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Abstract 

Inverse problems are the most common problems in almost every scientific and 

engineering field. It is, therefore, necessary to have a unified and systematic approach for 

inverse problems, especially for time-dependent inverse problems. In this study, a unified 

FE-FD (Finite Element - Finite Difference) approach with a data filtering algorithm is 

established. By integrating the finite element method, finite difference method, and 

extended data filtering method, this approach is able to handle complicated structure 

geometry and is suitable for both linear and non-linear time-dependent problems. It 

provides an effective and accurate method to identify material properties based on 

structural thermoelasticity or dynamics parameters and measurements. It has a capability 

to automatically filter out errors contained in the experimental data that is an unavoidable 

problem in data collection. Because of this capability, this approach can provide a stable 

solution for various time-dependent inverse problems. 

For thermoelastic problems, this approach can identify material properties very 

well when random errors in displacement measurements are less than ±30%, and random 

errors in temperature measurements are less than ±15%. The weight matrix W can be 

used to reduce the effect of large measurement errors. 

For structural dynamic problems, this approach provides appropriate formulas for 

the dynamic stiffness matrix (DSM), consistent mass matrix (CMM) and lump mass 

matrix (LMM). Simulation results indicate the best solution is from DSM for the 

identification of material properties. 

This approach is also extended, with a nine-point operator introduced in this 

study. It provides an effective and reliable method for treating data measured from any 

complicated spatial surface. The extended matrix filter developed in this study can 

successfully filter the data at non-rectangular mesh points on the planes and surfaces. The 

correction of the data is very fast and can be conducted in real time. 

111 



Acknowledgements 

First, and most of all, I would like to express my sincere gratitude to my 

supervisor, Dr. Stainslaw Lukasiewicz for his professional guidance and support 

throughout this study. He has provided the most valuable guidance and advises. His 

encouragement and support make the completion of this dissertation possible. 

I would like to thank Dr. Marcelo Epstein and Dr. William F. Teskey of my 

supervisory committee for their suggestions and guidance for this dissertation. I would 

also like to thank my candidacy committee members Dr. Luc Bauwens and Dr. R.B. 

Hicks for their guidance and suggestions, and my defence committee members Dr. 

Walter Dilger and Dr. Andrew Mioduchowski for their effort and time in reviewing and 

examining this dissertation. 

I am grateful to Dr. Huang Shu and his wife Lin Han for their caring and help to 

my personal life and study. Their friendship keeps me warm in the long and cold winters 

in Calgary. I am also deeply grateful to Dr. Jie Ning for taking an interest in my research 

and giving me his valuable suggestions and encouragements. 

Many others deserve special thanks including the staff of the Department of 

Mechanical and Manufacturing Engineering and of the faculty of Graduate Studies, my 

friends in and out of the university, and my parents. 

The financial support of National Sciences and Engineering Research Council of 

Canada and the University of Calgary is gratefully acknowledged. 

iv 



To My Parents 



Table of Contents 

Approval Page ii 
Abstract iiii 
Acknowledgements iv 
Dedication V 

Table of Contents vi 
List of Tables viii 
List of Figures x 
Notations xv 

1 Introduction 1 
1.1 Problem Formulation 1 
1.2 General Objectives 3 

2 Inverse Problems and Their Solutions at Literature Review 5 
2.1 Inverse Problems  5 
2.2 Classification of Inverse Problems  7 
2.3 Identification of Thermoelastic Material Properties 9 
2.4 Identification of Material Properties in Vibrating Structures 16 
2.5 Data Filtering 17 

3 Fundamentals of FE-FD Approach for Time-Dependent Inverse Problems 18 
3.1 Global Error Function 18 
3.2 FE-FD Approach for Time-Dependent Inverse Problems 20 
3.3 Data Filtering in Non-rectangular Mesh 22 
3.4 Analysis of Measurement Error 24 

4 FE-FD Approach For Identification of Thermo elastic Material Properties In One-
Dimensional Problems 26 

4.1 Model of Two-layered Cylinder with Static Heat Transfer 26 
4.2 Theoretical Solution and Numerical Analysis 28 

4.2.1 Theoretical Solution 28 
4.2.2 Comparison between The Theoretical Solution and Numerical Analysis .  34 

4.3 Identification of Material Properties 37 
4.4 Results and Conclusions 43 

4.4.1 Accurate Measurement in Radial Displacements 43 

vi 



4.4.2 Solution with Measurement Errors 46 

5 FE-FD Approach for Identification of Material Properties in Thermoelastic Multi-
Layered Plate 50 

5.1 Governing Equations for Thermoelastic Problems 50 
5.2 Finite Element Method 52 
5.3 Finite Difference Method 55 
5.4 System Governing Equation and Global Error Function 57 
5.5 Thermoelastic Multi-layered Plate Model 58 
5.6 Identification of Material Properties 61 

5.6.1 Newton-Raphson Method for Error Function in FEM 64 
5.6.2 Newton-Raphson Method for Error Function in FDM 68 

5.7 Results and Analysis 72 

6 Application of FE-FD Approach to Identification of Material Properties in Vibrating 
Structures 87 

6.1 General Dynamic Analysis 87 
6.2 Numerical Solution 90 
6.3 Simulation Results and Analysis 95 

6.3.1 Beam 96 
6.3.2 Frame 109 

7 Application of FE-FD Approach in Data Filtering for Non-Rectangular Mesh 
Points 123 

7.1 Formulation of the Matrix Filter 123 
7.2 Derivatives in Plane Problems 125 

7.2.1 Five-Point and Eight-Point Star Operator 126 
7.2.2 Nine-Point Star Operator 128 

7.3 Modeling and Numerical Simulation 129 

8 Conclusions and Recommendations 143 
References 146 

vii 



List of Tables 

Table 4.1 Thermal and mechanical properties of aluminium and quartz 27 

Table 4.2 True material properties and identified material properties without radial 

displacement measurement error 46 

Table 4.3 FE-FD identification results with 2% displacement measurement error  46 

Table 4.4 FE-FD identification results with displacement data from ANSYS 47 

Table 5.1 Material properties 60 

Table 5.2 Material property scale parameters in Layer 1 and layer 3 63 

Table 5.3 Material property scale parameters in layer 2 63 

Table 5.4 True scale parameters and identified scale parameters of each element..  76 

Table 5.5 True scale parameters and identified scale parameters of each element 

with ±15% measurement error in the temperature 82 

Table 6.1 True and identified results from DSM in the first vibration mode with less 

than ±30% random errors in the displacement measurements 100 

Table 6.2 Convergence Frequency and Convergence Error 102 

Table 6.3 True and identified material scale parameters of each element in the first 

vibration mode of 20-element beam structure with less than ±30% 

displacement errors 106 

Table 6.4 True and identified material scale parameters of each element in the tenth 

mode of vibration of the 20-element beam with less than ±30% 

displacement measurement errors 109 

viii 



Table 6.5 True and identified material scale parameters of each element in the first 

mode of vibration in 9-element frame with 30% error in frequency and 

±10% error in displacements 114 

Table 6.6 True and identified material scale parameters of each element in the tenth 

mode of vibration of 9-element frame with 30% error in the frequency and 

± 10% error in the displacements 117 

Table 6.7 True and identified material scale parameters of each element in the first 

mode of vibration in 18-element frame with 30% error in frequency and 

±10% error in displacements 119 

Table 6.8 True and identified material scale parameters of each element in the tenth 

mode of vibration of 18-element frame with 30% error in the frequency 

and ±10% error in the displacements 121 

ix 



List of Figures 

Fig 2.1 Thermo elastic image for a hole in a plate under vertical tension 10 

Fig 2.2 Therrnoelastic image for a flat roof  11 

Fig 4.1 Diagram of loads and boundary conditions for two-layered cylinder with 

static heat transfer 27 

Fig 4.2 Numerical analysis of two-layered cylinder under thermal load (a) Load 

and boundary conditions of two-layered cylinder under thermal load, (b) 

Distribution of temperature, (c) Distribution of u,,. , (d) Distribution of 

0   

Fig 4.3 Distribution of temperature along radius in two-layered cylinder 35 

Fig 4.4 Distribution of radial displacement in two-layered cylinder 36 

Fig 4.5 Distribution of radial stress in two-layered cylinder 36 

Fig 4.6 Diagram of model of identification of material properties 38 

Fig 4.7 History of convergence of scale parameters of Young's Modulus 44 

Fig 4.8 History of convergence of scale parameters of Coefficient of linear 

thermal expansion, no measurement error 44 

Fig 4.9 History of convergence of scale parameters of radial residual stress at 

contact surface of inner and outer cylinders, no measurement error 45 

Fig 4.10 History of convergence, no measurement error 45 

Fig 4.11 History of convergence of scale parameters of coefficient of linear thermal 

expansion with 2% measurement error in the displacement 47 

x 



Fig 4.12 History of convergence with 2% measurement error in the displacement 

 48 

Fig 4.13 History of unstable state for scale parameters of Young's modulus and 

linear thermal expansion 48 

Fig 4.14 History of unstable state for scale parameter of residual stress and relative 

convergence error 48 

Fig 5.1 Model of multi-layered plate with simple support 58 

Fig 5.2 Model simplified from 3D model 59 

Fig 5.3 Finite element and finite difference models with material distribution 59 

Fig 5.4 Diagram of node and element numbers for 2D model 62 

Fig 5.5 Grid of finite difference method 71 

Fig 5.6 Difference scheme for the convection boundary condition 72 

Fig 5.7 Procedure of identification of element material parameters 73 

Fig 5.8 Distributions of displacement and temperature in time step 1 (a) 

distribution of temperature, (b) Distribution of displacement ui., (c) 

Distribution of displacement u, 74 

Fig 5.9 Distributions of displacement and temperature in time step 2 (a) 

distribution of temperature, (b) Distribution of displacement u, (c) 

Distribution of displacement u, 75 

Fig 5.10 Results when no measurement error is introduced (a) Convergent history 

of scale parameters of heat conductivity in elements No. 2,7,8,14 and 28, 

(b) History of convergence of scale parameters of cp in elements No. 

7,12,14,26 and 27, (c) History of convergence of scale parameter of 
xi 



Young's modulus in elements No. 2,5,7,13 and 23, (d) History of 

convergence of scale parameters of Poisson's ratio in elements No. 

2,5,8,26 and 27, (e) History of convergence of scale parameters of 

coefficient of linear thermal expansion in elements No. 2,5,7,8 and 13, 

without measurement error . .77 

Fig 5.11 History of convergence of relative convergence error without 

measurement error in (a) FDM, (b) FEM 80 

Fig 5.12 Results when with ±15% random errors in the temperature (a) History of 

convergence of scale parameters of heat conductivity in elements 

No.2,7,8,14 and 28, (b) History of convergence of scale parameters of cp 

in elements No.7, 12, 14,26 and 27 81 

Fig 5.13 Results when with ±20% random errors in the temperature (a) History of 

convergence of scale parameters of heat conductivity in elements No.2, 7, 

8, 14 and 28, (b) History of convergence of scale parameters of cp in 

elements No. 7, 12, 14, 26 and 27 84 

Fig 5.14 Results when with ±20% random errors in the temperature (a) History of 

convergence of scale parameters of heat conductivity in elements No. 2, 7, 

8, 14 and 28, (b) History of convergence of scale parameters of heat 

conductivity in elements No. 7,12,14,26 and 27 86 

Fig. 6.1 10-element beam system 96 

Fig. 6.2 Histories of convergence for SDM, CMM and LMM without measurement 

errors in input data   98 

xl' 



Fig. 6.3 History of convergence of stiffness scale parameters of elements with less 

than ±30% random errors in the displacement measurements . 98 

Fig. 6.4 Histories of convergence of first mode for DSM, CMM and LMM with 

less than ±30% random errors in the displacement measurements  99 

Fig 6.5 Histories of convergence of first mode for DSM, CMM and LMM with more 

than ±30% random errors in the displacement measurements 101 

Fig 6.6 Histories of convergence for DSM, CMM and LMM with less than ±30% 

random errors in the displacement measurements 101 

Fig 6.7 Histories of convergence for DSM, CMM and LMM with more than ±30% 

random errors in displacement measurements 102 

Fig 6.8 History of convergence of DSM, CSM and LMM in the first vibration 

mode of beam with less than ±30% errors in the displacement 

measurement 104 

Fig. 6.9 History of convergence of material scale parameters of each element from 

(a) DSM, (b) CMM and (c) LMM in the first mode of vibration of beam 

with less than ±30% errors in the displacement measurement 104 

Fig 6.10 History of convergence of DSM CSM and LMM in the tenth vibration 

mode of beam with more than ±30% errors in the displacement 

measurement 107 

Fig 6.11 History of convergence of material scale parameters of each element for 

(a) DSM, (b) CMM, (c) LMM in the tenth mode of vibration of beam 

with more than ±30% errors in the displacement measurement 107 

Fig 6.12 Diagram of frame 110 

xlii 



Fig 6.13 History of convergence of DSM, CSM, and LMM in the first mode of 

vibration with less than 10% error in the frequency and ±10% error in the 

displacements 111 

Fig 6.14 History of convergence of DSM, CSM, and LMM in the tenth mode of 

vibration with 10% error in the frequency and ±10% error in the 

displacements 111 

Fig.6.15 History of convergence of DSM, CSM, and LMM in the first vibration 

mode of beam with 30% error in the frequency and ±10% error in the 

displacements 112 

Fig 6.16 History of convergence of material scale parameters of each element from 

(a) DSM (b) CMM (c) LMM in the first vibration mode of frame with 

30% error in the frequency and ±10% error in the displacements  112 

Fig 6.17 History of convergence of material scale parameters of each element from 

(a) DSM (b) CMM (c) LMM in the tenth vibration mode of frame with 

30% error in the frequency and ±10% error in the displacements  115 

Fig.6.18 History of convergence of DSM CSM and LMM in the tenth mode of 

vibration with 30% error in the frequency and ±10% error in the 

displacements ii 6 

Fig.6.19 History of convergence in first mode of vibration of 18-element frame 

with less then 30% error in frequency and ±10% random error in 

displacement  ii 8 

xiv 



Fig.6.20 History of convergence in tenth mode of vibration of 18-element frame 

with less then 30% error in frequency and ±10% random error in 

displacement 120 

Fig.6.21 History of convergence in first mode of vibration of 18-element frame 

with more then 30% error in frequency and ±10% random error in 

displacement  .121 

Fig.6.22 History of convergence in tenth mode of vibration of 18-element frame 

with more then 30% error in frequency and ±10% random error in 

displacement   120 

Fig. 7.1 Schemes of the five and nine-point operators (stars)   125 

Fig 7.2 Diagram of loading and boundary conditions of example 1 ----a semi-plate 

with concentrated force at edge 132 

Fig.7.3 Diagram of position of measured points  132 

Fig7.4 Results of example 1: (a) Distribution of stress o obtained from 

theoretical solution, (b) Measured data, (c) Data after using Filtering 

Matrix, (d) Distribution of relative error between corrected data and exact 

data 133 

Fig 7.5 Diagram of loading and boundary conditions of example 2 ----a strip with 

a hole in the centre under tension 135 

Fig.7.6 Position of non-rectangular mesh points 135 

Fig.7.7 Results of example2: (a) Distribution of stress a, obtained by ANSYS, (b) 

Measured Data, (c) Data after using filtering matrix 136 

xv 



Fig 7.8 Diagram of loading, boundary conditions of examp1e3 ----Shell heated at 

edge 137 

Fig.7.9 Diagram of projection position of non-rectangular mesh points 139 

Fig7.10 Results of example3: (a) Distribution of temperature obtained from 

ANSYS, (b) Measured data that contain measurement errors, (c) Data after 

using filtering matrix 140 

xvi 



Notations 

a 

B 

B,, 

BD 

B DT 

ePP 

C 

C 

Df 

E 

F 

fe 

Ire 

f 

f 

G 

Coefficient of linear thermal expansion 

Matrix that makes it possible to accommodate the difference between the 

number of degree of freedom of measurements and identification 

Matrix of derivative 

Matrix that allows for the difference of the numbers of the degree of freedom 

between measured displacement and identified displacement 

Matrix that allows the difference of the numbers of the degree of freedom 

between measured temperature and identified temperature 

First strain invariant 

Specific heat 

Matrix of the coefficients of the local coordinates and weights 

Vector of the requested derivatives that are used to create matrix H. 

Young's modulus 

Vector of external load 

Vector of element displacement 

Vector of element temperature 

Vector of the values of the function at the points of the star 

Vector of the values of the function at centre point and at the points of the 

star 

Gradient vector 

xvii 



Ii 

H 

I 

K 

K 

k 

M 

N1, 

NY 

Ps 

q 

a 

Q 

r 

R 

S 

T 

U 

U 

V 

Heat-transfer coefficient 

Hessian matrix, matrix of Heat-transfer coefficient ( Chapter 5 ), or matrix of 

derivative (Chapter 7) 

Identity matrix 

Stiffness matrix for displacement 

Stiffness matrix for temperature 

Thermal conductivity 

Mass matrix (Chapter 6) or matrix filter ( Chapter 7) 

Shape function for displacement 

Shape function for temperature 

Residual stress 

Heat flow 

Volumetric heat generation rate 

Matrix of the coefficients of Taylor series 

Radius 

Global error function of system 

Surface 

Transfer matrix 

Temperature 

Displacement 

Displacement 

Volume 

xviii 



Wi Weight of it/i boundary condition 

W, Weight matrix that presents the weight of each measurement data x1 

Xi Real parameters or responses 

Measurement parameters or responses 

Strain 

Stress 

alto Vector of nodal displacement in element 

o7.e Vector of nodal temperature in element 

P Density 

11 Lagrangian multiplier 

v Passion's ratio 

X Scale parameter of material properties 

Lagrangian multiplier 

Lagrangian multiplier 

2,G Lame's constants 

Potential energy of element 

Ax, Ay Grid in the finite difference method 

xix 



I 

Chapter 1 

Introduction 

Inverse problems are the most common problems in almost every scientific and 

engineering field. The shortest definition of an inverse problem is to describe it as: 

discovering the cause from a known result [1]. Under this definition, all problems that 

have data interpretation involved are inverse problems. Therefore, inverse problems exist 

everywhere. They arise in life science, engineering, solid mechanics, electrodynamics, 

geophysics, astrophysics, plasma diagnostics, and many other fields. This thesis will 

focus on inverse problems in thermoelasticity and structural vibrations. In this chapter, 

the inverse problems studied in this thesis will be formulated and the objectives of the 

study will be summarized. 

1.1 Problem Formulation 

Inverse problems in solid mechanics are encountered when insufficient boundary 

conditions are described, but additional information on the solution is given such as 

displacements or temperatures at specified internal or surface points in the structure, 

parameters of material properties, and geometric dimensions, etc. Then displacement and 

the temperature fields from the structure are found by introducing experimentally 

available data which usually contain some unspecified errors [2] into the solution. 

Inverse problems occur for various reasons such as 

• Experiment can only approximately measure various quantities at discrete points 

in the surface of the body, 

• Sensors are very difficult to put on boundaries where the sample is in contact with 

another body, 
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Experimental data always contain errors caused by inaccuracies of measuring 

techniques and instruments. 

Seeking solutions of inverse problems is one of the most challenging tasks for both 

analysis and testing because of their ill-posed nature, which means that small data errors 

may cause large solution errors. For example, this ill-posed nature in thermal inverse 

problems was illustrated by a quotation from Stolz [3]: "In a heat conduction system the 

effect of boundary conditions is always damped at interior points, and the inverse 

problems involve basically the extrapolation of the damped datum to the surface. 

Therefore, the success of any method for solving inverse problems lies not only in the 

elegant mathematical formulation but also in the stability of results when experimental 

data are used. The later feature is much more important than the former one." 

Inverse problems by nature are ill-posed. Their solutions, which may not exist in a 

classical sense, do not satisfy the conditions of uniqueness and stability with small 

changes in the internal data, as has been described by Tikhonov and Arsenin [4]. In order 

to solve inverse problems, the least square method is often used to define the minimum 

energy of the system. For inverse problems in structural or thermal analysis, the finite 

element method is usually used to find displacements and temperatures inside the solid 

body and on its surfaces. Recently, some researchers have focused attention on time-

dependent inverse problems such as vibration problems and transient heat conduction 

problems [5-8], because of their theoretical importance and widespread applications of 

inverse problems. However, there is still a lack of an accurate and general approach to 

solve this type of challenging problem. This is attributed to the fact that the time-

dependent inverse problems encounter not only complicated dynamics, material 

properties, and experiments, but also mathematical difficulties due to the associated 

nonlinear partial differential equations, boundary conditions, and initial conditions. The 

study in this thesis will provide a new approach to solve the time-dependent inverse 

problems, especially for thermoelasticity and vibration inverse problems. 



1.2 General Objectives 

In time-dependent inverse problems, thermoelastic problems and vibration 

problems represent two typical dynamic mechanisms. The thermoelastic problems are the 

"slow" time-dependent problems from the time scale point of view. On the other hand, 

the vibration problems are the "fast" time-dependent problems. In the engineering world, 

these two types of problems are encountered by engineers every day in their design and 

manufacturing of products such as in micro electronic device and huge oil refinery 

equipment. The first objective of this study is to develop a framework for a unified 

approach to these two challenging time-dependent inverse problems. 

One of the greatest differences between the solutions of direct and inverse 

problems is the dependence on experimental data. In inverse problem solutions, 

experimental data will be used either as part of the initial conditions or the boundary 

conditions in the solutions. Therefore, the accuracy of the experimental data will 

determine the accuracy and stability of inverse problem solutions. Experimental 

measurement and data treatment thus become an integrate part of the inverse problems 

solutions. 

Data filtering is the technology to treat measurements or responses. The results of 

measurements or the results of numerical analyses always contain some errors caused by 

inaccuracies of measuring techniques and instruments, or errors resulting from the 

numerical method. Usually, data treatment has to be used to filter out these errors in the 

solutions. 

Existing data filtering method can only be used for the data collected from the 

rectangular mesh points. Generally, experimental data is collected from points with 

mechanical or geometric importance. The locations of these measurement points may not 

have regular spatial positions. Therefore, they may not match with rectangular mesh 

points when using the existing data filtering method for data treatment. It is therefore 

necessary to extend the data filtering method to the applications on non-rectangular 

meshes. This is the second objective of this study. 

The third objective of this study is to provide an appropriate algorithm for a 

unified approach to the solution of inverse problems. In this algorithm, the Newton-
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Raphson method is used to integrate finite element equations and finite difference 

equations for spatial-time variables and parameters. Data filtering technology is 

developed in the algorithm to reduce the error in input data and stabilize the solutions. 

Finally, the fourth objective of thisstudy is to provide a software for the above-

mentioned inverse problem solutions. . This software designed and developed in such a 

way that it has a potential capability to integrate with widely used commercial software 

packages. 

This thesis is organized as follows. In Chapter 2, the definition, classification, and 

existing solutions of inverse problems are discussed. In Chapter 3, a framework of a 

unified FE-FD approach with a data filtering algorithm for time-dependent inverse 

problems and a filtering matrix are established. In Chapter 4, the developed approach is 

applied to the solution of one-dimensional thermoelastic inverse problems. In Chapter 5, 

this approach is used to solve thermoelastic inverse problems in two-dimensional 

complicated structures. In Chapter 6, the application of the approach to the solutions for 

inverse problems in structural vibration is discussed in detail. In Chapter 7, the approach 

is applied to extend the data filtering method into applications for non-rectangular mesh 

points. It expands the capability of the data filtering method substantially. Finally, in 

Chapter 8, the conclusions from this study are summarized and the future work for 

further development is recommended. 
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Chapter 2 

Inverse Problems and Their Solutions at Literature 

Review 

Because of their significance and application in both science and engineering, 

inverse problems have been extensively studied. In this Chapter, the definition, 

classification, and existing solutions for inverse problems are briefly reviewed. In Section 

2. 1, the definition of inverse problems is introduced and their properties, background, and 

applications are briefly described. In Section 2.2, the classification of inverse problems is 

introduced and discussed in detail. In Section 2.3, solutions for the identification of 

thermoelastic material properties are briefly reviewed. Section 2.4 discusses the existing 

solutions for the identification of material properties in vibrating structures. In Section 

2.5, data filtering technology is introduced and its application to inverse problem 

solutions is briefly reviewed. This Chapter clearly indicates the necessity to develop a 

unified approach to inverse problems with appropriate algorithms. 

2.1 Inverse Problems 

As mentioned in Chapter 1, the shortest definition of an inverse problem is to 

describe it as: discovering cause from a known result [1]. Under this definition, all 

problems that have data interpretation involved are inverse problems. Inverse problems in 

solid mechanics are encountered when insufficient boundary conditions are described, 

but additional information on the solution is given such as displacements or temperatures 

at specified internal or surface points in the structure, parameters of material properties, 

and geometric dimensions, etc. Then displacement and the temperature fields from the 

structure are found by introducing experimental data which usually contain some 

unspecified errors [2] in the solution. Inverse problems by nature are ill-posed. Their 
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solutions, which may not exist in a classical sense, do not satisfy the conditions of 

uniqueness and stability with small changes in the internal data [4]. 

Both academic and engineering researchers are increasingly interested in the 

inverse problems. Many studies have enquired into the modeling, analysis, and creation 

and implementation of efficient numerical methods for solving inverse problems. With 

the aid of the current measurement technology, the applications of inverse problems have 

grown considerably over recent years. 

A typical example of the application of inverse problems to engineering design is 

to determine the outer surface conditions of the heat shields of re-entry vehicle during the 

re-retry of a space vehicle; Some equipments can be studied to determine the conditions 

of their use, for example: jet and rocket nozzles, rods of nuclear reactors, electronic 

equipment, calorimeter-type instrumentation. Some processes which are good examples 

of potential applications of inverse problems to engineering design are: motion of a 

projectile over a gun barrel surface, the sliding of a piston in the combustion chamber, 

melting and ablation, freezing or quenching of a material process, industrial process 

controlling, solidification of glass, nondestructive testing of flaws and cavities by infra-

red scanning and remote sensing etc. [9-11]. 

The most popular applications of inverse problems are involved in determining 

boundary conditions and parameter estimations [12]. But there is substantial difference 

between them. The determination of a heat transfer coefficient usually requires heat 

convection and information about the surface temperatures, the ambient temperatures, 

and the surface heat flux. On the other hand, the determination of an element stiffness 

parameter of vibrating structures requires information of displacements and the 

associated natural frequencies. However, the measured temperature data, displacements, 

and natural frequencies are often strongly affected by experimental errors, especially by 

high fluid temperatures, high flow velocity, rotation and movement of the structure, and 

high natural frequencies. This creates great difficulties and challenges for the solutions of 

these inverse problems. Therefore, it needs to develop an appropriate numerical 

algorithm to stabilize the solutions for the inverse problems. 
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2.2 Classification of Inverse Problems 

A detailed classification of inverse problems is given by Kozodoba [13]. It is also 

described in the book by Kurpisz and Nowak [1]. In general, an inverse problem belongs 

to one of the following groups: 

1. Inverse Boundary Problems IBP 

2. Parameter Estimation PE 

3. Inverse Initial Problems --- lIP 

4. Inverse Geometry Problems IGP 

5. Other Problems. 

If a problem is about estimation of the surface heat flux history of a structure from 

response measurements at one or more interior positions of the body, it is defined as an 

Inverse Boundary Problem (IBP). 

If a problem involves the evaluation of certain parameters that describe physical 

properties of a structure, it is defined as a Parameter Estimation (FE). Unlike IBP, the 

number of the unknowns to be evaluated in PE problems is strongly limited. FE problems 

usually lead to nonlinear problems even if their governing equations are linear. Typical 

parameters to be evaluated in FE problems include Young's modulus, thermal 

conductivity, density, specific heat, thermal diffusivity, constant of the chemical rate, 

eddy diffusivity, etc. In order to make a FE in the thermal field solvable, the temperature 

histories at some interior locations or some other data such as thermal deformation have 

to be available. 

If a problem is about determining the initial conditions when the displacement or 

temperature distribution inside a body is known at some time, it is defined as an Initial 

Inverse Problem (lIP). HP are much less studied than IBP or PE problems. However, one 

of the earliest studies on inverse problems by Fourier and Kelvin was a typical HP 

problem [14]. They tried to estimate the initial temperature distribution of the Earth from 

the current temperature measurements. In fact, HP problems are not very important for 
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engineering applications because initial conditions can only influence the temperature 

distribution inside a structure for a limited time interval. 

If the system geometry is not fully known but is being investigated in the solution, 

the problem is defined as Inverse Geometry Problem (IGP). A typical example is a 

problem with phase changes which involve determining the geometry of a moving 

interface between liquid and solid phases. 

Other inverse problems may arise when the location or capacity of internal heat 

sources are to be determined. 

Generally, FE problems are more important to design engineers than the others 

because the solutions of FE problems can be very useful for the inspection of safety of 

structures. The solutions of FE problems, such as identifications of material properties, 

detection of damage, prediction of failure in structures under thermal loading or vibration 

etc., offer a tool that can monitor structure safety without interrupting the process of 

production. 

The statements of inverse problems, unlike those of direct problems, cannot be 

reproduced in actual experiments. It is impossible to reverse the cause-and-effect 

relationship physically instead of mathematically. For example, it is impossible to reverse 

the course of heat transfer process or to change the course of time. Therefore, in 

mathematical formulation this property manifests itself as "incorrect" mathematical 

conditions and inverse problems [15]. 

Many problems in optimum control, linear algebra, integral equations, summation 

of Fourier series with approximately specified coefficients, and minimization of functions 

are ill-posed. They are extremely sensitive to measurement error [16]. 

The mathematical ill-posed nature of inverse problems results from their physical 

nature. For thermal inverse problems, two effects should be mentioned: damping and 

lagging. In heat transfer, internal temperature fluctuations reduce much faster than the 

surface temperature changes. This is a damping effect. In particular, the high frequency 

components of the boundary conditions are damped at a higher rate than the low 

frequency components. In inverse problems, the high frequency components of the 

measurements are amplified as the measurements are projected to the loaded surface, 

which means that any noise in the measurements is amplified in the projection to the 
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surface. As results, surface condition predictions might be overwhelmed by the noise of 

the measurements. 

Another question in thermal inverse problems is about the uniqueness of surface 

conditions as predicted by discrete internal measurements. The natural way to overcome 

this problem is to obtain the maximum amount of information from the measurements. 

However, increasing numbers of time step may cause instabilities in the solution, which 

is contrary to direct problems where stability can be improved by reducing the numbers 

of time step. Thus, for inverse problems, the upper and the lower limits for time steps 

should be specified. 

The ill-posed nature of inverse problems causes various elegant methods for the 

solutions of direct problems to be inapplicable to a wide range of inverse problems. 

Therefore, there is a need on development of appropriate methods and numerical 

technologies for the solutions of inverse problems. 

2.3 Identification of Thermoelastic Material Properties 

In thermal inverse problems, one or all of the parameters or conditions of the 

governing equations such as thermal conductivity and density are either unknown or not 

fully specified. Those unknowns can be determined with the help of extra conditions. 

Often, these extra conditions are available at interior points of a domain. 

Infrared imaging (thermography) can be used to obtain images showing the 

distribution of temperatures in an object. Such obtained images are used to analyze 

deformation, stress, strain, and fracture, and to identify material parameters. Infrared 

imaging is a non-contact optical method where an accurate two-dimensional mapping of 

steady or transient thermal effects is constructed from the measurement of infrared 

energy emitted by the target. Fig. 2.1 and Fig. 2.2 are typical images obtained by 

thermography technology. Recent advances in infrared technology, specifically the 

development of high-density imaging sensors, have opened a new level of applications 

that were unreachable prior to the availability of this technology. Real-time infrared 
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image acquisition and processing allows implementation of advanced thermographic 

testing methods. 

Recently, infrared imaging has been applied in multi-layered structure analysis. 

Multi-layered materials are widely used in aerospace industry because of their excellent 

strength and stability properties. It is important to be able to inspect structures built of 

multi-layered materials and determine whether they are safe or not. Inspection of multi-

layered structures under determination of material properties requires experimental 

technology and reliable mathematical algorithms to find the real material parameters for 

each layer. This is a typical inverse problem. 

Fig 2.1. Thermoelastic image for a hole in a plate under vertical tension. 

Deformation detection, stress / strain analysis, and fracture analysis for multi-

layered plates or shells with thermal effects have been conducted in the past [17, 18]. The 

direct problems of thermoelasticity in a layered body are very well discussed in the 

literature. 

Thermal stress/strain analysis in steady state heat transfer has been thoroughly 

studied. Khomasuridze [19] analyzed thermoelastic stress for an isotropic multi-layered 

cylindrical body. Shabana [20] discussed elastic-plastic thermal stresses induced in a 

ceramic-metal functionally graded material plate subjected to a thermal load by taking the 

fabrication process into consideration. The functionally graded material was divided into 

three regions in his model. Abd-Alla [21] studied the thermal stresses in a non-
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homogeneous orthotropical elastic multi-layered cylinder subject to certain boundary 

conditions. 

Fig 2.2. Thermoelastic image of a flat roof 

In addition there was extensive research into thermal stress/strain analysis in 

dynamic heat transfer. Ueda [22] considered the transient elastic-plastic behavior of a 

functionally graded divertor plate with temperature-dependent properties under a thermal 

shock. It is a one-dimensional model. Huang [23] studied transient response of one-

dimensional axisymmetric quasi-static coupled thermoelastic problems with initial 

interface pressure. Al-Nimr [24] analyzed thermal stress generated within a thin plate as a 

result of a fast heating rate. Thermal stresses were investigated numerically using the 

dual-phase-lag heat conduction model. Orcan [25] investigated an elastic-plastic 

deformation of a heat-generating tube with free ends by taking into consideration the 

influence of the temperature dependence of the yield stress. The yield stresses were based 

on Tresca's yield condition. All above works are for one-dimensional models. Some 

studies have been done in two dimensional models: Librescu [26] analyzed the nonlinear 

response of flat and curved panels subjected to pre-existing, non-destabilizing lateral 
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pressure and thermal loads and to mechanical edge loads. Al-Huniti [27] numerically 

investigated the hyperbolic heat conduction model that thermal stresses generated within 

a rapidly heated thin metal plate. Ootao [28] discussed the theoretical analysis of a three-

dimensional thermal stress problem for a functional graded rectangular plate due to a 

partial heat supply in a transient state. Assuming the functionally graded rectangular 

plate had non-homogeneous thermal and mechanical material properties in the thickness 

direction. 

Some work has been focused on solutions of thermal stress under different initial 

and boundary conditions. Al-Hasan [29] discussed a stress-temperature initial boundary 

value problem (STIBVP) of Ignaczak type for coupled dynamic three-dimensional micro 

polar thermoelasticity. Kim [30] adopted Green's function approach based on the 

laminate theory to solve three-dimensional heat conduction equation of functionally 

graded materials (FGMs) with one-directionally dependent properties. Carrera [31] 

compared theories formulated on the basis of the classical Principle of Virtual 

Displacements (PVD) together with the Reissner Mixed Variational Theorem (RMVT) 

to evaluate the thermal response of an orthotropic laminated plate. Layer-wise (LW) and 

equivalent-single-layer (ESL) models were developed for both classical and mixed 

approaches (each layer was considered as a single plate for LW analysis, while the 

unknown variables were considered independent of the number of the constitutive layers 

for the ESL cases). Burchuladz [32] discussed the diffusion model of the linear theory of 

binary mixtures of thermoelastic solids. Williams [33] developed a micro-mechanics 

model with full thermomechanical coupling, which was based on the combined effects of 

the mechanical and energy equations. The model was based on a, combined approximate 

kinematic and thermal analysis of a repeating unit cell in a triply periodic array of 

inclusions. Zimmerman [34] gave the exact solution for the problem of uniformly heating 

a cylinder whose elastic modulus and thermal expansion coefficient vary linearly with 

radius. This model was for single layer material. In fact, all above models are linear 

models. Not much work had been done for two-dimensional models, but Ueda [35] 

developed a micro-mechanics model for functionally graded materials (FGMs) and 

discussed its application to thermoelastoplastic analysis of W-Cu FGMs for the ITER 

(International Thermonuclear Experimental reactor) divertor plates. Hetnarski [36] was 
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trying to develop a simple seclusion for dynamic themoelasticity problems. He compared 

four different methods of modeling thermoelastic waves in a solid body. The term 

"Generalized Thermoelasticity" stood for a Hyperbolic Thermoelasticity in which a 

thermomechanical load applied to a body was transmitted in a wave-like manner 

throughout the body. Attention was focused on the theoretical and practical significance 

of these models. 

The thermal stresses around cracks have been discussed by lots of researchers. 

Tsai [37] investigated the thermoelastic problem of uniform heat flow disturbed by a flat 

toroidal crack in a transversely isotropic medium. He used the method of Hankel 

transforms. The three-part mixed thermoelastic boundary conditions were satisfied using 

the techniques of triple integral equations and multiplying factors. The fracture transition 

of a flat toroidal crack to a penny-shaped crack and to a two-dimensional line crack was 

studied at different values of the inner crack radius to the outer crack radius. Wang [38] 

considered the response of a graded composite material plate containing some non-

collinear cracks subjected to dynamic thermal loading. It was assumed that all the 

material properties depend only on the coordinates along the thickness direction. Dag 

[39] determined the stress intensity factors associated with a circumferential crack in a 

thin-walled cylinder subjected to quasi-static thermal loading. The cylinder was assumed 

to be a functionally graded material. Stress intensity factors were computed as functions 

of crack geometry, material properties and time. Ganeshan [40] used experiments to 

study mechanical and thermomechanically stressed interface cracks in adhesively bonded 

hi-materials (PMMA-aluminum) with a large elastic and thermal property mismatch. 

Noda [41] discussed thermal stress problems of functionally graded materials (FGMs) as 

one of the advanced high-temperature materials capable of withstanding extreme 

temperature environments. The optimal composition profile of the FGMs in decreasing 

thermal stress intensity factors were studied and crack propagation paths due to thermal 

shock were discussed in his paper. 

Some work has been done for thermal stress under special thermal loads or for 

special material. Stuzalec [42] analyzed the temperature and displacement field in 

structures with random thermal properties. Shvets [43] derived dynamic two-dimensional 

differential equations of heat conduction in multi-layered anisotropic shells with 
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corresponding boundary conditions assuming a cubic and linear temperature distribution 

in the thickness of each shell. The non-ideal thermal contact between layers was 

considered. 

For thermal inverse problems, a lot of research has been conducted in the past, 

and many solutions have been discussed. Some solutions used the least square method. 

Eriksson [44] and Janas [45] researched regularization methods for nonlinear least 

squares problems. Belishev[46] used linear system theory to deal with dynamical systems 

with boundary control in solving inverse problems. Their work has been used in 

boundary conditions inverse problems. 

Some work has been done in order to make solving inverse problems more 

effective and stable. Hettlich [47] developed a solution for nonlinear ill-posed problems 

by methods that utilize the second derivative. He also developed a general predictor-

corrector approach to avoid solving quadratic equations during the iteration process. 

Chan [48] discussed the convergence rate of a quasi-Newton method for inverse 

eigenvalue problems. 

Most work has focused on one particular inverse problem, not a general solution. 

Dorfier [49] studied uniform error estimates for an exponentially fitted finite element 

method for singularly perturbed elliptic equations. Espisonia [50] developed a novel chip-

level membrane deflection experiment particularly suited for the investigation of sub-

micron thin films and MEMS materials. Mathe [51] developed an approximate solution 

of ill-posed problems based on considerations of stochastic noise. Yuzvyak [52] worked 

on an inverse thermomechanical problem in elaborating algorithms for the optimal 

control of temperature regimes and thermal stresses of structure elements. All of the 

above solutions were only for certain inverse problems and only for one-dimensional 

problems. 

Some researchers have tried to develop a general solution for the inverse 

problems. Ispolov [53] tried to get a numerical solution of coupled thermoelasticity 

problem. Lavrent'ev [54-57] did a lot of work in solutions of inverse problems. Yakhno 

[58] discussed solutions of inverse problems for differential equation systems of electro-

magneto-elasticity in linear approximations. But all work was linear approximations and 

could not represent the real phenomenon of inverse problems very well. 
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Most work about the solutions of the inverse problems is not on the identification 

of material parameters. Identification of material parameters is a typical FE inverse 

problem. It is more difficult to solve a PE inverse problem than to solve other inverse 

problems because FE inverse problems contain more unknown parameters when it goes 

to find local material properties, and it is harder to get stable convergence numerically. 

All existing studies about solutions of PE inverse problems are only for simple 

materials and one-dimensional structures, such as piezoelectric patches [59], soils [60], 

shape-memory-alloy phase transitions [61] etc. Gotoh [62] used infrared thermograph as 

a tool for the management of materials in soil construction and Shubinsky [63] applied 

infrared thermograph for inspection and evaluation of protective coatings. Melnik [64] 

developed an approximate dynamic thermoviscoelasticity model describing shape-

memory-alloy phase transitions. Formiconi [65] developed a numerical method and 

software for functional magnetic resonance image reconstruction. Qi [66] studied 

missing data estimated by separable deblurring. The identification of material properties 

in engineering structures was discussed based on the least square method in beams, 

frames, and surfaces [5, 61, 67-70]. A mathematical algorithm [7, 8] based on the random 

search approach and gradient-based method was developed in one-dimensional problems. 

Although many solutions of inverse problems have been studied, as mentioned 

above, there is no general solution of parameter estimate inverse problems that can be 

used in thermoelasticity, and also in two-dimensional or three-dimensional models. 

Therefore, it is very important and necessary to find such a general solution for FE 

inverse problems. 

A FE inverse problem for a multi-layered structure is more complex than for a 

single-layered structure. Difficulties come from low convergence of mathematical 

algorithms, local minima of optimization functions, a lack of unique solutions, etc. To 

improve the stability of solutions, data of displacement and temperature measurements 

will be used simultaneously in the general FE-FD approach developed in this thesis. 
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2.4 Identification of Material Properties in Vibrating Structures 

Defects, such as cracks or corrosion, change the local stiffness of the material 

elements in a vibrating structure. Consequently, they cause changes in the dynamic 

behavior of the whole structure. Cracks and other failures produce changes in the flexural 

stiffness and axial stiffness of the material elements in a structure. Observing changes in the 

flexural stiffness caused by the closing and opening of a crack in two different 

configurations makes it possible to detect the position and size of crack. Although corrosion 

reduces the stiffness of the material elements in a structure, the change does not depend 

on the deformation mode of the element. In contrast, a crack changes the stiffness of the 

element only when it is open. When the crack is closed the changes introduced by the 

closed crack are small enough to assume that there is no significant change in the 

stiffness of the element. This observation can be used to differentiate cracks from 

corrosion [71-73]. 

In recent years, considerable effort has been devoted to the investigation of the 

relationship between crack locations, crack sizes and the corresponding changes in modal 

shapes and natural frequencies. The studies in this area have been mostly limited to beam 

elements with local cracks. Doebling [74] developed a new method for identifying the 

local stiffness of a structure from vibration test data. This method was based on a 

projection of the experimentally measured flexibility matrix onto the strain energy 

distribution in local elements or regional super-elements, using both a presumed 

connectivity and a presumed strain energy distribution pattern. Then Doebling [75] 

developed another method based on a ranking of'the modes using measured modal strain 

energy to detect location of damage. But he still used the comparison of measurement 

vibration patterns, which is called the model-based damage identification method. Farrar 

[76] developed a damage identification algorithm and applied it to a bridge. People in 

Los Alamos National Laboratory have done research [77-79] in identification of stiffness 

of structures using the measured pattern of frequency of the structure, which is called 

vibration-based damage identification. Cornwell [80] improved the strain energy damage 

detection method and applied it to plate-like structures. 
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There are few studies done intended to establish an effective and general method 

to analyze more complex structures such as trusses, frames, and plates, or to detect 

damage from the monitoring of vibration. Therefore, there is a great need to have a 

general and unified FE-FD approach to identify the material properties of vibrating 

structures. 

2.5 Data Filtering 

Data filtering is a technology used to treat measurements or responses. It is also 

one of the FE inverse problems. The results of measurements or the results of numerical 

analysis always contain some errors caused by inaccuracies of measuring techniques and 

instruments, or errors resulting from some imperfections of the numerical methods. 

Usually, data treatment has to be used to filter out these errors in measurements. 

Data treatment is also very important in experimental research. Before 

Lukasiewicz [81-82] developed a matrix filter approach in 1993, the way to reduce 

measurement errors was by using statistics technology [83, 84]. Using statistic 

technology requires repeating experiments as many times as possible, which can raise the 

costs of time and money. On the other hand, the matrix filter approach estimates 

measurement errors by using system governing equations, which represent the 

experimental phenomenon exactly. Therefore, the matrix filter approach is a simple, fast 

and effective approach for data treatment. 

The matrix filtering approach has already been used for the elimination of 

experimental data errors in two-dimensional stress measurement problems and simple 

vibrating systems [85-90]. The filter matrix in the matrix filtering approach was created 

using finite difference method together with system governing equations. But the existing 

matrix filtering approach has only been available for rectangular mesh points. 

However, experimental data in most cases is collected from non-rectangular 

points that may not match with the rectangular mesh points. It is therefore necessary to 

consider the non-rectangular meshes. In this study, the matrix filtering approach will be 

extended to applications of non-rectangular mesh points. 
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Chapter 3 

Fundamentals of FE-FD Approach for Time-Dependent 

Inverse Problems 

In this chapter, the framework of a unified approach with a data filtering 

algorithm for inverse problem solutions is established. In Section3.1, the global error 

function is introduced and the procedure to form this function for different problems is 

discussed. In Section 3.2, a unified Finite Element and Finite Difference (FE-FD) 

approach with a data filtering algorithm for time-dependent inverse problems is 

developed. Together with the global error function, this approach provides a unified 

solution method for time-dependent inverse problems. In Section 3.3, a nine-point 

operator is introduced into the data filtering method. Using Taylor's series method, the 

data filtering method can be applied for non-rectangular mesh point data collection. 

Finally, the effects of measurement error on the approach are discussed in Section 3.4. 

3.1 Global Error Function 

For a system, if its governing equation exists, the global error function can be 

obtained. This global error function contains differences between the measured and the 

true material parameters and system responses, such as heat conduction coefficients, 

Young's modulus, geometrical dimensions, natural frequencies, displacements, 

temperatures etc. Minimizing the global error function with respects to material 

properties, displacements and temperatures etc, a set of algebraic equations can be 

obtained. After the set of algebraic equations is solved, the solution of the inverse 

problem can be obtained. The solution includes identified material properties, natural 

frequencies, displacements, and temperatures, etc. 
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In order to measure a physical parameter of a system, the input added to this 

system has to satisfy the requirement that it will not affect the current status of system. In 

other words, the input has to be introduced into the system in such a way that this input 

does not change current system properties. Otherwise, if this input changes current 

system properties, this system becomes immeasurable. 

Assume that the governing equation of a system is 

g(x1,x2,•••,x,1)=O, (3.1) 

together with following boundary conditions 

(3.2) 

Based on the least square method, the global error function of the system is a 

function of the measured and the true parameters and responses: 

7 

R= 1 '[W/ (B ' x 
' 1=1 

(3.3) 

Here, x1 represents true parameters or responses; x, represents measurement parameters 

or responses; W1 represents the weight of each boundary condition; W, is a weight 

matrix that represents the weight of each measurement value; B is a matrix that 

represents the difference of degrees of freedom between measurement and identification; 

and k, are Lagrangian multipliers. 

By minimizing this error function with respect to x., W, k and ki, a set of 

algebraic equations is obtained. This set of equations is usually nonlinear and iteration 

technology should be used to solve it. 
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The above general algorithm can be used in any system. In the following, it will 

be applied to three cases: identification of material properties in thermoelastic problems, 

identification of material properties in vibrating structures, and filtering data. 

3.2 FE-FD Approach for Time-Dependent Inverse Problems 

In thermoelasticity, if for a volume V bounded by a surface S, its body force, 

surface traction and heat sources change so slowly that the increase terms in moment 

equation become negligible, the problem will be defined as a quasi-static problem. For a 

multi-layered plate with simple support and isotropic material, is governing equations in 

a quasi-static problem are described as follows [91]: 

k,V2T—(cp)1D+ 1=O, 

= 0, 

0 (/ =2,e,8 +2G1e - 

e = 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

where I = 1,2,. . , N , N is the total number of layers. T is temperature. e is the strain 

tensor. o, is the stress tensor. 

Using the finite element method, the governing equations (3.5) -(3.7) can be 

reduced into a set of finite element equations in the following form 

KU=F, (3.8) 

Where K is the global stiffness matrix, U is the displacement vector, and F is the force 

vector. The detailed procedure can be found in reference [92]. 

The time-dependent equation (3.4) can be reduced to a set of finite difference 

equation by using the finite difference method as follows 
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K1T+CT+Q=O, (3.9) 

where K, is the thermal stiffness matrix, T is the temperature vector, C is the thermal 

damping vector, and Q is the heat generating vector. 

Based on the finite element equation (3.8) and finite difference equation (3.9), the 

global error functions for displacement and temperature fields are found to be in the 

following forms 

R"= [W(B DU - U )] T[W(B DU - Us)] + (KU - F), 

R  = [w(B DTT_T*)]T[w(B DrT_T*)]+? T(KlT+cT+Q). 

+lT(K2T+ H(T_T)) 

(3.10) 

(3.11) 

By minimizing R' and RT with respect to system material properties and 

responses, a set of algebraic equations about unidentified parameters can be obtained. 

Solving this set of algebraic equation, the material properties can be identified. This is the 

solution for the given problem. In the following chapters, this approach will be used to 

solve a few thermal inverse problems as examples. 

A general dynamic system modeled using the finite element method can be 

represented by a matrix equation 

K(a)u=F, (3.12) 

where K is the global dynamic stiffness matrix, F is the vector of external forces, and u is 

the displacement vector. 

To find u, and material properties in K, the global error function for the 

measurements R is defined as follows: 
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R = .-[W(Bu_u*)]T[W(Bu _u*)] + (w _ c *)T( *) 

+ [K(a,p)u - F] + W) 1D(w,p) 
(3.13) 

where k is the vector of Lagrangian multipliers. co and CO* are the calculated and measured 

natural frequencies of the system. W1 and W2 are the weights for the data of co and a. 

Equation D(co) = K(co)I = 0 represents the eigenvalue equation used to calculate the 

natural frequencies of the vibrating system. After minimizing global error function with 

respect to the displacement and material properties, a set of non-linear algebraic 

equations for the unidentified material parameters is obtained. In Chapter 6, an example 

will be studied in detail to explain this solution procedure. 

The global error function defined in the FE-FD approach developed in this study 

basically is not a Cauchy function, because the global error function of such a system 

contains many different parameters. A Cauchy function [93,94] always converges to a 

global minimal point for any initial values. But for a non-Cauchy function, it is necessary 

to make sure that the minimal point obtained from the minimization is the true global 

minimal point. In order to solve this problem, the scale parameters of material properties 

are introduced here. In the following solutions, the values of these parameters are set to 

be 1 when there is no change in material properties. Usually the change of material 

properties are very small, this means that the material property scale parameters will 

converge to the point near their initial values. This will guarantee that the minimal point 

obtained from the approach is the true global minimal point. 

3.3 Data Filtering in Non-rectangular Mesh 

Data filtering is a technology to treat measurements or responses. The results of 

measurements or the results of numerical analysis always contain some errors caused by 

inaccuracies in measuring techniques and instruments, or errors resulting from the 

numerical method. Data treatment has to be used to filter out these errors in solutions. 

The existing data filtering method can only be used for data collected from the points that 
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can construct rectangular meshes. Generally, the experimental data is collected from 

points with mechanical or geometric importance. The locations of these measurement 

points may not have regular positions in the space. Therefore, they may not match with 

rectangular mesh points. 

It is assumed that data are collected at arbitrarily selected locations on the surface 

or inside of the analyzed body specified only by their coordinates. These data, however, 

have to satisfy certain constraints resulting from the nature of the analyzed problem. For 

example, the stresses in the body have to satisfy the conditions of equilibrium as well as 

the equations of the deformation continuity. These equations can be used as the constraint 

equations that have to be imposed on the measured or calculated data. They can represent 

the symmetric conditions or additional boundary conditions. Even some technical or 

optimization requirements can be used as constraint equations. 

In general, the governing equation of a data system is Hu = 0. Here H is the 

matrix of derivatives, u is the true data. According to the FE-FD approach, the global 

error function of the system is described as follows 

R= (u_u )l(u_u*) + IHu. (3.14) 

In equation (3.14), u is the experimental data vector that usually contains 

measurement errors. I is Lagrange multiplier. Minimizing Equation (3.14) with respect 

to unknown u and k, the true data u can be identified. 

In order to obtain the values of derivatives in matrix H for non-rectangular 

points, Taylor series is introduced according to reference [95], where schemes of six-

point operator and eight-point operator are used. However, for the spatial surface with 

curvatures, a more completed nine-point operator is needed. After taking more points, the 

values of second derivatives calculated will be more exact. 

Minimizing the error function with respect to the unknown values of the 

derivatives, the following set of equations can be obtained 

Cf=CQDf, (3.15) 
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where C is the matrix of the coefficients of the local coordinates and weights. 

The above system of equations can be used for each point to obtain derivatives of 

the function f. Then, the matrix H of the governing equation can be built. In Chapter 8, 

Detailed examples will be provided to explain this approach. 

3.4 Analysis of Measurement Error 

The FE-FD approach with the data filtering algorithm developed in this study is a 

unified solution for PE inverse problems. It can be used to identify the material properties 

using displacement, temperature, and frequency measurements etc. as input information. 

Therefore, it is necessary to discuss the accuracy of measurement. 

Usually, experimental results are not exactly the same as true values [96]. The 

difference between measurement results and the true values is called measurement error. 

This error is from two sources: repeatable source errors and non-repeatable sours errors. 

Repeatable source errors are usually caused by the system, like systematic or bias errors. 

Non-repeatable source errors are usually caused by the particular operation, like random 

or statistical errors. Random error is easy to reduce by repeating an experiment many 

times, but systematic error will remain the same. Many works [97-99] have been done on 

the subject of how to deal with the measurement error. 

There will be no experiment included in this study due to limitations of the time, 

finance, and equipment. But experimental results will be used as input information for the 

unified FE-FD approach with the data filtering algorithm. Real experimental results will 

be represented by theoretical or numerical results after introducing errors. 

It will be assumed in the following analysis that the imposed theoretical or 

numerical displacement, temperature, and frequency are the true values; the errors 

introduced are only for the purpose of testing the stability and accuracy of the approach. 

Therefore, random function will be used to create error series. This random error series 

will then be added to the imposed displacements and temperatures vectors. 
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In an experimental measurement, one has to be concerned about the measurement 

positions because the fact is that it is impossible to measure the values inside the sample. 

In addition there will be measurement error due to system error. Therefore, a matrix B is 

introduced into the solution to represent the case that not all nodes are measured. It is 

noted also, in the experimental measurement, that not all measured points are of the same 

importance in the input information. Some points may be more important than others. 

Therefore, a weight matrix W is introduced to represent the fact that some values have 

more important effects than others in the identification of material properties. 
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Chapter 4 

FE-FD Approach For Identification of Thermoelastic 

Material Properties In One-Dimensional Problems 

In this Chapter, the unified FE-FD approach with the data filtering algorithm 

developed in Chapter 3 is applied to the solution of one-dimensional thermoelastic 

inverse problems. A two-layered cylinder with static heat transfer is analyzed as an 

example. In this example, the theoretical analytical solution of the temperature and 

displacement distributions can be obtained. Then these results will be used as the input in 

the FE-FD approach to identify the mechanical material properties of this two-layered 

cylinder. In this way, this example provides a reliable method to check the accuracy of 

the FE-FD approach. Section 4.1 describes the analysis model and its associated 

parameters are. In Section 4.2, the analytical solutions of the model are derived. The 

analytical solution is compared with the PEA result to verify the formulas derived in 

Section 4.2. In Section 4.3, the FE-FD approach developed in Chapter 3 is applied to the 

material property identification of this model. Material property scale parameters are 

introduced in this section. In Section 4.4, the results and applications of the unified FE-

PD approach with data filtering algorithm are discussed. 

4.1 Model of Two-layered Cylinder with Static Heat Transfer 

The model of this analysis is an inverse problem in a two-layered cylinder with 

axisymmetric static heat transfer shown in Fig 4.1. In the structure, material 1 is 

aluminum and material 2 is quartz. Their thermal and mechanical material properties are 

shown in Table 4.1. The outer surface of the cylinder is fixed. 
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Table 4.1 Thermal and mechanical properties of aluminum and quartz 

E(GPa) V a(10 5 1°C) k(WIm°C) 

Aluminum 70 0.33 2.2 202 

Quartz 94 0.17 0.046 41.6 

This is an axial symmetric problem. The theoretical solution of temperature and 

displacement distributions can be obtained 

Fixed outer 
surface 

Fig 4.1 Diagram of loads and boundary conditions of two-layered 
cylinder with static heat transfer 

In the following analysis, 7 is the temperature at the inside edge, 7 is the 

temperature at the contact surface between the aluminum and quartz, and T3 is the 

temperature at the outside edge. r1 is the radius of the inside edge, r7 is the radius of the 

interface between the aluminum and the quartz, and r3 is the radius of the outside edge. 

Ps is the radial residual stress at the interface between the aluminum and the quartz. It is 



28 

assumed in the following analysis that the bonding at the interface between the aluminum 

and quartz is perfect. 

4.2 Theoretical Solution and Numerical Analysis 

4.2.1 Theoretical Solution 

For temperature distribution, there are functions of static heat transfer described 

by equations (4.la) and (4.lb): 

T1(r)=2 +(T2 —T1)  ln(r/r1)  
ln(r2/r1) 

ln(r/r,)  

ln(r3/r,) 

i ≤ r ≤ r2, 

r2 ≤ r ≤ r3, 

where T(r) is the temperature distribution along the radius r. 

Since the heat flux which passes the aluminum and quartz is the same, the heat 

flux has the following relationship with the temperatures: 

T1—T T2—T3  
q=2,zk11 —2,zk111 

ln(r2 / i) ln(r3 / r7) 
(4.2) 

where k1 is the heat conductivity of aluminum; k11 is the heat conductivity of quartz; 1 

is the length of the cylinder. 

is obtained from equation (4.2) as follows: 

T 7+CTT  
2 

where 

(4.3) 
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= ln(r2 /r1) k1 

ln(r3 /r2) k1, 
(4.4) 

By substituting T, into equations (4.la) and (4.lb), the temperature distribution in this 

two-layered cylinder can be obtained as follows: 

Where 

I, (r) =a I +)6 1 T  lnr, for Aluminum layer 

T11 (r) =a +)62" lnr, for Quartz layer 

aiT=Ti T—T  lnr1; 
ln(r2 /r1) 

T2—T  

ln(r2 /r1) 

 lnr2, 
- ln(r3 r2 

ln(r3 /r,) 

(4.5a) 

(4.5b) 

(4.6a) 

(4.6b) 

(4.6c) 

(4.6d) 

Equations (4.5a) and (4.5b) represent the temperature distribution in the two-layered 

cylinder. After the temperatures in the two layers are obtained, the displacement 

distribution in the two layers can be found by treating temperature as body force. 

Under the thermal load, stresses in the aluminum layei and quartz layer can be 

described by the following equations [100]: 

°: '2 f"Tirdr-7), 
rr  

K1  2 C1 

f,Tirdr+(l_!C1' + -  -, 
r 

(4.7a) 

(4.7b) 



K J'Tirdr—K,T, +(1+!)C1' r1 
r 

° 2 2  J'T,rdr—T,,), 

C II H_ K11 

r 2 ' r r 

"'CII 'I ----- - 
07 00 — — i- j , T11rdr — K 117 1 +(l+!)C C" 

2 r r 2 r 
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(4.7c) 

(4.8a) 

(4.8b) 

(4.8c) 

Here, superscript "I" represents the aluminum layer and "II" represents the quartz 

layer. C', C4, C(' and Ca" are the integral constants, respectively. They are determined 

by the boundary conditions. Parameters ic1 and ic,, are defined by the following 

relations: 

a, El  
K1 = and K11 = aR EH  

1—v1 l_:vii 
(4.9a,b) 

where (a,, a,,) are the coefficients of linear thermal expansion, (El, E,1) are the Young's 

moduli, and (v,,v,,) are the Poisson's ratios. 

For the aluminum layer, substituting boundary conditions a,', J,. =0 and 

o. = p into Equation (4.7c), C1' and C4 are determined as follows: 

CI—  PS  K1  
' + 2  12 JTrrdr, 

(1.-.i/r;) r7 - r 
(4.10a) 

C=0. (4.lob) 

For the quartz layer, by substituting boundary conditions boundary conditions 

O Ir=r, p and u. ,.,. = 0 into Equation (4.8c), C11' and C' are determined as 

follows: 
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2v11  l+vI/)f?3 r 
2 vIl 2 2 c('=  r3 —r2 r3 ' 13 

1—v11 +(1+v11 )r/r32 

II , C2 =r;p. 

(4.11a) 

(4.1 1b) 

Equations (4.7) - (4.11) completely describe the stresses in the two layers of the cylinder. 

The displacements in the cylinder can be obtained by the stress-strain relationship 

described as follows: 

= - [o - v (°rr + O )] + aT, (4.12) 

together with the geometric constraint condition u,.,. = 0 on the radius displacement 

U,.,. = re09 . (4.13) 

For the aluminum layer, substituting equations (4.7) and (4.10) into equation (4.12) gives 

where 

1 
8 00 =  F  

E1 r2 

2ic1v1 1+ri ., ) /r 1-rj , lr ) 
2 r;—i r7 —r 

1+r(/r 1—ii/r2  
— (1 —vj),cj(aT +)3flnr)+( I 2/ 

1—r1 r; 

+aj(aT +/3flnr) 

J,1 Trdr=b(r2lnr +br2+b31, 

(4.14) 

(4.15a) 
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= Ji2I,rdr=bilr2lnr2 +br+b, 

b' =-

2aT 

2 2 4' 

T .. b3=---fi/-i 2 - a--1 -r. , + P! r 2 
In r, 2 4 

(4.15b) 

(4.15c) 

(4.15d) 

(4.15e) 

For the quartz layer, substituting equations (4.8) and (4.11) into equation (4.12) provides 

where 

1 1K11 (1+ VII ) 
=  2 (b' r2 in r + b' r2 +b") 

Ell r 

2v11 1+vII) 

K11( 2 2 
2K11 V11 r3 -r2 rç T 

210/I 2 +(1-v11 +(1+v 11 )r /r) +(i+,1)r; Ir3 rç - r7 

-(1-v11)ic,(c4 +fl1 lnr)+[ 

+a11(a11 T +)6lnr) 

çr 

J,. 

2 r 
(1+v11 )--

r 

1-v11 +(1+ v,1)r22 li'32 

'r ._i.. LI!.2 i.. LII.2 i_I! 

=JI17,irdr=bi11r32lnr3 +b'r+b311, 

- I-'!! 

- 2 ATI 
b" =tL_ 
2 2 4' 

T 2 aj 2+13/I 
u3 ------r, In,- -- -i' 4 r.,. 

r,2 
(1 + v,1 ) 1]Ps } 

r 

(4.16) 

(4.17a) 

(4.17b) 

(4.17c) 

(4.17d) 

(4.17e) 
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The residual stress p can be determined by substituting equations (4.14) and 

(4.16) into equation (4.13), and then using following deformation constraint condition 

' = U 1 (4.18) 

The residual stress p at the interface between the aluminum and quartz layers thus reads 

where 

1 K,(l+ VI) [ .) (b1rj1nr2+b4r22+b) 
E, r2 

2ic,v, 1+r • /r22 1—ri/' r2 2 
2 IC  ' 2 Ic,v,)q$f], 

r2 i2 r—i 

2v,,  1+v,1  
2 2 2) 

{ 
1 2K,,v,, r3 —r2 r3  

E'/ +2  11 r3 —r,2 1—v11 +(1+v,,)r22/r32 

(4.19) 

(4.20a) 

r2 
(1+v)-- 

B=-L[  r3 1 (1+1/r2 
E,, 1—v,,+(1+v,,)r22/r32 1 v,,]--  2/2 v,). (4.20b) 

Assuming that the heat and geometric boundary conditions for the cylinder are 

given by T =80°C, 7 =20°C, i =0.lm, r2= 0.2m, and r3= 0.25m , the temperature 

at the interface between the aluminum and quartz layers can be obtained as T, = 56.59°C 

by equations (4.3) and (4.4). 

Based on equations (4.6), the following results are obtained: aT = 2.24, 

fi1T = - 3 3.77, a, = —207.33 and fl' = -163.98. Then, the temperatures are determined 

as follows: 

T, (r) = 2.242-33.771nr, ≤ r ≤ r2. (4.21 a) 



T1 (r) = —207.33— 163.984 In r, 
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r≤r≤r1. (4.21b) 

Substituting equations (4.16) and (4.18) into equations (4.19) and (4.20), it turns 

out that the pressure at the interface between the aluminum and quartz layers is 

ps =-6.25MPa. 

Using equations (4.13), (4.15) and (4.17), the radial displacement u,,can be 

obtained. Furthermore, using equations (4.7). (4.8). (4.10). and (4.11), the radial stress 

°rr can be obtained too. 

4.2.2 Comparison between The Theoretical Solution and Numerical 

Analysis 

In order to compare theoretical solution with the numerical analysis, ANSYS is 

used to calculate the stress, displacement, and temperature distributions in the same 

cylinder given in the above Section. The ANSYS model is shown in Fig. 4.2a, and the 

calculated stress, displacement, and temperature distributions are shown in Fig 4.2b, Fig 

4.2c, and Fig 4.2d. 

Fig 4.2a Load and boundary conditions Fig 4.2b Distribution of temperature 



Fig. 4.2c Distribution of U rr Fig 4.2d Distribution of O•rr 
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Fig 4.2 Numerical analysis of two-layered cylinder under thermal load by ANSYS 
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Fig 4.3 Distribution of temperature along radius in two-layered cylinder 
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Distribution of Radial Displacement in Two-layered 
Cylinder 
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Fig 4.4 Distribution of radial displacement in two-layered cylinder 

Distribution of Radial Stress in Two-layered Cylinder 
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Fig 4.5 Distribution of radial stress in two-layered cylinder 
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Fig (4.3), Fig (4.4), and Fig (4.5) describe the comparison between the theoretical 

solution and the ANSYS calculations. The results show clearly that the temperature 

calculations between the theoretical solution and the ANSYS match with each other very 

well. However, the displacement and stress obtained from ANSYS do not match the 

theoretical results as well as the temperature does. 

In Fig (4.4) and Fig (4.5), there are some differences between theoretical and 

numerical analysis in displacement and stress results. This is attributed to the fact that, for 

a thermoelastic composite material problem, it is difficult to obtain a good numerical 

solution of displacement [101]. Therefore, in our following analysis, displacement data 

obtained by ANSYS will not be used as experiment data in input information. 

4.3 Identification of Material Properties 

In this section, the unified FE-FD approach with the data filtering algorithm 

developed in Chapter 3 is applied to identify the true material coefficients of linear 

thermal expansion (a,,a,,), Young's moduli (E,,E,,), and Poisson's ratios (v,,v,,) in 

the two-layered cylinder shown in Fig 4.1. 

Based on the theoretical analysis in the last section, the radial displacements in the 

cylinder are: 

Here, 

U'. = K11r1nr + Kr + K 

u, =K('rinr+K'r+K'!. 

K(   
1—v1 

K' a,(l+v,)b, a,q5f(3v, —1)  + (1—v,)p 
2 2 

1—v1 (1—v ,)(r - i) E,(l—i 2/r) 

(4.22a) 

(4.22b) 

(4.23a) 

(4.23b) 
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K = a, (1+ v1)  b +  a,çb,7' (1+ v, )1 2 (1+ v, )r2ps  
+ 

1—v1 /r22) 

111 - a, (1 + v,,) 
1 - V11 

2v,,  1+v1, 
2 22 r3 

- a,, (I+ v11) ii T  
o, +a11 q511 

K2  1—v,1 - (l— VII )+(1+ VII )r; /rç 

+ (1 + V,12 )(2 / )Ps  +a',0 v,,  2  
E,,[1—v1, +(1+v,1)r., /r32)J (1—v,,)(rç —r2) 

+ 

- a,, (1+ v,,)  b" + a,, q5j,' (1 + v,, )r,2 r32 -  r22 r32  
3 1 V,1 1—v,1 (l—v,,)+(l+ VII )r72 /r32 

2v1, 1+v1, 

(1+ v,, 2)2 (r' /r32)pg  (1+ V,, )r2  

E,,[l—VII +(1+v,,)r22/r32)] E,1 

Equations (4.22a) and (4.22b) are the governing equations of the system. 

.  
7.' 

0 2 

r., 

r3 

. 

01 

Fig 4.6 Diagram of model of identification of material properties 

(4.23c) 

(4.23d) 

(4.23e) 

(4.23f) 

Since the cylinder is two-layered and axisymmetrical, its FE model can be built 

by three nodes and two elements (Fig 4.6). Assuming that the displacements are 

measured at two points where r = r and r =7.3 (the inner and external surfaces of the 
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cylinder), the measured displacement vector U,.r * at the node 1 and the node 3 is 

described by 

* I * 17 
U,.,. U,.,.3 j (4.24) 

The true displacement vector Ur,. at the node 1, node 2, and node 3 is described as follows 

U,.,. = [u,.,.1 u,.,.2 U,.r3 ]• (4.25) 

Thus, the global error function of the system can be obtained by submitting the governing 

equations (4.22a) and (4.22b) into the FE-FD approach using equation (3.3). It turns out 

that 

R =--(Bu _U,.,.) T(BU,.r U,r )+k, (u,,. - K(E,v,a,p)), 
2 

(4.26) 

where the matrix B is an operator for the measured degrees of freedom and is used in the 

case that not all displacements are measured at all nodes, X, is Lagrangian multiplier, 

K is the vector which contains material parameters a, E, v, and the unknown residual 

stress Ps• K is shown below 

K11ilni +K +K-- 
F.' 

K = < K('r2 1nr2 + +  

K111r3 1nr3 + K'r3 + K3" 

1 

13 

(4.27) 

In order to solve this problem, material property scale parameters for every 

parameter of material property and residual stress are introduced. Scale parameters of 
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material properties are represented by ,' with the initial of the name of the material 

parameter as subscript. For example, . represents scale parameter of Young's modulus. 

The initial values of the material scale parameters are usually set to 1 when there 

is no change in material properties. Since the changes of material properties, in general, 

are very small, the material property scale parameters will, therefore, converge to the 

point near their initial values. This will guarantee that the minimum point obtained from 

the approach is the true global minimum point in the calculation. Based on the material 

scale parameters, the material parameters and residual stress can be represented as: 

= E° E E if a1 = a11 = %a"a°, = Zpps°. E 1' II (4.28) 

Here, E1° , a,, ° , E11 0, and a,,, ° represent the theoretical material properties of aluminum 

and quartz respectively shown in Table 4.1. E, , a, , E,,, a,,1 represent the true material 

properties in the two-layered cylinder shown in Fig 4.1. 

Applying the Newton-Raphson method to equation (4.26), the solution vector is 

obtained as follows: 

where 

X=[U XE Xa % 

iJi = [u,.,. U,.,.2  

XE - [%E 11] 

I iT 

X" = [  2'II '] , 

/2 

Then, the gradient vector G is defined as 

T 

(4.29) 

(4.30a) 

(4.30b) 

(4.30c) 

(4.30d) 
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where 

-iT 

OR OR OR OR 

 0ZE1 O%ai OA. axp -,::[ aui 

aR = B7(BU_U* )+ X T 
Ou 

OR - r  OK 

- 0ZEi 

OR - r  OK  

OZai - O%ai 

OR - '  OK  

Oxp_ axp 

OR UK 

The so-called Hessian matrix H is then obtained by 

where 

H, 1 H,2 

1122 

H= 

R  H,, =4=BTB, 
OU-

' ' 1) 

- = allaZE  =0, 

(IA 7) 

H,3=  =0, 
OUOXa 

H,3 

H23 

H33 

11 4 11,5 

H24 11 25 

1134 H35 

11 44 H45 

11 55 

(4.31) 



42 

7) 

H14 = =0, 
aUaXP 

7) 

H15 = j' =1. 
aua 
821? &2K 

H,7—  
8X E2 

(4.34) 

H25 _ÔR_ 8K 
8XE5 

H 82R T 02K33 0 

8 Xa 2 8Xa 

8R 8K  

H34 = a 8 p = &La &/p 

1135 = 
Xa a X 3Xa 

82R 0K 

1144=0 2_0 

H 82R OK 

45 8x8A. OX,, 

a2 1 
H55 = =0. 

Therefore, the following relationship exists between the gradient vector and the Hessian 

matrix: 

__ 52R 
G.= 

9 Xi ' Ox,êx 

Solving the above equations will obtain the following relation: 

(4.35) 
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Sx, _--[H,1]-'G1. (4.36) 

The corrections are then added to the solution vector as follows: 

X11 , = X 1 +'5 X. (4.37) 

The final X is the solution when the process is iterated to convergence. 

4.4 Results and Discussions 

The following three examples are discussed to show the application of the unified 

FE-FD approach with the data filtering algorithm for the identification of the true 

material properties and radial residual stress at the interface between the aluminum and 

quartz layers of the cylinder. 

4.4.1 Accurate Measurement in Radial Displacements 

The first example is the case without measurement error in the radial 

displacements. In this problem, the FE-PD approach is applied to the problem shown in 

Fig 4.1. The material properties are unknown and will be identified by the approach. The 

radial displacements from the theoretical solution in Section 4.2 are used as the input 

(ideal experimental data). Since the true material properties are known in this case, the 

results of identification of material properties provide a base to evaluate the accuracy of 

the FE-FD approach. The results of identified scale parameters of material properties are 

shown in Fig 4.7 to Fig 4.9 and Table 4.2. The calculation convergence is shown in Fig 

4.10. 
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Scale parameter of Radial Residual Stress 
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Fig 4.9 History of convergence of the scale parameter for the radial residual 

stress at the interface between aluminum and quartz layers 
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Fig 4.10 History of convergence without measurement errors 
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Table 4.2 True material properties and identified material properties without radial 

displacement measurement error 

XE Za Xp 

Cylinder 
True Identified True Identified True Identified 

Aluminum 0.950 0.950 0.970 0.970 

0.9245 0.9245 Quartz 0.980 0.980 0.940 0.939 

The above results clearly show that the FE-FD approach with the data filtering algorithm 

developed in this study can effectively and accurately identify the material thermoelastic 

properties when there is no measurement error in the displacement data. 

4.4.2 Solution with Measurement Errors 

The second example discussed here is the case with 2% measurement error at 

inner quartz surface. The purpose of this example is to demonstrate the effects of the data 

filtering technique employed in the current algorithm. Using the FE-FD approach and the 

Newton-Raphson method, the identified results agree with the true values very well, as 

shown in Fig 4.11, Fig 4.12 and Table 4.3. The results clearly prove that the current 

approach and algorithm have the capability to filter out the measurement error. This is a 

critical requirement for the' solution of inverse problem because it provides stable and 

reliable results. 

Table 4.3 FE-FD identification results with 2% displacement measurement error 

XE X11 XP 

Cylinder 
True Identified True Identified True Identified 

Aluminum 0.950 0.950 0.970 0.952 

0.9245 0.9245 Quartz 0.980 0.980 0.940 0.938 
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To further demonstrate error filtering effects in the current algorithm developed in 

this study, the displacement calculated by ANSYS is imposed into the FE-FD approach 

as the input. This input is closer to probable experimental data due to the unsmooth 

nature of the data. The results of the FE-FD approach are shown in Table 4.4, Fig 4.11 

and Fig. 4.12. It is again proven that the current FE-FD approach with a data filtering 

technique in its algorithm will provide stable and accurate solutions for inverse problems. 

Table 4.4 FE-PD identification results with displacement data from ANSYS 

XE Za XP 

Cylinder 
True Identified True Identified True Identified 

Aluminum 0.950 0.950 0.970 0.950 

0.9245 0.9245 Quartz 0.980 0.980 0.940 0.938 
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Fig 4.11 History of convergence of scale parameters of coefficients of linear thermal 

expansion with 2% measurement error in the displacement 
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However, when the measurement error is more than 10%, the current approach 

cannot provide correct identified results. The solution does not converge. Identified 

results and the history of convergence are shown in Fig 4.13 and Fig 4.14. Therefore, 

there is a limitation for the error filtering due to limitations in the minimization process of 

the approach, numerical calculation, and data filtering. 
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Chapter 5 

FE-FD Approach for Identification of Material 

Properties in Thermoelastic Multi-Layered Plate 

In this Chapter, the unified FE-FD approach with the data filtering algorithm 

developed in this study is applied to solve complicated two-dimensional thermoelastic 

inverse problems. In Section 5.1, the general governing equations for thermoelastic 

inverse problems in multi-layered plates are briefly reviewed. In Section 5.2, the finite 

element method is used to detail how to establish the finite element equations in the 

current FE-FD approach. In Section 5.3, the finite difference method is applied to 

demonstrate how to build the difference equations in the current FE-FD approach. In 

section 4, the current approach is used to solve a thermoelastic three-layered plate inverse 

problem. It should be noted that the current approach shown in this Chapter is also 

suitable for general three-dimensional inverse problems. 

5.1 Governing Equations for Thermoelastic Problems 

In thermoelasticity, if a volume V is bounded by a surface 5, this volume's body 

force, surface tractions and heat sources change so slowly that the increase terms in the 

moment. equation become negligible, the problem can be defined as a quasi-static 

problem. For a multi-layered plate with simple support and isotropic material, its 

governing equations in a quasi-static problem are described as follows [91]: 

k1V2T—(cp)1D+ 1 =0, 

cr,,, =0, 

(5.1) 

(5.2) 
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c-, =21epp8q+2Gje4—fl18qT, (5.2) 

eu (5.3) 

where I = 1,2,•• , N , N is the total number of layers, T is the temperature, e is the 

strain tensor and o,, is the stress tensor. 

The corresponding initial and boundary conditions for temperature T, heat flow 

q and displacements are given by: 

T(x,O) = To (x), (5.4) 

q(x0,z') = hA(T—T), (5.5) 

u(x,O)=u°, (5.6) 

where the physics parameters are defined as 

'8 1 - E,a1  

l-2vGI El  

2(1+v1)' 

2G,v1  

1-2v1 

(5.7a) 

(5.7b) 

(5.7c) 

Here, for the it/i layer, p1, c1, k1, 01 , a,, respectively denote mass density, coefficient 

of the specific heat, heat conduction coefficient, volumetric heat generation rate, and 

coefficient of linear thermal expansion respectively, ,% and G1 are Lame's constants, 

v,, and E, are Poisson's ratio and Young's modulus. 

Meanwhile, the strain tensor must satisfy the following compatibility condition: 

e/f/ + ek/If - e, J/ eJ/ ,/, = 0 (5.8) 
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5.2 Finite Element Method 

In order to solve the above equations, the finite element method (FEM) [102, 103] 

is employed widely. FEM assumes a real continuum to be divided into elements 

interconnected only at a finite number of nodal points at which some fictitious forces, 

representative of the distributed stress actually acting on the element boundaries, are 

introduced. 

The stress-strain function (5.3) can be described in the form of a vector: 

where 

= [o; O) °: 0 x.v °: 0x: 

2,+2G, Al Al 0 0 0 

Al 21+2G1 Al 0 0 0 

Al Al 2,+2G1 0 0 0 

0 0 0 G1 0 0 

0 0 0 0 G1 0 

0 0 0 0 0 G, 

-/3, 0 0 of. 

(5.12) 

(5.13) 

In the above equations, the superscript T represents transpose of a matrix. According to 

the finite element method, the following relationship exists in each element: 

f11' = N11oc , (5.14) 
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where N, is the matrix of the shape function, ö is the vector of node displacement in the 

element. f11 is the displacement vector of the element and is defined as: 

f1=ue ye w e]. (5.15) 

Together with equation (5.3), the strain in n element can be described by 

(5.16) 

where B, is the matrix of derivatives and is easily found from the shape functionN 11 . 

is the vector of strain in the element and defined as: 

[auc av' owl'-  - 

[ax ay ôz 

auc 5ve 

ay ax 

-iT 

ave awe aw au" I 
-+- - +-I 

az ay O-X azj 
(5.17) 

For temperature, there is a similar relationship between the temperature field TC in the 

element and the temperature ö7 at nodes: 

Te =Nrore, (5.18) 

where T' is the element temperature, N is the matrix of the shape function for 

temperature, and ö7.' is the vector of node temperatures in the element. 

According the potential energy method, the total potential energy in the element is 

described as follows: 
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1 jo'BT(EeBo + DzN rore)dV + j(cp)1 N To T &d V 

- JocN,,p,dV_ oeN,1pdS_OF - Jq'&dV 

1 IoeTB TEBoCdV + 5o BUiDIN ToTCdV + f(cp), NTOT &dV 

- jo'Ni,pr,dV_ ioeN,,pSdS_oF - qcAtdV 

(5.19) 

where p,, is the body force, p. is the surface force, FC is the concentrated force, and q 

is the heat source. 

Using =0, the following equation can be obtained 

J, B,,TE,cB,,odV+!J B,lTD/NToTdV_ J N,p,,dV— N11p5dS—F =0. (5.20) 
2 / 

Equation (5.20) can be rewritten as 

K,,eoe =Fl,('— FTO, (5.21) 

where 

K,IC = JB ZITEICB ,,dV , (5.22) 

F =1j B11 7 J1N TöTdV, (5.23) 

F,,c = f Nrpr,dV+ 11 NTpsdS+F. (5.24) 

Equations (5.21) can be written in the following standard form: 

KU = F", (5.25) 
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where 

ue = [öd]T , (5.26) 

FC = [F,IC —Fr'j. (5.27) 

For the whole body, function (5.24) in the global coordinate system can be 

obtained by assembling every element together in the following form 

KU=F. (5.28) 

The detailed procedure can be found in reference [92]. Equation (5.28) is the governing 

equation for space. 

5.3 Finite Difference Method 

Since the heat transfer equation in the quasi-static problem is time-dependent and 

represented by (5. 1), it is necessary to introduce the finite difference method [104-106] to 

calculate the derivatives with time. 

From equation (5. 1), following equation can be obtained: 

k,V2Te(cp)j_at +j =0. (5.29a) 

The convection boundary condition is defined as 

—k1AV2T' L=hA(T°—T,,). (5.29b) 

By representing the derivatives of element temperature T' and Q1 using the explicit 

finite difference scheme, following difference equations are obtained 
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aT' 11' T'' —Tb" 

at At 

in+I n? 
Q/ Q/  

QI - 

At 

(5.30) 

(5.31) 

Based on equations (5.30) and (5.31), equations (5.29a) and (5.29b) can be written as: 

in+l iii 

T"' _Tduul + Q1  = 0, (5.32a) 
At At 

_k,AV2Tduh' IL_(T —T). (5.32b) 

At time steps m and m +1, the governing equation and boundary condition of the 

whole body can be obtained as follows by assembling element governing equations and 

boundary conditions: 

where 

K1T+CT+Q=0, 

K,T+H(T—T)=0, 

T=[ T" 1 I 
ni+I 

K1 =[k1V2 

K2 [k1V2 

[(CP), (cp)1  
At At 1 H=[h 0]. 

(5.33a) 

(5.33b) 

(5.34a) 

(5.34b) 

(5.34c) 
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To ensure convergence of the numerical solution for two-dimensional problems, 

the calculation parameters must be constrained according to the following stability 

condition [96] at the condition & = 

(Ax )2cp h& 
 +2). 
k 

5.4 System Governing Equation and Global Error Function 

(5.35) 

Based on discussion in Section 5.1 and 5.2, for a general quasi-static 

thermoelastic problem, displacement and temperature fields at time step m are 

KU=F, (5.36) 

K1T+CT+Q=O, (5.37) 

with the initial condition T = T° and the boundary condition (5.33 b). Here To is the 

initial temperature distribution. T. is the environment temperature that will cause 

convection at the boundary. h is the coefficient of convection. A is the boundary area 

where convection occurs. 

The global error functions for displacement and temperature fields are found to be 

R" = --[W(BDU - U*)]r[W(BDU - U*)]+ (KU —F), 
2 

R  =[W(BDTT_T*)]T[w(B DTT_T*)]+2 T (K IT +cT+Q) 

+T(K,T + H(T_T)) 

(5.38) 

(5.39) 
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By minimizing R'" and R   with respect to system material properties and responses, a 

set of algebraic equations for all identified parameters can be obtained. This set generates 

a proper solution for a given problem. 

In this study, the material property parameters E1, p, , c1, and k1 can be treated 

as temperature-independent parameters, since the current approach is not used for very 

high temperature applications. 

5.5 Thermoelastic Multi-layered Plate Model 

The model problem represented in Fig 5.1 will be used as an example to 

demonstrate the capability of the unified FE-FD approach with the data filtering 

algorithm developed in this study to the solutions of thermoelastic inverse problems. 

Fig 5.1 Model of a multi-layered plate with simple support 
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Convection Heat source Convection 

Layer I 

Layer 2 

Layer 3 

L 

Convection 

Fig 5.2 2D Model simplified from 313 model 

This is a 3D multi-layered rectangular plate with simple supports. The lengths of 

the plates are L and infinite. The thickness of the plates is H. Since one dimension is 

regarded as infinite, the problem is simplified as 2D model by analyzing its cross-section 

shown in Fig 5.2. 

Element for finite element method, DOF of node is u and v 

Heat source 

Element for finite difference method, DOF of node is T 

x 

Fig 5.3 Finite element and finite difference mode with material distribution 
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The finite element and finite difference models for the current FE-FD approach 

are shown in Fig 5.3. 

Assume the material in layer 1 and layer 3 is steel and the material in layer 2 is 

ceramic, and their true material properties are shown in Table 5.1. 

Table 5.1 Material properties 

Young's 

Modulus 

E(Pa) 

Poisson's 

ratio 

 V 

Heat conduction 

coefficient 

k ( W/m°C) 

Coefficient of the 

specific heat 

C ( J/Kg°C) 

Density 

p ( Kg/rn3) 

Thermal 

expansion 

coefficient 

a(m/m°C) 

Steel 2.0e1 1 0.3 12 480 7800 2.65e-6 

Ceramic 0.69e11 0.25 3 800 2330 1.5e-6 

In the model shown in Fig 5.3, the heat source is added at the middle of the top 

surface and it keeps 80°C all the time. Assume the power to be h = 1 O / m2 °C. The 

fixed ends are assumed to be at room temperature 25°C. 

The system governing equations then read 

KU=F, (5.40) 

K1T+CT+Q=O, (5.41a) 

K,T+H(T—T)=O. (5.42b) 

The corresponding initial condition is given by 

T(x,y,0) = 25°C; (5.43) 

and the boundary conditions for temperature and displacement are defined as 

T(0,y,t) = 25°C; T(L,y,t)=25°C; T(L/2,H,t)=80°C; (5.44) 
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u(0,y,t) = 0; u(L,y,t) = 0; v(0,y,t) = 0; v(L,y,t) = 0; (0< y <H). (5.45) 

Thus, the error functions for space and time fields are obtained as follows: 

R" =-[W(BDU_U*)]T[W(BDU_U*)] + (Ku_F) , 

R  = --[W(BDlT - T* )]T[W(B DTT -T)]+ XT(K1T + CT+ Q) 

+lT(K7T+ H(T_T ,)) 

5.6 Identification of Material Properties 

(5.46) 

(5.47) 

The minimum points of equations (5.46) and (5.47) are determined by using 

Newton-Raphson method in this study. In order to find global minimum points, it is 

necessary to check whether the minimum points obtained from these equations are global 

or local minimum points. If the global error function only contains one parameter, it is a 

Cauchy function. A Cauchy function always converges to a global minimum point for 

any initial value. However, since the global error functions of a system like (5.46) and 

(5.47) contain many parameters, they are not Cauchy functions. Therefore, it is 

necessary to discuss how to obtain the global minimum points for this system. 

In order to find global minimum points, material property scale parameters are 

introduced for every material property parameter. Material property scale parameters are 

represented by x with the name of the parameter as a subscript. For example, Zr. 

represents the scale parameter of Young's modulus. 

The initial vale of a material scale parameter is set to be 1 when there is no 

change for this material property. Usually, because the changes of material properties are 

very small, the material property scale parameters converge to the points near their initial 

values. This method guarantees that the minimum points obtained from Equations (5.46) 

and (5.47) are the global minimum points. 
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Material parameters are represented by scale parameters as: 

0 0 
E, =XE , , v, =y,, v , aj=Xa,a, , k, =xk,kl°, (cp), =x.(cp)1° . (5.48) 

Here, i represents the element number. E.°, v,°, a,° , k° and (cp),° represent original 

material properties in it/i element. E., v, a. , k. and (cp)1 represent true material 

properties in the ith element, which are anticipated to be identified using the FE-FD 

approach with the data filtering algorithm. All changes of the material properties are 

represented by changes of material property scale parameters. 

YA 

34 

23  

12  

35 36 37 38 39 40 41 42 43 

G G 

44 

33 

22 

h3 = im 

h2 = im 

hi = lm 

01 2 3 4 5 6 7 8 9 10 11 

4  
L= lOm 

Fig 5.4 Diagram of node and element number of 2D model 

x 

Fig 5.4 shows the node and the element number of the model used in the 

identification procedure. The values of material property scale parameters of each 

element are shown in Table 5.2 and Table 5.3. 
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Table 5.2 Material property scale parameters in Layer 1 and layer 3 

Young's 

Modulus 

E ( Pa) 

Poisson's ratio 

V 

Heat conduction 

coefficient 

k (W/rn°C) 

Coefficient of the 

specific heat 

C (J/Kg°C) 

Dancity 

p ( Kg/m' ) 
Thermal expansion 

coefficient 

a (m/m°C) 
True material 

properties 

2.0e11 0.3 12 480 7800 2.65e-6 

Element No. 
X  X1 Xk Xcp Xa 

1 0.950 1.0.00 1.000 1.000 1.000 
2 0.900 0.933 0.990 0.960 0.980 
3 0.950 1.000 1.000 1.000 1.000 
4 0.950 1.000 1.000 1.000 1.000 
5 1.000 1.000 1.000 1.000 1.000 
6 1.000 1.000 1.000 1.000 1.000 
7 0.980 0.933 0.980 0.970 0.986 
8 0.950 0.980 0.950 0.950 0.950 
9 0.950 0.933 0.960 0.960 0.980 
10 1.000 1.000 1.000 1.000 1.000 
21 0.960 1.000 1.000 1.000 1.000 
22 0.960 1.000 1.000 1.000 1.000 
23 0.930 1.000 1.000 1.000 1.000 
24 0.930 1.000 1.000 1.000 1.000 
25 1.000 1.000 1.000 1.000 1.000 

26 1.000 0.970 0.950 0.960 0.990 
27 1.000 0.990 0.980 0.950 0.970 
28 0.980 1.000 1.000 1.000 1.000 
29 0.950 1.000 1.000 1.000 1.000 
30 0.970 1.000 1.000 1.000 1.000 

Table 5.3 Material property scale parameters in layer 2 

Young's 

Modulus 

E (Pa) 

Poisson's 

ratio 

V 

Heat conduction 

coefficient 

k ( W/m°C) 

Coefficient of the 

specific heat 

C ( J/Kg°C) 

Dancity 

p (Kg/rn3) 
Thermal expansion 

coefficient 

a ( m/rn°C) 
True material 

properties 

0.69e1 I 0.25 3 800 2330 1.5e-6 

Element No. 
X  Xv Xk Xcp X. 

11 0.950 1.000 1.000 1.000 1.000 
12 0.900 1.000 0.990 0.975 0.900 



13 0.850 1.000 0.980 0.950 0.960 
14 0.900 1.000 0.970 0.985 0.970 
15 1.000 1.000 1.000 1.000 1.000 
16 1.0000 1.000 1.000 1.000 1.000 
17 0.950 1.000 1.000 1.000 1.000 
18 0.970 1.000 1.000 1.000 1.000 
19 0.980 1.000 1.000 1.000 1.000 
20 0.980 1.000 1.000 1.000 1.000 

5.6.1 Newton-Raphson Method for the Error Function in FEM 

The element stiffness matrix K ,, for a four-node rectangular element is described 

by 

Here 

Er  

4(1-v 2)lali, 

Kc = J Bit TECB,,dV, 

T7 (1 
Pt,, = JB,II1EB,,,dV. 

---i,i,) 

+ 1-v  1 
2 1,, 

1-v  
V + 2 

1-v0  

2 

+ 1-v  lh(1 1 
2 la 

(5.49) 

(5.50) 

(5.51) 

Substituting equation (5.45) into (5.48), the element stiffness matrix can be rewritten as: 
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Ke  X EEV 
ii U 

4(1—x v )lalh 

1 
-77i 77 ) 1(7 

+ 1Xv V l 1+1) 

2 1h 

0 
' V + — xv V  

2 

Where the thermal force is defined by 

F7.c =j BTD,NT5TdV. 

1— 0 tv 
V &71+ ( j17i 

1h 3 

+ 1b (1+1 77i 77i  
2 la 

(5.52) 

(5.53) 

Thus, the thermal element stiffness matrix Krc,, of a four-node rectangular element reads 

KT(" = JBTI IUNdV , (5.54) 

=_jB,TrN,dV, (5.55) 

Ke_ fir 
T U - 

41a1i, 

lh/(1+77117f) 

I .1) 

(5.56) 

Substituting equation (5.48) into equation (5.56), the thermal element stiffness 

matrix becomes 

I T 
CU =  XEE°%a1° z-

4(1 - 2X,,  0 )lalh 
la7li(1+ 4 I) 

(5.57) 
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In equations (5.52) and (5.57), and i are local coordinators, where 

corresponds to x and 77 corresponds to y. la is the element length in x direction, l is the 

element length in y direction. r is the element thickness. 

The stiffness matrix (5.52) can be represented as K(x,x) and the force vector 

can be represented as F(Xp,XvXa)• Applying the Newton-Raphson method to equation 

(5.46), the solution vector becomes 

where 

XE X, 7' Xa rj 

U = u1, u7 U2,,, '•' U"..' U173 'M T , 

XE[2'EI 2'E2 %ENJ , 

%v2 

7. 

Xa[ai %a2 X" A' 

22 2 M] . 

(5:58) 

(5.59a) 

(5.59b) 

(5.59c) 

(5.59d) 

(5.59e) 

M is the total number of DOF of the U vector. N is the total number of elements. n is 

the total number of nodes. 

Now, the gradient vector G is determined by 

aR aR  

Lau, aZE! 

Here, 

R R aR 

a 1 
(5.60) 

(5.61a) 
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  T  ÔK u -   

aXE, aXE, aXEI 

aR  = aK  U -   

ax, 

aF  

aza, aza, 

aR 
=KU—F. 

ax 

and the Hessian matrix H is found to be 

where 

11 H 12 

H,, 

11= 

11 13 11 14 11 15 

11 3 11 24 11 25 

1133 1134 1135 

H44 H45 

11 55 

Ô2R 
Hil ==(WBD)T(WBD), 

a 2 R  

- aUa E &Z I.- 

H13 
2R r8K 

au&zv= 

a2R  
H 14 = =0, 

a2]?  
H15 Max =K. 

H,, =a2 R  r 

-- aXE aXE a7E 

(5.61b) 

(5.61c) 

(5.61d) 

(5.61e) 

(5.62) 
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H,3 =a2 R  T  Ô2K r  a2 F 

- 5XE&)Cv XEax v 5XEXV 

H,4 - 82R - a2  

axEaxa - axEaxa 

H,5=  a2 R  = aK  U - aF  

- axE a ÔXE 'XE 

a2 T a2 K T OF 
H33 =  

H34 

H35 

H44 

H45 

2 2 

= ax ax" = T ax I ax a 
- 52R aKUT aF 

axa ax1. ax 11 

- a2  - 8F 

- axa - aXa ' 

Ô2R aF 

5.6.2 Newton-Raphson Method for Error Function in FDM 

(5.63) 

If first time step m is the initial time step, the global error function becomes 

RT =--[W(B DTT_T*)]T[W(B DTT —Tt)]+ XT(KT + CT + Q) 

+lT(K2T+H(T_Tc)) 
(5.64) 

Applying the Newton-Raphson method to equation (5.43), the solution vector becomes 
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Here: 

XT = [TT XkT XCPTk T T,7-j_ 

T=[TI T • .. TN]T 

Zk2 

2 ,Cp2 

22 •.. 2N 7. 
], 

72 ••• 

(5.65) 

(5.66a) 

(5.66b) 

(5.66c) 

(5.66e) 

(5.66b) 

where N is the total number of the elements. The gradient vector G is then determined 

by 

Here, 

GT_[aR- aR oR OR OR ]. 
07 O%,1 O%,,, 02 

(5.67) 

aR = [WB DTI [W(BDTT _T *)] + k (KI +C), (5.68a) 

OR 
-  T+ii  -T (5.68b) 
- O%, axki 

OR T  ac  T, (5.68c) 
0 %CPj 0 %Cpi 

aR 
O2 --=K1T+CT+Q, (5.68d) 

aR 
(5.68e) 

and the Hessian matrix H becomes 
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Here, 

H= 

"II 'l2 h13 

11 22 11 23 

H33 

111 14 11 15 

11 24 11 25 

11 34 11 35 

11 44 11 45 

H55 -

a2 R 
H11 = •fT T = (WBD ) 7(J DT), 

a2R 7' aKi H1,= = -- +1 

TXk ô Xk 

a2  

a2 R 
H14= - =K1+C, 

aTak 

1115= C/lI =K,+H. 
aa - 

a2 R 
H22 

a2  
23  =0, 

a Xk a XCP 

H'4 -   aKI T 

H25 =  
aXka11 aXk 

2R 
1133  2 _ 0, 

U lcp 

a2 R  
H  -  

- ac T,34 - &Lcp a.  

(5.69) 

(5.70) 



71 

5 = •• =0. 

a2  

a2  

ax a9 

H55 = a2 R  
a92 =0. 

The partial differential operator V2 in finite difference schemes can be expressed in the 

following forms: 

i,j+1 

S 
i,j •i+1,j 

TAY 

Fig 5.5 Grid of finite difference method 

a2  - Ti+l ,.i+7_i, -27 
".1 - (zSx)2 

a2  - 7 + +7, -.2I 

Cy (Ay)2 

(5.63) 

(5.64) 
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The difference scheme for the convection boundary condition is developed as shown in 

Fig 5.6. 

J 

i-1,j 
I  

S  

Ay /2 

i,j-1 

••I 

T AY 

Fig 5.6 Difference scheme for the convection boundary condition 

5.7 Results and Analysis 

The procedure of identification of material properties for a 2D model is shown in 

Fig 5.7. The parameters to be identified for each element areXk I x, I x x,.. and Xa 

x and X, respectively are the scale parameters of heat conduction 

coefficient k, production of mass density and the specific heat cp, Young's modulus E, 

Poisson's ratio v, and coefficient of linear thermal expansion a. 

There are two ways to proceed with the identification of the parameters: 1) using 

totally coupled equations; and 2) using uncoupled equations. Totally coupled equations 

will make the iteration in the calculation more difficult to converge. Therefore, the 

uncoupled equation method is used in this study. The separation of thermal material 

parameters and mechanical material parameters in the calculation makes the procedure of 

numerical iteration more stable. Meanwhile, the temperature is treated as a body force as 

in the standard finite element calculation. 
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FD 

k1V2T—(cp)1D+Q 

FE 

Utj = 2jeppSq + 2G1e,, - 1818,T 

ey 1 = . (u1 + u11) 

Xk , Xp 

T 
Body 

\ .-- Force,/' 
<_ --------------

N 

XE , Xv , Xa 

Fig 5.7 Procedure of identification of material parameters in an element 

In this uncoupled equation method, the conductivity scale parameter Xk and cp 

scale parameter Xcp of each element are identified in solving difference equations. On 

the other hand, Young's modulus scale parameter XE' Poisson's ratio scale parameter 

and the coefficient of linear thermal expansion scale parameter Xa are identified in 

solving the finite element equations. 

In the following examples, the input experimental data are the displacement and 

temperature data on the top and bottom surfaces of the plate. The temperature data used 

in the 'following are the data calculated by using ANSYS (Fig 5.8a,b). The reason for 

using ANSYS calculation data is that these data are closer to true experiment data which 

contain errors. The input displacement data are obtained by finite element calculation that 

treats temperature as body force (Fig 5.8b, Fig 5.8c, Fig 5.9b and Fig 5.9c). 

The displacement and temperature distributions at two different time moments are 

used here. The time interval between them is 500s. It is not necessary to measure 

displacement and temperature from the beginning of the loading in the current FE-FD 

approach. 
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IDistrib.tion f Triprttjr T in Tim Stp I 

2 8 10 

Fig 5.8a Distribution of temperature in time step 1 

Ei8trib,JtiQr. ,f pIcmnt x in Tirr. tp I 

10 

Fig 5.8b Distribution of displacement x in time step 1 
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Fig 5.8c Distribution of displacement y in time step I 
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DistrIbi.,tin of Tm,rstur T in Tim tp 2 

Fig 5.9a Distribution of temperature in time step 2 

Dlstril3,itior. of IDispIcmnt ,c in Tim tp 2 

4 6 8 10 

Fig 5.9b Distribution of displacement x in time step 2 
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Fig 5.9c Distribution of displacement y in time step 2 
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Example 1 

In this case, there is no measured error introduced into the measured data. The 

results of the current FE-FD approach with the data filtering algorithm are shown in 

Table 5.4 and Figs 5.10. In this example, the weight matrix W is set to I. 

Table 5.4 lists the true scale parameters and the identified scale parameters for 

each element. Fig 5.10a presents the history of convergence of the scale parameter YLk in 

elements 2, 7, 14, 26, and 27. Fig 5.10b presents the history of convergence of scale 

parameter X,, in elements 2, 7, 8, 14, and 28. Fig 5.lOc presents the history of 

convergence of scale parameter X r in elements 2, 7, 8, 14, and 28. Fig 5.lod presents the 

history of convergence of the scale parameter ç in elements 2, 7, 8, 14, and 28. Fig 

5.lOe represents the history of convergence of the scale parameter xa in elements 2, 7, 8, 

14, and 28. 

Table 5.4 True scale parameters and identified scale parameters for each element 

Element 

No. 
IE lv l.k I.cp 

'1 
Fa 

True Identified True Identified True Identified True Identified True Identified 

1 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

2 0.900 0.900 0.933 0.933 0.990 0.990 0.960 0.960 0.980 0.980 

3 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

4 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

7 0.980 0.980 0.933 0.933 0.980 0.980 0.970 0.970 0.986 0.986 

8 0.950 0.950 0.980 0.980 0.950 0.950 0.950 0.950 0.950 0.950 

9 0.950 0.950 0.933 0.933 0.960 0.960 0.960 0.960 0.980 0.980 

10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

11 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

12 0.900 0.900 1.000 1.000 0.990 0.990 0.975 0.975 0.900 0.900 

13 0.850 0.850 1.000 1.000 0.980 0.980 0.950 0.950 0.960 0.960 

14 0.900 0.900 1.000 1.000 0.970 0.970 0.985 0.985 0.970 0.970 

15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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16 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

17 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

18 0.970 0.970 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

19 0.980 0.980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

20 0.980 0.980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

21 0.960 0.960 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

22 0.960 0.960 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

23 0.930 0.930 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

24 0.930 0.930 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

26 1.000 1.000 0.970 0.970 0.950 0.951 0.960 0.961 0.990 0.990 

27 1.000 1.000 0.990 0.990 0.980 0.980 0.950 0.950 0.970 0.970 

28 0.980 0.980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

29 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

30 0.970 0.970 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

Convergent History of Scale Parameter of k in 
Elements No.2,7,8,14,28 
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Fig 5.l0a History of convergence of scale parameters of heat con-
ductivity in elements No. 2,7,8,14 and 28. No measurement error. 



78 

Convergent History of Scale Parameter of cp in 

Elements No. 7,12,14,26,27 
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Fig 5.l0b History of convergence of scale parameters of (Cp in 
elements No. 7,12,14,26 and 27. No measurement error. 

From Table 5.4 and Figs 5. 10, it can be seen that the identified scale parameters in 

each element converge to their true values very well. There are only very small errors for 

Xk and Zcp in element 26. All the scale parameters converge to their true values very 

quickly. This means that the current FE-FD approach developed in this study can identify 

material properties very well when the input measurement data are very accurate. 

The convergences given by FE and FD calculations are also shown in Fig 5.1 1 a 

and Fig 5.1 1 b. The results show clearly that both FE and FD calculations are stable and 

converge quickly in the developed FE-FD approach and algorithm. 
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Convergent History of Scale Parameter of E in 
Elements No.2,5,7,13,23 
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Fig 5.lOc History of convergence of scale parameters of Young's 
modulus in elements No. 2,5,7,13 and 23. No measurement error. 

Sc
al

e 
P
a
r
a
m
e
t
e
r
 o
f 
;a

 

1.01 

0.99 

0.98 

0.97 

0.96 

0.95 

0.94 

Convergent History of Scale Parameter of a in 
Elements No.2,5,7,8,13 

• • • • • • • Eleent.5 

& A A A A A A 

• • • • 

Element 7 
A A A A. A A A A A 

Eleen2 

0 0 0 0 0 1emt1 

>t: )< )< >( )( 

0 

X 

0 0 0 0 0 

E1e8 X X )( X X X 

0 100 200 300 400 500 600 700 

Number of Iterations 

Fig 5.lOd History of convergence of scale parameters of coefficient 
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Convergent History of Scale Parameter of v in 
Elements No.2,5,8,26,27 
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Fig 5.10 e History of convergence of scale parameters of Poisson's 
ratio in elements No. 2,5,8,26 and 27. No measurement error. 
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Example 2 

In this example, ±15% random measurement error is introduced into the 

temperature data as shown in Fig 5.8a and Fig 5.9a. In the simulation, the weight matrix 

W is set to I. In this case, the process of identification of material properties has a little 

oscillation but it converges eventually. It can be seen that, from Fig 5.12a, Fig 5.12b and 

Table 5.5, the results agree with true values well. The largest identified relative errors in 

the scale parameters Xk and are only about 0.4%. 

Table 5.5 True scale parameters and identified scale parameters for each element with 

±15% measurement error in the temperature 

Element 

No. 
I.E 

'I 

I'.v I..k Icp 

True Identified True Identified True Identified True Identified True Identified 

1 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.001 1.000 1.000 

2 0.900 0.900 0.933 0.933 0.990 0.991 0.960 0.958 0.980 0.980 

3 0.950 0.950 1.000 1.000 1.000 1.000 1.000 0.998 1.000 1.000 

4 0.950 0.950 1.000 1.000 1.000 0.999 1.000 0.999 1.000 1.000 

5 1.000 1.000 1.000 1.000 1.000 0.997 1.000 0.999 1.000 1.000 

6 1.000 1.000 1.000 1.000 1.000 0.998 1.000 0.999 1.000 1.000 

7 0.980 0.980 0.933 0.933 0.980 0.981 0.970 0.969 0.986 0.986 

8 0.950 0.950 0.980 0.980 0.950 0.944 0.950 0.944 0.950 0.950 

9 0.950 0.950 0.933 0.933 0.960 0.956 0.960 0.961 0.980 0.980 

10 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

11 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

12 0.900 0.900 1.000 1.000 0.990 0.992 0.975 0.976 0.900 0.900 

13 0.850 0.850 1.000 1.000 0.980 0.986 0.950 0.946 0.960 0.960 

14 0.900 0.900 1.000 1.000 0.970 0.971 0.985 0.983 0.970 0.970 

15 1.000 1.000 1.000 1.000 1.000 0.998 1.000 0.998 1.000 1.000 

16 1.000 1.000 1.000 1.000 1.000 0.997 1.000 1.000 1.000 1.000 

17 0.950 0.950 1.000 1.000 1.000 0.999 1.000 0.998 1.000 1.000 

18 0.970 0.970 1.000 1.000 1.000 0.999 1.000 0.999 1.000 1.000 

19 0.980 0.980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 



20 0.980 0.980 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

21 0.960 0.960 1.000 1.000 1.000 1.000 1.000 1.001 1.000 1.000 

22 0.960 0.960 1.000 1.000 1.000 0.998 1.000 1.000 1.000 1.000 

23 0.930 0.930 1.000 1.000 1.000 0.999 1.000 0.997 1.000 1.000 

24 0.930 0.930 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

25 1.000 1.000 1.000 1.000 1.000 0.998 1.000 1.000 1.000 1.000 

26 1.000 1.000 0.970 0.970 0.950 0.943 0.960 0.959 0.990 0.990 

27 1.000 1.000 0.990 0.990 0.980 0.976 0.950 0.948 0.970 0.970 

28 0.980 0.980 1.000 1.000 1.000 0.998 1.000 0.998 1.000 1.000 

29 0.950 0.950 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

30 0.970 0.970 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
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Fig 5.12b History of convergence of scale parameters 'of ep in elements 
No. 7,12,14,26 and 27 with ±15% random errors in the temperature 
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In this case, displacement measurement error is not introduced. A large difference 

in identified scale parameters XE' X, and Xa is not found. This means that when 

displacement measurement does not contain a large measurement error, the current FE-

FD approach can identify the scale parameters of the material mechanical properties very 

well, even though ±15% random error is contained in the temperature measurements. 
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Fig 5.13a History of convergence of scale parameters of heat conductivity 
in elements No.2,7,8,14 and 28 with ±20% random errors in the temperature 

Example 3 

In this example, ±20% random error is introduced into the temperature 

measurement data shown in Fig 5.8a and Fig 5.9a. In this case, the process of the 

identification does not converge as shown in Fig 5.13a and Fig 5.13b. However, when the 

weight matrix W is used to reduce the weights of those values with errors are more than 

±15%, the process of identification does converge. Set W is diagonal matrix here. W, is 

defined as true value over measurement value. This shows that the weight matrix W can 

be used to reduce the effect of large measurement errors. 
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Convergent History of Scale Parameter of cp in 
Elements No.7,12,14,26,27 
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Fig 5.13b History of convergence of scale parameters of cp in elements 
No.7,12,14,26 and 27 with ±20% random errors in the temperatures 

Example 4 

In the current identification algorithm, thermal material parameters are identified 

first, and then, the temperature distribution is corrected. The corrected temperature 

distribution is used as the new input information together with displacement 

measurement to identify material mechanical properties. If the identification process 

proceeds in this way, the identified results of the material mechanical properties always 

agree very well with their true values. 

In this example, ±30% random error is introduced into temperature measurement 

data shown in Figs 5.8a and Fig 5.9a. The process of identification does not converge, as 

shown in Fig 5.14b and Fig 5.15b. 

The FE-FD approach developed in this thesis also can filter the measurement 

error automatically at the same time when the material parameters are identified. 
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Convergent History of Scale Parameter of k in 
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Fig 5.14a History of convergence of scale parameters of heat conductivity in 
elements No. 2,7,8,14 and 28; with ±30% random errors in the temperature 
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Chapter 6 

Application of FE-FD Approach to Identification of 

Material Properties in Vibrating Structures 

In this Chapter, the unified FE-FD approach with the data filtering algorithm is 

applied to the identification of material properties in vibration. In Section 6. 1, the general 

solution for the identification of the material dynamics properties in a vibration structure 

is established using the current approach. In Section 6.2 the algorithm with a data 

filtering technique for the approach is developed for the identification of material 

dynamics properties in beam and frame structures, especially in high natural frequency 

mode. The dynamic stiffness matrix (DSM), consistent mass matrix (CMM), and lumped 

mass matrix (LMM) in the current approach are obtained. In Section 6.3, simulation of 

the identification of material properties in vibrating beam is conducted. Two different 

mesh sizes are used to study the mesh size effects on solutions in the current approach. 

6.1 General Dynamic Analysis 

A general dynamic system in the finite element analysis can be represented by a 

matrix equation 

K(w)u = F, (6.1) 

where K is the global stiffhess matrix and F is the vector of external forces. In the case of 

using free vibration analysis to determine the nature frequencies of the structure, F is equal 

to zero. The matrix K has dimensions n x n, where n is the number of degrees of freedom 

of the system. Assume that the displacement vector u is measured for each node and only 



88 

m degrees of freedom (DOF) are obtained. Then, the displacement vector with the total 

number of DOF becomes 

U = [u1 u2 

The displacement vector u with the measured DOF reads 

U . 1 U . *17 
U =I.u1 U2 Um j 

(6.2) 

(6.3) 

where m is the number of measured DOF. 

During the vibration, the material properties in the elements of the structure may 

start to change due to fatigue, microcracking, or damage. These changes are represented 

by changes of the matrix K at the structure level. These changes, however, can be 

defined by the changes of parameters p at the element level, which are directly related to 

the properties of the elements of the structure. 

The stiffness matrix K'1 of an element i can be presented in the form: 

Kg', = pik 1, (6.4) 

where p, is a scalar coefficient characterizing the physical properties of the element i. k, 

is the normalized stiffness matrix of the element i. This means that the properties of the 

element are characterized by one parameter only. This is justified when the bending stiffness 

can be neglected as compared to the axial stiffness while analyzing trusses, or the axial 

stiffness as compared to the bending stiffness in the analysis of frames or beams. If the 

properties of an element are characterized by two parameters for axial and bending stiffness, 

a similar formulation is still possible using the partition of the stiffness matrix of the 

element. Similarly the coefficients pi for the mass and damping matrices can be defined. 
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The values of u are affected by noise and other experimental errors. The material 

properties in matrix K are also unknown and should be found from the analysis of the 

experimental data. To find u, and the material properties in K , the global error function of 

the measurements R is defined as follows: 

R[W(Bu_ u *)]T[W(Bu _u *)] + I W1 (w _w *)T(co_w *) 

+ [K(w,p)u - F] + W) 1D(co,p) 

where X is the vector of the Lagrangian multipliers defined as 

=A1 22 •.. 2,,], 

(6.5) 

(6.6) 

wand co* are the calculated and measured natural frequencies of the system. W1 and W2 are 

the weights for the data for co and w*, respectively. Equation D(w) = K(co)l =0 represents 

the eigenvalue equation used to calculate the natural frequencies of the vibrating structure 

here. After minimizing the global error function with respect to the respective 

displacement and material properties, a set of non-linear algebraic equations is obtained. 

This set of equations is difficult to solve precisely due to numerical difficulties in the 

calculation involving trigonometric functions. Therefore, the Newton-Raphson method is 

used here to solve this problem. 

Minimizing the global error R with respect to u, , and p, the following set of 

equations is obtained: 

[WB]T[W(Bu _u*)] + 1K(w) = 0, (6.7a) 
äu 

aR aK 
- = W' (co - co ) + ? '11 + aD(co,  =0 (6.7b) 
aco aco aco 

aR 
—=K(co,p)u—F=0, (6.7c) 
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aR 
W2D(co,p)= 0, 

aki 

OR 

Op 

OK(a,p1) 7. OD(co,p1)  

Op1 Op1 

OK(co,p,) T OD(w,p,)  

Op,i 0Pn 

where ñ denotes the nth element. 

6.2 Numerical Solution 

(6.7d) 

=0, (6.7e) 

Three types of element stiffness matrixes are used here [107]. The first one is the 

dynamic stiffness matrix (DSM) that contains information of all modes of natural frequency. 

The second one is the consistent mass matrix (CMM) that only contains information of the 

modes of low natural frequencies. The third one is the lumped mass matrix (LMM) that is 

obtained by replacing mass distribution in CMM with the concentrated mass located on the 

nodes. In order to achieve the accuracy in the identification process, it is suggested to use the 

dynamic stiffness matrix (DSM) in which the stiffness matrix of the structure is assembled 

directly from differential equations of the motion and the internal effects of the vibrating 

mass. In this way there is no mass matrix involved. The shape functions used for derivation 

of the stiffness matrix are exact solutions of the differential equations of the motion. Thus 

the calculated natural frequencies are very accurate. 

Non-linear equations (6.7a-e) can be solved using any iterative technique that is 

suitable for the solution of non-linear algebraic equations. By solving equations (6.7a-e), the 

values of p, are obtained, which includes all the parameters of the vibrating structure. 

Using the Newton-Raphson method, the following vectors of the variables are specified 

x=[ur CO X , T p711 (6.8) 
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GT_ L aR 
[au, 8a) aAi a 

and the Hessian matrix becomes 

H = 

where, 

Hil 

a2  
-=H 11 =(WB)T(WB) , 

a2 R  —H aK(co,p)  

auaCL) 12 3co 

a2  
=H 13 K(cD,p), 

02R  = H14  0 
aua 

a2 R  =H aK(w,p)  
auap 15 ap 

H12 H 13 0 H15 

11 22 11 23 

0 

11,4 11,5 

o H35 

o H45 

2R 22 = + a2K 1')u+W a2D(c,p) 
am 2 am 

a 2 R a m ax am 

(6.11) 

(6.9) 

(6.10) 
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a2   = 1-T W 8D(co,p)  
acoa, Ili 50) 

82R  = [a2K(a,pl)wIkI  52 ,p1) 

L aco  

= H = 0 33 , 

7) 

(_1  =1134-0, 
a a, 

32R [aK(Co,p1)  lop  

2R 
= H44 = 0 

a2 R - H 5 =raJJ(0),P1) 
aklap 

SK(co,p,)  

ap, 

=H55 52K(0)p) 52D(co,p)  
"P 2 

a2K(0),p,)w 52D(c),p,,) 
aco C-Pij 1 50) 

SD(c),p,,)l 

ap, 

For a beam structure, the dynamic element stiffness matrix (DSM) is given by the 

formula 

K.(w)= 1 --
L3 tX 

(SCh+CSh) 3 SSh 2L =(S+Sh) 3 (Ch-C) 2L - 

(SC/I - CSh) L2 = (C/I - C) 2L - (S = Sh) L2 

(SC/I + CSh) 3 - SS/I 2L 

(SC/I =CSh) L2 

(6.12) 

where A = 2(1= CCh), kL, S = Sine, C = Cost, Sh = Sinh, Ch = Cosh, and 

the frequency co is specified by 
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=- fpEI  
LV pA 

(6.13) 

It is possible to differentiate the above stiffness matrix with the associated unknown 

parameters and responses to obtain all necessary derivatives in the equations (6.7). 

The consistent stiffness matrix is defined as 

K(w)=K—co2M. 

where K and MC are given by the following formulas: 

K'="' 

M= pAL  
420 

12 

6L 

—12 

6L 

6L —12 6L 

4L2 —6L 2L2 

—6L 12 —6L 

2L2 —6L 4L2 

- 156 22L 54 —13L 

22L 4L2 13L —3L2 

54 13L 156 —22L 

—13L —3L2 —22L 4L2 

(6.14) 

(6.15) 

(6.16) 

Here M  is called the consistent mass matrix (CMM). 

In matrix (6.14), when the distributed mass in equation (6.16) is replaced by 

concentrated mass (6.17) located at nodes, it turns into the so-called lumped mass matrix 

(LMM). 

_1 0 0 0 

Me pAL 0 0 0 0 

20010 

_0 0 0 0-

(6.17) 
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The derivatives of the determinant can be obtained by the following equation 

(6.18). The calculation of the determinant with respect to the parameters can also be 

programmed. 

+ 

+ 

+ 

—2coM11 

K21 — CO 21t.f21 

K1 _2r 

K11 —CO 2m 11 

K 1 -CV 2m III 

K —cv2dI11 

K21 _w1 21 

- 2coM,,1 

—2wM1,, 

.[C 7 wt1,1,,2 

IC12 

—2wM22 

- 2wM11, 

IC7 - 

• .K - 

K11, —CO 

- 2coM,,, 

- •.. K,,,, - cv2d'1• 

/C12 -  CO 2m 12 

1(22 - 0 2 M22 

I,, 

K1 —aA1,, 

- 

- 2coM,,2 - 2coM,,,, 

(6.18) 

For a frame structure, the stiffness matrix of frame can be obtained from the 

stiffness matrix of beam and the transfer matrix, as shown in equation (6.19): 

Ko,p) = TK 1! (CO,p) 8ea,,, T. 

Here, the stiffness matrix of beam is rewritten in the following expression: 

K" (a, p)  = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

(6.19) 

(6.20) 
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and the transfer matrix is defined as 

T= 

- cos 0,, sin 0,,0 0 0 0 

— sin9 cos9 0 0 0 0 

o 0 1 0 0 0 

o 0 0 cos 0,, sin 0,, 0 

o 0 0 — sin O cos 0, 0 

- 0 0 0 0 0 1 

(6.21) 

When substituting DSM, CMM and LMM stiffness matrixes of beam into equation 

(6.19), the stiffness matrix of frame can be obtained for its DSM, CMM and LMM, 

respectively. 

6.3 Simulation Results and Analysis 

Defects, such as cracks or corrosion, change the local stiffness of the elements in 

the vibrating structure. This causes change in the dynamic behavior of the whole 

structure. Propagation of cracks and other failure mechanisms of members produce 

changes in their bending and axial stiffness. A crack changes the stiffness of the element 

only when it is open. When the crack is closed, the changes introduced by the closed 

crack are small enough to be neglected. Observing the changes in the bending stiffness 

caused by the closing and opening of the crack makes it possible to detect the crack. In 

contrast, corrosion reduces the stiffness of the member, but the changes do not depend on 

the deformation mode. 

The solution developed in the above two sections is used to identify material 

dynamics properties in vibrating beam and frame structures. The weight matrix is set as 

I here. In the simulation, it has been assumed that 

• Accelerations and displacements are measured quantities representing dynamic 

responses of a structure. 
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• The only changes associated with occurrence of cracked and corroded members are 

changes in the stiffness of a structure. Therefore, changes in mass or damping 

properties are not considered. 

• The structure vibrates freely during the period of time of the analysis. 

6.3.1 Beam 

The beam model in the simulation is shown in Fig.6. I. The corresponding 

material property scale parameters of the beam are identified by using the current 

approach with different mesh densities in order to find the effect of the element size. 

lit 

• I iC hOC Lii 

fl.Olitt— — 

jyt.t 1'.l.tC . 1i = I 

iCti:1. I- iLi'ti Vi. - i = 

El I 1 II 1 

I'lhtIllt.lI I. 111111 (lOt) 1(11)11 I .111111 I (bill) Ihllbhb .11111 1(11(1' 4.1111(1 

C il •111 Itl -I •,lli-i1iIl.b1Iblhhb.0Iii)  

Il -Il,. k  -It-ltlt-,tl 0.11,4(0 .01IlIli.b.Illlb 0(111111. blhl 

ll.11I1 IlU•lllb (111.1 11.1111 

Fig. 6.1 10-element beam system 
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The loss of bending stiffness due to transverse cracks and corrosion is examined 

using a ten-element beam model with both ends fixed (Fig. 6.1). The structure is excited 

into the first ten vibration modes. Seven elements of the ten-element beam have smaller 

cross-sectional areas than the designed ones due to corrosion. The loss of cross-sectional 

areas varied between 0.5% and 3.5% from their original areas that can be translated to a 

2% to 13% loss of flexural stiffness. Six elements, some of them already affected by 

corrosion, have cracks: two on the lower surface, four on the upper surface. The 

magnitude of the stiffness changes varied between 2% and 7%, which can be represented 

as cracks of a depth from 10% to 30 % of the height of the beam element. The stiffness 

coefficient for an element affected by corrosion and a crack is simply calculated as 

multiplication of those two values. This is a standard method since the stiffness 

coefficient for a beam with a transverse crack can be calculated as a smaller beam 

without a crack. A stiffness matrix is assembled in every step of this iterative procedure, 

to make sure that the data mimic the true behavior of the structure. Displacements can be 

easily implemented as initial values for the theoretical model in the objective function. 

10-element beam 

In this simulation, the beam is divided into 10 elements. Measured displacements 

at nodes and measured frequencies are used as input information. The material 

parameters used in this case are: E = 210GPa, and M = 7830kg/rn3, the element length 

is l = 0. 1m; the original cross-section area A = 0.0004rn2, and the moment of inertia of 

the cross-section is I7 = 8.3e —1 1rn4. 

In first vibration mode, when there is no measurement error involved in the 

displacement and frequency measurements, the procedure does not change anything. The 

histories of convergence for DSM, CMM and LMM are shown in Fig 6.2. It can be seen 

that DSM converges much faster than CMM and LMM. LMM converges most slowly. 



98 

History of Convergence in the First Mode 
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Fig 6.2 Histories of convergence for DSM, CMM and LMM without 

measurement errors in input data 

1.1 

1.05 

0.85 

0.8 

10 Element Beam in the First mode of Vibration 

50 100 150 200 

No. of iterations 
250 300 

Fig 6.3 History of convergence of stiffness scale parameters of elements with less 

than ±30% random errors in the displacement measurements 



99 

History of Convergence in the First Mode 

Re
la
ti
ve
 C
on
ve
rg
en
ce
 E
rr

or
 

6.00E+O1 

5.00E+01 

4.00E+01 

3.00E+01 

2.00E+01 

1.00E+01 

0.00E+00 

0 50 100 150 200 

Number of Iterations 
250 300 

Fig. 6.4 Histories of convergence for DSM, CMM and LMM with less than ±30% 

random errors in the displacement measurements 

In any analysis, measurement errors must be taken into account. If ordinary 

accelerometers are used as sensors, the expected measurement errors can be within ±5 to 

±20% of the true values. These errors will be unavoidably included in the identification 

procedure since the experimental data will be the input of the solutions for the inverse 

problems. Analysis of the influence of measurement error on the stability of the 

identification solution reveals that the data with measurement errors without any smoothing 

treatment create difficulties in convergence. 

When there are no more than ±30% random error in the displacement 

measurements, the identified material property scale parameters are shown in Table 6.1, 

Fig 6.3, Fig 6.4, and Fig 6.5. The weights are set as W1=l, W2= 1, 21, and 2i = 0.01 

here. The results in Table 6.1 show that the identified stiffness scale parameters from 

DSM agree with the true values best, next best is CMM, and LMM is the last. But all the 

identified values are acceptable. The measured frequency value is 85.45 (Hz) comparing 

with the true value 79.56 (Hz) for the first natural frequency of the structure. 
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When there are more than ±30% random errors introduced in the displacement 

measurements, all three methods cannot identify stiffness scale parameters very well. The 

histories of convergence for DSM, CMM and LMM are sho 7n in Fig 6.5. 

For the tenth vibration mode of the structure, when all weights and Lagrangain 

multipliers are the same as above, and there is no measurement error involved, identified 

results are the same as the input data, which means that the structure is not damaged. The 

histories of convergence for DSM, CMM and LMM are shown in Fig 6.6. 

Table 6.1 True and identified results from DSM in the first vibration mode with less 

than ±30% random errors in the displacement measurements 

Element 

No. 

True Stiffness 

Scale 

Parameter 

Identified Stiffness 

Scale Parameter 

DSM 

Identified Stiffness 

Scale Parameter 

CMM 

Identified Stiffness 

Scale Parameter 

LMM 

0.900 0.900001221 0.900125388 0.902472403 

2 0.960 0.959999796 0.959980756 0.959608114 

3 0.980 0.979999798 0.979980772 0.979688441 

4 1.000 0.999999795 0.999980736 0.999770696 

5 0.970 0.969999788 0.969980759 0.969874975 

6 0.930 0.930000 169 0.9300 19253 0.930023374 

7 0.960 0.960000177 0.960019274 0.960188069 

8 0.940 0.940000179 0.940019240 0.940323897 

9 0.870 0.870000176 0.870019278 0.870393988 

10 1.000 1.000000650 1.000067463 1.001368120 

Frequency 79.56 79.50 79.32 78.48 
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Fig 6.6 Histories of convergence for DSM, CMM and LMM with less than ±30% 

random errors in the displacement measurements 



102 

The identified frequency results under different displacement measurement errors 

are shown in Table 6.2. The results indicate that, when there are large measurement 

errors in both displacement and frequency, the solution cannot identify material 

properties correctly. 

Table 6.2 Convergence frequency and convergence error 

10th Mode Initial value Frequency / Error DSM Frequency / Error 

CMM 

Frequency / Error 

LMM 

No error 3845.9396 3845.9417 / 0.0032 3956.7661 / 0.0742 3845.8372 / 0.0812 

-5% error 3845.9396 3845.9417 / 0.0032 3845.9525 / 0.0669 3845.9385/0.0724 

-10% error 3845.9396 3845.9417 / 0.0033 3845.9417 / 0.0669 3845.84 / 0.0812 

+5% error 3845.9396 3845.9417 / 0.0031 3845.9536 / 0.0669 3845.94 / 0.0724 

+10% error 3845.9396 3845.9417/ 0.0032 3845.9541/0.0669 3845.94/0.0724 

+10%error with 

±35% error in U 

3845.9396 3857.4213 / 11.482 4205.2570 / 359.32 4205.37 / 359.43 

History of Convergence in the Tenth Vibration Mode 

2.50E+00 

L. 

2,00E+OO 

W 
a, 
C.) 

0 -

> 

5.00E-01 

a, 

O.00E+OO 

0 50 100 150 200 250 

Number of Iterations 

300 

Fig 6.7 Histories of convergence for DSM, CMM and LMM with more than ±30% 

random errors in displacement measurements 
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When there are more than ±30% random errors in displacement measurements, all 

three matrix methods do not converge to zero. The histories of convergence in the 

solution are shown in Fig 6.7. 

20-element beam 

The above simulation indicates that the current approach can identify true 

stiffness scale parameters very well, when there are no measurement errors in frequency 

and displacement. This 20-element beam will focus more attention on the identification 

of the stiffness scale parameters when frequency and diaplacement measurements contain 

errors. Same material properties and constants in the 10-element beam are used in this 

simulation. Assuming that the simulated measured data contain 10% error in the true 

natural frequency. The rundom errors in the true nodal displacement data are less 

than ±30%. The true stiffness parameter is then identified under the first and the tenth 

vibration modes. In this case, only nodal displacements are used as input displacement 

information for identification. 

When there is more than ±30% measurement error in displacement and 10% 

measurement error in frequency, CMM and LMM coould not give acceptable identified 

results. Only DSM gives correct results. 

From identified results, it can be found that the histories of convergence are more 

stable in a 10-element beam than in a 20-element beam. This means that increase in 

number of element makes corrent approach more sensitive to the accuracy of dispalcemnt 

measurement. This is a major difference compared to the solution of direct problem, 

where the smaller mesh size provides a more stable solution. The simulation results show 

the obvious benefit of using DSM rather than CMM or LMM in identification of material 

properties of vibrating beam structures. 
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In first vibration mode, the identified material property scale parameters from the 

current approach are shown in Fig 6.8, Fig 6.9 and Table 6.3. 

Table 6.3 True and identified material scale parameters of each element in the first 

vibration mode of 20-element beam structure with less than ±30% displacement errors 

DSM CMM LMM 

No. of 

element 

True Stiffness 

Scale Parameter 

Identified Stiffness 

Scale Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

1 0.9000 0.9000 0.9000 0.9000 

2 0.9000 0.9000 0.9000 0.9000 

3 0.9600 0.9600 0.9600 0.9600 

4 0.9600 0.9600 0.9600 0.9600 

5 0.9800 0.9800 0.9800 0.9800 

6 0.9800 0.9800 0.9800 0.9800 

7 1.0000 1.0000 1.0000 1.0000 

8 1.0000 1.0000 1.0000 1.0000 

9 0.9700 0.9700 0.9700 0.9700 

10 0.9700 0.9700 0.9700 0.9700 

11 0.9300 0.9300 0.9300 0.9300 

12 0.9300 0.9300 0.9300 0.9300 

13 0.9600 0.9600 0.9600 0.9600 

14 0.9600 0.9600 0.9600 0.9600 

15 0.9400 0.9400 0.9400 0.9400 

16 0.9400 0.9400 0.9400 0.9400 

17 0.8700 0.8700 0.8700 0.8700 

18 0.8700 0.8700 0.8700 0.8700 

19 1.0000 1.0000 1.0000 1.0000 

20 1.0000 1.0000 1.0000 1.0000 

Frequency 82.08 82.9621 0.67 83.9591 2.26 96.4341 17.49 

Convergence error 0.67 1.38 1.79 

For the tenth vibration mode, the identified results from the current approach are 

shown in Fig 6. 10, Fig 6.11, and Table 6.4. 
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Fig 6.10 History of convergence of DSM CSM and LMM in the tenth vibration mode 

with more than ±30% errors in the displacement measurement 
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Fig 6.1 lb History of convergence of material scale parameters of each element from CMM 
with more than ±30% errors in the displacement measurement 
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Table 6.4 True and identified material scale parameters of each element in the tenth 

mode of vibration of the 20-element beam with less than ±30% displacement 

measurement errors 

DSM CMM LMM 
No. of 

element 

True Stiffness 

Scale Parameter 

Identified Stiffness 

Scale Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

1 0.9000 0.9000 0 0.9000 0 0.9038 0.42 
2 0.9000 0.9000 0 0.9000 0 0.9045 0.50 

3 0.9600 0.9600 0 0.9600 0 0.9617 0.18 

4 0.9600 0.9600 0 0.9600 0 0.9650 0.52 

5 0.9800 0.9800 0 0.9800 0 0.9816 0.16 

6 0.9800 0.9800 0 0.9800 0 0.9849 0.50 

7 1.0000 1.0000 0 1.0000 0 1.0016 0.16 

8 1.0000 1.0000 0 1.0000 0 1.0048 0.18 

9 0.9700 0.9700 0 0.9700 0 0.9717 0.18 

10 0.9700 0.9700 0 0.9700 0 0.9750 0.52 

11 0.9300 0.9300 0 0.9300 0 0.9318 0.19 

12 0.9300 0.9300 0 0.9300 0 0.9346 0.49 

13 0.9600 0.9600 0 0.9600 0 0.9629 0.30 

14 0.9600 0.9600 0 0.9600 0 0.9630 0.31 

15 0.9400 0.9400 0 0.9400 0 0.9403 0.03 

16 0.9400 0.9400 0 0.9400 0 0.9401 0.01 

17 0.8700 0.8700 0 0.8700 0 0.8704 0.05 

18 0.8700 0.8700 0 0.8700 0 0.8701 0.01 

19 1.0000 1.0000 0 1.0000 0 1.0003 0.03 

20 1.0000 1.0000 0 1.0000 0 1.0003 0.03 

Frequency 3845.9397 3850.5133 0.12 4922.6193 27.97 4165.0085 8.30 

Convergence error 11.43 70.74 4.20 

6.3.2 Frame 

A simple frame is used here. Its structure and dimensions are shown in Fig.6. 12. 

The corresponding material property scale parameters of the frame are identified by using 

the current approach with different mesh densities in order to find the effects of element 

size. 
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9-element frame 

The frame in Fig.6.12 is divided into 9 elements. The results of identifying 

material property scale parameters under the first and the tenth modes of vibration using 

exact dynamic stiffness matrix (DSM), consistent mass matrix (CMM) and lamp mass 

matrix (LMM) of this structure are shown in this section. 

The material properties used in the frame are the same as in the beam, i.e., 

E = 210GPa, M = 7830kg/rn3. The element length 1C = O.lrn, the cross-section area 

A = 0.000m2, and the moment of inertia of the cross-section I,. =8 .3e —1 1m4. 

When there is no error in the displacement and frequency measurements, the 

identified results agree with true values very well. When there is 10% error in the 

frequency and ±10% error in the displacements, the identified results agree with true 

values very well too. The histories of convergence for DSM, CMM, and LMM in the first 

mode and the tenth mode of vibration are shown in Fig6.13 and Fig 6.14 respectively. 

In the first mode of vibration, 30% error in frequency and ±10% error in 

displacements are introduced. Displacements (u and u31) at every next node are used. 

The results are shown in Fig 6.15, Fig 6.16, and Table 6.5. 

4 

3 

2 

0 

(D 

0 

5 

0 
6 

0 
7 

0 
8 

A 

Fig. 6.12 Diagram of frame 

3m 



III 
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Fig 6.13 History of convergence of DSM, CSM, and LMM in the first mode of vibration 

with less than 10% error in the frequency and ±10% error in the displacements 
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Fig 6.14 History of convergence of DSM, CSM, and LMM in the tenth mode of vibration 

with 10% error in the frequency and ±10% error in the displacements 
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9 Element Frame in the 1st mode of vibration 
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Fig 6.15 History of convergence of DSM, CSM, and LMM in the first mode of vibration 

with 30% error in the frequency and ±10% error in the displacements 
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Fig 6.16b History of convergence of material scale parameters of each element from 

CMM with 30% error in the frequency and ±10% error in the displacements. 
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Fig 6.16c History of convergence of material scale parameters of each element from 

LMM with 30% error in the frequency and ±10% error in the displacements. 
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Table 6.5 True and identified material scale parameters of each element in the first mode 

of vibration in 9-element frame with 30% error in frequency and ±10% error in 

displacements 

DSM CMM LMM 

No. of 

element 

True Stiffness 

Scale Parameter 

Identified 

Stiffness Scale 

Parameter 

Error 

% 

Identified 

Stiffness Scale 

Parameter Error % 

Identified 

Stiffness Scale 

Parameter 

Error 

% 

1 0.9000 0.9000 0.00 0.9161 1.79 0.8776 -2.49 

2 0.9600 0.9600 0.00 0.9606 0.06 1.0152 5.75 

3 0.9800 0.9799 -0.01 0.9735 -0.66 0.9543 -2.62 

4 0.9850 0.9849 -0.01 0.9841 -0.09 0.9849 -0.01 

5 0.9350 0.9350 0.00 0.9363 0.14 0.9346 -0.04 

6 0.9550 0.9549 -0.01 0.9540 -0.10 0.9489 -0.64 

7 0.9300 0.9299 -0.01 0.9369 0.74 0.9562 2.82 

8 0.8350 0.8350 0.00 0.8349 -0.01 0.7703 -7.75 

9 0.9400 0.9400 0.00 0.9226 1.85 0.9672 2.89 

Frequency 13.04 13.1490 0.84 16.6869 27.97 13.9459 6.95 

Convergence error 0.19 0.66 0.85 

The above results show that DSM works well. CMM does not converge very well 

but still gives acceptable identified results. However, LMM converges to other point and 

cannot give acceptable identified results. 

For the tenth mode of vibration in the frame, all material properties and input data 

are exactly the same as in the first mode of vibration. Results of identified material 

property scale parameters from the current approach are shown in Fig 6.17, Fig 6.17, and 

Table 6.6. 
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Fig 6.17a History of convergence of material scale parameters of each element from 

DSM with 30% error in the frequency and ±10% error in the displacements. 
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Fig 6.17b History of convergence of material scale parameters of each element from CMM 
with 30% error in the frequency and ±10% error in the displacements. 
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9 Element Frame in the 10th Mode of Vibration 
1.1 

 -  

0.9 

0.85 

0.8 1  
50 100 150 200 250 300 

No. of Iterations 

Fig 6.17c History of convergence of material scale parameters of each element from 
LMM with 30% error in the frequency and ±10% error in the displacements 
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Fig.6.18 History of convergence of DSM CSM and LMM in the tenth mode of vibration 

with 30% error in the frequency and ±10% error in the displacements 
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Table 6.6 True and identified material scale parameters of each element in the tenth mode 

of vibration of 9-element frame with 30% error in the frequency and ±10% error in the 

displacements 

DSM CMM LMM 

No. of 

element 

True Stiffness 

Scale Parameter 

Identified Stiffness 

Scale Parameter Error %Scale 

Identified Stiffness 

Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

1 0.9000 0.8999 -0.01 1.0296 0.9157 1.74 

2 0.9600 0.9596 -0.04 1.0856 0.9623 0.24 

3 0.9800 0.9798 -0.02 1.1528 0.9728 -0.73 

4 0.9850 0.9851 0.01 1.1135 0.9846 -0.04 

5 0.9350 0.9351 0.01 1.0620 0.9358 0.08 

6 0.9550 0.9550 0.00 1.0931 0.9544 -0.06 

7 0.9300 0.9299 -0.01 1.1002 0.9378 0.84 

8 0.8350 0.8345 -0.06 0.9734 0.8328 -0.26 

9 0.9400 0.9398 -0.02 1.1371 0.9227 -1.84 

Frequency 503.60 504.0761 0.09 631.1444 25.4 645.1248 28.10 

Convergence error 1.681 15.38 8.79 

It can be seen that in the tenth mode of vibration, the identified material property 

scale parameters cannot be obtained as well as they are obtained in the first mode of 

vibration. In the tenth mode of vibration, when measured error of frequency is larger than 

30%, SDM works well; CMM does not converge; LMM converges to other point and 

cannot give acceptable identified results. Only DSM provides the correct results because 

DSM contains information of all modes of vibration. DSM represents the phenomena of 

vibration exactly. 

18-element frame 

In order to examine the effect of number of element on accuracy of the FE-PD 

approach, the frame inFig.6.12 is remodeled. Making element size to be the half, an 18-

element model of frame is obtained. This 18-element frame will focus more attention on 

the identification of the stiffness scale parameters when frequency and diaplacement 
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measurements contain errors. The same material properties and constants of the 9-

element frame are used for 18-element frame. The simulated measured data contain 

30% error in the true natural frequency. The rundom errors in the true nodal 

displacement data are less than ±10%. The true stiffness parameter is identified under 

the first and the tenth vibration modes. In this case, only nodal displacements are used 

as input displacement information of identification. 

Fig.6.19 and Fig.6.20 present the history of convergence of 18-element frame in 

first mode of vibration without and with large measurement error. Fig.6.19 and Fig.6.20 

present the history of convergence of 18-element frame in tenth mode of vibration 

without and with large measurement error. The values of identified material stiffness 

scale parameters of elemeent are shown in Table 6.7 and Table 6.8. 

History of Convergence in First Mode 
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Fig.6.19 History of convergence in first mode of vibration of 18-element frame with less 

then 30% error in frequency and ±10% random error in displacement 

When there is less than 30% error in frequency and ±10% random error in 

displacement for the first mode of vibration, the identified results obtained from DSM, 

CMM, and LMM agree with true values very well and converge to true values very 

quickly; in tenth mode, the identified results from DSM agree with true values very well, 

CMM and LMM couldn't give good results. 
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History of Convergence in Tenth Mode 
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Fig.6.20 History of convergence in tenth mode of vibration of 18-element frame with 

less then 30% error in frequency and ±10% random error in displacement 

Table 6.7 True and identified material scale parameters of each element in the first mode 

of vibration in 18-element frame with 30% error in frequency and ±10% error in 

displacements 

DSM CMM LMM 

No. of 

element 

True Stiffness 

Scale Parameter 

Identified 

Stiffness Scale 

Parameter 

Error 

% 

Identified 

Stiffness Scale 

Parameter Error % 

Identified 

Stiffness Scale 

Parameter 

Error 

% 

0.9000 0.9000 0.00 0.9152 1.69 0.8875 -1.34 

2 0.9000 0.9000 0.00 0.9132 1.47 0.8635 -4.06 

3 0.9600 0.9600 0.00 0.9604 0.04 1.0092 5.13 

4 0.9600 0.9600 0.00 0.9593 -0.07 1.0156 5.79 

5 0.9800 0.9800 0.00 0.9738 -0.63 0.9645 -1.58 

6 0.9800 0.9799 -0.01 0.9735 -0.66 0.9655 -1.48 

7 0.9850 0.9850 0.00 0.9831 -0.02 0.9832 -0.18 

8 0.9850 0.9850 0.00 0.9836 -0.14 0.9643 -2.10 

9 0.9350 0.9350 0.00 0.9360 0.11 0.9377 0.29 

10 0.9350 0.9349 -0.01 0.9361 0.12 0.9402 0.56 

11 0.9550 0.9550 0.00 0.9545 -0.05 0.9586 0.38 

12 0.9550 0.9551 0.01 0.9530 -0.21 0.9433 -1.23 
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13 0.9300 0.9299 -0.01 0.9360 0.65 0.9460 1.72 

14 0.9300 0.9299 -0.01 0.9355 1.67 0.9354 0.54 

15 0.8350 0.8350 0.00 0.8350 0.00 0.7813 -6.43 

16 0.8350 0.8350 0.00 0.8345 -0.06 0.7674 -8.10 

17 0.9400 0.9400 0.00 0.9255 1.54 0.9589 1.97 

18 0.9400 0.9400 0.00 0.9300 1.06 0.9600 2.13 

Frequency 13.04 13.1350 0.73 16.5871 27.20 14.2386 9.19 

Convergence error 0.18 0.57 0.76 
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Fig.6.21 History of convergence in first mode of vibration of 18-element frame with 

more then 30% error in frequency and ±10% random error in displacement 

When measured error of frequency is larger than 30%, SDM works well; CMM 

and LMM do not converge. It can be seen that in the tenth mode of vibration, the 

identified stiffness scale parameters cannot be obtained as well as they are obtained in the 

first mode of vibration. 
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History of Convergence in Tenth Mode 
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Fig-6.22 History of convergence in tenth mode of vibration of 18-element frame with 

more then 30% error in frequency and ±10% random error in displacement 

Table 6.8 True and identified material scale parameters of each element in the tenth mode 

of vibration of 18-element frame with 30% error in the frequency and ±10% error in the 

displacements 

DSM CMM LMM 

No. of 

element 

True Stiffness 

Scale Parameter 

Identified Stiffness 

Scale Parameter Error %Scale 

Identified Stiffness 

Parameter 

Error 

% 

Identified Stiffness 

Scale Parameter 

Error 

% 

1 0.9000 0.8998 -0.02 1.0324 0.9233 

2 0.9000 0.8999 -0.01 1.0456 1.0125 

3 0.9600 0.9595 -0.05 1.0765 1.1252 

4 0.9600 0.9596 -0.04 1.0853 0.9872 

5 0.9800 0.9799 -0.01 1.2536 1.1611 

6 0.9800 0.9789 -0.11 1.1467 1.0375 

7 0.9850 0.9849 -0.01 1.1632 0.9934 

8 0.9850 0.9853 0.03 1.1565 0.9876 

9 0.9350 0.9350 0.00 1.0700 1.1321 

10 0.9350 0.9355 0.05 1.0735 1.0003 

11 0.9550 0.9552 0.02 1.1043 0.9865 

12 0.9550 0.9556 0.06 1.2198 0.9734 
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13 0.9300 0.9296 -0.04 1.1024 1.0143 

14 0.9300 0.9298 -0.02 1.2511 1.0426 

15 0.8350 0.8353 0.04 1.0213 0.9002 

16 0.8350 0.8340 -0.12 0.8965 1.2723 

17 0.9400 0.9395 -0.02 1.2321 1.1892 

18 0.9400 0.9360 -0.43 1.3216 1.0932 

Frequency 503.60 504.1854 0.12 681.2843 690.3674 

Convergence error 1.780 25.14 19.87 

It can be found from identified results that the histories of convergence are more 

stable in 9-element frame than in 18-element frame. It means that increase in number of 

element makes the current approach more sensitive to the accuraty of displacement 

measurement in frame. The identified stiffness scale parameters obtained for 18-element 

frame agree with true values better than the results obtained for 9-element frame. 

Only DSM provides correct results probably because DSM contains information 

of all modes of vibration. DSM represents the phenomena of vibration exactly. The 

simulation results show the obvious benefit of using DSM rather than CMM and LMM in 

identification of material properties in vibrating frame structures. 
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Chapter 7 

Application of FE-FD Approach in Data 

Filtering for Non-Rectangular Mesh Points 

In this Chapter, the application of the FE-FD approach in data treatment in non-

rectangular meshes is discussed. In Section 7. 1, the general matrix filter is developed for 

the FE-FD approach. In Section 7.2, the plan problems with non-rectangular mesh points 

are reviewed. This method is extended to three-dimensional surfaces such as a shell by 

introducing a 9—point operator. In Section 7.3, the new method is applied to three 

different examples to demonstrate its capabilities. 

7.1 Formulation of the Matrix Filter 

In general, the governing equation of a data system is described by Hu = 0. H is 

matrix of derivatives, and u is the true data. Based on the current FE-FD approach, the 

global error function of the system is obtained as follows 

R=--(u—u)' (uu)+'IIu. (7.1) 

In equation (7.1), u is the vector of the experimental data that usually contains 

measurement errors or other source errors. ?. is the Lagrange multiplier. In order to 

identify the true data u, minimizing equation (7.1) with respect to unknown u and k. 

Thus, there is 

(7.2a) 
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aR 
- = Hu =0. ak 

Equations (7.2a) and (7.2b) can be rewritten in the matrix form 

IH 
I H7u1u* o][j[o 

(7.2b) 

(7.3) 

To solve this equation, there is no need to use the Newton-Raphson method. Actually, 

Equation (7.3) can be solved directly. Equation (7.3) gives 

Iu+ HT =u*, (7.4a) 

Hu=O. (7.4b) 

Multiplying H to both sides of equation (7.4a) yields 

Hu+ HHT =Hu*. 

Using equation (7.4 b), the parameter is obtained as follows: 

=(HHT)' Hu*. 

Then, substituting equation (7.6) into equation (7.4a), the vector u is obtained 

u = [I - H'(HH7' H]u*. 

Equation (7.7) can be rewrite in the following form 

U =Mu*, 

(7.5) 

(7.6) 

(7.7) 

(7.8) 
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where 

M = I_HT(HHT)_IH . (7.9) 

M is called Filtering Matrix [81]. H usually is not a square matrix, and its derivatives 

are defined by particular mesh pattern. 

The matrix M is obtained from the constraint equations of the system to be 

analyzed and must be created only once. In the above equation, I is the unit matrix. 

Therefore, the data correction only requires the calculation of the matrix M, which is a 

simple and fast operation. Since M is dependent on the H matrix of the derivatives, it can 

be used in non-rectangular meshes if the derivatives can be found. 

In this study, Taylor series is introduced to find the derivatives for non-

rectangular meshes, which, in turn, provides the matrix filter based on the current FE-FD 

approach. Then the true data u can be identified. 

7.2 Derivatives in Plane Problem 

The problem of filtering is reduced to the creation of the matrix H and M 

according to the equation (7.8). It should be noticed here that the matrix H does not 

necessarily contain the complete set of equations for the discussed problem. It is built by 

using only the information available for the analyzed system. 

In order to obtain the values of derivatives in the matrix H, Taylor series is 

introduced for the non - rectangular meshes [95]. The schemes of the five - point 

operator and the nine - point operator are presented in Fig. 7.1. 

Fig.7.1 The schemes of the five and nine point operators (stars) 
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7.2.1 Five-point and Eight-point Star Operators 

Using Taylor series representation of the function f for the five-point operator, the 

derivatives of the function f at the central point can be calculated by the equation 

(7.10) 

where f is a vector of the function values at the points of the star, and is defined as 

f= 

fl - f0 

f2 -A (7.11) 

In equation (7.11), f0 is the value at the center point, f, (i = 1,•• •,5) is the value at the 

star point i. Q is the matrix of the coefficients defined as 

dx1 dy1 -dX 1 2 -cy 2 dx1dy1 

2 2 -dx -ay 2cy2 

Q= dx3 dy3 dx32 --c dX3dy3 

d4 dy4 dX4dy4 

dx5 dy, --dv --dy dx5dy5 
2 2 

(7.12) 

where dx, and dy1 (1 = 1,. ,5) are the displacements between the center point and the 

ith star point in the x and y directions, respectively. 
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Df is the vector of derivatives that are used to create matrix H. It is defined as 

follows: 

Df= (7.13) 

If the matrix Q is not singular, vector Df can be calculated from equation (7.10) as 

p = Q_If. (7.14) 

Because the equation (7.10) becomes over-determined in the eight—point operator, 

the least square method [108] is introduced in this study. The global error functionR of 

the function f and their Taylor series expansion must then be minimized. This error 

function can be written as 

8 2 1( 2 

R= f0-f,+-& 11 -- 
./=1 k=1 \ j=I X. 

(7.15) 

where j is the number of the star, k is the coefficient of the Taylor series, ix,, is the 

local ith coordinate of point j, f0 is the value of the function at the central point, 

= is the distance between the point j and the central point. 

Minimizing the error with respect to the unknown values of the derivatives, the 

following set of equations can be obtained 

Cf=CQDf, (7.16) 
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where C is the matrix of the coefficients of the local coordinates and the weights, and 

defined by 

c= 

( dx1 dx2 
6 26 

10 1 dy1 dy-, dy8 

;5 p26 )08 

dx1dy1 . ..lys  
6 6 

\ p1 P8 15x8 

The matrix Q is described by 

Q= 

I, 

dx1 dy 11 —dxc yi-
2 2 

dx, dy, ! I 2 
2 2 -.dy; 

dx3 dy3 -dx -i-dy dx3dy3 

dx1dy1 

dx2dy, 

I , I 
dx8 dy8 -dx —djç dx8dy8 

7.2.2 Nine-Point Star Operator 

(7.17) 

(7.18) 

Although the above six and eight-point operator are capable of filtering data for 

non-rectangular meshes applications, they cannot solve shell structures which are same of 

the most common structures. Therefore, a nine-point operator is introduced in this study. 

The derivatives of the function f at the central point can be calculated by the equation 

(7.19) 

-f9 - fo-
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In equation (7.19), f0 is the value at the center point, f (i = l,• ,9) is the value at the 

star point i. Q is the matrix of the coefficients defined by 

dx1 dy1 dx dx1dy 

cL dy, -dx,dy (720) 

tc3 d3;3 -dx3dy 

dX9 d3i9 ! 9 ,: 
2 2 

Df is defined as follows 

Df= (7.21) 

The above system of equations can be used for each point to obtain its derivatives of the 

function f. Then, the matrix H in the governing equation can be obtained. 

7.3 Modeling and Numerical Simulation 

In order to illustrate the matrix filter in eliminating errors in stress measurements, 

a two-dimensional elasticity problem is used as an example of the application of the 

current approach. In this case, equations (7.22a) and (7.22b) are used as governing 

equations. 

+ °)l') =0, (7.22a) 
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82o. a, 07 
jY —o 

ax2 2 - 

(7.22b) 

The whole body contains n nodes. It is assumed in this example that only m nods 

are measured. Then the system governing equations (7.22a) and (7.22b) can be rewritten 

as 

82 82 

8x12 
82 82 

8x,2 y1 

0 0 00 

00 

00 

0 0 00 

00 

82 82 

8x32 y3 
82 82 

ox32 

0 0 0... ... 0 

0 0 0... •.. 0 

0 0 

0 0 

0 0 
82 82 

The above equation can be written in the matrix form by 

Here, 

2 

- 2mx2n 

0 XXfl 

_o_)y,, - 2, 

= 0. (7.23) 

Ha =0. (7.24) 
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H=. 

a2 32 
ax12 
a2 
ax12 

a2 

00 0 0 

00 0 0 

0 0 00 

0 0 00 

00 

0 0 0 

a2 a2 
ax2 
a2 
ax 2 
2 

a2 

0 

0 0 0 •.. 0 

0 0 
a2 

11 2 

a2 
11 2 

a2  
2 

mx2n 

(7.25) 

In the following, three examples are discussed to explain the application of the current 

FE-FD approach to data treatment. 

Example 1 

The first example represents the results of data filtering algorithm for a 

concentrated normal force applied at the free edge of a semi-infinite plate (Fig. 7.2). The 

results are shown in Fig 7.3 and Fig.7.4a to Fig7.4c. 
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Semi-infinite sheet loaded at its free edge 

Fig 7.2 Diagram of loading and boundary conditions of example 1 
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Fig. 7.2 is the diagram of loading and boundary conditions of example 1. Fig 7.3 

represents the points where the data are obtained and corrected. Fig. 7.4a describes the 

exact results obtained from the solution of the elasticity theory. Fig.7.4b represents 

results with a large initial error. Fig. 7.4c represents the results corrected by the current 

approach. The maximum initial relative error in this example equals 2.08. The maximum 

corrected relative error in the results is 0.14, as shown in Fig7.2f. The relative error is 

defined as the difference between the actual value and the exact value at a given point 

divided by the exact value at the same point. Five—point operators are used here. 

ReIactie Error 

I 

X 

X 

Exact Data 

V 

V 

Fig 7.4d Distribution of relative error between the 
corrected data and the exact data 
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Example 2 

The second example of the current approach is the data treatment for the stresses 

around a hole in a strip under tension, as shown in Fig.7.5. Fig.7.6 and Fig.7.7. The 

points for data collection are distributed in non-rectangular locations. 

Y 

F 

X 

A Strip with a hole in the center under tension 

Fig 7.5 Example 2, a strip with a hole in the center under tension 
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Fig 7.6 Position of non-rectangular mesh points 
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Fig 7.7a Distribution of stress o, obtained by ANSYS 

G 

Re. Det 

Fig 7.7b Measured Data Fig 7.7c Data after using filtering matrix 
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Fig 7.5 is a diagram of the loading and boundary conditions of example 2. Fig 7.6 

represents the position of non-rectangular mesh points. Fig 7.7a represents the 

distribution of stress cr obtained by theoretical solution. Fig 7.7b represents raw data 

that contains measurement error. Fig 7.7c represents the results after using the filtering 

matrix with nine-point operators. These results clearly show that the current FE-FD 

approach with nine—point operators provides effective filtering for data error, even when 

some larger data errors are involved. 

Example 3 

In this example the distribution of the temperature in a spherical shell is 

represented. The shell is heated at the lower edge. The initial data were calculated by 

FEM and some errors were introduced. The governing equation for this problem is 

AT =0. 
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Nov 24 2000 
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WO2At SOlUTION 
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tEES-IS 933 
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Fig 7.8 Diagram of loading, boundary conditions 



138 

In this case, the system governing equation for the shell is 

1 2T  1  aT  1  a2  
+ 

r r tan (p aq rSin ,ço a02 (7.26) 

If n nodes are used and the data are measured at m nodes for the data collection, the 

system governing equation can be rewritten as follows 

1 a2 

r2 

+ 0 0 r2 1  a tan 1 a, 

1  a2  
+r2Sin2coi ae2 

0 

0 

1 a2 
r2 a, 

i  a 
+, 
rtanq, a2 

i  a2  
+ 
r2 Sin 2ço2 a8,2 

0 

It can be rewritten in the matrix form 

with 

0 

0 
i a2 
r2 aço,12 

i  a 
0 + 

r tang,, ag,, 
1  a2  

+2 

r Sinço,, a9,,2 

'I 

=0 

(7.27) 

HT = 0, (7.28) 
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Fig 7.10a Distribution of temperature obtain from ANSYS 
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Nine-operator is used in this example. Fig 7.8 represents the temperature 

distribution in a spherical shell. This temperature distribution is obtained by ANSYS. Fig 

7.9 represents points where data are collected. Fig 7.lOa represents part of the 

temperature distribution in Fig 7.9. which are used in the filtering. Fig 7. 1 Ob represents 
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raw data with large measurement errors. Fig 7.lOc represents the corrected data after 

using the current approach. The results show that the current approach can effectively 

filter data errors for a shell structure. 
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Chapter 8 

Conclusions and Recommendations 

Based on the results in the previous chapters, the following conclusions are 

obtained: 

1. A unified FE-PD approach with a data filtering algorithm is established in this 

study. It provides an effective and accurate method to identify material properties 

based on structural thermoelasticity or dynamics parameters and measurements. It 

has the capability to automatically filter out errors contained in experimental data. 

Because of this capability, this approach can provide a stable solution for various 

time-dependent inverse problems. 

2. This unified FE-FD approach with the data filtering algorithm provides a 

powerful solution for both linear and nonlinear time-dependent inverse problems. 

By integrating the finite element method, the finite difference method, and an 

extended data filtering method, this approach is able to handle complicated 

geometric structures and to simulate time-spatial interrelated physical phenomena. 

3. A software for this new approach is developed in this study. It has a potential 

capability to interface with commercial software packages. This software is 

flexible and easy to use. 

4. For thermoelastic problems, this approach can identify material properties very 

well when random errors in displacement measurements are less than ±30%, and 

random errors in temperature measurements are less than ±15%. The weight 

matrix W can be used to reduce the effect of large measurement errors. 
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5. For thermoelastic problems, this approach only needs temperature data measured 

at some points, not necessarily at all points, on the surface of the structure. There 

is no limitation on the data collection time. 

6. For structural dynamics problems, this approach provides appropriate formulas 

for the dynamic stiffness matrix (DSM), consistent mass matrix (CMM) and lump 

mass matrix (LMM). The simulation results indicate that the best solution is from 

DSM for the identification of material properties. 

7. For structural dynamics problems, this approach only needs displacement data 

measured at some mesh points, not necessarily at all points of the mesh on the 

surface of the structure. There is no limitation on data collection time. 

8. In this approach, increase in number of element makes the identified material 

properties agree with true values better, but makes the stability of iteration worse. 

9. This approach, together with a nine-point operator introduced in this study, 

provides an effective and reliable method for treating data measured from any 

complicated spatial surface. The matrix filter developed in this study can 

successfully filter the data at non-rectangular mesh points on planes and surfaces. 

The correction of the data is very fast and can be conducted in real time. 

Time-dependent inverse problems are very complicated problems and appear in 

various fields. This study cannot and does not intend to provide an ultimate solution for 

all the inverse problems, due to the limitation of manpower, funding, equipment, and 

time. It intends to provide a solid basis for further research. Following are some 

recommendations for future research: 
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1. As discussed in Chapter 1, unlike direct problems, the experimental 

measurements are an integral part of the inverse problem solutions. There is a 

need to develop experiments to verify the FE-FD approach with the data filtering 

algorithm and to establish a complete procedure for material property 

identification. 

2. This approach can be extended to transient thermoelastic problems. It will be a 

challenge to handle the numerical stability issues. 

3. This approach only handles geometric nonlinear problems in this study. It can be 

extended to material nonlinear problems. 
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