University of Calgary
PRISM: University of Calgary's Digital Repository
Graduate Studies

Legacy Theses

2000

An empirical review of Canadian monetary
aggregates: substitution, separability and time series
characteristics
Joncic, John
Joncic, J. (2000). An empirical review of Canadian monetary aggregates: substitution, separability
and time series characteristics (Unpublished master's thesis). University of Calgary, Calgary, AB.
doi:10.11575/PRISM/22903
http://hdl.handle.net/1880/40010
master thesis
University of Calgary graduate students retain copyright ownership and moral rights for their
thesis. You may use this material in any way that is permitted by the Copyright Act or through
licensing that has been assigned to the document. For uses that are not allowable under
copyright legislation or licensing, you are required to seek permission.
Downloaded from PRISM: https://prism.ucalgary.ca

UNIVERSITY OF CALGARY

An Empirical Review of Canadian Monetary Aggregates:
Substitution, Separability and Time Series Characteristics

John Joncic

A THESIS

SUBMITTED TO THE FACULTY OF GEUDUATE STUDIES
[N PARTIAL

FULFILLlMENT OF THE REQUIREMENTS FOR THE

DEGREE OF MASTER OF ARTS

DEPARTMENT OF ECONOMICS

CALGARY, ALBERTA

m,2000
63 John Joncic 2000

If1

National Library
of Canada

Bibliotheque nationale
du Canada

Acquisitions and
Bibliographic Sewices

Acquisitions et
services bibliographiques

395 Wellington Street
Ottawa ON K I A ON4

395. rue Wellington
Ottawa ON K1A ON4

Canada

Canada
Your file Votre refere#a

Our file Notre relarence

The author has granted a nonexclusive licence allowing the
National Library of Canada to
reproduce, loan, distribute or sell
copies of this thesis in microform,
paper or electronic formats.

L'auteur a accorde une licence non
exclusive permettant a la
Bibliotheque nationale du Canada de
reproduire, prCter, distribuer ou
vendre des copies de cette thQe sous
la forme de microfiche/fih, de
reproduction sur papier ou sur format
electronique.

The author retains ownership of the
copyright in this thesis. Neither the
thesis nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur conserve la propriete du
droit d'auteur qui protege cette t!!ese.
Ni la these ni des extraits substantiels
de celle-ci ne doivent 6tre imprimes
ou autrement reproduits sans son
autorisation.

Abstract

The current Bank of Canada monetary aggregation technique of simplesummation over arbitrary financial components has recently drawn criticism due to its
lack of microtheoretic grounding. We evaluate these issues in a demand systems
framework whereby we apply the Gorman-Sirotz hvo-stage optimization model for a
representative economic agent who derives utility from holding monetary assets. AAer
constructing the monetary aggregates M I . M2 less M 1 and M3 less MZ via the Divisia
index we estimate the homothetic translog flexible functional form for the indirect utility
Function. This structure allows us to estimate the own and cross-price elasticities, the
Allm-Uzawa and Morishima elasticities of substitution and test for weak separability.
Complementarity relationships between the aggregates were evident and support For
further aggegation of LMI and MZ less M I was obtained. Time series tests for unit roots
indicated nonstationarity in the variables but no evidence of cointegration was apparent.
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Chapter 1 - Introduction

The investigation into the appropriate definition of money has long been at the

Forefront of debate in the macroeconomic and monetary theory literature. A variety of
approaches have been employed including recent attempts to define money based on
Chetty's (1969) pioneering examination. in the context of a demand systems approach. of
the substitutability and complementarity relationship between various monetary assets.
Indeed, as Serletis ( 1988. p. 59) notes, ". .. the degree of substitutability among monetary
assets has been used

-

explicitly or implicitly - to provide a rationale for the appropriate

definition of money. which itself is an important problem in monetary theory. and it has
been the focus of continuing controversy over the years."
As most central banks do. the Bank of Canada has defined money in terms of
monetary aggregates. For example, monetary a s e g a t e s currently reported by the Bank
of Canada in the Bank's Review include M i , MI+, bI l++, M2, M2+, M2++ and M3. Of
these, the MI+. M 1++ and M2++ were recently introduced in order to expand the
definition of money. Fleissig and Serletis (forthcoming) argue that this attempt to
redefine money was a response to the general uninformative character of the prevailing
aggregates and their limited usefulness in monetary policy.

'

The disputable performance of the Bank of Canada's aggregates has been recently

connected to findings in the literature with respect to aggregate construction. There
appears to be two, if not more, primary concerns with the construction of these
aggregates. The first troublesome feature is the manner in which the Bank's aggregates

I

See Fleissig and Serletis (forthcoming)

are produced. In particular, the Bank of Canada employs a degenerative aggregation
technique known as simple-sum.
Within any aggregate, say MI, the Bank of Canada applies a simple sum over the
quantities of monetary assets to be contained in the aggregate. There are a number of
theoretical drawbacks to this approach.

Within any aggregate the simple-sum

aggregation method imposes linear indifference curves and isoquants over the component
monetary assets in order for this aggregate to represent the quantity that an economic
agent would select.? This implies that each monetary asset within the aggregate is a
perfect substitute, and in fact. is a dollar-for-dollar perfect substitute. This weakness is
further exacerbated by the index's inability to untangle income from substitution effects
when the monetary assets are not perfect substitutes.

The simple-sum method of aggregation is a degenerative aggregation technique
due to its disregard of "prices". A "price" in the context of a monetary asset is the user
cost of the asset. In other words. the user cost represents the opportunity cost. at the
margin. of holding a monetary asset. This opportunity cost can be calculated as the
discounted present value of the interest forgone relative to an alternative "benchmark"
asset, of holding one dollar's worth of that asset.'

The user cost as defined above,

however, implicitly assumes perfect certainty since the opportunity cost can only be
calcuIated if both the fonvard rates on the b e n c h a r k asset and the "om-rate" on the
monetary asset are known with certainty ex-ante.

The lack of inclusion of the "prices" of monetary assets in the simple-sum
aggregate is problematic.

Without prices. the source of any changes in quantity

'See Barnett Fisher and Serletis (1992)
' See Serletis ( 1988)

demanded cannot be correctly determined if the relative prices of the monetary assets
tluctuate over time. This results in a set of monetary aggregates that are unable to
properly measure actual quantities of monetary assets that optimizing agents would hold
in the aggregate due to the incorrect accounting of substitution effects. Indeed, these
issues have become evident in empirical studies. As Barnett. Fisher and Serletis ( 1992, p.
1057) conciude. ". .. actual fluctuations in the relative prices of the monetary products of

the U.S. financial system definitely are sufficient to generate concern about the (simplesum) method of aggregation."
Statistical indes-number theory has provided hundreds of aggregation indices
since Inring Fisher's (1922) gound breaking work ir. this area. X statistical index is

typically distinguished by its known statistical properties. The simple-sum index. as
analyzed by Fisher. was found to be the worst possible index based on its known

properties. The best index. known as the Fisher Ideal Index. has the "self dual" property
which allows the Fisher quantity index to be derived from the Fisher price index. This
self-dual property has been coined "Fisher's factor reversal test*' whereby the product of
the price and quantity indices equals the total expenditure on their c ~ r n ~ o n e n t s . ~
Another index that was found to satisfy a significant number of the statistical
properties was the Tomqvist discrete-time approximation to the Divisia index. This
index has received frequent attention in the literature on monetary aggregation due to its
easily interpreted Functional form. Although the Divisia index does not benefit from the
property of self-duality, the violation of the factor reversal test is very small (third oder
in changes).j Moreover, the Divisia and Fisher ideal indices have been found to track
-

-

-

-

-

-

-

-

See Barnett, Fisher and SerIetis (1992)
See Barnen, Fisher and Serletis ( 1992)

together very well over some data sets. In a recent review of the Canadian monetary
aggregates M1, M2 and M3, Molik (1999) f o u ~ dthat the Fisher and Divisia indexes
tracked almost exactly over the period 1973 to 1999.
The second significant drawback of the Bank of Canada's approach to
constructing monetary aggregates is their disregard of recent developments in demand
theory in the study of financial institutions. The aggregates, having been formed over
arbitrary monetary components, are theoretically disadvataged. This issue is further
intensified in the face of regulatory change and financial innovation.

For example.

rearranging existing definitions to the monetary aggregates in order to capture the
changing attributes of the representative monetary product has traditionally been the
practice exercised in order to accommodate the introduction of a new monetary asset."
Clearly then, it is to no ones surprise that such an unstructured approach not rooted in
microeconomic theory bas not ushered in a consistent and agreed-upon measure of
monetary aggregation.

In this thesis. we consider the problem of defining money in a microeconomic
context through the application of the demand systems approach. The demand systems
approach involves regarding monetary assets as durable goods that yield a flow of
nonobservable senices that enter as arguments in aggregator functions to the demand for
monetary a s ~ e t s .It~ is this technique that will generate the proper theoretical framework
such that we can consider issues such as the degree of substitutability between monetary
assets.

See Barnett, Fisher and Serletis (1992)
' See Serletis ( 1988)

We begin by considering a representative economic agent who is faced with
maximizing his utility over a finite period subject to a budget constraint.

His

consumption set includes monetary assets. real consumption goods, leisure and end-ofperiod wealth. If the fornard curve of the benchmark asset and the own-rates of the
monetary assets are known with certainty then this problem can be solved in a standard
way. That is, the first-order conditions of the mavimization proble~nsubject to the
budget constraint will solve for the optimal bundle in the consumption set.
In the perfect certainty case. as defined above, the budget constraint can, after
applying some mathematical manipulations. be used to determine the precise user cost of
monetary assets. As already mentioned. the user cost of holding a monetary asset can be
defined as the present value of the interest forgone relative to a benchmark asset. This
user cost. however. does not represent the opportunity cost of holding a monetary asset
under risk. In fact, the optimization problem itself cannot be solved in the standard way

when risk is introduced.

Instead of first order conditions, one must consider Euler

equations to solve this m ~ ~ i m i z a t i oproblem.
n
Introducing risk into the maximization problem changes the definition of the
opportunity cost of money. If the economic agent is risk-neutral. the agent will have a
constant marginal utility of consumption. This implies that the only adjustment to the
user cost of money is the addition of expectation operators to the perfect certainty user
cost. That is, the user cost of money is the expected present vaiue of the interest forgone
relative to the benchmark asset. Moreover, since the fonvard curve on the benchrnark
asset is not known absolutely, we consider the expected benchmark yield in lieu of a
benchmark yield known with certainty. Similarly, we also consider the expected own-

rates of the monetary assets instead of own-rates that are known with cert~intyduring the
maximization period.
.4 representative economic agent is not typically characterized as risk neutral. but

risk averse. Risk aversion requires the utility function of the economic agent to he
strictly concave in consumption whereby the marginal utility is inversely related to
consumption. Risk aversion alters the cost of an asset held in a portfolio of assets by an
agent in such a way as to increase the mean risk of the agent's consumption stream if a
very risky asset is added to portfolio. However, the reverse is true when an asset with

low risk and volatility, such as a monetary asset, is added to the agent's portfolio. It is
for this reason that no further consideration of risL will be employed and we can make
use of our definition of the opportunity cost for a monetary asset under perfect certainty.
Removing risk from our optimization problem returns us to the standard utility
maximization problem. This representation, however. is still problematic. as the solution
will be a function of a number of exogenous variables and their cross terms. This
solution is not in a Form that will allow us to investigate the monetary asset choice
problem independent of consumption goods and leisure. As a result, we sliall employ the
Gorrnan-Strotz two-stage optimization h e w o r k . That is, the agent in the first stage
allocates his expenditure between the available "goods". In the second stage, the agent
selects a portfolio of monetary assets subject to the expenditure allocated to monetary
assets in the first stage.
The Gorman-Strotz kamework makes the assumption that current period
monetary assets are weakly separable From hture period monetary assets, consumption
goods, leisure and end-of-period wealth. The implication of this assumption is that the

demand for monetary services is independent of the prices outside the monetary goup.
While this assumption is not entirely satisfactory, it allows us to more effectively focus
on the demand for monetary services.
Having reduced a very general consumer choice problem to an asset choice
problem, we can now consider assigning a functional form to the sub-utility function we
will attempt to masirnix in the Corman-Strotz second stage. Selecting a functional Fom
is essentisily limitless and one must be careful of the implicit underlying assumptions
associated with a particular form. For example, the popular Cobb-Douglas functional
form imposes an elasticity of substitution equal to unity behveen every pair of assets."
We circumvent this problem by calling upon a relatively new class of quadratic utility

functions known as ilexible functional forms.
Flexible functional forms are functional forms that can provide a second-order
approximation

LO

an arbitrary and unknown aggreegaator Function. Flexible functional

forms have the advantage of being able to approximate systems of demand equations that
arise From a broad class of utility Functions. Some specifications of this class of quadratic
utility functions, known as locally flexible Functional Forms, suffer from their ability of
only being able to approximate locally to the true data generating function at a single
point in a delta neighborhood of an unknown and often small size." Effectively global
and asymptotically globally flexible functional forms, however, do not share this

deficiency with the local forms, as the asymptotically globally flexible forms are capable
of global approximation. This is possible because in the limit, the unknown generating

See Barnett, Fisher and Serletis ( 1992)
See Fisher. Fleissig and Serktis (200 1)

function can be approximated at all points and therefore provides arbitrary accurate
elasticities at all points.
Flexible functional fonns are not exempt of theoretical limitations in their own
right.

Both Bamett and Lee (1985) and Diewart and Wales (1987) have expressed

concern over the tendency for flexible hnctional forms to violate the regularity
conditions as stipulated by economic theory. It is this concern that has compelled us to
test these regularity conditions in the context of the indirect utility function; the function
we wish to model with a flexible functional form. Recall that in general, the regularity
region is a range where the theoretical properties of the underlying agent's optimization
model are satisfied.
We have appealed to using the homothetic translog flexible form in this thesis

despite the narrow regularity region most of the locally flexible Functional forms exude.

Our reasons for this choice are three-fold.

First. Gorman (1959) has shown that

homotheticity of the utility subfunction is required in order to conduct price aggregation
given that the utility function is weakly separable with at least two categories. Second,
the homothetic translog is well adapted to maintain a correspondence between the direct
and indirect utility function. Blackorby et al (1977) have shown that when the direct
utility function is strongly recursive separable with homothetic aggregator functions then

the indirect utility function will have the same structure with respect to prices. In this
thesis. we shall be conducting all of the empirical work by use of the indirect utility
function. The preservation of the self-duality of separable structures between the indirect
and direct utility functions is critical in order to maintain consistency in the conclusions

drawn between the two utility forms. Third, estimation of the homothetic translog is
considerably simplified relative to other flexible forms.
Although we made a case earlier that perhaps the monetary aggregates as defined
by the Bank of Canada may be questionable, it will be our goal in this thesis to determine
how well they stand up in the context of the theoretical framework we propcse here. By
applying the homothetic translog indirect utility function we wish to evaluate the relative
substitutability and complementarity relationships between the benchmark M 1. M2 less
M1 and M3 less M2 aggregates. In doing so, we want to comment on the potential

impacts to the implementation of monetary policy that these elasticities could suggest.
This task will be accomplished by calculating the price elasticities (both own-price and
cross-price) as well as the Allen-Uzawa and Morishima elasticities of substitution.

In order to conduct these important elasticity calculations we will diverge from
the exact Bank of Canada definitions of the monetary aggregates. This will not be

accomplished by substituting assets but by aggregating the assets (those monetary assets
currently included in the Bank of Canada's monetary aggregates) via the Divisia index.
As we strongly argued earlier, the simple sum methodology is inappropriate from an

aggregation theoretic perspective relative to the Divisia index.

Our interest in the results we obtain here is to relate them to other findings based
on similar approaches and similar monetary asscts. In particular, we are curious to see if
our results mirror other studies that have found low substitution and in some cases

complementarity among liquid financial assets. The implications here are enormous.
Current monetary policy utilizes aggregation procedures that require infinite elasticities
of substitution, quite contrary to recent findings.

Another important finding in the literature that we wish to evaluate is the relative
non-constancy of the elasticities of substitution over time. If these elasticities are indeed
changing over time, this implies that the money should be redefined accordingiy.
Moreover, validation of this variability calls into question, once again, the use of singleequation linear money demand hnctions and the use of the simple summation
aggregation procedure.

In addition to the elasticity estimates of the homothetic translog, we will also
conduct weak separability testiny: between the monetary aggregates. The goal here is to
determine if the aggregates, as currently defined by the Bank of Canada, have been too
narrowly defined. That is, we wish to test to see if a combination of two of the
aggregates indicates a weakly separable structure from the other aggregate. If so. this
implies that the two asgregates could be further aggregated. This technique. while
somewhat arguable when evaluating aggregates, is particularly useful in constructing the
aggregates from monetary assets.

As Bamett, Fisher and Serletis (1992. p. 2104)

observe, "there do exist studies in the monetary literature that employ this methodology,
with a Frequent result being that the traditional monetary subgroupings are not those that
appear to describe wealth holders' choices." However, we want to reaffirm that we are
not attempting to redefine the Bank of Canada aggregates per se but want to evaluate the
performance of the aggregates as currently defined.

Our final consideration in this thesis will be the evaluation of time series
characteristics of our data and relevant budget shares. In particular, we want to examine
each data series for stationarity. Nonstationary series' regressed on one another can lead
to spurious estimation results since the constant variance assumption in standard least

squares regression is violated. This, however, is only the case in the event that the
regressed series' do not move together over time. In other words, if the regressed series'
cointegrate, least squares regression estimates are valid despite evidence of each series
following a random walk.'' We shall address both of these issues forthwith.
This thesis has been structured in the tbllowing manner. Ln Chapter 2 we will
introduce our general individual maximization problem, then impose a utility tree
structure to reduce the utility maximization problem down to an asset choice problem.
Along the way we shall deal with the issues regarding the user cost of money under both
perfect certainty and risk. Chapter 3 will begin with the consideration of the theoretical
regularity condition requirements in a utility mavimization framework. This will be
followed by a brief discussion of the available flzxible functional forms which itself will
be succeeded by the application of the homothetic translog flexible indirect utility

functional form. Share equations along with the derivation of the price and substitution
elasticities will be presented shortly thereafter.

In Chapter 4. we present the econometric estimation of the share equations, the
regularity tests and all of the elasticity estimates. Prior to this. however, we Formally
introduce the monetary assets we will use and their sources. Moreover, we spend some
time addressing pre-estimation data adjustments such as yield curve and seasonality
adjustments. Once the data set is finalized we construct the monetary aggregates via the
Divisia index.
Chapter 5 will focus on the issue of weak separability between the monetary
a g e g a t e s . In chapter 6, we will identify time series issues such as unit roots and
cointegation. Testing for stationarity and cointegration will follow. Mewards, we will

'* See Pindyck and Rubinfeld (1997, p.507)

speak to possible extensions to our data set in light of revealed time series traits. Finally,
Chapter 7 will serve as a brief conclusion and provide suggestions for future research.

Chapter 2 - The Theoretical Framework

2.1

Introduction

Our model used in the ensuing analysis is based on Offenbacher (1979). Barnett
(1980), Srrletis (1987) and Barnett, Liu and Jensen (1997). We begin our investigation

by invoking an economy that has identical participants who derive their utility From
consumption, leisure and holding monetary assets. In this economy. an individual must
make time-consuming transactions in order to facilitate the consumption of goods and
services. thereby detracting from his leisure time. An individual can conserve transaction
time if they hold monetary assets to facilitate consumption transactions. which is in itself
costly based on the opportunity cost of holding a particular monetary asset. For example.
holding cash drastically reduces the time required purchasing a consumption good
relative to completing the transaction via, say, bartering. However. it is also clear that
holding the cash is costly since. for example, the cash could have been placed in an
interest-bearing financial asset.
In this chapter. we will begin by identifying and developing a generalized
microtheoretical Fnmework of a monetary economy that characterizes the monetary
asset-leisure-consumption trade-off identified above. In such an economy, however, we
must correctly derive a "price" for holding monetary assets, which is comparable to the

price of a consumption good and the shadow price of leisure. We will complete this
exercise by considering the user cost of money in both a perfect-certainty and risk
adjusted context. In the derivation of the risk adjusted user cost, we will observe that the

risk premium here mirrors the risk premium on a risky asset in the consumption-based
capital asset pricing model (CCAPM).
We will conclude this chapter by first appealing to the perfect-certainty case more
as a matter of empirical necessity than convenience. Then we will apply some hrther
restrictions on the interdependency between monetary assets and the other "goods" that
appear in the utility function, taking our very general model and reducing it down to a

very simplified one which considers only monetary assets.

2.2

The Generalized Microtheoretic Theory of a iMonetary Economy

We begin this section by defining a general stochastic framework in which a
representative individual (or. equivalently. an economy with identical individuals) looks
to optimize her utility over consumption goods and monetary assets. We will return to
this model often in the sections that will Follow (for example, see Section 2.3 and 2.4).
We will. however, alter the model from time to time in order to focus on the specific
issues being addressed. while preserving the model's integrity (that is, no generality will
be lost by making simplifying assumptions). For example, in Section 2.3 we will add

leisure (or work) to the utility function and consider a finite planning period for the
maximizing agent.

In the literature, some have questioned the inclusion of monetary assets in the
utility function. We speak to this issue by appealing to Arrow and Hahn (1971) who
found that there does exist a utility function that contains money (for the purpose of

facilitating transactions. as long as money (monetary assets) has a positive value in
general equilibrium. They argue that the inclusion of inoney in the utility Function is
feasible in a system that provides an incentive for holding money in equilibrium.
Feenstra (1986, p. 271), who evaluated a broad class of both utility functions and
transactions cost models comments, "We demonstrate a functional equivalent behveen
using real balances as an argument of the utility function and entering money into
liquidity costs which appear in the budget constraints."
As per Barnett, Liu and Jensen (1997), our representative individual is faced with

maximizing his utility in discrete time over an infinite planning period for the time
intervals r , r

+ 1, ..., s, . .., where r

is the current period. Then, for some period s , the

individual's consumption possibility set is defined as.

where.
x, =

'
n-dimensional vector of real consumption of goods and services during period s

p, = 11-dimensionalvector of goods and services prices and durable goods rental prices
during period s
a, =

k-dimensional vector of real balances of monetary assets during period s

X , = k-dimensional vector of nominal holding-period yields on monetary assets

II

This model appears in Barnett, Liu and Jensen (1997). We have changed some of the notation from the
original model in order to maintain consistency between this model and models yet to be presented later in
this thesis.

A, = holdings of the benchmark asset during period s

R, = the one-period holding yield on the benchmark asset during period s
I, =

the sum of all other sources of income during period s

-

(p, ) the true cost of living index

Ps y =

(11

+ k + 2) -dimensional nonnegative orthant representing the consumer's survival

set.
We note that the benchmark asset does not provide any other services other than

its yield. R, . The purpose of the benchmark asset is to provide a vehicle of trmsfemng
wealth intertemporally From period to period. In our model here. since we are dealing
with an infinite planning horizon the individual never experiences a terminal time
whereby the wealth would enter her utility function. Therefore, wealth is leR out of the
utility function. In Section 2.3 where we consider a finite planning period, we will
include the end-o f-period wealth in the utility function.
We impose the assumption that the consumer's subjective rate of time preference.

j , is held constant. We also assume that the utility function i l ( r , ,x, ) is increasing (in
both monetary and consumption goods) and quasi-concave.

The consumer's decision problem, which has been formulated as an optimal
control problem, is to choose the deterministic point (a,, x, ,.A, ) and the stochastic process
(a,, x, ,A, ) , where s = r + I ,... that maximizes,

subject to (a,, x, ,A, ) E S(S) for s,t and,

Equation (2) represents the transversality condition that rules out the individual from
being able to borrow perpetually at the benchmark rate.
Although we have made a number of assumptions so that we could model our
problem as equation ( I ) , our ability to find the mavimum of ( 1 ) subject to (2) also
depends on assumptions made over future period yields on the benchmark asset and the
relative degree of risk aversion of the representative individual. Uncertainty over the
benchmark asset yield is a result of the fact that interest is not paid in advance and there
is no way to be sure of exactly what this yield will be in future periods. The benchmark

asset yield is used to determine the user cost of a monetary asset (i.e. the price of a
monetary asset)." Moreover, once uncertainty is introduced, one must account for the
relative degree of risk aversion of the representative individual.

The maximum of equation (I), subject to (2), under the assumption of perfect
certainty can be attained by evaluating the first-order conditions of this maximization
problem.

In the case of uncertainty the first-order conditions turn out to be Euler

equations. The derivation of the Euler equations is simplified if we apply more rigor to
equation (1 ) by imposing some vector partitions and assuming separability behveen some
of the sets defined above (this is done to ensure that an exact monetary aggregate for the
consumer exists).
We begin by applying partitions to the vector OF monetary asset quantities, a , ,

such that a, = (m,, h, ) and the vector of interest rates, X , , whereby X , = (r, , i s ) . The

.

" See Section 2.3 and 2.4

for monetary asset user cost derivation under perfect certainty and uncertainty.

matrix dimension of m, is defined as k, and the dimension of h , is kl such that
k = k, + k , . We now assume that the utility function, U , is blockwise weakly separable
in m, and x, for some such partition of a , and blockwise strongly separable in h ,. I 3 It
Follows from the above assumptions that there exists a monetary aggregator function, M ,
a consumer goods aggregator function, .Y , and utility functions, F and H , where.

U r n , . h , ,I,)= F[M(m,),X(x,)] + H(h, )

(3)

and c, = .Y(s,)is defined as an aggregate of consumption goods and the exact monetary

aggregate is given by.

IW, is an exact aggregate in the perfect certainty case because the necessary

condition for an exact aggregate of blockwise weak separability is satisfied (by
assumption). It can also be shown that if the resulting aggregator function is linearly
homogeneous, Gorman's theory of two-stage budgeting can be applied to the consumer's
maximization problem because the aggregate will be treated by the consumer as an
elementary good (we speak to this theory in more detail in Section 2.5). The same result,
however, does not hold for the case where risk is introduced but it can be shown that
M , = ~\.l(m, ) can still be treated as a quantity aggregate even under risk.

'"

The manipulations exhibited above were completed so that the solution of the

utility maximization under risk could be derived.

As we mentioned earlier, the

conditions to satisfy this maximization take the form of Euler equations as opposed to
traditional first-order conditions in a standard, risk-fi-ee, maximization. If we define the
13
I4

See Section 2.5 for a formal definition of weak separability.
See Append~xof Barnett, Liu and Jensen (1997. p. 5 1 1)

implied utility function V(m, ,c, ) by

.

Y (m,c, ) = F[lCl (m,), c , ] (for notational

convenience), Barnett has shown using Bellman's method of dynamic programming that
the Euler equations for our maximization problem are, 13
Er[-

i3V
p , ,- )
-P
3nr,
PItl

for ail s,t and i = 1, ....k, where p = 1/(1+

dV

*-I=()

5 ) and

act*I
p: is the exact price aggregate that

corresponds to the consumer good quantity aggregate. c, . And,

Equation ( j a ) represents the Euler equation for the monetary assets while equation ( j b ) is
the Euler equation for the consumer goods aggregate, c, .

2.3

The Perfect-Certainty User Cost of Money

In this section. we draw From the work conducted by Barnett (1978). In this
paper, Bamett develops a consumer decision model that quantifies the user cost of a
monetary asset under perfect certainty. Perfect certainty in this context means that all
fonvard yield rates on the benchmark asset are known with certainty. Barnett's approach
is unlike Donovan's (1977) where the user cost imputation is based on economic
reasoning and specific proportionality assumptions of the monetary asset "services"
relative to their stocks. Conclusions drawn from both papers are the same.

See Barnett (1995, Sec. 2.3)

Barnett employs a Fisherine intertemporal consumption expenditure allocation
model in discrete time. A time period r is defined as
the time interval but

I

+1

[ I ,r

+ 1) , such that r

is included in

is not. All stocks of monetary assets are assumed to be

constant during any time interval but can change at the end of such period. Note the
timing implications. If there is a change in the stock of monetary assets at the end of a
particular time interval t , it will not actually take place until + 1 . the beginning of the
next period

[r + 1.1 + 2) . Similarly, interest rates, prices and labour wage rates are also

assumed to be constant during a time interval and can change onlv at the end of such time
period (and therefore. not be included in that time interval: any change wouid occur at the
beginning of the next period). As a result of this assumption set. any capital gains or
losses are also experienced at the boundary points of a time interval (same timing as
above). Consumption. on the other hand. is the only exception to this timing rule as it
can occur continuously during any time period.

In order to move from time period to time period. we assume that the individual
must sell all bond holdings at the end of any such time period and buy new issues for the
following period. This market structure in effect sets the market value of the bonds equal
to the face value within the interior of any such period.
To make the model functional, we make one final assumption. The labour supply
is treated as exogenously given and assumed to be blockwise weakly separable from all
other arguments in the utility Function during all periods of the consumer's planning
horizon.''

The consumer's planning horizon is defined as (s: t

the current period and T is the length of the planning period.

16

Again, see Section 2.5 for a definition of weak separab~lit)..

< s 5 t + T ) where r is

Letting U be the utility hnction of a representative individual in the economy
and assuming continuous replanning from period to period, the consumer's decision

problem can be formulated for each interval s, such that {s : r 5 s I t + T ) as,

subject to

where
i3

= per

.

capita real balances of monetary asset i held during period s (i = I.. .. n )

Ti

= the nominal yield on monetary asset i during period s (i = I..

K,

= the capital gain

L,

= per

kt',

= the wage rate

. ..rt )

(or loss) on the sale of bonds at the end of period s - I

capita labour supply during period s
during period s

and all other variables are as defined in Section 2.2.

The budget constraint has the following interpretation.

The total per capita

consumption in period s equates to the total per capita wage labour income in period s
plus the sum of the total per capita return of each monetary asset (the product of the
nominal yield and the per capita holding of the monetary asset) rate held from period
s - I less the sum of the total per capita holding of each monetary asset in period s plus

the change in the per capita bond holding (the per capita return from the bond held from

period s - I plus the capital gain less the per capita holding of the bond in period s ). In

17

In Bamett (1978) leisure is not included in the utility fimction. Adchg Ieisure does not affect our
derivation of the user cost of money since we are concerned only with the budget constraint.

order to solve this budget constraint we need to specify the endowment of the real value
of assets going into the planning period of [ t , t t TI and the real value of the consumer's
provisions for future planning periods (i.e. after period t + T ), which are, respectively,

For notational convenience. we define p, as the discount factor for discounting
period s transactions as,

We can now re-write the budget constraint as a single wealth constraint by

performing a number of back substitutions. Begin by solving (7) for .4, lor each s in
[r,r + T I , then back substitute for A, starting at .-I,,and
, working down to -4, . This
yields,

In per capita t e n s , equation (8) states that the discounted value of consumption
plus the discounted user cost or rental price of monetary asset l~oldingsplus the
discounted cost of passing the monetary asset holding of m,+, to the next planning period
plus the discounted value of passing the bond At+, to the next planning period equals the

discounted wage labour income plus the discounted value of the endowed monetary
assets passed to the current planning period from the previous one plus the discounted
value of bonds passed to the current planning period from the previous one plus the
discounted value of the capital gains from bond sales during the current planning period.
It is very obvious kom (8) that the user cost of w , is,

Therefore, the current period user cost, a,,
of rn, is,

For notational convenience, we can drop the t subscript sincc we know that the
user cost is expressed in terms of the current period. Thus.

Although we simply stated that equation (8) is equivalent to equation (7) without

proof'. we would like to illustrate the mechanics of the translation in terms of a simplified
example. Consider the optimization problem of a representative individual where her
budget constraint only consists of one monetary asset, the time path of labour is fixed,
capital gains or losses are ignored and the planning period consists of three periods
[t = I, T = 31. In this problem, equation (7) for each period is,

Following our procedure, we substitute the lower subscripted equation to the next higher
yielding,

Collapsing into one tenn gives us,

Dividing all terms by p, we have,

Canceling out terms and re-writing slightly we have,

4
(1 + > ) p : n l ,
(I + r , ) ~ , ; m ,+
, (1 + R,))..I,,
= -P_i
P3

+--p;m,
P

(1 + r , ) p ; w , p l m ,
+

Pz

Pr

+

c;m,

Finally, we can re-write this equation in the form of (8).

The budget constraint derived in (10) is the same. subject to our assumptions. as
(8) and furthermore. for the current period s = 1. the user cost is equivalent to (9a).

For the purposes of our discussion. the user cost derived above can be interpreted
as the opportunity cost. at the margin, of holding monetary asset i . That is. this

opportunity cost is calculated as the discounted present value of the interest forgone.
when compared to an alternative or "benchmark" asset, of holding one dollar's worth of
that asset. In particular, r, represents the expected nominal holding-period yield on asset
i and R is the expected holding-period yield on some alternative asset, what we refer to
as the "benchmark" asset (this asset is assumed to provide no other monetary services
other than transferring wealth intertemporally) and p' represents the rme cost-of-living
index. The current period user cost, IT,, represents the nominal current period user cost

of a monetary asset. If we divide both sides of (9) by p ; . then we have defined the real
current period user cost of a monetary asset as,

xi1
where n, = 7
PI

We would like to close this section with a brief consideration of the intuition

behind the user cost of monetary assets. The intuition of this type of user cost becomes
clear when one compares the user cost of durable goods to that of monetary assets.'"
lMuch like a durable good, monetary assets can provide services (facilitating transactions)

and depreciate to some extent during each period of time. The user cost of any durable
uood must be the cost that represents the difference between the undepreciated selling

3

price of the good (one period hence) and the original purchase price (in the current
period). This cost depicts the implicit rental or user cost from holding the durable good

from one period to another. Clearly, then, monetary assets must also have an implicit
rental price. which is precisely what we have demonstrated above."'

2.4

User Cost of Money Under Risk Aversion

We continue with the Barnett, Liu and Jensen (1997) derivation of the user cost of

money under risk at the point where we left off in Section 2.2, the Euler equations

(53)

and (5b). These equations represent the solution to the utility maximization problem

Is

l9

See Diewa? (1974) for a derivation of user cost in the context of durable goods.
See M o l k ( 1999)

under risk and will be used to derive the contemporaneous risk-adjusted real user cost
price of the services of monetary asset i ,which is defined as,

av av
n,,, the real user cost price of a monetary asset. can be interpreted as the ratio of
the marginal utilities of the monetary assets and consumption goods. Or alternatively.

n,, could

be interpreted as the marginal rate of substitution between those monetary

assets and consumption goods. Expectations operators are not included above because
each marginal utility in period t is known with certainty in the current period. t . The
implication is that

nit is deterministic since all the variables are known in period

t . Our

derivation of the user cost of money in Section 2.3 was also deterministic in the case of
perfect certainty. It is clear, however, that this definition of the user cost of money
cannot hold when risk is introduced. Introducing risk implies that the hture interest rates
cannot be known contemporaneously and therefore the right-hand side of equation (1 I )
must be stochastic. What we seek to discover here is the deterministic definition of the
user cost of money under uncertainty that is expressed in (D I).
We introduce some alternative notation for analytical convenience. In particular,
we define the real total rates of return 1 + r;.t* and I + R; from the nominal rates of retum

r;, and R, where,

Recall that

r;; and R: are known as the real rates of excess return. Substituting equation

(12) into the Euler equations (ja) and (5b) and recognizing that the current period
marginal utilities are known with certainty, we get,

and,

Re-writing equation ( 13) for current period t , we have.

hn,
Expanding the expectations operator in equation (15) is a reasonably
straightforward exercise if we can assume independence between the variables (i.e.
expectation of a product is the product of expectations) in the square brackets in equation
(15). Such an event is possible but not likely. Recall that the utility function Y can be
written in the form V(m, ,c, ) = F[M(rn,),c, ] because of our weak separability
assumption in monetary assets, m, . Furthermore, the consumer is risk neutral if and only
if F is linear in lbI, = M ( m , ) and in c, . Thus, if the consumer is risk neutral then V will
be linear in c, and the marginal utility of consumption will be constant thereby resulting

in the variables in the square brackets in equation (15) being independent. This result
allows us to re-write the expectations operator in equation (15) as a product of
expectations. However, as indicated earlier, we would not normally expect a11 of these
events to occur, in general. That is, we would not expect the consumer to be risk neutral

resulting in a constant marginal utility of consumption. Therefore. in general, we would
write equation ( 15) as,

Of course, our result of the expectations of a product as the product of
expectations (i.e. independence) described above does hold in the special case of risk
neutrality since the covariance terms are zero. Similarly, ( 1 4) can be re-written (without

risk-neutrality ) as.

1,

Equating equations ( 16) and ( 17) by the term p ~[ 8,~ / 2 c , . , we get the result.

where,

-

-

&:,

2ct

Converting the real rate of return in equations (19) and (20), (using the conversion
formula described by equation ( I?)), equation ( 19) becomes.

and equation (20) becomes,

Now, solving ( 1S) we get.

Equation (23) above represents the risk adjusted user cost of money. One can see
by inspection that under risk neutrality the covariance terms in
implying that

(v,,

(v,,

reduce to zero

itself is zero. As a result, the user cost of money rI, is K,,. Another

important result, that is also obvious by inspection, occurs when one compares

n,, under

risk neutrality to the user cost derived under perfect-certainty. Specifically, the user cost
lomula For risk neutrality is the same as the perfect-certainty case developed in Section

2.3 except with all of the interest rates replaced by their expectations.

In general. we would not typically expect risk neutrality to be the risk profile of a
representative individual.

In fact, risk aversion is the standard rnicroeconornic

assumption specifying the degree of risk a representative individual is willing to accept.
Indeed. risk aversion in the context of our model regarding the user cost of money
requires that the utility function is strictly concave in consumption such that the marginal
utility is inversely related to consumption.

This inverse relationship between

consumption and marginal utility results in a decrease of risk by an investment if the rate

of return on such an investment is positively correlated with marginal utility. In the case

of a very risky asset, one would expect that holding such an asset would add to the mean
risk of the household's consumption stream. This would occur in the instance where the
rate of return on the asset is positively correlated with consumption and hence negatively
correlated with marginal utility. This result is consistent with one of the central findings
of the Cot~sumptionCapital Asset Pricing Model (CCAPM). For an asset with relatively
low risk and low volatility, such as a monetary asset. the asset would contribute little to
the total riskiness of the household's consumption stream.'"

We will exploit this fact

hrther in Section 2.5.

i?v

Now consider equation (22) again. First we apply a normalization of -such
Sc,

that

ivc can ignore the denominator of (22). Now suppose that the own rate of return on some

monetary asset i is positively correiated with the marginal utility of consumption of
goods such that holding the monetary asset decreases the risk of the household's
consumption stream. Focusing on the second-term of the right-hand side of equation
(22). we see that holding the monetary asset decreases the consumption risk and the risk

adjusted user cost,

n,,. decreases as the positive covariance increases.

A similar but

opposite conclusion could be drawn in the case where the covariance between the own
rate of return and the marginal utility of consumption is negative. In this case, the
second-term on the right-hand side of equation (22) introduces a positive term to

n, ,

implying that the consumer's risk increases as the covariance increases.
Investigation of the first term on the right-hand side of equation (22) shows how
the user cost of holding money changes with the changing covariance between the rate of
" See Barnen

Liu and Iensen ( 1997, p. 494)

return on the benchmark asset and marginai utility of consumption. For example, if the
covariance behveen the benchmark asset and marginal utility of consumption is negative
then the consumption risk increases and the opportunity cost of foregoing the benchmark
asset by instead holding monetary asset i is decreased. Therefore, this results in a
subtractioi~From the user cost of money I l l , , of holding asset i . Again, a similar but
opposite result would occur when the covariance between the benchmark rate and the
marginal utility of consumption is positive. In this instance. the user cost of money

n,,

is increased.

2.5

A Simplified Microtheoretic Version of a Monetary Economy

We now return to the problem raised in the introduction: How does an individual

faced with maximizing her utility over consumption goods and leisure. who holds
monetary assets to facilitate the purchase of consumption goods (such that leisure time
spent transacting is diminished) choose a portfolio of monetary assets which have
inherently different user costs? Moreover, we need to address the question even more
critical to our investigation: To what degree can a monetary asset held in such a portfolio
be substituted for another. different type of, monetary asset? In this section, we will
further develop the model we started in Section 2.2 such that we can address both
questions by making a few simplifying assumptions on the model developed thus far.
Consider again the economy with identical individuals (or, equivalently, a
representative individual) who derives his utility from consumption goods, leisure.

monetary assets and end-of-planning period wealth as defined in equation (6). Recall that
the medium For moving period to period in the intertemporal problem was the transfer of
wealth in the form of bonds; in the final period, t + T , wealth now enters the utility
function (in real terms). We also invoke perfect-certainty in the fonvard yield rates in the
benchmark asset (that is, we appeal to the derivation of the user cost of money as
described in Section 2.3).
The risk aversion model of Section 2.1 will not be considered as this is beyond the
scope of this thesis. However, this is not a drastic simplification in the context of our
evaluation. Barnett. Liu and Jensen have argued that because monetary assets (as they
appear in the aggregates we are going to consider) have yield rates of return with low
variance and low correlation with consumption, the Divisia index is adequate for tracking
the service flows of those collection of a~sets.~'." In their paper. they argue that the
extended Divisia index must be employed when considering monetary assets with
substantial risk or high correlation with consumption. The extended Divisia mdex is
contrived by introducing risk aversion into the user cost of money (as derived in Section
2.4). Therefore, since we only deal with monetary assets with low risk and low

correlation with consumption, we can appeal to the standard Divisia index for
aggregation and ignore risk. Thus, implementing the perfect-certainty user cost of money

is appropriate in the context of our data set.
For notational convenience, we define rn, = ( m , ,,.... nt,, ) as the current period
monetary assets. Furthermore, if we define the vector z , to include all other decision

" See Barnett. Liu and Jensen (1997, p.487)

- See Chapter 4 for a description of the Divisia index.
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variables in the problem as. I,= (nl,+,
,..., nr,+,;J,,.... x , ~ ,; I , ,...l,,,; 4,

) then we can

re-write the utility function as,
(24)

L!(nz,,zr )

The budget constraint for our optimization problem is the same as that already
defined in equation (7). This optimization problem can now be solved in the standard
way by defining the Lagangian and solving for the first order conditions. By inspection,
it is clear that the solution for the optimal m,, denoted nl,'. will be a function of a large

number of exogenous variables. Although this solution is theoretically satisfying. this
solution creates a number of problems from an empirical perspective. In the case of our
investigation. consider the problem of determining the substitutability between monetary
assets when the quantity of each monetary asset held is a function of variables that are
difficult to measure such as labour supply in some future period. To circumvent these
empirical challenges. we assume that the utiiity function can be written in a utility-tree
form. i-e..
u(f(nlf
)7nlr+!***.-

nlrTr
;-yr ,---* -Yt+r

I

q - * j t + r ;

*

adr+, / /Jr+r)

(25)

We can also write the utility function in our alternative notation as.

u(f(nlr ), zr1

(26)

This representation implies that current period monetary assets are weakly
separable from consumption, leisure, end-of-planning period wealth and non-current
monetary assets (this assumption was also employed in the vector partitions of Section
2.2). Weak separability, which was originally defined by Sono (1961) and Leontief

(1947),occurs in an aggregator function f (.) in (i. j ) from k if and only if.

Weak separability then implies that the qgregator function f (.) can be re-written as

f(.r) = f[g(xl,
.r, ), xk ] where

g(x,. .T, ) acts as the subaggregator function.

Implicit in the weak separability assumption is a two-stage model of consumer
mi~uimization. The individual in the first stage allocates his expenditure between the
''~oods" that rnxtirnizes utility. Then in the second stage, the individual chooses a
portfolio of monetary assets subject to the amount of expenditure on monetary assets
determined in the first stage. Gorman and Strotz first suggested this type of two-stage
optimization in the context of consumer theory.

''

The assumption of weak separability between monetary assets and (primarily)
consumption and leisure is a maintained and untested hypothesis in this paper. It is not a
theoretically satisfactory assumption but remains necessary for the empirical work. as
indicated above, we wish to perform.

The theoretical implication of the utility-tree

structure in our context is that the demand for monetary services is independent of the
relative prices outside the monetary group. For example. any price change in any price
other than IT,.will have no effect on the monetary asset price ratios. Note, however, that
the assumption of weak separability in this context does not imply hrther symmetry to
the utility function. That is, there are no other ~ o u p sof goods that are

necessurii''~

weakly separable.
Offenbacher has argued that the assumption of weak separability is not a great
leap of faith under some circumstances.

See Gormim (1959) and St~otz(1957)

If the monetary assets are nearly perfect

substitutes then the only criteria for choice among the monetary assets are their own
prices. Furthermore, the assumption of weak separability is not unreasonable in the
instance where the "choice of monetary asset for use in a given expenditure may depend
on attributes of the expenditure itself, rather than on the item in the transaction."'"

In

either case, we shall appeal to this hypothesis for convenience and offer the relaxation of
this assumption as the hasis for further research.
Returning to our model, we now wish to focus on the second stage of tile
maximization problem whereby the individual. aRer determining the expenditure on the
services of monetary assets in the first stage now looks to allocate this expenditure in the
second stage. This can be represented as follows:

subject to,
where

r e ,

is the expenditure on the services of monetary assets determined in the first

stage (considered exogenous in the second stage) and jlm,) is the monetary services
aggregator function (quantity index).

Our assumption of weak separability, which is an assumption that is empirically
motivated, allows us to focus on the problem at hand; the estimation of the monetary

asset subutility function (i.e. A m r ) ) . In order for this estimation to occur. we have
implicitly assumed that the individual was able to allocate his income in the first stage to
consumption, leisure or monetary assets fully. The only way that such an allocation can
occur is if a consistent group of price indices exist that are dependent only on the prices

" See

Offenbacher ( 1979. p. 17)

in that group. Goman (1959) has shown that this type of price aggregation can be
conducted only when considering a special class of utility functions. In particular. if a
utility function is weakly separable with at least two categories, then price aggregation is
possible if and only if the utility subfunction has a homothetically separable structure or a
strongly separable structure with generalized Gorman polar forms, or a combination of
the two.
Although we have the option of choosing between a homothetic or generalized

Gorman polar form to ensure price aggregation, we will consider a homothetic
subfunction for computational convenience. The only drawback to taking this approach
is the demand behaviour imposition of unitary expenditure elasticities. We will take up
this problem in more detail in Chapter 3.

2.6

Conclusion

The purpose of this chapter was to develop a theoretical framework whereby the
investigation of monetary assets and their substitutability properties could be executed.
This was accomplished by starting with a very general consumer mmimization problem,
applying some structural assumptions for empirical convenience (i.e. weak separability of
current monetary assets from the other decision variables and a homothetic subutility
function) and consequentiy deriving an asset choice model. We considered the problem
of risk aversion in the optimization problem but later dismissed this complication due to
the low risk and low consumption correlation properties of the monetary assets we are

evaluating in this thesis. The model we are lefl with looks only at the maximization of a
subutility hnction composed only of current period monetary assets.

The budget

constraint here is a function of the quantity of monetary assets and the implicit user cost
of those assets, as derived in Section 2.3, and the total expenditure on monetary assets as
determined in the first stage of the two-stage optimization methodology. This model will
form the foundation for the remainder of this thesis.
In the next chapter we will begin to apply some rigor around the subutility
function /(nr, ) by considering the approximation of the utility functions (indirect) with a
flexible functional representation. Imposing a structure on the subutility Function and

deriving measures of elasticity will be our primary focus in Chapter 3.

Chapter 3 - The Homothetic Translog Demand System

Introduction

Conducting empirical work in the context of a microtheoretical framework
requires the researcher to choose a functional formulation for the utility Function (or
production function).

Although the researcher will never be sure that the "true"

underlying utility function (or "true" underlying production technology) has been
discovered, the empirical results obtained may still represent the correct "directional"
interdependencies (i.e. substitutability versus complementary relationships) provided the
chosen utility Functional representation satisfies the set of neoclassical restrictions on
individual behaviour. In general. any utility functional representation employed must be
consistent with consumer optimization behaviour, that is. the integrability (or regularity)
conditions must be satisfied."
Historically, the issue that the researcher had to concern himself with was
choosing between a Functional representation for the utility function that satisfied the
regularity conditions globally or one which satisfied such properties only locally. That is,
global regularity properties require a regularity region that contains the entire real vector
space while local regularity typically has a regularity region that contains a range of
observations that either intersect the set of sample observations or contain them. The
dilemma lies in the fact that, in the past, functional form specifications that would satisfy
the regularity conditions globally were typically quite simple. such as the Cobb-Douglas

See Section 3.2 (Regularity Conditions) for the particulars.

or the constant elasticity of substitution function (CES). As Guilkey, Love11 and Sickles
(1983. p. 591) correctly point out, "...but the very simplicity that guarantees global good

behavior also prevents such forms from modeling very sophisticated technologies".
Moreover. the application of a specific functional form also has the undesirable feature of
imposing implicit assumptions about the underlying preference structure of the economic
agent.

For example, the Cobb-Douglas functional form imposes an elasticity of

substitution equal to unity between every pair of assets. The CES function is less
restrictive than the Cobb-Douglas Function, as it imposes constant but not unitary
elasticity of substitution between any pair of assets."
A more recent advance in modeling utility that is becoming more prominent in the

literature is the use of a member of the class of quadratic utility functions known as
tlexible functional forms.

Flexible functional forms are functional forms that can

provide a second-order approximation to an arbitrary and unknown aggregator function
(the utility function here is the unknown aggregator function).

The first flexible

functional forms that were introduced had only local regularity regions but had the
advantage of being able to model sophisticated technolo~ies. Recent advances have seen
the introduction of flexible hctional fonns with regularity regions that are now both
effectively global and asymptotically global.

The main drawback in the use of the flexible functional forms is their dependence
upon the precise specification employed. That is, the functions require estimation over
specific data sets and the results that are attained reflect both that data set and the
functional specification utilized. Changing the data set or the functional specification
invariably leads to different results. It is this problem that has made governmental and

'' See Bmett, Fisher and Serktis (1992)

central bank agencies wary and kept them From accepting and applying flexible
functional forms.
In this chapter. we will begin by characterizing the regularity region in the context
of the indirect utility function. We will then proceed by introducing a number of flexible
functional forms and highlight the relative differences in regularity regions and their
ability to approximate the true underlying data generating function. This will be followed
by returning to the maximization problem defined in Chapter 2 and the application of the

homothetic translog (locally) flexible form to approximate the indirect utility function.
We will then conclude the chapter by considering a number of different measures of

elasticity including measures of substitution and their importance in the conduct of
monetary policy.

3.2

Regularity Conditions

In the introduction, we raised the issue of an approximating function's ability to
estimate the underlying "true" indirect utility function over a range of data in what was
referred to as the regularity region. The regularity region can be loosely defined as the
region whereby the theoretical properties in the context of the consumer choice problem
are met. In our empirical analysis, we want to test all of the neoclassical theoretical
restrictions at each data point. If we can show that all of the theoretical conditions within
the regularity region are satisfied, then we can take comfort that our estimation is
consistent with the underlying individual's optimization model.

This is important

because if these regularity conditions are not met, any elasticity estimates that are derived
later will not be credibte, and could, in Fact, be incorrect.
As we described above, the regularity region is a region (say, a data range) where
the properties of consumer theory are satisfied. In empirical work. it typically much
simpler to begin with an indirect utility function and work backwards to the demand
functions via the availabie identities in duality theory. Therefore, using the indirect
utility function requires us to ensure that the properties of the indirect utility function are
satisfied at every point. Properties of the indirect utility function that must be met
include monotonicity (decreasing), continuity, homogeneity of degree zero and an
indirect utility function that is quasiconvex in prices. Satisfaction of these properties.

however, does not guarantee that the regularity conditions have been met. One must also
consider the integrability problem.
The utility mavimizing hypothesis has an explicit set of observable restrictions

imposed on a consumer. Of these, it has been shown that the matrix of substitution terms
must be symmetric and negative semi-definite." This matrix is defined as follows.

where hi(p,zr) is the Compensated (or Hicksian) demand function.

I,(p,m)

is the

Marshallian demand function, p is a vector of prices, n is utility and m is income. The
integrability problem can be defined as follows. Given a system of demand I'unctions
that satisfies the symmetry and negative semi-definite condition as per equation (30). can

7'

See any advanced microeconomics textbook. For example see Varian (1992).

a utility function be derived From such a set of demand functions? We will consider this
problem in terms of the indirect utility function and the expetlditure Function.
Later in this chapter (as mentioned earlier) we will introduce the indirect utility
function and then derive the demand (or share) Functions by use of Roy's identity. Recall
that Roy's identity, in terms of the variables defined above, can be written as,

(p, nl) = -

&(p, n1) / 13pj
&( p, nt ) l2nz

where v ( p , m ) is the indirect utility function.

The integrability problem here is

Formulated by considering how one would derive the indirect utility function. given the
demand functions .ri(p.rn) . The solution to this problem (i.e. the integrability problem)

is to solve equation (3 1 ) with a system of partial differential equations.
Although we take the approach of defining an indirect utility function later in this
chapter and solving for the demand functions, for rhe purposes of this exposition we will
pose and then solve the integrability problem in terms of the expenditure function. Given
I,(p,
. m)

a set of demand functions

and arbitrarily assign it utility

tl"

.

for i = 1,. ...k , we choose some point x" = x(po m )
Assume that there exists an expenditure function such

that it is consistent with the demand functions. It follows from duality theory that such

an expenditure function must satisfy,
0

'e(p't' ) =
api
and the initial condition,

=li(P,e(p,~lO))for i = 1.....X-

where e(p,u) is the expenditure function. Equation (32) can be interpreted as the
Hicksian demand for each good at utility

I(

being equivalent to the Marshallian demand

at income e(p,n ) .
We now t u n to the general integrability condition. It has been shown that a
system of partial differential equations of the form",

af

-= (PI g,(p) for i = l .....k

2 ~ ;

has a local solution if and onIy if,

, p --3%
--

ZP ,

(P) for all i and j

zp ,

Applying condition (34) and (35) to the problem as defined in (32) and (33), we simply
reduce our problem to requiring that the matrix

is symmetric. We recognize this, however, as simply the Slutsky restriction.

The symmetry restriction is sufficient to guarantee that there will exist a function
e(p,rr") that will satisfy equation (32) at least locally. This solves the precise issue we

raised at the beginning of this section; under what conditions are the theoretical
properties of the consumer choice problem satisfied. The symmetry condition. however.

is not the entire story. The expenditure Function must exemplify concavity in prices as
well. The expenditure function is concave in prices if the second derivative matrix of
e(p,u) is negative semi-definite. Of course, this matrix is none other than the Slutsky

-.

ZS

- -. - -.- .- - .

-

.

.

-

See Varian (1992. p.484)

substitution matrix. Thus, a negative semi-definite Slutsky substitution matrix ensures
that the solution to the above partial differential equations be concave.
In summary. given a set of demand functions i,(p,m), verification that these
demand functions have a symmetric, negative semi-definite substitution matrix solves the
integrability problem. Verification that all of the properties of the indirect utility function
are satisfied guarantees that the regularity conditions have been met and that any results
derived in estimation are consistent with the underlying individual's optimization model.

3.3

Flexible Demand System Functional Forms

-4s discussed in the introduction. the researcher must first impose a functional

tbrm For the utiiity function. For computationai simplicity, we will actually specify a
functional form for the indirect utility hnction and apply P.oy's identity to derive the
demand or share equations. The selection of the functional form for the indirect utility
Function. however, is essentially limitless. As we argued in the introduction. the use a
functional form has several shortcomings including imposing implicit assumptions about
the underlying preferences of the economic agent. Making use of the flexible functional

forms has the advantage of being able to approximate systems of demand equations that
arise from a broad class of utility functions. In this section we will briefly introduce the
three general types of flexible functional forms: (a) locally flexible forms, (b) effectively
globally regular forms and ( c )asymptotically globally flexible forms.

Of the available locally flexible functional forms, three particular specifications
have been used quite extensively in the literature and will be introduced here. Locally
flexihle functional forms have the defining property of being able to attain accuracy to an
arbitrary level and first- and second-order derivatives at a predetermined single point.
Furthermore, these

flexible

forms provide variously effective second order

approximations to the desired function.'" The Generalized Leontief (GL) model. which
was derived by Diewart (1971), is a local form that can exude global properties in
instances when certain parameter requirements are met.

The GL does a good job

(satisfactory local properties) approximating Lenotief preferences as long as preferences
are nearly homothetic and substitution is low.3'

It has been shown, however. if

preferences are not homothetic and substitution increases. the GL's regularity region
becomes small.

The Basic Translog model (BTL) of Christensen, Jorgenson and Lau (1975),
which will be discussed in greater detail in Section 3.1.is a locally tlexible form but can
achieve globally regular properties if and only if preferences are Cobb-Douglas. In this
instance. Guilkey. Love11 and Sickles (1983) have shotvn that the BTL will perform well
as long as the substitution between all commodities is close to unity. Failing that, the
regularity properties deteriorate implying a small regular region. Similarly, the .4lmost
Ideal Demand System (AIDS) developed by Deaton and Muellbauer (1980) which is
based on the price-independent generalized logarithmic expenditure function also has the
drawback of a small regularity region. In general, almost all locally flexible functional
forms suffer from their ability of only being able to approximate locally to the true data
-

" See Barnett, Fisher and Serletis ( 1992)
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generating function at a single point in a delta neighborhood of an unknown and often
small size.3'
The effectively globally regular functional forms were developed as extensions to
the locally flexible forms such that their regularity regions are larger and are capable of
approximzting more general Engel cur~es."*~'Moreover, these flexible forms have
higher demand system ranks that have nonlinearity of Engel curves and aggregation
implications. A flexible functional form is considered to have a large regularity region
when, as classified by Cooper and McLaren (1996), the regularity region includes all data
points in the domain which are calculated From any combination of nominal expenditures
and prices that exceed the minimum value of the sample.
The Full Laurent Model is an example of such an effectively globally regular

hnctional form that is based on a second-order iaurent reciprocal indirect utility
function. The Quadratic AIDS (QUAIDS) flexible form, developed by Banks, Blundell
and Lewbel (1997). is an extension of the AIDS locally flexible form. The QUAIDS

model represents an effecti~felyglobally regular flexible form as the demand system has a
rank three (which allows for better approximations of more non-linear Engel curves) as
opposed to the more linear, rank two. AIDS flexible form. A shortcoming of the
QUADS model occurs in the QUAIDS budget share equations that may, at sufficiently
high expenditure levels, violate the zero-to-one rangc3'' Besides this drawback. the

QUADS flexible form has a considerably larger regularity region than the locally
flexible forms and has therefore be considered an effectively globally regular form.

'' See Fisher. Fleissig and Serletis (2001)
" See

Fishet, Fleissig and Serletis (2001)

" Recall that an Engel curve relates income to
" See Fisher, Fleissig and Serletis (2001)

the demand for a commodity at a constant price.

The asymptotically globally flexible functional forms make use of seminonpararnetric functions that are dense in a Sobolev norm3'. A Sobolev norm has the
requirement that a function will asymptotically approximate the levels and partial
derivatives of the true data generating process arbitrarily

accurate^^.'^

The

asymptotically globally flexible Functional form is capable of global approximation
because, in the limit, the unknown underlying generating function can be approximated at
all points and therefore provide arbitrarily accurate elasticities at all points.
Examples of the asymptotically globally flexible functional f o m s include the
Fourier flexible form of Gallant (1981) and the Asymptotically Ideal Model (AIM)
developed by Bamett and Jonas ( 1983) and Barnett and Yue ( 1988). The Fourier flexible
form is based on the Fourier sinekosine series expansion while the AIM flexible form is

derived from the Muntz-Szatz series expansion. In both models. the order of the series
expansion is determined empirically.

3.4

The Homothetic Translog Flexible Functional Form

Although we implicitly made a case for using the asymptotically globally flexible
Functional forms due to their ability to approximate the true underlying data generating
function at all points, we will appeal to a locally flexible functional form in this thesis. In
particular, we will make use of the homothetic translog flexible form. We make this
appeal For a number of reasons. Firstly, estimation is considerably simplified. More
-. .
.-
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Elbadawi, Gallant and Souza (1983) define a semi-nonparametric k c t i o n as a truncated series
expansion that is dense in a Sobolev norm.

importantly, however, we appeal to the homothetic translog because of its ability to
maintain a correspondence between the indirect and direct utility functions. In general,

any structural property of the indirect utility hnction does not immediately imply that the
same structural property will hold for the direct utility function. Since we wish to apply a
demand model with the indirect utility function we require a correspondence behveen the
direct and indirect utility function such that properties of the direct utility function are
also satisfied."

Recall that our model was developed utilizing a direct (sub-) utility

function. Hence, this correspondence is critical if we wish to make use of the indirect
utility Function for estimation.
As Blackorby et a1 (1977) have shown, when a direct utility function is strongly

recursive separable with homothetic aggregator functions (by ass~irnptionin this thesis),
then the indirect utility function will have the same structure with respect to prices. It is
this correspondence that motivates our selection for the homothetic translog.
Furthermore, the preservation of self-duality of separable structures between the direct
and indirect aggregator functions will allow us to test properties of the indirect utility
function and conclude that the same properties of the direct (sub-) utility function will
hold.

This attribute will serve us well when we test monetary asset separability

characteristics (Chapter 5) of the direct utility hnction by examining the indirect utility
hnction empirically. Therefore, we conclude that, in the context of what we wish to
accomplish in this thesis, the application of the homothetic translog is justifiable.

36

See Dnke, Fleissig and SwofFord (1998, p. 4)

" See Serletis (1957)

Nevertheless, we must keep some of the limitations of the homothetic translog in mind
when we consider our

result^.'^

Recall we took a number of steps to reduce a general consumer choice problem to

an asset choice problem. At the end of Chapter 2, we were able to define our asset choice
problem with the following maximization representation,
subject to
where

nlirrrb= -v,

!*, is the expenditure on the services of monetary assets,

nr, is the per capita real

balances of monetary asset i held during the current period r. n,, is the current period
user cost of m, and f( m , )is a continuous and twice differentiable monetary services
aggregator function (quantity index). As opposed to approximating the utility function
we will take advantage of duality theory and approximate the indirect utility function

with the homothetic translog flexible functional form. That is. it is more convenient to
derive the demand or share equations from the application of Roy's identity to the
indirect utility function than it is to derive the share equations directiy From the first order
conditions of the utility m~ximizationproblem. Therefore, we circumscribe the indirect
utility function as the homothetic translog flexible functional form, which with the
symmetry restriction of

Pi,= P ,

and homogeneity restrictions of

Cp, =0

for all j

I

imposed, is defined as3",

" For example. as we point out later in this section, the homothetic translog requires the Engel curves to
ass through the origin. The quasi-homothetic translog, on the other hand does not impose this limitation.
" See Fomute (1979)

.

where a,.For i = 1.. .. rt and

pi,. for

i, j = I,. ..,n are parameters to be estimated and

ni is the user cost (or "price"). Recall that Roy's identity is defined as,
s, = -

d In V i a Inni
a1nVlJainy

Calculating the partial derivatives we have,

Therefore. the demand or share equations for the homothetic translog is.
ai + xpiil n v ,

si =

I

T a:

for i = I,. . . , ) I

where v , is the expenditure-normalized price of commodity J.

We Further apply a

parameter normalization since the share equations identified in equation (39) are
homogeneous of degree zero in the a 's. In particular. the normalization applied is.

This normalization implies that the share equations can be written as.
Si =ai + ~ / 3 j i l n v ,for

i = l , ....n

It is obvious from (.41) that the homothetic translog is linear in the parameters. Equation
(41) also requires the Engel c w e s to pass through the origin.

3.5

Measures of Elasticity

Although our primary interest lies in the elasticities of substitution, we will
explore other, more common, measures of elasticity such as income, own-price and
cross-price elasticities. Reporting these elasticities does more than ensure completeness
from an empirical perspective; it also offers a good benchmark in determining whether
the panmeter estimates are valid.

For example. perverse elasticities may indicate

estimation or model structural problems.
We begin by considering the own-price elasticity. Recall that. in generai. the

own-price elasticity is defined as4'.

To derive the own-price elasticity. we consider the share equation at each instance where
i = j , such that,
s, = a, + pi,in v ,

for all i

Then by applying natural logarithms to both sides we have,
ln s, = ln(a,+ pji in vi )

And computing the partial derivative we get,

a in s,.

1

a in v j

a,.
+ pii in V,

-=

Then the own price elasticity can be written as,

?a

See Serletis and Robb ( 1986)

xB,=-

Pii

Si

'"

q,; = -- 1 for all i
Si

The cross-price elasticity can, in general, be defined as.
q i ~-

a in si

for i # j , j = I,..

The derivation is the same as above, except we consider the case where i # j such that,

Applying natural logarithms to both sides yields.

And computing the partial derivative gives us the cross-price elasticity.

[f qij > 0 (i t j) the assets are gross substitutes. if qi, < 0 (i + j) they are g o s s
complements and i C qli = 0 (i # j) the assets are independent. The income elasticity is,
in general. defined as,

We know from microeconomic theory that homotheticity implies that the share
equations are linear functions of income.

This property insinuates that the partial

derivative in (46) will be a constant. It is easy to show that in our case the partial
derivative will be equal to zero.
normalized prices is,

Recall that the share equation written with non-

s,

+ZP,,l n ( ~l ,y )

=a,

for i = 1, ...,12

i

This can aiso be written as,

Applying natural logarithms to both sides yields,

i

pi,I n n , - l n y z pi,
i

Then it follows that,

Hence. the income elasticity is,
qt = 1

(47)

The first substitutability measure of elasticity we will consider is known as the

Allen-Uzawa partial elasticity of substitution which is defined in the context of a cost
function as,

o1YE
=

C(U,P)Cii( t l , P )
c,( t l , P)Cj(11, P )

where u is utility, P is a price index, C is the cost function and C,and C, are the first

and second derivatives of the cost function, respectively. In our case, there is a more
convenient definition stated in terms of the consumer choice problem and makes use of
the previously defined elasticities.
implies the following4',

" See Serletis and Robb (1986)

In particular, application of the Slutsky equation

Hence, in terms of the parameter estimates. the Allen-Uzawa partial elasticity of
substitution is,

Pi,

= -+ 1

(50)

S;S;

Note that the Allen-Uzawa partial elasticities a;,iE
and a,:"
are symmetric by construction.
This representation will allow us to estimate the elasticities of substitution behveen the
monetary sub-aggregates in the (sub-) utility function.
There are drawbacks. however, to this measure of elasticity when two or more
"goods" are considered. In particular, Blackorby and Russell ( 195 1. 1989) have shown
that when two or more goods are considered. the Allen-Uzawa measure of partial
elasticity does not necessarily give the correct measure of substitutability between those
goods.

That is. the Allen-Uza~va elasticities are quantitatively and qualitatively

ambiguous when bvo or more goods are considered. This result is obtained because for
any two goods, say xi and

I,,

the elasticity of substitution is difficult to measure

because the curvature establishing their relationship can be measured in infinitely many
directions. To circumvent this problem, we will consider the Morishima measure of'
elasticity of substitution, which in the context of the cost hnction can be represented as
follows,

Moreover, Blackorby and Russell showed that the Morishuna measure of elasticity can
be represented in terms of the Allen-Uzawa measure as follows,

where si is the cost share. If

0;;<
'0

then the goods are Morishima complements while if

4' > 0 then the goods are substitutes.

The idea of the complement relationship is that

an increase in the price of good j causes xii x i to decrease, while the reverse is true for
substitutes.

In terms of the consumer choice problem and the parameter estimates

derived above, the Morishirna measure of elasticity can be written as.

= -+'I,
=--P,,
S,
si
'71,

since,

all'E

Sl

1

+1

SI

Thus. simplifying (53) we have.

From equation ( 5 2 ) , one can see how the Allen-Uzawa measure of elasticity can
indicate a complementary relationship when indeed a substitute relationship exists.
Consider the case when

CT;,!~< 0

and la;;El
c lo:El. From (52) it is clear that

0
:
'> 0

irrespective of the sign of o ; ; ~Hence,
.
there is a possibility that the Allen-Uzawa
measure can find goods as complements when indeed they are substitutes, as determined
by the theoretically correct Morishima calculation.

Therefore. where the findings

behveen the two measures differ, the Morishima results should be considered more
reliable.

3.6

Monetary Policy Issues

The price elasticities and more importantly, the elasticities of substitution
introduced above have very significant implications in the conduct of monetary policy.
In particular, the relative degree of substitutability among monetary assets has been used
to provide a rationale for the appropriate definition of money." Serletis and Robb ( 1986.
p. 430) note that,
Knowledse of the substitutability benveen monetary assets is essential in order to understand the
potential effects of monetary policy actions. In particular. the appropriate definition of money, the
stability of a narrowly defined demand for money function. and the effect of the growth of
tlnancial inremediation are closeiy [inked with the degree of substitutability that exists between
monetary assets.

Offenbacher (1979) has also argued that the degree of substitution between
monetary assets plays a critical role to the definition of money. Money itself, he argues.
must provide non-pecuniary services since it is held despite the availability of other
stores of wealth that pay higher pecuniary returns. The problem with defining money lies
in the fact that a consensus regarding the nature of such services and the extent to which
monetary assets can provide has not been reached. Offenbacher regards the substitution
elasticities as a manner of organizing prices and quantities providing insight as to the
nature of these services.

In the following chapter, we will spend a great deal of time evaluating the model
developed above with special attention paid to the resulting elasticities of substitution
between the selected monetary assets. Clearly, a central theme throughout this thesis has

''See Serletis ( 1988)

been to develop an economic model that allows us to comment on the current definition
of money and perhaps offer suggestions for improving it. In particular. we are interested
to see if our results will mirror those found by other researchers in their attempts to
modify the definition of money. For example, Barnett. Fisher and Serletis (1992) observe
that a high proportion of the studies found in the literature find evidence of low
substitution and even complementarity among liquid financial assets."

Moreover. these

results are quite robust regardless of the definition of the money stock applied or flexible
functional form utilized. These results have enormous implications to the future conduct
of monetary policy since currenr monetary policy utilizes aggregation procedures that
require very high elasticities of substitution. marketably different results than currently
bund in the literature.
An equally important impact to the conduct of monetary policy substitution

elasticities can have is the observation by Barnett. Fisher and Serletis (1992) that the
elasticities of substitution are not constant over time. Furthermore. not only were they
not constant but they changed considerably over the sample period. These results put the
use of the single-equation linear money demand functions and the application of the
simple-sum aggregation approach in question. Likewise, the reliability of such money
demand functions in application have been dubious and unconvincing.

" See B~nert,Fisher and Serletis (1992, p. 2108)

3.7

Conclusion

In this chapter we have successfully taken the simplified microtheoretic version of
a monetary economy we leR off with in Chapter 2, imposed a flexible functional form for

the indirect utility function, and developed a number of measures of elasticity including
measures of substitution.

-4long the way. we argued that although the homothetic

translog flexible functional form may not be the best flexible form for approximating the
true underlying data generating function. the choice of the homothetic translog is
necessary to guarantee a correspondence behveen the indirect and direct utility functions.
This correspondence will also prove to be important as we examine monetary asset
separability in Chapter 5 . With the model. as defined in the preceding sections. we will
move on to Chapter 4 which will involve econometric considerations. data issues and
estimation of the homothetic translog system. The results of Chapter 4 will allow us to
return to the issues concerning the implications on the conduct of monetary policy and
speak to them with more conviction.

Chapter 4 - Empirical Results

4.1

Introduction

In this thesis, one of our major objectives is to determine the substitutability
behveen monetary assets in Canada. As we discussed earlier, it is these substitutability
characteristics behveen monetary assets that have been used both implicitly and explicitly
to derive an appropriate definition of money. The Bank of Canada currently defines
money in terms of monetary aggregates such as M 1. M2. M3, etc. In this thesis. we will
follow the lead of the Bank of Canada and consider those monetary assets in their
unnested form. That is. recall that M2. for example, includes all of the monetary assets in
M 1 as well as the additional assets that comprise the remainder of ~

7 We. . however.
~

will evaluate the substitutability between MI and M2 less MI, for example, so that we
are not comparing the substitutability between essentially the same assets in M1 plus the
additional assets that comprise M2 (i.e. we want to avoid double counting).
We will not. however, consider the monetary aggregates as precisely defined by
the Bank of Canada due to way the Bank of Canada aggregates monetary assets. The

Bank of Canada employs the method of simple-sum aggregation which, in essence. takes
all of the assets to be included in an aggregate and adds them all up.'" This methodology
has the drawback of implying perfiect substitutability between monetary assets one for
one within an aggregate. To bypass this imposition, we shall employ the Divisia method

U

See Barnett., Fisher and Serletis ( 1992) for an example of nested monetary aggregates (the aggregates
there are those constructed by the U.S. Federal Reserve).
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of aggregation, which relaves the perfect substitutability restriction the simple-sum
approach presupposes. The Divisia index accomplishes this task by aggregating not only
quantities (which is only what the simple-sum method uses) but also "prices".

The

"prices" in the context of monetary assets are those asset's user cost, as derived and
explained in detail in Chapter 2.
We will begin this chapter by defining the monetary assets we are going to

consider and defining which aggregate they belong to. Following this, we then spend
some time reviewing how we calculated the user costs of the monetary assets.

In

particular. we define precisely how the nominal yields are derived. what adjustments
were applied to them and how we chose the benchmark rate. In the next section we will
introduce and then construct the aggregates via the Divisia index. In Section 4.5. we
present the results of the econometric estimation. In this section we also report on the
results of regularity tests and elasticity estimation performed (including own and cross
price elasticities as well as Allen-Uzawa and Morishirna elasticities of substitution).

4.2

The Monetary Assets Defined

In this thesis we will consider three aggregates. namely: M1. M2 less M1 'and M3
less M2. M1 is composed of three monetary assets, which are: currency outside banks

(CANSIM series B2001), personal chequing accounts (CMSIM series B486) and
current accounts (CANSIM series 8487). The M2 less MI aggregate has five monetary
assets that can be further categorized into either personal savings deposits at banks or

non-personal savings (or notice) deposits.

The personal savings deposits include

chequable deposits (CANSIM series B452), non-chequable deposits (CANSIM series
8453) ,and fixed term deposits (CANSIM series 8454). The non-personal notice deposits

are composed of chequable deposits (CANSIM series 8472) and non-chequable deposits

(CANSIM series BJ73). Lastly, the third aggregate, M3 less M2, has non-personal term
deposits (CANSIM series B475) and foreign currency deposits (CANSTM series B482) as
the applicable monetary assets (see Table 1 For a summary). The data series that will be
employed for the empirical analysis begins in the fourth quarter of 1981 and concludes in
the fourth quarter of 1999. using quarterly data.

4.3

The Monetary Asset Nominal Yields

In order to correctly determine the user cost of a particular monetary asset a
number of component variables. such as the nominal yield, must be defined with the
available and appropriate empirical data. In this section. we will review the derivation of
the nominal yields of all of the monetary assets introduced above including adjustments

For term premiums. Molik (1999) has already calculated all of the nominal yields that
will be used here."'

In this section we will simply review the work that was completed

there and direct the reader to that thesis for more details.
The nominal yield on currency outside banks is assumed to be zero. This is the

standard assumption in the literature and for all intents and purposes is very reasonable.
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Even if one could argue that there is some implicit rate of return on currency outside of
banks, it would be insignificant from an empirical perspective. The demand deposits,
which are made up of the penonal chequing accounts and current accounts, do have an
implicit nominal yield that commands consideration. Typically such demand deposits are
also assumed to have a zero nominal yield but we argue here that this is incorrect because
finnncial institutions have implicitly paid interest in the fonn of free or reduced cost bank
services or have possibly provided easier access to credit. Following the approach of
Klein (1974) and Startz (1979), the implicit rate is calculated as a fraction of the return on

an alternative asset (chosen as the yield on 3-5 year Government of Canada marketable
bonds). The fraction represents the maximum required reserve ratio for demand deposits.

This simple formula is represented as follows,
r, = (1 - c)r,,

( 55 )

where ,;, is the implicit interest rate on demand deposits. r., is the interest rate on an
alternative asset and c is an estimate of the maximum required reserve ratio on demand
deposits. The procedure for estimating the maximum required reserve ratio can be found

in Molik ( 1999).'"
The nominal yields for penonal savings deposits, both chequable and nonchequable, are constructed as a composite of a series of different interest rates provided
by both Statistics Canada and the Bank of Canada. For the non-personal notice deposits,

both chequable and non-chequable, we use the interest rates of 90-day Canadian bonds as
a proxy for the nominal yields. The fixed term personal savings nominal yield is the 5year term deposit rates adjusted for the term premium structure of the asset. Unlike say,
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personal savings deposits (either chequable or non-chequable), that do not have a given
maturity date, a fixed term instrument (obviously) does. Recall that, in general, an
interest-bearing asset typically has either or both a term and risk structure inherent in the
interest rate offered. This quality poses a problem when comparing interest rates of
different maturities as we are doing here. To resolve this issue, a yield curve adjustment
is made to the own rates of monetary assets that have term structures via the treasury
yield curve. Recall that treasury securities have no risk structure (as they have no default
risk) and therefore, differences in interest rates are a function only of the varying terms.
The nominal yield used for the non-personal term deposits is the Canadian prime
rate.

Compared to the personal fixed term savings deposits. the non-personal term

deposits need not be yield curve adjusted. This is the case since the prime rate. which
tracks the 3-month T-bill interest rate closely, has a term premium that is insignificant
(because of the short term considered) and therefore can be ignored (five year terms. on
the other hand, are not insipificant). Lastly, the 3-month Eurodollar deposit rate in
London which closely tracks the Canadian wholesale deposit rate. is used as a proxy for
the foreign currency deposits' interest rate. Table 2 summarizes the monetary aggregates.
the monetary assets contained therein, the nominal yield rate being used and the data
source as discussed above.

In order to calculate the user costs of the monetary assets, a benchmark interest
rate must be chosen (see equation (9)). The benchmark rate used, however, is not the rate
of only one asset. In fact, a number of interest rates were considered because there
seemed to be no particular asset that generated an interest rate higher than all of the
interest rates described above for every period in the sample. The benchmark rate was

calculated as the maximum interest rate, for each period, from the following interest
rates: the rate on Government of Canada marketable bonds with a term to maturity of
over 10 years (B 14013), the rate on 5 year guaranteed investment certificates (B 14080),
the rate on other long term bonds (all corpontes, Scotia-McLeod. series B 14048). the rate
on other mid-term bonds (all corporates. Scotia-McLeod, series B 14049) and all of the
nominal rates for the monetary assets as discussed above. Also note that in the event that
benchmark rate happened to equal the nominal rate of a monetary asset in a particular
period, a small increment of 0.01 was added to the benchmark rate to avoid a zero user
cost.
To ensure consistency between the theoretical model and the data available. a
number of adjustments to the data were made prior to aggregation. First, we adjusted the
asset stock to convert it into per capita balances. This was accomplished by first dividing
the asset stock by the quarterly population of Canada (CANSM series C892268) since
the theoretical model was developed in an individual decision-making problem
environment. Second, we took this asset stock and divided it by the Canadian GDP
deflator (CANSIM series D15612) in order to convert nominal quantities to real
quantities. We require the quantity series to be in real terms when we consmct the
Divisia aggregates. As a result of these adjustments, the quantity series is now expressed
in real per capita balances.

To account for seasonality in the data, a moving average method of seasonal
adjustment was applied to the monetary asset series prior to the construction of the
aggregates. The final adjustment made to the data came after aggregation, but before

estimation. All price and quantity aggregates (MI, M2 less MI and M3 less M2) were
normalized to 1.0 in 1981:4.

4.4

Divisia Aggregation

In this section we will take steps to detail the construction of the monetary
subaggegates (both quantity and prices) that will be evaluated. Taking the Bank of
Canada approach, we could take the simple sum of all the monetary assets contained in
each subaggregate (defined as M1. kI2 less M 1 and M3 less M2) as defined by.
n

SS, = E m ,

(56)

r=l

where

tr

represents the number of monetary assets. This type of quantity aggregation.

however. has a number of theoretical drawbacks. This formulation has the implicit
assumption that the representative individual's indifference curves are linear parallel lines
for the monetary assets. As such, this implies that each monetary asset within the
subaggregate is a perfect substitute and. in fact, a dollar-for-dollar perfect substitute with
every other monetary a s s e t . " ~ o r e o v e r ,since each monetary asset has a unique user
cost, it follows that such an economic agent would hold only one monetary asset (that is,
the economic agent would arrive at a comer solution). Of course this cannot be true since
we see all of the monetary assets held to some degree in the economy.

In this thesis, we will appeal to the Divisia index for aggregation among
component assets in both prices and quantities, as it does not suffer fkom any of the

shortcomings identified for the simple sum aggregation methodology. The Divisia index
is an example of a statistical index that can be distinguished by its known statistical
properties. Fisher (1922) developed a set of tests that can be used to assess the quality of
a particular statistical index. Although Fisher did not find the Divisia index to be the best
(in the sense that it satisfies the largest number of statistical properties). he did find it to
satis@ a very large number of such properties. Also note that Fisher found that the Fisher
Ideal Index performed the best while the simple-sum index performed the worst.
Although the simple-sum index is a member of a broad class of statistical indices. its poor
performance can be attributed to the fact that it is a degenerative measure ns it contains
no prices."0
The Divisia quantity aggregate is defined as.

where
\v,[ = (

v

/

= L- ( + )

represents

lYr)
~ and~

~ = (rr:,ynnlz;
m ~ ~

~

1,-;,

the

average

expenditure

share

while

ly,-,)
~ are the expenditure shares of monetary

asset i in periods r and t - l (note that nonl represents a nominal quantity and real
represents a real quantity as is standard in the economic literature). A price aggregate
can be derived From a quantity aggregate if the aggregates are dual to one another. That
is, duality implies that the product of the quantity aggregate and the price aggregate
equals the total expenditure on all individual assets within the aggregate. This trait is

known as "Fisher's factor reversal".
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Unfortunately, the Divisia price aggregate is not

dual to the quantity aggregate but the Divisia price aggregate that is derived from the
Divisia quantity aggregate has a very small (third order in the changes) error produced
resulting from the violation in the factor reversal test.jO We will therefore still appeal to
this approach in deriving the price aggregate.
We define the dual user cost index

nYmthat is dual to the Divisia quantity index.

r ~ , ~ ~ ' ' ' ' as,

The nominal dual user cost l
7
:
"

and the real quantity index M:"'

are constructed as

chained indexes. An index is said to be chained if the prices and quantities used in the
index number formula are the prices and quantities of adjacent periods."

It is this

chained structure which provides for a nice interpretation of the Divisia quantity index.

By taking the natural logarithm to both sides of equation (57) we have,

~nM,""' - ln bf,~f'
=

rit(ln m,:"'

- ln mty. '~ -)~

Here we see that g o w t h rate (log change) of the Divisia quantity aggregate is the shareweighted average of the growth rates of the component quantities.s' Equation (59) also
identifies one of the weaknesses of the chained indexes. Consider the instance when a
new monetary asset is introduced. In this case, the term

~ \ . f , ~ =f 0 and the left hand side

of equation (59) approaches infinity. To circumvent this problem, one could apply
Fisher's Ideal Index for the period when the new asset is introduced. Since there are no
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new assets introduced during our sample period, we need not appeal to this approach.

Hence, our sub-aggregates, in both prices and quantities, were constructed via the Divisia
index over the entire sample period.

4.5

Econometric Results

In this section we present the estimation results of the of the homothetic translog
indirect utility function in the context of the monetary assets defined above. Wc have
applied the method of multivariate regression to estimate the indirect utility function as it
generally provides more efficient estimates than the application of regressions to each
equation separately. Moreover. joint estimation is preferable in systems where crossequation restrictions exist; in our problem we have introduced symmetry restrictions on
the estimated

p parameters.'s Joint multivariate regression is performed with the LSQ

command using the TSP (Version 4.3) econometric package on a standard
microcomputer.

In fact, all estimation camed out in this thesis makes use of this

s o h a r e package as well.
Recall that in Chapter 3 we had derived a set of share equations that had
parameter restrictions and normalization's imposed. In order to conduct econometric
estimation, we must assume an error structure that accounts for unexplained, stochastic
variations in the share equations. This is accomplished by assuming a "classical" error
structure such that the errors are assumed to be additive, jointly normally distributed with
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zero means and constant, but unknown, variances and covariances. Denoting this error
term as e,, our deterministic share equation (41) becomes stochastic where,
si = a i+ x p , lnv, + e , for i = 1, ...,n
I

This set of share equations can also be written as,

Estimation cannot be performed on the full set of share equations due to singularity of the
disturbance covariance matrix. This singularity is a direct result of the demand theory
requirement of budget shares summing to one. To resolve this problem. we make use of
Barten's ( 1969) result that parameter estimates can be obtained by arbitrarily deleting any
share equation in such a system and the estimatien results are invariant with respect to
which equation is deleted as lons as autocorrelation in the disturbances is absent.
Applying this methodology, we deleted the third share equation. Note that the parameter

estimates associated with the deleted share equation can be recovered kom the
restrictions imposed on the parameters. The estimation results of equation (6 1 ) are shown
below in Table 3.
Inspection of the

Durbin-Watson statistics indicates

the presence of

autocorrelation in the residuals. This is the case because d, = 1.395 and d,. = 1.557 (for

75 observations and 3 explanatory variables) implying that we can reject the null
hypothesis of no positive autocorrelation at the 1% level. Note that the critical region

here for rejection of this null hypothesis lies between zero and ri, .

The indication of autocorrelation in the residuals was not an unexpected result.
As Drake, Fleissig and Swofford (1998, p.11) note, "Autocorrelation in money demand

systems is a common problem and may well be caused by institutional constraints, such
as withdrawal penalties on time deposits, which potentially prevent people From adjusting
their asset holdings within one period."

To alleviate this problem, we assume a first-order autoregressive process
whereby,
(62)

er = per-! + f i r

where p = [p,,] is a matrix of unknown parameters and u, is a non-autocorrelated vector
disturbance term with a constant covariance matrix. Berndt and Savin (1975) showed
that assuming no autocorrelation across equations (that is, p is diagonal) it follows that
the autocorrelation coefficients for each equation must be identical.

Employing this

result. writing equation (61) Ibr period r - I . multiplying by p , and subtracting, we
obtain,
s, = /,(x,.Q) - aft-,
(x,-, ,@) + pr-,
+tir

(63)

Equation (63) represents the homothetic transiog corrected for autocorrelation
with an AR(I) process. The results of the estimation of equation (63) are shown in Table
4 below.

This model has been indeed corrected for autocorrelation in the residuals. The
critical region for the null hypothesis of no autocorrelation (either positive or negative) is
d, < D W < 4 - d,, . That is, because both

D W, and D CV, fall within the critical region,

we cannot reject the null hypothesis.

In the next subsection, we will investigate the robustness of our estimated model

in terms of satisfying the regularity region as introduced in Chapter 3. We will then
review the own and cross price as well as substitution elasticities in Section 4.5.2.

4.5.1 The Regularity Tests

As described in Chapter 3, microeconomic theory stipulates that the indirect

utility function must exhibit a number of properties to ensure theoretical exactitude. We
have argued that the regularity traits of non-negativity. homogeneity. quasi-convexity.
monotonically decreasing indirect utility function over the range of the data set. addingup and symmetry must be evident in the indirect utility function. In this section. we

evaluate the theoretical regularity conditions of the homothetic translog indirect utility
function at every data point.
The properties of adding-up. homogeneity and symmetry are satisfied as they

form

it

part of the maintained hypothesis of the homothetic translog functional form.

Recall that all of the share equations do sum to one (imposed), the parameter imposition
of

ZP,, = 0

for all j ensures homogeneity and the parameter restriction of ,8*, = P,,

i

assures symmetry. In addition. we make the further assumption that monotonicity holds
(that is, the indirect utility function is monotonically decreasing). In general. however.

one can also test for this trait by computing the values of the gradient vector of the
estimated utility function. The properties of nornegativity and quasiconvexity (of the
indirect utility Function) will be evaluated directly, as they were not imposed by

assumption.
In terms of the nonnegativity requirement, we need to show that all of the values
of the fitted demand function are nonnegative. To ensure that this property is satisfied,
we have directly computed the values of the fitted budget share equations for both the

homothetic translog without correction for autocorrelation (which we will call HTL

henceforth) and the homothetic translog indirect utility function corrected for
autocorrelation by an AR(1) process (which we will call HTLAR henceforth). In both
models, we found that LOO%, or for all 73 observations, the values of the fitted demand
function were nonnegative.

This was done in a somewhat automatic fashion by

employing the PLOTS option in the OPTIONS command of TSP.

The curvature restriction requires quasi-convexity of the indirect utility function.
Provided that the monotonicity condition holds, verification of the curvature restriction
holding requires that the Allen-Uzawa partiai elasticities of substitution matrix be

negative semi-definite."

Recall that a symmetric matrix A is negative semi-definite

matrix if sr.4x 5 0 for all r . Moreover, one can show that a symmetric matrix -4 is
negative semi-definite if and only if the determinant of every principal submatrix is nonpositive.''

Conducting this work revealed some unfortunate results. In the HTL model.

there were no obsewations found supporting quasiconvexity of the indirect utility
function and in the HTLAR model only one observation out of 73 had a negative semidefinite Allen-Uzawa partial elasticity of substitution matrix.
The violation of the regularity conditions for both the HTL and HTLAR will have

to be kept in mind when interpreting the price and substitution elasticities in the
forthcoming section.

As we have argued, our inability to show that the regularity

conditions for the indirect utility function have been met will impair us From making
definitive conclusions henceforth. Nonetheless, we shall press on and calculate the price
and substitution elasticities as well as conduct weak separability testing in Chapter 5 with

the model we have developed up until this point.
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This result, however, was not

completely unexpected in light of findings made by Serletis (1988) that showed the

HTLAR model satisfying monotonicity for about 41% of the observations and satisfying
quasiconvexity for only about 28% of the o b s e r v a t i ~ n s . ~ ~ ~ u r t h e mBarnett
o r e , and Lee
(1985) as well as Diewart and Wales (1987) have argued that one of the serious problems

in estimating systems with flexible functional Forms is that most of the available flexible
hnctional forms are inclined to violate the regularity conditions implied by economic
theory. Indeed, this is what we have found here.

4.5.2 The Elasticities

Although we argued that the HTL model is unsuitable for use via least squares
regression, we have calculated the various elasticity measures as a means of comparison
to the AR(1) corrected homothetic translog (HTLAR). For ease of exposition in the
figures, we define asset I as MI, asset 2 as M2 less M1 and asset 3 as M3 less b12. At
the end of the chapter. we have produced two tables and twenty-one figures. Table 5
shows all of the own and cross price elasticities evaluated at the mean of the data for both
the HTL and HTLAR models. Table 6 displays the elasticities of substitution, evaluated

at the mean of the data, for HTL and HTLAR as well. Figures I through 21, which we
shall speak to in more detail below, show various elasticities at each data point over the
sample period.
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Serletis (1988) employed a different data set then we do here, but the resuits found there indicate a lack
of robustness in the HTL(AR) model.

We begin by reviewing the own-price elasticities of each monetary asset. Our
first observation regarding the own-price elasticities of the HTL and HTLAR models are
that they track together reasonably well (see Figures 1 - 3). For the MI ow-price
elasticities we notice that the HTL overstates, relative to HTLAR, the elasticities, for M2
less M1 the HTL understates and for M3 less M2, HTL again understates the HTLAR
over the sample period. We also notice that for M1 and M2 less M1, there appears to be
notabie variability in the own rates over time including sign changes. While M3 less k12
also displays some variability over the sample period. the own-price remains negative
throughout. The own-price elasticities evaluated at the mean (see Table 5 ) . however,
consistently show (other than M2 less il.11 in the HTLAR model) a negative own-price.
This result is compatible with demand theory that, in general. expects negative own-price
elasticities. A negative own-price elasticity implies that an increase in the price of a good
causes less of that yood to be demanded. Indeed this expected theoretical result. which is
also very intuitive, ties nicely with our empirical results.
The cross-price elasticities, unlike the own-price elasticities. are very consistent in
terms of sign over the sample period (see Figures 4 - 6). In fact, all three assets indicate
a negative cross-price elasticity at all points of the sample region. This event can be
interpreted as a price change (say, increase) in one asset causing the reverse impact to the
demand of another asset (decrease). In other words, all monetary assets were found to be
(gross) complements. Further, we again note that the HTL and HTLAR models track
quite well except in some cases (see M1) when the HTL's ability to accurately reflect the
relative degree of elasticity as compared to the more theoretically correct HTLAR model

is reduced.

The own Allen-Uzawa elasticities of substitution, as detailed in Table 6 and
Figures 7 - 9, exemplify results that are consistent with demand theory. Recall that the
own Allen elasticity of substitution (the diagonal elements of the substitution matrix)
represents the "substitution effect" in the own-price Slutsky equation.j7

It is the

substitution effect that we can, from a theoretical perspective, speak to with certainty.
That is. it is well known that the substitution effect is unambiguously negative. This is
what was found for two of the three own Allen-Uzawa elasticities (MZless M1 was the
esception) in the HTL.2R model. The exception we found raises some concern over our
results but we can temper this ire in light of similar findings (in the context of different
data sets and indirect utility function employed) reported by other researchers. Drake.
Fleissig and Swofford ( 1998) and Fisher ( 1992), for example, both found instances of
positive own Ailen elasticities of substitution. Such results can be attributed to some of
the restrictive assumptions made with respect to optimizing behavior (for example.
homotheticity).
The cross Allen elasticities of substitution are in Figures 10 -12 over the sample
period and the Allen elasticities evaluated at the mean are located in Table 6. The Allen
substitution elasticity between MI and M2 less M1 indicates a net complementary
relationship between the assets at the mean of the data for both the HTL and HTLAR
models.

However, in looking at Figure 10 we observe that this complementary

relationship has only become pronounced since 1991 before which time the assets did not
definitively appear as either net substitutes or net complements. A similar substitution
pattern behveen M1 and M3 less M2 can also observed. The HTLAR model identifies a
complementary relationship between M1 and M3 less M2 but the HTL model does not.
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In the case where the HTL and HTLAR models report conflicting results, we utilize the
HTLiW results as their derivation is consistent with our theoretical framework. These
results, however, are in contrast to the clear substitute relationship behveen

M? less M i

and M3 less M2 that is evident throughout the sample period.

In Chapter 3 we argued that the Morishirna measure of substitutability between

goods is superior to the Allen-Uzawa measure. In Figures 13 - 18, we can see that the
trend that was evident in the Allen measure of substitutability is similarly evident in the
blotishima measure. That is. we seem to draw the same substitute and complement
conclusions as the Allen-Uzawa measure. -4s we noted in Chapter 3, it is not uncommon
to find contradictory results between the Allen and Morishirna measures when more than
two "goods" are considered.

We also note that we continue to observe very little

difference between the elasticity results from the HTL and HTLAR models. As with the
other comparisons. the HTL model underestimates the elasticities in about the same

proportion to the times it overestimates the elasticities relative to the "correct" HTLAR
mode I.

In Figures 19 - 21, we plot both the Allen and Morishima elasticity measures for
the HTLAR model. These graphs are particularly usehl for a number of reasons. Firstly,
for M3 less M2 we see that the Morishima elasticities are non-symmetric further
highlighting shortcomings of the Allen elasticities. We were surprised, however, by the
symmetry shown in MI and M2 less M1. Secondly, we also notice that the Allen
measure tracked both of the Morishirna measures in asset M2 less M1 well. for only one

of the Morishima measures in asset M3 less M2 and did not track the Morishima measure
very well in MI. Such mixed results can be troublesome when one depends on the Allen

measure alone for elasticity reporting. Nevertheless, for our data set the Allen measure of
substitution elasticities performed well relative to the Morishima measure. The key
results that were found in the AR(1) corrected homothetic translog include a net
complementary relationship between MI and 1V2 less M I , and M1 and M3 less M2 and
found that M2 less M1 and M3 less M2 are net substitutes.

Given the definitive

substitutability characteristics between MI and M3 less M2 and the complementary
results between M I and M2 less MI, one would have expected to find that M2 less M 1
and M3 less M2 would also be substitutes. Although we cannot offer any rationale for
this result. we postulate that this result may be a function of the high variability in the
elasticities over the sample period.

In summary, the key substitutability i complementarity findings revealed in this
thesis are as follows. We found the Morishima elasticities of substitution found a
complementary relationship between M1 and M 2 less M1, and MI and M3 less M2. The
Morishima measure. which we argued earlier is the correct gauge for substitution i
complement relationships, found that M2 less M1 and 1M3 less M2 were net substitutes.
.4s noted in Chapter 3, Barnett, Fisher and Serletis (1992) observed that a large
proportion of studies in the literature found evidence of low substitution and even
complementarity among liquid financial assets. In fact, these results were quite robust in
terms of the various hnctional forms and definitions of money stock employed. Indeed,
we found evidence that M1 and M2 less M1 are complementary (our most liquid
aggregates considered) thus supporting conclusions drawn in similar settings.
Our results regarding the variation in elasticity substitutions over time are also
consistent with Findings evident in the literature. Barnett, Fisher and Serletis (1992)

noted in their literature survey that not only were elasticities of substitution not constant
over time but that they changed considerably over time. These findings are quite evident
in our results. Moreover, we have also found that the own and cross price elasticities also
vary significantly over our sample period. Again, it is these recurrent results in the

literature that will continue to put pressure on current aggregation and demand modeling
styles.

In particular, the use of single-equation linear money demand functions is

questionable. This, however. should not be surprising in lisht of the poor performance
such money demand functions have exhibited."
One final comment on the results attained in this chapter. Although our results are
consistent with those found in other studies even though they utilized different flexible
functional forms and invoked alternative monetary stock definitions. we must temper our
resillts due to some of the theoretical violations observed. RecaIl that our model is wellgrounded in microeconomic theory and that any deviations from the theoretical
requirements can put elasticity estimations derived in question. In particular. we are
thinking about the violations of the regularity conditions detected in Section 4.5.1.
Moreover. there is also some evidence that the violation of these regularity conditions did
impact the elasticity results obtained. For example, demand theory tells us to expect
negative own price elasticities and negative own Allen elasticities of substitution. This
requirement although evident to a certain degree. was not universal in either the models
employed or the monetary aggregate evaluated. Of course, it may not be the case that the
violation of the regularity conditions directly led to biased elasticity estimates either.
Restrictive assumptions such as homotheticity or even measurement error could also
serve as sources for possible biases.
-. .
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4.6

Conclusion

In this chapter we have taken the theoretical framework developed in earlier
chapters and appiied them to Bank of Canada defined monetary subaggregates. Along

the way, we argued that the precise definition of monetary aggregates used by the Bank
of Canada is not consistent with aggregation theory due to the imposition of perfect
substitutability between the assets of the aggregate. Application of the Divisia index to
form our subaggregates allows for less than perfect substitutability among the assets.
Moreover. the Divisia index is also capable of allowing for variations over time in the
elasticities of substitution among the components of the monetary aggregates.
Estimation of the demand systems originally revealed autocorrelation in the
residuals.

Application of a first-order autoregressive (AR(1)) process successfully

remedied this problem. The derivation of the price and substitution elasticities provided
for some expected and unexpected results. For the most part. we were able to tind that
the own-price elasticities for the subaggregates M 1. MZ less M 1 and M3 less

MZ to be

negative, a result consistent with demand theory. The cross-price elasticities were very
consistent among the subaggregates. All of the monetary assets were found to be gross
complements with one another.
Evaluation of the Allen-Uzawa and Morishima elasticities of substitution
indicated some mixed results.

The own Allen elasticities once again proved to be

consistent with demand theory as the majority attested to be negative. The cross Allen
elasticities of substitution identified M1 and M2 less MI as well as MI and M3 less MI
as net complements while M2 less M1 and M3 less M2 were determined to be net

substitutes. The Morishima elasticities of substitution also found a net complementary
relationship between M 1 and bI2 less M i , and M1 and M3 less M2 and found that M2
less M1 and M3 less M2 were also net substitutes. Although these results appear to be
identical, we must note that the AlIen measure tracked both of the Morishima measures
well in asset M2 less M I well, for only one of the Morishima measures in asset M3 less
M2 and did not track the Morishima measure very well in M 1.

Our review of the results obtained in this chapter relative to those found in the
literature indicated a consistency in the conclusions drawn. In particular, we noted that
there appeared to be a complementary relationship between the liquid financial assets and
that the elasticities of substitution indicated a high variability over time. We tempered
these findings, however, due to the observed violation of regularity conditions and
inconsistent own-price elasticities and own Allen elasticities of substitution.

TABLE 1 : Monetary Stock Data
MONEY STOCK DATA

kI1
-

Currency Outside Banks

Personal Chequing Accounts
Current Accounts
hI2 less k11
Personal Savings Deposits
Chequable
Non-Chequable
Fixed Term
Non-Personal Notice Deposits
Chequable
Non-Chequable
iVI3 less BI2
Non-Personal Term Deposits
Foreign Currency Deposits

CANSIM SERIES
NUMBER

82001
B486
B487
B452

B453
B454
B472

B473

B475
B482

TABLE 2: Nominal Yield Data
I

INTEREST RATE
DATA

CANSIM SERIES NUNIBER

MI
Currency Outside Banks

Zero

Not Applicable

Personal Chequing Accounts

Implicit Interest Rate See Bank of Canada Review
and B14010

Current Accounts

Implicit Interest Rate See Bank of Canada Review
and B14010

NIONETMY STOCK
DATA

&I21 less &I1
Personal Savings Deposits
Chequable

Non-Chequable

Fixed Term

Selected Canadian
Bond Yields, Daily
Interest
Chequing
Accounts
Selected Canadian
Bond Yields. Daily
Interest
Savings
Accounts in excess
of S25K and 575K
5 Year Term Deposit
Rate (Yield Curve
Adjusted)

Non-Personal Notice Deposits
90-Day
Canadian
Chequable
Bonds
90-Day
Canadian
Non-Chequable
Bonds
M3 less M2
Prime Rate
Non-Personal Term Deposits
Euro-US
Deposit
Foreign Currency Deposits
Rate

B 14035 or DICA 0-2K ( 1974: 1
to 19823). DICA 5K+ ( 19824
to 1999:4)

B 14019

( 1974:t to 1986:4),
DISA 25 (1987: 1 to 1987:J).
Average DISA 15 and DISA 75
( f 988: 1 to 1999:4)

B 14045 ( 1974:1 to 1999:1)

B 14043 ( 1974:1 to 1999:4)
B 14043 ( 1974:1 to 1999:4)

B 14020 ( 1974: 1 to 1999:4)
B54415 ( 1974:1 to 19994)

TABLE 3: Parameter Estimates for the HTL Model 1981:4 to 1999:4
Asset i

M1
M2 less M 1

Pi

Pi,

ffi

306

.I31

(.035)

(.OOS)

1.10
(.046)

I

2

Pi3

-.03 7
(.006)

-.057
(.008)

-236
(.012)

-.068

I

Summary
Statistics
R; = .945
R: =.919
0 W, = ,536

0.125

M3 less .M2

(-1
er was derived tiom the restrictions
imposed. D CV, and
respectively.

D FV,

refer to the Durbin-Watson statistics for equations 1 ( M1) and 2 (blZ less MI).

TABLE 4: Parameter Estimates for the HTL Model
.=(I) Corrected 1981:4 to 1999:J
Asset i
M1

ai
-059

110

(. 160)

(.O 10)

bI2 less bI I
(.Iol)
1104

M3 less M2

Pi

I

Pi 2

P,,

-.042
(.006)

-. 101
(.O 15)

257

-.085
(-0°9)

(.o 10)

186

(-1

Summary
Statistics
R; = .975
R;' = -989
D It; = 1.68
DFV7 = 2.32
p = .923

TABLE 5 - Own & Cross Price Elasticities
Price
Elasticity

HTL

HTLAR

'71l

-0.027
-0.270

-0.166
-0.320
-0.764

V12

-0.423

rll3

-0.174
0.059
-0.350

-0.150

'72 1

-0.036

tj22

-0.275

q23

1

TABLE 6 - Elasticities of Substitution

i

Elasticity of
Substitution
o;.:"

1

HTL
0.800

i1

HTLKR
-0.253

1

I

Elasticity

Elasticity

Figure 3: M3 less M2 Own-Price Elasticities

-HTL
....... HTLAR

Date

Figure 4: M I Cross-Price Elasticities

-HTL n12
----HTL n13
....... HTLAR n12

-.-. -HTLAR n13
....

Date

". -

Figure 5: M2 Less M I Cross-Price Elasticities

Date

Figure 6: M3 Less M2 Cross-Price Elasticities

HTL n31
HTL n32
HTLAR n31
HTLAR n32

Date

Figure 7: M I Own Allen-Uzawa Elasticities of Substitution

-HTL
....... HTLAR

Date

Figure 8: M2 Less M I Own Allen-Uzawa Elasticities of
Substitution

-HTL
....... HTLAR

Date

I

Figure 9: M3 less M2 Own Allen-Uzawa Elasticities of
Substitution

-HTL
... . . .. HTLAR

Date

Figure 10: Cross Allen-Uzawa Elasticities of Substitution

-HTL ae12
.-.- ... HTLAR ae12

Date

I

Elasticity

I

Elasticity

I

Figure 13: Morishima Elasticities of Substitution

-HTL me12
....... HTLAR me12

I

Date

I

Figure 14: Morishima Elasiticities of Substitution

-HTL me13

.

.

....... HTLAR me13
.

Date

-

.

-- .

Figure 15: Morishima Elasticities of Substitution

-HTL me21
....... HTLAR me21

Date

Figure 16: Morishima Elasticities of Substitution

-HTL me23

-

....... HTLAR me23
- - -

Date

Figure 17: Morishima Elasticities of Substitution

-HTL me31
- - - - - - . HTLAR me31

Date

Figure 18: Morishima Elasticities of Substitution
0.6

I

-HTL me32

.

-

... .. .. HTLAR me32

Date

Figure 19: Morishima and Allen-Uzawa Elasticities of
Substitution with an AR(1) Correction

Date

Figure 20: Morishima and Allen-Uzawa Elasticities of
Substitution with an AR(1) Correction

Date

I

Figure 21: Morishima and Allen-Uzawa Elasticities of
Substitution with an AR(1) Correction

Date

Chapter 5 - Weak Separability Testing

5.1

Introduction

In this chapter we wish to address the issue of the proper selection of monetary
assets to be included in a monetary aggregate. In particular, we will employ the approach
of Denny and Fuss ( 1977) to conduct weak separability testing among a set of variables
to determine which of those variables should be aggregated to form a subaggregate.
When we say weak separability testing here. we mean applying a set of statistical tests

that can be used to determine if the variables are weakly separable. If they are. this
implies that the variables can be aggregated to form a subaggregate.

The issue of weak separability is particularly important when someone is
considerins forming a monetary aggregate out of a number of monetary assets. We are

not faced with this challenge per se because we are already starting with subaggregates
that have been defined by the Bank of Canada (although our aggegation technique is
different than that of the Bank of Canada). Our goal in this thesis is to comment on the
aggregates as currently defined by the Bank of Canada. However, this does not preclude

us From considering the empirical investigation of whether the aggregates have been too
narrowly defined. That is, could it be that M1 and M2 less M1 are weakly separable? In
other words, can these subaggregates be further aggregated into a broader aggregate'?

Indeed, the Bank of Canada does have a broader aggregate, simply M2. In effect then,
we have the opportunity to investigate the appropriateness of the M2 aggregate. This is

particularly interesting due to the importance the M2 aggregate plays in the conduct of
monetary policy.
In this chapter we will begin by applying the approximate weak separability tests
on the homothetic translog (as per Denny and Fuss ( 1977)). We apply this technique
instead of the Bemdt-Christensen (1973) exact translog Framework due to its less
restrictive nature. This approach is further supported by the Fact that such approximate
demand systems impose explicit constraints on the panmeters enabling us to complete
statistical tests regarding their validity." ARer determining precisely which weakly
separable grouping we will test in the following section, we introduce the test statistic we
will make use of. In Section 5.3. we will present and interpret the empirical results.

5.2

Testing for Weak Separability

Continuing with our model that we introduced in Chapter 3, we shall conduct tests
For weak separability in both the HTL and HTLAR models, despite the theoretical
limitations of the HTL model. We do this as to benchmark our results From the HTLAR
model for comparison purposes. Tests for weak separability will be conducted as per the
Denny and Fuss ( 1977) methodology whereby the homothetic translog hnctional form is
assumed to approximate an arbitrary utility Function to the second order. This approach
contrasts the Berndt-Christensen (1 973) frametvork where the translog (homothetic) form
is considered to be the exact specification of the utility function.
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The Denny and Fuss weak separability test is an exact test at the point of
expansion and approximates separability at any other point or range. Serletis ( 1987)
notes that the Berndt-Christensen weak separability differs from Denny and Fuss as it is

an exact test at all points of the utility surface and hence, tests for global separability.
Moreover, this exact test is also a joint test of both weak separability and a linear
logarithmic aggregator function, and that this test happens to be nested in the Denny-Fuss
approximate test."' We appeal to the less restrictive Denny and Fuss approach as we
recognize the inherent local approximating limitations of the translog (homothetic)
functional fom.
In the model we have developed. we have introduced three variables (narnely M I.
,LIZ less M i and M3 less M2). Recall that our goal in this chapter is to evaluate whether

further aggregation can be applied to some combination of the defined variables. in other
words, arc the variables as they are currently defined weakly separable? To conduct this
analysis. we must determine what possible combinations of variables could be considered
in testing the weak separability hypothesis. With three variables. this is quite easy.
Given that we are looking for combinations of variables to be tested against either single
variables or other combinations of variables, there is only one possible permutation. That
is, the only separability pattern that concerns us is the separability of two variables from
the other remaining variable. This can happen in only three ways.

Prior to examining the separability pattern of our three variables. we would like to
take a moment to discuss the necessity of weak separability testing. In our model. we
have defined three variables, but recall that those variables themselves are subaggregates.

When one is considering the issue of weak separability (in the context of monetary asset
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aggregation), they are usually concerned with determining what combination of ussers
should be included in a subaggregate. As Offenbacher ( 1979, p.22) notes, ". .. a longer
list of assets should be initially considered and the model would weed out the assets that
should be dropped by appropriate results on separability tests."

Weak separability

testing, as we are doing here, tells us which assets to include in a subaggregate because
all of the components of a subaggregate must be weakly separable. This has been coined
the existence condition since stable preferences cannot exist over the aggregate if the
weak separability condition is violated."

Furthermore, this necessary condition for

aggegation is not sufticient. .As we discussed in Chapter 2, a necessary and sufficient
condition is that the aggregator function be homothetically weakly separable. This is
known as Barnett's consistency condition.

In this thesis, as mentioned in the introduction, we have taken a somewhat
different approach. Instead of forming aggregates from a selection of numerous assets.
we are evaluating the performance of aggregates that the Bank of Canada is employing
(even though we do form these aggregates by a different aggregation technique).
Moreover. instead of evaluating weak separability among assets, we are doing so in terms
o F the aggregates we have formed. In essence, we are trying to see if the aggregates that

the Bank of Canada has formed are too elementary or are too narrowly defined. The only
problem with this technique is that it may be too general.

Indications that two

subaggregates are weakly separable would. no doubt, be a profound finding. As we
discussed earlier, such a finding, particularly in the context of M I and M2 less M1 could
validate the MZ aggregate that the Bank of Canada is utilizing. We will speak to this
issue in greater detail in the next section when we discuss the empirical evidence.
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Now returning to our tests we left off noting that there is only one separability
pattern that is applicable to three assets and in fact, there are only three possible ways of
choosing a different group of two variables against the remaining variable.

In the

standard notation of Denny and Fuss they are: a) ([M 1, M2 less M 11, M3 less M2); b)
([MI, M3 less M2], M2 less M I ) and c) ([MI less MI, M3 less M2], M1). This type of

separability pattern gives rise to an explicit set of parameter restrictions applicable to the
homothetic translog Functional form. These are all summarized below in Table 7.
To test lor weak separability, we make use of the standard Wald test. This test is
applied in circumstances when one wants to test whether the imposition of a set of
restrictions (that is. a subset of the regression coefficients is jointly equal to zero) on the
regression coefficients significantly lowers the explanatory power of the regression
model."'

In our case. we want to calculate the Wald test statistic where the parmeter

restrictions. as per Table 7. are imposed. In general this can be expressed as follows.

.

Given a vector of parameter estimates h . the associated covariance estimate Y ( h ) a set
of nonlinear constraints on 6 . g(b) = 0, we can compute the constraints g ( b ) and their
covariance matrixb3.
V[g(b)l= (aglab)' v(b)(aglab)

Furthermore, we can calculate the WaId test statistic, which is,
rlg(b)'v[g(b)l-'g(b)

(63

The Wald test statistic is distributed asymptotically as a chi-square with degrees
of fieedom equal to the number of independent pararneter restrictions. In each of our

three cases, this is one. Note that we could have also applied either the likelihood ratio
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test or the Lagrange multiplier test to test for weak separability. We chose the Wald test
for a couple of reasons. First, the Wald test is easy to apply because the restricted and
unrestricted models can be readily estimated and unlike the likelihood ratio test does not
require numerical minimization of both the restricted and unrestricted models. Second,
the Wald test, the likelihood ratio test and the Lagrange multiplier test are all
asymptotically equivalent.

5.3

Empirical Results and their Interpretation

As discussed in the previous section, we have evaluated for approximate weak

separability for the one weak separability pattern and three associated null hypotheses for
both the HTL and HTLAR models. We applied the same methodology as we had in
Chapter 4 by deleting equation 3 and recovering parameter estimates fiom the model
restrictions. if necessary. The Wald test statistics were calculated via the ANALYZ
command in TSP. Table 8 summarizes the observed X'

and p-value for all three

hypotheses and the two models. In general, we found that the HTL model produced
results that one would expect prior to estimation whereas the HTLAR produced some
fascinating results (one being conceivable and the other nonsensical).

We will first consider the results of the HTL model. For the first hypothesis,
(wl, M2 less MI]. M3 less M2). we want to test the null joint hypothesis that the

parameters of the restricted model are zero. For this case, our null hypothesis is Ho:
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a,/?,-a,$l3= 0 . In words, this null hypothesis is equivalent to Ho: further aggregation
is possible or weak separability is evident. For this first hypothesis in the HTL model. we

found that the Wald test statistic (observed X' ) was 8.455. In this case. and each and
every other case for that matter (since there is only one parametric restriction and hence

only one degree of freedom), the critical value is

z2(1) = 6.63 at the 1% level.

Since the

observed chi-square value is greater than the critical value. we reject the null hypothesis
of further aggregation being possible. In other words. we reject the weak separability

restriction and conclude that M 1 and M2 less M 1 cannot be aggregated any further.
For the other two hypotheses regarding further aggegation in the HTL model. we
note that the null hypothesis for ([bll. M3 less M2]. MZ less M I ) is Ho:

~ ! P I- Iff1P12= 0

and Tor([M?. less M1. M3 less M2], M l ) is Hn:

a,P,,

=0.

In

both cases we find that the observed chi-squared value exceeds the critical value
implying that we reject each of the null hypotheses. This result means that we would not

support the further aggregation of M1 and M3 less MZ or M2 less M I and M3 less MZ.
Our expectation prior to estimation was that evidence for further asgregation would not
be found. That is, we felt that it was unlikely that two subaggregates of substantial size
could be combined to form a larger aggregate. Our expectations were met with the HTL
model.
The HTLAR model produced some surprising results. For the first hypothesis.

([NI 1, M2 less M I], M3 less M2), we found evidence that Further aggregation is possible.
In particular, we found the observed chi-squared value of 5.773 to be belcw the critical
value implying that we cannot reject the null hypothesis (note that the null hypotheses
and parameter restrictions are the same as those identified for the HTL model).

Therefore, tve have evidence that indeed M1 and 1M2 less M1 could be further
aggregated.
Our conclusion from above is particularly interesting.
Canada's definition of M2.

Recall the Bank of

Since the Bank of Canada's subaggregates are nested

aggregates, M3 is an aggregate of our M1 and hi12 Iess M 1. And since we have found
evidence that M1 and M2 less MI can be further aggregated we have corroborated the
existence of the Bank of Canada's M2 aggregate. This is a particularly important result
because of the critical role M2 has in the formation of monetary policy.

The result that has us perplexed is the affirmative empirical evidence in support of
the further aggregation of M1 and M3 less M2. In fact, the empirical evidence was
ovrnvhelmingly in favour of such aggregation. The p-value obtained from this test was
0.486. far surpassing the 0.01 (1%) decision rule.

Unfortunately. we cannot offer a

justification for this result since it is not at all intuitive. One would not expect an
aggregate to be formed from these hvo subaggregates due to their highly polar user costs
and general differing liquidity characteristics. These polar characteristics are. on the
other hand, evident when comparing M2 less M1 and M3 less MZ. Sharing the same

result as the HTL model, we found that we reject the null hypothesis of further
aggregation being possible since the observed chi-squared value is 16.71 1, exceeding the
critical value. Arguing from a transitivity perspective, it does not make sense that M1
and M2 less M1 can be weakly separable and M2 less M I and M3 less iM2 are not

weakly separable implying that M1 and M3 less M2 are weakly separable. Nevertheless,
we report the results as found.

5.4

Conclusion

In this chapter we have endeavored to evaluate the prospect of further aggregation
among the subaggregates evaluated in this thesis, namely M 1, M2 less M 1 and M3 less
M2. Applying the Denny and Fuss approximate test for weak separability we found that
for the HTLAR model that MI and M 2 less M 1 and to our surprise, M1 and M3 less M2
could be further aggregated. The former result lends support to the current Bank of
Canada definition of M 2 while the latter result is rather confusing and requires further

empirical review.
In Chapter 3 we noted that numerous studies in the literature had found evidence

of low substitution and even complementarity among liquid financial assets. In fact. such
results were quite robust in terms of the definition of money stock or the flexible
functional form utilized. Our results here further lend credence to these established
results despite the fact that we did not evaluate individual monetary assets. The evidence
of complementarity between M1 and M2 less M1 found in Chapter 4 (the most liquid
aggregates we considered) plus the affirmative support in our weak separability testing
for Further aggregation of the subaggregates is consistent with other studies in the
literature. It is results such as these that will continue to put pressure on current monetary
aggregation procedures that require high elasticities of substitution.

TABLE 7: Parametric Restrictions for Approximate Weak Separability
Parameter Restriction

Hypothesis
General Separability Pattern:
F[G(ln ( / i , In (b)*ln ytl
([M 1. M2 less MI], M3 less M2)

j

=Pik

a,la2 = P,,IP,,
a,I ~= PJI 1 /Pa

([M I. M3 less klZ], M2 less Evf 1)
([MZ less M I , M3 less M2], M I )

%la, = PI, /PI,

TABLE 8: Weak Separability Hypothesis Tests under the Homothetic Translog

Homothetic Translog

1

I

1I 1I
1 I.
I

1

!

I

1I 2 .
3.
I

I
I

Hypo thesis

D.F.

([MI. iM2 less MI],
S43 less LM2)
([MI. M? loss ill?],
M2 less M 1 )
([M2 less M I. kl3 less
b121, M 1)

1

%:
5-455

1

1 10.585

(0.000)

13 1.756

(0.000)

Homothetic Translog
with ,4R(I) Correction
%I
p-value

1

p-value
(0.004)

1

5.773

I

(Oe0l6)

1

0.485

(0.486)

16.71 1

(0.000)

Chapter 6: Time Series Tests on the Monetary Aggregates

6.1

Introduction

When constructing and conducting tests on time series models, it is very
important to know whether or not the underlying stochastic process that generated the
series under investigation is invariant with respect to time. A stochastic process with this
characteristic is known as a stationary process. In order to model a stochastic process via
an equation that has fixed coefficients (based on historical data) it is required that the

process is stationary. On the other hand. a stochastic process that changes over time is
known as a nonstationary process. Such a process is oflen very difficult to model by a
simple algebraic formula that encompasses past data.'" This difficulty can be overcome

by transforming the nonstationary process into a stationary one.
In this chapter, we would like to evaluate the underlying stochastic processes that
generated the time series variables that have been utilized throughout this thesis. In
particular, we want to test for nonstationarity in the time series' and. in the event that
nonstationarity is detected, investigate the possibility of cointegration. Two variables are
said to be cointegrated if the individual variables are nonstationary but a linear
combination of the variables is itself stationary.
In the next section we will introduce the concept of stationarity, nonstationarity
and unit roots and develop a h e w o r k whereby we can test for this time series property.

We will then explain the methodology and the theory behind the tests pioneered by
-

" See Pindyck and Rubinfeld (1997. p. 493)

Dickey-Fuller and Phillips-Perron in addition to the Weighted Symmetric test, which, we
will consider only in passing. The following section will be devoted to the theory and
procedure for testing time series variables for the presence of cointegration via the EngleGranger test. Section 6.4 will summarize our empirical results and how they relate to
findings made by other authors in a similar context. The final section will conclude this
chapter and offer suggestions for future research.

6.2

Unit Root Tests

.A very simple and well-known nonstationary process is the random walk process.

Given a time series y,

. . ..., p, ,a random walk process can be represented as.
J.,

y, where E(eI ) = 0 and E(e,e,) = 0 for r

#

+el

(66)

s . In words. in the random walk process each

successive change in y, is drawn independently From a zero mean probability
distrib~tion.~~
If a time series does follow a nonstationary process, it can be converted into a
stationary series by one of two methods. Detrending a time series by regressing the series
against time or a Function of time can remove the nonstationarity provided a random walk
process does not generate the nonstationarity. If the stochastic process is generated by a
random walk then detrending will not remove the nonstationarity. The second method of
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transforming a nonstationary series into a stationary one is by first-differencing the time
series. In other words, forming a new time series by taking the first differences between
observations of the original time series yields a stationary series.
A unit root test, then, is a test to determine if a time series follows a random walk.

We will consider three tests that examine whether a time series has a unit root (or follows

a random walk): the Dickey-Fuller test, the Phillips-Perron test and the WeightedSymmetric test. We begin by considering the Dickey-Fuller test.
Suppose we have a variable ?I, that is gowing over time and can be represented
as folIows,
.I',= a + pt + pv,-, + e,

(67)

The growth of variable y, could be generated by a number of sources. First. the growth
could be a result of a positive trend (i.e.
detrending (i.e. p < 1).

> 0 ) resulting in a stationary process after

Another possibility is that the growth is due to the series

following a random walk process with a positive drift (in this case a > 0,

P =0

and

p = 1). Attempting to detrend this series would not make this series stationary. In fact.

attempting to estimate equation (67) by ordinary least squares (OLS) would not detect
that p = I even if this were its true value because the OLS estimator would be biased
toward zero. Converting this series into a stationary process can only be accomplished

by taking first-di fferences.
The Dickey-Fuller (1979) test is an ordinary F-test of the random walk
hypothesis. In other words, it tests the null hypothesis that

P =0

and p = 1. To perform

the test, we begin by taking the first difference of equation (67) such that,

y, - y , - , = a + P t + ( p - l ) y , - ,

(68)

Estimating equation (68) by OLS (the unrestricted regression) and then estimating
equation (68) with the parametric restriction (the restricted regression),
y r - -Vl-[ = a

allows us to calculate the standard F ratio, which is defined as,

where IV is the number of observations, k is the number of estimated parameters in the
unrestricted regression, (1 is the number of parameter restrictions and ESS, and ESS,SR
are the sum of squared residuals in the restricted and unrestricted regressions.
respectively.
Although we calculated the test statistic as a standard F ratio. it is important to
note that this statistic is not distributed as a standard F distribution. The test statistic and
its critical values follow a distribution that was calculated by Dickey and Fuller (1979).

In general, the critical values as calculated by Dickey and Fuller are larger than those in
the standard F distribution. thereby making it less likely to reject the null hypothesis of a
unit root.
Unfortunately, there is a drawback with estimating equation (67) due to an
implicit assumption made on the error term. In particular, equation (67) implicitly
assumes that there is no serial correlation of any type in the error term e, . Due to the
nature of time series, it is often the case that we wish to test for a unit root despite
evidence of serial correlation in e, . This can be accommodated by utilizing the

augmented Dickey-Fuller test that can be performed by expanding equation (67) to
include lagged changes in y, on the right-hand side of this equation. That is.

where A,!

= y, - y,., and p represents the number of lags. There is no rule of thumb

for determining the number of lags, p , to include when estimating equation (7 1 ). In
general, this decision is up to the researcher but typically is determined by
experimentation until an equation which best represents the expected resuits of a given
model is found.
Conducting the unit root test in this setting is the same as before. First run an

OLS on the unrestricted model,

and then the restricted model,

and calculate the F ratio as per equation (70). Again, the critical values are not those
found in the standard F distribution but are those calculated by Dickey and Fuller.
It is important to note that although the Dickey-Fuller test allows us to test for
unit roots, its power is limited. The Dickey-Fuller test allows us to reject or fail to reject
the null hypothesis that a variable is not a random walk. It is the fail to reject decision,
however, which provides only weak evidence in favour of the random walk hypothesis.
A test that does not suffer from this deficiency and, in general, is considered a more

powerful test is the Phillips-Perron (1988) test for unit roots.

As Barr and Cuthbertson (1992, p. 89) point out, "Phillips and Perron (1988)

provide tests for unit roots which are robust to a wide variety of serial correlation and
time-dependent heteroskedasticity and also allow for the possibility of a deterministic as
well as n stochastic trend in the data." This test can be completed by considering the

OLS regression of,
y, = ji + P ( t - T / 2 ) + &,-,+ ii'[

(74)

where T denotes the sample size. The two null hypotheses associated with testing for
unit roots in (74) are H,: : ii = 1 and
computing the statistics

HI

-

: P = O,Z = 1 . These tests are conducted by

~(i;,
) and ~ ( 4),, respectively."6

Both the Augmented Dickey-Fuller and the Phillips-Perron tests are computed in
a sorneivhat automatic function in TSP. Moreover, TSP also computes the Weighted
Symmetric test for unit roots in a similar manner. .41though we will not develop the
theory of the Weighted Symmetric test here, we report those results as a matter of
comparison. In generai, the Weighted Symmetric test is conducted as a double length
regression whereby the regression is split into two and each regression is weighted such
that the weights are symmetric between the two regressions. The reader is directed to
Pantula et a1 (1994) for the particulars.

6b
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6.3

Tests for Cointegration

In the previo~~s
section, we argued that one must evaluate a time series to
determine if it follows a stationary process prior to being used in regression analysis.
Failing to do so could very well produce erronrcjus results (for example, results may
indicate a relationship between two variables when one does not actually exist) and
therefore the time series should be first-differenced to remove the nonstationarity. A
drawback to this procedure, however, is that information about the long-run relationship
behveen two variables, that each exhibit nonstationarity, may be lost by differencing the
variables."' Moreover, there are instances when removing the nonstationarity among the
two variables may result in overlooking a critical relationship between them.

Occasionally one might find that two variables follow random walks but that a
linear combination of the variables may in fact be stationary. Consider the case where z,
is stationary even though it is formed by the linear combination z, = r, - Ayt and each of
I,

and y, are random walks. This case represents the situation where

I,

and y, are

cointegrated and A represents the cointegrating parameter. The concept of cointegation

is particularly important in economics. There are many instances of economic variables
that act as random walks in the short-run but move together over the long-run.

For

example, consider consumption and disposable income and the variables stock prices and
dividends. In both examples, the individual variables act as random walks but over the
long-run these variables combined linearly are stationary.
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To test for cointegration, we apply the methodology as first formulated by Engle
and ~ r a n ~ e r .One
~ ' must first show that the hvo variables under consideration, say .r,
and v , , are both random walks and that the first-differenced variables, AT, and

Av,,are

re, are said to be integrated of order one or I( 1) in

both stationary. In such a case, s, and

Engle md Granger terminology. Then. to test whether

I,

and y, are cointegaated, one

runs the cointegrating regression,

= a + & +e,

X,

(75)

and tests to see if the residuals. e, , from the regression are stationary. This is done in the
same manner as before. We first run the unrestricted regression on e,

e, - e,-, = S + p

.

+ ( p - l)e,-,

(76)

and the restricted regression.
e, - e l - , = 3'

Calculating the F-Ratio as per equation (70) senerates our test statistic.

(77)

The null

hypothesis is 7 = 0 and p = 1, or in words, that e, is not stationary which is equivalent
to no cointegration between

+, and y , .

That is, when .r, and v , are not cointegrated then

any linear combination of them will be nonstationary implying that the residuals are also
nonstationary.
Another test for cointeption can be conducted by evaluating the Durbin-Watson
statistic from the cointegrating regression. In particular, if e, is in fact a random walk,
then the expected value of (e, - e,-,) is zero. Recall the definition of the Durbin-Watson
statistic,
b8

See Engle and Granger ( 1987)

We can see that if the expected value of (e, - e,-,) is zero, it also follows that we would
expect that the Durbin-Watson statistic is close to zero. Therefore, we can simply test the
null hypothesis of DCV = 0 . Engle and Granger (1987) have calculated the critical values
for this test statistic.

6.4

Empirical Results & Literature Survey

We begin by testing the null hypothesis that the time series variables have unit
roots. The time series variables we considered were the logarithn~iclevels of the three
expenditure shares ( s, ,s2,s, ) and the three normalized price series' ( v, ,v , ,v, ). The
results of the Weighted Symmetric, the Augmented Dickey Fuller and the Phillips-Perron
test statistics can be found in Table 9. Note that the lag lengths shown in this table were
selected by a modified Akaike Information Criterion as described in Pantula et a1 ( 1994).
This optimal lag length is calculated by TSP by default and appears reasonable due to
similar p-value determinations for lag lengths of zero to ten (not reported).
For ail of the time series variables and all three tests we found conclusive
evidence that the null hypothesis of non-stationarity cannot be rejected at the 5% level.
However, this does not necessar-ly imply that all of our variables are I( 1). We must also
evaluate the time series' in £ k t differences and test the null hypothesis of I(2) against the

alternative of I(1). The results of these tests can be found in Table 10. We found that the
three tests proved to be consistent in their overwhelming rejection of the null. That is, we
can conclude that the time series' in question are integrated of order one.
Verification that the time series variables are non-stationary obligates us to
evaluate the prospect of cointegration. In particular, we tested to see if each of the shares
cointegrated with the three price series (as they are dependent variables in each share
equation specification described in equation (41)). Application of the Engle-Granger test
statistic indicated that the null hypothesis of no cointegration cannot be rejected at the 5%
level. These results have been summarized in Table 1 1 for lag lengths of 2, 4. 6. 8 and
10.

Our inability to reject the null of no cointegration causes us some concern. As we
know, regressing variables which are 1(1) produces a least squares estimator that is super
consistent but the distribution of the estimator will not. in general. be asymptotically
normal."" Furthermore, as Ng ( 1995. pp. 150-15 1 ) contends. "Standard inference applies

only if the innovations driving the I(1)

regressors are serially uncorrelated and

independent of the regressions innovations, or if there are sufficient deterministic trends

in the DGP to nullify the stochastic trends." The empirical ramification of regressors
with unit roots is wrong sized t- and F-statistics.

In our literature review we did not encounter any studies with similar findings to
those here in the context of a demand systems approach. Attfield (1997), using U. K.
data fiom 1963 to 1992. found that the expenditure shares and price series' exhibited
evidence of being integrated of order one. Moreover, he found that the budget share
equations in the form of the Almost Ideal Demand System (ALDS) were cointegrated

with prices and real income.

As we have argued earlier, the application of first-

differences to variables that are non-stationary and cointegrate, in able to render them
stationary and then modeling the first differences as a vector autoregression leads to a
serious misspecification. Attfield accounts for the nonstationarity and cointegration by
modeling a set of relationships that incorporate the dynamic short-run movements along
with the long-run cointegrating relationship. This is conducted by applying a triangular
error correction model.
Ng ( 1995) conducted unit root rests and tests for cointegration also with the .AIDS

model but using U. S. pricing, income and resultant share data tiom 19.54 to 1990. Ng's
results were very similar to those of Attfield in that the time series variables exhibited
non-stationary properties and cointegration was evident. This data pattern allowed Ng to
also employ an error correction model. In particular. Ng applies the dynamic ordinary
least squares estimator. This method provides efficient estimators that belong to the
locally asymptotically mixed normal (LAMN) class of estimators.

Unlike the OLS

estimators that are consistent only. the LAMN estimators are efficient as they take into
account the properties of the I( 1 ) variables in the estimation.
Collins and Anderson (1998) considered a dynamic model of portfolio behavior
of U. S. households by utilizing the ADDS flexible form. In their study, they model prices
and shares as a cointegrating vector via the Phillips and Loretan ( 199 1) non-linear error-

correction model. This approach is applied in order to incorporate dynamic adjustment.
Collins and Anderson test for unit roots in the prices and shares and find that these time
series' are indeed non-stationary. We note, however, that tests for cointegration are not
made explicitly in this treatment.
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Barr and Cuthbertson (1991) examine, in the context of the ADS model, the
behavior of liquid asset holdings of the U. K. company sector. Their model internalizes
dynamic adjustment by employing a generalized error feedback mechanism. Evaluation
of unit root processes in the time series data is completed and results indicate that the
variables are I(1). Barr and Cuthbertson also do not explicitly test for cointegration but
they argue that if the final dynamic error correction model is statistically acceptable then
indirect evidence of cointegration has in effect been demonstrated.

Moreover. they

contend that a lack of definitive conclusions in finite samples otten occurs in applied
work, therefore. negating the need for explicit testing.
This review of the literature has indicated a number of things. Firstly. many
studies do not even consider time series characteristics. As Attfield (1997. p. 6 1 ) notes.
".A good deal of the empirical work on demand systems assumes either implicitly or

explicitly that the time series data used in the analysis is stationary." Secondly. while

many authors evaluate the stationarity properties of the time series under consideration.
not all explicitly test for cointegrating series. In fact. it appears that many such authors
appeal to the Barr and Cuthbertson approach that assumes cointegration provided the
dynamic error correction model is statistically significant.
This approach, while not necessarily appealing, does have a number of
advantages. Attempting to find a stationary linear combination of the non-stationary
variables is not straightforward. Typically one models a constant and a time trend
variable in the cointegration regression. This, of course, is only one possibility of
literally an infinite number of potential combinations that could represent the functional
form for the cointegration regression. This could, in fact, be the reason why we found no

evidence for cointegration. Furthermore, this issue is further complicated when a time
series has a change in the intercept or trend at some point in the
A natural extension to the model we have developed in this thesis could be either

the addition of dynamic specification or the imposition of an error correction model.
Clearly, defining an error correction model and determining its statistical significance
would resolve the current empirical deficiencies.

That is, concluding that the

nonstationary variables cointegrate and then solving the error correction model pmvides a
framework whereby the model estimates are consistent and efficient. This, in turn. will
provide efficient and consistent elasticity estimates.
The introduction of dynamics, on the other hand. could inject a critical element
into the model that it might be lacking. Serletis (199 1. p. 36) notes that. ". ..many studies

report results with serially correlated residuals suggesting that the underlying models are
dynamically misspecified." Indeed, we found serial correlation in the first model (HTL)
that we estimated. Serletis (199 1) found evidence that a general first-order dynamic
representation of the homothetic translog was superior to an autoregressive, partial
adjustment or static (as modeled in this thesis) specification. These results were obtained
through the application of the Anderson and Blundell ( 1992) approach to dynamic
specification, which, very much follows in the spirit of the error correction models.
Hence. exploring either of these approaches could potentially provide for productive
future research.

i0

See Perron ( 1989)

6.5

Conclusion

In this final chapter, we have endeavored to ascertain the underlying stochastic
processes that generated the time series variables we have considered throughout this
thesis. In doins so. we have found evidence that all of the time series under investigation
are nonstationary and are in fact integrated of order one. This somewhat expected result
was contrasted by the surprising finding that the time series variables do not cointegrate
over time. The lack of cointegration calls into question the method of regressing the
variables in levels against each other due to loss of efficiency in the estimators.
A review of the literature did not uncover any studies that obtained similar results

in the context of a demand systems approach. This review, however. did reveal that the
application of an error correction model could resolve this empirical eniagma by indirectly
proving that the time series variables are cointegrated through a statistically significant
modei. Our lack of evidence in favor of cointegration may be a result of not finding the
correct stationary linear combination of the nonstationary time series variables.

Our literature review also identified that the restrictive static nature of our model
might need to be replaced by a dynamic model. Both Collins and Anderson (1998) and

Serletis (1991) employed a dynamic modei and found them to be superior to the static
model. We, therefore. suggest that both of these approaches could be employed in hture
research.

TABLE 9: Summary of Unit Root Tests
WeightedSymmetric

p-values (lags)
Augmented DickeyFuller

Phillips-Perron

0.1780(2)

0.3587(3)

0.2738(3)

0.0853(3)

0.2257(3)

0.0890(3)

0.0908(2)

0.3394(3)

0.0952(3)

v~

0.1888(2)

0.3982(3)

0.303 7(3)

v

0.0940(3)

0.2449(3)

0.1 OOS(3)

0.4242(2)

0.2038(3)

0.2630(3)

Log Levels
Series
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3,
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TABLE 1 1 : Cointegratioo Test Results
No. of Lags

In s,

p-values
Ins.

-7

0.9805
0.9805
0.9907
0.9863
0.9496

0.9978
0.9903
0.9925
0.9907
0.983 5

4
6
8
10

Ins,
0.4648
0.3 108
0.52 10
0.86 15
0.9258
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Chapter 7 - Conclusion

This thesis study has examined the problem of defining money in a
microeconomic framework through the appiication OF the demand systems approach.
This approach views monetary assets as durable goods that yield a flow of nonobservable
services that enter as arguments in aggregator Functions to the demand for monetary
assets.'' As such, we have invoked a representative individual that has monetary assets as
well as real ccnsumption goods, leisure and end-of-period wealth enter her utility
Function. Assuming perfect certainty (that is, the forward curve on the benchmark assct
and the future own-rates on the monetary assets are known with certainty in the planning
period) allows us to solve for the optimal bundle that m;~uimizesutility subject to a
budget constraint.
Our demand function for monetary assets, as defined above. is problematic from
an empirical perspective. Firstly, how does one untangle the cross-terms of the solution
to this optimization problem to obtain a parsimonious representation for the demand for
money? Secondly, what functional form for the utility function do we impose'? We must
remain cognizant of the implicit assumptions regarding the underlying preference
structure of the economic agent that a specific Functional representation presupposes.
Thirdly, do we consider every monetary asset in this demand function or can we take
advantage of aggregation theory to form aggregates with similar substitutability
properties?

" See

Serletis (1988)

We have addressed these issues in a variety of ways. Making use of the GormanStrotz hvo-stage optimization framework we assumed that monetary assets are weakly
separable from future period monetary assets, real consumption goods, leisure and endof-period wealth. That is, the economic agent initially allocates his expenditure between
all of the available "~oods"in the first stage of the optimization. In the second stage the
agent selects a portfolio of monetary assets subject to the expenditure allocated to
monetary assets in the first stage. This setting, therefore, enabled us to reduce a very
general consumer choice problem to a very specific asset choice problem.
Our selection for a functional representation for the utility function came from a
class of quadratic utility functions known for their ability to approximate demand
equations that arise from a broad class of utility function. These flexible functional forms
can provide a second-order approximation to an arbitrary and unknown aggregator
function. Of the many available flexible functional forms we selected the homothetic
translog to model the indirect utility function. This selection was motivated by the
homothetic translog's ability to ensure that the self-duality of separable structures
between the indirect and direct utility functions is preserved and that price aggregation

can be conducted. We felt that these advantages outweighed the limitation of this locally
flexible form, which, is only able to approximate locally to the true data generating
function at a single point in a delta neighborhood of an unknown and often small size."
Solving for a demand hnction that contains all of the available monetary assets is
particularly difficult in an empirical setting. This is the case because the number of
parameters that would have to be estimated is exorbitant relative to the typical data set

See Fisher, Fleissig and Serletis (2001)

size. Constructing aggregates and then using these aggregates in the demand function
can alleviate this problem.
As we have argued throughout this thesis, the method of aggregation applied by
the Bank of Canada (the simple-sum method) is a degenerative aggregation technique (in
terms of its known statistical properties) that performs poorly relative to other
aggregation methods. A far better method of aggregation is available with the Divisia
index. In addition to maintaining consistency with the aggregation theoretic literature.
the Divisia index is also well regarded due to its easily interpreted functional form.
Within the framework developed above, our primary goal of this thesis has been
to evaluate the suitability of the Bank of Canada monetary aggregates M 1. MZ Iess M I ,
and M3 less M2. In particular, our interest has been to comment on the appropriateness
of these aggregates in terms of their substitutability, complementarity and separability

properties. It is from these properties that we can gauge the effectiveness of these
aggregates and, as a result, determine what impacts they may have in the conduct of
monetary policy. Our only divergence from the definitions of these aggregates, as per the

Bank of Canada, is that each monetary aggregate was constructed via the Divisia index
instead of the simple sum from the component monetary assets.
Atter deriving the share equations through the application of Roy's identity to the
homothetic translog indirect utility Function, we were able to estimate the demand
system. Evidence of serial correlation in h s demand system required the application of
a first-order autoregressive process. Own-price elasticity calculations showed. for the

most part, to be consistent with demand theory as MI and M3 Iess M2 were negative at
the mean of the data. The exception, M2 less MI, was positive, but only marginally. The

cross price elasticities were very consistent among the aggregates as they all indicated a
gross complementary relationship.

Our key substitution findings include ascertaining that M1 and M2 less M1 as
well as M1 and M3 less M2 are net complements according to the Morishima measure of

substitution elasticities. Moreover, we tbund that M2 less M1 and M3 Iess M2 are net
substitutes. Weak separability testing behveen the monetary aggregates corroborated
some of the elasticity findings. Possible further aggregation was identified For the MI
and M2 less M 1 aggregates and M1 and M3 Iess M2 but not for M2 less M1 and M3 less
M2.

Our results. despite some of the inherent shortcomings of our model. were quite
consistent with similar studies in the literature. Evidence of complementarity behveen
the most liquid aggreegates in our study. M I and M2 less MI. matches complementary
relationships discovered between other liquid financial assets where different flexible
hnctional forms and different definitions of the money stock were applied. Furthermore.
our results c learly indicated that there was considerable variation in the elasticity of
substitution over time. Barnett, Fisher and Serletis (1992) also noted this characteristic in
their comprehensive review of the literature.
The elasticity evidence generated in this thesis has some important implications to
the conduct of monetary policy. Current monetary policy utilizes aggregation procedures

that require infinite elasticities of substitution. This requirement stands in stark contrast to
the complementarity relationships revealed. Moreover, current monetary policy makes
use of single-equation linear money demand Functions that are not conducive to variable
elasticity relationships over time. Not only did we observe volatility in the elasticity

estimates, we also observed monetary aggregates switching from substitutes to
complements and vice versa during the sample period. Therefore, we conclude that the
use of such single-equation linear money demand functions and the application of simplesum aggregation is inappropriate and should be discarded in favour of alternative
frame\vorks such as the one presented here.
Our conclusions, however, must be tempered due to a number of theoretical and
empirical irregularities. Firstly, we note that the results of the weak separability tests
indicate that further aggregation of M 1 and M2 Iess IM1 is possible. This result favours
the current definition of M2 (since M2 is precisely the sum of MI and M2 less MI ) as an

appropriate aggregate. This evidence lends further credence to the use of M2 as an
appropriate proxy for the money supply. Of course, even this result can be disputed to
some extent in light of support for further aggregation of M1 and M3 Iess M1 that was
detected.
Assumptions aside, our model has the unfortunate setback of not satisfying the
regularity conditions over the sample data. As we know, violation of the regularity
conditions may cause spurious and potentially incorrect elasticity estimates. Concern
over the integrity of the elasticity estimates is also at issue after evaluating the time series
characteristics of the applicable variables.
In chapter 6. we determined that the share equations and normalized prices
possess unit roots. The presence of unit roots is not problematic conditional upon
evidence of cointegration.

Cointegration, however, was not detected between the

expenditure shares and normalized prices. These results call into question the method of
regressing the variables in levels against each other due to loss of eficiency in the

estimators. Moreover, unit roots in the time series variables requires us to reevaluate our
assumption of homotheticity. Ng (1995. p. 15 1) notes that, "Expenditure shares should
also be constant (over time) absent taste shifis ... and the finding that expenditure shares
also contain unit roots suggests preferences are not homothetic."
Despite the shortcomings we have addressed in significant detail, there are many
advantages of the demand systems approach. Our methodology allows us to model a
consumer choice problem in the context of monetary assets in order to obtain a demand
for money function. This is important because we are able to construct a decisionmaking framework that is consistent with consumer and microeconomic theory in
general.
Although the limitations in the exposition presented here are numerous, they are
not irreconcilable. Impositions of homotheticity, symmetry and homogeneity can all be
withdrawn and in its place, a more general specification can be utilized. For example.
Serletis and Robb ( 1986) replace the assumption of homotheticity with the more general
one of quasi-homotheticity (does not require the Engel curves to pass through the origin).
The application of asymptotically globally flexible functional forms instead of locally
flexible forms is advantageous since the former are capable of. in the limit. global
approximation to the unknown underlying generating function at all points in the data
range and therefore provide arbitrarily accurate elasticities at all points.

Such

modifications will assist in the satisfaction of the regularity conditions.
Other, more structural assumptions need also to be reviewed and, if possible.
relaxed. The imposition of a "representative individual" has been a critical empirical
question in microeconomic theory historically. The applicability of the Gorman-Strotz

two-stage optimization framework also needs to be evaluated.

In particular, weak

separability behveen monetary assets and the other goods in the consumption set requires
explicit testing.
The discovery of nonstationarity in the time series variables will also require
some further investigation. In particular, there are indications (serial correlation and unit
root processes) that the model has been dynamically misspecified. This can be corrected
by implementing a dynamic specification in the tradition of Anderson and Blundell
(1982) or an error correction model similar to those employed by Attfield (19971, Ng
( 1995), Barr and Cuthbertson (1992) or Collins and Anderson ( 1998).

The above listed modifications to our model will no doubt improve its predictive

ability. These important but reconcilabie issues need to be hrther deliberated in the
academic literature and therefore are suggested avenues of subsequent research.
Nevertheless, it is our contention that these consequential monetary issues can best be
dealt within a demand systems kamework. This approach is far superior to the current
approach taken to the formation of monetary aggregates. The simple summation over
arbitrary monetary components has much to be desired.
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