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ABSTRACT 

The phenomenological equations of continuity, momentum and energy for laminar flow in 

a tube are solved using a fully implicit finite difference technique. A novel "four point staggered 

grid" system is developed in which the primary variables of axial and radial velocity, pressure and 

temperature are positioned at different places in each grid block. Furthermore, nodal points are 

located in the regions of highest velocity and temperature gradients, i.e. at the entrance and wall. 

A mass balance error of 0.05% is obtained with five radial blocks under Poiseuillian flow condi

tions. A similar uneven distribution for time is applied to unsteady state problems. 

Numerical results for the Graetz constant property problem, Szymanski start-up problem 

and Boussinesq entrance region problem for Newtonian fluids are in excellent agreement with 

analytical and experimental results. Subsequently, non-Newtonian steady and unsteady flow in 

the entrance region of tubes as well as laminar forced convection for variable viscosity fluids using 

three viscosity-temperature models are examined. Comparisons are made to resolve some of the 

differences between the existing correlations for friction factor and Nusselt number in the 

developed as well as developing regions. Pressure discontinuities in the entrance region are 

reported and transient phenomena in this region are described for both Newtonian and non

Newtonian fluids. 
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CHAPTER 1 

INTRODUCTION 

Transport phenomena are of great importance in many aspects of engineering. Heat 

transfer and fluid flow are of major concern in the chemical and metallurgical industries for the 

design of such components as reactors, condensers, heat exchangers and furnaces. The 

functioning of aircraft and rockets are determined by the movement of air and combustion of 

fuels. Heating and air conditioning of buildings are governed by the physics of fluid flow and 

heat transfer. 

In this investigation of transport phenomena of flow in conduits under laminar condi-

tions, special consideration is given to the following three fundamental problems: 

(1) entrance or developing region flow, 

(2) transient start-up flow, and 

(3) laminar forced convection. 

Graetz (1885) initially treated the problem of laminar forced convection. Boussinesq 

(1891) studied flow development in the entrance region. Szymanski (1932) obtained a solu-

tion for start-up flow. The classical analytical methods used to obtain these solutions are 

often difficult to apply to multivariable multidimensional problems. However, the advances in 

computer hardware and software technology have made it possible to study very complex 

processes numerically. Among the first numerical investigations was that by Kays ( 1955) who 

studied laminar forced convection in the hydrodynamic entry region for low Prandtl number 

fluids. 

In this study, a multi-purpose numerical solution method is developed for steady or 

unsteady laminar fluid flow and heat transfer problems for Newtonian or non-Newtonian 
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(power-law) fluids in circular conduits. The phenomenological equations of continuity, axial 

and radial momentum, and energy are solved using an implicit finite difference technique. A 

novel '"four point staggered grid• system is proposed in which the primary variables of pres-

sure, axial and radial velocity and temperature are positioned at different places in the grid 

block. Grid blocks are concentrated in the regions of highest gradients and co"1)arisons are 

made against the Hagen-Poiseuille law and the Graetz solution for optimization. Solutions for 

the hydrodynamic developing region for Newtonian and non-Newtonian fluids are presented 

and anomalies in pressure gradients are discussed. Results for transient start-up flow in long 

and short pipes for Newtonian and non-Newtonian fluids are given. Finally, solutions for lam-

inar forced convection in fluids with temperature dependent viscosity are presented. Some of 

the differences that exist in the literature regarding the correlations of non-isothermal Nusselt 

number and friction factor are resolved. A simple expression for local Nusselt number in the 

thermally developing region is proposed and demonstrated to be in excellent agreement with 

the Graetz Nusselt number for the constant wall temperature boundary condition. 
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The equations of conservation of mass, momentum and energy can be found in their 

entirety numerous text books eg. Bird et al. ( 1960); these equations are listed in Appendix A. 

These equations provide the framework with which unsteady laminar flow problems are inves-

tigated. In this Chapter, details regarding entrance region flow development, start-up flow and 

laminar forced convection are introduced and some of the relevant work is discussed. Porter 

(1970) provided a detailed review of laminar heat transfer for Newtonian and non-Newtonian 

fluids. A more recent review of literature pertinent to transient flow was given by Balmer and 

Fiorina (1980). Fargie and Martin (1970) made reference to various studies concerning lam-

inar flow in the entrance region. 

2.1 Developing Laminar Flow 

A uniform velocity profile may be assumed for flow into a pipe from a large reservoir. 

As the fluid moves down the pipe a boundary layer forms at the wall and gradually spread 

inwards. At some point along the length, the boundary layer converges to the centre and the 

fully developed velocity profile is achieved. The hydrodynamic entry length, x, is defined as 

the distance from entry at which the centre-line velocity is 99% of the fully developed centre-

line velocity. In non-dimensional form, the entry length, f,, is defined as, 

f, = xl(ReD) (2.1.1) 

Many analytical approaches to the problem have been postulated, but agreement b~tween the 

different methods is poor. The range of the calculated entry length, f, , is from 0.026 (McCo-

mas, 1967) to 0.068 (Campbell and Slattery, 1963), and these differ by a factor of 2.6. 

The equations governing flow development include axial momentum, radial 
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momentum and continuity. The nonlinearity in the inertia terms presents analytical difficulties. 

The earliest treatment of this phenomenon was by Boussinesq (1891), who divided the 

entrance region into two zones. The inlet region was treated as a boundary layer problem, 

whereas for the downstream region a series solution was derived as perturbations of the fully 

developed velocity profile. Langhaar (1942) treated the problem by linearizing the momentum 

equation. Another approach involved dividing the radius into two regions, an inviscid core and 

a developing boundary layer and then applying the integral form of the continuity and momen-

tum equations (Schiller, 1922). The finite differencing solution method of Friedmann et al. 

(1968) is of particular interest because the initial velocity profiles were predicted to be con-

cave in the core instead of being convex or flat. More recent analytic studies of flow develop-

ment by Martin (1973) and Collins (1975) have included viscous heating and variable viscosity 

effects. Collins used a finite difference method but did not record the existence of concave 

velocity profiles. 

Experimental studies in flow development include those by Nikuradse (1942) 

[reported by Prandtl and Tietjens (1957)), Pfenninger (1952), Emery and Chen (1968), and 

Fargie and Martin (1970) . Results from the experimental measurements are varied, but,; is 

generally reported to be greater than 0.05. 

The behaviour of non-Newtonian fluids in the entrance region of tubes has been stu-

died by Collins and Schowalter (1963), Bogue (1959), and Tomita (1961). Bogue considered 

both pseudoplastic and dilatant fluids whereas Collins and Schowalter solved the problem for 

pseudo plastic flu ids only. 

2.2 Transient Flow 

Szymanski (1932) obtained a solution to the problem of laminar start-up flow in long 

pipes using a solution method based on separation of variables. Balmer and Fiorina (1980) 
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subsequently solved the axial momentum equation numerically for Newtonian and non-

Newtonian fluids. They further studied the effect of a pressure pulse inlet boundary condition. 

Gor1a and Madden (1984) solved the same problem using a variational approach. A unified 

analytical approach was used to model surge-type transient problems in which the forcing 

function depends on the motion itself (Letelier and Leutheusser, 1976). Experimental meas-

urements were made for a variety of boundary conditions. Experimental agreement with 

Szymanski's solution was found for long tubes verifying the assumption that radial momentum 

effects are negligible (Letelier and Leutheusser, 1976). 

No literature is available concerning laminar start-up in the entrance region of tubes 

for non-Newtonian or Newtonian fluids. Otis (1985) proposed a start-up parameter which took 

into account the head loss necessary to accelerate the fluid from a reservoir into a relatively 

short pipe. However, entrance region effects in short pipe lengths were shown to be 

incorrectly neglected (Patience and Mehrotra, 1987). Clear1y, radial momentum effects will be 

significant and therefore the complete Navier-Stokes equation rrust be considered. 

2.3 Laminar Forced Convection 

Much experimental work has been reported with regards to heat transfer in laminar 

flow in pipes. Pioneering research on the effect of temperature dependent viscosity on heat 

transfer and pressure drop was performed by Seider and Tate (1936). Further experimental 

work by Kem and Othmer (1943) was performed to determine the effects of natural convec-

tion. The advances in measurement techniques such as anemometry, hot wire probes, and 

visualization methods have allowed for the collection of more acairate data. Test (1968) was 

able to determine velocity and temperature profiles which allowed for the calculation of the 

local friction factor and the local heat transfer coefficient. 

Heat transfer characteristics of Newtonian fluids have been treated theoretically by a 
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number of investigators. Graetz (1885) initially studied this problem for constant property 

fluids with a fully developed parabolic velocity profile. Sellars et al. (1956) subsequently 

extended the Graetz problem to include arbitrary wall temperatures and heat flux variations. 

Since then, many analytical and numerical investigations have been made to account for tem-

perature dependent physical properties and undeveloped velocity profiles. 

The first theoretical treatment of heat transfer to fluids with variable viscosity was by 

Deissler (1951) who obtained a solution in the fully developed thennal region for fluids whose 

viscosity was proportional to an exponent of temperature. Yang (1962) used an improved 

integral analytical method to show quantitative effects of variable viscosity on the heat transfer 

characteristics and velocity field over the entire thermally developing region. An inverse linear 

viscosity-temperature relationship was used by Yang. Test (1968) obtained a numerical solu-

tion to the Graetz problem for fluids whose double-log of viscosity varies with the logarithm of 

te"l)erature, and compared these with his data. Recently, Herwig (1985) used the results of 

Yang and Deissler to verify his analytical solution method which inctuded radial momentum 

and temperature dependent viscosity, density, heat capacity, and thennal conductivity. 

Many numerical investigations have been made on laminar forced convection includ-

ing those of Kays (1955), Koppel and Smith (1962), Test (1968), Collins (1970), and Patankar 

(1980). In general, these investigations have discretized the differential equations while 

neglecting axial conduction so that the equations are parabolic and therefore a marching solu-

tion scheme could be used. Point distributed evenly spaced grid systems are generally used 

by these researchers. 
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The partial differential equations for the continuity, axial and radial momentum, and 

energy equations for steady laminar forced convection in polar coordinates are given in 

Appendix A. These differential equations are derived by performing a mass, momentum and 

energy balance over a stationary elemental volume and then taking the limit as the volume 

approaches zero. For numerical simulation, researchers have discretized the differential 

equations. To ensure conservation of mass and energy, additional equations such as the glo-

bal continuity equation (Joshi and Bargies, 1981) and the stepwise integral energy equation 

(Collins, 1980) are introduced. In the present investigation, the phenomenological equations 

are used directly as the starting point, hence conservation of energy, mass and momentum is 

ensured regardless of the number of grid points. That is, 

INPUT + GENERATION - OlITPUT - ACCUMULATION = 0 

And thus, additional equations for conservation of mass, momentum and energy are not 

required. 

The calculation domain is divided into non-overtapping elements. For the present 

sy~em, the volume element is a cylindrical shell with inside radius r1_1,2, outside radius r1+112 

and length Ax;. The phenomenological equations of continuity, axial and radial momentum 

and energy take the following form: 

Continuity; 

(3.1.1) 



Axial Mo~ntum; 

V(pur-pur+1)1ru 11 + x. (pu~-1 - pu~)/2 + s. Yj(pU~-P"v-1) + Xa(P;-1-P;) + 

S.,, (t.1 );+112 - Su (t.1X;-1,2 + X,. [{µ.-1+µ. )(u;-1-U; )/(6x;-1+6x;) + 

{µ.+JJ.;+1)(U;+1-U; )/(6x;+1+6x; )] = 0 

Radial Momentum; 

Energy; 

V(pvr -pvr+1)/~" + [S.pv\+1 -S.pv\]/'2 +XaU;(pV~+1-PvD + 

Xa C(t, );+112 - (t, );-1nJ + S,.i (t") - CS .. (Pj+1-Pi )- Su (PrPj-1)]/2 = 0 

VCp (pTr - pTr+i )/ru" + X,. Cp (puT~-1 - puT~) + Cp CS .. pvT~+1 - Su pvT~] + 

8 

(3.1.2) 

(3.1.3) 

le CS1111 (Tj-Tj-1)/(rrr;-1)- S.-(T;+i-T; )l(r;+1-r; )] + Vµ[[(u;+1-Uj )l(rj+1-r1~1 + [(uru;-1)/(rrri-1)]2]/'2.0 

where, 

V = 1t(r/H12-r/ .. 112)6x; 

X,. = 1t(r/+112-r/:-112) 

S.,, = 1rr}+112/lx.; 

s. = 'lrT/:-112/lx.; 

pun = PiJUi.jTi.j 

(3.1.4) 

The primary variables are axial velocity,", radial velocity, v, pressure, P, and temperature, T. 

The subscripts, i and j, for the primary variables refer to grid block i J. For fluid properties (p 

and µ), the subscripts ref er to spatial location. The cylindrical shell is illustrated in Figure 

3.1.1 together with the terms in the continuity equation. The arrows indicate the direction 

mass may be transported. Note that the rate of mass accurrulation within the volume element 

has not been shown in this figure. 



2.,,. 'J + 1/2 6 •1P1,J+I vi ,J+I 

.,, (,1+~12- ';-~12 )Pi,J u,,1 

Figure 3 .1.1 : Elemental Mass Balance 
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The viscosity at the radial boundary, µi+112, is calculated using radial harmonic mean 

averaging (Aziz and Settari, 1983): 

(3.1.5) 

Axial shear stress, (ti l+112, and radial shear stress, (t, 1+112, are determined from the following 

expressions: 

(3.1.6) 

(t, ~+1/2 = (JJ..+1 + )(Yi+l - Yi )/Uu; (3.1.7) 

3.2 Geometric Considerations 

The placement of primary variables (i.e. pressure, axial velocity, radial velocity, and 

temperature) at different locations in the grid system is referred to as a "staggered" grid. The 

"staggered" grid for velocity was first used by Harlow and Welch (1965) to overcome the 

difficulties associated with the discretization of the first derivatives using central differencing. 

When the interfacial primary variable is expressed as a mean, a situation arises in which the 

first derivative is the difference between alternate grid points instead of adjacent grid points. 

In Equation 3.2.1, the central difference approximation, for pressure, is expressed as the 

difference between two alternate grid points. 

P;-P;+1 P;-1 - P;+1 
2 = 2 (3.2.1) 

The staggered grid employed by Harlow and Welch positioned the velocity components, u 

and v, at the grid boundaries while other variables were calculated at the centre. Advantages 

of this grid system inciude simple expressions for the continuity equation, i.e. no interpolation 

at grid boundaries for the relevant velocity components, and silll)le backward difference 

expressions for pressure (Patankar, 1980). 
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In this study, radial velocity is positioned in the centre of the radial boundary whereas 

pressure, instead of axial velocity, is positioned at the centre of the interface axially as illus-

trated in Figure 3.2.1. Tel11)8rature and axial velocity are calculated at the centre. Simple 

backward differencing of axial velocity is used, therefore interfacial velocities are not calcu-

lated. Distributing pressure at the axial interface simplifies convergence criterion expressions 

since interfacial pressures at the outer axial boundary are unnecessary. 

Locating the radial velocity component at the interface presents computational 

difficulties. Radial velocity at the centre and wall is zero therefore the number of equations for 

each axial section is one less than for the nurrber of unknowns for each of pressure, tel'l1)8ra-

ture, and axial velocity. This inconsistency is corrected by adding a grid point at the centre of 

the first grid. This extra point is ignored in the continuity and energy equations but is neces-

sary for axial momentum. 

The radial normal stress is discretized in a novel way. Since radial velocity is posi-

tioned at the interface, discretizing a second order partial differential equation is difficult 

because three locations are required. Initially, three interf acial nodes were used for discreti-

zation. However, difficulties were encountered, particularty for the flow development problem 

in which radial velocities towards the wall were calculated. To overcome this, it was assumed 

that the radial velocity at the centre of the grid is the average of the interf acial velocities, pro-

viding the extra grid point necessary. This approach may be described as discretizing surface 

area. The discretized form for the radial normal stress becomes: 

Sa . ('t,,.) . = (S°"-Saj) Vj+l - (Saj - Saab) Vj 
'I 'I µ rj+l/'X-rj-1/2 

(3.2.2) 

3.3 Boundary and lnltlal Conditions 

The boundary and initial conditions applicable to the flow systems considered are: 



I 

-i -1-- - - - - - -- -1- - - - - - i -
I I I 
• • • ' • • • 
I i-1,j+I i, j + I i+l,j+I I I - - -I----;_ -

_ .... __ -t-
I Vi, j+ I I 
1 • - • Pi-I, j • P· . • ' it I .J 
I i-1, j 

u . . T· . i+I, j I ••• I• J 

- - -1- -- - - - - ----- -4 -
I V· . I I I .J 
I I I 
+ • • • • ' I i-1,j-l i , j-1 I i+l,j-1 I 

I I I 
-- -l---e-~ 

__ _.,_ - --+-- --+----t-
r I I 

I I I 

X 
Figure 3.2.1: Geometric Distribution of Variables -N 



Boundary Conditions: 

at r = R, 

u (.x ,R ,t ) = v (.x ,R ,I) = iJP (.x ,R ,I )liJr = 0; T (.x ,R ,I) = T.,., 

at r = 0, 

at X = 0, 

Initial Conditions: 

at t = 0, 

iJu (x ,OJ) _ av (x ,OJ) _ aP (x ,OJ) _ aT ca;o,,) _ O 
b - b - b - -

v(O,r J) = O; P (0,r J) = P0 ; T(O,r ,t) = T0 

u (.x ,r ,0) = v (.x ,r ,0) = 0; P (.x ,r ,0) = PL . 

Unless otherwise stated a flat velocity profile· at the inlet is assumed. 

3.4 Assumptions 
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(3.3.1) 

(3.3.2) 

(3.3.3) 

(3.3.4) 

Fluid properties have been assumed independent of pressure limiting the present 

model to liquids only. For liquids, viscosity plays a dominant role in influencing pressure drop 

and heat transfer therefore its variation with temperature is allowed for in full. Other property 

variation with temperature is ignored except for density. 

Physical properties are calculated at the centre of the blocks. Radial interfacial block 

properties are determined from harmonic mean averaging. Since axial variation of physical 

properties is not as significant as in the radial direction simple arithmetic mean averaging is 

used at the axial interface. 

Flow is considered in a horizontal straight tube, hence the effect of gravity is absent. 
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The fluid is inco"1)ressible and the buoyancy effects are ignored. These assumptions eff ec-

tively eliminate consideration of circumferential effects, i.e. the momentum equation in the 

tangential direction and all derivatives with respect to 8 are assumed to be zero. 

Finally, non-Newtonian effects in the radial direction are ignored. Due to the fact that 

the radial velocity is orders of magnitude smaller than the axial velocity, the radial shear 

effects will be insignificant. 

3.5 Fluid Propenles 

· The following three viscosity-temperature relationships are studied: 

Deissler: 

Yang: 

Test: 

µ/µ.., =(TIT w )-1.6 

µ = µ..,i(l + ~) 

log log(v+0.8) = -3.16 log(T) + 9.1 

(3.5.1) 

(3.5.2) 

(3.5.3) 

The double-log relationship for viscosity is usually applied to petroleum liquids, whereas the 

relationship used by Deisster is common for liquid metals. 

The Oswald de Waele (1926) power-law relationship is used to describe the relation-

ship between the shear stress and shear rate for non-Newtonian fluids; 

t = K (duldr Y' (3.5.4) 

Dilatant fluids are those for which the flow behaviour index, n, is greater than 1. Pseudoplas-

tic fluids are those for which n is less than 1 . Typical non-Newtonian pseudoplastic fluids 

include heavy oils, greases, polymer melts and suspensions. Examples of dilatant fluids, in 

which the apparent viscosity increases with increasing shear, include concentrated solutions 

of sugar in water and aqueous suspensions of rice (at certain concentrations). 
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A Newton-Raphson iteration scheme is used to solve the conservation equations 

(Equations 3.1.1 through 3.1.4) simultaneously. As is illustrated in the flowsheet (Figure 

4.1.1 ) the energy equation is decoupled from the transport equations and solved first with 

assumed velocities and pressures. The continuity and momentum equations are subse-

quently solved with the calculated temperature field. Updated velocities are then used in the 

energy equation. This procedure of Collins (1980) is repeated until convergence of axial velo-

city is obtained as indicated in Figure 4.1.1 . For systems of equations, the Newton-Raphson 

scheme is of the following form: 

(4.1.1) 

where r is the residual vector, J-1 is the inverse of the Jacobian and x is the solution vector. 

For two dimensional problems, the Jacobian is a pentadiagonal matrix which is inverted by 

standard Gaussian elimination without pivoting and subsequently solved in a band matrix sub-

routine called GBAND (Aziz and Settari, 1983). The calculations were performed on the 

University of Calgary CDC CYBER 205 super computer. 

4.2 Grid Block Structure 

Previous numerical treatments of Collins (1980), Test (1968), and Kays (1955), 

neglected axial diffusion of energy and momentum. This approximation effectively 

transformed the Navier-Stokes equations from a set of elliptical to a set of parabolic differen-

tial equations. The subsequent solution procedure may be optimized by using a marching 

numerical technique which minimizes the storage requirement. Computational requirements 

for solving the elliptic equations are greater than those for the parabolic e(JJations. 
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Many researchers have el'11)1oyed an evenly point distributed grid with as many as 80 

radial nodal points (Collins, 1980). The disadvantage of a point distributed grid is that mass 

and energy balance errors are introduced at both the wall and centre-grid blocks, when the 

nodal point is placed on the boundary. Clear1y, the average block temperature or velocity is 

not on the boundary. Further computational difficulties arise from point distribution with 

regards to shear stress and temperature gradients. Three nodal points are required to discre-

tize a second derivative, therefore the finite difference expressions for radial conduction and 

shear stress are complicated at the boundaries by an insufficient number of nodal points. 

A block-centred radial grid avoids these difficulties by placing all nodal points at the 

centre of the blocks. Shear stress, heat flux, and the gradients of radial velocity and pressure 

at the centre-line are zero. The wall boundary conditions of temperature and velocity are 

specified, hence discretization of the gradients for heat flux and shear stress for the block 

adjacent to the wall is straightforward. The block-centre distribution scheme together with the 

discretized form of the wall shear stress and heat flux are illustrated in Figure 4.2.1. 

Although conservation of mass, momentum and energy is ensured by solving the 

phenomenological equations diredly, mass balance errors may be introduced through the 

inlet boundary condition and nodal point distribution. Therefore, the following block and nodal 

point distribution equations are proposed to minimize mass balance errors. Moreover, an 

important feature of the following grid distribution is that the blocks are concentrated near the 

wall providing a greater resolution of the velocity and temperature gradients in this region. 

(4.2.1) 

In Table 4.2.1, the deviations from the analytical velocity profiles are given for three 

different values of er and three fluids, Newtonian (n-1 ), pseudoplastic (n-0.5) and dilatant 

(n-1.5). Note that cr=l in Equation 4.2.1 gives an evenly distributed grid whereas cr=2 gives 
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Table 4.2.1 : Percent Deviation from Analytic Velocity Profile 

(5 Radial Blocks, Equation 4.2.1) 

Percent Deviation 

ri/R n=0.5 n-1.0 n=1.5 

Cr= 1.0 0.1 2.10 0.93 0.50 
0.3 1.90 0.85 0.53 
0.5 1.40 0.60 0.39 
0.7 0.22 0.00 -0.01 
0.9 -3.80 -1.20 -2.20 

Cr= 1.73 0.1667 0.45 0.190 -0.51 
0.4605 0:04 0.006 0.03 
0.6986 -0.45 0.009 0.13 
0.8754 -0.30 0.086 0.14 
0.9814 -0.20 0.140 0.29 

Cr= 2.00 0.19 0.30 -0.34 0.42 
0.51 -0.09 0.01 0.07 
0.75 -0.11 0.21 0.25 
0.91 0.00 0.32 0.34 
0.99 0.80 0.75 0.55 
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Table 4.2.2: Optimization of Cr with Number of Radial Blocks 

Percent Deviation in Mass Balance 

Nr Optimum Cr Cr = Optirrum Cr= 1 Cr• 2 

n = 0.5 1 1.93 <0.05 -45.8 3.65 
3 1.34 <0.05 -6.10 0.80 
5 1.30 <0.05 -2.20 0.46 

10 1.26 <0.05 -0.55 0.07 
20 1.23 <0.05 -0.14 <0.05 

n - 1.0 1 1.n <0.05 50.0 12.5 
3 1.54 <0.05 -5.6 -0.39 
5 1.73 <0.05 -2.0 -0.06 

10 1.81 <0.05 -0.5 <0.05 
20 1.84 <0.05 -0.13 <0.05 

n - 1.5 1 1.71 <0.05 -50.7 16.2 
3 1.57 <0.05 -5.47 -0.95 
5 1.54 <0.05 -1.96 -0.27 

10 1.50 <0.05 -0.49 -0.05 
20 1.47 <0.05 -0.12 <0.05 
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a parabolically distributed grid. For example, with 5 evenly distributed block-centred radial 

grids, an error of 2% in mass balance was obtained. This was decreased further to only 

0.05% when an optimized grid distribution, based on minimum mass balance error with 

c,=1.73, was used. Optimized c, 's are given in Table 4.2.2 together with the error in mass 

balance prediction for 1, 3, 5, 1 O and 20 radial grid blocks of Newtonian and non-Newtonian 

fluids. Evenly and parabolically distributed grids are included. Note that, for a Newtonian fluid 

with one radial grid block the radial point is positioned at r IR • 0. 7071 which corresponds 

exactly to the location of the mean velocity. Mass balance errors are significantly reduced 

using the optimized grid when only a few radial grid blocks are used. 

Different schemes for radial nodal point distribution were tested including the centre of 

mass, radial mean and volume mean. For the momentum and continuity balance, the nodal 

point distribution given as Equation 4.2.1 was once again found to be superior. Finally, the 

advantages of an unevely distributed axia! grid of the following form were investigated: 

(4.2.2) 

Note that c" -1 gives evenly distributed axial grids whereas c" -2 gives parabolically distributed 

grids. Values of c" greater than 1 provide a larger number of grid blocks in the entrance 

region where large gradients of temperature and axial velocity occur in heat transfer and 

developing entry region flow calculations, respectively. Similarly, an irregular time distribution, 

determined using Equation 4.2.3 with c, greater than 1, provided for a larger number of time 

steps in the early stages of transient problems. 

(4.2.3) 

4.3 Convergence 

Pressure or flow rate may be specified as the inlet boundary condition. A Newton-
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Raphson iteration scheme is used to accelerate convergence for the constant pressure drop 

boundary condition. The residual equation is of the following form: 

(4.3.1) 

where M'1 is the calrulated pressure drop. The iteration scheme to update average velocity 

becomes: 

uk+l = jilr. _ (iil!.-uk-1)/ k/(J"-f lr.-1) (4.3.2) 

For the mass flow rate case, calaJlated pressure ( P:) at the inlet was updated by 

P§+1 = P: + (Pf-PL) (4.3.3) 

The Szymanski solution was used as an initial guess at every time step for Newtonian fluids. 

Volumetric flow rate was updated for non-Newtonian fluids according to 

(4.3.4) 

In all calculations, convergence using Equation 4.3.4 was obtained within six iterations. 
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Many analytical and numerical investigations have been presented to determine the 

hydrodynamic characteristics of flow in the entrance region of tubes with a flat inlet velocity 

profile. In this study, the hydrodynamic entry length was calculated to be 0.056 for a Rey-

nolds number of 1229. This result is in agreement with 0.057 (Hornbeck, 1964), 0.057 

(Langhaar, 1942), 0.056 (Friedmann et al., 1968), 0.056 (Vrentas et al., 1966), 0.056 (Spar- · 

row et al., 1964) and 0.055 (Christiansen and Lemmon}. 

Comparisons of the centre-line velocity were made against the experimental and 

theoretical work of Martin and Fargie (1970), Nikuradse (1942), and Friedmann et al. (1968). 

Centreline velocity measurements of Nikuradse, and Martin and Fargie are compared with the 

results of the present work in Figure 5.1.1. The data of Fargie and Martin ( 1970) indicate the 

dimensionless entry length decreases slightly at lower Reynolds number but this trend was 

not supported by their numerical calaJlations. The overall accuracy of the experimental 

measurements was estimated to be 6%. 

The disagreement between the data and the analytical results of Fargie and Martin 

was attributed to viscous dissipation (Martin and Fargie, 1970) and/or the sharp tube entry 

used (Martin, 1973). For fluids with highly temperature dependent viscosity, self induced tem-

perature gradients caused by viscous dissipation may significantly modify the velocity profile. 

Collins ( 1975) showed that viscous dissipation did not have any substantial effect on flow 

development. Results from the present numerical calculation, with the viscous dissipation 

included, support the conclusions of Collins. 
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Data measured by Nikuradse are included in Figure 5.1.1. Comparisons of the 

present solution and Nikuradse's measurements are good. Differences are evident near the 

end of the flow developing region where the present numerical solution results are in better 

agreement with Fargie and Martin's measurements. The results of Fargie and Martin's analyt-

ical model matched well with Nikuradse's data as did the numerical solution of Collins. 

Previous analytical investigations of the flow development problem have not 

addressed the phenomenon concerning radial or axial pressure gradient anomalies. The 

existence of a concave or ·kinked. velocity profile has been noted by Friedmann et al. (1968), 

Vrentas et al. ( 1966) and Gillis and Brandt ( 1965) and is verified in this study. In Tables 5.1 .1 

and 5.1.2, results concerning the kinked velocity profile are presented together the with radial 

and average local axial pressure drop predictions for small;. The length at which the kink in 

the velocity profile exists was found to be much smaller than that reported by Friedmann et al. 

For a Reynolds number of 500, they predicted the kink to persist up to ; - 0.011 whereas the 

concavity was found to persist up to ; •0.0031 in this study. MaximJm velocities were 

reported to be no more than 5% of the centre-line velocity by Vrentas et al. Friedmann et al. 

calculated maximJm velocities greater than 18% of the centre-line at a Reynolds number of 

500. In this study, a maximum deviation from the centre-line velocity is calculated as 4.5% at 

a Reynolds number of 500. The extent of the concavity is shown to decrease with increasing 

Reynolds number. 

Inconsistencies in pressure predictions are evident by comparing the radial pressure 

drop compared to the average local axial pressure drop. At a Reynolds number of 1229, M'x 

is greater than M' r over the range of ; considered. However, the radial pressure drop is 

shown to be greater than the axial pressure drop at small; for a Reynolds number of 500. As 

a consequence, the upstream axial pressure at the wall is less then the downstream pressure. 

Clearly, this inequality would result in flow against a pressure gradient and may indicate the 
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Table 5.1.1: Newtonian Flow Development, Reynolds Number= 1229 

-; r/R Uclii Umulii M'r M';i 

0.000063 0.810 1.0535 1.0851 638 752 
0.00027 0.567 1.1359 1.4444 167 626.7 
0.00061 0.525 1.1924 1.1943 35.9 515.3 
0.00107 0.438 1.2387 1.2393 12.3 485.3 
0.00164 0.345 1.2820 1.2825 6.3 481.1 
0.00230 0.245 1.3238 1.3239 3.8 481.9 
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Table 5.1.2: Newtonian Flow Development, Reynolds Number= 500 

-r/R Uc Iii UmnlU M',. M'" 

0.000051 0.887 1.0289 1.0752 280.8 118.2 
0.00022 0.780 1.0894 1.1291 153.0 87.6 
0.00050 0.681 1.1558 1.1762 73.3 81.4 
0.00087 0.567 1.2109 1.2186 29.9 74.1 
0.0013 0.482 1.2551 1.2579 12.1 70.0 
0.0019 0.392 1.2939 1.2951 5.8 69.0 
0.0025 0.296 1.3306 1.3312 3.5 69.3 
0.0031 0.193 1.3663 1.3665 2.4 70.0 
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existence of a vena contracta. The magnitude of the pressure abnormality is evidently not 

great for high Reynolds number but was found to be significant at low Reynolds numbers. 

At low flow rates, the significance of the axial diffusion of momentum increases. 

Vrentas et al. (1966) showed that for Reynolds number larger than 250 the convective tran-

sport of momentum is much greater than the molecular transport of momentum. However, 

Campbell (1960) determined that, even for Reynolds number of 600, 12% of the drag force is 

attributable to axial diffusion of momentum at ; = 0.0001. Vrentas et al. further proposed that 

for low Reynolds nurroer flow the diffusive mode of transport will be large enough to substan-

tially affect the velocity profile upstream of the tube entrance. Partial development of the velo-

city profile is reported for Reynolds number less than 50. 

Another consequence of the assumed boundary condition of uniform axial velocity at 

the entry is radial flow against a radial .pressure gradient. This phenomenon may be 

described by comparing the velocity and pressure differences at a point in the flow developing 

region (1) to a point in the fully developed region (2). In Table 5.1.3, axial pressure gradients 

at the wall and centre-line are given together with the normalized velocity. Clearty, 

Uw,1 > Mw.2 and Uc,1 < Uc.2 (5.1 .1) 

The wall velocity at point (1) is almost ten times the fully developed wall velocity whereas the 

centre-line velocity at point (1) is approximately half of the fully developed. Similar inequali-

ties for pressure drop are: 

M'w,1 > M'w.2 and M'c,1 < M'c.2 (5.1 .2) 

Since 

(5.1 .3) 

then 



Table 5.1.3: Comparison of Velocity and Pressure Drop in the Entry 

Region (1) to the Fully Developed Region (2). 

Point (1) Point (2) 

= 0.0004 = 0.063 

w,1 c,1 w,1 c,2 

r/R 0.9983 0.0428 0.9983 0.0428 

u Iii 0.0593 1.04 0.0068 1.98 

M'I~ 221000 64000 4590 4590 

29 
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M'w,1 > M'c,1 and Pw,1<.l'c,l (5.1.4) 

The pressure gradient at the wall is approximately four times the pressure gradient at the cen-

tre as shown in Table 5.1 .3. Therefore the absolute pressure at the wall must be less than 

that at the centre. Radial velocity is towards the centre therefore mass rrust be flowing 

against the radial pressure gradient. Previous analysis of the hydrodynamics of the entrance 

region have not discussed this apparent inconsistency, partly due to the fact that in analytic 

studies the radial momentum equation is neglected by assuming that the radial pressure gra-

dient is zero. Evidently, the present results indicate the presence of secondary fluid motion 

such as that in a vena contracta. 

5.2 Non-Newtonian Fluids 

Calculations were also made to study the behaviour of both dilatant and pseudoplas-

tic fluids in the hydrodynamically developing region. The numerical results showed a devia-

tion of less than 0.04% from the analytical fully developed velocity profile when twenty radial 

grid blocks distributed according to Equation 4.3.2 were used. The finite difference equivalent 

for the shear at the interface is: 

(5.2.1) 

Radial non-Newtonian shear effects were ignored. 

Two equations to calculate Reynolds number for non-Newtonian (power-law) fluids 

were given by Bogue (Equation 5.2.2) and Collins and Schowalter (Equation 5.2.3). 

(5.2.2) 

pD 11 ii2-11 Rec.r = K (5.2.3) 

For a given flow rate, the difference between the Reynolds number of dilatant and 
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pseudoplastic fluids is of an order of magnitude. Entrance length predictions for pseudoplas-

tic and dilatant fluids were given by Bogue. Collins and Schowalter provided entrance lengths 

for pseudoplastic fluids only. The definition of; used for Newtonian fluids (Equation 2.1.1) is 

inadequate for non-Newtonian fluids as shown by Collins and Schowalter ( 1963). A new 

dimensionless entrance length of the following form was proposed by Collins and Schowalter, 

(n G91) = n [2.xC)ll'(ReaR )] 11<11+t) (5.2.4) 

where .x911 is the distance at which the centreline velocity reaches 98 % of the terminal value. 

The 98 % criterion was thought to be more useful in view of the large distances necessary for 

the flow to develop by the additional one percent, i.e. to 99%, of the fully developed velocity. 

In Table 5.2.1, a CO"l)arison of the entry length for the 98% as well as the 99% criteria are 

given. Included in Table 5.2.1 is a comparison between Reynolds number predictions at vari-

ous values of flow index for a constant inlet flow rate. The entry length based on the 99% cri-

terion (i.e . .x99) was found to be approximately twenty percent longer then .x 91 . For a pseudo-

plastic fluid with a flow index of 0.5, this additional distance is over 14 metres (D 1111 0.0508 m). 

Figure 5.2.1 contains plots of the dimensionless entrance length, (n a), predicted by 

Collins and Schowalter and the present method. Reasonable agreement between the two 

methods is evident. Collins and Schowalters expression for entry length has the desirable 

characteristic of increasing with increasing flow behaviour index. However, the actual entry 

length decreases with flow behaviour index for a given flow rate. 

In addition, both the abscissa and ordinate in Figure 5.2.1 contain, 

n , effectively linearizing the graph. The following dimensionless parameter was used by 

Bogue to express the hydrodynamic entry length: 

(5.2.5) 

Bogue found that the dimensionless entry length decreased with flow behaviour index. The 
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Table 5.2.1: Entry Length Prediction 

n RCc.r Reb .%98 .%99 x,,,J(RebD) 

(m) (m) 

0.50 9715 24580 49.1 63.4 0.0508 
0.75 3455 5473 12.0 15.2 0.0547 
0.90 1858 2232 5.06 6.32 0.0557 
1.00 1229 1229 2.81 3.50 0.0560 
1.10 814 an 1.56 1.93 0.0561 
1.25 437 2n 0.64 0.79 0.0561 
1.50 156 63 0.14 0.17 0.0535 
1.50 3051 1229 2.88 3.48 0.0557 
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Newtonian prediction of ; was 0.029 which is approximately half the value predicted by the 

present method. Results of dimensionless entry length prediction from Equation 5.2.5 are 

given in Table 5.2.1. The variation of~ with flow index, n, is shown to be significantly dif-

ferent than that reported by Bogue. A single value of~ of 0.056 is demonstrated to be a good 

approximation for flow indicies greater than 0.9. ; is shown to be 0.0535 for a dilatant fluid 

with n-1.5 at a Reynolds number of 62.6. However, this low value is a consequence of axial 

diffusion of momentum. Significant flow development upstream of the tube is expected to 

occur for low Reynolds number. For the same fluid, ; is calculated to be 0.0557 at a Rey-

nolds number of 1229. 

Figures 5.2.2 and 5.2.3 present results of centre-line flow development of non-

Newtonian fluids in comparison with a Newtonian fluid. A magnified section of the results for 

low ; are presented in the top plot of both figures for purposes of clarity. The ordinate is twice 

the ratio of the centre-line developing velocity to the centre-line developed velocity. For 

Newtonian fluids, the ordinate used is the centre-line developing velocity to the average velo-

city. Unlike Newtonian fluids, for non-Newtonian fluids the centre-line velocity is not equal to 

half the average velocity. As a consequence of this definition, the ratio will be greater than 

one, at the entrance, for pseudoplastic fluids and less than one for dilatant fluids. The magni-

tude of the difference between the ratios for the three fluids decreases along the entry length 

up to the point of convergence which corresponds, fortuitously, to the 99% entry length cri-

terion. The two conditions of constant inlet flow rate (Figure 5.2.2) and constant Reynolds 

number flow (Figure 5.2.3) were considered. No difference was found between the two. 

Pressure drop for laminar flow of non-Newtonian (power-law) fluid is given by Equa-

tion 5.2.6 (Collins and Schowalter, 1963). 

M' _ 2,..2[(3n + 1)/n ]" + C 
112pul - Recs R (5.2.6) 
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where C is the additional pressure loss in the entry of the tube. The variation of C with flow 

behaviour index, n. is shown in Figure 5.2.4. The predictions compare very well with the 

results of Collins and Schowalter. Entrance region pressure drop discontinuities were found 

to be more significant for dilatant fluids than for Newtonian fluids for the same flow rate. 

Clearty. the Reynolds number for dilatant fluids is much smaller than pseudoplastic fluids 

given the same flow conditions (Table 5.2.1), therefore, the significance of the axial transport 

of momentum is greater hence the pressure discontinuities are more pronounced. The effect 

of this abnormality on the value of C is minimal. Predicted C for a dilatant fluid (n=1.5) at a 

Reynolds number of 1229 was found to be 1.5% larger than at a Reynolds number of 62.6. 
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UNSTEADY LAMINAR FLOW 

6.1 Newtonian Stan-Up In Long Pipes 
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The axial momentum equation has been solved analytically and numerically to deter-

mine the characteristics of unsteady laminar flow of incompressible fluids in long pipes. As 

mentioned previously, the present numerical study solves the equations of continuity and 

radial and axial momentum sirrultaneously. The equations are elliptic and thus a minimum of 

three axial grid blocks are required for a solution. Many other complicated problems may be 

studied using the present formulation. 

The dimensions of space and time are of primary significance in determining the com-

PlJtational requirements. The effect of the number of radial nodal points and their distribution 

on the accuracy of solution in comparison with the Szymanski solution was studied. Results 

are presented graphically in Figures 6.1.1 and 6.1.2. Four different grid arrangements were 

tested using twenty evenly distributed time increments. The uneven grid distribution given by 

Equation 4.2.1 with c,.•1 .73 was used. 

'CN.+j}+l/2 = R [1 - (-,f,-t,] (4.2.1) 

The difference in the results between 5 and 1 0 unevenly distributed grid blocks is surprisingly 

small. The difference between the uneven and even distributed grid may be attributable to the 

mass balance error associated with the even distribution which is 2% for 5 grid blocks and 

0.5% for 10. 

In Figure 6.1.3, plots of deviation from Szymanski's solution are presented using four 

different time steps. Irregular time distribution was calculated according to Equation 4.2.3 with 

c,=1.7. 
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(4.2.3) 

A significant reduction in error is obtained using this grid system. For example, the maximum 

error of 10.8 % for twenty time steps is reduced to 4.1% with the uneven time step scheme. 

Irregular time distribution reduces the maxirn.im deviation from 4.7% to 2.35% for forty time 

steps. It should be pointed out that the percent deviation in the first time step was calculated 

to be 4. 7% for the irregular time grid when only the first five terms in the Bessel function sum-

mation series were used. This error is expected to decrease if more. terms in the Bessel func-

tion series are included. 

6.2 Non-Newtonian Start-Up In Long Pipes 

A dimensionless time parameter, t• , for non-Newtonian fluids was defined by Balmer 

and Fiorina (1980) as, 

. (6.2.1) 

Results of start-up time required for the centreline to reach 99% of its terminal value are sum-

marized in Table 6.2.1. The dimensionless time at which the velocity profile develops is seen 

to decrease with an increase in the flow behaviour index, n . The start-up time is 3% smaller 

when a criterion of 99% of the steady average velocity is used instead of centre-line velocity. 

A grid scheme consisting of twenty radial and three axial nodes was used together with 100 

unevenly distributed time steps (Equation 4.2.3, c,=1 .7). The error for this grid and time distri-

bution was found to be less than 0.3% at the exit of the tube in comparison with Szymanski's 

solution. The results presented by Balmer and Fiorina (1980) were shown to deviate by 

approximately 15% for the Newtonian fluid case by Choplin and Dupuis (1981 ). 

The difference in real time of start-up between dilatant and pseudoplastic fluids is 

considerable. It takes 130 times as long for the pseudoplastic fluid, (n-0.75), to reach 99% of 
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Table 6.2.1: Start-Up as a Function of Flow Behaviour Index 

Non-Newtonian 
Flow Index Time Dimensionless Time Dimensionless Time 

(n) (s) ('t) (t*) 

1.50 0.156 0.032 0.659 
1.25 o.n9 0.165 0.733 
1.10 2.12 0.431 0.798 
1.00 4.00 0.814 0.814 
0.90 8.07 1.640 0.878 
0.75 21.6 4.400 1.080 



45 

its steady centreline velocity compared to the dilatant fluid, (n=1.5). 

6.3 Stan-up In Shon Pipes 

Many practical problems in engineering concern unsteady flow in short tubes for 

which the Szymanski solution does not apply. In the entrance region of tubes, the flow 

develops from an initially flat velocity profile to a fully developed profile some distance down 

the tube. Similarly, in the unsteady start-up problem, the velocity profile develops from an ini-

tially stagnant, flat profile, to parabolic. Clearly, for short tubes in the hydrodynamically 

developing region, the time taken to reach the steady entrance region developed velocity will 

be less than that for the steady developed velocity in a long tube. 

The dimensionless time parameter given by Balmer and Fiorina is inappropriate for 

transient start-up in the entrance region because it relies on the pressure gradient. Initially, 

the gradient is constant across the tube, but it then develops, along with velocity, until steady 

state is reached. The expression given by Balmer and Fiorina is applicabje only at the end of 

the tube since the total pressure drop across the length is constant. Therefore, a dimension-

less parameter of the following form was used for the dimen_sionless time, 

t .. = Kt lpR 11+1 (6.3.1) 

Three fluids were considered in this study, Newtonian, pseudoplastic (n=0.75) and 

dilatant (n=1.25). A grid system of 20 axial and 20 radial grid blocks, and 40 times steps were 

used with c,.=1.73, c.x=l.7,and c,=1.7 (Equations 4.2.1 to 4.2.3). Convergence at every time 

step was reached within six iterations. Computational time was tremendous due to the large 

number of time steps. A total of 2300 cpu seconds on the CDC Cyber 205 was required for 

each run. Figures 6.3.1 to 6.3.3 contain results of the ratio of centre line velocities in the 

start-up flow to the developed flow at various locations in the developing region. The start-up 
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solution for long tubes is included for comparison. The centre-line velocity corresponds to the 

velocity in the pipe under steady state conditions. Clearly, the steady solution is obtained 

more rapidly in the entrance region of the tube. The smaller the distance from the inlet the 

sooner the steady state solution is reached. Start-up in the entrance region is accomplished 

as much as twenty percent sooner than start-up in long pipes. Steady state centre-line velo-

city profiles for the pseudoplastic fluid (n=0.75) and the dilatant fluid (n-1.25) are given in Fig-

ure 5.2.2. 

The head loss necessary to accelerate the flow was neglected in the present analysis. 

This assu"l)tion limits the applicability of the results. Figure 6.3.4 shows the ratio of distance 

(along the tube) to entrance length as a function of the ratio of velocity head to pressure drop. 

For distances at which the centre-line velocity is less than 20% of the developed velocity, the 

head loss necessary to accelerate · the flow is greater than the pressure drop across the 

length. Even for distances greater than the entry length, the velocity head is 20% of the pres-

sure drop. In general, a constant head and not pressure is the driving force at the inlet of the 

tube. Clearly, kinetic head at the entrance will reduce the steady state velocity. However, the 

additional pressure drop due to hydrodynamic development of flow in short tubes may not be 

ignored in determining the start-up time and the actually attainable throughput. 
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CHAPTER7 

LAMINAR FORCED CONVECTION 

7 .1 Grid Distribution 

The Graetz solution was used as the basis to determine the optimal nodal distribution 

for the energy equation. Many researchers have employed an evenly point distributed grid 

with as many as 80 radial nodal points (Collins, 1980). In this study, grid distributions given 

by Equation 4.2.1 and the following "volume mean nodal" distribution (Equation 7 .1.1) are 

compared with the even grid distribution. 

and, rN+i =R [1-(; NO.St·] 
• r (4.2.1) 

(7.1.1) 

Equation 7 .1 .1 applies to the energy nodal points only. The grid boundaries and grid points 

for the transport equations were distributed according to Equations 4.2.1. Since the energy 

equation is decoupled from the transport equation, a variety of nodal distributions for the 

energy equation may be tested without affecting the transport equations. 

Figures 7.1.1 to 7.1.4 show the deviations for the Nusselt nurroer and the mean tem-

perature when the calculated values are compared with the Graetz solution. Few axial and 

radial grid blocks were used in order to illustrate the differences more clearly. In Figure 7.1.1, 

errors for three different grid distributions are presented with an evenly distributed axial grid. 

Curve 1 gives the results for an evenly distributed radial grid. Curves 2 and 3 show deviations 

for uneven grids distributed according to Equation 4.2.1 (cr=1.73) and Equation 7.1.1. The 

even grid scheme is seen to produce the greatest deviation at the first block for Nusselt 

number and the dimensionless temperature, e. Results obtained for the grid distributed 
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according to Equation 4.2.1 are seen to overpredict Nusselt number at dimensionless dis-

tances, x+ , greater than 0.12. Nusselt number prediction from the volume mean grid are 

shown to be superior to both the evenly or unevenly distributed grid schemes. 

In Figure 7.1.2, the effect of varying the exponent c:. in the axial distribution equation 

(Equation 4.2.2) is demonstrated. Errors in Nusselt number prediction at the entrance of the 

tube are reduced from 16% to less than 6%. Similar improvement in the prediction of 8 is 

obtained. The effect of the number of axial grid blocks on the accuracy of the solution is esta-

blished in Figure 7 .1.3. Clearly, as the number of axial grid blocks increases the error 

decreases. The error in 8 is less than 1% up to dimensionless distances of 0.20. Errors for 

the Nusselt number prediction are in the± 2% range. Increasing the number of radial grid 

blocks, however, had little affect as is illustrated in Figure 7.1.4. 

To summarize, the volume mean radial distribution is shown to be very effective in 

reducing the errors in 8 and Nusselt number for the Graetz solution. Errors are also reduced 

significantly by increasing the number of axial grid blocks. 

7.2 Viscosity Model of Delssler 

The difficulty faced in solving the equations for laminar forced convection in fluids with 

temperature dependent viscosity lies in the non-linear character of the energy differential 

equation. Deissler (1951) initially solved this problem for the boundary condition of constant 

wall heat flux for fluids that exhibit viscosity dependent temperature characteristics given by 

Equation 3.4.1. 

(3.4.1) 

Deissler obtained Nusselt number and friction factor for the fully developed thermal region 

only. Deissler's results were expressed by Kays and Crawford (1980) using a correlation 

based on the constant property solution. Predictions from the present method are given in 
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Figure 7 .2.1. 

As shown in Figure 7 .2.1, the exponent used to correlate the deviation from constant 

property heat transfer behaviour is markedly different for heating and cooling. This difference 

was not reported for the constant heat flux boundary condition and is surprising in view of the 

fact that similar exponential values are reported for the friction factor exponent. Temperature 

difference between the wall and the bulk fluid, for a uniform heat flux boundary condition, is 

constant in the thermally developed region, consequently the ratio of terrl)erature is constant 

along the entire length. Therefore, there will be no change in the heating characteristics, and 

constant values of the exponents for the friction factor and Nusselt number correlations are 

expected. For the constant wall temperature boundary condition, the mean temperature 

approaches the wall temperature asyrrl)totically, consequently the temperature ratio is not 

constant along the length and variations are expected for both m and n. 

7.3 Viscosity Model of Yang 

The modified Graetz problem over the entire thermal region was first solved by Yang 

who used an i"l)roved Karman-Pohlhausen integral procedure. Radial convection was 

assumed to be negligible and viscosity was assumed to vary in an inverse linear manner with 

terrl)erature (Equation 3.4.2). 

(3.4.2) 

Results of Yang's Nussett number prediction together with the present work are presented in 

Tables 7.3.1 and 7.3.2 (with Y • 3.0 for cooling and y--0.3 for heating). Agreement over the 

entire thermal range is reasonably good, although some differences are evident in the fully 

developed region. This may be explained by comparing Yang's solution and the present work 

for the Graetz problem which has an exact solution Nu• 3.656. Yang's procedure converged 

asymptotically to Nu· - 3.700 whereas the present work yielded 3.658 (with 50 axial and 30 
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Table 7.3.1: Nusselt Number Variation with x+; Comparison with Yang's Solution. 

COOLING HEATING 

x+ Yang This work x+ Yang This work 

.0004 14.427 15.678 .0008 15.194 15.248 

.0047 6.563 6.565 .0067 7.172 7.146 

.0182 4.425 4.418 .0220 4.973 4.991 

.0416 3.737 3.sn .0454 4.217 4.210 

.1000 3.353 3.357 .1000 3.760 3.790 

.1500 3.432 3.371 .1500 3.739 3.716 

.2000 3.500 3.422 .2000 3.725 3.691 

.2500 3.555 3.474 .2500 3.717 3.680 

.3000 3.598 3.519 .3000 3.711 3.673 



Table 7.3.2: Variation of Friction Factor With x+ 

Comparison with Yang's Solution 

COOLING HEATING 

x+ Yang This Work Yang This Work 

0.01 0.440 0.432 1.204 1.199 
0.02 0.486 0.482 1.176 1.164 
0.03 0.521 0.518 1.139 1.129 
0.04 0.544 0.547 1.118 1.108 
0.05 0.563 0.571 1.100 1.093 
0.06 0.578 0.592 
0.07 0.597 0.612 
0.08 0.616 0.630 1.078 1.062 
0.09 0.625 0.647 
0.10 0.643 0.663 1.063 1.052 
0.15 0.730 0.734 1.039 1.035 
0.20 0.811 0.801 
0.25 0.869 0.844 
0.30 0.903 0.883 

60 
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radial grid blocks). The friction factor and centre line velocity were found to be generally in 

good agreement. 

Predictions for friction factor and Nusselt number exponents for the constant property 

ratio method are presented in Figure 7.3.1. Similarity exists between the results for the heat-

ing case with the viscosity model of Deissler. The explanation for this lies in the nature of the 

model used by Yang which predicts viscosity very close to those of Deissler's model for 'Y <0. 

Moreover, the viscosity predictions for cooling ('Y > 0) are quite close to that given by Equation 

3.4.3, hence close agreement between the exponent predictions is obtained. 

7.4 Viscosity Model of Test 

Tables 7.4.1 and 7.4.2 contain Nusselt number and friction factor data and predictions 

of Test together with the results of the present method. The following viscosity relationship, 

generally applicable to petroleum oils is used, 

log log(v+0.8) = -3.16 log(T) + 9.1 (3.4.3) 

An error of 5% was reported between the average velocity (by integrating the velocity profile) 

and the rotameter reading (Test, 1968). Friction factors were obtained by measuring the pres-

sure drop between two axial positions. The experimental errors were not discussed, however, 

an estimate of these may be obtained from Test's isothermal Run 12 for which a friction factor 

of 0.16 was measured. For the conditions of this Run, an isothermal friction factor of 0.178 is 

calculated which is 11 % larger than the experimental value. When all experimental values are 

increased by 11%, Table 7.4.2, the agreement between the 'adjusted' data and the calculated 

values is remarkably good. 

Test (1968) discussed the difficulties experienced in determining accurate Nusselt 

numbers due to the fact that the difference in mean temperature between two adjacent axial 
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Table 7.4.1: Friction Factor Comparison with Test's Results 

Experimental Data Calculated/ 'Adjusted'* 
of Test (1968) data 

Run f Test This Work 

1 0.34 0.21 0.38 
2 0.10 0.11 0.10 0.11 
3 0.07 0.08 0.08 
4 0.05 0.06 0.06 
5 0.14 0.19 0.15 0.16 
6 0.10 0.14 0.11 0.11 
7 0.08 0.11 0.09 0.09 
8 0.05 0.06 0.06 
9 0.09 0.11 0.10 

10 0.24 0.241 0.27 0.27 
11 0.07 0.08 0.08 
13 0.07 0.065 0.07 0.08 
14 0.36 0.393 0.41 0.41 
15 0.51 0.454 0.47 0.57 
16 0.17 0.185 0.19 0.19 
17 0.12 0.127 0.13 0.13 
18 0.09 0.097 0.10 0.10 

• The data of Test (1968) increased by 11%. 
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Table 7.4.2: Nusselt Number Comparison with Test's Results 

Experimental Data Calculated Nu 
of Test (1968) 

Run Nu Test This work Graetz 

1 11.2 19.6 14.6 
2 15.0 25.3 27.1 19.5 
3 20.0 30.9 22.8 
4 10.7 35.0 24.7 
5 23.4 25.6 30.2 19.5 
6 28.5 26.7 34.7 22.1 
7 13.5 27.5 39.6 24.8 
8 23.5 23.1 19.6 
9 16.0 32.4 19.5 

10 26.2 24.4 21.8 19.6 
11 28.5 29.4 19.5 
13 29.4 17.5 15.9 19.3 
14 16.6 16.6 15.6 19.6 
15 15.0 11.7 11.7 14.6 
16 27.5 16.2 15.5 · 19.5 
17 24.9 18.0 17.4 22.0 
18 22.6 19.2 19.0 24.1 
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positions was a matter of a few tenths of a degree. Test was also unable to calrulate Nusselt 

numbers greater than 30 with 10 radial grid blocks. However, the present method gives 

Nussett numbers greater than 30 for Runs 3, 5-7 and 9, and this is in general agreement with 

results of Collins (1975). The correlation between the experimental results and theoretical 

prediction of Nusselt number is not very good. The Graetz solution is included in Table 7.4.2 

to demonstrate the magnitude of error in the experimental Nusselt numbers of Test. For the 

case of heating, Nusselt numbers have been shown to be greater for variable viscosity fluids 

than for constant viscosity fluids (Yang, 1962), but Nusselt numbers for Runs 1-4, 7 and 9 are 

actually less than the constant viscosity Nusselt number. 

7 .5 Correlations for Non-lsothennal Friction Factor and Nusselt Number 

The effect of temperature dependent viscosity is commonly expressed using the fol-

lowing constant property friction factor and Nusselt number ratios: 

(/ If cp ) = (JJ,., /Jll, )"' and , (Nu IN Uq, ) = (JJ,., /Jll, )" (7.5.1) 

The literature values of m are 0.5(cooling)/0.58(heating) (Deissler, 1951 ), 0.25 

(Seider and Tate, 1936), 0.20 (Test, 1968), and 0.545 (Herwig, 1985). Similarly, the values of 

n are -0.14 (Seider and Tate, 1936; Deissler, 1951), -0.11 (Yang, 1962), -0.107 (Herwig, 

1985), and -0.333(cooling)/-0.05(heating) (Test, 1968). A clear explanation for the differences 

in the values of m and n is not available. Kays and Crawford supposed that the viscosity rela-

tionship used may account for the difference between Yang and Deissler. Test as well as 

Collins suggested that the use of two exponents is necessary for heating and cooling to corre-

late Nusselt number but the results of Yang indicate. otherwise. Herwig concluded that dif-

ferent values for heating and cooling are unnecessary. Some of the differences may be attri-

buted to the simplifying assumptions and boundary conditions. Yang and Deissler neglected 

radial convection effects. Deissler and Herwig solved the problem of constant heat flux, 
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whereas Test and Seider-Tate used constant wall temperature. In this work the constant wall 

temperature condition has been considered. 

In Figures 7.5.1 and 7.5.2, the variations in the exponents m and n against x+ are 

plotted for cooling and heating using the viscosity models of Deissler, Yang and Test. It is 

apparent from the two figures that single values are generally not adequate to represent the 

behaviour of cooling and heating for either friction factor or Nusselt number. In other words 

both m and n are found to vary with the dimensionless distance z+. 

As shown in Figure 7.5.1, the two values of mare indeed necessary to distinguish 

between heating and oooling. The constant property ratio method for friction factor is seen to 

be valid in the fully developed region only. The large discrepancies between the values of m 

proposed by Test and Seider- Tate as compared to those of Deissler and Herwig are attri-

buted to dimensionless distance and to a very limited extent the functional form of viscosity. A 

correction factor to oorrelate the friction factor data was introduced by Test and Seider-Tate, 

however its usefulness is questionable. 

It is evident from Figure 7.5.2 that two values of n are necessary for the visoosity-

temperature models used by Deissler and Yang. However, in the thermally developing 

region, a single oonstant value of n for either heating or cooling is inappropriate. For the 

double-log viscosity model used by Test, the difference between the heating and cooling 

curves is actually quite small. Clearly, the small difference in the two curves may not justify 

two significantly different values of n, i.e. -0.333 for cooling and -0.05 for heating, as given by 

Test. Based on the data obtained on oils which generally follow Test's double-log viscosity 

model, Seider and Tate had specified one value for both heating and cooling. 

In the Seider-Tate equation for mean Nusselt number, i.e. 

Nu =C(PrReDIL)'{J..l..,IJJb)--0•1•, the values of C and Bare 1.86 and 1/3, respectively. In the 
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Test correlation for the local Nussett number, C and B are 1.4 and 1/3, respectively. The 

magnitude of the viscosity ratio, UJw/Jio)", provides a measure of the deviation from the 

Graetz constant property solution. Therefore, when the wall and bulk viscosities are equal, 

the viscosity ratio becomes unity hence all variable property correlations should converge to 

the Graetz solution. The values of C (PrRdJ IL )8 over a range of x+ in the thennal region are 

given in Table 7.5.1 for the Seider-Tate and Test equations as well as for C-1.0;S-1/3, 

C-=1.0;B-0.337 and the Graetz solution. Clearly, c-1 .o, as opposed to C-1.4 (Test, 1968), 

provides a better agreement with the Graetz solution in the thermally developing region. 

Changing B from 1/3 to a suggested new value of 0.337, a change of only 1%, illl)roves the 

match with the Graetz solution even further. Evidently, this correlation should not be extrapo-

lated to dimensionless distances larger than about 0.02. 
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Table 7.5.1: Constant Property Nusselt Number Predictions Compared with Graetz Solution 

x+ Seider-Tate• Test C=1 .0;B•1/3 C•1 .0;B•0.337 

0.00000113 224.7 169.1 120.8 
0.0000110 105.3 79.2 56.6 
0.000112 48.6 36.6 26.1 
0.00109 22.79 17.15 12.25 
0.00291 16.42 12.36 8.83 
0.0103 10.n 8.11 5.79 
0.0350 7.16 5.39 3.85 
0.0515 6.29 4.73 3.38 
0.303 3.46 2.60 1.86 

• Seider-Tate equation is for average Nussett number . 
All calrulated values are local Nussett numbers. 

127.4 
59.2 
27.1 
12.59 
9.04 
5.90 
3.91 
3.43 
1.89 

Graetz 

128.9 
59.8 
27.1 
12.44 
8.92 
5.95 
4.29 
3.98 
3.66 
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CONCLUSIONS AND RECOMMENDATIONS 

An improved finite difference procedure for laminar flow problems is presented and 

applied to various problems concerning entrance region flow, start-up and laminar forced. con-

vection. A new grid distribution is proposed for space, in both the axial and radial direction, 

and time, that reduces the computational requirements by concentrating nodal points in the 

regions of highest gradients. Optimization of the radial grid system was made using the 

Hagen-Poiseuille law. A mass balance error of 0.05% was obtained with five radial blocks 

using the optimized grid scheme. 

The Graetz solution for laminar forced convection is used as the criterion to study 

nodal distributions for the energy equation. For a grid system containing 50 axial and 30 

radial blocks, an error of 0.05% for the Nusselt number prediction was obtained using a 

volume mean temperature distribution. The resulting novel four point staggered grid locates 

radial velocity and axial pressure at the radial and axial interfaces respectively; axial velocity 

at the centre; and te~rature at the volume mean of the radial boundaries. 

Predictions of entrance region flow development for Newtonian fluids are shown to be 

in excellent agreement with previous researchers. Radial pressure gradients are demon-

strated to be in the opposite direction of radial velocity. For low Reynolds number, axial pres-

sure gradients near the wall were shown to be in the opposite direction of the flow. These 

results indicate the presence of secondary fluid motion such as that in vena contracta. 

Analytical results obtained by Collins and Schowalter are verified for pseudoplastic 

fluids. A simple dimensionless parameter,~, is proposed for non-Newtonian fluids using the 

Reynolds number of Bogue. A value of ==0.056 is shown to be a reasonable approximation 

for Newtonian and dilatant fluids but is lower for pseudoplastic fluid. 
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Solutions to the Szymanski solution are presented for various distributions of time and 

space. The maximum error is reduced from 8% to only 2% for forty unevely distributed time 

steps with ten radial grid blocks. Results for start-up of non-Newtonian fluids are presented 

and shown to be in reasonable agreement with previous work. The phenomenon of start-up 

flow in short pipes is discussed and the limitations with regards to ignoring the velocity head 

are addressed. 

Results for laminar forced convection to fluids with variable viscosity are shown to be 

in good agreement with previous analytical and numerical studies. The Kays-Crawford con-

stant exponent correlations are found to be satisfactory in the developed region but not in the 

thermally developing region. In the developing region, both m and n are found to vary with x•. 

For this case, the best values of C and B in the .correlation for local Nusselt number are 1.0 

and 0.337, respectively. 

Recommendations for Future Work 

The numerical model was made sufficiently general so that many flow problems may 

be considered without changing the code. The following problems may be easily solved using 

the present method, 

(1) Laminar Forced Convection in the Hydrodynamically Developing Region, 

(2) Laminar Forced Convection of Non-Newtonian Fluids, 

(3) Unsteady Laminar Forced Convection, 

(4) Temperature dependent density. 

An equation of state should be added so that the transport characteristics of gases 

may be studied. The computer model should be extended to turbulent flow which will require 

an even larger concentration of grids in the wall region. 
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APPENDIX A 

THE EQUATIONS OF CHANGE IN CYLINDRICAL COORDINATES 

CONTINUITY EQUATION: 

E£- + : ¾<Prv) + ¾<Pu)= 0 (A.1) 

AXIAL MOMENTUM EQUATION: 

P<t + v¥, + "*) = -t- - ¾<rtz)- (A.2) 

RADIAL MOMENTUM EQUATION: 

p( av ov ov ) _ oP 1 a ( ) atr ot + Mdx + Vdr - -a, - TOT rt,,. - dx (A.3) 

ENERGY EQUATION: 

pCp ( f, + vf + u!-) = k [ : ¾<rf) + r,] + µ( ¥,) 2 
(A.4) 




