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Abstract 

The graph coloring problem is known to be in the class of NP-complete 

problems. Two approaches of solving the problem have been discussed in the 

past: (1) formulating the problem into a 0-1 integer programming model, 

which mathematically expresses the feasibility of applying given col ors to a 

graph, and solving the model iteratively using an implicit enumerat ion 

algorithm; and (2) implicitly enumerating all possible assignments of colors to 

the vertices. 

For the first approach, a 0-1 goal programming model is proposed , and 

an algorithm is constructed to solve the model. The algorithm requires a 

huge amount of storage; therefore, it is considered to be inferior to existing 

algorithms which utilize the second approach. However, the theoretical 

development of the model and the algorithm are discussed at length. 

For the second approach, a branch-and-bound algorithm is constructed 

which implicitly enumerates all possible assignments of colors to the vertices. 

The algorithm is further improved by incorporating a separation method 

called the range cutting method. The cutting method is shown 

experimentally to be effective for the graph coloring problem, and t herefore, is 

extensively discussed in application to t he intege r programming problem. 

In an attempt to enhance the performance of the branch-and-bound 

algorithms, a heuristic algori thm modified from t he color-degree algorit hm is 

constructed to generate a range fo r the optimal solut ion of the graph coloring 

problem. The modified algori thm generates much narrower ranges than the 
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color-degree algorithm does, thus enhancing the efficiency of the graph 

coloring algorithms. 
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CHAPTER 1 

Introduction 

The graph coloring problem is defined as coloring the vertices of a graph 

with as few colors as possible in a way such that adjacent vertices receive 

different colors. This coloration process is equivalent to dividing the vertices 

into as few distinct sets as possible so that no two vertices in a set are 

adjacent. The minimum number of colors in the coloration of graph G is 

called the chromatic number of G and is denoted by x( G ). 

Application of the graph coloring problem can be found mainly in 

scheduling and in the construction of time tables [Leig7g] [Wels67] [Wood69]. 

For instance, lectures in a school can be symbolized with a graph , where the 

vertices represent the lectures, and each of the edges connects two lectures 

(vertices) that can not be given at the same time. The lectures in conflict can 

then be separated with a graph coloring algorithm, and a time table can be 

constructed based on the separation of the lectures. 

The graph coloring problem belongs to the class of " NP-complete" 

problems [Aho74]. This implies that , to date , it is unlikely for anyone to find 

a polynomial-time bounded algorithm which colors a graph G using x( G) 

colors [Gare76]. The graph coloring problem has a disc rete solut ion space, 

and its size grows exponentially with respect to the nurn ber of ve rt ices, the 

number of edges and the embedded chromatic number of the graph. 

Consequently, all the existing exact algori thms utilize the concept of implicit 

1 



2 

enumeration, a version of the divide-and-conquer concept, which has been 

used widely for solving exponential-time bounded problems. More specifically , 

an implementation of the concept , the backtrack prograrnming approach, is 

adopted in those graph coloring algorithms. The backtrack programming 

approach, although it avoids enumeration of infeasible and non-promising 

solutions, still requires exponential time to solve problems in the NP-complete 

class. Therefore, all the existing exact algorithms attempt to reduce the 

computational time by eliminating as many infeasible and non-promising 

solutions a.s possible. 

The discussion of this thesis is to outline the experimentation with other 

approaches for solving the graph coloring problem by utilizing the ground 

work founded in the existing algorithms. An overview of the past work is 

presented in the first section, and is follow ed by the motivation and objectives 

of this thesis. The remainder of the introduction outlines the othe r chapte rs 

of this thesis. 

1.1. Overview - The Graph Coloring Problem 

The graph coloring problem has drawn wide attention for its conceptual 

simplicity, practical applicability, and especially, its difficulty to obtain an 

exact solution. It is not only known to be in the class of NP-complete 

problems, but has also been show n that obtaining a coloration of less t han 

( r X x ( G )+ d) colors, where r < 2 and d is a constant, for a graph G is as 

hard as obtaining x( G) [Gare76]. This imp li es that findin g a solut ion, v,r hi ch 

is twice of the optimum, is also in the cla.ss of P prob lems. 
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Because of the inherent complexity of the graph coloring problem, 

researchers have developed heuristic algorithms, hoping to find a coloration of 

a graph as near its chromatic number as possible. A common practice, called 

sequential coloring , is to sequentially color each vertex of a graph using the 

first available color. Matula [Matu72] [Matu83] applied the sequential 

coloring to vertices which are in smallest -last ordering. The vertices of a 

graph are in smallest-last order if any vertex has the smallest degree in the 

sub-graph induced by itself and the vertices prior to it in the ordered list. 

Matula [Matu72] also further extended the smallest-last algorithm by 

interchanging colors on pairs of vertices. Wigderson [Widg83] developed an 

algorithm which recursively colors adjacent vertices wi t h successively 

numbered colors. Also , a greedy algorithm was described in his paper where a 

description was given of the algorithm which repeatedly col ors non-adj acent 

vertices with the same color. Manvel collected four heuristic algorithms in his 

paper [Manv81 ], which included the random algori t hm, the largest-first 

algorithm, the almost-maximal-independent-set algorithm , and t he color-

degree algorithm. He concluded that existing heuristic algorithms behaved 

poorly on large graphs, and experimentally showed that the color-degree 

algorithm is superior to others. Other heuristic algorithms can be found in 

[Dutt81], [Wood69], [Leig79], [Mitc76], and [Wels67]. 

Existing exact algorithms for the graph coloring _problem ut ilize the 

concept of implici t enumerat ion in one of two ways: The first uses any 

implicit enumeration algori t hm to solve a 0-1 integer programming model. 

The model, constructed by Berge [Berg62], 1 consists of an obj ective fun ction 

1Berge 's model doesn 't solve t he graph colorin g problem directly . 

__J 
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and two sets of inequalities. This approach was recognized as being inefficient 

because solving a discrete mathematical problem took a relatively large 

amount of computational time [Brow72]. The second directly generates all 

possible solutions of a problem while implicitly eliminating infeasible or non-

promising solutions. Brown [Brow72] constructed an algorithm which not 

only eliminated infeasible and non-promising solutions, but also prevented the 

evaluation of redundant solutions. He also developed a look-ahead algorithm 

which determines whether or not assigning a color to a vertex would later lead 

to infeasibility. Brelaz [Brel79] improved Brown's algorithm by incorporating 

the color-degree heuristic algorithm to obtain an initial solution and an initial 

clique (a maximal , complete sub-graph). The initial solution and the number 

of vertices in the clique served as an upper bound and a lower bound for the 

optimum, and the clique was pre-fixed with successive colors. Therefore , the 

solution space was reduced , and the computational time was improved. Both 

Brown's and Brelaz ' algorithms utilized the backtrack programming approach, 

an implementation of the implicit enumeration concept. 

1.2. Motivation and Objectives 

The initial motivation of this thesis is based on the observation that the 

graph coloring problem, in the appearance of Berge 's 0-1 integer programming 

model , is a special case of the integer goal programming problem. Briefly, a 

goal programming problem is any mathematical (linear , integer, ... , etc) 

programming problem that has more than one objective function, each of 

which is associated with a priority. The objective function with a higher 

priority must be achieved prior to those with lower priorities. The graph 
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coloring problem fits into the application of goal programming, because, if a 

feasible solution to the problem is known using k colors, obviously the next 

goal is to find a solution that uses k-1 colors, and so on. 

It is known that integer goal programming problems, although having 

more than one objective function, can be solved in one pass of an implicit 

enumeration algorithm [Igni82]. Therefore, it is believed that Berge's 0-1 

integer programming model, when treated as a goal programming problem, 

may be solved in one pass of a proper implicit enumeration algorithm. Such 

an approach, if successful, will invalidate the statement made by Brown 

[Brow72] that Berge 's 0-1 integer programming model for the graph coloring 

problem has to be solved with an implicit enumeration algorithm iteratively 

in many passes. 

It is also noted that goal programming problems are generally solved 

using the branch-and-bound approach, an implementation of the implicit 

enumeration concept, rather than the backtrack programming approach. 

Both approaches are similar, yet the difference is distinguishable. The 

branch-and-bound approach provides more flexibility in selection of partial 

solutions than the backtrack programming approach does. More details of 

both approaches will be introduced in the later chapters. 

This thesis will focus on solving the graph coloring problem using the 

branch-and-bound approach. In the first experiment, Berge's model will be 

treated as a goal programming problem and solved with a branch-and-bound 

algorithm. In the second experiment, Brelaz' algorithm will be imp lemented 

using the branch-and-bound approach, and the result will be compared with 

Brelaz' original algorithm . 
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On considering a heuristic algorithm for both experiments, the color-

degree algorithm appears to be ideal because of its superiority shown by 

Manvel [Manv81] and Brelaz [Brel79]. The algorithm generates a heuristic 

solution and a clique, both of which form an initial range for the chromatic 

number of a graph. The color-degree algorithm described in [Brel79) starts a 

coloration from the vertex which has the largest degree. This implies that the 

initial range is determined by the selection of the ,starting vertex in the 

coloration. Therefore, the third experiment 1s to select different starting 

vertices in the color-degree algorithm and hopefully to improve the quality of 

the initial range. 

Finally, a different method of problem separation (divide-and-conquer) 

will be tried in the experiments of branch-and-bound algorithms. In a 

branch-and-bound approach, problems are generally separated by applying 

constraints to a variable. In addition to this separation method, the solution 

space will be divided into sub-spaces and will be enumerated starting from the 

one that contains the smallest feasible solution, if it exists. If one or more 

feasible solutions are found, then there is no need to proceed to the other 

sub-space, thus saving computational time. 

1.3. Thesis Outline 

In chapter II, the groundwork of Berge, Brown and Brelaz will be 

reviewed. This includes Berge's 0-1 integer programming model, Brown's 

concept of redundant solut ions , Brelaz' color-degree heuristic algorithm and 

his complete algorithm for the graph coloring problem. Most of their work 
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will be utilized later for developing new algorithms. 

New algorithms will be developed in chapter III. Because neither Brown 

nor Brelaz has fully utilized the characteristics of the implicit enumeration, 

the chapter will start with a brief introduction to the concept of implicit 

enumeration, typically its application to the branch-and-bound approach. 

Four algorithms will then be developed: a modified-color-degree algorithm, a 

branch-and-bound algorithm for solving Berge's mathematical model, a 

branch-and-bound version of Brelaz' algorithm and the same algorithm using 

additional separation method. 

Results of all experiments will be shown in chapter IV. In this chapter, 

the new algorithms and Brelaz' algorithm will be compared. The result will 

be analyzed and the advantages, and the disadvantages of using the branch-

and-bound approach will be discussed. 

In chapter V, the concept and the method of separating solution space 

will be discussed further and will be extended to other problems. It will show 

that the concept is practical to any problem_s that can be solved with branch-

and-bound algorithms. The method will be extended to apply to integer 

programming problems and will be illustrated with two examples: the 

knapsack problem and the goal programming problem. 

The thesis will conclude with a summary of the experiments and 

discussion on the impact of the result. 



CHAPTER 2 

Historical Review 

The groundwork established by Berge, Brown and Brelaz is reviewed in 

this chapter. Berge's mathematical model, which will be solved in the later 

chapters, is introduced in detail along with a solution procedure proposed by 

Brown. Brown's algorithm is best known by its concept of redundant 

solutions which has paved the way for Brelaz' work. The concept will be 

reviewed in this chapter and will be utilized in the remaining chapters to 

develop new algorithms. Brelaz' concept of bounding the optimal solution in 

an implicit enumeration process is in fact common in combinatorics. But his 

color-degree algorithm, which generates the bounds, highlights his work and is 

one of the keys to the improvement in speed of Brown's algorithm. The 

color-degree algorithm and Brelaz' complete algorithm will be discussed in this 

chapter and will be utilized later in developing new algorithms. 

2.1. A 0-1 Integer Programming Model 

Berge's mathematical model is a 0-1 integer programming model. The 

model determines the feasibili ty of using given colors on a graph; the refore, 

the model does not exactly express the graph coloring problem. This model is 

introduced in the fo llowing sub-sect ion and is follow ed by Browns discussion 

of an iterat ive solut ion procedure which finds exactly the chromat ic number of 

8 
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a graph. 

2.1.1. The Mathematical Model 

Let n be the number of vertices, m the number of edges of a graph G, 

and k the number of colors to be examined on G. Further, denote the use of 

col or J on vertex i by xif , and Eih the situation of vertex i which shares 

edge h, where 

and 

if vertex i uses color J 
otherwise 

if vertex i is incident with edge h 
otherwise. 

The mathematical model that determines the feasibility of using k colors on 

G can be expressed as follows [Berg62]: 

n 
Min z - xik 

i=l 

S.T. 

1, for z = l ) . .. ) n 

n 
E ih xif < l , for J = l ) . .. ) k and h = 1) . .. ) m, 

i =l 

xif E {0,1}. 
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This 0-1 integer programming model consists of one objective function and 

two sets of inequalities. The object function minimizes z, the number of 

vertices to be colored by color k . The first set of inequalities expresses that 

each vertex be colored by exactly one col or, and the other set rules that the 

adjacent vertices must receive different colors. This model attempts to find a 

solution which uses color k on as few vertices as possible. In the optimal 

solution, z is the number of vertices colored with color k, and xii indicates 

the situation of vertex i with color J.. If z = 0, there must exist other 

feasible solutions that use fewer than k col ors. A co lo ring problem 

formulated into this model can be solved with any implicit enumeration 

algorithm for 0-1 integer programming problems. 

If there exists no feasibl e solutio'.n, obviously k must be increased in order 

to obtain a feasible solution. If feasible solutions exist (z > 0) , one of the 

two cases may occur: 

Case 1: If z > 0, k is the chromatic number. 

Case 2: If z = 0, color k is not used; there must exist at least a feasible 

solution that uses fewer than k colors. 

If case 1 occurs, all k colors must be have been used in the graph; therefore, 

k is the chromatic number. If case 2 occurs, the solution may not be optimal; 

thereby k must be decreased, and the problem must be solved again in t he 

same manner. 

To illustrate this, the mathematical model that examines the feasibility 

of using 3 colors on the graph in Figure 2.1 is: 



color • 1 

Figure 2.1: A graph of five vertices. 

5 
Min z - x,- 3 

i=l 

S . T. 
3 

x,'j = 1, for t = 1, .. . , 5 
j=l 

x Ii + x 21 < 1, for J = I, ... , 3 

X2j + X3j < I, for J = I, • J 3 

X3j + X4j < 1, for J = I, • J 3 -

X 4j + X5j < 1, for J = 1, • J 3 -

X lj + X Sj < l , for J = 1, .. . , 3 

X;j E {0,1} . 

11 
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Solving this model , one would obtain 

z = 1, 

x 11 = 1, x 22 = 1, x 31 = 1, x 42 = 1 and x 53 = 1 

which indicates that the solution 1s optimal, and k = 3 is the chromatic 

number of the graph. 

2.1.2. An Iterative Algorithm for x( G) 

As it has been mentioned, the number of colors must be increased if the 

problem is infeasible, and the number of colors must be decreased if the 

solution to the problem is zero. If the number of colors is initially set large 

enough to guarantee a feasible solution , then the number needs only to be 

iteratively decremented until the chromatic number is obtained. In reality, 

the initial number can be determined by any heuristic algorithm. 

Accordingly, an iterative procedure is proposed to guarantee the chromatic 

number x( G) of a graph G based on Brown's paper [Brow72): Let Pc be a 

mathematical model which determines the feasibility of using c colors on a 

graph. Further, let H be a heuristic algorithm for graph coloring problem?, 

A be any implicit enumeration algorithm which solves 0-1 integer 

programmmg problems, and A (Pc ) be the optimal solution of P c obtained 

from algorithm A . The following procedure finds x( G ): 

Step 1: Let k * be the number of colors ini t ialized by u ing the heuristic 

algorithm H on G . Let k = k * . 
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Step 2: Z = A (Pk _1). 

Step 3: If Pk _1 is infeasible, stop; k is the chromatic number. 

Step 4: If Z > 0, stop; k-1 is the chromatic number. 

Step 5: Let K * be the number of colors used in the optimal solution. Let 

k = K * . Go to step 2. 

This procedure attempts to find a feasible solution that uses one col or 

fewer than the colors used in the current best solution. It indicates that as 

many as ( k * - Z) 0-1 integer programming problems may have to be solved 

in order to obtain x( G ). It also implies that the solution space induced from 

the chromatic number of G is repeatedly evaluated up to (k * - Z) times. It 

is known that the 0-1 integer programming problem is in the class of J\TF-

complete problems and is very difficult to solve, let alone solving many 

iterations of it. A possible improvement to the above procedure would be to 

use binary search for x( G ). However, many 0-1 integer programming 

problems still have to be solved. 

2.2. Brown's Algorithm 

The most important feature m Brown's algorithm is the capability of 

preventing the enumeration of redundant solutions. This section reviews the 

concept of redundant solutions in the graph coloring problem and presents 

Brown's algorithm which enumerates no redundant solut ions during the 

process. 
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2.2.1. The Concept of Redundant Solutions 

The concept of redundant solutions can be best illustrated by the 

following example: Consider coloring three vertices v 1, v 2 and v 3 using two 

colors c 1 and c 2 . A list of possible solutions are shown in table 2.1. In the 

graph coloring problem, colors ( c 1 and c 2 in the above example) are merely a 

means of separating vertices of a graph. From this aspect, the two solutions 

{ c 1 c 2 c 2 } and { c 2 c 1 c 1} are the same solutions because both denote two 

distinct sets: v 1 in one set and v 2, v 3 in the other. In fact, both solutions are 

equivalent because by interchanging c 1 and c 2 the solution { c 1 c 2 c 2} can be 

obtained from { c 2c 1 c 1}, and vice versa. In table 1, solutions in the right 

column are redundant because all of them can be derived from their 

counterparts in the left column by interchanging c 1 and c 2 . The colors c 1 

and c 2 are called indistinguishable attributes [Brow72]. A redundant 

solution may now be defined as any solution that can be derived from 

another by interchanging two or more indistinguishable attributes. 

In implicit enumeration, a partial solution P is defined as an assignment 

of attributes to a subset of variables. Similarly, a redundant partial solution 

V1 V0 v~ V 1 V9 v~ 
C 1 C2 C 2 C2 C 1 C 1 
C 1 C 1 C2 C2 C 2 C 1 
C 1 C 2 C 1 C2 C 1 C2 
C 1 C 1 C 1 C? C9 C 0 

Table 2.1: Possible solut ions for 2 colors on 3 vertices. 
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is defined as any partial solution that can be derived from another partial 

solution by interchanging two or more indistinguishable attributes. In any 

implicit enumeration algorithm which attempts to solve graph coloring 

problems, redundant solutions should be eliminated without being 

enumerated. This can be achieved by avoiding the creation of redundant 

partial solutions at earlier stages of the algorithms. 

Brown proposed a scheme which avoids the creation of redundant 

solutions: Let A be the set of indistinguishable attributes which are feasible 

to color vertex J. at level p + 1 in an implicit enumeration algorithm, and Au 

be the set of indistinguishable attributes used in the partial solution at level 

p . Let a E A - Au be the smallest numbered color among those not used in 

the partial solution at level p. Then Au LJa can be used in the partial 

solutions at level p + 1 to avoid creating redundant solutions. 

Brown's scheme is explained as follows: Intuitively, the partial solutions 

mentioned above at level p and level p + 1 must use no indistinguishable 

attributes. Since the colors used at level p , Au , are known to be not 

indistinguishable, all colors in Au can be used at level p + 1. If more than one 

color in A - Au is used at level p +I, interchanging those colors will yield the 

same solutions because they are not used at level p . Therefore , only one 

color in A - Au can be used at level p +I. 

2.2.2. Brown's Algorithm 

Brown adopted the backtrack programming approach, an implementat ion 

of the concept of impli cit enumeration , in his algorithm. \Nhen partial 

solutions are to be created, the scheme described previously is incorporated so 

that no redundant partial solut ions are created. This scheme is part of a 
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screen process which determines the colors to be associated with new partial 

solutions at each level. The screen process also eliminates conflicting colors 

( colors already used by adjacent vertices) and partial solutions that use more 

colors than the current best solution. The functions of the screen process are 

summarized as follows: 

1. It keeps track of the used and unused col ors to determine the col ors for 

the creation of partial solutions. 

2. It eliminates conflicting colors from those obtained in function 1. 

3. If the current best solution uses k colors, it assures that at most k-l 

colors can be used in any partial solutions. 

Let G be a graph with vertices xv ... , xn . The vertices are arranged 

m a list such that xk is connected more to the vertices x 1, ... , xk _1 than 

any of xk + l , ... , xn. Let c J be a color numbered by J, l the number of 

colors used in a partial solution, q the number of colors used in the current 

best solution, and Lk the number of colors used in a partial solution at level 

k . Let Uk be colors generated by the screen process for coloring xk . The 

following algorithm, developed by Brown, solves the graph coloring problem 

for an exact solution: 

Step 1: Color x 1 using c 1. Set k = 2, q = n , l = l and L 1 = 1. 

Step 2: Determine Uk by invoking the screen process. 

Step 3: If Uk = 0, go to step 7. 

Step 4: Choose ci E Uk where c • 1s the smallest numbered color. t Set 

Uk = Uk - ci . Color xk using ci . If i > q , go to step 7. Set 
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l = m ax { i , l } . 

Step 5: If k < n, then set Lk = l, k = k + 1, go to step 2. Otherwise 

proceed to step 6. 

Step 6: A solution using l colors has just been found. Set q = l. Find the 

first vertex x j in the list that uses col or l . Set k = J - 1, 

l = q - 1. Go to step 3. 

Step 7: If k = 1, stop; otherwise set k = k - 1, l = Lk, go to step 3. 

It should be noted that in Step 1 the algorithm initiates n colors to color 

the graph, implying that each vertex receives a distinct color at the beginning 

of the algorithm. From step 2 to 5, the first available color in the set Uk is 

assigned to the vertex at level k . When all vertices have been assigned colors, 

a new solution is found, and step 6 is processed. In step 6, the algorithm 

backtracks to the first vertex, namely k , in the list that uses the largest 

numbered color and tries to assign another color to vertex k-1 which may 

lead to a better solution. If all possible colors have been used on a vertex, the 

algorithm backtracks to the previous vertex in the list and proceeds thr·ough 

steps 3 to 5. In essence, Brown's algorithm generates all possible assignments 

of colors to the graph systematically, without generating any redundant 

assignments, and evaluates them implicitly to find the optimal solution. 

2 .3. A Modification of Brown's Algorithm 

Brown 's algorithm was modified by Brelaz [Brel79] by (1) incorporating a 

heuristic algorithm to initi alize a fe a.sible . olut ion a.s an upper bound; (2) 
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using the same heuristic algorithm to find a clique and using the dimension of 

the clique as a lower bound; (3) assigning fixed colors to the initial clique, and 

no longer evaluating vertices in the clique; ( 4) when infeasibility occurs , 

backtracking to the vertex that, by changing its color, will most probably 

improve the coloration. · The upper and lower bounds define an initial range 

for the optimum of the graph coloring problem. Because the range is far more 

narrow than that of Brown's algorithm which ranges from O to n, this 

modification leads to the reduction of the solution space. The ne,v backtrack 

scheme also eliminates more redundant solutions without explicit 

enumeration. Therefore, the modification improves the efficiency of Brown 's 

algorithm. Peemoller [Peel81] later illustrated the incorrectness of the 

algorithm with two counter-examples and provided a correct version. 

The heuristic algorithm used in Brelaz ' algorithm is the color-degree 

algorithm with the smallest-last ordering. This algorithm assigns colors 

sequentially to all vertices based on the color degree of each vertex. The color 

degree of a vertex is defined as the number of distinct colors already used on 

its adjacent vertices. The smallest-last ordering can be obtained with the 

following procedure based on Matula [Matu72]: 

Step 1. Let G be a graph of n vertices. Let i = n and vi be the vertex 

of the minimum degree. Set Gs = G - v£. 

Step 2. Set i = i - 1. Let vi be the vertex of the minim um degree in G s . 

Step 3. Stop if i = 1; otherwise, set Gs = Gs - v£ and go to step 2. 

In the remainder of the thesis, this heuristic algorithm will be refe rred to as 

the color - degree algorithm, . The heuristic algorithm i described as follows : 



Step 1. Sort the vertices of the graph into the smallest-last order. 

Step 2. Color the first vertex in the list with color 1. 

Step 3. Choose among the uncolored vertices, the one possessing the largest 

color degree; if there is a tie, choose the one with a larger degree. 

Step 4. 

Step 5. 

Color the vertex with the least possible color (the smallest 

numbered among available colors ). 

If all vertices are colored, stop; otherwise go to step 3. 

Brelaz showed that the vertices colored with successive colors at the beginning 

of the coloration order are actually a clique. Since all vertices in a clique 

must be colored with different colors, the number of colors used on the clique 

is obviously a lower bound for the chromatic number of the graph. 

A labeling process was also developed to find a partial solution that (1) 

may lead to a better feasible solution and (2) will eliminate as many non-

promising partial solutions as possible. Let vertex k be the vertex that uses 

the largest numbered color in a feasible solution or the one where coloration is 

not feasible, then changing the color of any of its adjacent vertices may lead 

to a different coloration on vertex k and, consequently, a different coloration 

for the graph. A backtrack occurs when a vertex is selected whose color is to 

be changed for exploitation of other colorations. Selection of the 

backtracking vertex is by labeling all the ve rtices that are candidates for 

backtracking, and then selecting the one wit h the greatest index among the 

labeled vertices. Vert ices that possess all the following properties are labe led 

a.s candidates: 
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(Pl ): with a smaller subscript than k; 

(P2): adjacent to vertex k; 

(P3): with the smallest index among all the adjacent vertices, that use the 

same col or, of vertex k . 

With property (Pl), partial solutions at levels k +1 1 . .• 1 n are eliminated, 

for they must use the same number of colors as the partial solution at level k 

does. With property (P3), all adjacent vertices will be implicitly enumerated. 

It should be noted that all vertices in the initial clique must be labeled. Once 

one of them is selected for backtracking, all candidate vertices for 

backtracking must have been selected, and the algorithm should be 

terminated. 

Let G be a graph with n vertices which are denoted by xk. Brelaz' 

algorithm, corrected by Peemoller, is given as follows: 

Step 1: Use the color-degree algorithm to find an initial clique of dimension 

w and an initial coloration which uses r col ors. Arrange the 

vertices into the coloration order in the heuristic algorithm. Stop if 

w = r ; the optimal solution is found. Otherwise set the current 

best solution q = r . 

Step 2: Color the clique with color 11 ••• 1 w successively. Set k = w + 1 

and BACK = false where BACK is a boolean variable. Label all 

the vertices in the clique. 

Step 3: If BA CK = false then determine uk as the number of colors used 

for the partial solutions at level k - 1; determine U ( xk ) as the 

col ors 11 . .. 1 min { uk + 1, q - 1} which are not used on the adjacent 
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vertices of xk in the partial solution of k - l; and then go to step 5. 

Otherwise, continue with step 4. 

Step 4: Remove the col or used in xk from U ( xk ). Remove the label from 

xk if there is one. 

Step 5: If U (xk) = 0, go to step g_ 

Step 6: Let c be the smallest numbered color in U (xk ). Color xk with c . 

Set k = k + 1. 

Step 7: If k < n, set BACK = false. Go to step 3. 

Step 8: A new solution was found. Let s be the number of colors used in 

the solution. Set q = s . If q = w, stop; otherwise find the first 

q -colored vertex, xk , in the list. Remove all labels from the 

vertices xk ) .. . ) xn . Set BA CK = true . 

Step g: Label all the unlabeled vertices which possess all the following 

properties: (i) smaller index than the index of xk which is k; (ii) 

adjacent to xk; (iii) smallest index among all the adjacent vertices 

of xk that use the same color. Determine k as the greatest index 

among all labeled vertices. Stop if k < w ; otherwise go to step 3. 

In step 1, an initial solution is obtained by invoking the color-degree 

heuristic algorithm. The algorithm also produces a clique which is 

immediately colored with successive colors in step 2. It should be noticed that 

those colors are never changed throughout Brelaz' algori t hm. The number of 

colors used in the ini t ial solut ion serves as an ini t ial upper bound, and the 

dimension of the cli que as a lower bound, both for the optimum of the 

primary problem. Coloration of the vertices in Brelaz ' algorithm follows 
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exactly the coloration order of the initial solution. In step 3, a color is 

determined for the creation of the new partial solution at the next level. All 

colors are generated in this step in a way such that no redundant partial 

solutions will be created, and all partial solutions must use fewer colors than 

the current upper bound. Step 4 is executed if a backtrack occurs: a vertex is 

prepared for re-evaluation using the next available color. In step 5, if no 

feasible partial solution for a vertex can be generated, a backtrack occurs. In 

step 6, a partial solution is available, so the vertex associated with the new 

partial solution is colored with the smallest numbered color. In step 7, all 

vertices are colored, therefore a new solution is found. In step 8, the new 

solution is stored as the current best solution, labels are removed from those 

vertices that are no longer candidates for backtracking. In step 9, the 

candidate vertices for backtracking are labeled. 

2 .4. Brown's Algorithm Versus Brelaz' 

The first difference between Brown's and Brelaz' algorithms is the initial 

range for the optimal solution. Brown's algorithm assumes that initially all 

vertices are colored with distinct colors, implying that the initial upper bound 

is the number of vertices. No lower bound is used in his algorithm. Although 

the initial upper bound looks poor, the actually effective upper bound is the 

first feasible solution which can be obtained quite quickly in his algorithm. 

However, the effective upper bound may not be a.s good as Brelaz'. The range 

in Brelaz' algorithm is generated by invoking the color-degree heuristic 

algorithm. Manvel [Manv81] experimentally showed that this algorithm is 

superior to other heuristic algorithms. Thus it is obvious that Brelaz ' range is 
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superior to Brown's. 

The use of a lower bound also effectively shortens the average 

computational time of Brelaz' algorithm. Intuitively, if a feasible solution is 

equal to the lower bound, the optimum is achieved, and the algorithm exits 

because there must be no solution better than the lower bound. The question 

left open is whether or not there is an efficient method to achieve a better 

lower bound. 

The second difference is the number of vertices fixed with constant colors. 

Throughout Brown's algorithm, only the color on the first vertex is not 

changed; while in Brelaz' algorithm, all vertices in the initial clique are never 

changed. It is clear that the solution spaces grows exponentially with respect 

to the number of uncolored vertices. Since, initially, there are more uncolored 

vertices in Brown's algorithm than in Brelaz ', the solution space in Brelaz' 

algorithm is smaller than that in Brown's. 

The final difference is the selection of the vertex for backtracking. When 

infeasibility occurs in a partial solution or when a feasible solution is found, 

Brown's algorithm simply backtracks to the vertex of the previous level. In 

the same situation, Brelaz' algorithm selects a vertex by invoking a 

complicated scheme previously mentioned in section 2.3 to avoid enumeration 

of redundant solutions. With this scheme, Brelaz actually further extended 

Brown's concept of redundant solutions. 



CHAPTER 3 

The Algorithmic Development 

Three branch-and-bound algorithms for solving the graph coloring 

problem are developed in this chapter. The first algorithm attempts to solve 

the coloring problem by treating it as a goal programming problem, a class of 

mathematical programming problems that has more than one objective 

function. A goal programming model is formulated by modifying Berge's 0-1 

integer programming model , and an algorithm is constructed in an attempt to 

solving this new model. This algorithm demonstrates that the graph coloring 

problem, when expressed with a mathematical model, can be solved with a 

single-pass algorithm, in contrast with the iterative procedure of Brown 

[Brow72]. 

The second and the third algorithms, in contrast with the first which 

formulates the coloring problem into a mathematical model, assign colors 

directly to vertices to generate possible solutions and exhaustively enumerate 

those solutions until the optimum is obtained. The second algorithm is 

basically a branch-and-bound version of Brelaz' algorithm which takes the 

backtrack programming approach. The third algori thm is a modification of 

the second, which incorporates a separation method based on the range of the 

optimal solution to divide the primary problem into many small er 

subproblems. The concept is discussed in detail, and a procedure is developed 

for this method to impli citly enumerate all the subproblems. Throughout t he 
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remaining chapters, these algorithms will be ref erred to respectively a.s 

algorithms A, B and C. 

Although Brown's and Brelaz' algorithms are of the implicit enumeration 

type, the concept of implicit enumeration is not fully utilized in either 

algorithm. Particularly for the development of algorithm A, a full overview of 

the branch-and-bound approach is necessary and will be presented at the 

beginning of the chapter. It is followed by the discussion of the color-degree 

algorithm which generates· initial solutions for algorithms A, B and C. The 

remainder of the chapter is focused on the development of the three 

algorithms. 

3.1. The Branch-and-bound Approach: An Overview 

Without loss of generality, the discussion of the branch-and-bound 

approach aims at solving optimization problems of the minimization type, 

which have discrete domains over all variables. It is also assumed that 

solutions to those problems are bounded . The canonical form for such 

problems is [ Geof72] [Hill80] [Simm72] [Taha7 5]: 

n 
Min z - I:: cixi 

i=l 

ST. 

n 
I:: aij x i - b j , for j = 1 J • • • ) m 

i°=l 

X£ EI > 0 
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where I is the set of non-negative integers. 

To solve such a problem, a trivial method is to directly enumerate all 

possible permutations of values on x1 , i = l 1 • •• 1 n. At the beginning of 

this process, the current best solution is initialized at an infinitely large value. 

As the process proceeds, infeasible solutions are discarded, and feasible 

solutions are kept track of and compared to the current best. A feasible 

solution which is better than the current best replaces the current best. 

When all possible solutions are enumerated, the current best solution is the 

optimum since no solution in the solution space is better. While this scheme 

assures an exact solution to the problem, the solution space may be too large 

to enumerate within a reasonable amount of time; thus this approach is 

discouraged even on problems with relatively small sizes. 

If this scheme is to be computationally attractive, then it must be refined 

so that only as small a number of solutions as possible are evaluated. It is 

desirable to discard infeasible and nonpromising solutions without testing 

them. This is the prime purpose of the branch-and-bound approach. 

The general algorithmic concept of the branch-and-bound approach 1s 

built upon three key notions [Geof72]: separation , relaxation and 

J athoming , each of which is discussed in the following sections. 

3.1.1. Separation 

Given an optimization problem P , let F (P) be the set of feasibl e 

solutions of P. The problem P is said to be separated into q subproblems: 

P 1 1 •• • 1 P q , if the following conditions hold: 
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1. Any feasible solution of any of the subproblems 1s a feasible solution of 

P· ' 
2. Every feasible solution of P is the feasible solution of exactly one of the 

subproblems. 

Condition 1 asserts that each of the F (P 1) , ... , F (Pq) is a subset of 

F (P ), and condition 2 restricts these subproblems to be mutually exclusive to 

each other. Although mutual exclusion would not have been a necessary 

condition for separating a problem, condition 2 guarantees that each feasible 

solution will be evaluated no more than once. The subproblems 

P 1 , ... , Pq are called descendants of P. Separating P into subproblems 

is a practice of the divide-and-conquer strategy, for the sizes of the 

subproblems are smaller than that of P, and it seems to be easier to solve 

many of the subproblems than to solve P directly. 

Methods of separation are closely relevant to the types of problem of 

interest. A popular method to achieve separation 1s to assign mutually 

exclusive constraints to one or more of the variables m P. The variable is 

called a branching variable because from there, the execution of the 

algorithm branches to one of the smaller subproblems. As an example, let P 

be a negative knapsack problem of five variables: 

S.T. 

x 1 +2x 2+2x 3+3 x 4+4 x 5 > 7 

X£ E {0,1 }, i = 1, ... , 5 



To branch at x 1, the constraints 

x 1 = 0 

x 1 = 1 

can be separately assigned to P to create Px 
1
= 0 and Px 

1
= 1: 

(Px 1=0 ) Min z = 4x 1 +5x 2+3x 3+2x 4+x 5 

S.T. 

x 1 +2x 2+2x 3+3x 4+4x 5 > 7 

X1 = Q 

xi E {0,1 }, i = 1) . .. ) 5 

(Px 1= 1) Min z = 4x 1 +5x 2+3x 3+2x 4+x 5 

S.T. 

x 1 +2x 2+2x 3+3x 4+4x 5 > 7 

X1 = 1 

xi E {0,1 }, i = 1) .. . ) 5. 
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Since both constraints are mutually exclusive, it is clear that the solution 

spaces of Px 1= 0 and Pxi=l are also mutually exclusive. Pxi=O and Pxi=l can 

be re-formulated into: 

(Px 1= 0 ) Min z = 5x 2+3x 3+2x 4+x 5 

S.T. 

2x 2+2x 3+3x 4+4x 5 > 7 

xi E {0,1 }, i = 1) .. . ) 5 



(Px 1= 1) Min z = 4+5x 2+3x 3+2x 4+x 5 

S .T. 

2x 2+2x 3+3x 4+4x 5 > 6 

xi E {0,1 }, i = 1, ... , 5 
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which are problems of four variables; thus Px 
1
= 0 and Px 

1
= 1 are smaller than 

P with respect to the number of variables. In practice, Px
1
= 0 and Px

1
= 1 

should be further separated into smaller problems. However, assuming that 

both Px 1= 0 and Px 1= 1 can be easily solved, their respective optimal solutions 

are: 

z = 3, 

x 1 =0, x 2 =0, x 3 =0, x 4 =1 and x 5 =1 

and 

z = 7, 

x 1 = 1, x 2 = 0, x 3 = 0, x 4 = 1 and x 5 = 1 

Since the optimal solution of Px 
1
= 0 , z = 3, is better than that of Px 

1
= 1, 

z = 7, the optimal solution for the primary problem P 1s 

(P) z = 3, 

x 1 = 0, x 2 = 0, x 3 = 0, x 4 = 1 and x 5 = 1 

3.1.2. Relaxation 

A constrained optimization problem P can be relaxed to problem Pr by 

dropping some of its const raints . An example is to relax an integer 
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programming problem by dropping its integrality constraints [Geo72). The 

resultant problem is a linear programming problem which has continuous 

domains over all variables. The only requirement for relaxation of a problem 

is the condition of F (P) C F (Pr) which has the following implications: 

1. If F (Pr) = 0, then F (P) = 0; 

2. Min (F (Pr)) < Mi'rt(F (P )); 

3. if Min (F (Pr)) E F (P ), then A1in (F (Pr)) is the optimal solution of P. 

Implication 1 indicates that if Pr is infeasible, then P 1s infeasible. 

Implication 2 shows that Pr does not necessarily lead to the optimum of P, 

unless the solution of Pr satisfies the condition stated in implication 3. 

However, the solution of Pr may serve as a lower bound for the solution of 

P. 

In a branch-and-bound algorithm , if the lower bound of a subproblem is 

greater than the current best solution , the subproblem should be discarded. 

This is because no feasible solution for this subproblem is better than the 

lower bound; consequently no feasible solutions better than the current best 

can be found for this subproblem. It is clear that the lower bound of a 

subproblem should be as close to the optimum of the problem as possible so 

that more non-promising subproblems can be discarded. To drop non-

promising and infeasible solutions by the use of the lower bound, the lower 

bound must be easy to obtain; ot herwise, t he method m ay be as ineffi cient as 

directly enumerating all solutions. 

In summary, the relaxat ion me t hod should be chosen ba.sed on the 

following criteri a: 
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1. The solution of the relaxed problem can be easily obtained, and 

2. the solution of the relaxed problem should be close to the optimum. 

3.1.3. Fathoming 

After the primary problem P 1s separated into subproblem 

P 1 , ... , Pq, if each of these subproblems cannot be solved within a 

reasonable amount of time, they may be separated again, and their 

descendants must be examined in the same manner subsequently. Thus, by 

separation, a number of unsolved subproblems are created and stored in a list 

called the candidate list. In each iteration of a branch-and-bound algbrithm, 

a subproblem in the candidate list is selected as the candidate problem GP, 

and an attempt is made to obtain its exact solution. The candidate problem 

is further separated if no exact solution can be obtained within a reasonable 

amount of time. The procedure is repeated, and the optimum is achieved 

when the candidate list is empty. 

When attempting to solve a candidate problem GP, a lower bound is 

calculated by solving its relaxed problem GPr. Many considerations arise 

when the optimal solution of GPr, denoted by v ( GPr ), is obtained: 

1. Let Z * be the current best solution in the branch-a·nd-bound algorithm. 

If F ( GPr) = 0, then F (GP) = 0 by impl icat ion 1. Since F (GP) is 

infeasible, GP and its descend ants should be discarded. 

2. If v ( GPr) > Z *, then GP cannot possibly contain a feasible better than 

Z * by impli cation 2. Therefore GP and its descendants should be 

discarded. 
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3. If v ( CPr) is feasible in P, then v ( CPr) is the optimal solution of CP by 

implication 3. Therefore, CP and its descendants are just implicitly 

enumerated and should be discarded. If v ( CPr) < Z *, Z * is replaced 

by V ( CPr ). 

The process of discarding a candidate problem and its descendants 1s 

called fathoming and is summarized as follows: 

(FCl): F ( CPr) = 0; 

(FC2): v ( CPr) > Z *; 

(FC3): v ( CPr) is feasible in P. 

3.1.4. The General Procedure 

Notations to be used in the general procedure of branch-and-bound 

algorithms are defined as follows: Let P be any problem which ideally can be 

solved by a branch-and-bound algorithm, z * be the current best solution in 

the general procedure, CP be the candidate subproblem selected from the 

candidate list, CPr be the relaxed problem of CP, and F (.) and v (.) denote 

the solution space and the optimum of a problem. The general procedure of a 

branch-and-bound algorithm which solves P is described, based on Geoffrion 

and Masten [Geof72], as follows: 

Step 1: Initialize the candidate list to consist of the problem P. Initialize 

Z * to be a large number. 
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Step 2: Stop if the candidate list is empty; Z * is optimal if it is a feasible 

solution, otherwise P ha.s no feasible solution. 

Step 3: Select one of the problems on the candidate list to be the current 

candidate problem GP. Delete the problem from the candidate list. 

Step 4: Relax GP into GPr. 

Step 5: Solve CPr with an appropriate algorithm. 

Step 6: If F ( CPr) = 0, go to Step 2. 

Step 7: If v ( CPr) > Z *, go to Step 2. 

Step 8: If v ( GPr) is feasible in P, go to Step 12. 

Step 9: Decide whether or not to persist in attempting to fathom GP. If 

not, go to Step ll. 

Step 10: Modify the relaxation of GP and return to Step 5. 

Step 11: Separate GP and add its descendants to the candidate list. Go to 

Step 2. 

Step 12: A feasible solution has been found. If v ( GPr) < Z *, then set 

Z * = v ( GPr ). Go to Step 2. 

In step 1, an upper bound is initialized with any method which can 

achieve an initial solution within limited computational time. Step 2 defines 

the termination condition of the algorithm. In step 3, a subproblem is 

selected from the candidate list, and an attempt will be made to solve this 

subproblem in the remaining steps. Two schemes for the selection of the 

candidate problem are widely used; they are: the depth first search scheme 

and the breadth first search scheme . \;\Tith the former scheme, t he candidate 



34 

problem of which more variables are fixed is selected; with the later scheme, 

selection of the candidate problem is based on other factors, such as the upper 

bound or lower bound of each of the problems in the candidate list. 

In steps 4 and 5, the selected problem is relaxed and is solved with an 

appropriate algorithm. The solution of the relaxed problem serves as a lower 

bound for the optimum of the problem. For integer programming problems, 

the subproblems may be relaxed by dropping the integrality of all variables. 

The resultant problem is a linear programming problem and can be solved by 

using the revised simplex method. In steps 6 to 8 the three fathoming criteria 

are examined, and some subproblems may be eliminated as described in 

section 3.1.3. If another lower bound exists which is usually harder to obtain 

for the selected subproblem, steps 9 and 10 may be processed to further 

examine the possibility of fathoming the candidate. In step 11, the candidate 

problem is known to be unsolvable within a limited effort, therefore is further 

separated into subproblems. Step 12 is executed when the optimum of the 

problem is found. The optimum, if it is better than the current best solution, 

replaces the current best. 

When converting the general procedure into a branch-and-bound 

algorithm for any particular problem, steps 1, 4, 5 and 12 may be improved as 

follows: 

1. In step 1, in order to induce a small solution space, a suitable heuristic 

algorithm should be used to obtain an upper bound that is as close to the 

optimal solution as possible. The initi al upper bound may also se rve as 

the current best solution. A good example is the heuristic algorithm used 

in Brelaz ' graph coloring algorithm [Brel79]. The heuristic algorithm 
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initializes an upper bound which in many cases Is very close to the 

optimal solution. 

2. In steps 4 and 5, a proper relaxation method should be selected so that 

(1) the lower bound is close to the optimal solution, and (2) the lower 

bound can be easily obtained. In most cases, the above criteria are in 

conflict to each other, for a good lower bound generally requires an 

amount of computational time, and vice versa. In integer programming, 

the method of the surrogating constraints is gaining in popularity, 

because it provides a tighter bound [Geo72]. With the surrogating 

constraints method, a weighting factor is applied to each constraint, and 

then all the constraints are added together. The resultant problem is a 

knapsack problem where its linear solution is very easy to obtain 

[Karw77) [Bulf79). 

3. Each subproblem in the candidate list can be associated with its lower 

bound. If the lower bound is worse than the feasible solution, the 

subproblem should no longer be considered. In step 12, when a new 

current best solution is found, subproblems in the candidate list should 

be scanned, and those whose lower bounds are worse than the current 

best solution should be discarded. Such a process IS called 

purging the candidate list . 

3.2. The Modified-color-degree algorithm 

As has been shown by Brelaz, the coloration in the color-degree algorithm 

starts with coloring a clique. This implies that if the coloration starts with 

coloring any of the other vertices which do not belong to the clique, then a 

different clique will be found. Therefore, the search of the initial clique in the 
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color-degree algorithm is actually based on the selection the starting vertex. 

In Brelaz' color-degree algorithm, the vertex with the highest degree is 

selected as the starting vertex. However, starting the coloration with other 

vertices may result in different cliques and heuristic solutions, and the largest 

clique and the best heuristic solution among those found can then be selected 

as the actual output of the color-degree algorithm. 

Accordingly, an iterative algorithm is developed to select different 

vertices as the starting vertex of Brelaz ' color-degree algorithm (refer to 

section 2.3). The clique and its associated heuristic solution which result from 

each iteration are kept track of separately. After all vertices have been 

selected as starting vertices, the largest of the clique found and the solution 

which uses the least col ors are the result. The algorithm is presented as 

follows: 

The Modified Color Degree Algorithm: 

Step 1: Let G be the vertices of the input graph. Sort G into descending 

order of their degrees. 

Step 2: Let C * be the set of vertices that are part of the cliques in 

previous iterations, w * the dimension of the current largest clique 

and z * the number of col ors used in the current best solution. 

Initially, let C * = 0, w * = 0 and z * to be an infinitely large 

number. 

Step 3: If G - C * = 0, stop, w * and z * are the result of the modified-

color-degree algorithm. 
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Step 4: Select v , the vertex with the highest degree among C - C * , to be 

the starting vertex for the coloration in Brelaz' color-degree 

algorithm. Process C by invoking Brelaz' color-degree algorithm. 

Step 5: Let C and w be respectively the resultant clique and its dimension, 

z the number of colors used in the associated solution. If w = z , 

stop; the optimal solution for x( G) is achieved. If w > w *, then 

set w * = w . If z < z * , then set z * = z . Let C = C LJ C * . Go 

to step 3. 

The above algorithm avoids the generation of the same cliques by selecting 

vertices that are not part of the cliques obtained in previous iterations, thus 

reducing the computational time. Efficiency may also be achieved by 

modifying Brelaz ' color-degree algorithm so that, when a non-promising 

solution is encountered, execution of step 4 is terminated. As will be shown in 

chapter IV, the modified algorithm is far superior to Brelaz' color-degree 

algorithm. In most cases, the ranges formed by the dimension of the clique 

and the number of colors in the heuristic solution are improved by a 

magnitude of more than 70%. The modified algorithm obviously needs more 

computational time than does Brelaz ' color-degree algorithm. In the worst 

case, Brelaz ' color-degree algorithm is executed ( n - w ) times in the modified 

algorithm; therefore, the additional computational t ime grows linearly with 

respect to the number of vertices in the given graph. However, experiments 

have shown that, in the average cases, Brelaz ' color-degree algorithm is 

executed about n X 60% times in the modified algorithm. Detail s of the 

experiments will be provided in chapter IV. 
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3.3. The Goal Programming Approach And Algorithm A 

AB has been discussed in chapter II, an iterative approach for solving the 

graph coloring problem is to eliminate the use of color k, k -1 ) ... ) etc 

iteratively, until the situation occurs where all the remaining colors must be 

used to color the graph. Such an iterative optimization is equivalent to the 

definition of the goal programming problem. Goal programming problems are 

known to be solvable by using algorithms of the branch-and-bound type in 

one pass. The ~iscussion in this section associates the graph coloring problem 

with goal programming and attempts to solve the coloring problem using a 

branch-and-bound algorithm in one pass. 

3.3.1. The Goal Programming Problem 

The goal programming problem is defined as any optimization problem 

that has more than one objective function. Each objective function is 

assigned a priority. An objective function must be evaluated prior to those of 

lower priority. The canonical form for such problems is [Igni76][Igni82]: 

n 
Mi"n zh - cih xi, for h = 1) ... , k 

i=l 

S.T. 
n 
"a .. x. LJ t) i 
£ =l 

b · for J = 1) .. . ) rn J I 

where h denotes the priority of an objective function, and I is t he set of 

non-negative integers. The objective function associated ,,vith a small er h 
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must be solved prior to those with larger h 's. 

To solve such a problem , a model composed of the first objective 

function and the complete set of constraints will be solved by a special type of 

branch-and-bound algorithm. This type of algorithm is modified from the 

conventional branch-and-bound algorithm so that feasible solutions that are 

no worse, in contrast with better in the general branch-and-bound 

algorithm, than the current best solution are kept track of. The values of all 

objective functions for each feasible solution are lexicographically, according 

to their priority, compared with those of the current best solution. For 

example, for Ak = ( a 1, a 2, a 3), A 1 = (1, 1, 6) is lexicographically better 

than A 2 = (1, 2, 4), because a 1 of A 1 equals a 1 of A 2, and a 2 of A 1 is less 

than a 2 of A 2, regardless of the comparison between a 3 of A 1 and A 2• The 

feasible solution which is lexicographically better replaces the current best 

solution. It should be noted that, although the goal programming model has 

more than one objective function, the optimal solution is obtained within one 

iteration of this type of algorithm. 

3.3.2. Algorithm A 

Let n and rn be the number of vertices and edges of a graph G; L 

represent the number of colors to be examined on G; x i j be the use of color 

J on vertex i, and Eih be the situation that vertex i is incident with edge h, 

where 

X · . 
I ) 

and 

if vertex i uses color J 
otherwise 



if vertex i is incident with edge h 
otherwise . 
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The mathematical model , modified from Berge's, that finds the exact optimal 

solution for graph coloring problems can be expressed as follows: 

n 
Min Zt - x 11 , for l = L ) . .. ) 1 

i=l 

S.T. 

1, for i = 1) . .. ) n 

n 
Eih xif < 1, for J = 1) ... ) L and h = 1) . . . ) m 

i=l 

xif E {0,1} . 

In the above expression, L can be obtained by using a suitable heuristic 

algorithm , l is the number of colors wit h which the feasibili ty of coloring the 

graph is examined. For each feasible solution, the value of each objective 

function is calculated, and the largest index, l , of the non-zero objective 

functions is the number of colors used in the feasible solution. The chromatic 

number can be found in the same manner when the optimal solution is 

obtained. 

In practice the first few objective functions that reach their lower 

bounds, zero , can be discarded from the model. This implies t hat t he 

mat hematic al model m ay be re-formul ate d in the branch-and-bound algorit hm 

in order to improve computational effi ciency. Once t he model is re-

formul ate d, if there is no feasibl e solut ion whi ch uses any of t hose discarded 
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colors in the remainder of the solution space, the algorithm proceeds as usual. 

If any feasible solution exists that uses any of the discarded colors , the 

solution must be infeasible in the new model. The above discussion validates 

the operation of re-formulating the mathematical model. 

To combine the goal programming concept and Brown's concept of 

redundant solution together, it is determined that the goal programming 

model will be formulated for the subproblems whose optimal solutions can not 

be obtained immediately in a branch-and-bound algorithm. Accordingly, 

algorithm A, which incorporates Brown's concept of redundant solutions and 

the modified-color-degree algorithm, is constructed as follows: 

Algorithm A: 

Step 1: Initialize the candidate list to consist of the problem P. Find an 

initial coloration that uses J{ colors, and an initial clique 

xv . . . , xw by using the modified-color-degree algorithm. If 

K = w, stop; the solution 1s optimal. Otherwise color 

x 1, ... , xw successively with 1 , ... , w respectively, and 

prohibit these colors for vertices adjacent to the associated vertices. 

Sort the remaining vertices in descending order based on their 

degrees. Let k = w + l, l = J( , and Z * be the number of vertices 

colored with color J(. 

Step 2: If the candidate list is empty, let l be the chromatic number and 

stop; otherwise P has no feasible solution. 

Step 3: Select the last problem on the candidate list to be the current 

candidate problem GP . Delete the problem from the candidate list. 

- - - --- - --- - - - -------------------" 
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Step 4: Determine uk as the number of colors used for the actual partial 

solution of k -1. Determine U ( k ) as the set of col ors from 

1, ... , min(uk+l,l-1) which are not used in the actual partial 

solution of level k-1 on nodes adjacent to xk. 

Step 5: Let c be the minimum color in U (k ). Color xk with c . Prohibit 

c for vertices adjacent to xk. Let U (k) = U (k) - c. 

Step 6: If k = n , go to Step 11. 

Step 7: Formulate GP into the model described on page 36 of this thesis, 

using l-1 colors. Relax GP into GPr by dropping the integrality 

constraints on all variables. Solve GPr using revised simplex 

method. 

Step 8: If F ( GPr) = 0, go to Step 2. 

Step g: If v ( GP r ) > Z * , go to Step 2. 

Step 10: If v ( GPr) is infeasible in P, go to Step 5. 

Step 11: A feasible solution v ( GPr) has been found. If v ( GPr) > Z *, go 

to step 2. If O < v ( GPr) < Z *, let Z * = v ( GPr ), purge the 

candidate list and go to step 2. If v ( GP r ) = 0, let l be the index 

of the first non-zero objective function, Z * be its objective value, 

purge the candidate list and go to step 2. 

In essence, the above algorithm is a combination of the goal 

programming algorithm and Brelaz' algorithm. A preliminary investigation 

about the required computer memory has been conducted before 

experimenting with this algorithm. According to the expression of the model, 

the number of variables at various stages is n X l, and the number of 
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constraints ( n +l X m ), where n is the number of vertices, m the number of 

edges and l the number of colors to formulate the model. The number of 

edges can be calculated by 

n X (n - 1) X 
m - 2 p 

where p is the density of edges. For a random graph of 50 vertices and an 

edge density of 0.5, at a stage where 7 colors are being tested, a model of 350 

variables and 4341 constraints would have to be formulated. This means that 

a data storage of at least 6 MBs is required in algorithm A, regardless of the 

storage required for the slack variables and other computational usage. 

The requirement of a huge storage shows the impracticality of algorithm 

A, and therefore no more further experiment is conducted. However, 

theoretical development of the mathematical model and its algorithm are 

worth discussing and , hopefully, may inspire useful approaches. 

3.4. Algorithm B: Direct Enumeration Of Feasible Solutions 

The construction of algorithm B is based on Brown's experiment where 

enumerating all possible assignments of colors to the vertices is more efficient 

than solving a 0-1 integer programming model. Unlike Brown's and Brelaz ' 

algorithms, algorithm B utilizes the branch-and-bound approach. The 

development of algorithm B aims at reducing the solution space of a given 

problem by 

1. usmg the modified-color-degree algorithm to initialize an upper bound 

and a lower bound; 
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2. adopting the concept of redundant solutions; 

3. avoiding the creation of non-promising candidate subproblems by looking 

ahead to detect the infeasibility of a partial solution; and 

4. creating only one subproblem for each of the vertices whose adjacent 

vertices are all colored. 

Brown's concept of redundant solutions is incorporated in algorithm B 

when a subproblem is being separated. Let l colors be used in the partial 

solution at level k, q colors used m the current best solution in the 

algorithm, and assume that that l < q. The colors to be evaluated on the 

vertex at level k + 1, to avoid the creation of redundant solutions, are colors ·1 

to min (l + 1, q -1) excluding those already used on the adjacent vertices of the 

vertex. The term l + 1 asserts that only one unused col or will be added to the 

color set for the creation of new subproblems; the term q -1 assures that the 

number of colors used in any feasible solutions will be less than the current 

upper bound, q colors. 

When a vertex is colored, immediate infeasibility may occur only on its 

adjacent vertices. A look-ahead process is invoked each time a vertex is 

colored. Its adjacent vertices that are not colored are examined. If, for any 

adjacent vertex, no colors are feasible, the subproblem associated with the 

vertex is discarded. If all adjacent vertices of the vertex are colored; then the 

vertex can be colored using any one of the available colors. Therefore, only 

one subproblem needs to be created. 

When a vertex is colored, the color used on this vertex is prohibited from 

coloring its adjacent vertices. Such a prohibition can be considered a 
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constraint on the graph. The more the constraints are applied to a graph at 

the early stage of a algorithm, the smaller is the solution space. Coloring a 

vertex of a higher degree implies applying more constraints to a graph than 

coloring a vertex of a lower degree, because the former has more adjacent 

vertices. Therefore, in algorithm B, vertices are sorted in descending order of 

their degrees, and vertices with higher degrees are colored prior to those with 

lower degrees. 

To purge the candidate list, each new current best solution is compared 

with the lower bounds of the candidate problems. The candidate prol;>lem is 

discarded from the list if its lower bound is greater than the current best 

solution. Newly created subproblems are added to the candidate list in 

descending order of the colors with which the subproblems are created. This 

allows the subproblems which use fewer colors to be enumerated first, thus 

increasing the probability of purging more problems from the candidate list. 

Since there is no obvious advantage as to how to select the problems 

from the candidate list, the first-in-last-out scheme is used in algorithm A. 

The scheme, with its simplicity, does not require much computational time. 

The lower bound for each problem in the candidate list also stored in the 

candidate list in order to purge the list. 

Let xi be vertices of a graph G where z = 11 •.. 1 n. The following 

algorithm finds the chromatic number of G: 

Algorithm B: 

Step 1: Let Z * be the number of colors used 111 the initial solution and 

x 11 . .. 1 xw be the vertices of the clique, both obtained by 

incorporating the modified-color-degree algorithm. Otherwise , color 
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the vertices successively with 1 , ... , w . Let k = w + 1. 

Initialize the candidate list to consist of the remaining coloring 

problem. 

Step 2: If Z * = w, or the candidate list is empty, stop; Z * is optimal. 

Step 3: Select the last problems on the candidate list to be the current 

candidate problem. Delete the problem from the candidate list. 

Let the vertex to be evaluated be k. 

Step 4: Determine uk as the number of colors used in the partial solution of 

k -1. Determine U ( k ) as the set of colors from 

1, ... , min (uk +1,Z * -1) which are not used on the adjacent 

vertices of vertex k in the partial solution of level k -1. Let c be 

the minimum color in U ( k ). Color xk with c . 

Step 5: Look ahead to examine if the coloration on xk will yield 

infeasibility to any of its adjacent vertices. If infeasibility occurs, 

go to step 2. 

Step 6: If not all adjacent vertices are colored, create subproblems 

associated with vertex k for each col or in U ( k )-c . Add the 

subproblems in descending order of the colors to the candidate list. 

Step 7: If k < n, then k = k + 1 and go to Step 4; otherwise, proceed to 

step 8. 

Step 8: A feasible solution Z has been found. Let Z * = Z. Purge the 

candidate list . Go to Step 2. 

In step 1, the modified-color-degree algorithm is executed to obtain an 

ini tial solution and a clique. The vertices of the clique are immediately 
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colored with successively colors. It should be noted that those vertices in the 

clique are never re-evaluated; hence, the initial candidate list contains a 

subproblem in which the partial solution is the coloration of the clique. The 

termination condition is stated in step 2: if no candidate problems remains in 

the list, or the upper bound equals the lower bound, the execution of the 

algorithm stops. Candidate problems are selected in a first-in-last-out manner 

from the candidate list in step 3. A set of colors is then generat ed to color 

the next vertex in the candidate problem in step 4. The colors are generated 

in a way such that no redundant or non-promising partial solutions will be 

created. The look-ahead process is invoked in step 5 to detect possible 

infeasibility . In step 6, subproblems are created based on the colors in the 

color set excluding the smallest color. These subproblems are added to the 

candidate list for later evaluation. It should be noticed t hat the subproblem 

associated with the smallest color is not added to the candidate list; rather, it 

is taken as the new current candidate problem. In step 7, the current 

candidate problem 1s further separated if it does not contain a feasible 

solution. In step 8, a feasible solution has been found. The solution must be 

better than the current best solution, because in step 4 only up to Z * -l 

colors can be selected for any new partial solution. The candidate list is 

purged so that non-promising partial solutions are discarded. 

3.5. Algorithm C: Range Cutting 

Let u and l be t he upper bound and t he lower bound for t he optimum 

of a grap h coloring problem P. To reduce t he solut ion space, both bounds 

can be considered to be two addit ional constraints to P. Let t he new 



48 

problem formed with additional constraints be denoted by P1 ,u. For any 

integer t, l < t < u, let P1 ,t and Pt +l,u be two problems created by applying 

l, t and t +1, u to P as lower and upper bounds, respectively. Any feasible 

solution of P using k colors where l < k < t must be in tfie feasible region 

of P1 t and not in that of Pt +l u, and vice versa for t +1 < k < u. Hence, 
J • J 

it is clear that F (Pz ,v. ) = F (P1 ,t ) LJ F (Pt +I ,u ), where F (.) denot.es the set 

of feasible solutions of a problem. It is also clear that the feasible region of 

Pz ,t and Pt +I ,u are mutually exclusive because any feasible solution to 

Pt +I,u must be infeasible to Pz ,t , and vice versa. Therefore, it can be stated 

that the integer t legitimately separates P . into two subproblems. 

Let t 1, t 2J •• J tk be integers, where l <t 1<t 2 < · · · <tk <u for 

i = lJ ... J k, legitimately separate P into k + 1 subproblems. For any 

by applying tk, tk +I and tk +1+1, u to Ptk ,u respectively . Any feasible 

solution of Pt u using k colors where tk < k < tk +I must be feasible to 
k ' 

Thus, it is clear that F (Pt u) = F (Pt t ) LJ F (Pt +I u ). It is also clear k, k, k+l k+l , 

that Pt t and Pt +I u are mutually exclusive because any feasible solution /;, k+l k+l , 

in Pt t must be infeasible in Pt +I u, and vice versa. Therefore, it can be k , k+l k+ l , 

concluded that a graph coloring problem can be legit imately separated into 

smaller subproblems by slicing the range for its optimal solution. Such a 

separation is called range cutting . 

If a feasible solution exists in F (Ptk t ), obviously it must be better than 
, k + l 

any feasible solut ion in F (Pt +It \ ... J F (Pu-I u ). This impli es that t he k+ l , k +2 , 



subproblems can be solved one by one, starting from the one associated with 

the least upper bound. Once a local optimum is found in one of the 

subproblems, the remaining subproblems can be discarded, for no feasible 

solutions can be better than the optimum. 

Accordingly, algorithm B is developed to solve the graph coloring 

problem by incorporating the concept of the range cutting. Calculation of 

subranges obviously varies with respect to the problems of interest and the 

algorithms. In algorithm B, the constant, 2, is used as the sub-range, for the 

difference between the lower bound and the chromatic number is in general no 

more than 2 colors. 

Algorithm C: 

Step 1: Find a lower bound l and an upper bound u for the optimum of a 

given problem P using the modified-color-degree algorithm. 

Step 2: Let t = 2. 

Step 3: If t > u - l, solve Pt ,u and stop; otherwise let b 1 = l, and 

Step 4: 

Step 5: 

Solve the problem Pb b • Stop if an optimal solution is found; the 
l, 2 

solution is the optimum of the primary problem P. 

Stop if b 2 > u . Let b 1 = b 2+ 1, b 2 = min( b 2+ t , u ). Go to tep 

4. 

Algorithm C alters the conventional concept of randomly searching for the 

optimum of a problem; it organizes the solution space into sections and 

searches starting from the section which is bounded by the least upper bound. 
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If no feasible solutions are found, the section with the next higher upper 

bound is searched. Such a search scheme ensures that a local optimal solution 

must be the global optimum. 



CHAPTER 4 

The Computational Experience 

In this chapter the design of some computational experiments are 

presented, and the results of the modified-color-degree algorithm, and 

algorithms B and C are discussed. The design of the experiment focuses on 

the method for generating random graphs. About 200 graphs were generated 

for various experiments. 

The implementation of the algorithms strictly followed their description. 

For comparison, the color-degree algorithm and Brelaz's algorithm were 

implemented, and all graph were tested against t hese algorithms. All 

programs were written using the C language [Kern82] on a VAX 11/780 

running UNIX BSD 4.2 [Kern84, UNIX84]. Timing statistics are based on the 

system (CPU) time and are in the units of seconds. 

A summary of the experiments is present in the conclusion of this 

chapter. 

4.1. Generation Of Random Graphs 

It is known that any algorithm for graph coloring problems may behave 

differently on different types of graphs. Unfort unate ly, t here is no standard 

rules for generat ing testing graphs, nor is there a collection of various graphs 

51 
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on hand from the real world. Therefore, random graphs seem to be a 

reasonable choice for experimenting with all the algorithms discussed in this 

thesis. 

Three factors hav e been recognized as the keys to the behav ior of a 

graph coloring algorithm on random graphs. They are: the number of 

vertices, the number of edges, and the chromatic number of the graph. They 

do not influence the behavior of an algorithm independently, but rather, the 

combination of them does. 

For any graph with n vertices, m edges and an edge density p, the 

following relation obviously holds: 

m n X (n - I) X 
- 2 p 

Furthermore, taking into account the two lower bounds for the chromatic 

number of a graph by Manvel [Manv84): 

and 

K- 2 log n 
I log-
P 

n log (-1 -) 
I - p C =------

2 log n 

it is clear t hat t he chromatic number of a random graph is relat ed to t he first 

two factors. The first bound , K , is an approximat ion of t he size of t he 

largest cli que in a grap h. The second bound, C , is induced from t he size of 

t he largest independent set in a graph . Both bounds hold asymt pot ically . 
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For small n , the first bound is greater than the second. But the second 

bound grows with respect to the factor of n / log ( n ), in contrast with log ( n ) 

for the first. Therefore, for large n the second bound is greater than the first. 

Manvel [Manv84] proposed a method which first approximates the 

chromatic number of a random graph based on the second bound and then 

generates random graphs based on the number of vertices and the density of 

edges. The chromatic number of the resultant graphs are almost certain to be 

equal to what is approximated. Since edges are not allowed within color-

classes, the density that is used to generate edges among classes must be 

higher than the specified density. Manvel proposed an approximation for the 

edge density among classes in order to assure the overall original edge density. 

Along with the method adopted in these experiments, the approximation is 

described as follows: 

Step 1: Calculate the lower bound for the chromatic number: 

x(G) > 
n log (-1-) 

1 - p 

2 log n 

where n is the number of vertices, and p the density of edges. 

Calculate p *: 

p * = p ( X ( G )-1 / n ) / ( X ( G )-1). 

Step 2: Randomly distribute n vertices into x( G) classes. 

Step 3: Generate edges among the classes with probability p *. 

Some preliminary experiments showed that the modified-color-degree 

algorithm can obtain the exact chromatic numbers for most of the graphs of 
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less than 50 vertices. Therefore, all experiments are conducted on graphs of 

50 vertices or more. The graphs are classified into 6 categories: 50, 60, 70, 80, 

90 and 100 vertices, each of which is further divided into three sub-categories . 

with edge densities of approximately 0.3, 0.5 and 0. 7. In the remainder of this 

thesis, all densities of edges mentioned are approximations. Ten graphs are 

generated for each sub-category. The statistics shown in the remaining 

chapter are the average computational time in second for each sub-category. 

4.2. The Experiment Of The Modified Color Degree Algorithm 

In this experiment, the modified-color-degree algorithm was compared to 

the color-degree algorithm. For each sub-category, ten graphs were tested 

No. Density Chro- Color-degree Modified-color-degree 
nodes of matic 

edges Number Upper bound Lower bound Upper bound Lower bound 
0.3 3 3.0 3.0 3.0 3.0 

50 0.5 5 5.5 5.0 5.0 5.0 
0.7 8 8.0 7.6 8.0 8.0 
0.3 3 3.0 3.0 3.0 3.0 

60 0.5 6 7.8 5.8 6.0 6.0 
0.7 g 10.8 8.8 9.1 8.g 
0.3 3 3.0 3.0 3.0 3.0 

70 0.5 6 8.0 5.8 6.0 6.0 
0.7 10 12.5 g_g 10.2 10.0 
0.3 4 5.1 4.0 4.0 4.0 

80 0.5 7 11.0 6.7 7.3 7.0 
0.7 11 14.5 10 .. s 11.3 10.8 
0.3 4 4.7 4.0 4.0 4.0 

90 0.5 7 10.8 6.4 7.4 6.9 
0.7 13 19.2 11.1 14.6 12.2 
0.3 4 4.4 4.0 4.0 4.0 

100 0.5 8 13.7 7.3 9.2 7.9 
0.7 14 21.1 12.6 16.6 13.6 

Table 4.1: Upper bounds and low er bou nds for high density graphs (n < 100). 
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No. Density Chro- Col or-degree - Modified-color-degree 
of matic 

nodes edges Number % Range % Range % range 
Optimum Optimum improvement 

0.3 3 100% 0.0 100% 0.0 0% 
50 0.5 5 60% 0.5 100% 0.0 100.0% 

0.7 8 60% 0.4 100% 0.0 100.0% 
0.3 3 100% 0.0 100% 0.0 0% 

60 0.5 6 10% 2.0 100% 0.0 100.0% 
0.7 g 10% 2.0 80% 0.2 90.0% 
0.3 3 100% 0.0 100% 0.0 0% 

70 0.5 6 10% 2.2 100% 0.0 100.0% 
0.7 10 0% 2.6 80% 0.2 92.3% 
0.3 4 40% 1.1 100% 0.0 100.0% 

80 0.5 7 0% 4.3 70% 0.3 93.0% 
0.7 11 0% 4.0 50% 0.5 87.5% 
0.3 4 50% 0.7 100% 0.0 100.0% 

90 0.5 7 10% 4.4 50% 0.5 88.6% 
0.7 13 0% 8.1 0% 2.4 70.4% 
0.3 4 60% 0.4 100% 0.0 100.0% 

100 0.5 8 0% 6.4 3 >% 1.3 79.7% 
0.7 14 0% 8.5 10% 3.2 62.4% 

Table 4.2: Range comparison for high density graphs (n < 100). 

against each algorithm. Because the modified-color-degree algorithm is 

mainly used in implicit enumeration algorithms, all the graphs tested have no 

more than 100 vertices. Consequently, timing statistics are not important. 

Table 4.1 lists the lower bounds and upper bounds obtained from both 

algorithms. The lower and upper bounds are converted into ranges and are 

shown on table 4.2. The improvements on ranges are shown in percentages. 

Table 4.2 also lists an interesting, although less important, statistic: the 

percentage of exact solutions obtained in each algorithm. 

The results show the superiority of the modified algorithm over the 

original algorithm. The modified algorithm is capable of obtaining better 

heuristic solutions and larger cliques. Consequently, the ini t ial ranges are 
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much smaller than those from the original algorithm. More interestingly, the 

modified algorithm is able to obtain exact solutions for most of the smaller 

graphs ( no more than 80 vertices) or for all graphs that have smaller densities 

, of edges; while the original algorithm can hardly obtain any exact solution for 

graphs with chromatic number of more than three. On average, the modified 

algorithm improves the range by 85.2% compared to the original algorithm; 

the least improvement is by 62.4%; and a majority of ranges are improved by 

more than 80%. 

From the algorithmic point of view, such an improvement is not 

surprising. The original algorithm finds a feasible solution and its associated 

clique based on one starting vertex. The modified algorithm finds as many 

feasible solutions and their associated cliques as the number of possible 

starting vertices, and selects the best of them to be the heuristic solution and 

the clique. This experiment shows tremendous improvements on ranges for 

graphs of no more than 100 vertices; therefore, the use of the modified-color-

degree algorithm in implicit enumeration algorithms is very promising. 

Since the modified-color-degree algorithm is an iterative procedure, the 

number of iterations and the computational time are significant for large 

graphs, such as graphs of 500 vertices. Therefore, another experiment is 

conducted to measure the performance of the algorithm on large graphs of 500 

vertices. In this experiment, testing graphs are classified into edge densities of 

0.3, 0.5 and 0. 7, and ten graphs are generated for each category. The results 

are shown in tables 4.3, 4.4 and 4.5. 
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No. Density Chro- Color-degree Modified-color-degree 
nodes of matic 

edges Number Upper bound Lower bound Uooer bound Lower bound 
0.3 15 42.9 10.2 40.1 11.7 

500 0.5 28 75.4 13.2 72.5 19.4 
0.7 49 110.7 31.9 106.7 44.3 

Table 4.3: Upper bounds and lower bounds for graphs (n = 500). 

No. Density Chro- Color-degree Modified-color-degree 
of matic 

nodes edges Number % Range % Range % range 
Optimum Ootimum imorovement 

0.3 15 0% 32.7 0% 28.3 13.5% 
500 0.5 28 0% 62.2 0% 53.1 14.6% 

0.7 49 0% 88.8 0% 62.4 29.7% 

Table 4.4: Range comparison for testing graphs ( n = 500). 

The results show a decreased performance on the generation of upper 

bounds and lower bounds. Overall , ranges are improved only by an average 

of less than 20% . It is interesting that the improvement on lower bounds is 

much better than on upper bounds. In fact, for the graphs with an edge 

density of 0.3, 60% of the lower bounds are exact solutions. However, the 

timing statistics show that the modified-color-degree algorithm requires much 

more computational time than the color-degree algorithm. This phenomenon 

is also indicated by the increase in percentages of the number of starting 

vertices for each type of graphs. Such a huge amount of extra computational 

time seems to be worthless considering t he percentages of improvements . In 

conclus ion, the modified-color-degree algori thm is a good heuristic algorithm 

for graphs of no more t han 100 vertices; and is not suitab le for large graphs 

(i.e. 500 vert ices ). 
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No. Density Chro- Colar-degree Modified-color-degree 
of matic 

nodes edges Number Time Time No. starting % starting 
(sec.) (sec.) vertices vertices 

0.3 3 1.0 2.0% 
50 0.5 5 3.0 6.0% 

0.7 8 4.0 8.0% 
0.3 3 1.0 1.7% 

60 0.5 6 7.7 12.8% 
0.7 9 21.2 35.3% 
0.3 3 1.0 1.4% 

70 0.5 6 7.0 10.0% 
0.7 10 26.8 38.3% 
0.3 4 4.4 5.5% 

80 0.5 7 39.6 49.5% 
0.7 11 43.2 54.0% 
0.3 4 2.7 3.0% 

go 0.5 7 47.2 52.4% 
0.7 13 70.4 78.2% 
0.3 4 3.3 3.3% 

100 0.5 8 69.1 69.1 % 
0.7 14 72.6 72.6% 
0.3 15 0.400 4.73 410.2 82.0% 

500 0.5 28 1.285 gg.433 469.8 93.9% 
0.7 49 1.76 162.317 455.9 91.2% 

Table 4.5: Computational time and number of starting vertices. 

4.3. The Experiment of Algorithms B and C 

The computational time and the number of backtracks of algorithms B 

and C, and Brelaz ' algorithm are compared in this experiment and are shown 

in tables 4.6 (" +" indicates the existence of unsolvable graphs in t he 

respective sub- categories) . 



No. Density Chro- Brelaz Algorithm B Algorithm C 
of matic 

Nodes edges Number Time No. Time No. Time No. 
(sec.) Backs (sec.) Backs (sec .) Backs 

0.3 3 0.013 0.0 0.018 0.0 0.002 0.0 
50 0.5 5 0.007 0.5 0.008 0.0 0.010 0.0 

0.7 8 0.007 0.5 0.008 0.0 0.008 0.0 
0.3 3 0.008 0.0 0.005 0.0 0.013 0.0 

60 0.5 6 0.013 10.0 0.015 0.0 0.007 0.0 
0.7 g 0.012 18.8 0.025 0.2 0.013 0.0 
0.3 3 0.008 0.0 0.022 0.0 0.013 0.0 

70 0.5 6 0.02 11.5 0.015 0.0 0.015 0.0 
0.7 10 0.025 24.3 0.02 0.6 0.02 0.6 
0.3 4 0.01 2.0 0.023 0.0 0.022 0.0 

80 0.5 7 0.215 974.1 0.035 2.4 0.03 2.4 
0.7 11 0.032 74.8 0.043 0.9 0.032 Q,g 
0.3 4 0.013 0.9 0.01 0.0 0.011 0.0 

go 0.5 7 0.062 264.4 0.023 1.8 0.045 1.8 
0.7 13 0.56 1947.2 0.528 1828.3 0.453 1181.3 
0.3 4 0.035 0.7 0.017 0.0 0.007 0.0 

100 0.5 8 3.228 8203.6 0.117 457.3 0.108 457.3 
0.7 14 6.781+ 21893.5+ 8.522 23692.1 4.182 11965.4 

Table 4.6: Computational time and . backtracks for high density graphs . 

Although the number of backtracks is not an absolute measurement of 

efficiency, the tremendous reduction of backtracks in algorithms B and C for 

most sub-categories indicates that fewer partial solutions were created in both 

algorithms than in Brelaz'. With the increasing complexity of algorithms B 

and C, computational time for each partial solut ion also increases. But the 

trade off is successful: both algorithms B and C appear to be faster t han 

Brelaz 's in an attempt to solve large graphs (90 vertices or more) , and 

algorithm C is slight ly more efficient than algorithm B , particularly for large 

graphs with high densit ies of edges. 
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Unsolvable graphs are defined as those which cannot be solved within 40 

second of the CPU time. Brelaz ' algorithm could not solve two of the graphs 

of 100 vertices with an edge density of 0.7. The computational time for this 

category should be higher than what is indicated. If each of the unsolvable 

graphs requires at least 40 seconds, then the average computational time for 

this category must be higher than 13.425 seconds. 

The effect of the range cutting method is shown in two sub-categories: 90 

vertices and 100 vertices with an edge density of 0.7. The cutting method 

was applied to some of the graphs in both sub-categories due to the wide 

ranges obtained from the color-degree algorithm. The computational time on 

those graphs reduced sharply, hence yielding better average computational 

time. Such a result leads to a conclusion that the range cutting method is 

successful, in particular on large graphs (90 vertices or more) with high edge 

densities. 

In general, all algorithms are efficient in solving all small and medium 

graphs ( no more than 90 vertices). Brelaz' algorithm has difficulty on graphs 

of 100 vertices with an edge density of 0. 7. Algorithm B and C are successful 

on all testing graphs, and algorithm C is experimentally shown to be the most 

efficient one among all algorithms. 

4.4. Summary of the Experiments 

Although the large-degree-first scheme and the look-ahead process may 

help to reduce the sol'ut ion space, the key factor to t he success of the 

experiment is the modified-color-degree algorithm. V\ it h the reduction of the 

ranges of more than 70% , the reduction of the solution space is enormous. 
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The major difference among Brelaz' algorithm and algorithms B and C is 

the capability for storing the lower bound of each candidate problem in 

algorithms B and C. This allows the purging of the candidate list to discard 

nonpromising infeasible solutions in the early stage. This capability also 

provides flexibility for the selection of a candidate problem. The look-ahead 

process in algorithms B and C results in finding an infeasible solution earlier, 

and avoiding the creation of unnecessary partial solutions. The later effect 

was not found in Brelaz' look-ahead algorithm. Large-degree-first coloration 

sequence is adopted in algorithms B an C. Such a coloration sequence results 

in applying constraints to more vertices at an early stage and may reduce the 

solution space. 

Although algorithm C is a modification of algorithm B, it does not mean 

that the former is better than the latter in all cases. If the optimal solution of 

a problem is close to the upper bound, algorithm C may require more 

computational time than does algorithm B. In this experiment, the statistics 

for both algorithms are mostly similar because of the outstanding performance 

of the modified-color-degree algorithm. However, algorithm B should be more 

efficient than algorithm A in average cases, and the range cutting method is 

shown experimentally to be applicable to the graph coloring problem. 



CHAPTER 5 

Application of the Range Cutting Method 

The range cutting method has been shown to be useful for solving the 

graph coloring problem. In this chapter, this method is generalized for 

optimization problems which can be solved by algorithms of the branch-and-

bound type. Two examples are presented to illustrate the use of the method: 

one on the knapsack problem and the other on the goal programming 

problem. 

The worst case of the range cutting method occurs when the optimal 

solution of a problem is close to the upper bound of the range. In such a 

situation, many subproblems must be solved before reaching the optimum. 

The method becomes inefficient because some feasible solutions of a 

subproblem are identical to those of others and have to be re-created when 

attempting to solve each subsequent subproblem. Therefore, befo;e using the 

range cutting method, there should be sufficient knowledge about the average 

quality of the lower bound. The range cutting method should be considered 

to be non-promising if the lower bound is in general poor. 

5.1. A General Range-Cutting-Branch-And-Bound Algorithm 

The range cutting method requires an init ial range (i.e. an initial upper 

bound and an initi al lower bound). Both bounds do not necessarily come 
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from the same algorithms. To obtain the lower bound, a simple method is to 

relax, if a simple relaxation method exists, the primary problem and solve the 

resultant problem. To obtain the upper bound, any heuristic algorithm that 

produces feasible solutions can be used. A scheme for calculating the range 

interval, based on which subproblems are created, must be developed. If the 

lower bound is on average close to the optimal solution, then a narrow range 

interval may be used. On the other hand, if the lower bound is in general 

distant from the optimal solution, then a wide range interval may be used. In 

any cases, the idea is to attempt to obtain a feasible solution from the first 

problem selected. Once this occurs, the remaining subproblems can all be 

discarded. 

The selection of sub-ranges determines the effectiveness of the range 

cutting method. It is suggested that the calculation of the range interval be 

based on the knowledge about the quality of the lower and upper bounds 

(ranges), stated as follows: 

( 1) Binary division: . 

If the quality of the ranges is unknown, or the quality of the lower bound 

(for minimization problems) or the upper bound (for maximization 

problems) is poor, then the sub-ranges should be wide so that, in the 

worst case, only a few subproblems are enumerated. A suggested method 

is to enumerate the subproblem induced with the lower half of the range 

in the first iteration. If an optimal solution is found, the goal of the 

range cutting method is achieved; otherwise , further divisions can be 

determined by a predefined constant C which can be an arbitrary 

fraction of the range. If the remaining sub-range is greater than C, then 



64 

a further division of half of the rema111111g sub-range will be proceeded; 

otherwise, a subproblem will be induced with the remaining sub-range 

and will be solved. For instance, the C calculated by 

C = ( u - l) X 10% 

asserts that the least sub-range is greater than 5% of ( u - l ), imply ing 

that at most 5 subproblems will be enumerated. 

(2) Constant interval (Based on past experience): 

If the general quality of the ranges is known, then a constant interval can 

be used for calculating subranges. To be more specific, if past experience 

shows that, to a certain degree of frequency, optimal solutions occur at 

about 20% to 30 % of the range from the lower bound , then the interval 

T can be defined as 

T = f( u - l ) X 30% l 

where u is the initial · upper bound, and l the initial lower bound. The 

sub-ranges derived from T are (l, l +T ), (l +T +l, l +2X T) and 

(l+2XT+l , u). 

The general range-cutting-branch-and-bound algorithm, abbrevi ated as 

RCBAB, is a generalized branch-and-bound procedure in whi ch the range 

cutting method is incorporate d. The followin g discussion of R CBAB follows 

t he relevant not ations introduce d in chapter III. 

Step 1: Init ialize t he lower bound L and t he upper bound U which is a 

feasibl e solut ion. Stop if U = L , the feasible solut ion is op t imal. 

Let T be t he interval calculated wi t h either of t he constant inte rval 
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method or the binary division method suggested previously . Let 

B 1 =L , andB 2 =min(L+T ,U). Let P =PB B· 
1, 2 

Step 2: Initialize the candidate list to consist of the problem P. Initialize 

Z * to be a large number (Z * needs not be feasible). 

Step 3: If the candidate list is not empty, go to step 4. If the candidate list 

is empty, and Z * is a feasible solution, stop; otherwise go to step 

14. 

Step 4: Select one of the problems from the candidate list to be the current 

candidate problem GP. Delete the problem from the candidate list. 

Step 5: Relax GP into CPr. 

Step 6: Solve GPr with an appropriate algorithm. 

Step 7: If F ( GPr) = 0, go to Step 3. 

Step 8: If v ( GPr) > Z *, go to Step 3. 

Step g: If v ( GPr) is feasible in P, go to Step 13. 

Step 10: Decide whether or not to persist in attempting to fathom GP. If 

not, go to Step 12. 

Step 11: Modify the relaxation of GP and return to Step 6. 

Step 12: Separate GP and add its descendants to the candidate list . Go to 

Step 3. 

Step 13: A feasible solut ion has been found. If v ( CPr) < Z * , then set 

Z * = v ( GPr ). Go t o Step 3. 

St ep 14 : If B 2 > U, stop ; t he primary problem is infeasible. Let 

Determine the range interval T. Let 
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B 2 = min(B 2+ T, U ), and P = PB B . Go to step 2. 
1, 2 

In step 1, the lower bound, the upper bound and a feasible solution are 

initialized. The subrange interval is calculated, and the first subproblem is 

initiated. From steps 2 to 13, attempts are made to solve the subproblem 

with a branch-and-bound algorithm. If an optimal solution is obtained, the 

process stops; the solution is optimal to the primary problem. If no feasible 

solution can be found, step 14 is incorporated to set up the next subproblem. 

If no feasible solutions are found in the whole process, the initial feasible 

solution is optimal. 

5.2. Example 1: The Knapsack Problem 

The knapsack problem can be mathematically stated as [Bulf79] 

n 
Max z = ci xi 

i=l 

S.T. 

xi E {0,1} 

One of the special cases of the problem is that the variables need not be 

binary, but can be any integer value between zero and a known upper bound. 

Such a version is call ed the general knapsack problem. In this example, only 

the binary knapsack problem is considered, and ci > 0, ai > 0. It should be 

noted that the knapsack i. a m aximization -problem, in contrast with all 

previously mentioned prob lems that are of minimization type . 



Assuming that the variables are sorted so that 

Cl C2 >-> 

an index f of the variables can be found such that 

f -1 
a1 < b. 

i=l 

An obvious initial feasible solution is 

if i < f 
otherwise , 
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which is the maximal value of z by sequentially allocating the resource b to 

variables x 1, x 2, . .. , x f _1. Consequently, the lower bound L can be 

calculated by 

f -1 
L = ci, 

i =1 

Because the knapsack is of maximization type, its linear solution is its upper 

bound U which is 

u = L + CJ X 

f -1 
b- ai 

i=l 

Assuming that, based on past experience, optimal solutions are close to the 

upper bound (i.e. within 25% of the range from the upper bound), the 

interval then can be defined a.-s one forth of the range. The branch-and-bound 

algorithm that utilizes the range cutting method for the knapsack problem 

can now be given: 
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Step 1: Initialize the upper bound U and the lower bound L which is a 

feasible solution. Stop if U = L , the feasible solution is optimal. 

Let T =(U-L)X0.25,B 1 =max(L,U-T),andB 2 = U. Let 

p = PB1,B2· 

Step 2: Initialize the candidate list to consist of the problem P . Initialize 

Z * to be a large number ( Z * need not be feasible). 

Step 3: If the candidate list is not empty, go to step 4. If the candidate list 

is empty, and Z * is a feasible solution, stop; otherwise go to step 

12. 

Step 4: Select the problem with the best lower bound from the candidate 

list to be the current candidate problem GP. Delete the problem 

from the candidate list . 

Step 5: Relax GP into GPr by ignoring the integrality restrictions on the 

variables. 

Step 6: Solve GPr with the method for obtaining the initial upper bound. 

Step 7: If F ( GPr) = 0, go to Step 3. 

Step 8: If v ( GPr ) < Z *, go to Step 3. 

Step g: If v ( GPr) is feasible in P, go to Step 11. 

Step 10: Separate GP into two subproblems. Compute the lower bound for 

each subproblem and add them to the candidate list. Go to Step 3. 

Step 11: A feasible solution has been found . If v ( GPr) > Z *, then set 

Z * = v ( GPr ). Go to Step 3. 

Step 12: If B 2 < L , stop; the initi al solution is the optimum. Let 
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This algorithm demonstrates a branch-and-bound algorithm for problems 

of the maximization type. Notations are contrasted in RUBAB, mostly by 

being reversed. The algorithm also demonstrates the use of the constant 

interval method to generate sub-ranges. It should be noted that, for 

maximization problems, the solution procedure starts with solving the 

subproblem that has the highest upper bound, which is in the reverse 

direction of the minimization problems. 

5.3. Example 2: The Goal Programming Problem 

Details of the goal programming problem and its solution procedure have 

been discussed in chapter III. In essence, feasible solutions no worse than the 

current best are kept track of, and all objective values are compared 

lexicographically. 

On applying the range cutting method, the range is calculated from the 

primary problem formed by the first objective function and the constraint set. 

The initial lower bound can be obtained by relaxing the primary problem and 

solving the resultant problem. The initial upper bound (the initial feasible 

solution) can be obtained by any greedy algorithm for integer programming 

problems. Most greedy algorithms simply attempt to satisfy the constraint 

set. 

Assuming that the quality of the ranges for goal programming problems 

is unknown, then the binary division method should be used to determine the 

interval for the sub-ranges. The branch-and- bound algorithm that utilizes the 

range cutting method can be obtained by slight ly modifying RCBAB: 
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Step 1: Initialize the lower bound L, the upper bound U which is a feasible 

solution. Stop if U = L , the feasible solution is optimal. Let G 

be a fraction of the range; T = l(U - L )/2 l; B 1 = L; and 

B 2 =min(L+T,U). LetP =PB
1
,B

2
• 

Step 2: Initialize the candidate list to consist of the problem P . Initialize 

Z * to be a large number (Z * need not be feasible). 

Step 3: If the candidate list is not empty, go to step 4. If the candidate list 

is empty, and Z * is a feasible solution, stop; otherwise go to step 

12. 

Step 4: Select one of the problems from the candidate list to be the current 

candidate problem GP . Delete the problem from the candidate list. 

Step 5: Relax GP into GPr. 

Step 6: Solve GPr with an appropriate algorithm. 

Step 7: If F ( CPr) = 0, go to Step 3. 

Step 8: If v ( GPr ) > Z *, go to Step 3. 

Step 9: If v (GPr) is feasible in P, go to Step 11. 

Step 10: Separate GP and add its descendants to the candidate list. Go to 

Step 3. 

Step 11: A feasible solution has been found. Calculate all objective values 

based on the feasible solution. If the objective values of v ( GPr) is 

lexicographically better than that of Z *, then set Z * = v ( GPr ). 

Go to Step 3. 

Step 12: If B 2 > U, stop; the primary problem is infeasible. Let 

B 1 = B 2+ 1. If U - B 2 < G, then set B 2 = U; otherwise set 
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B 2 = r (B 1 + U)/2 l Let P = Ps,,s, Go to step 2. 

The above algorithm demonstrates that, in attempt to solve a goal 

programming problem, the range cutting method only considers the range for 

the first objective function. The other objective values are lexicographically 

compared when a feasible solution is obtained. Consequently, the overhead 

due to the range cutting method is exactly equivalent to that of the 

optimization problems with one objective function. Therefore, the method is 

effective for the goal programming problem, regardless of the fact that the 

problem has multiple objective functions. 

In conclusion, to effectively utilize the range cutting method, the interval 

for sub-ranges should be selected, based as much on past experience as 

possible. 



CHAPTER 6 

Conclusion 

The main research topic has been a series of experiments for solving the 

graph coloring problem using several approaches which lead to prominent 

improvements in the efficiency of computation. Some approaches are also 

recognized to be useful and can be generalized to solve other optimization 

problems. They are summarized in this chapter to conclude this research. 

First, the color-degree algorithm is modified. The resultant algorithm is 

capable of finding a better heuristic solution for the graph coloring problem 

and a larger clique for a graph. The heuristic solution and the clique form a 

range for the optimal solution of the graph coloring problem. The range and 

the constraint set of the problem defines a solution space in graph coloring 

algorithms of the implicit enumeration type. The modified-color-degree 

algorithm narrows the range by an average of 85.2% of what can be produced 

by the original algorithm. The least improvement is 62.4%, and most ranges 

are improved by more than 80%. Even more, quite a few ranges are zero, 

meaning that the heuristic solutions are exact solutions. Because the graph 

coloring problem is in the class of NP-complete problems, the improvement on 

the range yields the reduction of the solution space in exponential magnitude. 

Therefore, the modified-color-degree algorithm is an effective heuristic 

algorithm for any graph coloring algorithm. 

72 



73 

Second, the mathematical model for the graph coloring problem is revised 

into a model of many objective functions , and the model is investigated from 

the aspect of goal programming. This approach allows the graph coloring 

problem to be mathematically solved in one iteration, which is an invaluable 

improvement in contrast to the old iterative process. Although such an 

approach has experimentally been shown to be non-promising, the theoretical 

development provides a light for other optimization problems of the similar 

type. 

Third, the computational time of solving the graph coloring problem is 

improved by using algorithm B, a branch-and-bound approach. The key to 

the improvement is a combination of the use of the modified-color-degree 

algorithm , the arrangement of vertices in descending order of their degrees, 

the look-ahead process, and the purging of the candidate list based on the 

information stored for each subproblem. The algorithm is further improved 

with the separation method, the range cutting method. The range cutting 

method is effective in corn bination with any implicit enumeration algorithms. 

The method is generalized for integer programming problems. 

Brown's concept of redundant solutions is extended in this research. An 

isolated vertex should be fixed with only one of the available colors, because 

creating partial solutions for this vertex by using any other colors would be 

redundant . This issue does not exist in neither Brown's nor Brelaz ' algorithm. 

However , such a redundancy does not occur often and, even if it does occur, it 

normally does not produce a noticeable deficiency. 

In practice, t he graph coloring probl em is one of the t ools for solving 

t imetab ling problems. Unfortunately, a t imetab ling prob lem normally come 
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with additional constraints that may be difficult to address with the 

representation of edges and vertices. What is worse and may complicate a 

graph coloring algorithm, is the fact that the timetabling problem does not 

necessarily need the optimal solution of the algorithm. To design a general 

graph coloring algorithm that will consider all aspects of the timetabling 

problem is interesting and could be a valuable extension of this research. 

Another interesting extension of this thesis may be to distribute the 

computation of both the modified-color-degree algorithm and the graph 

coloring algorithm in a distributed system. The idea is clearly applicable to 

the modified-color-degree algorithm, since the computation of each iteration in 

the algorithm is independent. For the graph coloring algorithm, the branch-

and-bound approach is more appropriate than the backtrack programming 

approach, since subproblems and associated information are kept track of, 

which are required for developing a distributed algorithm. 

In conclusion, this research shows that the chromatic number of a graph 

of up to 100 vertices can be solved within a reasonable amount of time. If the 

density of edges is low or the the chromatic number is small, the size of 

solvable graphs may be up to 130 vertices. However, the algorithms 

developed in this research are still limited for graphs of such sizes. It might 

be possible that this research will provide a stepping-stone for further 

improvement in the area of the graph coloring problem. 



References and Bibliography 

[Aho74] 
Aho, Alfred V., John E. Hopcroft, and Jeffrey D Ullman (1974) The 
Design And Analysis Of Computer Algorithms. Addison-Wesley, 
Reading, Mass. 

[Baza77] 
Bazaraa, Mokhtar S. and John J. Jarvis (1977) Linear Programming and 
Network Flows. John Wiley & Sons, New York. 

[Berg62] 
Berge, C. (1962) The Theory of Graphs and Its Appications. John \,\Tiley 
& Sons, Yew York. 

[Brel79] 
Brelaz, Daniel (April 1979) "New Methods to Color the Vertices of a 
Graph" in Comniuni"cation ACM, 22 (4) pp 251 - 256, ACM. 

[Brow72] · 
Brown, Randall J. (December Part I, 1972) "Chromat ic Scheduling and 
the Chromatic Number Problem" in Management Science , 19 ( 4) pp 456 
- 463. 

[Bulf79] 
Bulfin, Robert L. (March 1979) "Computational Results With A 
Branch-And-Bound Algorithm For The General Knapsack Problem" in 
Naval Research Logistic Quarterly, 26 (l) pp 41 - 46. 

[Dutt81] . 
Dutton, R. D. and R. C. Brigham (1981) "A New Graph Coloring 
Algorithm" in Computer Journal, 24 (1) pp 85 -86. 

[Gare76] 
Garey, M. R. and D. S. Johnson (January 1976) "The Complexity of 
Near-Optimal Graph Coloring" in Journal of the AC~ 23 (1) pp 43 -
49, ACM. 

[Geo72] 
Geoffrion, A. M. (December 1972) Lagrangean Relaxat£on and Its Uses in 
Integer Programming. \Nestern Management Science Institute, UCLA. 



[Geof72] 
Geoffrion, A. M. and R. E. Marsten (May 1972) "Integer Programming 
Algorithms: A Framework and State-Of-Art Survey" in Management 
Science) 18 (9) pp 465 - 491. 

[Hill80] . 
Hillier, Frederick S. and Gerald J. Lieberman (1980) Introduction to 
Operations Research. Holden-Day, Oakland, California. 

[Igni76] 
Ignizio, James P. (1976) Goal Prograrnming And Extensions. Lexington 
Books, Lexington, Mass. 

[Igni82] 
Ignizio, James P. (1982) Linear Prograrnming In Single- And Multiple-
ObJective Systems. Prentice Hall, Englewood Cliffs, New Jersey. 

[Karw77] 
Karwan, Mark H. and Ronald L. Rardin (April, 1977) Surrogate Dual 
Multiplier Search Procedures in Integer Programming. Department of 
Industrial Engineering, State University of New York at Buffalo, No. J-
77-13. 

[Kern78] 
Kernighan, Brian W. and D. M. Ritchie (1978) The C programming 
Language. Prentice Hall, Englewood Cliffs, New Jersey. 

[Kern84] 
Kernighan, Brian W. and Rob Pike (1984) The UNIX Programming 
Enivronment. Prentice Hall, Englewood Cliffs, New Jersey, ISBN 0-13-
g37681-X. 

[Leig7g] 
Leighton, F. T. (November, 1979) "Graph Coloring Algorithm for Large 
Scheduling Problems" in Journal of Research) 84 (6) pp 489 - 506, 
National Bureau of Stan dads. 

[Manv81] 
Manvel, Bennet (1981) "Coloring Large Graphs" in Congressus 
Numerantium) 33) pp 197 - 204. 

[Matu72] 
Matula, David Vl., George Marble, and Joel D. Isaacson (1972) "Graph 
Coloring Algorithms" in Graph Theory and Computing) pp 109 - 122, 
Academic Press, Ltd., New York, New York. 

76 



[Matu83) 
Matula, David W. and Leland L. Beck ( July 1983) " Smallest-Last 
Ordering and Clustering and Graph Coloring Algorithms" in Journal of 
the ACM1 30 (3) pp 417 - 427 , ACM. 

[Mitc76] 
Mitchem, J., "On Various Algorithms for Estimating the Chromatic 
Number of A Graph" in Computer Journal1 191 pp 182 - 183. 

[Peem_81] 
Peemoller, Jurgen (August, 1981) "A Correction to Brelaz's Modification 
ofBrown's Coloring Algorithm" in Commv,nication ACM1 26 (8) pp 595 -
5Q7, ACM. 

[Simm72] 
Simmons, Donald M. (1972) Linear Programming for Operations 
Research. W.R. Grace & Co., Cambridge, Massachusetts. 

[Taha75) 
Taha, Hamdy A. (1975) Integer Programmi·ng - Theory) Applications 
and Computations . Academic Press, New York. 

[UNIX84] 
(August, 1984 ) UNIX programmer 's manual. Deparment of Computer 
Science, University of Calgary , Calgary . 

[Wels67) 
Welsh, D. J. A. and M. B. Powell (rn67) "An Upper Bound for the 
Chromatic Number of A Graph and Its Application to Timetabling 
Problems" in Computer Journa( 101 pp 85 - 86. 

[Wigd83) 
Wigderson, Avi (October 1983) "Improving the Performance Guarantee 
for Approximate Graph Coloring" in Journal of the AC~ 30 ( 4) pp 729 
- 735, ACM. 

[Wood69) 
Wood, D. C. (1969) "A Technique for Coloring A Graph Applicable to 
Large Scale Timetabling Problems" in Computer Journal

1 
• 12

1 
pp 317 -

319. 

77 




