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ABSTRACT

Attitude determination for real-time kinematic applications using simultaneous UPS
phase measurements from multiple antennas has been investigated in this thesis. Three
techniques for attitude determination are presented and analyzed. These techniques are:
indirect determination using the transformation matrix between the body frame and the
local-level frame, determination from vector orientation in the local-level frame, and anew
approach of direct determination of attitude parameters from phase measurements. A
technique of solving the multi-antenna baselines as a network to enhance attitude
determination accuracy has been formulated and analyzed. Factors affecting system
accuracy have been investigated. Since real-time kinematic applications are the major
interest, emphasis is placed on developing ambiguity resolution techniques capable of
determining the ambiguities from asingle epoch of data, within the time interval between
successive outputs. Two schemes are presented. In the first, astatistical criterion is used in
identifying the correct ambiguities. In the second, the known geometry of the antenna
configuration is used for the same purpose. The performance of attitude determination and
ambiguity resolution techniques has been tested on land and in airborne mode. An accurate
inertial system was used as an independent reference in both cases. Test results show that
attitude parameters can be determined with an accuracy of afew arcminutes for baselines of
3m length. Test results also show that the presented instantaneous ambiguity resolution
techniques are reliable and can be applied for real-time applications.
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CHAPTER 1

INTRODUCTION

1.1 Background, Motivation and Objective

The feasibility of achieving cm-accuracy level in relative positioning using the Global
Positioning System (GPS), see for instance (Remondi,1984), (Leick,1990) and
(Hofmann-Wellenhof,1992), has encouraged applications other than positioning and
navigation for this satellite-based radio navigation system. One important application is
attitude determination, i.e. the orientation of amoving vehicle, ship or aircraft with respect
to awell-defined reference system. The main principle in obtaining attitude from GPS is the
determination of baseline vectors between antennas mounted on the vehicle. The vectors are
defined in the GPS reference frame, and thus orientation is with respect to that frame. Since
two or more antennas have to be used on the moving vehicle, these systems have become
known as multi-antenna attitude determination systems.

Due to the short baselines used, errors common to satellites and antennas as well as
atmospheric propagation errors can be eliminated or greatly reduced when differencing the
measurements. Thus, accuracy at the millimetre level in the baseline vectors can be
achieved. This transforms into attitude determination accuracy of afew arcminutes. With
this accuracy the system is of interest for many kinematic applications. The feasibility of the
attitude determination systems for kinematic applications has been shown in different areas,
on land (Cannon et al, 1992), (El-Mowafy and Schwarz, 1994a), in shipborne mode (Lu et
al.,1993), (Diefes et al.,1993a,b), (Lachapelle el al.,1994), (Kuhl et al.,1994) and
(McMillan, 1994), and in airborne mode (Van Graas and Brassch,1991), (Cohen and
Parkinson, 1992), (Cannon et al.,1994), (Sun,1994) and (Schade and Cramer,1994).
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Two concepts have been used so far to extract orientation information from the baseline
vectors. In both, the GPS determined antenna baseline vectors are first transformed from
the WGS-84 frame to the local-level frame, and then either atransformation matrix or
vector orientation in the local-level frame is used to determine the attitude. For instance,
(Ferguson et al.,1991), (Brown,1992), (Cohen et al.,1992) and (Lachapelleet al.,1994)
used the transformation matrix approach, and (Brown and Ward,1990), (Knight and
Hatch,1990), and (Brown,1992) used the vector orientation approach. So far, adirect
approach that relates the differenced phase measurements to attitude parameters has not
been used. Except for an accuracy comparison in (Lu et al, 1993), there has not been a
comprehensive comparison of different methods for attitude determination. No attempt has
been made to show the strengths and weaknesses of different techniques with aview to
implementation considerations for different kinematic applications. The first objective of
this study is therefore to address these issues and to analyze algorithm modeling concepts,
methodologies, assumptions, and performances. Such astudy will help to clarify and
enhance model reliability, robustness and accuracy of GPS attitude determination.

The second objective is to compare the generally used technique of treating antenna
baselines individually, i.e. solving them baseline-by-baseline, with amethod that treats
them as ageometric network. In cases where the antenna positions do not experience
significant relative movements, multiple antenna baselines can be taken as fixed on the
moving vehicle and geometric constraints can be applied to this configuration. For real-time
applications, where the number of measurements available is limited, such information is
vital. Solving the baselines as anetwork becomes then an attractive approach that can
provide better accuracy and reliability.

To assess system performance, factors affecting its accuracy have to be investigated.
Measurement errors, such as multipath, affect the accuracy achievable. Operational factors
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such as baseline length, satellite number and geometry, and the selected antenna
configuration greatly govern system accuracy. Work in this area by (Ferguson et al., 1992),
(Brassch,1992), (Jurgens et al.,1992) and (Comp,1993) indicates the need for further
research. Without analyzing these factors it is hard to understand and improve system
performance in different environments.

To achieve the needed accuracy, carrier phase is the only type of OPS measurements
that can be used. The main difficulty in using carrier phase measurements is the resolution
of the unknown whole number of cycles, called the phase ambiguity. Moreover, since in
kinematic applications and in navigation, a real-time solution is required, i.e. the
ambiguities must be resolved instantaneously. The term "instantaneously" will be used here
and in the following as meaning that the ambiguities are solved from data of asingle epoch
within the time interval given by the data rate. It does not mean that areal-time solution has
been implemented. Although the technique of static initialization, applied in DGPS, can be
used initially, it cannot be applied if re-initialization of the ambiguities is needed during
motion. Resolving ambiguities using "on the fly" techniques applied for DGPS, e.g. Frei et
al. (1993), is too slow for most kinematic applications. However, the constraints given by
the antenna configuration can be used to accelerate ambiguity resolution for multi-antenna
systems to achieve an instantaneous solution. This approach is based on previous work by
(Hatch,1989) and (Jurgens et al., 1991 and 1992) and has been adopted here with view to
real-time applications.

The overall objective of this thesis is to propose and analyze methods and techniques
for reliable kinematic attitude determination. Different techniques for attitude determination
have been developed, implemented and compared to show their performance in different
environments. Factors affecting system accuracy will be investigated to assess their effect
on attitude determination. A network solution has been developed and tested to evaluate the
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expected gain in accuracy. Reliable instantaneous ambiguity resolution algorithms will be
developed and tested in different environments, including land and airborne tests. Finally,
attitude determination accuracy will be assessed for these environments.

1.2 Thesis Outline

In Chapter 2, fundamental aspects of attitude determination are briefly reviewed.
Attitude of arigid body is defined and the coordinate frames used in attitude representation
are described. Then, the definition of attitude parameters used throughout this study, i.e.
heading, pitch and roll, is given. The concept of using GPS phase measurements for
attitude determination of a rigid body using a multi-antenna system is outlined. A
discussion of how well the rigid body assumption can be realized is given. The chapter
concludes by reviewing possible applications of attitude determination from GPS.

In Chapter 3, mathematical methodologies of attitude determination using GPS phase
measurements are derived. First, GPS observables are described, and differencing
techniques to reduce common errors at different antennas are reviewed. Three techniques
for attitude determination are presented, namely attitude determination using the
transformation matrix between the body frame and the geodetic local-level frame, attitude
determination from direct vector orientation in the local-level frame, and anew approach of
direct determination of attitude parameters from phase measurements. The concept,
development and implementation of each technique are given in detail.

Chapter 4 concentrates on investigating and analyzing the main factors affecting
accuracy of attitude determination by use of amulti-antenna system. These factors are
categorized in two groups. The first is related to errors in GPS measurements, including
multipath, receiver noise and antenna phase centre variation. The focus in this section is on
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multipath as the major error source. The second group includes operational factors such as
baseline length, satellite number and geometry, and antenna configuration. The effect of
each factor on accuracy of attitude determination is assessed. The chapter concludes by
proposing an optimal antenna configuration. This configuration is tested to assess its
usefulness.

Chapter 5 focuses on the comparison between the different attitude determination
techniques presented. The advantages and disadvantages of each technique are investigated
in terms of initialization requirement, implementation, computation time needed, and
flexibility of choosing antenna locations. The theoretical comparison is verified by field
tests. The output of each method is compared to that of an accurate inertial system, as an
independent reference.

In Chapter 6, anew approach for solving the multi-antenna baselines as a small
network is presented. This approach has advantages over abaseline-by-baseline solution
because it constrains the known geometry of the antenna configuration, and considers the
correlation between antenna baselines. The constrained least-squares adjustment approach
is implemented and described in detail. Finally, atheoretical and practical comparison
between solving the baselines one by one and as anetwork is performed, to demonstrate
the benefits of using the network approach.

Since the instantaneous ambiguity determination is the key element in solving the
attitude in real-time kinematic applications, Chapter 7 focuses on developing reliable
instantaneous ambiguity resolution techniques. First, existing techniques are briefly
reviewed. Then, two efficient approaches are discussed in detail. In the first, the correct
ambiguities are identified as the ones giving minimum variance of the measurements, in the
second the known geometry of the antenna configuration is used to determine the correct
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ambiguities. The theory behind each technique is given followed by adetailed description.
Different factors and algorithms that can enhance computational speed and reliability of
finding the correct ambiguities are presented.

In Chapter 8, the proposed ambiguity resolution techniques are tested in different
operational environments. Tests on land and in an airborne mode have been performed.
Although the data were processed in post mission, the techniques developed are applicable
to the real-time case. From test results, the capability and reliability of achieving an
instantaneous solution is shown. The performance and accuracy of attitude determination in
kinematic environments are investigated and compared.

Conclusions and recommendations for further research are presented in Chapter 9.

7
CHAPTER 2

CONCEPTS

This chapter paves the way to subsequent chapters by briefly discussing some
important concepts underlying this thesis. Attitude, its parameterization, and the coordinate
frames used in its determination are defined. The concept of attitude determination using
GPS measurements is then stated and the realization of the rigid body assumption made in
deriving the attitude model is discussed.

2.1 Definition of Attitude

The attitude of arigid body is defined as its orientation in space with respect to awell
defined and stable reference coordinate system. A rigid body is a body with finite
dimensions, which maintains the property that the relative positions of all its points,
defined in acoordinate frame fixed within the body, remain the same under rotations and
translations. The orientation of the rigid body is defined by three non-collinear points
within the body which often are chosen in such away that they represent the orientation of
its main longitudinal and transverse axes (centre lines). In practice, the orientation of the
rigid body is obtained by determining acoordinate frame that coincides or is parallel to
these axes. Such aframe will be called the body frame.

An example of awell-defined reference system is the Conventional Terrestrial (CT)
system. Since this study is concerned with attitude determination using the Global
Positioning System (GPS), the World Geodetic System 1984 (WGS-84) can be used as a
realization of the CT system. On the other hand, in navigation as well as in classical
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surveying, local attitude determination is important. In this case, the geodetic local-level
frame with respect to the ellipsoid of the WGS 84 is usually chosen as the reference
coordinate frame. Therefore, in this study, the attitude will be defined with respect to this
frame. Determining the attitude in the local-level frame from the one obtained in the WGS84 frame can be achieved by defining the relation between the two coordinate frames. This
is done by specifying the position of the origin of the local-level frame and the orientation
of its axes in the WGS-84 frame.

2.2 Coordinate Frames Used in Attitude Determination

I- The body frame:
The body frame is aframe defined within the rigid body. It consists of an orthogonal
triad of three axes. The body frame can be defined as follows:

x

:pointing to the right side of the rigid body when looking forward
(transverse axis).

y

:pointing forward along the longitudinal axis of the rigid body.

z

:pointing up, perpendicular to the x-y plane.

origin :intersection of the x, yand zaxes.
The system is aright-handed system.

II- The local-level frame:
The definition of the local-level frame used in this study is as follows:
origin: identical to the origin of the body frame to eliminate the need to
determined the shift vector between the two origins.
B

:pointing East in the plane of the ellipsoidal horizon.
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N

:pointing towards geodetic North, i.e. in the North direction of the
ellipsoidal meridian in the plane of the ellipsoidal horizon.

U

:perpendicular to the N-B plane, pointing upwards.

The local-level frame is aright-handed system. This system is thus different from the localgeodetic system, which is aleft-handed system because the sequence of the N-E axes
interchanged. The local-level frame is defined with respect to the ellipsoid, and is therefore
different from the local-astronomic frame, which is defined with respect to an equipotential
surface, in most cases the geoid.

III- The World Geodetic System 1984 (WGS-84):

The WGS-84 as ageodetic reference system is defined as areference ellipsoid with a
known reference gravity potential. This frame is defined as (Sherrer,1985), (DMA, 1991),
and (Malys and Slater,1994):

origin :centre of mass of the Earth.
Z

:pointing towards the Conventional Terrestrial Pole (CTP) for polar
motion, as defined by the Bureau International de l'Heure (BIH) for the
epoch 1984.0. It is the rotational axis of the WGS-84 frame.

X

:is the intersection of the reference meridian plane and the equatorial plane
defined by the CTP, where the reference meridian is the Zero Meridian
(meridian of Greenwich) defined by the BIH for the epoch 1984.0.

Y

:completes aright-handed system, and lies in the equatorial plane defined
by the CI?.

The relation between antenna vectors in the local-level frame (r1)and in the WGS-84 frame
(rwG s8)can be given as:
rwGs84

Tu(A-180) TE(-9O) r
1

(2.1)
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Where:
TE(-9O) :the rotation matrix about the east axis of the local-level frame by the angle
(-90), where

is the geodetic latitude of the local-level frame origin,

Tu(A- 180): the rotation matrix about the vertical axis of the local-level frame by the angle
(A-180), where A is the geodetic longitude of the local-level frame origin.

2.3 Parameterization of the Attitude

The attitude, i.e. the orientation of the body frame with respect to the local-level frame
can be defined by three rotational angles, known as heading (azimuth), pitch and roll. In
some references, they are given as yaw, pitch and roll. These parameters are widely used in
navigation because they have a simple and clear physical interpretation. Figure 2.1
illustrates these parameters.

Fig. 2.1 Attitude parameters

From Figure 2. 1, attitude parameters can be defined as follows:
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heading (ijc)

the angle between the north axis of the geodetic local-level frame and the
projection of the longitudinal axes (forward axis) of the body frame on
the ellipsoidal horizon. It is positive in clockwise direction when viewed
from the positive end of the vertical axis of the body frame.

yaw (i)

: this angle has the same meaning and value as the azimuth angle, but
differs in sign, i.e. it is positive in counter-clockwise direction.

pitch (0)

the elevation angle of the longitudinal axis of the body frame from the
ellipsoidal horizon. The positive rotational direction of this angle is
counter-clockwise when seen from the positive end of the transverse
axis of the body frame. Thus, the angle is positive above the horizon.

roll

(q)

:the elevation of the transverse axis of the body frame from the ellipsoidal
horizon. The positive direction of this angle is counter-clockwise when
viewed from the positive end of the longitudinal axis of the body frame.
Thus the angle is positive below the horizon (depression angle).

Parameterization of the attitude can also be done in other ways. Four of them, namely
the Cayley axis/angle representation, the Euler symmetric parameter representation, the
Gibbs vector representation, and the Euler angle representation are given in Appendix A
following (Wertz, 1978). The attitude in these parameterization methods is represented by
way of acoordinate transformation matrix, which transforms the body frame to achosen
reference coordinate system, (Goldstein, 1980). Therefore, the transformation matrix is
often called the attitude matrix. All attitude parameterization are related to the general
attitude matrix. The attitude matrix is aproper real orthogonal matrix. Thus, its elements are
not all independent, and theoretically only three parameters are needed to define the attitude
matrix. However, a four parameters parameterization is often preferable to avoid
singularities in parameter estimation.
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Although Euler angles, determined from the attitude matrix, are often called heading,
pitch and roll, they are not exactly the same as the attitude parameters defined above. The
attitude matrix is obtained from the matrix product of three elementary matrices which
describe successive rotations about the axes of the body frame. Thus, the Euler angles after
each rotation refer to the new orientation of the body frame with respect to the local-level
frame. Changes in heading, pitch, or roll angles are thus dependent on the sequence of
rotation used. Therefore, Euler angles, determined from the attitude matrix, must be
corrected to be compatible with heading, pitch and roll as defined above. A method for
correcting Euler angles for the case of using the rotation sequence pitch-roll-heading will be
given below. This sequence is given as it will be used in the field tests described in the
remainder of the thesis. Similar corrections will be needed if other sequences are adopted.
Assuming that the chosen sequence of rotations is pitch-roll-heading. First, the z-y
plane of the body frame is rotated about the xaxis by the pitch angle (0). In this case, the
pitch angle of the Euler rotation angles is the same as the pitch angle defined above.
However, the zaxis is rotated and becomes z', as shown in Figure 2.2. This means that the
next rotation angle, the Euler-roll, that will rotate the plane z'-x about the yaxis, will be q
instead of the original roll angle

Pi.

For convenience, the angles

Pi and

P2

are shown

above the N-U plane in Figure 2.2.

4

Fig. 2.2 Determination of the roll angle
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Determination of the angle

Pi from Pz

can be performed by first obtaining Pi from:

124
tan (Pi— 112

(2.2)

where 112 is the length of the baseline 1-2 along the x axis of the body frame, and

124

is

length of the line 2-4, which is parallel to the zaxis and intersects with the ellipsoidalhorizon (the plane N-E) in point 4. After rotation by the angle 8, the plane z'-x becomes
orthogonal to the N-B plane. Thus, the line 2-5 that is parallel to the U axis and intersects
the N-B plane at point 5, will be orthogonal to the line 5-4 and 1-3, where 1-3 is the
intersection of the plane z'-x with the N-B plane, and the line 2-3 is parallel to z'. The
length 2-5 is determined from:

125 =li2 Sin (p 2

(2.3)

The line 2-4 can then be determined from the triangle 2-5-4 as follows:

1

24

-

125
cos a

(2,4)

The angle cc can be determined from the spherical triangle z-z'-U, shown in Figure 2.3,
using the cosine rule (or Napier's rule for right angled spherical triangles) as follows:

COS

a= COS 8

COS T2

(2.5)
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z

Fig. 2.3 Spherical triangle of rotations of the zaxis of the body frame

Substitution into equation (2.3) and (2.4) gives:

124

= 112

tan (P2
cos

(2.6)

e

Finally, using (2.2) gives the roll angle q in terms of the rotation angle

(P2,

tan q) 1— tan (P2
cos e

After rotating the plane z'-x by the angle

where:

(2.7)

(P2

the plane x-y is rotated by the heading

angle (p). The heading angle determined from Euler rotations is the same as defined in this
study. Thus, in the rotation sequence pitch-roll-heading using the Euler angle
representation, only the roll angle will be different from the one estimated from the attitude
matrix.

Equation (2.7) shows that the difference between Euler-angle

((P2)

and the roll angle

(pi) is dependent on the magnitude of the pitch and roll angles. For small angles (less than
three degrees) the difference between the two angles is less than 14 arcseconds. However,
as the angles grow, the difference increases and reaches the arcminute level.
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2.4 The Concept of Attitude Determination Using GPS Measurements

The attitude of arigid body, such as avehicle, ship or airplane, is the orientation of its
body frame in space with respect to awell defined reference frame. By defining abody
frame by aset of at least three non-collinear GPS antennas attached to the vehicle, attitude
determination can be done by measuring the orientation of the antenna baseline vectors with
respect to the reference frame.

Figure 2.4 shows the concept of attitude determination using GPS measurements. For
simplicity, the baselines A-A' and A-A" are assumed parallel to the longitudinal and
transverse axes of the body frame of a moving vehicle. Two different instants are
considered, between them the vehicle changes its position and orientation.

The principle of determining orientation of antenna baseline vectors from UPS
measurements uses the satellites as reference points with known positions. By measuring
the ranges between the antennas and the satellites, the relative positions between the
antennas are determined in the WGS-84 frame. These relative positions are sufficient to
determine the baselines orientation in the WGS-84 frame. To obtain the attitude in the locallevel frame, the position of the origin of the local level frame is determined in the WGS-84
system. Antenna A can be selected as the origin of the local-level frame, where its
coordinates can be determined using UPS measurements. The orientation of the local-level
frame can then be obtained by using the transformation formula given in equation 2.1.
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Fig. 2.4 The concept of determining the attitude of antenna baselines
in the local-level frame using OPS measurements

After fixing the position and orientation of the local-level frame and the orientation of
the antenna baselines in the WGS-84 frame, the baseline orientation with respect to the
local-level frame can be determined. This is shown as heading

1111

and pitch

01

for the

baseline A-A' at point 1. By determining the orientation of the baseline A-A", the roll can
be defined in asimilar fashion. This completes the 3D attitude determination at point 1.
Similarly, the attitude of the vehicle at point 2can be determined.

One should notice that, because of the change in curvature of the WGS-84 ellipsoid
from one point to another, the orientation of the local-level frame changes with changes in
the position of its origin. Thus, even if the antenna baseline triad (A-A', A-A") have the
same orientation with respect to the WGS-84 frame at point 1and 2, its orientation with
respect to their local-level frames will change. Therefore, the attitude changes as afunction
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of changes in baseline orientation as well as changes in the position of the antennas on the
ellipsoid.

A GPS based attitude determination system is usually known as amulti-antenna
system. It can either use acommon receiver for all antennas or independent receivers. In
the first case, the antennas are connected to the same oscillator. Thus, there will be one
oscillator governing all GPS measurements, and therefore these measurements are
correlated. In the second case, separate receivers and antennas are used. In this case,
measurements from each antenna are governed by an independent oscillator; thus,
measurements from different antennas will be uncorrelated. The use of one oscillator for all
antennas theoretically cancels receiver time error, and thus phase single differences can be
used instead of phase double differences. More details will be given in Chapters 3and 7.

2.5 Realization of the Rigid Body Assumption

For determination of the attitude of amoving vehicle using GPS measurements,
stability of the body frame is the main concern. Since no vehicle is completely rigid, the
GPS antennas must be mounted at stable points that represent the main axes of the vehicle
as well as possible. The antennas, as the points representing the moving vehicle and its
body frame, should be rigidly mounted on the surface of the moving vehicle.

In practice, the body of large vehicles, ships or airplanes may experience changes due
to torsion, vibration, bending, flexing or temperature changes. These changes may result in
significant attitude errors. For instance, an error of 1mm in relative positioning produces
an orientation error of 1arcminute for abaseline of 3m in length. In attitude determination,
the relative changes in antenna positions are more important than the changes at the
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individual antennas. Therefore, the effect of these errors on attitude determination is
dependent on relative antenna positions.

Changes in the body of the vehicle due to the errors mentioned above are usually small
in land vehicles and do not exceed afew millimetres. In airborne mode, antennas on the
fuselage may have errors between 1cm

-

2 cm, mainly due to temperature changes

(Lachapelle et al., 1994a). However, if they are placed on the wings, changes will be much
larger and can approach the decimetre level (Corbett, 1993). In relative mode, these large
errors can be differenced out if asymmetric antenna configuration is used. In shipborne
mode, changes are less consistent. Therefore, it is important to choose antenna locations on
the surface of the moving vehicle which minimize the effect of non-rigidity of the body on
attitude determination. Other considerations which govern the choice of antenna location,
are baseline length, minimization of multipath, and clear reception of satellite signals (see
Chapter 4).

Antenna mounting is another factor that must be considered carefully to ensure stability
of the antennas. For instance, in shipborne mode, the antennas can usually not be mounted
on the surface as in land vehicle and in airborne modes. When elevating the antennas above
the surface, great care has to be given to the antenna supporting structure to minimize
antenna vibrations.

Studying changes of the body due to temperature changes, torsion, vibration, bending
and flexing in different environments can provide important information to assess attitude
changes due to these errors. Sometimes, modeling of these errors is possible and their
effect can be removed to some extent. For instance, (Cohen et al., 1994) and (Cannon et
al., 1994) used wing flexing models to estimate changes in antenna positions on the wings
to reduce this error.
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2.6 Applications of the GPS Multi-Antenna Attitude Determination System

For GPS attitude determination system, the baselines used are short, typically between
2 and 30 metres; therefore, most of the orbital and atmospheric errors cancel. The error
sources that affect system accuracy are multipath, phase noise, and antenna phase centre
variation. Other factors affecting system accuracy are baseline length, satellite number and
distribution, and antenna configuration, see Chapter 4for more details on these factors.
Using abaseline of 3metres length, heading accuracies of 3-7 arcminutes, and pitch and
roll accuracies of 5-8 arcminutes can be achieved, (El-Mowafy and Schwarz,1994a,b).
Sub-arcminute accuracy can be achieved by using longer baselines (Lachapelle,1994b).

This level of accuracy is sufficient for anumber of applications. Table 2.1 shows
accuracy requirement of applications where the multi-antenna technology can be used, see
(Wells et al.,1986) and (Schwarz et al.,1994). In general, the multi-antenna system is
usable for applications that tolerate arcminute level accuracies.

Application

Attitude
Accuracy

Airborne remote sensing for
Cartographic mapping

10' -20'

Airborne remote sensing for resource
applications

20' 30'

Hydrographic bathymetry

6'

Satellites in orbit

10

Most low accuracy hydrographic
navigation in open water

10

Land vehicle navigation for most civilian
and military applications
Airborne navigation (except during take
off and in the final approach)

30'
30'

-

-

10

10

Table 2.1 Attitude accuracy requirement for some major applications
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CHAPTER 3

GPS ATTITUDE DETERMINATION TECHNIQUES

This chapter presents different techniques that can be applied for attitude determination,
using GPS measurements. These techniques are: indirect determination using the
transformation matrix between the body frame and the local-level frame, determination
from direct vector orientation in the local-level frame, and direct determination of attitude
parameters from phase measurements. The chapter starts by describing GPS observation
equations. Next, the detailed description of each technique including concept, development
and implementation is given.

3.1 GPS Observables and the Observation Equations

GPS signals received at the measuring antennas are carrier waves defined on the Li and
L2 bands, C/A and P pseudo random noise codes, and the satellite message. GPS signals
give two types of measurements, namely pseudorange measurements, estimated from the
C/A or the Pcodes, and carrier phase measurements, derived from carrier waves of Li or
L2. Both measurements can be used to give the distance between the transmitting satellite
and the receiving antenna. The pseudorange measurement is the measured signal transit
time scaled by the speed of light. The transmission time is determined by correlating the
incoming satellite pseudo random noise code (C/A or P codes) to an identical code
generated by the receiver. It is then estimated as the time needed by the receiver's internal
code-tracking loop to shift the receiver replica of the code to achieve maximum correlation
with the code incoming from the satellite. Phase measurements are obtained by differencing
between the phase of the received satellite carrier signal, measured at the receiver, and the
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phase of the receiver local oscillator, at the epoch of measurement (Leick,1990). By
multiplying the total number of phase cycles by the known carrier wavelength, the satelliteto-receiver distance is determined. The major problem of using phase measurements is that
the receivers are capable of measuring only afraction of acycle. Thus, there is an unknown
number of whole cycles that cannot be measured when first locking on the received signal.
This unknown number of cycles is called the phase ambiguity.

The wavelength of the C/A and P codes are approximately 293.3 and 29.3 metres,
respectively. Those of the Li and L2 carriers are approximately 0.190 and 0.244 (Milliken
and Zoller,1980). With recent developments in receiver technology, the accuracy of
measuring any OPS observables is better than 1/100 of the observable wavelength.
Reliable attitude estimation requires the determination of antenna vectors at the millimetre
level. Since the accuracy of the estimated vector components used for attitude determination
is directly related to the accuracy of the measurements employed, carrier phase
measurements are the only measurements that can be used for this purpose.

The carrier phase observation equation is given as:

-

p+ 8p + C (6t

-

6T) + 2 n

see (Wells et al., 1986), where

-

+ 6trop

+ c()

(3.1)

is the measured phase in metres, estimated as the

measured phase in cycles multiplied by the carrier wavelength. pis the satellite-to-receiver
range, 6p is the range correction due to orbital estimation errors, cis the speed of light in
the vacuum, öt and ST are the satellite and receiver clock errors, respectively. A is the
carrier wavelength, n is the phase ambiguity,
tropospheric errors, and finally

J)

8ion and 8trop

are the ionospheric and

is the combined receiver and multipath noise. Figure

3.1 shows the carrier phase range error for the satellite A with respect to the baseline 1-2.
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Fig. 3.1 Carrier phase measurements and range errors

3.1.1 Carrier Phase Single Differences

To eliminate some of the measurement errors, differencing techniques are usually
employed. For instance, the difference of phase measurements at two antennas removes the
satellite related errors (Wells et al.,1986). It is called between antenna phase single
difference. Due to the short distances spacing the antennas in an attitude determination
system, the orbital, tropospheric and the ionospheric errors cancel out. However, the noise
term is increased by afactor of 12 because two measurements are used in the differencing
process. The single difference observation equation, between the antennas 1and 2, can be
written as:

=

.

b

+

c(öT 1

-

T2)+ (ni-n 2)2+ i.()

where 6is the baseline-to-satellite unit vector,
the WGS-84 frame, (6T1

-

iis the antenna baseline vector,

(3.2)

defined in

6T2)is the difference between receiver clock errors of the two

antennas (1 and 2) channels, and (ni-n2)is the single difference ambiguity.
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3.1.2 Estimation of the Receiver-to-Satellite Unit Vectors

To compute the receiver-to-satellite unit vectors, one can consider that GPS signals are
transferred as carrier wave fronts, which are planes perpendicular to the direction of their
transmission. The reason behind this assumption is that the distance between the satellites
and the antennas baseline are very big compared to the baseline lengths, which are limited
to few metres. As shown in Figure 3.2, the assumption made means that the two wave
transmission lines between the satellite iand the antennas 1and 2(the rays w and w2 in
the figure) are parallel and perpendicular to the plane P. The plane P is defined as the wave
front plane. The ray wi intersects with the plane P in the point 1'. Therefore, the distance
1-1' can be considered the same as the carrier phase single difference, expressed in metres,
between the two antennas. Since the rays wi and w2 are parallel, the antenna-to-satellite
unit vectors along the two rays are assumed parallel. Therefore the unit vector included in
the observation equation can be computed from coordinates at either ends of the baseline.

to the satellite i

2

wave front plane

Fig. 3.2 Baseline-to-satellite vectors
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Figure 3.3 illustrates the unit vector orientation in the WGS-84 frame. If the unit vector
is computed from the coordinates of antenna number 1, i.e. (X,Y,Z) 1,and the satellite
coordinates (X,Y,Z), the unit vector components in the WGS-84 frame (ex,ey,ez) can be
determined as follows:

ex=cos'o sin1

(3.3)

ey=cost) cos p.

(3.4)

ez = sin 1)

(3.5)

where:
(Z- Zi)
D=tan1

=

(X

-

X1) 2 + (Y e -Y1) 2

(X-X1)
tan '(Y e-Y1)
-

Fig. 3.3 Satellite unit vector components

(3.6)

(3.7)
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3.1.3 Carrier Phase Double Differences

If the phase single difference of satellite A is differenced with that of satellite B, the
result is known as the phase double difference (Wells et al., 1986). In double differencing,
all receiver common errors cancel out; however, the noise is multiplied by afactor of 2with
respect to the original measurement, and afactor of -12 with respect to that of the single
difference measurement. The double difference observation equation is given as:

V4 = AOAB =(A - eB) .b +(AflA-nB)X+ VAC()

where

ZA

and

ZB

(3.8)

are the unit vectors between the antenna baseline and the satellites A and

B, respectively, computed at either one of the baseline antennas.

When using the differencing techniques, the satellite ionospheric errors are eliminated;
therefore, there is no practical use of the L2 carrier phase for estimating the ionospheric
correction. However, it can be used for faster ambiguity resolution. Since new techniques
are available now for fast and reliable ambiguity resolution using only Li carrier phase (ElMowafy and Schwarz, 1994a), the use of L2 measurements is, in general, not needed in
attitude determination. Moreover, since the attitude determination system uses two or more
antennas, which means using many channels for tracking Li phase measurements, the
number of channels needed will be doubled if measurements of L2 are used. This means
very expensive hardware. Therefore, almost all multi-antenna systems use only
measurements of the Li carrier signals and track the C/A code only.

By eliminating orbital and atmospheric errors, the accuracy of using the carrier in
single difference positioning mode is higher than using the double differencing technique.
Even though, double differencing is usually preferred because it eliminates receiver time
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error.

However, if amulti-antenna system is used, consisting of only one receiver

connected to all antennas, the phase replica in each of the receiver channels is generated
from only one replica carrier generator (common oscillator for all channels). Therefore, if
phase observables, from the same satellite, are received by two channels, i.e. two antennas
of the multi-antenna system, the common mode noise and time skew between the two
channels will theoretically vanish. In this case, single differencing would have the same
effect as double differencing in eliminating receiver related errors.

Although the noise after double differencing is r2 times larger than that after single
differencing, double differencing is usually the preferred technique for attitude
determination for the following reasons:

It is not likely that single differencing will completely eliminate receiver clock error.

-

Available commercial receivers still have a small time skew error left. Double
differencing cancels such time error.

-

Common-mode errors between antennas exist due to electrical path bias errors between
channels. To eliminate this error, differencing between receiver channels is required.

If these problems are overcome, the use of single differencing will be preferable. With the
rapid improvements in receiver technology, the potential to achieve this goal is there.

3.2 Attitude Determination Using the Transformation Matrix between the Body
Frame and the Local-Level Frame

A widely used method for representing the attitude of arigid body, caused by rotational
motion, is by way of acoordinate transformation matrix, which transforms acoordinate
system fixed in the rigid body to achosen reference coordinate system (Goldstein, 1980).
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In this method, it is assumed that awell-defined body frame exists, such that the axes of
the body frame coincide with the main axes (centre lines) of the rigid body. In this case, the
attitude of the rigid body is the same as the orientation of the body frame with respect to the
local-level frame.

3.2.1 Determination of the Transformation Matrix

If antenna vectors are known in both the body frame and the local-level frame, the
transformation matrix is derived using the equation:

T1b= R1 Rb'

(3.9)

where:
T1b

is the transformation matrix from the body frame to the local-level frame.

Rb and R1 are the matrices of antenna relative coordinates in the body and local-level
frames, respectively.

It is assumed in equation (3.9) that the origins of the two frames coincide, and the scale
factor is taken as unity. Otherwise, the general equation of the transformation of
coordinates should be used. This equation can be written as follows:

R1 =

see

s T1b Rb+rØ

(Slama et al.,1980),

(3.10)

where sis ascale factor and r
0 is the shift vector between the

origins of the body and the local level frames, expressed in the local-level frame. The
transformation matrix is then determined from the equation:

T1b= (R1 r0) (us) Rb
-

1

(3.11)
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Using Euler angles for attitude parameterization, the transformation matrix can take 12
distinct forms. These forms differ according to the sequence of rotations about the body
axes, see Appendix B. If the sequence of rotations is known, the three rotation angles can
be determined by solving trigonometric functions of the elements of the transformation
matrix (Ferguson et al., 1991a). For instance, if the rotation sequence is known to be about
the axes y-x-z respectively, the transformation matrix takes the form:
[s(N'E)s
T1b

8 E)spE)+c(NiE)cpE)

s(qE)s(8)c()-c(pE)s(

=

L

s(pE)c(OE)

E)

c(8E)s(lIfE) s(E)s(8E)c(p E )-c(

E )s(p)

c(OE)c(WE)
-s(OE)

c(PB)c(OE)

(3.12)
where sand cdenote the sine and cosine, respectively.

ljfj

is the Euler heading angle,

0 Eis

the Euler pitch angle and (
p
F
,is the Euler roll angle. The three angles can be determined from
the equations:
tan-'

(3.13)

=

sin -'(T32 )

(3.14)

=

tan-1

WE

=

0E

T31
T33

(3.15)

Note that, these angles have to be corrected to obtain heading, pitch, and roll as defined in
Section 2.3. The correct quadrants can be obtained from the proper signs of the elements of
the attitude matrix. However, using equation (3.13) to (3.15) to determine Euler angles
directly from the transformation matrix cannot be done unless the rotation sequence is
known. Unfortunately, this cannot be realized in practice. Therefore, other approaches
should be implemented instead of the direct approach. This will be shown in Section 3.2.4.

In this technique, antenna locations are of no importance. The only focus is on the ease
of determining relative antenna positions in both the body and the local- level frames in
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addition to considering other factors such as multipath minimization and using long
baselines, see Chapter 4.

Since the body frame is chosen to be fixed with respect to the rigid body, the relative
positions of the antennas in the body frame, the matrix Rb, are considered fixed in the
whole survey operation. Thus, it is determined once in apre-survey mode. Due to the
problem of antenna phase centre migration, it is preferable to determine the matrix Rb after a
sufficient period of static initialization using GPS measurements. If the antennas move
relative to each other due to deformations in the surface of the rigid body, the method will
not work unless the new Rb is determined. In this case, the computed attitude will no
longer represent the rigid body orientation. Instead, it will represent its orientation as well
as changes resulting from the non-deterministic temporal variations of the rigid body. An
example is the case when the antennas are mounted on airplane wings, and the wings
experience some flexing. Such aproblem can be avoided by installing the antennas at stable
locations, chosen properly to well represent the rigid body, where the possibility of
experiencing relative movements is minimal. The flexing error can also be determined using
asuitable model, and encountered in the attitude estimation process to give the correct
attitude, see (Cohen et al., 1994) and (Cannon et al., 1994).

3.2.2 Determination of Relative Antenna Coordinates in the Body Frame

Choosing the body frame axes to pass through some of the antennas simplifies the
computations. For instance, if antennas number 1and 2, shown in Figure 3.4, are mounted
along or parallel to the longitudinal axis of avehicle, the yaxis of the body frame is chosen
to run through these two antennas, pointing forward. In this case, the origin can be chosen
at antenna 1. Since the x-y plane can be defined by three points, these points can be taken
as phase centres of three antennas. The plane containing antennas 1, 2and 3can be chosen
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for this purpose. The xaxis is then defined as the axis perpendicular to the y axis, in the
plane 1-2-3, pointing to the right, which will be parallel to the transverse axis of the
vehicle. The zaxis is chosen pointing upwards, perpendicular to the x-y plane. In this
scheme, the coordinate frame x-y-z is chosen to be aright-handed system, with its origin at
antenna number 1. The same point can be chosen as the origin of the local-level system.

the imaginary
plane 1-2-3

Fig. 3.4 Determining antenna coordinates in the body frame

From the description of the body coordinate frame given above, the components of the
vector 1-2 in the body system, can be defined as (0, b12, 0), where b12 is the length of the
baseline 1-2. Determination of the vector 1-3 body components can be done by estimating
the angle (a) contained between the yaxis (along the baseline 1-2) and the baseline 1-3.
Since the slant distances between the antennas, shown in boldface in Figure 3.4, are
usually accurately pre-measured, the angle a can be estimated as follows:

a

c05

[(b12) 2 + (hi 3)2 - (b 23 )2 I
1

2b 12 b13

(3.16)
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where b13 is the length of the baseline 1-3. The components of the baseline 1-3 in the body
frame are then determined as (b13 sin a, b13 cos a, 0).

The three antennas 1, 2 and 3, with the two independent baselines 1-2 and 1-3, are
sufficient to uniquely determine the 3D attitude of the rigid body. However, if
measurements from redundant antennas are available, the redundant antennas introduce
new baselines that increase solution reliability. To compute the components of the
redundant baselines in the body frame, the following technique is adopted. First, let us
assume, for simplicity, that only one redundant antenna exists, and as aresult, anew
baseline is formed between this antenna and antenna number 1. The equation of the plane
containing this baseline and the baselines 1-2 and 1-3, can be given as:
dX
dY
dZ
dX 12 dY 12 dZ 12 =0
dX13 dY 13 dZ 13

(3.17)

see (Wong, 1979). Where dX, dY, dZ, dX 12, dY 12 ,dZ1 2,dX 13, dY13, and dZ 13 are the
WGS-84 X, Y, and Z vector components of the redundant baseline and the baselines 1-2
and 1-3, respectively. Solving equation (3.17) gives:
AdX+BdY+CdZ=0

(3.18)

A = dY 12 dZ 13

dY 13 dZ 12

(3.19)

dX 13 dZ 12

(3.20)

dX 13 dY 12

(3.21)

where:

B = dX 12 dZ 13
C = dX 12 dY 13

-

-

-

If the redundant antenna does not lie in the plane 1-2-3, its orthogonal height above this
plane (A) is estimated from (Wong, 1979):
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A

AdX+BdY+CdZ

-

(3.22)

/A 2 +B 2 +C 2

As an example, when antenna number 4 (shown in Figure 3.4) is used, aredundant
baseline (1-4), is generated. The vertical component of the baseline 1-4 in the body frame is
the same as the orthogonal height of antenna 4above the plane 1-2-3. It is determined from
equation (3.22) as follows:

A4—

A

dX14

+ B dY14 + C dZ14

A 2 +B 2 +C2

(3.23)

where dX14, dY14, and dZ 14 are the WGS-84, X, Y, Z vector components of the baseline
1-4. Since the lengths of the baselines 1-4 and 2-4 are pre-measured, their projections on
the plane 1-2-3 are estimated as follows:

114\J b142
124

where
and

b14

=

Ntb24 2

-

A4 2

(3.24)
(3.25)

-

and b24 are the spatial (slant) distances of the baselines 1-2 and 2-4, respectively,

114 and 124

are their corresponding projections on the antenna plane 1-2-3. The angle 3

contained between the baseline 1-2 (y axis) and the projection of the baseline 1-4 on the
platform plane can be computed as follows:

13

=

cos-1

(b 12 )2 + (114)2
2 b12 124

-

(1 24 )
2 1

(3.26)

The x-y components of the baseline 1-4 in the plane 1-2-3 (dx14, dyl4) are then determined
as :
dx 14

=

dy 14 =

13
114 COS 13
114 sin

(3.27)
(3.28)
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Finally, the components of the vectors 1-2, 1-3 and 1-4 in the body frame are given in
matrix form as follows:

[0 b

13

Rb

=

sin(a) 114 sin(I3)

b12 b13 cos(a) 114 cos(f3)

Lo

(3.29)

0

If more than one redundant antenna exists, their redundant baselines will be dealt with in
the same way as described for the baseline 1-4.

3.2.3 Determination of Relative Antenna Coordinates in the Local-Level Frame

Unlike the fixed matrix of antenna vector components in the body frame Rb, the matrix
of relative antenna coordinates in the local-level frame R1is variable and will change if the
rigid body moves or changes its orientation. The matrix R1 is computed using GPS
measurements in three steps. The first step is to determine antenna baseline vectors in the
WGS-84 coordinate frame. Then, GPS measurements are used to define the coordinates of
the origin of the local-level frame in the Cartesian WGS-84 system. This is usually taken as
the antenna used as the body frame origin. Finally, the coordinates of the origin are
transformed to geodetic coordinates, which are used to transform antenna vectors from the
WGS-84 frame to the local-level frame. More detail is given in the following.

If antenna baselines are solved independently, i.e. each is determined in aseparate
adjustment process, the number of unknowns considered for each baseline is three, which
are (dx, dY, dZ) in the WGS-84 frame. Therefore, the minimum number of phase double
difference equations required is three, which means observations to four satellites. For
simplicity, the observation equations given in this section will be written assuming that the
ambiguities are correctly determined and subtracted from the phase measurements. All
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phase measurements are then given, corrected from ambiguity biases. For nsatellites, the
full structure of the observation equations, ignoring error terms, can be written as:

-

-

-

AOI

-

02

AOnJ

r(ex l-ex 2) (ey 1-ey) (ezl-ez2)
(ex l-ex 3) (ey l-ey 3) (ezl-ez3)

L
(e-e)

1

(eyi-ey) (ezpezn)]

bx
by
I

b

1

I
J

(3.30)

where Aoi is the single difference carrier phase observation between the satellite iand the
baseline after subtracting the resolved ambiguities, and (ex, ey, ez)j are the receiver-tosatellite unit vector components with respect to the satellite j. The quantities

bx,

by, and bz

are the antenna baseline vector components in the WGS-84 coordinate system; i.e. the
relative antenna coordinates (dx, dY, dZ).

The satellite number 1given in equation (3.30) is chosen as the reference satellite,
where the double differences are taken as the differences of the single difference
measurements of the remaining satellites with respect to that of the reference satellite. The
choice of the reference satellite is usually governed by the criterion that the reference
satellite should have the strongest signal-to-noise ratio. The choice of the satellite of highest
elevation angle usually gives this result.

Due to using short distance baselines for attitude determination, the baseline lengths
can be measured in apre-survey mode with accuracies at the sub-millimetre to millimetre
level. If antenna relative positions during the survey mission do not experience any
changes, the baseline lengths can be considered fixed, i.e. of constant value. The constant
baseline lengths can be used as constraints in the solution to increase solution reliability.
The measured lengths can be used, in adifferent methodology, as additional measurements
beside the GPS phase double differences. In this case, only two double difference phase
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measurements (three satellite observations) are sufficient to solve for the baseline
components. The observation equations can then be written as:

F
'4'i
I

'i)2

-

1

II b 112

(ex l-ex 2) (ey 1-ey 2) (ez l-ez 2) rb
=

-

i

[(exb
l-ex 3) (ey-ey
by 3) (ezl-ez3)
b
I tby
b

1

I
I

(3.31)

where IlbIl is the magnitude of the measured baseline length. In asymbolic form, equation
(3.30) or (3.31) can be written as:
V=E
where

i.

is (b

,

b

(3.32)

by, b )T,and E is the coefficient matrix of the differenced unit vectors.

The direct solution for the baseline vector if only the minimum number of measurements is
available will be:
=

B-1 VL.4

(3.33)

In the presence of redundant measurements, the use of an adjustment technique is
necessary. This can be done either using the least-squares approach or Kalman filtering
approach. After estimating the WGS-84 antenna baseline vector components, i.e. the vector

1, they are transformed to the local-level frame.

In kinematic mode, antenna coordinates

(, A) are computed from epoch to epoch. If

the multi-antenna system is used in stand-alone mode, the coordinates can only be
computed by point positioning. If no initial ambiguity determination is available to use
phase measurements, pseudoranges will be the only available type of measurements that
can be used for the determination of antenna coordinates. In this case, if C/A code is used,
and if selective availability is on, the accuracy of determining point coordinates will range
between few metres to tens of metres.
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If attitude results are not urgently needed in real time, and post-mission processing can
be applied, the antenna position can be estimated in aclassical relative mode using phase
measurements. This can be done by performing relative positioning between two
simultaneous data sets, one from areceiver occupying aknown fixed station, and the other
from the reference antenna of the multi-antenna system. In this scheme, accuracy of few
centimetres can be achieved. The main problem in this scenario is the carrier phase
ambiguity resolution. In full kinematic applications, like in the airborne or marine modes
where the receivers have long separation distance, this type of relative ambiguities can only
be resolved at the beginning and at the end of the mission when static initialization is
available. Consequently, if cycle slips occur during the kinematic mission, such that phase
lock for less than four satellites is being maintained, the whole ambiguity resolution
process should be re-initialized once the number of visible satellites is again four or more.
The only solution for this problem is to develop an efficient "on-the-fly" ambiguity
resolution method capable of handling long baselines.

3.2.4 Attitude Determination Using aLeast-Squares Approach

To avoid computation of the transformation matrix directly from equation (3.9), an
adjustment technique is suggested. The adjustment procedure can be done in the form of
the least-squares approach or Kalman filtering. In either case, the measurements are taken
as the estimated baseline components in the local-level frame, and the unknowns are
considered as the Euler angles, see also (Lu et al.,1993). In the adjustment approach,
predicted (approximate) values of the unknowns are estimated, and corrections to these
approximations are determined and added to them to give the correct values. The basic
difference between using the equations (3.13) to (3.15) directly and using the adjustment
approach is that in the latter Euler angles are treated as the unknowns that should have a
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unique value which best fits the measurements, regardless of the transformation model
used. Thus, no ambiguity in the results is expected.

The observation equation used in this approach is:

RI

=

T1b Rb

3xn

(3.34)

3x3 3xn

Where nis the number of antenna baselines used. The transformation matrix used can take
any of the 12 possible forms given in appendix B. However, one should consider that the
transformation matrix is sensitive to the rotation angles (Blais,1979). Therefore, the
expected values of attitude angles governs the choice of the sequence of rotations. Usually,
the order of rotation starts with the small rotation angles. In addition, to minimize errors in
baselines projection, shorter baselines are rotated first. As an example, take the sequence yx-z (roll, pitch, heading), which is suitable for land applications, as pitch and roll are
usually small, and the longer baselines are mostly in the forward direction, the rotation is:

T1b

=

Tz(lIJE) Tx(OE) T((PE)

[sEsOEspE)+c(lIJB)c(p B)c(OE)s(iIfE) s(1IfB)s(OE)c(cE) -c(lIIE)s(pE)

=

I
L

c(OB)c(I1JE) c(1VE)s( 8E)c(pE)+s(IIfB)s(pB)
s(cB)c(OE)

-S(OE)

c(p)c(e)

(3.35)
The observation equations can be written symbolically as:

l=f()

(3.36)

where 1denotes the observation vector, and X denotes the vector of unknowns (
1VE, °E
(PE)T. The linearized form of the observation equation is written as:
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v=A+w

(3.37)

and in differential form equation (3.37) will be:
el

v=A

(3.38)

where: X is the corrected unknown vector
öis the vector of corrections to the unknowns
vdenotes the vector of corrections of the observations,
A is the matrix of partial derivatives,
w is the misciosure vector, see (Vanicek and Krakiwsky, 1982).
The misciosure vector is computed from the following equation:

w=1-f(X)IX 0

(3.39)

where f(%)IX 0 is the right hand side of equation (3.36) computed from the approximate
values of the unknowns. It is explicitly written as:

W=R1.. T1bIX 0 Rb

(3.40)

where T1bIX 0 is the transformation matrix computed from the approximate values of the
unknowns.
The general form of the A matrix is given as:

A

-

f(X,1)

ax

and explicitly is written as:

(3.41)
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A=

-

a1AE

DA E

aAE

aVE

aeE

apE

aN

aN

aN

awE

aeE

apE

AU

a AU

a AU

awE

aeE

a(PE—

(3.42)

The elements of the A matrix are given as follows:
azE
-

AE

--

ao

aAE
a(p
DAN

aLN
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(3.43)

where

ii,

0and p are the approximate values of Euler angles in heading, pitch and roll,

respectively.
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For simplicity, the observations can be assumed uncorrelated. Therefore, the variancecovariance matrix of the observations (CL) is taken as adiagonal matrix. On the other
hand, if the correct covariance matrix is required, it can be estimated through aprocess of
covariance propagation from the covariance matrix of the relative antenna coordinates in the
WGS-84 frame. The unknown vector of corrections is then estimated from:

=

(AT CL-1 A) -1AT CL-1 w

(3.44)

see (Vanicek and Krakiwsky,1982). Adding the corrections to the approximate values
gives the corrected unknowns. This is formalized as:

(3.45)
The attitude parameters, i.e. heading, pitch, and roll are then determined from Euler angles
using amethod similar to the one given in section 2.3, taking the sequence of rotation into
account.

The variance-covariance matrix of Euler angles (C
CX =C6= d2 (AT CL-IA) -'

)are then estimated as:
(3.46)

and the variance-covariance matrix of the attitude parameters is estimated by applying the
covariance law. The posteriori variance

2
-

vTCLlv
d

and df is the degrees of freedom.

((7Q) in equation (3.46) is estimated from:

(3.47)
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3.3 Attitude Determination from Vector Orientation in the Local-Level Frame

The attitude of the rigid body can be directly found by estimating the orientation of the
antenna vectors in the local-level frame. In this method, the antennas are placed on or
parallel to the main axes of the rigid body (the longitudinal and transverse axes).
Accordingly, if the relative positions in the local-level frame of at least two antenna phase
centres are determined on each of the main axes, the axes orientation with respect to the
local-level frame, and thus the attitude, can be determined. Since the attitude can be
estimated from the orientation of two of the rigid body main axes, the minimum number of
antenna vectors needed is two, i.e. three antennas.

3.3.1 Determination of Attitude Parameters

Figure 3.5 shows the basic antenna configuration used in this method. Antennas 1and
2are placed on the longitudinal axis, such that the baseline 1-2 represents the axis. The
baseline 1-3, consisting of the antennas 1and 3, is chosen in the direction orthogonal to the
baseline 1-2, i.e. along the transverse axis. Attitude components, defined as the orientation
of the longitudinal and the transverse axes with respect to local level frame, are then
estimated using the equations:

(3.48)

AN 12
AU 12

e=ta1r 1
AE

=

tan

-

1

+

AN 12

AU 13

AE 13

+

AN 13

(3.49)

(3.50)

42
where:
AE12=E2 -E 1

(3.51)

AN12=N2 -N1

(3.52)

1U12=U 2 -U 1

(3.53)

E13 =E3 -E 1

(3.54)

zN13 =N3 -N 1

(3.55)

AB13=U3 -U 1

(3.56)

Fig. 3.5 An orthogonal multi-antenna configuration

In practice, however, it is usually possible to determine aline that coincides with or is
parallel to the longitudinal axis, and hence, to place two antennas on that line to determine
its direction. This direction is determined by two components, the heading and pitch. On
the other hand, roll estimation requires placing another antenna such that it makes, in
addition to one of the former two antennas, aline orthogonal to the longitudinal axis, i.e.
the transverse axis. However, determining the location of the transverse axis or an axis
parallel to it to place the third antenna on requires the use of accurate classical techniques.
To avoid using this tedious procedure, a simple approach can be employed for roll
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determination, in which the third antenna can be placed anywhere on the plane containing
the two main axes. Figure 3.6 shows ageneral antenna configuration that can be used in
this approach. It is assumed that the line 1-2, passing through the phase centres of the
antennas 1and 2is parallel to the platform longitudinal axis. The heading and pitch can
then be directly estimated using equation (3.48) and (3.49), respectively.

Fig. 3.6 General antenna configuration on the platform

Since the roll can only be estimated from an axis parallel to the transverse axis, avirtual
axis (3-4) is assumed to meet this criterion. This axis is taken in the plane containing the
antennas 1, 2and 3. It runs through antenna number 3and avirtual point on the axis 1-2,
defined as point 4, such that it is orthogonal to the axis 1-2. The roll angle defined as the
orientation of the transverse axis with respect to the local level frame can then be
determined from the components of the axis 4-3 in the local-level frame.

3.3.2 Roll Determination in aGeneral Antenna Configuration

In this approach, the in-plane baseline lengths are first computed, then the length ratios
are used to estimate the components of the vector 4-3 from the determined vector
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components of the baselines 1-2 and 1-3. To estimate the length of the baselines 1-4, the
angle 3contained between the baselines 1-2 and 1-3, in the plane 1-2-3 is first computed. It
can be obtained from the baseline vectors as follows:

b13
b12
II b3 11 11 b12 II
•

=

c051

(3.57)

The length 1-4 is then determined from:

b14 =b13 cos f3

(3.58)

where b13 is the length (magnitude) of the vector 1-3. Next, the components of the vector
1-4 are determined as follows:
b14
b12

AE12

(3.59)

AN14—

bb1142

AN12

(3.60)

AU14—

b12

AU12

(3.61)

Knowing the components of the vectors 1-4 and 1-3, the vector components of the baseline
4-3 are estimated as:

AE43 = AE 13
AN43

AN 14

(3.63)

AU 43 = AU 13 -AU 14

(3.64)

=

AN 13

(3.62)

-

-

Finally, the roll angle ((p) is estimated from the relation:
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(p

=tair 1

-

AE

AU 43
3 +

(3.65)

AN 43

3.3.3 Singularity of the Solution and Attitude Recovery

In certain orientations of the rigid body asingularity of the solution occurs if the
mathematical form presented here is used. However, this method has the advantage that the
attitude can be interpreted easily, even in the presence of these singularities. For instance,
when AN 12 is zero, the heading cannot be computed using equation (3.48). In reality, this
situation implies either of the following cases: if AE 12 has apositive value, then the heading
is 90 degrees, in contrast, if A13 12 has anegative value, the heading will be 270 degrees.

A similar case is shown in pitch estimation using equation (3.49). If AE 12 and AN12
become zero, the pitch cannot be directly estimated using this equation. However, the pitch
can be interpreted intuitively from the sign of AU1 2.If AU12 is positive, the pitch will be
+90 degrees, and if it is negative the pitch will be -90 degrees. Since roll equation is similar
to the equation of the pitch, interpretation of roll singularities can be performed in the same
manner as what have been done for the pitch.

3.4 Direct Determination of Attitude Parameters from Phase Measurements

3.4.1 The Direct Observation Equations

Instead of determining the attitude from phase measurements in stages, it can be
determined using one model. Equation (3.8), ignoring error terms, can be written as:

VA

-

(AnA -AnB) ?=

(eA

-

eB)

.1

(3.66)
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The receiver-to-satellite unit vectors are usually determined in the WGS-84 frame because
satellite coordinates are given in this frame. Thus, equation (3.66) can be written in the
same frame as:

-

(AnA- AnB)

X=

(eA

-

eB)x AX

+ (eA

-

eB)y

AY

+ (eA

-

eB)z AZ

(3.67)

where (AX,AY,AZ) are the components of the baseline vector in the WGS-84 frame.

The baseline vector in the WGS-84 frame

(bWGS84)

can be determined from the

baseline vector in the local-level frame (b) using equation (2.1). It is explicitly written as:
b=-cosAsinAN-sinAAE+cosAcosAU

(3.68)

b= -sin A sin

(3.69)

b

=

cos

AN

AN+cos AAE+ sin Acos (D AU
+ sin

JAU

(3.70)

In the multi-antenna system, the baseline lengths can be pre-measured with sufficient
accuracy. Therefore, for asingle baseline, the baseline components in the local-level frame
can be expressed in terms of the known baseline length (b) and the baseline heading (II,)
and pitch (0), as Figure 3.7 shows, from the relations:

AN=b cos Ocos iif

(3.71)

AE

(3.72)

=

bcos 0sin Ni

AU=b sin O

(3.73)
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Fig. 3.7 Antenna baseline orientation in the local-level frame

Finally substituting equation (3.71) to (3.73) into (3.68) to (3.70) and these into (3.67)
gives:
VAO

-

(AnA iflB) 2 =
-

(eA -eB)x (-cos A sin

bcos Ocos ijc-sin Ab cos Osin iJ+ cos A cos

bsin O)

bcos Ocos lIc+ cos Ab cos Osin W+ sin A cos

bsin 9)

+

(eA -eB)y (-sin A sin
+

(eA

-

eB)z (cos

bcos 8cos V + sin (b bsin 8)

(3.74)

After determining the phase ambiguities (nA inB), equation (3.74) describes the
-

direct relation between the measured carrier phase and the unknown attitude parameters,
heading and pitch, given the baseline length and the coordinates of the origin of the locallevel frame. If another baseline exists which is perpendicular to the first one, the roll angle
of the antenna triad consisting of the two baselines can be determined as the pitch of the
second baseline. To satisfy the right hand convention defining the positive direction of
attitude angles, the pitch angle of the second baseline should have anegative sign to give a
proper roll representation. The second baseline should not necessarily be orthogonal to the
first one. Its direction can be chosen arbitrarily, and atechnique similar to that given in
Section 3.3.2 can be applied to determine roll. This will be shown in the next section.

48
3.4.2 Determination of Attitude Parameters

The heading and pitch of the primary baseline can be determined from the observation
equation (3.74) using the least-squares adjustment approach. The same procedure given in
Section 3.2.4 can be applied here, where the vector of observations in this case will be the
phase double difference measurements.

In this case, the design matrix A, for nphase double differences, is written as:

A=

(3.75)
a VAOn a VAOn
-

ai1c

a

-

From equation (3.74), the elements of the A matrix are derived as:

(eA -eB)x (cos A sin
+

(eA -eB)y (sin A sin

bcos 80 sin

0

-sin Ab cos O0 cosjc0 )

bcos O0 sinitfo +cos Ab cos O0 coslif0)

+

(eA -eB)z (- cos

bcos O0 siniiJo )

(3.76)

avA
a
(eA eB)x (cos A sin 'I bsin 00 cos Nf. + sin A bsin 00 sin il,0 + cos A cos
+
(eA -eB)y (sin A sin
+
(eA

-

eB)z

Where ij

0

b sin 00 cos

(- cos 1bsin 00 cos il,

0

-cos A b sin 00 sin iji0 + sin A cos

+ sin (I

bcos 0)

and 00 are the approximate values of heading and pitch, respectively.

bcos 0)
b cos 80)

(3.77)
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For roll determination, the adjustment process can be augmented to include double
difference observations of asecond baseline, perpendicular to the first one. Only the pitch
angle of the second baseline is of interest as it represents roll of the antenna triad, and the
heading is treated as anuisance parameter. As mentioned before, the sign of the pitch angle
should be reversed to represent the actual roll.

However, choosing antenna triad of two orthogonal baselines, while not difficult to
achieve in practice, sets some restrictions on antenna distribution. A simple technique using
amore general configuration consisting of three antennas, as shown in Section 3.3, can be
applied. In this configuration, two antennas define a baseline parallel to the main
longitudinal axis of the vehicle, and the third antenna makes with one of the other antennas
abaseline that can have any direction. The heading and pitch of the baseline 1-2 and 1-3 are
determined directly from phase measurements as described in this section. Heading and
pitch of the antenna triad are taken as that of the baseline 1-2. From the known baseline
lengths, vector components of the baselines 1-2 and 1-3 can be determined in the local-level
frame using equation (3.71) to (3.73). The spatial angle 0 is computed from these
components. Finally, the process of roll determination proceeds as given in Section 3.3.2.

All methods discussed in this chapter have been implemented and will be compared. This
comparison will be given in Chapter 5.
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CHAPTER 4

FIRST ASSESSMENT OF FACTORS AFFECTING
ATTITUDE DETERMINATION ACCURACY

In this chapter the main factors affecting accuracy of attitude determination from a
multi-antenna system are discussed. These factors have been categorized into two groups.
The first comprises errors in the GPS measurements. These errors are multipath, receiver
noise and antenna phase centre variation. The second group addresses operational
considerations. Factors such as baseline length, satellite number and geometry, and antenna
configuration are investigated.

4.1 Measurement Errors

Due to the short lengths of the baselines used in attitude determination, the long-term
systematic errors, such as orbital and atmospheric errors, cancel out in the carrier phase
observation equation when adifferencing technique is applied. The main errors left are:
multipath, receiver noise (carrier tracking loop noise), and antenna phase centre variation.
The magnitude and pattern of these errors are directly reflected in the obtainable attitude
accuracy. In this section, the question of how measurement errors affect system accuracy
is briefly discussed. This limited discussion should be helpful in understanding system
behavior under operational conditions.

4.1.1 Multipath

Multipath is aphenomenon whereby asignal arrives at areceiver via multiple paths due
to reflection and diffraction (Braasch, 1992). Multipath is amajor error factor limiting
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accuracy of attitude determination. It generates distortions in phase measurements due to
interference of the direct and reflected signals. Multipath effects can be classified into two
categories, common mode multipath and differential multipath (Ferguson et al., 1991b).
Common mode multipath happens when the antennas are very close. In this case, the
reflected signals producing multipath virtually take the same path to the antennas, and the
correlation between multipath effects at the antennas becomes strong enough such that
measurement differencing eliminates most of multipath effects. As the antennas move
further apart, the geometry between satellite, reflector and antenna becomes less similar,
and multipath effects at different antennas become less correlated. This type of multipath is
defmed as differential mutlipath, which cannot be eliminated by differencing.

Due to multipath, the GPS carrier signal received at the antenna will consist of both the
direct signal and the reflected ones. The total signal received, following Georgiadou and
Kleusberg (1988), will be:

=H cos(0t+1) +H

Z ai Cos( Cot +i-

r)

(4.1)

where:
is the received carrier phase (cycles)
H is the pseudo random noise code amplitude (1, -1)
co is the carrier frequency (cycle/sec)
eq is the ratio of the reflected/direct signal voltages due to reflection from the surface i
(multipath strength)
M is the number of reflectors
1is the carrier initial phase (radian)
T1r1is the phase delay due to multipath (radian)
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The phase delay is the angle between the direct signal and the reflected one. It can be
shown as avector plot, see Figure 4.1 (Qiu,1993). Using equation (4.1), the multipath
error Tlr can be approximated as (Qiu, 1993):

1M

2ir 1=1

OCj

sin hr'

(cycles)

(4.2)

Fig. 4.1 Multipath effect on carrier phase

From equation (4.2), one can see that the multipath error is at amaximum when the
reflected signal and the direct one are perpendicular. This means that the differential
multipath error can reach up to 90 degrees (1/4 of the carrier wave length), i.e.
approximately 4.7 cm using the Li carrier wave (Lachapelle, 1993). However, in typical
applications, multipath usually does not exceed afew millimetres. This is still very harmful
for attitude determination due to the short baselines used. In addition to accuracy
degradation, multipath can produce loss of phase look. During motion of the receiver, rapid
changes in the position of the reflector will occur. The result is randomization of the
multipath effects. This may cause, in severe cases, the average phase of the received carrier
signal to vary so rapidly that it may exceed the ability of the carrier tracking loop to track
the phase (Pratt, 1993).
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The size of the reflecting objects that may generate multipath can be taken as the size of
acircle whose radius is not less than the Fresnel zone radius (Braasch, 1992). In optics, the
first Fresnel zone is an ellipsoid about the line of sight consisting of all points whose
combined path length to the receiver and transmitter is one-quarter wavelength longer than
the line of sight distance. The same concept can be applied for GPS signal propagation.
The Fresnel zone radius is the radius of the cross-section of the ellipsoid at agiven point
along the line of sight. Thus, the Fresnel zone radius is afunction of wavelength and the
receiver-reflector-transmitter separation (Braasch,1992). In practice, the Fresnel zone
radius is small, even for receiver-reflector distances of more than few kilometres, small
objects can produce multipath.

In vehicle mode applications, multipath may occur from signal reflections from the
surrounding buildings, hills, vehicles, the ground and from the vehicle itself. In airborne
applications the same sources affect the airplane during time of take-off and in the final
approach. During flight, the smooth surfaces of the fuselage and the wings may cause
multipath. In marine applications, the major sources of multipath reflections are the water
and ship surface. Multipath may also result from signal diffraction introduced by the edges
of the ground plane when used in ground or marine applications. Similarly, in airborne
mode, the wings may cause signal diffraction which cause considerable multipath errors.

Since there is avariety of objects that can generate multipath, classification of different
types of multipath is still aproblem. Tranqriilla and Carr (1991) distinguish three multipath
classes for pseudorange measurements. They are:
-

diffused forward scattering from awidely distributed areas, with aperiod of sub-minute
to 2-3 minutes.

-

Specular reflection from well-defined objects or reflective surfaces in the vicinity of the
antenna. The period of fluctuations is of the order of 5-10 minutes.
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-

Very low frequency fluctuations, usually associated with reflection from the surface of the
water. In this case, the fluctuation period ranges between 50 to 60 minutes.

Unfortunately, no corresponding studies for carrier phase measurements exist.

4.1.1.1 Characterization of Multipath

Multipath signals are characterized by their strength relative to the direct signals,
polarization, time delay, and phase. Previous studies (Braasch,1992 and Van Nee,1991)
have shown that the multipath error is:
-

-

-

directly proportional to multipath strength,
non-linearly dependent upon multipath time-delay,
oscillates between positive and negative values depending upon the relative phase.

Multipath reflected signals have less power than the direct one because of free space
loss, relative permitivity of the reflecting surface, value of the incident angle and change of
polarization. In order to evaluate the attenuation due to signal reflection from acertain
surface, all factors have to be investigated. The free space loss is the ratio of the received
power to the transmitted power. It is afunction of the difference between the distance
traveled by the reflected signal and the direct one, where the reflected signal travels alonger
distance. Because the satellite transmitter is approximately 20,000 km from the Earth,
differences of path between the reflected signals and the direct one produce negligible loss
of power (Van Nee, 1991).

Studying the relative permitivity of the reflecting surfaces shows that surfaces of high
permitivity produce strong multipath signals. Rodgers (1992) tested different types of
surfaces and came to the conclusion that water is the strongest existing reflecting surface.
On the other hand, GPS signals are emitted with right-hand circular polarization. Signal
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reflection from buildings result in acombination of right and left hand polarization. Met11ic
surfaces and water, on the other hand, change the polarization completely to the left hand
direction (Pratt, 1993). Due to the fact that GPS antennas attenuate signals with polarization
different from the right-handed one, the time-delayed reflected signals causing multipath
will have less strength (wave amplitude) compared to the direct signals.

The relative time delay caused by multipath is afunction of the satellite-reflector
separation and the satellite-reflector-receiver geometry. To clarify the geometry effect, it
will be assumed for simplicity that the satellite, reflecting object and the antenna are all at
the same height above ground. Also, as the satellites are at adistance of approximately
20,000 km from the Earth, plane wave propagation can be assumed. Thus, if the reflecting
object lies in-between the satellite and the antenna, the minimum relative time delay is zero.
If it is on the other side of the satellite-antenna line of sight, the minimum relative time
delay is computed from double the separation distance between the reflector and the
antenna. If the satellite is assumed above the reflector-antenna line, the minimum relative
time delay will be reduced to the time of traveling the separation distance (Braasch, 1992).

4.1.1.2 Software and Hardware Multipath Minimization Techniques

Multipath is ahighly localized phenomenon. Its effects on the OPS carrier phase
measurements are similar from day to day when the satellite-reflector-receiver geometry is
repeated. The multipath induced carrier phase errors may have periods varying from less
than aminute to several hours (Georgiadou and Kleusberg,1989). Multipath errors may
show two superimposed forms. The first is alow frequency sinusoidal pattern which arises
from motion of the satellite and/or the receiver with respect to the reflecting object. The
second is noise like, of high frequency and arises from irregularities in the change of signal
reflections and diffractions. For instance, in airborne mode, the wing tips can flex by
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amount of 15 cm for small airplanes (Corbett,1993). As aresult, the wings may cause
diffraction which reveals itself in the form of rapidly oscillating peaks and nulls in the
pattern. Also flexing and bending of the wings will cause the phase and the magnitude of
the multipath to oscillate, producing randomization of the multipath, which will then have
noise like behavior. In the kinematic land or marine modes, the antenna pattern moves as
the vehicle or the ship moves and flexes, multipath therefore arrives at peaks or nulls in the
pattern in an almost random fashion.

Long-term averaging minimizes the low frequency errors, while filtering minimizes the
noise-like errors. In static mode the low frequency error part is dominant. Therefore,
current solutions to the problem in static mode take advantage of the correlation of
multipath over short periods of time, and assume that multipath errors have azero mean.
By averaging the residuals, multipath errors can therefore be minimized. However, in
kinematic mode, this is not the case as rapid changes in the reflections may occur. For this
reason the signal level can be considered as Gausian distributed (Van Nee, 1991). Braasch
and Van Grass (1991) discusses the use of acomplementary Kalman filter to minimize
multipath effects on pseudoranges in kinematic mode. The main assumption made is that
multipath errors will follow arandom behavior. Complementary Kalman filtering uses the
code measurements to "centre" the integrated carrier phase. For more details refer to
(Hwang and Brown, 1989). It has been suggested to apply a similar technique for
minimization of multipath errors in phase measurements. This technique has been applied
successfully in airborne mode, even though asmall bias remains in this case (Braasch and
Van Grass, 1991).

Pratt (1993) argued that simple filtering does not remove contamination by multipath
interference, as filtering using conventional linear techniques may remove the troublesome
delay variation with time but leave systematic errors. Pratt has tried to, provide asimple
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model of multipath interference which could be related to physical characteristics of the
environment in which GPS signals propagate. He suggested the use of adaptive filtering to
identify and model the key parameters of the largest amplitude multipath interference.
Unfortunately, no details were given in his study.

Schwarz et al. (1993) have presented a mathematical method for multipath
minimization. The method employed is aspectral technique, in which the direct and inverse
FFT is used for multipath detection and removal. In this technique, multipath is modeled as
adisturbance in the spectral domain. Multipath detection and removal using FFT consists
of three major steps, described as follows:
I- The data are constructed in the frequency domain using FFT, then they are converted to
the amplitude spectrum.
II- The multipath frequencies are determined, in a pre-define,d window, and their
amplitudes are reduced to the white noise level.
ifi- The data are reconstructed in the time domain by inverse FF1' after multipath removal.
The method is mainly applicable in the static case. Results show that mitigation of the
pseudorange and carrier phase multipath errors using the spectral technique was very
successful. When the technique was applied for attitude determination using amultiantenna system in static mode, the obtained accuracy was improved considerably (Schwarz
et al., 1993).

Partial multipath rejection can be done by shaping the antenna gain pattern to have low
gain at low elevations, such that the signals reflected from the ground, the water or the
surface of the moving body (vehicle, ship or airplane) are significantly reduced. These
reflecting sources have sufficient strength to cause measurable errors, especially with
signals received from low elevation satellites. Multipath mitigation can also be achieved by
setting acut off angle for signal reception, such that the signal reflected from the mentioned
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sources and the lower satellites are rejected. For airborne users, this may not be desirable
due to significant changes in the relative geometry that may occur during ashort period. In
this case, using acut-off angle, may mask off useful satellites (Corbett, 1993).

The use of ground planes to reject the reflected signals coming from below is apopular
method for multipath minimization, even though, Tranquilla and Colpitts (1988) have
mentioned that the use of large flat ground planes, while providing some pattern shaping
control, is generally not advised when phase performance is most important because they
may cause signal diffraction. In addition, they act as a"ground" or areference for the
voltage induced in the antenna by the incident GPS signal field. Knight and Hatch (1990)
came to asimilar conclusion, stating that in applications where the antennas experience
continuous large tilts, e.g. in the shipborne mode, large ground planes cannot be used as an
effective means for multipath reduction. On the other hand, Braasch (1992) has mentioned
that by mounting RF absorbing material between the ground plane and the antenna, the
resulting pattern looks more like the desired free-space pattern.

Antenna design can also contribute to multipath minimization. As mentioned above,
multipath signals, due to reflections, have polarizations different from the right-hand
polarization of the direct signals. For instance, the water, which is the least desirable
multipath reflector, changes the polarization completely from the right-hand to the lefthand. In principle, the reflected signals can be rejected by polarization discrimination in
antenna design, see (Rodgers,1992) and (Rodgers and Gardner,1993). However, useful
results cannot be achieved unless the antennas are perfectly polarized.

Finally, it is worthwhile to mention that all presented techniques have only been applied
in post-mission processing, no attempt has been made for real-time multipath resolution. In
addition, results shown for hardware or software solutions are not always conclusive and
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are dependent on the type of multipath considered. The author is not aware of aunified
technique or hardware solution that works well in all situations.

4.1.1.3 Effect of Multipath on Attitude Determination

Attitude determination using amulti-antenna system can be considered as aspecial
application of GPS relative positioning, where short baselines are used. Thus, even small
multipath errors could be very damaging to system accuracy by introducing large
orientation errors. For example, if multipath noise results in 5mm of relative positioning
error for abaseline of 3metres in length, a5.7 arcminute error in the orientation of the
baseline is produced. However, there is atrade-off between baseline length and multipath
errors. Short baselines experience relatively small multipath errors, as the common
multipath is largely eliminated, whereas longer baselines experience large multipath errors
as the relative multipath dominates. The effect of multipath errors on the orientation error is
therefore dependent on two factors, multipath magnitude and baseline length.

Multipath errors do not only degrade system accuracy, but also limit adesirable feature
of system performance, the instantaneous ambiguity resolution. In avariety of applications,
real-time attitude determination is needed. To achieve this goal instantaneous ambiguity
resolution is required. High multipath noise bounds this requirement. For instance, when
applying aleast squares search approach, asearch is conducted for the correct set of
ambiguities among different candidates in apreset window, see Chapter 7for more details.
The choice of the correct ambiguity set is based on finding the set that gives minimum
variance of all phase measurements. In the presence of high multipath noise, the variance of
more than one candidate set of ambiguities will be so close, that it is hard to identify which
is the correct one. As aconsequence, instantaneous ambiguity resolution will be hard to
achieve, and further measurements will be needed.
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Minimization of multipath effects is not only important in kinematic mode, but also in
static mode. When using the system in kinematic mode some apriori static measurements
are required. These measurements are used to determine the antenna baseline components
and lengths. If these measurements are taken in ahigh multipath environment, the accuracy
obtained will be poor. High accuracy estimation of the baselines is needed for different
reasons. For example, in the transformation matrix approach between the pre-determined
baseline components, expressed in the body frame, and the baseline components in the
local-level frame, accuracy of attitude determination is highly dependent on the accuracy of
the pre-determined baseline components. The known baseline lengths can also be used as
constraints in the solution. These constraints play a two-fold role, they increase the
redundancy of the solution, and can be used to solve for the attitude with fewer satellites,
i.e. when the number of the observed satellites drops below four. In addition, the known
baseline lengths accelerates ambiguity determination, and provides aviable cycle slip
detection method. More details are given in Chapters 7and 8.

4.1.2 Receiver noise (Carrier Tracking Loop)
4.1.2.1 Equation of Receiver Noise

Receiver noise is another error which affects attitude determination accuracy. The rms
tracking error for acoherent carrier tracking loop with asmall IF bandwidth can be given
as:
2

I

=\/

B
C/N0

(4.3)

see (Spilker,1977), where ? is the wavelength of the carrier phase in metres, BW is the
carrier tracking loop bandwidth, and C/N0 is the carrier-to-noise ratio of the GPS signal.
The C/N0 is the signal-to-noise ratio (S/N) in aone Hertz bandwidth. The signal-to-noise
ratio, defined as the total signal power divided by the noise, can be calculated from:
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10-16

(4.4)

B BW

where k is Boltzmann's constant (1.3806 x 1023 1K-') and TB is the effective noise
temperature in Kelvins. The equation of C/N0 can be written as follows:

C/N. =SIN xB
=

10 log 10 (SIN xB)

Hz
dB-Hz

(4.5)

The definition of C/N,, yields acarrier-to-noise ratio independent of the bandwidth, see
(Braasch and Van Grass, 1991). From equation (4.3), using a16 Hz bandwidth and C/N0
equals to 40 dB-Hz, the mis tracking noise would be approximately 1.2 mm.

The antenna gain pattern also has adirect effect on the estimated value of the carrier-tonoise ratio, which can be seen from (Jurgens et al., 1992):

CINO =PD. GA .1/Np

(4.6)

where:
FD :the flux density in W/M2 (GPS signal power).
GA: antenna gain as afunction of elevation and azimuth angle.
NF: receiver noise figure.

Equation (4.6) shows that higher antenna gains increase system performance by increasing
the carrier-to-noise ratio, and accordingly lowering receiver error. Antenna gain changes
according to antenna design. In most UPS antennas, the gain is small for low elevation
angles; hence, measurements of low elevation angle satellites are noisier. The receiver noise
figure is aconstant that varies from 2to 5dB between different receivers.
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4.1.2.2 Tuning of the Carrier Phase Bandwidth

The carrier tracking loop bandwidth (B) given in equation (4.3) incorporates the
dynamic environment into the error analysis. The tracking loop should be tuned to
accommodate changes in the satellite and receiver motions. Satellite motion is very well
behaved. Thus, atightly tuned tracking loop will find no problem in handling this motion.
User motion, on the other hand, can vary considerably according to the application
considered. Thus, user dynamics should be taken into account in the loop design.

If the receiver is known to be stationary, very narrow loop bandwidths can be used to
produce phase measurements with very little noise. If the dynamics expected vary in awide
range, achieving an optimized performance for all situations with aspecified moderate
bandwidth becomes a difficult task. In this case, lower dynamics will have noisier
measurements, while higher dynamics will encounter low-frequency errors due to lags
arising from the tracking loop filter (Hwang, 1990). Most modern digital OPS receivers can
adjust the tracking loop bandwidth according to the dynamics measured. The tracking loop
bandwidth is typically 20 Hz for use with dynamic movements up to 4G, (Jurgens et al,
1992). The magnitude of receiver noise in static applications can be less than 0.5 mm
(Hwang, 1990), depending on receiver models used. In kinematic applications, this value
typically increases to 2-5 mm for low to high dynamic situations.

In some cases, rapid changes in receiver dynamics may cause the average phase of the
received carrier signal to vary so rapidly that it may exceed the ability of the carrier tracking
loop to track the phase. Therefore, the choice of the carrier tracking loop bandwidth for
dynamic applications is usually driven by two considerations. First, the bandwidth should
be large enough to avoid loss-of-lock during motion, and to allow for ahigh data renewal
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rate. Second, the bandwidth should be small enough to achieve small probability of cycle
slip occurrence (Braasch, 1992).

4.1.3 Antenna Phase Centre Variation

Due to the high accuracy required for attitude determination using carrier phase
measurements, antenna phase centre variation is an error factor that should be taken into
consideration. The antenna phase centre is the reference point in the antenna at which the
signal is received. The location of the phase centre for aparticular received signal is
dependent on the direction of the signal. For UPS antennas, amean phase centre is usually
given by the manufacturer. This mean phase centre is computed in acalibration process.
The location of the mean phase centre is thus afunction of antenna type and design.

In field applications, however, the antennas receive signals coming from different
directions. The signals are then received at different "actual" phase centres. The difference
between the mean of the actual phase centres, which changes with satellite directions
(azimuth and elevation), and the given nominal mean phase centre is defined as antenna
phase centre variation (Lachapelle,1993). This variation is of the order of afraction of a
millimetre to afew millimetres depending on satellite geometry and antenna design.

Since adifferencing technique is usually employed when UPS measurements are used
in attitude determination, repeatability of phase centre variation between the antennas is
more important in practice than stability of the phase centre (Sims, 1989). In this case, the
variations will be minimized in the differencing process. The repeatability among antennas
can be reinforced by orienting the antennas the same way, and by using the same type of
antennas. In the latter case, tight manufacturing quality control is required (Hwang, 1990).
Among the different types of available GPS antennas, the microstrip patch antennas are
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believed to be the best. They have minimum physical and electrical variations. In addition,
they offer small size, low weight and cost and relative ease of installation (Balanis,1982).

Overall, from the discussion given in Section 4.1, one can see that in the static case
multipath is the dominant error source, while phase noise and antenna phase centre
variation have the smallest contribution in the error budget. Therefore, attitude
determination accuracy in the static case is dependent on the multipath environment and the
software or hardware multipath minimization solution. In the kinematic case, multipath is
minimized due to its randomization. Filtering techniques along with hardware methods can
reduce the remaining multipath effects. However, phase noise is increased with the increase
in vibrations and dynamics, and usually represents the major error source in the kinematic
mode. With the antenna phase centre variation, relative positioning errors in kinematic
mode can easily reach 1cm.

4.2 Operational Factors

In addition to measurement errors, the accuracy of attitude determination is also affected
by operational factors such as baseline length used, satellite number and geometry, and
antenna configuration. These factors are discussed in the following.

4.2.1 Baseline Length

For the problem of attitude determination, accuracy is dependent on baseline length, i.e.
larger antenna baselines yield more accurate results. This can be easily explained from
Figure 4.2. For the baseline 1-2, an orientation error of the size &'L12 is generated from an
error (A) in the relative position of the two baseline end points, where L12 is the baseline
length. It is apparent from this relation that as the baseline length increases, the orientation
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error is minimized. It is also apparent that the orientation error is inversely proportional to
the baseline length in alinear way. This is not strictly true for two reasons. First, as the
baseline grows, differential multipath becomes more uncorrelated and phase differencing
can no longer cancel multipath errors (Ferguson et al., 1991b). Since multipath is amajor
error source in attitude determination, attitude accuracy degrades with the increase in
multipath. The second reason depends on the rigidity of the surface carrying the antennas.
For instance, when they are mounted on aship or airplane, flexing and bending of the ship
or airplane body will become more likely as the antenna baseline increases. The error in
differential positioning due to flexing or bending will directly result in an attitude estimation
error.

2

1
Fig. 4.2 Orientation error and baseline length

The effect of these two factors can be clearly seen when comparing results reported in
(El-MowaLfy and Schwarz, 1994a) and (Lachapelle et al., 1994b). In the former study, an
rms of 3 arcminutes in heading is achieved with abaseline of 2.975m, using aground
vehicle in kinematic mode. The second study was performed on board of aship and an rms
of 3arcminutes in heading is reported when using abaseline of 42.7 m. Test conditions are
not the same for both studies, because larger multipath errors are likely in the marine test
due to the existence of water as areflecting surface. Even with this caution, it is clear,
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however, that the accuracy achieved is not linearly dependent on baseline length. The
difference is mainly attributed to the increase in differential multipath and surface flexing.

4.2.2 Satellite Number and Geometry

The minimum requirement for three-dimensional positioning with GPS are
measurements from four satellites, any three of which must not lie in aplane containing the
antenna. In addition, as mentioned before, if the antennas are mounted on arigid body,
such that the distance between the antennas remain constant as the body is rotated, then the
known antenna spacing can be used as additional measurement, or as aconstraint (Knight
and Hatch,1990). In this case, only three satellite measurement are sufficient for attitude
estimation.

Number and distribution of the observed satellites affect solution accuracy. Satellite
numbers affect measurement redundancy. An additional satellite observation increases the
phase double difference degrees of freedom by one. Table 4.1 shows the effect of
increasing the number of satellites on attitude accuracy. An Aschtech Three-Dimensional
Direction Finding (3DF) receiver was used, where the maximum number of satellites that
can be tracked are six. The accuracy is represented by the rms (root mean square error).
The data used are 532 epochs of akinematic run, where the antennas are mounted on top of
avan. Only the heading and pitch are estimated in this test, see Chapter 8for more details
about test conditions. The number of satellites observed for the considered period was
originally six. After estimating the rms values using the full satellite constellation, one
satellite is omitted and the rms are re-estimated. Next, measurements of another satellite are
removed, such that only four satellites were used, and the rms are re-computed one more
time. As Table 4.1 shows, attitude accuracy degrades with the decrease in the number of
satellites observed and their geometry, and vice versa.
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No. of
satellites

PDOP

AZDOP

E1DOP

Heading
rms (deg)

Pitch mis
(deg)

6

2

1.6

2.6

0.0516

0.0955

5

4

2.1

2.9

0.0668

0.1084

4

7

2.9

3.9

0.0817

0.1552

Table 4.1 Attitude determination accuracy using
different numbers of satellites
Satellite geometry also has aprofound impact on the achievable accuracy. Satellite
geometry is defined by two factors, distribution of the satellites in the horizon, and their
observation angles. In principle, positioning with GPS is aresection problem, where
antenna positions are determined from the known satellite positions using range
measurements. It is well known that in resection problems the positions of the known
stations, the satellites in this case, affect position estimation of the unknown points, the
antennas. In the relative mode, and when using phase double differences, the effect of
satellite distribution is still significant. Attitude determination, as it is estimated from the
relative positions of the antennas, is thus significantly affected by satellite distribution.
Consequently, better attitude accuracy is expected if the satellites are well distributed over
the sky.

The impact of the satellite observation angle can be interpreted in terms of changes in
phase single difference measurements. As Figure 4.3 shows, the observed phase single
difference, neglecting error terms, can be written as:

bcos(0)

(4.7)

where bis the baseline length, and 0is the baseline-to-satellite observation angle. Equation
(4.7) shows that when the observation angle approaches 90 degrees, the slope of the cosine
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of the angle 0, illustrated in Figure 4.4, becomes nearly one, which means that small
changes in the observation angle will lead to small changes in the observed phase single
difference. In contrast, when 0 approaches zero, small changes in the observation angle
will correspond to large single difference phase changes, which result in large angular
uncertainty in attitude determination. Therefore, the closer the satellites are to being lined up
with the axis of measurement, the less accurate the attitude can be determined (Jurgens et
al.,1991). In addition, low elevation satellites can induce ahigh level of multipath and
cause frequent cycle-slips.

2
Fig. 4.3 Phase single difference

0

90

Fig. 4.4 Changes in the observation angle and
the measured phase single difference
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Different figures of merit have been introduce to characterize the effect of satellite
geometry. For instance, HDOP, VDOP and PDOP, which stand for Horizontal, Vertical
and Position Dilution Of Precision (Wells et al.,1986), are among the most widely used to
evaluate "goodness" of satellite constellations. They represent respectively the horizontal
and vertical position uncertainty, and acombination of both, due to aspecific satellite
constellation. Taking for instance PDOP, as the three-dimensional measure of DOP, small
values usually indicate better satellite geometry than large PDOP values. Brown and Evans
(1990) and Jurgens et al. (1991) discuss the capability of the PDOP in rating the goodness
of satellite geometry and introduce other figures of merit, such as the AZDOP and El-DOP.
AZDOP denotes AZimuth Dilution Of Precision, and El-DOP is the Elvation Dilution Of
Precision. The lower the AZDOP, the better azimuth determination will be. Similarly, the
lower the El-DOP, the more accurate pitch and roll can be estimated, this is clearly shown
before in Table 4.1. AZDOP and El-DOP are given as:

AZDOP

=

'\JcOS 2(1IJ) Y2,, +

sin2(if) a2E

El-DOPYu

where (UN, aE,

(4.8)

(4.9)

u) are the uncertainty in the baseline components in the N, E, U directions

in the local-level frame, and Ni is the azimuth (heading) of the antenna baseline.

In attitude determination, the use of figures of merit is not just convenient for rating the
goodness of agiven satellite distribution, but also for another important task, namely
satellite selection. Satellite selection is often needed for two reasons. The first one is related
to phase ambiguity resolution. If asearch approach is used, awidely used method is to
choose aprimary group of four satellites, that can uniquely determine the baseline, to test
specific ambiguity candidates and thus find the correct ambiguity set. The four satellites
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should have agood geometry to determine the correct ambiguities. More details about this
technique will be given in Chapter 7. The second reason is an operational rather than a
technical one. If acommercial multi-antenna system is used, consisting of one receiver,
connected to all antennas, there is often alimit on the number of satellites that can be
tracked with each antenna. Usually, only six channels are dedicated to each antenna
(Ashtech 3DF and Trimble TANS Vector). This means that the maximum number of
satellites that the multi-antenna system can track is six. If more than six satellites are
available, those which contribute least to geometrical strength should be neglected.

The use of AZDOP, El-DOP, and PDOP is somewhat problematic when used in
satellite selection. These figures of merit always assume that satellites which are low above
the horizon are worse than those higher above. This is true in differential UPS with long
distances. In that case, the baseline-to-satellite observation angle is dominantly affected by
the elevation angle of the satellite. In attitude determination, the picture can be different.
The baseline length is usually short, and small changes in the differential heights between
the antennas vary the baseline vector orientation considerably. Thus, the baseline-tosatellite observation angle becomes dependent on the orientation of the baseline as well as
the satellite elevation and direction. An example of aircraft take-off and landing is shown in
Figure 4.5 in two dimensional approximation. Although the satellite B has ahigher
elevation than satellite A, satellite A has alarger baseline-to-satellite observation angle than
satellite B (ii. versus 0). In this case, the DOP figures of merit would neglect satellite A in
favor of satellite B. This would not be an optimal choice.
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2

Horizon

Fig. 4.5 Changes in baseline-to-satellite observation angle
with changes in baseline-to-satellite geometry

Another problem related to the use of the figures of merit in satellite selection is the long
time needed in reaching adecision about the best satellite constellation that can be used.
Because an iterative process is needed to test different permutations, this process becomes
more time-consuming as the number of available satellites increases. An alternative
approach is to use empirical methods that take the reference satellite as the higher one and
choose the remaining satellites according to their distribution and elevation angles. The best
choice is achieved when they are well distributed over the horizon, taking the actual
baseline-to-satellite observation angle into consideration.

Finally, when using AZDOP and El-DOP, the optimum set of satellites that gives
lowest AZDOP is not necessarily the one that gives lowest El-DOP, i.e. it may not be the
optimum set for roll or pitch estimation. As aresult of this contradictory situation the user
should specify for which attitude parameter highest achievable accuracy is required, and
accordingly use the satellite group that satisfies this requirement.

72
4.2.3 Antenna Configuration

Recall that the number of antennas required for 3D attitude determination is three or
more. The main condition for achieving the 3D representation is that not all antennas are
collinear. Factors such as attitude determination method used, multipath minimization,
choosing long baselines and best possible reception of satellite signals are of major concern
when choosing antenna location.

While the last three factors given above are environment dependent, some restrictions
apply on antenna locations according to attitude determination method used. Three methods
of attitude determination are given in Chapter 3, among which, the use of the
transformation matrix for determination of attitude parameters is the most flexible one with
respect to antenna configuration. Therefore, when discussing antenna configuration, this
method is considered.

When using the transformation matrix approach, antenna locations can be chosen
arbitrarily; hence, some antenna configurations may be more advantageous than others.
Therefore, the main objective in studying antenna configurations is to find the one that
gives highest attitude determination accuracy.

4.2.3.1 Choosing Antenna Locations with Significant Height Differences

Locating the antennas such that they have significant height differences enhances
attitude estimation accuracy. For instance, when considering the baseline 1-2 located on the
surface of avehicle, shown in Figure 4.6, putting one antenna at point 1and elevating a
second one to position 2' with height
baseline length increases

(112'

L22'

above point 2has two advantages. First, the

versus liz), which in turn improves attitude determination
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accuracy. Second the signal-to-noise ratio (SIN) increases, where the signal-to-noise ratio
is defined as the ratio of the measured differenced phase to multipath and phase noise.

The increase in SIN can be explained as follows. In attitude determination, the baseline
lengths are usually short and limited to few metres. As a result, differenced phase
measurements typically have values in the sub-centimetre to metres range, depending on the
geometry of the antenna vectors and the satellites. In the presence of errors like multipath
and phase noise, which are at alevel of afew millimetres to afew centimetres, small phase
differenced measurements become very noisy and affect attitude accuracy in anegative
way. Thus, the signal-to-noise ratio is an important factor for attitude accuracy that should
be taken into consideration. Elevating one of the baseline antennas creates asynthetic
antenna differential height, which increases the value of the measured differenced phase,
which, in turn, increases the signal-to-noise ratio. This can be seen when comparing Figure
4.7a to Figure 4.7b, where i.4 is the single difference phase measurement and

ö4 is the

resulting error. Figure 4.7b, with asignificant difference in antenna heights, clearly shows
abetter signal-to-noise ratio. Although this is true in most cases, it will not always work
because the signal-to-noise ratio is dependent on the relative geometry between antenna
vectors and the satellites.

Fig. 4.6 Increasing the baseline length due to elevating
one of the baseline antennas
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2

2

1
Fig. 4.7a Small SIN ratio

Fig. 4.7b High SIN ratio

with low antenna

with high antenna

When elevating any of the antennas above the surface of the vehicle, the three antennas
define aplane that is different from the one defined by the vehicle surface. In this case, the
orientation of the vehicle's surface can be computed from that of the antenna plane using a
transformation process. The transformation equation can be written as:

TV = TVA TA

(4.10)

where TA is the attitude matrix of the antenna plane, and Ty is the attitude matrix of the
vehicle surface.

TA

is the transformation matrix between the two planes, which is

computed beforehand from known TA and Ty matrices, usually determined in static mode.

4.2.3.2 Optimal Antenna Configuration

As mentioned before, studying optimality of the antenna configuration must consider
the fact that choosing antenna locations is dependent on

other

considerations such as

minimization of multipath effects, increasing baseline length, best satellite visibility and
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also possible applications. All of these factors are environment dependent. The discussion
of optimal antenna configurations from mathematical point of view, given in this section,
should be seen with this restriction in mind.

In Chapter 3, when determining attitude parameters from the attitude matrix using the
least squares approach, the covariance matrix of the unknowns is determined from:

=

C72 (AT

PA) -1

(4.11)

The optimal antenna configuration can be found when the covariance matrix of the
unknowns reduces to an optimal criterion matrix. The criterion matrix is an artificial
variance-covariance matrix that can be selected to satisfy certain quality and optimality
criteria of antenna configuration. For an optimal criterion matrix, all eigenvalues of the
covariance matrix of the unknowns must be equal (Grafarend and Frenando, 1985). In this
case, the optimal solution of the problem, defined as the E-solution in statistics, transforms
the error hyper-ellipsoid (confidence ellipsoid) of the unknowns into ahyper-sphere. The
maximum standard deviation of the unknowns is thus minimized. As aresult, the effect of
measurement errors on the solution is also minimized.

To find the antenna configuration that gives the optimal criterion matrix, one should
analyze elements of the covariance matrix CX. From equation (4.11), it is clear that
antenna configuration affects only the coefficient matrix A. To analyze this effect, an
example of an antenna network consisting of the three baselines AB, AC, and AD is
considered. The observation equations for the baseline AB take the form:

AEAB =

T11 Ax

+ T12

Ay

+T13

ANAB

T21 AxAB

+ T22

Ay

+T23 AZ AB

T31 L\x

+ T32

Ay

-i-T33 AZAIB

=

AUAB =

AZAB

(4.12)
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where (AE, ANAB ,AU) are the baseline components in the local-level frame and
Ay,

ZzAB)

are the corresponding baseline vector components in the selected

body frame. Tij is the element in the irow and j
column of the transformation matrix T. The
A matrix is then given as:

rc

1

g

c2 c3
g

93

Lm 1 m 2 m 3

d1 d2 d3
k1 k2 k3
n1 n2 113

f1 f2 f3
11 12 13
P1 P2 P3
3x9

or:

ibAB
I0
LO

0
bAB

0

0 -]
0 I
(4.13)
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-

9x3

[AXAB

where

b=IAY AIB
LLZAB

and
Ci—

d1

f
l=

aT

DT1

a(p

C2

C3

—

d2=

f2—

Similarly, the parameters

T12

d3------

f3=

aT13

[g1,2,3, kl,2,3,

(4.15)

a(p

11,2,31 and

[ml,2,3, fll,2,3,

P1,2,3]

are the partial

derivatives of the second and third rows of the transformation matrix with respect to the
attitude parameters

(II!,

0, q), respectively.
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Using the baselines AC and AD, the partial derivatives matrix takes the form:

—

bTAB

0

0
0
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0
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0
0

gi

AB
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—0

0

A
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-
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This equation can be written as:
A=RC

(4.17)

where:
'bT

0

0
0

-

0 bTAB
o 0 bTAB

C3

0
0
0 bTAC 0
o 0 bTAc

bTAC

R=

bTAD

0

and C=

T

gi
92
93

d, fi
d2 f2
d3 f3

M2

—

— m

3

-

k1 ii
k2 12
k3 13

Ml ni

0
0

o bTAD
—o
0 b AD

C,
C2

(4.18)

1

P2

n3 P3

-

The covariance matrix of the unknowns is then given as:

C=a2((RC)TP(RC))-1

(4.19)

Assuming that the measurements have adiagonal covariance matrix for simplicity, i.e. P=I,
equation (4.19) can be written as:

CX = y2 C-1 (RT R) -1 (C') -'

(4.20)
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In equation (4.20), the partial derivatives are computed using specific values of the
unknowns; consequently, the matrices C and

CT

can be dropped from consideration as they

will be independent of antenna configuration. Since the objective is to find the optimal
antenna configuration in the body frame, optimization of the covariance matrix of the
unknowns reduces to optimizing the covariance matrix

(RT

R) -'. This matrix is the cross-

covariance matrix of the antenna components in the body frame, which can be given as:
RTR=

where:

J 0 0
0 J 0
1O 0 J

(4.21)

r1AX2 IA
IYX

XAY
ZA y2

Lzx

zAzY

ZA yAZ

(4.22)

taking into consideration the baseline sequence given in matrix R in equation (4.18).

If the baselines are orthogonal, such that each baseline samples one axis of the 3D body
frame, their cross-covariances become zero. In addition, if the baselines are chosen of
equal lengths, the matrix (RT R) becomes:

(RT R)

=

aI

(4.23)

where ais the square of the unified baseline length, and Iis the unit matrix. The covariance
matrix

(RT

R)' with this antenna configuration will indeed have equal eigenvalues, and

optimality of the criterion matrix is thus reached. The covariance matrix of the unknowns is
then given as:

C

=

2

C-'(CT)-1

-

a

(CT

C) -'

(4.24)
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The optimal configuration is therefore baseline dependent, which agrees with the
conclusion given in Section 4.2.1.

Rather than choosing an upright orthogonal triad as shown in Figure 4.8a, the antenna
configuration can be chosen as an inverted orthogonal triad, shown in Figure 4.8b, where
the reference antenna (antenna A) is located at the origin. This choice will give reasonable
differential heights for all baselines as recommended in the previous section. Similar
optimal antenna configurations are recommended in (Cohen et al., 1992) and (Comp,1993)
which arrived at these conclusions in somewhat different manner.

A

D.

B

A

C

Fig. 4.8a Upright orthogonal
antenna triad

C

Fig. 4.8b Inverted orthogonal
antenna triad (optimal)

Since the choice of antenna locations is application dependent, one has to consider
optimal configurations in light of the intended applications. In shipborne application, the
orthogonal antenna triad can, in principle, be used. Factors such as baseline length,
multipath minimization and satellite visibility should also be carefully considered. In
airborne mode, it is not likely that such orthogonal antenna triad would be acceptable. To
investigate the gain (or loss) in accuracy when using the suggested antenna configuration, a
simple test was performed.
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4.2.3.3 Testing the Optimal Antenna Configuration

To assess the performance of the optimal antenna configuration, atest was performed
on top of the Engineering Building of The University of Calgary. The multi-antenna system
used is the Ashtech 3DF system, which consists of one receiver connected to four
antennas. Static data of 3698 epochs was collected, with PDOPs between 3and 4, AZDOP
between 1.2 to 2.2, and El-DOPs between 0.9 to 2.7. The antenna configuration used is
illustrated in Figure 4.9. From the geometry of the figure, the baselines 1-2, 1-3 and 1-4
are orthogonal and of equal length.

1

3

2

Fig. 4.9 Test configuration of optimal antenna distribution
(units are metres)

To give areliable assessment of the tested antenna configuration, ahead-to-head
comparison was made between this configuration and amore general one. The second
configuration used the antennas 3, 2, 4 and 5. The fifth antenna was operated by an
Ashtech Z-Xll receiver. The output data of each test configuration was processed
independently.
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In the first test, antenna number 1was the reference antenna, such that the baselines
used in attitude determination were 1-2, 1-3, and 1-4. The attitude of the plane (A), defined
by the antennas 1-2-4, is determined in this test. In the second test, antenna number 3was
the reference antenna, and the baselines used were 3-2, 3-4, and 3-5. Antenna number 5
was elevated above the plane 3-2-4 by 0.23m. In this test, the attitude of the plane (B),
defined by the three antennas 3-2-4, is determined. Antenna number 3, 2and 4used the
same data of the first test, while antenna number 5used adata set taken simultaneously.
Thus, phase measurements have the same number of satellites and the same satellite
geometry in both tests.

After computing the attitude of the plane A using the optimal configuration, it was
transformed to that of the plane B using atransformation process. Where:

TB

=

TBATA

(4.25)

where TA, TB are the attitude matrices of the planes A and B, respectively, and TBA is the
transformation matrix, computed from the average values. The attitude determined from the
plane A after transformation is thus compatible to that of the plane B.

Attitude results of the two tested configurations were very close. The mean values, as
determined by the optimal antenna configuration, were 310.74, -0.075, and 0.534 degrees
for heading, pitch and roll, respectively. Table 4.2 shows, in its second and third columns,
the rms (in degrees) of the attitude parameters as computed by the two configurations
independently. Their variance ratio is shown in the last column. The variance ratio was
tested using Fisher test. Considering the number of epochs, the Fisher ratio is taken to be
1.06. Results of Fisher test are not consistent. While the accuracy of pitch and roll
improved using the optimal antenna configuration, the accuracy of heading estimation was
degraded. Although differences are statistically significant, practically the obtained
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accuracies of the two attitude sets are very close. These results have to be taken with some
caution because only one test was performed. An earlier study by (Comp, 1993) with a
similar optimal antenna configuration showed that all attitude parameters improved. Further
testing is required, including applications in kinematic mode to decide whether or not the
antenna configuration has asignificant effect.

Attitude
parameter

Optimal
General
configuration configuration

Variance
ratio

1-2-3-4
(rms)

3-4-2-5
(rms)

Heading

0.088

0.063

1.951

Pitch

0.078

0.095

1.483

Roll

0.106

0.111

1.097

Table 4.2 Comparing optimal and standard antenna configurations
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CHAPTER 5
COMPARISON BETWEEN DIFFERENT ATTITUDE
DETERMINATION TECHNIQUES

Three methods for attitude determination have been discussed in Chapter 3, using either
the transformation matrix between the body frame and the local-level frame, or the vector
orientation in the local-level frame, or the direct approach using phase observations. Each
technique has its pros and cons, which clearly affect decision making about which one to
use in acertain application. In this chapter acomparison between these techniques is made.
The chapter starts by giving a conceptual comparison that shows capabilities and
differences between different approaches. Then apractical comparison is performed using a
van, where all techniques are applied independently using the same data set. Results are
compared and analyzed to assess the performance of these techniques.

5.1 Conceptual Comparison

In this section acomparison between different techniques for attitude determination is
given. This comparison is directed towards showing the capabilities of each technique
under possible operational conditions.

Attitude determination from the direct approach and from vector orientation in the locallevel frame has the advantage that it does not need an initialization period. In attitude
determination from the transformation matrix, asufficient static initialization is needed to
compute the components of the baselines in the body frame.
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Attitude determination from the direct approach is the most straightforward method,
relating phase measurements directly to attitude parameters in one step. Therefore,
computations are limited to one adjustment process. In the vector orientation approach, an
adjustment process is first needed to determine antenna baseline vectors in the WGS-84
frame from phase measurements, then baseline vectors are transformed to the local-level
frame. Finally, attitude parameters are determined from the derived vectors in the local-level
frame. The computations in the last two steps are simple, and this technique is very
compatible to the first approach. In the transformation matrix approach, an additional
adjustment process is needed to compute attitude parameters after determining baseline
vectors in the local-level frame. The computations are therefore more involved than for the
other approaches.

In terms of computation time, the direct approach is the fastest, followed by the vector
orientation method and the transformation matrix approach. However, the difference in
computation time is limited to afew milliseconds, using for instance a486 DX computer
with 50 MHz clock. Therefore, all three methods are applicable for real-time attitude
determination.

When using only two antennas to determine the direction (heading and pitch) of aline,
only the direct approach and the method of vector orientation can be used. The method of
attitude determination using the transformation matrix cannot be applied since it works only
for two-dimensional or 3D transformations, but not for lines.

The transformation matrix approach is more flexible with respect to antenna
configuration. The antennas can be placed anywhere on the surface of the vehicle and at
any height without changing the general procedure of the technique. In the direct approach
and in the method of vector orientation in the local-level frame, at least two antennas must
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lie on the longitudinal main axis of the vehicle, or, their baseline should be parallel to this
axis. If they are not, atransformation approach will be needed to determine the attitude of
the vehicle from the attitude of the antenna triad. In this case, the situation will be similar to
the method of attitude determination from the transformation matrix.

If more than three antennas are available for attitude determination, i.e. if redundant
antennas and baselines exist, using atransformation matrix is superior, especially when the
antenna have differential heights in the body frame. The redundant baselines are treated as
additional measurements and, therefore, need no special treatment. This increases solution
reliability with asmall increase in the size of the matrices. On the other hand, in attitude
estimation using the direct approach or the vector orientation method in the local-level
frame, heading, pitch and roll are computed from specific vectors, and additional vectors
cannot be included in the same solution equations. The redundant antennas can be used
without the need for atransformation process if they lie in the same plane of the three
primary antennas. In this case, the easiest way to benefit from the additional antennas is an
arrangement parallel to the primary baselines. Thus, attitude parameters can be computed
from more than one baseline, and the results can be averaged to give more reliable attitude
values. However, this arrangement is difficult to achieve in practice when high accuracy is
required.

The additional antennas can also be used when placed anywhere in the same plane of
the primary antennas. This is shown in Figure 5.1, where, for example, one additional
antenna (antenna number 4) is used. In this case, heading and pitch can be obtained from
the baseline 1-2 and the virtual baseline 4-4", and the roll is estimated from the components
of the virtual baselines 3-3' and 4-4', which can be determined as described in Section
3.3.2. Attitude results can thus be averaged to give more reliable solution. However, this
is an approximate procedure, since the additional antennas cannot, in general, be assumed
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as laying on the same plane defined by the three primary antennas due to the problem of
antenna phase centre variation, and as the antenna plane is avirtual plane not aphysical
one.

Fig. 5.1 The use of redundant antennas for attitude determination

5.2 Practical Comparison Based on Field Testing

In principle, attitude parameters estimated from either of the given methods should not
differ significantly. In order to investigate this principle from apractical point of view and
to analyze any differences that may occur, field tests have been performed. Since kinematic
applications are the main interest, tests have been done in kinematic mode. Static testing has
been performed to provide the basis for the kinematic case.

5.2.1 Test Methodology

To compare attitude results of the three attitude determination methods, areference for
comparison should first be established. The best candidate for an attitude reference in
kinematic mode is an inertial system. Testing of GPS multiantenna systems in static mode

87
has shown that they have the potential of resolving attitude at the level of .05 to 0.1 degrees
if multipath is largely eliminated, see for instance (Brown and Evans, 1990) and (Brown
and Ward, 1990). Results from dynamic tests are not so consistent and seem to be poorer,
in general, see for instance (Kruczynski et al,1989), or (Brown and Evans,1990).
Therefore, the use of an inertial system with an accuracy better than 0.05 degree is
sufficient for comparison purposes.

In the proposed tests, the attitude will be computed three separate times, using each
time one of the three methods of attitude determination. The same data set will be used in
each time. Differences between the three methods will be compared and analyzed. Next,
attitude results will also be differenced from the inertial system output to show the accuracy
of each method.

5.2.2 Test Design and Description

The hardware selected for the use in these tests consisted of an Ashtech's ThreeDimensional Direction Finding (3DF) system and aLitton LTN 90/100 strapdown inertial
system. The first system will be referred to as the 3DF, the second system as the INS. The
two systems were mounted on atruck in both test modes.

Ashtech's 3DF multi-antenna system consists of a24-channel receiver arranged in four
banks of six channels, each with aseparate RF section (Ashtech, 1991). The first bank,
designated as the primary bank, is used to compute position and velocity. The other three
banks, denoted as secondary banks, are used to determine the attitude along with the
primary one. Thus, the translation component of the system motion is determined by the
primary bank, while the rotational component is determined from the differences between
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secondary and primary banks. The rotations are obviously referenced to the UPS
coordinate system. The external output rate of the system raw data is 1Hz.

The specific INS used here has an output rate of 64 Hz in terms of roll and pitch, and
32 Hz for heading. The high data rate is amajor advantage in these tests because the INSderived attitude will reflect deuiils in the rotational motion which are not visible in the 1Hz
data rate of the 3DF-derived attitude. The accuracy of the derived rotation angles is better
than 0.02 degrees/hour (Schwarz et al., 1992).

The sequence of tests performed starts with astatic test followed by akinematic test. In
both static and kinematic tests, the antennas sit on heavy square tubes, directly attached to
the steel frame of the truck. The square tubes are braced by round steel tubes to avoid
movement of individual antennas. The INS is bolted to the loading surface and its centre is
the {x,y}-centre of the four antennas. Figure 5.2 shows the test vehicle with the two
systems mounted on deck, and Figure 5.3 shows the distances between the antenna
centres. Differential rotations between the two systems are still possible because vibrations
may affect one system differently than the other. Although no detailed vibration tests have
been done, it is estimated that differential rotation between the two systems is less than
0.05 degrees.

Fig 5.2 Test vehicle with INS and 3DF
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Fig 5.3 Mounting of INS and 3DF in test vehicle

The tests were conducted on awell-surveyed test traverse close to Calgary with an eastwest leg of approximately 5km and anorth-south leg of about 4.5 km, see Figure 5.4. The
selection of the test course was guided by two considerations. First, the area had few
objects that would create multipath. Second, the geometry of the test course allowed a
simple first check on the performance of each system. In order to get areference trajectory
of high precision, zero velocity updates for the INS were applied every four to five
minutes.

I

High Way 1-A
Fig 5.4 Test traverse
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The static and the kinematic tests took about 15 and 20 minutes, respectively. They
were performed on July 12, 1992. During the tests, 5 satellites were available and the
PDOP was between 2 and 4, the AZDOP was between 0.8 and 1.6, and El-DOP was
between 0.9 and 2.6. The maximum recorded acceleration during the test was 1.85 m/s 2,
while the maximum velocity was 60 km/h, with 54 km/h as the average. The static run was
preceded by astationary period during which the inertial system was aligned, and the 3DF
was initialized, as required by the transformation method. The kinematic run gives about
1200 data points for comparison. Thus, the results are significant from astatistical point of
view.

Antenna number 3was not used for the method of vector orientation in the local-level
frame, or the direct approach using phase observations, since it cannot be assumed laying
on the same plane defined by the three main antennas, number 1, 2and 4, shown in Figure
5.3. Therefore, attitude results of the three techniques were processed using measurements
from only the three main antennas (1,2 and 4).

5.2.3 Considerations for the Comparison of the 3DF and INS

To achieve a meaningful comparison of the two time series of attitude data, the
following points had to be considered in the test design:
•the two data streams have to be synchronized to an accuracy of 1millisecond,
•the attitude results compared should refer to the same frame.

Time tagging of the INS and the 3DF is needed at alevel of about one millisecond
because maximum angular rates are about 20 degrees per second in this environment. One
millisecond will therefore guarantee an accuracy of 0.02 degree if the maximum angular
rate is not occurring for more than one second. This is usually areasonable assumption.
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Ashtech receivers and the Litton LTN 90/100 system had been synchronized to this level by
referencing them to computer time by asystem of well-defined GPS PPS interrupts.

Since the attitude results of the INS and the 3DF refer to different frames, that may not
•
be parallel in space, it is required to relate the two attitude outputs to aunified frame, such
that ahead-to-head comparison becomes feasible. The 3DF and INS have two body frames
and two local-level frames, where the origins of the local-level frames are taken at the
origins of their corresponding body frames. Since, the position difference between the
origins of the two local-level frames is usually small, it is safe to assume that the two locallevel frames are parallel. In this case, an equivalent to the attitude matrix of the 3DF frame
(T13dt) can be computed from the attitude matrix of the INS frame (T1mflS) using the equation:

T13df

where Tsd

=

Tins

(Tsdfins)l

(5.1)

Sis the transformation matrix between the inertial frame and the antenna frame.

The matrix T3d flS can be computed from equation (5.1) using initial accurate values of the
matrices

T13df

and T1ifls, pre-determined from areliable length of measurements. This

transformation matrix will be constant as long as the antenna system and the inertial system
do not move with respect to each other.

If the transformation matrices are parameterized by Euler angles, equation (5.1) is then
used to transform attitude components, measured in the inertial frame, to values
representing the attitude of the 3DF frame. These attitude values are directly comparable to
attitude components measured by the multi-antenna system.
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5.2.4 Analysis of Results

Figure 5.5a and 5.5b show roll results in the static test as determined by the 3DF and
INS, respectively. The roll is chosen as an example to show the behaviour of the two
systems. Complete attitude results of the two systems are given in Appendix C. The 3DF
data were processed using the vector orientation method. The results of different
approaches were so close, that differences did not show at the scale given here. Therefore,
all 3DF attitude results shown in the following figures will be for the vector orientation
method. Figures 5.6 to 5.8 depict the static heading, pitch, and roll differences between the
3DF and INS outputs. The figures show clearly the presence of multipath in the 3DF
results.
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Fig 5.5b Static INS roll
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Figure 5.9a and 5.9b show the kinematic roll results of the 3DF and the INS, and
Figure 5.10 to 5.12 show the difference of the system outputs in heading, pitch, and roll,
respectively in the kinematic case, see Appendix C for complete attitude results. The
sequence of figures given here is the same as for the static test. The smaller amplitude in
heading is very typical and is due to the fact that the height component does not enter into
the computation. The larger amplitude for pitch as compared to roll is due to the shorter
baseline length used in pitch computation.
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Fig 5.11 Kinematic pitch difference
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Fig 5.12 Kinematic roll difference

When comparing performance of the three attitude determination techniques, results
show that the direct approach and the vector orientation method are compatible in terms of
attitude determination accuracy. This is evident from Figures 5.13a to 5.13c, which give
the differences in heading, pitch and roll between the outputs of the two techniques. As
depicted, the differences are insignificant compared to the accuracy of the 3DF system
shown in previous figures. The differences can be attributed to the expected computational
differences when applying different mathematical models.

95

0.010

Pitch Diff. (deg)

0.010

0.005
0.000
-0.005
-0.010
0

5

10

15

20

0.005
0.000
-0.005
-0.010

I

0

Time (mm)

5

10

I

•

15

20

Time (mm)

Fig. 5.13a Kinematic heading difference

Fig. 5.13b Kinematic pitch difference

Roll Diff. (deg)

0.010
0.005
0.000
-0.005
-0.010

I

0

5

10

I

•

15

20

Time (mm)
Fig. 5.13c Kinematic roll difference
Fig. 5.13 Attitude differences between the direct approach
and the vector orientation approach

When determining the attitude from the transformation matrix approach, one has to
consider that the transformation matrix is sensitive to large values of rotation angles, and
insensitive to smaller angles (Blais,1979). This governs the choice of the sequence of
rotations. For instance, in land environment, as for this test, roll and pitch usually have
small changes, while heading may have large changes. Therefore, in principle, the body
frame should first be rotated by the leveling angles (roll and pitch), then by heading. As
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mentioned in Chapter 3, to minimize errors in baselines projection when rotating the body
frame to the local-level frame, short baselines should be rotated first. For the test under
consideration, the baselines in the longitudinal direction are shorter than in the transverse
direction. Therefore it appears that the rotation sequence x-y-z (or pitch, roll, heading) is
the most appropriate for test conditions.

Comparing the attitude solution of the transformation matrix approach and the vector
orientation method shows larger differences than in the previous case. The differences are
shown in Figure 5.14a to 5.14c. These differences can be attributed to the non-linearity
between attitude parameters in the transformation matrix and baseline vectors in the body
frame and the local-level frame. The differences did not exceed, in general, one arc-minute
for roll and pitch, and 1.5 arc-minute for heading. Some small spikes with values up to 5
arc-minutes are shown in the heading difference figure. They occurred when the truck had
changes in heading of 90 degrees. The heading values are shown in Appendix C. These
spikes in heading differences can be explained as follows. In the adjustment approach, the
approximate heading values are estimated by way of linear extrapolation. Therefore, when
heading changes by 90 degrees, the approximate values are completely out. The
approximate values affect the final results, especially in this case where the attitude is
determined from data of asingle epoch and the number of measurements used is limited. It
appears then, that the vector orientation method and the direct method are more stable than
the transformation matrix approach.
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Fig. 5.14 Attitude differences between the transformation matrix
approach and the vector orientation approach

Table 5.1 shows the mis values of the difference in attitude parameters between the
3DF system and the inertial system. The rms values for the direct approach and the vector
orientation approach are almost the same. Therefore, only two mis values are given for
each parameter. The first represents the difference between the INS attitude and the attitude
of the 3DF estimated by using the transformation method, while the second shows the
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difference with respect to the vector orientation technique, which is equivalent to the direct
approach.

Static

Attitude

Kinematic

parameter

Transformation
Matrix

Vector
orientation

Transformation
Matrix

Vector
orientation

Heading

0.079

0.076

0.128

0.108

Pitch

0.187

0.188

0.389

0.399

Roll

0.145

0.141

0.230

0.221

Table 5.1 i
ms of (INS-3DF) differences using different
attitude determination techniques (deg)

To test the significance of the difference between the accuracy obtained from different
methods, the variances where compared using the F-test. The test statistic is of the
following form:

a2 I

-

Fdf,c

see (Comrey et al., 1989), where G22is the larger variance,

(5.2)

O.2 iis

the smaller variance, and

Fdf,a is the Fisher ratio for the degrees of freedom df and significance level o. The Fisher
ratio is determined from the Fisher table as 1. 1, considering the number of epochs used in
testing, and taking a as equal to 5%. Results of the comparison between the variances are
given in Table 5.2 which shows that all differences in attitude determination are statistically
insignificant, except for the case of kinematic heading. The reason for this has been
described before. It should be emphasized that the results given here are conclusive for this
test condition and the chosen order of rotations in the transformation matrix. In other
situations, such as in airborne mode, roll and pitch may have large values, especially
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during take-off, landing or turns. Other rotation sequences may therefore become
advantageous. Statistical significance of results may be different from the one shown in this
comparison.

Attitude
parameter

Static

Kinematic

Heading

1.080

1.405

Pitch

1.011

1.052

Roll

1.058

1.083

Table 5.2 Variance ratio of attitude differences using different
attitude determination techniques
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CHAPTER 6

ESTIMATION PROCEDURES AND THE NETWORK APPROACH

Determination of attitude from the transformation matrix between the body frame and
the local-level frame or from direct vector orientation in the local-level frame requires
estimation of the antenna baseline vectors in the local-level frame. These vectors are
originally derived in the WGS-84 frame and then transformed to the local-level frame.
Therefore, the accuracy of estimating attitude is directly proportional to the accuracy of
determining antenna baseline vectors in the WGS-84 frame. In Section 3.2.3, vector
determination in the WGS-84 frame using GPS phase measurements has been presented.
In this approach, baselines are determined independently, i.e. the baselines are solved one
by one. Consequently, if m antennas are used for attitude determination, there will be rn-i
independent single baseline solutions.

In attitude determination, however, the baselines can be determined more accurately if
all baselines are considered in one estimation process, i.e. in anetwork adjustment. There
are two reasons for increasing the accuracy:
1- The antenna baseline lengths are short (typically in the range of 1to 30 metres), and if
the antennas are located properly on the rigid body, such that they do not experience
significant relative movements, the geometry of the antenna configuration can be
accurately determined. The elements of the determined geometry can be taken as the
baseline lengths and the in-plane angles. The geometric elements either can be taken as
constraints in the network solution, or they can be taken as additional measurements
along with the GPS phase measurements. One should notice that the use of the in-plane
angles is only possible in the network solution, as the baseline by baseline solution
cannot benefit from such information.
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2- In network adjustment, the correlation between the baselines are taken into account. This
correlation is completely ignored if the baseline by baseline solution is implemented.

If the attitude is determined using in antennas, where measurements of nsatellites are
collected at each antenna, there will be (m-l)x(n-1) independent phase double difference
measurements. In network adjustment, as mentioned above, the measured antenna baseline
lengths and the in-plane angles increase number of measurements available. The number of
baselines that can be identified in this case is m (m-1)I2, only (rn-i) of them are
independent. For the (m-i) independent baselines, there are 3(m-i) unknowns, where
each independent baseline can be defined by the component set (AX, AY, AZ) in the WGS84 frame. If the total number of measurements exceeds the number of unknowns, an overdetermined solution using, either aleast-squares approach or Kalman filtering can be used.

This chapter presents the method of solving the multi-antenna baselines as asmall
network. The constrained least-squares adjustment approach is given as an example.
Details about the observation and constraint equations and the design matrices are given.
Finally, atheoretical and practical comparison between solving the baselines one by one
and as anetwork concludes the chapter.

6.1

GPS Carrier Phase Observation Equations in the Network Adjustment
Approach

As mentioned in Section 3.3, the minimum number of antennas required for aunique
3D attitude determination is three, which gives two independent baselines. Therefore the
network adjustment process will be given for this case of three antennas. Keeping in mind
that the effect of adding redundant antennas will simply mean increasing the number of
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measurements, unknowns, and constraints. In other words, the redundant antennas and
baselines do not need any special treatment.

If the three antennas A, B and C are used for attitude determination, as shown in Figure
6. 1, the observation equations of the independent baselines AB and AC take the form:

L
r
VAAC

VA4ABiXi
11

j
1
= L
1EABi
0

3

1LAC
AB i
1x3]

BAci3J
0

3

(6.1)

where all phase measurements are used corrected from ambiguity biases after determining
their values, and assuming that both baselines have the same number of measurements,
which is n- 1.

The baseline BC is treated here as anuisance baseline, and no measurements are
assigned to it. The reason behind this assumption is explained in the following. In GPS
positioning, the measurements are all taken at the antennas, with no identification of the
baselines realized. The virtual baselines are created and the measurements are assigned to
them when formulating the differencing equations of the measurements taken at the ends of
the sought baselines. Consequently, when the differenced phase measurements are
corrected from phase ambiguity and other systematic errors, in aclosed loop antenna
traverse, one baseline should have dependent measurements, which can be calculated from
measurements that are considered for other baselines. Similarly, in the example given, the
double difference phase measurements of the baseline BC can be derived from the relation:

VAC

=

V4AC

-

V4AB

(6.2)

As the measurement VABC is dependent, it cannot be used in the observation equations.
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Fig. 6.1 Antennas configuration as asmall network

6.2 The Constraint Equations

The network adjustment process is applicable when the antennas do not experience
relative movements. If the known lengths of the baselines and angles are taken as
constants, the small network formed between the antennas will have constraints of three
categories, namely distances, angles and closure. For the example shown in Figure 6. 1, the
constraints can be identified as:
1- three constant spatial lengths (b,

bAC

and bCB).

2- three constant in-plane angles (01, 02 and 03).
3- three closure constraints, namely are;
Zbx

Eby

Zbz0

The constraint equations can be written in the general model f
2() =0 explicitly as follows:
i- Length constraints:

b\/LX 2AB+LY 2AB+AZ 2AB

=0

(6.3)
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bAc

bBc

-

-

\JLX2AC + LY 2AC + AZ 2AC =0

(6.4)

\JLX2BC + AY2BC + AZ 2BC =0

(6.5)

where (\X, AY, iZ) are the components of the baseline ij along the principal axes (X, Y,
Z) of the WGS 84 frame, and b,

bAc,

and

bBc

are the lengths of the baselines AB, AC,

and BC, respectively.

ii- In-plane angle constraints:

If the baseline vector components of two baselines, for instance bi and b2, are known,
the spatial angle (0) contained between the two baselines can be determined from the
equation:

8=

11. b2

(6.6)

Ib1II IIb2Il

Where hi and b2 are the baseline vectors, and liblil and 11b211 are their corresponding
magnitudes. Similarly, the equations of the three angle constraints of the small network
can be written as:

01

0

2

-

-

COS-1

AXAB AXAC + AYAB AYAC + LZAB AZAC —0
bAB bAC

cos-1

AXBA AXBC + AYBA AYBC + AZBA LZBC
bBA

03

-

cos-1

AXCA

0

(6.7)

(6.8)

bBC

XC]3 + AYCA YC]3 + IA ZCA IZCB —0
bcA bCB

(6.9)
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In this limited example, the baseline BC cannot be computed independently using phase
measurements. Therefore, during the adjustment process its components in the WGS-84
system will simply be estimated as the difference between the components of the baselines
AB and BC. As aresult, the closure constraints cannot be used in the adjustment process
since the basic assumption to apply this type of constraints is that all baseline components
used should be independent. However, the length and angle constraints are all still valid
since the constraints themselves, i.e. the values of the lengths and angles, are measured
independently.

Under these conditions, equation (6.5), (6.8) and (6.9) can be re-written as:

bc

-

\I(AXAB

x AC )
2 + (AY AB

YAC )
2+ (Z AB

AC )2

=0

(6.10)

02
cos -1 1XBA (AX AC -AX AB )+ AYBA (AYAc-AY) + AZBA (AZ A c-AZ)
1

1

°BA °BC

03

—0
(6.11)

-

1

cos

AXCA (AX AB -AX AC )+ AYCA (AY-AY A c) + AZC A (AZ-AZ Ac )

bcAbcB

-

(6.12)
6.3 The Constrained Least-Squares Approach

In Section 3.2.4, a summary of the least-squares approach was given for attitude
determination using GPS phase measurements. In network adjustment, the same basic
least-squares approach can be applied. However, in this case, the unknowns are the
baseline vectors in the WGS-84 frame. Naturally, as the unknowns and the observation
equations differ between the two cases, the structure of the design matrices also differ. The
design matrices under consideration are: the observation partial derivatives matrix (A) and

the observation misclosure vector (w). On the other hand, due to using some constraints in
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the network adjustment procedure, an additional process reflecting the effect of the
constraints on the solution should be included.

The observation model used for phase double difference measurements in the leastsquares approach is given as:

l=f,(X)
Starting from approximate values of the baseline components

(Xe),

the unknown vector of

corrections (81) is determined from:
81 = (AT CL -'A) 4

AT

CL-1 w1

(6.13)

In network adjustment, the constraints model can be assumed as (Mikhail and Ackermann,
1977):
f
2(X)=0

(6.14)

For the constraint equations given, there are two additional design matrices, which are: the
constraint partial derivative matrix (D), and the constraint misclosure vector (w2). The two
design matrices are written as:

D_2

ax

W2 =

1X0

(6.15)

f
2(X)I X0

(6.16)

Taking N as (AT CL-'A), the final vector of corrections (S) can be determined as:
6 = 81

-

N-1 DT

(D

N-1 Di) -' (w2

+D

81)

(6.17)

see (Vanicek and Krakiwsky, 1982). Adding the corrections to the approximate values of
the unknowns gives the corrected unknowns X, where:
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(6.18)
The variance-covariance matrix of the baseline components (C X) is derived from:
Ci =C6= o2 (N-l- N -1 DT (D N-'D") -lDN-l)

(6.19)

where cy2 is the posteriori variance of the unknowns.

6.4 The weight Matrix

GPS phase measurements without differencing are uncorrelated. In addition, since
there is no prior information about the accuracy of individual phase measurements, the
variance of all phase measurements has been assumed equal. Obviously, the derived single
and double difference phase measurements are correlated through the differencing process.
For instance, if phase measurements of n satellites are available for the baseline ij, the
double differences are computed as (Hofmann-Wellenhof et al., 1992):

-

M11i-A21i
1ij

-

4 1ii

-

-

03j

[G IK i (1i,

=

2',

...,

IOij, 42i, ..4i )T

(620)

i

-,&4n-1

-

where:
1
1 0 -1
-

-1

0

.

.

0
0

]n-lxn

(6.21)

100.-i
and
10.0
01.0

In-1xn

(6.22)

Similarly, when solving for the antenna triad as asmall network, the phase double
difference measurements of the baselines AB and AC can be written as:
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AO1 AB

-

A01 AB

-

A0 3AB

-

4

-

A01 AC

-

A0 2AC

-

AIiAC

1AB

A03 AC

-

-

-

IG
G

K
0

0
K

I

(

1A,2 A,

On AI

1B,42B,..4Bt OIC,2C,.4C)T

(6.23)

Assuming that the common variance of the single phase measurements is a2,the covariance
matrix of the phase measurements is then estimated as (a2 I), where us the unity matrix.
Taking:

[G

K
0

0
K

(6.24)

and applying the covariance law, the covariance matrix of the double difference phase
measurements used in network adjustment can then be derived as:
CL=Q
=

(a21) QT

a2 QQT

(6.25)

The weight matrix of the double difference measurements can simply be taken as the
inverse of the covariance matrix multiplied by apriori variance.

Computation of the matrix CL is a straightforward process. Both the correlation
between the double difference phase measurements and the correlation between the
baselines are easily determined. During the different observation epochs, changes in the
computation of the matrix CL is limited to changes in matrix size, which varies with the
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number of satellites observed for each baseline. Some algorithms assume, for simplicity, a
unit weight matrix, ignoring the correlation between the measurements and the correlation
between the baselines. Both approaches will be tested to show their difference in
performance.

6.5 Design Matrices

The misciosure matrices

(Wi

and w2)are computed in astraightforward manner using

the approximate unknowns. The elements of the partial derivative matrix of the double
difference phase observation equations are determined as:

D AX

-

VAO
aAY

-

[ex- ex]

(6.26)

{ey- ey]

(6.27)

avA

AZ — [ez

- ez]

(6.28)

where iand are the satellites used in the observation equation.
The elements of the partial derivative matrix (D) for the distant constraints, are given as:
b
a AX

AX
b

(6.29)

b
aAy

AY
b

(6.30)

a

AZ
Y

(6.31)

As mentioned before, the in-plane angle 0contained between two baselines, for
instance, the baselines 1and 2, gives the angular constraint:
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e

iX1 AX2

+ A YI

b1

-

AY2
b2

+

AZ1 AZ2

0

(6.32)

taking
k = AX1 AX2

+

AY1 AY2
bi b2

+

AZ1 AZ2

(6.33)

The elements of the design matrix A for the angular constraint (0) can be formulated as:
a

AX2

[

•S%
/j

AX1

AX1 (AX1 AX2

blb2

+

AY1 AY2

b1 3

-

+

AZ1 AZ2)

b2
(6.34)

ao

1

AY2
blb2

Jjj

AY1

AY1 (AX1 AX2

+ AY1 AY2
b1 3 b2

AZ1 AZ2)

+

(6.35)
1
AZ1

AZ2
blb2

\J1k2

AZ1 (AX1 AX2
-

+ AY1 AY2
b1 3 b2

+

AZ1 AZ2)

1
(6.36)

a

1

aAX2

-

AX1

AX2 (AX2 AX

b2bl

•%/ 1-k2

+

AY2 AY1

b2 3

+

AZ2 AZ1)

b
(6.37)

aAY2

-

a
AZ2

-1

AY1

•\/ 1-k 2

b2bl

-1
-

•\/ 1-k2

[

AY2 (AX2 AX

AZ1
b2bl

+

AY2 AY

b2 3
AZ2 (AX2 AX1
-

+

AY2 AY1

b2 3

+

AZ2 AZ1)

1

bi
+

(6.38)
AZ2 AZ1)

b
(6.39)

Equation (6.34) to (6.39) can be applied for the three constant angles 01, 02, and 03
considered in the given network example. Note that, proper signs of the vector components
should be taken into consideration when substituting into these equations.

6.6 General Remarks

When solving the multi-antenna baselines as asmall network, some points are worth
mentioning, such as:
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-

in attitude determination, the observation equations are linear. This is due to treating the

receiver position as known information after it has been determined for the reference
antenna of the network. The distance and angular constraint equations, on the other hand,
are non-linear. Therefore, afew iterations are required to overcome the non-linearity
problem.

-

the maximum and minimum standard deviations can be easily determined from the

covariance matrix of the relative antenna coordinates in the WGS-84 frame. For instance,
taking the sub-matrix (2x2) representing the horizontal uncertainty of one of the vectors,
the maximum and minimum standard deviations are expressed as the square roots of the
maximum and minimum eigenvalues of this matrix. These standard deviations define the
semi-major and semi-minor axes of the error ellipse. Their values can be directly
determined from Richardus (1966):
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(6.41)

The orientation of the semi-major axis (a) is obtained as:

(a)

:-

tan-1

2 Qxy

(Qx2

-

cYAY2)

(6.42)

These standard deviations are calculated based on a39.4% probability level. Other error
ellipses with higher confidence region can be obtained by magnifying the eigenvalues by a
constant taken from Fisher distribution tables.
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6.7 Comparison between Solving the Multi-Antenna System Baseline-by-Baseline
and as aSmall Network

6.7.1 Conceptual Comparison

There are two methods that can be used for solving the multi-antenna baselines, namely
the baseline-by-baseline approach or the network approach. The advantages and
disadvantages of the two methods are summarized in the following.

-

the degrees of freedom increase considerably when network adjustment is applied. Thus,

the final solution will usually be more reliable. For instance, for the small network given in
this chapter, the total number of constraints is six. Thus, for nphase double differences,
the total number of observation and constraint equations will be (2n+6), assuming that both
the baselines AB and AC have the same number of phase double difference measurements.
Since the total number of independent unknowns are six, the total degrees of freedom will
be 2n +6

-

6= 2n.

In comparison to the baseline by baseline solution, the degree of freedom for each of
the baselines is n +1 -3, where the baseline length is taken as aconstraint. For both
independent baselines AB and AC, the degree of freedom is 2(n +1 -3)

=

2n-4.

The degrees of freedom is thus increased by 4using the network approach. For arealtime solution, when the number of measurements available is limited, such an increase in
the degrees of freedom should improve results significantly.
-

The correlation is not modeled correctly for the single baseline solution because

correlation between baselines are neglected. This is not the case for the network solution.
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-

The computations are much simpler when using the baseline-by-baseline method. This is

the single most important advantage of the baseline-by-baseline solution.

-

Computation time needed using the baseline-by-baseline method is much less than that

needed by the network solution. However, since the number of baselines is limited, the
difference in computation time between the two methods is only afew milli-seconds for a
486 Dx computer with 50 MHz clock rate.

-

Cycle slips are more easily detected and repaired in the network approach, see Beck et al.,

1989.

-

The use of constraints, which enhance the accuracy of the network adjustment and make it

more elegant, is restricted to applications in which the antennas do not experience relative
motion.

6.7.2 Practical Comparison Based on Field Testing

As shown before, the network solution is more rigorous than the baseline-by-baseline
solution. However, no direct comparisons exist which would state the difference in
accuracy between the two methods based on field data, and whether or not the accuracy
gained worth applying the network adjustment technique.

This section covers these questions by analyzing results of field tests, where both
methods have been applied. The field tests include three static tests and akinematic one.
Two of the static tests were performed with antennas mounted on tripods, while the third
one and the kinematic tests were performed using avan. The tests have different antenna
geometry (except for the third static and the kinematic tests which have the same antenna
geometry), such that the investigation is not restricted to aspecial antenna configuration.
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6.7.2.1 Test Methodology

Improvement of accuracy gained through using the network adjustment comes from
two factors, namely the use of geometric information (the constraints), and the inclusion of
baseline correlation. The change in accuracy due to each factor will be shown
independently. Therefore, the multi-antenna baselines have been estimated in the WGS-84
using three separate approaches, namely:
1- baseline-by-baseline solution,
2- network solution with unit weight matrix,
3- network solution with correct weight matrix.

In each case, attitude parameters were determined following the approach described in
Section 3.2.4. To illustrate differences in accuracy between the three solutions, the root
mean square error (rms) is chosen as the accuracy figure. Comparing the rms of the first
case with that of the second will show accuracy gain due to the use of geometric
constraints. Comparing the rms results of the second and the third case will show change in
accuracy due to proper consideration of correlations, i.e. the use of afully populated
weight matrix. Finally, comparing results of the first and the third case will show the full
potential of the network solution.

6.7.2.2 Static Testing on the Roof of the Engineering Building, U of C

In the first segment of tests, two static tests have been performed. The tests were
performed on top of the Engineering building at the University of Calgary. The antennas
were mounted on tripods, which gave flexibility in choosing antenna locations and baseline
lengths. The test configurations are shown in Figures 6.2 and 6.3. Due to the presence of
surrounding buildings, the test site is considered as ahigh multipath environment.
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4.136m

2

4.348 m

Fig. 6.2 First test configuration

2

4
Fig. 6.3 Second test configuration

For each of the antenna configurations shown in Figure 6.2 and 6.3, there are six
baselines and six internal angles that can be accurately determined. There are also three
independent unknown baselines, namely 1-2, 1-3 and 1-4. Assuming that for each
baseline, nphase double difference measurements are available, the degrees of freedom for
the network solution will be:

3n+6+6-3(3)=3n-i-3
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while for the baseline-by-baseline solution the overall number of degrees of freedom is:
3n+ 3 3(3)
-

=

3n 6
-

which means an increase by 9degrees of freedom for the network adjustment approach.

The first test has 2145 epochs of measurements, with adata interval of one second,
while the second test has 2161 epochs with the same data rate. The number of satellites
observed ranged from four to six, which gave PDOP between 2.1 to 6.0, AZDOP between
1.0 to 3.5, and El-DOP between 0.9 to 4.3. Attitude parameters were computed at each
epoch. The heading, pitch and roll outputs were referenced to mean values computed from
the whole data set using the rigorous network approach. The data is long enough to
consider the means as "close to the true". The estimated rms using each of the tested
methods are shown in Table 6.1 for the first test, and in Table 6.2 for the second test. The
rms values are given in degrees.

Netw o
rk
adjustment
using unit
weight

Network
adjustment
using full
weight

case 1

case 2

case 3

Heading

0.0275

0.0288

0.0283

Pitch

0.0590

0.0412

0.0446

Roll

0.0642

0.0354

0.0452

Attitude
component

Baseline by
baseline
solution

Table 6.1 rms values (deg) for attitude parameters using different methods for
the multi-antenna baseline estimation (test 1)
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adjustment
using unit
weight

N etwork
adjustment
using full
weight

case 1

case 2

case3

Heading

0.0354

0.0265

0.0312

Pitch

0.0441

0.0351

0.0339

Roll

0.0613

0.0463

0.0422

Attitude
component

Baseline by
baseline
solution

Network

Table 6.2 mis values (deg) for attitude parameters using different methods for
the multi-antenna baseline estimation (test 2)
To test the significance of the difference between accuracy obtained from different
methods, the variances where compared using the F-test. Considering the number of
epochs used in testing, the Fisher ratio is determined from Fisher table as 1.08, taking o
equals to 5%. Results of comparison between the variances are shown in Table 6.3.

When comparing test results, it is clear that, in general, applying the network solution
gives better results than applying the baseline-by-baseline solution. Only the accuracy of
the heading in the first test shows slight degradation. Otherwise, the accuracy improvement
is significant from the statistical point of view. However, the accuracy changes due to
including the correct correlation give mixed results. In the first table, the heading accuracy
does not change significantly when the fully populated weight matrix is used, while
accuracies for pitch and roll are degraded. In the second test, the opposite happens, the
heading degrades when utilizing the full weight matrix, while the accuracy of pitch and roll
improves, although the improvement in pitch is not statistically significant. In general, the
changes are small and not significant from the practical point of view.
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First test

Attitude
parameter

Second test

case 1:
case 2

case 1:
case 3

case 2:
case 3

case 1:
case 2

case 1:
case 3

case 2:
case 3

Heading

1.097

1.059

1.036

1.784

1.287

1.386

Pitch

2.051

1.750

1.178

1.578

1.692

1.072

Roll

3.289

2.017

1.630

1.753

2.110

1.203

Table 6.3 Variance ratio between different methods in roof tests

6.7.2.3 Static and Kinematic Van Tests

The second segment of testing was performed on data of static and kinematic tests
similar to the ones given in the previous chapter. Five to six satellites were used in this
case. Since four antennas with three main baselines are used in this case, the degrees of
freedom was (3 n 6) using the baseline-by-baseline solution and (3 n + 3) using the
-

network adjustment approach. The same test methodology was applied as in the first test.
The inertial system is used as the reference system in this test segment. Attitude outputs of
the multi-antenna system were compared to those of the inertial system to show the
behaviour and accuracy of the first one. Table 6.4 and 6.5 show the rms values of the static
and kinematic tests, respectively. The F-test was used to test the significance of the
differences between the accuracy obtained from different methods as shown in the previous
section. Results are given in table 6.6. The Fisher ratio for the static test is 1.112, where df
was 908, and a is taken 5%. For the kinematic case, using the same significance level and
1212 degrees of freedom, the Fisher ratio is taken as 1.1.
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adjustment
using unit
weight

Network
adjustment
using full
weight

case 1

case 2

case 3

Heading

0.0672

0.0641

0.0648

Pitch

0.1361

0.1157

0.1160

Roll

0.1141

0.1033

0.0922

Attitude
component

Baseline by
baseline
solution

Network

Table 6.4 mis values (deg) for attitude parameters using different methods for
the multi-antenna baseline estimation
(static van test)

adjustment
using unit
weight

Netw o
rk
adjustment
using full
weight

case 1

case 2

case 3

Heading

0.0958

0.0888

0.0813

Pitch

0.3262

0.2932

0.2726

Roll

0.1947

0.1734

0.1443

Attitude
component

Baseline by
baseline
solution

Network

Table 6.5 mis values (deg) for attitude parameters using different methods for
the multi-antenna baseline estimation
(kinematic van test)

Table 6.4 shows that the network method gives better results than the baseline-bybaseline solution in the static test. However, only pitch and roll results were statistically
significant.
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Static test

Attitude
parameter

Kinematic test

case 1:
case 2

case 1:
case 3

case 2:
case 3

case 1:
case 2

case 1:
case 3

case 2:
case 3

Heading

1.099

1.075

1.022

1.164

1.389

1.193

Pitch

1.384

1.377

1.005

1.238

1.432

1.157

Roll

1.220

1.531

1.255

1.261

1.8205

1.444

Table 6.6 Variance ratio between different methods in van tests

When comparing results for uncorrelated and correlated weight measurement matrices,
results are again not conclusive. The rms for heading and pitch using aunit weight matrix
are smaller than those estimated utilizing the fully populated measurement weight matrix.
For roll, it is the other way round. However, one should notice that the differences
between the rms values are marginal and it was statistically significant only for roll. The
kinematic results, given in table 6.5, depict clearly that the use of the network adjustment
with afull weight measurement matrix gives the best results in all attitude parameters, and
from the statistical point of view the differences were significant. Although small vibration
of the antenna frame occurred during the kinematic test, under the experienced mild
dynamics, this vibration was not alimiting factor to applying the network approach.

The limited study presented here confirms the theoretical considerations and shows that
the use of anetwork solution in general improves attitude estimation as compared to a
baseline-by-baseline approach. The additional computational time needed to apply the
network approach is few milliseconds for each epoch. The network approach can therefore
be used in real-time.
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CHAPTER 7

AMBIGUITY RESOLUTION TECHNIQUES

In order to determine the attitude of amoving vehicle from carrier phase measurements,
phase ambiguities must be resolved. They are the unknown whole carrier cycles not
measured by the receiver. Different techniques have been developed to estimate phase
ambiguities in Differential GPS positioning (DGPS). When attitude determination using
GPS became feasible in the late 1980's, ambiguity resolution techniques have been
modified to accommodate the conditions and requirements of attitude determination.

Since attitude determination is mainly needed in kinematic applications, instantaneous
ambiguity resolution becomes the key element in achieving areliable solution. Therefore,
the chapter is focused on instantaneous ambiguity resolution techniques. First, abrief
overview of existing techniques is given. Next, two efficient approaches are described.
Both techniques use a search approach in finding the correct ambiguities. The first
identifies the correct ambiguities according to astatistical criterion. The second uses a
physical condition, requiring that the correct ambiguity set should give an antenna geometry
close to the known one. Different factors and algorithms that can enhance computation
speed and reliability of the solution are also discussed.

7.1 Existing Methods of Ambiguity Resolution

In DGPS, resolving the carrier phase ambiguities is possible by collecting and
analyzing measurements within an initialization period during which significant movement
of the satellites is desirable. The methods used in DGPS, which are also applicable to
attitude determination, vary in concept. Most are based on finding an initial set of ambiguity
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values, determined from an initial solution of the antenna baseline, and assuming that the
correct values lie in apreset range determined by the estimated accuracy of the initial
baseline solution. Different sets of ambiguity solutions are then tested to find the correct
one satisfying aspecific criterion.

The criterion usually used to determined the correct ambiguity set is that it gives
minimum errors in all measurements. Examples of the different techniques available are the
ambiguity function method, where the maximum ambiguity function is required, see
(Remondi, 1984), (Remondi, 1990), (Mader, 1990) and (Erickson, 1992a), and leastsquares search approach, where ambiguity combination giving the smallest variance usually
is selected as the correct one, see (Hatch,1989), (Lachapelle et aL,1992b),
(Teunissen,1994), and (Jonge and Tiberius, 1994). Others use Kalman filtering instead of
least squares, for instance, (Landau and Euler, 1992), and (Sauermann et al., 1993).

Instead of waiting for the satellites to have significant changes in geometry, controlled
rotations of the antenna baselines can be used to resolve the ambiguities. In this case, the
ambiguities are determined without performing any search. The baselines are first
determined, and the ambiguities are then identified, for more details refer to (Brown and
Ward, 1990), and (Cohen and Parkinson, 1992).

Fundamental differences between DGPS positioning and attitude determination exist,
which should be considered when either modifying DGPS ambiguity resolution techniques
or developing new ones for the case of attitude determination. They are summarized as
follows:
-

in DGPS, usually one station (antenna) has afixed known position, while the other is
unknown. The unknown parameters are the coordinates of the second antenna. In attitude
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determination both stations are unknown, and the parameters to be solved are only the
baseline vector components.
-

most of the traditional DGPS applications only consider one baseline at atime, some use
multiple baselines, like the Wide Area Differential GPS (WADGPS). In 3D attitude
determination, multiple baselines are always simultaneously considered.

-

in attitude determination, the baselines are short; thus, atmospheric errors cancel out when
differencing the measurements.

-

in attitude determination the antennas are usually fixed on the same surface (platform);
hence, baseline lengths can be measured accurately and used as additional measurements
or constraints as long as the antennas do not experience relative translation motion. In
addition, the spatial geometry of the antenna configuration should be the same under all
conditions.

-

attitude determination is mostly required in kinematic applications; thus, large changes in
the dynamics of the motion can occur.

In kinematic applications, real-time output is usually required. The main problem facing
real-time attitude determination is the instantaneous resolution of the carrier phase
ambiguities. This is due to the fact that in kinematic applications, operations cannot be
delayed for aperiod of static initialization or re-initialization after aloss of lock. Even in
post-mission processing of airborne or ship borne data, the data collected between two
loss-of-lock periods may be useless, if the phase has been lost twice (Goad and
Yang,1994). If loss-of-lock occurs more frequently, all data in between the first and the
last one cannot be recovered, simply because an extended time period for re-initialization of
ambiguities is not available. The only way to recover all data and handle such situations is
instantaneous ambiguity resolution.
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Realizing that real-time ambiguity resolution is the key-element for making attitude
determination achievable in almost all situations, the thesis puts great emphasis on
developing techniques for instantaneous ambiguity resolution. The adopted methods use an
epoch-by-epoch determination approach. The search technique is implemented because it
has proven to be the most successful in DGPS, and because its main alternative, solving
the ambiguities by controlled motion of the baselines, is not suitable, when re-initialization
of ambiguities is required during operation. Forcing the airplane, ship or ground vehicle to
go through apattern of direction changes after loss of lock, is usually not possible, while
on route.

In general, ambiguity search techniques follow four basic steps (Blomenhofer et al.
1993):
-

-

-

-

initial estimation of the baseline vector,
estimation of initial ambiguity values determined from the initial baseline solution,
setting asearch range for the ambiguities based on the accuracy of the initial estimation,
testing all ambiguity combinations in the search range to determine the best one based on a
specific criterion.

What makes the techniques described in this study different from the ones used in DGPS is
the details in each of these steps. They will be described in the following sections.

7.2 Initial Estimation of the Carrier Phase Ambiguity

The first step in the least-squares search approach is the estimation of the initial values
of the ambiguities. The search can then be conducted around the initial ambiguities within
the range of their estimated accuracy. Since in the multi-antenna system the antennas are
closely enough spaced, the tropospheric, ionospheric and orbital errors can be considered
as virtually the same for all antennas, and are therefore eliminated in the differencing
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process. Assuming acombined receiver and multipath noise of less than afull cycle, which
is usually the case, and neglecting other error terms, the single difference ambiguity can be
determined from the equation:
An=n2 -n 1 = integer

(7.1)

{(42-'12)-41}

2
Fig. 7.1 Phase measurements and ambiguities
As shown in Figure 7. 1, 01and 02are the phases measured at antennas 1 and 2,
respectively, ni and n2 are the corresponding ambiguities, and

/.\412

is the phase single

difference between the two antennas.

To estimate the initial ambiguity values, first the antenna vector components are
approximately determined. Then, the part of the phase single difference related to the
baseline vector is estimated as follows:

An2 =

.

b0 + errors less than one cycle

(7.2)
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where io is the approximate estimate of the vector, and ëis the receiver-to-satellite unit
vector. After estimating the approximate phase single difference using equation (7.2), the
estimated value is substituted into equation (7.1) to generate the initial single difference
ambiguity Ano. The initial double difference ambiguity between satellites A and B is then
estimated from the differencing relation:

VA noAB

=

An OA

-

fl0 B

(7.3)

7.3 Initial Estimation of the Antenna Baseline

Equations (7.2) and (7.1) show that the accuracy of the initial phase ambiguities is
directly related to the accuracy of the initial baseline. As mentioned before this accuracy sets
the search range for the ambiguities. Thus, the more accurate the initial baselines can be
determined, the smaller the search range will be; and consequently, the smaller the number
of combinations to be searched. As the number of candidate ambiguity sets decreases,
ambiguity resolution becomes increasingly faster. In DGPS, the code information
(pseudorange measurements) is the main source for the initial estimation of antenna
positions because the code does not need any ambiguity determination (Frei et aL,1993).
To increase accuracy, phase smoothing of the pseudoranges is usually applied, for more
details refer to (Sauermann et al., 1993).

The use of the phase smoothing technique for the initial estimation of the baselines in
attitude determination is not suitable for two reasons. First, along observation period is
needed to achieve a reliable solution. Second, the accuracy of the phase smoothed
pseudoranges is still poor, especially in the presence of Selective Availability. The search
region will therefore be very large.
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The use of redundant information can improve initial baseline estimation and accelerate
ambiguity searching. This information can be obtained from an external sensor, from
redundant antennas, or by using the known baseline lengths and geometry of the antenna
configuration.

Cannon et al., (1992) used the heading of adead-reckoning system to confine the
search range to ambiguity combinations that approximate this heading in the accuracy range
of the external system. On the other hand, the number and distribution of antennas play a
vital role in accelerating the ambiguity resolution process. The minimum number of
antennas required to estimate the direction of aline in space (heading and pitch) is two. TI a
3D attitude is needed, athird antenna is required to estimate roll by determining the
direction of another vector orthogonal to the first one. Instead of using the minimum
number of antennas, additional antennas can be added to speed up ambiguity resolution.
The benefit of placing three collinear antennas along the target line when determining
heading in astatic environment has been discussed in (Hatch, 1989), (Jurgens et al., 1991
and 1992). Two of the antennas are placed within adistance of less than one cycle, so that
their short baseline can be estimated without ambiguity resolution, see Jurgens et al. (1991)
for details. The heading of the two farthest antennas is then roughly estimated from the
heading of the two closely spaced antennas. This heading is used to limit the region within
which aleast-squares approach is conducted to find the correct ambiguities.

The use of redundant antennas to accelerate ambiguity resolution will be studied in the
following, keeping in mind that kinematic applications, and hence, real-time attitude
determination, are of major interest. Extensions of the previous work will be presented and
applied to kinematic situations. This includes enhancing the initial baseline estimation,
streamlining the computational technique to reduce processing time, and developing new
algorithms for robust ambiguity identification. Two major search approaches are used.
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First, the method of least squares is utilized. Second, anew technique is presented where
the known geometry of the antenna configuration is used to set the criterion for the correct
solution.

7.4 Using Redundant Antennas for Reliable Initial Vector Estimation

If redundant antennas are placed within ashort distance from one or both of the
baseline antennas, such that all antennas are collinear, the closely spaced antennas can be
used to estimate the main one. Initial estimation of the short baseline is not acumbersome
process as their ambiguities can be easily determined. Thus, using the length ratio between
the short baseline and the longer one, initial estimation of the main baseline becomes readily
possible.

Four basic configurations have been briefly discussed in here (El-Mowafy and
Schwarz, 1994b) and their advantages and drawbacks will be analyzed. They are shown in
Figures 7.2a to 7.2d. They do not represent an exhaustive list but they present the basic
principles from which other antenna configurations can be derived. It has been assumed in
the following that the spatial geometry of the vectors between the antennas is known in a
suitably chosen body frame. It has also been assumed that all antennas are in one plane.
This is not anecessary assumption but has been chosen for convenience.

Figure 7.2a shows the minimum configuration for fast ambiguity resolution. It uses
four antennas, three along the main longitudinal axis and one on the transverse axis.
Antennas 1to 3have to be approximately collinear and antennas 1and 2have to be less
than half acycle apart. The short baseline 1-2 is used to limit the search region for
ambiguity resolution of baseline 1-3. Then, the known geometry is used to resolve the
ambiguities of baseline 1-4. This configuration has two limitations. First, the distance 1-3
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should not be longer than about 5m. Otherwise, the search region will get larger and larger,
and the advantage of using this method will soon be lost. Second, the roll of the vehicle
should be within afew degrees, as is the case for most land vehicle applications. If changes
in roll of more than 10 degrees occur, the configuration has to be modified to obtain reliable
roll determination.

Figure 7.2b shows this modification. It adds another antenna to the axis orthogonal to
the main axis 1-3. This antenna is again within half acycle of one of the other antennas
along the orthogonal axis and the principle is then the same as for the main axis. This
configuration will result in fast ambiguity resolution independent of the magnitude of roll.

Figure 7.2c shows apossible configuration for the case when the main axis exceeds the
5m-limit considerably. The same basic principle is now applied sequentially. The search
range for baseline 1-3 is again determined by using vector components obtained from the
vector 1-2. Once the ambiguities of the baseline 1-3 have been determined, its vector
components can be used to determine the initial estimate of the main baseline 1-4. In this
case, the distance 1-4 can be extended to about 25-30 metres without losing the capability
of epoch to epoch ambiguity resolution.

Figure 7.2d shows another configuration. In this case, a pair of closely spaced
antennas is used at each end of the main axis, allowing two independent determinations of
the axis. This adds reliability to the procedure, and gives aunique solution for the
ambiguities of the shorter baselines when baseline lengths are more than half acycle, but
less than afull one. It also allows an independent test for the estimated ambiguities. All
configurations shown in Figures 7.2a to 7.2d were tested and their feasibility shown.
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Fig. 7.2c Sequential antenna configuration
for large baselines

Fig. 7.2d Overdetermined attitude estimation
with small roll angle

Fig. 7.2 Antenna configurations for fast ambiguity resolution

To show the role of the selected antenna configurations in achieving a good
approximation of the primary baselines, the case shown in Figure 7.2d is considered. The
four antennas (1,2,3 and 4) are chosen as collinear. Taking into consideration that errors in
collinearity will be reflected as errors in the estimated approximate vector components,
collinearity errors should not be allowed to exceed afew millimetres. The baseline lengths
are also assumed known, as they can be accurately measured. The known lengths play a
vital role in estimating the approximate components of the vector 1-3.
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As mentioned in Section 7.2, to use phase double differences, single differences have
first to be determined. Single difference phase ambiguities of the short baselines can be
estimated as the integer part of the differenced phase measurement if the baseline is within
half acycle. In that case, the maximum phase single differences measured will be afraction
of acycle and will not exceed the baseline length. To achieve unique ambiguity estimation
in practice, it is recommended that the baseline length is chosen less than half acycle by an
amount equivalent to the combined effect of all errors affecting the phase single difference
measurements (see Chapter 4). When the baseline length exceeds half acycle, but is still
less than afull one, each ambiguity has potentially two solutions and thus becomes nonunique. The first solution results from taking the ambiguity single difference as the direct
integer part of the phase single difference. The second solution results from considering the
ambiguity as the integer part with one cycle added or subtracted, whichever gives an
absolute value of the phase single difference of less than the baseline length.

If antennas cannot be placed within adistance of half acycle, but can be placed at a
distance of less than acycle, a special technique can be utilized to estimate unique
ambiguity single differences (El-Mowafy and Schwarz,1994b). In the first step, four
satellites of good geometry are chosen as the primary satellites. By using measurements to
only four satellites, vector components can be unambiguously determined. The possible
sets of ambiguity single differences of the primary satellites for each of the baselines 1-2
and 3-4 are identified as mentioned above. In this case, there will be 8different primary
single difference ambiguity combinations for each of the two baselines. For each of the
possible ambiguity sets, double difference ambiguities are computed. The vectors and the
heading of the two baselines are then determined independently. Among these
combinations, at least one heading of the first baseline will agree with aheading of the
second baseline within afew degrees. The ambiguities generating these vectors are
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identified as the correct ones. If more than one pair of ambiguities pass this test, the one
with the minimum sum of variances is taken as the correct one.

Once the ambiguity double differences of the four primary satellites are identified, the
vector components of the two baselines computed from these ambiguities can be used to
identify the correct ambiguities of the remaining satellites. The procedure starts by
computing the misciosure of the remaining phase single differences after subtracting the
integer part. If the misciosure is larger than the baseline length, one cycle is added or
subtracted to guarantee that the single difference measurement does not exceed the baseline
length. After estimating all double differenced ambiguities, their values are subtracted from
double differenced phase measurements, and these measurements are used to estimate the
vector components of baselines 1-2 and 3-4 using aleast-squares approach.

Once the components of baselines 1-2 and 3-4 have been determined in the WGS-84
frame, the approximate components of baseline 1-3 can be estimated from the ratio of the
known baseline lengths as follows:

AX 13

=

L13
(AX 12 +AX34) L12 + L3 4

(7.4)

AY 13

=

L1 3
(AY12+AY34) L1 2 + L3 4

(7.5)

AZ 13

=

L13
(AZ 12 +AZ34) L12 + L34

(7.6)

Typically, baselines 1-2 and 4-3 have lengths in the range of 9to 15 cm, while baseline
1-3 will be one to five metres in length. The ratio of the baseline length 1-3 to the combined
length of baselines 1-2 and 4-3 will usually be in the range of 3to 25. Errors in the short
baselines 1-2 and 4-3 will be at the level of 2mm to 5mm if their vector components are
determined from only one epoch of data. Consequently, the components of the vector 1-3,
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as estimated from equations (7.4) to (7.6), will have the same error multiplied by the length
ratio of the baselines. In the worst case, when the errors in the components of the vectors
1-2 and 4-3 lie in the same direction and reach 5 mm, the maximum error for each
component of the vector 1-3 can be 25 cm. These approximate components of the vector 13will be used to generate the initial ambiguities (El-Mowafy and Schwarz, 1994b).

7.5 Least-Squares Ambiguity Determination with An Optimum Search Region

The method used for ambiguity resolution applies asearch technique that follows the
principles given in Hatch (1989 and 1991). However, the search region is much smaller
and the resolution is therefore much faster. The search starts by determining an initial set of
ambiguities estimated from an approximate solution of the antenna vector as described in
the previous section. Estimation of the initial ambiguity set is done by using equations (7.1)
and (7.3). Searching for the correct ambiguities is then performed by testing different
possible ambiguity combinations defined by the range of accuracy of the initial solution.

If more than four satellites are observed, the set of four satellites giving the best
geometry is chosen as aprimary group of satellites, for which the search is conducted. In
the next step, three initial double difference ambiguities associated with the four primary
satellites are estimated from the approximate solution of the vector components and
different possible combinations of ambiguities around the initial set are tested. For each set
of ambiguities, new vector components are determined to best fit the tested set. The
secondary group of satellites, consisting of the remaining satellites in view, are used to
check the reliability of each solution. For each set, the variance of all primary and
secondary satellite measurements is computed, and the set that gives minimum variance is
chosen as the correct one. If only four satellites are visible, the combination of those three
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double difference ambiguities which have the minimum variance is chosen as the correct
one. Figure 7.3 shows the ambiguity determination procedure in form of aflowchart.

Since the approximate (X,Y,Z) vector components have maximum errors of 25 cm or
less, the projection of these errors on the baseline length will give amaximum error of 43.3
cm. As Figure 7.1 shows, the single difference measurement can be computed from the
equation:
412

=

b cos 0.

(7.7)

The maximum error of the single difference will be 42.6 cm, i.e. approximately two Li
cycles, for an angle (0

)ranging

between 10 and 90 degrees. This means that with these

approximate vector components, the number of possible ambiguity combinations to be
searched is restricted to 2x24 (± 24), when using single difference phase measurements. If
double difference measurements are used, the error is multiplied by afactor of "[2 due to
the application of the variance law. However, since we are dealing with integers, the
maximum search region will be 2x43 (± 43) .

For the multi-antenna system, the antennas are connected to the same receiver, which
has one clock, and the receiver clock error is virtually eliminated when applying single
differencing. In this case, the number of tested ambiguity sets will be ± 2. However, in
practice, asmall amount of receiver clock error still exists, see Section 3.1.3. Therefore, to
achieve areliable solution, one should apply double differencing. In this case the maximum
number of tested sets of ambiguities is ±43; with acomputer such as a486 DX with a50
MHz clock rate, the search can be executed in about half asecond (El-Mowafy and
Schwarz,1994b). The number of ambiguities to be searched by the adopted technique is
very small compared to the number required by the existing techniques. For instance, for a
baseline of three metres in length, the proposed technique searches in 2x43 (±

43)

sets,

while existing techniques would search in 2x15 3 (± 15 3)sets (Knight, 1994). Thus, the
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proposed technique reduces the computation time by afactor of about 40 for the given
example.

7.6 Using a Primary Group Consisting of Measurements of Two Phase Double
Differences and the Baseline Length

In the search approach described above, the search is conducted within three phase
double differences, i.e. by performing three nested loops. For instance, if the search
envelope is defined by ±4 cycles from an initial value, the total number of trials required
will be

93•

Searching within three primary phase double difference measurements was

originally developed for traditional GPS surveys. In attitude determination, the relative
spatial positions of the antennas do hardly change and the antenna baseline lengths can be
pre-determined in static mode. Thus, to limit the number of searches, the measured
distances can be treated as measurements with standard deviations computed from the static
survey, instead of treating them as constraints with virtual zero standard deviations.

Determining antenna baselines one at atime, the minimum number of measurements
needed to unambiguously determine each baseline vector is three. Instead of using three
phase double differences, as has been done in the previous section, the three measurements
can be chosen as two phase double differences and the measured baseline length. The three
measurements will define aprimary group of measurements, used for ambiguity testing.
Since ambiguity determination from data of asingle epoch is of particular concern in this
study, the two double differences are best chosen from the three satellites giving the best
geometry. Having an initial vector estimate, the search can be conducted only within the
two phase double differences. In any of the tests, the baseline length remains the same. The
number of tests will then only be the square of the number of ambiguities in the search
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region. For the example given above, the total number of tests needed will be

92

As a

result, computation time required to perform the ambiguity search is significantly reduced.

The remaining satellites in view are used to check the reliability of the solution as in the
approach described in the previous section. A detailed flowchart of the search procedure is
given in Figure 7.4. Note that the two approaches, described in this section and the
previous section, will have identical performance in finding the correct ambiguities. This is
due to the fact that the criterion used for correct ambiguity identification is the same for both
approaches, where the set giving minimum variance from all visible satellite measurements,
will be considered as the correct one.

However, one should realize that reduction of the computation time between the two
approaches is not governed by the ratio (±n) 2/(±n) 3,where n is the number of cycles
defined in the search window. In the method described in Section 7.5, which will be
referred to as the first method, the measured length is treated as aconstraint. Checking the
estimated baseline length against the known length becomes an efficient tool to eliminate
most of the incorrect sets at an early stage of each test, see next section for more details. In
the method described in this section, which will be referred to as the second method, the
initial baseline vector at the same level of computations is estimated from two phase double
differences and the vector length as ameasurement. The estimated vector components are
then determined to best fit the length measurement. As aresult, length checking becomes
invalid, and the complete computational cycle, up to computing the variance of all visible
satellite measurements, must be performed for each test.

To achieve the two goals of searching within only two phase double differences and of
applying the baseline check, an alternative approach is suggested. In this approach the
search proceeds by iterating within only two phase double difference measurements and
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considering the length as a measurement. Vector components estimated from these
measurements are then used to give an estimate for the integer ambiguity of athird phase
double difference measurement. The three phase double difference measurements,
including the two tested double difference ambiguities and the estimated one, are used in a
following step to give anew estimate of the baseline. The measured length-is excluded in
this process. Hence, the new baseline estimate becomes independent of the measured
baseline length, and its estimated length can be tested against the known one to eliminate
wrong ambiguity sets. The new estimate is not necessarily close to the previous one, as
wrong ambiguity combinations are used and vector estimation is affected by the presence of
measurement noise of the third phase double difference. The process continues as
described in the first approach, but with the basic difference that only two nested loops are
executed. Figure 7.5 illustrates this process by aflowchart. In the sequel, this method will
be refereed to as the third method.

7.7 Enhancing the Speed of Ambiguity Resolution

The search technique can be considerably accelerated by streamlining computational
techniques. Factors to be considered are: computing the normal equation matrix in the least
squares approach only once for all test sets at the same epoch, performing only one
iteration of the least-squares solution, and testing the antenna vector magnitude, produced
from each test ambiguity set, against the known baseline length.

In the least-squares approach, the observation coefficient matrix A is computed from
the coordinates of the satellites and the receiver. Satellite coordinates are obtained from the
broadcast ephemeris. Receiver coordinates can be determined in many ways, the easiest is
to use apoint positioning solution utilizing pseudorange measurements. In this case, the
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computed A matrix is independent of the ambiguity computation, and consequently it is the
same for all tested ambiguity combinations.

.
11

The unknown corrections (6) in the least-squares approach are computed from the
equation:
6 = (AT

PA)-1

AT p

Since the matrix A is similar for all ambiguity combinations, the term

(7.8)

[(AT

PA) -1 AT P1

will have the same value for all ambiguity sets and thus is only computed once at each
epoch. This limits the computations between different ambiguity candidates to estimating
the misciosure vector, which is an easy task and not time consuming. Measurement
residuals are computed from the equation:

v=A 3 +w

(7.9)

The variance, which is the criterion used to assess the ambiguity combination, is computed
from the measurement residuals using equation (3.30).

Usually, the least-squares approach is performed iteratively, with three to four
iterations, to accommodate the non-linearity of the solution model. In the ambiguity search
approach, this iterative procedure is not required. Since both receiver and satellite
coordinates are assumed known, the observation model is linear. One iteration is therefore
sufficient.

Determining the baseline length in advance facilitates fast elimination of most of the
incorrect ambiguity candidates. This is done by testing the difference between the known
baseline length and the estimated length computed from each trial set. If the difference

141
exceeds apre-defined tolerance, the corresponding ambiguity set is automatically rejected.
This leaves fewer ambiguity sets to be tested, and the ones to be further examined will only
be 15% to 20% of the total. The test takes the form:

Linown

-

Lcomput
ed < pre-defined tolerance

(7.10)

The tolerance will be around afew centimetres for the correct set as it represents errors of
estimation mainly due to receiver and multipath noise. However, choosing the tolerance
value is asensitive operation. A small tolerance accelerates the search process considerably,
but has the inherent risk that the correct set might be rejected if the tolerance is chosen too
small. Experience indicates that the tolerance should be in the range of 5centimetres (ElMowafy and Schwarz, 1994b). Such aconservative tolerance is sufficient for rejecting most
of the wrong ambiguities and maintaining the confidence of finding the correct ambiguity
set.

It should be mentioned that in the above test, the known length should not be used as a
measurement or constraint in the least-squares procedure. If it is included, the adjustment
will give vector components with abaseline length as close as possible to the correct value;
hence, the test becomes meaningless. However, after performing the length test, the known
length can be included as an additional measurement or constraint for the next stage.

A fast ambiguity search can also be achieved in cases where short baselines are aligned
with the main ones. In those cases, the direction (azimuth and pitch) of the short baseline
can be used to chose the correct ambiguities of the longer baselines. Errors in estimating the
short baselines are usually limited to few millimetres. Their azimuth and pitch may differ
from that of the longer baselines by afew degrees. Experience indicates that the difference
is in the range of 10 degrees, depending on the magnitude of the error, baseline lengths,
alignment, and baseline orientation in the local-level frame. Therefore, the tested ambiguity
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combination can be rejected if the estimated azimuth and pitch of the longer baseline are
outside the tolerance of 10 degrees.

7.8 Enhancing Robustness of Finding the Correct Ambiguities Using Known Ones

In kinematic positioning, cycle slips can occur, either through physical obstruction of
the signals or bandwidth problems in ahigh dynamics environment. If four satellites or
more are observed, cycle slips do not represent aproblem in the epoch-by-epoch ambiguity
resolution technique, as the ambiguities at each epoch are estimated independently. On the
other hand, when the ambiguities are re-initialized after passing through a period of
tracking less than four satellites, some of the ambiguities are known, namely those of
satellites which have been continuously tracked. All the existing ambiguity determination
techniques take the satellites with known ambiguities as asub-set of the primary group of
satellites. Such achoice minimizes the number of sets to be tested, and this is preferred
when long times are needed to search among numerous possible ambiguity sets.

Unlike the existing techniques, the technique presented here has alimited number of
test sets. Thus, instantaneous ambiguity resolution can always be achieved. An easy and
reliable approach to find the correct ambiguities is to determine the single difference
ambiguities for all satellites from the baseline solution, and to keep tracking them in time. If
satellite blockage occurs such that one or more satellites are still visible, it is best to put one
of the satellites with known ambiguities in the secondary group of satellites whenever
complete visibility is regained. At the same epoch, the tested candidate double difference
ambiguity sets generate possible solutions for the baseline, from which, estimated values
for the known ambiguity can be determined. The correct ambiguity set is therefore
determined as the one gives an ambiguity estimate equals to the known ambiguity.

143
If more than one ambiguity is known, it is enough to put one known ambiguity in the
secondary group and to put the others in the primary group. In this case both goals are
achieved: the search is faster with aminimum of trial sets, and acorrect solution is
guaranteed. The same procedure can be applied for any of the existing search techniques.
In post mission or real-time, the idea holds, and correct ambiguity re-initialization can be
made using data of one epoch only.

7.9 Acceptance of the Correct Ambiguity Set

In real-time positioning, where the data considered are those of one epoch, the number
of measurements used is always limited and is usually less than 10. As aconsequence, the
statistical information available becomes dependent on relatively small sample sizes. Hence,
it can happen that the set giving minimum variance is not necessarily the correct one.
Although this phenomenon is not often encountered, its existence will lead to wrong
ambiguity resolution, and hence incorrect estimation of the antenna vector. In addition, if
the ambiguities are incorrectly computed at one epoch and are considered fixed for the rest
of the trajectory, serious errors can result. Therefore, efficient strategies must be
implemented to safeguard against this problem. Three of them have been investigated in
this thesis, namely, statistical tests, conjugate ambiguity test, and ambiguity moving
average.

7.9.1 Statistical Tests

Commonly used statistical tests to identify the correct ambiguity set are the chi-square
test and the F-test. In the first one, the estimated variance factor (a 2)of aparticular
ambiguity set is compared to apriori variance factor (a20). The test acceptance criterion is
given as:
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X2df,cx/2 ≤

a20

--

≤ Xdf,1-aJ2

see (Hamilton,1964), where

X2df,w2

(7.11)

and

%2df,1/2

is the chi-square percentiles for the

degrees of freedom df, and the confidence interval a/2 and 1-a/2, respectively, and cx is
the significance level. The test rejects an integer ambiguity combination if the computed
ratio is larger than the acceptance criterion. Among the sets that pass the chi-square test, the
one that gives minimum variance is usually chosen as the correct one (Lachapelle et al.,
1992a). It is unlikely that this test will work well in real-time applications because the
sample from which

x2 is computed is very small (one epoch only).

The second test to identify the correct ambiguity set is the F-test, which tests the ratio
between the two smallest variances (Erickson, 1992b). The acceptance criterion is:
a22

(7.12)

a21

where a21is the smallest variance and a22is the second smallest variance. If the test
passes, the ambiguities given by the smallest variance are accepted as the correct ones. If it
fails, the data used is deemed to be insufficient to correctly resolve the ambiguities and
further testing in following epochs is needed. An approximate method of applying this test
has been given in (Lachapelle et al., 1992b) and (Landau and Euler,1992) where
been set to 2, and in (Cannon and Haverland,1993) where

Fdf,a

Fdf,a

has

has been set to 3. These

values are taken based on empirical results. In attitude determination from data of asingle
epoch, when examining the measurement variances generated by different ambiguity sets,
many small variances can lie within the same population containing the smallest variance
(El-Mowafy and Schwarz, 1994b). The test then, will ignore the set giving the smallest
variance, even though it might be the correct one.
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Since the chi-square test and the F-test are based on the assumption that the residuals
are normally distributed, this assumption must also be tested. When resolving the
ambiguities in a single epoch, the number of measurements are small and from the
statistical point of view, the sample size is not large enough to give adetailed picture of the
residual distribution. Therefore, statistical testing may not be helpful or reliable in rejecting
false ambiguity sets in real-time attitude determination.

7.9.2 Conjugate Ambiguity Test

This test is only available in case of using redundant antennas collinear with the main
ones as given in Figure 7.2. For example, consider the case given in Section 7.4, which is
shown in Figure 7.2d. For any of the tested ambiguities of the baseline 1-3, aconjugate set
can be computed for the baseline 2-4 through asimple process of ambiguity transition.
Since only the correct ambiguity set of the baseline 1-3 can give acorrect (conjugate)
ambiguity set for the baseline 2-4, the ambiguity set of the baseline 2-4 that gives the
minimum variance should be generated from the set that gives aminimum variance for the
baseline 1-3. Thus, their combined variance should be aminimum.

The transition process can be summarized as follows. Referring to Figure 7.2d, and
neglecting the error terms, the phase double difference equation for baseline 1-3 is given as:
(A
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B)
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-

=
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where 4is taken in length units (metres). Similarly, for the baseline 2-4, the phase double
difference equation will be:
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=
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(7.14)
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Subtracting equation (7.14) from (7.13), and ignoring VA

13 13

and VA4l324 since they

are fractions of acycle, one obtains:
VnAis

-

Vn
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[(nA 1 nA2) (nBi
-

-

n132)

-

(nA3 nA4) (nB 3 nB4) I
-

-

(7.15)

which is nothing but the differenced double difference ambiguities between the baselines 12 and 3-4. These ambiguities can be determined directly from the phase integer cycle
measurements. In cycle units, the double difference ambiguities are given as:

(7.16)

=

VAn1B 34

=

VjXAB34

(7.17)

Finally, adouble difference ambiguity for the baseline 2-4 is directly produced from a
conjugate tested ambiguity of the baseline 1-3, as follows:

=

-

[VAn' 13 12

+ V.n

34

J

(7.18)

The baseline 2-4 can then be estimated, and the measurement variance is determined. The
combined variance of the two baselines 1-3 and 2-4 can be taken, for simplicity, as the sum
of the variances. The set of the baseline 1-3 ambiguities that gives the minimum combined
variance can then be chosen as the correct one.

Existence of the baseline 2-4 adds reliability to the attitude determination process. If one
or both of the primary antennas (number 1and 3) are subject to electronic problems or
cycle slips, such that less than four satellites are being tracked, the attitude can be
instantaneously recovered by automatically switching to antennas 2and 4, provided that the
antennas 2and 4are free from the mentioned problems. Recovery of the attitude becomes
then feasible using the independent baseline 2-4.
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7.9.3 Testing Ambiguity Consistency Using A Moving Average Technique
Another strategy to identify the correct ambiguity set is acheck on the consistency of
the estimated ambiguities epoch by epoch. The basic principle is: unless the satellite-toreceiver signal path has been interrupted, phase ambiguities should be the same. To correct
the ambiguities at the epochs of incorrect ambiguity resolution, an ambiguity moving
average technique is used (El-Mowafy and Schwarz, 1994a). A moving average for each
double difference ambiguity is computed at each epoch, starting from areset point. It is
updated with the ambiguity values at the current epoch, using the ambiguity set that has
minimum variance. Before considering the current ambiguity in the computation of the
moving average, asimple test is made for checking the presence of cycle slips above the
selected ambiguity window (4 cycles). The current ambiguity based on data of one epoch i
s
checked against the moving average derived from previous epochs. If the difference is less
than the preset value (±4 cycles), no cycle slip is assumed. However, if the difference is
larger than this envelope, it is assumed that acycle slip has occurred and the moving
average is reset accordingly.

To compute the moving average, the only parameters to be stored and transferred from
one epoch to another are the ambiguity average and an index of the epoch, counted from the
last reset epoch. The moving average of any of the double difference ambiguities is
computed as follows:
avrn

-

(n-i) avrn-J.

+

amb

(7.19)

where (n) is the current epoch time index, (n-i) is the previous time index, (amb) is the
current computed ambiguity, avr... 1 is the previous ambiguity average and avrn is the
current one. Once the current average has been computed, the ambiguity of the set giving
minimum variance is compared to it. If they agree, the ambiguity is considered as the
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correct one. If not, the moving average is taken as the correct ambiguity (El-Mowafy and
Schwarz, 1994a).
Comparing the computed ambiguities to the moving average should start not earlier than
10 seconds after the reset, in order to allow for areliable computation of the moving
average. The choice of this time period is highly dependent on the amount of noise
expected and 10 seconds apply to alow noise situation. For high noise situations, periods
of up to one minute may be needed. During this period of estimating the moving average,
the ambiguities giving the minimum variance are taken as the correct ones.
If epoch-by-epoch ambiguity resolution is not required during the complete mission, a
simple strategy can be applied. A moving average of the epoch by epoch computed
ambiguities is estimated, as described above, after asufficient initialization period. Once the
moving average has been computed reliably, it is taken as the correct ambiguity for the rest
of the survey route. No further ambiguity computations are required until the signal pass is
interrupted. Checking cycle slips, however, is necessary at each epoch, and this can be
done by testing the computed baseline lengths against the known ones. It should be clearly
understood that one does not need to wait until the final moving average is computed and
then start working. Instead, during the process of computing the final average, the
ambiguities are computed at each epoch, and can then be immediately used at their epochs.
Only in ahigh noise environment, there is alimited risk that some of these ambiguities
might not be the correct ones. This means that the system gives the required parameters at
all epochs, but with higher reliability after the ambiguity average has been computed.

7.10 Ambiguity Resolution Using the Known Baseline Geometry

Attitude determination using the multi-antenna system has the advantage that the
antennas are closely spaced. Moreover, for many applications, antenna positions in the
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body frame, if chosen properly, can be satisfactorily considered as fixed along the whole
survey route. Therefore, if antenna geometry is determined, for instance, in apre-survey
static mode, the known geometric elements such as baseline lengths and the spatial angles
between the baselines can be used to identify the correct ambiguities. The main principle is
that all baseline vectors estimated from the correct ambiguities should satisfy the known
spatial geometry of the antenna configuration.

For the determination of a3D attitude, the minimum number of antennas required is
three. Therefore, the technique will be presented assuming, for simplicity, that only three
antennas are used, keeping in mind that the same principles can be applied when redundant
antennas exist. Figure 7.6 illustrates ageneral antenna configuration using three antennas.

I platform C.L

Fig. 7.6 General antenna layout
For each of the baselines 1-2 and 1-3, the search is conducted within apre-defined
window, determined from the expected accuracy of the initial baseline estimate. The search
can be performed within three primary phase double differences (the first method) or within
two primary phase double differences and an estimated value for athird one (the third
method), see Sections 7.5 and 7.6. For any of the ambiguity combinations passing the
length check, double differenced ambiguities of the secondary group of satellites are
computed from the estimated baseline vector. A new estimate of the baseline is then
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determined, for each ambiguity combination, based on measurements of all satellites. The
candidate baseline estimates along with their corresponding ambiguities for both baselines
(1-2 and 1-3) are stored for further testing. If the main baselines are approximately
determined from short ones aligned with them, ambiguity combinations that are further
tested can be significantly reduced if only those having directions (heading and pitch) close
to the known ones are considered.

To give acomplete picture of the geometry of the figure, an estimate of the baseline 2-3
should first be found. That requires the definition of the ambiguity double differences for
the baseline 2-3. They can be directly computed from the tested ones, by subtracting each
possible ambiguity set of the baseline 1-2 from acandidate one of the baseline 1-3. Thus, if
there are nestimates for the baseline 1-2 and m estimates for the baseline 1-3, there will be
nxm ambiguity estimates for the baseline 2-3. The equation for the ambiguity double
difference of the baseline 2-3, for satellites A and B, is given as:

(VA n23

)i..nxm =

(VA

fli3

)i..n

(VA

fl12')1..m

(7.20)

Note that, estimated values of the baseline vector 2-3 will be similar to differencing the
baseline vectors 1-3 and 1-2 only when the correct ambiguities are used.

The geometry derived from the three baseline estimates is tested against the known
geometry, to check the correctness of the candidate ambiguities. Consecutive tests are
applied for this purpose. Figure 7.7 illustrates the sequence of these tests for the case when
the search is conducted within three ambiguity double differences. First, since the three
baselines form aclosed loop, the sum of each component (X, Y, Z) should be zero. In
practice, due to the presence of noise in the measurements, small tolerances can be
accepted, depending on the expected noise level.
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Fig. 7.7 Flowchart of the ambiguity search using the known geometry

152
The closure tests, although essential, are not enough to prove compatibility between the
geometry derived from baseline estimates and known antenna geometry. Therefore,
ambiguity candidates passing the closure tests are next subjected to additional tests for the
shape of the figure. This can be accomplished by comparing the estimated and the known
spatial angles contained between the baselines of the antenna triad. The two independent
angles o and

0, shown in figure 7.6, can be used for this purpose. To determine the two

angles from vector components, the following equations are used:
-,

c=cos-1

-

0

b12-b13
II b12 11 11 b 3 II

(7.21)

-0

f3= COS -1

b31.b32
II b31 Jill b32 Ii

(7.22)

If more than one group of baseline estimates and ambiguity combinations pass the given
tests, although this is not very likely, afinal check can be performed. In this test, the total
closure and shape errors are combined in one error term, and the baselines and ambiguity
set giving the least total error will be taken as the correct one. The total error, defined as the
Total Geometric Error (TGE), represents the overall compatibility error between the
estimated and the correct antenna spatial geometry. The TGE can be written as:

TGE=
IEAX

-

ØJ2

lAY

-

Ol2+lAZ

-

012+ 18a L1 avg 12

+ 1
80 L2 avg 12

(7.23)

Where:
&x and 63 are the error (within tolerance) of estimating the angles o and

J3, respectively.

X, ZAY, and ZL\Z are the closure errors (within tolerance) in the X,Y,Z directions.
avg

is the average length of the baselines 1-2 and 1-3.

L2 avg is the average length of the baselines 3-1 and 3-2.

153
CHAPTER 8

TESTING THE MULTI-ANTENNA SYSTEM

In this chapter, field tests are analyzed to evaluate the performance of the techniques
discussed in previous chapters. the theoretical developments are verified in anumber of
field tests. Testing was mainly performed in akinematic mode, in land using avan and in
an airborne mode. Static tests will be used as abase for the assessment of kinematic
results.

The chapter starts by stating test objectives and methodology. Then, a detailed
description of different tests is given, including operational conditions. The results of
instantaneous ambiguity resolution are analyzed in detail. Finally, accuracy performance of
attitude determination for the van and aircraft tests will be investigated and compared.

8.1 Test Objectives and Methodology

The kinematic tests have been performed with two main objectives in mind, namely:
-

to test the performance of the different ambiguity determination techniques presented in
Chapter 7,

-

to assess the overall performance and accuracy of attitude determination under different
operating conditions, in land and airborne mode.

The multi-antenna system used for attitude determination is the Ashtech ThreeDimensional Direction Finding (3DF) system. To check results of attitude determination,
the output is compared to that of the Litton LTN 90/100 strapdown inertial system. The
correctness of the determined ambiguities was checked by comparing attitude results of
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both systems. If they agree within atolerance of 0.5 degrees, the 3DF attitude is considered
correct, and therefore the ambiguities generating attitude solution are also considered
correct. The 0.5 degree tolerance is based on 2 vélue of the expected error between the
two systems, derived from previous experience.

8.2 Test Design

Three sets of tests have been performed. In the first two series avan was used, in the
last, afixed wing aircraft.

In the first series of van tests, redundant antennas were used to create short baselines,
collinear with the main one, for afast initial estimate of the main baselines as described in
Section 7.4. Only one baseline was tested in this case. Therefore, heading and pitch on the
one hand, and heading and roll on the other were determined in independent tests. A
statistical criterion (minimum variance) was used to find the correct ambiguities. Attitude
parameters were determined using the direct approach given in Section 3.4.

In the second set of van tests the 3D attitude was determined using ageneral antenna
configuration. Feasibility of instantaneous ambiguity resolution using the known spatial
geometry of the antennas was analyzed.

In the last set of tests the attitude of an aircraft was determined. Attitude determination
in airborne mode differs from that on land because the aircraft undergoes considerable
changes in dynamics within short time periods. Also, during turns of the airplane, satellite
blockage is possible, which highlights the problem of instantaneous re-initialization of the
ambiguities and cycle slips detection and recovery. The chosen antenna configuration is
similar, in principle, to the one given for the first series of van tests. The technique used for
attitude determination is also the same. Thus, ahead-to-head comparison between attitude
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results will show the performance of attitude determination in the two operational
environments.

8.3 Test Description

8.3.1 Description of the First Series of Van Tests

In the first series of van tests, the redundant antennas were collinear with the main
ones. Micro strip antennas of the "geodetic type" made by Sensors Inc. were used. The
antennas are square, with side lengths of 0.14 m. With such dimensions, it is not possible
to establish short baselines of less than half acycle. A configuration similar to that in
Figure 7.2d was therefore chosen. With two pairs of antennas, where each pair consisted
of two antennas mounted at about a 15 cm spacing, the phase ambiguities of the short
baselines could readily be determined by applying the technique described in Section 7.4.
Each antenna pair was mounted on atrapezoidal frame, fixed to the roof rack. This allows
the antennas to be elevated about 17 cm above the roof of the yebicl to minimize multipath
due to reflection of the signals from the vehicle's roof. The heading and pitch were
computed in one series of tests, the roll in another. This was necessary because only four
antennas were available. For the computation of heading and pitch, one pair was mounted
at the front of the vehicle and the other at the rear, see Figure 8.1. The distance between the
centre points of the two farthest antennas was 2.975 metres.

For roll determination, the same two pairs were used in independent tests, but in this
case, their baseline was oriented orthogonal to the vehicle's forward direction. Only one
roof rack was mounted in the middle of the vehicle. The two pairs were mounted on the left
and right ends of the roof rack, such that the line connecting the antennas is in the
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transverse direction, see Figure 8.2. The distance between the centre points of the farthest
two antenna was 1.572 metres.
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_
Fig. 8.1 Layout of the antennas for
heading and pitch
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I
i

Fig. 8.2 Layout of the antennas for
roll determination

The tests were conducted on awell-surveyed test traverse close to Calgary with eastwest and north-south direction legs. Figure 8.3 shows the test traverse. Two series of tests
were performed. The first was conducted on June 24, 1993 and the second on June 25. In
each series, astatic test was first performed, followed by akinematic test. On August 9,
1993, another series of tests was conducted. This series started with astatic test, followed
by two independent kinematic tests. The tests were performed for periods ranging from 15
o37 minutes.

A
V

?

jN

I

High Way 1-A

Fig. 8.3 Test traverse of the first van test
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The number of satellites observed during these tests ranges from four to six, the PDOP
ranges from 2.0 to 6.0. The AZDOP was between 1.0 to 3. 1, and the El-DOP was between
0.8 to 3.6. The maximum acceleration determined from the tests was 1.73 m/s2,and the
maximum velocity was 64 km/h, while the average velocity was 58 km/h. All runs were
preceded by astationary period during which the inertial system was aligned. All kinematic
runs include astationary period of about 20 seconds each three to four minutes for zero
velocity updates of the INS.

8.3.2 Description of the Second Series of Van Tests

The second series of van tests was performed in the same area, but with adifferent
antenna configuration. Again, astatic test followed by akinematic one were executed. The
antenna configuration used is illustrated in Figure 8.4, and the antenna spacing and baseline
lengths are shown in Figure 8.5. Antennas 1, 2and 3were collinear, while antenna 4was
at adistance of 1.616 m. The antennas used were of the type known as "aircraft antennas",
made by Sensor Inc. These antennas are compact .with small dimensions (the diameter is
approximately 8.8 cm). They also have amicrostrip patch design. The selected antenna
configuration is similar to the one given in Figure 7.2b. Because of the small size of the
antennas, it was possible to put antennas 1and 2at adistance that is smaller than half a
cycle (0.094 m). Thus, phase double difference ambiguities of the short baseline can be
directly determined as the integer part of the measured phase double differences. The short
baseline 1-2 can then be used to give an approximate estimate of the main baseline (1-3),
from which initial ambiguity values can be calculated. After determination of the correct
baseline ambiguities, attitude parameters are determined from baselines 1-3 and 1-4.
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Fig. 8.4 Test van

Fig. 8.5 Antenna configuration
Figure 8.6 shows the outline of the test traverse. The tests were performed on
September 10, 1994. The static test took about 14 minutes, while the kinematic one took
approximately 16 minutes. The number of satellites observed was four to six, giving PDOP
between 3 and 6. AZDOP between 0.9 to 2.0, and El-DOP between 1.0 to 2.1. The
acceleration and velocity encountered in the kinematic test were similar to the ones given in
the first series of van tests. During the test, the inertial system had periods of
malfunctioning.
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S

High Way 1-A
Fig. 8.6 Test traverse of the second segment of van tests

8.3.3 Description of the Airborne Test

In the airborne test, aKING AIR 90 airplane was used, which is asmall airplane with
twin turbo engines. Figure 8.7 shows the airplane. No antennas were permitted to be
mounted on the wings. Since the fuselage is curved and narrow in the transverse direction,
it was not practically possible to put the antennas such that abaseline in transverse direction
could be created. Consequently, only the heading and pitch were determined in this test.
Three collinear antennas were used for this purpose. Figure 8.8 illustrates the antenna
configuration on the airplane. Antenna 1was located on a2.502 m away from antenna 3,
and antennas 2and 3were placed within adistance of 0.093 m. The given configuration,
allowed fast ambiguity determination because results of the short baseline could be used to
limit the search region for the longer baseline. After estimation of the ambiguities, phase
measurements of baseline 1-3 were used for attitude determination.
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NO
Fig. 8.7 Airplane used in test (KING AIR 90)

Fig. 8.8 Antenna configuration on the airplane
The test was conducted on March 29, 1994 close to Calgary. The trajectory of the flight
is shown in Figure 8.9. The test starts by astatic run of 26 minutes, followed by a
kinematic one. The static test was performed when the airplane was on the runway, ready
to fly. The engines were running to provide power to the inertial system. When the airplane
started to accelerate and move on the runway, the kinematic test began. During the static
test the number of satellites observed was 5to 6, giving PDOPs between 2and 4, AZDOPs
between 1.0 to 1.6, and El-DOPs between 1.0 and 2.7.
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Fig. 8.9 Flight trajectory
For the kinematic test, the number of satellites observed by all antennas changed
between 3and 6, but not in atypical descending or ascending order. For instance, during
some periods the number was 6, changing to 5or 4and then came back to 6. This is due to
blockage of signals of some satellites during flying maneuvers. For approximately 42.5
minutes of flight (2554 epochs), aminimum of 3satellites were observed; thus, ambiguity
resolution and attitude determination were possible. After that, the number of satellites
dropped to' 2and attitude determination had to be stopped. The PDOPs values vary between
4and 8when tracking more than 3satellites. The corresponding AZDOPs were 1.4 to 3.2,
and El-DOPs were 1.1 and 3.0. These values increased considerably when the number of
satellites dropped to 3, reaching values of up to 30 for PDOP in some cases.

During some periods, the aircraft experienced strong vibrations due to flight conditions.
At few epochs, the acceleration reached 9 m/s, while it was less than 1.5 rn/s 2 during
normal flight conditions. In addition, problems related to the tracking of satellite phase
measurements in the receiver channels occurred during the flight. Some satellites were
received at one antenna, while they were not received at another. This reduced the number
of useful data to 2554 epochs. However, the number is sufficient to test the ambiguity
resolution technique and assess attitude determination in astatistically meaningful way.
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8.4 Analysis of Ambiguity Resolution

Since attitude determination in real-time is of main concern in this study, the
ambiguities were determined epoch-by-epoch where the search was performed
independently during each epoch, i.e. the data used were those of asingle epoch. Results
of instantaneous ambiguity resolution are given in the following.

8.4.1 Ambiguity Resolution in the First Series of Van Tests

Results for the first method of ambiguity resolution given in Chapter 7are given in
table 8.1. A statistical criterion (minimum variance) was used to identify the correct
ambiguity set. The main criteria of the proposed technique are: applying an optimized
search region, streamlining the computations, and applying algorithms that enhance correct
ambiguity determination. Computation time needed did not exceed half asecond at any
epoch. Table 8.1 shows the number of epochs and the success percentile of finding the
correct ambiguities, for all static and kinematic tests performed in the first series of van
tests. Results show that the adopted epoch-by-epoch ambiguity resolution approach is
efficient and has an overall success rate of about 99%.

Attitude

Static

Kinematic

Component

Run 1

Run 2

Run 3

Run 1

Heading

1865

1478

2144

1871

& Pitch

99.1%

98.7%

99.8%

98.7%

905
Roll

98.4%

--

--

1482

Run 2

Run 3

Run 4

2201

1778

1575

99.7%

98.8%

99.2%

--

--

--

98.1%

Table 8.1 Number of epochs and ambiguity success rate
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In the epochs where the ambiguities were incorrectly determined (about 1% of the
total), the correct ambiguities were those with the second smallest variance in 80% of the
cases. To investigate the relation between the two smallest variances, ratio testing was
performed using both the rigorous and the approximate F-test. As expected, neither of
these tests gave adefinite answer at all epochs. In some cases the variance ratio did not
pass the test and, according to the test methodology, further testing in the following epoch
is required. In other cases the smallest variance did not result in the correct ambiguities,
even though the tested ratio was significant, leading to afalse "statistically satisfactory"
solution. This is most likely due to the small number of events that are available at one
epoch to compute test statistics.

The chi-square test does not improve performance for ambiguity resolution. This is
mainly due to the fact that the data used are from asingle epoch, see details in Section
7.9.1. It appears therefore that statistical testing does not help in identifying the correct
ambiguity set. The conjugate ambiguity test gave, in most of the cases, the same results as
those determined when using the baseline 1-3 only. Thus, this test does not add significant
information. At the few epochs where the results differed, the difference seems to be due to
different noise levels experienced at different antennas.

When the moving average approach is used, the number of epochs of incorrect
ambiguity resolution drops dramatically, typically by afactor of 3to 4. For instance, in the
first static test, only 2 of the 20 epochs of incorrect ambiguity resolution remain. This
means that the percentage of finding the correct ambiguities increases from 98.7% to
99.86%. Similar results are obtained in kinematic tests. For instance, for the kinematic test
of the first run, the epochs experiencing wrong ambiguity resolution drops from 25 epochs
to 7. The percentage improves from 98.7% to 99.6%. The remaining epochs of erroneous
ambiguity resolution were scattered along the survey course; therefore, their effect was
insignificant. Usually they are found in the early period of building the moving average.
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The performance of different techniques that can be used to reject the incorrect ambiguity
sets are given in Table 8.2. The percentiles given are the overall percentage of correctly
determining the ambiguities from all static and kinematic tests. As shown, the ambiguity
moving average technique is the only one that improves correct ambiguity identification.

Technique Employed

Ambiguity
resolution
without test

Ambiguity
resolution with
test

Usefulness
of
test procedure

Chi-square test

98.94%

98.94%

no difference

F-test

98.94%

93.03%

degraded

Conjugate ambiguity

98.94%

98.5 1%

slightly degraded

Moving average

98.94%

99.62%

improved

Table 8.2 Overall performance of different techniques
of testing for correct ambiguity resolution

The computer time needed to perform ambiguity search using the three methods given
in Sections 7.5 and 7.6'wasinvestigated. Table 8.3 suninaizes the basic differences
between these methods. Comparisons are made on the basis of attitude determination from
one epoch of data using a486 DX computer with a50 MHz clock rate. The compared
values are of the average computation time needed by each method to perform the search in
all tests. The computation time for the first method is used as the standard to compare the
second and third methods. The ratios are shown in Table 8.4. Different ambiguity search
windows were tried. The search region of ±2 cycles was only used for the static tests.
Results show that the first method is the poorest while, in general, the second method
performs best. Only for asearch window of ±2 cycles, there is some advantage of using
the third method. As Table 8.4 shows, the reduction in computation time compared to the
first method improves with the increase in the size of the search window.
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Reduction of search time is important when processing data in real-time. It also matters
when less accurate initial estimates of the baseline have to be used. As an example, the
computation time required by the first method 'to search in awindow of ±4 cycles is close
to searching in awindow of ±8 cycles when the second method is used. This means that if
an array of additional antennas is used, applying the second approach allows for longer
baselines between the antennas because initial accuracy is not that crucial. Also, asmaller
number of additional antennas will be needed if the sequential approach described in
Section 7.4 is employed.

No. of
DD ambiguities
to be searched

Method
No.

Perform
baseline
check

Ambiguity
selection
criterion
minimum
variance of
all meas.

1

3

yes

2

2

no

same

3

2

yes

same

Table 8.3 Basic differences in the search approach
between different techniques

Search Window
(cycles)

Time ratio
between the
second and first
methods

Time ratio
between the
third and first
methods

±2

0.482

0.357

±4

0.322

0.358

±6

0.246

0.282

0.186

0.222

±8

,

Table 8.4 Ambiguity computation time ratio between
the first method and the second aiid the third
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8.4.2 Ambiguity Resolution in the Second Series of Van Tests

The antenna configuration used is ageneral one in this case, and ambiguity resolution
can be obtained in the same manner as presented in Section 7.10, where the correct
ambiguity set is chosen based only on the condition that it gives antenna geometry that
matches the known one. The correct ambiguity set is the one that passes the tests that the
components of the baselines in X, Y, Z directions should sum to zero and that the spatial
angles of the antenna configuration, computed from the baseline estimates, should match
the known ones. Considering test conditions on hand, atolerance of 3cm for the X, Y, Z
sums, and 2.5 arcminutes for angle comparison was chosen. These values were selected
based on a2 cy value of the residuals of the tested values in the static case and by
multiplying the static values by an empirical factor of 1.5 in the kinematic case, to
compensate for errors due to changes in the dynamics. It must be emphasized that the given
values apply only to the limited dynamic changes expected in this test. For other levels of
dynamics, the tolerance should be modified to give optimum performance.

During the test, the inertial system had periods of malfunctioning. Since, the two main
roads used in the test (A and B in Figure 8.6) are well aligned in the north-south and eastwest directions, the correctness of ambiguity resolution during periods of malfunctioning
of the INS was possible by comparing the resulting heading of the 3DF system to the
known direction of the roads. One would expect heading differences within afew degrees
due to steering, therefore if heading results are close, the ambiguities are considered
correct. No accuracy is lost in this case, since from experience, wrong ambiguity
estimation would generate aheading differences considerably larger than afew degrees.

The ambiguity search approach using the known antenna gometry was applied epochby-epoch. Table 8.5 gives the total number of epochs of the static and kinematic tests and
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the number of epochs where the ambiguities were unsuccessfully determined. In the static
test, the adopted approach succeeded in finding the correct ambiguity sets in all epochs.
Not asingle epoch was missed. In the kinematic case, only three out of 954 epochs had
wrong ambiguity estimation. It comes as asurprise that some wrong baseline estimates at
these epochs gave ageometry that was close to the correct one. The static and kinematic
results show that this geometric ambiguity search approach is very efficient. It is more
selective than statistical tests which examine ahypothesis, which is based on assumptions
that may or may not be true. However, results are preliminary at this point because testing
of this new approach has been limited to one test. More tests are needed, at different levels
of dynamics and satellite geometry, before afinal assessment can be made.

Test

Static

Kinematic

number of epochs

841

954

wrong ambiguity
resolution

0

3

Table 8.5 Performance of ambiguity resolution using the known
geometry of the antenna configuration

8.4.3 Ambiguity Resolution in the Airborne Test

The heading and pitch were determined from vector components of the baseline 1-3.
For estimation of the initial ambiguities, the short baseline 2-3 was used to give an
approximate estimation of the longer baseline (1-3). Since the length of the short baseline
1-2 is less than half a cycle, no ambiguity search was needed. After estimating the
components of the baseline 1-2, they are used to determine the approximate components of
the baseline 1-3. From the approximate baseline solution, the initial values of the
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ambiguities can be estimated. Searching for the correct ambiguity set of the baseline 1-3
and identifying it epoch-by-epoch follows the procedure described in Chapter 7.
During the flight, some satellites were blocked, resulting in anumber of cycle slips.
The ambiguity moving average technique proved to be apowerful approach in finding these
cycle slips. However, when sudden changes in dynamics occur, cycle slips of one or two
cycles may appear. The most likely cause of this phenomenon is non-optimality of
changing the tracking phase loop bandwidth in the Ashtech 3DF to accommodate rapid
changes in acceleration. The ambiguity moving average technique does not allow for
detection of cycle slips as low as one or two cycles. In fact, in the presence of these small
cycle slips, the ambiguity moving average may assume that the newly estimated
instantaneous ambiguity, which differs by one or two cycles from the moving average is
false and thus shift it incorrectly. To safeguard against this problem, the ambiguity moving
average approach should be preceded by another approach, capable of detecting smaller
cycle slips.

Different techniques for cycle slip detection are used in DGPS when using GPS data
only, see for instance (Westrop et al.,1989), (Lu and Lachapelle,1990) and (HofmannWellenhof et al., 1992). Cycle slip detection in the multi-antenna system is easier than for
DGPS, because the atmospheric errors are negligible when differencing phase
measurements on very short baselines. Suspected cycle slips are easier to identify since
they cannot be mixed up with errors due to atmospheric propagation. In addition, the
antenna baselines in the multi-antenna system can be accurately measured. Thus, by
computing the baseline length, using phase measurement including in one case the current
ambiguity resolution, and in another case the moving average, and comparing the estimated
baseline length in each case to its true value, adecision can be made whether the estimated
ambiguity is correct or whether it should be shifted to the moving average.
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Another useful feature of the multi-antenna system is that all antennas are mounted on
the same surface, and thus are subject to the same changes in dynamics. In addition, all
channels have the same design, and therefore, behave consistently. Thus, most of the small
cycle slips cancel in differencing the phase measurements between antennas. To illustrate
this phenomenon, let us consider asimple approach that compares the measured carrier
phase with apredicted one, determined from the measured Doppler frequency, to assess the
occurrence of cycle slips. In this technique, the predicted carrier phase at time

tk+j

can be

determined as (Cannon, 1991):

k+1k+

where

4k+1

4

At

(9.1)

is the predicted phase measurement at tk+1
is the phase measurement at tk

(l)k+1 and
At

k+1 2+

4k

are the Doppler frequency measurement at tk+1 and tk, respectively

is the time difference between tk+1 and tk.

Figures 8.10 and 8.11 show, as an example, the difference between the predicted and
measured phase at antenna 1and 3for satellite 19, using the test data on hand. Figure 8.12
and 8.13 show similar results for satellite 31. The differences shown are due to changes in
the dynamics, as equation (8.1) assumes constant acceleration during At. Comparing
Figure 8.10 to Figure 8. 11, and Figure 8.12 to Figure 8.13, shows clearly that the changes
are similar for antennas 1and 3. When using double differences, all .common differences
are canceled and only small random cycle slips are left, which are mainly attributed to
differences in performance between carrier tracking loops of receiver channels. This is
depicted in Figure 8.14. The spikes shown are due to cycle slips at these epochs, which
can be easily detected using the moving average approach. The cycle slips of one cycle
shown, are the only ones that would appear in the solution. The same cycle slips were
detected when using the baseline length to check for cycle slips.
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Fig. 8.10 Phase difference of satellite 19 at antenna 1
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Fig. 8.11 Phase difference of satellite 19 at antenna 3
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Fig. 8.12 Phase difference of satellite 31 at antenna 1
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Fig. 8.13 Phase difference of satellite 31 at antenna 3
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Fig. 8.14 Difference of phase double difference between satellites 19 and 31

Table 8.6 show results of instantaneous ambiguity resolution for both static and
kinematic tests. Out of 1555 epochs in the static case, only two epochs had wrong
ambiguity estimation. In the kinematic case, the epoch-by-epoch ambiguity resolution gave
very good results in the periods of good satellite visibility, the success rate was about 95%.
This result shows that the adopted technique is very reliable when considering the high
level of dynamics experienced by the aircraft. During the period of bad satellite geometry
with 3satellites, the success rate drops to 74%. This is expected as there is no redundant
measurement available in this case, and poor satellite geometry has aprofound impact on
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ambiguity resolution. It should be noted that these results are specific to the multi-antenna
system used and may change when other receivers are used.

Test

Static Test

Kinematic
using 4-6
satellites

Kinematic
using 3
satellites

number of epochs

1555

2002

552

wrong ambiguity
resolution

2

87

144

Table 8.6 Performance of ambiguity resolution in airborne mode

8.5 Analysis of Attitude Determination Performance

Antenna configuration and attitude determination technique used in the first series of
van tests and in the airborne tests are similar. Therefore, analysis of attitude results will be
given for both cases, and their performance will be compared.

8.5.1 Attitude Results in the First Series of Van Tests

8.5.1.1

Static Test Results

Figures 8.15a and 8.15b show, as an example, pitch results of one of the static tests as
determined independently by the 3DF and the INS systems, respectively. Complete attitude
results of the two systems are given in Appendix C. The comparison of the two figures
(8.15a and 8.15b) clearly shows the presence of multipath in the 3DF data. Its period is
about 10 minutes and its amplitude 0.15 degrees. All othe?static 3DF data sets show
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multipath with similar trend and magnitude. Considering that the test area was chosen for
low multipath, it appears that this phenomenon cannot be avoided in the static case.
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Fig. 8.15a Static 3DF pitch
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Fig. 8.15b Static INS pitch

Heading and roll variation patterns are similar to those of pitch, but with different
amplitudes. The (INS-3DF) differences are shown in Figures 8.16 and 8.17 for heading
and pitch of the first test, and in Figures 8.18 and 8.19 for the second test. The differences
in roll are depicted in Figure 8.20. The large spikes shown are due to erroneous ambiguity
determination. Table 8.7 gives the statistical results (rms) for all tests performed. The
smaller error amplitude in heading is very typical for all static results and is due to the fact
that the height component does not enter into the computation. Note that the difference in
baseline lengths for pitch and roll does not result in adifference in the static error rms. This
is due to the fact that the satellite geometry was better for the roll test than for the pitch test.
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Fig. 8.16 Static heading difference test (1)

Fig. 8.17 Static pitch difference test (1)
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Fig. 8.18 Static heading difference
test (2)

Fig. 8.19 Static pitch difference
test (2)
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Fig. 8.20 Static roll difference
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Attitude

Static

Kinematic

Component

Run 1

Run 2

Run 3

Run 1

Run 2

Run 3

Run 4

Heading

0.052

0.045

0.064

0.058

0.047

0.057

0.086

Pitch

0.105

0.111

0.133

0.091

0.098

0.113

0.120

Roll

0.110

--

--

--

--

--

0.171

Table 8.7 mis of attitude differences for the static and kinematic runs (deg)

8.5.1.2 Kinematic Test Results

Figures 8.21a and 8.21b show results of the pitch for the first kinematic test as atypical
example. The first figure gives the 3DF results, and the second shows the INS results. The
agreement between the two system outputs is very good at the scale given. For detailed
attitude results of the two systems, refer to Appendix C. To give a head-to-head
comparison with the presented static results, the difference between the 3DF and the INS
estimated attitude in heading and pitch from the first and second tests are shown in Figures
8.22 to 8.25. The difference in roll is ilhistrated in Figure 8.26. The estimated error level of
the ranges from less than 0.05 degree in heading to approximately 0.17 degree in roll. The
spikes shown in the figures are due to erroneous ambiguity resolution.
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Fig. 8.23 Kinematic pitch difference
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Roll results show ahigher multipath level than heading and pitch. This is mainly due to
adifference in satellite geometry between the heading and pitch tests on the one hand, and
the roll test on the other. When comparing the rms values given in Table 8.7, the roll has a
larger mis than the pitch. This is due to using ashorter baseline length when estimating the
roll (1.572 m compared to 2.975 m). The difference between the static and kinematic roll
results is due to the fact that the satellite number and geometry employed in the kinematic
case are much poorer than those used in the static case. In the kinematic test, 4 or 5
satellites with aPDOP of about 6were used, giving El-DOPs of about 2.3. In the static test
6satellites were available and the PDOP was 2, and the El-DOP was 1.2.

When comparing the kinematic results to the static ones, two conclusions can be
drawn. First, the multipath error is less significant in the kinematic case. This is mainly due
to the continuous geometry changes between satellites, reflecting objects and antennas, and
also due to antenna vibrations; see for instance Braasch and Van Grass (1991). It is also
confirmed by independent results recently published in Schwarz and Wei (1994). The
second important observation is that the general noise l
evelis almost the same in the static
and kinematic modes. It is approximately 3arcminutes for heading and 6arcminutes for
pitch. These results were achieved with abaseline of 2.975 metre. Better accuracy is
obtained when longer baselines are used, see for instance (Lachapelle et al., 1994). Taking
baseline lengths into account, the accuracy achieved is close to the one shown in the tests
given in Chapter 5.
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8.5.2 Attitude Results in the Airborne Test

8.5.2.1 Static Results

Figures 8.27a and 8.27b illustrate the 3DF heading and pitch results of the static test,
respectively. As shown, multipath is clearly visible. Since the airplane was not in the
vicinity of big buildings or hills, the body of the airplane and the ground have to be
considered multipath sources. The inertial system attitude parameters were very stable
during the static test. The difference between the 3DF and the INS outputs are shown in
Figures 8.28 and 8.29. Errors in heading were smaller than in pitch, and this can be
attributed to the inclusion of the height component in estimating pitch. This is also reflected
in the rms of attitude differences between the two systems, given in Table 8.8. The rms for
heading is four times smaller than that for pitch. Previous tests (Section 8.5.1.1) show that
this ratio was only two before. Major factors that may have caused this variation are the
airplane vibration, where the engines were running to provide power to the INS system,
and the change of satellite geometry and multipath effects from one test to the other.
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Fig. 8.28 Static (INS-3DF) heading

Fig. 8.29 Static (INS-3DF) pitch

Attitude
Component

Static Test

Kinematic
using 4-6
satellites

Kinematic
Including 3
satellites

Heading

0.032

0.118

0.273

Pitch

0.127

0.138

0.433

Table 8.8 rms of attitude components in
static and kinematic tests (deg)

8.5.2.2 Kinematic Results

Figure 8.30a and 8.30b illustrate the kinematic results of the 3DF system for heading
and pitch, respectively. Appendix C gives the INS heading and pitch results. When the
aircraft was heading north, differences in steering generated jumps from 0to 360 degrees,
which are visible in the heading figure. The differences between the output of the 3DF and
the INS are shown in Figure 8.31 for heading and in Figure 8.32 for pitch. In contrast to
the static case, there is no clear indication of multipath errors in the kinematic test. This is
most likely due to randomization of these errors due to orientation changes of the aircraft,
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as well as vibration of the aircraft which dampens the multipath (see Chapter 4). One
should also consider the possibility that multipath errors in this high dynamic environment
may be partially masked by other errors. On the other hand, since the airplane body, as a
reflecting source, exists in both the static and kinematic tests, this difference in multipath
behaviour indicates that the ground may have been the major multipath error source in the
static test.
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Changes in satellite visibility and geometry described before have adirect effect on the
final output. Periods with good satellite geometry showed more stable and consistent
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errors, while those with bad geometry showed large errors of inconsistent pattern. This is
clear when comparing, for instance, the third quarter of the data to the fourth. In the
former, 5to 6satellites with good geometry were observed, resulting in errors bounded in
arange usually expected under these favorable conditions. In the fourth quarter of the data,
poor satellite visibility was encountered with mostly 3satellites. During this period, the
level of errors was magnified considerably. This is reflected in the estimation of the rms of
the differences between the 3DF and the INS outputs given in Table 8.8. The third column
of the table shows the rms for periods when 4 to 6 satellites were observed giving
geometry that varies between normal to good. The fourth column shows the rms values
when periods of bad satellite geometry were included. As shown, the rms values were
magnified by afactor of two to three.

The results extracted from the periods of normal to good satellite geometry compare
well with the ones given in Cohen et al. (1994) and Cannon et aL(1994), when taking the
baseline length ratio into consideration. In both studies, the attitude of aGPS based system
was compared to that of an accurate inertial system. In the first test, an rms of. about 3.
arcminutes in attitude difference was reported for all components using abaseline length of
7.92 m. In the second study, averaged accuracy, from two tests, of 3.5 and 5.8 arcminutes
were reported for heading and pitch respectively, using abaseline length of 6.93 m.

When considering the case of good satellite geometry, one notices that heading and
pitch results are very close, which contradicts results shown in the previous tests (Section
8.5.1.1). This is most likely due to aircraft vibrations.
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8.5.3 Comparison between Attitude Determination Performance on Land and in
Airborne Tests

Comparison of the attitude determination results on land and in the airborne show two
important features. First, attitude determination is less accurate in the airborne mode than
on land. Second, multipath effects in flight are less of aproblem than on land. The first
feature is mainly due to effects of vehicle dynamics on attitude determination. Low
dynamics do not change attitude accuracy significantly, as is clear when comparing static
and kinematic results of the van tests, where the level of accuracy achieved almost did
hardly change. The difference of dynamics between the land and airborne modes is,
however, large, because more vibrations are expected in airborne mode. In addition, during
turns and maneuvering in flight, satellite shading may occur. In these cases, attitude
accuracy may degrade by afactor of about 2.

Multipath sources in kinematic airborne mode are limited to the aircraft body, and
during normal flight its effect is minimal. In addition, .vibration of the airplane dampens
multipath effects. In turns and maneuvering, some multipath may appear from the wings
due to tilting of the airplane. On land, amultitude of multipath sources exist. Even with
changes in the geometry of the satellites and the moving antennas, some multipath effects
remain.

Test results also show that with abaseline of 3m, the achievable accuracy in heading is
between 3 and 6 arcminutes, and in pitch and roll is between 5 and 8 arcminutes,
depending on factors discussed in Chapter 4. More accuracy is expected when the baseline
length is increased.
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CHAPTER 9

CONCLUSIONS AND RECOMMENDATIONS

The emphasis of this research was on the development and testing of techniques for
reliable attitude determination and ambiguity resolution in kinematic GPS applications.
Major contributions were made in three areas. First of all, the geometry of the antenna
configuration was used to enhance the accuracy of attitude determination by anetwork
approach and to introduce anew methodology of ambiguity resolution by geometrical
constraints. Second, instantaneous ambiguity determination algorithms were developed,
and methods of enhancing speed and robustness of finding the correct ambiguities were
presented. These algorithms were extensively tested in different operational modes.
Finally, anew approach for direct attitude determination from phase measurements was
developed and extensively compared to existing methods. The comparison included
operational factors, such as computational time, number of antennas and antenna
configuration, as well as an accuracy analysis. Detailed conclusions resulting from this
research are given in the following.

9.1 Conclusions

The following conclusions can be drawn from these investigations.

1) Solving the multi-antenna baselines in anetwork solution, in general, improves attitude
determination as compared to abaseline-by-baseline approach. This is because the network
approach includes additional geometric information (baseline lengths and angles), and
considers the correlation between baselines. The additional computational time needed to
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apply the network approach is afew milliseconds for each epoch. The network approach
can therefore be used in real time.

2) Three methods are presented for attitude determination. They are: indirect attitude
determination using the transformation matrix between the body frame and the local-level
frame, attitude determination from vector orientation in the local-level frame, direct
determination of attitude parameters from phase measurements. All three methods have
been tested under different operational conditions and perform well. Using abaseline of 3
metres length, heading accuracies of 3-7 arcminutes, and pitch and roll accuracies of 5-8
arcminutes can be achieved, depending on factors, such as magnitude of multipath, satellite
geometry and level of dynamics and vibrations.

3) If attitude parameters are determined from the transformation matrix between the body
frame and the local-level frame, they cannot be determined directly from the elements of the
transformation matrix because the rotation sequence is unknown. Instead, an adjustment
approach is used. Because of the non-linearity of the observation equations, the method is
not compatible with the other techniques. Differences in the solution are usually less than
1.5 arcminute; however, they can reach 5arcminutes, especially when rapid changes in the
orientation occur. The direction of aline cannot be determined with this method, it works
only for 3D attitude determination. It also needs an initialization period to determine
baseline components in the body frame. The method, however, is advantageous in terms of
the antenna configuration because the antennas can be located anywhere and at any height
above the moving carrier. When using redundant antennas the algorithm does not change.

4) The direct approach and the method of attitude determination from vector orientation in
the local-level frame are very compatible, and show no significant difference in attitude
determination. Also, the computational time needed is almost the same. The direct method,
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however, is straightforward and simple in principle. Both methods can be used for
direction finding or 3D attitude determination, as long as all baselines are in one plane.
However, both approaches are not flexible regarding antenna distribution. At least two
antennas have to be parallel with the longitudinal axis of the moving body. In addition,
redundant antennas can only be used if they are in the same plane as the three primary ones,
otherwise atransformation matrix is needed, which essentially results in asolution similar
to the first approach.

5) Instantaneous ambiguity resolution is the key element in achieving areliable attitude
solution in kinematic applications. If the correct ambiguities are determined using asearch
approach around the initial estimate of the baseline, additional antennas will speed up
ambiguity resolution by estimating the initial baseline within asmall range of uncertainty.
For baselines between 3and 5metres the search can be conducted in aregion of 9cycles.
For longer baselines the additional antennas can be added sequentially to generate the same
search region. Additional antennas increase the total cost of the system, however.

6) The search can be performed within two phase double differences taking the measured
baseline length into consideration. This information is enough to produce aunique baseline
solution that can be tested to define the correct ambiguities. This approach replaces awidely
used method of searching within three phase double differences for the same purpose. The
reduction of the search time when using the proposed approach is significant. The
reduction time ratio increases with the increase of the search region.

7) Other features that can be used to speed up the ambiguity search procedure are:
computing the normal equation matrix in the least-squares approach only once for all test
sets at the same epoch, performing only one iteration of the least-squares solution, and
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testing the antenna vector magnitude, produced from each test ambiguity set, against the
known baseline length.

8) Ambiguity resolution using the known antenna geometry appears to be an efficient
technique with ahigh reliability of determining the correct ambiguities. The main principle
is that all baseline vectors estimated from the correct ambiguities should satisfy the known
spatial geometry of the antenna configuration. This technique is more selective than
statistical tests. Results are preliminary at this point because testing of this new approach
has been limited to one test.

9) The use of the ambiguity moving average approach increases the probability of correct
ambiguity resolution. It can be also be used for detection of cycle slips.

10) Ambiguity re-initialization can be performed more reliably if one single difference
ambiguity is known. This is performed by estimating values for the known ambiguity,
from baseline solutions based on tested sets of ambiguities. The correct ambiguity set is
then determined as the one giving an ambiguity estimate equal to the known ambiguity.

11) The adopted ambiguity resolution techniques use an epoch-by-epoch solution
approach. In this scheme, wrong attitude determination are limited to the epochs of
erroneous ambiguity determination and will not propagate into the following epochs.

12) Van and aircraft tests show clearly the feasibility and high reliability of achieving
instantaneous ambiguity resolution in different dynamic environments. Field tests using a
van indicate that the ambiguities can be resolved in real-time in 99% of the cases. The
performance is similar for the low dynamics and static tests. In a high dynamic
environment, such as in airborne mode, where the aircraft is subjected to vibrations and
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sudden changes in dynamics, performance of correct ambiguity determination was about
95%. In cases of poor satellite geometry, it could drop to 74% of the total. In all
approaches, the ambiguities are resolved and the attitude is computed in less than half a
second, using a486 DX computer with 50 MHz clock rate.

13) For abaseline of 3m length, one millimetre error in the relative positions between the
antennas will produce an error of about one arcminute in baseline orientation. To maximize
system accuracy, errors at the millimetre level have to be minimized. For the multi-antenna
system, common receiver, antenna and atmospheric errors are canceled through phase
measurement differencing, and the major errors remaining that can produce relative errors
at this level are multipath, carrier tracking noise and antenna phase centre variation. Field
tests show that multipath is almost unavoidable in the static case. Errors in attitude due to
multipath can reach 9arcminutes. In the kinematic case, multipath effects are minimized
due to randomization of the satellite-multipath source-antenna geometry, and vibrations.
Phase noise and antenna phase centre variation can also produce afew millimetre errors in
relative positioning. In high dynamics, phase noise is the major error source. Phase noise
can be minimized by enhancing receiver design, and antenna phase centre variation can be
reduced by using antennas of rugged and consistent design, and orienting the antennas in
the same direction.

14) In general, accuracy of attitude determination increases with the increase in baseline
length. However, errors, such as uncorrelated multipath and surface flexing, will lead to a
diminishing gain when the baseline exceeds acertain length.

15) To determine the attitude of amoving vehicle reliably, the antennas should be rugged
and should be mounted in such away that the rigid body assumption, upon which the
attitude model is based, is approximated as well as possible. Even small errors in the rigid
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body assumption can lead to large errors in attitude determination if short baselines are
used. Antenna locations should therefore be chosen to avoid as much as possible changes
in the body of the moving vehicle due to torsion, bending, and flexing.

16) Some limited studies on optimal antenna configurations are not conclusive. Antennas
with significant height differences produce phase double differences of high signal-to-noise
ratio, which is an advantage. However, the signal-to-noise ratio is also dependent on
satellite geometry. Moreover, an inverted orthogonal antenna triad is theoretically more
advantageous than antennas distributed in the same plane. Limited field testing has not
confirmed this result.

9.2 Recommendations

Based on the results of this research, the following recommendations regarding
improved performance of OPS multi-antenna attitude determination system can be made:

1) An improved oscillator and hardware design for acommon receiver operating multiantennas will make single differencing the preferred differencing technique replacing
double differencing. This will result in improved measurement accuracy.

2) Further testing of the instantaneous ambiguity resolution approach using the known
geometry of the antenna configuration is needed. The tests should include shipborne and
airborne modes.

3) Additional tests are required to assess performance of attitude determination methods
when increasing baseline length. This will be important for some commercial applications,
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as for instance big air carriers and ships, where flexing, bending, and torsion modeling
may also be needed.

4) The inverted orthogonal antenna triad should be further tested under different dynamic
environments to give afinal assessment of its performance.

5) A comprehensive analysis of multipath effects on attitude determination in the kinematic
case, and its minimization is needed.

6) Integration of the system with amedium accuracy inertial system is an attractive option
for kinematic applications. While aGPS multi-antenna system with short baselines has
accuracy in the arcminutes range, it does not drift with time as the inertial system does. The
inertial system on the other-hand has ahigh output rate, good accuracy in the short term
and does not have the problem of satellite shading or ambiguity initialization. It can provide
initial values for attitude parameters that can be used to achieve instantaneous ambiguity
resolution without the need for additional antennas. If multipath problems have been
solved, the integrated system will be an attractive alternative to the more expensive and
accurate inertial systems currently used.
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APPENDIX A

ATTITUDE PARAMETERIZATION

A.1 Cayley Axis/angle

The attitude matrix is aproper real orthogonal matrix. This matrix must have at least
one eigenvector with eigenvalue unity. That is, there exists aunit vector, i which does not
,

change when multiplied by the attitude matrix, i.e.,:

T= i

(A.1)

where T denotes the attitude matrix. This means that iis avector along the axis of rotation.
If this axis is determined, vector transformation between the body frame and the reference
frame can be accomplished by rotating the first frame about the single axis of rotation by
only one angle (ct). The attitude matrix Tcan then be given as:

[ cosc+ei (1-Cosa)
T =J e e (1-cosa) e sina
2

1 2

-

Le ie
s(1-cosa)

+

3

e2 sina

e1e2 (1-coscx)+e 3 sina

e1e3 (1-cosa)

cosa+e 22 (1-Cosa)

e2e2 (1-cosa)

e2e3

(1-cosa)

-

e1 sina

e
2sina
+ e
1sina
-

cosa+e 32 (1-Cosa)
(A.2)

(Wertz, 1978), where e1,e2,e3 are the components of the axis of rotation in the reference
frame. This representation of the rigid body orientation is called the Cayley axis and angle
parameterization. Since e1,e2,e3 are related by :

e
1
2+e 22+e32

=

1

Cayley axis and angle parameterization only depends on three parameters.

(A.3)
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For agiven attitude matrix T, Cayley axis and angle parameters can be determined as
follows:
cosa = 1/2 [trace(T) -1]

(A.4)

e1= (t6 t8 )
/(2 sina)

(A.5)

e2 =(t7 -t3 )/(2sinx)

(A.6)

e3 =(t2 -t4 )/(2sina)

(A.7)

-

where:
[ti

t2

t3

Lt 7

t5
t5

t6
t9

T=It4

(A.8)

A drawback of using Cayley axis and angle parameterization is that the components e
cannot be determined when sinc is equal to zero.

A.2 Euler Symmetric Parameters (quaternions)

Another representation of the attitude matrix can be giving using four mathematical
parameters (q 1,q2,q3,and q4)known as quaternions. They can be defined in terms of
Cayley axis and angle parameters as follows:

q1 = e1 sin

(A.9)

-

q2

e2 sin

(A.10)

q3=

e3

sin

(A.11)

q4 = cos

a

(A.12)

Only three quaternions are independent, as they satisfy the equation:
q12+q 22+q 32+q 42

=

1

The attitude matrix can be expressed in terms of quaternions by:

(A.13)
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T

[q1 2-q2 2-q3 2+q42
2(q 1q2+q3q4)
2(q 1q2 q3q4) -q12+q22-q32+q42
L 2(q 1q3 q2q4)

2(q2q3q 1q4)

2(qq3..q2q4)

2(q 2q3+qq 4)

(A. 14)

-q1 2-q2 2+q3 2+q4 2

Knowing the elements of aspecific attitude matrix, the quaternions can be derived as
follows (Wertz, 1978):

q4 = ±
q1

=

q2

=

q3

=

/1+t1+t5+t9

(A.15)

(t5 -t3 )

(A.16)

1 (t7 -t3 )
4q 4

(A.17)

1 (t2 t
4)
4q 4

(A. 18)

1

4q 4

-

The use of equation (A.15) to (A.18) is not the only method for determining quaternions
from the attitude matrix, other methods are also available. All of them are mathematically
equivalent.

Using quaternions for attitude parameterization is more convenient than using the
attitude matrix because only three independent parameters are needed rather than nine.
Also, determination of quaternions is mathematically more efficient than computing Cayley
axis and angle parameters since no trigonometric functions are involved. The quaternions
are not widely used for attitude parameterization in navigation with GPS mainly because
they do not represent physical quantities.

A.3 Gibbs Vector

Another approach for attitude parameterization is given by the Gibbs vector. The
number of parameters needed for attitude determination using this approach is three,
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defined as: 91 ,92,

and 93.

The attitude matrix is given in terms of Gibbs parameters as

follows:

T=

1

l+g12_g22g32 2(gg 2+g 3)
2(g 1g3_g)
-I
1(A.19)
2(gg 2 g3) Lg 12 g22 g32 2(g 2g3 g1)
1+g12+g22+g32
2(gg+g)
2(g 2g3 g1) l g 2g 2 g3 2]

I

Gibbs parameters can also be related to Cayley axis/angle parameters and quaternions by
the following equations (Wertz, 1978):

g1 =çi 1/q4 =e 1 tan
92

=

q2/q4 = e2 tan

a
a

g3 =q3/q4 =e3 tan

(A.20)
(A.21)
(A.22)

As equation (A.20) to (A.22) show, Gibbs parameters become infinite when the rotation
angle (a) is an odd multiple of 180 degree

If the rotation matrix is given, Gibbs parameters can be determined as follows:
t6

t8

-

(A.23)

g1—

1+ ti + t5 + t9

g2—

1+

+ t9

(A.24)

g3—

1+ ti + t5 + t9

(A.25)

t'7
1

-

+

t2

-

t3
t5

t4

A.4 Euler Angles

The attitude matrix is acoordinate transformation matrix between the body frame and
the reference frame. Thus, it can be simply obtained by forming the matrix product of three
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matrices of successive rotations about the axes of the body frame. Since there is one
rotation angle for each axis, the attitude matrix will be afunction of three rotation angles.
The attitude can then be parameterized by the three rotation angles, which can be taken as
NE OE,

and q. Figure A.l illustrates the rotation between the body frame (x,y,z), and the

reference frame, expressed by the orthogonal triad (u,v,w). A simple representation of the
transformation process can be obtained by performing arotation about the axis yby the
angle

PB,

followed by arotation about the axis xby the angle

about the axis zby the angle

1E•

O,

and finally arotation

Because of this clear physical interpretation of Euler

angles, they are widely used in navigation with GPS.

w

z

Vy
low x

czcT
Fig. A.1 The body frame and the reference frame

Because Euler rotation angles are affected by the successive orientations of the body
frame with respect to the local-level frame, which is dependent on the sequence used, Euler
angles are, in general, not the same as the attitude parameters defined in Section 2.3.
Therefore, these angles must be corrected using techniques similar to the one given in
Section 2.3.
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The sequence of rotations about the body axes can be performed in 12 distinct ways
with the restriction that no successive rotations are permitted about the same axis because
successive rotations are equivalent to one rotation by the sum of the rotation angles.
Appendix B gives the transformation matrices for all the 12 possible Euler angle
representations. They can be divided into two types:

Type I: In which the rotations take place successively about each of the three coordinate
axes. This type has asingularity at

°B

=±90 degrees.

Type II: In this case, the first and third rotations take place about the same axis and the
second rotation takes place about one of the other two axes. This type has a
singularity when

°E

is zero or 180 degree.

The main obstacle in determining Euler angles directly from the attitude matrix is that
the sequence of rotations is unknown. Thus, other techniques should be implemented
instead of the direct approach.

Finally, transformation between one set of attitude parameterization to another is always
possible. For instance, if Euler angles are determined and have been substituted in the
rotation sequence z-y-z, the Euler symmetric parameters (quatemions) can be evaluated as
follows (Wertz, 1978):

2hh1

(A.26)

q2 = sin 2 E sin
-

2

(A.27)

q3= COS -°E sin

2

(A.28)

0E
q1=sin---

cos

cos (E+lvB)
q4=cos --OE
2

(A.29)
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APPENDIX B

THE ATTITUDE MATRIX FOR THE 12 POSSIBLE
EULER ANGLE REPRESENTATIONS

B.1

Type IRepresentation

In this type of the attitude matrix parameterization, the rotations take place successively
about each of the three coordinate axes. Six rotation sequences can be performed. They are
(Wertz, 1978):

[s(IIJE)s(OE)s(pE)+c(1IJE)c( (PE) c(OE)s(WE)

=

I
S(cpE)S(OE)c(IIJB) c( pE)s( IfE)
-

L

(

1

S( (PE)C(OE)

c(OE)c(IVE)
-S(OE)

I
C(lJJE)C(pE) S(WE)S(OE)S(pE)
-

s(E)s( 0 E)c(E)+c(E)s(E) -c(8E)s(WE)

-S(9E)C(OE)

=

c((pE)c(OE)

c(PE)c(8E)

S(OE)
C(OE)C(IJE)

r

c(PE)c(OE)

s(pE)c(OE)
c(OB)s(rE)

Ls(1VE)s(cE)+c(lIJE)s(eE)c(pE)

c(8 E)c(lJJE)

[c(OE)c(IIJE) s(pE)s(OB)c(B)+c(p)s(1Jf) s(WE)s(pE)-c(VE)s(OB)c(PB)
=

-c(OE)s(VE) c(1JcE)c(pE)-s(1Jc)s(0)s(()

L

S(OE)

-s(PE)c(OE)

c(p)c(0)

[c(OE)c(1VE) s(wE)s(qE)+c(E)s(0)c(p) s((PB)s(OB)c(1jJ)-c(()s(c)

=

I-S(O )
E

c(PE)c(OE)

s(pE)c(OB)

Lc(8E)s(iiiB) s(1jfB)s(OE)c((PE)-c(IIJE)s(pE) c(IIJE)c((PE)+s(VE)s(OE)s(pE)
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[
=

C(PE)c(OE)

S(OE)

S(IIJE)S((PE) -C(1IJE)S(OE)C((PE)

C(OE)C(1IJE)

-S(9E)C(O E)

S((pE)S(OE)c(1J)+C((pE)S(1f)

LsE)s(OE)cpE)+cvE)s((pE) -c(OE)s(iIJE) c(iE)C(p)-S(lfE)S(OE)s(pE)

where T is the attitude matrix, (x,y,z) are coordinate axes of the body frame, sand cdenote
the sine and cosine respectively. 11
1B, °E (
PE are Euler angles, corresponding to the heading,
pitch, and roll, respectively.

B.2

Type II Representation

In this case, the first and third rotations take place about the same axis and the second
rotation takes place about one of the other two axes. Six rotation sequences can be used.
They are (Wertz,1978):

[C(0)
=

5(NE)5(OE)

Lc(1vB)s(OE)

S(()S(OE)

-s(8E)c(PE)

c(vB)c(pB)-s(lIJE)c(8B)s((pE)

s(IVE)c(OE)c((PB)+c(VB)s((PB)

-s(1IcE)c((PB) -c(VB)c(OB)s((PB)

[ C(OE)

=

C(9E)S(OE)

-c(IVE)s(O E) c(p B)c(0)c(ijc)-s(p)s(1jc) s((PB)c(OE)c(IIJE)+c((PE)s(WB)
L5(IJJB)5(OB) -s(iiB)c(BE)c((PE)-c(lIcE)s(p E) -s(lB)c(OE)s((PB)+c(ijc)c(p)

Is(h! B)c(OB)s(B)+c(I E)c(E)
-

=

1

1

S((PE)5(OB)

Lc(WB)c(OE)s((PE)+s(1!JB)c((PE)
[c(VB)c(OE)c(pB) -s(IIJB)s((pB)
=

S(OE)S(ft)

-c(p)s(8)

s(ijfB)s (OE)

-s(WB)c(OE)c(E) -c(WE)s((PE)

c(OE)

s(OB)c((PB)

-c(lIJE)s(OB)

c( (PB)c(OB)c(VB) -s( (PB)s(1p'E)

c(IIJE)s( 8 B)

-c(lIJB)c(OE)s((PB) -s(1pE)c((PB)

c(OE)

s(OE)s(PE)

Ls(1cE)c(OE)c(cpE)+c(1J)s((P) s(lIIB)s( 9 E)

-s(lIJB)c(8E)s((PB)+c(IIfB)c(PE)
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I
=

C(1IJB)S( (PB)+S(lIJE)C(OE)C( (PE)

-s(I1E)c( (
PE) -c(vE)c( 8B)s((PB)

L

s(0)s(()

-s(VE)s( (
PE)+c(VE)c(OE)c(pE)

-S(8E)c((PE)

[-s(B)s(ipE)+c(itE)c(eB)c((PB)
=

S(OE)C((PE)

C(1IJE)S(OE)
c(eB)

-c(Ni)s(0)

-C(NJE)S( (
PE) -S(IIJE)C(OE)C((PE)

L

s(lIFB)S(OE)

S(lIJB)S(OE)
S(OE)S(PE)

C(OE)
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APPENDIX C

DETAILED ATTITUDE RESULTS

In this appendix, complete attitude results are given for all tests, mentioned in this
thesis, in which the attitude outputs of the multi-antenna system (3DF) were referenced to
simultaneous outputs of the Litton 90/100 inertial system (INS). The differences of the
outputs between the two systems are given in the main text. Since in the static case the
results of the inertial system are usually constants at the plotting scale, only 3DF results are
given. In the kinematic case, both 3DF and INS results are presented since they change
•
with time.

C.1 Truck Results

This section gives the attitude results (heading, pitch, roll) of the truck test described in
Chapter 5.

C.1.1 Static Results
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C.1.2 Kinematic Results
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The jumps shown in heading figure (from 0 to 360 degrees) are due to differences in
steering when heading north.
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C.2 First Series of Van Tests

The following are attitude results of the first series of van tests described in Section
8.3.1.
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C.2.1 Static Results
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C.2.2 Kinematic Results
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C.3 Second Series of Van Tests

In this section, the 3DF attitude results of the second series of van tests, described in
Section 8.3.2, are given. Static and kinematic results are shown in the same plots.
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C.4 Airborne Results

Complete attitude results of the aircraft tests described in Section 8.3.3 are given in this
section.
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C.4.2 Kinematic Results
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