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Abstract
In enhanced oil recovery as well as in other industrially important applications, one often
deals with miscible displacement processes with very large mobility ratios. At high
mobility ratios the interfacial instability termed as viscous fingering becomes more
pronounced and causes reduction in the displacement efficiency. Nonlinear simulations
of viscous fingering in miscible displacements of Newtonian fluids are conducted in
order to understand the nonlinear interactions of the viscous fingers at high mobility
ratios. Considering the complexity of the model problem for different ranges of mobility
ratios, different numerical techniques are used to study the instability at finite but high as
well as infinitely high mobility ratios.
At finite but high mobility ratios, the physical problem of miscible displacement is
examined in a rectilinear Hele-Shaw cell. A highly accurate and numerically stable
algorithm has been developed to study the viscous fingering instability in this particular
geometry.

This novel algorithm employs a finite-difference (FD) fully implicit

alternating-direction implicit scheme to solve the time dependent convection-diffusion
equation and a Hartley transform based pseudo-spectral module (PS) to solve the Poisson
equation involving vorticity and streamfunction. The FD-PS algorithm combines the
stability of the ADI scheme (Finite Difference part) and the accuracy of the Pseudo
Spectral method. Under-relaxation in the streamfunction evaluation from vorticity shows
strong effect on the convergence of the numerical code at high mobility ratios. Using the
FD-PS algorithm, viscous fingering is simulated for mobility ratio up to 1808, an order of
magnitude larger than what has b"een reported in the literature. A previous code using
Pseudo-spectral method is also modified successfully to simulate viscous fingering at
comparable mobility ratios. New nonlinear viscous fingering mechanisms are observed at
high mobility ratios for which possible physical interpretations are given. Effects of
increase in mobility ratio, Peclet number and aspect ratio are also systematically studied.
1ll

At infinite mobility ratio, a stochastic approach is used to model the viscous fingering
instability that exhibits fractal structures. An on-lattice version of the Diffusion-Limited
Aggregation (DLA) model is used to simulate the instability in a radial Hele-Shaw cell.
DLA clusters of 10,000 particles are simulated and lead to similar morphological
structures as the viscous fingering structures observed experimentally at very large
mobility ratios. The ensemble average of the fractal dimension for 37 DLA clusters is
calculated to be fd = 1.733 ± 0.049 which is close to the asymptotic value of fd for very
large off-lattice DLA clusters.

I

lV

Acknowledgements
All the glory and praise is for Almighty Allah in whose kindness I am living everyday in
my life. As a humble servant, I thank him always for making this journey possible for
me.

It was a stormy night in Bangladesh, I was on night-shift duty in my last job, I received
an e-mail from Dr. Jalel Azaiez asking me to join his computational fluid dynamics
research group. I immediately said yes and the next morning seemed the brightest one in
my life. Since the very first day, he had been a guide to me in this difficult voyage. I
would like to take this opportunity to thank my supervisor Dr. Jalel Azaiez for his help
and guidance throughout this research.
My sincere thanks goes to my course teachers Dr. C. T. Bellehumeur, Dr. Caroline
Hyndman, Dr. T. Brown and Dr. J. Azaiez, for their outstanding contribution to enhance
my knowledge in both Chemical Engineering and Applied Numerical Methods. I am also
very much indebted to Dr. Mehran Pooladi Darvish and Dr. Sanjay Srinivasan for their
generous support and suggestions on my research work. The support from my fellow
colleagues Farhad Sharifi and Syed Ahmad Imtiaz is also much appreciated. They offered
help with their programming expertise whenever I needed. I would also like to thank all
the faculty members, office staff and technical staff of the Department of Chemical &
Petroleum Engineering for their support during the last two years. My special thanks go
to Andrew Sutton and Kathy Hamilton for their continuous help and support for
uninterrupted operation of the computers in the Flow Simulation Lab. My gratitude also
goes to Dr. Doug Phillips for his sincere help in debugging the numerical code whenever
needed and for helping me to create computer animation of viscous fingering using my
simulation results.
V

I would also like to thank my wife Farzana for her sincere efforts to make my life
comfortable during all the days of hard work. I also want to take this opportunity to
express my gratitude to my sister Saleha and her husband Afzal whose company made
my stay in Calgary a soothing experience.
I would like to express the highest gratitude to my family in Bangladesh, especially my
parents, brothers and sisters, in-laws as well as my other siblings and relatives for their
encouragement and ~upport.
Finally, the financial support provided by Imperial Oil and the Natural Science and
Engineering Research Council of Canada is much appreciated.

Vl

Dedication

Dedicated to my father
Mohammad Shofi Ullah
My mother
Nurjahan Begum
My brothers and sisters
And
My wife
Farzana

Vll

Table of Contents
Approval Page ..................................................................................................................... ii
Abstract .............................................................................. ................................................ iii
Acknowledgements ................................................. ............................................................. v
Dedication ......................................................................................................................... vii
Table of Contents ............................................................................................................. viii
List of Tables .................................................................................................................... xii
List of Figures ......................................................................................... ........................ xiii
Nomenclature ................................................................................................................... xvi

1

2

Introduction

1

1.1

GENERAL

1

1.2

MECHANISM OF VISCOUS FINGERING

5

1.3

PROPOSED OBJECTIVES

6

1.4

OUTLINE OF CURRENT WORK

8

Literature Review

10

2.1

INTRODUCTION

10

2.2

EXPERIMENTS ON VISCOUS FINGERING

11

2.3

SIMULATION OF VISCOUS FINGERING AT FINITE BUT HIGH

14

MOBILITY RATIO /
2.4

VISCOUS FINGERING AT INFINITE MOBILITY RATIO AND

19

DIFFUSION-LIMITED AGGREGATION (DLA)
2.4.1

Fluid-Fluid

Displacement

Limited Aggregation
vm

Experiments

and

Diffusion-

20

2.4.2

DLA Simulation of Viscous Fingering at Infinite Mobility

24

Ratio Displacements
2.5

3

SUMMARY

26

Numerical Modeling Of Viscous Fingering At Finite Mobility

28

Ratio
3.1

INTRODUCTION

28

3.2

MODEL DEVELOPMENT

29

3.2.1

Physical Problem and Governing Equations

29

3.2.2

Boundary and Initial Conditions

32

3.2.2.a

Boundary conditions

32

3.2.2.b

Initial Conditions

34

3.2.3

Scaling of the Governing Equations

35

3.2.4

Vorticity and Streamfunction Formulation

38

3.2.5

Modified Forms of Equations and Boundary Conditions

39

3.3

NUMERICAL SIMULATIONS
3.3.1

41

Pseudo-Spectral Simulation of Viscous Fingering

42

3.3.1.a

Pseudo-Spectral Method: Hartley Transform

42

3.3.1.b

Governing Equations in Hartley Space

46

3 .3. l .c

Time-Stepping Algorithms

48

3.3.1.c.I Implementation of AB2-AM2 Time-

49

stepping Algorithm
3.3.1.c.II Tests on Predictor-Corrector Routines

50

3.3.1.c.III

53

Implementation of High

accuracy

explicit ODE IVP Solver Routines
3.3.2

Finite Difference Simulation of Viscous Fingering

55

3.3.2.a

Alternating-Direction Implicit(ADI) Scheme

57

3.3.2.b

Effects of Spatial Resolution Using ADI Method

58

lX

3.3.2.b.I Implementation of ADI Method on

59

Uniform Grid
3.3.2.b.II Implementation of ADI Method on Non-

65

uniform Grid
3 .3 .2.c

Finite Difference- Pseudo-Spectral (FD-

66

PS)Implementation of ADI
3.3.2.d

Validation of FD-PS code

70

3.3.2.e

Effects of m on the Advancement of the Finite

72

Difference code
3.4

4

SUMMARY

74

Numerical Modeling Of Viscous Fingering At Infinite

80

Mobility Ratio
4.1

INTRODUCTION

80

4.2

FRACTAL GEOMETRY

81

4.3

DIFFUSION

LIMITED

AGGREGATION

AND

VISCOUS

85

FINGERING AT INFINITE MOBILITY RATIO
4.3.1

Diffusion-Limited Aggregation (DLA)

86

4.3.2

DLA and Laplace Equation

88

4.3.3

The Scaling Structure of DLA

89

4.3.4

Analogy between DLA Clusters and Viscous Fingering at

91

Infinite Mobility Ratio
4.4

SIMULATION

OF

VISCOUS

FINGERING

AT

INFINITE

93

MOBILITY RATIO USING DLA ALGORITHM
4.4.1
4.5

5

Development of the On-lattice DLA Code

SUMMARY

93

96

Results And Discussions

97
X

5.1

INTRODUCTION

97

5.2

NONLINEAR SIMULATION OF VISCOUS FINGERING AT

98

FINITE BUT HIGH MOBILITY RATIO
Nonlinear Mechanisms of Viscous Fingering

99

5 .2.1.a

Previously Observed Mechanisms

99

5.2.1.b

Newly Observed Mechanisms

104

5.2.2

Physical Interpretation for the New Mechanisms

116

5.2.3

Effects

5.2.1.

of Mobility

Ratio

at

High

MR

Miscible

120

Concentration

121

Displacements
5.2.3 .a

Effects

of MR

for

Random

Perturbation
5.2.3.b

5.3

Effects of MR for Single Wave Perturbation

125

5.2.4

Effects of Peelet number (Pe) at High Mobility Ratios

131

5.2.5

Effects of Aspect Ratio (A) at High Mobility Ratios

134

DLA SIMULATION OF VISCOUS FINGERING STRUCTURES

141

AT INFINITE MOBILITY RATIO
5.3.1.

Effects of Variation of X and increment on Fractal

142

Dimension

6

Conclusions And Recommendations

146

6.1

CONCLUSIONS

146

6.2

RECOMMENDATIONS

148

Bibliography

150

Appendices

159

XI

List of Tables
2.01

Maximum mobility ratio reported in literature involving simulation of

19

VF.
3.01

Time stepping subroutines using Operator Splitting Algorithm.

51

3.02

First order semi-implicit Predictor-Corrector subroutines for time

52

stepping.
3.03

Effects of time step size on Predictor-Corrector routines.

52

3.04

Effects of spatial resolution and Ron simulation advancement.

62

3.05

Effects of changing Peclet number and Ron code advancement.

63

3.06

Effects of m on simulation advancement for Pe= 500.

72

5.01

Effect of mobility ratio using random noise perturbation.

121

5.02

Effect of mobility ratio using Single wave perturbation.

126

5.03

Effects of Peclet number for R = 5.

131

5. 04

Effects of aspect ratio for R = 5.

13 5

5.05

Variation of fd and simulation time with X.

143

5.06

Variation of fd and simulation time with increment.

144

C-1

Simulation parameters and fractal dimensions of the 37 On-lattice DLA

162

clusters.

XU

List of Figures
1.01

Schematic of a Hele-Shaw flow.

4

2.01

Experimental observations of viscous fingering m gravity-driven

12

miscible displacements in rectilinear Hele-Shaw cell (Wooding, 1969).
2.02

Fractal viscous fingering in a two-dimensional porous medium. Air

21

(black) displaced glycerol at a capillary number Ca = 0.15. The
structure was observed at time l = 0.8 10 , where the breakthrough time is
10

2.03

= 28.6 s (Maley et al., 1987).

Viscous fingering pattern obtained by the injection of coloured water

23

into a non-Newtonian high-viscosity mixture of scleroglutan in water
(Daccord et al. 1986).
2.04

The results of Allen's experiments (the figure in the bottom row) and

25

the simulation (the figures in the top row) for viscous fingering at
various viscosity ratio

(a) VR = 10; (b) VR = 500; (c) VR = 5000 and

(d) VR = 10000.
3.01

Under-relaxed iteration to evaluate streamfunction for FD-PS code.

68

3.02

Concentration contours for Pe = 500, A = 2, R = 3.0, dl = 5.0Xl0-3,

75

l0

3.03

Concentration contours for Pe = 500, A = 2, R = 3.0, dl = 5.0XI0-3,
l0

3.04

= 0.5 , m = 1.0, tol = 10-4, FD-PS code and 256X256 grids.
= 0.5, m = 1.0, tol = 1o-4, Pseudo-Spectral code and 256X256 grids.

Concentration contours for a single wave with R = 3.0, A= 2, Pe= 500,
dl

76

= 10-5,

l0

77

= 10-3 , Ky = 0.36, m = 1.0, tol = 10-4, with convective

scaling and FD-PS code. All frames are at l = 0.80.
3.05

Concentration contours for Pe = 500, A = 1, dl = 10-5, l 0 = 10-3, m = 0.3 ,

78

tol = 10-4, 256X256 grids and using FD-PS code with convective
scaling. R varying from 4.0 to 7.0. All frames are at, l = 0.10.
3.06

Concentration contours for Pe = 250, A = 1, dl = 5.0Xl0-6, l 0 = 10-3,
xm

79

m

=

0.3, tol

=

10-4 , 256X256 grids, using FD-PS code with convective

scaling. R varying from 7.1 to 7.5. All frames are at time level, t = 0.30.
4.01

The coast of the southern part of Norway. The outline was traced from

82

an Atlas and digitized at about 1800X1200 pixels. The square indicated
has a spacing of 8 ~ 50 km (Feder et al. 1995).
4.02

The length L(8) of the coastline of southern Norway as a function of the
yardstick length 8 used in the estimate. The curve is

ao J-D with D = l .5.

83

The insert shows that log L(8) as a function of log 8 is well
approximated by a straight line with slope (1- D) (Feder et al. 1995).
4.03

A schematic representation of a simulation of DLA on a square lattice.

87

5.01

Concentration contours for R = 3, Pe= 500 and A= 1.

100

5.02

Concentration contour for R = 3, Pe = 4000 and A = 4.

104

5.03

Concentration contours for R = 5, Pe= 1500 and A= 2.

110

5.04

Concentration contours for R

=

5, Pe

113

5.05

Concentration contours for R

=

6, Pe= l 000, A

l.

115

5.06

Development of the flow around an inclined finger.

116

5.07

Development of a 'Coalescing' finger.

118

5.08

Uneven tip-splitting on inclined finger.

119

5.09

Concentration contours for R = 5, Pe = 7 50 and A = l.

122

5.10

Concentration contours for R = 6, Pe = 7 50 and A = l.

123

5.11

Concentration contours for R = 7, Pe= 750 and A= l

124

5.12

Single wave simulation for R = 3.0, A= 2 and Pe= 1000.

128

5.13

Single wave simulation for R = 4.0, A= 2 and Pe= 1000.

129

5.14

Single wave simulation for R = 5.0, A= 2 and Pe= 1000.

130

5.15

Concentration contours for R

5.16

Concentration contours for R = 5, Pe= 1250, A = l.

133

5.17

Concentration contours for R = 5, Pe= 1000 and A= 2.

137

5.18

Concentration contours for R = 5, Pe= 1000 and A= 4.

138

=

=

1750 and A= 2.
=

5, Pe = 1000 and A

XIV

=

l.

132

5.19

Concentration contours for R = 5, Pe = l 000 and A = 5.

139

5.20

Concentration contours for R = 5, Pe = l 000 and A = 8.

140

5.21

(a) DLA cluster of 10,000 particles, (b) DLA-like pattern generated in

142

Chen's (1987) miscible displacement experiment for viscosity ratio of
1050.
5.22

DLA clusters of 10,000 particles: (a) fd = 1.717, (b) fd = 1.715.

143

5.23

DLA clusters of 10,000 particles: (a) fd = 1.707, (b) fd = 1.715.

145

C- 1

(a) DLA cluster of 10,000 particles, (b) corresponding ln(N) vs. ln(Rg)

161

plot.

xv

Nomenclature
a

Arbitrary constant

A

Cross-sectional area available for flow, aspect ratio of the Hele-Shaw cell

A,B

Constants used to incorporate surface tension in DLA algorithm

b

Gap between two plates in a Hele-Shaw cell

C

Base state concentration

c'

Perturbation concentration

C(r)

Two point density-density correlation function, radial distribution function

Ca

Capillary number

cas

Cosine plus sine of an angle

cos

Cosine of an angle

d

Total derivative operator, Euclidean dimensionality

dJ

Small increment in time

D, fcJ

Fractal dimension

D

Dispersion tensor

do

Individual particle diameter

dabs

Absolute double precision value

f, g, G

Arbitrary function

F,G

Nonlinear function in

g(x,y, t)

Arbitrary function in x, y and t

g

Gravitational acceleration

H

Hartley transform operat9r

H

Modified Hartley transform operator

i, j

Grid point number in x and y directions

k

Local discretized curvature

K

Wave number

ciJ

and

lf/;,J

XVI

k

Permeability of the medium

k;, 'fs·

Frequencies in discrete domain, value at collocation points

kx, ky

Frequencies in transform space

L

Length, Length of the Hele-Shaw cell, Cluster diameter

In

Natural logarithm

Lx, Ly

Length of domain for numerical model in x and y directions

M

Mobility

MR

Mobility ratio

N

Number of grid points after discretizing the domain = 2P

N

Number of pixels in a digitized image

n

Number of stages at which N is measured

No

Number of pixels in the displaced region

Niter

Number of iterations in the corrector step

Nx, Ny

Number of spectral modes in x and y direction

0

Order of discretization

P

Power in N = 2r, probability function in r

P

Pressure

Pe

Peclet number

Q

Flow rate

R

Radius of the radial Hele-Shaw cell

r

Radial vector

r

Distance in the radial direction from center

R

Normal logarithm of the mobility ratio

Ro

Radius of the diffusion circle

Rg

Radius of gyration

s

Number of particles in the aggregate

sin

Sine of an angle

t

Time
xvn

to

Initial time, breakthrough time

to!

Tolerance

U

Average velocity

u, v

Velocity vector

u, v

Velocity components in x and y direction

V

Finger velocity

W

Width of the Hele-Shaw cell

w

Finger width

x, x

x direction in rectangular coordinates

y, y

y direction in rectangular coordinates

z, z

z direction in rectangular coordinates

Symbols
a

Alpha

p

Beta

r

Gamma - Interfacial tension

8

Delta - small distance, magnitude of the disturbance concentration

¢

Phi - Macroscopic pressure potential

p

Rho - Density of the fluid

a-

Sigma -Penetration of the disturbance concentration

lJ/

Psi - Streamfunction, Probability function in x and t

OJ

Omega - V oriticity

m

Omega bar - Under-relaxation parameter

A

Lambda - Ratio of finger width to channel width

b..

Delta - Small increment

E

Epsilon - Very small magnitude, bid diameter

/

XVlll

1J

Eta - Diffusion constant

oc

infinity

<'.I)

Phi, Scalar function mr

't

Tau, Stress tensor

I

Sigma, Summation

a

Del, Partial derivative operator

0

Theta, angle

7[

Pi= 3.14159 ....

µ

Mew - Viscosity of the fluid

\j

For all values

X

Multiplication

V

Gradient operator

y72

Laplacian operator

V.

Divergence operator
Dot - Scalar product operator

I I
<

Absolute value of a variable
>

Ensemble average

Superscripts
Average of a variable, base state solution
*
I\

Estarisk - Scaled variable_in moving reference, intermediate time point in AD I
Scaled variable in fixed reference, Hartley transform of a function

p

Predictor step

C

Corrector step
Perturbation
XlX

Provisional value
u

Predicted value

(n)

number of iteration

n

nth time point in time advancement

Subscripts
Notation for a tensor
1, 2

Displacing fluid, displaced fluid

C

Critical value

g

Gyration

iter

Iteration

O,o

Initial value

p

Pore level

x,y

1st spatial derivatives in x and y directions

XX,Y.Y

2nd spatial derivatives in x and y directions

launch

Launching circle

max

Cluster radius

kill

Killing circle

range

Range circle

advanced

Time advancement of the code

core

Code diverged
/

xx

I

CHAPTERl
Introduction

I.I GENERAL
The viscous fingering instability, which develops when a high-viscosity fluid is displaced
by a low-viscosity fluid, occurs in many oil-driving processes. This instability, which
manifests itself in the form of finger-shaped intrusions of the displacing fluid into the
displaced one, can have a dramatic impact on enhanced oil recovery (EOR) and often
reduces displacement efficiency (Benismon et al., 1986). The major factor that governs
this instability is the mobility ratio which is related to the ratio of the viscosities of the
two fluids. The higher the mobility ratio, the more complex are the viscous patterns.

In-situ recovery processes of bitumen and heavy oils which are a topic of intensive
research in both industry and academia, often involve very adverse mobility-ratio
displacements.

Examples include water flooding in heavy oil reservoirs, miscible or

immiscible solvent flooding, steam flooding and use of miscible solvents for developing
initial communication between two horizontal wells. Given the large difference between
the mobilities of the displaced and the displacing fluid, with the latter being much more
mobile than the former, very complex fingering patterns develop at the interface.
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Viscous fingering can be observed in both miscible and immiscible displacements
involving adverse viscosity ratio. In immiscible displacements, the capillary forces at
interfaces between oil and gas or between oil and water prohibit the complete recovery of
oil from the reservoir. Eliminating the capillary forces by injecting large amounts of an
inexpensive displacing material that is miscible with the oil promises to achieve high
recovery. Miscible displacements prohibit the formation of a sharp interface between the
displacing and displaced fluids, resulting in high recovery from porous media. However,
the efficiency of miscible displacements is greatly determined by the amount of
instability at the interface between related fluids.
Features of viscous fingering of fluids can be studied conveniently in a Hele-Shaw cell
since single phase Hele-Shaw flow is analogous to two-dimensional incompressible flow
in homogeneous porous media (for a detailed review, see Homsy, 1987). Most of the
earlier work has focused on determining the conditions that lead to the onset of fingering.
However, in heavy oil and bitumen recovery processes, it is not sufficient to know
whether or not instabilities will occur, since they can hardly be avoided. What is needed
is a tool that is capable of predicting the displacement behaviour once the fingering has
started. In the present research work, we attempted to develop numerical codes that can
simulate viscous fingering at high mobility ratio displacement processes in homogeneous
porous media.

We will restrict our study to the case of miscible displacement, where the instability is
driven by viscosity contrast only. In miscible displacements, unlike immiscible
/

displacements, there is no sharp interface between the two phases involved and hence a
single-phase Darcy's law holds throughout the computational domain. Furthermore, for
simplicity we will limit our investigation to displacements involving Newtonian fluids
only, for which the viscosity variation results from variations of concentration in the fluid
phase. In what follows, a brief description of the common terms and concepts associated
with flow through porous media used in this study, will be given.
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Permeability

Permeability is a measure of the ease with which fluids pass through a porous medium. It
is a property of the medium and is independent of the density and viscosity of the fluid. It
is commonly expressed as:
(1.01)
where, Q is the volume of fluid discharged per unit time through a cross sectional area A,

µ is the viscosity of the fluid, and 8P/ ax is the pressure gradient in the direction of flow.
In the current work, we have focused on a homogeneous porous medium, and the

permeability is assumed to be a scalar constant.

Mobility and Mobility Ratio

There is theoretical and experimental evidence for the occurrence of macroscopic
instabilities in the displacement of one viscous fluid by another less viscous one through
porous media. This frontal instability is strongly dependent on the mobility ratio, MR of
the fluids. The mobility of a fluid in a porous medium is defined as the ratio of the
permeability of the medium to the fluid viscosity:
M=~.
µ

(1.02)

The mobility ratio for two fluids is defined as:
MR= Ml= k/µ1'
M2 k2lµ2

(1.03)

where, subscripts 1 and 2 refer to· the displacing and displaced fluid respectively. For a
homogeneous medium with constant permeability the expression for MR reduces to:
MR=&.

µ]

(1.04)

If MR is unity or less than one, i.e. the displaced fluid has a larger mobility than the

displacing fluid, then the displacement is stable. This results in maximum sweep
efficiency which is defined as the fraction of reservoir area contacted by a displacing
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fluid to the reservoir area behind the displacement front. On the other hand when MR is
greater than one, the more mobile displacing fluid will finger through the less mobile
displaced one, making the flow unstable.
Hele-Shaw Flow

The pattern of the flow through porous media is complex and at the microscopic scale,
not amenable to rigorous solution using fundamental laws of mass and momentum
transport. A simplified and useful approach is to consider the fluid motion on a
macroscopic scale while retaining the artifice of continuum. The macroscopic fluid
properties and flow characteristics such as density, velocity and pressure, can still be
thought of as point quantities and continuous. This macroscopic approach is commonly
used and forms the basis for most analysis of flow through porous media.
The well-known Darcy's law for flows through porous media is based on this approach.
The two-dimensional Hele-Shaw flow, shown in Fig. 1.01, uses the same macroscopic
approach and can be used to study flow through porous media experimentally.

w

z

Average velocity U
Fig. 1.01

Schematic of a Hele-Shaw flow.

l
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Being concerned about the complexity of the flow through porous media, researchers
have tended to study this type of flow instability in simpler, somewhat more idealized
model systems such as Hele-Shaw cell that describes the two-dimensional features of the
flow, depth-averaged over thickness.
A schematic of a rectilinear Hele-Shaw cell is shown in Fig 1.01. The flow takes place
through the small gap b, with a depth-averaged velocity U. The two-dimensional
governing equations are the continuity equation and Darcy's law:
V.u=O,

(1.05)

µ p = - b2 I u + pg
/ 12

nV

where,

u

(1.06)

is the macroscopic velocity, g is the gravitational acceleration and p is the

macroscopic pressure. Hele-Shaw (1898) first showed that this flow satisfies Darcy's law
with an equivalent permeability of b2 I 12 , and is valid in the limit of low Reynolds
number flow when

b/W-. 0. Thus the Hele-Shaw flow is analogous to a two-

dimensional incompressible flow in porous media.

1.2 MECHANISM OF VISCOUS FINGERING
The mechanism of viscous fingering can be studied by considering a miscible
displacement in a homogeneous porous medium, characterized by a constant permeability
k. This flow can be modeled by a Hele-Shaw flow as shown in the Fig 1.01. The flow

involves the displacement of a fluid of viscosity µ 2 and density p 2 by a second fluid of
viscosity µ 1 and density p 1 • It is the variation of these properties across the front that
leads to the development of the instability and thus viscous fingering.
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The following reasoning is made in order to understand the mechanism of instability. Hill
(1952) showed that the pressure difference (Pi - pi) across the fluid-fluid interface as a
result of a virtual displacement & of the interface can be expressed as:
(1.07)

For example, if the net pressure force is positive, any small displacement will amplify
and lead to an instability. Thus a combination of unfavourable density and/ or viscosity
ratios can make the flow unstable. Both the viscosity difference and the density
difference can play a stabilizing or destabilizing role, depending on their signs.
For example if we consider a downward vertical displacement of a dense, viscous fluid
by a lighter, less viscous one- the viscosity will be destabilizing in this case whereas the
gravity force is stabilizing. The overall effect will lead to a critical velocity above which
the flow is unstable.
(1.08)
In the present study we focus on a two-dimensional horizontal displacement, where the
gravity force is absent and the instability is driven only by the viscosity contrast.

1.3 PROPOSED OBJECTIVES
I

The main objective of the present research is to study viscous fingering (VF) of fluids in
high mobility ratio displacements through numerical simulation. In order to meet our
research goal, we subdivided the overall numerical investigation into two major parts:
a) Simulation of Viscous Fingering of fluids for high but finite MR displacements.
b) Simulation of Viscous Fingering of fluids for infinite MR displacements.
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In the first part, the value of MR is pushed to large values (high but finite) while in the
other part, simulation of viscous fingering for infinite MR is carried out. Once viscous
fingering for a very large finite value of MR can be simulated, we will treat the results as
that for asymptotic value of MR and will put it together with the results generated by
infinite MR viscous fingering simulation. In this way, a more complete picture of the
viscous fingering instability can be obtained for a wide range of mobility ratios.
The nature of the physical problem and thus the applicability of the available numerical
techniques to solve the corresponding numerical problem vary widely with the increase in
mobility ratio. For finite MR displacements, a finite difference code is developed which
implements fully implicit ADI method for solving time dependent Convection-Diffusion
equation. In parallel to the development of finite difference code, an existing code using a
combination of pseudo-spectral and finite difference methods is also modified to reach
higher mobility ratios. On the other hand for infinite MR displacements a statistical
method, diffusion-limited-aggregation (DLA) simulation is used.
The following proposed objectives are set for successful completion of this research:
a) Development of an efficient and numerically stable algorithm to simulate viscous
fingering instability at higher values of MR than those reported in the literature.
b) Carry out nonlinear simulation of viscous fingering instability using both newly
developed finite difference code and the modified pseudo-spectral code.
c) Develop a numerical code that uses a stochastic method for simulation of viscous
fingering patterns at infinite mobility ratio displacements.
d) Compare the morphological structures generated by the stochastic method with
that of the viscous fingers found from experiments in literature both qualitatively
and quantitatively.
e) Study the results and analyze the fingering patterns to explain the effect of
increase in mobility ratio.
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1.4 OUTLINE OF CURRENT WORK
In addition to the current introductory chapter this thesis includes five other chapters. In
chapter 2 a comprehensive review of the literature on experiments and numerical
modeling of viscous fingering in porous media flow is given. The literature review is
divided into three major sections. The first section reviews previous experimental
findings on viscous fingering which include both miscible and immiscible displacements,
whereas the second section is devoted to simulation of viscous fingering at finite mobility
ratios. The third section covers the history of the application of DLA for studying viscous
fingering at infinite mobility ratio displacements, both experimentally and through
numerical simulation In all sections emphasis is given on works involving miscible
displacement.
Chapter 3 is devoted to the numerical modeling of finite mobility ratio miscible
displacement in rectilinear Hele-Shaw cell. The whole chapter is subdivided into two
major sections. In the first section the physical model, governing equations, appropriate
boundary and initial conditions, and scaling considerations are described. The second
section details the implementation of two numerical techniques that we used to solve the
transient problem of viscous fingering. At first a brief description of the Hartley
Transform based spectral method is given along with its advantages and limitations,
which is then followed by the time-stepping algorithms we tested to find the limit in MR
for simulating viscous fingering successfully. In later part, after justifying the need for a
more stable numerical algorithm, implementation of the Alternating-Direction Implicit
(ADI) method is described for fully implicit simulation of viscous fingering. This novel
numerical algorithm combines the stability of the ADI scheme and the accuracy of the
spectral method, while solving the Poisson equation for streamfunction.
In chapter 4, after introducing the concept of Fractal geometry, a Fractal structure
generating algorithm: Diffusion Limited Aggregation (DLA) algorithm is discussed along
with its application in simulation of viscous fingering in infinite mobility ratio
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displacements; A brief description of DLA algorithm is given followed by establishing
the analogy between DLA algorithm and viscous fingering in infinite mobility ratio
displacement. Finally the simulation details of the DLA cluster, using an On-lattice DLA
algorithm, is given.
Chapter 5 contains results and discussions for both finite and infinite mobility ratio
simulations of viscous fingering. For finite mobility ratio case, a detailed description of
different types of viscous fingering mechanisms observed in nonlinear simulations is
presented. Physical interpretations for the newly observed mechanisms are proposed.
Later on, the effect of MR on simulation of viscous fingering is studied in the context of
high MR displacements. The effects of increase in Peclet Number (Pe) and Aspect Ratio
(A) are also investigated as a part of parametric study. For infinite mobility ratio, the

morphological structures of DLA aggregates are presented along with comparable image
from radial Hele-Shaw cell experiment. Fractal dimension is used as a quantitative
measure for comparison of DLA clusters and viscous fingering structures.
Finally in chapter 6, we summarize the major conclusions of this study and provide some
recommendations for future work.
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CHAPTER2
Literature Review

2.1 INTRODUCTION
In this chapter, a comprehensive review of the literature on experiments and numerical
modeling of viscous fingering in porous media flow is given. The experimental part
discusses studies involving both miscible and immiscible displacements. The numerical
modeling part includes simulations involving both deterministic methods (i.e. finite
difference, finite element and spectral methods and their variants) and stochastic
methods. It can be easily traced from reviewed literature that the deterministic methods
are mostly used for nonlinear simulation of viscous fingering, which represents time
evolution of the fingered front for displacements involving finite mobility ratios. On the
other hand stochastic methods such as DLA (diffusion-limited aggregation) algorithm are
generally used to simulate morphological structures of the fingers for displacements
involving infinite mobility ratio. Most of the papers related to simulation of viscous
fingering dealt with mobility ratios in the range of hundreds, whereas in in-situ recovery
processes of bitumen and heavy oils and in many other enhanced oil recovery processes
the mobility ratio ranges in the order of thousands or larger, which shows clearly some
shortage of numerical study in realistically high mobility ratio cases.
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A chronological analysis of these studies reveals that the 1960s saw a growing deal of
interest among scientists and engineers in the problem of viscous fingering, which
resulted in quite a large number of experimental studies and a few numerical ones. In
1980s and afterwards, with the advent of high speed computers many numerical studies
were performed which could capture most of the fingering mechanisms observed
experimentally. A very comprehensive review of the published literature dealing with
fluid displacement processes is given by Homsy (1987), which covers most of the early
works in linear stability analysis, non-linear simulations and experiments for both
miscible and immiscible displacements. In another extensive review, McCloud and
Maher (1995) covered the experimental works involving addition of perturbations to the
Saffman-Taylor flow.

2.2 EXPERIMENTS ON VISCOUS FINGERING
In this section, a brief review of the literature is given for experiments on viscous
fingering. It starts with the pioneering work of Hill ( 1952) and provides both miscible
and immiscible aspects of the displacement experiments involving Newtonian fluids.
The first experimental study on viscous fingering of miscible Newtonian fluids, reported
in literature, was carried out by Hill in 1952. From the observations of vertically
downward displacement experiments, he qualitatively explained the viscous fingering
instability by the difference of the driving pressure of a small perturbation at the
interface. In the same year Slobod and Caudle used X-ray shadowgraph technique to
study the variation of fingering ,patterns in Newtonian displacements conducted at
different viscosity ratios. They reported the effects of displacement velocity and viscosity
ratios on fingering patterns observed in their experiments. Van Meurs (1957) visually
observed the fingering mechanisms in his displacement experiments, using a three
dimensional transparent model.
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In the classical paper by Saffman and Taylor (1958), the authors used an immiscible airglycerine system in a rectilinear Hele-Shaw cell and presented the results of their
experiments in the form of nonlinear fingers. They studied the stability of the interface
and characterized the instability in terms of a parameter A, which is defined as the ratio of
the width of finger to the channel width.

In another historical study, Blackwell et al. (1959) carried out a number of experiments in
porous media with miscible fluids and reported the ways in which mobility ratio and
system geometry affect the displacement efficiency. In the following year, Habermann
concluded from his experiments in five-spot geometry that the controlling factor in
miscible porous media displacements is viscous fingering rather than the reservoir
heterogeneity.

Fig. 2.01

Experimental observations of viscous fingering

in

gravity-driven

displacements in rectilinear Hele-Shaw cell (Wooding, 1969).

miscible
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Using aluminium sulphate solution to displace aqueous glycerine solution, Benham et al.
(1963) studied the factors that affect the fingering behaviour in their experiments. Slobod
and Thomas (1963) and Perkins et al. (1965) used the X-ray absorption technique to
visualize viscous fingering patterns in porous media. They reported the effects of the rate
of displacement and mobility ratio on the change of size and shape of the fingers.
Wooding (1969) carried out similar experiments in Hele-Shaw cell, and observed the
nonlinear fingering mechanisms in gravity driven flows. The fingering patterns observed
in his experiments were similar to those reported by Slobod and Thomas (1963).
Wooding and Morel-Seytoux (1976) conducted miscible displacement experiments in
opaque porous media and reported that the viscous fingering mechanisms, shielding,
spreading and splitting are present in real porous media displacements.

Park and Homsy (1985) conducted immiscible displacement experiments in a Hele-Shaw
cell, where they attempted to measure the effects of some relative parameters, such as
modified capillary number, on the onset of splitting instability. In a similar set of
experiments Maxworthy (1987) observed more complicated fingering patterns, which
include secondary splitting of the side branches.
The first miscible displacement experiments in three-dimensional porous media were
carried out by Bacri et al. (1992). Their results supported the findings of previous HeleShaw cell experiments and the conclusion drawn was that the interfacial instability
depends on the viscosity ratio, the flow rate and the nature of the porous medium.
In an extensive review, McCloud and Maher (1995) discussed the perturbation
experiments on Saffman-Taylor flows . The authors concluded that the Saffman-Taylor
problem provides a framework on which progress can be made in understanding a wide
variety of dynamical problems.
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2.3 SIMULATION OF VISCOUS FINGERING AT FINITE BUT HIGH
MOBILITY RATIO
In this section, we will focus on studies that attempted to deal with nonlinear simulation
of viscous fingering in miscible displacements. We will try to summarize the maximum
values of mobility ratios for which successful numerical study has been carried out. As
we did in the previous review of experimental studies, we will focus exclusively on
Newtonian displacements.
Efforts in the field of porous media flow simulation date back at least to the work by
Peaceman and Rachford (1962), who developed a finite difference algorithm for
computing an unstable rectilinear miscible displacement. The authors employed the
governing equations in their primitive variable formulation based on the velocity and
pressure variables. Due to the low order of their numerical algorithm, a fingering
instability did not develop on its own, but had to be triggered artificially by imposing
small random spatial variation in permeability. In this work the authors carried out
simulation of viscous fingering for viscosity ratios up to 86 (R = 4.454, where R stands
for normal logarithm of the mobility ratio) and validated their results by comparing them
with Blackwell's (1959) experiments. The spatial resolution they used (40X20 grids) was
coarse and therefore unable to capture the initial growth of the fingering instability
adequately.
Koval (1963) and Todd and Longstaff (1972) developed empirical one-dimensional
models to study viscous fingering -'in Newtonian displacements. Although their models
predicted the evolution of average concentration profile well, they suffered from two
major pitfalls. Such models failed to explain the mechanism of the evolution of the
instability, let alone predict the unstable flow. Furthermore, the extension of the onedimensional model predictions to a three-dimensional reservoir warrants caution. Fayers
(1988)

attempted

to

remedy

these

failing

by

constructing

an

approximate
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one-dimensional model with adjustable parameters that can be physically interpreted. His
adjustable parameters described a fingering function intended to mimic the twodimensional geometry and depth averaged concentration field of an array of viscous
fingers at any given time. The result was in good agreement with the experiments of
Blackwell et al. (1959). Though the adjustable parameters of Payers now have physical
meaning, his model still precludes a detailed explanation of the mechanisms whereby
viscous fingers evolve.
Christie and Bond (1987) attempted to improve the finite difference scheme of Peaceman
and Rachford (1962) by using finer grids (130X130 meshes). They carried out
simulations for longitudinal Peclet numbers as large as 2000 and mobility ratios from 5 to
86 to simulate the experiments of Blackwell et al. (1959). All input data was taken from
Blackwell's experiment and fingers were triggered by a random perturbation to the initial
concentration. They found reasonable agreement between their calculations and the
experimental prediction of the one-dimensional performance curve. In a subsequent
study, Christie ( 1989) extended the previous work of Christie and Bond (1987) to
coupled miscible and immiscible flows. This extension allowed the author to perform
calculations when water and solvent flow simultaneously, and thus directly calculate the
stabilizing effects of a Water Alternate Gas (WAG) scheme. In this work the author used
180X180 mesh and simulated viscous fingering for mobility ratios up to 41 (R = 3.7136)
in rectilinear as well as quarter five spot geometry. In all the above cases, explicit
schemes were used to solve the time dependent concentration or saturation equations in a
way that stability conditions were satisfied for the range of mobility ratios the numerical
investigations been carried out. These conventional finite difference methods are usually
of second order overall accuracy, but often still suffer from significant levels of
numerical dispersion.
Considering the accuracy limitations of the grid based methods, several researchers have
recently based their computational investigations of unstable rectilinear displacements on
significantly more accurate spectral methods, e.g. Tan and Homsy (1988, 1992),
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Zimmerman and Homsy (1991 ,1992 a, b), and Rogerson and Meiburg (1993). Tan and
Homsy (1988) studied nonlinear interactions of viscous fingers in miscible displacements
in rectilinear Hele-Shaw cell, by carrying out simulations using Fourier transform-based
spectral method. Considering the case of isotropic dispersion, the authors were able to
capture the nonlinear fingering mechanisms, such as spreading, shielding and tip splitting
(observed for the first time in numerical study) in their simulations. Zimmerman and
Homsy (1991) used Hartley transform-based spectral method to extend the work of Tan
and Homsy (1988) in order to include the effects of anisotropic dispersion. They
considered dispersion to be velocity dependent and studied the influence of anisotropy on
the nonlinear evolution of viscous fingers . A new fingering mechanism named
coalescence was observed in their simulations for the first time. In a subsequent study,

Zimmerman and Homsy (1992 a) also observed coalescence mechanism in their isotropic
simulation of viscous fingering at Peclet numbers as high as 4000. Tan and Homsy
(1992) studied the effects of the permeability heterogeneity in another numerical
investigation using spectral method. The authors found that the fingered zone grows
linearly in time in a fashion analogous to that found in homogeneous media by Tan and
Homsy (1988), indicating a close coupling between viscous fingering on the one hand
and flow through preferentially more permeable paths on the other. Zimmerman and
Homsy (1992 b) also carried out simulation of miscible displacements in a threedimensional system and no new fingering mechanism was observed. The authors
concluded from the study that two-dimensional simulations are sufficient to capture the
nonlinear interactions of viscous fingers.

Rogerson and Meiburg (1993) studied the

effect of tangential shearing on nonlinear evolution of viscous fingering, by including a
tangential velocity component at the interface in their miscible flow simulations. The
tangential shearing affected the shape and orientation of the fingers quite strongly and at
the same time had influenced the wavelength and growth of the fingers. The authors
observed new finger interaction mechanisms, such as diagonal fingering and secondary
side-fingering instability, due to the presence of tangential shearing and gravity. In all

these numerical investigations involving spectral methods, the maximum value of
mobility ratio studied was 20.08 (R = 3) and in order to solve the time dependent
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convection-diffusion equation m concentration, either an explicit or a semi-implicit
(predictor-corrector) algorithm was used. It can be summarized from the studies
implementing variants of spectral method that at higher values of mobility ratio the
model equations become stiffer and numerical instability causes the code to diverge.
Hence, in order to simulate viscous fingering at higher mobility ratios the need for a
numerically stable algorithm is justified.
A different line of research has aimed at implementation of variants of finite element
method for studying viscous fingering in miscible displacements.

In an attempt to

simulate viscous fingering in miscible displacement, Moissis et al. (1988) used a finite
element modified method of characteristics for solving the concentration equation and a
mixed finite element scheme to solve the pressure equation. In this work a miscible flood
of a rectangular slab was simulated in two spatial dimensions. The parameters that govern
the flow were the viscosity ratio, Peclet numbers associated with molecular diffusion,
longitudinal dispersion and transverse dispersion, and the aspect ratio of the slab. The
effects of local permeability variations and overall heterogeneity of the porous medium
were also considered. The highest value of mobility ratio reached by Moissis et al. (1988)
in their finite element simulation of viscous fingering was 7 50 (R = 6.62), which set the
upper limit for mobility ratio in numerical study of fingering instability in fluid-fluid
displacement processes. However, their simulation suffered from lack of details in finger
evolution because of coarser spatial resolution they used (80X80 grids).
Coutinho et al. (1999) also suggested that the combination of a finite element modified
method of characteristics and a ll}ixed finite element method generates a method with
very little numerical dispersion, allowing the use of large time steps and good accuracy in
the computation of velocities. Though the authors investigated the effects of anisotropy
and the nonmonotonicity of the viscosity profile in this study, they examined the effect of
mobility ratio only up to 20.08 (R = 3). In their implementation of parallel finite element
technique, the governing equations were approximated in space by equal order elements.
The resulting semi-discrete equations were approximated in time by a block-iterative
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predictor-multicorrector algorithm. The semi-implicit nature of the time stepping
algorithm may restrict their study to such small value of mobility ratio.
In a recent study, Meiburg and Chen (2000) implemented compact finite difference
discretization as well as fully implicit Alternating-direction implicit (ADI) algorithm in
their high accuracy implicit finite difference simulations of homogeneous and
heterogeneous miscible porous media flows. Following the works of Homsy and
collaborators (Tan and Homsy, 1988, 1992; Zimmerman and Homsy, 1991; 1992 a, b)
the study was based on the streamfunction-vorticity formulation of Darcy's law and
resolved all physically relevant length scales including diffusion. With the formal
accuracy O ( L1 x 4, L1 t), the numerical approach combined the ease of implementation
and the ability to handle nontrivial geometries with the superior computational accuracy
usually reserved for spectral methods. For numerical convenience the authors used the
conservative form of the concentration equation while implementing the ADI method and
the full time step L1 t was split into two half steps of size L1 t/2. During the first half step,
the convection and diffusion terms in the x-direction were treated implicitly, while those
in y-direction were dealt with explicitly. During the second half step, the roles were
reversed. Though the authors considered their implementation of ADI method to be fully
implicit, a flaw was incorporated by treating the velocity field as frozen during the entire
time step (i.e., all velocities were evaluated at the old time level). Furthermore, even
though the authors claimed that they were able to simulate viscous fingering for R = 5,
they have not shown any results in this paper. Only side branching instability was
reported to be observed as a new mechanism in this study. No similar study has been
reported in the literature for R = 5 or higher for miscible displacement in a rectilinear
geometry. As it will be discussed later, one of the approaches we adopted in this study is
based on the work of Meiburg and Chen (2000) but treats all the terms fully implicitly.
We will conclude this section by summarizing the numerical investigations found in
literature and the maximum value of mobility ratio for which Viscous Fingering could be
simulated successfully for each of these studies.
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Nrune of Author(s) and publication year

Maximum Mobility Ratio

Peaceman and Rachford (1962)

86

Christie and Bond (1986)

86

Christie (1987)

41

Tan and Homsy (1988, 1992)

20.08

Zimmerman and Homsy ( 1991; 1992 a, b)

20.08

Moissis et al. (1988)

750

Coutinho et al. ( 1999)

20.08

Meiburg and Chen (2000)

148.4

Table 2.01

Maximum mobility ratio reported in literature involving simulation of VF.

2.4 VISCOUS FINGERING AT INFINITE MOBILITY RATIO AND
DIFFUSION-LIMITED AGGREGATION (DLA)
In this section, we will review the literature that dealt with viscous fingering at extremely
high, i.e. infinite mobility ratio displacements. The review consists of two subsections:
fluid-fluid displacement experiments that led to structures similar to Diffusion-limited
aggregation (DLA) clusters, and the use of DLA algorithm and its variants to simulate
viscous fingering structures. Two major types of DLA simulation are reported in
literature: On-lattice DLA and Off-lattice DLA. In the case of On-lattice DLA simulation,
the random walkers move randomly on a two-dimensional lattice before reaching the
edge of the cluster. On the other hand, random walkers take steps in a random direction in
an Off-lattice DLA simulation. The fractal dimension of a very large (more than 106
particles) Off-lattice cluster reaches an asymptotic value of 1.71 (Meakin, 1995), which is
often used as a reference while studying DLA clusters. For a comprehensive review of
the literature about the relation between DLA and viscous fingering the readers can
consult Feder et al. (1995), Lenormand (1989) and Fanchi et al. (1989).
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2.4.1

Fluid-Fluid Displacement

Experiments

and Diffusion-Limited

Aggregation
Fluid-fluid displacement phenomena that lead to DLA-like patterns have been studied
quite extensively. In both conventional Hele-Shaw cell experiments and experiments in
which the cell is filled with a porous medium, the field obeying the Laplace equation is
the pressure field in the viscous fluid that is displaced by a very much less viscous fluid,
and the initiation of the instability is caused by the inherent disorder in the medium. In
the porous media experiments, the disorder is the quenched disorder of the porous
medium itself. In the conventional Hele-Shaw cell experiments, the origin and role of the
disorder are not as clear. The residual roughness of the smooth glass walls, wetting
heterogeneity due to impurities, dust and gas bubbles may be important in some
experiments.
An early example of the generation of a fractal, DLA-like pattern is provided by the work
of Mal0y et al. (1985) on the displacement ofliquid epoxy or glycerine/water by air in a
Hele-Shaw cell containing a monolayer of randomly placed glass beads. The twodimensional porous medium had a porosity of about 0.45. The fluid-fluid displacement
experiments were carried out by first filling all of the interstices between the glass beads
and the enclosing plates with viscous fluid. The "non viscous" fluid was then injected
through a small hole in the middle of one of the two circular plates. At high capillary
numbers (large injection rates) DLA-like patterns were formed. A typical example is
shown in Fig. 2.02. A fractal dimensionality of 1.64 ± 0.04 was found by measuring the
amount of fluid (number of pixels in a digitized image) N(r,n) within a distance r of the
injection point at several stages during the experiment. Mal0y et aJ. (1985) found that the
function N(r, n) could be represented quite well by the simple scaling form

(2.01)
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where Rg(n) is the radius of gyration of the pixel image at the nth stage in the
displacement process and No(n) is the number of pixels in the image of the displaced
region. The fractal dimensionality measured in this manner was smaller than that found in
Off-lattice DLA model simulations.

Fig. 2.02

Fractal viscous fingering in a two-dimensional porous medium. Air (black) displaced
glycerol at a capillary number Ca= 0.15. The structure was observed at time l = 0.8
10 ,

where the breakthrough time is

10

= 28.6 s (Maley et al., 1987).

Stokes et al (1986) have studied the displacement of more viscous wetting fluids by nonwetting fluids and the displacement of more viscous non-wetting fluids by wetting fluids
in a 30 cm (length) x 7 cm (width) x 0.15 cm (height) Hele-Shaw cell filled with an
unconsolidated packing of glass beads with small diameter dispersion. The permeability k
of the porous medium was controlled via the bead diameter

E (

k~

2
E ).

The "wetting"

fluids were glycerine/water mixtures and the "non-wetting" fluids were oils. In all
experiments, the viscosity ratio was greater than 100. In the case of displacement of a
more viscous fluid by a less viscous, more wetting fluid, a branched pattern was
generated, and the finger width w was found to scale as w ~ (k I Ca P )1
capillary number was defined as Ca P

= Vµ E 2 / kr

12

,

where pore level

(r be the interfacial tension and V be

the "finger" velocity). In all cases, the finger width was substantially larger than the
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length scales of order

E

(the size of the glass beads) associated with the relatively

homogeneous porous medium and much smaller than the channel width.
The patterns generated by the displacement of a more viscous, more wetting fluid by a
less wetting fluid were quite different. The finger width was approximately equal to the
particle size

E

and independent of Ca. The number of fingers across the channel was

observed to increase with Ca. Stokes et al. (1986) commented that DLA-like patterns
were found only in the displacement of a wetting fluid by a non-wetting fluid. At low
capillary numbers, an invasion percolation-like pattern will be generated, so that DLA is
expected only at high capillary numbers, with a less wetting displacing fluid.
In order to reduce the possible stabilizing effect of interfacial energies, Daccord et al.
(1986) used water and viscous solutions of polymers in water as the two fluids. The
experiments were carried out in a radial Hele-Shaw cell consisting of two glass plates
each with diameter of Im and a thickness of 2 cm. The glass plates were separated by a
distance of 0.5 mm using spacers. Dyed water was injected through a hole in the center of
one of the glass sheets. The fractal dimensionality of the pattern was measured in several
ways by analyzing digitized pictures. A fractal dimensionality of 1.70 ± 0.05 was
obtained for viscosity ratios in the range of 104

µ2/µ 1

102 . A typical displacement

pattern is shown in Fig. 2.03. The authors concluded from this study that non-Newtonian
effects do not change the scaling property of viscous fingering structures at very high
mobility ratios. Although the patterns appear to have a branched structure, like that of
DLA, and have essentially the same scaling properties as 2-dimensional DLA clusters,
they clearly do not have the same/structure as Off-lattice DLA clusters. There has been
relatively little effort devoted to the development of ways of distinguishing quantitatively
between patterns with the same scaling properties.
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Fig. 2.03

Viscous fingering pattern obtained by the injection of coloured water into a nonNewtonian high-viscosity mixture of scleroglutan in water (Daccord et al. 1986).

Chen and Wilkinson (1985) carried out experiments in which oil with a viscosity of 1 cP
was injected into glycerine with a viscosity of about 1200 cP, in a 2-dimensional network
of "channels". The interfacial tension was about 20 newton/meter for this pair of fluids.
The experiments were carried out at a constant flow rate of I .4 x 10-4 cm3/sec. In one
experiment, a random network was generated by placing discs with a diameter of 250 µm
at random on a plane and etching the region between them to form a network of channels.
The channel network surrounding the approximately circular disc shaped "islands" was
then enclosed to form a random 2-dimensional channel network of porous medium. The
fluid-fluid displacement patterns formed in this network were very similar to off-lattice
DLA patterns. If an array of channels was etched in the form of the bonds of a square
lattice with channel dimensions of 500 µm long x 250 µm wide x 35 µm deep, a pattern
like that generated by a square lattice DLA simulation was formed. The authors were also
able to generate very similar patterns using a tube network model simulation. In a later
series of experiments, Chen (1987) used very similar fluids in a Hele-Shaw cell
consisting of parallel plates with sizes of 10 cm x IO cm x 0.55 cm separated by gaps b of
75 ± 2 µm or 199 ± 2 µm and found variety of DLA-like structures evolving.
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2. 4. 2 DLA Simulation of Viscous Fingering at Infinite Mobility Ratio
Displacements
The analogy between diffusion-limited aggregation (DLA) clusters and the viscous
fingering structures obtained in infinite mobility ratio displacements was first reported by
Paterson (1984). The author showed that both processes can be described by the
application of Laplace's equation with similar boundary conditions. He also introduced
the idea of anti-DLA simulation of stable displacement at zero viscosity ratio and
compared his simulations with Habermann's (1960) experiments, which revealed good
agreement between the model and the experimental observations.
Kadanoff (1985) also pointed out that there exists a connection between the SaffmanTaylor problem and DLA, while Nittmann et al. (1986) carried out some experiments and
DLA simulations of fluid-fluid displacements in a Hele-Shaw cell in the zero surface
tension case, where they mainly focused on the fractal measures of the structures to
establish the analogy between DLA clusters and viscous fingering at infinitely high
viscosity ratio.
Chao Tang (1985) proposed a random-walk model to simulate Darcy-law twodimensional flows. In this model the author defined a counter 'M', which counts the
number of times random walkers visit an unoccupied site before the site is filled. When
the value of M is set to unity, the model is DLA; on the other hand when M goes to
infinity, the model represents the mean field limit (MFL) of DLA and from this study the
I

conclusion was drawn that the MFL of DLA is exactly the Saffman-Taylor problem.
In an exemplary work, Shoudan Liang (1986) used an algorithm related to diffusionlimited aggregation to incorporate surface tension in his simulation of interface motion in
the Hele-Shaw geometry. By varying relevant parameters of his model, the author was
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able to generate objects changing from fractal structure to smooth boundary 'fingers' as
an effect of increasing surface tension.
In a recent study, Zhang et al. (1998) studied the relationship between fractal dimension

and viscosity ratio for viscous fingering with a modified DLA model on off-lattices. The
authors introduced the concept of diffusion circle (with radius R 0 ), and two constants A
and B in the expression for surface tension following Meakin et al. (1987). By setting
appropriate values of R 0 , A and B, they could successfully control the growing process of
the aggregation and they were able to simulate the morphological structures of viscous
fingers for viscosity ratios varying from 1 to 10,000. They compared the morphological
structures of the DLA clusters with the viscous fingering structures obtained in Allen's
(1988) experiments and found them in good agreement (Fig. 2.04).

(a)
Fig. 2.04

(b)

(c)

(d)

The results of Allen's experiments (the figure in the bottom row) and the simulation
(the figures in the top row) for viscous fingering at various viscosity ratios
(a) VR = 10; (b) VR = 500; (c) VR = 5000 and (d) VR = 10000.

Despite the attempt of Zhang et al (1998) to use a modified DLA algorithm to simulate
viscous fingering structures for finite mobility ratios, the state of the art of research to
utilize stochastic methods for simulating time evolution of viscous fingering at finite
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mobility ratio displacements is still not as advanced as that of the deterministic methods.
Especially it was not possible to incorporate viscosity ratio as a parameter in any version
of the DLA algorithm, and while simulating viscous fingering at infinite viscosity ratio
no direct correspondence could be established between the finger evolved and the
respective time of evolution. All the studies involving DLA algorithms eventually ended
up with generating morphological structures having identical fractal dimension to some
finite or infinite viscosity ratio displacement experiments. Realizing the limitations of
DLA related algorithms, we restricted our study to simulation of large on-lattice DLA
clusters that can represent viscous fingering in infinite mobility ratio displacements in
absence of surface tension.

2.5SUMMARY
From the reviewed literature on viscous fingering~ it can be observed that for practical
high viscosity ratios (MR > 1000), ramified viscous fingering patterns exhibiting fractal
characteristics are obtained. Numerical modeling appeared to be an efficient tool to
understand the mechanisms of instability at the interface and with the fast improvement
of the numerical algorithms and computer architecture, study of porous media
displacements using computer simulation increased significantly. Viscous fingering
structures at infinite as well as finite mobility ratios were generated using variants of
diffusion-limited aggregation (DLA) algorithm, but accurate modeling and simulation of
time-evolution of nonlinear viscous fingers in porous media displacements at high
mobility ratios still remains a challenge to the research community. Quite a large number
of attempts were taken to conduct nonlinear simulation of viscous fingering in twodimensional model porous media - Hele-Shaw cell, using finite difference, finite element
and pseudo-spectral methods, but a very few attempted it for high viscosity contrast. The
largest value of mobility ratio reported in the literature is 750, and the author was unable
to present the details of the nonlinear interactions of fingers at this high mobility ratio due
to the lack of spatial resolution. So, it is quite clear that very little research has been done
regarding the modeling and simulation of the miscible displacement processes involving
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high mobility ratios. Furthermore the mechanisms of instability at the interface involving
very high viscosity contrast and the physics behind their development have not yet been
examined in the literature. All these facts motivated us to carry out the present study, in
which we decided to model the miscible displacement process involving Newtonian
fluids in a Hele-Shaw cell and carry out the nonlinear simulations to help understand the
formation of ramified patterns.
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CHAPTER3
Numerical

Modeling

Of

Viscous

Fingering At Finite Mobility Ratio

3.1 INTRODUCTION
In order to carry out numerical modeling of finite mobility ratio displacement, we have
considered the case of miscible displacement in a rectilinear Hele-Shaw cell.
Mathematical modeling of the problem is carried out for displacements involving
Newtonian fluids and appropriate assumptions are made. Two different numerical
techniques are used to solve the transient problem of viscous fingering. At first Hartley
transform based spectral method is discussed along with different time-stepping
algorithms. In order to overcome the stability constraints of the explicit or semi-implicit
time-stepping algorithms used with the spectral code, a novel Finite Difference based
algorithm is developed that uses numerically more stable Alternating-Direction Implicit
(ADI) method, thus capable of simulating viscous fingering at high mobility ratios.
FORTRAN is used as the programming language for the implementation of both
numerical algorithms. It is worth mentioning that the bulk of the numerical code used in
this study is developed by us, but there has been some use of built-in subroutines for
which we had access to the source code.
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3.2 MODEL DEVELOPMENT
Viscous fingering instability is also called the 'Saffman-Taylor (S-T) Instability', an
attribute to the initial work of Saffman and Taylor (1958). The S-T instability in its pure
form arises at the initially planar interface between two fluids flowing in a channel of
width W in a Hele-Shaw cell, a cell formed by parallel plates separated by a gap whose
thickness b, is smaller than any other length scale in the fluid problem. When only one
fluid is present in the cell, flow forced by pressure gradients or gravity is pure potential
flow. The simplicity of this flow arises from the very high resistivity of the cell caused by
the very small gap, b. Under these conditions, Hele-Shaw (1898) showed that the velocity
in the center of the gap and the velocity averaged across the full gap in the cell were both
proportional to the applied pressure gradient with an effective conductivity of b2/12µ,
where µ is the fluid viscosity. This gives Hele-Shaw flow a mathematical kinship with
technologically important flows in porous media such as ground water flows and oil
recovery problems, since the velocity/pressure relation is mathematically the same as
Darcy's law for porous media where the analogous conductivity is given by the ratio of
permeability of the medium to the viscosity of the fluid. The above reasoning guided us
to choose the Hele-Shaw flow for modeling our problem.

3.2.1 Physical Problem and Governing Equations
A schematic of the two-dimensional Hele-Shaw flow system is shown in Fig. 1.01. The
length, width and thickness are L, W and b respectively, where b << W. An
incompressible fluid is injected froth the left-hand side with a uniform velocity U. Phase I
is the displacing fluid and phase II is the displaced fluid. The transport of the solute is
characterized by the convection-diffusion equation. The problem is formulated for a
rectilinear Hele-Shaw cell, with the following appropriate assumptions:
•

Both fluids are incompressible.
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•

The medium is homogeneous with constant permeability k.

•

Dispersion is isotropic throughout the medium.

•

Gravity is not considered.

A two-dimensional displacement is considered in which two incompressible, Newtonian
fluids of different viscosities are separated by an interface. Here the direction of flow is
along the x axis and the y axis is parallel to the initial plane of the interface. The
conservation of mass is expressed in the form of the continuity equation:

V.u=O

(3.01)

For a very slow flow in a Hele-Shaw cell, the inertial forces are neglected in comparison
to the viscous forces and the equation of motion becomes:
(3.02)

In the above equations, u = (u, v) is the velocity vector, p is the pressure, and } is the
stress tensor. For closely spaced plates, where the main shear is in the z direction the
above equation can be written in the x and y directions as:

-~(-µau)=
ap'
az
az ax

and

(3.03)

If the viscosity is constant, the expression for u after integration becomes:

2
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4

ax

-6(;> :Ju

(3.04)
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where ii is the depth-averaged velocity in the x direction, expressed as:

_
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udz

b/2

dz
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= ____
_
12µ

('l2
lb/2

(3.05)

ax

A similar relation can be obtained for y directional velocity component. Equation (3.05)
is similar to Darcy's law for porous media with an equivalent permeability of b2/12 and
can be written as:

b 2 Bp

_

(3.06)

u =-----

12µ

ax

Thus, the Hele-Shaw flow is analogous to two-dimensional incompressible flow in
porous media. In what follows, the bars will be dropped and the two-dimensional depthaveraged velocity will be denoted by u = (u, v).
In miscible displacement, the concentration of a chemical component obeys the

convection-diffusion equation, which can be derived from elemental mass balance for the
chemical component:

ac
at

-+u.Vc=V.DVc

(3.07)
I

Here D is the dispersion tensor and c is the solvent concentration. For isotropic case,
D = DI

thus

making

the

right-hand

side

of

equation

V.DVc = V.DVc = DV 2 c, where Dis assumed to be a constant.

(3.07)

to

be:
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Now, we need to define the viscosity-concentration relationship. Generally the viscosity
is a function of the concentration and can be expressed as:

µ = µ(c)

(3.08)

In practice, the viscosity-concentration relationship is complicated and changes with the
choice of the fluids. Following other researchers (e.g. Tan and Homsy 1988; Rogerson
and Meiburg 1993; Meiburg and Chen 2000) and also for numerical convenience, we
assume that the viscosity µ depends on the concentration like
1 dµ
µ de

ln(µ(c ))= R(l-c ),

• --=-R

'

(3.09)

where R is a constant determined by the given combination of fluids. Alternatively, other
viscosity-concentration relationships, such as quarter-power blending rule (e.g. Tchelepi,
1994; Moissis et al., 1988 and Manickam and Homsy, 1995) could easily be implemented
as well.

3.2.2 Boundary and Initial Conditions
Once the model equations are found, we need appropriate boundary and initial conditions
to solve the problem. Following many previous researchers (e.g. Tan and Homsy, 1988;
Manickam and Homsy, 1993; Singh and Azaiez, 2001), we attempt to implement
periodic boundary conditions in the variables of the problem.
1

3. 2. 2. a Boundary conditions
The physical boundary conditions we considered are:
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Streamwise direction

Transverse direction

atx = O;

U

= [l,

V

= 0, C =

atx = L;

U

= [l,

V

= 0,

(u, c)(x, 0, t) = (u, c)(x, W, t)

C

CJ ,

=0

(3.10)

(3.11)

where W is the width of the Hele-Shaw cell in y direction and L is the length in x
direction. At the far left end, the concentration of phase I is c 1• Since we are dealing with
pure components c 1 = 1. At the right edge, the concentration of phase I is zero which
means that phase II is solvent free. Here equation (3 .11) represents periodicity in the
transverse direction in terms of concentration and velocity, but the x direction periodicity
of the concentration poses a problem. One method to apply periodic conditions for the
concentration in the x direction consists of doubling the domain size through a reflection
at the right boundary x = L. Tan and Homsy (1988) and Zimmerman and Homsy (1991)
used this approach in their simulations. This method of doubling the domain makes the
problem computationally more expensive. In another approach, first suggested by
Manickam and Homsy (1993) and successfully implemented in the work of Singh and
Azaiez (2001 ), the total concentration at any time in space is split into two components the solution of the one-dimensional convection-diffusion equation c(x,t) and a
disturbance concentration, c' (x, y, t) as shown below:

c(x,y,t) = c(x,t)+c'(x,y,t)

(3.12)

In this approach, we need to solve the numerical problem only for the disturbance
concentration c, instead of solving for the total concentration and then the total
concentration can be obtained from equation (3 .12). The disturbance concentration c' is
zero at both boundaries x = 0, and

x = L, which makes the concentration periodic in the

x direction. By solving for the disturbance concentration c ' instead of the total

concentration, the need for doubling the domain is avoided, which makes the method
computationally more efficient. The simulations are stopped well before the fingers reach
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the other streamwise boundary. Thus the new periodic boundary conditions in the x
direction can be presented as:

(u,c'XO,y,l )= (u,c'XL,y,l)

(3.13)

3.2.2.b Initial Conditions
A constant linear velocity in the x direction and a given two-dimensional distribution of
the solvent concentration are assumed at l = l 0 , as appropriate initial conditions:

at t = t 0

u

= U,v = 0

\t(x,y),

C

= c0 (x,y,l = lJ

\t(x,y),

(3.14)

The initial condition used for the concentration profile needs some further clarification.
As it was discussed previously the total concentration consists of two components the
base state concentration and the disturbance concentration; we can introduce either a
random perturbation or a single wave of very small magnitude in the base state
concentration, at the interface in the y direction, at a small time l O to represent the initial
concentration distribution. A mathematical description of the initial condition based on a
random perturbation is:

(3.15)
where 8 is the magnitude of the disturbance, rand is a random number between -1 and 1,

a is a parameter that determines the penetration of the disturbance from the front,

l O is

the

initial time at which the perturbation concentration is added to the base state profile. The
parameters 8, a and l 0 all are small relative to unity, and the choice of these variables
determines the qualitative nature of the initial front. The use of random numbers as small
perturbation allows the inclusion of the whole spectrum of wavenumbers. A single wave
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can be introduced as the initial disturbance concentration only by replacing rand(y) with
either sin(K y) or cos(K y ), where K represents the wavenumber.

3.2.3 Scaling of the Governing Equations
In order to make the governing equations dimensionless, characteristic scales have to be
introduced. A detailed and lucid analysis of the pertinent scaling considerations for
displacements in a domain of finite length L and height W is provided by Tchelepi
(1994). In particular, he points out that in the absence of dispersive and diffusive effects,
scaling of the spatial coordinates (x, y) with the respective dimensions (L, W) of the flow
domain (convective scaling) allows similarity considerations among reservoirs of
different aspect ratios

A=~

(3.16)

w

We explored both diffusive and convective scaling of the model equations in this study.
a) Diffusive scaling: The diffusive length DIV and diffusive time DIU2 are chosen to
make the length and time parameters dimensionless. Since the permeability k of the
medium is constant, it can be included in the viscosity itself. Letting µ / k asµ , and
scaling it by the viscosity of the displacing fluid, µ 1 and scaling pressure P by the
characteristic pressure AD, the dimensionless quantities obtained are:

u2

(3.17)

Tan and Homsy (1988), Zimmerman and Homsy (1991) and Singh and Azaiez (2001)
used the diffusive scaling successfully in their nonlinear simulations of viscous fingering.
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b) Convective scaling: We take the horizontal extent L of the flow domain as the
characteristic length scale in both directions. The average velocity U serves as the
velocity scale, so the time scale is obtained as LIU. Furthermore, by scaling viscosity and
pressure with µ 1 and ULµ/k respectively, the dimensionless quantities for convective
scaling are:

(3.18)

Ruith and Meiburg (2000), and Meiburg and Chen (2000) used convective scaling in their
simulation of miscible rectilinear displacements.
For convenience, we choose to transform coordinates from a fixed frame to a Lagrangian
frame of reference, which moves with the average velocity U. The transform is expressed
as:
I\

x* = x- it* , y* =

y

(3.19)

I\

u* =U-i
where i is the unit vector in the x direction. After scaling, the equations and the boundary
conditions take the following forms:

Equations:
The continuity equation

\7.u* =;== 0

(3.20)

Darcy's law

\7 P* = - µ * (u * +i)

(3.21)

The convection-diffusion equation takes two different forms, depending on the scaling
option.
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For Diffusive scaling

ac*
-+u*.Vc*=V 2c*
at*

(3.22)

For Convective scaling

1
ac*
-+u*.Vc*=-V 2 c*
at*

(3.23)

1 dµ*
Viscosity-concentration relation ln(µ*)=R(l-c*) or - - - = - R
' µ*de*

(3.24)

In equation (3.23) the dimensionless parameter Pe, Peclet number is defined as:
p =LU
e

D

(3.25)

The Peclet number has been defined based on the length of the domain and represents the
ratio of the convective forces over diffusive forces. In order to account for the geometry,
one other dimensionless parameter is already introduced in equation (3 .16), the aspect
ratio A. The parameter A, determines the number of fingers in the transverse direction,
which will be observed from the simulation results.
After performing diffusive and convective scaling of the model equations, the boundary
conditions in terms of total concentration are:
Boundary conditions for diffusive scaling:

Streamwise direction
u* = 0, v* = 0, c* = 1 at x * = - t*
u*=0,v*=0,c*=0 at x*=Pe-t*

(3.26)

Transverse direction
(u*, v*,c*) (x*,0,t*) = (u*, v*,c*) (x*,P/A, t*)

(3.27)

Boundary conditions for convective scaling:

Streamwise direction
u* = 0, v* = 0,c* = 1 at x* = - t*
u*=0,v*=0,c*=0 at x* = 1-t*

(3.28)
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Transverse direction
(u*, v*,c*) (x*,0,t*) = (u*, v*,c*) (x*, 1/A, t*)

(3.29)

It is worth mentioning that although we have not updated the position of the streamwise
boundaries as described in equations (3 .26) and (3 .28) in our simulation, this can be done
quite easily using the above relations. In all what follows, for convenience, the asterisks
will be dropped from the dimensionless variables.

3.2.4 Vorticity and Streamfunction Formulation
For the purpose of solving the model equations numerically, we follow earlier authors
(Tan and Homsy, 1988; Zimmerman and Homsy, 1991; Meiburg and Chen, 2000; Singh
and Azaiez, 2001) who found it more convenient and efficient to work in terms of
vorticity and streamfunction than pressure and velocity field. So the problem 1s
formulated in terms of the stream.function and vorticity defined in the usual fashion:

alf/

. ay '

U=-

alf/

v=--

(3.30)

ax

av au

(3.31)

ax ay

{j)=---

The streamfunction lf/ and the vorticity

V21f/ = -w

I

OJ

are related by the following equation:

(3.32)

where V2 is the Laplacian operator.
The convection-diffusion equation is written in the following forms for convective and
diffusive scaling options:
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For Diffusive scaling
, For Convective scaling

ac + 8lj/ ae _ 8lj/ ae = vie
at 8y ax ax 8y

(3.33)

ac + 8lj/ ae _ 8lj/ ae =_!__vie
at ay ax ax ay

(3.34)

Taking the curl of equation (3.21), we get:

µ( 8v _ 8u) = (u + l) 8µ _ 8µ
ax ay

ay

ax'

(8\v 8c + 8'v 8c + 8c)

or,

µco= 8µ
8c

or,

m = 8lnµ (<AV

or,

V

ax ax

8y 8y

8y

8c + 8\v 8c + 8c)

ac ax ax

ay ay ay

w=-R(z:+::+:)

(3.35)

which is the vorticity formation equation. Equation (3.35) shows that vorticity 1s
produced by the concentration gradients not perpendicular to the flow.
One of the major advantages of using streamfunction-vorticity formulation is that the
continuity equation is satisfied automatically. As a result, to obtain the variation of
displacing fluid concentration in the computational domain with time our problem
reduces to solving the convection-diffusion equation (equation 3.33 and 3.34) and the
vorticity formation equation (equatf~n 3.35) simultaneously.

3.2.5 Modified Forms of Equations and Boundary Conditions
With the total concentration expressed as the disturbance plus the base state, the
convection-diffusion equation can be written as follows:
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For diffusive scaling

ac'J -alf/ax ac'ay = aaxc2

ac + ac' + alf/ (ac +
at at ay ax ax

2

+

a c' + cJ2c'
ax 2 ay 2
2

(3.36)

For convective scaling
(3.37)

Since the base state concentration c satisfies the following equations:

ac - -a c
at - ax 2
.
.
ac 1 a c
For convective sea1mg - = - - at
ax 2
2

For diffusive scaling -

(3.38)

2

(3.39)

equations (3.36 and 3.37) can be rewritten as:

ac' = -J + -a c' + -a c'
at
ax2 ay2
2

For diffusive scaling -

.

. ac'

2

(a

(3.40)

c'J

1 -c' +-a2
Forconvectlvescalmg-=-J+2
where

at

J

= alf/ (ac +

2

2

ax

ay

ac'J- alf/ax ac'ay

ay ax ax

(3.41)
(3.42)

The vorticity formation equation can be written as:

m = -RN

(3 .43)
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where

(3.44)

The boundary conditions in terms of perturbation concentration, streamfunction and
vorticity can be written as:
For diffusive scaling:
Streamwise direction

(lJl,m,c'Xo, y, t} = (lf!, m, c'X~, y, t}

(3.45)

Transverse direction

(lJl,m,c'Xx,O, t)= (lf!,cv,c'Xx,~ I A, t)

(3.46)

c'Xo, y, t} = (lf!, cv, c'XI, y, t}

(3.47)

For convective scaling:
Streamwise direction

(lf!, m,

Transverse direction

(IJI, m, c'Xx,O, t) = (IJI, cv, c'Xx,l I A, t)

(3.48)

3.3 NUMERICAL SIMULATIONS
In order to solve the model problem numerically for high mobility ratios, we have
attempted two different computational approaches. At first a combination of PseudoSpectral and Finite Difference method is implemented. The equations are transformed
into Hartley space using Hartley transform and then the resulting ordinary differential
equation for concentration is advanced in time. Semi-implicit time-stepping algo.rithms as
well as explicit schemes are attempted and it is observed that at higher mobility ratios
numerical instability causes the code to diverge at a very early stage of the nonlinear
evolution of viscous fingering. As we will discuss later, since it is difficult to implement
fully implicit time-stepping algorithm with Spectral method, a Finite Difference based
computational algorithm has been developed that solves the time-dependent convectiondiffusion equation by means of fully implicit Alternating-Direction Implicit (ADI)
method. This novel algorithm combines the ease of implementation, the stability of a
fully implicit time-stepping algorithm and the accuracy of the Spectral method while
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evaluating streamfunction from Poisson equation using a spectral module. Details of the
implementation of this newly developed Finite Difference- Pseudo-Spectral algorithm
will be presented later in this section along with the convergence and validation tests.

3.3.1 Pseudo-Spectral Simulation of Visco~s Fingering
In our Pseudo-Spectral approach to simulate viscous fingering in high mobility ratio
miscible displacements, we have implemented a Spectral method called Hartley
transform. Tan and Homsy (1988), Zimmerman and Homsy (1991) and Singh and Azaiez
(2001) used spectral methods successfully in their simulations involving rectilinear
displacement in Hele-Shaw cell. The major advantage of using Spectral method is that,
the governing nonlinear partial differential equations can be easily recast into a system of
ordinary differential equations in time, in transform space. Then, the ordinary differential
equation is stepped in time using some explicit or semi-implicit predictor-corrector timestepping algorithm and by performing inverse transform of the variables the solution is
obtained in real space, at any time.
In the following subsections, we will provide a brief description of the Hartley transform
followed by the presentation of the governing equations in the transform space using
diffusive scaling. Similar equations can also be derived for the convective scaling. The
implementation of a semi-implicit time stepping algorithm, second-order AdamsBashforth as predictor and second-order Adams-Moulton as corrector, will be discussed
in detail while other explicit and semi-implicit algorithms we attempted will be stated
briefly.

3. 3.1.a Pseudo-Spectral Method: Hartley Transform
Spectral methods are very powerful numerical tools, widely used in computational fluid
dynamics. Laplace transform and Fourier transform are well known transforms in
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engmeermg and science. Discrete spectral methods (Pseudo-Spectral methods) are
implemented in numerical algorithms for solving partial differential equations (for details
of the implementation, see Canuto et al. 1987). Some of the advantages of spectral
methods over other conventional numerical algorithms are as follows:
•

Spatial derivatives are computed to a high degree of accuracy.

•

Physical dispersion is resolvable for large domain sizes.

On the other hand, several restrictions have to be considered before using the transform
for an arbitrary function such as:
•

The integral of the absolute value of the function must exist over the whole
domain of -oc to oc. A periodic function with infinite number of maxima and
minima over a finite interval can also have transform if it satisfies the bounded
variation condition.

•

Any discontinuities in the function are finite.

•

Boundary conditions of the function have to be periodic.

These limiting conditions are more or less common among all spectral methods (for
details of the application of spectral transforms, see Bracewell, 2000).
The Fourier transform, widely used by mathematicians and engineers in the solution of
differential, integral and other equations, is in general a real to complex transform. Since
in fluid flow and similar natural phenomena we only deal with real data, the Hartley
transform, a special case of Fourier transform that performs real to real transform,
appeared to be the transform of choice in our simulation. Hartley introduced the
following direct and inverse transforms in 1942:

(3.49)
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(3.50)

For a real function g(x), its waveform in transform space is also real. Therefore, one
could only deal with real numbers by implementing the Hartley transform.
In order to implement the Hartley transform in numerical analysis, the Discrete Hartley
transform (DHT) and the Fast Hartley transform (FHT) algorithm were introduced. The
two-dimensional DHT of an arbitrary function g(x,y, t) is defined as:

(3.51)

The above equation is a version of the DHT definition where the form of the transform
and its inverse are the same. In this equation casx = cosx + sinx, kx and ky are the discrete
wavenumbers and Nx and Ny are the number of spectral modes in the x and y direction
respectively. It is worth mentioning that there can be different definitions for DHT. The
derivatives of a function in the Hartley transform space can be easily derived from the
transfer of the function by using Hartley transform derivative theorems:

H[! g(x,y,t)] =-2k,1Cg(-k,,-ky,t)

!
Hr:,
Hr:,
H[

(3.52)

g(x,y,t )] =-2k,1Cg(-k,,-ky,t)

(3.53)

g(x,y,t )] = -41C2 k; g(k,, ky,t)

(3.54)

g(x,y,t}-41C 2k: g(k,,ky,t)

(3.55)
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(3.56)

It can be easily found that the derivative terms reduce to simple algebraic expressions in
transform space. Furthermore, if the discretized domain of the function can be specified
as 2 raised to some power P, that is N = 2P, then Bracewell (2000) showed that by
implementing the Fast Hartley transform algorithm (FHT) the number of arithmetic
operations can be reduced to the order of Nlog

2

N or NP. The introduction of FHT

algorithm assisted many users to run their programs even faster. Based on this
knowledge, we have chosen DHT with FHT algorithm among the spectral methods for
our numerical analysis.
Bracewell et al. ( 1986) also showed that a two-dimensional Hartley transform can be
achieved by performing a one-dimensional DHT on every row, followed by applying the
DHT to the columns. These consecutive operations would result in a modified DHT:

The result of this transform can be converted to the desired two-dimensional DHT by
implementing the following simple trigonometric identity:

2cas (a+/J) = casa.cas/3+ casa.cas(-/J) + cas(-a).cas/3- cas (-a).cas(-/J)

(3.58)

Therefore, the two-dimensional DHT can be calculated from the modified onedimensional DHT using the following relation:
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We have implemented this method in our simulation as one-dimensional Hartley
transform is also computationally more efficient in time. Once this transform is applied to
the governing partial differential equations, we will end up with a system of ordinary
differential equations in time, as it was mentioned earlier in this section. This system of
ordinary differential equations will then be solved with the appropriate initial conditions.
It is worth mentioning that the periodic boundary condition is a prerequisite for the
implementation of any kind of spectral method and we already set the boundary periodic
for the variables involved.

3.3.1.b Governing Equations in Hartley Space
Once the problem has been formulated in terms of the streamfunction and vorticity, we
are left with three variables; the perturbation concentration c, streamfunction
vorticity

OJ.

If/

and

We can expand the variables as follows:

(3.60)

(3.61)

(3.62)

where,

k
i

k

J

= 2m
L

X

= 27if

'

L '
y

i = 0, l, 2, .... , Nx - 1
(3.63)

j = 0, l, 2, .... , Ny- l
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In the above equations, the transform of the functions can be calculated by Fast Hartley
transform if the values of the functions are known at the collocation points:

(3.64)

Let us denote by

ci,J , ,fti,J

and

mi,J

the discrete fast Hartley transform of the real values

of the concentration perturbation c, the steamfunction

lf/

and the vorticity

OJ,

at the

collocation points as defined above. Once we apply the Hartley transform derivative
theorems (equations 3.52-3.56) on the governing equations of our problem, we will
obtain the following discrete sets of equations for the concentration and the vorticitystreamfunction relationship (equations 3.40, 3.43 and 3.32):

dci,J
" . - (k .2 +k 2~
-==-J
. l.,J.
dt
I ,]
I
J

(3.65)

m.. = -RN ..

(3.66)

m.. = (k~ + k~ \J//z,J
~, . .

(3.67)

l,J

l,J

l ,J

l

J

The treatment of the nonlinear terms J and N, described in equations (3.42) and (3.44),
deserves some detailed discussion., Since the Hartley transform of the product of two
functions is not the product of the Hartley transform of these two functions, one has to be
careful in determining the Hartley transform of the nonlinear terms. The strategy we
followed consists of determining the nonlinear term in the real space and then taking the
Hartley transform.
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3.3.1.c Time-Stepping Algorithms
In this subsection we will focus on different time-stepping algorithms that we tested for
solving the transient problem of viscous fingering for high mobility ratio (MR)
displacements using Pseudo-Spectral method. We conducted the numerical investigation
by carrying out a number of tests to know the limits in MR for simulating viscous
fingering. It is clear that equations (3.66) and (3.67) are algebraic equations, while
equation (3.65) is a first-order differential equation in time. In order to solve this ordinary
differential equation and advance the concentration in time, we applied a second-order
Adams-Bashforth (AB2) predictor method and a second-order Adams-Moulton (AM2)
corrector method along with a diffusive-convective operator-splitting algorithm. In this
way, the results would be more stable. The correction evaluation scheme for
concentration was iterated 2 to 5 times in order to ensure convergence of the code for
larger values of Pe and R. Since the time stepping algorithm is semi-implicit and often
shows numerical instability at values of R larger than 3.2, we focused on determining the
limit in R for which the predictor-corrector routine and its variants remain stable. The
other predictor-corrector schemes we tested include AB 1-AM 1, AB3-AM3 and AB 1-1st
Order Implicit methods. Later in this study, we tested few high accuracy explicit ODEIVP (ordinary differential equation-initial value problem) solvers from netlib repository,
to determine their performance for solving the stiff problem of viscous fingering. In all
these simulations, we started with random concentration perturbations of small
magnitude 8 in the transverse direction at the interface, typically the values of 8 and cr
were set to 0.01.
The following details on the implementation of AB2-AM2 time-stepping algorithm is
shown for diffusive scaling of the governing equations, whereas the same can be done for
convective scaling of the equations with some minor changes.
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3. 3.1. c.1 Implementation o{AB2-AM2 Time-stepping Algorithm

At first the second-order Adams-Bashforth predictor method is used to advance only the
convective term in time. The first step will provide us with a provisional value for
perturbation concentration as shown in the following equations:
ci ,j (t + ~t )- ci,j (t)
3
1 ,. ._, (
)
- - - - - - = = - J . . t --J .. t-~t
~t
2 l,j
2 l,j
r--J

where,

(

(3.68)

)

() ,. . () (k/+kJ) t '"" (
)
,...p (
) (k{+kJ)
c.l,J. t = c.l,j. t .e
c.l,J. t + ~t = c.l,J. t + ~t .e
,
,. . , ( )

,. . ( ) (kf +kj) t

J l,J.. t ==-Jl,J.. t .e

,

(t+M)

(
)
,... (
) (k/ +k]) (t-At)
J l,J.. t-L1t =-Jl,j.. t-L1t .e

(3.69)

The predicted value of perturbation concentration can now be computed as:

ci,J t + L1 t
,-.p (

)

" ()
" (t ={"ci,J (t) + LJf [ - 3Ji,J
t + J;,1

2

)

L1 t . e

-(k/+kJ)

Llt]} . e-(k/+kJ) Llt

(3.70)

In the above equations, the exponential term is a result of the analytical solution for the
diffusive term in equation (3 .65). It is necessary to mention that to initiate the numerical
algorithm at time equal to zero, the first prediction is done using forward Euler method,

m{,it + M) can
be calculated using c{,it + M) values in equation (3.66), then the value of f;,it + M) can

since we do not have values for the previous time step. Now the value of

be updated using equation (3.67).
In the next step, the predicted value of the concentration is corrected using a second-order
Adams-Moulton corrector method as stated bellow:

50

cj ,J(t +-M-)-S.J-(t)-_ _!_ [~J . .(t+M ) +J~.. (t )]
lit
2 l,J
l ,J
where,

(3.71)

A ) - "C (
c'"'l,J
. .( t+nt
-cl,J
. . t+~t } e (k/ +k]) (t+ru)

-----

(

Ji.J t

+ L1 t = -J
)

"p

(

i.J t

+ L1 t

)

.e

{k/+kj)

(t+L1t)

(3.72)

The corrected value of the perturbation concentration can now be computed as:

"c (

C. · f
l,j

.A ) = {,..
( )e-(k/ +kj) L1t + L1 ( [- J" p __ ( t + LJ(
A ) - J"
()
(k/ +kj) L1t ]}
+ LJf
C. · f
.. t . e
2
'
l,j

lj

l,j

(3.73)

In what follows, we will briefly describe the various test results on predictor-corrector
routines for solving the model problem of viscous fingering.
3.3.1.c.lJ Tests on Predictor-Corrector Routines

Tests on Predictor-Corrector (PC) routines can be subdivided into two categories: PC
routines using Operator Splitting algorithm and PC routines without Operator Splitting
algorithm. Hence, we will cover the topic under two headings.
PC Routines using Operator Splitting Algorithm:
In order to step the time-dependent concentration ODE in time, convective-dispersive
Operator Splitting algorithm was used in two different Predictor-Corrector routines
(nstep2 and bnstep2). Both of these routines were successfully used for nonlinear
simulation of viscous fingering for values of R up to 3, equivalent to a mobility ratio of

e 3 = 20.08. We carried out tests on these routines to determine their limits in R and the
simulation parameters were set as: Pe= 1000, A = 2, ta= 0.5 and dt = 0.05.

51
Name of the Routine

Predictor

Corrector

nstep2

2°e1 order Adams-Bashforth

2° order Adams-Moulton

bnstep2

3re1 order Adams-Bashforth

3r order Adams-Moulton

Table 3.01

Time stepping subroutines using Operator Splitting Algorithm.

Variation of number of iterations (Niter) in the Corrector step and spatial resolution (N):
Niter was assigned the values of 12,18,24,30 and 36 and spatial resolution, N varied from
64 to 256. The tests were carried out using both nstep2 and bnstep2 routines.
•

For R = 3.1, simulation could proceed up tot= 250 for all values ofN and Niter•

•

For R = 3.2, simulation could proceed up tot= 250 for N = 256 and Niter= 12, but
diverged at t < 20 for N = 256 and Niter > 12. Whereas simulation could proceed
up tot= 250 smoothly for N = 128 with all values of Niter•

•

For R > 3.2, simulation diverged at t < 22 for all values of Nter and N that we
examined.

At R = 3.2, the divergence of the code for N = 256 and Niter> 12 might be due to the
accumulation of round-off error, which could increase with increase in number of
iterations (Niter)- At R > 3.2, the numerical instability of the semi-implicit time-stepping
algorithms might be the reason for early divergence of the code.
The later tests were carried out for R = 3.5, to find out how far the solution can advance
in time for the time stepping algorithms used.
Variation of time step size, dt:
The time step dtwas assigned the values of0.05, 0.01 and 0.001.
For all simulation runs varying dt, the numerical code diverged fort slightly larger than
10, and the computational time incre<;tsed significantly with decrease in step size, dt.
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Again we suspect that numerical instability of the algorithms might be causing this earlier
divergence of the codes.
PC Routines without Operator Splitting Algorithm:
Since the above two routines were unable to continue integration of the concentration
ODE up to some higher value oft for R = 3.5, we looked at two first order PredictorCorrector algorithms which are believed to be numerically more stable than the second
order PC routines that use Operator Splitting algorithm. In all these simulations spatial
resolution was set to 128X128 grids.

Name of the Routine

Predictor

Corrector

fingabl.f

1st order Adams-Bashforth

1st order implicit Euler

fingabml.f

1st order Adams-Bashforth

1st order Adams-Moulton

Table 3.02

First order semi-implicit Predictor-Corrector subroutines for time stepping.

Variation of time step size dt for these routines also resulted in limitations similar to the
previous ones, which can be summarized in the following table.
Step
size,

dt

time (hr)

fingabl.f

bnstep2

nstep2

fingabml.f

fcore

time(hr)

fcore

time(hr)

fcore

time(hr)

fcore

0.001

1:35

11

1:35

11

1:36

11

1:36

11

0.010

0:19

12

0:19

12

0:20

12

0:20

12

0.050

0:04

13

0:04

13

0:04

13

0:04

13

Table 3.03

Effects of time step size on Predictor-Corrector routines.
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Here, time represents computational time required to reach t = l 0, and

tcore

is the value of

t at which the numerical code diverged.

It can be concluded from the tests on Predictor-Corrector routines that at R = 3.5 the
system of ODE becomes so stiff that no improvement in time advancement can be
obtained by changing the order of the Predictor-Corrector routines.
3.3.1.c.III Implementation o{High accuracy explicit ODE !VP Solver Routines

Though we suspect the numerical instability observed at high R might be due to the semiimplicit nature of the time-stepping algorithms, we also wanted to check if the stiffness of
the problem can be solved using some self adaptive high accuracy explicit solvers. Thus
in a later attempt, we tried some high accuracy ordinary differential equation-initial value
problem (ODE IVP) solver routines from netlib repository, for testing their performance
to simulate viscous fingering at R = 3.5. The double precision routines ode.f and dverkf
were selected for test. In what follows, we will give a brief description of the routines and
later the tests carried out using these routines will be discussed.

dverk.f is a runge-kutta subroutine based on vemer's fifth and sixth order pair of

formulas for finding approximations to the solution of a system of first order ordinary
differential equations

with

initial

conditions. It attempts to keep the global error

proportional to a tolerance (to!) specified by the user.
ode.f is an ODE IVP solver, which uses Adam's method. In ode.f differential equations

are actually solved by a suite of codes - de, step, and intrp. de is a supervisor, which
directs the solution. It calls on the routines step and intrp to advance the integration and
to interpolate at output points. step uses a modified divided difference form of the Adams
Pece formulas and local extrapolation. It adjusts the order and step size to control the
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local error per unit step in a generalized sense. The error tolerance for ode.f is related to
the following terms:

re/err, abserr -- relative and absolute error tolerances respectively for local error test. At
each step the code requires the condition, dabs(local error) .le. dabs(y)*relerr + abserr to
be satisfied for each component of the local error and solution vectors (y).

Tests on dverk.f and ode.f:
At first, dependence of run time on tolerance values for individual routines was tested.
While testing these routines all the simulation parameters were set as before except
setting dt to 1 and the spatial resolution to 128X128 grids.

Varying tolerance limits:
For dverk.f, to/ was assigned values of 10-4, 10·5and 10-6. In this test, simulation could not
exceed t = 2.5 and on average it took about 1.5 hours to advance a unit time step. The
solution diverged with the error message "ind= -3", which indicates that the subroutine
was unable to satisfy the error requirement with a particular step-size that is less than or
equal to minimum step size (hmin), which may mean that to/ is too small. Increasing the
value ofhmin from its default value of '0' did not improve the results.
For ode.f, absolute error term was set to 10·9 and relative error was assigned with values:
10·6 , 10-7and 10·8 . Though there is an option in the routine for automatic adjustment of
tolerance limits, simulation time

was

found to be increasing with decrease in value of

relative error. For all tested cases, simulation could advance up to t = 5 and after that it
diverged giving the indication that the ODE is stiff. It took about 40 minutes to advance a
unit time step for this routine.
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For ode.f, absolute error = 10-9 and relative error = 1o-6 and for dverk.f, to! = 10-6 was set
to find the effect of step size, dt on run time. In both cases dt = 1 took the least run time
to advance a unit time step.
From all the above simulations, it can be concluded that none of the routines used was
capable of solving the stiff concentration ODE to a high level in time for R = 3.5. We
could not use many other Stiff or Non-stiff ODE IVP solvers from net (like 534 STINT,
na19, mebdfae.f and vodpk.f) since they require derivative of the term dc/dt with respect
to

c, which is difficult to evaluate in Hartley space. The major complicacy seats in the

fact that the Hartley transform of the product of two functions is not equal to the product
of the Hartley transform of the functions involved, hence it gets difficult to evaluate the

c derivative of the nonlinear term in the expression for de/ dt in equation (3 .65).
So far, our attempts to simulate viscous fingering using spectral method with semiimplicit or high-accuracy explicit time stepping algorithms failed for R > 3 .2, and we
suspect the reason to be the unstable nature of the time-stepping algorithms which
ultimately caused the code to diverge. This numerical instability might be overcome by
implementing a fully implicit time stepping algorithm which is again difficult to do with
Pseudo-Spectral method, due to the same complicacy as stated above. In later part of this
research, we switched our numerical approach to conventional Finite Difference method
in order to implement a fully implicit time stepping algorithm that can attain more
stability in simulating viscous fingering at high mobility ratios.

3.3.2 Finite Difference Simulation of Viscous Fingering
The use of Finite Difference method for unstable rectilinear miscible displacement
simulation dates back at least to the work by Peaceman and Rachford (1962). Over the
three decades following this early and ground breaking work, a host of novel numerical
approaches for the simulation of miscible displacements has been introduced and tested
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on problems of varying degrees of difficulty. Many authors used Finite Difference
discretizations, cf. Christie and Bond (1987), Christie (1989), Bradvedt et al. (1992),
Fayers et al. (1992), as well as Sorbie and Collaborators (Sorbie et al. 1992 and Zhang et
al. 1997). With the advancement of computer hardware, the major limitations of Finite
Difference method (e.g. requirement of very large storage size and computation time in
order to avoid significant numerical dispersion) are becoming less pronounced which also
motivated us to explore the use of the Finite Difference method in our research.
In this part of the research, we looked for a fully implicit method in order to overcome
the instability constraint of the explicit or semi-implicit time-stepping algorithms that we
suspected as the reason for the failure of high accuracy Pseudo-Spectral method. The
Alternating-Direction Implicit (ADI) method in two-dimension, first introduced by
Peaceman and Rachford (1955), appeared to be a prospective candidate. Meiburg and
Chen (2000) used ADI method in their simulation of miscible displacement in five-spot
geometry. Though the authors claimed about implementing fully implicit ADI scheme in
their simulation, we noticed that Meiburg and Chen (2000) failed to do so by setting the
velocity field frozen at the old time-point while stepping in time, which the authors had to
set for the convenience of using compact high-order Finite Difference method (Lele,
1992). We followed a similar formulation as Meiburg and Chen (2000) in our study, but
used conventional Finite Difference method to retain fully implicit nature of the ADI
method, which made our algorithm unique in nature. In the final form of our ADI
scheme, we attained second order accuracy in time, second order accuracy in determining
implicit spatial derivatives, and spectral accuracy for explicit derivatives. We also used a
spectral module to determine stre~function from vorticity distribution by solving the
Poisson equation. Thus we could combine the stability of the ADI scheme and the
accuracy of the Hartley transform based spectral method in our simulation of viscous
fingering at high mobility ratios using this unique numerical algorithm. We named the
scheme as Finite Difference-Pseudo-Spectral (FD-PS) algorithm.
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In the following subsections, we will give a brief description of the ADI scheme that we
used in our simulation followed by a study of the effects of spatial resolution on the
achievement of our goal of simulating viscous fingering at high mobility ratios. Finally,
we will discuss the Finite Difference-Pseudo-Spectral (FD-PS) implementation of the
ADI scheme which is one of the original contributions of this research. We will conclude
this section by performing validation and convergence tests on the newly developed
numerical algorithm. In further developments, we will use only the diffusive scaling of
the equations.

3.3.2.a Alternating-Direction Implicit(ADI) Scheme
Unlike Pseudo-Spectral method, when implementing the Finite Difference method our
problem is to solve two 2-dimensional partial differential equations; one of which is timedependent (convection-diffusion equation) whereas the other one is not (the vorticity
formation equation). The Alternating-Direction Implicit (ADI) scheme is used to solve
the transient convection-diffusion equation. Ferziger (1981) showed that the ADI method
is consistent, O(~r) + O(~.x2) + O(~y2) , and unconditionally stable.
While solving the convection-diffusion equation, our ADI procedure of second order
accuracy in time, advances the concentration field over a full time step by carrying out
two successive half steps. During the first one of these, the convection and diffusion
terms in the x-direction are treated implicitly, while those in they-direction are dealt with
explicitly. During the second half s_tep, the roles are reversed, so that now the y-direction
is implicit while the x-direction is explicit.
The order of the spatial derivatives varies slightly for the two types of implementation of
the ADI scheme we attempted. In one approach, vorticity formation equation is combined
with the Poisson equation for vorticity and streamfunction, and the resulting equation is
solved along with the convection-diffusion equation. Finite difference discretization of
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this coupled system of nonlinear PDEs results in a large system of nonlinear equations.
Globally convergent nonlinear solvers from netlib repository and numerical recipes are
used to solve the large system of nonlinear equations. Both uniform and non-uniform
grids are tested to investigate the effect of spatial resolution. In the formulation using
uniform grids, convective and diffusive terms are always determined with second order
accuracy, whereas for non-uniform grids, convective terms are determined with second
order and the diffusive terms are with first order accuracy.
In an alternate and most successful approach, the convection-diffusion equation

(Equation 3.40) and the vorticity formation equation (Equation 3.43) are solved
simultaneously for concentration, and the Poisson equation (Equation 3.32) relating
vorticity and streamfunction is used to obtain streamfunction values from the vorticity
distribution. While solving the convection-diffusion equation (Equation 3.40) using ADI
scheme both convective and diffusive terms are discretized with second order accuracy
when implicit, and with spectral accuracy (using Hartley transform) when explicit. Right
hand side of the vorticity equation (Equation 3.43) is always determined with spectral
accuracy. The elliptic Poisson equation for the determination of the streamfunction from
the vorticity distribution is also solved using fast Hartley transform method. After
obtaining the streamfunction, the velocity components are computed by differentiation in
Hartley space.

3.3.2.b Effects ofSpatial Resolution Using ADI Method
I

Although Meiburg and Chen (2000) treated velocity components frozen at the previous
time level in their implementation of AD I method, in order to retain full nonlinear
characteristics of the convection-diffusion equation we attempted to treat the velocity
components fully implicitly as the concentration derivatives are treated. We attempted to
implement this using both uniform and non-uniform grids, and both cases ended up with
solving large systems of nonlinear equations to get the concentration and streamfunction
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values at the next time level. We tested several globally convergent routines in order to
solve the large system of nonlinear equations, which will be discussed later.
3. 3. 2. b.l Implementation ofADI Method on Uniform Grid

This approach splits the full time step Llt into two half steps of size Llt/2. During the first
half step, the convection and diffusion terms in the x direction are treated implicitly,
while those in they direction are dealt with explicitly. During the second half step the
roles are reversed, that now they direction is implicit while the x direction is explicit. The
solution strategy for the semi-discrete set of equations will be discussed only for the first
half step of Llt, whereas it is the same for next half step. The following notations are
considered for time points.

en .
l ,j

•

n(at t)

c·.

•

l,j

*(at t+½ Llt)

n+l(att+ Llt)

For time advancement from t to t + ½ Llt, taking implicit step in x direction and explicit
step in y direction, and using second order centered difference formula for the spatial
derivatives the convection-diffusion equation (equation 3.40) results in the following
semi-discrete set of equations which are linear in C* and

,r:

(3.74)

here

cx(i ,J)

represents the x-derivative of the base state concentration profile at

intermediate time level, which can be obtained analytically (see Appendix A). On the
other hand, using the equation (3.32) for vorticity in vorticity-streamfunction relation
(Equation 3.43), we can get the following semi-discrete set of equations which are
nonlinear in C* and ~:
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• ,j
_ lf/ i+l

2•
• , j + lf/ in, j+I
lf/ i,j + lf/ i-1

-

[

~2x

-

n] = Q

2lf/ in, j + l.f/ i,j-1

~2y

(3.75)

Solution strategy for the system of equations:
To solve the system oflinear and nonlinear equations simultaneously for C* and lj/*, we
expressed equations (3.74 and 3.75) in terms of functions as follows:

c·.-en.
I,)

o/i

• F(i,j) = 0
and

G(i, j) =
•
_ \if;+J,j
[

(3.76)

l ,j

H

R[ 1";·+1.;::-,,j(c,(;.jJ + c;\-;/,.j v,;j•;:;;j_, + Itj•;:it1-,]
-

2•
;

n]

•
n
2n
+ \if1-/,j
+ V'1,J+l
- ; ; + V't,j-1

(3.77)

• G(i,j)= 0
Using m number of grids in x direction and n number of grids in y direction, the total
number of unknown values of C* and

lf/*

will be: q = 2 x m x n .

In order to perform efficient solution of the nonlinear system of equations, we looked for
iterative solvers, and globally convergent algorithms newt and broydn (from numerical
recipes) appeared to be potential candidates. It is worth mentioning that a globally
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convergent method is one that converges to a solution from almost any starting point.
Both of these nonlinear solvers use line s~arch and backtracking technique (the routine
lnsrch) in order to ensure convergence, while the difference exists in the evaluation of the
jacobian matrix. newt uses the Finite Difference routine fdjac to evaluate jacobian matrix
at every iteration, whereas broydn uses an update procedure to evaluate jacobian matrix
which is numerically more efficient for large problems in absence of analytical jacobian.
Using this globally convergent method the solution of a set of nonlinear equations
F(x) = 0, is obtained through minimizing a function 1 = .!_F. F. In this minimization
2
procedure the full Newton step is tried first, because once we are close enough to the
solution we will get quadratic convergence. However, we check at each iteration that the
proposed step reduces f If not, we backtrack along Newton direction until we have an
acceptable step. Since the Newton step is a descent direction for f, we are guaranteed to
find an acceptable step by backtracking, which is the main idea of line search technique.
Readers are referred to Dennis and Schnabel ( 1983) for details of the method.
The first step to solve equations (3.76) and (3.77), using an iterative solver is to provide
the solver with some initial guess for the unknowns. We chose the values of C and
time level t to be the trial values for unknowns C* and

lf/

at

Vi"'" at t + ½ Lit. At first the trial

values of the unknowns are stored in a vector X (q). Then equations (3.76) and (3.77) are
used to evaluate linear and nonlinear functions alternately using values of X(q), copied in
C*(m,n) and lf/*(m,n) arrays. The values of the functions are then stored in a vector F(q).

Once we get the value of F(q) evaluated with the trial values of C* and lf/*, we can
evaluate the jacobian matrix in order to get the Newton direction, & . With such
formulation, the jacobian matrix generated becomes a banded one with most of the terms
on 7 diagonals and few terms far from the main diagonal (due to periodic boundary
condition). By using periodic boundary values from the previous time step, we reduced
the jacobian matrix to a heptadiagonal one. The boundary values are then updated with
the newly determined values of the variables, and iterated several times for convergence.
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At first we attempted to solve the linear set of equations using a band matrix solver
routine (bandec and banbks) from numerical recipes and later we tried double precision
band matrix solver "DGBSV" from LAP AC (netlib repository). Some of the results of
these tests are tabulated here to understand the limitation of the approach.

R

no of grids

0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5

32X32
32X32
32X32
32X32
32X32
32X32
40X40
40X40
40X40
40X40
40X40
40X40
48X48
48X48
48X48
48X48
48X48
48X48
64X64
64X64
64X64
64X64
64X64
64X64
80X80
80X80
80X80
80X80
80X80
80X80

Table 3 .04

time
advanced
200
3
0
0
0
0
200
3
0
0
0
0
129
5
3
0
0
0
56
17
0
2
0
0
21
7
0
0
0
0

Run time
3:47:21
0:11:44
0:00:41
0:00:00
0:00:00
0:00:00
9:18:22
1:46:10
0:01:50
0:00:20
0:00:40
0:01 :00
12:27:12
1:34:15
1:16:28
0:00:20
0:01:29
0:00:00
17:05:40
15 :33 :06
0: 18:30
3:02:11
0:00:29
0:12:28
16:36:04
16:23 :55
0: 16:53
0:03:25
0:07:13
0: 19:56

exit status

normal exit

roundoff problem in lnsrch
roundoff problem in lnsrch

roundoff problem in lnsrch

roundoff problem in lnsrch
roundoff problem in lnsrch

normal exit

roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
walltime exceeded the limit
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
walltime exceeded the limit
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
walltime exceeded the limit
walltime exceeded the limit
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch

Effects of spatial resolution and R on simulation advancement.
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All the tests were carried out with newt as nonlinear solver routine and bandec and

banbks as banded linear system solver routines. We initially set the parameters as:
Pe= 500, A= 1, dt = 0.05, 10 = 0.5, CT= 0.01, 8 = 0.01, /_r,na! = 200.
Tolerance limits for newt routine were set as:

tolf= 1.0e-7; tolfis the tolerance limit for F values
tolx = l .0e-7; tolx is the tolerance limit for&, the Newton step
to/min= l.0e-7; to/min is the tolerance limit for the minimization function,/
All the simulation runs shown in Table 3.04 were carried out on MACI (Multimedia
Advanced Computational Infrastructure) system where some of the simulations were
stopped by the system for exceeding assigned run time (i.e. walltime). It can be easily
seen that computation time increased significantly with increasing number of grids. The
increase in run time for finer resolution is due to the fact that the number of nonlinear
equations to be solved increased dramatically with increasing number of grid points. For

R > 1, numerical instability caused "roundoff problem in lnsrch" which means that the
product Vf ·& turned to be greater than 0. For stable performance of the lnsrch routine
one of the precondition is

VJ· & < 0.

We also studied the effect of increase in Pe for varying R, with resolution 64X64 grids
and fixing all other parameters as above. The following table summarizes the results.

Pe

Number
200
200
200
200
200
300
300
300
300
300
Table 3 .05

R
I
2

3

4
5
1
2

3

4
5

time
advanced
2
2
1
0
0
2
0
0
0
0

run time

exit status

2:00:36
2:01:18
1:06:03
0:24:41
0:00:10
2:00:10
0:31:09
0:00:18
0:06:31
0:01:08

normal exit
normal exit
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
normal exit
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch
roundoff problem in lnsrch

Effects of changing Peclet number and R on code advancement.
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It can be concluded from the results that the code was unable to advance beyond t = 2
even for R = 3 and Pe as small as 200. Further tests on the code, by changing various
tolerance settings, the nonlinear solver to broydn and linear solver to "DGBSV" (which
has the provision of iterative improvement of the solution for faster convergence), did not
give any improvement on the time-advancement of the code.
Since the line search approach was unable to show enough progress even for very small
values of R, we looked for other minimization routines to solve the large system of
nonlinear equations. Other global algorithms such as hook step and dogleg step methods
appeared to be potential candidates. These methods are based on the model- trust region
approach and related to the Levenberg-Marquardt algorithm for nonlinear least-squares.
While somewhat more complicated than line searches, these methods have a reputation
for robustness even when starting far from the desired zero. Our search for more robust
global algorithms in netlib repository resulted in the double precision routine "hybrd"
from minpack. This particular routine uses dogleg step method, for details of the
implementation of this method the readers can consult Dennis and Schnabel (1983).
The use of double precision routine hybrd, for solving the system of nonlinear equations
in our problem was found to be stable for R values tested up to 5, but the computation
appeared to be too expensive in terms of time. For R = 5 the code advanced tot= 42 and
20 for grid settings 32X32 and 40X40 respectively in about 120 hours, whereas for
48X48 grid code advanced to t = 2 in about 46 hours on MACI system. A thorough study
of the output files revealed that before reaching these time levels the code diverged by
generating concentration values greater than one, which might be due to the coarse nature
of the grid. Considering the high run time and inaccuracy of the results, further tests were
not carried out with hybrd.
A detailed analysis of the results from these tests, carried out with newt, broydn and

hybrd, revealed the necessity to conduct simulation with finer resolution, but we also
observed the fact that it gets more difficult to solve the system of nonlinear equations
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with more number of grids. As a remedy to this problem, we introduced non-uniform
grids while discretizing the spatial domain so that finer grids can be used at the proximity
of the interface and smaller number of grids would be sufficient near the streamwise
edges. In this way, we were able to capture all the interfacial growth phenomena of the
disturbances in their earlier stages. The next subsection will give some details on the
implementation of non-uniform grids as well as its contribution to our research.
3.3.2.b.II Implementation o{ADI Method on Non-uniform Grid
In this formulation, geometric non-uniform grid is introduced in the x-direction in such a

manner that the grid is finest at the mid section of the domain which gradually coarsened
towards the edge. In they-direction, uniformity of grid size is retained. Since the solution
procedure is similar to the case involving uniform grids, we will go straight to the
attempts taken to solve the numerical problem.
For time advancement from t to t + ½ Lit, taking implicit step in x direction and explicit
step iny direction, the convection-diffusion equation (Equation 3.40) takes the semidiscrete form:

ci~j - c;,1 = c; tixi - c;tixi+I + ci:1+1- 2ci:1 + c;,1_1

Ll½

2

.tl y

dx 2

(3.78)

where,

.= . .

f/11

f/l;+J.J - f/1;,J '

c = c· - c·
•
2

•

f/12

I,)

= f/1;,J• -

I-

•

(3.79)
.

1,)

lfli-1 ,j
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And the nonlinear equation relating vorticity-streamfunction takes the form:
R
[

•
2 (C- .. +
lf/1• !).xi 2 +lf/2/).xi+l

c•1 /).xi 2 +C2!).xi+l
•
2

x(,,J)

J(
+

n. _lf/,,1-l
n.

lfl'1,J+l

2~y

+

Jen . _en

1

1,J+l

2~y

1,J- 1

]
(3.80)

Attempts were taken to solve the system of nonlinear equations using the routine newt
along with a highly efficient iterative linear solver from netlib repository that uses
GMRES algorithm (Saad and Schultz, 1986) and the best achievement was to advance to
t = 178 in 36 hours for R

= 2 using 64X64 grids. Several tests were carried out by varying

number of grid points in the y direction and by varying dt values, but no further
improvement could be obtained.
Since the highly robust globally convergent nonlinear solvers that we tested were unable
to solve the large system of nonlinear equations with enough accuracy and the
computational time increased many fold with slight increase in number of grid points, we
had to look for a way to solve the model problem that avoids the formulation involving
set of nonlinear equations. With the help of the Poisson equation relating streamfunction
and vorticity, it was possible to implement fully implicit ADI method without getting into
the solution of a large system of nonlinear equations. In what follows we will present
details of this approach.

3.3.2.c Finite Difference- Pseudo-Spectral (FD-PS)lmplementation ofADI
In this approach, the goverrung equations are discretized in ways similar to those
presented in subsection 3.3.2.b. While solving convection-diffusion equation (Equation
3.40), second order centered difference formula is used for evaluating convective and
diffusive terms when taking an implicit step; otherwise the spatial derivatives are
determined using Hartley transform based spectral method. The elliptic Poisson equation
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(Equation 3.32) is solved using a spectral module. Since fully implicit ADI method and
Hartley transform based Pseudo-Spectral method are combined with all their benefits in
this novel approach, we named the algorithm as Finite Difference - Pseudo-Spectral (FDPS) Algorithm. Detailed description of the implementation of FD-PS ADI scheme will be
given next, by explaining two half steps that comprise the complete step in time
advancement of the convection-diffusion equation.
With the second order centered difference discretization for spatial derivatives, the
following system of semi-discrete equations can be obtained for the first half step:
C1,1
. . -C 1,1
. .
*
n _ _ [

'1.t/2

-

n
lf/y(i,j)

( c..-(i,J)

+ Cl+ l , ]. - 2cI , ] . + CI-I ,]- +

&-x

. I · -C1. I ·
+ C•
1+ ,J
• ,J

2Ax

J

_

•

n

lf/x(i ,j)cy(i,j)

l

n

c_m i .J )

1 1) •( 2 2)

1 1)

* .(n . . - - + - - +c . . - - - - - +c *. .( - n.. - - + - • c.i-l
1
,J 1.f/y(, ,J) 2Ax
tlx
tix '1.t
i+l ,J
1.f/y(, ,J) 2Ax
tlx
1
•

(3.81)
Here, superscripts

n

and

*

denote evaluation at the old and intermediate time levels,

respectively. The explicit terms: 1/f;c;,J), c;(i,J) and

c~(i,J)

are evaluated using Hartley

transform derivative theorem. For periodic boundary conditions the above discretization
results in a cyclic tri-diagonal system of equations for c*, where the value of 1/f;u,J) is
used for

1f1X•cI., ) .) to

evaluate the right hand side for the first time. The cyclic tri-diagonal

system of linear equations is then solved block-wise, using Sherman-Morrison formula
along with a band matrix solver. Once the value of c* is obtained, the vorticity formation
equation (3.82) can be used to update lj/'- as well as f//;c;,J) values. And using this new
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value of

in equation (3.81), iteration can be continued for

lf/;(i,J)

c*

until certain relative

convergence criterion is met. Typical value of the relative tolerance we used is 104 .
The vorticity formation equation at the intermediate time level takes the form:
(3.82)

Evaluate
OJ;1

Use

OJ

;,jn-l)

using vorticity formation equation

= -R[lf/:u,J) (cx(i,J) + c:U,J) )+ (lf/;ci,J) + 1};ci.J)]
lf/;ci,J)

for

lf/;~~:})

at first iteration.
Evaluate
,,, •(n)

Solve Poisson equation
•
•
•

T

=

*(n) _

lf/i,j

*(n-1)

lf/i,j

Alpha = L2 norm of

llF *(n - 1)

..,, I , )

+ ru/1 m
*(n) '
'f"
I,)

No, continue
iteration

Determine
*(n)

=

Continue iteration by
)
evaluating w I•en
,)

= -lj/:xx(i,j) - lj/yy(i,j)
to obtain lj/;,jn) values
OJi,j

lf/i,j

l,j

m •cn-l)

'r l,j

Yes, iteration
converged
Fig.3.01

Under-relaxed iteration to evaluate streamfunction for FD - PS code.

The evaluation of streamfunction from vorticity distribution deserves some detailed
discussion. Typically the Poisson equation

OJ;,1

= -lj/:(i .J) -lj/~(i ,J)

is solved to obtain
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lf/; and with this value, lf/:u.J)

is determined. Then,

1

w;,1 is updated using equation (3.82)

and several iterations are carried out till some relative convergence criterion for lf/ ; 1 is
met. Ruith and Meiburg (2000) suggested that some under-relaxed iteration in the
streamfunction evaluation step ensures quicker convergence at larger values of Pe and R.
We used similar under-relaxation in our simulation, as shown in the flow chart above.

In the flow chart (Fig. 3.01), the superscript

(n)

represents number of iterations, and we

continued iterating untill the relative convergence criterion is met. It was observed that
the value of the under-relaxation parameter m has a strong influence on the convergence
of the numerical code for mobility ratios greater than 25 (or R > 3.2). We also checked
the convergence for concentration values simultaneously in a similar fashion and set a
limit to the number of iterations equals to 200. We observed that beyond this limit
additional iterations do not improve the advancement of the numerical code.
For the second half step, we obtain the following semi-discrete set of equations from
convection-diffusion equation:

n+l _
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and the following form of vorticity formation equation:

• . .

lj/ x(1,1)

- 1- + -12~y

Ir Y

J
(3.83)
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n+I

mi,}

== -

R[lfl'x(i,j)
*
{*
) {
l\_n+I]
\Cx(i,J) + cx(i ,j) + \lf/y (i ,j) + F y (i ,j)

(3 .84)

n+I

A similar approach is taken to evaluate c

n+

1

and lf/n+Jvalues at time step

n+J_

Thus it can

be easily concluded that the formal accuracy of the algorithm is O (~2, M2), although the
explicit derivatives as well as the derivatives of c and

lf/,

while performing iteration are

determined with spectral accuracy.
The elliptic Poisson equatio~ (Equation 3.32) for the determination of the streamfunction
from the vorticity distribution, can be solved as well using Finite Difference, in
conjunction with a fast matrix inversion scheme. The consequence would be the
applicability of the present numerical approach to non-periodic boundaries. However, the
governing system of equations and boundary conditions for the rectilinear domain can be
solved more efficiently by using fast Hartley transform based Pseudo-Spectral method.
And for the Hele-Shaw geometry we opt for this approach, which made our algorithm a
FD-PS algorithm.
In what follows, we will present the validation tests for the newly developed FD-PS code
and will also discuss the effects of m in simulating viscous fingering at high mobility
ratios.

3.3.2.d Validation ofFD-PS code
Rigorous validation represents an important step in establishing the accuracy and
convergence properties of a novel numerical algorithm. Thus, before carrying out any
further simulation with the newly developed FD-PS algorithm, we need to validate our
numerical code by conducting some standard tests. In order to validate the complex
coupling between concentration, viscosity and velocity fields, we carried out a simulation
for a relatively small value of R, for which there exist standard results published in the
literature (Tan and Homsy, 1988). The parameters we used are: R = 3.0, Pe = 500, A= 2,
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dt

=

5.0XI0-3, t0

=

0.5, cr

=

8

=

0.01. We also conducted another simulation with the

original Pseudo-Spectral code that was used by Singh and Azaiez (2001) for studying
Newtonian-Newtonian displacements, and compared the results in the form of
concentration contours at various time levels of advancement. In both of these
simulations diffusive scaling of the governing equations was used.
Time evolution of fingers using FD-PS code is presented in Fig. 3.02, using concentration
contours of values ranging from 0.1 to 0.8, where~ the same for the Pseudo-Spectral
code is presented in Fig. 3.03. The simulation is presented up to t = 315, and the
nonlinear fingering mechanisms spreading and shielding are observed in both of these
simulations, which was also reported by Tan and Homsy (1988) for the same set of
parameters. It can be easily seen that the concentration contours matches quite well in
Fig. 3.02 and Fig. 3.03, which establishes the fact that our newly developed FD-PS code
is capable of simulating viscous fingering with comparable accuracy to the PseudoSpectral code. It is worth mentioning that FD-PS algorithm has the formal accuracy of 2 nd
order.
In order to test the convergence property of the FD-PS code, we conducted four
simulations using a single wave as initial perturbation and varying the spatial resolution
as 64X64, 128X128, 256X256 and 512X512. Since with random perturbation initial
condition, the initial concentration distribution varies with the variation of spatial
resolution the single wave simulation appeared to be an excellent tool for the
convergence test. The set of parameters we used is: R

=

3.0, A

=

2.0, Pe = 500. For this

test we used convective scaling of the governing equations and compared the
concentration contours at dimensionless time t = 0.80, which are shown in Fig. 3.04.
Since the contour plots for resolutions 256X256 and 512X512 matches exactly, it can be
concluded that the code converges with grid refinement.
The above validation and convergence tests serve not only as a test for the proper
coupling of concentration and velocity fields, but also as a check on the amount of
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artificial diffusion introduced by the discretization. Such numerical diffusion would result
in an effectively lower value of Pe, which should affect the nonlinear growth of the
viscous fingers. The excellent agreement between the results generated by FD-PS code
and Pseudo-Spectral code demonstrates that the present discretization effectively
prevents any problem related to numerical diffusion.

3.3.2.e Effects of mon the Advancement of the FD-PS code
We carried out several tests on our newly developed Finite Difference - Pseudo-Spectral
(FD-PS) algorithm by decreasing the value of the under-relaxation parameter (m) and
monitoring its effects on the convergence of the numerical algorithm at higher mobility
ratios. Unless otherwise mentioned, typical values of the parameters were set as: Pe =
500, A= l, t0 = l0-3, cr = 8 = 0.01 and the relative tolerance for streamfunction evaluation
was set to 10

4

.

We attempted to study the effect of underrelaxation parameter (m) on

simulation of viscous fingering at R > 3 .2, and varied spatial resolution as well as time
step size dt whenever necessary. We used convective scaling of the governing equations
in these tests. We set the starting point for R to be 3.3 since Pseudo-Spectral code could
successfully simulate nonlinear viscous fingers for R = 3.2. Table 3.06 gives a summary
of this study as well as the progress attained.
Number of grids
256X256
128X128
128X128
128X128
128X128
256X256
256X256
Table 3.06

Step size, dt
10-5
10-5
10-) 1
10-)
10-)
10-5
5.ox10-()

'uJ

0.8
0.8
0.7
0.6
0.5
0.4
0.3

Effects of m on simulation advancement for Pe= 500.

Rmax
3.8
3.9
4.3
4.9
5.1
6.3
7.0
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A thorough analysis of the results given in table 3.06 reveals that the underrelaxation
parameter m has a strong influence on the convergence and stability of the code, though
in few cases spatial resolution gives a hand to advance the code to higher R values. Table
3.06 shows that the under-relaxed iteration in streamfunction evaluation from vorticity
using m = 0.8 alone could push the newly developed Finite Difference code beyond the
limit of the original Pseudo-Spectral code to R = 3.8. At R = 3.9, CFL condition came
into effect due to increase in instability (resulting from high values of velocity
components) and further advancement was attained by decreasing the spatial resolution to
128X128 grids for the same time step, dt. Later advancement of the code to R = 5.1 was
attained by decreasing m to 0.5, whereas further decrease in m to 0.4 couldn't push the
limit in R beyond 5.1 for resolution 128X128. Using this resolution and m = 0.4, a
decrease in the time step size dt from 10-5 to 10-6 did not get any improvement too. On
the other hand increasing the spatial resolution to 256X256 pushed the limit in R to 6.3.
Here higher resolution might result in re-establishment of the CFL condition at this
increased state of physical instability at higher R. By further decreasing the value of m to
0.3 for the same resolution, we could simulate viscous fingering up to R = 7.0 at Pe= 500
and Fig. 3.05 shows the concentration contours (of values 0.1 to 0.8) for R values ranging
from 4.0 to 7.0 at time level t

= 0.10. We can easily see that an increase in R results in

increased instability of the fingered front in miscible displacements. For later simulations
256X256 or higher number of grids was used. Although it is not listed in table 3.06, we
were able to push the limit in R to 7.5 at Pe= 500 using m = 0.3 and 256X256 resolution.
However, in this case the code diverged before the fingered front could reach the
boundary. On the other hand by decreasing Peclet number to 250, it was possible to
simulate viscous fingering up to R = 7.5 with complete convergence of the code and the
results are shown in Fig. 3 .06.
Since it turned out that the under-relaxation parameter (m) has a strong influence on the
time advancement of our numerically stable FD-PS code for simulating viscous fingering
at high mobility ratios, we revisited our Pseudo-Spectral code and implemented the
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under-relaxation in streamfunction evaluation step there too. It was observed that m has
similar influence on the advancement of the Pseudo-Spectral code at higher mobility
ratios. Further tests on the Pseudo-Spectral code revealed that with appropriate value of m
it can show better time-efficiency over the newly developed FD-PS code for simulating
viscous fingering at high mobility ratios.

3.4SUMMARY
In this chapter we have discussed the governing equations, appropriate boundary and
initial conditions in order to carry out nonlinear simulation of viscous fingering in
miscible displacements involving Newtonian fluids in rectilinear Hele-Shaw cell. The
implementation details of the Pseudo-Spectral (PS) method and the newly developed
Finite Difference - Pseudo-Spectral (FD-PS) method are presented. The strong influence
of the under-relaxation parameter (m), while evaluating streamfunction from vorticity, is
observed on the complete convergence of the numerical codes at higher values of the
mobility ratio. The successful Finite Difference - Pseudo-Spectral code is validated for
R = 3, by comparing the simulation results with those from the published literature as
well as from Pseudo-Spectral code. Using the newly developed FD-PS as well as the
modified PS code it was possible to simulate viscous fingering up to R = 7.0 (MR= e 7 ·0
=

1096.63) for Pe

=

500, whereas for Pe= 250 complete convergence of the numerical

code could be attained up to R = 7.5 (MR= e 7·5 = 1808.04).
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t=200

t=250

t=300

t = 315

/

Fig.3.02

Concentration contours for Pe= 500, A= 2, R = 3.0, dt = 5.0Xl0-3 , t0 = 0.5, m = 1.0,

to!= 10-4, FD-PS code and 256X256 grids.
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Fig.3.03

t=200

t=250

t= 300

t= 315

Concentration contours for Pe= 500, A= 2, R = 3.0, dt = 5.0Xl0-3, t0 = 0.5, m = 1.0,

to!= l o-4, Pseudo-Spectral code and 256X256 grids.
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64X64 grids

256X256 grids

Fig.3.04

128X 128 grids

512X512 grids

Concentration contours for a single wave with R = 3.0, A= 2, Pe= 500,
10

= 10-3, Ky= 0.36, m = 1.0, to!= 10-4, with convective scaling and FD-PS code.
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Fig.3.05

R=4

R=5

R=6

R=7

Concentration contours for Pe= 500, A= 1, dt = 10-5, t0 = 10-3, m = 0.3 , to/= 10-4,
256X256 grids and using FD-PS code with convective scaling. R varying from 4.0 to
7.0. All frames are at, t = 0.10.
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R=7.1

R=7.2

R=7.3

R=7.4

R=7.5

Fig.3.06

Concentration contours for Pe= 250, A= 1, dt = 5.0Xl0-6, t0 = 10-3 , m = 0.3, to/= 10-4,
256X256 grids, using FD-PS code with convective scaling. R varying from 7.1 to 7.5. All
frames are at time level, t = 0.30.
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Chapter 4
Numerical

Modeling

Of

Viscous

Fingering At Infinite Mobility Ratio

4.1 INTRODUCTION
Numerical modeling of viscous fingering at infinite mobility ratio displacement is carried
out using a statistical model, Diffusion Limited Aggregation (DLA) algorithm. This
statistical model is used to create DLA clusters that have the same morphological
structure as that of viscous fingering, when a fluid (of negligible viscosity) injected at the
centre of a radial Hele-Shaw cell displaces another high viscosity fluid. A radial HeleShaw cell that represents a two-dimensional porous medium is comprised of two circular
plates of radius R placed close to each other, making a very thin gap b between the plates,
where b << R. Fractal dimension is used as a quantitative measure for this morphological
similarity. In the following sections, we will first introduce the concept of Fractal
geometry and its scaling properties, then the DLA model and its relevance to the fluidfluid displacement processes will be established.
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4.2 FRACTAL GEOMETRY
In recent years development of fractal geometry has provided a valuable new approach
towards a quantitative description of the statistical properties of a wide variety of
structures ranging in size from large molecules to the coastlines of continents. Now the
question arises, what is 'Fractal geometry'? In order to answer this question, we will need
to define 'Fractal' at first. Fractals are shapes that look more or less the same on all, or
many, scales of magnification. It can be said that fractal objects have the self-like or selfsimilar geometry. Few real life examples of fractal include electronic transmission noise,
river floods, distribution of natural resources (Ahorany and Feder, 1989) and obviously
the viscous fingering structures at infinite mobility ratio displacements (Feder et al.
1995). The notion of the self-similarity can be described as 'symmetry in the apparent
chaos of shapes'. Fractal geometry permits us to quantify roughness and irregularity of a
fractal structure and give it a numerical value - the fractal dimension. Chaotic processes
that are fractals allow us to relate phenomena on one length or time scale to phenomena
on a larger scale, which made the concept of 'Fractal geometry' so widely-used by
scientists and engineers. 'Fractal geometry', introduced by Mandelbrot (1967), allowed
the researchers to pursue, with precise descriptions, many previously inaccessible natural
phenomena (i.e. Brownian motion, Diffusion).
The idea of fractal can be well described with the following example.
The coastline of Norway, shown in Fig. 4.01 is a fractal object with dimension D
What can be meant by assigning

1.5.

a fractional number to the dimension of a real object?

The answer becomes clear when an attempt to measure the length of the coastline is
taken.
First estimate of the length can be obtained by "walking" a yardstick, which has a length
of say 8

0

= 100km, along the coast. The number of the

steps needed to go from one end

to the other, always stepping on the coastline, is N( 8

0

).

The length estimate

82
L0

= N (8

0

)80 clearly underestimates the length of the coastline since even large fjords or

bays do not contribute to this coarse measurement. Repeating the measurement using a
smaller yardstick 8 1 yields a larger estimate L1 = N(81 )81 for the length of the coastline.
At an even higher resolution even more detail is captured and the length estimate
increases again. The measured length increases as the length of the yardstick is shortened.

Fig. 4.01

The coast of the southern part of Norway. The outline was traced from an Atlas and
digitized at about 1800Xl200 pixels. The square indicated has a spacing of

o~

50

km (Feder et al. 1995).

The common expectation is, although these estimates will continue to get larger as more
and more detail is included, they will converge to some particular final value, the true
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length of the coastline. For ordinary Euclidean curve, such as circle, this method of
summing small straight-line segments would indeed converge. However, Fig. 4.02 shows
that the coastline length appears to increase with no limit. Mandelbrot (1967) argued that
any coastline is, in a sense, infinitely long. In another sense, the answer depends on the
length of the yardstick.
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Fig. 4.02

The length L( b) of the coastline of southern Norway as a function of the yardstick
length 8 used in the estimate. The curve is a<5 J-D with D = 1.5. The insert shows that
log L( b) as a function of log 8 is well approximated by a straight line with slope
(1-D)(Feder et al. 1995).

It can be noticed that the definition of what constitutes the coastline is not trivial. If we

accept the coastline of islands and rock to be part of the total coastline it turns out to be
practical to estimate the length at' a given resolution 8 by covering the map using a grid
with a lattice spacing 8as shown in the Fig 4.01. Simply count the number N(b) of boxes
needed to cover the coastline on the map and estimate the length at this resolution to be
L( b) = N( 6)8. The central result is that for fractal curves one finds that N( b) is

proportional to g- D in the limit of small 8 :
(4.01)
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Here the exponent D is the fractal dimension of the fractal coast. The constant of
proportionality, 'a' depends on the type of coastline studied and the scale chosen to
measure 8. The length of the coastline at resolution 8 is given by
L(b) = N (8)8 ~ 8 l-D

(4.02)

The simple power-law functions in these equations are indispensable for curves that look
the same at any magnification - they imply self- similarity or scaling. The length of the
coastline of southern Norway follows these equations accurately (Fig 4.02). These results
lead to the conclusion that this coastline is fractal and is characterized by a fractal
dimension D

l. 5.

For an ordinary Euclidian curve one would expect L( 8) to be independent of 8. This can
be obtained only if D = l. We may say that Euclidian curves are one-dimensional.
Clearly, approximating the length of the coastline L( b) as a function of 8 by a constan~
the length of the coastline, as required by Euclidean geometry is a very poor description
of the coastline. A fractal description of the coastline captures more in one concept than
the Euclidean collection of line segments approximating it. The fractal dimension
quantifies the scaling aspect of the irregular coastline.
The morphological structure of viscous fingers evolved m infinite mobility ratio
displacement processes can also be described quite precisely using fractal dimension.
Since the fractal growth phenomena 'Diffusion-limited aggregation' can generate
intricate structures with the same fractal dimension as that of viscous fingers in infinite
MR displacements, we opted to use DLA algorithm for simulating viscous fingering in
/

this part of our research.
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4.3 DIFFUSION LIMITED AGGREGATION (DLA) AND VISCOUS
FINGERING AT INFINITE MOBILITY RATIO
As a consequence of the ground-breaking work of Mandelbrot (1967), many simple nonequilibrium growth models have been developed which very often lead to the formation
of complex structures that closely resemble structures formed by natural processes and
that can also be described quite well by fractal geometry. In most cases these models are
too simple to provide accurate, detailed description of natural phenomena. However, they
often seem to capture the most essential features and provide a basis for the development
of more complete models that can be used to study specific processes and systems. For
detailed description of some of these models, the interested readers can consult Meakin
(1998).
One of these models is 'Diffusion-limited aggregation (DLA)' model, introduced by
Witten and Sander (1981) to model the formation of metal and carbon aggregate from the

vapour phase, which has become the fundamental model for irreversible-growth
problems that cause fractal structures. In this model particles are added, one at a time, to
a growing cluster or aggregate of particles via random walk trajectories originating
outside the region occupied by the growing cluster. This model leads to the formation of
randomly branched structures that can be characterized by a fractal dimension fd that is
distinctly smaller than that of the space or lattice in which the growing cluster is
embedded. A variety of physical processes including dielectric breakdown, fluid-fluid
displacement in Hele-Shaw cells and porous media can lead to similar patterns under
appropriate conditions. Paterson (1,984) showed the similarity between viscous fingering
and DLA for the first time.

I

The DLA model has been used with considerable success to represent fluid-fluid
displacement processes (Nittmann et al., 1985, Mal0y et al., 1985, Daccord et al., 1986).
It appears to provide a quite realistic description of the displacement of a high viscosity
fluid by a low-viscosity fluid under circumstances in which the displacement process is
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controlled by the flow of the viscous fluid instead of capillary effect, i.e., in the high
capillary number limit. Such processes are important in areas such as contaminant
hydrology and oil recovery. Hence we decided to use this simple model for simulation of
viscous fingering at infinite mobility ratio displacements. In what follows detailed
description of DLA model will be given followed by showing its analogy with fluid-fluid
displacement processes at infinite mobility ratio.

4.3.1 Diffusion-Limited Aggregation (DLA)
The diffusion-limited aggregation (DLA) model is one of the most striking examples of
the generation of a complex disorderly pattern by a simple model. It was developed at a
time (Witten and Sander, 1981) when interest in fractals was growing rapidly and soon
became the principal paradigm for pattern generation far-from-equilibrium. After two
decades, interest is still at a high level on this model. This interest is maintained by a
wide range of applications in both physical and biological sciences. The DLA model also
continues to present an important theoretical challenge that has not yet been fully met.
Despite the lack of a fundamental understanding of DLA in more basic terms (Meakin,
1998), the DLA model itself provides a basis for understanding a wide range of natural
phenomena. In the simplest version of the DLA model, a simulation is started by
occupying a site in the centre of a square or triangular lattice to represent the "seed",
"growth site" or "nucleation site". A site far from the cluster is then selected, and a
random walk is started from the selected site. If the random walker moves too far from
the growing cluster, it is terminated and a new random walk is started. If the random
walker eventually reaches a site that is nearest neighbour to a previously occupied site,
the random walk is stopped and the unoccupied perimeter site (the last site occupied by
the random walker) is filled to represent the growth process. The process of launching
random walkers from outside the region occupied by the growing cluster and terminating
them when they wander too far from the cluster or "stick" to the growing cluster by
reaching an unoccupied perimeter site is repeated many times to simulate the cluster
growth process.
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Rmax+ 5

Fig. 4.03

A schematic representation of a simulation of DLA on a square lattice. The original
seed or growth site is shown in black. Sites, which have already been incorporated
into the cluster, are shaded. Two typical random walk trajectories starting from
random positions on the launching circle (radius

Rmax

+ 5 lattice units where

Rmax

is

the maximum cluster radius) are shown. Trajectory t 1 starting from point S 1
eventually reaches an unoccupied surface site (dashed borders) and this site will
become permanently occupied. Trajectory t2 causes the random walker to move away
from the cluster and when: this trajectory reaches the killing circle (radius 3Rmax) it is
terminated and a new trajectory will be started at a randomly selected point on the
launching circle.

Since many random walks must be generated, the algorithm used by Witten and Sander
(1981) is very time consuming, and the largest clusters that can be grown using
reasonable amounts of computer time, contain only a few thousand lattice sites. The
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algorithm can be improved (Meakin, 1983) by starting the random walk trajectories at a
randomly selected point on a circle, called the launching circle, that just contains the
cluster, and transferring the random walkers to the nearest lattice site. This is justified,
since a random walker started at a random position far outside of a circle will first cross
the circle at random, with equal probability at all positions on ·the circle. For small
clusters, it is satisfactory to terminate random walkers if they reach a "killing circle"
centered on the original growth site (the cluster origin) and having a radius two or three
times Rmax (maximum distance of a peripheral particle measured from origin). This model
is illustrated in Fig. 4.03. Clusters containing a few tens of thousands of sites can be
generated using this algorithm. And in our simulation of DLA clusters of 10,000
particles, we used the same algorithm.
Kauffman et al. (1995) have described an algorithm for two-dimensional, off-lattice
DLA, in which random walkers follow trajectories consisting of steps in randomly
selected directions until they either move far away from the cluster or contact the cluster,
where they remain in the position at which contact was first made. This algorithm has
generated clusters of as large as 108 particles. While the clusters produced in this manner
are not DLA clusters from the purist's point of view, the growth process can be started
off using a sequential algorithm and large clusters generated using this algorithm can be
regarded as DLA clusters for most purposes (Meakin, 1998).

4.3.2 DLA and Laplace Equation
It was anticipated by Witten and ,Sander (1981) that there is an "electrostatic analogy"
between the probability that a random walker reaches a site at position x on the perimeter
of a growing cluster and the growth probability or growth velocity at that site in a
Laplacian growth process. Actually they commented on the similarity between DLA
clusters and lightning.
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The DLA model may be considered to represent a random growth process in which the
growth probabilities at the surface of the growing cluster are given by a scalar field <I>( r )
(or its gradient normal to the surface) that obeys the Laplace equation
V <l> = 0
2

(4.03)

with the boundary conditions <l>(r) = 0 at all positions r occupied by the cluster and
<I>( r) = 1 (or some other constant value) for

I r I = oc.

In the DLA model illustrated in

Fig. 4.03, the probability P( r) that a random walker will visit the lattice site at position r
is proportional to <l>( r ). This can be easily seen by comparing the discretized Laplace
equation
<I>( i,j ) = ¼[<I>( i -1, j )+ <l>( i + 1, j )+ <I>( i, j -1 )+ <l>( i, j + 1 )]

(4.04)

with the equation
P( i,j ) = ¼[P( i -1, j )+ P( i + 1, j )+ P( i, j -1 )+ P( i, j + 1 ) ]

(4.05)

that describes the probability that a random walker will visit the site (i, j) in terms of the
probability of visiting its nearest neighbours. Here <I>( ij ) is the value of the scalar
potential associated with the site at position (i, j) on a square lattice and P (i, j) is the
probability that a random walker will be found in that site. The boundary condition,
<l>( r ) = 0 is satisfied at the surface of the growing cluster since the random walk
trajectories are stopped, and growth occurs if the random walker contacts the growing
cluster.
I

4.3.3 The Scaling Structure of DLA
Witten and Sander (1981) first studied the scaling structure of the small DLA clusters
generated in their pioneering computer simulations. They measured both the global
scaling properties of their aggregates (dependence of their mass or number of particles on
their overall size) and the scaling properties associated with the internal mass
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distribution. Their work showed that, within the uncertainties associated with a small
range of length scales and small sample sizes, both the internal structure and the overall
mass/length scaling could be described in terms of the same fractal dimensionality.
The first characterization of DLA clusters, grown on 2-dimensional lattices was based on
the growth of the radius of gyration Rg(s) with increasing cluster size (number of
particles) s, and the two point density-density correlation function or radial distribution
function C ( r ). Both of these quantities were found to have the simple algebraic forms
<Rg(s)> ~sf3
and

for s>> 1

(4.06)

C(r)~r-a

(4.07)

on length scales r larger than the individual particle diameter do and smaller than the
cluster diameter L (do<< r << L ). In equation (4.06), < ... > implies averaging over a large
number of clusters.
It was observed that the fractal dimensionalities, D corresponding to the power law
relationships in equations (4.06) and (4.07) (D

p

= lip and D

a

= d - a , where d is the

Euclidean dimensionality of the embedding space in which the cluster is grown) were
equal, within the uncertainties of the measurements. For two-dimensional off-lattice
clusters the exponent

p quite rapidly reaches an essentially constant value (Poc) of about

0.585 corresponding to a fractal dimensionality (D p= 1/P) of about 1.71 (Meakin, 1995).
Witten and Sander (1983) found the value of fractal dimension (fd) for on-lattice clusters
of 999-3000 particles to be 1.70 ± 0.02. In another study Meakin (1983) found fd = 1.69 ±
0.05, using radius of gyration exponent for on-lattice DLA clusters as large as about
12,000 particles.
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4.3.4 Analogy between DLA Clusters and Viscous Fingering at Infinite
Mobility Ratio
In this subsection, we will establish the analogy between Diffusion-Limited Aggregation

(DLA) and viscous fingering at infinite mobility ratio.
In the context of diffusion-limited aggregation (DLA), the movement of a random

walker, in the continuum limit, can be described by

(4.08)
where lf/ (x, t) is the probability that a walker is at the point x at time t, 17 being a diffusion
constant. With a steady flux of walkers from a source that is far away from the aggregate
on which the walkers stick, equation (4.08) reduces to Laplace's equation:

2

V lf/

=0

(4.09)

with the conditions, lf/ = 0 on the boundary of the aggregate and lf/ = canst. far away
from the aggregate. Under these conditions, the boundary moves with a velocity
proportional to V lf/·
The process is analogous to two-fluid displacements in porous media where one fluid has
much larger viscosity than the other and a sharp transition between the two fluids is
assumed to exist. In this limit we may approximate ¢ = 0 in the less viscous fluid, when ¢
is the macroscopic pressure potential. For the more viscous fluid, the flow is governed by
Darcy's law

v

= (k I µ)V ¢

(4.10)
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where v is the macroscopic specific fluid velocity, k is the permeability of the porous
medium andµ is the viscosity of the fluid . With the incompressibility condition, V. v = 0,
equation (4.10) becomes

(4.11)
In absence of surface tension we can assume that ¢ = 0 on the boundary of the viscous
fluid as well as in the less viscous fluid. Hence the boundary moves according to equation
(4.10), which draws the analogy between DLA model and viscous fingering at infinite
mobility ratio displacements.
In other words, the DLA model corresponds to the displacement of a viscous fluid by a
non-viscous fluid in a homogeneous porous medium or Hele-Shaw cell. The DLA model
corresponds to the limit in which there is no interfacial tension between the two fluids
and the pressure field in the fluids obeys the Darcy-Laplace equation. The effects of
surface tension can often be neglected if the displacement process is sufficiently fast
(Meakin, 1998). However, for very fast flows, the linear Darcy's law breaks down and
the scaling properties of the displacement pattern may be different from that of DLA
(Ershov et al. ·1993). In practice, the surface tension or surface energy associated with
fluid-fluid interfaces plays an important role in pattern formation and several attempts
have been taken to include it in realistic models. The most elegant model (Kadanoff,
1985 and Shoudan Liang, 1986), within the context of the DLA model, incorporated
launching of random walkers with probabilities given by

P(r)= A'.l((r)+B

(4.12)

from the lattice sites representing the fluid-fluid interface and killing them when they
return to the interface. In equation (4.12),

1C(r)

is local discretized curvature calculated

from the configuration of filled sites near the position r on the interface. The viscous

93
fingering patterns generated usmg this approach, are in good agreement with
experimental patterns (Shoudan Liang, 1986). However, in order to retain simplicity of
the model as well as to keep it more related to miscible displacements we have not
incorporated surface tension in our DLA model.

4.4

SIMULATION OF

VISCOUS

FINGERING

AT INFIMTE

MOBILITY RATIO USING DLA ALGORITHM
Because of the efficiency of random walk algorithms and the ease with which the
computer programs can be written, DLA model became an attractive tool to simulate
fluid-fluid displacement and many other moving boundary processes. In this section, we
will discuss the development of a computationally efficient numerical algorithm (DLA)
which can be used for simulation of viscous fingering structures at infinite mobility ratio.
For representing a displacement process involving infinite mobility ratio, we choose
displacement of a highly viscous fluid (i.e. heavy oil) by a very low viscosity fluid (i.e.
air) in a radial Hele-Shaw cell in absence of surface tension.

4.4.1 Development of the On-lattice DLA Code
Though there exists a large number of works in literature that used off-lattice DLA model
for simulation of viscous fingering at infinite or finite mobility ratios (i.e. Meakin, 1983;
Zhang et al., 1998), we used on-lattice DLA simulation considering the comments of Paul
Meakin (1998) on off-lattice DLA ~lusters - "the clusters produced in this manner are not
DLA clusters from purist's point of view". In the case of off-lattice DLA cluster and
viscous fingering at infinite mobility ratio, the analogy between the two problems using
Laplace's equation can not be established.
In order to implement an algorithm involving random walk of particles on a twodimensional lattice, we had to use a random number generator. A pseudo random number
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generator routine along with two-dimensional random walk algorithm was picked from
netlib repository to serve the purpose. Like many other random number generator
routines, the sequence and values of random numbers was found to be dependant on
starting value of the SEED. A routine using system clock to generate initial value of
SEED helped generating unique sets of random numbers for each run.
In the current simulation, we started with a very basic type of on-lattice DLA algorithm,
(following Paul Meakin, 1983) shown in Fig. 4.03. In this model, the seed is placed at the
origin (0, 0) of the square lattice and the starting point (from which the random walker is
released) is picked by randomly selecting an angle 0 in order to use it in the expressions,
x = R1aunch cos0 and y = R1aunch sin0. Here, R1aunch represents the radius of the circle. Once

released from a point (x, y) on the circle, the random walker takes a step of one lattice
unit in any direction on the lattice. The flight of a random walker is terminated if it
reaches a distance greater than XRmax, where Rmax is the maximum distance of a
peripheral particle measured from the origin and X can be set to any integer value greater
than 1. Instead of setting the boundary to XRmax, the random walker is killed if the
absolute value of its x or y positions exceed the value of XRmax, which made the algorithm
a little simpler. On the other hand once the random walker touches the seed or any part of
the cluster, it is immediately removed and the last occupied site visited by the walker is
added to the cluster. We also defined another parameter, increment =

R1aunch - Rmax ,

where we can set the value of increment to 5, 10 or some larger value.
Meakin (1983) also suggested certain modifications of the algorithm for faster simulation
of large clusters (usually of 10,000 ·or more particles). In this modified algorithm, the step
size of the random walker is increased when the random walker roams outside the circle
of radius Rmax· In order to accelerate the code, the step size is temporarily increased to 2
lattice units if the particle moves to a distance r lattice units from the origin for which
R1aunch
R1aunch

+2increment r > R1aunch + increment, the step size is increased to 4 lattice units if
+4increment

r >

R1aunch

+ 2increment, to a step size of 8 lattice units if
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R1aunch

+8increment

r>

Rtaunch

+ 4increment and so on. We defined Rrange as the radius

of the circular boundary beyond which the random walker takes longer steps to accelerate
simulation.
To start with the simulation we had to set an initial value of
simulation continues and

Rmox

reaches the value of (Rtaunch)initial

-

R1aunch,

later on as the

increment, for further

growth of the cluster we updated the values of the following parameters according to the
relations:

R1aunch
Rrange
Rki/1

= Rmax + increment
=

R1aunch

=Xx

+ increment

Rmox

In our simulations all the circles so far described were centered at the origin and the
random walkers were assumed to have square shape and unit dimension. Values of X
used in these simulations were 2, 3 and 5 and values of increment were 5, 10 and 20. The
starting value of Rzaunch was set larger than the value of increment. For each pair of values
of X and increment, at least four simulation runs were conducted and the computation
time was monitored. In total 37 clusters of 10000 particles were generated by varying
different simulation parameters and the fractal dimensions were measured using massradius relationship.
Two types of measures, qualitative and quantitative, were taken to compare the simulated
clusters with the ones obtained from viscous fingering experiments in infinite mobility
ratio displacement experi~ents. For qualitative comparison we studied the evolved
structures both from simulation and from experiments, and tried to find out their
morphological similarity. On the other hand fractal dimension was used as a measure for
quantitative comparison. In order to obtain fractal dimension of the DLA cluster radius of
gyration exponent was determined (for details of fct evaluation see Appendix C).

96

4.SSUMMARY
In this chapter, the relevance between structures generated by a stochastic algorithm,
diffusion-limited aggregation (DLA) and the fractal growth of viscous fingering in case
of infinite mobility ratio displacements is presented. The concept of 'Fractal geometry' is
introduced at first, later the DLA algorithm is described in its basic form - on-lattice
version without inclusion of surface tension. The scaling property of DLA clusters is
discussed and fractal dimension is introduced as a measure for quantitative comparison of
similar structures. Finally, some details of the simulation of on-lattice DLA clusters is
given, the results of which will be provided in Chapter 5.
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Chapter 5
Results and Discussion

5.1 INTRODUCTION
In this chapter, we will present the results of our numerical studies on high mobility-ratio
miscible displacements. The results will be presented in two different sections: nonlinear
simulation of viscous fingering at finite but high mobility ratio and DLA simulation of
viscous fingering structures at infinite mobility ratio. In finite mobility ratio case, we will
start with describing previously reported viscous fingering mechanisms but our main
focus will be on identifying new mechanisms that become prominent at high values of
mobility ratios. The physical interpretation for the newly observed mechanisms will be
proposed at the end of this section along with the explanations for the previously reported
mechanisms. The effects of mobility ratio on the nonlinear evolution of viscous fingers
will be studied for both random and single wave perturbation initial conditions. We will
also study the effects of Peclet number and Aspect ratio. Though both numerical
approaches give similar results, the modified Pseudo-Spectral code appeared to be more
time efficient and has been used to generate all the results presented here.
For infinite mobility ratio case, simulated DLA clusters will be compared, both
qualitatively and quantitatively, with the experimental observations of viscous fingering

98
in very high mobility ratio displacements in radial Hele-Shaw cell. MACI cluster was
used for all the simulations presented in this chapter.

5.2 NONLINEAR SIMULATION OF VISCOUS FINGERING AT
FINITE BUT HIGH MOBILITY RATIO
In this section, we will first give general description of the newly observed nonlinear

fingering mechanisms. Then the effect of high mobility ratio will be studied using single
wave as well as random perturbations added to the interface as initial condition. Later on,
we will discuss the effects of parameters Pe and A on nonlinear simulation of viscous
fingering at high values of R and finally, some physical interpretation for the newly
observed mechanisms will be given.
For all the simulations with a random perturbation initial condition, the simulation
parameters were set as: time step size dt = l 0-5, the spatial resolution 512X512 grids and
tolerance for convergence test to! = l 0-4; whereas for those with a single wave
perturbation initial condition, the parameters were set as: dt =

10-4, spatial resolution of

256X256 grids and to/ = 10-4. The value of under-relaxation parameter m varied with
mobility ratio following the study shown in Chapter 3. The dimensionless time to at which
the perturbation is added to the interface was set to 0.5 using diffusive scaling. In order to
explain nonlinear interactions of viscous fingers, concentration contours (for displacing
fluid) between 0.1 and 0.8 are presented, with typical increment of 0.1. It is worth
mentioning that two periods in y - direction will be presented to capture the complete
I

evolution of unstable fingers, when plotting concentration contours for aspect ratio of 2
or more.
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5.2.1 Nonlinear Mechanisms of Viscous Fingering
In order to have a clear understanding of the achievements of our numerical work on
viscous fingering, at first we will give a brief description of the various nonlinear
fingering mechanisms observed in our current simulations grouped under two separate
headings: previously reported mechanisms and newly observed mechanisms. In the first
part we will discuss all the previously observed mechanisms for miscible displacements
of Newtonian fluids with isotropic dispersion, whereas in later part we will discuss the
newly observed mechanisms for the same case.

5.2.1.a Previously Observed Mechanisms
Although the development of viscous fingers is a complex phenomenon, there are well
identified mechanisms that can explain the evolution and growth of these fingers . Some
of these mechanisms have already been reported by Tan & Homsy (1988) and
Zimmerman & Homsy (1991, 1992 a), and we will review them here by analyzing the
concentration contours shown in Fig. 5.01 and 5.02 for two simulations carried out with a
relatively small value of mobility ratio represented by R = 3. In the first of the two
simulations, the dimensionless flow rate Peclet number is set to a relatively large value,

Pe = 500 along with aspect ratio, A = 1. In this case relatively simple fingering
mechanisms such as Spreading, Shielding, Fading and Coalescence can be observed.
Whereas, the next simulation is conducted for a very large Peclet number, Pe= 4000 and
for A = 4, from which we can identify some of the very complex fingering mechanisms
such as tip-splitting and multiple tip-splitting. We also observed some new mechanisms
at this large value of Pe, which will be discussed in the next sub-section. While
explaining different fingering mechanisms, appropriate abbreviation will be assigned to
each of their names which will then be used to show the growth of the fingers in various
contour plots.
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Spreading (SP): It is easily seen in Fig. 5.01, that some of the fingers (shown in frame

[t = 0.40]) change their horizontal scale and become wider with time. This mechanism is
called spreading.

t = 0.20

t = 0.60
Fig. 5.01

t = 0.40

t = 0.80

Concentration contours f~r R = 3, Pe = 500 and A= 1.

Fading (FD): A fading finger is one that has experienced the spreading mechanism,

advancing into the more viscous fluid to some extent. Rapid growth of the neighboring
fingers cause their gradients sharpen at the periphery of the fading finger. As a
consequence the shorter finger fades in the concentration of the less viscous fluid since
the less viscous fluid chooses to flow preferentially through the shorter finger.

101
In Fig. 5.01, the fading fingers are shown using callout boxes at t = 0.40. It can be easily
seen that the number of fingers reduced with time [frames, t = 0.40 and 0.60] mainly due
to fading.
Shielding (SH): This mechanism is referred to the process whereby one finger, by some

random chance, advances well ahead of its neighboring fingers. The resultant pressure
field and mass transfer characteristics interact in such a way that this finger grows
explosively. As the shielding finger grows, the concentration gradients sharpen between
the finger and the surrounding viscous fluid which cause further spreading of the finger at
the tip thus shielding over adjacent fingers. Fig. 5.01 [frame t = 0.60] presents an
excellent example of shielding.
Coalescence (CL): When a finger merges into the body of an adjacent finger by bending

its tip, the mechanism is called coalescence. As soon as the coalescing finger advances
into the coalesced finger, the internal concentration gradients of the coalesced finger
smooth out. The resulting finger then evolves via the usual shielding or spreading
mechanism. The coalescence mechanism can be observed clearly in Fig. 5.01, where
some coalescing fingers (frame [t = 0.60]) merge into the coalesced fingers (frame [t =
0.80]) with time. Coalescence was reported for the first time by Zimmerman and Homsy
(1991) in their simulation of miscible displacement with anisotropic dispersion, which
was later identified by the same authors (1992 a) with isotropic dispersion.
Tip-splitting (TS): In this mechanism, the tip of a growing finger splits into two parts that

causes evolution of two neighbouring fingers. We can see the first initiation of the tipsplitting instability on frame [t = 0.125] in Fig. 5.02. Tan and Homsy (1988) observed
tip-splitting for the first time in their simulations. In this mechanism the front of the
finger is seen to spread wide enough to allow two waves to grow. Coincidentally, the
concentration gradients at the tip steepen as a consequence of the viscous cross-flow,
which stretches the tip. The steep gradients enhance the growth of the disturbances and
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allow splitting. Among the experimental studies involving Newtonian fluids, this
mechanism was observed in miscible displacements by Wooding (1969).

t = 0.10

TS
DC

t = 0.15

t = 0.175

TLD
I

t = 0.225

t = 0.20
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Fig. 5.02

(See page 104, for caption.)
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t = 0.275
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Fig. 5.02

t = 0.35

t = 0.375

t = 0.40

t = 0.425

t=0.45

t = 0.475

(See page 104, for caption.)
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t = 0.550

Fig. 5.02

t = 0.575

Concentration contour for R = 3, Pe= 4000 and A= 4.

Multiple tip-splitting (MTS): A sequence of tip-splitting phenomena can be observed in
Fig. 5.02 (frames [t = 0.225, 0.250 and 0.275]), which results from further splitting of the
tip of the split fingers. This interesting phenomenon was observed for the first time by
Zimmerman and Homsy (1992 a) for miscible displacement simulations using anisotropic
dispersion, and was referred to as multiple tip-splitting.

5.2.1.b Newly Observed Mechanisms
In this part, first newly observe4• mechanisms will be discussed for R = 3 using the
concentration contours shown in Fig. 5.02. Later, we will try to identify new viscous
fingering mechanisms that become dominant at R values larger or equal to 5, and for this
purpose we will be closely following the concentration contours shown in Figures 5.03
through 5.05.
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In what follows, we will describe the new mechanisms that are reported for the first time
in simulation of miscible displacements of Newtonian fluids involving isotropic
dispersion. We have attempted to use the terminology that describes best the whole
nonlinear mechanisms for all newly reported mechanisms.
Double coalescence (DC): In frame [t = 0.150] of Fig. 5.02, it can be easily seen that the
two fingers adjacent to the first dominant finger (from top) bend into its base, and slowly
merge into it. 1bis interesting mechanism was first observed by Singh and Azaiez (2001)
for miscible displacements involving shear-thinning fluid, and was named as double
coalescence. However, this is the first time such mechanism is reported for miscible
displacements involving Newtonian fluids with isotropic dispersion.
Trailing lobe detachment (TLD): As the two adjacent fingers continue merging with the
dominant finger described in the case of double coalescence, a long trailing lobe is
formed and ultimately detach from the dominant finger leaving a blob of the more
viscous fluid diffusing in the less viscous displacing fluid (frame [t = 0.225] of Fig. 5.02).
This mechanism was first observed in nonlinear simulation of viscous fingering by
Rogerson and Mei burg ( 1993) using tangential velocity component and was termed as
Trailing lobe detachment. We observed trailing lobe detachment for the first time in
simulations involving miscible displacement of Newtonian fluids, without any tangential
shearing.
Uneven tip-splitting (UTS): In typical tip-splitting the stream-wise directed shielding
finger spreads at the tip and splits into two even fingerlets which also grow in streamwise direction. In uneven tip-splitting, the tip of the shielded finger spreads wider to
allow two waves to grow but the resulting tip-splitting does not take place evenly. In Fig.
5.02, the uneven tip-splitting can be observed in frames [t = 0.250, 0.275 and 0.450]. It is
worth mentioning that whether the to-be-split finger (parent finger) grows in stream-wise
direction or in a slightly inclined direction, the thicker bump always grows in the flow
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direction of the parent finger and dominates all the way. Uneven tip-splitting is observed
for the first time in our simulation.

Partial coalescence (PC): This mechanism is usually observed in a finger that went
through shielding mechanism and developed a spread tip. While sandwitched between
two longer shielding fingers, instead of going through fading or tip-splitting mechanism
the discussed finger coalesces partially into one of the neighbouring fingers by
developing a bump at one of its comers. The sequence of frames [t = 0.30-0.375] shown
in Fig. 5.02 represents an excellent example of partial coalescence. During the whole
process of partial coalescence the rest of the finger remains unaffected by the flow.

Stretched coalescence (SC): The unaffected part of the partially coalesced finger shown
in Fig. 5.02 goes through another interesting coalescing mechanism. In frame [t = 0.450],
we can see that the front of the circled finger stretches in upward direction and starts
coalescing with the upper finger, whereas the lower front part of the coalescing finger
(frames [t = 0.475-0.575]) does not follow the main flow direction and coalesces
separately by stretching its way to the finger next to it. We term this mechanism as

stretched coalescence.
Partial as well as stretched coalescence are observed for the first time in the present
study.
So far we discussed cases with a relatively small value of R (equal to

3), and we

observed some new mechanisms ' in addition to the ones already reported in earlier
literature. Here we will be explaining three more cases (shown in Fig. 5.03 through 5.05)
using relatively large values of mobility ratios and Peclet numbers, and we will try to
identify new nonlinear viscous fingering mechanisms that might dominate in high
mobility ratio miscible displacements. Fig. 5.03 and 5.04 show two cases for R = 5, A= 2
and for Pe = 1500 and 1750 respectively, whereas Fig. 5.05 represents a simulation for
R=6,A =1 and Pe= 1000.
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Side-branching (SB): This interesting fingering mechanism is observed for the first time

in miscible displacements of Newtonian fluids in our simulation. The peculiarity of this
mechanism is that the tips of the side-branching fingers are not horizontal; they are
directed slightly 'upward' or 'downward'. This movement of the tips generates the shear
in two different directions, making the concentration gradients steeper on the lower side
of the upward directed finger and on the upper side of the downward directed finger. The
circled finger in frame [t = 0.17] of Fig. 5.03 initially evolves through shielding
mechanism and grows in an inclined fashion while competing with its neighbours. Later
on as shown in frame [t = 0.20] of Fig. 5.03, instabilities grow on the lower side of this
inclined finger. As the instabilities on the side of the finger grow, in usual case the
fingerlets continue to grow and split, resulting in side-branching instability. The case
shown in Fig. 5.03 presents only the initiation of side-branching instability on the
inclined finger. Later in this simulation, another new nonlinear mechanism of viscous
fingering, gradual coalescence dominates the flow and prohibits the normal evolution of
the inclined finger through side branching mechanism. Complete evolution of side
branching fingers will be shown later in this section while discussing single wave

simulation of viscous fingering at different mobility ratios. The side branching instability
was reported by Singh and Azaiez (2001) in their simulations involving shear-thinning
fluids.
Gradual coalescence (GC): In a conventional coalescence mechanism, the tip of the

coalescing finger bends and merges into the neighbouring shielding finger. Here we
identified a new coalescing mechanism in which the slightly inclined shielding finger
gradually merges into its closest n6ighbour through the fingerlets developed on the inner
side of the finger. We named this interesting mechanism gradual coalescence. It was
shown previously that the instabilities grew on the lower side of the upwardly directed tip
of the finger via side-branching mechanism first. Later on as the instabilities develop, the
coalescing finger merges into its neighbour through the bumps one after another, which
we can see in frames [t = 0.22 - 0.40] of Fig. 5.03. Gradual coalescence is observed for
the first time in our simulation.
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Concentration contours for R = 5, Pe= 1500 and A= 2.

Single-sided tip-splitting (STS): This interesting mechanism is observed as a direct
consequence of subsequent uneven tip-splitting on a shielding finger. In this mechanism
the tip of a stream-wise directed finger gets wider and goes through uneven tip-splitting.
I

As it was mentioned earlier that for horizontal fingers the thicker part of the unevenly
split tip always evolve in stream-wise direction, the same thing happens to the parent
finger in this new mechanism. The wider part of the split finger spreads and goes through
another uneven tip-splitting mechanism, and it continues. We named this mechanism as

single-sided tip-splitting as the tip of the spreading finger split in such a way that thinner
fingerlets always evolve in the same side of the parent finger. Frames [t = 0.32 - 0.37] of
Fig. 5.03 show an excellent example of single-sided tip-splitting.
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Alternating side-branching (ASB): This is the most intriguing viscous fingering

mechanism that we observed in our simulation. If we closely follow the evolution of the
circled finger of the frame [t = 0.15] of Fig. 5.04 in the subsequent frames ([t = 0.15 0.25] of Fig. 5.04), it can be easily seen that the branches are developing alternately on
the upper and lower side of the stream-wise directed finger and the major flow of the low
viscosity fluid follows a spiral path that represents a horizontal wave. We named this
mechanism as alternating side-branching which can introduce the idea of the presence
and influence of horizontal waves on viscous fingering at high mobility ratios. It is worth
mentioning that as the finger below the circled one is also directed stream-wise - it had an
equal chance to grow further (beyond frame [t = 0.17]) via alternating side-branching
mechanism. But due to the influence of neighbouring fingers, its evolution mechanism
changed. Alternating side-branching is observed for the first time in our simulation.
Dense branching (DB): It can be easily seen that up to frame [t = 0.25] of Fig. 5.04, as

the alternating side-branching finger grows, it may represent a spiral movement of the
low viscosity fluid inside the finger. But in further development of the finger into the
more viscous fluid ([t = 0.25 - 0.32] of Fig. 5.04), the numerous side branches become so
close to each other that they can be referred as dense branching. Hua li (2002) observed
dense branching mechanism in his miscible displacement experiments involving Shear-

thinning fluid. However, dense branching is reported for the first time for displacements
of Newtonian fluids in our simulation.
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Skewering (SK): The shielding finger shown in frame [t = 0.11] of Fig. 5.05 spreads at

the tip first. In the further development of the finger, its tip does not go through any kind
of tip-splitting instability - a small bump grows at the middle of the tip instead. This
interesting mechanism was referred to as Skewering in literature. Skewering was reported
by Kawaguchi et al. (1997) in the immiscible displacement at very high injection rate and
was also seen in miscible displacement experiments of Non-Newtonian fluids by Hua Li
(2002). The small bump grows with time (frame [t = 0.11-0.20] of Fig. 5.05) and evolves
via uneven tip-splitting and other nonlinear mechanisms as shown in Fig. 5.05.
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In swnmary the major new mechanisms that have been identified when the mobility ratio
is large are: uneven tip-splitting, partial coalescence, stretched coalescence, gradual

coalescence, single-sided tip-splitting, alternating side-branching, dense branching and
skewering. Other observed mechanisms that have been reported in the literature but under
different conditions (i.e. anisotropic dispersion or the presence of tangential velocity) are:

double coalescence, trailing lobe detachment and side branching. In what follows we
will propose some possible physical interpretation for the mechanisms reported in this
sub-section.

5.2.2 Physical Interpretation/or the New Mechanisms
Since double coalescence and trailing lobe detachment mechanisms are well explained in
their definition, we will start the physical interpretation by explaining the physics behind
the 'side branching' instability.
Stable interface

Fluid 2

------

Vertical
projection of the
inclined finger.

(:,' ,'t- 1

Fluid 2

Unstable interface

···t·:

Fig. 5.06

Development of the flow around an inclined finger.

A physical explanation of side branching mechanism can be obtained by looking at Fig.
5.06 illustrating the flow around an inclined finger. The average flow is moving in the
stream-wise direction as indicated by the arrows. At the upward side of the finger, we
have a flow that involves a displacement of the less viscous fluid, fluid 1, by the more
viscous one, fluid 2. As a consequence, this flow interface is stable and there are no
fingers growing on this side of the inclined finger. The opposite is true on the lower side
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of the inclined finger, where the flow interface is unstable since in this case the less
viscous fluid is displacing the more viscous one.
It will be shown in simulations using

R = 5, Pe= 1000 and A =2 (with both single wave

and random perturbations) that the more inclined the finger the more is the number of
side branches. Since the vertical projection of an inclined finger gets wider with increase
in angle of inclination more waves can grow on the unstable edge of the finger resulting
in numerous side branching.
An interesting similarity observed for the fingers evolving through partial coalescence,

stretched coalescence and gradual coalescence is that in all cases the fingers spread wide
enough at the tip without spreading far into the more viscous fluid in comparison to the
neighboring shielding fingers. These fingers could have gone through typical
coalescence, tip-splitting or fading mechanisms, but they coalesce to the neighboring
fingers either through the bumps developed at the comers (partial coalescence and

stretched coalescence) or through side branches evolved at the inclined tip of the finger
(gradual coalescence). A possible physical interpretation for the varieties of coalescence
mechanisms can be obtained from the following figure (Fig. 5.07) showing the evolution
of a coalescing finger.
Fig. 5.07 (a) shows the initial stage of evolution of a shorter finger between two longer
shielding fingers. It is quite clear from the plot that there exists some basic difference in
the kind of resistance the fingers may face while evolving through the more viscous fluid.
The displacing fluid flows preferentially through the longer fingers where it experiences
less resistance. This results in a stronger growth of the dominant shielding finger to the
detriment of the smaller shielded one experiencing a stronger viscous resistance.
Depending on the magnitude and direction of the approximate resistive forces on
different points of the finger shown in Fig. 5.07 (b), (c) and (d), the shorter finger may
become stretched at the tip, grow a bump on one comer or on both comers respectively.
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(a)

(c)
Fig. 5.07

(b)

(d)

Development of a 'Coalescing' finger.

Once any of these bumps reaches the periphery of a neighboring finger the preference of
the fluid to take the path of least resistance accelerates the coalescence of the shorter
finger to the shielding finger next to it. For the partial coalescence shown in Fig. 5.07 (c)
the resistive force on the upper part of the finger tip is in dynamic equilibrium with the
pressure force, thus unable to bend the whole tip towards the coalescing edge of the
finger, whereas in case of stretched coalescence shown in Fig. 5.07 (d), the resistive force
on the mid part of the finger tip is in similar equilibrium with the pressure force that
keeps the portion flat and immobile towards any of its comers. In gradual coalescence,
this dynamic equilibrium collapses for the macroscopic instabilities, developed on an
inclined edge of a finger, one after another and the finger coalesces gradually to the
shielding finger next to it.
An explanation for the nonlinear mechanism uneven tip-splitting may be obtained in the
light of tip-splitting instability which is well explained in the literature. In case of a
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typical tip-splitting of a finger, rapid mass transfer occurs at the edges of the tip due to
viscous cross-flow. The continuity condition requires the establishment of a locally
adverse pressure fluctuation at the tip midpoint and the resultant flow configuration has
the sides of the finger bypassing the tip. In most cases involving tip-splitting, the to-be
split fingers always grow in the stream-wise direction, spread at the tip and split into two
equal fingerlets which again grow in the same direction and the whole evolution process
of a tip-splitting finger remains almost unaffected by the neighboring fingers. When the
evolution of one of these to-be split fingers is affected by its neighbors, the nonlinear
interaction of the fingers result in the spectacular viscous fingering mechanism named

uneven tip-splitting. For a stream-wise directed to-be split finger, coalescence of some
smaller fingers into it or fading of neighboring fingers on its periphery may influence the
fulfillment of continuity condition in such a way that the locally adverse pressure
fluctuation can occur at points other than the tip mid point, thus result in uneven tipsplitting. On the other hand for an inclined to-be split finger, side branching instability
may grow at an edge (which is also close to the tip) and spread due to viscous cross flow
making an impression of uneven tip-splitting. Fig. 5.08 shows a possible explanation for
uneven tip-splitting on inclined fingers.

-•~
Fig. 5.08

Uneven tip-splitting on inclined finger.

Uneven tip-splitting on stream-wise directed finger may result in two of the most
interesting viscous fingering mechanisms: single-sided tip-splitting and alternating side

branching. During the evolution of nonlinear fingers through uneven tip-splitting
mechanism if the event occurs on alternate sides of the major finger, we call it alternating
side branching. On the other hand, if the thicker part of the unevenly split tip always
grows in the stream-wise direction with the thinner part on a single side of the major
finger, the mechanism is termed as single-sided tip-splitting.
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When uneven tip-splitting of a major finger takes place quite frequently in the form of
either single-sided tip-splitting or alternating side branching, we call the resulting
complex mechanism as dense branching instability. Dense branching instability
generates viscous fingering structures those are similar to fractals, and in this mechanism
the instability mainly grows at the tip of the finger which is also common with fractal
growth processes. The observation of dense branching in our simulation of viscous
fingering at sufficiently high mobility ratios justified our attempt to simulate viscous
fingering at infinite mobility ratio using fractal growth simulation algorithm.
Skewering is another complex viscous fingering mechanism which is also an outcome of
nonlinear interactions of viscous fingers at high mobility ratio miscible displacements. In
this mechanism the tip of a finger spreads wide enough for two waves to grow, but unlike
tip-splitting instability a single mode grows at the flattened or slightly rounded tip. Since
this kind of instability is only observed at very high injection rate experimentally
(Kawaguchi et al. 1997), we propose that at high mobility ratio and at large \ al ues of
dimensionless flow rate (Peclet number) a single mode can grow on a broadened tip of a
finger due to enhanced instability at the interface as well as the convective effect of the
low viscosity fluid.

5.2.3 Effects of Mobility Ratio at High MR Miscible Displacements
In the previous subsections, we identified new viscous fingering mechanisms at high
mobility ratio miscible displacements and proposed some physical interpretations for
them. We will focus now on the effects of increasing the MR on the fingering instability
in order to fulfill one of our major research objectives. We carried out this investigation
by conducting two sets of simulations with two different initial concentration
perturbations: a random noise perturbation and a single wave perturbation. In both cases
the size of the perturbation is determined by the magnitudes of 8 and cr each of which is
set to 0.01. For each kind of perturbation, the effect of increase in MR is studied while
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fixing the value of Peclet number and aspect ratio. We adjusted the value of the underrelaxation parameter (m) following the study shown in chapter 3.

5.2.3.a Effects of MR/or Random Concentration Perturbation
We already noticed in all previous simulations with random concentration perturbation
that at adverse mobility ratio displacements the microscopic concentration disturbances
grow into macroscopically visible viscous fingers with time. In this part of the study we
will try to identify the effect of increase in mobility ratio on nonlinear evolution of
viscous fingers through a series of high MR miscible displacement simulations.
With the same random concentration perturbation initial condition we conducted three
simulations for three very large values of mobility ratios: R = 5, 6 and 7. The
dimensionless flow rate Pe was set to a relatively large value (i.e. 750) and the aspect
ratio was set to 1. Table 5.01 summarizes the time advancement for all these simulations.
R
5
6

7

Table 5.01

'(u

0.5
0.4
0.3

!advanced

0.43+
0.35+
0.29+

time (hh:mm:ss)
178:41:02
274:12:02
292:11:19

comment
reached boundary
reached boundary
Code diverged

Effect of mobility ratio using random noise perturbation.

A quick review of table 5.01 shows that the simulation of viscous fingering takes more of
computational time as the mobility ratio increases for fixed Pe and A. We also notice that
for R = 7 the code diverged before the fingered front reach the boundary for Pe = 750.
This early divergence of the code may be due to the increased instability in the physical
process with increase in mobility ratio, which also made the corresponding numerical
problem a stiff one at higher level of time.
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The concentration contours shown in Fig. 5.09 - 5.11, for simulations with R = 5, 6 and 7
respectively, provide a clear indication for the increase in instability at higher mobility
ratios. A careful study of the contour plots (Figures 5.09 - 5.11) reveals that the
complexity of the viscous fingering mechanisms increases dramatically with the increase
in mobility ratio. Besides spreading, shielding,fading and coalescence, the major viscous
fingering mechanisms observed in these simulations are: stretched coalescence, partial

coalescence, double coalescence and trailing lobe detachment at R = 5; uneven tipsplitting at R = 6; and uneven tip-splitting, skewering, tip-splitting, single-sided tipsplitting and alternating side branching at R = 7.
From the type of viscous fingering structures observed at higher mobility ratios we can
easily trace the increased influence of viscous cross flow with increase in mobility ratio.
We will also follow the trend for the time evolution of a single wave with increase in
mobility ratio in the next part of this subsection. Then an attempt will be taken to draw
some brief conclusions on the effects of mobility ratio on viscous fingering simulations in
miscible displacements.

5.2.3.b Effects of MRfor Single Wave Perturbation
In this subsection we will investigate the effects of mobility ratio on miscible
displacement by conducting simulations with a single wave perturbation in concentration.
This way we will be able to look at the evolution of a single wave as a finger without
having nonlinear interaction with any other finger in the flow domain. In order to carry
out this study we conducted five simulations varying R as: 3, 4, 5, 6 and 7, and fixing
Peclet number and aspect ratio as 1000 and 2 respectively. Summary of the simulation
advancement is listed in the following table.
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R
3.00
4.00
5.00
6.00
7.00
Table 5.02

m

1.0
0.7
0.5
0.4
0.3

!advanced

0.77
0.49
0.45
0.10
0.08

comment
Reached boundary
Reached boundary
Reached boundary
Code diverged
Code diverged

Effect of mobility ratio using Single wave perturbation.

A quick review of table 5.02 shows that similar to the case of random noise perturbation
the numerical instability becomes more pronounced at higher mobility ratios even for a
single wave perturbation at the initial interface. Hence we see the numerical code to
diverge at very early stages of the displacement for R = 6 and 7. We can also notice that
the fingered front takes the longest time to reach the boundary

(!advanced)

for the smallest

value of R (i.e. 3) and the pace gets faster at higher mobility ratios. Since the instability at
the interface grows at a faster rate for larger mobility ratio,

!advanced

shortens accordingly.

In order to compare the time advancement of the viscous fingers at various R values, we
plotted concentration contours at comparable time levels in Fig. 5 .12, 5 .13 and 5.14 for R
values of 3, 4 and 5 respectively. It can be easily seen from the contour plots that the
viscous fingering structures become more complex with increase in mobility ratio. For all
values of R examined, at first we see two small bumps growing at the transverse
boundary of the computational domain which then evolve as two individual fingers
advancing in the more viscous fluid with time. The perfect symmetry observed in the
evolution of these two fingers is a clear indication for the absence of any nonlinear
interaction between them. In what follows we will focus on the evolution of these fingers
and identify their growth mechanisms.
It can be easily seen in Fig. 5.12 that at R= 3 (MR = 20.08) these fingers evolve only

through spreading mechanism. At higher mobility ratios, after spreading further into the
more viscous fluid, these fingers evolve via more complex mechanisms. The observation
of alternating side branching at R = 4 (MR= 54.6), and side branching and single-sided
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tip-splitting at R = 5 (MR =148.4) provides strong support to the above statement. We
also notice that for any of these growing fingers the angle of inclination (with streamwise direction) increases significantly with increase in R for fixed values of Pe and A.
The more inclined the finger the more complex fingering mechanisms affect its
evolution. And the increase in the angle of inclination may occur due to the increase in
viscous cross flow of low viscosity fluid at higher mobility ratios.
Combining the observations for both random perturbation and single wave perturbation
we can draw few simple conclusions on the effect of mobility ratio.
•

With the increase in mobility ratio the instabilities at the initial interface grow at a
faster rate to viscous fingers. This increased growth rate of the instabilities causes
the fingers to reach the stream-wise boundary earlier at higher values ofR.

•

The larger the value of R the more unstable the interface becomes. This increase
in instability can cause very complex viscous fingering patterns such as skewering
to grow at the unstable interface, which we found only in very high values of the
mobility ratio (MR~ 403.43).

•

For fixed value of Peclet number and aspect ratio, with the increase in mobility
ratio the low viscosity fluid shows greater tendency to bypass the tip of the finger
(having steep concentration gradient). In other words viscous cross flow increases
with the increase in mobility ratio in miscible displacements and we can see more
complex fingering patterns such as uneven tip-splitting, alternating side

branching and single-sided tip-splitting.
In rest of the section on simulation of viscous fingering at finite mobility ratio
displacements, we will study the effects of two of the most important parameters,
dimensionless flow rate - Peclet number, and aspect ratio of the rectangular domain.
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5.2.4 Effects of Peclet number (Pe) at High Mobility Ratios
From the definition of Peclet number, a higher value of Pe either means lower level of
diffusion (D) for fixed flow rate (U) of the displacing fluid, or larger flow rate at fixed
level of diffusion. However, for a given combination of fluids the value of Pe is directly
proportional to the flow rate. Small flow rates provide diffusion with enough time to
smear out the concentration field, whereas for larger flow rates steeper concentration
gradients can be maintained. The effects of Peel et number (Pe) on simulation of viscous
fingering in miscible displacements is studied systematically by conducting three
simulations for a sufficiently large value of R (i.e. 5). We varied the value of Pe as 750,

I 000 and 1250 while fixing A = 1. The time advancement of the simulations can be
summarized in the following table.

P~

750
1000
1250

lat:lw:,nced
I

Table 5.03

0.43+
0.40+
0.32+

time (hh:mm:ss)
178:41:02
216:12:45
191 :05:50

comment
reached boundary
reached boundary
reached boundary

Effects of Peclet number for R = 5.

It can be easily seen from the table 5.03 that the increase in Pe accelerates the evolution
of the interfacial instability, thus the fingered front reaches the boundary fastest for the
largest value of Pe.
Contour plots for Pe= 750 were a~eady presented (Fig. 5.09) and discussed previously,
where we observed the viscous fingering mechanisms stretched coalescence, double

coalescence and trailing lobe detachment. Here the concentration contours for
simulations with Pe= 1000 and 1250 are presented in Fig. 5.15 and 5.16 respectively.
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t = 0.15

t = 0.20

t= 0.25

t = 0.30

= 0.35

t=0.40

t

Fig. 5.15

....

Concentration contours for R = 5, Pe = 1000 and A= 1.
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t = 0.20

t= 0.15
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Fig. 5.16

t=0.22

t = 0.25

t=0.27

t = 0.30

Concentration contours for R = 5, Pe= 1250, A = 1.
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At Pe = 1000, the prevailing viscous fingering mechanisms are found to be stretched
coalescence [t = 0.20], trailing lobe detachment [t = 0.25] and double coalescence [t =

0.35, 0.40]. The contour plots for Pe = 1250 present some very interesting fingering
patterns. At this high value of Peclet number, tip-splitting instability occurs at a very
early stage [t = 0.15] and shortly after that uneven tip-splitting instability [t = 0.20] is also
observed. The finger that has gone through tip-splitting mechanism later shows
alternating side-branching instability [t = 0.20 - 0.22] in each of its fingerlets. Finally,
dense branching instability [t = 0.25] takes place at the tip of the fingerlets.
In summary we can say that higher Peclet numbers result in more complex viscous

fingering patterns and stronger competition among the evolving fingers. And the
nonlinear interactions of the competing fingers cause a number of new and interesting
fingering mechanisms to flourish in miscible displacements at higher Peclet number.

5.2.5 Effects of Aspect Ratio (A) at High Mobility Ratios
The aspect ratio (A) of the computational domain is another important parameter that
influences the number of fingers as well as their growth mechanisms while simulating
viscous fingering in rectangular domain. By varying aspect ratio of the domain the
transverse length scale available for nonlinear interaction of viscous fingers can be
altered. In order to investigate the effects of A on the nonlinear evolution of viscous
fingers at high mobility ratio miscible displacements, we carried out four simulations
with relatively large values of mobility ratio (R

=

5) and Peel et number (Pe

=

1000),

varying the aspect ratio as: 2, 4, 5 and 8. Summary of the simulation advancement is
shown in table 5.04. A quick review of the table 5.04 shows that for R
I 000, the dimensionless time

(!advanced)

=

5.0 and Pe

=

required by the viscous fingers to reach the

stream-wise boundary increased with increase in aspect ratio. We will try to explain this
apparent slow down of the fingers with increase in aspect ratio at the end of this
subsection.
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A
2.00
4.00
5.00
8.00
Table 5.04

tadvanced

0.39+
0.45+
0.48+
0.63+

comments
fingers reached boundary
fingers reached boundary
fingers reached boundary
fingers reached boundary

Effects of aspect ratio for R = 5.

In what follows we will focus on the evolution of viscous fingers at different aspect ratios
by following the concentration contours shown in Fig. 5.17 - 5.20 for A = 2, 3, 4 and 5
respectively. All the contour plots shown are having two periods in y direction to get
complete picture of the unstable fingers.
Fig. 5.17 shows contour plots for A = 2, where uneven tip-splitting instability [t = 0.1 0]
can be noticed quite easily in two of the spreading fingers. In later stages the fingers
evolve further via coalescence, fading and uneven tip-splitting mechanisms. Finally, one
of the resulting fingers shows side branching instability [t = 0.30 - 0.33] which was also
observed in single wave simulation for the same values of Pe, A and R.
A careful review of Figures 5.18 and 5.19 reveals that for aspect ratios 4 and 5, the time
evolutions of viscous fingering found to be quite similar. It can be easily noticed that the
uneven tip-splitting (Fig. 5.18 [t

=

0.15] and Fig. 5.19 [t

=

0.10, 0.15]) initiates

alternating side-branching fingers in these simulations. In later stages, as a result of
double coalescence of the neighboring fingers to the alternating side branching finger,

two of the alternate branches grow horizontally leading to a pair of fingers. Thus for A =
4 and 5, the number of fingers eventually reduces to two shielding fingers. For A= 8, the
lack of sufficient length scale in the transverse direction induces mutual interaction of the
spreading and shielding fingers which finally results in a single dominant finger to evolve
with time.
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Fig. 5.17

t = 0.30
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t = 0.32

t = 0.33

t = 0.35
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Concentration contours for R = 5, Pe = 1000 and A= 2.
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Fig. 5.18
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Concentration contours for R = 5, Pe= 1000 and A= 4.

139

...··

t = 0.10

t = 0.15

.....•·······················

Fig. 5.19

t = 0.20

t = 0.25

t = 0.30

t = 0.35

t=0.40

t= 0.45

Concentration contours for R = 5, Pe = 1000 and A= 5.

jEllt:
t = 0.20

ji ~it

II

t = 0.10

t = 0.15

:tat:

II

@=]

.-············

.. .

140

..

.

t = 0.25

·········-.......
0

0

t = 0.30

t = 0.40

((

t = 0.50
Fig. 5.20

((

-

=

J

,lo

C

C

t = 0.60

Concentration contours for R = 5, Pe = 1000 and A= 8.

A careful look at all the simulations shown in this study reveals that A = 2 generates the
most intricate viscous fingering structures, and the finger structures become less complex
with the increase in aspect ratio. This interesting observation can be explained by the
shortening of transverse length scale (required for nonlinear interaction of the viscous
fingers) with increase in aspect ratio . As soon as transverse length scale is reduced, the
closely spaced fingers go through interplay of coalescence, fading and even and uneven
tip-splitting and many other nonlinear viscous fingering mechanisms, which eventually
reduce the number of fingers to long time single dominant finger. On the other hand
smaller aspect ratio provides larger transverse length scale for the nonlinear interaction.
At larger transverse length scale, increased nonlinear interaction of viscous fingers often
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makes the interface more unstable which then accelerates the growth of shielding fingers.
Since the interface comprised of a single dominant finger or two at aspect ratios, A = 4, 5
and 6, is found to be less unstable than that with many intricate fingers at aspect ratio, A =
2, it takes longer time for the fingered front to reach the stream-wise boundary at higher
aspect ratio which was observed in table 5.04.

5.3 DLA SIMULATION OF VISCOUS FINGERING STRUCTURES AT
INFINITE MOBILITY RATIO
In this section, we will present the results of our DLA simulation of viscous fingering. In

order to validate the success of simulating viscous fingering structures at infinite mobility
ratio using DLA algorithm, both qualitative and quantitative measures are taken. For
qualitative comparison, we focused on the morphological similarity between the DLA
clusters and the fingering structures observed in very high MR miscible displacement
experiments in radial Hele-Shaw cell. On the other hand for establishing quantitative
similarity between the simulated DLA clusters and the viscous fingering structures
observed experimentally, fractal dimensions (fd) of the clusters were measured using
radius of gyration exponent (P). The ensemble average of fractal dimension f d , for all the
simulated DLA clusters, is then compared with the asymptotic value of fd = 1.71 for large
off-lattice DLA cluster. Since large off-lattice DLA clusters and infinite mobility ratio
viscous fingering structures have identical fractal dimension (Meakin, 1998), we set the
goal of our DLA simulation to be able to generate large clusters of comparable fractal
dimension.
At first we will try to establish qualitative similarity between a representative DLA
cluster of 10,000 particles generated by our on-lattice DLA algorithm and an
experimental observation of viscous fingering in radial Hele-Shaw cell at very high
viscosity ratio (Chen, 1987).

142

(b)

(a)

Fig. 5.21

(a) DLA cluster of 10,000 particles, (b) DLA-like pattern generated in Chen's (1987)
miscible displacement experiment for viscosity ratio of 1050.

A careful comparison of the two structures shown in Fig. 5.21 reveals the fact that our
on-lattice DLA algorithm is capable of capturing the fractal fingering phenomena
observed in infinitely high mobility ratio displacements. A few more DLA clusters will
be presented in the following sub-section while studying the effects of two important
simulation parameters, radius of the killing circle (Rkm = X Rmax) and the increment
(increment = Rzaunch - Rmax), on fractal dimension of the generated clusters.

5.3.1 Effects of Variation of X and increment on Fractal Dimension
In this subsection we will study the effects of X and increment on the fractal dimension of
the DLA clusters as well as their effects on the computation time required for the
simulation. 'X' and 'increment' are considered for conducting parametric studies since
I

these are the major controlling parameters in our DLA algorithm.
In the first part of this study, we varied radius of the killing circle by varying the value of
X as 2, 3 and 5, keeping increment fixed at 10. For each value of X, at least four clusters

of 10,000 particles were simulated. For each of these clusters radius of gyration exponent
(~) is calculated first, from which fractal dimension can be obtained using the
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relationship fd = 1//J. Average value of fractal dimension fd is then calculated for each X
used in this study. The following table lists the average fractal dimension fd and the
average computational time for tested values of X.

X

fd

2
3
5

1.740 ± 0.047
1. 702 ± 0.059
1. 730 ± 0.064

Table 5.05

Average time required
(hh:mm)
1:03
1:54
3:05

Variation of fd and simulation time with X

A closer look at the results listed in tables 5.05 reveals the fact that the simulation time
has a strong dependence on radius of the killing circle, thus on X. This is expected since
an increase in X increases Rkill, so the room for a random walker to roam around increases
quite significantly - especially with the increase in cluster size (Rmax)- Though the
average values of fractal dimension fd are pretty close to the asymptotic value (fd = 1.71)
for off-lattice DLA clusters, no particular trend for fd could be followed with increase in

X. Since in DLA algorithm a random walker crossing the killing circle is immediately
replaced by a new particle (released from the launching circle), X does not have any
direct effect on the growth mechanism of the cluster thus on its fractal dimension.

(b)

Fig. 5.22

DLA clusters of 10,000 particles: (a) fd = 1.717, (b) fd = 1.715.
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In the last part of this study, we fixed the radius of the killing circle by setting X = 3 and
varied increment as 5, 10 and 20. Similar to the previous set of simulations, at least four
clusters of 10,000 particles were simulated for each value of increment. Fractal
dimensions are calculated for each cluster using radius of gyration exponent and average
values are calculated for each value of increment. Table 5.06 shows the average fractal
dimension f d along with the average simulation time for different increments.

increment

fd

5
10
20

1.734 ± 0.048
1.702 ± 0.059
1.708 ± 0.061

Table 5 .06

Average time required
(hh:mm)
1:18
1:54
1:32

Variation of f d and simulation time with increment.

From tables 5.06, it can be easily seen that the average value of fractal dimension is
larger for the smallest value of increment. Although all the values of fd listed in table
5.06 are close to the asymptotic value of 1.71, it is possible to obtain clusters with larger
fct for simulations with smaller values of increment. The possible explanation for this
could be, for smaller value of increment the random walkers are released from a circle
which is closer to the cluster, thus the chance is more for initiation of the cluster growth
with a dense structure which may eventually lead to a cluster with fct larger than DLA.
The minimum value of increment we used is 5, which could safely generate DLA clusters
with acceptable fractal dimension. Since the values of increment we used did not vary
that much its effect on simulation time was found to be insignificant. For larger values of

increment it is possible to take longer simulation time, because a random walker might
take longer time to reach the cluster as opposed to a case with smaller increment.
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(b)

Fig. 5.23

DLA clusters of 10,000 particles: (a) fd = 1.707, (b) fd = 1.715.

In total 37 clusters of 10,000 particles were simulated in this study details of which is

tabulated in Appendix C. The fractal dimension for all these clusters can be
mathematically presented as fd = 1.733 ± 0.049, which is also close to the asymptotic
value of 1.71. Thus we can draw the conclusion that the DLA clusters generated by our
on-lattice algorithm are similar to

the viscous fingering

experimentally in infinite mobility ratio displacements.

structures obtained
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CHAPTER6
Conclusions and Recommendations

In this chapter, the conclusions from this study and the recommendations for future work
are given. The results obtained through various efforts to simulate viscous fingering at
high mobility ratio are summarized below.

6.1 CONCLUSIONS
We have studied miscible displacements in a rectilinear Hele-Shaw cell at high mobility
ratio involving Newtonian fluids only. The whole spectrum of high mobility ratio was
covered by carrying out the numerical investigation in two parts: simulation of viscous
fingering at high but finite mobility ratio and at infinite mobility ratio. For finite mobility
ratio displacements deterministic methods (Finite Difference and Pseudo-Spectral
methods) were used and for infinite mobility ratio case a stochastic method (DiffusionLimited Aggregation; DLA) was :used. Nonlinear interactions of viscous fingers were
studied using the deterministic methods, whereas the morphological similarity as well as
quantitative comparison between the DLA clusters and viscous fingering structures at
infinite mobility ratio were studied using the stochastic model.
In the case of Finite but high mobility ratio displacements, a novel numerical scheme has
been developed which employed fully implicit Alternating-direction implicit (ADI) time
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stepping algorithm in order to attain a numerically stable algorithm. The numerical
scheme, of second order formal accuracy, combines the stability of ADI method and the
accuracy of Pseudo-Spectral method used for solving the Poisson equation involving
streamfunction and vorticity. The newly developed FD-PS code is found to be capable of
simulating the nonlinear viscous fingering with high accuracy for mobility ratio as high
as 1808.04 (R = 7.5).

The only apparent restrictions are associated with the large

computational time even when using fast computer clusters of MACI. It is anticipated
that development of faster machines and the parallelization of the code will allow us to
reach even higher values of the mobility ratios. We studied the effects of increase in
mobility ratio, variation of dimensionless flow rate Peclet number, aspect ratio of the
rectangular geometry and scaling options of the governing equations. As it was expected,
the increase in mobility ratio always caused increased instability at the miscible interface
which resulted in new and interesting fingering mechanisms. Besides mobility ratio,
increase in Peclet number also caused increased instability. Scaling of the governing
equations using diffusive or convective scaling groups did not have any significant effect
on the results.
Nonlinear interactions of the viscous fingers were investigated at moderate to high
mobility ratios. Finger interaction mechanisms reported by previous researchers in the
case of Newtonian displacements at low to moderate mobility ratio (R

3), are all

observed in our simulations. At high mobility ratios (R :2: 5) new interesting viscous
fingering mechanisms have been observed. We also identified some previously reported
mechanisms in these simulations which have not been observed before in the type of
Newtonian flow we studied. Physical interpretations for the newly observed mechanisms
are also proposed.
In the case of infinite mobility ratio, viscous fingering structures were simulated using a
stochastic method known as Diffusion-limited aggregation. The morphological structures
generated by DLA algorithm resembles the fractal fingering structures observed in very
high mobility ratio displacement experiments in radial Hele-Shaw cell. Qualitative as
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well as quantitative agreements were found between the DLA clusters and the infinite
MR viscous fingers.
Analyzing the results of this study, the following conclusions can be drawn:
•

The simulation of viscous fingering at high MR can lead to new fingering
mechanisms such as uneven tip-splitting, partial coalescence, stretched

coalescence, gradual coalescence, single-sided tip-splitting, alternating sidebranching, dense branching, skewering, double coalescence, trailing lobe
detachment and side-branching.
•

Underrelaxation of streamfunction, while iterating to evaluate streamfunction
from vorticity-formation equation, is found to have a very strong effect on the
convergence of the numerical algorithm at high mobility ratios.

•

At high mobility ratios (R

5) and sufficiently large Peclet numbers (Pe

500),

the observation of fractal fingering structures such as side branching, alternating

side branching, single sided tip-splitting and dense branching may represent a
bridge between the two approaches we took to simulate viscous fingering at high
mobility ratios.
•

DLA algorithm can simulate infinite mobility ratio viscous fingering structures,
generated in radial Hele-Shaw cell experiments, quite successfully.

6.2 RECOMMENDATIONS
The current study was limited to the horizontal, rectilinear Hele-Shaw geometry and
focused on the Newtonian miscible flow displacement. The results obtained show
conclusively the merit of using numerical modelling to study the development of
complex finger patterns at high mobility ratio. However, few aspects need to be
examined in related future studies.
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In particular, it will be interesting to conduct well controlled experimental measurements
to further validate the predictions of our study and to establish a strong link between the
mathematical model and the experimental observations.
In addition, other important aspects of the model should be explored. In particular the
effects of the viscosity-concentration relationship as well as the role of anisotropic
diffusivity and heterogeneous permeability on the finger patterns on high MR are worth
studying.
Furthermore, it is known that the radial Hele-Shaw cell results in more complex viscous
fingering patterns than its rectilinear counterpart. It will be interesting to implement the
new numerical code to study this particular geometry.
It will be also worthwhile to make the code parallel to take advantage of the fast parallel

machines and push the limit in mobility ratio and Peclet number to higher values than
those attained in this study.
Considering the stabilizing effect of the underrelaxation parameter on streamfunction
evaluation, this interesting tool can be tested for the simulation of viscous fingering of
non-Newtonian fluids at high mobility ratios.

-

------------------------150

Bibliography
1. Aharony, A. and Feder, J. (editors): "Fractals in Physics: Essays in honour of

Benoit B. Mandelbrot," North-Holland, Amstardam (1989).
2. Allen, E. and Boger, D.V.: "The influence of rheological properties on mobility

control in polymer-augmented waterjlooding," SPE 18097, 449 (1988).
3. Bacri, J. -C., Salin, D., and Woumeni, R.: "Three-dimensional miscible viscous

fingering in porous media," Phys. Rev. Letter, v 67, n 15, 2005 (1991).
4. Benham, A. L., and Olson, R.W.: "A model study of viscous fingering, "Soc. Pet.
Eng. J. 3, 138 (1963).
5. Benismon, D., Kadanoff, L. P., Liang, S., Shraiman, B. and Tang, C.: "Viscous

flows in two dimensions," Rev. of Mod. Phys. 58, 977 (1986).
6. Blackwell, R. J., Rayne, J. R. and Terry, W. M.: "Factors influencing the

efficiency of miscible displacement," Trans. Soc. AIME 216, 1 (1959).
7. Bracewell, R. N., Benuman, 0., Hao, H. and Villasenor, J., "Fast two-

dimensional Hartley transform", Proceedings of the IEEE 74 (9), 1282 (1986).
8. Bracewell, R. N., The Fourier Transform and its Applications, 3rd ed., McGraw
Hill (2000).
9. Bratvedt, F., Bratvedt, K., Buchholz, C. F., Holden, L., Holden, H. and Risebro,
N. H.: "A new front tracking method for reservoir simulation," SPE Res. Engg. ,
107 (1992).
10. Canuto, C., Hussaini, M. Y., Quarteroni, A., and Zang, T. A., Spectral Methods in

Fluid Dynamics, Springer-Verlag (1987).

151
11. Chen, J-D. and Wilkinson, D.: "Pore scale viscous fingering in porous media,"
Phys. Rev. Lett., 55, 1892 (1985).
12. Chen, J-D.: "Radial viscous fingering patterns in Hele-Shaw cells," Experiments
in Fluids, 5, 363 (1987).
13. Christie, M. A., and Bond, D. J.: "Detailed Simulation of Unstable Processes in

Miscible Flooding," Soc., Pet. Eng., Res. Eng., 2, 514 (1987).
14. Christie, M. A.: "High-Resolution Simulation of Unstable Flows in Porous

Media," SPE Res. Eng., 8, 297 (1989).
15. Coutinho, A. L. G. A. and Alves, J. L. D.: "Finite element simulation of nonlinear

viscous fingering in miscible displacements with anisotropic dispersion and
nonmonotonic viscosity profiles," Comput. Mech. 23, 108 (1999).
16. Daccord, G., Nittmann, J. and Stanley, H. E.: "Radial viscous fingering and

diffusion-limited aggregation: fractal dimension and growth sites," Phys. Rev.
Lett. 56, 336, (1986).
17. Dennis, J.E. Jr., and Robert, B. Schnabel, Numerical Methods for Unconstrained

Optimization and Non-linear Equations, Prentice-Hall, Englewood Cliffs, New
Jersey (1983).
18. Ershov, A. P., Kupershtokh, A. L. and Dammer, A. Ya.: "Fingering in the fast

flow through porous media," Journal de Physique II, France, 3, 955 (1993).
19. Fanchi, J. R. and Christiansen, R. L.: "Applicability offractals in the description

of viscous fingering," SPE 19782 (1989).

152
20. Payers, F. J., Blunt, M. J. and Christie, M. A.: "Comparisons of empirical viscous

fingering models and their calibrations for heterogeneous problems," SPE Res.
Engg., 195 (1992).
21. Payers, F. J.: "Approximate model with physically interpretable parameters for

representing miscible viscous fingering," SPE Res. Eng. Trans. AIME 285, 551
(1988).
22. Feder, J. and J0ssang, T.: "Fractal patterns in porous media flow - Modeling of

laboratory experiments," Fractals in Petroleum Geology and Earth Processes,
editors: Barton, C. C. and La Pointe, P.R., Plenum press, New York, 179 (1995).
23. Ferziger, J. H., Numerical Methods for Engineering Application, John Willey &
Sons, New York, (1981).
24. Habermann, B.: "The efficiency of miscible displacement as a function of mobility

ratio," Trans. AIME 219, 264, (1960).
25. Hele-Shaw, H. J. S.: "The flow of water," Nature, London, 58, 34 (1898).
26. Hill, S.: "Channelling in packed columns," Chem. Eng. Sci. 1,247 (1952).
27. Homsy, G. M.: "Viscous fingering in porous media," Annu. Rev. Fluid Mech. 19,
271 (1987).
28. http://netlib.org: Repository for numerical codes.
29. http://nr.com: Numerical recipes in FORTRAN.
30. Hua, L., MSc. Thesis: "Viscous Fingering in Non-Newtonian Flow," Department
of Chemical & Petroleum Engineering, University of Calgary (2002).

153
31. Kadanoff, L. P.: "Simulating hydrodynamics: a pedestrian model," J. of Stat.
Phys., vol 39, nos 3/4, 267 (1985).
32. Kauffman, H., Vespignani, A., Mandelbrot, B. B. and Woog, L.: "Parallel

diffusion-limited aggregation," Phys. Rev. E, 52, 5602 (1995).
33. Kawaguchi, M., Makino, K. and Kato, T.: "Viscous fingering patterns in polymer

solutions", Physica D 105, 121 (1997).
34. Koval, E. J.: "A Method for Predicting the Performance of Unstable Miscible

Displacement in Heterogeneous Media," Soc. Pet. Eng. J., 3, 145 (1963).
35. Lenormand, R.: "Applications of fractal concepts in petroleum engineering,"
Physica D 38, 230 ( 1989).
36. Lele, S. K.: ''Compact finite difference scheme with spectral-like resolution," J.
Comput. Phys., 103, 16 ( 1992).
37. Liang, S.: "Random-walk simulations offlow in Hele-Shaw cells," Phys. Rev. A.,
vol 33, no 4, 2663 (1986).
38. Maley, K. J., Feder, J. and fossang, T. : "Viscous fingering fractals in porous

media," Phys. Rev. Lett., 55, 2688 (1985).
39. Maley, K. J., Boger, F., Feder, J. fossang, T. and Meakin, P.: "Dynamics and

structure of viscous fingering fractals in porous media," Time-Dependent Effects
in Disordered Materials, editors: R. Pynn and T. Riste, Plenum Press, New York,
111 (1987).
40. Mandelbrot, B. B.: "How long is the coast of Britain? Statistical self-similarity

and fractal dimension," Science, 155, 636 (1967).

154
41. Manickam, 0., and Homsy, G. M.: "Stability of miscible displacements in porous

media with nonmonotonic viscosity profiles," Phys. Fluids A 5, 1356 (1993).
42. Manickam, 0., and Homsy, G. M.: "Fingering instabilities in vertical miscible

displacement flows in porous media," Phys. J. Fluid Mech. 288, 75 (1995).
43 . Maxworthy, T.: "The non-linear growth of a gravitationally unstable interface in

a Hele-Shaw cell," J. Fluid Mech. 177,207 (1987).
44. McCloud, K. V. and Maher, J. V.: "Experimental perturbations to Saffman-Taylor

flow," Physics Reports, 260, 139 (1995).
45. Meakin, P., Family, F. and Vicsek, T.: "Viscous fingering simulated by ofjlattice-

aggregation," J. of Colloidal and Interface Sci., 117, 394 (1987).
46. Meakin, P., Fractals in Petroleum Geology and Earth Processes~ editors: Barton,
C. C. and La Pointe, P.R., Plenum press, New York, 227 (1995).
4 7. Meakin, P ., Fractals, scaling and growth far from equilibrium, Cambridge
University Press (1998).
48 . Meakin, P.: "Diffusion-controlled cluster formation in 2-6 dimensional space,"
Phys. Rev. A, 27(3), 1495 (1983).
49. Meiburg, E. and Chen, C. - Y.: "High-accuracy implicit finite-difference

simulations of homogeneous and heterogeneous miscible-porous-medium flows,"
SPE Journal, 5(2), 129 June (2000).
50. Moissis, D. E., Miller, C. A. and Wheeler, M. F.: "A parametric study of viscous

fingering in miscible displacement by numerical simulation," 'Numerical
Simulation in Oil Recovery', editor: Wheeler, M. F. Vol 11,227 (1988).

155
51. Nittmann, J. and Stanley, H. E.: "Tip splitting without interfacial tension and

dendritic growth patterns arising from molecular anisotropy," Nature 321, 663668 (1986).
52. Nittmann, J., Daccord, G., and Stanley, H. E.: "Fractal growth of viscous fingers:

· Quantitative characterization of a fluid instability phenomena," Nature 314, 141
(1985).
53. Park, C. W., and Homsy, G. M.: "The instability of long fingers in Hele-Shaw

flows," Phys. Fluids 28, 1583 (1985).
54. Paterson, L.: "Diffusion-limited aggregation and two-fluid displacements in

porous media," Phys. Rev. Lett. 52, 1621 (1984).
55. Peaceman, D. W., and Rachford, H. H. Jr.: "The numerical solutions ofparabolic

and elliptic differential equations," SIAM J. 3, 28 (1955).
56. Peaceman,

D.

W.,

and

Rachford,

H.

H.

Jr.:

"Numerical calculation

multidimensional miscible displacement," Soc. Pet. Eng. J. 2, 327 (1962).
57. Perkins, T. K., Johnston, 0. C., and Hoffman, R. N.: "Mechanics of viscous

fingering in miscible systems," Soc. Pet. Eng. J. 5, 301 (1965).
58. Rogerson, A., and Meiburg, E.: "Numerical simulation of miscible displacement

processes in porous media.flows under gravity," Phys. Fluids A 5, 2644 (1993).
59. Ruith, M. and Meiburg, E.: "Miscible rectilinear displacements with gravity

override, Part 1, Homogeneous porous medium," J. Fluid Mech., 420, 225 (2000).
60. Saad, Y. and Schultz, M. H.: "GMRES: A generalized minimum residual

algorithm for solving nonsymmetric linear systems," SIAM, J. Sci. STAT.
COMPUT., vol 7, no 3, July (1986).

156
61. Saffman, P. G., and Taylor, G. I.: "The penetration of a fluid into a porous

medium or Hele-Shaw cell containing a more viscous fluid," Proc. R. Soc.
London Ser. A 245,312 (1958).
62. Singh, B. and Azaiez, J.: "Numerical simulation of viscous fingering of Shear-

Thinning Fluids," Can. J. Chem. Engg. 79 (2001).
63. Slobod, R. L., and Caudle, B. H., Trans. AIME 195, 265 (1952).
64. Slobod, R. L., and Thomas, R. A.: "Effect of transverse diffusion on fingering in

miscible-phase displacement," Soc. Pet. Eng. J. 3, 9 (1963).
65. Sorbie, K. S., Feghi, F., Pickup, G. E., Ringrose, P. S. and Jensen, J. L.: "Flow

regimes in miscible displacements in heterogeneous correlated random fields,"
SPE 24140 (1992).
66. Stokes, J.P., Weitz, D. A., Gollub, J.P., Dougherty, A., Robbins, M. 0., Chaikin,
P. M. and Lindsay, H. M.: "Interfacial stability of immiscible displacement in

porous medium," Phys. Rev. Lett., 57, 1718 (1986).
67. Tan, C. T., and Homsy, G. M.: "Simulation of nonlinear viscous fingering in

miscible displacement," Phys. Fluids 31, 1330 (1988).
68. Tan, C. T., and Homsy, G. M. : "Viscous fingering with permeability

heterogeneity," Phys. Fluids A, 4, 1099 (1992).
69. Tang, C. T.: "Diffusion-limited aggregation and the Saffman-Taylor problem,"
Phys. Rev. A, vol 31, no. 3, 1977 (1985).
70. Tchelepi, Hamdi A. PhD. Thesis: "Viscous fingering, gravity segregation and

permeability heterogeneity in two-dimensional and three-dimensional flows,"
Department of Chemical Engineering, Stanford University (1994).

157
71. Todd, M. R., and Longstaff, W. J.: "The development, testing, and application of

a numerical simulator for predicting miscible flood performance," Soc. Pet. Eng.
J. 12, 874 (1972).

72. Van Meurs: "The use of transparent three-dimensional models for studying the

mechanism offlow processes in oil reservoirs," Trans. AIME 210, 295 (1957).
73. Witten, T. A. and Sander, L. M.: "Diffusion-limited aggregation," Phys. Rev. B,

27(9), 5687 (1983).
74. Witten, T. A. and Sander, L. M.: "Diffusion-limited aggregation, a kinetic critical

phenomena," Phys. Rev. Lett., 47, 1400 (1981).
7 5. Wooding, R. A.: "Growth offingers at an unstable diffusing interface in a porous

medium or Hele-Shaw cell," J. Fluid Mech. 39,477 (1969).
76. Wooding, R. A., Morel-Seytoux, H. J.: "Multiphase fluid flow through porous

media," Ann. Rev. Fluid. Mech. 8,233 (1976).
77. Zhang, H. R., Sorbie, K. S. and Tsibuklis, N. B.: "Viscous fingering in five-spot

experimental porous

media:

New

experimental

results

and numerical

simulations," Chem. Engg. Sci. 52, 37 (1997).
78. Zhang, J-H. and Liu, Z-H.: "Study of the relationship between fractal dimension

and viscosity ratio for viscous fingering with a modified DLA model," J. of Pet.
Sci.and Engg., 21, 123 (1998).
79. Zimmermann, W. B., and Homsy, G. M.: "Nonlinear viscous fingering in miscible

displacement with anisotropic dispersion," Phys. Fluids A 4, 1859 (1991 ).
80. Zimmermann, W. B., and Homsy, G. M.: "Viscous fingering in miscible

displacements: Unification of effects of viscosity contrast, anisotropic dispersion,

158

and velocity dependence of dispersion on nonlinear finger propagation," Phys.
Fluids A 4, 2348 (1992a).
81. Zimmermann, W. B., and Homsy, G. M.: "Three-dimensional viscous fingering:

A numerical study," Phys. Fluids A 4, 1901 (1992b ).

159

Appendices
Appendix A: Solution of the one-dimensional Convection-diffusion equation.
C(x,t) = ..!_ [I-erf(x I f4i )]
2

for diffusive scaling.

x-derivative of C(x,t) can be obtained using the definition of error function:

erf(x I J4i)
Thus,

=

2
1

-v Jr

Je-w 2dw
0
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Appendix B: Spatial derivatives using non-uniform grid.

Using Taylor series expansion, C;+1 and C;_ 1 can be expressed in terms of C; and its
derivatives as:

(A-2. l)x tlxi - (A-2.2) x tixi+I will result in:

and
(A-2.1 )x & i + (A-2.2) x &

i+I

will result in :
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Appendix C: Evaluation of fractal dimension of DLA clusters.
Radius of gyration, Rg for a cluster of particles on a two dimensional lattice can be
defined as:

where,

fy2dA

1: = --=----A

and

fx2dA

I; = --=----A

with Ix and ly being moments of inertia of the

cluster with respect to x and y axis respectively.

Thus for a sample cluster of 10,000 particles, the radius of gyration exponent can be
obtained from the slope of the straight line: ln (N) vs. ln(Rg)- Fig. C - 1 shows a cluster
and the corresponding ln(N) vs. ln(Rg) relationship.

/

ln(R,J

(a)
Fig. C - 1

(b)

(a) DLA cluster of 10,000 particles, (b) corresponding ln(N) vs. ln(Rg) plot.

Table C-1 in the following page shows simulation details and fractal dimensions for the
37 DLA clusters generated using our On-lattice DLA algorithm.
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Serial
No.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

Table C -1

Name of cluster

I

l0mbl
l0mbla
l0mblb
l0mblc
l0mb0
10mb01
l0mbi
l0mba
l0mbia
10mb5la
10mb51b
10mb5Ia
10mb5Ib
10mb5Ic
l0mbll
l0mblla
l0mbllb
l0mbllc
l0mbl
10mbii
l0mbb
l0mbiia
10mb52a
10mb52b
10mb5Ila
10mb5Ilb
l0mblll
l0mbllla
l0mblllb
l0mblllc
10mb2
l0mbiii
l0mbc
10mbiiia
10mb53a
10mb53b
10mb511Ia

increment

X

Slope(b)

5
5
5
5
5
5
5
5
5
5
5
5
5
5
10
10
10
10
10
10
10
10
10
10
10
10
20
20
20
20
20
20
20
20
20
20
20

2
2
2
2
3
3
3
3
3
5
5
5
5
5
2
2
2
2
3
3
3
3
5
5
5
5
2
2
2
2
3
3
3
.,

0.587
0.579
0.571
0.584
0.590
0.574
0.569
0.596
0.557
0.5723
0.5741
0.5791
0.5648
0.5879
0.5522
0.5825
0.5828
0.5825
0.5988
0.5857
0.607
0.561
0.5557
0.5668
0.5895
0.6028
0.5571
0.5741
0.5728
0.5812
0.6128
0.569
0.5929
0.5689
0.5358
0.5604
0.587

.)

5
5
5

Fractal dimension
(fd)

1.70386778
1.727115717
1.752234098
1.712328767
1.696065129
1.741553466
1.759014952
1.678697331
1.79662235
1.747335314
1.741856819
1.726817475
1.770538244
1. 700969553
1.810938066
1.716738197
1.715854496
1.716738197
1.67000668
1.707358716
1.647446458
1. 782531194
1.799532122
1.764290755
1.696352841
1.658925017
1. 795009873
1.741856819
1.745810056
1. 720578114
1.631853786
1. 757469244
1.686625063
1.757778168
1.866368048
1. 784439686
1. 703 577513

Simulation parameters and fractal dimensions of the 37 On-lattice DLA clusters.

--------------------

