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Abstract 

Two problems have been undertaken in this thesis: a solitary wave 

which has been proposed as a model for nerve impulse transmission has been 

exposed to periodic perturbations, resulting in chaotic evolution, and spiral 

patterns as are observed experimentally have been sought and found in a 

simple model of slime mold aggregation. 
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Part One: Introduction 

Two rather disparate problems have been undertaken in the course of 

this work. Both problems are examples of physical methods being brought to 

bear upon biological phenomena, in an attempt to elucidate something of the 

mechanism behind them. What ties these phenomena together, is that they are 

examples of coherent, structured events occuring on a macroscopic scale. 

In the first problem, which is described in part two of this thesis, a model 

of nerve impulse propagation due to Paul and Otwinowski is considered. In 

this model, the propagation of the nerve impulse along the axon of a neuron is 

described as a mechanical process, a solitary travelling wave of swelling in the 

membrane of the neuron. The well-known depolarization which accompanies 

the transmission of the impulse is here posited to arise from the wave's effect 

on ion channels in the membrane, and the energy released by the 

depolarization of the axon is thought in turn to power the wave. 

The solitary wave travels along the axon as a discrete entity, without 

changing in shape, and it is in this sense that the solitary wave is a coherent 

phenomenon. The work reported in part two was concerned with showing that 

this coherence can be destroyed by appropriate perturbative driving of the 

system. In particular, it will show that periodic driving of the system can lead to 

remarkable complex oscillations and ultimately, delocalized, aperiodic, 

apparently random evolution. However, even as the evolution appears to be 



2 

unpredictable, it is in fact entirely deterministic. Such behaviour is called 

chaotic, and connections will be made between this work and the work by 

Feigenbaum on the onset of chaos. 

The second problem approached coherence from the direction of 

describing a macroscopic coherent state which arises from the chemotaxis of 

masses of individual slime mold amoebae. The particular coherent state 

whose description is undertaken in part three is that of rotating spirals of 

elevated amoebae concentration. These spirals are reminiscent of the more 

familiar spirals which occur in the Belousov-Zhabotinsky reaction, al~hough 

they occur on a scale which is about an order of magnitude smaller. A system 

of differential equations will be derived based on a simple model of slime mold 

aggregation behaviour, and these equations will be solved to yield the desired 

spiral waves, at least in some simplifying special cases, and in the limit as the 

spiral becomes large. 

These two cases are simple examples of coherent, co-operative 

phenomena in biological systems, but such phenomena are widespread. 

Indeed, every biological system, from a single bacterium to an ant colony to the 

entire biosphere of the Earth, can behave in a unified manner, despite the fact 

that its constituent parts-molecules, ants, or species-all evolve according to 

their own, local rules which do not reflect the global properties of the system. A 

neuron is not aware of the thoughts that it transmits, and a molecule does not 

know when the bacterium of which it is a part ought to divide. It is in an attempt 
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to begi n to understand the exquisitely organized, perfectly structured forms with 

which the living world presents us, that this work was undertaken. 

Unfortunately, the tools do not yet exist to properly examine the amazingly 

complex interactions within even the simplest of bacteria, so we are forced 

instead to consider much simpler systems. "How does a wound heal?" is too 

large a question to ask, but "How does a nerve impulse respond to 

perturbation?" is not. 

In the following pages, a first few steps have been taken towards 

understanding these simple coherent biological phenomena, in the hope that 

they may reveal something of the structure inherent in biological systems. 
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Part Two: Chaos in a Model of a Periodically Perturbed Nerve Impulse 

1. Introduction: Neurons are the cells which carry nerve impulses 

through the body. They are typically composed of a cell body, which contains 

the nucleus of the cell, and from which numerous short, fine dendrites radiate. 

On one side of the cell body is the axon, a long, cylindrical process which 

terminates at the synapse. A neuron is displayed in figure one. The neuron 

receives messages from other neurons through its dendrites and passes these 

messages along its axon. It is the transmission of these messages that is of 

interest to us here. 
nucleus 

axon 
: . . •. - :~ .. • . - -- .. . 

• • 
cell body 

synapse 

Figure 1 : Portrait of a Neuron 

When no impulse is being passed along the neuron, the cell sets up a 

concentration and charge gradient across its membrane. When the neuron is 

stimulated to fire, ion channels in the membrane open up, allowing the ions to 

pass through, thus depolarizing the membrane. The depolarization passes 

down the axon as a wave until it reaches the axon terminal where the nerve 

impulse is transmitted to another cell by the release of neurotransmitters into 

the synapse. This much is well known, and is probably familiar to most readers. 
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Less well known is the fact that this depolarization wave is accompanied by 

significant mechanical changes of the axon in that the axon swells and 

contracts as the pulse passes 1. 

The mechanical phenomena are significant enough that any 

mechanism for the propagation of nerve impulses should take them into 

account. Williams2 proposed a model in which the nerve impulse is actually a 

mechanical wave which travels along the axon, causing the depolarization by 

opening up ion channels when the membrane swells under the wave. The 

depolarization, in turn, powers the continued movement of the wave. In 1987, 

Paul and Otwinowski3 published a mathematical description of this model, from 

which they derived a travelling solitary wave solution to describe the 

propagation of the mechanical pulse. This thesis will begin with a summary of 

their results, so that the reader might understand the context of the work which 

follows. 

2. The Paul and Otwinowski Model: The axon of a neuron is taken 

to be a cylinder with distance along the axis of this cylinder measured by the 

variable x. The model is primarily concerned with the membrane of the axon, 

because it is in the membrane that the ion channels are found. The state of the 

membrane is described by its cross-sectional area at every point with the local 

deviation of the cross-sectional area from its equilibrium value denoted by Q. 

Q is taken to be a function of both position along the axon and time. 



Figure 2: An idealized neuron axon with two cross-sections displayed. On 

the right is the resting cross-section, Q = 0, while the middle displays a cutaway 

view showing a swollen cross-section, with Q > 0. The magnitude of Q is the 

area of the shaded region in the swollen cross-section; this region is just the 

difference between the resting cross-section and the swollen cross-section. 

The swelling, Q, will be calculated like the probability distribution in 

quantum mechanics: that is, Q = 1'¥12, where'¥ is a complex function. Treating 

the response of the membrane to perturbation as essentially elastic, although 

non-ideal, and including a simplified model for the interaction of the 

mechanical disturbance with the depolarization wave, they obtain: 

i0 + oa2~ - K'a 2'¥2- A2' '¥ - 2A4 l'-Pl2'¥ = 0 (2.1) 
at ax at 

The parameter A4 describes the anharmonicity of the membrane; it is 

taken to be negative to describe the membrane as a soft oscillator that will 

break if it is perturbed too strongly. A2' contains the harmonic restoring force 

component of the membrane's response to perturbation, terms to describe the 

work that the mechanical wave does in opening up the ion pores, and the work 

done by the depolarization to build up the mechanical wave; it is taken to be 
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positive. The term containing K' describes the kinetic energy carried by the 

wave, and D measures the resistance of the membrane to stretching so that it 

can be thought of as a sort of surface tension. 0 is arbitrary, and can be 

eliminated by scaling the time variable. 

It is not possible to solve a partial differential equation as such. Rather, 

the solution of a partial differential equation always proceeds through a 

reduction to a system of ordinary differential equations. With a linear differential 

equation, one usually tries to separate variables; but this cannot be done with a 

nonlinear equation. Instead, Paul and Otwinowski obtained an ordinary 

differential equation by introducing a similarity variable. A similarity variable is 

a single variable defined as a function of the independent variables in a 

problem; in this particular case, the independent variables are x and t, so a 

similarity variable would be some = f(x,t). 

In particular, they chose a trial solution of the form 'P(x,t) = ei~<i>(~), with <!> 

a purely real function, and = x - V't. The variable 't is just the scaled time 

variable which was alluded to earlier, and v and a are just parameters. 

Substituting this form into (2.1) and selecting a particular form for a to eliminate 

an imaginary term yields this simple, ordinary differential equation: 

a2m = A <!> + 2A <1>
3 

2 4 
(2.2) 

The new parameters A2 and A4 are related to A2' and A4 , respectively, 
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and also contain the other parameters. They retain the signs of A2' and A4. 

Equation (2.2) can be solved to yield4: 

<t>(~) = ±a dn[A(~ - ~0 ) - dn-1 (<f>0 /a, q) , q] 

where 

r =(A/+ 41A41E)112 

(2.3) 

E, q,0 , and ~o are arbitrary constants corresponding to the initial conditions, and 

dn(z, q) is a standard elliptic function. 

The special case when E = O results in considerable simplification, and 

in particular, if T = A2 then q = 1 and the elliptic function dn is replaced by the 

hyperbolic secant (sech). Recall that the physical quantity was the swelling, Q 

= 1'1'12, and that 'P(x,t) = eia½(~). It follows, then, that Q = q,2, and that there is a 

particular solution to this problem in which the cross-sectional area of the axon 

membrane varies in time and space like sech2(~). What does this mean? 

The next two figures try to explain both what the similarity variable 

means, and what these particular functions of this variable look like. Much of 

this will be familiar to many readers, but the author prefers to risk giving the 

reader too much background, to not giving him enough. 
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f(~) 
t = 0 t = 2T 

f~) \'.,_:_~~~:~~ 

Figure 3: Consider some arbitrary function of~, f(~), with = x-vt. An observer 

noting the amplitude of the function at x0 as time goes by, will see f(x0 ) at t = 0, 

but f(x0 - vT) when t = T. The effect is that the curve moves as a unit towards 

larger x, with a velocity v. 

Figure 4: (next page) The function dn2(z, q) is plotted for several values of q. 

When q = 0, dn(z, q) = 1 and when q = 1, dn(z, q) = sech(z). For intermediate 

values of q, dn(z, q) is oscillatory. The horizontal coordinate varies between 

-1 0 and 1 0 for each plot. The maximum amplitude of each function is 1, but the 

minimum is 1 - q2, so that the range of the function is narrow when q is small. It 

should also be noted that the period of the function changes with q. 
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k = 0. 2 ::::::--,, /:':--,, c:::=:-:, --C:':::-. ..c:: 

k = 0.999 

Figure 4: Caption on preceding page 

Of the functions plotted in figure 4, the sech2 is unique in that it is a 

solitary wave, a single, localized, travelling pulse, while all the rest are trains of 

pulses. A nerve impulse is a single event, rather than a series of events, so it 

seems reasonable to select the sech2 solution to model the mechanical wave 

associated with the nerve impulse. If this is to be a good model for the 

propagation of nerve impulses, the pulse should be stable in the sense that the 

solitary wave behaviour of the pulse should be retained even if the pulse is 

perturbed. A solitary wave which is stable in this sense is called a soliton. It 

should be pointed out that exactly the same ordinary differential equation-
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(2.2)-and exactly the same solitary wave solution was used by Davydov5 in 

his work to describe waves of carbonyl vibrations along a protein backbone. As 

such, this solution also describes the well known Davydov soliton. The 

purpose of this work was to determine something of the stability properties of 

this solitary wave. 

In particular, the intent of this work was to determine whether the system 

could be made to undergo complex, chaotic oscillations when driven 

periodically. Such behaviour was suspected on the basis of some recent work 

which is described in the next section. 

3. Chaos, Universality, and Duong-Van's Result: Consider a 

system whose behaviour is predictable. Then, given enough information about 

the system at some time, it is possible to determine what the system would be 

like at all other times. The minimum amount of information needed to 

unequivocally predict the behaviour of the system, will be called the state of the 

system. 

Given the state of a system at time t, it is possible to calculate what the 

state of the system will be after a time interval T has passed. It would then be 

possible to use that state to calculate what the state will be after another interval 

T. In this way, a series of "snapshots" of the system can be taken, at intervals of 

duration T. 

For some systems, it is possible to take these snapshots by means of an 

iteration map, un+1 = f(un). The iteration map calculates the state un+1 at some 
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that the present state is u0 , then we can calculate that the state will be u1 = f(u 0) 

at time T and the state will be u2 = f(u 1) at 2T, and so on. Feigenbaum 6 

considered a particularly simple one dimensional nonlinear iteration map, 

un+ 1 = 4Aun(1 - un), where the state is given by a single quantity u. This 

iteration map shows remarkably complex behaviour. For all values of A 

between 0 and 0.75, the iterative calculation converges towards a particular u, 

which depends on A. For A greater than 0. 75, the iteration converges not to a 

single state, but to a set of states in a cycle: that is, u2 = f(u 1), u3 = f(uz), u4 = 

f(u3), ... , uN+1 = f(uN) = u1• For A just slightly greater than 0. 75, it is a two-cycle-

that is, N = 2-and as A grows larger, the period doubles repeatedly, giving 

four, eight, sixteen, et cetera cycles. The period doublings occur closer and 

closer together until the cycle becomes infinitely long. Then there is no longer 

any cyclic structure, and the state of the system simply jumps from one value to 

another throughout the range of u. This behaviour is called chaotic , and it is 

interesting in its own right because it is an example of complex, unpredictable 

behaviour arising from a simple, deterministic rule. 
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u 

'---------~A 
0.7 1 

Figure 5: The period doubling approach to chaos can be displayed in a 

bifurcation tree. This is the bifurcation tree for the iteration map studied by 

Feigenbaum, for the region with )., between 0. 7 and 1. For each value of l, the 

bifurcation tree displays the values of u to which the iteration converges. 

Hence, if the calculation converges to a two-cycle for some value of i, two 

points are plotted at that i. Note that the distance between the first bifurcation 

and the second bifurcation is larger than that between the second and third 

bifurcations, so that the period of the cycle becomes infinite at some finite l. 

It has been found that there is a very broad class of nonlinear iteration 

maps which will undergo these period doubling bifurcations to chaos. What 

Feigenbaum discovered is the remarkable fact that all these iteration maps 

show identical behaviour in the limit as the system approaches chaos. In fact, 

there are two parameters which govern this limiting behaviour, whose values 

are independent of the iteration map used. 

As alluded to above, many iteration maps have been examined by 

various authors, but the one of interest to this work was derived by Duong-Van 7 

in his work on the Landau equation: 

.dz = az - bz2 

dt 
(3.1) 
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This equation has the solution: 

ea'tz z(t) = ---""'--=0-- (3.2) 

1 + bta(ea't - 1 )z0 

where 't = t - t0 , and z0 is the amplitude at the initial time t0 . 

This solution can be converted into an iteration map, by simply taking 

the time interval 't to be a constant. Then, equation (3.2) will calculate the state 

z of the system after the time interval 't, given the state z0 now. Or, introducing 

indices, 
Z 9a'tz 

n+ 1 = ---------n----

Since 't is a constant, so too is ea't, so this can be rewritten as 

where a and are constants. 

2 n+1 =~n--

1 + Pzn 

(3.3) 

(3.4) 

A sequence of states can be determined from the iteration map (3.4), 

and these states can be plotted against time by placing them at intervals of 

length 't. When this has been done, the points lie along plots of the solutions, 

equation (3.2). In this sense, the iteration map and the solution make the same 

predictions. Another result is that this iteration map always converges to a 

single value, alb, just as the solution always approaches alb asymptotically. 

This iteration map will never show any of the interesting period doubling 

bifurcations which were described earlier. 
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z =alb= 1 ----- -
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{b} 

• ---~-t-•-•-•----1-•-•-•-•-•-•-•• •• 
Z0 = 0.5 _ __,.__• _Z-++--=_0_.0_1_ 

t 

Figure 6: A comparison of the information provided by equation (3.2), in {a} , 

and that provided by (3.4), in {b}. For this plot, a = b = 1. (3.4) can be thought of 

as providing "snapshots" of the curves from (3.2). Note that the solutions all 

approach z = alb = 1 as t approaches infinity. 

A perturbation can be modelled by adding a term to the iteration map 

(3.4), in the form -czn. The addition of this perturbative term completely 

changed the results of the iterative calculation so that, for certain values of c, a, 

and ~, period doubling bifurcations occured. In other words, Duong-Van 

changed the behaviour of the iteration from smooth and uneventful evolution, to 

chaos by making a relatively small change in the iteration map. 

It is not surprising that changing the iteration map should change the 

results. What is surprising is that the results should change so dramatically with 

an apparently minor change in the iteration map. The important point is this: 

suppose there were a physical system whose state changes in time in a way 

that could be described by the solution (3.2), then it could be made to behave 

unpredictably by disturbing it in a way that emulates the -czn term. The most 

obvious way to introduce such a perturbation is to let the system evolve 

undisturbed for a time 't, then to change its state by an amount proportional to 
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the state at the beginning of the evolution. The system is then allowed to 

evolve freely for another time 't, and the perturbation is reapplied. Keeping in 

mind the snapshot analogy for describing the iteration process, this kind of 

perturbed iteration is rather reminiscent of a quantum mechanical experiment in 

that every time one tries to examine the system by taking a snapshot, the 

system is simultaneously disturbed. This is not the only possible perturbation , 

since it would be perfectly reasonable to posit a continuous drag on the system 

which would have the same net result. However, it may be easier to think about 

the system when one imagines that the effects of the evolution and the 

perturbation occur at different times. 

In order to determine whether the nerve impulse solutions can be made 

to exhibit chaotic behaviour· when perturbed, an iteration map was derived from 

those solutions. 

4. An Iteration Map from the Solitary Wave Solution: Starting 

from the solitary wave solution, eq. (2.3), 

<f>(~) = a dn[A.(~ - ~0 ) ± dn·1 (<f>0 /a, q) , q] (4.1) 

where the ± sign has been introduced here to indicate that there is some 

ambiguity about the sign of the dn-1 function. There will be more about this 

later. The first step in the derivation is to define y = <f>1 a, so as to eliminate the 

scale factor a. The constant interval in~, 8, will also be defined, in analogy with 

the 'tin Duong-Van's case, giving: 

Yn+1 = dn[A-8 ± dn-1(yn, q), q] (4.2) 
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where the index n has been introduced in analogy with eq. (3.3). 

Emptic functions of a sum of two terms can be expanded in much the 

same way that the circular functions can, although the results are rather more 

complicated8: 

Yn+ 1 = dn(AE, Q) dn(d•- 1 (Yn g)) - +g2 sn(AE Q) cn(AE Q) sn(d•- 1 (Yn g)) cn(dn-1 (Yn, ... rul 
1 -q2 sn2(A2, q) sn2(dn-1 (Yn, q)) ( 4.3) 

This equation can be simplified by defining = sc(A3, q) and replacing 

the elliptic functions in dn-1 (y n' q) with algebraic expressions from formulae in 

the NBS Handbook9. With these simplifications, then, 

Yn+1 =[1 +(1-g2),2]112(1 +'2)112yn+,[-yn4+(2-g2)yn2+g2-1]1/2 (4.4) 

1 + ~2y/ 

This rather involved iteration map will be used in later calculations, but 

for the first calculations, the simpler iteration map 

Y~1=---~1----- (4.5) 

which obtains when E = 0, was used. 

The point of this derivation was simply to obtain a form that would be 

convenient for calculation. Instead of having to calculate transcendental 

functions at every step-as would have been necessary if equation (4.2) had 

been used-only one square root and a quotient need be determined at every 

step of the iteration when equation (4.5) is used. Although equations (4.4) and 

(4.5) were used for the actual calculation, a better understanding of the 

calculation can be obtained from equation (4.2). 
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Before introducing the perturbation, the circumstances under which 

each sign must be chosen should be described. Only the case when £ = O and 

the dn function simplifies to sech will be described. The argument for arbitrary £ 

is entirely analogous, but somewhat more involved because of the periodicity of 

the dn function. 
sech-1 (x) 

{b} 

{a} 

0 
0 

X 
X 

{c} 

-4 4 

Figure 7: {a} The sech function is even, so that sech-1 is ambiguous in sign {b}, 

so the correct sign must be chosen at every step in the iteration. {c} The sign of 

the sech- 1 function chooses which limb of the curve each step of the iteration 

starts on, so if the calculation is to start on the left limb and climb the sech curve, 

the"-" sign must be chosen. Similarly, the"+" sign is used to descend the limb 

on the right. 

The calculation was always started with the "-" sign and a small y 0, so 

that it would pass over most of the pulse. With the signs chosen as has been 
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described in figure 7, the iteration map (4.5) does indeed follow the sech curve, 

as required. It is now possible to introduce a perturbative term which was taken 

as -cyn, in analogy with Duong-Van. Computer programs were written to 

follow the behaviour of this iteration map with various values of c and s chosen, 

and it was found that the perturbed map delivered period doubling and chaos 

for many cases. These results will not be described in detail, because it was 

eventually concluded that they were spurious. Instead, a more complicated 

calculation using the iteration map (4.4) had to be undertaken in order to 

adequately explore the problem. This calculation is described in section 6, but 

before introducing those results, it is necessary to examine why these results 

are incorrect. 

5. Phase Spaces: Consider a second order, ordinary differential 

equation, of the form 

~= f [u, d.u]-
dt dt 

(5.1) 

Such an equation may easily be written as a pair of coupled, first order, 

ordinary differential equations: 

= f(u, v) 
dt 

Q1! = V 
dt 

(5.2) 

A first order, autonomous differential equation describes the manner in 

which the speed of a field depends on the field. This can be represented 

graphically, by plotting an arrow at every value of the field, showing the 

direction and rate at which the field is changing there. Such a plot is called the 
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phase space 10 of the differential equation. 

• _. 
I 

a 
2b 

_.. ... _ ... 
a 
b 

• 
z 

Figure 8: The phase space for the Landau equation, dzldt = az -bz2. z = o 
and z = alb are the constant solutions, because dzldt = Oat both points. The 

solution at O is repulsive in that, if the system starts near 0, it will always travel 

away from 0. In contrast, alb is attractive. This figure should be compared with 

the plot of solutions to the Landau equation, figure 6{a}. 

The phase space of a differential equation can be compared to a 

numerical calculation of the solution by the finite difference method. Starting at 

a particular value of the field z0 at some time t0 , one can calculate the speed 

with which the field changes at that value. This speed is represented by the 

arrows in the phase space. The speed can be used to predict what the value of 

the field will be a short time after t0, by multiplying the speed by a finite time 

interval and adding this to the current value of the field. This is represented by 

following the arrow in the phase space to a nearby value of the field. Then, one 

can calculate a new speed, or examine the phase space, and calculate the next 

position, or follow the new arrow. In essence, the phase space makes the finite 

difference calculation a geometric, visual procedure instead of a mathematical 

one. To make an analogy, the solution to a differential equation is like a road 

map, in that it clearly displays where we are and where we are going, as well 

as how we will get there. A finite difference calculation is like travelling along a 
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road without knowing where we are going, just following each signpost until we 

meet the next signpost. The phase space is like a map showing the locations 

and directions of all the signposts, but none of the roads-but we can take a 

guess at where the roads must be. 

The human brain has evolved over billions of years to handle visual 

information extraordinarily well; in contrast, mathematics is culturally acquired, 

and has only really been used for a few centuries. Consequently, we can grasp 

ideas presented visually much more rapidly than those presented 

mathematically or verbally-a picture really is worth a thousand words. It is 

therefore more sensible to use a visual display of the system whenever 

possible, and the phase space concept is a very good way to do so. 

Consider the phase space of two coupled, first order equations: 

dlJ = f(u, v) 
dt 

dY = g(u ,v) 
dt 

(5.3) 

The first equation describes the rate at which u changes, for every 

choice of u and v, so one could plot the phase space of u by plotting separate, 

one dimensional phase spaces at each value of v. Exactly the same thing 

could be done for the phase space of v. In essence, at each location in the 

plane spanned by u and v, there are two components, one describing the rate 

at which each field changes. This can be summarized by plotting a vector at 

each location in the plane, whose u-component is f(u,v), and whose 

v--component is g(u,v): 
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Figure 9: The construction of the phase space for two coupled, first order 

ordinary differential equations starts with the separate phase spaces of the two 

equations ({a} and {b}), which can be overlapped {c} to show the components of 

the vectors which are plotted in the final phase space {d}. The black spots are 

singularities, conditions under which the field does not change. Where a 

nonzero component from one field's phase space lines up with a singularity 

from the other, the final vector is just the nonzero component. Where two 

singularities coincide, there is a singularity in the final phase space. One such 

singularity is displayed in {d}. The vector in the circle in {d} arises from the 

components in the circle in {c}, and these components are circled in {a} and {b} . 

It has already been shown that a second order, ordinary differential 

equation can be expressed as a pair of coupled, first order, ordinary differential 

equations, and it has now been shown how to construct the phase space of a 

pair of first order, ordinary differential equations. With these tools, it is possible 
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to calculate the phase space of a second order, ordinary differential equation; 

"-/ ,I ./ / 
\ \----// \ \ ,__..,,,,,/ 

X \ \ '-_ _,_,. 
X \ \,-_,_,. 

X \ \ \ ,--------
X \ \,,------
X \ \,,-------

Figure 10: The phase space of the differential equation </)~~ = Az/> + 2A,f!> 3. 

The vertical axis on this graph is</)~ , which is the v of equation (5.2). The 

program that was used to plot this phase space does not provide arrows, but 

one can tell which way the horizontal component of each vector must point, 

because the horizontal component is just</)~,, which is the vertical axis. Hence, 

vectors in the upper half point to the right, and vectors in the lower half, to the 

left. A few arrows have been added to this phase space to make it easier to 

understand. It also proves to be more convenient to ignore the magnitude of 

the vectors in favor of their direction, so all the vectors in this plot have been 

normalized to a standard length. 

There are a few things that should be pointed out about this phase 

space plot before considering the reason for introducing it. First of all, note that 
1 

there are three singularities, all along the <l> axis. The middle one is at the 
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origin, while the outer two are at ±(A/21A4 1) 112 . States in the first and third 

quadrant near the central singularity tend to move away from it; they are said to 

be repelled, while states in the second and fourth quadrant are attracted to the 

singularity. States near the outlying singularities tend to circulate around them: 

these are the oscillatory, elliptic function solutions. 

The sech solution arises from following a teardrop-shaped path away 

from the origin in the first quadrant, around the positive singularity, and back to 

the origin. There are also dumbell-shaped paths which travel around all three 

singularities which also correspond to elliptic functions. What chooses 

between these paths in the phase space, is the initial conditions, in the sense of 

conditions at = ~0. -

When the travelling wave solutions to the nerve impulse problem were 

first introduced, it was pointed out that the parameter e summarized the initial 

conditions. To be more specific, e = (<!\0 )2 - A2 <t>a2 + IA41 <j> 0 
4 , where the "~" 

subscript refers to differentiation, and the "O" means "at = ~0." Each value of e 

corresponds to a curve in the phase space: e = O is a teardrop shaped curve 

which defines the sech solution, e < O describes the oscillatory solutions that 

travel around the two outlying singularities, and e > 0 corresponds to the 

dumbell shaped paths around all three singularities. 
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Figure 11: Integral curves in the phase space of figure 10. The integral 

curves correspond to the solutions of the differential equation: they are defined 

as curves that are everywhere tangent to the vector field which defines the 

phase space. Each of these curves corresponds to a different e: from the 

outside in, they are e = 1, 0. 1, 0 (which is the solitary wave solution), and -0. 1. 

Note that this last integral curve is in fact two curves, one circulating around 

each of the outlying singularities. These two curves are identical, but at 

opposite signs of q,. However, since the physical quantity is the swelling, which 

is qi, there is no physical difference between the two curves. 

The reason for introducing the phase space is to explain why the period 

doubling and chaos results from section 4 are spurious, while Duong-Van's 

calculation is reasonable. The difference lies in the fact that Duong-Van 

worked with the first order Landau equation, while this work was trying to 

explore a second order equation. In both cases, one can follow the course of 

the iterative calculation by looking at the relevant phase space. With 

Duong-Van's perturbed iteration map, one can choose a particular value of z0 
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which is represented by a particular point in the phase space. The first part of 

the iteration map, equation (3.4), calculates a value of z at which the 

unperturbed system would arrive after a finite time 't. The perturbation -cz0 , 

pushes the system back from where it ought to be according to the solution of 

the Landau equation. This new value of z can then be used to calculate 

subsequent values. 
-CZO 

Za f(z0) 
I 

1111( + • .... _..., .__.. _. .... • + 1111( • I 

0 a a z 
2b b 

Figure 12: Duong-Van's perturbed iteration map follows the phase space 

from z0 to some other amplitude f(zo), then ''lumps out" of the phase space to 

push the system back by cz0 . Then, this new z can be used to find subsequent 

z's in the same way. 

Now consider the perturbed iteration map from the solitary wave 

problem. If we use the iteration map (4.5) which arises when e = 0, then we 

need merely choose a value for y0. This y0 will automatically correspond to a 

point on the sech integral curve, because this curve has E = 0. The first part of 

the iteration map describes motion along the integral curve in the phase space, 

exactly as it did with Duong-Van's map, except that the integral curve in his 

phase space is just a line. When the perturbation is applied, a different value of 

y is obtained, which can be substituted back into the iteration map to get the 

next value of y. 
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Although the value of z is enough to specify a location in the 

one-dimensional Landau equation phase space, y alone is not enough to 

define a location in the two-dimensional phase space corresponding to the 

second order differential equation (2.2). Another degree of freedom, 

corresponding to the derivative of y, must be specified. It is not unreasonable to 

insist that the calculation start on the sech integral curve, but after the system 

has been perturbed, the state of the system may lie anywhere in the phase 

space. The results which were mentioned in section 3 came from blindly 

following the perturbed iteration map, but this map assumes that the system 

always starts out on the sech integral curve at the beginning of every step. It 

ignores the fact that the phase space is covered by infinitely many different 

integral curves, to which transitions may occur as a result of perturbations. 

In summary, then, Duong-Van's calculation is valid, because the state 

of his system is specified by only one variable: the amplitude, z. The results 

from the nerve impulse problem derived in analogy with Duong-Van, are not 

reasonable, because the state of this system has to be specified with two 

variables: the amplitude, <I>, and the slope, <I>~- This is necessitated by the fact 

that this system is described by a second order equation, while Duong-Van's 

equation was only first order. The iteration map will have to be extended to 

include the greater flexibility in this problem, in order to correctly sample the 

solutions to this differential equation. 
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6. The Two-Dimensional Iteration Map: Given an initial state for 

the system, the iteration map will have to predict the state of the system after 

some predetermined interval has passed. Since the state is a two-dimensional 

entity, it follows that the iteration map will have to be vectorial, i.e., sn+ 1 = f(sn), 

where s is the state vector, s = (<!>,<!>~),and f is a vector-valued function of s. 

When the system is perturbed , it will usually travel from one integral curve to 

another. Since each integral curve corresponds to a different value of E, E will 

be expected to change at every step in the iteration. Looking at the 

one-dimensional iteration map for arbitrary E, equation (4.4), it becomes clear 

that changing Eat every step will lead to an arduous calculation. 

The first component of the vector valued function f(sn) is <f>n+ 1 = f 1 (sn), 

where f1 is given by equation (4.4). The second component off would be used 

to calculate <I> J: 1 in terms of s n, but that calculation turns out to be ..,, n+ 

inconvenient. Rather, <l>J: 1 is readily calculated in terms of <I> 1 and c: ..,, n+ n+ 

(6.1) 

The calculation begins with some state s0 = (<!>0 , <l>~.o) in the phase space. 

This state lies on one of the integral curves in the phase space, with a particular 

E. This value of E can be found and used to calculate the parameters A, a, and 

q, which are defined at equation (2.3), and these parameters can in turn be 
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used to find ~- These parameters can then be used in equation (4.4) to 

determine <t> •• Equation (4.4) follows the integral curves in the phase space, n+, 

so the amplitude <t> • that it returns corresponds to a state on the same integral n+, 

curve that s0 was on. Hence, this state has the same E. This E can then be used 

in equation (6.1) to calculate <t>i: •, so that both elements of the state sn+ 1 have ~.n+, 

been determined. This constitutes a complete iteration in the unperturbed 

case. In fact, since the unperturbed system will always evolve along one 

integral curve, the state of the system can be unambiguously specified by the 

amplitude <t> alone, so that the equation (4.4) is a sufficient iteration map. 

However, when the values of <t> and <t>~ are perturbed in every iteration, a 

much more involved calculation is needed. The unperturbed final state, which 

was the result of equations (4.4) and (6.1 ), was called sn+1. The perturbed final 

state will be called sn+1 *, and it will be calculated as sn+1 * = sn+1 - snC, where 

C is a two-by-two matrix with constant coefficients, which will be called the 

perturbation matrix. This is simply a generalization of the linear perturbation 

that was used in the one-dimensional calculation. 



Figure 13: Starting from the state sn , equation (6. 1) follows an integral curve 

in the phase space to sn+t. Perturbing the system then leads to the state sn+t *, 

from which the next step in the iteration will be calculated. 

After the system has been perturbed, E has to be recalculated before the 

next step in the iteration can be taken. Changing e, however, changes a, q, A, 

and consequently, ~, so all of these have to be recalculated before going on. 

As a result, the iteration "map" has become an algorithm. 

Given Sn, (6.2) 
_ 2 ... 2 ... 4 

E - <l>~.n - A2<t>n + IA4l'Pn 

Calculate A, a, and q from their definitions at equation (2.3) 

= sc(AE, q) = sn(AE, q) / cn(AS, q) 

Yn = <f>;a 

Calculate Yn+1 from equation (4.4) 

<I>= a Y n+1 
-+ ... 2 ... 4 1/2 <f>~.n+1 - _(A2<f>n+1 + IA4I<f>n+1 + E) 

Several square roots are calculated in the course of this algorithm, and 

most of them can be unambiguously chosen to be positive; the sole exception 
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is the square root in <t>~.n+1 , because the slope has to take both positive and 

negative values during the evolution of the system. A first-order Taylor 

expansion was used to determine the sign of <t>~ 1, and equation (6.1) was ~.n+ 

used for its magnitude. This worked as long as the step length, 3, was 

reasonably small. There is also a sign ambiguity problem in equation (4.4), 

represented by the ± sign in the numerator. Just as in the simpler case when 

E = 0, the choice of sign corresponds to a choice between the ascending and 

descending limbs of the elliptic function. Once the sign of the slope has been 

chosen, this sign can be chosen unambiguously. 

The purpose of deriving equation (4.4) and the algorithm (6.2) was to 

avoid having to calculate elliptic functions. It turns out that elliptic functions are 

not particularly difficult to calculate 11 , and it might have been easier and faster 

to use the elliptic functions in the first place, rather than going to these lengths 

to try to eliminate them. Even at that, one elliptic function has to be calculated 

in the course of each iteration. 

The most informative way to display the results of these iterative 

calculations, is to plot a sequence of states which result from the calculation on 

the phase space. In every case that has been examined, the calculation 

eventually converges to either a finite set of points in a cycle, or chaotic 

evolution, just like Feigenbaum's and Duong-Van's iteration maps. But, 

whereas Feigenbaum's and Duong-Van's iteration maps are only sensible 
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over some interval along the real line, this two dimensional iteration map 

makes sense at every location in the plane. What is remarkable, is that the 

iteration frequently seems to restrict itself to some finite region of this plane, 

even when the evolution is chaotic. Furthermore, there is frequently some 

interesting structure to these regions. These regions appear to be attractors of 

the iteration maps, in the sense that whatever the initial state is, the iteration 

maps will eventually produce states which lie on these attractors. Several plots 

showing these attractors are shown in the next figure. 

Figure 14: (next page) Four phase space plots, showing the result of the 
perturbed iteration algorithm. In every case, A2 = 1 and A4 = -1, the 

perturbation matrix C is diagonal, and the initial state was </> = </>~ = 0.001, so that 
the calculation would start at least near the solitary wave solution. In every 
case, the calculation was allowed to proceed until it had settled down to an 
attractor of some kind, then the display was erased and several more points 
were calculated and plotted to confirm that the calculation had converged. In 

each case, the value of E was set to 2. The perturbation matrix for each 
calculation is recorded by the appropriate phase space plot. Plots {b} and {c} 

show convergence to finite cycles: {b} is a four-cycle, and {c} is an eight-cycle, 
two of whose members line up with the vertical axis. In these plots, each visible 
point has been circled. Plot {d} shows a complex attractor, which indicates that 

the system is evolving chaotically, and {a} shows a system which seems to 
have a weak attractor. Not all the points fall on the attractor, but many do. 
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Figure 14: Caption on preceding page 

0 
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These plots convey something of the complexity that can be produced 

by merely perturbing the solution to a relatively simple differential equation , in a 

very simple way. It is remarkable in itself that such complex and variable 

behaviour can occur in a completely deterministic system, and it is doubly 

intriguing that such behaviour is common to a broad variety of iteration maps. 

There is an interesting connection that can be made between the appearance 

of these chaotic attractors and the entropy of the system. In the unperturbed 

case, the system can always be found on a particular integral curve, so that one 

value of E is enough to pick out the region in the phase space, where the 
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system will be found. 

When the calculation is perturbed, we can expect to need more 

information to specify the possible location of the state of the system, because it 

is no longer guaranteed that the state will always be on the one integral curve. 

When the iteration converges to some finite limit cycle, enough E's need to be 

specified so that each element of the limit cycle is on an integral curve 

belonging to one of the E's. When the iteration results in an attractor, as in 

figure 14 {d}, a continuum of values of E must be given. In each case, more 

information is needed, in the form of more possible values of E, to specify the 

possible locations of the system in phase space, than would be needed in the 

unperturbed case. When a system needs more information to specify its 

possible states, it has higher entropy, so each of the cases described above 

has more entropy than the preceeding one. 

The complicated behaviour of this system under repeated perturbations 

is quite remarkable, but it would also be interesting to know how the system will 

respond to a single perturbation. In other words, is the solitary wave solution 

stable in the sense that the system will approach the solitary wave solution, 

even if the initial conditions are not on the solitary wave integral curve? This 

question is addressed in the next section. 
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7. Stability of the Solitary Wave Relative to the Oscillatory 

Travelling Waves: We wish to determine whether the solitary wave solution 

to equation (2.2) is a stable solution to that equation. To review, the equation 

is: 

and the solitary wave solution is: 

<I>= a sech[A(~ - ~0) ± sech-1 (<l>o/a)] 

(7.1) 

(7.2) 

where A and a are as defined at equation (2.3), and E = 0. 

If the system were prepared in such a way that it could be described by 

the sech function plus some perturbation, how would the system evolve 

afterwards? This corresponds to taking a trial solution, <I>* = <!>0 + 8<!>, where <j> 0 is 

the solitary wave solution and 8<!> is the perturbation, and substituting it into the 

differential equation. One hopes to obtain a differential equation in 8<1> by this 

means, which can be solved to describe the future behaviour of the system. If 8<j> 

approaches O as approaches infinity, th~ solution <j> 0 can be said to be stable; 

on the other hand, if 8<1> grows larger, <j> 0 must be taken to be unstable. 

Substituting this form into equation (7.1) yields: 

a2m; + a28m = A <1> 0 + A 8<!> + 2A [(<!>0
)
3 + 38<!>(<!>0

)
2 + 3(8<!>)2<1> 0 + (8<1>)3] (7.3) a£~ 2 2 4 

r t t 
Since <!> 0 is a solution to (7.1 ), the three terms indicated by the arrows cancel, to 

yield: 
(7.4) 

- ----- ---------
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that terms in (8<)>)2 or higher are negligible. Within this approximation, the last 

two terms of equation (7.4) can be eliminated, yielding 

a28m = [A + 6A (<!>0
)
2] 8<!> w 2 4 

Solving this linear differential equation in 8<)> would complete the problem. 

(7.5) 

Unfortunately, although (7.5) is linear, it is nonautonomous, because cp 0 

is an explicit function of;. This makes the differential equation very difficult to 

solve, so much so that it has not been solved. However, it is possible to predict 

what the behaviour of the perturbation will be as; approaches infinity, because 

<!> 0 = sech(l; + ... ) approaches O as its argument approaches infinity. In that 

limit, then, the equation is simply 

which can be solved immediately: 

8<!> = e±~; 

(7.6) 

(7.7) 

This solution is perfectly ambiguous because there is no information 

available to choose the sign in the exponent. However, the limiting behaviour 

appears to be either exponential growth or decay. 

It is possible to shed some light on this ambiguity, by considering the 

nonlinear stability equation (7.4) in the limit as; goes to infinity. In this limit, the 

differential equation in 8<!> is exactly the same equation as had described <1> in 

the first place: 
a28m = A &I> + 2A ( 8<1> )3 w 2 4 

(7.8) 
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and we already know that this equation solves not with exponential growth or 

decay, but with oscillatory elliptic functions. The root of the disagreement 

between the linear and nonlinear results lies in the fact that the linearized 

equation extrapolates the behaviour of the system at small values of 8<)) to all 

values. In this particular case, both the linearized and nonlinear equations can 

be solved to the same approximation, so that the flaws of the linear calculation 

become apparent. The connection between the two results becomes apparent 

when we examine the phase spaces associated with the two equations. 

Figure 15: (Next page) Phase spaces for the nonlinear {a} and linear {b} 

stability equations, in the limit as ; goes to infinity. Both {a} and {b} are at the 

same scale, with the axes ranging from-1.5 to +1.5 in both directions; they also 

share a common A2 = 1. The central hundredth of {a} is shown enlarged so that 

the similarity between the small-scale predictions of the nonlinear equation 

and the large-scale predictions of the linear one can be seen. Note that the 

integral curves in the linear phase space vary between exponential decay, 

along the 45 degree lines in the second and fourth quadrants, and exponential 

growth, along the 45 degree lines in the first and third quadrants. It is the 

choice among the integral curves in this phase space, that is reflected by the 

sign ambiguity in equation (7. 7). 
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Figure 15: Caption on preceding page 

From equation (7.8) in the limit as~ approaches infinity, the perturbation 

behaves like one of the solutions of the original problem. The reason why the 

perturbation 0<1> evolves like one of the solutions to the original differential 

equation in the limit as approaches infinity, is very simple. <1>* is simply a 

function that is not the solitary wave solution, and &t> is the difference between 

the solitary wave q,0
, and <j>*. At small ~' both the solitary wave and <1>* have 

some finite amplit~des,which change with ~- Hence, oq> will change with in 

s_ome complicated way. As~ approaches infinity, <j>0 approaches zero. <j)*, on 

the other hand, may not be approaching zero. If <I>* corresponds to one of the 
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oscillatory dn functions, <1>* will continue to oscillate indefinitely. Since <j)0 has 

vanished, &f> will be just the same as q,*. Hence, in the limit as <1>* approaches 

infinity, 8<!> approaches <!>*, which is simply some solution of the differential 

equation (2.2). 

In the limit as~ goes to infinity, 8<1> neither grows nor decays, but simply 

oscillates with a constant amplitude. Hence, the solitary wave solution is at 

best marginally stable with respect to the other solutions to equation (2.2). 

8. Conclusions: Paul and Otwinowski derived a partial differential 

equation model to describe nerve impulse propagation as a mechanical wave 

travelling along the nerve axon. By appropriate simplifications, they reduced 

their equation to an ordinary differential equation in a single field, which they 

solved to obtain a solitary travelling wave. This work set out to determine 

whether this solitary wave solution has certain stability properties which would 

be needed in order for it to constitute an acceptable model of nerve impulse 

transmission. What was found was that it is possible to drive any system 

described by this ordinary differential equation in such a way as to cause it to 

behave in a variety of ways, including complex oscillations and chaos. It was 

also found that there is a set of initial conditions which will cause an 

unperturbed system to follow the solitary wave solution, but that any initial 

condition which is outside this set-even infinitesimally-will result in 

oscillatory behaviour, although the period of the oscillation may be very long. 
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The conculsion must be that this solitary wave is not sufficiently stable to 

perturbations. However, it may be possible to use this solution as a basis for 

developing improved solutions. 



41 

Part Three; Spiral Patterns in the Aggregation of Cellular Slime Mold 

1. lntroduction 12 : The slime molds are a class of organisms 

comprising several species scattered over a handful of genera. This 

description is deliberately imprecise, because the taxonomy of these creatures 

is not well established, and need not concern us here. They are characterized 

by their life cycle during which they spend most of their lives as free-living 

amoebae in the soil, ingesting bacteria and reproducing. At some point, 

usually when the supply of bacteria has been depleted, the amoebae gather 

themselves together into a single entity. This is called the aggregation of the 

slime mold, and it can lead to two different results, depending on the species. 

In some slime molds, the cells fuse together as they aggregate, so that the 

genetic information stored in the nuclei of the separate amoebae may be 

shared. This multinucleate mass of fused cells is called a plasmodium, and the 

plasmodium completes the life cycle by forming spore bodies. When the 

spores are dispersed, new amoebae hatch out to start the life cycle anew. 
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Figure 16: Slime molds spend most of their lives as solitary amoebae {a}. 

When the food supply is depleted, the amoebae aggregate {b} to form a 

plasmodium in some species, or a grex in others. A plasmodium is a 

multinucleate mass of fused cells, while the grex is a collection of individual 

cells. The species which form grexes are called cellular slime molds. The grex, 

when it forms, travels {c} away from the site of aggregation, during which time 

the cells which compose it differentiate. In both kinds of slime molds, the 

conclusion of the life cycle is the formation of a spore body {d}, so that the 

spores can be dispersed to start a new generation of amoebae. These images 

were taken from Bonner13• 

In other slime molds, with which this work is concerned, fusion does not 

occur during aggregation. Instead, the amoebae remain discrete. In this case, 

the aggregate is called a pseudoplasmodium to differentiate it from the 

previous case. The pseudoplasmodium, which is also called a grex, travels 

away from the aggregation site, looking like a minute garden slug. Its size 

depends on the number of amoebae it contains, but is typically on the order of a 

millimeter. As the grex travels, its cells differentiate; that is, while the precursor 



43 

free amoebae all have much the same properties, as evidenced by such 

techniques as cell staining, the cells in the grex develop different properties, 

depending on their location. In particular, cells at the front become different · 

from those at the back. 

This phenomenon is especially interesting to developmental biologists, 

because it is a very simple example of cell differentiation. Virtually all 

multicellular living things start out as single cells, which divide and differentiate 

to form organs and tissues with very distinct cell types. How such complex 

structures arise in such a precisely controlled, reproducible manner from 

homogeneous masses of identical cells, is a fascinating problem in structure 

formation, and one for which the mathematical tools are not yet available. The 

differentiation in the slime mold grex is far simpler, because there seems to be 

just two kinds of cells produced, and there are relatively few individual cells in 

the grex. 

The grex ceases to travel after about an hour, and produces a spore 

body (or spore bodies) by lifting itself on a stalk. The two kinds of cells which 

were produced by the differentiation in the migrating grex now form the stalk 

and spores respectively. The stalk cells originate from the front of the grex, 

while the remaining cells become spores. The stalk cells die, and the spores 

are dispersed to start a new generation of slime mold amoebae. 

Of the two kinds of slime molds, the cellular slime molds have received 

a larger share of scientific inquiry because of their differentiation, and of these, 

- -- ----------------- -------------
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the particular species Dictyostelium discoideum has been especially well 

studied, because it was one of the first species to be made commercially 

available as a pure culture. 

In nature, slime molds live in the soil while in the laboratory, they are 

grown on bacteria cultured on agar in a petri dish. In this environment, a variety 

of different structures have been observed in the layer of aggregating 

amoebae 14 . Included amongst these are concentric rings around the 

aggregation center, streams converging on the aggregation center, "stippled" 

rings and streams, and spirals. These spirals bear a striking resemblance to 

the spirals which appear in a thin layer of reagent in the Belousov-Zhabotinsky 

reaction, so one might expect that there would be some similarities between 

these two phenomena. If this conjecture is indeed true, then a description of 

the spirals in slime mold aggregation may help in understanding the 

Be lousov-Zhaboti nsky spirals. 

Figure 17: (Next page) Spiral patterns occur in layers of slime mold amoebae 

during the early stages of their aggregation {a and b}. Spiral patterns also 

occur in layers of Belousov- Zhabotinsky reagent {c}, but on a much larger 

scale: the slime mold spirals are a few millimeters in radius, while the 

Belousov-Zhabotinsky spirals are an order of magnitude larger. These 

illustrations are from Haaken 15. 
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Figure 17: Caption on preceding page. 

2. A Model for Slime Mold Aggregation: The aggregation of a 

colony of cellular slime molds is usually provoked by starvation, when the 

amoebae have consumed all the bacteria that are available. The first step in 

the aggregation is the appearance of a founder cell (or several founder cells), 

towards which all the other amoebae travel. Through a variety of ingenious 

experiments 16 it has been shown that the aggregating amoebae are 

responding to a chemical attractant which is released by the founder cell; 

furthermore, all the other amoebae release the same chemical when they are 

stimulated by it. This chemical attractant is called acrasin, and in the case of 

Dictyostelium Discoideum, it has been identified as 3',5'-cyclic adenosine 

monophosphate, or c-AMP17. With this information, a crude model for the 

aggregation can be derived. 

The concentration of acrasin will be represented by a, and the 

concentration of amoebae, by A. Both a and A depend on time, t, and location 

in the plane. It is not necessary to consider a third spatial dimension, because 
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the amoebae tend not to lie on top of one another until they begin to form the 

grex, and the spiral pattern occurs well removed from the aggregation center 

where the grex is eventually to appear. 

Acrasin is simply a chemical species, so it diffuses just like any other 

chemical species. It is produced by the amoebae when they are stimulated by 

acrasin already present in the environment, hence if we assume that the 

production by the amoebae is simply proportional to the concentration of 

· acrasin in the environment, we have this equation of motion: 

~= DV2a+µaA 

at I I 
Diffusion Production 

(2.1) 

In the event that there were no amoebae in the petri dish, the acrasin 

would simply diffuse without being replenished. This is realized in equation 

(2.1) by taking A equal to zero, so that the production term is zero and a simple 

diffusion equation results. On the other hand, if the mixture of amoebae and 

acrasin were stirred so that the concentration of acrasin is the same 

everywhere, acrasin would be produced homogeneously, so that the diffusion 

term vanishes, leaving a simple chemical kinetic equation. In fact, (2.1) is 

simply a reaction-diffusion equation, similar to those which are used to 

describe the patterns in the Belousov-Zhabotinsky reaction. The only real 

difference is that one of the concentrations in this equation refers to a living 

thing rather than a chemical species. 

It is also necessary to derive an equation of motion for the amoebae. 
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Unlike acrasin, amoebae do not simply diffuse. Instead, their behaviour is 

dominated by chemotaxis, so that they tend to travel toward higher 

concentrations of acrasin. It is known that the amoebae stop reproducing 

during the aggregative phase of their life cycle. This is convenient from a 

mathematical standpoint, because it implies that there is no need to include a 

term in the differential equations to describe an overall change in the 

concentration of amoebae. In other words, there is no need for a kinetic term in 

A, and only the chemotaxis must be described. 

While the diffusion equation is familiar to virtually all readers, an 

equation which describes chemotaxis is probably not familiar. It is therefore 

worthwhile to consider a careful derivation of a chemotactic equation. 

Both the diffusion equation and the chemotaxis equation are examples 

of continuity equations for their respective species. Such equations can 

always be written in the form 

au+ V•J = P at u u 
(2.2) 

where Ju is the flux of the quantity u, and Pu is the rate at which u is produced. 

A flux simply measures the rate and direction of flow of some species. Equation 

(2.1) is a continuity equation for acrasin: 

a.a - DV2a = µaA 
at 

(2.3) 

so that the rate at which acrasin is produced is Pa= µaA, and the flux of acrasin 
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is Ja = -DVa. The continuity equation for amoebae would be of the form 

(2.4) 

Since the amoebae do not reproduce during aggregation, PA = 0. All that is 

necessary is to choose a physically reasonable form for JA. The amoebae 

travel toward increasing acrasin concentrations, so J A should point in the 

direction of Va. It is not unreasonable to suppose that the amoebae will travel 

at a higher speed into a steeper gradient, so J A will be taken to be proportional 

to Va. 

Each amoeba will respond to the acrasin gradient in the same way, so 

the higher the concentration of amoebae, the more rapid will be the net flow of 

amoebae. Hence, JA will be proportional to A, and will take the form 

JA = 1C A Va 

Substituting this into equation (2.4) yields 

aA = -1eV •(A Va) 
at 

(2.5) 

(2.6) 

The forms of these fluxes are somewhat unusual compared to the fluxes 

that are usually used for hydrodynamic continuity equations. In particular, the 

Onsager reciprocal relation 18 may not hold. It may be valuable to examine 

these equations more closely in order to make connections with nonequilibrium 

hydrodynamics, so that the powerful results of that body of theory could be 

applied to this problem. However, this has not been done. 
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The two equations (2.1) and (2.6) constitute the mathematical 

description of this model for the aggregation of slime mold. In summary, the 

model assumes that the acrasin is produced by the amoebae at a rate 

proportional to its concentration in their environment, and that it diffuses 

normally. The model further assumes that the chemotaxis of the amoebae can 

be described by a flux that is proportional to the gradient of the acrasin 

concentration. 

These equations are relatively simple, significantly simpler than the 

corresponding equations for even the simplest model for the 

Belousov-Zhabotinsky reaction19. The reason that such simple equations can 

be used is that the amoebae can behave in ways that no chemical species 

could, because the amoebae are themselves highly complex, structured 

entities. Whereas a description of a chemical reaction has to take into account 

the interactions of a large number of simple species, this model is concerned 

with only two species, one of which is complicated. 

Considerable work has been done towards understanding the 

circumstances under which a system of differential equations will produce 

stable spatial and temporal patterns. For example, see Nicolis and Prigogine20. 

Although these results could be useful to this work, no such analysis has been 

undertaken for these equations. 

Solutions to equations (2.1) and (2.6) will now be found, in order to see 

whether any of them provide an adequate description for the spiral patterns. A 
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symmetry analysis after the style of Bluman and Cole21 was undertaken as a 

first step towards a solution. 

3. General Symmetry Analysis, After Bluman and Cole: 

Consider a system of differential equations expressed in a generalized, 

vectorial notation: 

H(x, u, u', u", ... ) = 0 (3.1) 

where x represents the independent variables, and u, the dependent variables 

over which the differential equations H are defined. The quantities u' and u" 

are just the sets of first and second derivatives needed to specify the differential 

equations. 

As an example, consider the two equations (2.1) and (2.6). For these, 

x = (x, y, t) or (r, 0, t), depending on how one chooses to coordinatize the 

plane, and u = (a, A). The forms of u' and u" depend on the choice of 

coordinatization, and are tedious to write out. For this case, in Cartesian 

coordinates, the vector function H takes the form 

[ 
aa - o[a2a + a2aJ- µaA l o 

H = 2a + x: [2A aa + aA aa + A[a.2a + a2aJJ = [oJ 
dt ax ax ay ay ax-Z ay'""2 

(3.2) 

In order to understand the symmetry analysis, let us first consider the 

much simpler case of a scalar function u of a single variable x. The function 

u(x) may describe some concrete, physical quantity. For example, x could be a 

distance along a line of longitude, and u(x), the height of a mountain above sea 
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physical quantity as far as the mathematics is concerned, but it makes the 

illustration easier to understand. The variable x can be transformed by defining 

a function y = f(x; q), where q is a parameter which describes the extent of the 

transformation. For example, the transformation described by y = f(x; q) = x + q 

corresponds to a translation along x, through a distance q. Now, it must be 

possible to describe the same physical quantity-the height of the mountain-

in terms of the new variable y, since y measures the same distance that x 

measured, only in a different way. Hence, the function v(y) is defined in such a 

way that it describes exactly the same physical quantity that u(x) described. 

This definition of v can be placed in mathematical terms by using the 

fact that Y= f(x; q) and hence, X= f - 1 (y; q), since f is assumed to be invertible. 

Thus, v(y)= v(f(x; q))= u(x), and conversely, u(x) = u(f - 1 (y; q)) = v(y). This 

describes the manner by which the function u is affected by the transformation 

that changes x into y, so that vis the transform of u just as y is the transform of x. 

In much the same way, one can transform the coordinates of a function 

that depends on several variables, simply by replacing x and y with their 

multicomponent analogues x and y. The only added complexity comes in 

trying to decide exactly what the inverse transformation is, so that one can 

determine the form of v given u. 

It may happen that the function v turns out to be indistinguishable from 

u; in other words, u(x) = v(f(x; q)) = v(x) for all x of interest. In this case, the 

function u is said to be invariant under the transformation defined by y = f(x; q). 
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As an example, consider a system that can be described by u(x) = sin(x). 

Taking y = f(x; q) = x + q means that f-1(y; q) = y-q, so that v(y) = u(f - 1(y; q)) = 

sin(y - q) = cos(q) sin(y) - sin(q) cos(y). When q = 21t, v(y) = sin(y) = u(y), so u = 

sin(x) is invariant to the transformation y = x + q when q = 21t, as one would 

expect. 

The function f(x; q) defines an infinite set of transformations, with one 

transformation for each value of the parameter q. Hence, f(x; q) is called a 

one-parameter set of transformations. The function u = sin(x) is invariant to a 

particular member of this set of transformations, when q = 21t. This is the kind of 

symmery that is exhibited in the point groups of molecules; for example, a 

molecule of CCl4 can be rotated about one of its C-CI bonds through 120° to 

produce a state indistinguishable from the initial state, while rotation through 

any smaller angle yields a state that is not indistinguishable. It is possible, 

however, to imagine a function u(x) that is invariant under every transformation 

in some one-parameter set of transformations. In particular, u(x) will be 

invariant to infinitesimal transformations. 

Suppose we choose to define the sets of transformations so that f(x; 0) 

is always just x-in other words, so that q = O is the identity transformation-

then the Taylor expansion of f(x; q) about q = O takes an especially simple form 

(provided, of course, that f(x; q) is sufficiently differentiable with respect to q): 

f(x; q) = f(x; 0) + ~(x; q) J + g2~(x; q) J + . . . (3.3) 
aq q = o 2 aq q = o 

which is simply of the form 
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f(x; q) = x + q.~lx(x; q) (3.4) 

If u(x) is to be invariant to these transformations in the limit as the 

parameter q approaches 0, then 

u[x + qdx(x; q)] = u(x) (3.5) 

The function on the left hand side can be expanded in Taylor series about q = 0: 

u[x + qdx(x; q)] = u(x) + qdx(x; 0) du.+ ... (3.6) 
dx 

Substituting (3.6) into the invariance requirement, (3.5) leads inevitably to: 

q dx(x; 0) d,u(x) = 0 
dx 

I Il 

(3.7) 

Now, the amount by which the transformed x differs from x is just the 

factor I in (3. 7). It cannot be zero, because the transformation must change x 

somehow, or else it would not be a transformation. The conclusion, then, is that 

factor II must be zero for all values of x. Hence, u must be independent of x. Of 

course, one might argue that equation (3. 7) arose from taking a first order 

Taylor series in (3.6). If a higher order expansion had been carried out, there 

would have been more terms to cancel against one another, so that u would not 

have to be independent of x. However, each higher term in the Taylor 

expansion would have exactly the same factor I, but raised to some power 

higher than one. Since factor I is not zero, all the terms in the Taylor series 

would be linearly independent, so they could not cancel with one another, so 

the conclusion is still that u is independent of x. The conclusion, then, is this: 
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Given a function u(x), if there exists a one-parameter set of transformations 

given by y = f(x; q) such that u(x) = u(f(x; q)) for q infinitesimal, then u(x) must be 

independent of x. 

This would seem to be a rather useless result, since there are far easier 

ways to show whether a function of one variable is a constant. However, it is 

illustrative of the more complex and more interesting situations that can arise 

when one deals with a function of several variables. 

Consider a function u(x1, x2, ... , xn), which will be denoted as u(x). A 

transformation of x into y can take the form y = f(x) or, in more detail, y1 = f1(x), 

y2 = f2(x), ... , Yn = fn(x). Such a transformation mixes together all the variables 

_ so that it may not be possible to pick out a particular component of y and relate 

it to a component of x. For example, the transformation from Cartesian to polar 

coordinates in the plane defines both r and 0 as complicated functions of x and 

y, so that an increase in r can result in an increase, a decrease, or no change at 

all in x. 

It is possible to define one-parameter sets of transformations in the 

multivariable case, just as it was with the single variable. Such a set can be 

expressed as y = f(x, q), where q is the parameter. For each value of q, this 

defines a transformation which maps every point x into a point y, but it can also 

be thought of as defining a family of curves, because the y that some x will be 

mapped into will vary as q varies. 
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Figure 18: Using a one parameter set of transformations to define a curve. In 

{a}, the function f(x, q) is being used as a transformation, because it uses a 

particularq to map each x in the space X to some yin the same space.Other 

values of q would lead to different transformations of the space X. In {b}, the 

same function is being used to define a curve in X, by choosing a particular x 
and determining the points to which it is mapped by each value of q. Three 

sample points are shown in the diagram. In general, choosing a different x 

would give a different curve. These curves are called the path curves of the 

transformation. 

The function f(x, q) has been referred to as a one-parameter set of 

transformations. These sets of transformations are in fact chosen so that the 

transformations form a group. One of the important properties of a group is that 

it is possible to combine any two of its elements in an operation called a 

composition such that the result of the composition is another element of the 

group. For a set of transformations f(x, q), this requirement takes the form: 

y = f(x; q1) and z = f(y; q2) • 

3 q* = q1 EB q2 such that 

z = f(x; q*) 

The operator EB is called the composition rule. 
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Figure 19: A one-parameter set of transformations has to have certain 

properties in order to be a group. Among these is the fact that there must be a 

composition rule for the transformations. In other words, it is always possible to 

express two sequential transformations with parameters q1 and q2 (represented 

by the two arrows on the right) as a single transformation with parameter q 1 6:> q2 

(represented by the single arrow on the left). It follows from the definition of the 

path curves of a group of transformations that bothy= f(x, q1) and z = f(x, q1 6:> 

q2) must be on the path curve of x (represented by the heavy curve). y is just a 

generic point on the path curve of x so, since it is always mapped to another point 

on the same path curve due to the group properties, it follows that the path curve 

can be defined equally well by any point on the path curve. 

Because the group of transformations simply maps points in a path 

curve to other points in the same path curve, it follows that the path curves are 

invariant to the group of transformati_ons. This provides a means of 

coordinatizing the space, which takes into account the symmetry of the 

transformation. If the space has n degrees of freedom, these degrees of 

freedom must be conserved in the new coordinates. Hence, n new coordinates 

are needed. One of the new coordinates defined by the transformation 

describes position along the path curves: this variable will be called S· The 

n-1 remaining new variables pick out a particular path curve. For example, if x 
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is defined in the Cartesian plane and f(x, q) is the transformation that rotates 

about the origin by an angle q, then the path curves of this group of 

transformations are simply circles centered on the origin, the new variable 

along these curves is simply 8, the usual angle coordinate, and the remaining 

variable is r, which chooses particular circles. 

{a} y 

_f( q) 

'X 
X 

Figure 20: The group of transformations f(x, q) which rotate points in the plane 

about the origin through an angle q is displayed in {a}. These transformations 

have path curves which are concentric circles centered on the origin; these path 

curves are shown in {b}, and are clearly invariant to the described transformation. 

The group of transformations defines the variables (r, 6), where 6 measures 

position along the path curves, and r picks out a particular path curve. 

Given a point x on some path curve, the transformation carries x to 

some other point yon the same path curve. Hence, the transformation changes 

the value of ~, which measures position along the path curves, without affecting 
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the values of the other newly defined variables. The transformation, then , 

changes only one variable in this coordinate system, so that the results from the 

single variable case that was discussed earlier apply. 

To review, if a function u(x) is invariant to infinitesimal transformations in 

the single variable x, then u must be independent of x. In just the same way, if a 

function u(x) is invariant to infinitesimal transformations from the group f(x, q), 

then u is independent of the new variable s defined by the transformation. 

Consider a system of differential equations H(x, u, u' , u", .. . ) = 0, as 

defined in equation (3.1 ). Although solutions to this system of equations may 

not be known, it is possible to use the differential equations to show that there 

are solutions which are invariant to certain groups of transformations. The 

symmetry analysis of a system of differential equations finds those groups of 

transformations to which the equations have some invariant solutions. 

A solution which is invariant to some group of transformations is 

independent of the variable s which measures position along the path curves 

defined by that transformation. Hence, 

au= o a~ 
(3.8) 

Now, if u is defined in a space with variables x1, x2, ... , xn, the equation 

(3.8) takes the form 
au ~1 + au~~ + ... + au~ = o ax1as ax2a~ axna~· 

(3.9) 

which is simply the result of the chain rule. The quantities ax1 , ax2 , ... , axn are 
a~ as a~ 
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called the infinitesimals of the transformation, and may be denoted by ~1, ~ 2 , .. . , 

The differential equations H can be thought of as a vector-valued 

function, defined over a space spanned by x, u, u', u", .... In such a space, the 

derivative (3.9) can be used to define an operator of the form 

L = ax1 a_ + ~ 2 a_ + ... + dXn a_ + ili.!1 a_ + au2 .a_ + . . . (3. 1 o) 
a~ ax1 a~ ax2 a~ axn a~ au1 a~ au2 

which is called the Lie Generator of the group. 

It can be shown that, if the differential equations H have solutions which 

are invariant to the group of transformations of which L is the generator, then 

LH = 0. Evaluating this expression typically leads to a set of very long, 

complicated differential equations, with one equation for each equation in the 

original set H. These equations are called the invariance conditions. If the 

infinitesimals have been left unspecified, these invariance conditions can be 

used to find the forms of the infinitesimals, and hence, the group of 

transformations to which the differential equations have invariant solutions. 

Although the invariance conditions are very long, complicated 

differential equaitions, they can almost always be solved. Most of the terms in 

the invariance conditions are independent, so that gather.ing like terms in the 

fields and their derivatives yields a large set of relatively simple, linear, partial 

differential equations in the infinitesimals. These determining equations are 

relatively easy to solve; indeed, many of them can be solved on inspection. 
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When the solution is complete, explicit forms for the infinitesimals are available, 

and these can be used to find the new coordinates defined by the 

transformation. 

In particular, the coordinates which pick out particular path curves can 

be found by solving these formal equations: 
OA1 = OA2 = · · · = .dxn s1 s2 sn 

(3.12) 

The meaning and derivation of these equations is given in Bluman and 

Cole22. The variable which describes position along the path curves could also 

be determined, but it is not needed, · since the solutions which are invariant to 

the group of transformations which defines this variable, are independent of this 

variable. Hence, solving equation (3.12) provides us with a set of n-1 variables 

on which the invariant solutions depend. The differential equations H can be 

recoordinatized with these new variables, which makes the problem simpler by 

eliminating one independent variable. 

In the next section, a summary of the symmetry analysis of the slime 

mold equations is presented. The detailed calculation is available on 

request23. 

4. Symmetry Analysis of the Slime Mold Equations: The 

differential equations H as defined in equation (3.2) were substituted into the 

invariance condition (3.11) with L of the form: 

L =SQ..+ ya_+ 'ta_+ llaa_ + llA Q_ ( 4.1) 
ax ay at aa aA 

The infinitesimals s, Y, 't, lla, and llA are unknown, but will be determined 
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by solving the invariance conditions arising from the slime mold equations and 

the generator (4.1 ). Although the invariance conditions are very long 

expressions-for example , the condition arising from equation (2.6) has 144 

terms-many of the determining equations which result from them are 

redundant, and several of the equations which remain can be solved on 

inspection. After eliminating the redundant equations, and solving the easy 

ones, the remaining determining equations which result from the invariance 

condition from equation (2.6) are: 

't is a constant 

and r are independent of both a and A 

11a is independent of A 

ar=-~ 
ax ay 

®a= 2~= 2ar 
aa ax ay 

2~a = v2~ 
aaax 

(4.2) 

The determining equations from equation (2.1) are largely redundant, but one 

further condition is provided: 
11a = 0 

which makes the last four equations from the first set much simpler: 

is independent of x and r is independent of y 
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a=a2Y=0 
ay2 ax2 

the third equation is eliminated altogether 

and Y are independent oft 

(4.3) 

Since both 11a and 11A are zero, there are no solutions to the slime mold 

aggregation equations which are invariant to transformations which change the 

fields a and A as well as the variables x, y, and t. Only and Y remain to be 

found, and they are easily determined. It has already been found that can 

depend only on y, and Y, only on x. Equation (4.3) implies that both~ and Y are 

at most linear functions, and equation (4.2) imposes a more severe constraint 

on their forms: 

ar = -~ = a constant = p, so ax ay 
Y = px + Y' =-py + ~· , 

where ~· and Y' are constants. 

(4.4) 

This completes the solution of the determining equations, since all the 

infinitesimals are now known. The infinitesimals can be substituted into the 

formal equation (3.12), yielding: 

dx = dy = d1 
~• - PY Y + px -c 

The first equality in (3.12) can be integrated immediately: 

f (Y' + px)dx = f (~' - py)dy 

(4.5) 

(3.13) 
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so 

Y'x + ~2 = ~•y - ~2 + C 
2 2 

where C is simply a constant of integration. 

(3.14) 

It is convenient to divide this equation through by P;2, add some constants to 

both sides, and reorganize: 

2~•x - + x2 + y2 + [ !' j + [ } j = f + [ !' J2 + [} J2 ( 4.8) 

The right hand side of equation (4.8) is just a constant,which will be 

called p2, and the left hand side is a sum of squares of two binomials: 

[; + X ]2 + [}- y J2 = p2 (4.9) 

This equation simply calculates the squared distance between some 

arbitrary point (x, y) in the plane, and the reference point (-Y';p, ~
1

/p)- This 

distance is assigned to p. The curves of constant p are just circles centered on 

the reference point, and p is their radius. p is one of the canonical coordinates 

of this group of transformations. 

The other canonical coordinate can be calculated from t_he second 

equality in equation (4.5). This calculation is much simpler in Cartesian 

coordinates centered on the reference point: 

X' = X + Y' 
p 

so that 

y'=y-t 
p 

p2 = (x')2 + (y')2 

dy = dy' 

(4.10) 
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Y' + px = px' = ±p(p2 _ (y')2) 112 

Substituting the last two of these equations into the second equality of 

equation (4.5) yields: 
dy' = d1 ( 4.11 ) 

±p(p2-(y')2)1/2 't 

Integrating both sides yields: 

±arcsin [~] = f1 + A (4.12) 

where A is an integration constant. Note that the arcsine term just defines the 

usual angle 0, measured from the x' axis. The integration constant "A is the 

other canonical coordinate: 

-Y' 
p 

(4.13) 

Figure 21: The symmetry analysis of the slime mold aggregation equations 

shows that there are solutions to the differential equations which can be 

described completely as functions of two variables. One of these variables is 

the distance p from some arbitrary point in the plane: this point is represented 

on this diagram by the origin of a Cartesian coordinate system (x', y'.) which has 

been displaced from the original coordinates (x, y). The curves of constant p 

are circles centered on the origin of the (x', y') system. The other variable could 
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be called a rotating angle variable. Its symbol is;.,, and a function of)., would 

rotate as a unit about the origin of the displaced coordinate system, with 

angular velocity p/,r. Both p and ,rare arbitrary constants from the symmetry 

analysis, so the angular velocity is arbitrary as well. 

This symmetry analysis was undertaken with the intent of using it to 

reduce the number of variables in the slime mold aggregation equations. With 

the definition of p and A, this goal has been accomplished, since the symmetry 

analysis shows that there are solutions to the aggregation equations which 

depend only on A and p. The next step would be to transform the aggregation 

equations into these variables, and then try to solve the simplified equations. 

Before doing so, let us briefly consider how a spiral solution can be described 

with a similarity variable. 

A spiral can be conveniently described using polar coordinates in the 

plane. Any function which relates radius to angle in a monotonic way, will plot 

as a spiral. For concreteness, a spiral will be taken to be a function e = - f(r) , 

with f(r) monotonic. Some examples of spirals follow: 

f = 9 ln(r+ 1) f = 0.4 r f = 0.04 r 2 

Figure 22: Spirals can be described in polar coordinates as monotonic 
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functions relating 0 tor. In particular, spirals can be defined as 0 = -f(r), with f(r) 

monotonic. Three examples of spirals are shown here, with the corresponding 

f(r). Note that the logarithmic spiral, on the left, winds more and more loosely as 

r increases, while the parabolic spiral on the right winds more tightly. The 

linear spiral, in the middle, grows neither tighter nor looser; this is known as an 

Archimedean spiral. All three functions in this example are monotonically 

increasing, and all three spirals wind in the same sense. If the function f(r) 

were monotonically decreasing, the spiral would wind in the opposite sense. 

It is possible to define a set of spirals which differ from one another only 

in having been rotated through some angle, by simply adding a parameter to 

the defining function. That is, 0 = -f(r) + p. The parameter J3 can take any value, 

and each value of p will _describe a different spiral in the plane. There is a 

periodicity requirement, because of the periodicity of 0, and that requirement is 

that p and p + 2n1t characterize the same spiral in the plane. Suppose that, 

instead of wanting to plot a particular spiral corresponding to some p, one 

wished to find which spiral in the plane contains a particular point (r, 0). It is 

easy to see that the J3 which characterizes the spiral which contains (r, 0) is 

simply P = 0 + f(r). This defines the new variable p, in exactly the same way as 

both p and A were converted from parameters to variables. 

Any function of p must be periodic, with period 21t. If this were not the 

case, the function would be multivalued, since every point in the plane is 
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contained in infinitely many spirals, with p at intervals of 21t. Since p has a 

single value over each spiral in the plane, it follows that any function of p will 

also have a single value over each spiral. In other words, the shape of the 

spirals defined by p is carried through to the shape of any function of p. As an 

example, consider a plot of sin(P), where p describes Archimedean spirals: 
sin(B) 

Figure 23: A plot of the function sin(/3), where f3 describes an Archimedean 

spiral. · 

If the symmetry analysis had found that there were solutions to the 

aggregation equations which could be described as functions of some p, then 

there would definitely be spiral solutions to the equations. No such variable 

was found, but that does not necessarily mean that spiral solutions do not exist: 

Olver has found24 that many equations have solutions which are invariant to 

transformations that are not found by the symmetry analysis of the kind 

described here. It should be pointed out that the spirals in both the slime mold 

aggregation and the Belousov-Zhabotinsky reaction are not static; rather, they 

rotate. This can be modelled by replacing the angle 0 in the definition of p with 
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the rotating angle A, which was one of the variables found from the symmetry 

analysis. It may be that there are solutions to the aggregation equations which 

can be described as functions of such a variable. 

5. The Keller and Segel Slime Mold Aggregation Model25 : In 

1970, Keller and Segel published a model to describe the slime mold 

aggregation phenomenon. Their model is much the same as that which has 

been described already, but they included the possibility that the amoebae may 

move randomly, as well as chemotactically, and that acrasin is rapidly 

decomposed by an enzyme, called acrasinase. The decomposition of acrasin 

is modelled by a standard reaction mechanism: 
k1 k2 

acrasin + acrasinase • • complex • acrasinase + products 
k_1 

which requires that the model include the concentration of the complex as well 

as those of acrasin, acrasinase, and the amoebae. Consequently, their model 

needs four differential equations in order to form a fully determined system. 

However, by assuming that the complex is in a steady state with the free 

enzyme, and that the total concentration of enzyme, both free and bound, is a 

constant, it is possible to reduce the four equations to two: 

aa = DV2a + Af(a) - an 
at (1 + Ka) 

aA = -V•(D1 Va) + V•(D2 VA) at 

(5.1) 

(5.2) 

The first three terms of equation (5.1) are just the same as equation 
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(2.1 ), when the unknown function f(a) in (5.1) is replaced with µa. The 

remaining term describes the kinetics of the decomposition reaction, under the 

assumptions outlined above. The constants 11 and K reflect the total 

concentration of acrasinase, and the rate constants of the decomposition, 

respectively. 

Equation (5.2) is the same as equation (2.6) when D1 is replaced with 

-KA and D2 is set to zero. The term in D2 can be thought of as describing the 

random motion of the amoebae, so neglecting it presupposes that the 

amoebae's random motion is much less significant than their directed, 

chemotactic motion. These two equations, with these identifications made, 

constitute the basis for the work which follows . 

.aa = DV2a + µaA- na (5.3) at (1 + Ka) 

"clA = -x:V•(AVa) (5.4) 
at 

The new variables that were found from the symmetry analysis in the 

previous section are unaffected by the addition of the last term in equation (5.3), 

because the recoordinatization of the equations can only affect terms in which 

the coordinates appear. For these equations, the recoordinatization only 

affects the derivative terms, so the last two terms of equation (5.3) remain as 

they are. If the final term in (5.3) had been included in the symmetry analysis, it 

might have affected the calculation of the infinitesimal in a, lla, which might in 
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turn have affected the determinations of ~, Y, and t. However, it is always 

possible to limit one's consideration to the special case 11a = O, in which the 

same recoordinatization will be found. 

Keller and Segel carried out a stability analysis on their equations, and 

found the circumstances under which the uniform solution to these equations 

would become unstable. It is useful to carry out an analogous calculation on 

these equations. The uniform, or constant, solution to these equations can be 

found from equation (5.3), since any constant values of a and A will satisfy (5.4). 

Substituting the constant solution (a0 , A0) into (5.3) yields: 

0=µa0A0 -~~ 
(1 + Ka0) 

so that 

(5.5) 

Ao= TI 
µ(1 + Kela) 

(5.6) 

Consider a small deviation from the constant solution, which will be 

expressed by taking a and A of the form: 

a= ao + a 
A= A0 + A 

Substituting these forms into equations (5.3) and (5.4), and truncating to first 

order in a and A yields: 

_aa = DV2a + µc1aA + µA0a - na at (1 + Ka0)2 
(5.7) 

~=-1CA0V2a at (5.8) 

The quantities a and A are deviations from the constant solution. If 

these deviations grow in time, then the uniform state is said to be unstable. 
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Suppose the deviation is initially oscillatory in space, and exponential in time, 

which is a conventional form: 

a= aestcos(k • x) A = Aestcos(k • x) (5.9) 

where a and A are constants, and k is the constant wave vector of the 

deviation. The calculation will determine under what conditions s is greater 

than zero, meaning that the deviation will grow in time. Substituting these 

forms into the linearized equations (5.7) and (5.8) and gathering terms in a and 

A results in two linear, homogeneous equations which can be solved by 

Slater's rule. 
s- F -µa0 

= 0 
KA0Ikl2 -s 

where 

F=Dlkl2+~ >0 
(1 + Kaa)2 

(5.10) 

(5.11) 

Evaluating the determinant in (5.10) results in a quadratic equation in s. 

Solving for s through the quadratic formula gives: 

s = 1 l2[F ± (F2 + 4 a0 A0Ikl2 µK) 112] (5.12) 

All the parameters in this equation are positive, so that (F2 + 4a0A0 

lkl2µK) 112 > F, so that there is always one positive and one negative s from 

(5.12). Since there are two possible values for s, and there is no information 

available to choose between them, one must posit that both will be available. A 

general deviation from the uniform state would consist of a linear combination 

of several components of the type given in equation (5.9), with some of the 

-- - ------------
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components using a positive s while others use a negative s. The components 

with a positive s would soon dominate over the rest. Since there is always a 

positive s available for any particular deviation , any deviation can always grow. 

Therefore, the uniform state is always unstable. This differs from Keller and 

Segel's result, in that they found certain conditions under which both values of 

s were negative, so that the uniform state was stable. The difference can be 

attributed, at least in part, to the fact that they included a diffusive term in their 

description of the amoebae's motion, which was omitted in this work. If the 

amoebae have a random component to their motion as well as a directed 

component, this would tend to spread out concentrations of amoebae, hence 

stabilizing the uniform state. It is therefore reasonable that these equations 

should have an unstable uniform state, because they lack the stabilizing 

influence of amoebae diffusion. 

As long as the uniform state is stable, aggregation cannot reasonably 

be expected to occur, so Keller and Segel conclude that the transition from the 

free-swimming amoebae stage to the aggregative stage of the life cycle is 

effected by an internal change in the amoebae, which is reflected in this model 

by changing the values of the parameters. In particular, decreasing the size of 

the diffusion coefficient relative to the size of the chemotaxis coefficient is one 

way to make the uniform state unstable. This is all that Keller and Segel were 

interested in, but the goal of this work is to describe the spiral patterns that 

occur during the aggregation. Hence, in the next section, attempts wil be made 
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toward a solution of these differential equations. 

6. Spiral Solutions to the Slime Mold Equations: The 

differential equations (5.3) and (5.4) are partial differential equations in three 

variables, x, y, and t. The only way to solve a partial differential equation is to 

reduce it first to an ordinary differential equation. The symmetry analysis of 

section 4 provides a way to reduce the number of variables by one, to 'A. and p, 

so the first step towards reducing the partial differential equations to ordinary 

ones will be to recoordinatize them with A. and p. This is easy to do, because 'A. 

and p are conveniently described in terms of conventional polar coordinates, 

for which standard results are available. 

Equation (5.3) can be written in polar coordinates, yielding: 

= o la2a + 1 aa + 1 a2a l + µaA - ua (6.1) 

at Lar2 r ar r2 aa2 J (1 + Ka) 

In order to recoordinatize (5.4), it is useful to first apply a standard 

theorem: given a scalar function f and a vector-valued function v, the 

divergence of fv is V • (fv) = (Vf) • v + f(V • v}. In equation (5.4), the role of vis 

played by Va, and f is A, so that 

2A = -K[VA •Va+ AV2a] 
at 

and, carrying out the polar recoordinatization, 

(6.2} 

aA = -1e IM aa + 12A aa + Af a2a + 1 aa + 1 a2a 17 (6.3) 
at Lar ar r2 ae ae Lar2 r ar r2 ae2 J J 
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The next step is to recoordinatize (6.1) and (6.3) to the coordinates 

found by the symmetry analysis. Identifying p as r, and A as e - rot, then 

--roaa = D ra2a + 1 aa + 1 a2a 7 + µaA - _n_a_ 
aA Lap2 pap p2 aA.2 J (1 + Ka) 

(6.4) 

-roaA = -lC 1aA aa + 1 aA aa + A1.a2.a + 1 as+ 1 a2.a 11 (6.s) 
aA Lap ap p2aA aA, Lap2 p ap p2 aA 2 J J 

where the chain rule has been used, in the form 

au. = au = au ae aA, ae aA, 
au = au = -co au 
at dA. at a).. 

In order to reduce these equations to ordinary differential equations , a 

spiral similarity variable will be introduced as described in section 4, in the form 

a= g(p) + A.. The function g(p) will be left undetermined for now, so that the 

calculation might be useful for describing different kinds of spirals. Replacing p 

with a by way of the chain rule introduces derivatives of g into the differential 

equations, but it is possible to collect these derivatives and the explicit 

dependence on p into two expressions, which simplifies the resulting equations 

to: 
-coda= D[v d2

~ + w da J + µaA - na 
da da da (1 + Ka) 

(6.6) 

ro QA = 1e[v QA g.a + A [v tt2a + w da J J 
da da da dci2 da 

(6.7) 

------------------------------
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where 

and w=~+1@ 
dp2 p dp 

(6.8) 

It proves to be useful to consider deviations from the uniform solution of 

these equations, just like those which were introduced in the stability analysis. 

Hence, A = A0 + A and a = a0 + a, with a0 and A0 as given in equation (5.6). 

Substituting these forms into equations (6.6) and (6. 7) and simplifying yields: 

--roa' = D(va" + wa') + µ(aaA + A0a + aA) - ~a 
(1 + La) 

(6.9) 

roA' = lC(vA' a' + (Ao + A)(va" + wa')] (6.10) 

where primes have been used to indicate differentiation with respect to a, and 

J: - n - (1 + Kaa)2 
(6.11) 

Many things can be done with these equations, but most of them have 

proved to be fruitless. For example, equation (6.10) can be integrated once, if 

either w or ro is zero: 
A'(ro - KVa') = x:(Ao + A)(va" + wa') 

A' = x:(va" + wa') 
(A0 + A) ( ro - KVa') 

ifw= 0, 

ln(A0 +A)= -ln(ro - KVa') 

so that 

A+ A
0 

= ___ 1 __ 
(ro - x:va') 

if ro = 0, 

ln(A0 +A)= -ln(a) - 't1JJ. 
V 
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so that 

A+ A = e-walv 0 ..... _-,-
a 

Either of these forms could be substituted into equation (6.9), but the 

resulting equations are intractable. 

One route has been found which meets with reasonable success, and it 

requires that the motility of the amoebae, K, be set to zero. This is a reasonable 

approximation, in that the amoebae move much more slowly than the acrasin 

diffuses. This approximation is analogous to the Born-Oppenheimer 

approximation, in which the nuclear and electronic degrees of freedom are 

decoupled by assuming that the nuclei of a molecule are essentially immobile 

with respect to the electrons. In this case, the amoebae are thought to be 

immobile with respect to acrasin. 

As a result of this approximation, A becomes a constant. This may seem 

contradictory, since the spiral patterns which are sought are patterns of 

amoebae concentration, so setting A to a constant would seem to preclude any 

pattern formation. However, this is only • an approximation for computational 

convenience. If spiral patterns of acrasin concentration can be set up in a 

uniform environment of amoebae, the amoebae could then be expected to 

gather where the concentration of acrasin is high, thus forming the observed 

spiral patterns. In the same way, electron distributions that are calculated 

under the Born-Oppenheimer approximation, can be used to predict reaction 

mechanisms, which necessarily involve the movement of nuclei. The result of 
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this approximation, then, is that the observed spiral patterns are posited to arise 

purely from the dynamics of acrasin reaction and diffusion. The only part the 

amoebae have in this is to drive the acrasin reaction by producing acrasin 

when stimulated by acrasin in the environment, and to act as an indicator for 

elevated concentrations of acrasin by moving into these regions. The 

production of acrasin by the amoebae is somewhat analagous to the 

autocatalytic steps which form an important part of many models of the 

Belousov-Zhabotinsky reaction. In both cases, the concentration of some 

species is increased in response to the ambient concentration of the same 

species. 

The above procedure eliminates equation (6.10) altogether, so that only 

equation (6.9) needs to be solved. Equation (6.10) has both second order and 

first order derivatives in -a, as well as a nonlinear function of a. There are 

simple techniques available to solve equations that have only second order 

derivatives and a nonlinear function of a, so the special case when ro = -Ow will 

be chosen in order to eliminate the first order derivatives. The resulting 

equation is: 

ova"= ~a - µ(A0 + A)a - µa0A (6.12) 
(1 + La) 

Multiplying equation (5.12) on both sides by a' and integrating: 

DY (a')2 = E [1 + La - ln(1 + La)) - u (A0 + A) a2 - µa0Aa + c (6.13) 
2 L2 2 

This can be reduced to a quadrature: 
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_2._ 112da= _ _ (6.14) .fiov] [b + C + [t - µaoA] 8 - (Ao + A) a2 

- b- In( 1 + La) r 
Equation (6.14) constitutes a solution to the differential equation (6.12) 

and thus, to the extent that (6.12) characterizes the slime mold aggregation 

problem, this solution describes the spiral patterns that occur during the 

aggregation. This integral has not been evaluated, and it may not be possible 

to express it in terms of known elementary functions. Even if the integral were 

known, there are several constraints on any possible solution that would have 

to be satisfied. First of all, any function of a spiral similarity variable must 

necessarily be periodic, with period 21t, as was mentioned earlier. 

Furthermore, the value of a must never become less than -a0, because that 

would correspond to the total concentration of acrasin (a0 + a) being negative, 

which is inadmissable on physical gounds. Similarly, A must be greater than 

It is possible to show that these conditions are satisfied by equation 

(6.14) for certain cases, by considering the phase space of the differential 

equation (6.12). To review, the phase space is the space of states which can 

be occupied by the system defined by the equation. Since (6.12) is a 

second-order equation, the state of any system described by (6.12) can be 

specified with a and a'. Hence, the space is spanned by a and a'. At each 

state in the phase space, a vector points in the direction in which the state 

changes. These vectors can be calculated from the differential equation. A 
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path through the phase space which is everywhere tangent to the vectors in the 

space, is called an integral curve. Each integral curve in the phase space 

corresponds to a solution of the differential equation. 

In this problem, not only is it possible to calculate the vectors in the 

phase space, but the integral curves are available as well. The integrated 

equation (6.13) defines (a')2 as a function of a, which will be denoted h(a) so 

that a'= ±h(a)112. Wherever h(a) is positive, both the positive and negative 

branches can be plotted on the phase space, and when h(a) is negative, no 

plot is made. The curves defined in this way are the integral curves of the 

differential equation. 
h(a) {a} {b} a' 

Figure 24: If a second order differential equation can be integrated once to 

yield an equation of the form (a'J2 = h(a), the function h(a) can be used to plot 

the integral curves of the differential equation. In {a}, a generic h(a) is plotted, 

and in {b}, the integral curve to which it corresonds is sketched. Note that the 

minimum a which can be obtained occurs at the point where h(a) is zero. 

If a solution is periodic, the integral curve to which it corresponds must 

be a closed loop. This means that h(a) must have a zero at each end of the 
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loop. Therefore, in order to guarantee that the integral (6.14) corresponds to a 

periodic solution, it is enough that equation (6.13) have two zeroes, and be 

positive between them. 
a' ha) 

{b} 

-----+---+-----1---~ a 

Figure 25: The integral curves of periodic functions must be closed loops, as 

in {a}. Such curves can only be produced by a function h(a) as shown in {b}, 

with zeroes at both extrema of the closed loop, and h(a) positive between them. 

In equation (6.13), the function h(a) takes the form 

h(a) = b0 + b1 a - b2a2 - b3In(1 + La) (6.15) 

where b0 is a free parameter, and b1, b2 , b3 , and L are determined by the 

properties of the amoebae and acrasin, and the experimental conditions. The 

sign of b1 is not known, but b2, b3 , and Lare all positive. The logarithm term, 

-b3In(1 + La), goes to infinity as a approaches -1/L, and negative infinity as a 

approaches infinity. The quadratic term, - b2a2 , goes to negative infinity both 

ways. As a grows smaller, the logarithm term dominates, while at large a, the 

quadratic term dominates. If b1 were negative, all three nonconstant terms in 
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(6.15) would be monotonically descending, so that only one zero would exist. 

Hence, in order to have oscillatory solutions, a necessary condition is that b1 be 

positive. Furthermore, b1 has to be positive enough that there is a maximum in 

h(a). In fact, as long as there is a relative maximum in h(a), b0 can be chosen 

so as to provide the zeroes needed for the oscillatory solution. 

The extrema of h(a) occur when dh/da = 0, but because of the way in 

which the equation was integrated, dh/da is just the same as a" as given in 

equation (6.12). Hence, the conditions under which (6.14) describes oscillatory 

solutions are just the conditions under which (6.12) has zeroes: 

.d.h = ~a - µ(A + A)a - µa A = o (6.16) 
da (1 + La) 0 0 

Multiplying through by (1 + La), and gathering powers of a: 

-Lµ(A0 + A)a2 + [~ - µ(A0 + A) - Lµa0A]a - µa0A = o (6.17) 

This is simply a quadratic in a, so there are real zeroes only when the 

discrim inant is non-negative: 

[~ - µ(A0 + A) - LµaaA]2 - 4 Lµ(A0 + A) µa0A o (6.18) 

When the equality is taken in equation (6.18), the two zeroes of (6.17) 

coincide, which means that h(a) does not have a maximum, but only an 

inflection point, which does not correspond to an oscillatory solution. Thus, the 

inequality must always be used. By gathering powers of A, it is possible to 

show that equation (6.18) is always satisfied. Hence, it is always possible to 

choose the constant of integration to make an oscilatory solution. 

It is possible to approximate the logarithm in (6.14) with a Taylor series 
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to some finite order. In the case of a third-order Taylor expansion, the solution 

takes the form of elliptic functions, which have the required periodicity. 
z 

X 

Figure 26: A plot of the approximate spiral solution which results when the 

logarithm in equation (6.14) is expanded to third order. The vertical axis plots 

the concentration of acrasin, a, and the function takes the form 

a= R cn2 [ RKn ] 112 a, _1 ] 
3cr3vD 

(6.19) 

This result arises in a special case which is chosen for computational 

convenience. The three roots of the cubic polynomial which results when the 

logarithm is expanded are taken to lie at ±Rand 0, from which it is found that R 

takes the form R = ao(3G)112, with <J' = 1 + Ka0 • The choice of this special case 

leaves D, K, µ and 11 undetermined, constrains a0 to be less than 1 I K, and fixes 

C at-71 I K2 and A at-K71a0 / µG. 

The integral in equation (6.14) defines a function, even though this 

function cannot be conveniently written down. This function will be called 

s-1 (a) ("S" for "Slime mold"), so that inverting the function yields: 

a= s[[ & r (<l-<lo)] (6.20) 

The quantity v in the denominator is one of the explicitly p-dependent 
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parameters that was introduced in equation (6.8). It was treated as a constant 

during the integrations with respect to a, because p and a are independent 

variables. Since v now appears in the argument of S, a cannot be described 

purely as a function of a, so that it is not reasonable to expect that this function 

will describe a spiral at all. However, it does describe a spiral in the limit as p 

goes to infinity, at least in the case of an Archimedean spiral. 

Recall that v and w were defined as 

v = [® ]2 + 1 and w = + 1 d.g 
dp p2 dp2 p dp 

(~.21) 

To describe an Archimedean spiral, the function g(p) must be linear. Take: 

g(p) = vp 

so that 

v = v2 + p-2 and w = vp-1. 

Then, as p approaches infinity, v approaches v2, a constant, and w 

approaches 0. Since the angular velocity of the spiral, ro, was set equal to -Dw 

just before equation (6.12), it follows that the spiral does not rotate in the limit as 

p becomes large. However, it may be possible to use the irrotational solution 

as the basis of a perturbation expansion to construct rotating solutions. 

Another important consideration is the periodicity of the function S. 

Although it has been established that S is a periodic function, the period of S 

has not been determined, and is probably not the required 2n. However, the 
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parameter v which describes the pitch of the spiral can be chosen so as to 

induce the appropriate periodicity. Suppose the period of S is P, so that 

S(x) = S(x + P) for all x. Then, in the limit as p approaches infinity, 

S [ o? Tr.! a]= S [ o? r (a+ 21t)] = S [[ o? r a +P ] (6.22) 

so that 

[0;2]1'221t=P 

or 

V=rJ[5t 
The periodicity of the function S can be expected to depend on the 

parameters of the system in some complicated way, so that the pitch of the 

spirals will also vary depending on the conditions. 

7. Conclusions: A model to describe the aggregation of slime mold 

was used to derive a pair of coupled, nonlinear, partial differential equations. A 

symmetry analysis of these equations was done, after the methods of Bluman 

and Cole, in order to reduce the number of variables. The symmetry analysis 

revealed that there were solutions to these differential equations which could 

be described completely as functions of a radius and a rotating angular 

variable. These variables were used in turn to define a generalized spiral 

similarity variable. 

Some earlier work by Keller and Segel on the slime mold aggregation 

problem suggested that the addition of a term describing the enzymatic 
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decomposition of acrasin to the equations would be useful. This modification 

was made, and the resulting equations were recoordinatized with the spiral 

similarity variable that had been defined earlier. By assuming that the 

amoebae remain essentially immobile relative to the diffusion of the acrasin, 

and taking a special case that eliminates first order derivatives, the problem 

was reduced to a single, second order, ordinary differential equation, which 

could be reduced to a quadrature. 

By a combination of qualitative and quantitative arguments, it was 

shown that this quadrature corresponds to a periodic solution under at least 

some conditions. The periodicity is required in order to construct a sensible 

function of the spiral similarity variable. Finally, it was shown that the spiral 

solution is only strictly accurate in the limit as the radius of the spiral 

approaches infinity. This flaw is related to the fact that the spiral similarity 

variable is not truly related to the symmetry of the differential equation, but 

rather, was imposed in a somewhat ad hoc fashion. However, this is no worse 

than the work by Howard and Kopell26 and Greenberg27 in describing the spiral 

waves in the Belousov-Zhabotinsky reaction, as they also are forced to take the 

limit as the radius of the spirals approaches infinity. Finally, it was shown that 

the requirement that any function of a spiral similarity variable be 21t periodic 

determines what-the pitch of an Archimedean spiral must be. 

In conclusion, it has been shown that it is possible to construct spiral 

functions which solve the posited slime mold aggregation equations, at least 
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under some reasonable simplifying assumptions. These solutions could be 

used as a basis for perturbation calculations, in order to alleviate some of the 

inadequacies that are apparent in these results. The coherent phenomenon of 

large scale spiral patterns in the concentration of slime molds turns out to be 

essentially independent of the dynamics of slime mold chemotaxis, and to be a 

purely reaction-diffusion phenomenon, much like the Belousov-Zhabotinsky 

spirals. If this assumption is correct, then measurements of acrasin 

concentration during spiral-patterned slime mold aggregation should reveal 

that the patterns of amoebae concentration which are immediately visible, are 

much less intense than the corresponding patterns of acrasin concentration. 

----------~- --
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Part Four: Conclusions 

In the preceding pages, models of two simple biological systems which 

display cooperative, coherent behaviour have been considered. In the first 

case, the coherence of a solitary wave was disrupted by perturbations, and in 

the second, a coherent spiral pattern was constructed. 

In the first problem, a solitary wave which had been posited as a model 

for the propagation of nerve impulses, was destroyed by the application of a 

perturbation. One of the most interesting features of this result, was that the 

behaviour of the system became apparently unpredictable under certain 

perturbing conditions, although the evolution was always governed by an 

entirely deterministic calculation. This chaos is common to a broad class of 

problems, and has engendered some enthusiasm among physicists. The 

appearance of chaos in deterministic systems has been used to model the 

onset of turbulence in such things as fluid flows and the Benard instability. The 

beauty of this model, is that it makes it possible to imagine describing an 

enormously complicated, unpredictable evolution with relatively simple 

mathematical tools. 

As far as this particular problem is concerned, the interesting features of 

the chaos are not as important as the fact that chaos occurs. Since it is 

possible to drive the solitary wave in such a way that it ceases to be a solitary 

wave, one may begin to suspect that this is not a good description for the 

- ---- ------- -----
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propagation of nerve impulses. Unfortunately, the information that this 

calculation provides is not well suited to determining under precisely what 

conditions the solitary wave will cease to be a pulse. There is simply too much 

freedom to choose parameters, since the frequency with which the perturbation 

is applied, and four parameters describing the intensity of the perturbation are 

available. The calculation is too slow, and the region to be explored too vast for 

anything like an exhaustive survey to be done. Instead, only a few special 

cases can be examined in hopes of garnering some insight. 

The calculation undertaken in the last section of Part Two was· more 

restric1ive, and consequently, easier to carry to a logical conclusion, and 

probably more illuminating as well. This calculation showed that the solitary 

wave is at best marginally stable, in the sense that nearby travelling wave 

solutions will neither approach nor depart from the solitary wave solution, in the 

limit as the similarity variable approaches infinity. In the course of this 

calculation , both a nonlinear equation and its linearized counterpart were 

solved, and the differences between these solutions revealed the basic flaw in 

linearized calculations. Specifically, it is very easy to try to apply a linearized 

result beyond the very narrow range over which it is applicable, yielding results 

that are spurious. 

In the second problem, it was found that the differential equations that 

were posited to describe the aggregation of slime mold could indeed be solved 

to obtain a spiral pattern in acrasin concentration, at least in some special 
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cases and in the limit as the radius of the spiral approached infinity. The form of 

this solution could not be expressed in terms of elementary functions, but it was 

shown under what circumstances it could be expected to exist. 

The fact that the spirals only make sense in the limit of large radii, can 

be traced back to the symmetry analysis of the aggregation equations. This 

analysis revealed that there were solutions to the equations which could be 

expressed as functions of a radius and a rotating angle variable alone. 

Although a spiral wave is such a solution, symmetry considerations disallow 

spiral solutions to these equations. This is reflected by the appearance of the 

explicitly p--dependent terms v and win equations (6.6) and (6.7). If the spiral 

solutions had been allowed, it would have been possible to recoordinatize the 

equations with the spiral variable alone. 

In fact, it can be shown that all reaction-diffusion equations have the 

same inability to express spiral solutions. For this reason, both Greenberg and 

Howard and Kopell are forced to consider the spirals in the Belousov-

Zhabotinsky reaction only in the limit as the radius of the spirals becomes 

infinite, just as in this case. 

Another flaw which this work has in common with that of Howard and 

Kopell, and Greenberg, is that it fails to describe the initiation of a spiral pattern.· 

What the spiral solutions in all these cases does, is show that a spiral can exist 

and can propagate. A function of a spiral similarity variable describes a 

complete spiral which extends to infinite radius, while in real systems, spiral 
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patte rns have a finite size, and grow as time goes by. Future work will have to 

address this inconsistency. 

In both the nerve impulse and the slime mold problems, the coherent 

phenomenon was generated as a function of some similarity variable. The 

unperturbed nerve impulse travelled along the axon of a neuron without 

changing shape, and the spiral waves of acrasin concentration rotated as a unit 

in the petri dish, not because the differential equations which were used to 

describe these phenomena required that behaviour, but because that 

behaviour was assumed by the imposition of the relevant similarity variable. In 

each case described here, there are other solutions to the differential equations 

which will have entirely different behaviour. An important question for future 

investigation would be under what conditions these coherent phenomena will 

be "chosen" by the system over the other possible modes of activity. A first step 

in this direction would be to carry out stability analyses on the full partial 

differential equations which describe these phenomena. 

In conclusion, this work has explored the appearance of chaos in a 

perturbed solitary wave which has been suggested as a model of nerve 

impulse propagation, and it has shown that spiral waves can be described 

within the context of a simple model of slime mold aggregation. There is still 

significant work to be done in both problems, but the first step has been taken. 
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