty on land that is 

the information 

a dry hole dimi-

initially being 

explored relative to land that has been more fully explored, and still 

appears profitable. This helps explain why Alberta has consistantly 

increased royalty rates as Alberta has become a mature producing 

region. 

Furthermore, due to the, general uniformity of royalty taxes on 

leases in Alberta ( the royalties on old and new oil are still uniformly 

5The results here concur with those found by Leland, ibid., p. 421. 
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applied), it is evident that the government relies on bonus bidding 

to capture the additional rent on more prolific leases relative to 

less prolific leases. The above analysis suggests less reliance on 

bonus bids and more reliance on royalties to capture these rent differ-

entials. These results will equally apply to a change in the quantity 

of oil as is demonstrated in the second half of this section. 

Now let us examine a change in the fixed payment, r, with res-

pect to a change in ff as described by equation (4-29). Looking at 

equation (4-29) we see that the sign of dr/d will take on the oppo-

site sign of the large term in brackets. Hence, we may write: 

dr 
(4-32) a 0 as 

dirA 

[u Uti W' W ] 
4 AV _V +4v - 4v o B B WA A WB B 

In order to simplify the above expression assume that both the 

firm and government have constant relative risk aversion. From the 

definition of the degree of relative risk aversion we may write: 

(4-33) 

U it it it U lf 

UB U3 UARA 
-r R = - R - i- = - i- - 
UA A UB B J3 UARB 

WB WWA 
(4-34) 

Substituting for U"/U' and W"/W' into equation (4-32) yields: 

(4-35) [VARB - VBR WA  0 
A] + A B B A 

[V v 1 < ]— 
UA 
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II 

WA 1 -< 

RB A B P (V -WA V ) r L + —i- A B p - (V -V ) r L 0 
B  

ru c 1 ç 1i Li ABp 

Looking at equation (4-35) it is evident that the sign of dr/dnA 

will be determined by the term in brackets and the sign of r. Multi-

ply the equation by RAA and rearrange terms to obtain the following 

condition: 

dr P [UA ___ W RR1 
(4-36) 0 as RA - A ABj (VA_VB)rP 5 0 

dnA A WA 

We may consider three separate cases that will assist us in 

determining the sign of equation (4-36) and thus the sign of dr/dnA. 

(a) Assume that the government is relatively more risk averse than 

the firm so that the optimum contract will have r greater than zero. 

From the definition of the relative risk aversion it must be the case 

that: 

(4-37) 

tt 

U A W  

RA UA WA A 
0. 

Looking back to equation (4-36) we see that the values of RA RB , 

and are important. If, for example RARE AB then equation 

A) B(4-36) is clearly negative and hence dr p /dlrA > 0. However if 

RR > then dr / dmtA may be positive, negative or zero. Thus the 

sign of dr/dnA is dependent on the income sharing as well as the 
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degrees of risk aversion. The difficult case is where the government 

has a higher revenue share and is only slightly more risk averse than 

the firm. 

Notice that if the government becomes less risk averse then the 

value of equation (4-37) increases. Hence, from equation (4-36) the 

absolute change in r due to a change in w  decreases. This brings 

us to the second case. 

(b) Assume that the government and the firm are equally risk averse. 

Thus at the optimal contract r p = 0 and 

(4-38) 
U . 

RA = 0 

Hence dr / dir A 0. 
p  

(c) Assume the government is less risk averse than the firm. At the 

optimal contract r < 0 and 

(4-39) 
U• W• —j-R --- > 0 
UA A WA A 

If, for example RARB AE' then from equation (4-36) dr/dirA > 0. 

Considering the above three cases we see that we can only be defi-

nite about the optimal movement in r with respect to a change in Tr A 

if the firm and the government are equally risk averse: in which case 

dr/thrA = 0. More information about who receives what proportion of 

lease value would be useful. In addition, we would like to know how 

much more risk averse the government is than the firm (or vice versa). 

Recall that as the government becomes less risk averse, then at 

the optimum the fixed payment, r, received by the government, decreases 
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and the tax rate, , increases, if the government is initially more 

risk averse than the firm. If the government is less risk averse than 

the firm the fixed payment is received by the firm. In this case, as 

the government becomes less risk averse then, at the optimum, the 

government's fixed payment to the firm will increase and the tax rate 

will increase. At the limit, when the government becomes risk neutral 

the optimal contract will have a 100 per cent tax rate, and the firm 

will receive fixed profits equal to its certainty equivalent. The 

less risk averse the 

lower will be E(). 

relative to the firm 

less risk averse the 

likely RARB 

Given the tendency for the 

government is the higher will be E(R) and the 

Hence, the more risk averse the government is 

the more likely RARB Conversely, the 

government is relative to the firm the more 

above relationship to hold we suggest 

that the optimal fixed payment will be likely to increase with res-

pect to an increase in If the government is more risk averse than 

the firm the fixed payment it receives will likely increase. If the 

firm is more risk averse than the government the fixed payment it 

receives will likely increase. Furthermore the more risk averse the 

government is relative to the firm the greater will be the expected 

increase in the fixed payment and the smaller the increase in the tax 

rate. If, for example, the firm is risk neutral, the tax rate remains 

constant and equal to zero. The entire increase in government revenue 

due to the increase in 7A is received as a fixed payment. 



FIGURE (4-4) 
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The above results are graphed in figure (4-4). Let 7r  increase 

and Tr  decrease such that the firm's constant profit (government's 

constant revenue) line shifts from r5rf to rrf. The corresponding 

shift in the firm's utility curve will be from r f A to rfB. Suppose 

that the government is more risk averse than the firm such that the 

initial optimal contract is at C. We see that ( < 1) all points on 

the firm's new indifference curve rfB, are to the right of all points 

on the old indifference curve, rfA for any given tax rate. Hence, 

for any given tax rate, a decrease in the uncertainty will increase 

the fixed payment the firm is willing to pay the government (or de-

crease the amount the firm is demanding from the government). 

r 
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Furthermore, assuming will increase ( the firm and the govern-

ment have decreasing absolute risk aversion) the new optimal contract 

must have a value for greater than ' in figure (4-4) and lie on the 

firm's new indifference curve, rfB above CT. We would expect the 

fixed-payment to increase which would further restrict the new contract 

to lie on r f B below ID and above C'. As a final point, if the firm is 

risk neutral (W" = 0) then dr p / drrA > 0 and d/d1rA = 0. The optimal 

contract will move from r (r = r5 and = 0) to r' (r = r' and 

In general, we see that the changes in r and will be deter-

mined by the risk averseness of the government relative to the risk 

averseness of the firm, and the division of income between the firm 

and the government in each alternative state of nature. If both the 

firm and the government are risk averse then the tax rate will increase 

with an increase in 7rA ' The fixed payment will remain constant and 

equal to zero if the firm and the government are equally risk averse. 

We expect the fixed payment to increase to the government: if the 

go1,ernment is relatively more risk averse than the firm. Conversely, 

we expect the fixed payment received by the firm to increase if the 

firm is more risk averse relative to the government. 

2. A Change in VA 

Although a change in VA will produce results similar to a change 

in the subjective probabilities: it is not totally analogous to a 

change in nA. Either an increase in VA or an increase in IrA will 

increase E(V) and thus reduce the existing uncertainty. An increase 
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in Tr A reduces the uncertainty but does not change the available rent 

in either alternative state of nutre. An increase in VA however, 

increases the available rent, should state A occur, although the actual 

probability of state A occuring has not changed. As we shall see, 

this fact will make it more difficult to determine the change in the 

optimal contract resulting from a change in VA. 

First let us look at the movement in R  and R  due to a change 

in VA. Solve equation (4-24) for dRA/dVA and dRB/dVA via Crammer's 

rule and hold dirA = 0. Recalling that optimality conditions require 

TJ/U = W/W and making appropriate substitutions for X we obtain: 

(4-40) 

and 

(4-41) 

dRA - wkw 

dVA 

[u 

Wu WI? 

+ t U + 
G 

dR3 - - U it WW7r 

  >0 
dVA G 

>0 

From equation (4-40) and (4-41) we see that an increase in VA will 

increase both RA and R, B . Hence, government utility will increase. 

Inspection of the above two equations also yields dRA/dVA > dRB/dVA . 

These results concur with the results obtained for an increase in 

Now let us examine the movement in r and at the optimum due 

to a change in VA. Solve equation (4-27) for d/dVA and dr p / dVA while 

holding IrA constant. This yields: 
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(4-42) d - 

A 

L1rATB (VA_VB)UW 

It II t 

'UA UB + WA 
-  W + 

,UA UB WA  A•ri.A 

U W" 

---4(i-) E(W') 
UA WA 

H 

Let us determine the sign of d/dVA. The first term in the large 

bracket in equation (4-42) will be positive if both the firm and the 

government and the firm have decreasing absolute risk aversion. The 

sign of the second term in the large bracket poses more of a problem. 

Assume that both the firm and the government have constant relative 

risk aversion. Hence we may write: 

It 

(4-44) 4 [VA p + r WA [(1-)V - r 
UA A p 

as the government is relatively less risk averse, equally risk averse 

or more risk averse than the firm. 

Rearranging terms in equation (4-44) yields: 

- It 

- ijr+ I r 
(4-45) .I ) < 

WA UA WA 

r  

VA 

The term in brackets on the RHS of equation (4-45) is negative 

(U"/U' and W"/W' are negative) so that the RHS of the above equation 

assumes the sign of r. We can identify three cases as r p < 0 at the 



- 78 - 

optimum. 

(a) Let the government be more risk averse than the firm. At the 

optimum r > 0. Hence, the LHS of equation (4-45) must be less than 

the RHS, by virtue of equation (4-44), if the government is more risk 

averse than the firm. Hence, in this case: 

(4-46) [UA • w ]TT 

UA WA 

(b) Let the government and the firm be equally risk averse. At the 

optimum risk must be allocated evenly between the firm and the govern-

ment so that the optimal contract will be a pure profit-sharing con-

tract (r = 0). By virtue of equation (4-45): 

(4-47) l)j = 0 

Substitution of equation (4-47) into equation (4-42) will yield 

d/dVA> 0. 

(c) Finally assume the optimal contract yields a negative fixed pay-

ment (r < 0). Hence, the government must be less risk averse than 

the firm. The RHS of equation (4-45) must be negative. By virtue of 

equation (4-44) the LHS of equation (4-45) must be greater than the 

RHS. As in case (a) we have: 

(4-48) 
U• W• 
UA WA 

> 

(l_)]< 0 
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From the above three cases d/dVA is assuredly positive only if 

the firm and the government are equally risk averse. However, meaning 

can be attached to the other two cases. First, note that even if the 

expression in equations (4-46) and (4-48) were negative, it would 

have to outweigh the first expression in brackets in equation (4-42), 

which is clearly positive. 

Initially assume the government is more risk averse than the firm. 

At the optimum r will be positive. If we allow the government, to 

become less risk averse then the RHS of equation (4-45) is positive 

and will decrease, at the optimum, until it equals zero, when the firm 

and the government are equally risk averse. If the government becomes 

still less risk averse the RHS of equation (4-45) will become negative 

(r < 0). The government is now less risk averse than the firm. A 

similiar change occurs to the LHS of equation (4-45). As the govern-

ment becomes less and less risk averse relative to the firm the LHS 

of equation (4-45) decreases to zero then becomes negative. As previous 

analysis shows, information regarding utility levels and the relative 

degrees of risk aversion would be useful. However, we would expect 

that equation (4-46) is strictly positive and equation (4-48) is 

strictly negative. 

Referring back to equation (4-42) we may infer from the above 

discussion that, if the government is more risk averse than the firm, 

then d/dVA> 0. However, as the government becomes less risk averse, 

the increase in the tax rate due to an increase in VA ( the second term 

in brackets of equation (4-42)) is decreasing as well as the first term). 
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If the government is sufficiently less risk averse than the firm then 

the two terms in brackets of equation ( 4-42) may cancel each other out 

such that d/dVA = 0. At the limit, as the government becomes risk 

neutral, it will indeed by the case that d/dVA 0. 

We will now sort out the conditions that determine the sign of 

drP/dVA as is written in equation (4-43). The two terms in brackets in 

equation (4-43) have been previously analyzed. The firm term in 

brackets may be rewritten as in equation (4-35) ( assuming the firm and 

the government have constant relative risk aversion). This new expres-

sion will have a tendency to conform to the following restrictions: 

It 

ruAl w 1 1 
(449) Li ç - -- -j (VA_yB)r L  < 0 if the government is more risk 

averse than the firm 

= 0 if the government and the firm 
are equally risk averse 

> 0 if the government is less risk 
averse than the firm. 

Analysis of the second term in brackets will yield a tendency to con-

form to the following restrictions. 

(4-50) 
ru  
IT8 
LUA 

> 0 if the government is more risk 
averse than the firm 

= 0 if the government and the firm 
are equally risk averse 

< 0 if the government is less risk 
averse than the firm. 

Given the tendencies expressed in equations (4-49) and ( 4-50) we 



- 81 - 

may determine the sign of drP/dVA as follows: if the government and 

the firm are equally risk averse then clearly dr/dVA = 0. Regardless 

of the changes on the expected value of the lease the optimal contract 

will be a pure profit-sharing contract. 

If the government is less risk averse than the firm then there 

will be a pronounced tendency for the government to increase the fixed 

payment it makes to the firm. Conversely, if the government is more 

risk averse than the firm the two bracketed terms in equation (4-43) will 

likely have the opposite signs. We would expect the first term to out-

weigh the second term thus increasing the fixed payment the government 

receives from the firm. 

Intuitively these results are appealing. If the government is 

more risk averse than the firm then, at the optimal contract, the firm 

will bear the most risk. The fixed payment is made to the government. 

If the fixed payment actually decreases, due to an increase in V , then 

the government is increasing its share of the risk. This is not a 

result we would normally expect. Rather, we would expect the fixed 

payment to increase such that the government maintains a constant share 

of the risk. Leland' demonstrates that given the revenue and profit 

functions we are analyzing this will be the case. 

These results are summarized in the following proposition: 

Proposition 5  

If the firm and the government have ( a) constant 

Leland, Ibid., 1978, p. 419-420. 
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relative risk aversion and (b) symmetric 

expectations about future alternative state 

of nature then an increase in the expected 

value of the lease will generally cause, 

at the optimal contract: 

(i) an increase in the tax rate $, 

(ii) an increase in the fixed payment the 

government receives from the firm, if the 

firm is less risk averse than the government, 

(iii) an increase in the fixed payment the 

firm receives if the firm is more risk averse 

than the government, 

(iv) or no change in the fixed payment if the 

firm and the government are equally risk averse. 

This section completes this chapter. In the next chapter we con-

sider how asymmetric expectations will affect the optimal contract. 



CHAPTER FIVE 

OPTIMALITY UNDER CONDITIONS OF ASYMMETRIC EXPECTATIONS 

One assumption we have maintained throughout this study is that 

the firm and the government have identical subjective probabilities 

about alternative states of nature ( r = ir). However, there is no 

reason to suppose that this is actually the case. It is quite possible 

that there will exist a divergence between the subjective probabilities 

of the firm and of the government. These differences will arise due 

to differences in information about the lease in question and from 

differences in estimation techniques. It is generally agreed that the 

firm is in possession of better information than the government. Whether 

this will lead to higher expectation or lower expectations by the firm 

relative to the government will, of course, depend on the characteris-

tics of the lease in question. 

In this chapter we relax the assumption of symmetric expectations 

and allow for the firm and the government to have different subjective 

probabilities ( r They are still assumed to face identical 

states of nature: V A > VB. With asymmetric expectations, the firm and 

the government will assign different values for the expected income 

from the lease in question: E(V) E(V5. If the government is 

'pessimistic' relative to the firm then Tr g < iT and thus < E(V). 

On the other hand, if the government is ' optimistic' relative to the 

firm then g > f A A and E(Vg) f > E(V ). 

To solve for the optimal contract under conditions of asymmetric 
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expectation we formulate the same maximization problem as used last 

chapter. We initially assume the government is risk averse but the firm 

is risk neutral. 

(5-1) Max: E(U) subject to E(4) = , U11 < 0, Wu = 0, Tr i 7- Il i 

The resulting first order conditions from the above maximization 

problem are identical to those stated in equation (4-3). However, the 

following condition is obtained from the first two equations of (4-3): 

(5-2) 

gf 
UA - WB A 

U 

As before, optimality conditions require tangency between the 

government's indifference curve and the firm's indifference curve ( in 

this case the firm ' s indifference curve is identified by a linear con-

stant profit line since the firm is risk neutral). From the above 

condition we see that if = fff we have the same optimal contract as 

described by equation (4-4): a fixed-rent or a bonus bid contract. 

If the government is more pessimistic than the firm ( Tr  < w) it 

must be the case that U/U > 1. In order for this condition to be 

satisfied RA< R3 in order for U> U at the optimum. This result can 

be obtained only with a negative tax rate (a < 0). Since we restrict 

the tax rate to be greater than or equal to zero we must have a corner 

solution. Such a point is depicted in Figure (5-1) at r = r ' and 

= 0. 
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0 r 

FIGURE (5-1) 

In figure (5-1) 7r g and 7r g are such that rSrf denotes a constant 

revenue line (constant utility for a risk neutral government). The 

firm, having higher expectations than the government (7r< Ir) has a 

constant profit line lying above the government's constant revenue line. 

Such a line is represented by r'rf. We assume the firm is constrained 

by its certainty equivalent such that = rfL. The indifferences curves 

of the government, 'g and I', are drawn so as to be tangent to the con-

stant revenue line on the government's certainty line ( = 0). Assuming 

the tax rate may not be negative the optimal contract will be at the 
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point r = r' and = 0. 
p S 

If the fixed payment is set by the government ( as opposed to a 

bonus bid made by the firm) then the government must be aware of the 

difference between vg and 7r in order to maximize its utility. If the 

government underestimates the firm's ' optimism' it will set the rental 

rate too low and allow the firm to increase its utility above 4(E () > 

With a bonus bid scheme, and assuming the firm makes a bid equal to its 

certainty equivalent then the government will always reach its highest 

possible level of revenue and utility. (Of course, this rests on the 

assumption that the firm will maximize its bid consistant with its 

'target' utility level .) For the purposes of this study we will not 

enter the realm of strategic bidding by the firm and always assume the 

firm makes its maximum bid. 

Another case we may encounter is when the government has ' optimistic' 

expectations relative to the firm ( ir > 7r If this is the situation 

then from equation ( 5-2) it must be the case that U/TJ I <. 1. In order 

for Uk < U then R > R. This implies that although the government is 

risk averse and the firm is risk neutral the optimal contract will have 

risk being shared by both parties. 

A solution to this case is depicted by point C in figure (5-2). 

At this point the government's indifference curve I is tangent to the 

firm's indifference curve r'rf. The firm's pessimistic outlook leads 

is constant profit (utility) line to be below the government's 

constant revenue line r r 
sf 



FIGURE (5-2) 
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r 

The problem, discussed above, associated with a fixed-rent scheme 

versus a bonus bid scheme is not as pronounced in this case. If the 

government sets a rental payment equal to r5 and = 0, in figure (5-2), 

then clearly the firm will not accept the lease. The government may 

lower the fixed payment to r and impose a royalty tax equal to '. Or 

it may chose to wait until the firm's expectations correspond to its own. 

If a bonus bid scheme is used they will immediately move to point C with 
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a bonus bid equal to rT and a tax rate of • Although the government 

still has the option of rejecting the bid. These results are summarized 

in the following proposition. 

Proposition 6  

If ( a) the government is risk averse and (b) the 

firm is risk neutral then some fixed-rent contract 

will be Pareto superior to any profit-sharing con-

tract if the government is more pessimistic than 

the firm. If the government is more optimistic than 

the firm then any fixed-rent contract will be Pareto 

inferior to some profit-sharing contract. 

Now consider the case where both the firm and the government are 

risk averse. Reformulate the maximization problem of equation (5-1) to 

read: 

(5-3) Max E(U) subject to E(W) = W, U" and W'T < 0, 

The first order conditions for ( 5-3) are identical to those stated 

in Chapter Four in equation (4-7). From the first two equations in 

(4-7) we obtain the following optimality condition: 

(5-4) 

f 
UA WAIFA7F g B 

fg 
UB WB rB rA 

From the above condition we see that the more pessimistic the 

government is relative to the firm ( ir < n- ) the smaller the amount of 

risk the government is willing to bear. In other words, as the govern-
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ment becomes more and more pessimistic the optimal contract will tend 

towards a fixed-rent or a bonus bid contract. Conversely, the more 

optimistic the government becomes the optimal contract will tend towards 

a fixed-profit contract. 

These results are easily demonstrated by the comparative static 

exercise done below. In this case we will examine the movements in 

4B ' r and resulting from a change in the governments expectations: 

g g 
and if 3 . 

First consider the movement in R and RB. From equation (4-19) 

we obtain the following system. 

(5-5) 

-  tTg ,t f 
U1r A + WA7rA 

0 

0 

,lf If 

Urr + W3 rr3 - WB1rB 

If If 

- W 7rA - WB1FB 

- - U I d7T - 

A A 

Udrr 

0 

dRA 

dR 
13 

0 J dA - 

Solving for dRA/d1r and dR/dir via Crammer's rule we obtain: 

A  [UWjir + UBWAif A'  
(5-6) -= > 0 

dr G 
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and 

dRB W[1JW + UWj 
(5-7) rr] 

- R  <0 
dir 0 

From equations (5-6) and (5-7) we see that as the government's 

expectations increase (r increases) RA will increase and R3 will de-

crease. Henze, the government is increasing its share of risk at the. 

optimum. From this fact we immediately know that the tax rate will in-

crease and the fixed payment will decrease. Conversely, if the govern-

ment's expectations fall (ire decreases) the government will decrease 

its share of risk (E decreases and increases). Hence the tax rate 

will decrease and the fixed payment will increase. 

To check on these predicted movements in r and a solve the 

following system obtained from equations (4-7) 

E(U"V2) + 
XE(W'tV2) 

E(U"V) + 

XE(W"V) 

- - E(W'V) 

E (U"V)i+ 

XE(W"V)L 

E (U")L_+ 
XE(W")L 

- E(W')L 

- E(W'V) - 

- E(W 1) 

0 

d8 1 
dr 
p 

dA 
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Using Crammer's rule to solve for dr /d7T g and d/dir results in: 

(5-9) d  - E (W' ) L( VA - VB) [UkWir + UWjrr ] 
dir  H>0 

and 

dr E(W' (5-10) = )(VA YB )[U I W ± 

d1T H 
<0 

As surmised, if the government's expectations increase the tax 

rate increases and the fixed payment r decreases. If the govern-

ment's expectations fall then the tax rate decreases and the fixed 

payment r decreases. The results of this analysis are summarized 

below: 

Proposition 7 

A fixed-rent contract or a bonus bid contract 

becomes relatively more attractive as the 

government becomes more pessimistic relative 

to the firm and a fixed-profit contract becomes 

relatively more attractive as the government 

becomes optimistic relative to the firm. 

At this point we conclude the formal analysis of this study. How-

ever, we will discuss some of the implications of the above results as 

well as those results obtained in Chapter 4, in the conclusion. 



CHAPTER SIX 

CONCLUSION 

The preceeding chapters have discussed the optimal characteris-

tics of a petroleum leasing contract under a variety of conditions. 

We have demonstrated how the attitudes toward risk exhibited by the 

firm and the government, the subjective probabilities assigned to each 

state of nature, the net value of the lease in the possible states of 

nature, and the possibility of expectation asymmetries will all influ-

ence the optimal contract. In this chapter we will briefly reiterate 

the major results generated by the model. Next we will discuss some 

of the shortcomings of the model. Finally, we will draw on the model 

to make some general comments about the structure of risk bearing in 

Alberta. 

Summary of the Model  

The main results of the model were generated in Chapters Four 

and Five. These results are briefly summarized below. The lerm profit-

sharing contract is used to describe an agreement which includes an 

element of profit sharing through a net royalty or profit tax; it may 

also include a fixed payment clause, like a rental payment or bonus 

bid. 

(a) Given some profit-sharing contract and a fixed-rent or bonus bid 

contract between which the firm is indifferent then the government 

will maximize its utility with either a fixed-rent contract or a bonus 
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bid contract if: 

(i) the government is risk averse 

(ii) the firm is risk neutral 

and (iii) the firm and the government have symmetric expectations 

or the government is pessimistic relative to the firm 

or (iv) the firm is also risk averse but the government is signifi-

cantly more pessimistic relative to the firm. 

(b) Given various profit-sharing contracts, a fixed-profit contract, 

and a fixed-rent or bonus bid contract among which the firm is in-

different then some profit-sharing contract will maximize government 

utility if: 

(i) the firm and the government are risk averse 

and ( ii) they have symmetric expectations 

or (iii) the firm is risk neutral and the government is optimistic 

relative to the firm. 

(c) Given that the optimal contract is a profit-sharing contract and 

the firm and the government have symmetric expectations then the reci-

pient of the fixed payment element in the contract is determined as 

follows: 

(i) the government receives the fixed payment if the govern-

ment is relatively more risk averse than the firm 

(ii) the firm receives the fixed payment if the government is 

relatively less risk averse than the firm 

(iii) the fixed payment will be zero if the firm and the govern-

ment are equally risk averse. 
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(d) Given the optimal contract is a profit-sharing contract then an 

increase in the expected value of the lease will normally increase 

the tax rate. If the government is more risk averse than the firm the 

fixed payment made by the firm to the government will generally in-

crease. If the government is relatively less risk averse than the 

firm the fixed payment received by the firm will generally increase. 

If the firm and the government are equally risk averse the fixed pay-

ment will be constant and equal to zero. 

It is useful to note that Leland 1 demonstrates that a mean pre-

serving decrease in the uncertainty (for example, IrA increases and VA 

decreases such that E(V) remains constant) will have the same effect 

on the optimal contract as the above conclusion. 

Shortcomings of the Model  

It is apparent that a number of issues have been dealt with at 

arm's length throughout this study. Some are more critical than others 

in the search for an optimal leasing policy. These simplifications 

were necessary to reduce an already complex problem to manageable pro-

portions. 

First, it was necessary to restrict the analysis to only four 

possible contract types, dealing with financial terms of the contracts. 

In reality, the allocation of mineral rights in Alberta is governed by 

a complex system of lease arrangements. The terms of these contracts 

1Leland, op. cit., 1978, p. 421-422. 
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cover a wide range of areas, from specifying the payment schedule to 

stipulating drilling requirements. However, the selection of contracts 

we have analyzed does, to a large extent, contain the major financial 

components of the current leasing system in Alberta. 

Second, our model utilizes a net royalty tax or profit tax rather 

than a gross royalty, such as used by the provincial government. This 

allows us to solve for the Pareto optimal production decisions by the 

firm as well as the Pareto optimal allocation of risk. As previously 

discussed a gross royalty misallocates resources by affecting the 

firm's behavior at 

royalty will cause 

uriderinves tment in 

the margin. The major concern here is that a gross 

early abandonment of wells. It will also cause 

exploration and development. Exploration incen-

tives offered by the government and drilling requirements are no doubt 

an attempt by the government to offset some of the underinvestment 

problems caused by a gross royalty. There is also the use, in Alberta, 

of a sliding scale royalty with a lower rate on wells with small pro-

duction. Hence, there is some justification in using a net royalty 

tax rather than a gross royalty tax and so avoid the government's mis-

take. 

Third, we do not take into account the optimal timing of resource 

development. Rather, we have assumed a given quantity of land and 

have not attempted to characterize the optimal acreage of a lease. The 

optimal rate at which the government brings land onto the market has 

not been discussed by our model. One might suppose, given the above 

solutions to both the Pareto optimal production decisions by the firm 
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and the Pareto optimal allocation of risk, that the resource will be 

produced at the optimal rate without further government interference. 

Indeed, resource theory tells us that with a number of restrictive 

assumptions ( for example, that the private and social discount rates 

are equal), then we will have a Pareto optimum with respect to the 

tinting of resource development regardless of when the government selects 

to offer leases. Of course, these models assume the quantity of the 

resource is fixed and known with certainty. While work is done by the 

government trying to estimate the total resource base, significant 

uncertainty inevitable remains. In this case the government may very 

well wish to hold some land rather than leasing, until exploratory 

activity on leased tracts reduces uncertainty. 

The government, through leasing policy, is able to influence both 

the rate of exploration and the rate of production. Through the use of 

exploration incentives offered to the firm and by stipulating drilling 

requirements the government may influence the level of exploratory 

activity, as well as the demand for additional leases. Given the impact 

of these policies on the industry we may infer that the government is 

attempting to establish at least a minimum size for its resource base. 

Once it has a rough estimate of the resource it is in a better position 

with which to evaluate the optimal rate of production. Through pro-

rationing schemes and export controls the government can influence the 

rate of utilization. Hence, our assumption that the government has 

already considered the tinting implications prior to releasing acreage 

for development would appear to be valid. 
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Implications for Alberta's Leasing Policy  

The changing nature of Alberta's oil industry, from an unexplored 

'virgin' territory to a mature producing region, has had a pronounced 

effect on the structure of risk bearing both within the industry and 

between the industry and the government. In the initial stages of 

development, the industry was dominated by a small number of large firms. 

Royalty payments were small in relation to bonus bids and rentals. 

The industry was clearly bearing the greater share of risk. Given the 

size of the companies, their ability to ' pool' risk ( they explore over 

a number of geological areas and thereby reduce the ' riskiness' of 

exploration in just one area) , their diversification of holdings, and 

their ability to spread risk among a large number of share holders 

suggests that they were in a better position to bear risk than the 

government2 . It is also possible that the industry is more optimistic 

than the government. In fact, it appears that industry estimates of 

present and future reserves correspond closely to those of the govern-

ment3. Of course, there may be large differences in expectations on 

individual tracts of land. 

As Alberta became a developed region much of the initial ' riski-

ness' decreased. 

of small firms. 

as large firms. 

This allowed the entry, into the industry, by a number 

Today, there are many small firms in operation as well 

One common method of spreading risk among both small 

2Joseph Stiglitz, "The Efficiency of Market Prices in Long-Run 
Allocations in the Oil Industry", in Studies In Energy Tax Policy, 
edited by Brannon, Ballinger Publishing Co., 1975, p. 68-69. 

3Nationa1 Energy Board, Canadian Oil Supply and Requirements, 1977,, 
p. 9-25. 
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and large firms is through joint ventures. 

The risk share of the government has changed as a result of the 

changing environment in the oil industry. In addition to the general 

decrease in ' riskiness' resulting from the development of the region, 

the wealth of the government has greatly increased due to increased 

revenues from the industry. These factors should allow for the govern-

ment to increase its share of risk with the industry ( assuming decreasing 

absolute risk aversion on the part of the government). Indeed,.recent 

provincial behavior supports this elementary premise of risk theory. 

First, through the introduction of exploration incentives to the 

industry the province is bearing some of the risk inherent in the explo-

ration process. These incentives increase exploratory activity and 

thereby increase known reserves. Hence, through this policy the 

government is incre'asing its long-run expected revenue by assuming some 

of the risk of exploration. In effect, the government is making an 

indirect fixed payment to the industry. Second, we see that gross 

royalty rates have been progressively increasing over the years. Our 

model suggests that with the increase in royalty rates there will be a 

decrease in the bonus bids offered by the firm. Finally, the govern-

ment has directly involved itself in the industry by the establishment 

of the Alberta Energy Company and through its equity particiaption in 

Sync rude. 

As a final observation, notice that Alberta maintains a nearly 

uniform level of gross royalties across the province at any one time. 

Through bonus bidding the government attempts to capture the economic 
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rent not gained by the royalty tax. Furthermore, the bonus bid is 

used to capture the difference in economic rent between two different 

leases. As suggested earlier, the more prolific leases would ideally 

involve more risk sharing by the government. At the very least, the 

government should have higher 

more productive leases. 

scheme whereby the firm 

as on the gross royalty 

This 

submit 

rate. 

royalty rates 

suggests that 

a bid on the 

and lower bonus bids on the 

the government imp liment a 

front-end payment as well 

This would have the desirable effect of 

increasing expected government revenue on the better prospects. For 

reasons of economic efficiency, the scheme would involve the use of a 

net royalty rather than a gross royalty. 

The next major step in work of this nature is to make the model 

dynamic. Such a model would provide us insights into the stability 

conditions of an optimal leasing policy. In particular, we could cap-

ture the effects on the optimum due to resource depletion, production 

decline, and the erosion of government and industry income. 
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