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ABSTRACT  

This thesis is intended as a survey of some of the more 

fundamental properties of projective and injective modules. Chapters 

I and II introduce these concepts and study their behaviour with res-

pect to direct products and direct sums. Included in Chapter II are 

complete conditions to ensure that a family of injective modules has 

injective direct sum. In Chapter III some results about hereditary 

and semi-hereditary rings are derived and Dedekind domains are charac-

terized by the fact that all their divisible modules are injective. 

Chapter IV is devoted to proving a result due to C.S. Seshadri that 

every finitely generated projective module over a polynomial ring in 

one variable over a principal ideal domain is free. 
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INTRODUCTION  

In this thesis, the word "module" is taken to mean "left uni-

tary module". Any ring-theoretic property which is not explicitly 

stated as a right-property will be taken to be a left-property; for 

instance, the statements "A is noetherián" and "B is an ideal of All 

will mean "A is left noetherian" and "B is a left ideal of All . 

We shall primarily be interested in projective and injective 

modules. In Chapters I and It we introduce these notions, and study 

their behaviour with respect to direct products and direct sums. It 

is easy to show that, for any family of modules {Ma} , the direct pro-

duct is injective if and only if each M is injective and that the 

direct sum is projective if and only if each Ma is projective. (Ch. I, 

2.8 and Ch. 11,', 1.2). The product of countable isomorphic copies of Z 

(the ring of integers) is not projective as a Z-module. (Ch. I, 2.10). 

This shows that the direct product of a family of projective modules 

is not necessarily projective. Over any non-noetherian ring, it was 

known that there existed a countable family of injective modules whose 

direct sum was not injective [H. Bass]. In Chapter II, section (3) we 

give complete conditions under which a given family of injective 

modules has an injective direct sum [8]. The dual problem, about 

exactly when the direct product of a given family of projective modules 

is projective, still remains unsolved. 

The class of projective modules is closely connected to the 

class of free modules. In fact one of the first theorems we prove 
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(Ch. I, 2.3, 2.4) states that a module is projective if and only if it 

is the direct summand of a free module. So it is natural to attempt to 

classify rings over which all projective modules are free. This prob-

lem is unsolved of course, and its study leads into Algebraic K-theory. 

However, one particular case of a class of rings over which all projec-

tive modules are free is the class of principal ideal domains. This is 

proved in Chapter III as a corollary of a theorem on hereditary rings. 

Over any integral domain, every injective module is divisible. We pro-

ceed to classify integral domains over which every divisible module is 

injective, and these turn out to be precisely the class of dedekind 

domains. (Ch. III, Theorem 4.9). There is also an example of a right-

hereditary ring which is not left-hereditary, and some discussion of 

semihereditary rings in the rest of Chapter III. 

Chapter IV is devoted to proving a result of C.S. Sesbadri that 

states: "If A is a principal ideal domain, A[X] the polynomial ring in 

one variable over A, and P a finitely generated projective A[X] -module, 

then P is free". This result has led to some important developments in 

both Algebraic. K-theory, and Algebraic geometry. To prove this result, 

it is necessary to introduce some notions which are best studied in a 

functorial framework. However, as the formal machinery of category 

theory would take up too much space, we consider these notions in an 

elementary and restricted fashion and cite [1] for a more general 

treatment. 
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LIST OF SYMBOLS AND CONVENTIONS  

Z - Ring of integers. 

Q - Field of rationals. 

- Module generated by S. 

P.I.D. Principal ideal domain. 

HornA(M,N) The set of A-homomorphisms from M to N. 

(When there is no ambiguity, we suppress the 'A'). 

Writing "exact" at the end of a row or column indicates that the row 

or column is exact. 

Whenever we wish to refer to a result proved elsewhere in the thesis, 

we give the chapter number, section number and result number in that 

order; for instance I, 2.3 will mean Chapter I, section 2, result 

number 3. 
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CHAPTER I  

1. Free Modules  

Let M be a module over a ring A. Let S be a subset of M. The 

submodule generated by S is the set of all sums Y As with A8= 0 V but 

s ES 
finite s, where A EA V s. 

S 

We write <S> for this submodule and say S is a generating set for <5>. 

A set S is called linearly independent if X X3s = 0 with Xs =  0 V but 

sES 
finitely many s A = 0 V s. 

Definition 1.1  

A module F over a ring A is called free iff it has a linearly 

independent generating set. Such a set is called a basis. 

Proposition 1.2  

For every set L, for any ring A, 3 a free module.FL with the 

elements of L as a basis. 

Proof  

Let FL_{f:L + A (set maps) with f(l) = 0 V but , finite ZEL}. 

Define (f+g)(l) f(l)+g(l) V fgEF. Clearly (f+g)EF V aEA. and 

V f E FL define (af) by (af) (1) = a (f (Z)) V 1 E L. Again af E FL, and FL 

becomes a module over A. For each lEE define 1' by 1' (l)= 1 1' (rn)= 0 

V m EL m Z. 1 EFE and the set L' = 1' : l E L} generates FL. Further 

L' is linearly independent. So L' is a basis for L, and identifying L' 

with L we can write every element of FL as Y x 11 where A1= 0 V but 
lEE 

finite 1 (A 1 EA). 

I 
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Given any set £ we shall always denote by FL the free module 

generated by L. We shall write simply 1 for l•lEFL where 1 is the 

unit of A. 

Proposition 1.3  

Every module over any ring A is the quotient of a free A-module. 

Proof  

Let M be an A-module. Define a set map p : FM+M by p(m) = 

where m EM and p (xmm) = where X E A and x= 0 V but finite in. 

This p is an A-homomorphism and onto M. So F M. 
kerp 

Free modules are analogous to vector spaces in the sense that 

they have bases. The cardinality of any two bases of a vector space 

are always the same. A similar theorem holds for free modules with the 

assumption that the ring we are working over is a commutative integral 

domain. 

Proposition 1.4  

Let F be a free module over a commutative integral domain A. 

Let {x} =S be a basis for F and {t} = T a' linearly, independent subset 

of F. Then Card S Card T. 

Proof  

Suppose Card S is finite, and Card T>Card S. Then Card T 

Card S+1. If we show that no linearly independent set has cardinálity 

Card 5+1 we reach a contradiction. We-proceed by inductiôn assuming 

Card T = Card 8+1. If Card 51, let 5{X} T'{t1 ,t2}.' Then 
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t1= X1x, t2= X2x, X1 ,X 2 EA, X1 ,X2 O. So X2t1-X 1t2= X2X1 12° 

by the commutativity of A, contradicting linear independence of T. 

Suppose proposition proved V S Card Sn.-l. Let Card S=n, 

S={x 1,...,r} T={t1,...,t+1}. ey i-1  j1,...n+l, 

where Xii EA. Now for some i=y say (otherwise = 0). Then 

setting iY j=2,...,n+l, we get aLI set 

{t',... ?*' YI+l } of cardinality n in the free module F' generated 

by 5' {x,... ,x 1,x,... a contradiction. So the proposition 

is true whenever Card S is finite. 

Now suppose Card S is infinite, Card T> Card S. Define 

X(t) = {x x involved in the expansion of t}. Let denote the 

set of distinct {X(-b)} . Then {X} is a subset of the set of all 

finite subsets of S. Define an e-relation on ,T by 

t  iff X(t)=X(t). This divides T into disjoint subsets T 

where UT =T.and each T corresponds to an X . Since the set of all 
cS 

finite subsets of a given set 1' has the same cardinality as .1' we get 

Card {X} Card S. Suppose every T is finite. Since T= UT and T 

is infinite we see that the set {X} has to be an infinite set. It 

follows that Card T=Card {X}5Card 5, a contradiction. Hence at 

least one T is infinite, say T0. This means T0 CF where F is the free 

module on X(t0) as basis. But this means a finitely generated free 

module contains an infinite linearly independent set, a contradiction. 

Corollary 1.5  

Let A be a commutative integral domain, F a free A-module. 

Let S{Xc} and T- {y} be bases for F. Then Card S=Card T. 
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Proof  

Since S is a base and T is linearly independent Card S> Card T. 

Similarly Card T? Card S. Hence Card S= Card T. 

However, over arbitrary rings we can have free modules whose 

rank is not well defined, as can be seen from the following example. 

Let K be a field and 1? the set of all infinite matrices over K with 

only finitely many non-zero elements in each row. Then R is a ring. 

10 
The element I 1 is identity in R. 

0 . 

Let c be the matrix with c. ,=l c. .0 if 2ij il,... . 

Let 0 be the matrix with j,2j....1 1 O if 2i-lj i1,... 

With Rconsidered as a left module over itself, a. and 

form a base. So R does not have well-defined dimension. 

§2. Projective Modules  

In this and the next section most of the "horizontal sequences" 

will be exact. We wifl indicate this by writing "exact" by the side of 

the sequence. 

Definition 2.1  

Let P be an A-module. We say P is projective if given any dia-

gram 
P 

a lifting h : P•*M satisfying gh =f. 

M L- N-__-  O (exact) 

Proposition 2.2  

Every free module is projective. 
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Proof  

Let the diagram 

F if be given, where F is free. Let 

0 (exact) 

{x} be a basis for F. Define a set map h F-*M by h()=rn where 

M Eg 1 (fx)), h extends to a homomorphism over the whole of F and 

hg=f. 

Theorem 2.3  

Every projective module is isomorphic to a direct summand of a' 

free module. 

Proof 

Let M be any module, P a projective module and f: M-*P onto 

that is P a quotient of M. Consider the diagram jldp . Since P 

is projective, 3 6: P-'-M satisfying fO Ide. Let N=kerf. 

0(P) flN{0} since mE 0(P) flNrn 0(p) for some pEP=fO(p)p, but 

EN -f (M) =f(O(p)) =0p=0=rn=O. If rn EM, rn =of(rn) + (rn - of(rn)). 

And f(rn-ef(rn)) =f(M) -f(M)=0. So rn- Of(m) EN and since Of(m) EO(P) 

we have M=N0(P). 0 is monic since Of is monic, and 0 is onto 0(P). 

So O(P)P, and P is isomorphic to a direct summand of M. Since every 

module is the quotient of a free module (Proposition l.3)we have the 

theorem 

Theorem 2.4  

Every direct summand of a projective module is projective. 

Proof  

Suppoe If 
M.iN '__0 (exact) 

is given. Let P be the' direct summand 
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of P' where F' is projective. We then have 

(p 
Pt   P 

p j,f 

jxp = identity on P. Then 3 h=  P' -)-M satisfying gh = ft. Hence hp : P4-M 

satisfies g(hp) -ghp =f (p —.f. So P is projective. 

where 

I, 2.3 and I, 2.4 can be combined to characterize projective 

modules as follows: A module is projective if f it is isomorphic to a 

direct summand of a free module. Many writers drop the phrase "is 

isomorphic but some times this can be misleading. For instance 

over Z every ideal dZ is isomorphic to Z and Z is trivially a direct 

summand of Z butdZ itself is not a direct summand. In other words, 

every projective module is the direct summand of some free module and 

is isomorphic to a direct summand of every free module of which it is 

a quotient. 

Corollary 2.5  

If P is  projective module over a ring A and aEA is such 

that 3 p EP, p 0 and op = 0, then a is a zero divisor. 

Proof  

F 
P 

Let F be the free module generated by P. Then we have 

e 
< P where O =id. 

1-I 

If a EA, p EP, p 0 and op 0, then 0 (ap) = a0 (p) = 0. Now 

P=O e(p)/O. 0(p)= Xy where yEP and Xbj=O for all but a finite 

number of y and at least one (since o(p)O). 

a0()aXO aX,=O V y ='a is a zero divisor. 
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Corollary 2.6  

Over an integral domain, every projective module is torsion 

free. (An A-module P is torsion free iffp E P p 0 0, a Eli and 

ap=0 a=0]. 

Proof  

Let A be an integral domain P projective over A. If p E P 

p 0 a EA and ap= 0 then a is a zero divisor by I; 2.5. Since A is an 

I. D. a =0.; 

Proposition 2.7  

ITot every projective module ii 'free. 

Proof  

Let A1,A 2 be .rings and A=A 1 A2. If A1 and A2 have units A 

has a unit and.A 1 and A2 become modules over A. A is free as an A-

module and by 1, 2.2 projective. Hence by I, 2.4, Al and A2 are pro-

jective. But all the elements of 4I and A2 are zero divisors and 

hence neither A1 nor A2 is free. 

Proposition 2.8  

Let {P }be a collection of modules. Then P is projective 

iff P is projective V c. 

Proof  

Suppose P is projective. 3 F and 0 : FP s.t 0(P) is a direct 

summand of F and 0 is an isomorphism. 

0(P) =0(EP) = 0(P ) is a direct summand of F and hence each 

o(P ) is a direct summand of F. Since 0 restricted to P is an isomor-



phism, P is isomorphic to a direct summand of F and hence projective 

P 
by [Theorem 1.5]. Suppose each P is projective and if 

ML>N —O (exact) 

is given. Then f restricted to P gives a homomorphism : P-N. So 

V a 3 h :Pa M satisfying A = f'. By the universal property of the 

direct sum 3 h :ETP -'-N satisfying h restricted to P is h Va. Hence 
a a, 

gh.=f and P is projective. 

The above proposition utilized the universal property of the 

direct sum. If we substitute 'direct product' for 'direct sum', the 

proposition is no longer valid. Of course we will have to consider at 

least an infinite family since direct products and'direct sums of fin-

ite collectioiis of modules are equivalent. We show that it is suffi-

cient to consider a countable family to demonstrate the falsity of the 

propos.tion in the case of direct products. 

We need the following lemma which is proved in Chapter III. 

Lemma 2.9  

Over 'a principal ideal domain every submodule of a free module 

is free. In particular, since projective modules areisomorphic to sub-

modules of free modules, every projective module is free. 

Theorem 2.10  

LetR be a principal ideal domain which is not a field. Let M 

be a direct product of a countable infinite number' of copies of R. 

Then M is not; free, and by I, 2.9, not projective. 
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Proof  

a) M is not a free module on a countable basis. 

(i) Suppose R is countable and M free on a countable basis. Then 

M itself would be countable, but M has the cardinality of the 

continuum, a contradiction. 

(ii) Suppose R uncountable and M free on a countable basis. Then M 

has no uncountable linearly independent subset [Proposition 

1.4]. , Consider elements t of fti of the form (l,a,c 2 ,...) where 

c ER. Since R is uncountable the set {t). is uncountable. 
cER 

Suppose 'XtOwhere X' ER and X =0 V but finitely many 

say Then the rows of the matrix 

. . . cs 11 ' 

271 

1 c],c 2 

1 a2   

lc 
n-i 

are linearly dependent. Hence det a= 0, but by Van der monde's 

theorem such a matrix can have determinant zero' if f some row is 

a multiple of another. Since the first element in each row is 

1 the determinant is zero if f two rows are identical, but this 

is impossible since the a. are distinct. Hence the set t} 
oVER 

is linearly independent and therefore M is not free: on a coun-

table base. 

b) M is not free on an uncountable base. 

Suppose M is free on an uncountable base. Let p be a prime in R. 

(p exists since R is not a field); Let S EMI 

the power of p dividing as n-}. S is a submodule of M 
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since for a:,3,X,pER, p' la and pn pn Xc±I3. So S is a sub-

module of M and by [Lemma 2.9] S is free. Let x (p,p 2 )p 3,...) EM. 

Define set map p M+M by (p (a) =ax. V a EM. p is an R-homomor-

I 
I 
I 
'I 
I 
I, 
I 
I 
I 
I 
I 
I 
I 
I 
1 

phism and p is (1-1). Let aEp(M). Then a= 

for b. ER and the power of p dividing the n th co-ordinate of a  

as n -- . So a E S and hence (p (M) CS. This means S contains an un-

countable linearly independent set (the image of a basis of M). 

Hence any base for S has to be uncountable. Let {s} be a base 

for S. Consider the quotient module S over the field j. This 
-- PS - - <p> 

can be done' by defining as =as +pS where s E S a ER, and a,s 
- PS <p> 

are natural liftings of a and &., Lt be the natural image of 

a in S/.. It is easily seen that {,} are linearly independent 

over 2?. Hetice S is an uncountable dimensional vector space over 

<p> p5 
2?. Let a=(a1 ,a2 ,....).ES. a;ER. y : s?y pla3. 
So (O,O,O,...,a ,a EpS. So given b E S b may be written as 

PS 
,O',O,...) where . ER. Hence the elements 

- 

form a basis for Si 8 but the set {x) is 

countable, contradicting the uncountable dimensionality of SIPS. 

Hence M is not free, and by I, 2.9, not projective, though it is a 

countable product of projective modules. 

Corollary 2.11  

Any infinite product of projective modules over a P.I.D. R 

which is not a field, is not projective. 
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Proof  

By I,, 2.9, every projective module over R is free. So every 

infinite product of projective modules contains a copy of a countably 

infinite product of copies of R. If the infinite direct product of the 

projective modules is projective, it is free and its submodule the 

countably infinite product of copies of R is free. (1,.2.9), a contra-

diction. 



- :1.5 - 

CHAPTER ii 

§1. Inlective Modules  

A module Q over a ring A is called injective iff for every 

diagram OM4 - N (exact), 3 h :N -- Q satisfying hfg. 
Ig 

Injectiveness is a dual notion to projectiveness in the sense 

that the arrows 'run backwards'. Unfortunately, one cannot properly 

dualize the notion of a basis and so we do not have a ready source of 

injective modules, However, we prove that there are 'enough injec-

tives'. 

Proposition 1.1  

Let Q be an A-module. Then the following conditions are 

equivalent: equivalent: 

1) Q is injective. 

2) Given g :I+Q where ICA is a left ideal, 3h : A -*Q such that 

h(a)=g(a) V czEl. 

3) Given g :I--Q as above, 3 xEQ s.t g(a)ax V aEI. 

Proof  

1) 2) is obvious. 

2)=3). .. . 

Let g be given and h the extension. Suppose h(l) x. Then 

V aEA. In particular ==h(d) =g(a) V aEI. 

3)=2). 

Given g, let xEQ be s.t g(a)= ax V aEI. Define a set map 

A +Q by h(l) = x. This is a homomorphism. Then h(a) ace= g.(a) V aEI. 
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2) el). 

Let the diagram 0--)A1--4 N   (exact) he given. We have to produce 

h : N-)-.Q satisfying hf=g. 

Let L = ((L,h) 1) L is a submodule of N; 2) ED imf 

I. 3) h:L-3-Q; 4) hf - g 

L is non-empty since (imf ,w) E L where w(n) = gf ' (n) V n E imf. Define 

a partial order on L by (L1 ,h1) ?(E2 ,h2) iff, 

1) E. --)L 2, 2) h1 is an extension of h2. 

Given a chain {(L ,h )}, in L, (UL , Uk ) is in L where Uk is defined 

by Uh a ITia =h. 

Clearly, (U1 , Uk ) is an upper hound for {(E ,h fl. So by 
c c ac 

Zorn's lemma, 3 a maximal element say (E,h) in L. Suppose LM. Let 

x0 EMbe such that x, L. Let I-{aEAIaX0 EL}. I is a left ideal in 

A. Define set map u :I-'-Q by u(a)=h(ax0). u is a homomorphism. 

By an earlier part of the proof, u(a)=ay for some yEQ [2)3)1. 

Let 1' =L+Ax0 and define set map j :E' +Q by j(+ac0)h(cc)+ay, 

where xEL. If x+ax0 x'+a'x0, then x -'= (a'-a) 0, hence 

(a'-a) El. So h((a' -a)x0)=(a'-a)y. So h(x-')=h((a'-a) 0) 

= (a' .-a)y. So h(x-')-(a'- a)y= 0.  Therefore j is well defined, 

and evidently a homomorphism as well. Now, (L',j) (E,h) and 

(E' ,j) (E ,h), contradicting the maximality of (E ,h). Hence L=  M and 

hf=g. 

Proposition 1.2  

1) A direct factor of an injective module is injective. 

2) A direct product of a family of injective modules {Q} is 

injective each Q is injective. 
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Proof  

1) 
a 

Let M be s,t 1M' where p is onto. Suppose we are 

given 0--4L -!4-4N   (exact). Then we have j.g :L-)- Q  and since Q 
Ig 

is injective we have h :N ->-Q satisfying hf=jg. Consider 

ph :N -+M. phf=pjg=g. So Mis injective. 

2) Let UQ =Q. Then if Q is injective, every Q a being a direct 

factor of Q is injective by (1). If each Q is injective, 

consider 0— M4N (exact). V a, we have g :MQ where 
g 

where Q th is the a projection map. Since each Q 

is injective we have V a, ha :N+Qa satisfying haf=. By 

the universal property of the direct product, we have 

h : N +Q s. t. p a h = ha. So P a (hf) = haf= pa g V a hence hf = g. 

So Q is injective. 

Remark 

The second part of the proposition required .the universal pro-

perty of the direct product. The direct sum of collections of injec-

tive modules is not necessarily injective. We investigate this further 

at the end of the chapter. 

§2. Divisible .Modules  

Let M be an A-module. Let A 0 be an element of A. If V x E M, 

J y EM s. t. Xy =x, we say M is divisible by A. If M is divisible by 

every A EA, A 0 we say M is divisible. 
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We now embark on the proof of a theorem that shows every module 

can be imbedded in an injective module. 

This is the dual of the proposition that every module is the 

quotient of a projective module. We shall first prove the theorem over 

Z, the ring of integers. Clearly Z-modules are exactly the same as 

Abelian groups and we pass freely from one terminology to the other. 

Lemma 2.1. 

Over the ring of integers Z, the following are equivalent. 

i) D is an injective module. 

ii) D is a divisible module. 

Proof  

Let D be an injective module. Given x E D nEZ, n#O define 

set map g: Zn-)- •D by g(mn) = mx. is a homomorphism. By II, 1.1 (, 

3 i ED s.t g(mn)=mny V mEZ. In particular g(n)=ny. But by defini-

tion, g(fl)x so we have ny=x. Since x and n were arbitrary, D is 

divisible. Now suppose D divisible. Let f :I-3-D he given where f is 

any homomorphism and I any ideal in Z. Since Z is a P.1. D., I = Zn for 

some n EZ. If n= 0, 1= 0 and f=0, and f(0)=Ox V x ED. If n 0, if 

f(n)=x 3 y s.t ny=x. Then f(mn)=mf(n)=mx=mny V inEZ, that is 

f(a)c6J V aEl. Hence, by II, 1.1 (3), D is injective. 

Lemma 2.2  

Every Abelian group may be imbedded in a divisible Abelian 

group. 
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Proof  

Let 0 be any Abelian group. If G is free, G is isomorphic to 

a direct sum of copies of Z. Hence G can be imbedded in .a direct sum 

of copies of Q. Since Q is divisible, the direct sum of copies of Q. 

is divisible, and hence injective by II, 2.1. So every free Abelian 

group can be imbedded in an injective Z-module. If 0 is not free then 

0 is the quotient of a free Z-module F. (1,'1.3). 

Let K a subgroup of F. We have shown F can be imbedded 
K 

in a divisible Abelian group, say D. Let n be the imbedding, and 

n (K) = V. Then we have a canonical imbedding ii: F + D. Since D is 
K K' 

divisible l? is divisible and 0 is imbedded in a divisible group. 
K' 

So again by II, 2.1, every Abelian group can be imbedded in an injec-

tive Abelian group. 

Now suppose A is any ring, and 0 any Abelian group. We can 

rake the additive Abelian group of A and consider the set Hom(A,0). 

Hom(A,G) becomes an Abelian group under the operation of point-wise 

addition. Further, if for a (A and fE Home (A ,G) we define 

af E Horns (A ,G) by af(b) = f(ba) where b (A, }Iom (A ,G) becomes a left 

A-module, as can be easily verified. In particular, if M is any A-

module, by considering the additive structure of M as a 9-module we 

get Hom(A,M) as an A-module. 

Lemma 2.3  

Let D be any divisible Abelian group, and A any ring. Then 

Horn(A,D) = Q is injective when considered as an A-module as described 

in the preceding paragraph. 
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Proof  

Suppose O—M-4N (exact) is given with M,N, A-modules. 

Define set map j: by j(m) = {g(m)1(l). i is a Z-homomorphism 

from the additive group of M to D. Since D is injective 3 u: N-b- D 

satisfying uf= j. Define set map h N-•-Q by h(n) = q where 

q(a) - u(an) V aEA. q is in Q since given a1,a2 EA, Xj,X EZ, 

q(X 1a1 + Aa2) '= u((X1a1 + X2a2)n) 

= u(X 1a1n) + u(A2a2n) 

= X1u (al n) + X2u(a2n) 

X1q(a1) + X2q(a2). 

For n1 ,n2 EN, h(n1+n2 ). = h(n1)+h(n2). In fact 

= 'u(a(n1+n2)) =.u(an1)+ u(an2) = {h(n1)}(a) -1 {h(n2)}(a) V a E A. 

Hence h(n1+n2) = h(n1)+h(n2). 

Also for n.EN, aEA, h(an)ah(n). In fact {h(an)}(b) 

=u(b(an)) V bEA, and ah(n)}(b) ={h(n)}(ba) = u((ba)n) V bEA. 

Since b(an) = (ba)n we get h(an) = ah(n). Hence h is an A-homomor-

phism. For anyrEM, consider hf(x). 

hf(x)(a) = u(af()) = u(f(ax)) = i(ax) = g(a)(l) 

= ag(x)(1) = g(x)(la) = g(x)(a) V aEA. 

Hence hf(x) = g(x) V xEM. Hence hf = g. 

Theorem 2.4  

Let A be any ring and M an A-module. Then M can be imbedded 

in an injective A-module. 
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Proof  

Consider M as an Abelian group. Then 3 an imbedding j :M -+D 

where D is a divisible Abelian group. Hom(A,M) is an A-module as is 

Hom(A,D)Q, say. 

By II, 2.3, Q is injective. j gives rise naturally to a map 

j: Homz (A ,M) + Q where j (f) = i ° f. 

is a monomorphism since = 0 j ° f(a) = 0 V a E A 

f(a) = 0 V a EA. 

Define set map k: M+Hom(A,M) by k(m) (a) = am. k is .a homomorphism. 

ic (in) = 0 k (in) (1) =0 :lin =0 = m= 0. So k is a monomorphism. Hence 

jok:M -'-Q is a monomorphism and M is imbedded in an injective module. 

Corollary 2.5  

Let A be any ring. Then the following are equivalent: 

1) Q is an injective A-module. 

2) If n: Q--)-M is an imbedding of A-modules then n(Q) is a direct 

summand of M. 

Proof  

Suppose Q is injective. Let 'n : Q+ M be an imbedding. We 

then have O—Q-M (exact). Since Q is injective A h :M-'-Q satisfy-
lid 
Q 

ing hn= identity on Q. This means M=1(Q)Bker h. Suppose 2) holds. 

an imbedding r : Q4-M where M is injective by II, 2.4. So (Q) is a 

direct summand and hence a direct factor of an injective module. By 

II, 1.2 (i), (Q) is injective. But r(Q)Q. So Q is injective. 
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In particular, if Q is an injective submodule of M the corol-

lary tells us that Q is a direct summand of M. We shall use this fact 

in the next section to investigate direct sums of arbitrary families 

of injective modules. As was remarked after II, 1.2, such direct sums 

are not necessarily injective. However, the corollary allows us to 

deduce conditions under which such direct-sums are injective. We con-

clude this section with a proposition which we need in Chapter III. 

Proposition 2.6  

Let CR.) be a family of injective rings. Let M1= HR.. 
1 1_ 

Each R. can be regarded as an M -module. Let M = R. 
1  

as M1-modules. Then M is self-injective and M2 is not M1-injective. 

Proof  

For any i, let f: I+R be an M1-homomorphism where I is a 

left ideal in M1. Denote by ci1', the element in Mi which is zero 

everywhere except in the i th place where it is 1. 

Then if El and 

f(a2'x)O =x&O. Let I' denote pi (I) where p :M1R 

is the natural projection map. Then f induces an R.-map : 

where ,r defined by f(a) th f(c) where a has i- co-ordinate 

(Such an x exists since 1' = p. (I)). .? is well-defined since x 

and y have same co-ordinate f(r—y) 0, since x—y has zero 

as its i th co-ordinate. Since R injective V i, 3 gA :R-'-R extending 

. 
. By setting g(x) th (r) (x. t. co-ordinate of x) V xEM1, we get 

an extension of f onto the whole of M1. Hence R. is an injective 



- 23 - 

module over M V i. Hence HR. is an injective M -module, that is M 
U i 1_ 1_ 1 1 

is self-injective. 

If M2 is injective over M1, then M2 is a direct summand of M1. 

Let M1=M2 M. Let xEM, x= (x1 ,x2, ... ). If xO for some 

a'x tO and ax EM2 -Mn M2 {O}, a cont±adiction. If x.- 0 for all i thenx= 0 

and if this is true V x, rEM then M= 0, and M1 =M2, a contradiction. 

Hence M2 is not a direct summand of M1 and hence not injective. 

§3. In-lectivity of Direct Sums  

The question we pose and answer in this section is: "Given 

a family of injective modules {Q }, under what circumstances is ?Q 

injective?" We shall use the fact (1, 1.2) that tIQ is injective and 

hence every direct summand of HQ is injective. So it is necessary 

and sufficient (necessity from 1,2.5) that Q be a direct summand of 
Ot 

flQ , for E1Q to be injective. 

Proposition 3.1  

Let A be any ring. Let W,} be a family where c. E J and J is inf1n1te. Suppose 

for some well ordering < on el we have elements a EA, x c c EM such that 

i) ax OVcEJ. 
c c 

ii) ax 8 =O V 

Then M is not a direct summand of HM 

Proof  

Suppose 11M = (M ) S. 
1± 

Lt x EM be the element whose fl  co-ordinate is x. 
- 

x =z+s where zEM sES. 
- 
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Since z has only finitely many non-zero co-ordinates o.agrees with x 

on all but finitely many co-ordinates: say al"21 'a, where 

c <a<... <a, k* Let a be the first infinite ordinal. Then a11 

is an integer, say E. Then L+ 1:j ct for any i, i1,...,n. So 

= x 1. Consider aL+ls. a 1s ES. (a1+18) = aL+1XL+l 0 

aE+lsO V c>E+l, ajaj+l...,ak. Hence a 1s has only finitely 

many non-zero -co-ordinates. Hence a EOM . But a 1 0 and 
11+ cc 

aL+1sES contradicting the fact that '11 and S are supplementary. 

Proposition 3.2  

Suppose {N } is a family of A-modules, and a direct 
a cEJ 

summand of FIN . Then for any subset K of J, for 13E K, 'N is a direct 

summand of FIN 
3I3 

Proof  

Let 'D N 5= H N 
a a 

aEJ aEJ 

Then 1N) ci ii ([I)  S1 Ti N. Na] Ct 

ctEK ) LaEJ-K j j aEJ 

Since 11 N D ) N , it follows that 
a EKCt ct EKCt 

FIN [E?N1 ctEK [(.EJ-K a] (mflN n. NH)SLCtEKa jat I a  

Let {M } be any collection of A-modules, EflM'. We denote by P (x) 

the set {aa EA, ax =0 V 13a} where >is some well-ordering on the 

indexing set V a, P is a left ideal in A, and clearly, 

if 13 ?a. The ideals PCt& depend on the well-ordering on the indexing 

set. However, since we only need to consider some fixed well-ordering, 

in later proofs we shall 'forget' this to avoid clumsy notation. 



- 25 - 

Def'LivLtion 3. 3 

We represent the collection of distinct P(x) by r(x). I (a) 

is defined to be the number of elements in r(r) if r(x) is finite 

and Co otherwise. 

Theorem 3.4  

Let' {M } be any family of A-modules. Suppose E'I is a 
ct ctEj 

direct summand of 1TIM. Then for any x EHM and any well-ordering on 
act 

J, i(& <Co. 

Proof  

If J is finite the theorem is trivial. 

Suppose J infinite and l()=Co for some xEflM'. Then we have 

a sequence al<cLZ<...<ctk<... inJ where P (x) C P - i+1 (E) and the 

inclusion is strict V i. V i, let a. EP (x) -P (). Consider the 
i- ct 1 a. 

CO 

module 11 M =M say. Let y.=x EM . Then a.y. -a.x 0 and 
ct j 1 . i. a. a. it . 

Co 

a .y . = a .x = 0 V j > i, since a,> a. if j > i. Hence '? M is not a 
a z ct. a j ct 

J 00 
direct summand of ,tI M by II, 3.1. 

z-=1 

By II, 3.2, OT M is not a direct summand of fl M, a contra-
ctEJ aEJ 

diction. 

Hence l(x)<OOVXEIIM. 
ct EJ a 

From the proof of the theorem, we see that (fM not a direct 

summand of flM there is a countable subfamily {M } s. t M is not a 
act jct. 

direct summand of EM . We have now accomplished one half of our task. 
a. 

The condition' 1(x) <00 E11Q is necessary if the family of injective 
eta 
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modules {Q} is to have injective direct sum, but is it sufficient? 

We proceed to show that it is. 

From now on the letter ci will represent an infinite indexing 

set. Every infinite set can be well-ordered in such a way, that there 

is no maximal element with respect to the well-ordering. Therefore we 

shall fix such a well-ordering on J. - 

Definitions 3.5  

(i) Let {M } be a family of A-modules. For any xEHM, we de-
aEJ 

fine.I(x)={aIaEA, ax EM ). 

(ii) For any xEfI/! and any yEJ we define 

EflM by3 ' Vc<y 
- aa a a 

a Vcy. 

(iii) For any x EIIM we define the ascent sequence of x as follows: 

Suppose i(x)<°°. Let T0 CT1 C... CTbe the distinct ideals in r(x). 

Let iS. be the least ordinal such that PiS(x)Tj i= 0,...,r. Clearly 
11  

=0 and T is the annihilator of x. Then the ascent sequence of x 

is the (r+l) tuple where 0<iS.<... <iSr If Z(x)=-

we just say the ascent sequence is . 

We shall assume that {M} is a family of A-modules and keep 
aEJ 

this notation till the end of the chapter. 

Lemma 3.6  

Let {0,iS 1 ,...,cS } be the ascent sequence of x where xEflM 
r 

Then 1 (& C Pa r W. 
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Proof  

Let a c i(e). Then ax = 0 V but finite a, say a ,. . . ,ct1. Since 

there are no maximal elements in our well-ordering of J, 3 y( J  y> a. 

for i = 1,... ,k. Hence a EP W. But P (x) = P (x) for some 

j= 1,... ,r and hence Px) CP(x). Hence a EPx). So 1(x) cP(S(x). 

Lemma 3.7  

Let xEflM , and'let {O,(S1,...,S r } be the ascent sequence of X. 

Suppose a certain 5. is a limit ordinal. Then for any 
11 

a EP (S (x) P6, (x), 3 infinitely many a s.t (S and = ,,O 0. 

Proof  

Let a be as stated in the theorem. We show that given 

a s.t (S. a ... <(S. (3 s.t a5(3<S with ax hO. Suppose 

< 5.. If ax #O then take (3a. If ax'0 and ax  V(3 

s. t a 5,0 <5.. Then a E P (a,). So P (x) P () and 
a i-i 

CP (S (x) P(r) -P (S (x). But this contradicts the ininimality 

of (S.. If axa O for only finitely many a<(S, say al,...ak choose 

y s.ty>a. V i, j1, ... ,1c Y<6 i * (This is possible since (S is a 

limit ordinal). 3 (3? :y with ax 13 0 (3= a. for some i, 

a contradiction. 

Corollary 3.8  

With the same assumptions as in II, 3.7, 1(x) fl P(S (x) cP (S (ar). 

Hence P(S x) fl i(x) = P(S (x) fl 1(x). 
i-i 
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Proof  

If aEP6 (x)-P6 (x) the ax O for infinitely many c, hence 

i i-I. 

Lemma 3.9  

Let xEflM and (O,61,cS2,...,fSr} the ascent sequence of x. Let 

6 be the largest non-limiting ordinal in the ascent sequence. (6 

exists since 0 is non-limiting and any finite non-empty-set of ordinals 

has a maximal element). Then for any a EI(x), axcd. 

Proof  

1(x) C P6 • by II, 3.6. Hence = 6r 1(x) c P6 If 

66 let 6 = Ôwhere in <r. Then 6 is a limit ordinal for 1> m. 

Hence 1(x) fl P6 x) = 1(x) fl P x) = ... = 1(x) fl P6 (x) by II, 3.8. 
111 

But Ix) fl P6 (x) = 1(x), so 1(x) fl P6 x) = 1(x). So 1(x) C P So 

V a EI(x), ax '0 V S. Hence ax - axe V a(I(x). 

The truncated elements x' have the following (obvious) proper-

ties: 

(1) P(x1) =A (the whole ring) V cty. 

(ii) I(x)I(x) if 

(iii) I(x')I(x) V 1EJ. 

In particular, if 6 as in II, 3.9, 1(x6) =r(x). We are ready to prove 

our central theorem. 

Theorem 3.10  

Let xEr1M, and l(x) < and i(x'') < for all limit ordinals 

y EJ. Then 3 zE1 satisfying az V aEI(x). 
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Proof  

Let be the highest non-limiting ordinal in the ascent 

sequence of x. Let = O I +L1 where 01 is a limit ordinal or zero and 

is a finite ordinal, ii. write 1)=  (PI _ .O1. (i) has only 

finitely many non-zero co-ordinates so z (i) E(fM . From II, 3.9, 
ct 

V aEI(x), ax=ax1. Hencea x 1.+a2(1), V aEI(x). If 01 

x 1 0 and aa= az(1) V a E1(x) and the theorem is proved. If 01 0 

0 
then it is a limiting ordinal. Since i(x 1) is finite 3 a highest 

0 
non-limiting ordinal in the ascent sequence of X 1, say p2. Since 

P(x0 1)=A V c0 1 and 01 is itself a limit ordinal, p2 <0 1. 

Again, let p2= 02 +L2 where L2 is a finite ordinal 1, and 

02 is a limit ordinal or zero depending on whether p2 is infinite or 

0 0 (2) 
finite. Agin, set z (2) 2 (P _ 0 ax 2 and get 1 ax 2+az V 

0 
a EI(x 1)• Constantly repeating this procedure, we get a chain of 

elements p1> 01 >q 2 >0 2 >... . But since a well-ordered set cannot 

have an infinite strictly decreasing chain we get k finite and 

0 for some finite integer k. 

Then the chain > 01> 2' > (Pk >0k has the following pro-

perties: 

Ci) 0.i.is a limit ordinal V i, j= 1,...,k-1, and 

cpk=Lk a finite ordinal. 

0 (1) 
ax=ax 1+az V aEI(r) 

axe = ax°11 + az(+1) i = 1,.. . ,k-2 V a E 

01 (1 (1\ 0 
ax = ax = az " V a EI(x 11) 

where (pi O i=l,...,k. 
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From remark (ii) of the preceding theorem we have 1(x) C I(x61) 

C I(x0) ... CIx°1 ). Hence V aEIcx we have ax i°i+1+a+1) 

e 
= 1,... ,k-1 and ax= ax 1 + az'1'. Hence V a E 1x) 

az( 1)+az (2) +...+az ). So z =( 1)+z( 2)+ (k) E1 satis-
- -- - - 

fies 

az=ax V aEI(x). 

Finally, we apply II, 3.10 to a family of injective modules. 

Theorem 3.11  

Let A be any ring, an infinite collection of injec-

tive A-modules. Well-order J in such a way that there is no maximal 

element in J. Then the following are equivalent: 

1) With respect to the well-order, 1(E) < V xE11Q 

2) iQ is injective. 

Proof  

Let B be any ideal in A and f: B+Q any homomorphism. Let 

j:Q -*flQ be the natural inclusion map. Then jf:B-5-HQ is a homo-
ct a c 

morphism. Since UQ is injective by II, 1. 2, (ii), jf(a) = ax for some 

xEflQ V a E B (byII, 1.1, (3)). Hence aEI(x) where 1(x) as defined 

in II, 3. 5, V a  B. Since 1(x) <w and l() < V limit ordinal y (by 

hypothesis) by II, 3. 10, J zEQ s.t az-ax V aEI(x). In particular 

az=axVaEB. Hence f(a)azVaEB where EQ. 

(3), Q is injective. 

So by II, 1.1, 

Suppose(+)Q injective. ThenBQ is a direct summand of flQ 

Hence by II, 3. 4, 1(x) < V X  flQ for all well-orders on J. 
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Corollary 3.12  

If {Q) is a family of /1-modules and is injective 
Ct cEJ t3EK 

for every countable subset K of J then is injective. 
aEJ 

Proof  

If J is finite the theorem is vacuous. If el is 'infinite 

well-order J as usual so J has no maximal element. Suppose l(r)= 

for some xEHQ with this well-ordering. By II, 3.4 there is a 
Co 

Co 

countable subfamily tQ } Co s. t .-'A Q is not a direct summand of 

00 00 
.11 Q . But this means • Q is not injective, a contradiction. 
1,=i c il 
Hence Z(x) <°V xETTQ and 'PQ a is injective. 

There is a well-known result due to H. Bass that a ring is 

noetherian if and only if the direct sum of any countable collection 

of injective modules is injective. We can deduce this result of Bass 

from our results. - .Let {Q} be a family of A-modules where A is (left) 

noetherian. Then for any xEflQ , since rx) is a totally ordered set 
- - 

with respect to inclusion, i(r) <. Hence 'Q is injective. If A is 

a non-noetherian ring let B1 C B2 C ... be a strictly ascending chain of 

ideals in A. Let each quotient module .2? be imbedded in an injective 
Bi 

module Q1-., with n. the imbedding. Let p. : R•R be the canonical 
• 1- '1. 

00' 

quotient map. Consider the family of A-modules {Q.} . Let 
Co 

x. and consider z E rl Q s.t zj =a j. Then the ideal P() is 
Ilipi 

the same as Bj hence Z(z) ., So M Q. is not injective. 

- There seems to be little chance of obtaining sufficient con-

ditions in the general case, to ensure that the direct sum of a family 

of modules is a direct summand of the direct product. To show that 
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I 
I 

I 
I 

I 
I; 

I 

I 
I 
I 
I, 
I 
I 
I 
I 
I 

the converse of II, Theorem 3.4 is not true in the general case, con-
CO 

sider a family {Z.} where each Z. Z. For any xE.flZ. lx) 2, 
- 

but •' Z. is not a direct summand of HZ.. To show this, we need a 

result due to E.G. Zeeman, (London Journal of Mathematics 1957) which 

says that Horn (lIZ. ,Z) = 4Z.. If 'Z. were a direct summand of HZ. 
ji. .7 i 

then Horn (Z.,Z) would be a direct summand of Hom(1Z.,Z)'mZ.. But 
Z?__ i i-

any submodule -of (Z. is free. So Hom(Z,Z) = 11z. would befree, 
1-• 1--

a contradiction to I, 2.10. 



- 33 - 

CHAPTER III  

In this chapter we change directions somewhat, and study rings 

by imposing conditions on their modules. 

§i. Semi-simple Rings  

Theorem 1.1  

For any ring A, the following properties are equivalent: 

1) Every A-module is projective. 

2) Every short exact sequence of A-modules splits. 

3) Every A-niodule is injective. 

Proof  

l)'2). Suppose every A-module projective. If 

o >- M ->- N -'- P - 0 is any short exact sequence, it splits since P 

is projective. Suppose every short exact sequence splits. Given 

any A-module M, there is a short exact sequence 

inclusion P o - kerp-4-F 4. M + 0 with F free. Since this splits M is iso-

morphic to a direct summand of F and hence projective. 

2)c3). Suppose every short exact sequence splits. Given 

projection 
any A-module M, 3 a short exact sequence 0 -* M -- Q -+ Q-* 0 

TIM 

with Q injective. Since this splits M is isomorphic to a direct 

factor of Q and hence injective. Suppose every module is injective. 

Then any short exact sequence 0 Q N - 0 splits since Q is 

injective. 

Such rings are called (Artinian) semi-simple rings. 
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The classical Wedderburn-Artin theorem tells us that such a 

ring A is isomorphic to a finite product A1 x ••• X A1 where each A. 

is a full matrix ring over a skew field.- Further any module over 

such a ring is the direct sum of modules each of which is isomorphic 

to some minimal left ideal of A. 

We now move on to a more complicated type of ring. 

§2. Hereditary Rings  

A ring A is called (left) hereditary if every (left) ideal 

is projective. 

Theorem 2.1  

If A is a hereditary ring and F a free A-module then every 

submodule S of F is a direct sum of modules, each of which is iso-

morphic to a left ideal of A. 

Proof  

Let F have a well-ordered base {x )-. We write F c'. fot the 

submodule generated by {xIt3<c} and P. for that generated by 

cd. Let  be any submodule of F. If aESflF a= b+ Xx 

where X E A, b E F. Define set map U S-3- A by u(a) X where 

a=b+Xx. u is a homomorphism. ker(u) =SflFc• Denote the image 

of u by I. I. is a left ideal of A. 'a is projective.by defini-

tion. Hence the exact sequence 0 + SflFa SflF + 0 (i inclu-

sion map) splits and SflF a -i(SflF a )(PCa a  where C isisoinorphic to 

I , that is SflF = (SflF P )C 
a a a a 
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We show SC 

a) The sum of the C a 's in S is direct. 

Suppose c.=O where c.EC a <a ... <a . But c.ESflF 
1- 1' a• 1 2 n a •1- n-i n-i 

V in-l. So c.ESflF for in-l. Hence c.ESflF . But 
i=1 1_ an 

SflF and C are complementary submodules in SflF . Hence 

and c=O. By downward induction it can now be shown 

that c= 0 for all i in li5n. 
11 

b) C.=S. 

Suppose SC . Certainly S=USflF . Hence at least s.t for 
a   a a 

some aESflP , aC . Let a=b+c, where bESflF , cEC 

aC =b'C . But b ESflF =bESflF for some -y<. Thus 
a a i a 

b ES fl , b MCa and y < 0, contradicting the defining property of 

Corbllary 2.2  

If A is a P.I.D., then every submodule of a free A-module is 

free. 

Proof  

Every ideal of A is free hence projective. So A is hereditary. 

Hence every submodule of a free A-module is the direct sum of modules 

each isomorphic to some ideal of A by III, 2.1. But every ideal is 

free, so every submodule of a free module is free. 

Theorem 2.3  

For any ring A, the following conditions are equivalent: 

1) A is hereditary. 

2) Every submodule of a projective A-module is projective. 

3) Every quotient module of an injective A-module is injective. 
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Proof  

1) 2). Let P be projective and S a submodule of P. P is 

isomorphic to a direct summand of some free module. Hence S is iso-

morphic to some submodule of a free module. So S is isomorphic to a 

direct sum of ideals of A. So S is projective. 

2) =l). A itself is a free and hence projective A-module. So 

every submodule of A, that is every ideal is projective. 

2) =3). Let Q * -* 0 be exact with Q injective. Let 

g I--Q' be any homomorphism. We then have the diagram 0 -* I • R 
f/g 

Q *- Q' -*O 
where i is the natural inclusion map. Since I is projective 3 

Ii :I-)-Q satisfying fli=g. Since Q is injective 3 h': R-->-Q satisfying 

/i'i=/i. Hence there is a map fli' : R-'-Q'.satisfying f7i'i= g. So f/i' 

restricted to I is precisely g and by II, 1.1, (3) we see that Q' is 

injective. 

3) =2). Let P' be a submodule of P, P projective, and suppose 

the diagram F' is given. Let T1:M-)-Q be an imbedding with 
f 4 

M * N + 0 (exact) 
Q injective. (ii exists by II, 2.4). Let S (ke f). Then n gives 

rise to a natural imbedding ii :N+Q=Q 1 satisfying nifpon where p 
S 

is the canonical quotient map Q-*-Q'. Hence we get the diagram 

0 -* P' P where j is the natural inclusion map. Since Q' is injec-

f'j,g 
M• -N  0 
'1,np j, 
Q 4. Q' 0 

tive we have h2 :P•Q' satisfying h1j=jg. Since P is projective we 

have h :P->.Q satisfying ph2 h1. Let h:P'•Q be restricted to P1. 
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Then ph- 19g. 11 maps N onto p(i(M)). Hence h maps P' into (M). Also 

--1 - 1 
observe that r : r (N) -*M and ?j : p (i (M)) -+ N are defined. So we can-

define r* :h(P')±Mby n*(x)=n'(x) for any xEh(P'). Then TIM :P'4M 

satisfies fn*hg since fn*h=i'ph=g. 

We conclude this section with an example of a right hereditary 

ring that is not left hereditary. The first such exanpie was given by 

Kaplansky, (Nagoya Journal of Mathematics [6]). 

somewhat simpler example due to L. Small [10]. 

We consider a 

ro 

b 
The ring of 2 x 2 matrices with a E Z b,cE Q is right 

c 

hereditary but not left hereditary. 

Proof  

We first demonstrate a left ideal that is not projective and 

then show that every right ideal is hereditary. Let I be the 

(0 a + 
left ideal aEZ, nEN; pEZ a prime . 

(0 0 

1. I can be considered as a Z-module by setting 

0 a Oa'a 
a' pn = 

00 0 0 

2. Every left Z-module N may be considered as an A-module by 

a  
setting m = am where mEN. 

10 c 

3. Let M,N be Z-modules with f: M+N a Z-homomorphism. Then f 

is also an A-homomorphism with M,N considered as A-modules. 

Further if f :M-)-N is an A-homomorphism, then f is also a 

Z-homomorphisnt. 
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4) Suppose the Z-module diagram I 
q j,f 

an 11-module diagram. If I were A-projective, I would be Z-

projective as well. 

is given. It is also 

5) Every projective Z-module is free by Corollary 3.3. Clearly I 

is not free as a Z-module and hence not projective. Combining 

this with 4) above, I is not A-projective. 

We now show every right ideal is projective. Let Ibe any 

right ideal. 

Define T(I) C Z = fal  la o 
U(I)cQ = fb I (a 

V fí (I) C Q = ci a 

b 
C 

b 
C 

1 
C 

E I for some b,cl 

El for some ac} 

El for some ab} 

6) Suppose T(I) 0. Then 1 1 El (with a 0) and [g J 6 A. 

- 1a bI0 'a1 o '' ' 

Hence to' cJ to oj (o ) E i. 

7) V(I)0 ( l El (with c0.), 0 10 EA and their pro-
0 0 

duct 0 1 El. 

bl(a' b' taa' ab'+bc'1 
8) Since [ J io J = to t ' j it is clear that (1(I), 

V(I) and T(I) are ideals in Q and Z respectively. Let d 

generate T(I). Then Id El for some b,c and hence 
10 cJ 

Id b1l & Id 0 lo cj 10 oj = lo o] E I. 



I 
I 
I 
I. 
I 
I 
* 
I 
I 

I 
I 
I 
I 
I 
I 

$ 
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9) Denote by d' ( ] by e2 and ( } by L3 • Then 

/1 =fl A't e3A. Further fd4'flA d/ 0 in Z. When d = 0, 1'd4 0, 

and e2A'e 3A. So fd 4 is projective V d E Z and e 11 A projective, 

i=2,3. 

10) Let I be someright ideal in A. 

a) T(I) 0, V(I) # 0. T(I) & 0 1'd K I where d generates T(I) 

and e2 EI by 6). V(I)0 ( ] El for some b  Q by 7). 

Hence ( ] _e2( } -e3 EI. Clearly f4fle 3A- 0. 

Also [ b] E I a= md for some in E Z. From 

find hi Id ol (in b/dl 1° ol ía ol 
O cj = o oJ o oj + we see that 

1= f4'3 3A. Since fd4 and e3A are projective we see that 

I is projectiVe. 

b) T(I) 0, V(I) = O. Then [ J E I a = md, c = 0 where d 

find hi Id 01 (m b/dl 
generates T(I). From o oj = o oJ o o j and 

J El we get I=f4 and hence I is projective. 
'd= (  

c) T(I)0, VI) 0, U(I)0. Then {   ] El b0 hence 

(o  b] [0 J = [ ) is in I. Hence 1 and is 

projective. 

d) T(I) =0, V(I) =0, U(I) =0. Then 1=0 is projective. 

e) T(I)0, V(I)#0. AnyEIhas the form 0 
bX 

0 c 
We get two cases. 

(i) b -  kc where k is a constant independent of . 

10 kcl If i i is-an element in I with c 0 (such an 
C) 

element exists since V(I) 0 by assumption) we see 

I 
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that [0 k' lo kc 
0 ij = o cJ E.T. If y [ ] then yA= T. 

1° kc 10 0) 
The map cj Is an isomorphism of 1A onto 

e3A. We know that e3A is projective. Hence I is pro-

jective. 

3 X 0 b1 EI,x2= 0b2 El with c1r,0, c2 0 and 

0 C1 0 C2 

Cl C2 

Then the equations b1c+b2y = 0 

c1x+c2y = 1 

and the equations b1x+b2i 1 

c1x+c2y = 0 

have solutions say (x1 ,y 1), (x2 ,y 2). 

Then 0 b 0 0+0 b2 0 00 °EI 

0 C 0 'i 0 C2 0 Yl 0 1 

and 0 b 0 0+0 b2 0 • 01 = °1E1 
0 C1 0 2 0 C2 0 y2 0 0 

Thus e2 ,e 3 E I. Clearly e2Afl cA = 0 and any element 

[J El lies in e2A +e 3A. Hence I_ 2A'ie 3A is pro-0 C 
jective. 

Since we have exhausted every possible kind of right 

ideal we have shown that A is right hereditary. 
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§3. Semihereditary Rings  

A ring A is called semihereditary if every finitely generated 

ideal of A is projective. Clearly, every Noetherian semihereditary 

ring is hereditary. 

Theorem 3.1  

Let A be semihereditary, F a free A-module. Let S be a finitely 

ii 
generated submodule of F. Then S .4 I. where each I. is some finitely 

generated ideal of A. 

Proof 

Let x} be a base for F and let  be generated by ti'•••'m 

Now Yj=Act j ' x  AO V but finite c, i1,...,1fl. Hence 3 a sub-

set ,...,x an } of {x I s.t the free module F' generated by {x ai } 
1 

contains S. - 

We perform induction over fl, that is we assume all submodules 

that are contained in free submodules with less than n elements in 

their basis, satisfy the hypothesis of the theorem. 

Let S CS be the elements expressible by x c ,... ,x an-I . Then 
1 

V s ES S =8+ Ax where s ES1, A EA. Define set map u : S+A by 

an  
u(s)= X, where s is expressed as above. .0 is well defined since ex-

pressions of elements in terms of the x are unique. u is a homomor-

phism. ker(u) =s. Let Then is exact. I 

is finitely generated, and so projective. Hence the exact sequence 

k 
splits, and SS 1 "I. By the induction hypothesis S1c  

lj= 
k 1 ê-1finitely generated. Hence Sc 11 Cj - 
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Since the zero module is isomorphic to the ideal {O} our in-

duction is complete. 

Theorem 3.2  

For each ring A, the following are equivalent: 

1) A is semihereditary. 

2) Each finitely generated submodule of a projective module is 

projective. 

Proof  

1)=2). Every projective module is isomorphic to a direct 

summand of a free module. Every finitely generated submodule of a 

projective module is isomorphic to a finitely generated. submodule of 

a free module. By III, 3.1, every such module is the finite direct 

sum of finitely generated and hence projective ideals. So every 

finitely generated submodule of a free module is projective. 

2)=l). A is a free and hence projective A-module so every 

finitely generated submodule, namely every finitely generated ideal 

is projective. 

This thedrem is obviously an analogue of III, 2.3. However, 

the' statement, "every finitely generated quotient module of an injec-

tive module is injective over a semi-hereditary ring" is false. Our 

counter-example' to this uses a result due to B.L. Osofsky (7] which 

we-quote now. 

Theorem 3.3 (Osofsky) 

If over a ring R, every cyclic module is injective, then R 

is (Artinian) semisimple. 
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Definition 3.4  

A ring R is called regular if V rER, 3 r' ER with rr'rr. 

It is a well-known result in ring theory (see [2)) 

that every regular ring is semihereditary. Suppose now that every 

finitely generated quotient of an injective module overa semiheredi-

tary ring is injective. Then for any self-injective regular ring, 

each of its quotients, namely all cyclic modules are injective. This 

leads us to the conclusion that every self-injective regular ring is 

(Artinian) semisimple by III, 3.3 quoted above. But. thi. is nonsense, 

since if R is a self-injective regular ring (e.g. a field) then a 

countable direct product of- copies of R is regular and by II, 2.6 also 

injective, but clearly not Noetherian and hence not Artinian. 

§4. PrUfer Rings and Dedekind Domains  

Proposition 4J.  

Let A be any ring. The following are equivalent: 

1) The A-module P is projective. 

2) 3 p E P and : P -)-A satisfying the condition that V p E P 

= 0: for 'all but a finite number of a's and p 
a 

VpEP. 

Proof  

2)=l). Let F_-mA where A A V a. Let e EFhe the element 
a a 

that is 1 in the a  th place and zero everywhere else. The set {e} forms 
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P= p(p)p ot =*(p(p)e). Let p :P•F be defined by p(p)=p(p)e. 

Then qq is identity on P and P is a direct summand of F and hence 

projective. 

l)=2). Let F4P be s.t F is free and pi1=id. Let {e} 

be a base for F. Define p by (e a  Given p E P let 

(pp)=Xp)&,Xp)EA. Define pp)=Ap). Since Xc P)=O v 

but finite c, (p(p)=O V but finite c. Since 4kp(p)=p V pEP, 

(cc) =p Vp EP p(p)p=p V p EP. 

Definition 4.2  

Let A be a commutative integral domain, ICA an ideal. Let 

Q be the field' of fractions of A. We say I is inversible if 3 

Proposition 4.3  

Let A be. a commutative integral domain. Then the following 

are equivalent for a non-zero ideal I. 

1) The ideal I of A is projective. 

2) The ideal I is inversible. 

Proof  

Suppose I projective. 3 a El and :I -*A satisfying cp(a) = 0 

V but finite c V a ET and p (a)a=a V aEI. (III, 4.1). Given 

a,bEI, ap (b)'=p (ah)=hpa(a). Hence pa (a) =  EQ. Let q EQ 
a b 

be defined by q1 =  , x El, xO. Then 

q1,y   ='c'  = q(y) EA. Since q(a)0 V but finite c, 
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q=O V but finite c, say q ,q ,...,q . Then 
1 2 n 

x = p(x)a = q xa = q a Jr. Since A is an integral domain, 
-z_=1 1- 1- 1-=1 11 

q a =1. Hence I is inversible. 
1_=1 -1, 71 

Suppose I inversible. Let a1 a2 ...aEI q1 ,q2,...,qEQ 

satisfy qIC AV i=l,...,n qa=1. Define :I ->-A by 

(P(x) = qx, i = 1,... ,n. is a homomorphism for each i. 
n n n 

cp(x)a. = qxa = qa X=x. By III, 4.1, 1 is projective. 
i=1 i=1 11 1_=1 11 ] 

Proposition 4.4  

Every inversible ideal I of a commutative integral domain A 

is finitely generated. 

Proof 

Let I be inversible, x El. x qa x where qi ,ai are as in 

i=1 

the definition of an inversible ideal. Hence X =  (qa)a. But 
i=1 

qx EA. Hence I is generated by ail i =  

Proposition 4.5  

Let I be an inversible ideal of A, a commutative integral 

domain, and D a divisible A-module. Then given any f: 1-+D B d E D 

s. t f(X) = Ad V A El. 

Proof  

Let I be inversible and q1 ,•• ,q , as in the defini-

tion of inversible ideals. Since D is divisible 
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d. ED st f(a.)=ad. (i=l,.. 
2-2-

f(A) = f[ajjA] = (qA)f(a) 

f  = Ad V A El. 

Definition 4.6  

An integral domain in which every ideal is ±nversible is called 

.,n). Given A 

= 

E I, 
n 

Set d= q.a.d.. Then 
1.-

a dedekind domain. 

Definition 4.7  

An integral domain in which every finitely generated ideal is 

inversible is called a prUfer ring. 

From III, 4.3, it follows that, for a commutative integral do-

main A, the statements 'A is hereditary' and 'A is a dedekind domain' 

are equivalent. Further, from III, 4.4, it follows that every dedekind 

domain is Noetherian. Again from III, 4.3, the class of prüfer rings 

and the class of commutative semihereditary integral domains are iden-

tical. Clearly, a prüfer ring is adedekind domain if and only if it 

is Noetherian. 

Lemma 4.8  

Let A be an integral domain. Then every injective A-module M 

is divisible. 

Proof  

Let A E A and q EM be given. Define f: AA -)-- M by f(aA) =aq. 

1' is a homomorphism. Since M is injective by III, 1.1 (3) we have 
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f(aA) =aAy for some yEM. In particular q = f(lX) = Xy. Hence M is 

divisible. 

Theorem 4.9  

For any commutative integral domain A the following are 

equivalent: 

1) A A-module M is injective if and only if it is divisible. 

2) A is a dedekind domain. 

Proof  

Suppose 1) holds. Let M be any injective A-module. It is 

divisible by III, 4.8. Hence each of its quotients is. divisible and 

by hypothesis injective. So by III, 2.3 (3), A is hereditary, and 

hence dedekind by the remarks preceding III, 4.8. Suppose A is a de-

dekind domain. Let M be divisible, I C A a left ideal and f: I-'-fi! 

any homomorphism.. Since I is inversible, it follows from III, 4.5 

that f(a) = ax for some xEM V a El. Hence by III, 1.1 (3) M is 

inj èctive. 
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CHAPTER IV  

§i. Some Homological Concepts  

In Chapter III we showed that every projective module over a 

principal ideal domain is free. We now turn to polynomial rings in 

one variable over principal ideal domains and look at their projective 

modules. The main result we shall prove (E 9] C.S. Seshadri) is 

"if A is a P.I.D. and A[x] a polynomial ring in one variable, then 

every finitely generated projective A[x]-module is free". The proof 

makes considerable use of tensor products. It also requires a certain 

formula about the change of rings. For the sake of completeness, we 

shall treat these topics in this section, but in as simple and restric-

ted a fashion as possible. (A good source for a formal treatment of 

these topics is El]). From now on all rings will be assumed to be 

commutative, and so no distinction will be made between left and right 

modules. 

Construction of the tensor product of modules. 

Let A be a ring, M,N A-modules. We construct the tensor pro-

duct M A N as follows: 

Construct the set of all ordered pairs Mx N. 

2) Construct the free module F generated by MxN over Z. 

3) Construct the Z-submodule F* of F generated by all elements 

of the form `(m+m',n) - (m',n) - (m,n) 

(m,n+n') - (m,n) - (m,n') 

(Xm,n) - (m,An) 

where m,m' EM, n,n' EN and A EA. 

1) 
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4) M N is defined to be the quotient Z-module 

We write m'n for the canonical image of (rn,n) ER in M 4 N. 

Clearly M4AN is generated by elements of the form mn. 

MOA N can be given the structure of an A-module by setting 

a(m®n) = (con On) for any aEA. 

Properties of the Tensor Product  

Let M,Nbe A-modules, m,m1 ,m2 EM, n,n1 ,n2 EN, aEA. Then 

1) (in 1 +m2) On = in 1 On +1112 On. 

2) mc(n1+n2) =m On, +mn2. 

3) (con cn) = a(m6n) = (m 19) an). 

We also note that, for commutative rings A, and A-modules M 

and N, HomA (M,N) is an A-module on setting (af) (in) = f(am) V 

fE HomA(M,N), a EA, m EM. The series of Lemmas that follow are needed 

to prove IV, the formula that was mentioned in the introduction. For 

notational convenience, the ring subscript will be suppressed when 

there is no ambiguity, that is MN will be written as MN and 

HomA(M,N) as Hom(M,N). 

Lemma 1.1  
fi g 

Let a commutative diagram O —)MI -----9M---)M''—O 
jp2 

0 —9 N' —4 N4 N 1---) 0 

of A-modules be given. If the first row is exact and p1,p 2,q 3 are 

isomorphisms then the second row is exact. 

Proof  

Trivial. 
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Let f: M->-Ml he a homomorphism of 11-modules, and D any A-module. 

Then f induces an A-homomorphism q :llom(D,M) - Hom(D,M') where 

q(h) = f oh V h Ellom(D,M). We write D(f) for g since clearly g is de-

pendent on D. 

Lemma 1.2  

For any ring A, the following conditions are equivalent: 

1) P is a projective A-module. 

2) For any exact sequence 0 of A-modules, 

P(f) P(g) 
0 - Hom(P,M') —) Hom(P,M) Hom(P,M" )- 0 is exact. 

Proof  

l) 2). Let cp : P-+M' and P(f)cp =0. Then P(f)(p)(p) = 0 V 

, EP. So f(p(p)) = 0 V p (P = (p (p) = 0 V p (P. So P(f) is a monomor-

phism. If (p : P-*M and P(g)p = 0 then g(p(p) =0 V p ( P. Hence 

(p (P) Cker g=imf. So we can define :P +M' by 

p E P and p = P(f) (). So ker P (g) im P(f). If (p E im P(f) then 

= f ° , E Hom(P ,M?). Hence P(g) (p) = g ° f ° 0 since g ° f = 0. 

So un P(f) C ker P(g) and hence ker P(g)=  im P(f). Finally if 

(p EHom(P,M"), since M_!M".-_-) 0 is exact and is projective we have 

*E Hom(P,M) with pgP. So P(g) is epic. This completes the proof 

of 1) =2). 

2) =1). Suppose we are given the diagram P 

9, 
M—M"----0 (exact). 

g if 
We then have an exact sequence 0ker — where j is the 

inclusion map. So P(g) : Hom(P,M) - Hom(P,M") is epic so 3 E Hom(P,B) 

satisfying P(g) giIip. Since P1 and P1" were arbitrary P is projective. 
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Lemma 1.3  

Suppose we are given a commutative diagram 

ij . 
jj 

of A-modules with i,j, isomorphisms, then any A-module D induces a 

commutative diagram 

Hom(D,M)  D(f) ) }Iom(D,M') 

D(i) D(g) 

Hom(D,N) Hom(D,N') 

where D(i) and D(j) are isomorphisms. 

Proof  

Given p:D--M D(j)oD(f)p=jofop=g0i0p=D),D(i)p. 

So D(j) O D(f) = D(g) ° D(i). If D(i)p = 0 then i ° p (d) = 0 V 

dEDp(d)=OVdEDpO. Given p:DN3i' 0p:DA and 

D(i)(i 1 (p) "'(P. So p is monic and-epic and hence an isomorphism. 

Similarly D(j) is also an isomorphism. 

Lemma 1.4  

For any A-module M, 3 M(s) M -+ Hom(4,M) satisfying 

1) M(s) is an isomorphism. 

2) Given p:M -MT, M,M', /1-modules, the diagram 

M  > M commutes. 

I M'(s) 

Hom(A,M)-3'Hom(A,M') 
A((p) 
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Del- lne Mi) : M >- Uom(A ,M) by {M() in)} (X) = Xrn V A( A. Clearly 

M(c)m) E Horn(11,M) M(6) : M -)-- lloin(il,M), a homomorphism. Define 

M(t) : Hom(A,M) + M by M(t)(f)=f(l) V fEflom(A,M). Again M(t) is well-

defined and an A-homomorphism. M(s) ° M(t) idHom (A ,M) and .  

M(t) - M(s) = idM. So M(s) and M(t) are both isomorphisms. 

A(p)M(s)(m)=ç of where f(l)=m, so ((p0 f)(l)=ç(m), so 

A(p) oM(s)(m)(l)=(p(m) V mEM. M'(s)(p(n)) wher.e i)=q(m). 

Hence (A((P)°M(s))(m)=(M'(s)°p)(rn) VmEM. HenceA((p)°M(s)=M'(s)°q. 

We shall always use M(s) and M(t) to denote the maps constructed 

in the lemma, whenever M is an A-module. 

Let A and B be rings c :A+B a ring homomorphism, which takes 

unit to unit. We can then make every B-module M into an A-module by 

setting oin -6(a)m V a EA, in EM. Now let M,N be B-modules. Given 

fEHomB(M,N), then fEHomA(M,N), where Mand N are considered as 

A-modules through c. Further, given any A-module M and B-module N 

and considering N as an A-module through s, MO  and HomA(M,N) become 

B-modules on setting m,50  mEM, nEN, b E B and 

Of) (in) = bf(in), in EM, b E B f E llomA(M,N). So for any B-module D, 

writing D _HomA(M,HomB(N,D)) and VHomB(M(AN,D) bothD and D are 

B-modules and so through 6, they are A-modules as well. We shall adopt 

the convention that all B-modules will be considered as A-modules 

through c. 

Lemma 1.5  

Let P_ :A -)B be a ring homomorphism with c(l) = 1. Let M be an 

A-module, N a B-module. Then for any B-module V 3 D(u) +D s.-b 
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(1) D(u) is an isomorphism of B-modules. (2) Given f :D-3-E, E another 

B-module, the diagram b 91 E commutes where g = M(N(f)) 

g2 - MEAN(f). 

Remark  

All modules in the diagram above are B-modules. Since the maps 

are all B-homomorphisms, they are also A-homomorphisms when the modules 

are considered as A-modules. 

Proof  

Let F be the free A-module generated by M x N. Let ij.' E D be 

given. Define p  F +D by <p' [in a. (m aP (m (ni) whre • 

a.EA,m.EM, nEN. 
1- - 

p' (m +m' ,n) - p (m,n),-p' (tnt ,n) = () m,rn' EM, nEN. 

p'rn,n+n')-p'(m,n)-p'(m,n') = 0 mEM, n,n' EN.-

cp'(am,n) -cp'(tn;an) 0 inEM, nEN, aEA. 

Hence ker p' )F* (F* as in definition of tensor product). 

So p' induces a unique map p : F = MAN - D. 

Now this p is a B-homomorphism since p(bOnn))q(mbn) 

(p' &n,bn) (m) (bn) =bm)(n) = bp' (m n) =bcp(mn) V m EM, n EN. 

So define D(u) : -*D byD(u)Iip where p is constructed as above for 

each 1i. That D(u) is well defined is obvious and that D(u) is a homo-

morphism of B-modules is not hard to verify. Define D(v) : D-*D by 

D(V)p s.t (m)(n)tp(mOn) VrnEM, nEN where pED. Clearly 

'4 ED, D(v) is well defined and D(v) is a homomorphism of B-modules. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

- 54 - 

Since D(u) D(v)id D and D(v) OD(u) = id 5, D  and D(v) are iso-

morphisms. This proves 1). 

To prove 2) let and set g1(P)=4". Then iP'(m)(z) 

= (N (f) (M) (n) =f((m)(n)) where m,nEM,N respectively. Hence 

E(u)0g1.() =p' such that (m ,'50  D(u)=q such that 

p(mn)=(m)(n).' Sog2°D(u)i=p' such that p'(m an) =f(ip(m)(n)). 

So 0 D(u) = o D(v). (Note g1 ,g2 are B-homomorphisms). 

Proposition 1.6  

If A and B are rings c : A B a ring homomorphism with c(l) = I, 

then for any projective A-module D, D15b B is a projective B-module. 

Proof  

Let any exact sequence 0 -'- DI V D" + 0 of B-modules be 

given. We set D HomB(B ,D), D = HomA (P ,HomB (B ,D)) HornA(P,D) and 

D=HomB(P B,D) and use analogous notation for V' and D". 

Consider the diagram 

P  P(g) ____ 

0 HoulA(P,D ) _-3 llomA(P ,D) }lomA (P,D") ) 0 

1(11 
o  ) P(B(f)) 

•JD"(u) 

o  ) , POAB (f 

IT 2 

P(B(y))  > 0 

J,D(u) j,D't(u) 

'V FOB(g) •1T  ) 0 

where(Pi D'(D'(s)), P2D* (D(s)), p3D"(D"(s)) with notation 

exactly the same as in preceding lemmas. By Lemma 1.2 the first row 

is exact asa sequence of A-modules. By IV, 1.4 D'(s), D(s) and 

D"(s) are B-isomorphisms and hence A-isomorphisms. Applying IV, 1.3 

II 
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'2'3 
are /1-isomorphisms and the diagram consisting of the first 

two rows commutes. Hence by IV, 1.1 the second row is exact as a 

sequence of A-modules. However, as every map in the second row can 

be directly verified to he a B-homomorphism the second row is an 

exact sequence of B-modules. By IV, 1.5 the vertical maps between 

the second and third rows are B-isomorphisms and the rows commute. So 

the third row is exact as a sequence of B-modules. Since 

0 + ± D D" -- 0 was an arbitrary 

by IV, 1.2, p B is projective. 

exact sequence of B-modules, 

Many of the results proved in this section are true over non-

commutative rings as well, but since we only require IV, 1.6 over 

commutative rings what we have proved is sufficient. We cite (1] as 

a reference for a general treatment of these topics. 

§2. A result of Seshadri  

Let A be a P.I.D. p E A a prime. We introduce the following 

notation for this section: 

K = the quotient field  A  
<0 

M(A) = the ring of n xii matrices over A. 

GL(n;A) =' {XIXEM(n;A); X invertible}. 

SL(n;A) = {XjXEGL(n;A); det 11}. 

We also write M(n;K), GL(n;K), SE(n;X) for the corresponding objects 

over K. 

Let T1 :A+K be the canonical projection map. T1 induces 
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M(n;,1) M(n;K) taking 

'a 1 1 aln 

a (T 
nl fin 

to 

fl(ii) ••• Ti (am) 

nl nfl 

We shall say that XE M(n;K) can be "lifted" to I E M(n;A) if f = Y. 

Clearly, every XEM(n;K) can be lifted to some YEM(n;A). 

Lemma 2.1  

Every diagonal element in SL(n;K) can be lifted to an element 

in SL(n;A). 

Proof  
a1 0 

Let X = o a E SL(n;K) be any diagonal matrix.. Let aEA 
n 

satisfy ri(a.71) =a., i=l,...,n. Since 111 n(aj)n[.fl (a)JlK we 

have g.c.d (a.,p)=1, i=1,...,n,inA. So g.c.d (a . ,p )=l, 

i = 1,... ,n, and g. c. d. (a 1. . .a1 ,fl) = 1. Hence 3 a' E A with 

aa...aa'±??=l. Now n(a 1*** a la')=lk=n(al...afl) and since 

K is a 

1 = 

field we have ri(a')=n(a). Consider 

a1 p E M (A). Then =X and 
o a2 p. 

o•.. 

0 0   Oa 1 

(D 'Ap o   0 a ni 

det 1=1, hence YESL(n;K). 

With the same notation as before, n :A->-K  induces i : A[X] -•- K[X] 

where X is some transcendental over A. i in turn induces 

M(n;A[X]) ->- M(n;K[XJ). 



- 57 - 

Lemma 2.2  

If PESL.(n;K[XJ), 3 P' ESD(n;11[X]) with p(P')= (P). 

Proof  

Every-non-singular matrix in SL(n;X[X]) is a product of ele-

mentary matrices since K[X] is Euclidean. We can characterize ele-

mentary matrices, In three types as follows: 

= 

1 

'V 

- 

2) N. 1: 
'i-a 1. 0, 

. 00,10. i 

o• .o 

.010.0.... j 
1-

5,:;; EKEX]. 

Now 7 has to be a unit in X[X] hence 7 EK. 

Further, NjjUk() U7< ()N. V 

Uk 
if kj, or kij. 

if k=j, ki-. 

if k=i, kj. Gy unit). 

In any case we can move all diagonal matrices to the left and write 

In .,I 
every PEGL(n;K[X]) as TI C. where D is diagonal and every C. 

0i=1 'i-i is of the form M. .() or N.. for some 
'i-a 'i-a 

If further PESE(n;K[X]) then det D= 1 since det C.= 1 V i 

i=  1,... ,n. Hence every element of D is a unit and D E SL(n;K). 
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By IV, 2.1, J D' E SE(n;A) s. t fl **D ?) = D. But = 1J(D') since 

D' ESL(n;A). Clearly 3 C'ESL(n;AfX)) with ii(C')=C., i=1,...,n. 

So *[D'(flc.')J=D(flc.)=P. 3 P'ESL(n;A[X]) with p(P.')=P. 

Theorem 2.3  

Let A be a P.l.O., A[X] a polynomial ring in one variable. 

Let P be a projective module that is finitely generated. Then P is' 

free. 

Proof  

Let P be generated by {O}, 1,2,... m. Let A be the field 

of fractions of A. Then P 0 A[X] = Q is projective over a[X] by iv, 
A[X] 

1.6. Since A[X] is a P.I.D. Q is free over A[xj. Given f(x) EA[X], 

f(x)='g(x) where g(x) EA[X], aEA. Hence we can assume a base 

i =l,...,n for Q where yEP, aEA. We identify P with 

its natural image P01 in Q and freely write d E P for d  1 E Q. 

Let O [ Xp]O - where E A[X], E P b (A V i 1,... M. 
b. 

Let a be the L.C.M of the and let L' be the free module gener-

ated by y., i =l,...,n. Then aPCE' CP. Let L denote {LIL free, 

aPCLCL' cP}. Since A[X] is noetherian (Hilbert's basis theorem) and 

P is finitely generated, P is noetherian. So L has a maximal element, 

say L. Since A is a P.I.D. and hence an U.F.D. a=aoal ... ar where a0 

is a unit and a. irreducible for i= l,...,r. So we have k, s.t lkr 

a0a1...aPcL but a0 ... a 1PE or a0PCL. If a0PCL, since a0 is a 

unit a 0 P =P and so L= P and P is free. Otherwise we can assume that we 

have a non-unit aEA and L free such that 1) aPCLCP. 
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2) all 1, c P r,' free Tj=L,. 

3) a' I a a'V4.L. 

Let p be any irreducible factor of a. p is also prime. Consider the 

quotient modules L=. and P=P. Ti and P are A=K-modules. We 
pr1 - 

denote canonical images by , that is iEL TEL, and 1 the canonical 

image of Z. Similarly d E P dEP. 

With this notation p : - £ K[X] where p(7) = ll is an 

- AIX] 
isomorphism. Similarly P P 0 K[X]. Since L is free (and hence 

AIX] 
projective) and P is projective over A[X], Z and P are projective 

over 1C[X] by IV, 1.6. Since K[X] is a P.l.O., Z and P are free. 

Let i : L -+Phe the natural inclusion map. i induces £ + P taking 

inclusion •i 
+ L Then 0 + N + L + I + 0 is exact where N ker i p p p * 

I un i. I C P I is free by III, 2.2. Similarly, N C L , and so 
p p p p 

is free. So the exact sequence 0 + N + L + I, + 0 splits and 

Z =I'4 )N where II , with i restricted to I the isomorphism. Let 
P p * 

1''2 ''••• ,') be a base for N and (j 1 ... e ) a base for I 

[The dimension of . over K- dimension of L over A]. N 0 since if 

a=pa', then a'PL. So there is x E P with a'xL. Let z=ax; then 

z EL, and z =pa'x so z EpP. But z t pL, since P is torsion free. So 

0 but z0. Since NO, k1. Further, it is evident that 

is a basis for I. Let be a basis for £ 

k+1 nover A[X]. Then form a base for L over K since X.. = 0 
.z_=1 n n 

Xe=0 =Xe. EpL p.c. Apii. V i1,...,n, 
1- .1--i 

V i=1,... ,n. So there is an invertible matrix M1 over 
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K[X] s.t MI (C i.'. Let det M1= v. v is a unit, so v 1 exists. 

Multiply the first row of M1 by v 1 and call this new matrix M. 

det M1, and MESL(n;K[X]). Now M(c) i=l,...,k form a base for 

N and )i.) i=k+l,...,n form a base for -T . Set M(c.)=e., 
p , p 1- -1- 

i= 1,... ,n. By 5.9, 3 MESL(n;A[X]) lifting MESL(n;X[X]). Set 

e.= WE: .) i= 1,...,n. (Our notation is justified since the canoni-

cal images of these e. are the e. already defined). The {e.} 
•2'. 1-

form a base for  since Mis invertible. Now i(e) 0 V lik. 

Since is induced by the inclusion map, this means ei E pP. 

Let e. =pf. 1 <i :5k. Then U1312 '... ek,. . .,e,} is a linearly 

independent set , since X1f1 +... +Xkfk+Xk+1k+1 X.E A 

pXf1 +... +Akfk+pAk+lek+l...+pXflefl = 0 = 0 where 

for lik, p -pX for'k<i5n. Since the are 
1 jl 

linearly independent, p0 V i, 15i5n. This means X=O V i, 

1 'i n. If f E L then pfi EpE ' e EpE ei = 0 but this is impos-

sible since is a base for £. Let T be the submodule generated 

by {f1,... ,e). Then TDL strictly since ki and fj E 

for any i, but this contradicts the maximality of E. So a cannot have 

any irreducible factors and this means £ = P. So P is free. 
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