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ABSTRACT

Production cannot always be expanded to meet customers' demands. The marginal cost of
increasing supply may increase steeply as capacity is exhausted, so that some levels of
demand are too large to be fully served in the short-run. When demand or supply is
stochastic, the importance of this short-run constraint on capacity must be recognized.
Priority pricing enables customers to obtain lower service rates in exchange for greater
probabilities of interruption. The voluntary selection of higher interruption levels reveals
that their valuation of service is relatively low. Thus, it is more efficient to interrupt these
customers than others purchasing higher service options; these contracts enable the firm to
substitute low priority demands for expensive capacity additions. As compared with other
pricing schemes, priority pricing allows for gains in efficiency over uniform pricing
through the clbser matching of service options with customers' needs.
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CHAPTER ONE
INTRODUCTION
1.1 The Problem
The demand for many products tends to be variable. For instance, the demand for
power may peak briefly and suddenly due to changes in temperature. For many products
supply is also subject to fluctuations caused by seasonal cycles or equipment failure. Often
supply is nonstorable, so these fluctuations cannot be smoothed with inventories built up in
slack periods to satisfy demand in peak periods. In addition, capacity expansions are
expensive or otherwise the firm would simply build capacity to satisfy maximum possible
demand. Once capacity is chosen, it is set or " sunk" and production cannot be expanded to
meet customers' needs because demand varies more quickly than capacity can be adjusted.
Thus, during periods of shortage available supply must be rationed among all customers.
This rationing imposes costs on customers who are not served and on those who are forced
to queue for service. For asocial optimum these costs must be traded-off against the cost
of capacity expansion. The issue of interest is then how to set price and capacity optimally
to maximize total social welfare when there are demand fluctuations.

1.2 Background
There are two main possibilities with respect to demand fluctuations: ( 1) the timing
and extent of fluctuations are known with certainty, and (2) the fluctuations are stochastic
or unknown. Although the distribution of stochastic fluctuations isknown, it is not known
when the fluctuations will occur and how large they will be. Whether demand fluctuations
are certain or stochastic will affect the optimal pricing and capacity decisions.
In the peak load pricing literature both peak, or high, and the off-peak, or low,
demand is known with certainty and it is known when each level of demand will be
realized. For example, it is known that the demand for electricity will peak at 6:00 PM and
that demand at 3:00 AM will be significantly lower. In this case, higher prices are charged
during peak periods than in off-peak periods in order to ration supply efficiently. Those
customers with the highest willingness to pay for service will pay peak prices for service
and those with alower willingness to pay will go unserved. Thus peak-load pricing rations
supply in periods of shortages to those customers who value it the most. In off-peak
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periods the price is lowered to utilize excess capacity. The differentiation of prices between
periods lessens what can be thought of as acongestion externality. Congestion is afamiliar
phenomenon, especially with roadways. As more and more travelers enter the roadway the
length of travel time increases for all travelers. Price differentials help to decrease this
congestion since the peak price will dampen the demand in the peak period.
Another question is how to set the optimal capacity. Should there be alarge
investment in capacity so that demand in the peak period is satisfied while capacity sits idle
in the off-peak period, or should there be asmaller investment in capacity such that offpeak demand is satisfied but many consumers are left unserved during peak periods? In the
peak-load model the optimal capacity is set in between these two extremes. The optimal
capacity level in this model is where the marginal valuation of service, averaged across both
peak and off-peak customers, is equal to the marginal cost of capacity expansion. Once the
optimal capacity is installed the optimal prices are set such that they clear the market and
leave as little capacity idle as possible.
Will these optimal capacity and pricing rules change when demand or supply is
stochastic? Both prices and capacity are set ex ante, and so they cannot be adjusted to meet
demand ex post. If demand ex post was known with certainty, price and capacity could be
set optimally, but ax ante there can only be an expectation of demand. While most of the
literature discussed here addresses the problem of stochastic demand, stochastic supply
poses similar difficulties in the choice of the optimal price and capacity. For consumers it
does not matter how congestion was caused. Whether congestion was caused by many
travelers wanting to leave the city or by the closure of aroadway, the result is still that
travelers will suffer congestion costs.
Given that either demand or supply is stochastic, what is the optimal pricing rule?
If price is set in anticipation of off-peak demand and peak demand is realized instead there
will be severe excess demand. Conversely, if price is set in anticipation of peak demand
and off-peak demand is realized asignificant portion of capacity will sit idle. If there is
only one period but demand is uncertain, how can prices be used to ration supply?
Fixed or uniform prices lead to idle capacity when demand is low and to the random
or arbitrary allocation of available supply during shortages. This random assignment of
supply is inefficient because some customers value service more than others. For example,
it may not matter as much to the owner of asmall store as to ahospital if the supply of
electricity is interrupted during ageneration shortage. However, while some customers
may value service more than others, all customers are served with the same probability of
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service under uniform pricing. A more efficient allocation would ration supply during
shortages in the order of customers' preferences or valuations so that those customers who
value service most highly are served first. The differences in prices in the peak-load model
allowed for more efficient rationing because those customers who value service the most in
the peak periods pay the peak price and receive service.
If all consumers could be costlessly and efficiently rationed in periods of excess
demand, the price mechanism would not be needed to ration supply. The long run uniform
price which maximizes total welfare is then the marginal operating cost since this price will
both utilize capacity in periods of low demand and maximize consumer surplus in periods
of high demand. While this welfare-maximizing price increases the probability that some
customers go unserved in periods of excess demand, this surplus loss is mitigated by the
gain in social welfare by serving all customers who demand service at aprice above the
short run opportunity cost of production when demand is low.
If customers can be perfectly rationed during supply shortfalls, then each customer
is served with areliability that is related to their willingness to pay for service. The
customer with the highest willingness to pay will always be served with the highest
reliability and the customer with the lowest willingness to pay will always be served with
the lowest reliability. But if customers cannot be perfectly rationed, how will supply be
allocated?
The lesson learnt from the peak-load literature is that supply can be more efficiently
allocated by rationing through prices than it can with random rationing. During peak
demand periods the good has ahigher "quality" in that total demand is greater during these
periods and some customers are willing to pay more in order to receive the good. Those
customers who value the good relatively more than others will pay higher prices to receive
the good during such periods. Non-uniform pricing of interruptible service can be
introduced through the pricing of reliabilities of service so that customers pay higher prices
for higher reliabilities of service. The price paid is then an index of the reliability or quality
of service, rather than the quantity. Each customer's demand is ranked by their willingness
to pay for service, essentially establishing aqueue. Customers are interrupted during
supply shortfalls in the order of this queue until all customers are served or supply is
exhausted. Interruptible pricing allows efficiency gains over uniform pricing since service
options are designed to more closely match the needs of different customers. For example,
if some customers prefer to receive electricity with areliability of 100% but are subject to
random outages due to uniform pricing, when it is offered these customers will gladly pay
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higher prices for ahigher level of reliability. In addition, because some customers are
served at alower level of reliability, the reliability of higher priority customers can be
satisfied at less than the cost of additional capacity. Thus lower priority demand substitutes
for capacity expansions while still maintaining high reliability of service for higher ranked
demand.
Preferences or tastes for service reliability are often private information however,
known only to customers. While the firm may know the distribution of preferences among
all customers, it cannot know the individual preference of each customer. It cannot simply
ask customers for their preferences. Since customers value reliability of service, depending
on the price and reliability offered they might have an incentive to overstate or disguise their
preferences if they think that this will increase their probability of service. For example, if
residential customers of telephone utilities receive lower rates than do businesses for
essentially the same quality of service, 1 then businesses will want to masquerade as
residential customers in order to receive this lower price. Low priced, high quality.
commodities can only be offered if customers cannot hide their preferences and if resale of
the commodity among customers is not possible. Unless there is perfect information this
will not be possible and higher prices will always be charged for higher reliabilities.
Priority pricing accommodates asymmetric information through self-selection by
customers of service options. Whenever customer preferences are diverse, the offering of
aservice menu with several options promotes efficiency gains because it enables customers
to adapt their purchases to their preferences. Customers will self-select among the offered
options to choose the option which is best for them. Such self-selection is different frqm
demand management in that customers are not targeted for service options. All customers
are instead presented with amenu of service options from which they make their selection.
Customers' voluntary selections of lower reliabilities reveals that their valuation of service
is relatively low, and so it is more efficient to interrupt these customers than others electing
high reliability. In addition, this self-selection will reveal the valuation of additional
capacity. Priority pricing allows for substantial efficiency gains over uniform pricing
through the closer matching of preferences with service options but the self-selection of
service options lessens the informational requirement needed to construct the price menu.
As we will see in the model developed later in this paper, the implementation of priority
pricing results in amore efficient rationing of supply and agreater level of social welfare
over uniform pricing and random rationing.
1This

is due primarily to price discrimination.

5

Models of priority pricing can be designed such that customers self-select from the
offered menu of service options to either maximize their consumer surplus or minimize
their expenditures. In Chapter 5we will explicitly develop asimple model of priority
pricing which uses this second approach. Two service classes are offered in this model,
firm and interruptible, where firm customers have ahigher probability of service than
interruptible customers. Customers will choose between these two classes to match their
preferences. The marginal customer is the customer who is indifferent between the two
classes, and it is this marginal customer who determines the probability of service for all
customers. Total consumer surplus in this model is defined as the difference between total
service expenditures under uniform pricing and under priority pricing, given that customers
must maintain their original level of utility if they are interrupted. The results of the model
clearly show that there are welfare gains in offering priority service. Furthermore, we
construct parallel models to demonstrate the effect on capacity choice when interruptible
service is offered.
The model of priority pricing developed in Chapter 5can be compared and
contrasted against other models of interruptible and priority service in the literature. While
the model of priority pricing developed here offers amenu of only two service classes, it is
possible to extend it through the offering of acontinuum of classes. Given acomplete
continuum of service classes, every customer will be offered the price and reliability which
exactly matches their preferences. While this continuum maximizes total surplus through
perfect differentiation of service, the majority of the welfare gains under priority service can
be realized with only afew classes of service.
In general, the implementation of priority pricing lessens the need to expand
capacity. Priority pricing allows the substitution of low-priority demands having relatively
low value to customers for expensive additions to capacity that would otherwise be
required to sustain reliable service. The contracts for low-priority service essentially frees
up capacity to meet shortfalls, thereby protecting the higher reliability expected from highpriority contracts.
In the peak-load model, the optimal capacity is set where the consumers'
willingness to pay for capacity, averaged over all periods, covers the cost per period of
capacity expansion. The optimal capacity is more difficult to find when there is asymmetric
information. However, the implementation of priority pricing will reveal the marginal
valuation of capacity, thereby allowing the optimal capacity to be selected even in aworld
of uncertainty. Because the price schedule is designed to conform to the distribution of
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customer preferences, the choice of aprice option by acustomer will reveal not only the
preference of that customer, but their valuation of acapacity expansion as well. If many
customers elect to choose ahigh priority tariff, this will reveal that valuation of service may
be such that capacity should be expanded. Ultimately, capacity will optimally be built at the
level where the marginal contribution to social welfare of an additional unit of capacity
justifies the marginal cost of capacity.
In aworld of uncertainty one method of addressing multiple futures is to hold spot
markets in all contingencies. Spot markets are efficient because customers will bid for the
available supply, thereby rationing supply to those willing to pay the highest price.
However, spot pricing is impractical in many markets due to the transaction costs involved,
the infrastructure needed, and the ability of customers to react to rapid price changes.
Priority prices are the expectations of spot prices for comparable service. Thus,
priority pricing can be viewed as forward contracts for supply. Given observable demand
or supply shocks, the selection of apriority service or contract yields aprobability of
service for all possible states of the world. However, one limitation of the priority pricing
model is that it is assumed that customers are risk-neutral. If customers are instead riskadverse, supplementary insurance should be offered to compensate consumers for
interruption for full efficiency.

1.3 Outline
In the analysis below we first trace the origins of priority pricing from peak load
pricing as summarized briefly in Chapter 2to the introduction of stochastic demand
described in Chapter 3. The model discussed in this chapter assumes perfectly efficient
rationing and uniform prices. Interruptible pricing for service reliabilities is outlined in
Chapter 4, while asimple model of priority service is detailed in Chapter 5. In Chapter 6
this model is then compared against other models of priority pricing and further extensions
of priority pricing are also discussed. The results of the analysis are then briefly
summarized in Chapter 7and avenues for implementation and further research are
discussed.
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CHAPTER TWO
PEAK-LOAD PRICING

2.1 Introduction
The demand for many products is not uniform but, rather, is stochastic or cyclical.
Cyclical demand moves through periods of peak, or high, and off-peak or low demand and
is typical of facilities such as roadways; we are all familiar with the phenomenon of rush
hour. It is also typical of public utilities such as water, telephone service, electricity and
natural gas. The demand for electricity tends to be higher at 6:00 PM as consumers arrive
home from work than at 3:00 AM when most consumers are asleep. Congestion results
from constrained capacity. Once installed, capacity is set or " sunk" and cannot be adjusted
to match fluctuations in demand. Often, such commodities are non-storable, either due to
technological limitations or to high storage costs, and so production cannot be smoothed by
the accumulation of inventories during periods of low demand. For such commodities
production is initiated when it is demanded.
This naturally brings us to the question of optimal pricing and capacity. On the one
hand, if capacity is very expensive it may be difficult to justify the installation of enough
capacity to meet peak demand in the peak period if this capacity then sits idle in the off-peak
period. On the other hand, it is also important to reduce the amount of congestion due to
insufficient capacity. Thus, the costs of excess capacity must traded off against the cost of
congestion, and when there is congestion, the commodity must somehow be rationed. One
way to ration supply is through price. Raising the price in the peak period reduces the
amount of excess demand and also ensures that the commodity is allocated to those
customers who value it the most since those customers will be willing to pay the higher
price to receive the good. In off-peak periods the price will be lower in order to use as
much capacity as possible.
Notice that with peak-load pricing both the timing and the magnitude of peak and
off-peak demand are known with certainty. Knowing this, the optimal prices for each
period can be set ex ante for the demand realized ex post.
In the peak-load model we briefly summarize here it is assumed for simplicity that
there are only two periods of equal length; 2 the peak or high demand period, and the off-

2The

model can be generalized, however, to any number of periods of any length.
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peak or low demand period. It is assumed that demand in each period is independent of
prices and demand in the other period. 34 We further assume auniform technology with a
Leontief production process so that constant marginal operating and capacity costs are
incurred for each unit of production supplied.
2.2 Optimal Prices
Peak-load pricing is aform of price discrimination or non-uniform pricing; a
different price is charged to the peak consumers than to the off-peak consumers. In
general, prices are adjusted in each period to just clear the market of any excess demand or
supply while covering variable costs. In peak periods the price is raised to clear the market
of any excess demand. The increase in price causes fewer customers to demand the
commodity and so there will be less consumer surplus lost due to rationing. In the offpeak period the price is lowered to clear the market of any excess supply. Since capacity is
sunk social welfare can be increased by using as much of the available capacity as possible
while still covering operating costs.
In Figure 2.1 below capacity is installed at Q* Assuming that there are only two
periods, peak demand is denoted by D and off-peak demand is D0.The short run
marginal cost, c, is the marginal operating or variable cost. This is the cost of producing
one more unit of supply. The long run marginal cost is (
c+ /
3), where the marginal
capacity cost per period is P. Assuming that capacityis perfectly divisible and not
"lumpy", the marginal capacity cost is the cost of increasing capacity by one unit. The long
run marginal cost is the cost of production across both periods: the marginal operating cost,
plus the cost of capacity. Both the marginal operating and capacity costs are assumed to be
constant. 5 The willingness to pay for service above the marginal operating cost, c,

3We are assuming that the cross-elasticities of demand between periods are zero. If the cross-elasticities of
demand between periods were non-zero, the peak-load pricing structure would shift some consumer demand
from the peak to the off-peak period, making asmaller investment in capacity more viable. For a
discussion of this and other issues related to peak-load pricing, see Berg and Tschirhart ( 1988), Chapter 5.
This is an unrealistic assumption if peak and off-peak services are close substitutes. With interdependent
demand the change in marginal revenue from achange in peak price would consist of achange in total
revenue in both the peak and the off-peak periods. With interdependent demand the optimization conditions
remain in essence the same although the individual expressions are somewhat more complex. See Bumess
and Patrick (1991).
5Marginal costs are assumed to be constant such that any two customers purchasing the same quantity
impose the same costs on the firm. Constant costs is asimplifying but not anecessary assumption.

Economies of scale will, however, affect the costs of capacity since production costs will fall as production
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averaged across both demands is D, 0.This is the average of the vertical summation of the
two demand curves above the operating cost. For the demand curves as drawn the optimal
peak price is P,,, and the optimal off-peak price is P,

P

LRMC = c+1
3

P.

0

I

I

f

SRMC=c

Dp

Q*

Q

*

Figure 2.1
Peak and Off-Peak Prices

To clear the market of excess capacity in the off-peak period the optimal price is set
to the marginal operating cost, c. At this price variable costs are covered while the use of
capacity in the off-peak period is maximized. Thus, given this capacity level, the optimal
off-peak price best utilizes installed capacity while covering variable costs of production.
If the optimal off-peak price was charged in the peak period there would be excess
demand of (
Q

-

Q*)•

The available capacity,

Q*, would then have to be rationed among all

customers demanding service at this price, customers along

.

To reduce this excess

demand the peak price must be raised to P, to exactly clear the market of excess demand in
the peak period. At this optimal peak price customers from ab will demand service.
Notice that customers with willingness to pay for service below P, those customers along

increases. With economies of scale the social planner will install ahigher level of capacity and charge
lower prices in both periods in order to utilize this higher capacity.
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bf, are not served. The price increase ensures that the commodity will be rationed to those
customers who value it the most.
In summary, given any capacity, there are two pricing scenarios: ( 1) demand at the
price cis less than capacity and aprice of cis charged, and (2) demand at the price cis
greater than capacity and the price is raised above cto clear the market.
This second scenario for the off-peak customers is illustrated by Figure 2.2 below.
With the installed capacity
period of (
Q*..

Q* and aprice of cthere will be excess demand in the off-peak

Q0)

Q*
'1

' o

Figure 2.2
Peak and Off-Peak Prices: Case Two

The optimal off-peak price is F'0,which exactly clears the market of excess demand. The
optimal price for the peak period is still I',,, since this price clears the market in the peak
period.
It is generally assumed in the peak-load model that auniform production technology
is employed so that the same production process is used for all levels of production. With
diverse technologies, so that different production technologies are employed for different
levels of demand, the possibility that all users contribute to capacity costs increases. 6
6Berg

and Tschirhart (
1988), p. 175.
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In summary, analysis of the peak-load model demonstrates the welfare gains that
can be had when non-uniform prices supplant uniform prices. Capacity is more fully
utilized in the off-peak periods with the lower off-peak price and the consumer surplus lost
due to rationing because supply is insufficient to meet demand in the peak periods is
eliminated with the higher peak price.
For any level of installed capacity the optimal prices can be found in all demand
periods. Prices will be set equal to the marginal operating cost to utilize available capacity
unless this price results in excess demand, in which case the price is raised to just clear the
market. The question then is how to set the optimal capacity.

2.3 Optimal Capacity
Should capacity be added so as to meet peak demand with significant excess
capacity in off-peak periods or should capacity be invested in so as only to meet off-peak
demand, allowing alarge portion of peak demand to go unsatisfied? As we will see, the
optimal capacity lies somewhere in between these two extremes so that the cost of excess
capacity in the off-peak period will be traded off against the costs of excess demand in the
peak period.
Once installed, capacity or supply is fixed, and the costs of capacity must be paid
regardless of it is fully used or not. Capacity costs are essentially sunk and not recoverable
after capacity is installed. Although the optimal capacity and prices are chosen
simultaneously, we can think of capacity and prices as being chosen sequentially, such that
the optimal capacity is chosen first, and then optimal prices are chosen for this capacity. If
we think of the choice of the optimal prices and capacity as asequential process, we can
break the problem down into two parts: first, the optimal prices are chosen for any
capacity, and then the optimal capacity level is selected.
The marginal valuation of capacity is the difference between the willingness to pay
for service and the short run marginal cost for aunit of output. Capacity is optimal if the
amount that consumers are willing to pay for an extra unit of capacity exactly equals the
marginal cost of providing this unit. Capacity should be provided as long as consumers are
willing to pay more for an extra unit of capacity than the cost. Conversely, capacity should
be reduced if the amount that consumers are willing to pay for an extra unit is less than the
cost. Referring to Figure 2. 1, we can see that if the market consisted only of off-peak
demand, the optimal capacity would be

Q

because the willingness to pay for capacity is
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exactly equal to the costs of production in the long run, the sum of operating and capacity
costs. Conversely, the optimal level of capacity would be

Q

if the market were

characterized only by peak demand.
What would be the optimal capacity if peak users are willing to pay for capacity
expansion while off-peak consumers are not? The optimal capacity level is where
consumers' willingness to pay for capacity, averaged over all periods, exactly covers the
cost per period of capacity expansion. Thus, it is the average marginal willingness to pay
for extra capacity that determines the optimal capacity. Even if the valuation of off-peak
consumers is not sufficient to cover expansion costs extra capacity might still be desirable if
peak consumers value extra capacity sufficiently more than the cost, thereby compensating
for the lower valuation of off-peak customers. For extra capacity to be warranted peak
customers must value extra capacity sufficiently to pay for it in both the peak and in the offpeak periods where it sits idle and provides no benefits. 7
The average willingness to pay per period is represented in Figure 2.1 by Daj,
o.At

Q0 off-peak consumers are not willing to pay for capacity
expansion: however, peak consumers are willing to pay Iof consumer surplus above the
long run marginal cost, thereby justifying acapacity expansion beyond Q0. Similarly,
capacity levels beyond

Qppeak customers are not willing to pay for added capacity. The optimal capacity
level is then Q*, where the average willingness to pay across both periods is exactly equal
beyond

to the long run marginal cost of capacity. It is implicitly assumed that capacity is divisible.
If capacity were indivisible or "lumpy" and could therefore only be increased by large,
discrete amounts, the optimal capacity

Q* might be unattainable.

We can easily see the efficiency gains in terms of total welfare from setting capacity
optimally. In Figure 2.3, if price is set to the long run marginal cost (LRMC) and capacity
is set at

Q0, total surplus is maximized only if off-peak demand, D0,is realized.

With peak

demand there will be aloss of consumer surplus of the shaded triangle abf at this price and
capacity. This loss is the opportunity cost borne by unserved consumers due to the
rationing of limited supply.

7See

Train ( 1991) for asuccinct discussion of these issues.
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P

QO

Q.
Q
Figure 2.3
Efficiency Losses with Non-Optimal Capacity

Conversely, with aprice of LRMC and acapacity of Q, total surplus is maximized
only if peak demand is realized. If off-peak demand is realized instead, profits will be
hegative since total revenues, area PaQ0O, are insufficient to cover the cost of capacity, the
rectangle afde. 8 Notice that even with aprice of P0 there will be negative profits with offpeak demand.
The optimal capacity is

Q* since this is the level of capacity at which the trade-off

between the loss in consumer surplus due to rationing and capacity costs is minimized. At
the optimal level of capacity the average willingness to pay for capacity, evaluated at the
margin, is just equal to the marginal cost of capacity. At Q* peak consumers are willing to
pay P for capacity expansion while off-peak consumers are not willing to pay anything for
capacity expansion. Since the average willingness to pay for capacity is equal to the
marginal cost of capacity at the optimal level this means that the willingness to pay for
capacity by peak users, (
P

-

c), is high enough to compensate for the zero valuation of

off-peak users. 9
8From

the diagram, we can see that total revenue are less than total cost OQ 0aP < OQ 0aP + afde.
this example the willingness to pay for capacity at Q* by off-peak users is zero. This implies that the
valuation of capacity by peak users is (
2/3 + c), since the average valuation of capacity is
{(P
c) + (
P c))/2, which is then set to the marginal capacity cost, P.

91n

-

-

14

If off-peak users are charged the short run marginal cost, only peak users will
contribute to capacity costs. Notice, however, that in Figure 2.2 customers in both periods
contribute to capacity costs. Peak customers in Figure (2.2) contribute relatively less to
capacity costs than in Figure 2.1 because off-peak customers are contributing relatively
more. 10 As the difference in the willingness to pay in two periods converges there is less
opportunity for discrimination between periods. 11

2.4 A Numerical Example
We can illustrate the optimal pricing and capacity rules in the peak-load model with
asimple example. The objective function for this welfare-maximizing peak-load pricing
problem is constructed as:

w

=

7(3o—Q)dQ + J(2o_Q0)dQ_ c(Q

where W denotes total social welfare, c and
and Pa
,,, P0,Q,

+

Q)_2p.Q*

(
2.1)

f3 are the marginal operating and capacity costs

Q0 are the peak and off-peak prices and quantities as denoted above.

Consumer surplus is the sum of the first two terms on the right less total costs, the
last two terms. The third term is the total operating costs and the last term is cost of
capacity at the optimal level

Q* for both periods.

Figure 2.4 below graphically depicts

these areas for the demand curves as drawn in Figure 2.1.

10With ashifting peak situation, the firm will adjust prices such that at the optimum both peak and offpeak consumers will contribute to capacity costs. A shifting peak is when prices cause the off-peak
quantity demanded to exceed the peak quantity demanded. To avoid this, the off-peak price is raised, and the
peak price is lowered by equivalent amounts until demand in both periods equals capacity. For alucid
discussion, again see Berg and Tschirhart ( 1988), Chapter Five.
11 Assuming that the periods are of equal length. With periods of unequal length, weights would have to be
assigned to each period, proportional to the length of the period, in order to calculate average revenue.
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Q.

Q*
Figure 2.4
Peak-Load Pricing: Total Surplus

For the demand curves as drawn, the consumer surplus for peak customers with aprice of
P4r,and acapacity of Q* is the triangle abP. 12 The consumer surplus for off-peak
customers, who are charged aprice of P0,is the triangle deP0.Operating costs in the offpeak period is the rectangle P0eQ 0O, while operating costs in the peak period is the larger
rectangle P0hQ*O. The fixed capacity costs per period are the rectangIefghP0.
We maximize the objective function subject to the feasibility constraint that, in both
periods, demand does not exceed installed capacity,

Q* :

Q0Q S

(2.2)

If we assume that marginal operating and capacity costs are;

12For

peak demand as drawn in Figure 2.4 Qp

=

Q*.

c=2

(2.3)

P=4

(2.4)
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the optimal prices and capacity are;

pp=10

(2.5)

p0 =2
Q*20

(2.6)
(2.7)

asolution which yields atotal surplus of 598 and zero profits, since profits are defined as,
jr= [PP

_C]Qp(Pp)+ [Po _ c]Qo(Po)_2/3.Q*

(
2.8)

The optimal capacity is where the valuation of capacity above operating costs is exactly
equal to the long run marginal cost. At capacity levels beyond 18, off-peak customers are
not willing to pay for additional capacity. At capacity of 20, peak customers are willing to
pay exactly the cost of capacity, (
c+ 2f3 = 10), to cover the cost of capacity in both
periods, since

(Qp =

30 PP = 30
-

-

10) is the willingness to pay of peak customers.

Notice that the optimal peak price is higher than the off-peak price, as expected.
The optimal off-peak price is exactly equal to the marginal operating cost because at this
price no rationing need occur. Since capacity costs are sunk the optimal price is set at the
operating cost to create as much consumer surplus as possible. The optimal peak price is
exactly equal to the sum of the long run capacity cost, (
2/3 + c). This ensures that there is
no excess demand during the peak period.
In the peak load pricing literature it is assumed that both the timing and the
magnitude of demand is known in each period. However for many commodities demand is
stochastic. While the distribution of possible demand may be known, it is not known what
level of demand will be realized at any one time. Because demand is unknown the
probability that the commodity will have to rationed in any period increases. While we
have seen in the peak load literature the role that pricing plays in rationing available supply
efficiently, the optimal setting of prices becomes more problematic when the optimal price
must be set before demand is realized, while the realization of this demand is not known.
In the next chapter we will address the question of how to set the optimal level of capacity
and prices when demand is stochastic or random.
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CHAPTER THREE
MODELING STOCHASTIC DEMAND

3.1 Introduction
Stochastic demand means that demand is uncertain or subject to some random
element. This stochastic element could be changes in preferences, incomes, prices of other
commodities, or weather. For example, demand for gas is high when the weather is cold
but it is not certain exactly when the weather will be cold. This random element causes
stochastic demand such that there can only be an expectation about the range of possible
demand and the magnitude of actual demand will not be known until it is realized. 13 Much
like the peak load problem capacity and price must be set in advance. Because both
capacity and price are fixed before demand is realized, supply cannot be adjusted to match
demand since supply is non-storable. Thus, supply must be rationed during shortfalls, and
there is the risk that some customers will go unserved or that there will be excess capacity.
We can easily see how stochastic demand complicates the socially optimal capacity
and pricing decision. In Figure 3.1 capacity is fixed at K and the price is set at the long run
marginal cost, LRMC, the sum of the marginal operating cost, c, and the marginal capacity
cost, P. The short run marginal cost, SRMC, is the marginal operating cost. Both capacity
and price are set ex ante before demand is realized.

13 1n terms of the actual specification of demand in the literature, this random element may enter demand in
ageneral form, D(p,j4, or in aspecific form. The most common specific forms are additive, (
D(p) +ii), or
multiplicative, jtD(p). Alternatively, this random element could also enter in the availability of supply.
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QH
Figure 3.1
Stochastic Demand
K

If low demand is realized, DL, capacity costs of the shaded rectangle cdfb will not
be covered by revenues because demand will be less than capacity. If high demand is
realized instead there will be aloss of welfare of the shaded triangle aed due to rationing,
assuming that rationing is efficient. This is the loss in consumer surplus because
customers demanding units (QH

-

K) go unserved. There is no loss of consumers surplus

when low demand is realized because all customers demanding supply at the price P are
served. In choosing the welfare-maximizing optimal capacity when demand is stochastic
the costs of excess capacity must be traded-off against the costs of excess demand.
The loss of consumer surplus due to rationing can be reduced by increasing
capacity. In Figure 3.2 with aprice P and with capacity set at QH there will be no loss of
consumer surplus when high demand is realized. However there will be large capacity
costs of the rectangle abcd which must be paid regardless if sales of QH or

QL

are realized.

If capacity is set at QL capacity costs will always be covered by revenues but there is an
opportunity cost of the area aeb if high demand is realized since this is the consumer
surplus lost due to rationing with the lower capacity and demand DH.
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P

QL

QH

Figure 3.2
Stochastic Demand: Capacity

In setting the socially optimal capacity there are two conflicting incentives. In order

to decrease the probability of excess demand and the loss of consumer surplus due to
rationing there is the incentive to increase the optimal capacity level. There is also the
conflicting incentive to decrease the capacity level in order to reduce the probability of
excess capacity and excessive capacity costs.
The costs of rationing depend on the form of rationing assumed. Efficient rationing
is where, in periods of excess demand, the consumer with the highest willingness to pay is
served first, after which the consumer with the next highest willingness to pay is served,
and so on until available capacity is exhausted or all customers

are served. With any given

capacity and price, efficient rationing allocates resources more efficiently than other forms
of rationing because the resource is allocated to those consumers who value it the most. In
contrast, the most inefficient form of rationing is where supply is allocated to those
consumers who value it the least.
In Figure 3.3 below, supply is rationed first to those customers who value it the
most, while in Figure 3.4 available supply is rationed first to those customers who value it
the least.
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.K
D(P)
Figure 3.3
Efficient Rationing

D(P) -K

K

D(P)

Figure 3.4
Inefficient Rationing

In both Figure 3.3 and 3.4 capacity is fixed at K and P is the price charged to all
customers. Capacity must be rationed because at the given capacity level and price because
supply is insufficient to fully serve demand of D(P) at the price P and there is excess
demand of (
D(P)

-

K). With efficient rationing the commodity is allocated to the customers
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from ab in Figure 3.3. These customers have the highest willingness to pay for service
because they receive the.highest levdl of consumer surplus from consumption. Customers
along the segment bc go unserved. In Figure 3.4 the available supply to be rationed is the
same as in Figure 3.3. With inefficient rationing available supply is allocated first to those
customers with the least willingness to pay, those customers along the segment

on the

demand curve. The customers with the highest willingness to pay, the customers along
ab, are unserved.
In Figures 3.3 and 3.4, L1 is the loss in consumer surplus due to rationing and L2
is the loss in total revenues. As we can see, the magnitude of the loss of consumer surplus
due to rationing and amount of total welfare depends on the form of rationing used. With
inefficient rationing the loss of consumer surplus due to rationing is much higher than with
efficient rationing because those customers with the highest valuation of service do not
receive service.
Other forms of rationing include random rationing, queuing, and pro-rated
rationing. A random rationing scheme allocates available supply at random among all those
customers willing to buy the product at the quoted price; With random rationing the order
of service and the willingness to pay are completely uncorrelated. Queuing (or head-of-theline rationing) allocates supply in the order of an established queue or order. This type of
rationing may converge with efficient rationing if those consumers with the highest
willingness to pay are also those consumers with the lowest time opportunity costs, such
that it is less costly for them to queue. A pro-rated rationing scheme distributes supply
proportionately to all consumers. With this scheme as well, the willingness to pay of
consumers is uncorrelated to the order of rationing. Because these other forms of rationing
do not necessarily allocate supply to those consumers who value it the most, these forms of
rationing are inefficient.

3.2 The Brown and Johnson Model
The stochastic pricing literature begins with Brown and Johnson's 1969 extension
of the peak-load model. Risk is incorporated into the peak-load model with the addition of
stochastic demand. Capacity and the corresponding prices are set ex ante, before demand
is realized, and so there exists the risk that some consumers will not be served or that there
will be excess capacity.
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The welfare-maximizing social planner in this model seeks to maximize total
surplus, the sum of (expected) consumer surplus and (expected) profits or producer
surplus. During supply shortages the social planner, endowed with full information,
rations available supply among consumers. In their model, Brown and Johnson derive the
result that the optimal uniform price in amodel with stochastic demand is aprice equal to
the marginal operating cost; 14 this result is surprising since one would expect the results of
the peak-load model to still apply when stochastic demand is added.
However, for any given choice of capacity, this is the price that maximizes
consumer surplus. When low demand is realized this price minimizes excess capacity, as
illustrated in Figure 3.5.

K

Figure 3.5
Brown and Johnson: Excess Capacity

With aprice equal to the short run marginal cost (SRMC), the largest consumer surplus is
realized, (area abc). With any price higher than P this consumer surplus will be less and
more capacity will lie idle because fewer customers will demand service. When there is

14 Brown and Johnson examine two forms of demand uncertainty, multiplicative and additive, but they find
no substantial difference in the optima between the two functional forms in their welfare-maximizing
framework. Carlton ( 1977) later shows that this similarity in results is due to the form of rationing that is
assumed.
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efficient rationing, as long as the willingness to pay is greater than the marginal operating
cost, consumer surplus will fall as the price is raised.
When high demand is realied consumer surplus is also maximized at this price
because with any higher price there is simply atransfer between consumer surplus and
producer surplus. In Figure 3.6, with the price set at the short run marginal cost,
consumer surplus is the shaded area dbcP'.

P

£

P

0

K

Qil

i
t
Q

Figure 3.6
Brown and Johnson: Excess Demand

When the price increases to P' the area P'bcP is transformed from consumer surplus to
producer surplus and total surplus is unchanged. Thus consumers are just as well off with
aprice of P as with any price between P and P because the price does not affect total
surplus, and they are better off than with any price greater than P'. With capacity
constrained at K consumer surplus will fall with any price above P because at any price
above P the quantity demanded will be less that capacity. Thus, for any level of capacity
less than

QH,

total surplus will be maximized both when there is high demand and when

there is low demand by charging aprice P = c. Because capacity is set ex ante capacity
costs are essentially sunk when demand is realized. If capacity costs are sunk and
unrecoverable the optimal (social welfare-maximizing) pricing policy then is to charge
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prices equal to marginal operating costs since this maximizes consumer surplus while
utilizing as much available capacity as possible.
With any given capacity level customers can never be worse off than with aprice
equal to the marginal operating cost because there is no rationing problem in the Brown and
Johnson model. While the optimal price in their model introduces the risk of alarge loss of
consumer surplus during periods of excess demand, this cost is minimized because when
capacity is constrained consumers are somehow perfectly rationed by an omniscient social
planner in the order of their willingness to pay for service. Because the social planner can
costlessly and efficiently ration all customers, the social planner does not need the price
mechanism to allocate available supply.
Ideally, capacity would be installed at alevel where there would never be excess
demand and rationing. However, because capacity is expensive the possible costs of lost
consumer surplus due to rationing must be traded-off against the cost of installing an
additional unit of capacity.
In the Brown and Johnson model, the optimal capacity is where the average
marginal expected willingness to pay for capacity is equal to the marginal capacity cost or
the cost of expanding capacity by one unit. 15 This is the same level of optimal capacity as
in the peak load model if we assume two levels of demand with an equally likely chance of
occurrence. In Figure 3.7 the optimal capacity is shown at

Q*.

15- ...optimal capacity should be chosen such that marginal capacity cost is equal to the truncated mean of
the difference between the willingness to pay and the actual price for the marginal disappointed purchaser of
the commodity." Brown and Johnson (1969), p. 123.
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Figure 3.7
Optimal Capacity in the Brown and Johnson Model

In Figure 3.7 we assume two possible states of demand, high and low demand, both with
an equal probability of occurrence. The optimal capacity is where the willingness to pay
for capacity averaged across all demands is exactly equal to the capacity cost,

P. At

capacity levels beyond KL the low demanders, (
DL), are not willing to pay for capacity
expansions since their marginal valuation of capacity, the difference between' the
willingness to pay and the marginal operating cost, c, is zero. Similarly, high demanders,
(DH),are not willing to pay for capacity expansions beyond Kjq. In this example it is the
high demand customers who determine capacity since beyond KL low demanders are not
willing to pay for capacity expansions. Thus, here the marginal willingness to pay for
capacity by high demanders at the optimal capacity level is exactly equal to the cost of
capacity expansion. Given that both demands have an equal chance of occurrence, this
implies that the willingness to pay for capacity by the high demanders is (2/3). This
capacity level optimally trades off the cost of an increase in capacity against the loss of
consumer surplus due to rationing as measured by the willingness to pay for service. Like
the peak load model, the optimal capacity is determined by the valuations of all consumers
who might use it.
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Brown and Johnson constructed their model within awelfare-maximizing
framework and their optimal capacity and prices are those which maximize total surplus.
However, this solution is dependent on various assumptions, including;
(1) the form of rationing
(2) revenue constraints
(3) rationing costs
(4) reliability

3.2.1 Form of Rationing
The most important assumption of the Brown and Johnson model is that of efficient
and costless rationing. While the peak load model uses price to ration available supply
among all customers demanding service, Brown and Johnson assume that efficient
rationing can occur without the price mechanism. They assume the existence of asocial
planner who knows the willingness to pay of each customer and can costlessly allocate
supply to those customers with the highest willingness to pay. Because the social planner
in the Brown and Johnson model does not need price in order to ration supply, the price is
chosen to utilize as much capacity as possible.
A price of short run marginal cost is welfare-maximizing in the Brown and Johnson
model only when efficient rationing is assumed. If other forms of rationing are assumed
this price will no longer be optimal because the amount of consumer surplus lost due to
rationing can be reduced by raising the price. We can illustrate this result in the following
figure.
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K=.Q(c+f3)

Figure 3.8
Rationing and Price

In Figure 3.8 capacity is installed at K = Q(c

+

j3) and the price is set at c, the marginal

operating cost. At this price demand is Q(c), and customers from Q(c) to K go unserved
when there is efficient rationing. This produces aloss of consumer surplus of the shaded
triangle B. With inefficient rationing, customers from (
Q(c)

-

K) to the origin go unserved,

where this distance is equal to the distance from Q(c) to K. This produces awelfare loss of
the polygon A and by inspection A > B since the distance from 0to (
Q(c)
as the distance from Q(c) to Q(c

+

3).
/

-

K) is the same

When the price is raised to (
c+ /
3) there is no

rationing because demand will exactly equal supply in the figure as drawn, but there is still
the loss of consumer surplus B because these customers would have otherwise purchased
service at the lower price. With efficient rationing, there will be the loss of area B with
price (
P = c) due to rationing, as well as with (
P = c+ /
3)' since these customers would
otherwise purchase service at the lower price. However, with inefficient rationing the lost
consumer surplus with the new price relative to the original price, the area B, is less than
the lost consumer surplus due to rationing, area A. Thus, aprice increase will decreases
consumer surplus less when there is inefficient rationing than when there is efficient
rationing.
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When there is inefficient rationing those customers with the highest willingness to
pay for service go unserved. An increase in price will cause fewer customers to demand
service and so there will be less lost surplus of these higher valued customers when
capacity is constrained. While the Brown and Johnson price of marginal operating cost
maximizes potential consumer surplus when efficient rationing is assumed, when there is
inefficient rationing consumer surplus is maximized with aprice higher than the optimal
Brown and Johnson price.
Visscher (1978) reformulates the Brown and Johnson model with different
rationing assumptions. He finds that with inefficient rationing the optimal price is indeed
higher than the marginal operating cost; with inefficient rationing the optimal price is equal
to the long run marginal cost. Under certain conditions Visscher also shows that an
optimal capacity level which is smaller than the Brown and Johnson level is feasible.16 17
While an increase in capacity increases consumer surplus by reducing the amount of
consumer surplus lost to rationing, with inefficient rationing those customers who benefit
from acapacity expansion, those customers who are served first with the lowest
willingness to pay, do not value the commodity enough at the margin to justify the cost of
the expansion. Although more customers can be served when capacity is expanded, with
inefficient rationing relatively more customers with low valuations of service will be
supplied than will customers with high valuations of service and it is possible that the
increase in capacity will increase consumer surplus less than it will increase costs.
With random rationing the order of service and the willingness-to-pay are
completely uncorrelated. The optimal price under random rationing will be higher than
with efficient rationing but lower than with inefficient rationing because the average
valuation of service with random rationing will lie somewhere in-between the two extremes
of efficient and inefficient rationing.
In summary, we can see that the optimal price in the Brown and Johnson model
depends heavily on their assumption of perfect and costless rationing. With inefficient
rationing this price will be higher.

16 Visscher

( 1973), p. 226.
the linear demand is sufficiently elastic at the higher price, or if capacity costs are high enough, the
optimal capacity might be lower since with inefficient rationing the resource is allocated to those who value
it the least (Visscher ( 1973), p. 227). Also see Carlton ( 1977) for adiscussion of the impact of rationing
schemes on the optimal pricing strategy.
17 1f

29

3.2.2 Revenue Constraints
Brown and Johnson found the welfare-maximizing pricing strategy in their model
was to set the price equal to the short run marginal cost. Although this price maximizes
total surplus the producer will suffer negative profits because it will never recover capacity
costs. With Brown and Johnson's pricing solution revenues will always be less than costs
because the price charged is less than the long run marginal cost. In the long run the
producer must be subsidized or it will shut down. One way to ensure that the producer
earns non-negative profits is to constrain revenues to cover costs. This constraint will raise
the optimal price above short run marginal cost.
The difficulty in constraining revenues is that revenues and costs will be unknown
until demand is realized. Only the expected value of revenues and costs can be known.
Sherman and Visscher ( 1978) introduce arisk constraint into the Brown and Johnson
model. This constraint restricts the expected value of revenues to be equal to the expected
value of costs. For certain realizations of the stochastic variable asurplus or deficit will be
possible but this constraint ensures that profits on average will be zero. Sherman and
Visscher find that the addition of arevenue constraint raises the optimal price above short
run marginal operating cost.
Sherman and Visscher also extend the model to many periods. Uncertainty exists
in each period since the magnitude of realized demand is not known until the state of the
world is realized. Because expected welfare is maximized by setting expected revenues
equal to expected costs, aform of Ramsey prices across the demand periods can then be
derived using expected elasticities and the chance constraint, 18 so that price is afunction of
the expectation of the demand elasticity based on expected sales. With this form of Ramsey
pricing the price in one period is raised if arelatively more inelastic demand is expected,
thereby minimizing the surplus lost while still covering total costs, since inelastic
demanders respond to price changes less sharply than do elastic demanders. In effect, this
approach uses non-uniform pricing across periods to raise revenues above costs, and is a
generalization of the Ramsey pricing rule in its deterministic form.
Sherman and Visscher's extension of the Brown and Johnson model is interesting
because it is an attempt to use peak-load pricing in the stochastic setting, although the
18S Sherman and Visscher (1978), equation (11), and Berg and Tschirhart ( 1988), equation (6.14), for
specific formulations.
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distinction between peak and off-peak demand becomes blurred since demand will shift
depending on the value of the stochastic term. Notice that while the price for one period
could be set high in expectation of high sales, it is possible that alow demand could be
realized instead, resulting in alarge loss of total surplus. As we will see in the next
chapter, amore interesting question is how to price discriminate within the one-period
model.
A second way of dealing with the revenue problem is to use achance constraint; a
certain probability distribution for revenue and costs will be associated with each choice of
price and capacity. With some probability distributions the probability of non-negative
profits is higher than with other probability distributions. Prices and capacity must be
selected such that the probability of non-negative profits is as great as possible, or at least
as great as some minimum, arbitrarily set, value. This method once again raises the price
in all periods above short run marginal operating costs so that total costs are covered. 19

3.2.3 Rationing Costs
A capacity which is strictly less than demand gives rise to excess demand and to
rationing. The problem of excess demand is further aggravated by the low price in the
Brown and Johnson model. One cost of excess demand is the loss of consumer surplus
incurred by consumers due to rationing. In awelfare-maximizing framework, this cost
should be subtracted from total consumer surplus. Another cost imposed by excess
demand is the rationing cost, the cost to allocate available supply in periods of shortages,
and this cost should be subtracted from total profits.
Brown and Johnson assume both efficient and costless rationing. They assume that
consumers are costlessly ranked according to their willingness to pay. However, even
with perfect information, so that the social planner does not need to expend resources to
calculate the willingness to pay of consumers, administrative costs to rank consumers and
ration available supply among them must be incurred. These administrative costs are the
rationing costs.
One method of including rationing costs is to charge aconstant penalty cost for each
unit of excess demand, as Crew and Kleindorfer ( 1978) have done. The total penalty
increases as excess demand increases. If there is no excess demand there will be no
penalty charges. In Figure 3.9 aconstant penalty cost of cis imposed on each unit of
19 See

Berg and Tschirhart (1988), p. 206.
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excess demand. With capacity of K and realized demand as depicted, there is atotal
penalty charge equal to the shaded area. The optimal price will be higher with smaller
capacity levels since the higher price mitigates potential rationing costs by limiting the
quantity demand to those consumers willing to purchase the commodity at the higher price.
These rationing costs also become smaller as capacity increases so that the occurrence of
excess demand becomes less likely. Obviously, this rationing cost will increase as c
increases and the possibility of excess demand becomes more expensive. The optimal price
will be higher than the short run marginal operating cost with the inclusion of penalty costs
since these costs raise total expected costs and make the event of excess demand more
expensive.

K

Figure 3.9
Penalty Costs

Both loss of consumer surplus due to rationing and rationing costs should be
included in the objective function when welfare is maximized. Since these are both costs,
the calculation of total welfare at the optimum will be overstated if they are not included.
Notice, however, that the inclusion of rationing costs does not ensure non-negative
expected profits because introducing rationing costs in itself does not impose arevenue
constraint. Thus, with the higher price and capacity there is less rationing but this does not
necessarily cause profits to be. non-negative. While penalty costs do decrease the cost of
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excess demand they also do not necessarily increase the probability of rationing. If
capacity is very expensive it might still be optimal to invest in alow level of capacity and
pay penalty costs on excess demand.

3.2.4

Reliability

The Brown and Johnson price of short run marginal cost, together with the
assumption of efficient rationing, ensures that the maximum expected welfare and the
lowest reliability for the customers with the lowest willingness to pay will be realized for
any state of demand. At this low price there is avery high probability of excess demand
which in turn implies that there is alow level of reliability for these customers since it
becomes more likely that more consumers will demand the product at the given price than
can be served. A high level of reliability will not necessarily be supplied because the
provision of reliability is costly. If reliability increases as capacity increases and capacity
expansion is expensive then reliability itself is expensive.
Brown and Johnson do not address the issue of reliability in their model. Because
they have assumed efficient rationing the determination of service reliability is not an issue
of interest. The customers with the highest willingness to pay are always served first and
have the highest level of reliability and the customers with the lowest willingness to pay are
always served last with the lowest level of service reliability. In the Brown and Johnson
model only the lowest customers are concerned with reliability since their probability of
service depends on how many customers there are with ahigher willingness to pay.
However, when there is random rationing no one customer receives aspecific probability
of service and so reliability is aconcern for all customers. Available supply is rationed
randomly among all customers demanding service so that the customer with the highest
willingness to pay has the same probability of service as the customer with the lowest
willingness to pay.
Regardless of the rationing method, one method to ensure that aminimum level of
reliability is obtained for all customers is to impose achance constraint or areliability
constraint. A chance constraint requires that all demand is satisfied with aspecified
probability. Because providing reliability is costly, no class will receive areliability higher
than the quoted level. 20 The chance constraint approach is representative of standard

20Meyer

(1975), Crew and Kleindorfer ( 1978) and Nguyen ( 1978) construct models with such constraints.
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regulatory practice in countries where public utilities are required to meet established
standards. 2'
The inclusion of such constraints raises prices such that specified standards of
system reliability can be met by reducing demand. Whether or not reliability constraints
result in asmaller optimal capacity than the Brown and Johnson level depends on the level
of reliability required. A price above short run marginal cost implies that capacity could be
reduced over the level that would have been required to meet the constraints while charging
aprice of short run marginal operating cost. However, if the level of required reliability is
very high, the optimal capacity may be larger in order to satisfy the requirement.
Although reliability constraints are imposed to improve social welfare, welfare in
the Brown and Johnson model actually decreases with their imposition. 22 Because demand
is assumed to be independent of reliability, there is no increase in social welfare with the
imposition of these arbitrary constraints. Thus, the setting ahigh reliability through the
imposition of aconstraint does not have apay-off in terms of social welfare. The
imposition of areliability constraint imposes extra costs but does not realize any extra
benefits since demand does not change with the improvement in reliability.
Alternatively, demand can be assumed to be dependent on reliability so that it shifts
with achange in reliability. There can be improvements in welfare due to higher
reliabilities only when demand is dependent on reliability because then reliability will be
endogenously determined. With reliability-dependent demand, the increase in reliability is
similar to an increase in the quality of the commodity. Ceteris paribus, all consumers will
prefer this higher quality commodity. When demand is reliability-dependent, there will be
atrade-off between prices, welfare, and reliability that did not exist before.
One way to ensure that reliability is endogenously determined is to make demand a
function of reliability. If consumers value reliability such that reliability is a "good" and not
a "bad", demand will increase as reliability increases. With alow reliability, consumers
will demand less of the commodity. Brown and Johnson assume that demand is
independent of reliability; the mean-demand curve is stationary and does not shift with
changes in reliability, which is an unrealistic assumption if consumers do value reliability.
Reliability dependent demand will also affect the loss of consumer surplus due to
rationing because the probability of excess demand will increase as more consumers

21 For

example, electric power systems in the United States use a"1day in 10 years" loss-of-load
probability (aprobability of 99.997 percent) as areliability target.
22 See Meyer (
1975).
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demand this higher quality commodity. Thus the level of consumer surplus lost due to
rationing when capacityis constrained is greater when demand is afunction of reliability.
We can see this effect in Figure 3.10. In Figure 3.10 if reliability increases from rto F
demand will increase from D(r) to D(T), and total surplus will increase by the shaded area
A. With capacity constrained at K and aprice of (
c+ /
3) there will be the loss of consumer
surplus of area E due to rationing with the demand D(r). When demand increases to D(F)
with the increase in reliability, the loss of consumer surplus due to rationing will increase to
the area (
B + E). Thus we can see that the loss of consumer surplus due to rationing is
greater when demand is dependent on the reliability of supply.

Figure 3.10
Reliability-Dependent Demand

Thus the quantity demanded by consumers will be afunction of both price and reliability23
and the social planner is then confronted by three choice variables: capacity, prices, and
reliability.
When reliability-dependent demand is added to the Brown and Johnson model the
optimal price will be greater than marginal cost because agreater level of reliability can be
supplied with higher prices. With the higher price, fewer customers will demand service
23 Assuming

both that consumers have rational expectations and that the provision of areliability level and
aprice will sufficiently enable the consumer to choose an appropriate quantity.
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and the commodity can be delivered with ahigher level of reliability to customers with a
higher willingness to pay. The optimal price and reliability is where the incremental gains
in welfare due to higher reliability exactly equal the loss in welfare due to higher prices and
capacity.
The model discussed so far is posited within awelfare-maximizing framework
using producer and consumer surplus as measures of welfare. Consumer surplus,
however, can be criticized as ameasure of welfare benefits when demand is uncertain
because it does not reflect consumers' preferences regarding the interaction between price
and probability of obtaining the commodity. 24 This is because expected consumer surplus
will not reflect consumer attitudes towards risk in an uncertain market. The probability of
obtaining the commodity becomes acharacteristic of the commodity and consumers will
have different risk preferences. The basic model developed by Brown and Johnson
essentially assumes that all consumers have the same risk tolerance. If consumers have
different risk preferences auniform price will be sub-optimal since consumers will trade off
the price and the probability of obtaining the commodity, and expected surplus measures
will not necessarily capture this trade-off.
Another issue not addressed by Brown and Johnson is stochastic supply. Chao
(1983) extends the Brown and Johnson model to include stochastic supply as well as
stochastic demand. This assumption brings the model closer to reality because often not
only is demand subject to random fluctuations but the availability of installed capacity is
also random. 25 With electricity generation, for example, generators may break down
leaving only part of the installed capacity available to meet demand. Because supply is
assumed to be non-storable, the randomness of supply will have an impact on the optimal
price.
With the introduction of supply uncertainty the optimal price is the weighted
average of marginal operating costs and the marginal loss of consumer surplus due to
rationing. 26 Thus, the optimal price rises when supply is also stochastic. Chao also adds
multiple technologies, which are ranked in ascending order by (Constant) operating costs.
Because demand is not afunction of reliability in Chao's model, reliability is determined by
the capacity level. The greater the capacity level, the greater is reliability. In Chao's
model, each capacity technology is employed until the expected savings of employing
24 See

Carlton (1977, 1978).
251tis assumed that the random failures of the generating units are stochastically independent of each other
and of all other random variables.
26 Chao ( 1983), p. 186.
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another unit of technology is just equal to the marginal capacity cost. This result parallels
that of peak-load pricing with diverse technologies. 27
In summary, the (unmodified) Brown and Johnson model of stochastic demand
yields the lowest price, the highest level of consumer surplus, and largest expected deficit.
Others have extended this model to include penalty costs, revenue constraints, reliability
constraints, and reliability-dependent demand. In the next section, we will illustrate the
differences between these extensions with anumerical example.

3.3 A Numerical Example
In order to illustrate how the various assumptions impact on the results of the
Brown and Johnson model, we will, construct asimple numerical example. The welfaremaximizing objective function for the Brown and Johnson model with one period is;.
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where: f(u) is the continuous probability density function of the random component of
demand as denoted by u, K is the installed capacity, P is price,

c

and J3 are the short run

marginal and capacity costs, and X(P) +,uis demand where X-1(Q) is the inverse demand
function. The distribution of the stochastic term is assumed to be known.
The first term in equation is the expected consumer surplus resulting from aprice P.
The upper limit on the second integral of the first term is the intercept of the demand
function with the price axis. In Figure 3.11 below this first term is represented by the
shaded area (A +B + E).

27Chao

(1983), p. 183. See Berg and Tschirhart ( 1988), pp. 173-6 for adiscussion of peak-load pricing
with diverse technologies.
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K
Figure 3.11
Brown and Johnson: Total Surplus
QL

The second term in equation (3.1) is the loss of consumer surplus due to rationing, as
represented in Figure 3.11 as the shaded triangle B for the price P and the capacity K. This
loss must be subtracted from consumer surplus. It will be positive when there is excess
demand and zero otherwise. 28 This loss is calculated from the given price to the price
which would clear the market when there is excess demand, the price X'(K —/1).
The third and fourth terms in equation (3.1) are revenues when there is excess
supply and when there is excess demand. Revenues when there is excess supply are
represented in Figure 3.11 by the area C for the demand DL, while revenues when there is
excess demand are represented by the sum of areas C and D. These terms are integrated
using the value of usuch that the market is cleared, K X(P). Similarly, the fifth and sixth
-

terms are operating costs, again calculated for excess supply and demand for the constant
marginal operating cost c. The last term is capacity costs which must be borne regardless
of whether quantity demanded exceeds capacity or not. The constant 0is the per-unit
capacity cost. We assume asimple linear demand of,
X(P)+ 1
u=25—P+/i

the price is such that the market clears P= X1(K
(3.1) disappears.

28 When

-

(3.2)

4
u),

the inner integral of the second term of
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where

uis arandom variable. We-assume that 1
uis uniformly distributed over the interval

[-5,5] and that operating and capacity costs are b = 2and /3= 8.
Substituting (3.2) into the objective function (3.1) and maximizing over capacity
(K), and price (
P), the optimal price for this model is equal to the operating cost, as
expected from our discussion of the Brown and Johnson model in Chapter 3.1. Thus, the
optimal price assumes avalue of 2and optimal capacity avalue of 15.351, with an
expected total welfare of 112.31 and expected negative profits of- 122.31. 29 We can
construct aparallel profit maximizing model using the same parameters as before but now
dropping the first two terms from the objective function (3.1). For this (parallel) profitmaximizing model, the optimal price rises to 16.766, capacity and welfare fall to 7.8161
and 72.79 respectively and profits rise significantly to 37.383.°
We can extend this example to include several of the constraints discussed in
Section 3.1 to illustrate the numerical effect. In our example of the welfare-maximizing
Brown and Johnson model the firm earns negative profits. One way to allow the
monopolist to earn non-negative profits while still maximizing social welfare is to add a
revenue constraint. Thus, we add arevenue constraint of,
E[R]=E[C]

(
3.3)

to the Brown and Johnson objective function as outlined in equation (3.1) such that
expected revenues are constrained to be equal to expected costs. For this formulation, the
optimal price rises relative to Brown and Johnson's results to 10.63 while capacity and
total welfare fall slightly to 13.88 and 104.61 respectively.
In the peak-load model, the problem of excess demand and rationing was avoided
with the addition of afeasibility constraint that demand could not exceed capacity, equation
(2.2). This kind of feasibility constraint is not possible in the Brown and Johnson model
because demand is stochastic. One way to address the problem of excess demand is to
introduce penalty costs into the model, so that apenalty is assessed for each unit of excess
demand.
Penalty costs of,

29The

actual value will of course depend on the value of the stochastic term.

30Much

2.0.

of the numerical analysis was done using the Prescience software program Theorist vers. 1.51 and
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q

f(f(u){{x(P)+ 1
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-

(3.4)
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are subtracted from the objective function defined in (3. 1), where

0is the constant penalty

cost per unit of excess demand. This penalty costis assigned arbitrarily. The introduction
of penalty costs essentially increases the costs of excess demand.
If we assume apenalty cost of $ 1, the formulation yields aprice of 9.57, acapacity
of 18.335, and expected values for welfare and profits of 72.14 and 31.53. As can be
expected, prices now exceed marginal operating costs. This is because the higher price
reduces potential rationing costs. We can expect the price to be higher the smaller is
capacity since this reduces the risk of excess demand. However, notice in this example that
the optimal capacity is higher than in the original Brown and Johnson solution because a
higher investment in capacity reduces the risk of excess demand and rationing costs.
Another approach to the problem of excess demand is to introduce reliability or
chance constraints. The reliability constraint can be constructed as;
(3.5)

where the first term denotes the probability that demand is less than supply and eis the
chosen level of system reliability such that higher values of sreflect higher reliability levels.
In general, the reference level of reliability is chosen arbitrarily. This constraint restricts the
probability of excess demand to be less than e.
Adding the constraint (
3.5) to the objective function (3.1), and with achosen
reliability level of 0.77,31 the model yields aprice of 5.5312 and acapacity of 15.239.
While capacity remains approximately unchanged for this chosen level of reliability, the
optimal capacity may diverge from this level depending on the stringency of system
reliability chosen. For this level of reliability, expected welfare also remains relatively
unchanged from the base case at 112.37. Again, the price increase necessarily reduces the
probability of excess demand. The price increase also means that the level of capacity can
be reduced, since less is demanded at the higher price. In this example, reliability can be
increased by raising the optimal price and reducing the level of optimal capacity slightly. If
31 Reliability

standards are very much apolitical issue, and are usually set by regulators to be quite
stringent, at least in develQped countries. As the stringency of the reliability constraint increases, the value
of ealso increases to reflect this stringency.
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the imposed level of reliability was higher than the one imposed here it might be possible
that capacity will be expanded to fulfill this more stringent capacity constraint.
In the example of the Brown and Johnson model developed above demand was
assumed to be independent of the level of reliability. If customers have different
preferences for different levels of reliability this is an unrealistic assumption. As well,
because demand is assumed to be independent of reliability, the setting of ahigh reliability
through constraints does not realize any substantial payoff in terms of social welfare. If
customers value reliability we would expect the setting of reliability to result in substantial
welfare gains. Referring to the numerical analysis above we can see that setting reliability
constraints or introducing penalty costs, while increasing the level of service reliability,
does not significantly change the level of total surplus relative to the basic Brown and
Johnson example.
We can adjust the simple linear demand from the Brown and Johnson model,
equation (3.2), to reflect changes in reliability such that demand increases with increases in
reliability;
X(P,r)+u=25—P+r+#

(3.6)

As well, aconstraint must now be added to the objective function such that actual reliability
is consistent with quoted reliability;
P{[X(P,r)+ 1
u] ≤ K} ≥ r

(
3.7)

While constraint (3.7) is very similar to the constraint (
3.5), reliability is now achoice
variable, and so reliabilities are chosen endogenously rather than being arbitrarily imposed.
This equation constrains the quoted level of reliability to be no greater than the actual level
of reliability supplied. We assume that the constraint (3.7) is binding since the provision of
reliability is costly.
Optimizing (3.1) over P, Z and r, the optimal level of reliability is 0.77. The
optimal price rises to 6.07, and capacity increases slightly to 15.84. Notice that welfare
rises as predicted to 124.09, because there can be improvements in welfare due to higher
reliabilities only since reliability is included as an argument in the demand function.
Additional constraints can also be added to this model of endogenous reliability.
With the addition of arevenue constraint, such as constraint (3.3), the optimal price rises
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dramatically to 10.30, while capacity falls to 13.691. Expected welfare falls to 119.35, but
notice that this level of welfare is still greater than in the (unextended) Brown and Johnson
solution. Due to the revenue constraint, the producer breaks even with zero expected
profits, and the optimal level of reliability drops slightly to 0.769. Notice that even in the
profit-maximizing case that expected total welfare is higher

--

82.35 as compared to 72.79

in the reliability independent demand profit-maximizing case. Expected profits are also
higher, at 43.53, with areliability of 0.880 and a (higher) capacity of 8.52. Thus, demand
which is dependent on reliability allows the profit-maximizing producer to capture some of
the increased consumer surplus due to the increased capacity level and increased level of
service reliability.
In summary, we can see that the Brown and Johnson price of marginal operating
cost is optimal when demand is independent of reliability. However, welfare gains due to
increased reliability can be had only when demand is dependent on the level of reliability
chosen.
We can compare the numerical results of the Brown and Johnson model and the
various extensions explored in this section with the following table:
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Case 32
Brown and
Johnson
Profit
Maximizing

Table 3.1
Brown and Johnson and Extensions: Numerical Summar
Profits
Total
Capacity
Price
Welfare 33
E(ic)=-122.31
E(TW)= 112.31
P=2
Z=15.351

P = 16.766
P = 35.50
P = 9.5712

Z = 7.8161
Z = 20.63
Z = 18.335

E(rW)=72.789
EcrW)=512.15
E(TW)=72.138

E(n)
E(E)
E(7t)

Reliability
Constraints

P= 5.5312

Z= 15.239

E(TW)= 112.37

E(ir)=-68.204
r= Ø•7735

Revenue
Constraints
Reliability
Dependent

P = 10.634

Z = 13.88

E(TW)

=

104.61

E(it) = 0

P = 6.0737

Z = 15.834

E(TW)

=

124.09

E(7t) = 62.432
r= 0.77

P=1O.304

Z13.691

E(TW)= 119.35

E(2t)=O
r=0.7687

profit
maximizing37
J3=8

P = 17.30

Z = 8.52

E(TW)

=

82.35

E(it) = 43.53
r=0.880

R= 15

P = 6.39

Z = 19.53

E(TW)

=

181.76

E(t) = 339.57
r=0.475

Penalty

=
=
=

37.383
319.33
31.525

Costs 34

Demand 36
with revenue
constraints

As we will see in the next chapter, there are also substantial welfare gains in
offering differentiated service. Given that consumers may have different preferences and
different willingness to pay for service reliabilities, the offering of amenu of service
options which more closely match the need of consumers will increase social welfare.
Models of differentiated service levels build on Brown and Johnson's model of stochastic
demand by adding aspectrum of service options.

per-unit operating and capacity costs of b = 2and B= 8, and alinear demand of the form
D(P) = (
25 P + p.).
33 'rotai welfare and profits are expected values. The actualized values depend upon the state of demand
realized.
34 Assuming apenalty cost of $ 1per unit of excess demand, q= 1.
35 The reference reliability level is chosen arbitrarily.
36 Assuming alinear demand of the form D(P) = (
25 P+ r+ p.), where rdenotes reliability. A constraint
must also be added such that actual reliability is consistent with quoted reliability: P[X(P, r)p. ≤ Z] ≥r.
32Assuming

-

-

37 Assuming

b= 2, B= 15, and D(P)
interruptible pricing are possible.

=

(
55 P+ r+ p.), such that comparisons with reliability-dependent
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CHAPTER FOUR
INTERRUPTIBLE PRICING

4.1 Introduction
Brown and Johnson (1969) explore the welfare foundations of peak-load pricing
under uncertainty. They find that the optimal price is based on the marginal operating cost
and that the optimal capacity is set to equate at the margin the expected loss of consumer
surplus due to excess demand with the cost of additional capacity. Brown and Johnson
derive their results under very specific assumptions. Their central assumptions are;
(1) efficient rationing of supply
(2) the absence of rationing costs
(3) the absence of revenue constraints, and
(4) reliability-independent demand
We have seen that their price is no longer optimal when these assumptions change. When
any one of these assumptions is invalidated the socially optimal price is higher with a
corresponding lower optimal capacity level than in the Brown and Johnson solution.
We will briefly summarize the effect of each of these assumptions on Brown and
Johnson's results. In their model, Brown and Johnson assume that the available supply is
somehow rationed efficiently. Efficient rationing or allocative efficiency means that supply
is distributed first to those customers with the greatest willingness to pay for service.
Thus, in periods of supply shortages, consumer surplus is greater with efficient rationing
than without because supply is allocated to those who value it the most. The effect of a
price increase on consumer surplus will be greater with efficient rationing than with
inefficient rationing because the marginal willingness to pay for service, averaged across all
served customers, is greater under efficient rationing. The optimal price therefore will be
greater under inefficient rationing than efficient rationing because aprice increase under
inefficient rationing will reduce consumer surplus by alesser amount. As we will see later
on, one way to induce efficient rationing is through service differentiation.
Rationing assumptions will also affect the choice of the optimal capacity. Clearly,
if capacity was costless, capacity could simply be built to satisfy maximum demand. It is
because capacity investments are expensive that rationing must occur in periods of supply
shortages. Capacity decisions are based on the aggregate willingness to pay for service
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evaluated at the margin. Because this marginal value is greater with efficient rationing, the
optimal capacity will also be greater with efficient rationing than with inefficient rationing.
Turning now to the second assumption, we should again distinguish between
rationing costs and the loss of consumer surplus due to rationing. Rationing costs are the
costs incurred to implement the rationing scheme, such as administrative or implementation
costs, while costs of rationing are the welfare losses in consumer surplus and profits due to
insufficient supply. Rationing costs increase the cost of insufficient supply because cost
must be incurred to ration supply among consumers. In effect, the presence of rationing
costs raises the expected value of operating costs. For any given capacity, the optimal price
is higher with rationing costs in order to cover these expenses.
While total welfare is maximized in the Brown and Johnson model the producer
suffers negative profits. The introduction of revenue constraints into their model naturally
raises the optimal price so that the producer earns non-negative profits.
Even with the high level of optimal capacity in the Brown and Johnson model the
level of service reliability for the last customer is very low since the low price in this model
increases the probability that there will be excess demand. The addition of achance
constraint on reliability is an attempt to alleviate this problem. The probability of service to
all customers is constrained to be no less than some arbitrarily chosen level. This
constraint naturally raises the optimal price to increase the service reliability as fewer
customers demand service. However, this constraint does not significantly raise the level
of welfare because Brown and Johnson assume that demand is independent of reliability.
There can only be significant gains in social welfare with improvements in reliability when
demand is dependent on reliability.
With reliability-dependent demand both consumer surplus and total revenues will
increase with increases in reliability. Now the social planner is subject to adifferent
constraint, the feasibility constraint. Given that consumers are rational and can observe the
delivered level of reliability, the social planner is constrained to offer those levels of
reliability that it can actually supply. 38 Reliability to consumers can be increased in two
ways; ( 1) by increasing capacity, and (2) by raising price. Price increases improve the

38Panzar

and Sibley (
1978) and Woo (1990) examine aform of interruptible pricing called "self-rationing"
which is different from the models examined here. With self-rationing consumers either subscribe to or are
assigned afixed capacity. However, unless all consumers reach their subscription capacity level
simultaneously, there will be efficiency losses with this rationing system because aparticular consumer
may reach her capacity limit while there still exists excess system capacity. This is sometimes referred to
as "too much load relief" (Doucet, 1993, p. 94).
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level of reliability because fewer customers will demand service. The optimal price and
capacity will be higher when demand is dependent on reliability because the improvement
in reliability will increase consumer surplus.
The feature that is missing in the Brown and Johnson model is that different
customers may value service reliability differently. They may have different preferences or
"tastes" for reliability. In the Brown and Johnson model, all customers are charged the
same price and in periods of excess demand some customers go unserved. While all
customers are offered the same reliability of service some customers may prefer alower
level of reliability and others ahigher level.
Another approach to this problem of rationing is the offering of interruptible
service. This approach takes advantage of differences in consumer preferences. Two types
of service are offered: firm and interruptible service. Interruptible customers are offered
service of alesser reliability, usually at alesser price, than firm service. This is aform of
product differentiation. Although only one commodity is produced, customers are supplied
with different levels of reliability, so that the commodity at each level of reliability can be
thought of as aseparate commodity. Social welfare is increased when avariety of products
are supplied, each targeted at adifferent consumer type. Interruptible service differentiates
the quality of service on the basis of reliability. Service with ahigher reliability will be of a
higher quality and some consumers will prefer this higher quality of service. Product
differentiation can be used to exploit heterogeneity among consumer preferences. 39
Models of interruptible service rest on the realization that welfare can be increased
if, instead of charging auniform price, customers are charged according to their
willingness to pay. This is primarily due to two reasons; ( 1) efficient rationing, and (2)
capacity utilization.
The offering of different classes of service promotes efficient rationing through
pricing. Customers who value reliability highly are served with ahigher reliability and are
charged correspondingly. Thus the rationing order reflects the order of service classes and
the ranking of service valuation. One can imagine an infinite array of service classes, each
with areliability and price set for each individual customer, such that the population of
customers is perfectly and efficiently rationed. While such areliability/price menu is not

39when

offering interruptible contracts, customers must be able to verify actual supply conditions, such
that customers can verify that actual probability of interruption is the same as the contracted probability.
Because this is difficult, contingency contracts, stipulating that service will not be delivered under listed
objectively verifiable conditions, are often used.
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possible due to implementation costs, there are still significant gains in welfare to be had
with afinite number of service classes.40
The offering of differentiated service allows available capacity to be utilized more
effectively. Because interruptible demand is served with alower level of reliability the
social planner can substitute interruptible demand .for expensive capacity expansions.
Interruptible demand essentially "frees" up extra capacity in periods of shortages because
service is shifted to firm customers.
In addition, interruptible service better covers costs of service because it allows a
finer extraction of consumer surplus. The firm is less likely to suffer negative profits with
differentiated pricing because it can both charge higher prices to customers willing to pay
for increased reliability and substitute service to interruptible customers willing to accept a
lower level of reliability for expensive capacity expansions.
The model of interruptible service that we discuss here is the Tschirhart and Jeri
(1979) model. This is aprofit-maximizing model based on the assumption that the firm has
access to perfect information. Armed with this information, the firm divides customers into
classes based on some observable characteristic(s) and then determines the order in which
service to these classes is to be interrupted. It is assumed that arbitrage, the re-selling of
the commodity between customers, is not possible because the firm is endowed with
perfect information. The firm can simply prevent customers from reselling the good and
from subscribing to adifferent demand class than the one to which they have been
assigned. The interruption ordering is adecision variable which is only relevant in the
stochastic setting; if both demand and supply are non-stochastic an interruption ordering
would be superfluous because capacity would never be constrained. In this interruptible
model, each class is charged adifferent price depending on their position in the overall
priority ordering. Because each consumer class occupies adifferent position in the
ordering, each class confronts different reliabilities of service.

having one class for each customer would allow the firm agreater range of discrimination, the
implementation costs of such asystem is implicitly assumed to be prohibitive. The number of classes
implemented depends on the relative trade-off between the costs of adding another class and the gains of
greater discrimination. In practice, the number of consumer classes is generally limited by the set of
consumer characteristics and by transaction costs.

40whi1e
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4.2 Tschirhart and Jen ( 1979)
Tschirhart and Jen extend the work of Brown and Johnson by dividing consumers
into service classes and establishing apriority ordering that specifies the sequence in which
service for each class is interrupted when there is excess demand. Thus, each class is
served with adifferent level of reliability. Recognizing that different consumers have
different preferences for reliability, the firm discriminates among customers, charging
higher prices for service based on the elasticities of demand. Prices for these service
classes are constructed subject to anumber of conditions. As we will see below, in order
to discriminate among customers the firm must allow for price and/or reliability elasticities,
aresult similar to Ramsey pricing. Prices must also clear the market of excess supply so
that capacity is not idle.41 Given that customers can observe the delivered level of
reliability, the firm is subject to afeasibility constraint. Offered reliabilities must be
compatible with the quoted level of reliabilities for each class.
Tschirhart and Jen's model of aprofit-maximizing monopoly offering interruptible
service. In their model, the firm, endowed with perfect information, divides its customers
into classes and ranks each class before demand is realized. If supply is insufficient to
fully serve ademand class, customers within that class are rationed randomly.
With interruptible service, the firm divides its customers into two classes: the
stochastic class, whose demand is subject to random disturbances, and the contractual
class. The demand of the contractual class is non-stochastic because these customers
contract with the firm for specified levels of service at agiven price and reliability of
service. These contracts state that the demand of the contractual customer will be satisfied
as long as supply is available. It is assumed that the stochastic customers have higher
priority and alower probability of interruption than do contractual customers. The
stochastic class is always served first and the contractual class is interrupted on the basis of
the priority ordering. Since the demand of the stochastic class of customers is subject to
random disturbances, this class then causes stochastic supply conditions for the remaining
classes and stochastic demand for the firm. 42

41 As

long as the willingness to pay for service above operating costs is non negative, the firm will provide
service if there is idle capacity.
42This is similar to the formulation where customers choose abaseload demand which is always served
while their remaining demand is stochastic.
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If any of the contractual classes have ahigher priority than the stochastic class, the
firm treats their demand as deterministic, and their service is never interrupted. The optimal
price then for this class is simply the non-stochastic price. In most of the literature,
however, the stochastic class has the highest priority and all other classes are eligible for
interruption. 43
With interruptible service the firm rations available supply in the ordering of service
interruption of the various classes while within each class supply is allocated randomly.
Because expected total surplus depends on the ordering of the classes, the firm treats the
ordering as adecision variable. When capacity is restricted.44 alarge demand from the
stochastic class implies that demand from all classes cannot be satisfied and rationing must
occur. In this way output allocations for each customer are interdependent because the
output allocated to one customer depends on the output allocated to all other customers.
This interdependence is sometimes referred to as "congestion",45 since the probability of
supplying one individual's demand decreases as demand as awhole increases.
The firm must first determine the optimal ordering of interruption classes. Oncethe
optimal interruption ordering is determined, the firm then choose the nprices, the n
reliabilities and the level of capacity that will maximize expected profits.
With priorities (
1, 2,.

..,

n-i, n), class (
n-i) customers are served before class n

customers are served. Thus, if supply is restricted during periods of excess demand such
that total demand from all classes cannot be met, the demand of class nis reduced below its
contracted amount until the demands of all classes with higher priorities, classes 1to (
n-i),
can be met. If this is not possible, the nth class is not supplied at all and the supply to the
(n-1)th class is curtailed until the demands of classes one through (
n-2) are met. If supply
is still insufficient, supply to both the nth and the (n-1)th class is cut off, and supply to the
(n-2)th class is restricted until demand of classes one through (
n-3) is met. This process of
interruption is continued until there is adequate supply to serve the remaining higher
priority users. If supply is still insufficient to meet class idemand after all contractual
classes have been interrupted, then available supply is rationed only among these class 1

43 This

is because almost all of the interruptible literature is modeled on electricity supply, where the
stochastic class, the residential customers, have the highest priority ranking. Contractual customers are
commercial and industrial consumers, who have alower ranking than do residential consumers.
Spulber ( 1993), P. 243, suggests that positive increasing marginal cost is analogous to binding capacity
constraints on total output in that both assumptions cause consumer output allocation to be interdependent.
45 see Viswanathan and Tse ( 1989) for adiscussion of congestion and how it relates to interruptible pricing.
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customers. Thus, the nth class receives the poorest quality of service, while the first class,
the stochastic class receives the highst.46
This ordering can be sequential or non-sequential. With sequential ordering,
customers receiving the highest level of reliability pay the highest prices for service, and
customers served with alow level of reliability pay the lowest prices. While this makes
sense intuitively, non-sequential pricing is sometimes optimal when demand is reliabilitydependent. With non-sequential pricing customers paying the lowest service prices may
not necessarily receive the lowest level of reliability. When demand is afunction of
reliability there will be atrade-off between ordering interruptions to exploit price elasticities
and ordering to exploit reliability elasticities. With reliability-independent demand, the
optimal interruption ordering is always sequential, but with reliability-dependent demand
the ordering may be either sequential or non-sequential depending on the relative strengths
of the two elasticities. If the reliability elasticities outweigh the effects of the price
elasticities, the optimal prices may be non-sequential.
When determining expected profit the firm must estimate the expected operating
revenue47 from class 1when this class is fully served as well as when class 1demand
exceeds capacity. However, the expected operating revenue will be different for the
interruptible classes because they are served only after the demand of the stochastic class is
filled. Given an interruption ordering, the firm maximizes expected profits by choosing n
prices, n(
quoted) reliabilities, and alevel of installed capacity. The firm chooses among all
possible interruption orderings to select the ordering that, given the optimal price,
reliability, and capacity, yields the maximum profit. Thus the. priority ordering is a
decision variable and the firm must consider the profit implications of (
n-l)! different
orderings. 48 This then becomes atwo-stage problem; first, the firm must determine the
maximum profit for each ordering, and then it must determine the ordering with the largest
profit.
Given that customers can both verify the level of reliability and the probability of
obtaining service with aparticular level of reliability, the firm is constrained to offer a
quoted reliability which is greater than or equal to the actual reliability for each class of

and Oren (1993) consider amodel in which consumers are given the option of early notification
of supply interruption, which yields additional gains if customers value early notification.
47 0pemting revenue is defined as the receipts from sales less operating costs.
48 There are (
nl)! and not n! different orderings because the stochastic class, (class one), is always served
first.

46 Sirauss
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service offered.49 In practice this constraint operates as an equality because there is no
motivation for the finn to act otherwise. Actual reliabilities will not be higher than quoted
reliabilities because the provision of reliability is costly. Similarly, the firm will not quote
reliabilities which are lower than the actual reliabilities because this might result in excess
supply. With alower reliability, customers may demand less service, and the firm may be
left with idle capacity in some contingencies. Thus, the constraint will be satisfied at a
given capacity only when the quoted prices and reliabilities result in demands which yield a
compatible set of actual reliabilities. Furthermore, if class nis quoted apositive reliability
of service, all classes are quoted positive reliabilities since class nreceives the lowest
quality of service.
By changing the quoted reliability, the firm changes the riskiness of excess demand
to customers and so customers, given that they value reliability, will adjust their demand.
Demand is therefore dependent upon reliability and reliability will be determined
endogenously.
The firm constructs amenu of price bundles where each price offered, p, is
bundled with acorresponding reliability, rj, which is the quoted minimum probability of
service for each class. Before demand is realized and production occurs, each class of
customers is offered the price and reliability option designed for them. After consumers
face this price option and supply is realized consumers are either served or their service is
interrupted, depending on the ranking of their class within the ordering. If aclass is not
fully served, supply is rationed randomly within the class. When the demand for aclass is
supplied, that class is then fully served. Available supply can range anywhere between
zero and the actual class demand, depending on the demand of the first class. With a
price/reliability bundle (
pj,rj), the customer pays pi per unit for all units of supply
consumed with aprobability of supply interruption of rj. Thus, the firm can loosely be
thought of as discriminating among customers on the basis of reliability.
The optimal profit-maximizing prices in this model exceed operating costs for all
classes and the price for class 1, the class with the highest reliability of service, exceeds
operating plus capacity costs. The firm charges the highest price to those customers with
the highest reliability of service and the highest willingness to pay. This result is closer to
the (non-stochastic) peak-load prices than it is to the uniform price in the Brown and
Johnson model. Like the peak-load model, interruptible pricing exploits the difference in
49 mus

the constraint is G(h(i))≥r, where G(h(k)) is the actual probability that the demand of the first k
classes does not exceed capacity and ri is the reliability for class i. (
Tschirhart and Jen (
1979), p. 248.)
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the willingness to pay between customers and charges higher prices to those customers
who value the quality of service the most. This higher price helps the firm to satisfy the
feasibility constraint by reducing demand and easing the strain on capacity. Class 1
customers contribute more to capacity costs than other customers because it is these
customers who are served with the highest reliability and who place the greatest demand on
capacity. The lower prices for the contractual class help to utilize capacity in periods of
excess supply. It is this pricing result that ensures that the firm does not incur negative
profits and covers operating costs for all service classes.
Reliability is increased in either of two ways; ( 1) through price increases, so that
demand falls and capacity is freed up, or (2) through capacity expansion. A change in price
alters demand and supply for all lower priority classes. For example, achange in price for
class ichanges the quantity demanded by class ias well as the supply available to the lower
priority classes (
i+1) through to n. As capacity is expanded, actual and quoted reliability
increases, causing increases in demands and revenues. This effect is captured in the
operating revenue, the receipts from sales less operating costs, for each demand clas as
sales increase with the increase in supply. There is an additional effect captured by
marginal revenues which is the increase in the demand for service as reliability increases.
As reliability of service increases the quality of service will increase and customers will
want more of this higher quality commodity, given that the price is the same. 50 The
optimal profit-maximizing capacity is chosen such that the sum of the expected marginal
operating revenue from increasing supply and the expected marginal revenue from
increasing service reliabilities is equal to the marginal cost of expansion, the per-unit
marginal capacity cost. Capacity is increased until the increase in revenues from increasing
capacity no longer covers the cost of capacity expansion.
The firm must choose the ordering with the largest profit among the (
n-i)! possible
orderings. As mentioned previously, the ordering of prices can be either sequential or nonsequential. With sequential prices, those classes receiving alower quality of service are
charged lower prices than those classes receiving higher qualities of service. If reliability is
valued by consumers, sequential prices will seem to be more equitable to customers. In
contrast, non-sequential prices do not follow any particular price/reliability pattern.

50 Ceteris

Paribus. Referring to Figure 3.10, at the constant price P, as reliability increases from rto r

demand increases from D(r) to D(r).
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If demand is reliability-independent the optimum price menu will be sequential
because the marginal revenue loss due to excess demand will be the smallest for the class
which is charged the lowest price. With reliability-independent demand, consumers will
not change their demand in response to changes in quoted reliability. Thus, low prices are
coupled with low reliabilities and the demand of any class will be invariant with respect to
the position that class occupies in the ordering. In general, this will not be true with
reliability-dependent demand because changes in the quoted reliabilities will now affect
demand. Consumers whose demand is very sensitive to changes in reliabilities may be
charged alow price but receive ahigh level of reliability. In effect the firm must now
consider both price and reliability elasticities of demand. Non-sequential ordering may be
profit-maximizing with reliability-dependent demand depending on the trade-off between
these two elasticities.
With reliability independent demand, prices for the various service classes can be
constructed in amanner similar to the Ramsey pricing rule such that prices are inversely
proportional to demand elasticity (where demand or price elasticity is the percentage change
in the quantity demanded with respect to the percentage change in price). The price of
service for class iis inversely proportional to class iprice elasticity and directly
proportional to the prices for lower priority classes, classes ((i+1),

...,

n) when demand is

independent of reliability. 51 The pricing rule for reliability-dependent demand is more
complex. With reliability-dependent demand, it may be more advantageous for the firm to
set prices using reliability, rather than price, elasticities. 52 '
53 In addition, the firm also
faces atrade-off between the cost of providing agreater level of reliability and the higher
revenues from the increase in demand.
When demand is afunction of reliability the profit-maximizing ordering will depend
on both price and reliability elasticities. These two elasticities are inverse with respect to the
quantity demanded; as price increases, the quantity demanded will decrease, while as
reliability increases the quantity demanded increases because the quality of service
increases. There is atrade-off between ordering interruptions to take advantage of price
elasticities and ordering to take advantage of reliability elasticities. If demand for a
51 See

Tschirhart and Jen ( 1979), p. 252.
19D(p1.r,)

p1

dD(p,r 1)

,.

price elasticity is defined here as
d
p,
D(p1,r1) and
dr,
D(p1,r1) is defined as the
reliability elasticity.
53 Thus, consumers are both price and reliability sensitive. In response to a
change in price consumers will
move along their price curve, but with achange in reliability the demand curve itself will shift. (See
52Mathematically,

Figure 3.10).
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particular class is highly elastic in both prices and reliabilities it may be profitable to charge
this class alow price but assign it ahigh priority. The assignment of priorities will depend
on the relative strengths of the two elasticities. The firm has an incentive to assign classes
which are reliability elastic ahigh priority because such classes are more responsive to
changes in reliability, while there is asimilar incentive to charge classes which are price
elastic low prices because these classes are more responsive to changes in prices. In
general, the optimal price ordering will tend towards low prices to classes with price elastic
demands and high reliabilities for classes with reliability elastic demand.
With non-sequential orderings of priorities it is essential that the firm is able to
prevent arbitrage between customers. All consumers will want the low priced, high
reliability commodity because it is ahigher quality commodity provided at alower price.
The firm cannot offer this commodity to all consumers and still satisfy the feasibility
constraint and so it must be able to prevent customers from consuming commodities other
than the one provided for them. If welfare is maximized with sequentially ranking it can be
assumed that the effect of reliability elasticities is over-ridden by the effect of price
elasticities.
We can illustrate these conflicting incentives in the following table;
Table 4.1
Price/Reliability Elasticities and Priority Orderings
Reliability

Price Elasticity

Price Incentive

Reliability

Ordering

Incentive

Elasticity
elastic

elastic

decrease

increase

non-sequential

elastic

inelastic

decrease

decrease

sequential

inelastic

elastic

increase

increase

sequential

inelastic

inelastic

increase

decrease

non-sequential

If aclass has ahigh price elasticity, there is the incentive for the firm to charge arelatively
low price and assign that class a.low priority. However, if the same class also has a
relatively high reliability elasticity the firm might want to assign that class ahigher priority
instead. From Table 4.1 we can see that with reliability-dependent demand sequential
ordering is optimal only when price and reliability elasticities are opposing. This is because
these elasticities are inversely related. 54
54Tschirhart

and Jen ( 197*),

p.

255.
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In summary, in structuring the optimal price menu, the firm must chose prices to;
(1) to allow for price/reliability elasticities
(2) to clear the market of excess supply, and
(3) to be compatible with the quoted levels of reliabilities
Thus the firm is confronted by amultitude of decision variables and trade-offs between
variables.
The optimal price structure becomes even more complex for the welfare-maximizing
monopolist. Because consumer surplus must be calculated for each class in order to find
the social optimum, demand curves must be specified for each class. In any ordering
where class n'sservice is completely cut-off before any curtailment to class (
n-i), for a
social optimum it must be true that the willingness to pay of class nfor the last unit cut-off
is less than the willingness to pay of the first unit to be curtailed in class (
n-i). Because
this is not always true, asocial optimum may require that service be rotated among
classes.55 56

4.3 A Numerical Example
Building on the models constructed in the previous section, asimilar example can
be built for the Tschirhart and Jen model. In this example, we will assume only two
classes of demand; firm (class i), and interruptible (class 2). Class idemand is always
served first so the optimal ordering will not be achoice variable in this example. Class i
demand is constructed as;
X1(p1)-3O—p1+u

(
4.1)

where jt is the stochastic element of demand and is distributed uniformly between [-5,5].
Class 2demand is specified as;

55 Berg

and Tschirhart ( 1988), P. 227.
Hamlen and Jen ( 1983) model is similar in construction to the Tschirhart and Jen model except that
instead of interrupting lower-ranked classes altogether some pre-fixed fraction of each consumer's demand is
interrupted. This fraction is dependent upon ranking. Thus, Hamlen and Jen distinguish between the
probability of interruption and the extent of interruption, both of which affect consumer demand differently.
Hamlen and Jen also generalize the stochastic demand component of the Tschirhart and Jen model to all
consumer groups, not just the first class. One of the more interesting results of the Hamlen and Jen model
is that the (expected) profit-maximizer will always offer alower price to groups with agreater extent of
interruption, while the expected welfare maximizer may not. (Hamlen and Jen, ( 1983), p. 1110).
56The

55

(4.2)

X2(p2)= 25—p2

such that the stochastic element of demand, (
ji), is captured only by class
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and demand

is independent of reliability levels. 58 We assume only one interruptible class of demand
here so that only one possible class ordering must be considered by the firm.
The availability of capacity is dependent on the magnitude of realized demand, so
available capacity is denoted as;

h(k)=K—X,

k=1,2

(
4.3)

where K is the installed capacity and kis the number of demand classes. Once the demand
class X1has been served, h(k) is the remaining capacity available to serve classes (
k i). In
-

this one period model the firm maximizes (expected) profits of:
h( l)

E[ 7r] = $[(Pj

-

c)(X, +ii)f(,t)]du + it

j'[(p1

-

c)K f(#)]du +

h(1)
h(2)

5[(p2

(4.4)

h( l)
-

c)X2 f(u)]dit +

-

c)(K

-

p.

-

X1)f(p.)Jdp.

-.

K

h(2)

We assume constant per-unit operating and capacity costs of cand /3, K is the installed
capacity and p. is the stochastic term. The stochastic term is distributed uniformly over the
interval [
u,p.]. In the above equation the expected profits from the first class is the sum of
the first two terms. The first term is operating revenue when class 1is fully served, and
the second is revenue when this class is partially served. Similarly, the third and fourth
terms are the operating revenues from the interruptible class when this class is fully served
and when is it partially served. The limits of integration are lower for this class because
class 2demand is served only once class 1is fully served. The last term is capacity costs.
The firm maximizes profits as given by (4.4) over the choice variables Pi' P2' and K.
Assume marginal operating costs and capacity costs of;

57 As

in the Brown and Johnson model the stochastic element enters additively.

58 This

last assumption is changed later on.
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c=2

(4.5)

J3=15

The optimal capacity is 9.420, with aprice of service for class 1of 23.38 and a
corresponding reliability of 0.780. The price for class 2is 18.91, with acorresponding
reliability of 0.172. Given these values the level of expected consumer surplus is 73.70
and expected profits are 350.18.
Notice that in the numerical example of the Tschirhart and Jen model, the prices are
indeed sequential; the price is higher for the service class with the higher reliability.
Comparing the (absolute) elasticities, we can see that these prices conform to the inverse
elasticity rule,59 and the (relatively) more elastic demand is charged lower prices:
18.91= p2 <p1 =23.38

and

3.67=e1<e2 =6.53

(
4.6)

where e is the expected price elasticity. In order to find these expected elasticities for each
class, we must use the expected quantity consumed by each class, using aformulation
similar to that as in equation (4.4), because sales do not always equal the quantity
demanded when demand is stochastic. Thus we can see from (4.6) that the sequential
pricing for this solution conforms to the order of the own price elasticities of demand. This
is similar to amulti-product firm which prices the product with the more elastic demand
lower than other products with less elastic demands. Notice also that the optimal price for
the first class does exceed the sum of marginal operating and capacity costs, (
c+ f, as
expected, and the price for the second class exceeds marginal operating costs. This ensures
that both classes contribute to profits.
Our discussion of the Tschirhart and Jen model thus far indicates that there will be
welfare gains when interruptible pricing supplants uniform pricing. In order to create a
clear picture of these welfare gains, we will compare the numerical results of the Tschirhart
and Jen model with that of the profit-maximizing Brown and Johnson model. This
comparison is possible since we assume an aggregate demand of,
D(p)=55—p+ 1
u

59 Berg

and Tschirhart ( 1988), p. 226.

(
4.7)
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in the Brown and Johnson model, which is the additive demand of (4.1) and (4.2).
Substituting this into the example developed in Chapter 3and optimizing over p and K
produces expected profits of 319.33 and an expected total welfare of 512.33 in the Brown
and Johnson profit-maximizing extension. Notice that expected profits increase with the
introduction of service differentiation. The firm benefits by more closely matching services
with the needs of consumers with the offering of priority service. Consumer surplus is
higher in the Brown and Johnson model then in the Tschirhart and Jeri model because the
former is awelfare-maximizing model, while the latter is profit-maximizing.
As expected the optimal level of capacity is lower in the Tschirhart and Jeri model
than in the Brown and Johnson extension. The optimal capacity in the Tschirhart and Jeri
model is 9.42 as compared to 20.02 in the Brown and Johnson model. This is because the
firm can substitute interruptible service for expensive capacity additions while still
supplying class 1customers with the same level of reliability. In contrast, afirm offering a
single level of reliability must rely on the average willingness to pay for capacity, as
evaluated at the margin, to determine the optimal capacity level. If this firm increased the
level of reliability, it must increase reliability to all customers, necessitating an investment
in alarger capacity.
We now extend the numerical example developed above of the Tschirhart and Jeri
model to include reliability dependent demand. Altering the demand curves to include
reliability, the demand functions now become;
X1(p1)=3O—p1+r1+u

(
4.8)

X2(p2)25—p2 +r
2

(4.9)

With reliability dependent demand, the firm must ensure that quoted levels of reliability are
consistent with actual levels, so that equation (4.4) is subject to the following feasibility
constraint;
h(i)

F(h(i))= ff(/1)dp.≥r1, 1=1,2

(
4.10)
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where F(h(i)) is the quoted reliability for class i, 60 and ri is the actual level of reliability
supplied to that class.
With these new demand functions, the firm will charge essentially the same prices
for the two demand classes as with reliability-independent demand; Pi

=

23.87 for class 1,

and p2= 18.92 for class 2, as compared to 23.38 for firm service and 18.91 for
interruptible service with reliability independent demand. However, the reliabilities that
each class receives increase to rj

=

0.85 and r
2 = 0.22 because the optimal capacity

increases to 10.46. Since changes in reliability now directly affect demand and, through
demand, marginal revenues, the firm can increase profits by increasing reliability to both
classes with acapacity expansion.
Notice that sequential pricing is optimal due to the elasticities of demand. As
mentioned above, these prices need not be sequential if the reliability and price elasticities
work against each other. That they are sequential, however, does tell us that the effect of
the price elasticities outweighs the effect of reliability elasticities. Calculating these
(absolute) elasticities yields:
=3.48<5.63=e2

(4.11)

Th=O.124>O.065= 7
72
where e1is the (own) price elasticity and 77, is the reliability elasticity using expected
quantities. As we can see from equation (4.11) the firm charges higher prices to the less
price elastic, more reliability elastic demand. While the ordering of demand classes is fixed
in this example because there is only two demand classes, prices need not be sequential.
Even though the first class will always be served with ahigher level of reliability, it might
be profitable to charge them alower price if that class is relatively more price-elastic.
With reliability dependent demand, expected profits will fall dramatically to 50.02
and total welfare will also fall to 120.95. This is due to the dependence of demand on
reliability. With reliability dependent demand the monopolist must consider the effect of a
low quoted reliability on demand. The low reliability quoted to class 2will now affect the
demand for this service since demand is dependent on reliability. In order to provide
higher levels of reliabilities to increase class 1demand the firm must invest in expensive
capacity expansions. Together these factors will effect total profits.
quoted reliability for class iis defined over the range [j., h(i)] since class iis served in the range of
the lower bound of the stochastic term ( to the level at which interruption of class ioccurs (
h(i)).
60The
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Again we can compare the. Tschirhart and Jen example with reliability dependent
demand to that of the Brown and Johnson model of aprofit-maximizing monopolist with
reliability dependent demand. 61 The Brown and Johnson monopolist offers auniform
price of 36.00 with auniform reliability of 0.985 and acapacity of 20.618. The Brown
and Johnson firm offers ahigh level of reliability because of the gains in revenues through
the increase in demand. Notice that, as expected the Brown and Johnson monopolist must
invest in ahigher level of capacity than in the interruptible model. The Brown and Johnson
monopolist must invest in amuch higher level of capacity because it does not have the
option of interrupting its lower valued customers to serve higher valued customers in
periods of shortages.
In the Brown and Johnson example expected profits are higher with reliabilitydependent demand than with reliability-independent demand. Expected profits are now
337.09 as compared to 319.33 previously. Expected profits in the Brown and Johnson
model are 339.57, as compared to profits of 50.02 in the Tschirhart and Jen model and to
319.33 previously. Expected total welfare is 181.76 in the Brown and Johnson model, as
compared to 70.92 in the Tschirhart and Jen model, but this is primarily due to the price
discriminating 62 nature of the Tschirhart and Jen model, which captures more of consumer
surplus as profits. We can summarize the numerical results of the Tschirhart and Jen
model in the following table;

here we must constrain quoted reliabilities to be consistent with actual reliabilities.
the firm is discriminating more across products rather than prices, since each level of reliability
can be viewed as adifferent good. In the truest sense, the price-discriminating firm discriminates across
different customers through price differentials for the same good.
61 Again

62Again,

60

Case 63

Price

Tschirhart and
Jen
•
Reliability
Independent
DemandM

Pi = 23.38
P2= 18.91

Table 4.2
ible Pricing and Extensions
Expected
Expected
Capacity
Reliability
Profits
Consumer
Surplus
E(CS) = 73.707 E(it) = 350.18
Z= 9.4206
rl = 0.77996
r2=0.17116

c1= 3.67
82= 6.53
P1 = 23.87
P2 = 18.92

ri = 0.84812
r2 = 0.21832

• Reliability
Dependent
Demand 65

E2=

-

3.48
5.63 1

E(CS)

Z= 10.462

=

70.927 E(it)

=

50.021

ii= 0.
124
T
12= 0.065

As we have seen above with the comparison of the welfare results of the profitmaximizing Brown and Johnson model with the Tschirhart and Jeri model, the introduction
of service differentiation provides gains in profits over uniform pricing. The above
analysis, however, assumes that the demand for service with the highest reliability is
independent of the demand for interruptible service. If customers expect excess capacity,
the demand for interruptible service will increase with this expectation. With excess
capacity, customers pay alower price with interruptible service for roughly the same
amount of reliability that they would receive if they had purchased firm service.
Conversely, if customers expect excess demand we could expect the demand for higher
priority service to increase. With excess demand the reliability level of interruptible service
is very low, and so if customers value reliability they will pay ahigher price and purchase
service with ahigher reliability. Thus, firm and interruptible service are substitutes and
there exists an incentive problem such that customers will substitute away from firm service
when they expect periods of excess capacity. The finn must then take into account this
incentive problem when choosing the optimal capacity, ordering and price bundles. One
way to build this incentive problem into the price menu is to allow self-selection among
63 Assuming

b = 2and B= 8 and firm demand of D1(p 1)= (
30 Pi +
,

-

.t)

and interruptible demand of

D2(p2)= (
25 p2).
64 Assuming aprofit-maximizing firm and that b= 2and B= 15: Bmust be increased from 8to 15 because
at B= 8the marginal willingness to pay for capacity is excess when compared to the marginal cost and a
corner solution results. With b= 2and B= 8, p, = 19.88, P2= 17.113, r
1= 1.2192, r
2=0.4305,
Z= 17.312,E(CS)= 115.44, and E(ir)= 136.47.
65 These prices need not necessarily be sequential. That they are sequential, however, does tell us that the
effect of price elasticities outweigh the effect of reliability elasticities.
-
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service choices by consumers. In allowing consumers to select among the offered service
classes self-arbitrage among customers must also be prevented. In order for the firm to
supply the promised reliabilities customers must choose the service option designed for
them and not some other option. As we will see in the next chapter one way to prevent this
self-arbitrage is to design service tariffs based on customers' valuation of service so that
those customers with the highest valuation of service pay the highest tariffs. While this
prevents self-arbitrage among customers it also implements the efficient rationing order
since those customers with the lowest willingness to pay are interrupted first.
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CHAPTER FIVE
A MODEL OF PRIORITY PRICING

5.1 Introduction
While customers value reliability of service, they may be willing to accept
degradation in the level of reliability in exchange for corresponding decreases in price. In
effect we can think of akind of demand function where consumers pay high prices for high
levels of reliability and correspondingly pay low prices for low levels of reliability, with
variations in between. In the Jen and Tschirhart model, there was one class of firm
demand, served without interruption, and nclasses of interruptible demand. One can
imagine that there exits akind of trigger-reliability between classes; that is, some level of
reliability at which customers find it beneficial to switch to adifferent demand class because
the price/reliability trade-off in their current class no longer maximizes their utility.
Switching between demand classes could be triggered by changes in either price or
reliability. If one imagines each level of reliability as adifferent commodity with adifferent
price, one could see that there is some point at which certain reliability/price bundles are
substitutes; it is at this point that the marginal consumer materializes. This marginal
consumer is indifferent between two (adjacent) classes of priority. However, Tschirhart
and Jen do not address this issue in their model. In their model customers are not allowed
to switch between priority classes in response to changes in prices or reliabilities.
One way to incorporate this substitutability into the interruptible model is to allow
self-selection of demand classes among consumers. Consumers, acting in their own selfinterest, will select the demand class best suited to their needs. Given that the offered
price/reliability menu is optimally structured, supply will be efficiently allocated through
this self-rationing.
Tschirhart and Jen assume that there is full information in their model. The firm
knows the preferences of each customer and can segregate customers into the appropriate
demand class. This is possible because the firm knows the demand preference of each
customer and because the firm can prevent arbitrage, the reselling of the commodity,
between customers.
However, in general only the distribution of demand is known, while the
preferences of each consumer are private information. Customers cannot simply be asked
for their willingness to pay for service because consumers have astrong incentive to claim
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that they have alow willingness to pay so that they will be charged alow price. With
asymmetric (incomplete) information customers cannot be prevented from choosing a
demand class which was designed for another consumer. Clearly, consumers with high
willingness to pay for reliability will want to purchase the price/reliability bundle offered to
other consumers if this bundle offers the same reliability at alower price. This introduces a
"self-selection" or "incentive-compatibility" constraint so that customers choose the
price/reliability bundle designed for them and not some other bundle.
One way to get consumers to reveal their true type or preference is through their
selection from the price menu. The optimal price menu is designed such that only
customers with higher willingness to pay select firm service, while customers with alower
willingness to pay select interruptible service. The higher type consumers are prevented
from purchasing the consumption bundle designed for lower consumer types because
lower type consumers are offered a " sub-optimal" bundle; that is, by offering them alower
reliability than they would otherwise purchase.
Personal arbitrage is the selection by consumers for allocations other than the
allocation designed for them. Personal arbitrage violates the self-selection constraint
described above. Personal arbitrage can be prevented by inducing interruptible consumers
to select alower reliability than they otherwise would. Arbitrage can be prevented either
offering avery low reliability relative to price to interruptible customers, 66 or by offering a
very high reliability relative to price to higher type customers.
The optimal price menu is designed to exactly ration available supply. The selfselection constraint is important because it helps ensure that the promised reliabilities can be
supplied. If some customers do not choose the price/reliability bundle designed for them,
there might not have enough capacity to supply customers with the level of reliability
originally promised. It is essential that customers select the service class designed for them
since demand for interruptible service allows higher reliability promised to firm customers
to be supplied without investing in expensive capacity expansions. Notice the
interdependence of demand in this model: if all customers choose the top priority, no
66 By excluding demands with low valuations of service, the social planner can improve the service
reliability to higher valued demand. Chao et al ( 1988) points out that this exclusion is due to the efficiency
losses caused by afinite number of priority classes. If the social planner was able to offer acontinuum of
priorities, it might be able to serve these low valued customers while still maximizing total welfare. Such
acontinuum is appealing because it would fully exploit the type of product differentiation that priority
service offers. However, the implementation costs of such asystem would be prohibitive. The number of
classes implemented depends on the relative trade-off between the costs of adding another class and the gains
of greater discrimination. In practice, the number of consumer classes is generally limited by the set of
consumer characteristics and by transaction costs.
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customer has top priority. Whether or not the promised reliabilities can be supplied
ultimately depends on the level of reliability that consumers select.
For the model described in this section, we assume two classes of demand, firm
and interruptible. Firm customers are charged higher prices for ahigher reliability of
service than interruptible customers. We assume in this model that firm service customers
are subject to interruptions, although the probability of interruption for firm customers is
less than that for interruptible service customers. Thus, the use of "firm" and
"interruptible" to describe the classes of priorities is somewhat misleading. 67 If firm
customers are not promised service with areliability of 100 percent, the amount of installed
capacity can be reduced, thereby saving on costs. This becomes more important the more
expensive capacity is to install.
Consumers self-select between these two service offerings, acting to minimize
expenditures subject to autility constraint. This expenditure function approach is
essentially equivalent to the utility maximization used by Tschirhart and Jen. 68 The. optimal
price menu is formulated to maximize total social welfare, the sum of consumer and
producer surplus.
We compare the offering of two service offerings to the offering of asingle level of
service with asingle uniform price. We will see that the availability of two service
offerings achieves greater social welfare than does uniform pricing. Consumers benefit
both from lower capacity costs and from the offering of service options which more closely
match their price/reliability trade-offs. A smaller investment in capacity is possible with
priority pricing than under uniform pricing because the reduced demand of interruptible
customers "frees up" capacity, thereby enabling firm service to be supplied with agreater
probability of service. Priority pricing exploits the heterogeneity of preferences in the
consumer population. With uniform pricing and random rationing, there will be some
consumers who prefer more (or less) reliability, and are willing to pay ahigher (lower)
price for this reliability. Intuitively, we can see that acloser match of service options with
customer preferences will increase social, welfare.
The model described in this section is aone period model. Within the period, the
optimal capacity is chosen, and then the optimal price menu is designed subject to this

67 We

do not assume that firm demand is met with areliability of 100%. See Section 7.1 for adiscussion
of the implications of such an assumption.
68 See Varian ( 1992), p. 105, for adiscussion of the identities that tie the expenditure function to the
indirect utility function and the Marshallian and Hicksian demand functions.
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capacity. Customers then select from the offered price menu, the state of the world is
realized, and supply is allocated among customers.
The remainder of this chapter describes the model in detail. Section 5.2 outlines the
specification of consumer preferences and derives consumer behavior while defining the
marginal consumer. Section 5.3 specifies the characteristics of supply and derives the
probability of service for firm and interruptible service. Section 5.4 sets up the social
welfare maximization problem, and in Section 5.5 this solution is compared to that of
uniform pricing. Capacity as adecision variable is added in Section 5.6, and finally, the
model results are summarized and conclusions are drawn in Section 5.7.

5.2 Consumer Specification
We assume ageneral equilibrium model with two commodities; an "inside
commodity", q, and acompetitively supplied "outside" or composite commodity, the
numéraire N. Consumers divide their income, Y, between these two commodities. We
assume that all consumers have the following concave utility function;
4
u=(v+h 2)q+N

(5.1)

where y is utility, vis apositive constant, his an index for consumer preference or type, q
is the quantity consumed of the inside commodity, and N is the numéraire commodity. 69
Notice that demand is non-stochastic; the stochastic element in this model comes from the
fluctuation in available supply.
Heterogeneity in the customer population is represented by the taste parameter, h.
The preference of each consumer is private knowledge known only to the consumer. This
taste parameter is uniformly distributed across the total population of customers according
to the density function f(h) and the cumulative distribution function F(h). Preferences
are distributed uniformly on the continuous interval [
h, h], where, for simplicity, we
assume the unit interval. The taste parameter ensures that customers have different

69 This

utility function is quadratic in preferences. While afunction which is linear in preferences is
simpler to manipulate, it does not allow for alarge enough improvement in social welfare with the
introduction of interruptible service to avoid acorner solution. Because we assume uniform distributions
throughout this model, with linear preferences the probabilities of service do not change enough with the
switching of customers between classes to justify service differentiation.
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willingness to pay for the commodity. The willingness to pay for the commodity by the
lowest type consumer, for h= 0, is,
(5.2)

while the willingness to pay for the commodity by the highest type, for h= 1, is,
(5.3)

=(v+1)q+N

The willingness to pay for service for consumers in between the highest and lowest types
ranges between the two extremes represented by equations (
5.5) and (
5.6). We can see
these equations that as hincreases the benefit from the consumption of the inside
commodity also increases.
We assume perfectly inelastic unit demand so that the consumer either buys one
unit, (q= 1), or does not buy at all, (q= 0). The consumer will purchase the commodity if
the utility received from purchasing is greater than the price, x;
v+h 2 >x

(5.4)

The consumer will then pay the price xto gain (
v+ h2)of utility. 70 Using equation (5. 1),
we can see that if the consumer buys from the commodity, q, the utility received is,
u=(v+h 2)+N—x

(5.5)

where xis the price of service, and if the customer does not buy from the commodity, the
utility received is,
M=N

(
5.6)

since only the numéraire then is purchased.
Consumers minimize their total expenditures subject to the original utility level, a,
so that all consumers face the following problem;

70We

assume throughout that v> x.
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min
q,N

x•q+N

where x, the price of service, is

s.t.

(5.7)

for firm customers and w for interruptible customers.

Solving the constraint on the right-hand side of (5.7) for the numéraire and substituting it
into the objective function on the left-hand side of (
5.7) yields consumer expenditures,
(v+ h2)q+x

(5.8)

We can easily see that this expenditure function is homogeneous of degree 1in prices and
is monotonically increasing in the original utility level, 1
T.
Equation (5.8) is customer expenditures if service was certain; that is, if customers
were served with 100% reliability. If all customers were served with areliability of 100%,
there would be no trade-off between price and reliability and all customers would prefer the
service with the lowest price, w71 ,and auniform price would be offered. However
customers are offered some probability of service because supply is stochastic, and so they
must minimize their expected expenditures.
We assume that customers pay prices p and w if they are served, and that they must
incur some expenditure to maintain their original level of utility, /
1, if they are not served.
Because supply is subject to stochastic fluctuations, the expected expenditures of customers
is the sum of two possible events; ( 1) the receipt of service and payment for this service, or
(2) service interruption occurs and consumers must purchase more of the numéraire
commodity. The expected expenditure for service will differ for firm and interruptible
customers because they will be served with different levels of reliability.
Let rf denote the probability of service for firm customers, and ri the probability of
service for interruptible customers, so that the expected expenditures for the two classes of
service, assuming that all customers are risk-neutral, are as follows;
FE—[ii_( v +h 2)+p] r1 +(1_ rj )iI

71 There

(5.9)

is also aproblem in setting the price of service, p and w, so high so that consumers spend all their
money on the numdraire good and none on the inside good. We assume that the willingness to pay for the
good is sufficiently high relative to the operating cost that it is socially optimal to supply the good. Thus,
we make the assumption that v> c, that the minimum willingness to pay, v, is greater than the marginal
operating cost, c.
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IE=[ii_(v+h2)+w]r+(1_rj)ii

(5.10)

The first term in equation (
5.9) and (5.10) is the expected expenditure if service is received,
while the second term is the expected expenditure to maintain the original level of utility if
interruption occurs. If interruption occurs, the consumer must consume enough of the
numéraire commodity, N, to reach the original level of utility , ,4. Thus, expected
customer expenditure is the sum of the expected expenditure on service if there is available
supply and the expected cost to maintain the utility level if service is interrupted.
All customers self-select between the two service classes, choosing the service class
that minimizes their expected expenditures while maintaining their original level of utility.
The marginal consumer, Ii, is defined as the consumer who is indifferent between the two
classes of service. The marginal consumer is defined where the expected expenditure for
both service classes is the same;
FE(h)=IE(h)

Substituting in equations (
5.9) and (
5.10) in equation (5.11) yields;

(V +

42

) +P)rf

+

(I_

rf

)-

A

=

(• _( V+ ^2)

P

h

+

w)ri+(
1—r
i)p
—

(
5.12)

Solving equation (5.12) for h, the marginal customer can then be described by the
following relationship;

i(p,w,rj,rj)

p.r1 —w•r
=

r

-

r
1

(5.13)

We can see from equation (
5.13) that the marginal customer is afunction of both the prices
and the reliabilities of the two demand classes. The (expected) expenditure functions will
shift in response to achange in price or reliability, and the value of the marginal customer
will change as well. However, as we will see in Section 5.3, the probabilities of service
also depend on h. Thus, the design of the price menu is crucial for determining the
subscription rates for interruptible service.
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The marginal customer embodies the idea of self-selection in this model. While the
marginal customer is indifferent between the two service classes, other customers are not.
Firm customers, for example, elect to purchase firm service because this minimizes their
expenditures subject to the utility constraint. If this were not the case, firm customers
would purchase interruptible service instead.
From Figure 5.2 we can see that for preferences h< Ii

,

(
expected) expenditures for

interruptible service are less than expenditures for firm service. Conversely, for
preferences h> Ii

,

(
expected) expenditures for firm service are less than for interruptible.

The marginal customer, /t, is defined where (expected) expenditures for the two service
classes are equal. The expenditure function will shift with changes in prices and in
probabilities of service. The expenditure functions will shift downwards with an increase
in the price and will shift upwards with an increase in service probabilities. Changes in
prices or reliabilities will change the expected value of service expenditures and the value of
the marginal customer will also change in response.

Expenditure ($)

IE

Customer Type (Ii)

Figure 5.1
Expenditure Functions

With total demand normalized to 1we can define the percentage of total demand
which is served as interruptible as k, while the percentage of total demand that is firm is
(1- h). We can conceptualize total demand as in Figure 5.2, where firm and interruptible
demand are measured along the unit interval [
0,1],
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(1-

)

1inn
iruplib1e

-

Figure 5.2
Unit Demand

The number of customers purchasing service for each class will depend on the probabilities
of service that are offered. As the probability for aservice class increases, the demand for
this class will also increase. These probabilities, however, will in turn depend on the
number of customers purchasing service for each class. For example, if many customers
purchase interruptible service the probability of receiving firm service will be high. We
assume throughout this model that when acertain level of reliability is offered consumers
can confirm that this reliability has been delivered.

The substitutability between classes implicitly places an upper constraint on the
prices of the two service classes. If the price of firm service is too low, for example, too
many customers may choose this option and the firm may not be able to satisfy its
reliability constraint. At the limit, all customers may choose firm service and there will
only be one class of service.
The optimal price menu is designed to satisfy the self-selection constraint, that
customers choose the price/reliability bundle intended for them. Consumer choose a
service class on the basis of the offered service prices and reliabilities but, as mentioned
above, these reliabilities in turn depend on the choices consumers make. For any given
capacity the reliability of firm service falls as more and more customers choose subscription
to this service class. In the next section we will explicitly derive these probabilities of
service.

5.3 Supply Specifications
For simplicity, demand is assumed to be non-stochastic, while supply is assumed
to vary stochastically due to outages. For example, outages could be due to changes in
weather which cause random fluctuations in supply.
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Outages are represented by the variable aand are uniformly distributed over the
interval [
0, k], where kis the installed capacity. The total available capacity, I, is the
supply which is on-hand after outages have affected the availability of installed capacity.
Thus, total available capacity can be represented as;
I(k,a)=k—a

(
5.14)

The installed capacity would be fully available only if no outages occur, that is, if a= 0.
Conversely, if outages reach the upper bound of supply fluctuations, (if a= k), no capacity
will be available.
Given that all levels of outages have an equally likely chance of occurring, outage
fluctuations will have the positive, continuous density function,
f(a) = 1/k

(5.15)

The cumulative density function for this distribution would then be,
a

F(a)=jda=
rl
a

(5.16)

We assume that the extent of outages are common knowledge and are easily observable by
all agents so that customers can form rational estimates of the probabilities of service for the
two classes.

5.3.1 Probabilities of Service
5.3.1.1 Firm Service
In this section we will derive the explicit probabilities of service for each service
class. As before, interruptible customers are served only if there is available capacity after
all of firm demand is met.
The probability of firm service consists of two parts: (1) the probability that all firm
demand is met, and (2) the probability that firm demand is only partially met. Full service
for the class of firm customers is possible if available supply is at least as large as firm
demand;
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(5.17)

k— a> .1—h

and, rearrangement of equation (5.17) yields the inequality,
(5.18)

k+h-1>a

Substituting the definition of agiven in equation (5.18) in the definition of the cumulative
density function given in equation (
5.16), the probability that firm customers are fully
served is:
(
k+_1)

k+h-1

P(k+h-1>.a)=

Jf(a)da=

(
5.19)

k

0

This is the probability that outages are small enough so that all firm demand can be met.
The probability of the opposite event
demand

--

--

that the magnitude of outages outstrips firm

is the probability that firm demand is greater than supply. Firm demand is

greater than available supply when the following holds;
(5.20)

1—h>k—a

and rearrangement of equation (5.20) yields the inequality,
(5.21)

a>k-1+h

We assume that when supply is insufficient to meet demand within aservice class,
the available supply is rationed randomly among all class customers. Thus, the available
(k

-

a) units of supply will be distributed among the (
i
-

)) purchasers.

Since outages are

distributed along the interval,

aE[(k-1+h)k]

(5.22)

the probability of partial service given random rationing can then be represented as,
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P(random rationingk

-

) SIf(a) ((k— )a) jda

a< j

(5.23)

k

=

-

Substituting in equation (
5.15) and integrating, equation (5.23) reduces to,

P(random rationingk

-

a< 1— 1)

(5.24)

The total probability of firm service is then the sum of these two events; the event
that firm demand is fully served, (equation (5.19)), and the event that afirm customer is
served, given that there is partial service and random rationing within the demand class,
(equation (
5.24)). We denote the total probability of firm service as r,
r
1 = P(k

-

a> 1—

)+ P(random rationingk

-

a < 1— h)

(5.25)

Substitution yields,

(I —h^ )
) + k+h-1_2k+h-1
r1—

2k

k

-

2k

(5.26)

5.3.1.2 Interruptible Service
In contrast to firm service, interruptible customers are served only if there is
available capacity once firm demand is met. There will be full service of interruptible
demand when,
k_a_(1_h)> h

Rearrangement of equation (5.27) yields the inequality,

(5.27)
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k- 1>a

(
5.28)

Substituting the definition of agiven in equation (5.28) in the definition of the cumulative
density function given in equation (5.16), the probability that interruptible customers are
fully served is;

(5.29)

P(k-1>a)=ff(a)da= 1
0

Interruptible demand will be met only after firm demand is satisfied. Thus, interruptible
demand will not be filled at all when supply is insufficient to meet firm demand;
1—h>k—a

(
5.30)

There will be partial service of interruptible customers if outages are in-between the
two extremes of equations (5.30) and (
5.28), such that;
k-1<a<k+h-1

(5.31)

Part of interruptible demand will be served if outages are such that firm demand can be
served, but available supply is still insufficient to serve all of interruptible demand. Again
it is assumed that when there is partial service to the interruptible class, there will be
random rationing of supply within this class such that the available supply, k a (
i
-

-

-

is rationed among the hinterruptible customers when outages are distributed along the
interval,

aE{(k-1)Qc+h-1)]

(
5.32)

and the probability of partial service given random rationing for interruptible customers can
be described as;
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P(random rationingk

-

1< a< k+ i i) =
-

k;tl[f(a)(k

-

a: 1 +k)]
a

(5.33)

Using the definition of the density function given by equation (5.15), this reduces to,

P(random rationing

— 1< a

<

k+ h— 1
/
2k

(5.34)

As for firm service, the probability of interruptible service, r, is then the sum of
the probability of these two events: ( 1) the interruptible class is fully served, (2) that the
interruptible class is partially served. Using equations (
5.34) and (
5.29), the probability of
serving interruptible demand therefore can be described as;

r.=

k—i
k

+

Ii
2k

2k+h-2
-

2k

(5.35)

From equation (
5.35) and (5.26) we can see that the probabilities of service for both
classes explicitly depend on the level of installed capacity, as well as on the number of
customers choosing each class, as represented by Ii. Consumer behavior is therefore
defined by the three equations; the probabilities of service, (5.35), (
5.26), and the marginal
customer (5.13).
By construction, the probability of firm service is greater than the probability of
interruptible service;
(5.36)

r1>r

(i_s)

k+h-1

2k

k

>

k—i
k

2k

(5.37)

which reduces simply to 1> 2, which necessarily holds true. A higher probability of
service is offered to firm customers than to interruptible customers. Again, due to the selfselection of service, there will be adependence between the probabilities of service. The
more customers who elect to participate in firm service, the lower will be the probability
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that interruptible customers are served because firm customers are served with ahigher
priority than are interruptible customers. Conversely, the more customers who elect to
purchase interruptible service, the higher will be the probability that firm customers are
served. At the limit, if all customers select firm service, no customer has top priority.

5.4 Social Welfare Maximization
The social planner must maximize total welfare, the sum of consumer and producer
surplus. Producer surplus is simply profits and we use compensating variation to calculate
the level of consumer surplus. Consumer surplus is then the difference between (expected)
expenditures under uniform pricing with random rationing and (expected) expenditures
when service options are offered, given the probabilities derived in the previous section and
the definition of h. The maximization problem is therefore;

max

(5.38)

TW=WTP+ir

h,k

s. t.

k—i
r1=
k

j2

r1

(
1—
2k2

k+h—i
+
k

/p.rw.r
rf

r

Expected profits, lv, are as follows;

iv

=

(
p—c)(i—/)rj +

(
w—c)Ir1--f3.k

(5.39)

where p and w are the per-unit prices of firm and interruptible demand, respectively, cis
the marginal constant operating cost per unit of supply, and 0is the capacity cost per unit
of capacity.
The first term in equation (
5.39) is the contribution to the firm's profits from firm
sales, while the second term is the contribution from interruptible sales. The last term
represents total capacity costs. Capacity is expensive; otherwise enough capacity would be
installed to meet maximum demand. The marginal capacity cost is assumed to be larger
than the marginal operating cost.
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Total consumer surplus is the aggregate willingness to pay for service
differentiation; that is, the difference between consumer expenditures before service
differentiation less firm and interruptible expenditures after class differentiation;

WTP =

J
FE(p, u)dh_JFE(p,u,h) dli _ JIE(w,JL,h)dh
1

(5.40)

where .
tis the original utility level, Ii is the marginal customer, and p is the original
(uniform) price before service differentiation. We can use the compensating variation
approach to measuring consumer surplus because we have assumed quasi-linear utility
functions, and so there is no income effect. The first term in equation (
5.40) is customer
expenditures before service differentiation, while the second and third terms are the
expenditures on firm and interruptible service after service differentiation. The difference
between total expenditures for all customers before and after service differentiation is the
total willingness to pay for service differentiation. We can see from equation (
5.40) that if
the offering of priority classes does not provide asaving on total expenditure, the
willingness to pay for service differentiation will be non-positive. Conversely, the
opposite is also true: if the offering of priority classes provides alower expenditure on
service, the willingness to pay for priority service will be positive.
Substitution of equations (
5.9) and (5.10) in (5.40) yields (5.41);

P=f{(1z_(v+h2)+)•(1_),1Jdh_fl(,1_(v+h 2)+p)rf +(1—r1)iz]dh

—

J[(tI—(v+h')+w)rj +(1—rj)j+h

where r
1 is the probability of service with uniform rationing. This probability is aconstant
because it depends on the optimal capacity chosen under uniform pricing where as the
optimal capacity of interest here is the capacity under uniform pricing. 72 This probability is
aconstant for this problem because although the probability depends on the capacity

72 As

1/2.

we will see later on, with capacity k= 1, the probability of service under uniform pricing is simply
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chosen, the relevant capacity is the capacity the minimizes expenditures under uniform
pricing. Integrating equation (5.41) yields (
5.42),

WTp =

(

(P _

V

1r
31

_

'
3h
3

-r !( V—

w

)—rf(p

—

V

(5.42)
)(
1—

Using equations (
5.39) and (
5.42) the objective function as defined by (
5.38) reduces to
the following;

TW =

—

(— _

V

_

1

)+

1

• +.&. r(v—c)—.rj(i? — 1)+r1(1—i)(v—c)—k5.43

We can easily see that (5.43) is concave in h. This concavity guarantees that an interior
solution exists. The first and second derivatives with respect to Ii are;

am'

=

(r._r1 )(i

2

+(v_c))

dh'

a2rw =ir.—r,
,
19L

\

L

J

/

2h

(5.44)

(5.45)

From (5.44) the condition for concavity is simply,

r. < r1

(5.46)

which is true by construction and is proven by equation (5.37).
Total welfare is the sum of the total willingness to pay for priority service and
profits. The social planner maximizes total welfare given the choice variables, p, w, and k.
In the next section, we derive the results from optimization.

5.5 Results
5.5.1

Pricing

A numerical solution can be found using this formulation of the interruptible model.
First, asolution is found assuming that capacity is fixed. This would be the case in the
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short run or with sunk capacity. This assumption removes the last term from our profit
function in equation (
5.39). By removing capacity from the set of choice variables, we are
able to concentrate on the optimal pricing solution. For this solution, capacity is set at the
value 1, (k= 1), the maximum value of customer preferences. Using (5.14), available
capacity is defined as;
1=1—a

(5.47)

This assumption will affect the probability of service within each class. Given (
5.46) we
can derive the new probabilities of service for each class using (5.26) and (
5.35).

r

Ik=1

=

rIkl

(5.48)

2

(5.49)

h2

Under uniform pricing, all customers are served if the available capacity is greater than total
demand;
k— a>1

(5.50)

and with capacity fixed at 1the probability that demand is fully served is then;

-

rfk=1

2

(5.51)

Substituting the probabilities of service, equations (
5.48) and (5.49) and (
5.50),
into the objective function for non-uniform pricing, equation (5.43), produces acubic in h;

TSIk...)

= a +

where the constant, a, is defined as,

1

(—P +h+ 3(v— c)+ i)

(5.52)
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(5.53)

Maximizing (
5.52) over Ii gives the first-order condition,

iirs
dli

_j2

j

2

6

=—+—=o
k=1

(5.54)

which yields avalue for the marginal consumer of 0.577. Because customer preference is
distributed along the interval [
0,

11,

we can interpret this value of h such that 57 percent of

the customer population elects to participate in the interruptible program. We can use this
value for h to find the probability of service for each class. Thus the probability of service
for firm customers is 0.788 and the service probability for interruptible customers is
0.288. 73 Given these values for h, rf and r, equation (5.13) yields arelationship for the
optimal price, p, for firm service as defined by the price for interruptible service, w;
p= 0.366w + 0.275

(5.55)

As we can see, there is no unique solution to this problem. For every value of w,
there exists acorresponding value of p such that his held constant.
From (
5.55) we can see that firm customers pay higher prices than do interruptible
customers. Notice that this relationship is positive; as the price for interruptible service
increases, so does the price of firm service, although by smaller increments. This is due in
part to substitutability between the two classes of service. The increase in price of firm
service is necessary to prevent too many interruptible customers from switching to firm
service when the price of interruptible service increases. If the price menu is designed to be
incentive-compatible, the self-selection by customers of service classes imposes a
constraint on the relative prices of the service options. The price of firm service cannot be
raised too high, or the price of interruptible service set too low, if benefits from the offering
of priority service are to be realized. If the price of firm service is set too high relative to
the offered reliability, all customers will choose the interruptible service option, and there
will be one class of service. Conversely, if the price of interruptible service is set too low
relative to the offered reliability, all customers will subscribe to interruptible service , and
73 These

probabilities do not sum to 1due to rounding.
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again there will only be one class of service. As the price of interruptible service increases,
more interruptible customers will switch to firm service. This will affect the probability of
firm service, and so the price of firm service need not increase by as much as the increase
in w since the lowered reliability will make this option less attractive to firm customers.
One unique solution is to set the price of interruptible service to the marginal
operating cost, c. With the price of interruptible service set to zero the price of firm service
is 0.275.
Notice that these price/reliability bundles are sequential, such that customers pay for
higher levels of reliability. This condition is necessary for self-selection. While prices are
sequential for this solution, the ordering of the priority classes is not achoice variable in
this model as it was in the Tschirhart and Jen model. In this model, priority classes cannot
be ordered non-sequentially because consumers cannot be ordered using price or reliability
elasticities, since these elasticities are private information. As well, it is clear that the
incentive-compatibility constraint would not hold with anon-sequential ordering; if a
service class with alower price and higher reliability was offered, all consumers would
have an obvious incentive to switch to the lower priced, higher reliability service class.
Non-sequential priority orderings can therefore only occur with full information and no
arbitrage.
In order to find numeric values for profits and consumer surplus, we assume values
for the constants:
V= 0.1

(.56)

C=0

(5.57)

For this solution, excluding capacity costs, the level of profits is 0.092 with atotal surplus
of 0.1808 and consumer surplus of 0.189.
We can easily see that the offering of differentiated service increases social welfare
over uniform pricing with random rationing. We know that the offering of differentiated
service increases social welfare in this model because the marginal consumer exists. If
priority service did not increase social welfare, this marginal consumer would not exist
because there would be no advantage from choosing one class of service over another;
either h= 0 or h= 1. Another way to see that the introduction of priority classes increases
social welfare is to look at the total willingness to pay for service differentiation, that is, the
difference between expenditures before service differentiation less the firm and interruptible
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expenditures incurred when different service classes are offered. The marginal consumer
materializes because as long as the total willingness to pay is positive, customers will incur
greater costs with uniform pricing to maintain their original level of utility than they will
with priority service.
The model developed here can only show that there are gains in social welfare from
moving from uniform pricing to priority pricing. Because the social planner in this model
maximizes the difference in expenditures between the two pricing schemes it is not possible
to draw acomparison with auniform pricing model which minimizes total social
expenditures. In the next chapter we develop parallel models for both uniform pricing and
for priority pricing in order to draw acomparison between the two of the optimal capacity
choice. These models will allow us to compare the optimal capacity levels for the two
pricing strategies.
5.6 Capacity Choice: A Comparison with Uniform Pricing
The optimal capacity needed to serve all customers can be reduced when service is
differentiated by reliability. The offering of interruptible service frees up capacity so that
firm customers can be served with ahigher reliability level without expensive investments
in capacity. In this section we will develop amodel for uniform pricing and for priority
pricing which minimizes total social expenditures and allows the optimal level of capacity to
be chosen. Having developed these models, we then can compare the optimal level of
capacity for the two pricing strategies. 74
With capacity choice, the decision sequence is as follows: ( 1) the optimal level of
capacity is chosen, (2) the optimal price/reliability menu given the optimal level of capacity
is designed, (3) this menu is presented to customers, who then select among the offered
services, and (4) the state of the world is realized, and profits and total welfare are
calculated on the basis of available supply. While this process can be thought of
sequentially, all four steps happen simultaneously in this one-period model.

74We

assume here that capacity is not so expensive that the social planner cannot offer firm service.
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5.6.1 Uniform Pricing
With uniform pricing only one class of service with one level of reliability and one
price will be offered. There are no marginal consumers in this case since there is only one
service class. With outages distributed along the interval [
0, k] the density function is,

(5.58)

f(a)=

as before. All customers who demand the commodity will be served if available supply is
greater than demand,
k— a.>1

(5.59)

since we have assumed unit demand. All customers are served when outages are such that;
k- 1>a

(
5.60)

Thus the probability of full service is simply,
k-i

r= jf(a)da—

k—i
k

(
5.61)

0

If they are served, expenditures of,
1

J( u _( v +h 2))dh=

u

1
— v— --3

(5.62)

0

are incurred, so the total expected expenditure when there is full service for all customers
is,

FS .

(AL_v_..

)r. =( !c k i)(/1

However, when available supply is less than demand such that,

V

_ I)

(5.63)
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1>k— a

(5.64)

supply will be rationed randomly among all customers demanding service. The total social
expenditure when there is excess demand is,

psu =

S
f(a)[f (k

-

a)(i

-

(
v+ h2))dh + 1(1

k+ a)# .dh]da (5.65)

since there will be partial service when outages are distributed along the interval [(k-i), k].
The first term in (
5.65) is the expenditure for those customers who are served. These
expenditures occur with the probability (
k a) since the available supply, (
k a), must be
-

-

rationed among the unit demand. The probability of not receiving service is then simply
(1

-

(
k a)). Those customers who do not receive service in periods of rationing must still
-

incur expenditures of uto maintain their original level of utility. Integrating (
5.65) with
respect to hand ayields,

PSU

(2ii—(v+.))
2k t

(5.66)

The total expected social expenditure that the social planner must incur is then expenditures
when there is full service, expenditures when there is partial service, and capacity cost,

E(TEu)

=

FS+PSu+f3.k=-1-1'2/1 _( v +f )J+ f (/1 _( v +))+f3.k
2k (

(5.67)

Minimizing (
5.67) over kyields the first-order condition,
9E(TE')
dk

=

3v+i—/i
2k 2

+/
3=0

(5.68)

Using value for vand cfrom (
5.56), (5.57) and assuming that /
3= 0.1, equation (5.68)
yields the optimal capacity level,
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k = nJ5(4 1
u—1.3)

(5.69)

such that u.≥. 0.325 so that kis non-negative. Notice that the optimal level of capacity
depends on the original level of utility, /
1. This is because the customers must incur
expenditures to maintain their original utility level when they are interrupted. If this
original level of utility is very high, the cost of maintaining the original utility level will be
very high for interrupted customers and these expenditures can be minimized through the
investment in ahigher level of capacity. Thus, the optimal level of capacity is dependent on
the original level of utility such that the optimal capacity increases as the original utility level
increases. We will now develop atotal social expenditure function similar to (
5.67) for
priority pricing so that we can compare the optimal capacity levels between the two pricing
strategies. 75
5.6.2 Priority Pricing
Under priority pricing all customers receive service when available supply is greater
than total demand,
k- 1>a

(5.70)

so that all customers receive full service when outages are distributed along the interval,
aE(0,k-1)

(
5.71)

The probability that all customers are served is,

k-i

r
j = ff(a)da=

k—i
k

(5.72)

0

and the total expected social expenditure is,
75 Prices

are not solved for in the models developed in 5.6.1 and 5.6.2 because from the point of view of
total social welfare, price simply redistributes surplus from the producer to the consumer. Thus, in terms
of total social welfare, price is irrelevant, and consumers will purchase service as long as the price is less
than their willingness to pay for service, p <v, and service will be supplied as long as the price received is
greater than the marginal operating cost, p> c.
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FS__

1
r1 5( ju

_( v +h 2))dh=

k— i1

i

k

(5.73)

There is full service to firm customers when outages are such that full service to all
customers is not possible but available capacity is still greater than firm demand,
k—i<a<k—i+h

(5.74)

so the probability that rationing among interruptible customers occurs is,

rç=

_h
ff(a)da_k

(5.75)

k-i

Expected expenditures incurred by firm customers when they are fully served is then,

FS1 = r/1_(v+
h2))dh
(

=

i? ))

_v)(i

(5.76)

When firm customers are randomly rationed, the probability of service is,
k— a

(5.77)

and the probability of interruption is then,
k— a

i—h—k+a

-c

-

i-i;

(5.78)

Expected expenditures when firm customers are rationed is then,

PSf=

k— a"1
ff(a)LS(i(#_
k

k- i+1

f1

) dh+')
-

i-i

da (5.79)
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where outages are distributed along the interval a€ Ik — 1+ Ii, k]. Inside the first integral of
(5.79) we are integrating along husing Leibnitz's Rule76 .Interruptible customers are fully
served when there is available supply greater then interruptible demand such that,
(5.80)

so the probability that interruptible customers are served given that rationing occurs is
simply,
k a (.1
-

r[

-

=

-

i)

(5.81)

h

and the probability that interruptible customers are not served is simply (
i r(). The total
-

expected expenditure for interruptible customers when there is partial service and random
rationing is the sum of expenditures when interruptible customers are served and when they
are not served,
r(k_a_1+

$
f(a)J

ki+)

Ps=

ic —i

LA

J

(_v_

2)dh+i( a_k

).dh]da

(
5.82)

Interruptible customers are not served at all when outages are greater than firm demand,
a>k-1+h

(5.83)

so that the total expected expenditure to maintain the original level of utility for interruptible
customers when the class of interruptible customers is not served is,

NS1 =(1_P(k-1+>a))i=[ '

76 See

Sydster, 1981, Theorem 4.2,

p.

Ji

175, for adescription of Leibnitz's Rule.

(5.84)
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Thus under priority pricing, total social expenditures are,
TE=FS+FS1 +PS+PS±NS1+/3•k

(5.85)

We can summarize the range of outages for which the different demand classes receive
service with the following figure;

Firm: Full Service
Interruptible:
Partial Service

Firm: Full Service
Interruptible:
Full Service

0

k-i

Firm: Partial Service
Interruptible:
No Service

k

k- i+ h
A

Figure 5.3
Priority Service

For outages along the interval [
O,(k

-

1)], there is full service for both firm and interruptible

customers. Along the interval [(k .
1), (Ic —1+ 1)J there is full service for firm customers
-

and partial service for interruptible customers since they are served only once firm

),

customers are served. Finally, along the interval [(k — 1+ h

k]there is onl ysufficient

supply to partially serve firm customers and interruptible customers go unserved.
Substituting in equations (
5.73), (5.76), (
5.82),'(5.84), (
5.79) into the objective function
(5.85) and minimizing over Ii and k, yields expected expenditures of 0.314 and an optimal
capacity of 1.235 with amarginal consumer of 0.577 as before, assuming alevel of
original utility of 0.5. If we assume the same level of utility so that we can compare across
the two models, the social planner must expend resources of 0.374 and chooses an optimal
capacity level of 1.871 under uniform pricing. We can summarize the numerical results of
the models formulated in this chapter with the following table;
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Table 5.1
A Summary of Results
Capacity
Reliability

Price

Case

Priority
Pricing 77
k=1
-

w = Ø•Ø379
p(w)

=

0.29

r= 0.789
rj = 0.289

k= 1
80

h=0.577
-

k as a choice
variable 78

w = 0.12
p(w) = 0.27

r= 0.829
ri = 0.424

F

=

-

Expected
Consumer
Surplus

Expected
Profits

E(CS)=0.18 181

E(it(w))

=

0

-

0.1834 E(ir(w)) = 0

k= 1.235

E(CS)

k= 1.871

E(Th)=0.374

k= 1.235

E(TE)

=

0.577

Capacity
Comparison
uniform
priority

pricing

h = 0.577

=

0.313

The offering of priority service allows asmaller investment in capacity than would
otherwise be necessary under uniform pricing with random rationing. Interruptible
demand, because it is served with alower level of reliability than is firm demand,
essentially "frees-up" capacity, allowing asmaller investment in capacity while still serving
firm demand with ahigher level of reliability than interruptible demand.
Notice also that the level of total social expenditures fall when priority pricing is
introduced. The lower level of optimal capacity allows the social planner to avoid
expensive capacity expansions and reduce expenditures. There is also asaving on
expenditures because the offering of priority pricing more closely matches service options
with customer preferences than does uniform pricing. This allows the social planner to

77 With

marginal operating cost c= 0, constant v= 0.1 and f3 = 0.1. This is asocial welfare maximizing
model.
78 We can reformulate the model developed in Section 5.4 and allow capacity, (
k), to be achoice variable.
Trivially, social welfare will increase by amatter of course when we allow capacity choice. However, as
noted above, given the formulation of this model, comparison with uniform pricing are not possible.
79 w is set arbitrarily since there is no unique solution in this case.
80Arbitrarily chosen.
81 Assuming that capacity costs are not sunk.
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expend fewer resources to compensate those customers with ahigh willingness to pay for
service interruption.
With uniform pricing, because the preferences of consumers are heterogeneous,
some customers will prefer areliability which is lower than the offered reliability. These
customers will choose interruptible service when they offered this choice, allowing a
smaller investment in capacity than would be otherwise necessary. When offering priority
classes, the costs of additional capacity must be traded-off against the costs to consumers
of service interruption. While capacity is expensive, it is not necessarily true that some
amount of interruption is optimal. If consumers have avery high willingness to pay for
service relative to the cost of capacity it might be optimal only to have one class of service
and alarge amount of installed capacity. In our model this would mean v>> f3, where
again Pis the marginal capacity cost and vis the minimum utility to the consumer from
receiving service. We assume here that vis small enough relative to /3such that atrade-off
exists.
One of the advantages of this model is that the self-selection by customers of
service classes reveals information about (customers') valuation of capacity. This is one of
the most important advantages of this model, because in the long run, the optimal capacity
level must be chosen. If the cost of capacity is very large or very lumpy, the choice of
capacity will have asignificant impact both on profits and on the level of social welfare.

5.7

Conclusion
As we have seen in the previous sections, priority pricing offers significant

improvements in social welfare over uniform pricing. Random rationing across all
customers is clearly inefficient, as some customers suffer more than others from the
interruption of service. In contrast, priority pricing more closely matches the needs of
consumers with service options, thereby providing welfare gains. This matching of
preferences also allows alower investment in capacity, thereby significantly reducing total
costs. The provision of alower level of reliability to interruptible customers reduces the
pressure on the capacity constraint while still allowing the provision of ahigher reliability
level to firm customers.
While the alternative model was formulated to model two classes of demand, firm
and interruptible, it could easily be extended to model an array of demand classes, as in the
Tschirhart and Jeri model. Although afiner graduation of classes would add acertain
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amount of complexity to the model, it would not significantly alter the model results. As
we will see in the next chapter, this is especially true in light of the result that the bulk of
the welfare gains resulting from the implementation of priority pricing are achieved through
the offering of two or three service classes. The alternative model demonstrates the
simplicity of priority pricing while embodying the two most important elements of the
literature; self-selection and the revelation of the marginal valuation of capacity.
The priority pricing model developed in this section can be compared against other
priority pricing models, such as Wilson's models of priority pricing. In the next chapter
we will discuss further extensions of priority pricing, including; the linkage between
priority pricing and product differentiation, spot markets, and insurance; the importance of
rationing; two-part tariffs; and market organization. However, first we will briefly
compare the priority pricing model developed above with the model which it most closely
resembles

--

the Woo and Toyama ( 1986) model.
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CHAPTER 6
PRIORITY PRICING: FURTHER DISCUSSION

6.1 Introduction
In this chapter we will compare the model of priority pricing developed in Chapter 5
to amodel of interruptible pricing which closely resembles it, the model developed by Woo
and Toyama ( 1986). The results of these two models are quite different due to the different
assumptions on which the models are based. We will then compare the priority pricing
model to models of priority pricing developed by other authors, focusing on the model
developed by Chao and Wilson ( 1987). This model differs in that acontinuum of priority
classes is offered instead of the two service classes offered in the model developed in
Chapter 5. With acontinuum of service classes priority pricing approaches perfect product
differentiation because adifferent service class is offered to every customer. Because the
offering of service classes then exactly matches the needs of consumers, priority pricing
with acontinuum of reliabilities realizes further gains in social welfare. This finer
discrimination among customers is in part achieved with the introduction of two-part tariffs
so that customers pay afixed fee based on their valuation of reliability and avariable fee
based on their consumption.
This fixed fee is the expectation of the service price had aspot or futures market
existed. If acompetitive market had been implemented after demand and supply had been
realized, the spot price is the price that would exactly clear this market. Priority prices are
simply the expectation of this spot price. Priority prices are preferable over spot prices
because of the significant start-up and implementation costs in establishing aspot market.
Priority pricing is also preferable if customers are risk-adverse since customers can "hedge"
the risk of interruption by choosing ahigher price and ahigher level of reliability.
However, priority pricing provides only partial insurance against the risk of interruption,
and for full social optimization, priority prices must be augmented by insurance. Finally,
in this chapter we also briefly discuss various methods of implementing priority pricing,
including demand subscription, service insurance and priority points.
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6.2 Woo and Toyama (1986)
Like the model developed in Chapter 5, Woo and Toyama offer only two service
options; firm service and interruptible service. Firm service customers are served with a
higher reliability than are interruptible customers. However, unlike the priority pricing
model, firm customers are not subject to interruption. Although both supply and demand
fluctuate stochastically, in this model firm customers are supplied with areliability of
service of 100 percent. In this model customers do not choose between levels of reliability.
They instead choose between certain service and uncertain service.
Woo and Toyama allow for asymmetric information. The preferences of
consumers are private knowledge, known only to consumers. Consumers self-select
between service options, choosing the service option which minimizes their expenditures
while maintaining their level of utility. The total level of consumer surplus in this welfaremaximizing model is then the difference between total expenditures under uniform pricing
and expenditures with interruptible pricing. Woo and Toyama also assume constant perunit operating and capacity costs.
The optimal pricing strategy in the Woo and Toyama model is to charge peak-load
prices. Woo and Toyama also find that the introduction of interruptible service does not
alter the optimal capacity choice. These results are due to the assumptions on which the
model is based.
In the priority pricing model developed in Chapter 5it is assumed that firm demand
is subject to interruption; firm demand is not served with areliability of 100%. If service to
firm customers is guaranteed in all possible contingencies, theses customers must be served
regardless of the magnitude of the supply outages. Recall that in order to fully serve firm
customers, available capacity must be greater than firm demand;
(k_a)_(1_1)>O

(
6.1)

If firm service is offered with 100% reliability, equation (6.1) must hold true for (a= k),
the maximum outage level. Substituting this into (6.1) yields,
(6.2)
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which cannot hold true in this model since we restrict h to lie within the interval [
0,1]. In
the priority pricing model firm customers cannot be guaranteed service. It is not possible to
provide 100% reliability if there exists some possibility, however small, that all capacity
will be unavailable given that capacity is expensive. This assumption is one reason why
the Woo and Toyama ( 1986) model of interruptible service does not provide an interior
solution.
Given that firm customers are served with areliability of 100%, Woo and Toyama
mis-specify their production feasibility constraint. This constraint restricts firm demand to
be less then available capacity. Woo and Toyama, however, formulate this constraint such
that firm customers are actually served with areliability of 100% only on average across all
firm customers. 82 A reliability level which is supplied on average is quite different from a
reliability level which is supplied at all times for all customers. Turning again to the
priority pricing model, the introduction of this assumption would then be reflected in the
following constraint,

$[(k—a) —(I—h)]da 2: 0
k

^

(
6.2)

-

k+h-1

where the variables are as set out previously in Chapter 5. This constraint assumes that on
average, firm demand must be met with 100% reliability. Assuming that this constraint is
binding, we can integrate to get;

(

-.

k+h_1)

k_h+1J
2

k2

2

0

(6.3)

This equality is true only if h= 1; that is, if no customers subscribed to firm service. If
the marginal customer is defined at the upper bound of customer preferences, there will be
only one class of service and the offering of different priorities of service will be irrelevant.
With one class of service, the firm must charge one price and all customers are subject to
random rationing and the solution collapses to the Brown and Johnson solution. The
optimal capacity would then be such that all customers can be served on average and the

82Woo

and Toyama (1986), p. 132, equation (
21).
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optimal price for such alarge capacity would be auniform price equal to the operating cost
since this maximizes consumer surplus.
Woo and Toyama further assume that interruption of all interruptible customers
occurs when all customers, the sum of firm and interruptible customers, cannot be served.
There is no partial service to interruptible customers. For example, if total available
capacity is 10 units and firm demand is 5units, then this assumption implies that
interruptible demand can only be met if it is no larger than 5units; it is not possible that
when interruptible demand is 7units, only 5units are served and 2units are left unserved.
Thus, there are only two possible supply scenarios in the Woo and Toyama model; ( 1) both
firm and interruptible demand are served, and (2) firm demand is met but none of
interruptible demand is served.
Interruptible demand serves only to utilize capacity that would otherwise sit idle
when there is supply excess in of firm demand. Due to these assumptions, the optimal
capacity in the Woo and Toyama model is much larger than in the priority pricing model
and Woo and Toyama conclude that the optimal capacity is determined only by firm
demand. 83 The introduction

of interruptible service does not alter the reliability planning

criterion. This would also explain the increase in welfare with the introduction of
interruptible service in this model. If service to firm customers is never interrupted, the
value of social welfare will increase by matter of course when interruptible service is
offered because there will be gains in welfare when capacity is utilized which would
otherwise lie idle. With this specification of service reliabilities, the needed capacity will be
much larger than if all customers were subject to. interruption because the investment in
capacity must be large enough to serve firm customers regardless of the magnitude of
supply outages. In this model, interruptible demand does not free-up capacity by reducing
the demand on available capacity.
Woo and Toyama also find that the optimal prices are peak-load prices. Again, this
conclusion makes sense in light of their assumptions regarding reliability of service. If
interruptible customers are only served when there exists significant excess capacity, the
optimal price would just cover Operating costs in order to utilize as much excess capacity as
possible. Capacity costs would then be covered by the higher prices charged to firm
customers.

83 \y

and Toyama ( 1986), p. 135.
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In the Woo and Toyama model and in the priority pricing model, only two levels of
service reliability are offered; firm and interruptible. Given heterogeneity of preferences
among consumers, there are obvious welfare gains in offering afiner gradation of service
classes, as was done in the Tschirhart and Jeri model. The interruptible model of selfselection described here and in Chapter 5can be extended through the offering awider
spectrum of service classes.
6.3 Extensions to Priority Pricing
The alternative model set out in Chapter 5is asimple model of priority pricing with
two service classes. As was demonstrated numerically in Chapter 5, priority service
provides gains in social welfare over uniform prices with random rationing. Chao et al
(1988), Chao and Wilson ( 1987), and Wilson ( 1989a) obtain similar results for apriority
pricing model with acontinuum of priority levels. 84 We will focus here on the model
developed by Chao and Wilson.
-

In the Chao and Wilson model, demand is stochastic. Again, each customers'

valuation of service is private information, known only to the consumer. In their model,
Chao and Wilson offer acontinuum of service options so that every consumer is offered an
individual service option designed specifically to meet their needs. There is no random
rationing because every customer is served with adifferent level of reliability, with the
result that customers are perfectly rationed during supply shortages. This perfect rationing
yields gains in social welfare because every customer is ranked and interrupted according to
their valuation of service. In addition to these welfare gains, priority pricing saves on
rationing costs. Rationing costs are minimized with priority pricing because priority
pricing determines the order of service before each contingency is realized. The menu of
service options is offered to consumers before the state of the world is realized. It is less
costly to establish asingle rationing order which holds for all contingencies than to
establish arationing order for each possible contingency.
A continuum of service classes allows for agreater efficiency of rationing and
greater welfare gains because the preferences of each customer can be exactly matched with
acorresponding reliability. The addition of extra priority classes increases social welfare
because it allows for abetter utilization of capacity. If there is some possibility of excess
84 Viswanathan

infinite classes.

and Tse ( 1989) also discuss the connection between priority pricing model with finite and
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supply an additional priority class at alower level of priority can be offered without
investing in additional capacity. Thus, additional service at alower priority can be supplied
without affecting the reliability and surplus to higher priority consumers. The offering of a
continuum of service classes will also help to prevent self-arbitrage. With acontinuum of
priority classes every customer can select exactly that service class which best meets their
needs, and so arbitrage is unnecessary. Finite priority classes are inefficient as compared
to continuous classes because if aclass cannot be fully served, supply is rationed randomly
within that class. However, such acontinuum will not be possible for any practical
implementation of priority pricing due to the costs involved in the creation of such a
continuum.
Chao et al, Chao and Wilson, and Wilson ( 1989a), derive the welfare losses due to
the offering of afinite number of discrete reliability levels. In general they find that the
welfare loss due to afinite number of priority classes is of order 1/n 2,where nis the
number of priority classes. 85 This result suggests that most of the welfare gains achievable
with acontinuous ordering of priority service can be obtained with two or three priority
classes. Thus, the model described in Chapter 5achieved 75 percent of the possible
welfare gains with the two classes of service offered.
In Chapter 5we have shown that the offering of priority service increases social
welfare over uniform pricing. Chao and Wilson ( 1987) show that priority pricing is Pareto
superior to arandom rationing scheme with afixed price because the efficiency gains that
are realized can be distributed to increase every customer's expected net benefit without
affecting customer's incentives to self-select efficiently. One reason that priority pricing
results in welfare improvements is that it provides incentives for the firm to increase output
under all capacities, inducing the firm to better utilize its capacity. 86 If there is some
possibility of excess supply the firm can offer lower reliabilities of service without
investing in additional capacity because by supplying additional service at alower priority
the firm does not affect the level of reliability and surplus to higher priority consumers.
Another reason why welfare increases under priority pricing is that awider range of
service options are offered. Priority service can be viewed as aform of product
differentiation 87 because demand is segmented into arange of priority classes. While

85 Assuming

linear demand. See Chao et al (1988), p. 86, and Chao and Wilson (1987), p. 910.
and Tse (1989), p. 162.
87Priority pricing differs from "ordinary" product differentiation in that the reliabilities are obtained
endogenously. The quality or reliability obtained for one particular customer depends on the number of
86 Viswanathan
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random rationing in effect imposes an uniform (expected) reliability, priority rationing
provides aspectrum of reliabilities, each priced to induce an efficient selection by
customers according to their service valuation. If different customers value reliability
differently there will be welfare gains in offering different levels of reliability. The closer
the match in the offered reliabilities and preferences, the greater will be the gain in welfare,
and so the greatest level of welfare will be achieved when every customer is offered exactly
their preferred level of reliability. Furthermore, by matching service options more closely
with preferences, customers are more efficiently rationed, and capacity is more efficiently
utilized, thereby increasing social welfare.

6.3.1 Optimal Prices: Two-Part Tariffs
Each option in the priority menu in the Chao and Wilson model specifies aservice
or per-unit charge, (
s(v)), and apriority charge, (
p(v))for the supplied level of reliability.
These charges are based on the willingness to pay for service, v. The priority charge is a
fixed charge, paid in advance, while the service charge is the variable charge for each
increment of output, payable as service is received. Thus, priority tariffs can be thought of
as atwo-part tariff. The total tariff for each customer is then [
p(v) + s(v)]. 88
The optimal variable charge is set equal to the marginal (short run) operating cost.
This price ensures that as much capacity is utilized as possible. The social planner
discriminates among customers through this priority charge. Each customer selects a
priority charge based on their willingness to pay for service. Thus, consumers with higher
willingness to pay for service select the higher reliability service option and pay higher
prices. The selection by acustomer of ahigh priority charge then reveals that that customer
has ahigh valuation of service. 89 The priority charge selected by any one customer is the
expected cost of compensation to all those customers receiving lower reliabilities in order to
provide ahigher level of reliability to this customer. The highest priority charge chosen by
all customers is then the marginal valuation of capacity since this is the loss of consumer
surplus to all other customers if they are interrupted. Customers' self-selection of priority
options reveals important information about the distribution of customers' willingness to
pay for service and capacity.
other customers selecting the same or higher priorities. With ordinary product differentiation, one
customer's selection of product will not affect the offering of supply to other customers.
88 1n

this model, unit demand is assumed. (Chao and Wilson, 1987,
and Wilson ( 1987), p. 902.

89 Chao

p.

902)
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If capacity is very costly or lumpy, the charging of fixed fees may be necessary to
raise sufficient revenues in order to cover total costs. The tariff can then be directly
constructed to meet net revenue requirements. The fixed (priority) fee is designed to
recover capacity costs, while the per-unit service charge recovers operating costs, thus
covering net revenue requirements. However, if an individual customer imposes no fixed
costs on the producer, there then is no advantage from charging afixed subscription or
access fee. The fixed fee also determines the degree of market penetration, since it will
prevent customers from entering the market who would otherwise make purchases had
there been no fixed fee. 9°
6.3.2 Optimal Capacity
In general, the implementation of priority pricing lessens the need to expand.
capacity. Priority pricing allows the substitution of low-priority demands having relatively
low value to customers for expensive additions to capacity that would otherwise be
required to maintain reliable service. The contracts for low-priority service essentially freeup capacity to meet supply shortfalls, thereby protecting the higher reliability expected from
high-priority contracts.
Customers' self-selection reveals the marginal valuation of aservice improvement
from acapacity expansion, thereby allowing the selection of the optimal capacity. Without
the revelation of this information the firm must otherwise depend on customers' valuation
of average service reliability. Obviously, if only asingle class of service is offered,
customer selections will reveal little about their valuations of reliability. With the offering
of several service classes, large demand for the highest priorities reveals that customers are
willing to pay for extra capacity.
Capacity is expanded if the priority charge of the highest-priority customer is
sufficient to pay for it,' since this maximum charge measures the aggregate willingness to
pay for improvements in reliability. 92 This is because the price for reliability of service
paid is the amount that one customer must pay to outbid customers obtaining lower service
reliabilities. 93 This price is the amount that compensates all other customers selecting
90 See

Tirole, p. 153.

91 Wilson

(
1989a), p. 28.
is also true since the profit from an incremental capacity unit is equal to the total surplus of the
marginal buyer of that increment. Oren, Smith, and Wilson (1985), p. 558.
93 Wi1son (
1993), p. 239.
92This
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lower priorities whose service reliabilities were degraded by service to the higher priority
customer. This price essentially, captures the lost consumer surplus due to rationing at the
given capacity level. The optimal capacity is set at the level where the marginal valuation of
reliability is just equal to the marginal cost of capacity. This is similar to the optimal
capacity chosen in the peak-load model. In the peak-load model capacity is expanded as
long as the valuation of service by peak customers is sufficient to cover expansion costs. 94
For any given capacity aspot market will ration available supply efficiently. The
optimal priority charge, however, not only reveals each customer's valuation of service,
but it is also the expectation of the spot price for comparable service. In the next section we
will explore the relationship between spot prices and priority prices and explain why
priority prices are preferable.

6.4 Spot Markets
The fixed priority charge is the expectation of spot prices for comparable service. If
amarket had existed for the demand and supply that were realized, the spot price is that
price which would exactly clear the market. The fixed fee in the two-part tariff is the
expectation of the spot price had aspot market existed since it is the price that one customer
must pay to outbid all other customers obtaining lower priority levels. Corresponding to
each priority class is an imputed reservation price that is the maximum price at which the
customer would make spot purchases. As the level of uncertainty decreases, priority prices
and spot prices converge. 95
Priority pricing is preferable over spot markets when; ( 1) supplies are non-storable;
(2) customers' valuation are stable over time; 96 and (3) transaction costs of aspot market
are significant.
940ren,

Smith and Wilson ( 1985) and Chao and Wilson ( 1987) derive the conditions for optimal capacity
when there is multiple supply technologies and increasing costs. The optimal capacity for each technology
is then where the expected benefit from the employment of another unit of technology is equal to its
incremental installation cost.
95 However, revenues under the two schemes are the same only if marginal demand is stochastically
independent of both aggregate demand and supply (Chao and Wilson ( 1987), p. 906). This is because
revenue from spot pricing is the expectation of the spot price and spot demand, while revenue from priority
pricing is the result of the expectation of the spot price with the expectation of the spot demand. As well,
the spot demand and price tend to be correlated, which further increases the difference between the expected

revenues of the two pricing schemes.

preferences may change between the time when the priority menu is offered and when supply
is allocated. Doucet ( 1994) addresses this problem by augmenting priority pricing service with asecondstage market implemented after the contingency has been realized. If customer's valuations have changed in
96 Customers
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Priority pricing is preferable over spot markets when supplies are non-storable
because priority pricing determines an ex ante rationing rule for any realized state of
supply. If customers' valuations of service are stable over time, then this rationing rule
need not be updated frequently and recontracting costs can be avoided. Because the
priority menu needs only be offered once ex ante for each state of demand while aspot
market must be implemented for each realization, priority pricing saves on implementation
costs.
An added advantage of priority pricing over spot markets is that spot prices must be
revised continuously while priority service contracts cover set time periods. While aspot
market must be set up in all periods to reflect changes in demand or supply conditions,
priority contracts establish prices for all contingencies. If customer preferences are serially
correlated or persistent over time, 97 the gain in welfare from the establishment of aspot
market in every period will be less then the cost. Priority pricing imposes fewer transaction
costs on customers than do spot markets because of the high cost of continually monitoring
spot prices and adjusting demand accordingly. In contrast, priority pricing is a
predetermined rationing rule for the contract period. The optimal length of the priority
contract period will depend on the correlation or persistence of customer preferences. In
the extreme, if customer's valuations are invariant, permanent contracts could be offered.
If customr's valuations are imperfectly correlated, limited period contracts will be more
efficient. In general, the length of the optimal contract period is dependent on three factors;
(1) the cost of recontracting; (2) the serial correlation of customer valuations; and (3) the
number of priority classes. The more priority classes are offered, the shorter will be the
contract period, because finer classes allow larger gains from more frequent contracting.
The finer the gradation of classes, however, the more expensive apriority menu
will be to design and implement, and the more expensive will be the rationing costs.
However, these costs can be minimized since most of the gains from priority pricing can be

the time period between choosing from the price menu and the realization of service, this second market
will realize gains from trade among customers. This second-stage market would also be welfare-improving
if customers were unsure at the time of contracting of their (later) preferences. Doucet ( 1994) examines a
two-stage interruptible model where aspot market is implemented to facilitate gains from trade after demand
is realized and supply is produced. These gains are possible because the ranking of the willingness to pay
of consumers in this model varies through the contract period. It is unclear, however, if aspot market is
indeed economically feasible why it would not be used in the first stage. There might also be incentive
problems with this formulation; why would consumers subscribe to service in the first stage if they can be
served in the second (at the time of interruption)?
97 mis is particularly true if the stochastic element of demand is weather related, such as the demand for
water or residential gas.
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achieved using asmall number of classes. Given that most of the welfare gains from the
implementation of priority pricing can be implemented with asmall number of priority
classes, priority pricing can cheaply supplant the continuous variation in prices and
monitoring required by aspot market.
Priority pricing is also preferable over spot markets if the spot market is very thinly
traded. In athinly traded market, market participants may not believe that the offered prices
are an accurate reflection of the underlying probabilities. Such an illiquid market would be
less likely with priority pricing because prices would be offered for all possible supply or
demand realizations, not just for aparticular realization, as in aspot market.
Another important advantage of priority pricing over spot markets is that customer's
selections from the price menu reveal the benefit of capacity expansion. While aspot
market is essentially an algorithm to determine the maximum reservation price in a
particular contingency, it reveals only customers' valuations for that contingency. In
contrast, the process of self-selection through priority pricing by consumers allows the
inference of the allocation rule for all contingencies simultaneously. This is because
priority service is generally offered as aforward contract over alonger period while spot
prices must be revised instantaneously as supply and demand conditions change. In the
long run, the integration of priority pricing with capacity planning allows the priority tariffs
to reflect the associated capacity and operating costs. 98

6.5 Insurance
One limitation of all of the priority pricing models is the assumption that all
customers are risk-neutral. If consumers were instead risk-adverse, afully efficient pricing
scheme would have to provide insurance in order to compensate customers for the costs of
service interruption. Fair insurance is offered when premiums are based on the actuarial or
true probability of interruption as offered in acompetitive market. Optimally, such
contracts would specify the payout of the contract once interruption had occurred as the
difference between the marginal valuation of that unit of supply, v, and the marginal service
charge s, which is the variable component of the two part tariffP The premium which
compensates the underwriter for the actuarial risk is the sum of actuarial risk and the

98 Chao
99The

and Wilson ( 1987), P. 901.
payout is the same in all possible states of the world because customers are risk-neutral.
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priority service charge. 100 Thus, the optimal premium is (
v s)[1
-

-

r(v)], where r(v) is the

probability of service.
The insurance premium for each customer in the continuum priority model is based
on the marginal willingness to pay for service for the reliability supplied to that customer.
Those customers with higher service valuations and higher reliabilities of service will pay
higher premiums. Given that the actuarial value of incremental insurance coverage for each
increment in the service order is described in the insurance schedule, no cross-subsidization
among risk classes is needed. 101
If actuarially fair insurance rates are offered customers will purchase insurance. If
contracts are traded continuously, risk-adverse customers can minimize their price risk by
purchasing their contracts early. Because full insurance coverage equates the marginal
utility of each customer across all contingencies, the efficient service order will result from
customers minimizing their total payments.
Perfect insurance offered at actuarially fair premia will allocate supplies according to
customer's valuations of service. Since the insurance premiums are the difference between
the marginal valuation of service and the marginal priority charge, the provider of insurance
has an incentive to minimize the compensation paid out to customers during shortages. The
underwriter will interrupt those customers with the lowest valuations of service first
because the compensation that must be paid to these customers is smaller than to other
higher valued customers.
Priority pricing itself can be thought of as supplying partial insurance. A priority
price can be decomposed into two parts; the price of the commodity, (the variable charge of
the two-part tariff), and the price of insurance against being rationed, (the fixed charge of
the two-part tariff). This latter price is the customer's valuation of reliability. Those
customers valuing ahigh reliability will choose to pay ahigher priority price. Thus,
priority pricing can be thought of as providing insurance against shortages because it offers
what are essentially contingent-forward contracts against interruption.
Notice, however, that priority pricing effectively ensures the customer only for the
probability of getting aparticular level of reliability and not against the event of not
receiving service. For example, priority pricing can be compared to house insurance; there
is adifference between insuring against the probability of your house burning down and
the provision for compensation in the event that your house should actually burn down.
Chao and Wilson (1987), p. 909.
101 Wilson ( 1989a), p. 27.
1
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6.6 Market Organization
Chao and Wilson ( 1987) discuss three different implementations of priority pricing:
(1) demand subscription; 102 (2) service insurance; and, (3) priority points.
Demand subscription is the purchase by each consumer of several units of supply,
each with adifferent valuation such that these units can be ranked. A base unit with ahigh
valuation would be ranked higher than the marginal or peak unit with alower valuation.
By selecting different reliability levels and acorresponding tariff for each demand
increment, customers have the option of receiving some minimum supply because their
entire demand will not be subject to interruption.
However, this implementation assumes that the supplier has perfect information
regarding customer preferences because with demand subscription the supplier is
responsible for estimating the chances of interruption and for interpreting contractual
obligations. A mis-specification of the price menu might have too few customers selecting
low priority options to enable the provision of high priority service. In addition, the
supplier might encounter difficulty in enforcing contractual arrangements if the contracts
themselves are not specified in terms of observable events. Demand subscription has been
used successfully in the electric power industry where utilities have built up knowledge
regarding customer's preferences and where contracts can be easily specified in terms of
observable outages. Demand subscription would be more difficult to implement for
industries in which such knowledge has not been accumulated, or in industries which are
limited by the level of available monitoring technologies, such as gas transportation, since
gas entering the system cannot be directly traced.
Another form of priority pricing implementation is service insurance. 103
Customers purchase insurance expecting to be compensated for an interruption by an
amount dependent on the premium paid in advance. In the event of asupply shortage
customers with the lowest relative coverage would be interrupted first. This scheme differs
from the supplementary insurance described above in that the supplier is not committed to
102 Demand subscription is similar to Spulber's reference point pricing and linear pro-rated service. See
Spulber (1992, 1993).
103 A similar market organization would be Gedra and Varaiya's (1993) model of callable forwards contracts.
A callable forward consists of two parts; aforward contract and acall. The forward contract, owned by the
customer, guarantees the delivery of one unit of supply at aparticular date. The call on the same unit of
supply confers the right, but not the obligation, to purchase supply at agiven price. This call portion of
the contract can be sold by the consumer back to the supplier.
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providing acertain probability of service although these probabilities are used to design the
optimal insurance menu. Instead, th& supplier is committed to the priority ranking as
determined by the risk premium or interruption compensation offered in the insurance
contracts. This scheme requires less monitoring and control than demand subscription
since the supplier commits to the ranking determined by the risk premium outlined in the
service contract but does not have to supply aguaranteed probability of service. 104
A third implementation of priority pricing is the provision of priority points.
Priority points are offered and in the event of asupply shortage customers with the fewest
points are interrupted first. This scheme is advantageous in that the creation of amarket
allowing customers to trade their acquired priority points relieves the supplier of the
responsibility of developing aprice menu and assessing the probability of interruption.
Market transactions of these points will provide information about both the distribution of
customer valuations and about the valuation of capacity.
However, as Chao and Wilson ( 1987) point out, 105 this scheme requires that
consumers' valuations be rational in that their selection of points is based on reliability
assessments which are consistent with probable events. 106 Customers must be informed
and rational. One useful aspect of this scheme is that the supplier can vary the price of
priority points to reflect daily or seasonal variation in demand and supply conditions. An
alternative to the priority points market is the auctioning to brokers of alimited supply of
points, with the price determined by market conditions. This market would provide an
incentive to brokers to accurately assess probability distributions while enabling amarket in
futures contracts.
In summary, priority pricing efficiently rations available supply in periods of
shortfalls because it ranks customers in order of their valuation of service. Spot markets
would also perfectly ration available supply by allowing demand and supply to clear the
market. However there are significant implementation and monitoring costs in operating
such markets. Priority pricing minimizes these costs by offering forward contracts for
service. Rather than contracting for immediate delivery, forward contracts are agreements
with the obligation to deliver service at some future date. Priority tariffs can be broken
down into two parts; avariable charge for quantity and apriority charge which is the

104Probabilities of service would, however, be used to design the contract menu and to inform customers
about the predicted consequences of contract choices.
105 Chao and Wilson (
1987), p. 914
106 See Chao and Wilson (
1987), Proposition 8.
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consumer's valuation of service. This priority charge is the expectation of what the spot
price would be in the events for which service is delivered under the selected priority. 107
The priority pricing models assume that consumers are not averse to the risk of
service interruption. If consumers are not risk-neutral priority pricing must be
supplemented with interruption insurance for asocially optimal outcome and customers
must be compensated for the consequences of service interruption. Risk-averse consumers
will prefer full risk coverage if insurance premiums offered at actuarially fair rates. This
insurance can be offered separately or bundled with priority service. When bundled with
priority service the supplier will still adhere to the efficient rationing order because it will
want to minimize the compensation that it pays out. Even with risk-aversion, we can again
see the robustness of the welfare gains in priority pricing.

107 Chao

and Wilson ( 1987), p. 906.
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CHAPTER SEVEN
CONCLUSION

While we have examined some of the extensions and issues related to the priority
pricing model, one extension which has not been addressed in the literature is storage of
supply and how it affects the optimal pricing and capacity rules. Recall that it is the
uncertain nature of demand which makes amix of technologies attractive. When demand is
variable and output is non-storable, idle capacity becomes inevitable, making less capitalintensive technologies more attractive. The mix of technologies needed to minimize overall
production cost may become more varied if storage of supply is possible. With
uncertainty, storage will lower optimal peak prices and increase optimal off-peak prices,
thus " smoothing" prices as the range of excess demand lessens. Storage in effect "hedges"
against demand uncertainty, such that the supplier can draw upon storage reserves in
periods of high demand and add to reserves in periods of low demand. Storage reserves
can then be used to meet demand instead of rationing supply through prices. Although
none of the models thus far discussed integrated the possibility of storage into the
optimization problem, this possibility becomes more intriguing if priority pricing is applied
to situations of stochastic demand and supply other than electricity,' 08 such as water
allocation, where storage is amore viable possibility. The introduction of storage also
brings into play the interdependence between time periods since storage built up in one
period can be used in the next.
In this thesis we have seen that the differentiation of service through priority pricing
improves social welfare. The efficiency gains from the increased variety of service options
are adirect result of the increased efficiency of the resulting rationing of scarce supplies
and, in the long run, from the efficient provision of capacity. While we have see these
welfare gains in the literature and in the modeling, the question remains as to how
applicable priority pricing is in the real world.
In an idealized world customers would respond instantaneously to spot prices
which reflect the market conditions. However, the implementation and set-up costs of such
amarket, especially when there are many customers, is daunting. Through the offering of
fixed period contracts priority pricing would avoid the monitoring and transaction costs
involved in running aspot market. If these contracts are transparent and the reliability of
108 As mentioned previously, most of the literature on interruptible pricing is modeled on electricity
markets.
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service is easily verifiable there then will be efficiency gains in offering priority pricing.
Certainly part of the challenge of offering priority pricing in the real world is in designing
contracts which are both workable and easily understood by customers. These contracts do
not have to be individualized since most of the welfare gains in offering differentiated
service are achieved with two or three classes. We can see evidence of such contracts in
the real world, such as with the transportation of gas where the pipeline offers an array of
tariffs with various probabilities of interruption or auctions off priority rights for certain
transportation right-of-ways.' 09 With deregulation, many electrical utilities are also
experimenting with service differentiation. 110 In the increasingly competitive environment
that utilities are now finding themselves in, the offering of innovative service options which
are responsive to the different needs of customers provides utilities with another tool with
which to capture new market segments.
In terms of practical problems, the implementation of priority pricing is limited by
computer, communication and metering technology. The supplier must be able to ration
supplies efficiently and effectively in order for priority contracts to provide benefits. There
have been rapid technological advancements in the electricity industry with the growing use
of non-utility generation. As other types of utilities are also forced to operate in amore
competitive environment there might also evolve this focus on new monitoring
technologies. In addition to these limitations, the supplier must have enough information
about the distribution of customer preferences to design aworkable priority menu and
prevent self-arbitrage among customers. If the supplier has not built up enough
information regarding its customer base the implementation of priority service might take
several iterations of offered price menus before the optimal menu is found.
In this paper we have briefly addressed the different forms of market organization
that priority pricing might take. The auctioning of priority points in aestablished market
has intuitive appeal as it minimizes the informational requirements of the firm. The recent
growth of electronic bulletin boards for the exchange of gas transportation contracts might
be an indication that this form of market organization is preferable.' 11 However, amarket
in priority points will not be efficient if the market is thinly traded or if participants are
reluctant to participate.
109 These tariffs are of course more complex than implied here but adetailed discussion of the different
pipeline tariffs is beyond the scope of this paper.
110 Chao ( 1991).
'11 For example, Pacific Gas and Electric are currently examining the potential of allowing an auction of
priority rights at the line 400 interconnect.
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The potential of priority pricing to produce welfare gains has been explored in the
literature. The real test now is to see how the lessons learnt from the literature can be
applied in the real world.
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