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ABSTRACT 

Dynamic experiments provide an excellent means for the determination of crucial process 

parameters, such as the axial Peclet number, the intraparticle and external mass transfer 

coefficient and the intraparticle reaction rate constant, in fixed or liquid fluidized bed immobilized 

enzyme bioreactors. The absence of a complete and comprehensive solution of the model 

equations in the real time domain, as well as significant advances in the area of statistical mo

ments analysis has rendered the latter approach the dominant one for parameter estimation in 

fluid-solid reacting systems. Nevertheless, an efficient and easily implementable solution of the 

model equations in the real time domain, as opposed to the solution in the Laplace domain 

needed for the statistical moments analysis, opens new possibilities in the design of fixed or 

fluidized bed bioreactors since, apart from parameter estimation via dynamic experiments, it is 

suitable for simulation, optimization and control. This paper presents a dynamic model for a 

fixed or liquid fluid bed immobilized enzyme bioreactor, along with a novel method for the solu

tion of the coupled partial differential equations in the real time domain. Both, the tanks-in

series and the dispersion models have been used to describe the non ideal axial mixing in the 

reactor. The solution, in its final form, comes in both cases as a system of simultaneous ordi

nary differential equations; this is readily implementable on a computer and can be easily solved 

by commercially available software packages. Based on this solution, a complete parametric 

analysis was performed. That analysis revealed the importance of intraparticle and external 

mass transfer resistances, intraparticle chemical reactio� and axial dispersion on the transient 

behaviour of the reactor. Most important, that analysis revealed ways for parameter estimation 

and system identification via simple dynamic experiments. The design and optimization implica

tions of the study are finally demonstrated by using the derived solution to simulate the perfor

mance of an immobilized urease bioreactor with a recycle loop. Such a configuration is charac

terized by time varying feed concentration and can be used, as part of an extracorporeal 

artificial kidney device, for the treatment of uremic patients. 
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1. INTRODUCTION 

1. 1 Scope of the Study 

The objective of this study is to derive a computer implementable solution for the coupled 

partial differential equations that model the dynamic behavior of an immobilized enzyme 

bioreactor. Such a solution will be ideal for simulation, parameter estimation, optimization and 

control of any type of fixed or liquid fluidized bed catalytic reactor and specifically for an immo-

bilized enzyme reactor. The pertinent independent variables in this problem are three; the 

time, the axial distance and the radial (intraparticle) coordinate. The presence of three 

independent variables makes the problem substantially complicated and thus a straightforward 

finite difference approach was not adopted in this work. The proposed method is based on the 

decomposition of the second order partial differential equation (PDE) which gives the intraparti-

cle mass balance into a set of first order ordinary differential equations (ODEs) with time as 

the only independent variable. The PDE of the dispersion model was discretized in terms of 

the axial distance variable using finite differences and was thus transformed into an ODE, 

again with time as the only independent variable. The final system of ODEs was then solved 

numerically using the standard IMSL ODE-solver DGEAR. The presented solution is simple 

and computationally efficient, since only the partial derivative [aacb ] need be evaluated in 
f r=R 

each time step. This way it was not necessary to solve the PDE for the intraparticle mass bal-

ance in each time and distance step, and thus the required computational time was drastically 

reduced. Furthermore, this method is free from problems of inaccuracy and instability associ-

ated with the finite difference numerical solution of PDEs, at least as long as the equation for 

the intraparticle mass transfer is concerned. The numerical results were compared with the 

analytical solutions obtained for the two limiting cases, that is for infinitely fast and infinitely 

slow mass transfer, and the agreement is excellent. 
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Since an immobilized enzyme bioreactor is essentially an isothermal catalytic reactor, the 

obtained solution can be used to perform a complete parametric analysis of that type of reac-

tor. In this analysis, the individual effects of intraparticle and external mass transfer resis-

tances, of chemical reaction confined in the intraparticle space and of axial dispersion in the 

bulk liquid on the behavior of the reactor are examined. The design implications of the study 

are finally demonstrated by using the derived solution to simulate the performance of an immo-

bilized urease reactor, in a case where the urea concentration in the feed is varying with time, 

rendering steady state simulations meaningless. Such a reactor can be used for the treatment 

of uremic patients, as part of an artificial kidney machine. 

1.2 General background 

Classic two phase liquid-solid fixed or fluidized bed bioreactors with the biocatalyst immo-

bilized on the internal surface of porous solid support particles (beads) have become increas-

ingly important in carrying out continuously various types of biochemical reactions. Applica-

tions of immobilized enzymes range today from the production of syrups from corn starch, to 

artificial kidney design, affinity chromatography or analytical biochemistry. Through the use of 

immobilized enzymes several problems inherent in suspension cultures, such as operation 

under low dilution rate, poor mass transfer, non-uniform in space and time fluid properties, 

enzyme losses and product contamination can be overcome. Furthermore, immobilized 

enzymes may exhibit increased stability and, under certain conditions, higher activity as com-

pared to the free enzymes (Swanson et al. (1978), Bailey and Ollis (1986)). Finally, the intro-

duction of immobilized enzymes facilitates the use of continuous flow reactors with obvious 

financial advantages, compared to batch bioreactors. 

Knowledge of the axial mixing characteristics in a catalytic reactor is essential for the 

proper design of a fixed or fluidized bed reactor. Neglecting fluid dispersion may result in an 

overestimation of the conversion and the volume efficiency of the reactor. The information on 
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axial mixing in liquid fluidized beds has been summarized by Chung and Wen (1968). Also 

work in this area has been done by Krishnaswamy and Shemilt (1972), Melta and Shemilt 

(1976) and Krishnaswamy et al. (1978), who extensively investigated the effect of particle size, 

density and liquid viscosity on the axial dispersion coefficient. _Besides empirical correlations, 

dynamic tracer experiments is a very frequently used method for the determination of the 

degree of axial mixing in fluid-solid catalytic reactors. This method has found in the recent 

years many applications in the characterization of immobilized enzyme bioreactors. According 

to that method, optimum values of the model parameters are determined so that the predicted 

response matches in the best way the experimental response. A variety of models have been 

developed to describe the various mixing patterns in immobilized enzyme reactors. Two of the 

simplest and most widely used one-parameter models are the dispersion and the tanks-in-

series model. In the former, the degree of axial mixing in the liquid phase is expressed by the 

axial dispersion coefficient (DL). A value of DL close to zero indicates almost plug flow condi-

tions, while very large DL characterizes mixing pattern approaching that of a perfectly mixed 

Continuous Stirred Tank Reactor (CSTR). In the tanks-in-series model the degree of axial 

mixing is expressed by the number of CSTRs in series (N) that give a response close to the 

experimentally observed. By increasing N the response of the cascade approaches that of a 

plug-flow reactor. 

Apart from the determination of the axial dispersion coefficient, dynamic tracer experi-

ments can be used to determine mass transfer rates and/or mass consumption rates. At 

steady state, the individual rates of the various mass transfer and consumption mechanisms 

are identical and thus, one has to assume the existence of a single controlling step, whose 

rate constant can be obtained from steady state experiments. The derivation of apparent con-

sumption rate constants from steady state conversion data in reactors is a frequently used 

example. Ahn et al. (1985) has shown how dynamic experiments can be used in order to 

obtain the individual values for the adsorption, reaction and desorption rate constants in a 

catalytic slurry reactor. Steady state experiments in this case could only yield an 'overall' 



4 

consumption rate constant, that would also include adsorption and desorption effects, not to 

mention mass transfer problems. The same logic applies to the determination of mass transfer 

rate constants; at steady state, the rate of mass transfer of a reactant to a catalyst is equal to 

the rate of its consumption inside the catalyst. If one mechanism (e.g intraparticle diffusion) is 

controlling this transfer, its rate constant can be determined by steady state experiments, pro-

vided that the specific consumption rate is known. This has been done recently for the meas-

urement of the effective substrate diffusivity in a hollow fiber immobilized cell bioreactor, by 

Davis et al. (1985). If on the other hand more than one mass transfer mechanism is involved, 

their individual rate constants can be obtained only from dynamic experiments, since during 

the transient period these individual steps proceed with unequal rates. Efficient modeling of 

the mass transfer from the bulk liquid to the interior of the bead is often a key point in a design 

procedure, especially when very expensive enzymes are used. 

For the previously outlined purposes, that is for the determination of either the axial 

dispersion coefficient or of the mass transfer and consumption rates, it is necessary to have 

available a model of the process which will take into account all the mechanisms that are to be 

identified. The first attempts to present a mathematical solution of the model equations for an 

isothermal catalytic reactor go back to the mid 1900s. Lapidus and Amundson (1952) exam-

ined the effect of longitudinal dispersion in ion exchange and chromatographic columns, 

assuming pointwise local equilibrium and neglecting mass transfer resistances. Rosen (1952) 

was maybe the first to solve the problem of transient mass transfer to particles in fluid-particle 

systems, neglecting axial dispersion and chemical reaction. He employed the method of 

Laplace transform and obtained the solution in the real time domain in the form of an infinite 

integral. In a later paper (Rosen, (1954)), he discussed a method for the numerical evaluation 

of this integral and presented breakthrough curves for certain values of the process parame-

ters. Babcock et al. (1966) and Pellett (1966) proposed analytical solution for the same prob-

lem including axial dispersion. Rasmuson and Neretnieks (1980) and Rasmusson (1981, 

1982), extented the work of Rossen and developed analytical solutions including axial 
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dispersion and linear intraparticle adsorption, also in the form of an infinite integral of an oscil-

latory decaying function. A method to obtain the convergence of this integral has been dis-

cussed by Rasmuson and Neretnieks (1981), who presented reservoir engineering break-

through curves and showed the significance of longitudinal dispersion in a situation where 

radionuclides migrate from repository in the surrounding bedrock. All the above mentioned 

references used the method of Laplace transform to obtain a solution of the model equations. 

These solutions come invariably in the form of an infinite integral, whose numerical integration 

may be a problem (Rasmuson and Neretnieks, (1980), Rossen (1954)). Furthermore, since 

linearity of the model equations is a definite requirement for the application of this transform, 

all the analytical solutions that have been proposed thus far are limited to a linear adsorption 

isotherm or kinetic expression. 

The analytical solutions in the real time domain, even derived for a special case or in a 

difficult to use form, have the advantage of being suitable not only for parameter estimation or 

interpretation of experimental data, but also for simulation and optimization of the performance 

of a fluid-solid reacting system. Apart from efforts to obtain a mathematical solution in the real 

time domain, significant work has been directed towards the interpretation of the chromato-

graphic peak and parameter estimation using the method of statistical moments (Kubin (1965) , 

Kucera (1965), Schneider and Smith (1968)). This theory has been employed to calculate 

chemisorption rates and rate constants, intraparticle diffusivities and surface diffusivities from 

chromatographic data (Suzuki and Smith (1971)). According to that method, the moments of 

the chromatographic response are determined experimentally and using expressions which 

relate the parameters of the system to these moments one can easily perform parameter esti-

mation studies in fixed or fluidized bed systems. This has been recently done by Sirotti et al. 

(1985), in a column containing immobilized glucoamylase. A first disadvantage of this 

approach is that it is limited to linear systems. Furthermore, the solution in the Laplace domain 

cannot be used for real time design-simulation studies of reactor systems with changing feed 

composition. Even though it is a common assumption that feed concentration can be held 
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constant, there may exist cases where the reactor operates continuously under varying feed 

composition. Such an example is the immobilized urease reactor shown in Figure 1, where the 

urea concentration in the reservoir changes continuously with time as a result of the action of 

the microencapsulated enzyme. Such a reactor system can be used for the treatment of 

uremic patients, in an artificial kidney machine. Arbeloa and Neufeld (1986) have reported 

experimental data from the system of Figure 1. The absence of a model for this type of reactor 

has hindered the authors from fully exploring the results of their experiments. 

The advent of high speed digital computers and the application of advanced numerical 

methods for the solution of complicated mathematical problems has signaled a shift from the 

purely analytical approach to a numerical one. Even though numerical solutions lack in tran-

sparency, they are extremely powerful in solving problems that otherwise would be impossible 

to solve. Furthermore, numerical solutions are easily computer implementable and thus espe-

cially suitable for simulation, control and optimization of reacting systems. Reflecting this 

trend, Ramos et al. (1985) used the method of lines to simulate the performance of a batch 

adsorption system. Unlike analytical approaches, the numerical solution can handle any form 

of non linear adsorption isotherm and thus simulate real life systems. This is particularly impor-

tant for the simulation of biochemical systems where non linear rate expressions are very often 

encountered. Recently, Raghavan et al. (1986), used the method of orthogonal collocation to 

simulate a pressure swing adsorption (PSA) system, also employing a non linear adsorption 

isotherm. 

This work, presents a semi-analytical method for the solution of the coupled PDEs that 

simulate the dynamic behaviour of an isothermal catalytic reactor. The proposed model 

includes axial dispersion, mass transfer effects and intraparticle chemical reaction, but is lim-

ited to a linear expression for the reaction rate. The proposed model is ideal for computer 

simulation studies, since it comes in the form of a set of ODEs which can be easily solved by 

commercially available software packages. Furthermore, because of its semi analytical nature, 
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immobilized 

urease reactor 

. 
urea reservoir 

1 Schematic diagram of an lmmoblllzed urease bloreactor In which the feed con-

centration changes continuously with time. 
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the proposed solution retains some of the transparency that characterizes a purely analytical 

solution, being at the same time easily computer implementable and very efficient in computa-

tional time. The restriction to a 1st order reaction rate, makes it suitable for the simulation of 

immobilized enzyme systems in cases where the substrate concentration is low enough so that 

the Michaelis Menten kinetic expression approaches first order kinetics. 

Based on that model a complete parametric analysis of an immobilized enzyme fixed or 

liquid fluidized bed bioreactor was performed. This analysis clearly demonstrated the effects of 

dispersion, mass transfer resistances and chemical reaction on its behaviour. Since it is so 

simple to implement on a computer, the author hopes that this model will be of assistance to 

people working on the design, control and optimization of immobilized enzyme bioreactors. 
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2. THEORETICAL ANALYSIS 

2. 1 Problem Formulation 

From the modelling point of view, determination of the dynamic behavior of an isothermal 

catalytic reactor requires the solution of the governing differential equations which describe the 

mass accumulation in the bulk liquid as well as the mass accumulation and consumption in the 

intraparticle space. These equations are coupled through the boundary condition at the particle 

surface which expresses the exchange of mass between the two phases. In general, the 

phenomena that need to be considered in the dynamic modelling of an isothermal catalytic 

reactor are: 

(i) Mass accumulation in the bulk liquid. 

(ii) Mass diffusion across the stagnant film which surrounds the catalyst particles (external 

mass transfer). 

(iii) Mass diffusion and accumulation into the void space of the catalyst particles (pore-volume 

diffusion). 

(iv) Adsorption of tracer on the pore walls according to a linear or non-linear isotherm. 

(v) Chemical reaction on the surface of the immobilization matrix followed by product desorp-

tion. These steps can be described as follows: 

A + S = A.S (adsorption) 

A.S B.S (reaction) 

B.S B + S (desorption) 

In this work internal, external mass transfer resistances and first order chemical reaction 

have been taken into consideration. Since the rates of surface adsorption and desorption have 

not been modelled in this study, the first order reaction constant that has been used will not be 

the intrinsic surface reaction rate (step #2 above), but will also include the parameters of the 

adsorption and desorption processes. Even when adsorption and desorption proceed much 
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faster than the reaction itself (Quasi Steady State Assumption) the equilibrium constants of 

these processes will be included in the first order reaction constant. In most cases, enzymatic 

reactions follow the Michaelis Menten kinetic expression. In general, this expression 

approaches first order kinetics at low substrate concentrations. Consequenly, the proposed 

model is suitable for immobilized enzyme reactors at low substrate concentrations. 

It is, at times, sufficient for design purposes to neglect interparticle and intraparticle con-

centration gradients, and assume that the substrate is uniformly distributed between bulk and 

intraparticle space. This has been done recently by Dogu et al. (1985) for the modelling of a 

liquid fluidized bed reactor for the inversion of sucrose. Nevertheless, since it is of major 

importance to decouple the mass transfer and chemical reaction, and study, separately, the 

effect of each individual mechanism on the transient behavior of the reactor, this assumption 

was not adopted in this work. Instead, the chemical reaction was modelled as taking place in 

the intraparticle space coupled by finite mass transfer resistances, so that phenomena such as 

reactant depletion and existence of an inactive catalyst core could be identified. In addition it 

was assumed that : 

(i) The system is isothermal, 

(ii) The effective intraparticle diffusivity is independent of time and also constant throughout 

the catalyst particle. 

(iii) The particles remain stationary in the reactor. This been found to be true for liquid fluidized 

beds (Carlos et al. (1968)), where the type of fluidization observed is more a 

smooth bed expansion (particulate fluidization). 

(iv) Beads are spherical particles with uniform and constant radius and uniform pore size dis-

tribution. 

(v) The enzyme activity is uniform throughout the particle. 

(vi) Pressure drop across the reactor, radial concentration gradients in the bulk, catalyst wear 

and other mechanical effects have not been included in the model equations. 
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2.2 Model Equations 

The equation describing the dispersion in the bulk liquid, is given by: 

acl a2cl acl 
E( Tf) = DL ( az2 ) - U ( az) - Q ( 1) 

or, using the dimensionless time UR) and distance (x), 

(2) 

The equation describing the mass accumulation and consumption inside the bead, is 

given by: 

[
a2cb 2 acb ] acb 

Deft a,2 +(,)a, - kepCb = Ep(at) (3) 

In equation (2), the term P1 ( a2<;) is the mass flux of substrate in the bulk liquid due e ax 
to axial diffusion (diffusion term), ( is the flux due to convection (convection term) and Q is 

the mass flux from the bulk liquid to the catalyst per unit volume per unit time, at a certain 

position in the reactor. This term is given by equation (4). 

(4) 

The effective intraparticle diffusivtty (De ft ) used in equation (3) is based on the total 

cross-sectional surface area of the particle, normal to the direction of the net mass transfer. 

The rate of mass transfer to the particle per unit surface, Np, is related to De, 1 as follows: 

acb 
Np= -Deft(a,)r=R (5) 

This effective diffusivity also includes directional effects, which are usually expressed by 

the tortuosity factor (Komiyama et al., (1974)). When the tanks-in-series model is used, the 

ordinary differential equation (ODE) which gives the concentration in the ith CSTR in the cas-

cade is given by equation (6): 
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dCi F - = (-) (C· 1 - C-) - O· V df E Vi I- I I I 
(6) 

where Ci and Ci_1 are the reactant concentrations in the i th and (i-1) th CSTR in the cas-

cade respectively. 

The computational advantage of using the tanks-in-series model is obvious, since the 

partial differential equation (PDE) of the dispersion model is replaced by a set of ODEs. On 

the other hand, the accuracy of the method in determining the amount of axial dispersion in 

the reactor is limited because the number of CSTRs in series (N) is necessarily an integer. 

Buffham and Gibillaro (1968) have shown how non-integer values of (N) can be used to fit 

response data with the tanks-in-series model, for homogeneous transport lines. Unfortunately, 

their analysis is not directly applicable to a two-phase catalytic reactor. Nevertheless, the appli-

cation of the tanks-in-series model may be desirable because of the simplicity of the solution 

procedure which is free of the instabilities, convergence difficulties, and the numerical disper-

sion problems associated with the numerical solution of the diffusion-convection type equa-

tions, especially at high Peclet numbers (Gray and Pinder (1976), Peaceman (1977), Roache 

(1976)). 

The initial conditions for equations (1) and (3) are: 

CL(z,O) = 0.0 

Cb(r,0) = 0.0 

(7) 

(8) 

These initial conditions can be used even for non-zero (but uniform) initial concentrations 

CL and Cb if the following deviation variables are defined: 

C{ = CL(t) - CL(O) 

c; = Cb(r,t) - Cb(r,0) 

The boundary conditions for equation (3) are: 

(9) 

(10) 

(11) 
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acb ( a, ) r=O = 0 (12) 

In equation (11 ), ke is the overall mass transfer coefficient in the stagnant film which sur-

rounds the bead. ck-is the concentration at the inside of this stagnant film and is related to 

the concentration on its surface by equation (13): 

cL(z t) 
CR(z,t) = R ' 

The partition coefficient (~) is defined as follows: 

= (Cdeq 
(Cb)eq 

(13) 

(14) 

This coefficient expresses the experimental observation (Papathanasiou et al., (1986)) 

that at equilibrium, and without chemical reaction present, the concentration of a substance 

inside the catalyst can be only a fraction of its concentration in the bulk liquid. Partitioning is 

not usually observed in traditional gas/solid catalytic reactors. In liquid bioreactors though, 

where large molecules are diffusing to the bead and/or electrostatic forces can be very impor-

tant, this coefficient can serve as a means to express, quantitatively, all these phenomena 

that, otherwise, can be very difficult to model. 

For equation (2), the Dankwerts boundary conditions were used: 

acL 
(ax)x=0 = -Pe(C;n - CL) (15) 

acl 
(ax) X=1 = Q (16) 

A large literature exists about the validity of these boundary conditions, to mention only 

the classical paper by Dankwerts (1953) and the work of Standart (1967). Equation 15 

expresses the fact that the rate at which the reactant is fed to the reactor is equal to the rate 

at which it crosses the plane at x=o+ by combined convection and diffusion. This equation 

implies negligible axial dispersion in the feed line. Equation 16 is based on intuition rather than 

pure quantitative considerations (Dankwerts, (1953)), and expresses the fact that the reactant 

concentration becomes minimum at the exit of the reactor. 
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Equations (1) and (3), are coupled through the flux term Q given by equation (4). In this 

approach we apply Duhamel's theorem to obtain the solution of equation (3) for the time-

dependent boundary condition ( C~), using the solution of the same equation for constant boun-

dary condition, as given by Crank (1975). Using this solution, the mass flux term (Q) can be 

evaluated, and after substitution in equations (1) and/or (6) the response of the reactor can be 

found. As stated earlier, finite differences have been used to discretize equation (2). Using 

central differences for both, the diffusion and the convection terms, the following difference 

equation is obtained: 

acj - _1_ Cj+1 +Cj-1 -2Cj 
atR - Pe ox2 

Ci+1 - Ci-1 .. 
2ox - Q (17) 

When the convection term ( ac) is approximated by backward differences, the finite ax 
difference form of equation (2) is: 

Ci+1 +CH -2Ci 
ox2 (18) 

In equations (17) and (18), Ci+1, Ci and Ci_1 are the bulk concentrations at the (j+1 )1h, /h 

and (j-1) th grid points respectively. o· is the fluid to particle mass flux per unit volume. 

2.3 Method of Solution 

The presented solution is based on the analytical solutions of the heat transfer equations 

as have been derived by Carslaw and Jaeger (1959) and later adapted to mass transfer prob-

lems by Crank (1975). First we apply the following .lemma (Crank, 1975): 

Lemma 1: Let U 1 be the solution of the equation 

(19) 

for constant surface boundary condition. Then, the solution of the equa-

tion 
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au = o a2u - kU 
at ax2 (20) 

is given by the following Integral: 

t 
U = k JU1e-k,.,dA + u1e-k,., (21) 

By applying the transformation v=Cb .r, the intraparticle mass balance (equation (3)) takes 

a form similar to that of equation (20): 

(22) 

where, 

The solution of equation (19), for constant surface boundary condition ( C0) is known 

(Crank, 1975). Substituting U 1 by C1 .r, one gets: · 

C1(r ,t ) 1 ( 2R) (- 1t . ( nnr) - tkn) --- = + - .LJ--sm- e 
Co nr n~ n R 

(23) 

This is the intraparticle concentration profile for no chemical reaction and constant sur-

face concentration C0. kn is defined as: 

(24) 

After that, applying equation (21), with C 1 given by equation 23, one can derive the solu-

tion of equation (3) for constant surface boundary condition. This solution follows: 

-t(k+k ) C (rt) 2R 00 '-1'nn k + k e n 
2 ' = 1 + (-) L..L..:..L sin( nnr) ( n ) 
C0 nr n=1 n R k + kn 

(25) 

To proceed further, and derive the solution of equation (3) for a time varying surface 

boundary condition one has to use the following lemma (Churchill, (1972)): 
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Lemma 2 (Duhamel's theorem): 

Consider the boundary value problem: 

W(x ,y ,z ,t)=D( W) (26) 

where D(W) is a linear differential form. The initial condition is: 

W(x ,y,z ,0)=0. (27) 

and the boundary condition is: 

W( S ,t)=F(t) (28) 

where S indicates the boundary of the system. If Z(x,y,z,t) is the solu-

tion of the problem when F(t)=1, . then the solution for the same problem 

when F(t) varies with time is: 

t 
W(x,y,z,t) = JF(A) iJZ(x,~,tz,t-A) dA 

0 
(29) 

Using the above property, one can easily extract the solution of equation (3) for the time 

variable surface condition ( CR (t)) . This solution will be: 

Substituting equation (25) into (30) and performing the integration one can get: 

2R "° (-1 )n sin( n;r) 
Cb(r,t) = CR(t) + (-) I:-----vn(t) 

TC( 1 n 

(30) 

(31) 

This is an expression for the intraparticle concentration as a function of the radial coordi-

nate and the time, when the surface concentration is time dependent and chemical reaction 

takes place. Note that the variation of the bulk liquid concentration doesn't have to follow an 

explicit analytical expression, but is a function of the intraparticle concentration and changes 

responding to the physical parameters of the system. The functions 'VnU) are given by the 



following integral: 

or, in differential form, 

with initial condition: 

'Vn(O)=O 

ac 
Evaluation of the partial derivative ( a: ),=R 
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(32) 

(33) 

(34) 

Up to this point, we have solved the intraparticle mass balance (equation (3)); namely, 

the corresponding PDE has been substituted by a set of ODEs of the form of equation (33). 

The numerical result of the solution of this equation are substituted into the expression for 

Cb (r ,t) (equation (31 )) and the intraparticle distribution of the reactant can be determined for 

any value of the process parameters. Furthermore, using equation (31 ), the partial derivative 

ac ( a: ),=R appearing in the flux term (equation (4)) can be easily evaluated by differentiation. 

The result is remarkably simple: 

acb 2 00 

(a,)r=R = ( R) L'Vn(t) 
1 

(35) 

In equation (35), as in every other equation of this work, the partial derivative. ( ),=R is 

considered with positive value. 

00 

Evaluation of the infinite summation L'Vn(t) 
1 

Equation (33) can be written as: 
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(36) 

In equation (36), the dynamics of the functions 'Vn's depend of the value of the 

coefficient 't = ( kn k); small values of 't imply that the dynamics of the functions 'I' n are fast, 

which in turn means that the functions 'Vn(t) follow the forcing function on the right hand side 

of equation (36). It is therefore reasonable to assume that for 't smaller than a certain value 

'tmin, the functions 'Vn's can be evaluated with sufficient accuracy using the quasi-steady state 

approximation: 

or, introducing the 

n > n0 + 1 

Ft dimensionless quantities tR = -V , 
Te 

d'Jf n 2 2 dCR 2 -d + eDR((nrc) + 9<)> )'Jln(tR) = -d + 9<)> eDRCR(tR) tR tR 

(37) 

and 

(38) 

(39) 

The form of the functions 'I' n, evaluated by numerical solution of equation (39), can be 

seen in figures 2 and 3, in the presence and absence of chemical reaction (<I> =1 and O respec-

tively). The mass transfer parameters were taken as DR=0.1 and Bm=50. 

Observing that it always is: 

1 1 ------ < ----
e0R((nrc)2 + 9<)>2) e0R{nrc)2 (40) 

it is clear that the approximation of the functions 'l'n(t) (equation (37)) will be better for 

larger values of the Thiele modulus. Equivalently, if we determine n0, that is the number of 

ODEs of the form of equation (39) that cannot be approximated accurately and have to be 

solved numerically, for the case of no chemical reaction, (<I>= 0), we can be sure that when 
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3 The form of the various order functions n In the absence of lntrapartlcle chemi-

cal reaction 
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reaction takes place the approximation of 'I' n (t) will be even better. This can be seen in Figure 

4. This figure shows how the percent relative error changes with time, for the various order 

functions 'Jfn, and namely for n ranging from 5 to 14. This relative error is defined as: 

('Jfn)real - ('Jfn)app. x100 
('Jf n) real 

(41) 

It is obvious that for the same DR and (n), the accuracy is better in the case of chemical 

reaction (<!> = 1 ). The errors depicted in figure 4 become really insignificant, if one considers 

how small is the magnitude of the higher order 'Jf n's. For <I> = 1, 'Jf1 (0.5) is approximatelly equal 

to 33, while 'Jf16(0.5) is about 0.5. A 3% error in the approximation of 'Jf rn(0.5), will actually be 

5 
less than 0.04% of the value of 'Jf1(0.5) and about 0.02 % of the L'l'n· On the other hand, sim-

1 

ply neglecting the higher order terms could be dangerous, since these terms do not always 

converge to zero, as can be seen in figure 2. 

In all the simulation runs, the value of n0 , that is the number of ODEs of the form of 

equation (39) that have to be solved numerically, was determined as the one corresponding to 

-r0 for the non reacting case. 

1 
----- ='to 

E DR (nn 0)2 (42) 

or, 

(43) 

, It was found by numerical experimentation that a value of 'to less or equal to 0.01, 

resulted in sufficiently accurate solution. Therefore, this value was used for the selection of n0 

in all the simulation runs that follow. 

00 

After the above considerations, the infinite summation L'lfn(t) can be split as follows: 
1 
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4 Accuracy of the approximations of the higher order 'Vn (equation 38). The % 

error In the Y - axis Is defined by equation 41. 
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In the absence of chemical reaction, (<t>=O), there is an easy way to evaluate the infinite 

summation in equation (44). In that case, this equation becomes: 

oo no 1 dC [00 1 no 1 ] 
L'VnUR) = L'VnUR) + D 2 (-R) I:(-)2 - I:(-)2 

1 1 e R 1t dtR 1 n 1 n 

00 1 2 
Using the property: I:(-)2 = 1t

6 
, and defining: 

1 n 

00 1 7t2 
S1 = I:(-)2 = -

1 n 6 

we obtain: 

(45) 

(46) 

(47) 

In the presence of chemical reaction, when the Thiele modulus (<t>) is not zero, the infinite 

summation on the right hand side of equation (44) can be evaluated by truncating the series 

after a certain term. This is not a problem, since that series converges very fast. 

From equation (39) it is obvious that the mass flux term and consequently the intraparti-

cle concentration Cb(r,t), depends on the reactant concentration on the particle surface CR(t). 

This is: 

(48) 

The concentration Ck(tR) is related to the concentration in the bulk ( Cd via equation 

(11), which can be written as: 

(49) 

or, using equation (35): 
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(50) 

Bm is the dimensionless mass Biot number which is the ratio of the external to internal 

mass transfer resistance: 

(51) 

Equations (38) and (44) can be combined to give a differential equation for the concen-

tration Ck, as function of the process parameters and the reactant concentration in the bulk. 

This equation follows: 

(52) 

where S; is the summation: 

(53) 

2.4 Final Form of Normalized ODEs 

Summarizing, the computer implementable model of the process comprises of a set of 

simultaneous ODEs. These are: 

Bulk liquid concentration 

When the tanks-in-series model is used, the ODE for the bulk concentration in the ;th 

CSTR in the cascade is given by equation (54): 

dC; • - = (C· 1 - C-)N - O· dtR I- I I (54) 

If the dispersion model is to be used, the appropriate equations are: 

Ci+1 +CH -2Ci 
ox2 (55) 



when the convection term ( ~;) is approximated by central differences, 

or, 

Ci+1 +Ci-1 -2Ci 
ox2 

when the convection term ( ~;) is approximated by backward differences. 

Concentration on the particle surface 

The concentration on the particle surface (C~), is the solution of the following ODE: 

The functions 'VnUR) in equation (57) are solutions of the following ODEs: 

Fluid-to-particle mass flux 

25 

(56) 

(57) 

The fluid to particle mass flux, at a position in the reactor where the bulk concentration is 

CL , is given by equation (59) : 

(59) 

2.5 Limiting Cases. 

The two limiting cases for negligible and infinitely fast mass transfer to the beads have 

been examined. The objective was to check the accuracy of the proposed method of solution 

by comparing the obtained numerical results with the existing analytical solutions of these two 

limiting cases. For this purpose, the model of a single CSTR, as expressed by equation (54), is 

adequate. 
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The accuracy of the finite difference solution of the dispersion model (equations (55) and 

(56)) depends on the grid size (ox) that has been chosen. By reducing the grid size, the finite 

difference solution of the dispersion model for negligible mass flux to the beads was found to 

converge to the existing analytical solution of the transport equation: 

(60) 

with accuracy depending entirely on the grid size that was used. This solution, as pro-

posed by Brenner (1962), is as follows: 

(61) 

In equation (61), q0 are the non-zero positive roots of the equation: 

and Pis defined as P = :e. 
2.5.1 Case (I) : No Mass Flux to the Beads. 

In this case the flux term O; in equation (6) becomes zero, and the equation for one 

CSTR with active volume Va = e V results: 

(62) 

or, using dimensionless quantities, 

(63) 

The solution of the equation (63) is given by: 

(64) 
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Figure 5 gives a comparison between the analytical solutions for the two limiting cases, 

and the obtained numerical results. The percentage difference, on the Y-axis is defined as: 

01 d'ff [ CL(ana/) - CL(num) ] 1 OO 
10 , erence = C x 

L(ana/) 
(65) 

where CL(anat) and CL(num) are the analytical and numerical solutions respectively. Negli-

gible mass flux to the beads can be a result of either very large external mass transfer resis-

tances (Bm very small), very small intraparticle diffusivity (DR very small) or very intense parti-

tioning (~ very large). For each case, the following set of parameter values were used: 

(a): Bm = 0.001, DR = 0.1 and = 1.0 

(b): Bm = 30, DR = 0.001 and~= 1.0 

(c): Bm = 30, DR= 0.1 and~= 25 

The accuracy of the numerical solution in each case is depicted in figure 5.a as the dot-

ted, dashed and chain-dotted lines respectively. It can be seen that the numerical solution 

approximates the analytical solution with satisfactory accuracy. 

2.5.2 Case (II): No Mass Transfer Resistances 

In this case no concentration gradients develop inside the bead and the response of the 

CSTR is given by: 

(1 - E)Ep 
where y= 1 + ---

E 

Solution of equation (66) yields: 

(66) 

(67) 
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5 Comparison between the analytical and the proposed solution for the two 1/mltlng 

cases. Figure 5.a corresponds to negllglble flux to the particles, while figure !b 

corresponds to negllglble mass transfer resistances. 
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When both Bm and DR are very large, the system of ODE's (equations 54-59) becomes 

stiff, the required computational time is excessively high and the accuracy is bad. Neverthe-

less, since in this case there is no external mass transfer resistance, C~ = CL . This problem 

has been solved separately by Papathanasiou et al. (1986), and the results of that numerical 

solution were found to be in very good agreement with the analytical solution, (equation (67)) 

as the DR becomes very large. 

The percentage difference between the analytical and the numerical solution, defined as 

in equation (65), is given in figure 5.b. In that figure DR was taken equal to 50 and the partition 

coefficient was 1. As can be seen, the numerical solution converges to the analytical solution 

(equation (67)) very fast. 



3. EXPERIMENTAL DETERMINATION OF DIFFUSIVITIES 

OF SUBSTRATES INTO IMMOBILIZATION BEADS. 
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A standard method to measure intraparticle diffusivities of substances in porous particles 

is described by Tanaka et al. (1984). In this method, the porous particles, initially free of 

diffusing substance (tracer), are placed in a well stirred solution of finite volume, containing 

tracer with initial concentration ct The system has to be well stirred, so that liquid-to-particle 

mass transfer resistances are eliminated. Tracer diffuses from the solution to the interior of the 

particles and the concentration in the liquid phase drops. This drop is recorded and an experi-

mental curve of concentration of tracer in the liquid phase against time similar to that of figure 

6 (Nayar, (1984)) is obtained. 

The problem of absorption of tracer from a solution of finite volume with initial concentra-

tion Cf into spherical porous particles has been solved (Crank, 1975). The analytical solution 

is as follows: 

a Cf 
CL(t) = (--) 

1+a 

00 6 (1 + a) e m 
[ 

- tk ] 
1 

+ 9 + 9 a+ (q;)2 a2 (68) 

In equation (68), (a) is defined as the ratio of the bulk liquid volume over the volume 

occupied by the beads: 

(69) 

where V is the volume of the bulk liquid, M is the number of beads in the system, R is 

the bead radius (~) is the partition coefficient, q; are the non-zero positive roots of the equa-

tion : 

(70) 

and km is defined as : 

(71) 
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6 Result of a batch absorption experiment for the determination of the lntrapartl-

cle diffusivity of NH 4 + Into po/ysacharlde lmmob/1/zatlon beads (Nayar, (1984)). 
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With the aid of equation (68) one can determine the value of D .. that best fits, in the least 

square sense, the experimental curve of liquid concentration versus time. 
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4. SIMULATION RES UL TS 

4.1. Parametric Studies 

The developed model is suitable for both, dimensionless parametric studies and dynamic 

simulation of a real system. Mathematically, the model can handle any combination of DR, Bm 

and<!>, except for the range of a very large product BmxDR (for BmxDR > 3000 , the system of 

ODEs becomes stiff, as has been discussed earlier). Large values of <!>, tend to improve the 

condition of the system. Nevertheless, such large values of DR and Bm are simply unrealistic. 

The performed simulations were extended over a range of the dimensionless parameters that 

reflects reasonable values of the process parameters (D, ke, k, R, FN). To simulate situations 

of negligible mass transfer to the beads though, excessively low values of DR and Bm were 

used in certain runs. 

In summary, the dimensionless parameters ranged as follows: 

<1>: Between O and 10 

DR: Between 10-4 and 50 

Bm: Between 0.01 and 100 

Very low values of the mass Biot number can be found in fixed or liquid fluidized beds, 

as a result of the anomalously low mass transfer coefficients often encountered in such sys-

tems at very low Reynolds numbers. The available data for these cases deviate from the 

Froesling type equations and follow other empirical forms, with the property of converging to 

zero as the liquid Reynolds number approaches zero. An excellent discussion of this matter 

can be found in Hetsroni (1982). 

4. 1.1: Fluid to Particle Mass Transfer 

Figures 7 and 8 show the dependence of the fluid to particle mass transfer ( Q \ as per-

centage of the mass entering the reactor, on the dimensionless diffusivity DR and the mass 

Biot number Bm, in the absence and presence of chemical reaction. In the later case, the 
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8 Effect of the dimensionless mass Blot number Bm on the mass flux to the beads 

In a single CSTR, In the presence and absence of lntrapartlcle chemical reac-

tion. 
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Thiele modulus (<!>) was taken as 1. These figures have been derived for the case of a single 

CSTR. As expected, for a certain value of Bm, the rate of fluid to particle mass transfer 

increases for increasing DR. When chemical reaction is present, and at steady state, there is 

a constant flux of reactant from the bulk to the particle, whose magnitude depends on all, 

<I>, DR, and Bm. For the same DR and <I>, that is for the same intraparticle diffusivity and first 

order reaction constant, the performance of the reactor depends heavily on Bm, when Bm is 

less than 50 (figure 8). In this case, the external mass transfer effects are very important. For 

Bm > 50, the effect of the external mass transfer resistance is negligible and the performance 

depends solely on DR and <I>- In the absence of chemical reaction (figures 7 and 8, for <!>=0.), 

large DR and/or Bm result in fast mass transfer to the particles and subsequently, fast satura-

tion of the intraparticle space. After that initial peak, the fluid to particle mass transfer drops to 

zero. This drop is the faster, the larger the values of DR and Bm. 

The fluid to particle mass flux in each CSTR in a cascade of 5 CSTRs in series, for vari-

ous values of the Thiele modulus (<I> =0, 1, 1.5, and 3 ) is given in figures 9 and 10. 0/ is the 

fluid to particle mass flux in each CSTR, which, at steady state will satisfy the following mass 

balance: 

N 
·rp/ = C;n - CN (72) 
1 

where, O/ is the mass consumed in each CSTR and CN is the liquid concentration in the 

last CSTR. Comparing figures 9.a and 9.b, it can be seen that the initial mass transfer rate is 

higher when intraparticle chemical reaction takes place. This reflects an enhancing effect of the 

chemical reaction on the overall mass transfer process, which is in accordance with what is 

suggested by theoretical analysis of combined reaction and diffusion. When the Thiele 

modulus <I> takes the values 0.5, 1.0 and 1.5, the mass flux curves for each CSTR show a 

maximum, as opposed to the case for a single CSTR (figures 7 and 8). The fact that this peak 

is smoother as we move towards the end of the cascade has to do with the different residence 

time distributions in each CSTR (Bailey and Ollis, 1986). Figure 11 shows how the bulk liquid 
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9 Fluid to particle mass transfer In each CSTR In a cascade of 5 CSTRs In series, 

as persentage of the mass flowing Into the system. The Thiele Modulus Is o (no 

chemical reaction} and 1. 
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11 Bulk liquid concentration as function of the dimensionless time In each CSTR In 

a cascade of 5 for a non-reacting (a) and reacting (b) system. The deviation from 

the Ideal CSTR mixing patern Is obvious. 
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concentration changes in each CSTR in the cascade, for a step change in the input concentra-

tion of the reactant, when the Thiele modulus is O and 3. It is obvious that while the first tank 

behaves like a single CSTR, the cascade has the mixing characteristics of a tubular reactor 

with some degree of dispersion. 

It can also be seen that as we move to higher values of the Thiele modulus, this peak 

becomes weaker and for <I> = 3 the mass flux curves approach smoothly the steady state 

value. The shape of the mass flux curve depends on the relative values of the three parame-

ters of the system; the. mass transfer parameters (Bm and DR ) and the mass consumption 

parameter<)>. As can be concluded from figures 9 and 10, the mass transfer parameters dic-

tate primarily the shape of the initial part of this curve, that is, how fast mass can be 

transferred from the bulk to the particle, whereas, for DR and Bm constant, the Thiele modulus 

<I> will determine the bulk concentration in each CSTR at steady state. The chemical reaction 

itself, interferes also with the mass transfer process, by consuming part of the reactant and 

making the intraparticle concentration profile steeper. 

The peak observed in figures 9 and 10 indicates that in the initial stages, the mass 

transfer to the particle is much faster than the intraparticle consumption; this results in a fast 

"saturation" of the intraparticle space. After that, the mass transferred to the particle drops to 

the corresponding steady state value. On the other hand, when the Thiele modulus <I> is very 

large, relative to a set of DR and Bm, the reactant consumption is very fast. In this case the 

fluid to particle mass flux reaches the steady state value without passing through some max-

imum (figure 10). 

4.1.2: The Shape of the Breakthrough Curve 

A very interesting observation is that a fixed or fluid bed immobilized enzyme reactor, 

where mass is transferred from the bulk to the immobilization matrix, exhibits substantially 

different transient behaviour than a reactor of the same type filled with non-porous beads. Fig-

ure 12 gives the response of a reactor full of glass beads (dotted lines) and the response of 
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one filled with porous beads (solid lines), for various degrees of axial dispersion in the bulk. It 

is obvious that mass transfer from the bulk to the beads results in a more or less intense tail-

ing of the response curve. This has also been reported for step change experiments in ion-

exchange columns (Denbigh and Turner, (1971 )), and has been, qualitatively, attributed to fac-

tors such as dead spaces into the reactor, adsorption on the bead surface, axial diffusion etc. 

In this work the actual contribution of each factor on the shape of the response curve has been 

eluminated. Having decoupled the effect of mass transfer and axial dispersion it is possible to 

extract the actual Peclet number from step change experiments. Since the effect of mass 

transfer can be very important, it is essential to know precisely the mass transfer characteris-

tics in the reactor when we try to determine the amount of axial dispersion in the bulk using 

dynamic tracer experiments. 

Figure 12 also shows how erroneous results can be obtained when the response curves 

for the "glass beads" reactor are used to determine the axial dispersion in an actual immobil-

ized enzyme reactor. Using the correct model, it can be found that the hypothetical experimen-

tal points in Figure 12 correspond to a Peclet number around 0.5. Using the response of the 

glass bead reactor as reference, and thus neglecting the effect of mass transfer, it is impossi-

ble to explain the observed "tailing", and the Peclet number thus found is going to be highly 

incorrect. 

4.1.3: The Importance of the Axial Dispersion 

Figure 13 shows the breakthrough curves of an immobilized enzyme bioreactor when 

fluid to particle mass flux is important, in the presence and absence of chemical reaction, as a 

function of the axial Peclet number. These curves can be used for both design and parameter 

estimation. They can predict the overall conversion in the reactor based on the intraparticle 

reaction, as a function of the process parameters (mass transfer rates, intrinsic reaction rates, 

bead size, liquid mean residence time etc.). Furthermore, when transient response data are 
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available, for reacting or non reacting systems, these curves can be used to determine the 

amount of axial dispersion in the bulk, as expressed by the Peclet number. This parameter is 

essential for reactor design purposes. Alternatively, one can use the tanks is series model for 

the same purposes. The breakthrough curves according to this model are depicted in figure 

14, also in the presence and absence of intraparticle chemical reaction. 

4. 1.4: The Importance of the External Resistance. 

As defined previously, the mass Biot number (Bm) is the ratio of the external to internal 

mass transfer resistances. In an operating catalytic reactor, with the diffusing substance and 

the bead pore structure given, the intraparticle diffusivity has a given value, which is unaffected 

by operating parameters of the system, such as the dilution rate or the intensity of the tur-

bulence in the bulk. On the other hand, these parameters highly affect the external mass 

transfer coefficient and subsequently the mass Biot number. It is therefore of interest to exam-

ine the effect of the Bm on the dynamic response of the bioreactor. This will reveal which of 

the two mass transfer resistances controls the transfer of nutrients or substrate from the bulk 

to the immobilization matrix and will also dictate ways to overcome mass transfer problems. 

For example, if the fluid-to-particle mass transfer is limited by the external resistance, increas-

ing the turbulence in the bulk could be a way to overcome the problem. If intraparticle resis-

tance is the limiting factor, smaller beads or beads with a different pore structure should be 

used and no effort should be spent to modify the flow pattern in the reactor. 

Figures 15 and 16 show the response of a reactor to a step change in the input concen-

tration of a non reacting tracer ( <I> = 0). In each Figure, Bm is the varying parameter. The 

axial Peclet number is 20 and the dimensionless intraparticle diffusivity takes the values 1.0, 

0.1, and 0.01 respectively. A first observation is that, both, DR and Bm affect the shape and 

the position of the breakthrough curve. In each figure, one can distinguish two characteristic 

response curves; the upper and the lower limiting curves. The upper limiting curve (dotted line) 
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14 Breakthrough curves for reacting (a) and non- reacting (b) system, according to 

the tanks- In-series model. 
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corresponds to very large external mass transfer resistance and consequently, to negligible 

mass flux to the beads. It is worthmentioned that the particular value of Bm that corresponds 

to that curve depends on the particular value of DR. Furthermore it seems that this limiting 

curve corresponds to parameter values such that: 

DRXBm < 0.01 
This might seem arbitrary, but is not. By definition: 

D keR ke 
D xB = ----x-- = ---

R m R2(F!Vr) D R(F!Vr) 

(73) 

(74) 

This product is a function of the external mass transfer coefficient only. For R ranging 

between 0.01 "to 0.1 cm and (F/V sub T ) between 0.01 to 0.1 s-1, we get that in order for 

equation (73) to hold, it must always be, in the worst case, ke < 0.0001 cm/s. For such a 

value of ke, the external film resistance is very high and the fluid to particle mass transfer 

almost negligible. 

A similar reasoning applies for the choice of Bm that corresponds to negligible external 

mass transfer resistances. Even though this value also depends on the particular value of DR, 

it was found that for the range of DR 's that was tested, it is always safe to say tha~ for 

Bm > 100 the effect of the external mass transfer resistance is negligible. This limit can be 

smaller when DR is very large. It can be seen that for large Bm 's the response curves are 

identical and independent of Bm. They depend only on the value of DR, as can be concluded 

by comparing figures 15 and 16. This implies that in this case, the intraparticle resistance con-

trols the fluid-to-particle mass transfer. For intermediate values of Bm, the dynamic response 

depends on both, the particular value of Bm and the particular value of DR, indicating a com-

bined effect of internal and external mass transfer resistances. Finally, for very small Bm 's, the 

external resistance is so large that mass flux to the beads is negligible. It can also be 

observed that for intermediate values of Bm, the response is the faster, the smaller the value 

of Bm and always faster than the response obtained for negligible external resistance. This is 

expected, as it is not the external or intraparticle resistance alone what determines the 
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dynamic response of the bioreactor, but rather their combined action. For these values of Bm a 

finite external resistance is added to the existing intraparticle resistance; the result is a smaller 

mass flux to the beads and subsequently a faster response. 

The presence of the external resistance can also be visualized in figures 17 and 18. 

These show the intraparticle concentration profiles in the last CSTR in a cascade of 5, for vari-

ous values of the DR and the mass Biot number. It can be seen that a concentration gradient 

whose slope depends on Bm, develops across the stagnant film which surrounds the bead. As 

expected, the value of DR determines the form of the intraparticle concentration profiles. It 

can also be seen, that for large values of the mass transfer parameters, the bulk liquid concen-

tration is lower than for smaller values of these parameters. 

4.1.5: The Importance of the Internal Resistance 

Similarly to figures 15 and 16, figure 19 portrays the effect of intraparticle diffusivity on 

the response of an immobilized enzyme reactor, for a step change in the input concentration of 

a reacting and a non reacting substance. Figure 20 gives the steady state intraparticle concen-

tration profile as a function of the dimensionless parameter DR, for <I> =1. The evolution of this 

profile to its steady state form, is given in figure 21. It is obvious that the intraparticle concen-

tration reaches steady state with some delay, as compared to the interparticle concentration, 

as a result of the finite internal and external mass transfer resistances. 

4. 1.6: The Importance of the Thiele Modulus 

Figure 22 gives the shape of the breakthrough curves of a fixed or liquid fluidized bed 

immobilized enzyme bioreactor for various values of the Thiele Modulus. The mass transfer 

parameters (DR and Bm) have constant values. It _is obvious that increasing the <I>, the steady 

state exit concentration is lower, reflecting a higher reactant consumption. For <I>< 0.1, the 

conversion process is definitely rate controlled, since the reaction rate is much smaller than the 
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19 Dynamic response of an lmmob/1/zed enzyme reactor to a step change In the 

Input concentration of a non reacting tracer, as function of the dimensionless 

lntrapat1lcle diffusivity (DR), In a reacting (a) and a non-reacting (b) system. 
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20 Steady state lntrapartlcle concentration profile for beads In the third CSTR In a 

cascade of 3, as a function of the parameter DR, In the presence of chemical 

reaction. 
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21 The time evolution of the lntrapartlcle concentration profile to Its steady state 

form, for beads In the last CSTR In a cascade of 3. 
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potential mass transfer rate. Increasing <!>, we move to a region, where the combined effect of 

intraparticle reaction and mass transfer determines the response. Finally, for <!>>10, the process 

is mass transfer limited. In this case, the rate of reactant consumption is much higher than the 

overall rate of mass transfer. This is what theoretical analysis of combined reaction and 

diffusion in porous catalysts has suggested (Aris, (1975)). Figure 23 shows the effect of the 

Thiele modulus on the steady state intraparticle concentration profiles, for beads in the 3rd 

CSTR in a cascade of 4. For low q>'s, the form of the intraparticle concentration profile is 

independent of <!>, indicating that the process is rate controlled. Increasing<!>, results in steeper 

concentration profile and even in reactant depletion at a certain distance from the particle sur-

face. This shows that the rate of reactant supply cannot balance the rate of intraparticle con-

sumption, which means that the process is mass transfer limited. 

4.1.7: The Importance of the Partition Coefficient(~). 

The partition coefficient (~) affects the dynamic response of the reactor significantly. As 

mentined earlier, the partition coefficient is a means to express quantitatively phenomena 

that may be very hard to model, such as electrostatic inhibitions, mass transfer inhibitions due 

to very large molecular weight compounts etc. As a result of its definition, values of greater 

than 1 indicate an added resistance for the tracer to enter the particle and result in smaller 

mass flux of tracer to the beads. Consequently, higher values of are expected to yield faster 

response of the bioreactor. For very large values of this response is expected to coincide 

with the limiting curve that corresponds to negligible fluid to particle mass flux. Figure 24 gives 

the response of a cascade of 5 CSTRs in series for negligible external mass transfer resis-

tance and for various values of the partition coefficient ~- The effect of on the intraparticle 

distribution of a tracer (ammonium ion diffusing in enzyme free polysacharide beads) is given 

in Figure 25. In this figure, it can be seen that the intraparticle concentration profile is almost 

flat, as a result of the high diffusivity of (NH4 )+ into the beads. The effect of the partition 
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25 The Importance of the panltlon coefficient Is obvious In this simulated lntrapar-

tlcle concentration profile for ammonium Ion In carrageenan beads. 
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coefficient can be observed in that the concentration on the bead surface is always below the 

concentration in the bulk. 

Tanaka et al. (1984) measured diffusivtties of frequently used substrates in polysac-

charide immobilization beads, with a method similar to the method described in part 3 of this 

Thesis. In their work, the possible effect of partitioning was neglected, and was taken as 1. 

With this value for the partition coefficient, the analytical expression for the concentration in the 

liquid phase (equation (68)) could not match the batch adsorption data for heigh molecular 

weight compounts such as albumin (MW=6.9x104). Figure 26 shows how by changing the . 

model predictions (equation (68)) approach the experimental data for albumin. 
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26 Effect of the partition coefficient on the predictions of the analytical model for 

batch adsorption (equation 68). 



5. APPLICATION OF FINITE DIFFERENCE SCHEMES IN THE NUMERICAL SOLUTION 

OF THE DISPERSION MODEL. 
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Finite differences is one among a variety of numerical methods used in the solution of 

diffusion-convection type equations (Raithby, (1976), Peaceman (1977), Roache (1976), Gray 

and Pinder (1976)). Development of new numerical schemes, such as integrated finite 

differences (Narasimhan et al., (1976), finite elements etc., along with the proper error analysis 

and convergence and stability criteria is still an active research field. In a finite difference 

approach, the original PDE is transformed into the so-called difference equation, as explained 

previously. This difference equation, when the stability requirements are satisfied, yields solu-

tion converging to the solution of the original PDE as the grid size becomes sufficiently small. 

However, a finite difference solution of the dispersion equation is associated with problems 

such as: 

(i) Numerical dispersion resulting in smearing of a sharp concentration front. 

(ii) Overshoot, occurring mainly at high Peclet numbers, that is when convective mass flux 

becomes dominant. 

These problems have been thoroughly investigated and an excellent discussion is given 

in the book by Roache (1977). When the time partial derivative ( is approximated using 

forward or backward differences and the diffusion and convection terms are approximated by 

central differences, stability analysis has shown that the criterion for no-overshoot requires: 

Pe(ox) < 2 (75) 

Equation (75) implies that the maximum allowable grid size (ox) required for no-

overshoot depends on the Peclet number; high Pe indicates that ox has to be kept sufficiently 

small otherwise overshoot will be observed. Figure 27 shows the finite difference solution of 

equation (2), for Pe=500 and grid sizes 0.1, 0.05, 0.03 and 0.004 when central and backward 

differences are used in the convection term. Mass flux to the beads was zero in this case, 

since the objective was to examine the behaviour of the finite difference solution. As can be 
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27 Behavior of the finite difference solution of the dispersion model at high Pee/et 

numbers when central or backward di fferences are used In the convection term 

(equations 55 and 56). 
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seen in figure (27.a) , use of central differences results in overshoot for any (ox) that doesn't 

satisfy equation (75). Overshoot is the smaller, the smaller the grid size (ox) is, and for 

ox<0.004 a stable solution is obtained. 

Overshoot can be avoided if the convection term is approximated by backwards instead 

of central differences. It has been proven that backward differences are consistent with the 

nature of the physical problems described by the transport equation. When central differences 

are used in the convection term, any disturbance introduced at a point (x) in the reactor will be 

transferred to both directions - upstream and downstream. This becomes increasingly impor-

tant when the flow is convection-dominated (high Peclet numbers) and is obviously unrealistic, 

since simple physical intuition requires that disturbances have to be transferred only down-

stream, along with the flow (transportive property). Backward differences make the convection 

term possess the transportive property and their application eliminates overshoot even for 

large grid sizes. Figure (27.b) gives the response curves of an immobilized enzyme bioreactor 

for Pe=500, when backward differences are applied in the convection term. As can be seen, 

oscillations have been eliminated, but the numerical solution results in a substantial smearing 

of the concentration front. Decreasing the grid size makes the numerical solution approach the 

solution of the original PDE. Comparing figures (27.a) and (27.b), it can be concluded that 

central differences in the convection term are superior than backward differences only after the 

stability criterion (equation (75)) has been satisfied. Backward differences may give non-

oscillatory solution, but the smearing of the response curve may be unacceptably severe. This 

can be explained as a result of the relatively high truncation errors introduced by backward 

approximations (1 st order errors) , as compared to those of central differences (2nd order 

errors). 
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6. COMPARISON BETWEEN THE TANKS IN SERIES AND THE DISPERSION MODELS. 

It was mentioned earlier, that the major disadvantage of the tanks-in-series model is that 

the model parameter (N) is by necessity an integer. As can be seen in Figure 14, this 

deficiency becomes particularly evident for mixing conditions close to those of a single CSTR. 

In this figure, the distance between the response of 1, 2, 3, 5 CSTRs in series is relatively 

large and when the objective is to determine (N) by fitting experimental data, experimental 

responses lying in between cannot be assigned a sufficiently accurate (N). On the contrary, 

for larger (N), the dynamic response curves are very close to each other (notice the distance 

between the response of 10 and 20 CSTRs in series) and the best (N) for a given experimen-

tal response can be determined much more accurately. 

The dispersion model, characterized by the dispersion coefficient DL is much more flexi-

ble and can be fitted, accurately, to experimental data in cases where the tanks-in-series 

model is inadequate. The problems associated with the finite difference solution of the disper-

sion equation, as has been previously discussed, appear mainly at high Peclet numbers. In 

this case, both models suffer from long computational time. It seems however that the tanks-

in-series model is more suitable in matching experimental data that are closer to the plug-flow 

pattern, as a very large number of grid points is required in the dispersion model to achieve a 

stable and sufficiently accurate solution at high Peclet numbers. 



66 

7. CASE STUDY: IMMOBILIZED UREASE REACTOR WITH RECYCLE LOOP 

The purpose of this section is to demonstrate the applicability of the proposed model for 

the simulation of fixed or liquid fluidized reacting systems with time-varying feed composition. 

For this purpose, the urea degradation reaction: 

(76) 

which is catalyzed by immobilized urease was chosen. The physical system is depicted in Fig-

ure 1. Urea solution is pumped at a constant rate from a reservoir, passed through the reactor 

and recycled back into the reservoir. Such a device can be part of an artificial kidney 

machine, used by chronic renal failure patients for the removal of urea from blood plasma. The 

reactor volume was taken equal to a full scale artificial kidney device (100 ml) and was 10% 

of the reservoir volume (1.0 L). The simulation experiments that follow will focus on the pred-

iction of the performance of the system at various operating conditions, and will also illuminate 

the effect of key parameters such as the liquid recirculation rate, and the particle diameter on 

the performance of the reactor. This analysis will reveal regions of optimum operating condi-

tions and maximum productivity. No attempt will be made to discuss aspects such as urease 

deactivation, inhibitory effect of NH/, choice of immobilization procedure, selection of the 

material for the immobilization beads etc. 

7. 1 Parameters of the system 

First, it is assumed that the enzyme activity is unaffected by the immobilization pro-

cedure. This means that the immobilized urease is characterized by the same kinetic parame-

ters as the soluble urease. The kinetics of the soluble urease have been found to be the of a 

Michaelis Menten form with the ammonium anion acting as a non-competitive inhibitor (Ollis et 

al. (1974). The kinetics of microencapsulated .urease have been studied by Sundaram (1973) 

and also by Ortomanis et al. (1984), who studied microencapsulated urease in a continuous 

stirred tank reactor. Nevertheless, it has been shown that at low urea concentration levels 
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(around 2g/L), a first order kinetic expression is quite satisfactory (Lewis and Middleman 

(1974)). This kinetic expression is adopted here and thus, the urea concentration in the reser-

voir is assumed to be below 2g/L. The first order rate constant used is 0.01125 s-1. 

To simulate conditions similar to those in an artificial kidney machine, the viscosity of the 

urea solution was taken the same as the viscocity of the human blood plasma (Dueck, (1985)). 

This value is 1.24x1 o-sm2/s. In the simulations that follow, the effective intraparticle diffusivity 

of urea in the immobilization beads was taken equal to its diffusivity in water, which is 

1.2x1 o-5cm2/s. 

The particle diameter varied between 0.02 and 0.05 cm. This range includes the particle 

sizes used by Arbeloa et al. (1985) in their microencapsulated urease reactor. The minimum 

fluidization velocity of the particles was taken as being the same as the experimentaly deter-

mined one in the above mentioned reference and equal to 7.7x10-3cm/s. Nevertheless, the 

simulation results presented here are not expected to reproduce the results by Arbeloa and 

Neufeld (1985), since they used a much higher urea concentration (between 6 and 11 g/L). In 

that case, immobilized urease is expected to exhibit nonlinear kinetics as opposed to the first 

order kinetics assumed in this study. The liquid superficial velocity in the reactor varied 

between 0.01 and 0.3 cm/s, and the height to diameter ratio was 2. 

For the determination of the external mass transfer coefficient, the Froessling equation is 

not applicable because of the very low Reynolds numbers in the reactor (between 0.01 and 1). 

A formula proposed by Galloway and Nelson was used instead (Hetsroni, 1982). 

The coefficient ~1 is given by: 

while y1 is given by: 

~1 = (1/y1 -1) Re1,2 sc1,s 
2 

(77) 

(78) 



68 

Y1 = (1 - E)1/3 (79) 

The coefficient (a) in equation 78 is an adjustable parameter. When a=0.6, the results of 

equation 77 approach the results of the Froessling equation at infinite dilution. The Galloway-

Nelson formula is suitable for very low Reynolds numbers and has the property of giving exter-

nal mass transfer coefficients that converge to zero as the liquid velocity approaches zero. 

or, 

The bed expansion was determined using the correlation by Richardson and Zaki. 

em= UIU; 

The parameter (m) depends on the Reynolds number: 

2R 
m = 4.65 + 20( Db ) Re,< 0.2 

2R m = (4.4 + 18(-
0 

))Re,-0.o3• 0.2 < Re, < 1 
b , 

The velocity u; in equation 80, is given by the following formula: 

log(u;) = log(ur) - 2R!Db 

7.2 Effect of the liquid superficial velocity 

(80) 

(81) 

(82) 

(83) 

The liquid superficial velocity in the reactor is a design parameter of primary importance. 

Its absolute minimum and maximum values are dictated by the minimum fluidization velocity 

(um,) and the particle terminal velocity (u,) respectively. The particle terminal velocity is: 

Ur= 50Umt· 

Even though liquid superficial velocities between Umt and u, are acceptable, as long as 

the fluidization characteristics of the bed are concerned, there are still two major factors that 

should be considered for optimum reactor performance; the magnitude of the external mass 

transfer resistance and the amount of the enzyme present in the reactor. High external mass 

transfer coefficient will facilitate the process of substrate transfer to the immobilized enzyme, 

while large amount of enzyme present in the reactor will provide the driving force for fast urea 
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conversion. The liquid superficial velocity affects both factors, but in a different way. Increas-

ing (u) reduces the external mass transfer resistance and facilitates the process of urea 

conversion. On the other hand, higher (u) results in higher bed voidage and consequently in a 

lower utilization of the available reactor volume. 

Figure 28 shows how the interparticle bed voidage (e) changes as the liquid superficial 

velocity changes. It can be seen that by increasing the liquid superficial velocity from 0.02 to 

0.25 cm/s the bed voidage increases from 0.52 to 0.9. This represents a 5 times decrease in 

useful reactor volume, even though the velocity 0.25 cm/s is only 65% of the particle terminal 

velocity. Figure 29 shows the effect of the liquid superficial velocity on the mass Biot number 

(Bm)- As expected, the mass Biot number increases substantially as (u) increases, since Bm is 

directly proportional to the external mass transfer coefficient. 

It is therefore expected that there exists an optimum range of liquid superficial velocities 

for which the performance of the reactor will be optimum. For this range, (u) will be large 

enough, so that external mass transfer coefficient will be reasonably high, and also low enough 

to ensure a sufficiently high utilization of the reactor volume, in that the bed porosity will be 

sufficiently low and the enzyme concentration high. A criterion for optimum reactor perfor-

mance will be taken as the time required for 50% urea conversion in the reservoir. 

Figures 30 and 31 show the persentage urea degradation in the reservoir, as function of 

time. It -can be seen that the conversion becomes faster as the liquid velocity increases from 

0.01, 0.02 and 0.1 cm/s. For this range of velocities, the improvement in the external mass 

transfer coefficient is sufficiently high to overbalance the loss in utilized enzyme due to bed 

expansion. As (u) increases further to 0.2, 0.25 and 0.3 cm/s, the performance of the reactor 

deteriorates. In this case, the improvement in mass transfer caused by the increase in (u) is 

not sufficient to balance the loss of useful space in the reactor. 

Figure 32 summarizes the results of several simulation experiments. In this figure, the 

time required for the conversion of the 50% of the urea in the reservoir is plotted against the 
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28 Effect of the liquid superficial velocity on the lnterpartlcle bed voidage, In a 100 
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31 Urea degradation as a function of time, for various liquid superticlal velocities. 

Height-to- Diameter ratio was 2. The particle diameter was 0.03 cm. 
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liquid superficial velocity. A minimum observed in this figure suggests that a range of optimum 

liquid superficial velocities is between 0.02 and 0.15 cm/s. This range can be narrowed further 

by introducing enzyme cost considerations. When u=0.15 cm/s, the bed voidage is 0.81, while 

for u=0.02 cm/s it is 0.44. This means that for approximately the same performance one has to 

use almost 3 times as much catalyst when the reactor is operated at the lower velocity than 

when it is operated at the higher one. This suggests that a range of optimum liquid superficial 

velocities is between 0.1 and 0.15 cm/s. 

7.3 Effect of the particle size 

The particle size is expected to affect the performance of the reactor when the intraparti-

cle diffusion resistance is sufficiently high. In this study the value of the intraparticle diffusivity 

that was used was obviously very high to affect significantly the performance of the reactor. 

Figures 33 and 34 show the percent urea degradation in the reservoir as a function of time for 

various particle sizes. The liquid superficial velocity was 0.1 cm/s and the height to diameter 

ratio was taken as 2. Table 1 summarizes these results. It is clear that the time required for 

50% urea degradation (f 50) is not significantly affected by the particle size. This, of course, is 

true for the range of particle size tested and the particular value of the intraparticle diffusivity. 

The slight improvement in the performance of the reactor at higher particle sizes is attributed 

to the slight decrease in interparticle bed voidage as we move to higher particle sizes (Table 

1 ). If intraparticle mass transfer was a problem, increase in particle size would have resulted 

in a deterioration of the performance of the reactor. 
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BeadRadius(cm) t50 (min) E 

0.01 57 0.77 

0.015 52 0.74 

0.02 52 0.731 

0.025 51 0.726 

Table 1 Effect of the bead size on the time required for 50% conversion of the urea In 

the reservoir and on the interpartlcle bed voidage (e). The liquid superficial 

velocity was 0.1 emfs while the height to diameter ratio was 2. 
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8.0 CONCLUSIONS - RECOMMENDATIONS 

8. 1 Conclusions 

A novel method is presented for the solution of the coupled partial differential equations 

that model the dynamic behavior of a fixed or liquid fluidized bed immobilized enzyme bioreac-

tor. 

The solution, in its final form, comes as a system of simultaneous ordinary differential 

equations; this is readily implementable on a computer and can be easily solved by commer-

cially available software packages. 

Based on this solution, a complete parametric analysis of an immobilized enzyme 

bioreactor was performed. That analysis revealed the importance of intraparticle and external 

mass transfer resistances, intraparticle chemical reaction and axial dispersion on the transient 

behavior of the reactor. Most impo~ant, that analysis revealed ways for parameter estimation 

and system identification via simple dynamic experiments. 

The author hopes that this model will be of assistance to people working in the general 

area of design, control and optimization of immobilized enzyme bioreactors and in general, of 

solid - liquid catalytic reactors. 

8.2 Recommendations 

The assumptions inherent in the proposed model have been discussed in parts 2.1 and 

2.2 of this thesis. The author would like to stress two major limitations of the presented work. 

1: The proposed method of solution can handle only first order intraparticle reaction kinetics. 

As long as the model is used for mass transfer and residence time distribution stu-

dies, this is not a limitation, since the model is ideal for the interpretation of transient 

data for non reacting systems. When it comes to the prediction of the performance of 

a bioreactor, the model results will be reliable only when the substrate concentration 
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will be sufficiently low. In this case the enzymatic Michaelis Menten kinetics approach 

first order kinetics. To overcome this problem, and be able to handle any non linear 

form for the reaction rate, one can follow two ways: 

1.1) Ignore the transient state and derive the steady state solution, for a non linear expression 

for the reaction rate. This will be sufficient for the prediction of the steady state 

performance of the bioreactor. This will be a good supplement to the already pro-

posed solution for the transient behavior; the transient model can be used for the 

estimation of the mass transfer and dispersion characteristics of the reactor by 

interpreting transient data. Based on these data, and a non linear reaction rate, 

the steady state model can be used for prediction of the conversion in the reac-

tor. For this model.straight forward finite differences can be used. 

1.2) Use advanced numerical methods and obtain a complete numerical solution for the tran-

sient model equations. The method of lines and the method of orthogonal collo-

cation are among the methods that can be used for this purpose. The authors 

experience with finite differences makes him worry of their use for the solution of 

the transient model equations. 

2. The assumption of constant intraparticle enzyme activity and constant intraparticle 

diffusivity can be of concern in certain experimental systems. Inclusion of a time 

and distance variable intraparticle diffusivity can i~crease enormously the 

required computational time, and will only slightly improve the accuracy of the 

model predictions. Such phenomena can be identified from experiments in simple 

to model systems (e.g in a single CSTR without external mass transfer resis-

tance). Consequently, it is recommended that such effect should be modelled in 

the simplest possible system. 
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