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Abstract

This dissertation describes improvements made to a system for airborne mapping of the
gravity field of the Earth. The research is carried out using an airborne gravity system
that is based on a Strapdown Inertial Navigation System (SINS) and receivers of the
Global Positioning System in differential mode (DGPS).The objective of the research is
to optimize the performance of the system, especially for geodesy and geophysics.

An introduction to the field of airbome gravimetry is given and the state of current

research in the field is surveyed. Data from rcccnt airborne gravity campaigns is used to

provide a detailed analysis of the DGPS enw budget for airborne positioning, providing a
realistic evaluation of the accuracy of current kinematic terrier phase techniques. A
hdarnental consideration of the various pmcsscs of d i f f d a t i o n is given and
particular differentiating f i l m arc proposed for the determinetion of high precision
velocity and acceleration. A detailed analysis is given in the frequency domain of the
DGPS m r budget for 8ccc1emtion -on.
This provides an uadnstending of the
characteristics of each of the relevant aror sources for #a1 resolutions up to 500 m
and forms the basis for a set of mmmendations regarding acceleration detmnimtion
for airbome gravimetry. The limitations of t'x SINS gravimeter that are imposed by the
accelerometer biases are analyzed and quantified. A thorough analysis is provided of the
dynamics experienced by survey aircraft. The high-frequency errors affecting airborne
gravimetry are analyzed in detail and methads for reducing them are proposed and
implemented with success,
An improvement to the performance of the system for medium-resolution applications is
achieved and it is demonstrated for the first time that the SMS/DGPS system can be used
for high-resolution applications. Major results include a demonstrated accuracy of 1.5
mGal for a spatial resolution of 2.0 km and an accuracy of 2.5 mGal for a resolution of
1.4 km. Improvements to processing methods have yielded slightly better performance

than the LaCoste and Romberg gravimeter on a common flight. A method for removing
the effect of the Phugoid motion has been proposed and implemented with success.
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Notation, Symbols and Acronyms

Notation

In this section, mathematical notation and coordinate fiames used in the dissertation are
introduced. They are the same as those used in Schwarz and Wei (1997).
Vectors are represented by letters that are lowercase and boldfa. The most common
uses of vectors herein are for the representation of position, velocity and angular velocity.
The following orthogonal Cartesian coordinrte frames are used in this dissertation:
a) The Operational Inertial Frame ( i - h e ) is a reference h

e in which Newton's
equations of motion apply. It is therefore not rotating or accelerating. For practical
applications, it is defined as follows:

origin: at the centre of mass of the Earth
z-axis: parallel to the spin axis of the Earth
x-axis: pointing towards the mean v d equinox
y-axis: completing a right-handed h e
b) The Conventional Tmestrial Frame ( e - h e ) is fixed to the Earth. It is defied as
follows:

origin: at the centre of mass of the Earth
z-axis: parallel to the spin axis of the Earth
x-axis: pointing towards the mean meridian of Greenwich
y-axis: completing a right-handed h e

The e-frame rotates with respect to the i-frame by a

nearly constant angular

rotation about the z-axis.
C)

The Local-level ( 1 - h e ) is defined with respect to an Earth-fixed ellipsoid of
revolution such that its axes point east, north and up, as follows:
origin: at the point of interest (e.g. the origin of the sensor h e )
z-axis:along the normal of the reference ellipsoid, pointing outward
x-axis: completing a right-handed frame
y-axis: pointing towards geodetic north

d) The Body Frame (b-Frame) is fixed to the sensor platform. In principle, this

coincides with the body of the host vehicle (or can be related to it by a translation
xiii

and rotation). Because it depends on the motion of the vehicle, it can have any
orientation with respect to the Earth. It is defined as follows:
origin: at the origin of the sensor platform
z-axis: pointing upward
x-axis: completing a right-handed frame
y-axis: point in the direction of travel
A superscript is used to indicate the coordinate frame in which the components of a

vector are given. For example, the position of an object with respect to the b-frame is

given by:

An angular velocity vector is defined using a superscript and two subscripts. The

superscript is used, as for any vector, to represent ihe coordinate h

e in which the

information is expressed. The rotation is fram the frame given by the second subscript to
the h

e given by tbc first subscript. For example, the angular velocity between the i-

frame and the b - h e is expressed in the b h e by:

Manices are represented by letters that arc uppercase and boldface. The most common
use of matrices herein is to represent the rotation from one coordinate h

In this case, the original h

e to another.

e is represented by a superscript and the new W e is

represented by a subscript. For example, the representation of a coordinate in the Cframe,
r',can be computed from its representation in the b-fixme, rb,as follows:

r' = ~ b r ~ .
It is usell to define the rotation matrix,

RL, because it defines the attitude of a vehicle,

i.e. the orientation of the vehicle with respect to the 1-frame. It is given by:

xiv

cosylcosp-sin(vsin0sin~p -sinyrcos0
sinylcosp+cosyrsin0sinq, cos(vcos0
-cosBsinp
sin B

where

a,0 and

I

cos~sinq+sin~sin6cosy,
s i n ~ s i n p - c o s y l s i n 0 c o s ~,
coso cos a

y are three Euler angles known as the roll, pitch and yaw of the host

vehicle. They are positive counter clockwise rotations about the y, x and z-axes of the bh e , respectively.

The angular velocity is also commonly expressed in the so-called skew symmetric form

using a matrix, as in the following example:

Finally, a dot is used above a vector to indicate the time derivative of that vector. For
example, v1 is the time derivative of v1.

Lht of acronyms
The following acronyms an used in the diaertation.
Acronym

AGEM
b- fiame
DGPS

DOP

Meaning
Airborne Gravity for Exploration and Mapping, GEOIDE
Body Frame
Global Positioning System in differential mode
Dilution of Precision (in referccci. lo satellite geometry)

e- fiame

Conventional Terrestrial (or Earth Fixed) Frame

EGM96
FIR

Earth Gravitational Model of t 996
Finite Impulse Response (for a discrete-time filter)
Geomatics for Informed Decisions, Network Centre of Excellence
Global Navigation Satellite System
Global Positioning System
Geodetic Survey Division of Geomatics Canada
Gravity Estimates from Airborne Techniques for Geoid Undulations

GEOIDE
GNSS

GPS

GSD

GREATGUN

Operational Inertial Frame
Interferometric Synthetic Aperture Radar
Infinite Impulse Response (for a discrete-time filter)
Inertial Navigation System
Intermap Technologies Corporation
Inertial Technology Center in Moscow
Kort & Matrikelstyrelsen (Danish National Survey and Cadastre)
Honeywell Laseref 111inertial navigation unit

i- frame
lFSAR
IIR

rNs
Intermap

ITC
KMS

LRF-I11
1-We

Local-level Frame
milliGal= one thousandth of a Gal = 1 x 10" mfs2
Maximum Undistorted Frequency
Network Centres of Excellence

mGal
MUF
NCE
NRL
PDOP

United States Naval Research Laboratory
Position Dilution of Precision (in reference to satellite geometry)
RefFnuw (for aimaft motion, see Chapter 7)
Rotation Invariant Scalar hvimetry
Root Mean Square
Stability Augmentation System (airctaft autopilot)
Systhne Internationale (units)
Strapdown Inertial Navigation System
Sttapdown Inertial Scalar Gravimetry
Zero-length spring gravimeter (produced or modified)

r-he

RlSG
RMS
SAS
SI
SINS

SISG
ZLS
List of symbob

The following symbols are used in the dissertation.
----

6a

-

deflection caused by the aileron (on an aircraft)

a

unknown integer ambiguities

A

attenuation factor

A

ambiguity design matrix, GPS linear equation, Section 2.3.3 only
xvi

inverse of the correlation period
accelerometer bias
baseline design matrix, GPS Iinear equation
error, with reference to a vector, e.g. dv
gyroscope biases

deflection caused by the elevator (on an aircraft)
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Introduction

This dissertation describes contributions and improvements made by the author to a
system for airborne mapping of the gravity field of the Earth.

The research has been carried out using a system that is based on the combination of a
Strapdown Inertial Navigation System (SINS) and receivers of the Global Positioning
System (GPS) b e 4 used in diEermtial mode (DGPS). Under the direction and
supervision of Dr. K.P. Schwarz at the University of Calgary, the development of the
SINS/DGPS system as a gravimeter has gone hand in hand with its development as a
system for navigation and for image mapping.
From concept to implementation, the use of a SINS for airborne gravimetry was
p i o n d in the early 19909 by researchers at the University of Calgary. The first
SINS/M3PS test results, that became available in 1995, demonstrated the feesibility of
the system as an accurate end relatively small and low cost alternative to all other
available airborne gravity systems. Over the last five years, the SNS/DGPS system has
undergone exciting phases of development and testing that have led to its acceptance as
an airborne mapping system for use in a wide variety of applications.
This dissertation describes some of the contributions that the author has made to the
development and testing of that system since May 1996. The immediate goal of the
reported research is to optimize the performance of the SINS/DGPS system, especially
for applications in geodesy and geophysics. For these applications, the ultimate objective
is to use airborne methods to measure the gravity field of the Earth with an accuracy of
better than 1 mGal (which is about one part per million of the magnitude of the Earth's
gravity) and a spatial resolution of 1 h.
This goal is shared by the Airborne Gravity for Exploration and Mapping (AGEM)
project of the Canadian Network Centres of Excellence (NCE)known as Geomatics for
Informed Decisions (GEOIDE).This NCE project was established in May 1999 and
began with the objective of bringing together Canada's best expertise in airborne
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gravimetry. It includes members from Canadian industry, government and academia.
This project is relevant to this dissertation because much of the research presented herein

contributes to the AGEM project and also because the work in Chapters 3 and 5 was
carried out by the author as a part of the project.
Real SINS and DGPS data from a number of airborne gravity field campaigns is used
throughout the research. These are described in Appendix A, where it is shown in Figure
A-1, that they took place over the last four years in areas of the Canadian Rocky

Mo~tains,Greenland and Southern Ontario and Quebec. They are the result of various
national and international collaborative efforts and demonstrate the applicability of the
University of Calgary system.

This dissertation is divided into three parts, each containing a number of chapters. The
objectives in Part 1 are to introduce the field of airborne pvimetry and to set the stage
for the contributions that follow. In meeting these objectives, it answers the basic

question of why gravity data is n d c d and addrrsses the role that airborne gravimetry
plays in its collection. The specific objectives of the research are also included in Part 1.
In Part 2, contributions m reported on the use of DGPS for positioning, velocity
determinacon and motion compensation: three topics that are applicable to airborne
gravity systems in general. The determination of position and velocity are also directly
applicable to airborne navigation and mapping. The reported research includes a detailed
study of the DGPS error budget, for both position and acceleration determination, and
forms the basis for recommendations regarding the minimization of that error budget for
use in an airborne gravity system.
In Part 3, contributions are described that specifically apply to airborne gravity systems
that are based on the SiNS concept. The objectives of this part of the research are to
characterize the inertial sensor errors that currently limit the bandwidth of such a system
and to propose ways to minimize them. These errors are twofold. First arc the biases that
influence the low-frequency performance of the system and second are the highfrequency errors that are induced by the dynamics of the aircraft.

PART 1: BACKGROUND AND JUSTIFICATION

The objective of the two chapters in this first part is to introduce the field of airborne
gravity mapping in order to set the stage for the contributions presented in the balance of

the dissertation.
In Chapter 1, a summary of the field is provided that includes a description of the needs
for airborne gravity data as well as the accuracy and resolution requirements within each

of the major application areas. It states the problems addressed herein and describes
related research being carried out by others. The objectives of the research in this
dissertationare described.

In Chapter 2, the principle of SINS airborne gravimetry is formalized in tenns of the
basic equations used in subwqucnt chapters. The observables and the systems that arc
used to measurr than arc described and the equations relating the errors in the latter to
those in the former arc presented. Finally, the contributions in this dissertation are put
into context using these error equations.
No contributions to the field of airborne gravimetry are included in Part 1, other than the
survey of the state of the art that is presented in Chapter 1 and a personal spin on the way
material is presented in Chapter 2.

I

Background and Rwearch Objectives

There has been considerable growth in the field of airborne mapping using SINSs over
the last decade. Although they have been available for use in navigation since the mid

197Us,it was not anti1 the GPS became fally opedonat in the early 1990s that many of
the capabilities of SINSs could be exploited for mapping. The SINS/GPS sensor duo is
now recognized as an important tool for accurate, rapid and cost efficient mapping fiom a

moving platform such as an airplane.
In typicsl airborne mapping applications, the airplane may be host to a variety of sensors
such as optid or digital cameras, multi-spectral scanners, inte~erometricsynthetic
aperture radar and scanning lasers. These sensors take advantage of the excellent vantage

point afKorded by an airborne platform to efliciently measure the surface of the Earth.
The SINS and GPS scnoors an used together to define the origin in space and time of the
measurements made by the mapping sensors. This process is known as direct
georrfmncing and results in knowledge of the position and attitude (i.e. orientation) of
the measured objects with respect to a known and useful coordinate h e . In principle,

as long as initial conditions are available, the SINS provides the position and attitude of
the survey aircraft (and therefore the mapping sensor) in this frame. Unfortunately, while
excellent over short time periods, the accuracy of the relative position information
provided by the SINS is dominated by long-term errors (biases) that severely limit its
performance. This implies the need for the GPS that provides an accurate measure of the
absolute position and velocity of the airc& especially over the long-term.
The overall accuracy of such a mapping system is a function of the accuracy of
a) the navigation parameters provided by the SMSIGPS sub-system,
b) the attitude provided by the SINS,

c) the measurements made by the mapping sensors within the frequency band of
interest, and
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d) the knowledge of the spatial and temporal relationships between the mapping

sensors, the SINS and the GPS.

The research presented herein is based on such an airborne mapping system in which the
goal is to make measurements of the gravity field.
1.1 Gravimctry, airborne gnvimetry and the SINS gravimeter

In principle, gravity is measured using an accelerometer. The goal of this section is to

define the basic operation of an ideal accelerometer and to describe some of the different
practical fonns it can take in systems designed to measure gravity, including the SINS
gravimeter.

The basic components of an ideal 8cceIemmeter include a proof mass that is restricted to
movement along a single sensitive axis, a restmining device (e.g. a spring), and a
housing. The mass is supported by the rcshaiaing device and it displaces with respect to

an equilibrium position when subject to acceleration. The output of the accelerometer is
an electrical signal that is proportional to the displacement. Because the relationship is
known between the displacement and the restoring force applied to the mass, the
eceelerometcr provides a measure of the fonx required to counter the force due to
accelerations acting on the mass. In Newtonian mechanics, this can be expressed using
the time derivative of the law of conservation of linear momentum as follows:

F, +mg=m?,

(1.1)

assuming that the only forces acting on the proof mass, m, are the restoring force, F,, and
the component along the sensitive axis of the forces due to its inertial acceleration, r ,and

.

gravity, g This has units of force, e.g. kg mls2 in the units of the Syst&meInternationale

(SI). Because m is known, this can be expressed in terms of the output of the
accelerometer as follows:

where Iis the specific force that has units of acceleration, e.g. rn/s2 in the units of the SI.
Specific force is therefore the observable of an accelerometer.
The simplest use of an accelerometer for measuring gravity arises when r = 0 , a
condition that is roughly approximated when it is stationary on the surface of the Earth. If
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it is also level (i-e. oriented such that the sensitive axis coincides with the direction of the
gravity vector), then the observable is the magnitude of gravity. Most modem terrestrial
gravimeters are based on this principle.
Despite the simplicity and relatively high accuracy of this approach, the concept of
gavimetry from a moving platform such as an airplane is an attractive alternative
because of the obvious potential for increased speed, greater range and significantly
lower cost. However, the situation described above becomes considerably more complex
when the accelerometer is moving. This is because the inertial acceleration, i;,is no
longer zero and because the instrument is not easily kept level. In principle then, an
airborne gravity system q u i r e s several components: an accelerometer for measuring the
specific force, a system for leveling that accelerometer (or for computing its attitude) and

a system that measures the inertial acceleration of the airplane. The gravity vector is
estimated by subtracting the measurements made by the accelerometer from the measured
inertial acceleration, a process known as motion compensation.
Although the concept of measuring the gravity field of the Eerth using airborne
techniques is not new, it has k e n revolutionized in recent years by the use of the GPS as

an accurate and reliable system component and by the development of new gravity
system concepts. For example, consider Figure 1.1 that summarizes the history of
airborne gravity systems by showing their development over time since 1950 and how
they have made use of enabling technologies for positioning and motion compensation.

The accuracy of airborne gravity before the late 1980s was mainly limited by the
inadequate positioning and motion compensation systems that were available. It is shown
in Figure 1.la that a number of such systems have been employed over time, many of
which were of insufficient quality or limited geographical extent. Although these systems
had varying levels of success prior to 1990, it is shown in Figure 1.1 that it was not until

carrier phase DGPS became a reality that any airborne gravity system became hlly
operational (i.e. capable of large-scale surveys, anywhere in the world, at any time). As a
result of the high accuracy and reliability afforded by the GPS, all airborne gravity
systems now depend on carrier phase DGPS as their primary source of information for
both positioning and motion compensation.

a) use of enabling technologies in airborne gravity
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Figure 1.1 A brief history of airbme gravity mapping systems

As shown in Figure I . l h, the challenge of georeferencing gravity measurements has
traditionally been met by using damped 2-axis platform systems that attempt to
physically maintain a level platform (equivalent to the 1-frame) onto which a single
specific force sensor is mounted. The most common approach along these lines is the use
of a shipborne gravimeter modified to work in the more turbulent airborne environment.
As shown, systems of this type have been under development and in use since the first
prototypes of the late 1950s and finally became fully operational shortly before 1990
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when carrier phase DGPS became available. It is also shown that a number of other
airborne gravity system concepts have been implemented since the GPS entered the
scene. Among them are those that make use of 3-axis inertial platform systems, SINS and
accelerometer triads. An outline of these system concepts can be found in Schwan and Li
(1 996b) and an interesting theoretical comparison between them can be found in Czompo
and Ferguson (1995). Details about currently available systems of each of these types are
given in Section 1-3.

The airborne gravity system currently used at the University of Calgary makes use of a
SINS and DGPS. Its development as a gravity sensor has gone hand in hand with its
developments as a system for navigation and for optical and digital image mapping over
the last two decades. The Calgary system is the focus of the investigationsreported in this
dissertation.
A SINS contains two sensor triads. The first is an orthogonal set of accelerometers that

measure specific force and the second is an orthogonal set of gyroscopes that measure
angular velocity. These triads are strapped to the body of the host vehicle and thmfore
go through the Yl range of motion experienced by the aircraft. The angular rates sensed
by the gyroscopes are integrated to compute the attitude of the SINS with respect to the 1frame. This permits the gravity measurements to be transformed numerically from the
measurement h e ( b - h e ) to the I-frame, rather than the traditional approach in which
a level platform is physically maintained. While the strapdown approach has the
disadvantage of setting more stringent requirements for the performance of the sensors
(e.g. larger dynamic range, higher resolution and better scale factor stability), it has

several significant advantages including the facts that:
a) an off-the-shelf S N S can be used that has been designed and sold for navigation
purposes, and
b) the gravity system can serve simultaneously as a system for georeferencing the

measurements made by other mapping sensors.
These advantages lead to a much smaller size, lower cost, lower power consumption and
lower failure rate than other alternatives, while providing considerable flexibility. The
strapdown approach is described in more detail in Chapter 2.
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The magnitude of the gravity vector can also be estimated from the triad of
accelerometers without knowledge of their attitude. Because a SlNS contains a triad of
accelerometers, the Calgary system is also used in this mode for gravity estimation.
More details about airborne mapping and georeferencing can be found in Schwarz (1998)
and a complete history of direct georeferencing is presented in Skaloud (1999). For more
information about the history of airborne gravimetry and a more complete list of related
references, the reader is referred to Schwarz and Li (1996b)luld Gumert (1998). Schwarz

and Li (1996b)also offm an introduction to the principles of airborne gravimetry using
the SINS-basedapproach.
1.2 Why mairborne gravity rnemunments needed?

The gravity field of the Earth provides fimdamental information for geoscientists.
However, the current state of knowledge of the gravity field is insufficient for many

applications. Generally speaking, low and medium-resolution information is essential in
geodesy whm the god is to measun and represent the Earth and its gravity field.

Medium and high-resolution components contain information that is used in geophysics
to identify and characterize subterrain features that detine the physics of the Earth. Each
of these areas of application is treated in turn below.
Throughout this dissertation, the terms high, medium and low-resolution refer to the parts
of the gravity spectrum comsponding to spatial nsolutions below 5 km, between 5 and
150 km, and above 150 km,respectively. Further, because it is assumed that the reader is
familiar with the concept of spatial resolution as it applies to an airborne gravity system,
discussion of that topic is found in Appendix C.1. As discussed these, the terms spatial
resolution and half-wavelengthare used synonymously throughout this dissertation. More

information about the spectral characteristics of the gravity field and of different sources
of gravity information can be found in Schwan (1984).

Major applications in geodesy

As mentioned above, the major task of geodesy is to measure and represent the Earth,
including both its surface and its gravity field. Although these may seem like separate
features of our planet, they are in fact inherently linked. For example, determination of
the hei~htof an object with reqxct to a meaningful reference surface depends on the
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gravity field of the Earth. A major task of geodesy is therefore the determination of the
equiptential surface of the gravity field that most closely comsponds to mean sea level.
This smfaace, commonly known as the geoid, is used as a meaningful height reference.
Mapping agencies currently make use of surface measurements and a combination of data
obtained fiom satellites to determine the geoid; the satellite data provides the lowresolution information and the surface data provides the high-resolution information. In
the future, it is expected that low-resolution information will be provided by geophysical

satellites that are dedicated to the collection of global gravity field infomation. This is
discussed M e r in Section 6.1.

In Figure 1.2, a number of geodetic applications of gravity data are depicted by the dotted
lines, in tmns of the ranges of geoid accuracy and spatial resolution required over arcas
of the planet in which accurate tarrstrial gravity data are not already available. The
limits of the resolution and accu~scythat can be achieved using current global models,
data h m hmae dedicated-gravity satellite missions and airborne gravimetry are shown
by the solid lines. Several obsmrtions follow. First, the use of present global models by
themselves clearly does not meet the requirements for many geodetic applications. While
this problem is not as g m t in areas of the world whm surface gravity data of medium to
high-resolution is available (as in North America, Europe, Japan and Australia), it is
severe in areas where they arc unavailable. The second observation is that although the
data fiom fuhuc satellite missions is expected to greatly improve the situation in many
cases, it will not meet the requirements for all applications. Most notable of these are the
determination of local geoids and lcvcling by GPS.
The major task of airborne gravimetry in geodesy is therefore summarized as a
requirement to offer a fast, homogeneous, economical and potentially more accurate
alternative to surface methods for the collection of high-resolution gravity data.
It is important to note that although airborne gravity has the potential to provide very
high-resolution information, the minimum spatial resolution required for 'crn-level' geoid
determination is roughly 5 krn, even in mountainous areas (Li (2000)). Also, because
future satellite missions will provide an accurate estimate of the geoid for spatial
resolutions greater than about 150 km,an estimate of the gravity field across the whole
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spectrum may be obtained by combining the data from these missions with that fmm

airbome gravimetry. In turn, the expected data from the satellite missions also imply that
providing low-resolution information will no longer be a stringent requirement of
airbome gravity systems (except at the poles where the satellite missions cannot provide

data). Taken together, these observations imply that the major god of airborne gravity
researchers working in geodesy is to increase the accuracy of the systems within the
bandwidth corresponding roughly to spatial resolutions between 5 and 150 km.

The requirements and uses of airborne gravity data are discussed in more detail in

Chapter 6. Further information can be found in Schwan and Li (1996 a, b).

horizontal spatial resolution (km)
Figure 1.2 The required accuracy of the geoid for geodetic applications
as a function of spatial resolution (AAer ESA (1W)and Schwan and Li (1996a))
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Major applications in geophysics

In the field of geophysics, a goal is often to investigate the crust and near-surface of the
Earth for economic reasons. It has long been recognized that traditional methods of
collecting gravity data for geophysical applications have limitations that can be overcome

by airborne methods. Techniques that use stationary gravity meters to obtain data are
relatively expensive and are usually of limited geographical extent. Applications of
gravity data in geophysics are varied and depend on the accuracy and spatial resolution
with which the data can be obtained. Figure 1.3 depicts a number of such applications in
t m s of gravity accuracy and spatial resolution requirements, along with an estimate of
the best accuracy and nsolution limit that airborne gravimetry can currently resolve.
Clearly, airborne methods already meet the requirements for local and regional geological
studies and arguably those of volcanology. As discussed in Reynolds (1999, gravity data
collection is currently only considered to be one of the primary methods for hydrocarbon
exploration and regional geological studies and is still considaed to be a secondary

method for the exploration of miacral deposits. The latter f m is unlikely to change
before the accuracy and resolution of airborne gravity data reliably meet the levels of
better than 1-2 mGal and 1-2 lcm, respectively. This implies that challenges remain for
airborne gravity researchers working in the tield of geophysics. They include
simultaneously improving the accuracy and resolution of their systems so that data can
better meet the requirements of high-resolution applications such as resource exploration.

The use of airborne gravity data in geophysics is discussed M e r in Chapter 6.
Information about the roles of gravity and other am-geophysics data for resource

exploration can be found in Sideris et al. (1992), Reynolds (1 997) and Johnson (1 998).
Other applications
By limiting the discussion in this section to geodesy and geophysics, a number of
important applications have not been mentioned. They include the monitoring of ice
dynamics, the monitoring of sea level and groundwater, understanding and predicting
tectonics and studying the continental lithosphere. If the challenges described for geodesy
and resource exploration can be met, then so will those of the above named applications.
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13Related research
This section addresses key airborne gravity research being carried out worldwide. For
brevity, remarks are concentrated on research that has been carried out since the mid
1990s (which is roughly the time when the research presented in this dissertation began).

Detailed accounts of some past and current research activities can be found in Hein

(19YS), Schwarz and Li (1996b)and Wei (1999).
Recent activities can be classified in the following categories:
a) improvement of traditional airborne gravity systems,
b) development of new system concepts (based on inertial technology),
C)

optimization of DGPS processing methods,

d) optimization of filtering and estimation methods, and
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e) the application of airborne gravity data in various mapping and exploration

applications.
These are each treated below.
Improving traditional scalar gravity systems

Airborne gravimetry using damped 2-axis platform systems is a fully operational
procedure and has gained acceptance as a standard method for obtaining low and
H d i u ~ Q b d gravity
u ~ information (i.e. for half-wavelengh longer then 5

km). A3
a result of software and hardware considerations, typically available systems of this type
have improved in accuracy since the mid 1990s h m 5 mGal at half-wavelengths of 10
km to roughly 2 mGal at shortest half-wavelengths of 6 la, see e.g. Brozena and
Childers (2000) and Forsberg et al. (1999). An accuracy of 1 mGal at a half-wavelength
resolution of 5 Ian is also reported in Harrison et al. (1995). The modified shipborne
gravimeters that arc used in thesc systems include LaCoste L Romberg, Bell Aerospace
and Zero-bgth Spring Corporation (ZLS) meters and cost upward of USS400,OOO to
purchase. Major players cmntly conducting research in this area include those who
pioneered its use for wide-areasurveys such as the group at the United States Naval
Research Laboratory (NRL) and the group at the Danish National Survey and Cadastre

(KMS).Extensive documentation of the activities of these groups over the last decade is
available and recent reports can be found in Brozena and Childers (2000) and Forskrg et

al. (1999), respectively. Other usns of such systems include the Institute of Geodesy at
the Swiss Federal Institute of Technology in Zurich, Switzerland, see Klingele et al.
(1 999, the British Antarctic Survey, see Jones (1 997), and the Geodetic Survey Division

of Geomatics Canada. Commercially available systems of this type include Carson
Services, Inc., EDCON Aero Slmeys Inc. (now offering the combined services of

EDCON and Aero Surveys) and Fugro-LCT (now offering the services of the former
LCT).

Developing and improvirig novel system concepts
New system concepts that have been under development over the last decade are all
based on a combination of inertial technology with the

below.

DGPS.They are summarized
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An inertially stabilized platform system was first tested by the Inertial Technology
Center (ITC) in Moscow in cooperation with the University of Calgary and Canagrav

Research Ltd. of Calgary (see Salychev et al. (1994) for details) and continues to be
operated in airborne mode by the ITC. As discussed in Ferguson and Harnmada (2000),
development of another such system called AIRGrav that has been underway at Sander

Geophysics Ltd. since the early 1990s was completed in 1999. Such systems usually

require significant development or modification costs. Both of those named here are
commercially available and have been demonstrated to yield medium and highresolution estimatesof the gravity field with an accuracy of 0.5-1.5 mGal.
The use of g.vimcten bored on Strapdown Inertia1 Navigation Systems was
pioneered at the University of Calgary (see e.g. Schwarz a al. (1991)), where extensive
development and testing continues. Such a system is physically v e q small, can be
purchased off-the-shelf as a navigation system for between USS90,000 and 160,000 and
requires no modification. Results of the first airborne test conductad in June 1995 are
reported in Wei and Schwarz (1998), showing that relative gravity can be col1ectcd along
a profile with an accuracy of 2-3 mGal at a half-v.taveetlgth resolution of 5 km. It was
then demonstrated in Glennie and Schwarz (1999) that the same accuracy and resolution
can be achieved in a 100 x 100 km area of the Canadian Rocky Mountains. Both of these
results demonstrate the usefulness of the SINS for medium-resolution gravity
estimation Using the same system, it is shown in Bruton et al. (2000a) and herein, that
the SINS approach can yield an accuracy of 1.5 meal at a half-wavelength of 2 km and
2.5 mGd at a half-wavelength of 1.4 h,therefore demonstrating its role in highresolution applications. Intermap Technologies Corporation (Intennap) of Calgary,
Canada also uses the airborne gravity technology developed at the University of Calgary
as a part of their commercially available airborne mapping systems. Interesting results

have been obtained using a relatively low-cost SINS (US$ 60,000) by a group at the
University of Porto in Portugal. See Bastos et al. (2000), where it is demonstrated that
their system can be used to obtain rough estimates of the gravity field in a limited
bandwidth (roughly 5-10 mGal for halEwavelengths between 10 and 100 km). Other
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groups have recently begun developing airborne gravity systems based on SINSs,
including KMS and the Ohio State University.
The use of a triad of accelerometers for determining the magnitude of the gravity vector
was first published and tested in Czompo (1994) and tests have since been described in

Wei and Schwan (1998) and Glennie and Schwarz (1999). To date, these have
demonstrated that the Ferformance of a triad of accelerometers is about 20.30% worse

than a comparable SHS. Efforts have been underway since 1994 to test and &uelap such
a system at the Bavarian Academy of Sciences and Humanities in Munich, see Boedecker
(1998) for a recent description.
It is discussed in Fcrguson and Hammada (2000) that excellent long-term stability of an

acceImmctcr can be achieved by precise custom tcmperaturc control. In theory, this can
make systems based on the incrtially stabilized platform, SINS and accelerometer triad

concepts v e y applicable for low-resolution data collection. Although Sander Geophysics
Ltd. hss implemented this with great success, it has the drawback of increasing the cost
and complexity of the system. Depending on the target application, this may not be
deemed worthwhile, esptcially in the hdure when the low-resolution information from
gravity satellite missions will be globally available.

Two comparisons between the 2-axis damped platform, SINS and 3 4 s inertial platform
systems have been carried out in the lest two years. See Glennie et al. (1999) for an
example that compared the frst two of these system concepts on a common airborne
platform. Except during short periods where one or more of the systems was misbehaving

for a known reason, this test served to demonstrate a good agreement between the Z-axis
platform and S M S systems for medium-resolution applications. Improvements on the
results given in Glemie et al. (1999) are presented in Appendix E. A recent comparison
was also carried out within the

AGEM project with the goal of comparing all three

system concepts on the same flight. Results of that comparison are not yet available, but
the campaign is discussed in Appendix A.3 and initial results are given in Section 5.5.

Important developments that have not been mentioned above in this sub-section include
those by Hein et al. (1990) and Segawa et al. (2000).

vector gravimetry
Of the system concepts named above, only those that make use of inertial technology are
capable of delivering all three components of the gravity vector, i.e. SINS and inertial
platform systems. Horizontal components (deflections of the vertical) are much poorer in
accuracy than the vertical component due to gyroscope drifts. This is discussed in

Schwarz et al. (1991) and studied in detail in Wei and Schwarz (1994). Estimates of the
full vector have been obtained by Jekeli and Kwon (1999) using data form the University
of Calgary SINS.They propose a method of estimating the full gravity vector for flight
lines that have been sumeyed at least twice and demonstrate an agreement of about 8

mGal between the horizontal components and an independent ref-.
Deriving acceIerationjFom DGPS

By the mid 1990s, it was g e n d l y accepted, that when used in diffemaial mode, the

GPS has the potential to derive the acceleration of a moving platform with an accuracy of
1-2 mGal under goad cnvironmcatal conditions within a bandwidth corresponding to a

seconds (e.g. consider investigations such as those outlined in
Brozena d al. (1989), Kleusberg ct al. (1990), Hehl (1990), Cmmpo (1991), Wei et al.
(1991) and Van Dierendonck et d.(1994)). Despite these demonstrations, errors due to
DOPS in the bandwidth o f interest for airborne gravimetry continue to pose a major
challenge to researchers attempting to simultaneously increase the accuracy and
bandwidth of their systems; good conditions arc by no means guaranteed in practice and
special care is needed as the bandwidth is widened. These facts imply the need for a
better understanding of the behavior of the DGPS e m r budget for acceleration
Nteriag period of 90

determination and for models and methods that best respond to the challenges of a
widened bandwidth.
Other methods of determining acceleration from GPS that have been proposed and tested
over the last few years include Jekeli and Garcia (1997) who demonstrated that it is
possible to derive aircraft acceleration directly from GPS phase accelerations and more
recently Han et al. (2000) who proposed the use of absolute GPS positioning as an
alternative method of determining acceleration (now that SA has been turned off). While
both of these offer potential alternatives, they have not been shown to provide results that

I8

are as accurate or reliable as the traditional technique under typical dynamic conditions,
and therefore do not currently enjoy practical use.

Filtering and estimation methods

As the bandwidth of airborne gravity systems is increased, it is challenging to remove the
sensor and dynamics-induced noise, while leaving the relatively small amplitude gravity
signals intact. Extremely low signal-to-noise ratios and the dependence of noise on

aimaft dynamics imply the n d for sophisticated filtering and estimation techniques. A
discussion of this problem and some approaches to its treatment are given in Schwan and
Li (1996b). A number of filtering methods (including both model and frequency domain

approaches) were proposed in the fvst half of the nineties and thoroughly compared using
a single data set in Harnmada (19%). It was concluded there, that the detcnninistic
fiequency domain approach of the low-pass filter is the most appropriate because it

makes no a-priori assumptiom about the gravity field. Since then, common practice bas
confirmed this; band-limitation via low-pass filters is the most common approach to noise
reduction in use today. The only known exception to this is the group at ITC who
continue to enjoy success with model-based approaches, see Salychev and Schwarz
(1995).

The subject of designing low-pass filters for airborne gravimetry has been treated

recently in a number of publications including Hammada (1997), Childers et al. (1999)

and Forsberg et al. (1999). The first of these demonstrates that for a given bandwidth,
finite impulse response (FIR)filters designed using optimality criteria outperform those
designed using other methods (including windowing). Childers et al. (1999) confirms the
importance of using a low-pass filter that has good characteristics within the bandwidth
of interest and demonstrates that the cut-off frequency should not be below the highest
frequency of the gravity signal (but should be as close to it as possible for a given
survey). It also proposes the use of a filter that operates in the fiequency domain,
resulting in very little data loss due to edge effects. Forsberg et al. (1999) discusses the
use of a recursive Butterworth filter with good results.
A method to reduce noise in the bandwidth that remains after low-pars filtering is

proposed and implemented in Bruton (1997). It resulted in improvements in the accuracy
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and resolution of the University of Calgary airbome gravity system by removing GPS

noise within the bandwidth of interest.
Although most airborne gravity filtering methods involve generating the difference
between the GPS and specific force data streams and then low-pass filtering them, two
other approaches have recently been applied with success. These are described in Bruton
and Schwarz (1997) and Cunha (1998). The first proposes and demonstrates the use of an

adaptive filter for the estimation of the gravity disturbance and the second includes it in
the state vector of the Kalman filter. Both approaches have been shown to remove inband noise but are not currently widely used outside of the respective mearch groups.

Biases in jgavity field estimateJ can arise when the specific force sensor is subject to

long-term biases. They are usually very small for damped 2-axis meters7as demonstrated

in Forsberg et al. (1999) for the LaCoste & Romberg; results achieved using their meter
an often as good or better without using a crossover adjustment, for example. As
mentioned eerlier, Fcrguson and H
d (2000) demonsbate that no special postmission treatment of system biases is required for their AIRGrav system. However,
accelerometer biases are typically a problem for the SINS and accelerometer triad
approaches to airborne gravity. Glennie (1999) offers a good discussion of the problem
and presents a number of attempts to estimate the effect of the accelerometer biases. This
topic is dealt with in detail in Chapter 6. It is well-known that if the survey is flown such
that the aircraft flies over the same points at different times*a crossover adjustment can
be used to estimate these effects. Glennie and Schwan. (1997) show that this can be used

to make a data set consistent (i.e.to reduce all flight lines to a plane in space).
Applications of airborne gravity data

Several national and international research projects are of interest because they have had
the effect of improving airborne gravity methods by including them in broader strategies
for mapping or exploration. Many of these projects have tackled the challenges of
estimating the geoid from airbome gravity data; a process that includes refining the
respective airborne gravity systems, representing the airborne data on a level surface
through a process called downward continuation and using it in a numerical process to
estimate the geoid (often by combination with other sources of gravity data).
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The aerogeophysical program at NRL continues its pioneering role in the collection and

application of airborne gravity data. Their concentration is on large area, mediumresolution surveying on remote regions of the Earth and they have conducted several
smaller, high-resolution surveys. They reported the continuing success of large-scale
survey efforts in Greenland, West Antarctica and the Arctic, in Brozena et al. (1 997). The
NRL airborne gravity system has recently been used in a project to determine a local
geoid for coastal oceanography. Results presented in Brozena et al. (2000) describe a
relative geoid with an accuracy of approximately 3-5 cm and a spatial resolution of 10

km. The accuracy of the corresponding absolute geoid is estimated to be 10 ern (J.
Brozena, personal communication).
As described most recently in Timmen ct al. (2000), a large-scale Danish-Gem-

Norwegian-Portuguese cooperation called AGMASCO began in January 1996 with a

planned duration of 38 months. It combined airborne gravity and altimetry systems with
the goal of developing an airborne geoid mapping system for coastal oceanography. It has
been demonstrated to derive relative geoids in coastal regions (Skagerrak, Frarn Strait
and Azores) accurate to 5 cm from airborne data with a spatial resolution of 6-7 km,
Fenrandes et al. (2000).
As discussed most recently in t i and Schwarz (2000), researchers at the University of

Calgary have continued their efforts to determine the geoid from airborne gravity data,
resulting in a relative geoid accurate to 2 cm with a maximum spatial resolution of 4-5

km in an area of the Canadian Rocky Mountains. In a partnership with the University of
Calgary, a similar approach has been taken by Intermap Technologies Corporation, as
discussed most recently in Wei and Tennant (2000). By directly referring their
lnterferometric Synthetic Aperture Radar (1FSAR)-based mapping products to a local
geoid they determine, it has become part of the services they provide.

In May 1999, a national project called Airborne Gravity for Exploration and Mapping
(AGEM) began in Canada. It brings together research partners in Canadian universities,

government and industry to develop methodologies and products to fully exploit the
potential of airbome gravity for geoid mapping and resource exploration. It includes
users and developers of gravimeters based on the 2-axis damped platform, SINS and 3-
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axis inertial platform concepts. A major thrust of the AGEM project is to refine Canadian

airborne gravity systems to the point that they are of sufficient accuracy and resolution
for geophysical exploration and high-resolution local geoid determination. In this case,
the goal is to obtain high-resolution relative gravity information and has already resulted

in high-resolution estimates of the gravity field (agreements with upward continued
ground data of 2.5 mGal at a half-wavelength of 1.5 kin when using a SMS-based
gravimeter). Geoid determination using this data is underway and results are expected to
be made available in 200 1.

OfherAirborne Grmity Resemch
Although not directly relevant to this d i s d o n , the following are included for
completeness and because of their importance to the field of airborne gravity. As
mentioned above, representing the gravity field on a suitable level surface (or on the

surf" of the Earth) using measurements taken in the air is not a trivial task. The
downward continuation of airborne gravity data has been tackled recently in Forsberg and
Kenyon (INS),
Tschcming d al. (1997), Novak et al. (2000b), Li (2000), and Wei and
Teanaat (2000), among others. A detailed comparison of techniques for the downward
continuation of airborne gravity data can be found in Novak et al. (2000a). Also, some
very interesting work is going on the fields of absolute airborne gravimetry and airborne
gravity gradiometry. Recent developments in these fields demonstrate the potential to
make both of these measuring concepts more accessible and cost efficient over the next
decade. For details, see Brown et al. (2000) and Bell et al. (1998), respectively.
1.4 Statement of the problem

By the mid 1990s, the use of a S M S for gravimetry was a novel technique gaining
recognition as an accurate and relatively cheap means of estimating the mediumresolution components of the gravity field of the Earth. This dissertation presents and
discusses contributions and improvements made to an existing airborne gravity mapping
system of this type. This section outlines its objectives and lists a number of assumptions
that are made throughout.

1.4.1 Objectives

The overall objective of the research presented herein is to simultaneously increase
the accuracy and the bandwidth of the SINS gravimeter used by the Univenity of
Calgary. Specifically, this involves:
improving the performance of the system for medium-resolution applications such

as geoid determination (i .e. for spatial resolutions corresponding to halfwavelengths tonger than S km and less than 150 km), and
widening the bandwidth of the system and in turn demonstrating its suitability for
high-resolution applications such as resource exploration (i.e. for spatial
resolutions corresponding to half-wavelengths shorter than 5 Ian),
1.4.2

Assumptions

The Honeywell Laseref III (LRF-III), owned by Intmnap Technologies Corporation, is
used for the evaluations presented herein. It is a high quality civilian grade SINS that falls
approximately in the middle of the range of such systems that could be applied to
airborne gravity. This implies that a higher quality SINS should yield better results. It is

also assumed that the data acquisition process for this system is external to the scope of
this dissertation.
All research is carried out using scalar gravimetry.
All surveys described are carried out from conventional fixed wing aircraft (vs. other

platforms such as helicopters and balloons). This restriction is strictly financial. Because

of the relatively high speeds of fixed wing aircraft, this is meant to imply that
significantly higher resolution results might be obtained using the SINS if data could be
collected from a slower, stable platform.
Aircraft acceleration is derived from DGPS in all cases. Alternatives such as radar

altimetry are not available for study at the University of Calgary.
Since there is very little practical need to obtain the results of a gravity survey in realtime, a post mission approach is taken for all computations. This is an industry standard
that significantly increases the allowable complexity of an algorithm and permits the use
of non-causal filtering methods.
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The problems of downward continuation and geoid determination are considered to be

external to the scope of this research; it is assumed th4dtthe performance of the system
(and improvements made to it) can be assessed and characterized by the behavior

exhibited at flying altitude.
Proposed improvements to the system will be evaluated in part by comparing the gravity
disturbances it estimates to independent estimates coming from ground gravity data that
has been upward continued to the flying altitude.

In all cases, real data will be used.

Because the accuracy of such an independently determined gravity field is usually high,
relative to that coming iiom the airborne gravity system, this comparison will be used as

a basis for characterizing the behavior of the latter as a function of time and frequency.
As confirmed in Wu and Sideris (1996), it is also assumed that characterization of system
enon along profiles is suficient information to approximately characterize it as a twodimensional function of space. When surveys are flown over the same point or along the
same line at different times, repeatability at those places will also be used to assess the
accuracy of the system.
tow-pass filters that are used throughout have as sharp a transition band as possible. This

means that values quoted to assess performance (such as root-mean-square (RMS) and
standard deviation) will rizpresent the true accuracy of the system within the bandwidth
implied by the cut-off frequency of the filter. This avoids confusion arising from the use
of filters with wide transition bands that simultaneously suppress both noise and signal
(and therefore take advantage of the relatively low power of the gravity signal at high
frequencies to imply that a solution contains relevant information at high frrquencies).
Although emphasis is on the use of the Calgary system for measuring the gravity field of
the Earth, several of the contributions herein apply equally to its use as a system for
navigation and direct georeferencing.

2 Airborne Gravimetry Using a SINS

A brief review of the mathematical background relevant to the task of measuring gravity

using a SINS and DGPS is provided in lhis chapter. In addition, the major sources of
error caused by each of these measuring systems are reviewed and placed into the context

of the contributions made later in the dissertation. Sections 2.1 and 2.2 closely follow
developments in Schwan and Li (1996b),which should be consulted for details.
2.1 The melsurement model of airborne gnvimtty

In airborne grsvimctry, the goal of the integrated measurement system is to determine the
gravity disturbance vector, ~ g ' ,as a spatial bction. The gravity disturbance vector is
the diffaencc between the actual gravity vector, g', end the gravity vector given by the

so-called normal model of the gravity field,

r1,at the same point in space: 6g1= g' - ' .

The normal gravity vector is based on the gravity potential of an ellipsoid of revolution
that has been chosen to best approximate the mass and rotation rate of the Earth, see

Heiskanen and Moritz (1969) for details. In other words, an airborne gravity system
measures the deviations of the actual gravity field from a global model of best fit. The
gravity disturbance is related to the quantities derived from each of the sub-systems by
Newton's equation of motion. As shown in Schwan and Li (1996b), the gravity
disturbance can be expressed as follows in the l-frarne (that has x, y and z axes pointing
east, north and up, respectively):

where +'and v' are the acceleration and velocity of the aircraft derived from carrier
phase DGPS, f' is the specific force measured by an accurate inertial system (the sum of

the gravity and the acceleration due to motion), and the third term is the Coriolis vector
arising from two effects:

a) the angular rate of the e-frame with respect to an inertial h

e of reference,

na ,

b) and the angular rate of the I-fiame (centered at the aircraft) with respect to the e-

frame, n:, .
Strictly speaking, equation 2.1 describes the model of a gravity sensing system that uses a
local-level platform (in which the orientation of the accelerometer(s) is realized by an
electro-mechanical feedback system). As discussed in Section 2.3, the accelerometers and
gyroscopes in a SINS undergo the same motion as the body of the aircraft, implying that:

I' = R; f b ,

(2.2)

where f b is the vector of specific forces measured in the b - h e and R; is the
transformation matrix that relates them to the I - b e . Substituting equation 2.2 into
equation 2.1 gives the following form of the measurement model for airborne vector

y v i m t h y (Schwarz and Li (1 996b)):

A subset of this is the s a h r gravimehy case where only the third component of the

above vector equation is of interest When written out explicitly, the third component has
the following form (Schwarz and Li (1 996b)):

where v,, v, and v, are the east, north and upward components of the velocity vector,
v, is the time derivative of v,

, f, is the upward component of the specific force vector,

and 9 , h, R, and R are the geodetic latitude, ellipsoidal height and prime vertical and

meridian radii of curvature (all with respect to an ellipsoid of revolution), respectively.
The variables y, and mic are the z-components of the vectors that represent the normal

gravity model and the angular rotation rate of the Earth, respectively.
The terms Strapdown Inertial Vector Gravimetry (SIVG)and Strapdown Inertial Scalar
Gravimetry (SISG)are employed when a SINS is used to make the measurements of
specific force needed to satisfy equations 2.3 and 2.4, respectively. These approaches are
discussed and compared in detail in Wei and Schwarz (1 998).

Not included in the above equations is a correction that is made to take into account the
fact that the GPS antenna and the SMS cannot be located at exactly the same point in
space. Practically, this can be done by either correcting the time series of positions and
velocities obtained from DGPS to the center of the SMS using the spatial offset and its
time derivative (prior to deriving the acceleration), or by deriving a correction term to be
applied after estimating the acceleration. This is called the lever-arm correction and is

implemented in the acceleration domain for the system used hmin.
In another approach to scalar gravimetry, the magnitude of the gravity disturbance vector
is estimated more directly by deriving the magnitude of the specific force vector fkom a
triad of accelerometers. Because the accuracy requirement for the orientation of the

aimaft is relatively low in this case (it is only used to estimate the lever-arm correction),

this approach is r e f e d to as Rotation Invariant Scalar Gravimetry (MSG). It was first
published in Czompo (1994) and is also described in Wei and Schwan (1998).
2.2 The error model of airborne grrvimetry

The enor model for airborne gravimetry is obtained by linearizing equation 2.3. This is
done in Schwan and Li (1996b) to yield the following relationship between the errors in

the gravity disturbance dsg' and the errors arising from the measuring systems:

where

E'

represents errors in attitude (ic. estimated vehicle orientation) due to initial

misalignment and gyro measurement errors, d l represents accelerometer measurement
errors, dv' and d+l represent errors in the aircraft velocity and acceleration determined
from DGPS, do!, and dabl are errors in angular velocity and dy'are errors in the
computation of the normal gravity vector. The matrices F' and V' are the specific force
and velocity vectors in their skew-symmetric forms. As shown in Schwarz and Wei
(1994). if the accuracy of the position and velocity derived from DGPS can be

maintained below 50 cm and 5 cmfs ( l a ) respectively (which is a condition that is
evaluated in Chapters 3 and 4), the last three terms in equation 2.5 can be neglected.
Together with the inclusion of a term to reflect errors that result from imperfections in the

synchronization of the data coming from the GPS and L i ~ sub-systems,
s
this results in
the following simplified form of the gravity disturbance error model:

where dT represents the synchronization errors. For the d a r case, the third component
of equation 2.6 is taken, as follows:
d&, = f & , - f , ~ ,-df, +dvy +(;Pfb+ u b ) d ~ ,

(2.7)

where as usual, the subscripts e, n and u represent the cast, north and upward components
of the vector component they follow and, as shown in Wei and Schwan (1998), A and A
are row matrices of the form:
A=[-cosBsing

sin0 cosOeosg] and

(2.8)

The variables q, and 8 an the roll d pitch of the aircraft and the dots above the
variables again represent the time derivatives.
The enor model for the MSG approach can be found in Wei and Schwan (1998).
2.3 The estimation process, the obaervables and the measuring systems

Despite the seemingly simple relationships between the gravity disturbance and the
quantities derived from the sub-systems presented in the last section, their practical
implementation is quite involved. Figure 2.1 shows a summary of the process of using the
raw measurements made by the sensors to derive the final estimate of the gravity
disturbance. As shown in Figure 2.1c, equations 2.3 and 2.4 only constitute a part of the
software package called GRavity Estimates from Airborne Techniques for Geoid

Wdulations (GREATGUN), that in turn only constitutes one part of the overall process.
The other steps shown in Figure 2.1 are necessary to derive the required quantities from

the measurements and to remove the high levels of noise. Each noise source is discussed
herein, after the following brief review of the entire process.

2.3.1 The process of estimating the gravity disturbance

The first step shown in Figure 2.la is to interpret and pre-filter the raw measurements
coming from the data acquisition system. This can involve low-pass filtering the
gyroscope and accelerometer measurements from the SINS (see Skaloud (1999)) and

replacing the raw phase-rate measurements by more accurate measurements derived from
the DGPS carrier phase (see Bmton et d.(1999) and Chapter 5).
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Figure 2.1 A summary of the airborne gravity data processing procedure at the U of C

The second step is the derivation of the position, r, velocity, v, and attitude matrix, R;,
of the aircraft fiom these filtered measurements. This is carried out using a soAwan
package called KINematic Geodetic System for Position and Attitude Determination

(KINGSPAD)that was written prior to the start of the research presented herein, mainly
by M. Wei. As discussed in El-Sheimy and Schwan (2000), it implements a

decentralized Kalrnan filter to integrate the SINS and DGPS measurements. The
integration p m c e comets
~~
fin cycle slips in the GPS mcamcmcnts prior to using them

to derive the position and velocity of the a i d in a double difierence approach. As
implied by Figure 2.lb, the SINS filter uses DGPS to estimate and apply lumped enor
terms representing the biases in the accelerometer measurements, b, and drifts in the

gyroscope measurements, d, before estimating the attitude of the vehicle.
As shown, the GREATGUN package uses the estimated attitude of the aircraft to

transform the co~ected(and re-sampled) specific forces fiom the b-frame to the I-frame,
according to quation 2.2. The position and velocity of the vehicle are then differentiated
appropriately to obtain the acceleration of the vehicle. According to equation 2.3, this is
used along with estimates of the Coriolis and normal gravity vectors to compensate for
the motion of the vehicle and effectively isolate the gravity disturbance vector. Because
the resulting signal is very noisy (see Sections 2.3.2 to 2.3.4 for details), its derivation is
followed by a filtering step that removes most of the noise by low-pass filtering the data.
The first version of GREATGUN consisted of 12 separate programs written by M. Wei.
These 12 programs were combined into the current single software package by the author
in January 1998 and underwent minor modifications by both C. Glennie and the author
before December 1998. A number of more significant changes have been proposed and
implemented by the author since that time (as discussed herein, in Part 3).
The third and final step is to deal with remaining low-frequency errors in the estimated

gravity disturbance (that are mainly the result of residual accelerometer biases). As
shown in Figure 2.ld, there are two approaches to this. In the first approach, a crossover

adjustment can be used to reduce the measurements to an arbitrary plane in space. See
Glennie and Schwan (1997) and Kennedy (1999) for details. The absolute orientation of

this plane in space can then be determined if the value of the gravity disturbance is
known for at least three points in the vicinity of the airborne mission. In the second
approach, only relative gravity field information is derived (e.g. for spatial resolutions
higher than 150 km). The latter approach is described and compared to the crossover
approach in Section 6.4 of Chapter 6.

2.3.2 The SINS as a measuring system
Sections 2.3.2 and 2.3.3 are included to briefly demonstrate the important characteristics
of some crucial SINS and DGPS errors affecting the estimation of the gravity
disturbance, i.e. those in equations 2.6 and 2.7. As discussed above, the sensors in a SINS
include two orthogonal triads; three accelerometers and three gyroscopes that both
undergo the full (rotational and translational) motion of the aircraft. The accelerometers
measure the specific force, fb, that the body of the aircraft experiences and the

gyroscopes measure its angular velocity, ,
:
a

both with respect to an inertial frame of

refmnce. Each is affected by systematic and random errors, which tend to result in a
combination of low and high-resolution errors, respectively, in estimates of the gravity
field.
As shown in equation 2.6, the errors in the specific force measurement contribute
directly to the error budget of the gravity disturbance estimate. They can be expressed in
the b-frame as follows:
dfb = b + s y f b+

~ + a f~,

f

~

(2.10)

where b is a vector representing the lumped sum of the biases influencing the
accelerometer measurement, Sf is a diagonal matrix representing scale factor errors, Nf
is a skew-symmetric matrix representing the non-orthogonality of the sensor axes and nf

is a vector representing random errors. See Titterton and Weston (1997) for details about
this error equation. Generally speaking, while scale factors, non-orthogonalities and some
biases can be calibrated in the laboratory, see e.g. Titterton and Weston (1997) and Shin
(2000), residual biases and random errors cannot. The result is a combination of a low-

Frequency error (owing to the midual biases) and a broad-band error (owing to the
random errors). The specifications for the accelerometers in the LRF-III SINS (that are

given in Appendix B) provide an indication of the magnitude of each of these errors for
the airborne gravity system used at the University of Calgary. Consider Figure 2.2 that is
included to demonstrate the errors affecting estimates of the scalar gravity disturbance by
characterizing each of the errors in equation 2.7 as a hction of frequency. The spectra in
Figures 2-2 a, b and c have been shifted along the y-axis by an arbitrary amount so that
they can be distinguished from one another. The figure is derived from results obtained in
Chapters 5,6 and 7.

It is demonstrated in Figure 2.2d that the effect that the accelerometer erron has can be
separated into two regions of the spectrum, with large bias-like errors below about
0.00025 Hz and broad-band errors having a much smaller amplitude above 0.00025 Hz.
Clearly, the biases present a major difficulty for estimating low-resolution components of
the gravity field. They are treated in detail in Glennie (1999) and are attributed to an
uncompensated temperature effect on the accelerometers. A general conclusion of that
research is that the associated problems are unlikely to be resolved without the design and
implementation of a system that uses higher quality, temperature compensated
accelerometen. These low-fquency accelerometer enon are studied in detail in Chapter
6.

The effect that the errors in the gyroscopic measurements of angular velocity have on
the errors in the gravity disturbance cannot be stated as simply. As discussed in Section
2.1, the major role of those measurements in an airborne gravity system is to derive the
orientation of the b-frame with respect to the 1-frame so that the specific force
measurements can be transformed from the former to the latter. As shown in equation
2.6, the errors in the estimated gravity are a function of not only the errors, c' , in this

estimate of the attitude but also of the specific force experienced by the aircraft, f ' .
Formally, this is written as follows (see Schwm and Li (1996b)):

where as usual, the subscripts e, n and u represent the east, north and upward components
of the vector component they follow.

a)spsdnrrnofenwdwto
OGPS acdamtion
+ an artificial bias of 6.0 meal

Figure 2.2 Spectra of samples of the enors affecting scalar gravimetry
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Expressed in the I - W e , the errors in the estimated orientation of the aircraft can be
approximated for time, t ,by the following equation (Schwan and Li (1 996b)):

where the first term represents the errors due to the initial misalignment (including
ins-ciencies

in the normal gravity model) and the second term represents integrated

gyroscope measurement errors at time t k . The term do$, represents the gyroscope
measurement errors that are in turn given by:

where d is a vector representing the bias error that results in gyroscope drift, S, is a

diagonal matrix representing scale factor e r m , N, is a skew symmetric matrix
representing the nonsrthogonality of the sensor axes and n, is a vector representing
random errors. More details about equation 2.13 can be found in Titterton and Weston
(1997). The enor in attitude is therefore the combination of a low-frPquency oscillation
owing to the initial errors and a faster changing component due to the interaction of

aircraft dynamics with the constant and slowly varying gyroscope sensor errors. As
shown in Skaloud (1999), the magnitude of the error in attitude for a navigation grade
SINS is expected to be below 50 arc seconds (with standard deviations of less than 15 arc

seconds, for any given flight line). This is discussed M e t in Chapter 7. An estimate of
the effect of the e m in attitude on the upward component of the gravity disturbance
(i.e. the third component of equation 2.1 1) is shown in Figure 2 . 2 ~for a sample flight in
which it is large owing to high horizontal accelerations. The effect is periodic in nature
and can have a peak amplitude of between 2 and 10 mGal at a central frequency
anywhere above 0.01 Hz (depending on the aircraft dynamics and the flying speed). For
typical flying speeds between 45 and 100 mls, this causes a major difficulty in estimating
medium and high-resolution components of the gravity field. This error source is treated
in detail in Chapter 7.
It should be observed that equation 2.1 1 explains why constant velocity conditions are

favorable for airborne gravity surveying and why determination of the horizontal

.

components of the gravity vector is extremely challenging. If the flight azimuth and
velocity are maintained nearly constant for a given survey line, then the specific force

-

vector is approximately given by [O,O,g], where g -10 m/s2. It is easily seen that under
these conditions, equation 2.1 1 becomes

[-BE

, ,g~

,O]. That is, while maintaining a

constant velocity drives the effcct of the attitude error to a minimum (and towards zero
for the vertical component), a portion of its effeet in the horizontal components is always

amplified by the magnitude of the gravity field.
The models and algorithms for strapdown inertial navigation are welldocumented and

can be found for example, in Britting (1971) and Wei and Schwan (1990). The process
of attitude estimation is discussed finthcr in Chapter 7 and described in derail in Schwarz
(1998) and Skaloud (1999).

2.3.3 The GPS as a measuring system

This s u b d o n briefly describes the processes of estimsting position, velocity and
acceleration h m the measurements made by the GPS receivers. This background
infodon is then used to define the relationship W e e n errors in those measurements
and cnors in the gtavity disturbance. This discussion of DGPS positioning is tmed on a
similar discussion in Teunissen and Kleusberg (1998b).
The observables in the GPS include the pseudorange h m each satellite in view to the
user antenna and the carrier phase and phase rate (Doppler) measurements.More details
about these can be found in Hotham-Weelkahof d al. (1994) and Lengley (1998). In
high accuracy DGPS, linear combinations of thc canier phax o h a b l e are formed that
essentially become high accuracy range differences if the ambiguous number of cycles
can be reliably estimated in a timely manner. While a number of linear combinations are

possible, the single-frequency double-difference observable is introduced here because it
provides a useful summary of the relevant error sources. The measurements made to each
satellite from a stationary GPS receiver (located at a known point) are subtracted fiom

those made to the same satellites by the moving receiver. This process, known as singledifferencing, eliminates errors due to the satellite clocks and (depending on the distance
separating the GPS antennas) reduces the errors due to atmospheric propagation and

35

errors in the position of the satellite. The double-difference observable is then formed by
taking the difference between two such single-differences that in turn essentially
eliminates the receiver clock errors. This yields the following double diflerence
obsetvation equation for the carrier phase case (afterTeunissen and Kleusberg (1998b)):

in metres where the double difference symbol VA refers to differencing between

satellites and receivers and where:
@
p
6p

h

N
T
I
me

is the carrier phase (measurement) [m],
is the range k n u a n the satellite and the user antenna (observable) [m],
is the ephemeris aror [m],
is the wavelength of the carrier [dcycle],
is the ambiguous integer canier phase cycle count [cycles],
is the measurement delay due to the neutral atmosphere [m],
is the mcasumnent delay due to the ionosphere [m],
is the measurement delay due to canier phase multipath [m] and
is the noise of the artier phase measurement [m].

Such an observation equation can be formed for each pair of sstellites, resulting in m

equations (one equation leas than the number of satellites) at each epoch. For the
purposes of this discussion, it will be assumed that in order to solve for the unknown
baseline between the master station and the aircraft, the errors due to noise and multipath
can be treated as &hastic

variables and that the errors owing to the atmosphere and

broadcast ephemerides can be either modeled appropriately or neglected (especially over
short and medium baselines). This leaves the m integer ambiguity tmns and the 3
components of the baseline between the master station and the aircraft as unknowns. The
following linear system of equations can then be formed at each epoch using the double
difference observation equations:
z=Aa+Bb+e,

where z is the vector of m (observed minus computed) double difference carrier phases, a

is the unknown vector of integer ambiguities, b is the unknown vector of baseline
components, A and B are the design matrices for the ambiguity and baseline components
and e is the measurement noise vector. Note that it is standard to use other linear

combinations that incorporate pseudorange, Doppler and dual frequency carrier phase
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data into this system, see e.g. Teunissen and Kleusberg (1998b). After the ambiguity

terms have been correctly solved for (or their real-valued estimates sufficiently well
determined), these linear combinations permit the solution of an accurate baseline. The
reader is referred to Teunissen (1998) for details about ambiguity resolution. The
estimate of the baseline in turn permits the estimation of the position and velocity of the
aircraft relative to the known position of the master station.
When moving, the trajectory of the aircraft is often estimated in a recursive manner using

a Kalman filter that plays the role of balancing new estimates of the position with
estimates that it predicts based on past measurements and a model of the dynamics.

Because the models of the measurements and the vehicle dynamics are not perfect,
residual e m show up in the output of the system of equations given by equation 2.15.
These errors each play a direct role in the accuracy of the estimated trajectory. This issue
is the topic of Chapter 3.
In airborne gravimctry, where a major role of the GPS system is to provide estimates of
the acceleration of the aircra& difftrentiation of the e s t i d position (or velocity) is
required. The residual emrs in equation 2.14 also play a role in the quality of the
estimate of acceleration, as does the process of differmtiation itself. Consider Figure 2.2a
that shows the error spectnun of the acceleration of an aircraft determined from the GPS
data collected in a recent airborne gravity survey. The errors are clearly small for
frequencies below 0.01 Hz, but increase very significantly as a h c t i o n of frequency.
This represents one of the biggest challenges to widening the bamdwidth of any existing
airborne gravity system. investigations of the differentiation process and the effects of
each of the error sources for determining acceleration are presented in Chapters 4 and 5,
respectively.
For information about the kinematic models and the Kalrnan filter used for trajectory
determination, see Schwarz et al. (1989) and Tiberius (1998). For a discussion about the
determination of acceleration from DGPS and a list of further reference material, see
Schwm and Li (1996b).

2.3.4 The effects of other sources of error on gravity disturbance estimation

Errors that have not already been treated are now considered. As shown in equation 2.6,
errors due to imperfections in the synchronization of the SINS and DGPS data streams
play a role in the accuracy of the estimated gravity disturbance. For the data acquisition
system used at the University of Calgary, the time synchronization errors, dT, can be as
high as 0.5 ms. They are due to registration errors that occur in the data acquisition
system (when the data registmtionand time tagging process is blocked by other processes

with higher priority). See Schwarz and Li (1996b) for more details about this. Clearly,

these have a larger effect as thc bandwidth of the system is i n c d , implying the need
for a better data acquisition system. Consider Figure 2.2b that gives an approximate
worst-case error spectrum for these errors, derived for a survey in which the rotational

and translational dynamics are large.
For simplicity, dither, quantization and sccond-order scale f

~ errors
r have k e n

neglected in equations 2.10 and 2.13. Thcir treatment can k found for example in Wei
and Schwarz(1994) and Titterton and Weston (1997).
Beyond the inclusion of equations 2.10 and 2.13, demonstration of the dependence and
magnitude of the uncalibrated scale factor and nonorthogonality e n o ~on aircraft

dynamics has also been neglected.
2.4 Contributions of this diaaertation

In the last thrte sections, it has been described how the raw SINS and DGPS

measurements are used to estimate the gravity disturbance and real data is used to
demonstrate how the major emrs in those measurements affect the latter as a function of
frequency. It is shown in the above that the resolution of the system is primarily limited
by accelerometer biases on the low-resolution end of the spectrum and by a combination

of attitude and DGPS errors (and to some extent synchronization errors) at the highresolution end of the spectrum. It is also shown that the current accuracy of the system
for medium resolutions is a fiurction of both the accelerometer and DGPS errors.
The above is summarized in Figure 2.3 using an approximate spatial scale corresponding
to an assumed flying speed of 100 m/s. Two observations emerge from Figure 2.3. First,

the relationship between the spatial requirements of gravity data and the challenges
described in this section are evident. Second, the research presented herein may be placed
into context as follows. Recall from Chapter 1 that the overall objective of the research
presented herein is to simultaneously increase the accuracy and the bandwidth of the

SMS gravimeter used by the University of Calgary. Because they are common to
airborne gravity systems of all types, the errors owing to the DGPS error budget are
investigated in Part 2 of this dissertation. By means of detailed analyses of the errors in
position, velocity and acceleration, it will be shown that the errors in the estimate of the
required gravity disturbance due to the GPS can be significantly reduced, both within the
cumnt bandwidth and especially for higher kquencies.

E m due to the SINS arc treated in Part 3. The low-fnquency errors arising from the
accelerometers are investigated in Chapter 6. The dynamics of survey aircraft are studied

in detail in Chapter 7, both h m a theoretical point of view and empirically by using data
collected on two survey aimaft. This leads to the proposal of a method for estimating and
moving most of the effcct of attitude induced arors, effectively moving one of the

major barriers to high-fhquency gravity field -on.
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Figure 2 3 The applications of airborne gravity and the research challenges

PART 2: DGPS FOR AIRBORNE GRAVITY MAPPING

The objectives in Part 2 are to evaluate the capabilities of carrier phase DGPS for
airborne mapping applications and to recommend methods for its use, with emphasis on
airborne gravimetry.

In Chapter 3, an investigation is reported on the limits of the accuracy with which DGPS

can be used for positioning an aircraft in flight. This research is carried out entirely fiom
the point of view of a user who is working in the field of airborne mapping, i.e. existing
commercial &ware

has been used. This work contributes to research in the field by

using real data from several wellchosen data sets, along with various data processing
strategies to isolate and quantify each relevant component of the DGPS error budget. This

part of the research is based on tbe contributions made by the author to Bruton a al.
(2000b).
In Chapta 4, the estimation of high precision velocity and 8cceleration are considered.
This is done by means of a hdamental consideration of the concept of differentiation. A
number of alternative methods for the differentiation of GPS data are reviewed for
deriving a Doppler 'measurement from the carrier phase measurements and for
differentiating positions that are estimated by DGPS softwarr. Using this approach, real
data is used from a number of experbents that represent varying dynamics (e.g. static,
low and high frrquency dynamics). This research is based on Bruton et at. (1999).
In Chapter 5, a detailed study is presented of the DGPS error budget for acceleration
determination, within the bandwidth that is relevant to airborne gravimetry. Each of the
residual error sources is categorically isolated and characterized as a function of
frequency. Using this, data processing strategies are recommended for both of the major
application areas (i.e. geoid determination and resource exploration). It is demonstrated
that very accurate estimates of the gravity field can be obtained for high-frequency
applications such as resource exploration. The research presented is based entirely on the
contributions made by the author to Bruton et al. (2000a).

3 On the Positioning Accuracy of Kinematic Carrier Phase DGPS

In static applications, carrier phase DGPS can be used to determine the position of an
object to the centime- and even millimetre level with respect to a fixed master station,
depending on the extent of the data processing that is done and the occupation time.
However, this level of accuracy cannot be expected for a moving vehicle, especially

under typical dynamics and environmental conditions and as the distance separating the
vehicle and the master station increases. Erron in the estimated absolute position of the
survey aircrafk obviously play a critical role in the pnformance of airborne mapping
systems. The goal of this chapter is to comment on the accuracy with which carrier phase
DGPS positioning of an airborne platform can k achieved. Although the emphasis is on
meeting the somewha! wm forgiving positioning rquhments of airborn gravimetry,
the findings arc also related to the requirements of other airborne mapping applications.
3.1 Background

An airborne gravity system depends on the estimated position of the aircraft in several
ways. The most obvious dependence arises from the process of determining acceleration
via discrete-time diffcrcntiation of the relative position. An airborne gravity system also

depends on position to compute the normal gravity vector and the relationship between
the 1-fiame and ofhime. The latter computations depend on the estimated absolute
position. Recall h m Section 2.2 that if the errors in position can be kept below 50 cm
( l a ) , they will cause negligible degradation of the performance of an airborne gravity

system. Although at first thought, meeting this accuracy requirement may seem like a
trivial task when using DGPS,it cannot always be guaranteed in practice.
3.1.1

A comparative study of current DGPS software

Two studies that were recently carried out within the AGEM project of the

GEOIDE

Network are relevant to this topic. The first is discussed in Bmton et al. (2000b) and
shows that an accuracy of 50 cm is not a certainty. The study involved the comparison of
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eight industrially relevant DGPS software packages that make up a representative crosssection of the DGPS engines that are currently available in industry and in academia.
Each participant was given exactly the same airborne data sets for processing and the

only instruction was to provide the best possible solution. For this reason, the comparison
of results made therein represents a realistic evaluation of the capabilities and consistency
of currently available software. Because the accuracy of this type of kinematic
positioning is oflen quoted to be at or below the decimetre level, it was somewhat
surprising to find that the solutions calculated using each of the packages differed from
each other by as much as 2 metres. Unfortmate1y, no independent truth was available to
evaluate the solutions on an absolute scaie, meaning that the reasons for the large

diffmces are not known in all cases. It is concluded that the results of that initial study
do not establish the accuracy of airborne DGPS,but instcad outline how inaccurate it can
be. Errors in position at the metre-level cause enormous problems for any high

performance airborne mapping or airborne gravity systnn. This motivates the need for

the M e r study reported in this chaptcr.
3.1.2 A study of the accuracy of airborne DGPS positioning
The work reported in this chapter responds to the above need by addressing the accuracy

of kinematic carrier phase DGPS in an airborne environment. It describes a new study
that was carried out by the author within the AGEM project. By using a single sohare

package and various processing strategies, each ofthe DGPS error sources that were
discussed in Section 2.3.3 are isolated and roughly quantified using examples drawn from

available data sets. Included are the effects of receiver noise and multipath (on the ground
and in the aircraft environment), as well as the influence of the modeled portions of the
ionosphere, troposphere and broadcast ephemerides. The effects of using dual frequency
measurements for ambiguity resolution and ionospheric-free processing are also
discussed and their importance is outlined in light of various realistic airborne conditions.
Although brief definitions of the error sources are given whenever possible, more
comprehensive information about the GPS and its error sources can be found in related
publications. Many details can be found in Parkinson and Spilker (1996) and a
comprehensive look at the use of the system in geodesy can be found in Teunissen and
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Kleusberg (1998a). A good study of the characteristics of DGPS errors is described in
Raquet (1998) and other recent analyses that treat various aspects of the relative and
absolute accuracy of airborne DGPS positioning can be found for example in Cannon et.
a1 (1992), Shi (1 994), Tiemeyer et al. (1994) and Han et al. (I 998).
3.2 On the DGPS error budget for airborne positioning

Because all of the analyses contained herein are empirical in nature and therefore depend
on the data that is used, the data data have been crmfulty chasm. They permit the
isolation and emphasis of the different error sources, paying particular attention to the
atmospheric effects. The first data set was collected on September 10 1996, during an

airborne gravity campaign that was carried out by the University of Calgary. It is
described in Append'i A.1 and r c f d to there as the Kananaskis field campaign. It is
used hen because it was flown at night and at a high altitude, implying that the effect of

the ionosphere on the data is small and the e f f a of the diffmtial troposphere is

relatively large. The time of the flight war between 00:OO and 06:OO local time and the

average ellipsoidal flying height was 4357 m. The T h b l e 4000 SSI receiver on the

aircraft and those at the master stations in B d m d Invnmere will be employed in this
chapter.
The second data set was collected on June 6' 1998 and is described in Appendix A.2. It
was collected during an airborne gravity survey canid out over Greenland and is used
herein to complement the Kananaskis data set because it was flown in the afternoon
(between 15:OO and 18:00 local time), during a period of high ionospheric activity. The
average flying height above the master station was only 300 m, implying that the effect of
the differential troposphere is small. The two Trimble SSI receivers on the aircraft and
the one at the Aasiaat station are used. The receivers on the aircraft each used their own
antennas that were mounted on the fuselage and separated by over 3 m.
The overall methodology used in the following takes advantage of a number of
operational and data processing strategies to evaluate the effect that each portion of the
error budget has on the estimated position; it studies each of the errors that were
introduced in equation 2.14. In order to control the experiment, the use of a single
software package was necessary and Version 6.02 of GrafNav (provided to the author by
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Waypoint Consulting Ltd.) was selected for two reasons. The first reason is that it permits
a large number of variations in the data processing strategy. (Although most of the same
conclusions were reached using Kl'NGSPAD, the latter is not currently capable of
carrying out an ionospheric-free linear combination and cannot use precise ephemerides,
two components of the analyses that are useful for demonstrating certain points). The
second reason is that GrafNav is a commercial DGPS software package that enjoys wide
use and respect in the fields of airborne navigation and mapping.
The specific methodologies used for the evaluation and characterization of each enor
source are introduced in the following, as necessary for an understanding of the

experiments.
3.2.1 Errors due to the broadcast ephemerides

Bexause positions calculated using GPS are based on the range measured between the
we; and each satellite, the assumed location of the satellites is of hdamental

importance. The ephemeris inforation that is broadcast by the satellites themselves is

currently the only means of obtaining this information in real time. On the other hand,

more precise orbital information is available from a number of organizations behueen one
day and four weeks after a s w e y . Errors in the positions of the satellites will result in an
error, VA 6p:in the double diffmnee measurement that will be small for short baselines,
but increasingly problematic as the baseline length increases. (Note that the error sources
are often referred to in this chapter by using the notation that was introduced in Section
2.3.3.)
The effect of errors in the broadcast ephemeris can be evaluated in post-mission by using
it to compute a position solution and comparing the result to one obtained using precise
ephemeris information. Figure 3.1 shows the magnitude of this difference over the area
flo m for thc Kananaskis field campaign, viewed from the north-east. The surface plot is

generated from the time series of position differences for each flight line. As expected,
the differential error grows as a fimction of distance from the master station. It is clear
from the figure that the errors due to the broadcast information can be significant,
reaching values of over 5 cm for distances of 120 krn. The time dependence of the

broadcast ephemeris error can be observed by noting the saw-tooth pattern that shows up
in Figure 3.1 when going from east to west. The pattern is the result of an update of the
broadcast ephemeris that was made as the aircraft flew south along a line about 40 km
west of the master station. Given the current accuracy of the

GPS broadcast ephemeris,

the range of position errors in Figure 3.1 agrees roughly with the estimated worst-case

user position error of 5-10 cm for each 10 m orbital error over a baseline of 100 kin that
is given in Parkinson and Enge (1996).
Because the errors in position due to broadcast ephemerides are low-frequency in nature

and smaller than 10 cm for typical baselines, they are unlikely to pose a threat to the
performance of an airborne gravity system.They may make up a significant portion of

the error budget of an accurate airborne mapping system,however, a topic that will be
discussed further in Section 3.4.

Figure 3.1 Error in position due to the broadcast ephemeris in a 100 by 150 km area

3.2.2 The importance of resolving the integer ambiguity term

The carrier phase observable is a measure of the difference between the phase of the
carrier signal received from the satellite and a nominal carrier generated by the GPS
receiver. These are related to each other by the time it takes for the signal to propagate
from the satellite to the receiver, and the observable is therefore directly related to the

range between them. Unfortunately, a GPS receiver only measures the fractional part of
this phese difference, meaning that the rsnge between the user and a given satellite

cannot be determined unless the initial integer number of cycles, N, is known. Further,

this ambiguity remains after differencing and must k dmated along with the other
unknown parameters.
While this study puts no emphasis on how the ambiguity term,VA N, is estimated, it is
highly relevant to consider the importance of using a valid estimate of this ambiguity.

The goals here arc to relate the obsmred importance of dual fkqucncy data for ambiguity
resolution and to demonstra!c how much a solution based on red-valued (or float)

ambiguity cJtimatcs can M a t e h m the corresponding fixed integer solution in typical
applications. Experiences drawn fhm processing the ICanmdis data set provide a very
useful example of this. Because of the length of the baselines flown during that
campaign, it is not possible to reliably estimate the integer ambiguity terms using only
measurementsof the L1 carrier phase. In other words, only a float estimate of those terms
is possible when using single frequency data. Integer estimates can be obtained, however,
by forming the widelane observable through a linear combination of the L1 and L2 phase

measurements. Tcunissen (1998) can be consulted for more details about the widelane
observable and its use in ambiguity resolution.
Generally speaking, a float solution should agree with the corresponding fixed solution at
or below the 5-10 cm level for kinematic surveys over short and medium baselines,
Lachapelle (1998). Consider Figure 3.2, however, that shows how the float solution
diverges considerably more than this for the Kananaskis data, yielding errors in position
that are greater than half a metre. Figure 3.2a shows the difference between the single
frequency (Ll ) float solution and the corresponding (widelane) fixed solution and Figure
3.2b shows the horizontal distance separating the master station and the aircraft for the
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same time period. It is interesting and important to note that there is little growth in the

error over the fust 6000 s, the time period during which the aircraft passes close to the
master station for every flight line. As the shortest separation distance increases however,
so does the error in position. It is likely that this occurs because, as time passes, the float
estimates of the ambiguity absorb errors that are not correlated between the master and

remote stations.
This is an important observation because although reliable integer ambiguity estimation

can be achieved for the Kananaskis data set, conditions may not pennit it in all cases. In
such situations, a float solution may be the only alternative (it is seen later that this is the
case for the Greenland data set), perhaps having a considerable influence on the error
budget of an airborne mapping system. Even in airborne gravimetry where the

requirements are often much more forgiving, enors of this magnitude might cause errors

in the output that reach significant levels.
a) difference between the Mat Ll-only solution and ths L l L 2 f l x d wWon

b) separation between master and mmte

time since 282600 (s)

Figure 3.2 The accuracy of a float solution and the baseline length

3.2.3 Errors owing to the neutral atmosphere

It is well known that, as the GPS signals propagate through the atmosphere on their way
to receivers on the Earth, their speeds are decreased by the variability of the refractive
indices in the troposphere, the troppause and the stratosphere (the portions of the
atmosphere below 10 km,between 10 and 16 krn and between 16 and 50 km above the
surface). The combined effect that this variability has on the signals is usually referred to

as the tropospheric delay. When derived using (code and) carrier phse measurements, it
causes the ranges between the satellites and the user to appear between 2 and 25 m longer

than the true distance, Lachapelle (1998). For the range measured to each satellite, this
delay is usually modeled in term of the wet and dry components, which account for
about 20 and 80 % of the total delay, respectively. The models are applied in the zenith
and projected onto the Line of sight using an elevation mapping h c t i o n , Lachapelle
(1998). The key parameters in most models are pressure, temperature and relative
humidity. Even aAer diffcmrcing, midual (i.e. urnodeled) portions of the delay, VA T,

can cause significant errors in the estimated position that show up primarily in the height
component. Although the acclrrscy of available models varies, the dry portion can be
modeled to the centimetre or even millimctre level, while errors in modeling the wet
portion can reach the decime- level and continue to be a challenge for GPS users, see
Mendes and h g l e y (1998) for details. Airborne mapping applications are especially
susceptible to this error because of the large vertical separation between the master
station and the aircraft and because it often does not show up in typical measures used for
quality control (such as adjustment residuals). For example, note that large parts of the
observed differences between solutions in Bruton et al. (2000b) were attributed to
different treatments of the tropospheric effects. The goal of the next few paragraphs is to
use a data set with a very large vertical separation to demonstrate the magnitude of the

effect of the tropospheric delay on the GPS measurements and the estimated positions
and to roughly quantifi the accuracy with which the delay can be estimated by comparing

the performance of different models. Because this is done empirically using a single data
set, the result should be interpreted as no more than an example of the effect. Similar
recent examples that have made efforts to highlight the importance of the troposphere can
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be found in Tiemeyer et al. (1994) and Shi (1994). A thorough investigation of the

absolute accuracy of many different tropospheric models can be found in Mendes (1998)
and for a more rigorous discussion of the topic in view of airborne navigation, Mendes

and Langley (1998) should be consulted. Comparisons made later, in Section 3.3, also

treat the absolute accuracy of the tropospheric delay in more detail.
Recall that the Kananaskis data set was chosen for use in this work because it was
collected at a very large flying height and is therefore subject to large differential
tropospheric delays (the average vertical separation between the Banff master station and

the aircraft was 3035 m during the survey). Consider Figure 3.3 that is borrowed from the
more detailed discussion of this topic found in Bruton et al. (2000b). The data used to
generate it was derived by T.Berm and R. Langley of the University of New Brunswick.
Figure 3.3a shows the magnitude of the tropospheric delay as a hurction of height
difference in the zenith and at an elevation of 10 degrees. Figure 3.3b shows the
agreement khvm two models (Hopfield and Saastamoinen) for estimating that delay.

Together these verify that, for a large vertical master-remote separation, the total relative
delay can reach about 7 m for low elevation satellites and that, at worst, two different
models agree to about 10 em in their estimation of that delay.
This result does not necessarily quantify the absolute enor in the delay estimated by
models commonly used in differential positioning (both could be biased by some amount
from the true delay), but it does provide a rough idea of how inaccurate at least one of
them could be. For example, two packages each employing one of these models could
obviously not both be correct. It is important to consider the impact of such an error on
the estimated position. The vertical position error resulting from unmodeled tropospheric
delays is approximately equal to the magnitude of the largest unrnodeled delay in the
system (and will usually correspond to periods dominated by low elevation satellites), R.
Langley, personal communication. Given that, a height error of 10 cm might be expected
in this case.
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Figurn 3.3 Relative delay as a fiurction of height difference

The graphical data in Figure 3.4 is generated to show the approximate effcct of the

measurement domain quantities (shown in Figure 3.3) on the estimated position. Figure
3.4a shows the effed of the troposphere on the estimate of airrrsft height during the
period of ascent for the Kanenaskis data. It is generated by comparing the position
solutions obtained by processing with and without the use of a tropospheric model. it is
also borrowed from Bruton et el. (2000b)and is based on data provided by A. Simsky of

Sander Geophysics. It shows that the enor in position, corresponding to the tropospheric
delay, reaches nearly 1.5 metres for this data set. Finally, it is of interest to observe the
large differences in position for solutions that have been generated using different
tropospheric models for the same data. Figure 3.4b is generated using solutions derived
using the two different tropospheric models available in GraMav (Saastamoinen and

Black in this case). The figure shows that the difference in height estimated using these
models reaches nearly 15 cm as the aircraft ascends.
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Although comparing the results obtained from these two models can be used to roughly
quantify the residual error, it is important to r e a h that other factors, such as the
meteorological parameters that feed the model, may play an important role in the absolute
accuracy of such a model. While not directly indicating the accuracy of either model on

its own, this approach does indicate how inaccurate at least one of them might be.

On its own, a bias-like error with a magnitude of 10-15 cm is unlikely to be a problem in

airborne gravimetry. It may be problematic, however, for high-end navigation and
mapping systems, in which case, it might be important to make meteorological

measurements on the ground or m the air thruughout the survey. Emrs due to the neutral

atmosphm are discussed further in Section 3.3.
a) effect of the tropospheric model on height or a function of height
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Figure 3.4 Difference in position between two tropospheric models during the ascent

3.2.4 An estimate of the effect of the ionosphere
The ionosphere (the portion of the atmosphere between 50 and about 1500 krn above the
surface of the

Earth) has a signifcant effkct on the propagation of the GPS signals; the
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carrier phase is advanced by an amount proportional to the density of electrons and
causes the measured ranges to appear shorter than they really are. Fortunately, the
ionosphere is dispersive, meaning that the effect it has on a signal is a hction of its
frequency. In turn, this means that the effect of the ionosphere can be estimated by using
a combination of the carrier phase observables on the LI and L2 frepuencies.
The goal of Section 3.2.4 is to demonstrate the potentially devastating effects of the
ionosphere by employing an example where it is particularly active. Recall that the
Greenland data set was selected for this study because it was known to have been
collected during a period of high ionospheric activity and because the effect of the

tmposphac is relatively small. Because this ionospheric activity only permitted the
reliable estimation of the integer ambiguities for a portion of this data set, the following
analysis only treats float solutions.
Figure 3.5a shows the diffmace between solutions obtained using both the Ll and
ionospheric-fiee observable (the latter is one of the possible linear combinations of the

L1 and L2 phase rncasumncats). As disc&

in Klobuchar (1996), the ionospheric-fkc
c o m b i i o n takes advantage of the dispersive nature of the ionosphere to remove all of
its first-order effects, which account for over 99.9% of the total effect. See Teunissen and
Kleusbcrg (1998b) for details about how the ionospheric-fke observable is formed.
Figure 3.5a therefore represents the error in position caused by first-order effkcts of the
ionosphere, VAl. Figure 3.5b shows the horizontal distance separating the master station

and the aircraft for the same time period. The effst of the ionosphere clearly increases as
the baseline length increases, reaching values greater than one metre in each component
for distances greater than 100 km. It is also interesting to notice that, although the effect
of the ionosphere is reduced as the aircraft returns to the master station (after about 6500
s), the position solution is heavily biased, especially in the height component. A

comparison of each solution to that obtained from a static period at the end of the survey
confirms that the ionospheric-free solution is the correct one.

Based on the evidence presented herein, there is no doubt that under conditions of high
ionospheric activity, such as those observed during collection of the Greenland data set, a
single frequency approach is not sufficiently accurate. If errors like those observed in
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Figure 3.5a are not corrected for, by using a dual frequency approach, the results could be
disastrous for any mapping system.
a) effect of ionospheric processing on position errors (m)
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Figure 3.5 Errors caused by first-order ionospheric effects, and the baseline kngth

3.2.5 'Ihe eff'ects of mumath and ~ceivermeasurement noise

The multipath effcct is the result of a GPS signal arriving at an antenna h m more than
one direction (due to reflection) and receiver measurement noise is defined as the noise
resulting from the process of taking the carrier phase measurements. Because it is
extremely difficult to develop appropriate models of multipath and noise, they usually

dictate limits on the accuracy of carrier phase positioning, especially in kinematic mode.
Carrier phase multipath results in b w and medium-fkquency errors in the estimated
range to a satellite. Such enon can have a maximum phase m r of a quarter of a

wavelength (i.e. about 5 cm for the carrier on Ll). See Ray (2000) and the references
made therein for good discussions of canier phase multipath effects. GPS receiver noise

is usually a broad-band, white noise sequence. Its amplitude is typically at or below the
millimeter-level for each measured range and increases for each level of differencing
performed, Lachapelle (1998). It is also a function of the bandwidth of the tracking loop
of the receiver, and therefore the dynamic of the vehicle.
Noise and rnultipath on the ground

While multipath and measurement noise each have an effect at the master station and at
the airplane, it is relatively straightforward to quantifL this effect for an antenna-receiver
configuration on the ground. As an example, consider Figure 3.6 that was generated using

the data on the LI canicr coming horn a triplet of Trimble 4000 receivers and two

The antennas were arranged 754 m apart, one on
the mof of the Engineering building, which is considered to be a medium multipath
environment (see Ray (2000)), and one in a nearby field where the multipath is
considered to be low. The signal from the antenna on the roof of the Engineering building
was split to two of the receivers while the third receiver was us#l at the station in the
field. Because the true range is known, the ambiguities are w i l y fixed and because
residual ephemeris and atmospheric arors an negligible over such a short baseline,
Figure 3.6a is a plot of the combined eff- of double difference noise and multipath
(VA me + VA 6,). As s h , the combined magnitude of the e m in position caused by
the multipath and noise &om the signals on L1 is at the level of 0.4 cm ( 1-0 ) with a
maximum error of about 2.0 cm. Figure 3.6b is a plot of the error in position over a zeroantemas at the University of Calgary.

baseline (i.e. 1e m except noise cancel completely) and shows that receiver noise on
the L1 carrier only contributes an error in position at around the 1 mm-level ( 1-a) with a

maximum contribution of 3 rnm for the same time period. Processing was done in
kinematic mode in all cases. Although these analyses are empirical in nature and may
vary with many factors (such as the environment around the antenna, receiver type,

satellite elevation and strength of the geometry), they agree well with observations made
in the more statisticaliy meaningll studies carried out by Raquet (1998) and Bona and

Tiberius (2000).

Because the ionospheric-free observable is used in many places in Chapters 3 and 5, it is
important to roughly quantify the level of noise associated with it. As mentioned above,
because noise should not be correlated from signal to signal or on either carrier
frequency, it increases with each level of differencing done. As shown in Shi (1994), the
expected noise level for the ionospheric-free combination, B iono-frrer can be calculated as
a h c t i o n of the noise level on the Ll carrier, a L, ,through the laws of error propagation.
it yields the following relationship:
o ion*&

= 4.090 L l .

(3-1)

In other words, while the ionospheric-6ra combination m o v e s all fht-order effecb of
the ionosphere, it increases the noise level by about a factor of 4 on each measured range.
After differencing, the noise term, VA E*, would therefore be i n c d by a factor of
eight. Figure 3 . 6 ~was generated in the same way as Figure 3.6b except that the
ionospheric-frce obacrvablc was used instead of the Ll carrier phase o h a b l e . It shows

that the same increase in noise can be acpected in the estimated position.
Noise a d multipath at the aircrafl

Estimating the effcct of multipath in the airborne environment is more difficult than in
the static case baause the true position of the antenna is not known. It is possible to
roughly quantify it, however, by knowing the true distance between the two antennas that
were mounted on the aircraft during collection of the Greenland data set. Figure 3.7 is a

plot of the error in the length of that baseline due to the combined effat of receiver noise
and multipath at each of the antennas on the aircraft It was generated by taking the

difference between the two Ll s n l y position solutions derived using one master station

and each of the antennas, i.e. there were no constraints placed on either solution. The
ambiguities were reliably fixed for both solutions and the satellite constellation did not
change during the period shown (i.e. no satellites rose or fell from view). Also, because
the antennas are closely spaced, the atmospheric and orbital effects are the same,
meaning again that only the effects of the tenns VA me and VA c* remain. This method

assumes that the multipath is uncorrelated from one antenna to the other.
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As shown. the combined effect of noise and rnultipath for both antennas is at the level of

roughly 0.4 cm ( 1-a ). Assuming that the effect due to multipath is equal in magnitude at
both antennas but uncorrelated between them, this corresponds to a value of multipath
and noise at each airborne antenna of about 0.3 cm ( 1-a ). This can be compared to the
value of 0.4 cm ( 1-a ) that was observed above for multipath and noise on the ground.
Visual inspection of Figure 3.6a and Figure 3.7 implies that medium to high-frequency
multipath is averaged out, while much of the low-frequency content remains. Notice that
the plots use different time scales. This supports the common perception that the
changing orientation of the vehicle in a moving environment tends to average multipath.
A complete study of this would include significantly longer data sets and a comparison of

the various multipath mitigation technologies that are employed in today's receivers.
3.2.6 Errors due to changes in geometry
The reliability of a DGPS solution depends largely on the geometry implied by the
satellite constellation; two periods of diffmnt geometry can yield different position
solutions under otherwise equivalent conditions. Changes in geometry may result fiom
the rising and setting of satellites, the obstruction of signals and in the case of an aircraft,

from the banking that occurs during turns and other maneuvers. Even more dangerous is

the situation where the elevation mask coupled with vehicle maneuvers cause drastic
changes in the observed geometry. The goal of this section is to demonstrate some of
these problems, again drawing on examples.

Up to this point, all computations have been performed using an elevation mask of 10'.
For the Kananaskis data set, increasing the elevation mask fiom 10' to 15' makes it
impossible to reliably maintain estimates of the ambiguities through the turns, meaning
that a solution that uses float estimates becomes the only option for at least some periods
of time. Figure 3.8a is a plot of the difference between solutions obtained using elevation
masks of 10" and 15" for the first data set (i.e. the difference between the solution
obtained using a mask of IS0 and the fixed L l k 2 solution that was discussed in Section
3.2.3). Figure 3.8b and Figure 3 . 8 ~show the observed PDOP and number of satellites in
each case, for the same time period.
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Figure 3.8 The effect of changing the elevation mask on position

Clearly, the observed satellite geometry makes a large difference following the turn that
occurs at approximately 1200 s. Increasing the mask by an extra !? forces the exclusion
of satellites h m the solution during that turn, bringing the total number to 4 for a short
period. Reliable floating estimates of the ambiguities clearly become more difficult to
achieve as the geometry worsens. Although this simulation is artificial, consider the fact
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that a user would not have known any differently if those satellites had not been available
in the fnst place due to poor health or other reasons.
Generally speaking, more satellites in more portions of the sky will imply a better
geometry and a better estimate of position. Consider Figure 3.9, however, that shows an
example in which this is not true. It shows the error in the same baseline that was shown

in Figure 3.7 except that it was calculated by allowing one of the solutions to include an
extra (low elevation) satellite for the period after 190 s. Recall that the true length of the

baseline is known. Although the ambiguities remain fixed, the observed geometry

improves as a result of !he extra satellite. Thc level of multipath appears to remain
roughly Ole same. It is mtmsting, however,that the estimated kngth of the baseline
becomes biased by about 1 cm.Thb increases the maximum aror h m under 1 cm to
nearly 2 cm, implying that it may not always be best to include a satellite in an effort to
improve the geometry. In this case, the obsmred bias may come from residual

tropospheric delay on the bw elcvltion satellite which would give strong support for
methods such as those outlined in Hartinger and Brunna (1999) that weight the carrier
phase mcasufcments according to the signal-twok ratio, the elevation of the satellite or
the time since lock.
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3.2.7

Other sources of error

For completeness, it is important to point out that there are a variety of error sources that
have not been treated thus far and that can be significant, depending on the
circumstances. Among them are errors due to:
instrumental delays in the receivers and satellites (see Teunissen and Kleusberg
( 1 998b)),

errors in w i s e orbits, especially over very long baselines (see Beutler (1 998)),

remaining tropospheric modeling errors, e.g. their dependency on instantaneous
environmental conditions (see Brunner (1997)),
ionospheric effects of second-order and greater (see Kiobuchar (1996)),
the non-white behavior of stochastically modeled parameters and their effect on
the estimation process (see Wang (1999) and Tiberius et al. (1999)) and
latency effects in real-time surveys (which are likely to be less crucial since SA
was turned off).

While it can be argued that many of these are negligible under normal circumstances,

their effkct should always be considered for high-accuracy applications.
3 3 Checking the consistency of various solutions
There ate two checks for consistency that are often carried out to verify the quality of
airborne positioning results. The first is included here because it provides further insight
into the quality of the tropospheric modeling being canied out and the second because it
comments on the accuracy of the processing and kinematic models being used.
Figure 3.10a was derived by comparing the position solutions obtained for the
Kananaskis data set using two of the available master stations (Banff and Invermere).
Intuitively, it makes sense that agreement of these with each other is a necessary
condition for claiming a given level of accuracy. Both are fixed integer ambiguity
solutions that make use of the Saastamoinen tropospheric model and the same precise
ephemeris information for the whole time period. Notice by observation of Figure 3.2b
and Figure 3.10b that the agreement is below the level of 3 cm in each component when

the distance of the aircraft from both master stations is below 75 km. Also notice that the
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difference grows as a function of the baseline length, reaching a peak value of 18 cm in
the vertical component and 6 cm in the horizontal components. This peak occurs when

the distance of the aircrafi from the Invermere station reaches just over 150 km and after
it has not been closer than about 50 krn to it for over 1.5 hours. kcause the error
sequence is clearly spatially correlated (and because precise ephemerides have been
used), the large amplitude differences are most likely due to residual atmospheric effects.
Further, because the data set was collected during the nighttime and at a very large flying
height, most of the effect is probably due to unmodeled tropospheric delay (note that the

Invmnere master station is approximately 465 m lower than the Banff master station and
90 km away h m it in the horizontal). A small component of the difference is also

probably due to different multipath experienced at the master stations.
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Figure 3.1 0 The difference between solutions h m different master stations

Finally, the two solutions obtained by processing exactly the same data forward and
backwards in time (using the Banff master station) are compared in Figure 3.1 1. It shows
a high level of consistency, with a maximum difference of 6 cm in the height and
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standard deviations of less than 2.5 cm in all three components. For completeness, it
should be mentioned that this is less consistent than a similar result presented in Shi
(1994). It is assumed that this is because there were only two instances in the latter where

the satellite constellation was reported to change (i.e. satellites rising or falling from

view). Consistency between solutions is very challenging to achieve when satellites enter
or leave the solution; these are opposite occurrences in foxward time than in reverse time.
Compare the solid line in Figure 3.& to Figure 3.1 1 to obsene the correlation between
these events and the differences between the forward and backward solutions.
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Figare 3.11 The difference between forward and reverse solutions
3.4 The dkt of positioning errors on airborne mapping rystems

Examples of the residual errors affkcting the accuracy of airborne DGPS positioning have

been isolated and presented in an effort to demonstrate the effkct that each can have
under tealistic conditions. It was seen that an absolute accuracy of 50 cm is not always
achieved. For long-duration surveys with baselines reaching lengths of 150 km, it was
seen that:
total multipath and noise seem to cause errors no larger than about 3 cm,
the kinematic model and processing algorithm are consistent to at worst 6 cm

.

(independent of baseline, but dependent on changes in satellite constellation),
absolute errors in the order of 10-15 crn due to the troposphere seem possible for
long baselines,
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a float solution can deviate by 50 cm from the corresponding fixed solution (also
for long baselines),

an active ionosphere can cause metre-level errors if not treated properly,
poor geometry can result in errors at least as large as 50 cm, and

.
. errors in broadcast orbital information can cause errors that are greater than

5 cm.

While it can be argued that the latter three of these can be minimized (by various
logistical and processing strategies), the first three represent limits to the muracy of

current airborne positioning techniques. In cases when a widelane approach is not

possible (such as under a very active ionosphere), the fourth point above may also pose a

limitation. Givcn that these rcprescat maximum emm, however, it is reasonable to
expect to obtain the position of an ahcraft with a standard deviation ( 1-a ) of under 50
cm. This confkms that DGPS i s capable of providiag the positioning accumey
rrqukd for use in airborne grrvimetry.
As for all airborne positioning applications, factors such as the selection of master
stations with low multipath, keeping rircraA bank angles to a minimum during turns,
using precise orbital information, flying as low as possible to minimize tropospheric
effects and especially using dual fraqucncy receivers will all help to ensure that this level
of accuracy is maintained under adverse or unexpected conditions.

For completeness9consider the general positioning requirements that are given in Table
3.1 for a number of airborne georefe~cncingsystems. They are from Skaloud (1999) and
are given as h c t i o n of the mapping sensor Wig employed. Based on the obsemations
made in this chapter, several broad conclusions can be made regarding the ability of
DGPS positioning to meet them. For large scale mapping operations (where 5-10 cm are
needed), there appear to be two prerequisites: the length of baselines must remain shorter
than 75 km and the aircraft must fly close to the master station on a regular basis (e.g. at
least once per hour) to avoid the growth of errors that are not suficiently spatially
correlated. It is reasonable to expect DGPS to meet the accuracy requirements for the
other applications listed in Table 3.1 as long as the baselines are shorter than 150 km.
Finally, despite these optimistic conclusions7 the reader is reminded of the large
differences between the eight DGPS packages that were mentioned earlier and reported in

Bruton et al. (2000b). Although a group of the solutions agreed with each other at the
level of 10 cm, a number of them differed from that group by more than a metre. This
implies that a considerable amount of caution should be exercised when developing,
evaluating and using a DGPS sohare package for airborne applications.
For further evaluating the absolute accuracy of DGPS,the author recommends using a
data set in which a precise reference is available. This might include one where either

LIDAR or photogrammetry ate available as an accurate and independent reference. If
appropriate data sets become available, the analyses should also be extended to include

various GPS receiver types.
Tabk 3.1 Positioning accuracy requirements for airborne mapping
Rquired Position (cm)
Type of senaur

Aerial camera, scale > 1:2000
Aerial camera, scale < 1:5000
CCD camera or scanner
ESAR

5-10
75-100
25-100
20 - 200
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4 Differentiation for High Precision Velocity and Acceleration Determination

In this chapter, processes of differentiating discrete-time signals are discussed, with

emphasis on determining velocity and acceleration from measurements made by the GPS.

There are two principal objectives:
a) to comprehensively review possible methods of carrying out the differentiation
process, expressing each in a comparable and uniform way (that is, as finite

impulse response (FIR) film),charecteiidng each method in the fnqucncy
domain, and
b) to employ real GPS data to demonstrate the appropriate use of each method of

diffetcntiation in both the measurement and position domeins.

Operations arc canid out on the GPS signals at two stages in this chapter, depending on

the application at hand. In the first stage, operations arc carried out on the GPS

measurements, prior to their use in a GPS softwan package (that employs a linear system
like that described in W o n 2.3.3). These will k r c f d to as ojxmtions made in the
measurement domain, Primarily, the measUtemenis king operated upon are the farrier
phase measurements and the resulting phase rate measurements are often r e f d to in
the literature as derived Doppkr measurements. In the second stage, operations are
carried out on the sequences of position and velocity that are available aAer the use of

such a GPS sohare package. These will be r e f d to as operations carried out in the
position and velocity domains. Likewise, the term acceleration domain will be used when
discussing sequences of acceleration, i.e. after appropriate differentiation of the position
or velocity sequences.

The research reported in Sections 4.1, 4.2 and 4.4 constitutes the contributions of the
author to Bmton et al. (1999) and the results presented in Section 4.3 were obtained for

the same publication together with the other authors. Work is presented without fuaher

reference to that publication.

4.1 Background

The differentiation of discrete-time signals has been studied on a number of occasions for
velocity and acceleration determination using the GPS. In the measurement domain,
investigations have k e n carried out to derive a phase rate measurement (Doppler) by
differentiating the carrier phase measurements. The derived Doppler is used in place of

the phase rate measurement that the receiver generates fiom the observed Doppler shift of
the incoming signals. In the following, the receiver generated phase rate measurement is
referred to as the raw Doppler.

In the literature, the derived Doppler has been considered advantageous, mainly because
it is considered to be less noisy than the raw Doppler. Several methods of cliffisentiation
have been investigated for this purpose. Fenton & Townsend (1994) demonstrated the use

of parabolic functions. Both Cannon et al. (1997) and Hebat (1997) approached the task

using simulated GPS data by applying low-ofda Taylor series sppmximations of the
derivative ( i r central diffaeace quatiom) and by diff-tiating
cubic spline
approximations to the data. A Kalman filtering approach was also proposed and applied
by Hebcrt (1997). In each of the above casts, good solutions ate obtained for static and
low dynamic cases, but errors inctease significantly when higher dynamics are included.
Several investigations have also been carried out that derive acceleration by
differentiation in the position domain. That is, a GPS software package is used to derive
the time series of both position and velocity which are then diffkrmtiated. Examples of
such studies of acceleration determination for airborne gravimetry include Brozena et al.
(1989), Kleuskrg et al. (1990), Heh1(1990), Czompo (1991), Wei ct al. (1991) and Van
Dierendonck et al. (1994). Because of the nature of the gravity signal, emphasis in all of
these studies is in the low-kquency part of the spectrum. Little work has been done that
considers different methods of differentiating the signals, especially in cases that are not
severely band limited.
The research carried out herein contributes to this field of study in a number of ways.
First, the concept of differentiation is reviewed in Section 4.2. The ideal differentiator is
introduced as a means of evaluating methods of approximating the derivative of a
discrete-time signal. A number of differentiating concepts are then reviewed and
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proposed for use in kinematic GPS systems. Some of these have already been applied in
the GPS literature (e.g. central difference equations) and others have not. Although all of
the filter concepts treated herein are widely known in the field of signal processing, it is
important to note that they have not been evaluated for use with the GPS for deriving
velocity and acceleration and, as a result, their evaluation is important herein. Each
method of differentiation is presented in a common framework and subsequently
characterized in terms of its performance in the fnquency domain and with respect to the
ideal diffirentiator. This approach provides an understanding of the performance of each
method when used to diffetcntiate GPS signals under conditions of variable or unknown
dynamics.

In addition, it is possible to d i f f d a t e a signal by fitting a model to it and subsequently
diffkntiating the model. This approach is trcatad by mepns of an example and compared
to the methods mentioned above. In the example, the use of best-fitting polynomials is

refiormdatd as a time domain convolution (and thereby analyzed within the same
hmework as the other diffwtiating methods). It is thm c h a m k b d as a fimction of
both polynomial orda and window length. The ranges of applicability of polynomial fits

arc quantified in tmns of tfreu effdvc frcqwcy range. This permits an evaluation of
the eff- of curve fitting on the spectrum of the resulting signal. For example, it is seen
that the choice of polynomial order and window length affkts the spectral signature.
To bridge the gap between theory and application, the practical implementation of each
of these differentiators is discussed in Section 4.3. Each method is applied to real GPS
data using a discrete time convolution. In other words, they are all considered to be nonrecursive, (i.~.FIR)filters. Issues of phase response and filter order are also discussed.
Examples that use real GPS data are presented in order to demonstrate the effectiveness
and limitations of these differentiating filters for determining vehicle velocity and
acceleration under different dynamic conditions. Several methods are then applied to
three practical cases that are characterized by increasing frequency content. Namely,

a) a static baseline,
b) an airborne gravimetry survey and
c) data collected on a precision motion table.
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In the latter two cases, verification of the results is accomplished using independent

references of higher quality (i.e. the known gravity field and a precise reference
trajectory, respectively).
4.2 On the differentiation of uniformly-sampleddiscrete-time signals

For the purposes of this research, a discrete-time differentiator operates on a uniformly
sampled sequence (of a continuous-time band-limited input signal) in such a way as to

produce a comsponding output sequma that, after suitable band-limiting, approximates
the actual continuous-time derivative of the input signal. According to Antoniou (1993),

the fkquency response, ~ ( jaTe ), of an ideal uniformly-sampled discrete-time
differentiator is given by:
~(ej")=

ja, for

0~14<%,
2

where o is the hrquency of the spectrum of the signal (in radians),

= 2 z / T is the

sampling fiquency (in radians), and T is the corresponding sampling period (in seconds).

The task of d i f f d a t i n g a discretc-time signal can therefore be seen as approximating
this idealization and applying it to some signal of interest. The ideal differentiator will be

used throughout Section 4.2 to assess the quality of each of the differentiators that are
described.

4.2.1

On the design and implementation of differentiators for GPS

The differentiators discussed in this chapter are all cast as FIR filters. Practically, such a
filter is applied to a discrete data set,x(n7'), using a convolution as follows:
N-l

-

h ( n ~ ) x ( n nk)
~ ,

x' (nT) =
k=O

where in this case, xl(nT) is the derivative of the input sequence, x(nT), and h(n7') i s the
impulse response of the system, having length N. The relationship between the discretetime unit impulse response, h(nl), and the frequency response of the discrete-time

differentiator, l f ( e i m T ) , is given by the Inverse Fourier Transform. Practically then, the
design of a digital differentiator becomes the problem of designing an impulse response,
h(nT), that can be applied to a data set using equation 4.2 and that has a frequency

response as close as possible to that in equation 4.1, within the fiequency band of interest.
For details about filter design, see Antoniou (I 993).
The application of discrete-time filters in GPS systems is restricted by several important
practical considerations. The first consideration relates to the linearity of the phase

response of the filter, arg[~(e~'")J. It is especially important that arg[ tr(ejoT)J be
close to a linear function within the fiequency band of interest. This is especially critical
for navigation systems because of their high dependence on the temporal characteristics
of the signals. Careful treatment of both the magnitude response, ) ~ ( e j " ) ,1 and the
phase response, arg[ ~

( e j ~ )of] the
, differtiator

is therefore important. An FIR filter

is appropriate in this rrspe*, because it can k designed to have a time symmetric

impulse response that implies that all spectral components of the input signal arc subject
to the same delay. The delay itself is easily corrected for in post-mission applications and

may k taka into account in many real-time applications (depending on the processing
r~~ukmcnts,
the datu rate and the length of the filter).
A second consideration is the integer nature of the delay and the comspondiig odd

length of the impulse response. As pointed out in Oppcnheirn and Schafer (1989), an

even length impulse response has a significantly better magnitude nsponse than one of
similar order but odd length. This was confinned recently in SL;aloud and Merminod

(~ooo),
h e n tbe
was to p-t
the fiaquency content for hi* mucncies.
Despite these improvements in the magnitude of the fkquency response, an FIR filter
with an even length impulse response has a major drawback in terms of the phase
response. It causes the resulting delay to be non-integer, which in turn, can be
problematic for time sensitive navigation systems. For the research presented herein, only
odd length impulse responses are employed because the errors due to interpolation (from
the non-integer to the required integer epochs) outweigh the advantages, especially for
components of the signals in the medium and high-frequency bands.
A third consideration is the absolute length of the impulse response. A filter with a short
impulse response offers the advantage of a small time delay and a filter with a longer
impulse response offers the advantage that it can achieve a more accurate magnitude
response. A further important consideration, relating to the length of the filter, occurs in
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these systems when the states of the filter have to be reset because of unavoidable
external events. In this case, enors occur due to edge effects. Cycle slips and gaps in GPS
data are good examples of such unavoidable external events. These errors will affect less
data if the length of the impulse response of the filter is small. A compromise must
therefore be reached between minimizing the magnitude of the approximation error and
the tolerable impulse response length. This will depend on the application and varies
from situation to situation.

4.2.2

Low-order Taylor series approximations

Because they have been used extensively in the GPS literature, low-order Taylor series
approximations of the derivative will be treated first. Consider the first-order central
difference approximation to the derivative that is given by:

so that the derivative of x at time nT is estimated using data at two epochs (times

nT +T and nT - T ). Higher order central difference equations are often presented in the
literature as an alternative to this simple first-order approximation (because it is intuitive
that using more data on either side of time nT will provide a better estimate of the
derivative). These higher order derivations are also based on the Taylor series. Consider
for example the third-order central difference equation that has the following form:

The expression of these basic equations as FIR filters is relatively straightforward and
useful; the impulse responses corresponding to the tirst and third-order differentiators
given above are usually represented as vectors as follows:

Note that the terrnsflrst-order and third-order are used herein to refer to the filters given
by equations 4.3 and 4.4, despite the fact that strictly speaking, the impulse responses in

equations 4.5 and 4.6 define second and sixth order discrete-time filters. This is to remain
consistent with their use in GPS literature.
Such filters can be implemented using equation 4.2 and are obviously non-causal.

Expressing them in this way is useful because it permits their comparison to the ideal
case. Comidcr Figure 4.1, for example, showing che magnitude of'the fiequmcy response

for each ease, derived using a normalired sampling frequency given by o,= I H z The

ideal diffmntiator is also shown by the dotted line. It is clear that the first and third-ordcr
f i l m arc only good a p p m h a t i o ~of~the
~ ideal diffcrentiator at low ~ u e n c i e s For
.

example, they kgio to deviate considerably h m ideal at about 0.05 Hz and 0.15 Hz,
respectively.

The above ohemation has several implications insofar as GPS applications are
concerned. First, if the signal being differentiated is primarily a very low-fkqlucncy
signal, then either of these approximations m a y
This is the case for data obtained
during a static survey aad might k che case for data collected from a very slow moving
platfor. Second, if the signal is primarily low-fkqutncy in nature, and there exists
mainly noise in the upper part of the spectrum, then these differentiatorswill also serve to
suppress that noise; a very encouraging result at first glance. However, the proper use of
these differentiators depends on the signal to k differmtiated. Caution must k exercised
if the signal has medium to high-fkquency components (relative to the sampling
fkquency) because this type of differentiator will result in spectral distortion at those
frequencies, and ultimately in a derivative of lower accuracy. Investigations in which
lowsrder Taylor series approximations have been used in the GPS measurement domain
include both Cannon et al. (1 997) and Hebert (1997). Results presented in both of these
publications support the observations made above; that is, the approximations worked
well for static and very low dynamic data sets, but give poor results for cases involving
higher dynamics.
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Note that by increasing the order of the Taylor series approximation, better approximates
of the ideal differentiator can be obtained (especially at low frequencies). This will be
examined further in the discussion of numericat designs in Section 4.2.5.
4.2.3

Designing differentiating filters using the ideal impulse response

Because the frequency response of the ideal differentiator is known, its ideal impulse
response can be calculated analytically using the Inverse Fourier Transform. Practicaily,
a differentiator can be designed by sampling, truncating and delaying the resulting
infinite length impulse response. For a 24'-order

filter, this yields the differentiator

shown by the solid line in Figure 4.2, i.e. the filter has an impulse response that is 25

samples long. The upper graph shows the magnitude of the hquency response of the
filter and that of the ideal response. The lower graph shows the error in the magnitude

(i.e. the difference between the latter two curves).
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While this filter does not compare well in the low-frequencies with the Taylor series
filters discussed in the last section. it does offer a better approximation for high
frequencies. The oscillatory nature of the deviations in the response that are shown in
Figure 4.2 is commonly referred to as the Gibbs' phenomenon and is the result of the
finite length of the impulse response. There are several ways to improve on this design.

The fiat and most obvious way is to increase the length of the filter, but this is subject to
the disadvantages mentioned in Section 4.2.1, especially for navigation systems. The
second approach is to attenuate the Gibbs' oscillations and avoids an increase in filter
order. Essentially, this approach replaces the abrupt buncation of the impulse response by

a gradual tapering that is defined by a window hetion, see Antoniou (1993). Then are a
number of possible window functions that can be employed, including the Blackman
function that is illustrated in Figure 4.3b. Figure 4.3a and Figure 4 . 3 ~show the impulse

response corresponding to the 24'order

filter, before and after application of the

Blackman window function (note that it was designed to have a cut-off frepuency of 4=
0.4 Hz). Clearly, the window bction reduces the magnitude of the impulse response on
either side of its centre. Figure 4.4 shows the comsponding effect on the magnitude of
the frequency response of the filter. As in Figure 4.2, the upper graph shows the
amplitude response of the filter, and the lower graph shows the error relative to the ideal
impulse response. he advantage of using the window function is evident as a result of

the reduction in the magnitude of the Gibbs' oscillations. By using only symmetric
impulse responses and symmetric window hctions, the symmetry and therefore the
linear phase properties of the filter are preserved. Examples of other window functions

are given in Antoniou (1993) and Orfanidis (1996). Examples where window functions
have been used in the design of low-pass filters for GPS related research include
l-lammada (1996) and Skaloud and Schwarz (1998).
Upon inspection of the magnitude response in Figure 4.4, it is clear that a differentistor
that is based on the ideal impulse response will ofFer a good approximation to the ideal
differentiator when a window function is used. It is also clear that such a filter has a
wider range of applications than the low-order Taylor series approximations that have
been considered in Section 4.2.2, because it offers a better response over the whole

frequency band. This has several implications. If the signal being differentiated has
components at frequencies across the spectrum, then the output of the system will be a
better approximation of the derivative. On the other hand, if noise only exists across a
part of the spectrum, then the system will tend to ampliEy that noise. This is especially
true if the signal of interest contains only low-ikquency information.

Figore 4 3 a) impulse response of the 24'*.ordcr
differentiator shown in Figmre 4.2, b) the
Blackman window functi~nand c) the windowed
impulse response
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Figmre 4.4 Reduction of Gibbs' phenomenon
using window functions

4.2.4 Optimal designs
Although no discrete-time system can be designed to perfectly match the ideal
differentiator, FIR filters can be designed that approximate it very well for all frequencies

of interest. In optimal design, the impulse response of the filter is obtained by minimizing
the error in the frrquency response (with respect to the desired frequency response) by

means of conventional numerical optimization techniques. In this section, the Remez
Exchange Algorithm is used as a demonstration of this. Consider Figure 4.5 that shows
the amplitude response of a 241h-orderdifferentiator designed using the Remez Exchange

Algorithm that is provided in software accompanying Antoniou (1993). The filter was
designed to have a transition band from 0.4 to 0.5 Hz, thereby ensuring that no signal
content is transmitted above the Nyquist fiquency, 0 , / 2

= 0.5

Hz, and therefore that no

aliasing of the signal can occur. Clearly, this filter offers a better approximation to the
ideal case over the whole frequency band than any that has been presented previously. In
turn, this provides a good solution for conditions of unknown or high dynamics.

3.2.5 Numerical designs
As mentioned in Section 4.2.2, better approximations of the ideal differentiator can be

obtained fiom the Taylor Series if higher order expansions are used. This is a subset of
the filter design problem referred to as numerical design. Consider a filter design based
conceptually on a central diffmnce formula derived from a 24'-order

Taylor series

expansion of the derivative. F i p 4.6 shows the magnitude of the kquency response of

such a filter and its deviation from the ideal diffmntiator. A higher order Taylor series
approximation clearly better represents the ideal case over a wide bandwidth.
It is interesting to note that although the amplitude response of this filter over the whole
spectrum is not as good as the one designed using an optimal approach, it is very good in
the low-fkquency band. It will be shown in Section 4.3 that this makes it especially
suitable for cases in which the spectrum of the signal is primarily at low-frrquencies (e.g.

static surveys and airborne gravity).
4 -2.6 Curve fitting for differentiation

An intuitive approach to estimating the derivative of a noisy discrete-time signal is to fit a
curve to the data and then differentiate the curve. For purposes of illustration, consider

using a least squares approach to determine a polynomial that best fits the data. The
instantaneous derivative of the data i s obtained by differentiating the polynomial. The
curve fitting approach essentially achieves a band limiting by means of polynomial
interpolation. As well as providing an estimate of the derivative, this will offer a certain
level of smoothing that may or may not be desirable (depending on the situation). The
amount of smoothing will be a function of the order of the polynomial and the length of
the sliding window in which the data is being fit.
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numerical diffmtiator

La the discrete-timc signal at time instant t k be given byh and let the sliding window of
length (W+1)
be centered around time and index it such that the index i varies from Wl2 to W/2.Within this window, the best-fit polynomial of order A4 therefore has the
fonn:
P(i) = a. +ali+a2i2 +...+ a ~.hi i

and its first derivative is given by

The polynomial coefficients in the above equations can be solved for using the following

standard equation for a least squares solution (without weights)
a = (A'A)-'A~ f

where a = [u,, a,

...

a ~ and
] the I(" row of A and f are given by

Performing this type of adjustment for every data point is computationaIly very
burdensome and therefore two major simplifications are made. First, because the term
(A'AY'A~in equation 4.9 is independent of the signal/, it only needs to be calculated
once. Second, by setting i+,

the expression for che valw of the derivative in quation 4.8

at the center point of the window (t=tk)is given by:

Thus, only one coefficient is necdcd at each epoch for each derivative to be calculated.
This means that for the first derivative, only the second row of the tenn (A~A)"A' is
needed. The solution for the value of the hction therefore reduces to a convolution. If
the second mw of the above matrix is given by b, then the first dcrivative of the fitnction

is given by

This approach to fitting polynomials to a data set using least squares is mfemd to as
Savitzky-Golay smoothing. See for example Press et al. (1992).
These c w e fitting filters have symmetric impulse responses and will therefore have
linear phase transfer hmctions leading to a constant time delay of all spectral components

of the signal. When formulated as in equation 4.12,least squares fitting of polynomials to
a discrete time signal can be seen as applying an FIR filter and the least squares
adjustment becomes a filter design problem. This approach allows one to quantify the
amount of smoothing that a best fitting polynomial offers as a function of both the order
of the polynomial Mand the size of the sliding window (W+l).

For completeness, it is important to r d i z e how this type of filtering differs from optimal

FIR filtering (that

was discussed in Section 4.2.4). Although both methods might use a

least squares fit, they are fundamentally different. A filter designed using a c w e fitting
approach uses least squares to fit a curve to the data being operated on. It will have a
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corresponding frequency response that is determined by the choice of the fitting function.
On the other hand, optimal design techniques use a least squares fit to minimize the errors

in the frequency response with respect to some desired response.
Figure 4.7 shows the amplitude response of five polynomial fits. They are a set of 51horder polynomials (M=5)designed with window lengths W = 101,49, 25, 15 and 7. Also
shown for comparison is the amplitude response of the ideal differentiator. Notice

first

that each offers a reasonably good approximation of the ideal case at low frequencies.

The frequency range over which they do a good job of approximating the ideal
differentiator is clearly a fhction of the length of the window. Intuitively this makes
sense: if the sliding window is short, then high-frequency information will be identified,

whereas if it is large, only the low-frequency information will be pnserved.
This frequency domain analysis allows one to quantify the amount of differentiation and
smoothing resulting from a given polynomial. For example, consider using a polynomial

with W5 and W=15,being used to differentiate a signal. Figure 4.7 shows that a good
estimate of the derivative will be obtained for spectral information up to approximately
0.08 Hz. Above that fiequency, the spectral content is attenuated. The first zero of the

magnitude of the frequency response of this filter occurs at 0.19 Hz and there are four
more rises in the magnitude of the response as frequency increases. This characteristic

can be disastrous, depending on the signal being differentiated. The filter should only be
applied if one is interested in the derivative of the spectral components of the signal in the
fquency range below 0.08 Hz. If there is any spectral information above 0.08 Hz in the

signal. then the output of the filter will yield a very poor and perhaps unacceptable
estimate of the derivative.

The behavior of a polynomial fitting filter is also a function of the order of the
polynomial. Figure 4.8 shows a plot of the marimurn undistorted frqucnqv (MUF) as a
function of window length for polynomial orden M = 2 , 3 , 5 , 10 and 20. (MUF is defined
as the frequency above which the filter no longer approximates an ideal differentiatar

with better than 0.5% of the maximum frequency content of the signal.) This figure can
be used to determine the range of parameters that are suitable for a given application.

Obviously, a polynomial fitting filter can only be used to estimate the derivative in cases
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where the signals are band-limited and low-frequency in nature. The range of
applicability is a function of the parameters M and W, as given by Figure 4.8.
Because the curve fitting problem has been treated by using polynomials as an example,

some comments about other models are in order. Whether the curve being fit is a
polynomial, parabola or cubic spline, its freguency response will be similar in nature to
those in Figure 4.7; that is, it will be suitable for band-limited low-fkquency signals and

it will only approximate the ideal differentiator up to a certain freguency. In turn, this

means that such filters can only be used for static or low dynamic conditions. This has

been coafirmed in the research reported in s e v d publications. For example, Fenton and
Townsend (1994) us4 a parabolic fit within the receiver to estimate the derivative. They
found that wlocity results were improved in static cascs. Both Cannon d al. (1997) and
Hebat (1997) approached this task in post mission using simulated GPS data by
employing cubic splinc fits for differentiation. In each of these eases,good solutions were
observed in static and low dynamic cases, but cnom incrrsscd with higher dynamics.

frequency (Hz)

Figure 4.7 Magnitude responses of 5*order
polynomial fits as a function of filter length

frequency (Hz)

Figure 4.8 MUF as a function o f window length
for various polynomial orders

4.2.7

Comments on other methods of differentiation

By restricting this discussion to the use of FIR filters, several other approaches have not
been mentioned. For example, it is well known that a Kalman filter smoother results in a
smooth, band-limited solution. This result was confirmed in Hebert (1997). For this
reason, and because it has been shown to offer little or no improvement over the loworder Taylor series approximations, Kalman filters are not treated in this dissertation.
Also, infudte impulse respom (IIR) filtm ltwe not becn hcded herein. This is for
several reasons. Although they operate recursively over a smaller filter mask, the required

impulse responses arc just as long and their transient effects are of roughly the same
length as for the equivalent FIR filtcr. Additionally, designing W filters with good phase

characteristics is less straightfonmd than for FIR filters and one must often perform
past-mission reverse time filtering in order to achieve a m p h a s e response. Although

not included in this initial analysis, it may k worthwhile to consider IIR filtas as part of

fmKc work.
4.3 Implementation and testing using m l GPS data

The goal of this section is to implement the diffcfentiating film that were introduced in
Section 4.2 and to demonstrate their appropriate use under a variety of dynamic GPS
conditions. This will be done in both the measurement domain and the position domain.
In each, appropriate differentiation methods will be applied to cases of increasing
dynamics, namely, a static DGPS baseline, an airborne gravity survey and DGPS data
collected on a precision motion table undergoing known dynamics. In the latter two
cases, results are verified using independent refmnces (the known gravity field and the
precise reference trajectory provided by the motion table).
As outlined in the last section, all of the differentiators that are treated herein are

FIR

filters having linear phase transfer functions, meaning that they can be applied to any

GPS data set by employing a discrete time convolution. Two sohare packages have
been developed at the University of Calgary for this purpose. One is a pre-processor for
differentiation of carrier phase measurements and one is a post-processor for
differentiation of position and velocity. For the measurement domain investigations that

80

are carried out in the next section, the pre-processor called DERived DOPpler
(DERDOP) was written to apply any impulse response to the phase measurements

according to equation 4.2. It derives the phase rate (Doppler) by differentiating the carrier
phase data. A phase velocity trend method is used to detect cycle slips using the raw
Doppler observable and the filter is reset if gaps in the data or cycle slips are detected. In
cases when the filter is reset, a central difference approximation is used to estimate the
phase rate during the period in which the filter is reset (i.e. corresponding to half of the
order of the filter). The carrier phase data coming from each satellite are treated
independently, meaning that a slip on one does not reset the filters for the other satellites.

The original version of the DERDOP soffwPrc (that implements the ideas presented in the
last section) was written for Bruton d a]. (1999) by C. Glemie.

The software package KINGSPAD is used to estimate position and velocity from the
measurements whenever required. Because the baselines are short in all cases, the
solutions arc basal on the L1 carrier phese measurements.
For the position and velocity domain investigations that arc carried out in Section 4.3.2, a
post-processor called GPSACC is used. It is part of the GREATGUN package and also
applies any impulse response aceording to equation 4.2. Any gaps in the time tagged
position and velocity solutions are filled in using a linear interpolation prior to filtering.

In the following numerical studies, c w e fits and differentiators based on the ideal
impulse response are not used. This is because the range of applicability of the curve fits
is limited and similar conclusions are reached when using the differentiatorsbased on the
ideal impulse response as when using optimal designs.
4.3.1

Analyses based differentiation in the measurement domain

Three data sets are analyzed in this section to assess the performance of the different
methods of differentiation in the measurement domain (i.e. performance of the derived
Doppler). They were chosen to represent varying levels of dynamics. All three data sets
were collected using a 1 Hz sampling frequency.

No dynamics case: static data analyses

For the static case, approximately 40 minutes of data was collected on a baseline of
approximately 6 metres with an Ashtech 2-XI1 and a Trimble 4000SSE receiver. After a
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static initialization period of 100 seconds, the data was processed in kinematic mode. The
errors in velocity obtained by deriving a Doppler using the first and third-order Taylor
series approximations and 4gh-order differentiators designed using numerical and
optimal approaches are displayed in Table 4.1. Also shown are the results obtained if the
receiver-generated raw Doppler is used. Table 4.1 shows that each method of phase
differentiation provides significantly better results than the raw Doppler in both RMS and

mean values for all three components of the velocity. The best RMS improvement is
realized using the first-order Taylor series approximation, followed by the third-order and

the numerical filters. The optimal differentiator gives the poorest results, but this is

expected. Because the data set is static, thm is no velocity information in the fhqucncy

bands where the Taylor series approximations begin to deviate h m the ideal
differcntiator. Therefore, instead of causing differentiation errors in this band, the two
approximations actually behave similar to low-pass film and dampen the higher

fkqucncy noise. However, ~iaccthe numerical and optimal diffctcntiators are still close
to i d d in tbe higher band, thy tend to amplify the noise. This effcet is shown in Figure
4.9 when the fkquency spectra of the residuals for the first-order and optimal

diffetcntiators arc displayed for one of the components.
It is also important to notice that the numerical diffmnttiator offers a better solution than

the optimal d i f f d a t o r for this static case. This can be explained by looking at Figure

4.5 and Figure 4.6. The error in the response of the numerical filter at very low-

frequencies is of the order of 1x loJ, while it is of the order of 1x10" for the optimal
filter.
Table 4.1 GPS velocity errors for static data

Doppler type
Raw

I "-order
3'arder
numerical (48)
optimal (48)

RMS (mmh)

Mean (mmh)

north

east

up

north

east

4.00
0.65
0.93
1.24
1.33

3.1 1
0.48
0.70
0.96
1.04

7.04
1.00
1.54
2.16
2.32

0.20

-1.32

1.75

0.20

-0.05
-0.07
-0.05
-0.05

0.18
0.17
0.17
0.18

0.2 1
0.20

0.20

UP
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Note that although the exact numbers in Table 4.1 would be different if other types of
receivers had been used, it is clear that the relative improvement offered by the various
methods of differentiation would not change. It should also be noted that if it is known a-

priori that the antenna is static, it is also known that the velocities should be zero.
Low dynamics case: airborne gravimetry
Airborne gravimetry provides a very illustrative example for several reasons. The first

reason is that, as noted in Chapter 2, errors due to GPS still make up e signifmt portion
of the error budget of an airborne gravity system, especially as its bandwidth is widened.
This is especially true if the atxeleration is derived from estimates of the velocity rather
than from estimaks of position. The secand reason is

that, although the dynamics

e x p a i d by the survey aircraft during a flight line arc obviously higher than in the

static case, they arc acvcrthelcss relatively low due to the benign flight conditions, so that

it bccomes a good intenncdiatc example.
To analyze the improvement in airborne gravity results when the acceleration is estimated
born GPS velocity (that is in turn based on the derived Doppler data), four flight lines of
approximately 1200 seconds duration from an airborne gravity test ace analyzed. The test
took place on September 10 1996, over the Rocky Mountains in Alberta, Canada. More
details can be found in Appendix A. 1, where it is referred to as the Kananaskis data set.

The Trirnble 4000SSI receivers in Banff and on the aircraf€are used as the master and

remote stations, rrspclively. The onboard SINSIJXPS combination is used to derive
gravity distubnces (according to the p d u r e that is outlined in Chapter 2), and the

estimates are then compared to ref-

gravity disturbances that were upward

continued from ground gravity measurements. The accuracy of the estimates is therefore

a b c t i o n of both DGPS and S N S errors. Since the SINS errors are dominant mainly at
lower frequencies, the accuracy of the estimated disturbances is largely a function of

DGPS noise.
Table 4.2 gives the errors in gravity disturbance for different filtering periods. It shows
the average of the results obtained for the four flight lines closest to the master station
(see Bruton et al. (1999) for details). The optimal and numerical differentiators are each

48'-order

filters. The 60 and 90 second filtering times are typical periods used in
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airborne gravity and the others are included to demonstrate the performance for higher
frequencies.
An analysis of the results in Table 4.2 shows that the first-order filter now perfoms
worse for the shorter period than the raw Doppler observations, which is in opposition to
the observations made above for the static data. This change in performance is due to the

introduction of vehicle dynamics. Consider the average spectrum of the upward
component of the velocity for the airborne test that is shown in Figure 4.10. There is
clearly velocity information up to approximately 0.2 Hz. The remaining spectra! content
above 0.2 Hz is due mostly to measurement noise. Recall Figure 4.1 that shows the

amplitude response of the firat and third~rderdiffdators. The first-order response

deviates significantly from ideal in the band between 0.02 to 0.2 H z This deviation is ia
a band where vehicle motion is present and explains why poor mults were obtained fiom

the first-order differentiator. The thirderder cliffhentiator, however, is still very close to
ideal up to 0.2 Hz, and thenfore shows good results that sn practically identical to the

numerical and optimal d t s .
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Figure 4.9 Spectrum of the residuals when using

Figure 4.10 Spectrum of the upward component of

the 1 *-order and optimal (dotted line)

the velocity of the aircraft for the airborne data
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Table 4.2 Average agreement of gravity estimates with the reference
(Based on derived Doppler)

Doppler type

Standard deviation (mGal)
15s
30s
603
90s
-.

raw
1''-order
3"srder
numerical (48)
optimal (48)

57.1
144.7
41.9
41.8
41.9

15.1
20.3
11.0
11.0
11.0

4.9
3.9
3.6
3.6
3.6

-..

- .-

3.2
2.8
2.8
2.8
2.8

Highfiequency 4mrnks ccuo: motion table data
As a final test for comparing diffctcntiation techniques in the measurement domain, a

data set collected on an Anorad precision motion table was analyzed. An Ashtech Z-XII

antenna was placed on the motion table and followed a prescribed periodic trajectory. A
second Ashtech 2-XII was used and approximately20 minutes of GPS data was collected
in differential mode.Tbe Anorad table diows the user to specify a trajectory along one
axis, and provides a position and velocity ref-=
for the motion at the sub millimetrc
(and m i l l i m ~ s level.
)
It therefore pamits the generation of a data set with a dominant
fiqucncy (in this case at 0.2 Hz) and a very accurate reftrajectory. To provide a
better idea of the test dynamics, a spectnun of the reference trajectory for the test is
shown in Figure 4.1 1.
The results of the analysis are given in Table 4.3. The optimal and numerical
differentiators arc again 48'-0rder filters. The results presented show that for this higher
fnquency data set, the o p t i d and numerical diffe~ntiatorsperform significantly better
than the two low-order Taylor series approximations. This is due to the presence of the
higher frequency velocity information between 0.15 and 0.25 Hz and in the band around
0.4 Hz. In these bands, the Taylor series approximations deviate significantly from the
ideal differentiator, and therefore do a poor job of estimating the higher dynamics.
Because the optimal and numerical differentiators have nearly ideal responses up to 0.4

Hz, they have no problem properly differentiating the higher freguency dynamics. Figure
4.12 shows the difference in the residuals between the third-order approximation and the
optimal differentiator, clearly demonstrating that the errors in the third-order derivative

case grow with increasing frequency. The optimal differentiator outperforms the

numerical differentiator in this case because it is designed to have a better respnse over
the whole spectrum. This might not be the case if the motion had more low frequency
content.
Table 4 3 GPS velocity errors for the Anorad test (measurementdomain)

Doppler Type
taw

1"-order
3rd-order
numerical (49)

0.1

0.2
0.3
frequency (Hz)

Mean (mmls)

261.9
237.1

-2.5
-1 -2
-0.5
-0.5
-0.5

48.9
27.3
27.0

optimal (49)

0

RMS (mods)

0.4

0.5

Figurn 4.1 1 Spccmm ofthe reference @ajectorY
(velocity) for the motion table test

0

0.1

0.2
0.3
frequency (Hz)

0.4

0.5

Figure 4.12 Spectrum of the difference between
the 3%rder and optimal solutions

4.3.2 Analyses based on differentiation in the position domain

Two tests were conducted to analyze the performance of the different methods of
differentiating position and velocity to determine velocity and acceleration, respectively.
In both, the output of KINGSPAD was used as input to the post-processor GPSACC. In
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the first case, the low dynamic airborne gravity data is again studied. In the second, the

higher frequency trajectory provided by the precision motion table is used again.
Low dynamics case: airborne gravimetry

In this case, the position of the aircraft is determined using KMGSPAD from carrier
phase measurements and then differentiated twice using each filter to obtain acceleration.

The same flight lines that were used in Section 4.3.1 are again used. The upward
continued reference is again used for the evaluation. The results are shown in Table 4.4.
Again, the best results were found to be at a filtering period of 90 seconds and agree with

those obtained by differentiation in the measurement domain (see Table 4.2). It is
important to notice that as the frcsucncy band becomes larger (i.e. at filtering periods of
60,30 and 15 s), the 8cceIemtion results achieved by differentiating the position data are
better than those fhm the derived Doppler measurements. This may become increasingly
important as the resolution of airborne gravity systems is increased. On the other hand, it
is of interest that the best level of agreement (at 90 S) was matched using a solution that is
based on the derived Doppler. This implies that acceleration can be obtained without the
explicit need for ambiguity resolution, a f a t that is discussed M e r in Chapter 5.
Numerical and optimal filters of 48&-orderwere also investigated and found to offer no
improvement over the 24'=order filters.
Highfrequency case: motion table data
In this case, the position of the antenna on the motion table is determined from carrier
phase measurements using KINGSPAD and then differentiated using a number of filters

to obtain velocity. This was then compared to the truth offered by the reference
trajectory. The results are shown in Table 4.5 and several observations can be made. The
first is that the Taylor Series approximations offer considerably worse solutions than the
numerical and optimal filters. Observing the filter responses (Figure 4.1) and the
spectrum of the motion (Figure 4.1 I), this is obviously due to the fact that they are far

horn ideal in the part of the spechum comsponding to the motion of the table. Second, it
should be noted that the 48'4rder numerical filter offers a better solution than the 24'order one. Finally, notice that in all cases, the optimal filter offers a slightly better

solution than the numerical filter. Higher order optimal filters were investigated and did
not improve the solution.
It is also important to notice that the level of accuracy achieved in Section 4.3.1 with

measurement domain techniques is greater than that achieved with these position domain
techniques. This is due to the fact that when the dynamics are high, input to the GPS
engine should be as accurate as possible (which is only the case if differentiation is done
in the measurement domain).
Table 4.4 Average agreement of gravity estimates with the reference

(based on diffctcntiation in thegosition domain)
Standud deviation (mG.1)
15s
30s
60s
90s
-

1"arder
3%rder
numcricai (48)
optimal (48)

273.1

35.2
35.2
35.2

36.2
10.1
10.1
10.1

--

--

-

4.1

2.8

3.4

2.8

3.4

2.8

3.4

2.8

TIbk 4 5 GPS velocity e m for the Anond test (position domain)
Doppler Type
RMS (nimlr)
Mean (mmlr)

. laarder
3*arder
numerical (24)
optimal (24)
numerial (48)
optimal (48)

240.7
48.4
34.1
3 1.1
31.6
3 1.0

0.6
0.6
0.6

0.6
0.6
0.5

4.4 Summary
The process of differentiation for precise velocity and acceleration determination has
been addressed in this chapter. A number of differentiating filters of varying complexity
were studied and characterized in the frequency domain to permit an assessment of their
applicability in different dynamic scenarios. Their implementation in both the
measurement and position domains has been discussed with respect to deriving velocity

and acceleration for both static and kinematic cases. The performance of the
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differentiators has been demonstrated using real GPS data in cases where reference
trajectories were available.
To compare methods of computing a derived Doppler for GPS velocity and acceleration
determination, three data sets with varying degrees of dynamics were analyzed. Based on
this analysis the following conclusions are drawn:
a) Deriving the phase rate (Doppler) from the carrier phase measurements provides
accurate estimates of vehicle velocity, as long as the applied differentiator is close
to ideal in the fiequency band where the vehicle motion is present.
b) The optimal d i f f d a t o r provides the best results for high dynamics due to the
f m that it most closely appmximstes the idcal diffmtiator throughout the
frtquency band of interest. It has been shown, using the p i s i o n motion table,

that by using the comct filter, velocity estimates under medium-fkquency
dynamic conditions are improwd by an order of magnitude to 27.0 mm/s, relative

to the raw Doppler, for the receivers uscd in this case.
c) The Taylor series approximations provide reasonable d t s only for static data or
for cases of low-fiequcncy motion. This is due to their deviation h m an ideal
diffetcntiator in the middle of the frequency band. Caution should be exercised
when trying to apply thee aifferentiation techniques. For the data mentioned in b)
above, centraldifference approaches w m shown to be deficient, yielding results
up to 10times worsc than the proposed p r e f d methods.
To compare the results obtained by diffmntiation in the measurement domain to those in

the position domain, the low and high-frequency cases were repeated for the latter. Based
on this analysis the following conclusions are drawn.
d) In the low dynamic case of airborne gravity, differentiation in the position domain
appears to give better results than in the measurement domain.

e) For the high frequency case of the precision motion table, differentiation in the
measurement domain gives better results than in the position domain.
The results obtained using the precision motion table in this chapter demonstrate that it is
possible to estimate the velocity of an antenna moving with high frequency, with an
accuracy of better than 5 cmls, as required for airborne gravimetry.
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Future research on estimating accurate velocity and acceleration from GPS measurements
might include:
a Using a variety of different GPS receivers in order to evaluate the performance of

each. For example, it is likely that the bandwidth of the tracking loop and the

method of raw Doppler calculation will vary from receiver to receiver. Herein, this
was considered secondary to providing an understanding of the characteristics of

various differentiators, demonstrating their use under various dynamic conditions

and demonstrating the relative performance levels of each.
Band-pass filtering the data after a careful analysis of the spectral content of the
vehicle motion and prior to diffmntiation. For example, for the airborne gravity

flight, the signal above 0.2 Hz is mostly measurement noise. Therefore, an optimal

diffmntiator might be designed with a cutoff fkquency of 0.2 Hz instead of 0.4

Hz.
Applying a noise reduction technique such as Kalrmn filtering/smaothing or spline

fitting, to remove noise after the phase m ~ m e n t have
s
been appropriately
differcntiated.
a

Evaluating the appropriateness and possible advantages of using infinite impulse
response (IIIo differentiating filters.

5 On the Optimal Determination of Acceleration from DGPS

In this chapter, a detailed study is presented of the DGPS error budget for acceleration

determination, within the bandwidth relevant to airborne gravirnetry. There are two
principal objectives:

a) To use currently available methods to analp and quantify the effect that each
component of the error budget has, employing data sets that represent a wide

range of operational conditions. Conceptually, this extends the analyses canied
out in Chapter 3 to the estimation of acceleration.
b) To propose and demonstrate specific approaches to the optimal estimation of

aircraft acceleration for the purposes of dctamining the gcoid and for resource
exploration.

It is recalled hrn Chapter 2 that the acceleration of the aircraft, v, is typically derived

from W P S by using h e r phase and phase rate measurements to estimate position and
velocity and then appmpriately diffenntiating these quantities. As shown in Chapter 3,
the accuracy of DGPS positioning is mainly a function of receiver noise, multipath, suboptimal estimates of the ambiguity terms, and (depending on baseline length)

uncompensated atmospheric and orbital emrs. After differentiation, each of these error
sources plays a role in the error, dv ,of the resulting acceleration. Also, it is recalled from
Chapter 4 that the process of diffmntiation amplifies these errors as a function of
increasing frequency, causing them to be larger as the bandwidth is increased.
Within the bandwidth implied by the sampling tiequency, the result is a very noisy
estimate of the acceleration that is usually complicated by errors due to aircraft dynamics.
Consider Figure 5.1, for example, that shows how the error in estimated acceleration
increases with fkquency for a controlled kinematic test. See Bruton et al. (1999) for
details of this test.
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Although somewhat dependent on receiver type, it is observed in practice that estimates
of acceleration obtained by twice dfierentiating time series of position data are more

accurate than those obtained by differentiating time series of velocity data. This is due to
the typically more noisy phase rate data obtained when using the raw Doppler

measurement (see Chapter 4). This section employs the widely used approach of deriving
aircraft acceleration by twice differentiating the time series of estimated posit ions.
Because the gravity signal is relatively low-frequency in nature (usually with most of its
spectral energy well below 0.05 Hz for typical flyiag speeds), much of the noise shown in
Figure 5.1 is removed in practice by low-pass filtering. Recail from Chapter 4, however,

using velocity estimates obtained from a Doppler
measumnmt (that is in tum derived from csrria phase measurements) can yield nearly
the same performance as deriving accehtbn h m the estimated position, but without

that computing acceleration

the need for ambiguity resolution.

0

0.1

0.2

0.3

0.4

0.5

frequency (Hz)

Figure 5.1 Spectrum of the error in acceleration determined for a kinematic test

This whole process was treated extensively in the late eighties and early nineties in
investigations such as those outlined in Brozena et al. (1989), Kleusberg et al. (1990),
Hehl(1990), Czompo (1991), Wei et ai. (1991) and Van Dierendonck et al. (1994). As a
result of their work,it is generally accepted that an accuracy of 1-2 mGd can be achieved
under good environmental conditions, within a bandwidth corresponding to a cut-off
frequency, f,, of approximately 0.01 Hz (or for a period, T = $, of 100 seconds).
However, for airborne gravimetry, usefhl information exists above 0.01 Hz and this
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information should be extracted from the data and employed to obtain more accurate
estimates of acceleration. This is made especially challenging by the fact that errors duc
to GPS increase in this bandwidth. As a result, errors due to GPS continue to pose a
major challenge to researchers at!mpting to increase the bandwidth of their systems.
Recall from discussions in Appendix C.1 that the cut-off frequency is related to the
maximum achievable spatial resolution via the flying speed of the aircrafi. For example, a
cutsff frequency of 0.01 Hz implies a shortest half-wavelength of 2.0 km when flying at
45 m/s. In turn, this implies a sample spacing of 2.0 km.In order to increase the spatial

resolution of the gravity estimate along the flight path, it is therefore desirable to increase

the cut-off frequency. However, this inevitably leads to lower accuracy in the estimates
of the gravity vector in large part because of the error spectrum shown in Figure 5.1. This
critical issue is investigated in this chapter.
5.2 Aarlysis of the DGPS error budget for rcceleration determination

The effects that each of the residual emr sources in equation 2.14 have on the
determination of acceieration are presented in this section. Although they are treated in a
different order than in Chapter 3, the general approach is very similar. The same DGPS
processing package is used as well as a number of well-chosen data sets (including the
two used in Chapter 3). Similar data processing strategies are used to isolate and quantify
each portion of the error budget. For each portion of the error budget, the error in the

DGPS position solution is differentiated to derive the corresponding error in acceleration.
This results in a set of empirically derived error spectra that characterize the errors as a
Funetion of frrquency (and therefore as a b c t i o n of space for a fixed flying speed).
These error spectra are generated within the bandwidth between 0.0 and 0.05 Hz, which
corresponds to half-wavelengths as short as 450 m at a flying speed of 50 d s . The results
are obtained for the error in the estimated three-dimensional acceleration vector (for
which the error in vertical acceleration is one component).
5.2.1

GPS receiver measurement noise and multipath in static mode

Because GPS receiver measurement noise is a fundamental limit on the accuracy of the
derived acceleration, it is treated first. Although the noise level is dependent on the

tracking loop bandwidth (and therefore the receiver type and the vehicle dynamics), it can

be approximately estimated using a zero baseline test in a static environment. Consider
Figure 5.2 that has been generated using the same triplet of receivers used in Section

3.2.5. Figure 5.2a shows the error spectrum of the error in acceleration due to double
difference carrier phase receiver noise (for the L1 and ionospheric-free measurements),
VA

between the two receivers sharing the rooftop antenna. For the L1 carrier, this

error is almost negligible for the bandwidth shown and it is much more significant for the
ionospheric-he observable, especially above 0.015 Hz. F i g u ~5.2b shows the magnitude

of the combined aror due to noise and multipath, generated by differentiatingthe error in

the L1 double difference position solution calculated over the baseline between one of the
rooftop receivers and the r e a h m the field. It was generated for cxadly the same time
period as Figure 5 . h and shows that the double difference multipath, V A m a on the L1

carrier considerably increases the error in the same bandwidth, especially for fkquencics
around 0.035 Hz (or for hawwavelengths shorter than 640 m at a flying speed of 45 ds).
8) rpactrum of tlu 30 artor dm to doubk diffrnnu ncoivar noi8.

b) spectrum of the 3D error dw to receiver noise and multiprth on L1
1.5
I
I
I

frequency

1

(Hz)

Figure 5.2 Error spectra owing to receiver noise and multipath

94
Although these graphs have been derived empirically using a limited data set, they are

considered to be conservative estimates. given that both represent the double difference
errors in three dimensions and that the multipath environment is not calm.
5.2.2 GPS receiver measurement noise and multipilth in kinematic mode

The effect of noise and multipath in the auborne environment is again roughly quantified
by deriving the relative acceleration between the two antennas that were mounted on the
aircraft during the collection of the Greenland data set. The error can be estimated by
differentiating the difference between the two position solutions derived using the same
master station and each of the antennas (i.e. differentiation of the sequence that was

derived in Section 3.2.5). Figure 5.3 shows the resulting spectrum. As shown, the
estimated effect of the combined bematic receiver noise and multipath at the aired
does not differ greatly in the relevant bandwidth b m that observed in the static situation

on the ground that was shown in Figure S.2b. 'Ihk implies that the level of multipath in
this bandwidth is similar on the aircraft to that seen in a medium multipath environment
on the ground.
spectrum of the 30 error due to noise and multipath in the air
1.5

i

r

4

I

frequency (Hz)

Figure 5.3 Spectrum of the error due to noise and multipath at the aircraft

5.2.3 The importance of ambiguity estimation
Although this study puts no emphasis on the process of estimating the ambiguity
term,VA N, it is relevant to consider the importance of using a valid estimate of it.
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Consider Figure 5.4 that shows the spectrum of the difference in acceleration (for the
Kananaskis data set) between solutions derived using an L i float solution and the
(widelane) fvted solution. This shows that reliable ambiguity fwing makes very little
difference over what appeared to be an equally reliable float solution.

frequency (Hz)

Figure 5.4 Syecttmm of the error in a float solution

In order to demonstrate that the fmod solution provides a better absolute accuracy than
the corresponding float solution, both were used to generate estimates of the gravity field
that were in tum compared to the true field. Figure 5.5 shows the e m r spectra generated
by that comparison. The solid and dashdot lines in the figure show that the fmed solution
is indeed slightly better than the float solution across the whole bandwidth.
'The shaded region in Figure 5.5 is included to demonstrate the approximate magnitude of
the component of the total emr spectrum that comes from the inertial sensors and from
imperfections in time synchronization (is. the area between the shaded region and each

of the lines is due to emrs in the corresponding DGPS solutions). 'Ihe derivation of the
shaded error spectrum is given in Section 7.3.
Note that the data used for this graph was collected on an aircraft having high dynamics
within the bandwidth of interest. It is shown in Section 5.5 that using a different aircrafl
(exhibiting less dynamics) can make a significant difference to the results and it is shown

in Section 7.4 that a large portion of the effect of the dynamics induced SINS errors can
be removed by post mission modeling and signal processing. Because it is affected by

biases in the inertial sensor, the portion of the bandwidth below 0.00025 Hz is not shown
for any of the spectra in Figure 5.5 (this corresponds to half-wavelengths greater than 90
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km for a speed of 45 rn/s and is discussed in detail in Chapter 6). Note that there is also
some contribution, primarily below 0.01 Hz, due to inaccuracies in the assumed gravity
field.
Although it has been shown here that a minor practical advantage is gained in striving for
a fixed solution, it is very important to be aware that a solution that is generated using
ambiguities that are incorrectly fixed can have disastrous effects on the resulting accuracy
of the acceleration estimate, especially when changes occur in the satellite constellation.

Recall that the Kananaskis data set is selected because it was flown at night and under
excellent conditions for DGPS processing. Although nighttime conditions are not a
prerequisite for good GPS,they often imply it. Unless data is collected under conditions
where one has confidence in it, then using a fixed integer ambiguity solution is not

recommended for airborne gravimetry. This is discussed in more detail in Section 5.4.
Finally, note that it is shown here that a very reasonable solution can be obtained using a
single frequency approach In other words, a single 6aqumcy float solution offers an

effective and relatively cheap altcmative to a dual frrquency approach if the requirements

with respect to environmental conditions can be met.
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Figure 5.5 Error spectruni of the estimated gravity field for several DGPS solutions
for the Kananaskis data set

5.2.4 Evaluating the effect of the ionosphere

The effect that the ionosphere has on estimates of acceleration can be evaluated by
comparing the solutions that have been obtained using the ionospheric-free float to those

obtained using the L1 only float solution (or a fixed solution if it can be estimated).
Because the ionospheric-fiee combination removes all first-order effects of the
ionosphere, the difference between these solutions is due to both the ionosphere and the
inmeme in noise that ttsults fiom the linear combination. The fimt of these efftcts is

desirable, whereas the second is obviously not, as shown in Section 5.2.1.
Recall that the Greenland data set was selected for this study because it was collected
during a period of high ionospheric activity. As mentioned in Chapter 3, one consequence

of the active ionosphere, in that case, is that it was not possible to reliably resolve the

integer ambiguities for more tban a portion of the flight. The use of the ionospheric-fne
observable madc it possible to obtain a reliable position solution and also results in a
much more accurate solution than the LI only float solution for acceleration

dctcdnation, for the whole bandwidth. It is intcmthg to note that, despite the obvious
advantages gained by using the ionospheric-kc approach under such an active
ionosphere, it can remain very difficult to obtain accurate gravity data at high resolutions.
Note that this case is considered to be extreme and is made so difficult by the fact that the
data was collected in the mid afternoon during a period of high ionospheric activity over

long baselines and at high latitudes.
The dotted line in Figure 5.5 shows the m r spectrum of the gravity solution obtained for
the &manaskis data set using the ionospheric-free float solution. It demonstrates two
very important points. The first point is the very evident increase in noise over the other
solutions for most of the spectrum, especially above 0.015 Hz. This confirms the
preliminary obsewation, made in Section 5.2.1, that the increase in noise associated with
the ionospheric-fiee combination makes that combination ill-suited for wide bandwidth
applications (even in cases where the ionosphere is behaving well). The second important
point is that the ionospheric-free solution has a lower error than the other solutions in the
bandwidth between 0.005 and 0.01 Hz. While this may not seem very significant when
displayed on the scale used in Figure 5.5, the reader is reminded that standard filtering
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procedures used in geoid determination typically involve a low-pass filter with a cut-off
frequency of around 0.01 Hz. It is evident that the advantage gained From using the
ionospheric-free observable can be considerable in that bandwidth. This implies the
fbllowing:
a) the ionospheric-free observable is best suited for use in medium-frequency
applications such as geoid determination, and
b) a float (or tixed) LI-based solution is best suited for high resolution applications
when the environmental conditions are good.
5.2.5

Errors due to changes in geometry

Changes in geometry due to changes in the satellite constellation that occur during a
flight line, can result in very large errors in the resulting acceleration. Although such an
event will often have small effects on the estimated position, it is easy to demonstrate that
they can cause errors of thousands of mGal in the mfiltcfcd acceleration data and as

much as 10 mGd at a filtering period of 90 s. For the purpose of demonstration, Figure
5.6 shows an example of this (whm the effect is relatively small) taken h m the
Kananaskis data set. It demonstrates what happens in the time domain when a satellite is
introduced into the constellation at 800 s. Notice that different scales are used on the
vertical axes. It is clear from (his graph of the

differences that they are very

high-fnsuency in nature and occur following the 800 s epoch. It is also demonstrated

that, although low-pass filtering reduces this enor, it smears the effcct of introducing the
satellite over a time period that roughly corresponds to the filtering period.
Figure 5.7 shows the same effect as a hction of frcpuency. Note that the magnitude of
this error can easily reach significantly larger magnitudes around the time of introduction
(or removal) of the new satellite (i.e. around 800 s). There are several practical ways to
alleviate the effeet of such changes in geometry. If the flight lines are short and the
constellation is strong enough, the user can manually force the rise and fall of satellites to
occur during the turns. While this will often mean that a lower value of the Dilution of

Precision (DOP)might be observed for a portion of a flight line, it ensures that rapid
jumps like the one observed in Figure 5.6 will not affect the solution.

effects of a change in geometry in the time domain
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Figure 5.6 Effect of a change in geometry due to the inclusion of a new SV at 800 s
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Figart 5.7 Spectrum of the effect of the same change in geometry

Another more elegant approach involves a careful introduction (and removal) of satellites
from the active constellation by means of a he-varying weighting hction. For

example, if measuremats h m a new sateUite are weighted as a hction of the time

since their appearance, a jump such as that shown m Figue 5.6 is avoided and the
soiution takes advantage of the improved geometry. An ahcmativc to a weighted
combination of the mt8Surcmcnts is discwscd in Brozcna and Childcrs (2000). In that
case, jumps in the position solution are estimated and removed by shifting the solution
for all epochs following a jump. This results in a time series that is well-suited for
diffmntiation. Depending on the situation, one of these types of approaches might be
crucial for long flight lines or cases where the gravity data in the turns is needed.
5.2.6

Errors due to the neutral atmosphere and the broadcast ephemeris

Errors due to the broadcast ephemeris and inaccuracies of the tropospheric model do not
greatly influence acceleration derived from DGPS.As noted in Chapter 3, they are both
typically smooth and bias-like and are therefore removed by the process of
dflerentiation. Figure 5.8a shows the spectrum of the error caused by errors in the
broadcast ephemerides. This spectrum has been computed by comparing the solutions
generated using broadcast and precise ephemerides. Figure 5.8b demonstrates the
difference in acceleration between solutions obtained using two different tropospheric

models (Black and Saastamoinen) under otherwise identical processing conditions. Both
effects are clearly negligible.

a) spectrum of the 3D error due to the broadcast ephemeris
1.5

b) spctrum of the 30 difference in acceleration between two tropo models
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Figure 5.8 Error spectra due to orbital and tropospheric model m o m

5 3 T h e (lack of) importance of the data aampling rate

Although the rate at which raw GPS data is sampkd may affect the accuracy of the

littk effect on acceleration determination, especially
within the bandwidth of interest for airborne gravity. This is shown in Figure 5.9 where

estimated position, it has very

the spectrum of the difference in acceleration between two solutions has been obtained

using sampling rates of 1 Hz and 10 Hz. The figure was generated using airborne data
collected by the University of Calgary and Sander Geophysics Ltd. in which a single
antenna on the aircraft fed two receivers, each collecting raw GPS data at the rates
mentioned above. The 1 Hz data was collected using an Ashtech 2-12 receiver and the 10

Hz data was collected using a NovAtel MiLLennium receiver. The data at the master
station was collected using a NovAtel MiLLennium receiver at 10 Hz and subsequently
decimated to I Hz, providing a means of estimating the position of the airplane using raw
data at both frequencies. After computing each acceleration solution, they can be directly
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compared to each other if the 1 Hz solution is up-sampled to 10 Hz. This was done using

an up-sampling method that is known to preserve the frequency content of the original
signal, as outlined in OIfanidis (1996). The filter used in the latter approach was designed
to have a transition band between 0.35 Hz and 0.50 Hz, implying that the spectrum is

almost perfectly preserved below 0.35 Hz and above 0.50 Hz.
The plot shows the spec-

of the difference in the upward component of the

acceleration between these solutions (now both sampled at 10 Hz) for a period that
included a flight line and the turns on either side of it. Ambiguities were reliably fixed in

both cases for the whole time period. The difference is clearly very small within the
bandwidth that is represented by both data sets (0.0 to 4 . 3 5 Hz).
While some of the diff-ces
above 0.50 Hz may arise fiom increased noise levels in the
data sampled at 10 Hz, it is also possible that they are due to aircraft motion; there is a
significant amount of motion captured by the 10 Hz data that is not captured by the 1 Hz

data. The inset in Figure 5.9 ckarly shows that the differtnct between the two is
negligible for the bandwidth of inkrest in sirborne gravity. This is supported by the fact
that these obsemtions include the higher dynamic tums.

frequency (Hz)

frequency (Hz)

Figure 5.9 Frequency spectrum of the difference in acceleration between solutions computed
hrn data collected at 1 Hz and 10 Hz
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5.4 Recommendations for determining acceleration

Based on the findings in Sections 5.2 and 5.3, several recommendations can be made
regarding the best ways to process DGPS data for acceleration determination under a
variety of conditions. These include the following:
a) For applications that require medium-resolution gravity data (such as geoid
determination), it is recommended that both the L1 and ionospheric-free solutions
be considered. The latter can have some advantages ducing good GPS conditions

and can be a necessary approach during poor GPS conditions (especially if the
ionosphere is active).
b) For applications that require high-resolution information (such as resource
exploration), an L1 solution is recommended whenever possible. It is to be
understood that GPS conditions have to be good for this appmach to be viable. In

cases when conditions are not suitable, the approach in a) is the recommended
default approach and a wide bandwidth solution should not be expected. When
the GPS data is reliable, a fixed integer ambiguity solution is desirable and is
often made more feasible through the use of the L2 observable in a widelane
combination.
c) For all applications, it is recommended that changes in the satellite constellation

be held to a minimum. If possible, satellites should only be allowed to leave or
enter the solution during the hvns between flight lines (i.e. periods during which

gravity data is not usually being used). If the flight lines are too long, the
geometry is too weak to pennit this, or if the data in the turns are needed, a
weighting or data shifting strategy is recommended to avoid abrupt changes in the
estimated acceleration.
d) Minimization of the multipath in the environment surrounding the master station
is recommended. This implies selecting a location with minimal multipath and

using choke-ring antennas.
Although conditions that are conducive to the collection of very high-frequency gravity
information are more likely to be achieved if baselines are kept very short and flights are
flown at night, these mc not mcasary constraints. This is shown in the next section
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where data collection conditions fiom a recent airborne gravity campaign are described
and the accuracy of the resulting gravity estimates is shown.

5.5 How good are current DGPS techniques for determining acceleration?
This section uses results fiom a recent airborne gravity survey to demonstrate that an

DGPS accuracy of better than of 1.5 mGal can be achieved at a spatial resolution (half'
wavelength) of 2.0 krn a d , further, an accuracy of better than 2.5 mGal can be achieved
at a spatial resolution of 1.4 km, when following the recommendations made in the last
section. This data set is chosen, because, unlike the data used in Section 5.2, it was
collected using an aircraft with very good dynamic characteristics and within the
bandwidth of interest, implying that much of the total error spectrum is due to DGPS,

especially for high frequencies.

The data was collected as part of the AGEM project of the GEODE Network. The

campaign constitutes coverage of the A l d a test area (ncar Ottawa, Canada) and had
the goal of comparing all of the three currently available airborne gravity concepts on a
single aircraft (an air-sca gravimeter, the LRF-III SINS and a 3-axis inertially stabilized

platform). It is dcsaibed in detail in Appmdix A.3. Only two surveys of the campaign
are described herein. The fvst was flown on April 19,2000 between 16:M and 21:00 and
the second on May 4,.2000 between 0930 and 12:30. The latter flight was flown in the
morning in an effort to minimize the effect of turbulence and the atmosphere.
This campaign is very useful for demonstrating the quality of current DGPS techniques,
mainly because the Cessna Grand Caravan exhibited very little horizontal motion in the
bandwidth of interest for airborne gravirnetry, especially for high hpquencies. This is

discussed in detail in Chapter 7. Therefore, the errors affecting high-frequency gravity
field estimation are due mainly to the errors coming from DGPS acceleration
determination and can be analyzed. Although any of the on-board gravity systems could
be used (they all yield the similar conclusions with respect to the DGPS performance for
high frequencies), the LRF-III system was selected for this demonstration in order to

maintain consistency with other results presented in this dissertation. A detailed
comparison between systems is being carried out in a separate study and the investigators
of the project should be contacted for details,
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Because the GPS data was reliable for both days and because the baselines reached just
over 100 km,processing was done using a fixed integer widelane approach. The resulting
average gravity enor spectra for each day are shown in Figure 10 along with the
estimated error spectrum of the inertial sensor errors (calculated for the April 19 data set
using the method that is outlined in Chapter 7). This figure demonstrates that the time of
day has a large influence on the level of the noise coming from DGPS,almost certainly
because of the higher level of ionospheric activity in the afternoon. As shown, the level

of noise due to DGPS for the data collected in the morning is only slightly above that
observed for the data set collected at night (i.e. compare the solid lines in Figure 5.5 and
Figure 5.10). Also notice that the noise level seen for the data set collected in the
afternoon is similar to the level of noise that was introduced by doing an ionospheric-fne
combination for the nighttime data set shown in Figure 5.5.

-

It is very encouraging to observe that the total emr spectrum can still be as low as 1 1.5

mGal at a cutoff hquency o f 0.025 Hz. For the flying speed of 45 m/s used in this test,
this implies that gravity rignab with brU-wavelcngthfi aa rmaU as approximately 1
km can be detected if their amplitude M greater than 1-1.5 mGd.

The agreement of the solutions with the ground gravity data (at flight height) is given in
Table 5.1. As usual, the standard set of filters used have transition bands that are as sharp
9~

rssible in order to'very nearly represent the true accuracy in a given bandwidth.

The table demonstrates that it is possible to obtain an agreement with the reference field
of 1.5 mGal at a bandwidth corresponding to a half-wavelength resolution of 2.0 km and

an agreement of 2.5 mGd at a half-wavelength of 1.4 km when flying at a time of day
when the ionospheric activity is low. These numbers are similar to the cumulative error
spectrum. In the afternoon (on what was considered to be a day with moderate levels of
ionosphere activity), it was possible to obtain accuracies of roughly 2 and 4 mGal for the
same bandwidths.

In terms of achievable accuracies, the results described in Section 5.5 imply that. unless
the ionosphere is very active:

a) for medium-frequency applications, such as geoid mapping, an accuracy of 1.52.0 mGal can be expected for the gravity disturbance, regardless of time of day,

and
b) for high-frequency applications, such as resource exploration. an accuracy of 1.5

mGal can currently be achieved for the gravity disturbance, at a spatial resolution
(half-wavelength) as high as 2.0 km for nighttime and morning flights.
It should be noted that the values given above, and in Table 5.1, reflect the combined

accuracy of the DGPS and SINS components. In other words, the DGPS error makes up

one component of the quoted values. This is reflected by the spectra shown in Figure 5.5
and Figure 5.10.
Table 5.1 Standard deviation of the agreement between estimated solutions and the reference
field (mGal)
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Figmre 5.10 E m s p d m of two Mtimrtes of the gravity field fiom the Alexandria campaign

PART 3: UNDERSTANDING AND HANDLING THE SINS ERRORS

The objective in the third part is to investigate the errors in estimates of the gravity field

due to SINS sensor and modeling errors. The investigation has two components. The first
is to thoroughly analyze the principle SINS errors that limit the bandwidth of the airborne
gravity system and the second is to propose novel methods of dealing with them. The two

chapters that follow concentrate on the low and high-fkquency m r s , respectively.
In Chapter 6, the discussion of the requirements for gravity data is carried on from the
material in Chapter 1. The advantages and disadvantages of airborne gravimetry as a
collection mahod are briefly demonstrated in order to establish the role that it plays in
&mating the relative gravity field. This discussion is included in order to make the

material in Part 3 more accessible to the udhiliar reader and to clarify a number of
points that have been r a i d recently by researchers working in the field (e.g. in meetings
of the AGEM project). Original contributions are described in the balance of the chapter.
Using real data, the low-fhquency enors (due to residual accelerometer biases) that make
it challenging to use a SINS-basedgravimeter arc discussed and demonstrated. A method
that allows for the direct estimation of the relative gravity field fmm airborne data is then
proposed. The performance of the system is evaluated and demonstrated in different
bandwidths.
In Chapter 7, emphasis is placed on the high-hequency SINS errors that are induced by
the motion of the aircraft. A detailed study is presented of the natural motion of s w e y
aircraft in flight, both from a theoretical point of view and empirically using data from
two survey aircraft. The effects that these dynamics have on estimating the highfrequency components of the gravity field are described in detail. The chapter concludes
by discussing methods of reducing the errors due to aircrafl dynamics, including the

proposal and implementation of a novel method that removes a significant portion of
them.

6 On Estimating the Relative Gravity Field Using the SINS Gravimeter

This chapter has two objectives. The first is to describe the role that airborne gravimetry
plays in estimating the gravity field of the Earth and to relate it to the requirements for

relative gravity information in geoid determination and resource exploration. This is done
in Sections 6.1 and 6.2 through the presentation and interpretation of important

background infomation and related research. The second objective is to describe the
low-hqucncy m
r
s that make it challenging to detedne the relative gravity field when

using a SINS-based system. This includes a demonstration of the accuracy of the system
used by the University of Calgary for a variety of bandwidths and a discussion of how the
relative i n f o d o n that is derived can k used in practice. This is done in Sections 6.3

and 6.4, which contain the contributions m d e by the author.
6.1 The rob of airborne &rrvimdry as r data coUection method

Although the gravity field of the Euth has power at all resolutions (even a grain of sand

causes some gravitational &traction), it decreases rapidly as a hction of increasing
frequency. This means that the majority of the gravity signal is low-fnguency in nature
and has several implications. The first is that, depending on the application, sufficient
information can often be drawn from an accurate band-limited estimate of the gravity
field. The second is that no single measuring system can measure the gravity field
accurately at all resolutions; a satellite-based system is too far fiom the Earth to measure
high-frequency information and ground-based measurements cannot easily cover large
areas for low-frequency information, to name a few examples. As mentioned in Chapter
1, there are a number of current and future measuring systems that provide information

about the gravity field, and airborne gravity systems are just one example. Generally

speaking, the resolution of all methods is limited on one end by factors such as sampling
rate and the distance of the measuring system from the surface of the Earth and on the
other end by bias-like errors and the spatial extent of the gravity survey. The following

sections describe some of these in an effort to quantify the role that airborne gravimetry
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plays. (Recall that the high, medium and low-resolution components of the gravity field

were defined in Chapter 1 as those corresponding to half spatial wavelengths of less than
5 krn, between 5 and 150 krn and above 150 krn, respectively. Also recall fiom Appendix

C. 1 that the terms half-wavelength and spatial resolution are used synonymously.)

6.1.1 information about the low-resolution content of the gravity field

Cumntly, low-kquency information about the gravity field is available on a global scale
in the form of geopotential models that have been estimated mainly by observations of
the perturbations in the orbits of satellites and supplemented with data fiom satellite radar

altimetry and shipborne sunreys (over the oceans), and aurfpce and airborne gravimetric
s w c y s (ova land). An example of such

a model is tbc Earth Gravitational Model of

19% (EGM96) that is a spherical hannonic expansion complete to degree and order 360,

corresponding to a minimum half-wavelength of roughly 55 km. See Appendix C.3 for a
brief discussion of the spatial resolution comsponding to an expansion of the sphericai
hatmonic equations of a global geopotential model. The information in the model

corresponding to h a l f - w a v e l ~longer than 300 ha is derived mainly from the orbit
pahubation data and hi*

resolution i n f o d o n is derived from the altimetry, &,

shipborne and airborne data. Bccause the data available on land are often sparse or nonexistent (depending on location), the accuracy of such a model for half-wavelengths

shorter than about 300 km depends on data availability and on the 6requency content of
the gravity field in the area of interest. Emrs in this bandwidth are generally more
pronounced in locations whm high-resolution information is not available and less
pronounced in areas with smooth topography. Their average behaviour (over the globe) is
formalized as a hnction of fkquency by the lighter lines in Figure 6. la and Figure 6.1b.
They show the global ermr degm amplitude spectra (which can be likened to 1-0 values)

for gravity anomalies derived using the EGM96 model. They were computed as the
square mot of the error degree variance equations given in Lemoine et al. (1998) by F.
Bayoud who made them available to the author for use in this chapter. Consider, for
example, that the EGM96 can only provide an estimate of the gravity anomaly with a
cumulative enor of less than I meal for half-wavelengths longer than about 300 km. As
well as accumulated e m within the bandwidths represented by the model, there is also
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a considerable misrepresentation of the gravity field (called the omission error) that

results from the fact that current global models are limited in resolution. Consider Figure
6 . k and Figure 6.2b, for example, that show the true gravity field in an area of the

Canadian Rocky Mountains (approximately 100 by 100 km in size) and the estimate of
the same field that is provided by the EGM% model (evaluated to degree and order 360).

Figure 6 . 2 ~is a plot of the difference between them and clearly demonstrates that the

band-limited nature of the model can result in omitting high-resolution signals with
amplitudes in the order of f 50 mGaL More information about the EGM% can be found

in Lemoine et al. (1998) and the pmcess of deriving global models is summarized in
Rapp and Pavlis (1 990).
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Figure 6.1 Emr degree amplitude values for current and future global models

In the near fiture (e.g. 3 to 10 years from now), low-resolution information will come
almost entirely fiom data provided by geophysical satelhe missions that are dedicated to

global gravity field estimation. These include the CHAMP, GRACE and GOCE missions
that are based on hi-low satellite-to-satellite tracking, bw-low satellite-to-satellite
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tracking and satellite gradiometry, respectively. While these promise unprecedented
improvements in the quality (and therefore useful resolution) of global models, the need
for complementary medium and high-resolution information will not only remain, but

increase. The reader is referred to NRC (1997) and ESA (1999) for detailed comparisons
of current global models with those expected from firture satellite missions. As an
example, the darker lines in Figure 6.1 show how accurately the hture GOCE mission is
expected to provide the gravity anomaly. The degree amplitude spectra derived from the

degree variance equations given in ESA (1999) are shown.

Figure 6.2 Resolution of the gravity field and of the data coming from the EGM96
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It is evident from Figure 6.1 that future satellite missions will offer significant
improvement over the EGM96, both in terms of accuracy and useful resolution. The
models based on the GOCE data are expected to be able to provide an estimate of the
gravity anomaly with a cumulative error of less than 1 mGal for half-wavelengths as
short as 100 krn. For higher frequencies than this, their quality degrades rapidly,
however, implying that data from surface and airborne gravimetry will continue to play

an important role in the estimation of the medium and high-resolution components of the
gravity field. This is the subject of the next sub-section.
6.1.2 Information about the medium and high-resolution content

It was made clear above, that a role of data h m surface and airborne gravimetry is to
complement the information represented by (cumnt and fbture) global models. This subsection comparea the two in an effort to highlight the benefits of the airborne approach.
The quality of the information that can be derived from surfpcc data depends largely on

the spacing of the available samples. For geodetic work, measurements arc typically

made by f a d d government agencies and their availability is relatively good on the
continents of North America, Europe, Australia and Japan. Because of the cost and
logistics of making and maintaining a database of such measurements, coverage varies in
other anas of the world, from reasonable to none at all. Becaw of the relatively high
speed, low cost and logistic simplicity of airborne sweying, it has been enjoying
increased use for large-scale surveys in place of surface campaigns. For example,
airborne data is currently available in selected parts of the world such as Greenland, the
Arctic and Antartica (see Brozena (1992) and Brozena et al. (1997) for examples).
As an example, consider Figure 6.3a and Figure 6.3b that show the location of available

surface and airborne data in the same 100 x 100 km area that was shown in Figure 6.2.
The surface data shown are those available in the database of the Geodetic Survey
Division of Geomatics Canada (GSD)and the airbome data was collected on September
10, 1996 by the University of Calgary (see Appendix A.1). The figure is included to

demonstrate the typical characteristics of the samples available for each of these data
types. Notice first, that because of ease of accessibility, much of the surface data in
Figure 6.3b is collected along roadways (represented by the white dots). Alone, this
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causes several problems in terms of sampling, including the obvious issue of the gaps
between the roadways and the fact that such samples do not typically represent the
gravity field at high elevations such as mountain tops. To compensate for these problems.
the gaps were filled by helicopter-based surveys (represented by the shaded dots).
Typically, a surface data set is collected in a number of campaigns that can span a
number of years or decades. The data are typically maintained in a database and
interpolated to a grid before use, e.g. in Canada they are also available on 2 and 5 arc
minute grids. At best, it would take approximately 20 twelve-hour days to collect surface
data of the density shown in Figure 6.3b, using a helicopter. This estimate is based on

experience gained by the author during a recent helicopter-based field campaign for
densifying the surface gravity measurements in the Kananaskis area (see Appendix A for
details). On foot or even by road vehicle, the same density of points would take months to
collect and may even be impossible, depending on the topography and vegetation.

Consider also the data from the airborne survey shown in Figure 6.3a There are several
important differences, including the fact that they were collected at a constant height, on

a near-continuous grid and over a period of only six hours.

In both the airborne and terrestrial cases shown in Figure 6.3, the low-resolution
information that can be derived from the data is limited by the geographical extent of the
survey. For a survey. within a given a m , the maximum half-wavelength that can be

resolved is given by the size of the area. For example, it is 100 lun for both examples
given here. On the other hand, the high-resolution information that can be derived is
different for each. For the surface data, it is given by the average spacing between the
samples. In this case, it varies from less than 1 km in some areas on roadways to 10 km in
the areas between the roads. For the airborne case, it depends on the spacing between
flight lines and on the resolution of the gravity system, i.e. the product of the aircraft
velocity and the cut-off frequency of the low-pass tilter used in the computations. Here,
the flight lines are spaced 10 krn apart, meaning that the resolution is given by a halfwavelength of 10 krn in the east-west direction. If the data are filtered to 0.01 Hz and the
tlying speed is 100 mls (360 kmlh), then the resolution is given by a half-wavelength of 5
km in the north-south direction.
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Figure 63 Comparing the sampling characteristics of airborne and surface gravimetry
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Half-wavelength has been chosen as an expression of resolution in this chapter because it
corresponds roughly to the equivalent sample spacing. For example, the maximum
sample rates corresponding to the Nyquist frequency are 10 km and 5 krn in the two
directions discussed in this case. See Appendix C. 1 for more details.
Although the factors mentioned above imply a maximum freguency content of the signal,
the airborne data has a significant advantage over the surface data points because of the
very high rate at which it is sampled along a profile (e.g. once every 100 m for I Hz data
when flying at 100 m/s). This is demonstrated in Figure 6 . 3 ~for a 10 by 10 krn area. As a
result of this, estimates of gravity are available at practically any place along a profile
without the need for intapolation. In tum,this means that if the data is needed on a grid
that coincides with the flight lines, then thm will be no errors due to interpolation, a
possibly considerable advantage in areas with rough gravity fields. Figure 6.3d and

Figure 6.3e consider the problem of gridding, for s u r f " gravity data with varying levels
of availability. The sample spacing is much poorer and the location of samples obviously
implies the need to interpolate.

Before ending the discussion about sample rates, it is important to distinguish between
sample late and frrquency content of the airborne data For example, despite being highly
sampled, the frequency content of the estimate is limited by the low-pass filter that is
applied. Practically speaking, this means that the values at each of the points (i.e. at 0.1

km intervals) along the trajectory can be likened to mean values centered at those
locations. In hun, they are mean values computed for a spatial extent that is defined by
the product of the speed of the aircraft and the cutoff freguency of the low-pass filter.
This is demonstrated by the solid and dotted lines in Figure 6.4. The estimate will
therefore be samples of a band-limited gravity field.
Finally. it is important to realize that a potentially significant disadvantage of the airborne
approach is the fact that the gravity signal is attenuated because data is collected at a
higher altitude. This is demonstrated in Figure 6.5 for flying altitudes of 0.3, 1.0 and 10.0

km using the appropriate equation from Appendix C.3. It shows that the factor by which
the gravity field is attenuated depends on both the altitude and resolution of the signal.
Attenuation is clearly greater for higher altitudes and for shorter wavelengths, making it
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more dificult to sense high-resolution information from a greater altitude. The height of
the aircraft implies the need for a process by which the measurements can be represented
on the geoid (or the ground). This process is known as downward continuation and the

reader is referred to Chapter I for a list of reference material about it.
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Figure 6.5 ihe attenuation of gravity due to altitude
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Coupled with the attenuation of the gravity signal is the fact that the noise in any gravity
system increases as a function of frequency (e.g. see Chapter 5 and Chapter 7). Together,
these facts mean that the gravity signal becomes smaller and the noise becomes greater as
the resolution of a gravity system is increased. Because downward continuation amplifies

these noisy estimates, this implies a very challenging problem when trying to resolve the
high-resolution components of the gravity field. In turn, researchers working to regularize
the downward continuation process need to demonstrate that they are truly estimating
gravity at high resolutions and not simply achieving a better fit to the gravity field by
attenuating the combiied signal and noise; a result that takes advantage of the fact that
the signal has less power at higher resolutions.
Also shown in Figure 6.5 is the attenuation factor at an altitude of 250 h,
demonstrating
one of the reasons why the hmue satellite missions an unable to provide information for
half-wavelengths below 100 km.

Note that the true field that i s shown in Figure 6.2 was calculated b m a comb'ition of
the d a c e rncaamntnts in Figure 6.3b and the surfhe measurements in a database that
is maintained by the University of Calgary. See Argcsamu (1995) for details about this
process.
6.2 Using medium and high-resolution mcuurements of the gravity field

Although the dacrmination of a relative geoid and the interpretation of gravity data for
the exploration of resources are beyond the scope of the research presented in this
dissertation, it is useN to consider the ways in which airborne gravity measurements will
be used by researchers in each. This section briefly outlines these. The goal is to

emphasize the important contribution that relative measurements of the gravity field
make in each case.

6.2.1

Relative geoid determination

As outlined in Sideris (1997), a local geoid is usually determined from medium and high-

resolution measurements of the gravity field using the remove-restore technique. Because
such measurements are usually of limited geographical extent, this approach does not
attempt to compute the low-frequency components of the geoid. Instead, it uses the

measurements to compute the relative component, N , , and obtains the low-resolution
component, N G M ,from a global geopotential model. The total geoid undulation, N, is
therefore given by the following equation:

For simplicity, an example is borrowed from Li (2000), in which the desired component
is computed from relative gravity disturbances according to the Hotine integral as

fot tows:

where R is the radius of the Earth, H(v) is an integration kernal known as the Hotine

k

d hmction, a indicates that the integration is done over the area of interest and the

relative gravity disturbance is obtained as follows from the measured gravity disturbance
values:

Sgr =&-@OM

(6.3)

In other words, the inputs to the relative gcoid computation are estimates of the relative
gravity disturbance that an isolated tiom the measured disturbances, 6g, by subtracting

the low-fhquency component that comes from the goopotential model, 6goM. As

mentioned in thc la@ section, thtse measurements may come h m either surface or

airborne gravimetry campaigns. Note that the relative gravity disturbance is the quantity

shown in Figure 6.2~.
This and other methods for determining the relative geoid from airborne data are
described in detail in Li (2000) and Novak and Kern (2000) where it is pointed out that
the measured quantity, Sg , is expressed on a level surface and corrected for effects such

as the topography and the atmosphere before being used in a process such as the one

described by equation 6.2. As mentioned earlier, a downward continuation step is also
involved.
A current challenge being faced by researchers is the determination of the geoid with a

cm-level accuracy. Recent results presented in Li (2000) demonstrate that a relative geoid
accurate to 2 cm can be obtained in mountainous areas from airborne gravity data with a
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half-wavelength of 4.5 km. According to Li (2000), the task of determining an absolute
geoid at the cm-level seems possible by using airborne (and surface) data together with
the data from firture satellite missions.
6.2.2 Resource exploration

The deliverable in most geophysical applications of gravity data is the Bouguer anomaly

in the form of surface or contour plots. It is an expression of the measured anomaly on
the w i d (through a process that assumes that the masses that exist between the

measurement point and the geoid can be represented as a slab of coastant thickness and
density). As discussed in Reynolds (1997), the effect of residual topography and a long-

term trend an typically m o v e d fbm the anomalous field so that it represents only the
local changes in gravity due to fuhves below the surface. This makes it analogous to the
quantity of relative gravity d i a c e that was given in the last section and represented
by the contour plot in Figure 6 . 2 (although
~
in that case, the effect of the topography had
not yet been moved). A relative accuracy of 1 mGal at a half-wavelength resolution of
0.5 km is o h considered to k the ultimate goal for resource exploration.
63 The low-resolution SINS c m n

The presence of low-frequency errors owing to unmodelcd accelerometer biases have
eaditionaily been v i m 4 as a major roadblock to successfully estimating the relative
gravity field for geoid determination from data collected using a

SINS airborne gravity

system. Recall that these wen lumped together as the variable b in equation 2.10.
Although an attempt is made to estimate them in the Kalman filter during SWS/DGPS
integration, they remain largely uncompensated and as shown in equation 2.5, go directly
into the error budget of the estimated gravity disturbance. As a result of typical s w e y
conditions, the errors in the upward pointing accelerometer make up the majority of this
error for scalar gravimetry. The typical biases of the SINS system used at the University

of Calgary are time dependent and vary by as much as 100 mGal over a flight lasting six
hours. Given that the desired performance of an airborne gravity system is at the level of
1 mGal, this is obviously a major problem. It would be ideal if they could be modeled
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appropriately and removed, permitting the estimation of the gravity field in all
bandwidths.
Glennie (1999) should be consulted for typical time domain plots of these errors and a
description of a number of attempts to remove them. Efforts were made there to model
the biases as polynomials and as Gauss-Markov processes in the Kalrnan filter,
unfortunately without success. Their characteristics were shown to be very similar
whether the SINS was static in the lab or being used in flight, leading to the conclusion
that they are most likely due to an uxunodeled dependence on the temperature of the

system. This conclusion is supported by several facts. The first is that the errors always

nach a near steady-state value after a warm-up period of several horn (an unacceptable
time delay in practice). The second is that thm an s e v d analyses that show negligible
biases for data collc*ed using similar accelerometers under more strict temperature
control. See Faguson aad H
d (2000) and Glennit (1999) for examples.
6.3.1

Estimating the relative gravity field in a more direct manner

The possibility of estimating the relative gravity field h m data collected with the SINS
used by the University of Calgary is discussed in this section. Conceptually, the mahod
proposed henin uses high-pass filters to derive the relative information from airborne
data without estimating or compensating for the accelerometer biases. in other words,

instead of requiring that the measured gravity disturbance, 6g, be eomcted for the
estimated biases kfon king used in equation 6.3, the method directly estimates the
relative gravity disturbance, 6g,. Allhough the experiments described in the last section

demonstrate that it is difficult to describe the biases as a function of time (and therefore
space), their behaviour is relatively easy to characterize in the frequency domain.
Consider Figure 6.6 that shows an estimate of the frequency spectrum of the
accelerometer errors that was obtained empirically using data collected by the upward
pointing accelerometer during a static session (in the aircraft, with the engines on). Note
that the x-axis of the figure is presented using a logarithmic scale. The spectra derived

from other data sets are very similar. The majority of the error is clearly very lowfrequency in nature, implying that it can be removed by high-pass filtering the estimated

gravity disturbance. Although doing this will obviously make direct estimation of the
absolute gravity field impossible, it permits the estimation of relative gravity, free from
the effects of the biases. As shown, the low-frequency errors mainly influence the signal
in the bandwidth below 0.00025 Hz. For a flying speed of 100 d s , this implies that the
system is capable of accurately measuring the relative gravity disturbance, 6g,, for halfwavelengths shorter than 200 km. Notice that the remaining accelerometer errors exhibit
white noise behaviour except in the band between 0.00025 and 0.0005 Hz, implying that
it should perform best for half-wavelengths shorter than LOO km.

Figure 6.6 Frequency spectrum o f the accelemmcter bias erron

Consider Figure 6.7 that demomtratcs this using real data. Figure 6.7a shows the true and
estimated gravity disturbances for the first four flight lines sweyed on September 10 of
the Kananaskis campaign. Figure 6.7b shows the results of band-limiting each so that
they no longer contain information with half-wavelengths longer than 100 km.The level
of agreement is significantly better in this bandwidth. In order to quantify the lowfrequency errors affecting the performance of the SMS system for relative gravity
determination, large portions of the data fiom the Kananaskis and Alexandria campaigns
were processed in the same way for various bandwidths. This included the first 11 flight
lines fiom each of September 9 and 10 of the Kananaskis campaign and the 10 flight lines
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flown on April 19 and May 4 of the Alexandria campaign, making a total of 32 flight
lines and nearly 13 hours of on-line data. Each data set was band-limited using 6 different
high-pass filters designed to pass only frequencies corresponding to half-wavelengths
shorter than SO, 100, 150, 200, 250 and 300 km when the flying speed was 100 m/s.
Because the speed in the Alexandria campaign was close to 50 mfs, these filters
correspond roughly to half-wavelengths of 25, SO, 75,100,125 and 150 km when applied
to that data. The results are summarized in Figure 6.8, Table 6.1 and Table 6.2. Figure 6.8

shows the average offset and slope that exist between the estimates and the reference for
each of the bandwidths mentioned above. The average o f k t values are calculated for
each campaign by computing the mean cliff-

between the estimate and the true

solution for each of the flight lines flown in that campaign, within the bandwidths of
interest. The values of avnege slope are calculated in the same way, based on the
absolute value of the slope of the line that best fits the error in the estimate. The spatial
resolution for the U

d

a campaign has been aorxnalized to 100 m/s in Figure 6.8 so

that the data from both campaigns ean be directly cornpad. It is clear fmm this that the
khaviour of the time dependent accelerometer biases is vny similar for both campaigns.
It is also clear that they are much larger for half-wavelengths longer than 200 km,
confirming that the behavior seen in Figure 6.6 is also typical in the airborne
environment. The performance of the system is obviously significantly better for haltwavelengths of 200 km and shorter. For example, Figure 6.8a demonstrates that the
contribution of the accelerometer biases to the total error budget is less than 1 mGal for
kquencies greater than 0.00025 Hz (which corresponds to half-wavelengths less than

100 krn and 200 km for the Alexandria and Kananaskis data sets, respectively). Table 6.1
and Table 6.2 demonstrate the performance of the system for selected bandwidths within
this range. The values given in these tables are the standard deviations of the agreement
of the estimates with the reference within selected bandwidths. Agreement is clearly
better for higher resolutions, i.e. when more of the biases have been removed. Note that

the numbers in Table 6.2 can be roughly compared to other results published by the
University of Calgary (where a best-fit line is typically removed horn the data), by
comparing the column corresponding to a half-wavelength equal to the length of the
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flight line. For example, the numbers in Table 6.2 that represent the gravity ficld for halfwavelengths of 100 km can be roughly compared to the results presented in Glennie and
Schwarz (1999) where a line of best fit was removed from the data. The agreement of
those presented herein is about 0.3 mGal worse than those mentioned above for the same
flight lines, perhaps implying that the high-pass filters being applied herein to the
reference and the estimates have some imperfections. As shown later (in Figure 6.9), this
difference might also be due to residual biases that would be distributed more evenly over
a flight line if a line of best fit were removed. If the latter is true, then removing a line of
best fit might be a slightly optimistic means of evaluating the relative performance of the
gravimeter.
Note that the low-pass filter used to generate the data in Table 6.1 and Table 6.2 has a
cut-off frequency of 0.011 kt,meaning that the shortest half-wavelengthsrepresented are
approximately 2.3 and 4.5 krn, respectively. Note also that the better performance seen

for the Alexandria campaign is due to a combination of factors including slightly better
GPS conditions, much more stable aircraft dynamics and the faet that the gravity field is
significantly smoother in the Alexandria test range than over the mountains in the

Ihanaskis. Ihe former two points are discussed in detail in Chapters 5 and 7,
respectively.

b) both of the above for half-wavelengthsshorter than 100 km
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Table 6.1 Performance for sebctsd bandwidths for the Alexandria campaim
data set

Alexandria
April l9

Alexandria
May 4

line

minimum fkquency
(and comspondmg M-wavelength)
0.00025 Hz 0.0005 Hz
(100km
5 0 b

TlOOl
TI002
TI003

3.7
2.3
2.7
1.1

3.4
2.1
2.6
1.1

TI005
T1006

2.1

average
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2.0
1.4
2.1

TI002
TI003
TI004

1.2

0.9

1.9
1.1

1.5
1.1

avenge

1.4

1.2

~lm

1.6

0.001 Hz
25 lan)

3.3
2.1
2.5
1 .O
2.0
1.3
2.0

1.2

Table 6.2 Performance for selected bandwidths for the Kananaskis campaign

data set

Kananaskis
Sept 9

line

1
2
3
4
5
6
7

8
9

10
11
avenge

icamnaskis
Sept 10

minimum freguency
(and corresponding half-wavelength)
0.00025 Hz
(200 krn
3.8
3.0
6.2
3.2

3.1
2.9
4.7
4.2
4.6
4.1
3.9
4.0

0.0005 Hz
100 krn
2.6

2.7
6.2
2.9

0.001 Hz
50 km)
2.5
2.4
4.2
2.7

3.7

3.5

3.8

2.8
2.9
3.6
3.0

3.4
4.0

325

2

6
7
8
9
10
11
average

6.4 Relatingestimates of the relative gravity field to the true gravity field

Generally speaking, relating estimates of the relative gravity field to an absolute scale
requires some knowledge of the gravity field for resolutions below those represented by
the relative information. On one extreme, if the sensors exhibit no bias-like behaviour,
this relationship can be established using the true value of gravity for any point along the

survey. In practice, this might be done using an absolute gravity control point at the start
or end of a survey (on the tarmac, for example). If the sensors exhibit a linear drift (ir.
one that can be represented by a best-fit line), then absolute information can be obtained
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if the true field is known for at least two points along the trajectory. In practice, the start

and end points are typically used for this. The accuracy of the estimated absolute gravity
is obviously directly dependent on the accuracy of the control point values used and the

nature of residual biases. These cases are typical of surveys flown using 2-axis platform
systems and the inertial platform system developed at Sander Geophysics Ltd., where the

drift of the sensors is kept at or below the level of 1 mGal for an entire flight.
In the case of a SMS-based gravimeter, values of the gravity field are unfortunately

required at a spatial resolution eomsponding to the longest half-wavelength represented
by the relative information. For example, if the data is band-limited such that it only

contains half-wavclengths shorter than 100 km, then low-fnquency information about the
gravity field is required with halEwavelengths longer than 100 km. This can be likened to
needing a sample of the absolute gravity field every 100 km.Figure 6.9 demonstrates this
for two flight lines fiom the Kanamkis campaign. It shows values of the relative gravity
disturbance (for half-wavelengths shorter than 100 Ian) detcnnincd using the system, and
the quality

Wjtb

which b e absolute field can be estimated when accurate samples arc

available at the endpoints (shown by the circles). Note that even when interpolating over
only 100 laa, low-fiauency e m within this bandwidth can cause the solution to
deviate from the euth (eg. t o w 4 the middle of the flight line in Figure 6.9b). Although

having samptes of the true gravity field every 100 Ian can be used in this way, it is
entirely impractical; one will not have such information in areas without very good
ground gravity coverage. The following sections discuss two alternative means of solving

this problem.
6.4.1 Using a geopotential model

If a global geopotential model is available that has sufftcient accuracy in the required
bandwidth, then it can be used to complement the relative information that is collected.
Although this is not a straightforward concept if one wishes to consider the stochastic
nature of the estimates provided by these two data sources, it can be accomplished fiom a
deterministic point of view rather simply. This is especially true, considering the
temporal nature of the data collection process in airborne gravity that lends itself well to
onedimensional signal processing.

-

a) flight line with a small residu11 bias b) flight line with a larger residual bias
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Fkrre 6.9 The interpokion of relative gravity using values at the endpoints
Consider Figure 6.10 that shows the magnitude of the frrguency response of two

complementacy tiltas that can be used for this purpose. The first is a low-pass filter that
is used to band-lhnit the information coming h m the peqmtential model to halfwavelengths longer than 100 km. The second is the high-pass filter that was used in

Section 6.3.1 to extract relative information for half-wavelengths shorter than 100 km.
These can be applied to the two time series to generate an estimate of the gravity field for
all resolutions. n i s idea is attractive because it does not require a-priori knowledge of
the gravity field, other than the global model. It also has several advantages over a
crossover adjustment, including the facts that it does not require that tie lines be flown, it

does not depend on any assumption about the nature of the accelerometer biases (e.g.
linearity), and it does not limit the longest half-wavelength of the system to the length of
the fight lines. (The crossover adjustment is discussed briefly in the next section.)
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Fkure 6.10 Complementary f h to combine high and bw-resolution gravity infonnation

For this method to be successful the errors in the geopotential model and airborne data
need to be small enough within the bandwidths in which they are each bemg used.
Unfoztumkly, based on th tcs& pmmted m Section 6.3, it is unlikely that the SINS
system being usrd by the University of Calgary win be able to deliver accurate

measurcmcnts within the range of ficqumcics required for combination with current

global models (recall the plots of the accuracy of the latter that were presented in Section
6.1). To test this, selected data b m the ICananaskia and Alexandria campaigns were
processed in this way usmg the EGM%. As a worst-case example, consider the results
obtained for the fnst four flight lines from the Kananaskis campaign that are shown in
F i p 6.1 1 (this is the same data that was shown in Figure 6.7). It is ckar that the
EGM% is not always accurate enough for this purpose. Biases as large as 20 mGal exist
between the resulting solutions and the true gravity field in the Kananaskis region.

Although the situation is somewhat better in areas with smoother topography, the errors
can still be significant. For example, the average offset and slope between the true field
and the global model for the data collected on May 4 of the Alexandria campaign are 5.8

mGal and 0.081 mGaVkm, respectively, which may be significant depending on the
application. It is interesting that all of the flight lines tested in the Alexandria area have a
very similar bias, e.g. the standard deviation of the biases is only 0.9 mGal, implying that

the biases might be dealt with by the removal of a single constant bias h m the estimates

for the whole area.

150
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true disturbance (dotted)

Figurc 6.1 1 Complementary filtering in a mountainous area using the EGM96

These observations echo the call for better accelerometers that was made in Giennie
(1999). On the other had, although it might not be applicable at pnsent in all situations,
it is reasonable to expect that this method should constitute a very feasible approach once

the data h m tbe d e d i d satellite missions becomes available. Recall from Figure 6.1
that models based on data fmm the OOCE mission an expected to provide an average
accuracy of 1 mGd for half-wavclengtha longer than 100 km. If this is achieved, it

should be very wfid in this complementary filter approach, except pahaps o v a very

rugged terrain.This will have to be tested once that data is made available.
Finally, note that the author d o e not expect that a stochastic approach to combining
current gcopotmtial niodels with the relative airborne information h

m the LRF-III SINS

would yield significantly better results than the damninistic approach presented here.

This is because the hdamental problem is a lack of usefbl information in one part of the
spectrum, which is independent of the understanding one has of the error characteristics

of each s o w e of information.
6.4.2

Using a crossover adjustment

In the absence of accelerometers with good temperature control and a global model with
sufilcient useful resolution, a well-known method called the crossover adjustment can be

used to make the relative infonnation consistent within a given area. Glennie and
Schwan (1997) demonsttated the use of the crossover adjustment as a method of dealing
with the low-hrquency errors present in the SINS gravimeter. For relative gravimetry, it
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plays the role of making the data consistent, effectively estimating a consistent set of

endpoint values for each flight line. It is an adjustment that takes advantage of the fact
that the gravity disturbance is the same for a given point in space, independent of the time
at which it is sampled. By flying a number of flight lines in the direction perpendicular to

the main lines, a sufilcient number of such points can be obtained to allow for the
estimation of a residual offset and slope for each flight line. If the behaviow of the biases
over the period of a flight line can be characterized by a line of best-fit, this should result
in good levels of agreement between the solutions at the points where the flight lines
intersect. In turn, this will mean that the relative information is fit to an arbitrary plane in

space that can either k related to the absolute gravity field using known values for at
least three locations in the test area, or presented as relative information by removing a
plane of best fit. This is demonstrated in Figure 6.12 for the data collected during the

Kananaskis campaign. The program used for this adjustment was written by C. Glemie.

The agreement of these adjusted solutions with each other at the crossover points has
already been demonstrated in Glcanie (1999) to be at the level of 2.3 mGal (implying a
standard m o r of 1.6 mGal coming from the data collected on each day). The figure is
only included here for completeness and so that the reader can compare the concept of
the resulting relative field to the relative field that was presented in Figure 6.2~.

Figure 6.12 The residual field estimated by the S M S based gravimeter

in the case that the biases cannot be modeled by a line of best fit over the length of the

flight lines being used, incorporation of a higher order polynomial fit into the crossover
adjustment might be appropriate. As shown earlier, this can be the case for flight lines
between 100 and 200 km in length. Discussion of this approach is lefi to Kennedy (1 999),
who has already implemented it with success.

This chapter has demonstrated the role that airborne gravimetry plays in the collection of
medium and high-resolution information about the gravity field. It was compared to the
method of data collection by land-based sweying and demonstrated to have several
significant advantages. These include the speed, uniform accuracy and homogeneity of

the data collection process. They also include the fact that if the flight pattern coincides
roughly with the computation grid, hen errors due to interpolation arc negligible.
The accuracy with which the relative gravity field can be determined using the SINS
system cumntly k i n g used at the University of Calgary has been quantified for a variety

of bandwidths. The system is cumntly only applicable for half-wavelengths up to 200

km, and performs best for half-wavelengths shorter than 100 km. Practically, these
correspond to flight lines that are 200 and 100 km in length, respectively.

Methods of relating the measurements of the relative field to the absolute field have been
discussed, including the proposal of a simple method for combining the medium and
high-resolution information coming froin airborne surveying with the low-resolution
information coming from global models of the Earth's gravity field. Although this
method is only currently being applied for SWS systems with better accelerometers, it
will be more generally applicable once global models from future dedicated satellite
missions become available.

7 Natural Motion and Other High-Resolution SINS Errors

It is recalled from Chapter 2 that because of the SINS errors, the ideal flying conditions
for airborne gravimetry occur when the s w e y aircraft travels with a constant velocity
and attitude. This is an idealization that is only approximated in practice, however, due to

effects such as vibration, turbulence, wind and changes in speed. Although it has long
been recognized that the response of the aircraft to these pertuhatiom results in errors in

the estimates of the gravity field, their causes and characteristics are not well undnstood
by airborne gravity rcscarchcrs and tbm has never been a reliable meam of suppressing
their effccts. Given this, the specific objectives of the current chapter are to:
a) present a theoretical study of the natural response of an aircraft to such

disturbances,

b) demonstrate the actual motion experienced by typical survey aircraft during recent

flights sad estimate the effkct it has on airborne gravimctry, and
c) discuss mahods of removing the effect of this motion, including the proposal of a

method of removing a major part of it.
As a starting point, cohsider Figure 7.1 that is included to demonstrate the pnfonnance of

the system used by the University of Calgary, both under static conditions and during an

airborne survey. The solid line is an enor spectrum that was derived from SINS data
collected over a period of several hours, while the SINS was static. The dotted line is a
spectrum of the SINS errors, computed for the dynamics experienced during the

Kananaskis campaign. (The derivation of the dynamic error spectrum will be discussed
later in Section 7.3) Note that because the low-frequency errors were treated in detail in
the last chapter, they will not be discussed herein (e.g. the spectrum in Figure 7.1 was not
estimated for frequencies below 0.00025 Hz). Clearly, the estimate made by the system is
significantly worse when it is in motion, demonstrating that errors induced by the
dynamics play a significant role. Because of this and because the relationship between the

S M S errors and the dynamics is not generally well understood, the band above 0.016 Hz
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is not currently considered operational. Concentration in this chapter is therefore on

defining this relationship and discussing methods of reducing the effects of the errors.

I

opsntiom~

I

not yet opentionrl

Figure 7.1 The SINS enot Jpectrurn while in motion and when static

Concentration is on the bandwidth between 0.01 and 0.05 Hz, which comsponds to
spatial scales with half-wavelengths shorter than 5 km and longer than 0.5 km for typical
flying speeds. As such, it serves the broader objective of increasing the performance of
cumnt airborne gravity systems within the bandwidth required for resource exploration.
The chapter is divided into four sections. The theoretical background required to
understand the natural response of an aimrail to the perturbations that occur in flight is
presented in Section 7.1. The major objective is to demonstrate which components of this
characteristic motion can be expected to cause mors in the portion of the spectrcnn of
interest in airborne gravimetry. In principle, this means identifying components of the
motion that have frequency content between 0.01 and 0.05 Hz. In meeting this objective,
it is explained why the well-known Phugoid motion is a limit to high-resolution gravity
field estimation. Available SMS/DGPS navigation data is then used in Section 7.2 to
demonstrate and analyze the actual motion that was observed for survey aircraft during
two recent flights. Emphasis is on demastrating the amount by which the natural motion

is reduced by the interaction of a pilot and autopilot. The SMS errors that are induced by
these residual dynamics are then characterized in Section 7.3. This is done in the
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frequency domain using larger quanf ties of real data. Findly, practical ways of reducing
these errors are discussed in Section 7.4, including the proposal and implementation of a

method for modeling the errors that show up as a result of the misalignment of the SNS.
This constitutes the first step in a more rigorous solution to the problem.
7.1 The natural motion of an aircraft
The motion of a body can be described by a dynamic model if the forces acting upon it

are sufficiently well known. Although this is not genedly possibk for navigation
because the external forces are far too complicated (see Schwan et al. (1989)), such an

approach docs provide the theoretical h i s for understanding the dynamics of flight. In
other words, the dynamic model comspoadiag to a given aircraft can be used very
succtssfirlly to chxuacteriz.~its natural motion. This is the topic of the cumnt seaion. The

discussion is based bmdly on standard presentations of flight dynamics that can k
found in textbooks such as Babister (1980), Etkin (1982) and Bryson (1994). HOWCVCT,
the notation sad reffiames used in Schwan and Wei (1W7)an adopted, to make
the material mom ea~ilyaccessible to readers who arc familiar with the fields of
navigation and airborne gravimctry.

The motion being considered is that which occurs when the aircraft deviates from a state
of equilibrium (steady motion with constant velocity and attitude) as a result of

disnubaDces such as turbulence or changes in speed or wind conditions.
7.1.1 The equations of motion
It is standard to assume that the aircraft is a rigid body that is symmetric about the

vertical plane passing through its fuselage when the wings are level. In such an approach,
the motion of the aircraft is modeled as a translation of its centre of mass and a rotation of

the body about the centre of mass.Using Newtonian mechanics, dynamic modeling of the
centre of mass is based on the time derivative of the law of conservation of linear
momentum as follows:

where m is the mass of the aircrafl, v is its velocity and F is the sum of the forces acting

upon it. In other words, if the forces, F, acting on the aircraft are known, then given some
initial conditions, the solution to this differential equation provides the position, velocity
and acceleration of its centre of mass.
As described in Babister (1980), the field of flight dynamics deals

with describing the

motion of an aircraft under the influence of the gravitational attraction, aerodynamic

forces (due to the linear and angular velocity of the aircraft and to the application of

controls), and propulsive forces. Given this, and the fact that the mass of the aircrafl can
be assumed to k constant for short time periods (i.e. the amount of fucl used is
negligible), the same equation can be expressed as follows:

where fa arc the d y n a m i c forces and f, are the propulsive forces, g is the
gravitational &on

(all in units of acceleration) and the dot above the variable

repmats the derivative with respect to time.

At this point, a ref-

k

c (r-fiamt), is adopted for convenience that has itti origin at

the centre of mass of the aircraft and that has constant orientation comsponding to its
ideal pth,e.g. if the intended direction of the aircraft from its starting point is north, then
the ref-

axis c& be likened to the 1 - h e . The r-frame and the b - h e arc both

depicted in Figure 7 . k Equation 7.2 ean then be expressed in the b-6rame with respect to

this r-fiame as follows (Bryson (1994)):
b
t b + a , S x v b = f * b +Ip
+ gb ,

where :
a are the b-hmc components of the angular velocity of the aircraft with respect
to the r- h e . The second term on the left-hand side takes into account the fact that the
b-frame is rotating with respect to the r-frame. Rotations of the r-frame with respect to
the i-frame have been neglected.
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dimdor~of
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b) b n t view

c) top view

d) side view

Figure 7.2 Variable and frame definitions for natural motion

As mentioned above, the rotation of the aircraft about the centre of mass must also be

defined in order to completely represent its motion. This definition is based on the
principle of conservation of angular momentum that relates the angular momentum, H,of
the a i r e d to the extemal torques that are applied to it. Assuming that the only torques
present are due to aerodynamics, La,and propulsion, Lp ,this takes the following form:

As was done above for equation 7.3, equation 7.4 can be expressed in the b-frame, with

respect to the reference b e , to yield the following equation (Bryson (1994)):

eb+ u o i x =~L:~

+L;.

(7.5)

Note that this also directly relates the external torques to the angular rate of the body,
(O

k, because:
b
H = la*,

where I is the instantaneous inertia tensor given by:

that has diagonal eleknts known as the moments of inertia and off-diagonal elements

known as the products of inertia. In other words, if the external torques, the inertia tensor
of the aircraft and some initial conditions are known, then the solution to the differential

equation given in equation 7.5 provides the angular rate and attitude of the aircraft with
respect to the r-fiame.
7.1.2 The practical fonn of the equations of motion

Although equations 7.3 and 7.5 provide the basis for describing the natural motion of an
aircraft, they are usually applied in a simplified form. Specifically, each is linearized with
respect to steady flight that is formally defined as having constant velocity and attitude
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and some constant forward speed, s (i.e. ir = 0, o i = 0 and lv = s ). In steady

motion, the x-axis of the b-frame will coincide with the x-axis of the r-frame and the y

and z-axes may differ only as a result of a possible constant rotation about the x-axis (i.e.
pitch). Further, because of the symmetry of the aircraft, the equations of motion can be
split into two uncoupled sets; one for longitudinal and one for lateral motion. These facts
yield linear equations of the following form (Dryson (1994)):

which define the motion of the aircraft in the longitudinal (vertical) and lateral

(horizontal) planes, respeaivcly, with rwpbet to the conditions of steady motion. The
temu &, 61. 6a

end C

rcpment the deflections c a d by the elevator, throttle,

aileron and wider, rrspectively. la other words, they npnsent the interdon of the pilot
(or auto-pilot) with the system. The variables 68 and 6p represent deviations in the
pitch and roll of the aircw.

the deviations in the yaw are given by 6C&o 6 0 , .

Equation 7.8 defines the motion of the aircraft in the plane defined by the y and z-axes
and equation 7.9 defines its motion in the plane d e f d by the y and x-axes. The state
variables are given in the r - h e and the superscript, r, has been dropped for
convenience. Figure 7.2 shows the elements of the two atatc vectors. The dynamic
matrices, Fl, and Flat are functions of a) the approximate magnitude of gravity, b) the

moments and products of inertia, and c) the derivatives of the external forces and torques
with respect to each of the state elements (that arise as a result of the linearization that is
done). Parameter sets b) and c) are specific to a given aircraft and their derivation is a
complex process based on a combination of observations made when the aircraft is
stationary, in a wind tunnel and during well-observed flights. For example, consider
Hef'fley and Jewel1 (1 972) and Teper (1969) for examples of aircraft stability and control

data for several (mainly military) aircraft. The control matrices G

,,,and C

are also

aircraft and autopilot dependent. Finally, remembering the small angles that have been
assumed, the velocities in the reference frame can be approximated by:
6v, +s6y
sv,

+sse

The standard way of solving equations 7.8 and 7.9 is discmsod in the next section and
more details about their derivation and complete form can be found in Babister (1980)

and Bryson (1994), for example.
7.1.3 Solving the equations of motion for natural motion
The natural motion of the aircraft is its response to perhubations when there is no

interdon by means of the controls. This meam that if equations 7.8 and 7.9 are
rrpnsented in general form by s = h + Gu , thm tbe aatural motion is given by the
solution to the homogeneous form of the same equation, i =Fx. As discussed in
Guteman and Nitccki (1991), if the coefficients of F arc constant in such an equation, it
is an ordinary iinear differential equation that is well known to have solutions of the
following form:
where A is an eigenvalue of F and v is an eigenvector of F corresponding to A. The
complete natural motion will then be the sum of all such solutions. It is easy to see 6mm
equation 7.1 1 that the solutions corresponding to real eigenvalues will be exponentially
increasing or converging functions of one of the forms shown by the solid lines in Figure
7.3. Whether they increase or converge will depend on the s i p of the eigenvalue. These
will be called Type A modes. It is also important to realize that although the longitudinal
and lateral equations discussed in the last section will have complex eigenvalues, the
corresponding solutions are always real. As discussed in Etkin (1982), complex
eigenvalues will always appear in conjugate pairs that will result in a real-valued,
exponentially weighted sinusoid of the form shown by the dotted lines in Figure 7.3
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(depending on the sign of the real part of the eigenvalue). See Appendix D.3 for more
about this. These will be called Type B modes.
Babister (1980) shows that the longitudinal motion of an aircraft will generally be
composed of two Type B modes (i.e. it has two pairs of complex conjugate eigenvalues).
The first is called the Short-Period Oscillation and the second is called the Phugoid Mode
(or Long-Period Oscillation). For typical airc& the Short-Period Oscillation has a 4-10

s period and is very quickly damped (it will usually reach half-power within 1 s). The
period and time to half-power are inversely proportional to the forward speed. The

Phugoid mode, on the other hand, is a slow sinusoidal motion that is very slowly damped.

It has a typical period of k w c n 25 and 150 s (that increases with the flight speed) and

can take thousandsof seconds to teach half-power.

inersosh time

Figure 73 The forms that the natural motion can take

The lateral motion of an aircraft is made up of three basic modes. The first is known as
the Dutch Roll Mode (or Yawing Oscillation). It is a Type B mode that has a period
between 3 and 15 seconds and a half-time as short as 3 s. Generally speaking, the halftime and period of the Dutch Roll are inversely proportional to the forward speed and the
latter is also proportional to the wing span, Babister (1980). The second mode, known as

142

the Pure Rolling Motion is a highly damped Type A mode with a typical half-time of less
than 2.0 s. Finally, the last mode is known as the Slow Spiral Motion that is caused by a
slowly damped Type A mode that can have a half-time of up to a few hundred seconds.
Recall from the last sub-section that the elements in the state vector I, correspond to the
deviations of the aircraft motion from steady motion. The total natural motion will be
made up of the sum of each solution of the form shown in equation 7.1 1. There will be
one such solution for each eigenvalue of the system, F. For example, consider the first
element of the longitudinal case (equation 7.8). Its solution implies that the deviation of

the fonvard component of the velocity from s is given by the sum of two modes: the

Short-Pcriod and Phugoid modes. This point is further explored in Section 7.1.4.
7.1.4

What does natural motion typically look like?

This seetion briefly draws upon examplcs to provide the reader with a better

undmtaading of the natural motion that was described above and to identify the modes
with fresuency content that might @cct an airborne gravity system.
Bccausc the dynamic stability derivatives and momeats of inertia (i.e. matrices

F,,,, and

F,, ) for aircraf? commonly used in airborne gtavimetry were not available to the author
at the time of printing, an example from Bryson (1994) is borrowed and built upon to
demonstrate the characteristic motion of a small general aviation aircraft called the

Navion. Consider Figure 7.4 that shows the longitud'il modes for this aimaft when it is
traveling at a sped of about 50 rn/s and note that different time scales have been used.

Notice fust, that the Short Period mode is damped very quickly, having virtually no
influence after only 1.5 s. The Phugoid mode has a larger effect, however, with a period
of approximately 25 s and taking some 75 s to reach half-amplitude. Consider Figure 7.5
that shows the lateral modes for the same aircraft. Although the Pure Roll and Dutch Roll

modes are quickly damped, the Slow Spiral mode is not. Note that the period of the
Dutch Roll mode is only about 3 s. These observations point to the conclusion that only
the Phugoid and Slow Spiral modes have fkquency content that overlaps with the gravity
signal (i.e. their duration and period are long enough to influeme the determination of
gravity within the bandwidth of interest).
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Because the airplanes used in airborne gravimetry are typically larger than the Navion. it
is important to consider the modes of a larger aircraft. For this reason, the above example
is extended to include the dynamic model for a Boeing 747. Although such an aircraft is
undoubtedly much larger (and faster) than any practical surveying aircraft, it is included

to represent an extreme case. For now. it will be assumed that thc responses of typical
survey aircraft will lie somewhere between those of the Navion and the 747. With this in
mind, consider the longitudinal and lateral modes for the Boeing 747 flying at a speed of
about 235 m/s that are presented in Figure 7.6 and Figure 7.7, respectively.
Although the Short Period and Pure Roll modes have longer damping times than for the
Navion, their effects still last much less than 10 s, meaning that will average out and not
influence the performance of an airborne gravity system. The Dutch Roll mode has a

period of only about 7 seconds, implying that it will also average out and have no
influence on an sirborne gravity system.(Notice that it is divergent, however, meaning
that some sort of f d b a c k is needed to keep the aircraft close to steady flight.) Important

again arc the Slow Spiral and Phugoid modes. The former is very similar in natw to that
observed for the Navion, but the latter is markedly different. In (his case, the Phugoid
motion has a period of about 100 s and displays almost no dampening.
Having identified the Phugoid and Slow Spiral modes as those most likely to affect an
airborne gravity system, it is usell to consider the deviations in trajectory that they
cause. This is done in Figure 7.8 where the scale of both plots has been exaggerated for

clarity. As shown, the Slow Spiral mode causes the aircraft to deviate in horizontal
position from its ideal path as it slowly approaches the intended heading. This can take
hundreds of seconds, and as demonstrated for a large aircraft in Etkin (1982), the aircraft

can deviate from the intended path by as much as 600 m. The magnitude of this deviation
depends on the size and speed of the aircraft. The Slow Spiral mode also causes a
smaller, but similar deviation in roll. The Phugoid mode results in a sinusoidal deviation
of the height of the aircraft that is accompanied by similar deviations in pitch and (mainly

forward) speed. Etkin (1 982) shows that the natural deviations in height can be as large as
700 m for large aircraft.
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Figam 7% Trajectories correspondingto the Phugoid and Slow Spiral modes

The period of the Phupid motion is approximated in Babister (1 980) by:

whac s is the forward speed of the aimaft and g is the magnitude of gravity. In other

words,it is mainly dgndent on pireraft speed and not on the aimaft itselt The amount
of natural damping of the Phugoid modes is aircraft dependent, on the otha hand, and
depends specifically on the drag. It is typically small, however.
Details regarding the. computations that wen made to generate the data presented in
Figure 7.4 through Figure 7.7 are given in Appmdix D.2. Note that as Bryson (1994)
suggests, the amplitude of the deviatiom has been normalized so that their relative sizes
can be compared. Because the goal of this section is to identify problematic modes by
frequency content, this is not considered to take away from the analyses. Further, it is the
magnitude of the residual dynamics (i.e. the dynamics actually present after pilot or
autopilot interaction) that are of importance in defining their effect on an airborne gravity
system. Discussion of this is left until Section 7.2, where this is demonstrated using real
data.

7.1.5 How might natural motion affect airborne gravimetry in practice?

In the last section, the Phugoid and Slow Spiral modes were identified as those most
likely to affect airborne gravimetry. The identification of the Phugoid mode as a source
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of error should have come as no surprise to readers who are familiar with the field of

airborne gravimetry. In fact. enon associated with aircraft dynamics are often lumped
together and simply referred to by airborne gravity researchers as those caused by
Phugoid motion. At the same time, however, the same group of errors is also often
referred to as being due to the autopilot used by the aircraft. These facts are somewhat
contradictory and imply the need for clarifying how the natural motion causes errors in
the estimated gravity field. This wili be done below and in the next section.
In doing so, it is useful to recall the error equation for airborne gravimetry that was given
in equation 2.6. For convenience, it is repeated below, leaving out the errors due to DGPS
(that were treated in Part 2) and time synchronization (that will be addressed later, in
Section 7.3):
dsgl =FIC'

-R: dfb.

(7.13)

The first term of this equation says that the misalignment errors, a', will present
themselves as betions of the specific force, F',resulting from the dynamics and the
secand term says that any dynamics induced m r s in the measurements made by the

accelerometers (e.g. scale factor errors) will present themselves directly in the solution
after rotation from the b-fiame to the 1-frame. Both of these clearly depend on the specific

force experienced by the aircraft. It is useful, therefore, to consider the characteristics of
the specific fort+ ca&

by each o f the modes. This can be done by differentiation with

respect to time of the deviations in velocity that were observed in Figws 7-4 to 7-7. The
result is practically no signal for the Slow Spiral mode end another exponentially damped
sinusoid for the Phugoid mode. As shown in Figure 7.4 and Figure 7.6, although the
Phugoid mode affects both the upward (2)and forward (y) components, it will be much
larger in the forward direction.

In the presence of accelerometer scale factors, this type of motion will result in errors in
the gravity disturbance, as given by the second term in equation 7.13. Given that the
variability of the accelerations is significantly larger in the forward direction, they are
likely to be problematic for vector gravimetry because they will have their largest effect
on the horizontal components of the gravity vector.

Recall from the full form the first term in equation 7.13 (see equation 2.1 I), that the
forward specific force will act to amplify the effect of the misalignment error in all three
components of the gravity disturbance estimate.
Although there will also be some errors due to the gyroscope scale factors, it is easy to
show that they will be negligible in magnitude for the variations in angular rate caused by
either the Phugoid or Slow Spiral modes. As a result. they will simply be lumped in as a

.

part of the misalignment term, c' for the remainder of this chapter.

Although the Slow Spiral modes will not cause any dynamics related erron in the
estimated gravity disturbance, the deviations h r n the intended trajectory may mean that
the measurements of the gravity field are being taken at significantly different locations
than intended (e.g. the anomalous gravity field can vary fairly significantly over a

horizontal distance of 600 m). This problem will increase in severity for rough gravity
fields and as the distance over which interpolation needs to be done increases. It would
also play a greater role in the small area surveys typical of m o m exploration. This

issue was discussed in Section 6.1.
Again, because of the normalization that was done earlier, only the general form of the

accelerations caused by the Phugoid motion has been discussed in this section. The
magnitude of their effects will be quantified using real data in Section 7.2 that follows the

brief discussion of motion control in the next section.
7.1.6 On the use of controls to reduce the natural motion

Anyone who has been in an airplane knows that its height does not typically deviate from
level by anything like 600 m, as implied in Section 7.1.4. In fact, although they may not
crash the aircraft, several of the deviations from steady flight caused by the natural modes
would make a passenger very uncomfortable if not controlled in some reasonable way.
The job of a pilot or autopilot is to ensure that none of these deviations present
themselves in ways that cause discomfort to passengers (or gravimeters, for that matter).
The aircraft controls are used to counter the natural motion according to equations 7.8
and 7.9. In the case of a real pilot, he or she manipulates the elevator, throttle, aileron and

rudder in order to accomplish this. In the case of an autopilot, measures of the observable
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modes are used in a control system to automatically manipulate the same controls and
achieve the desired effect. As described in Bryson (1994), autopilots can take many
forms and the observables can include climb rate, altitude, yaw, roll and pitch that can be
measured by sensors such as barometers, gyroscopes and full inertial systems. There, the
following two types of autopilots are identified: a stability augmentation system (SAS)
and a command (or hold) autopilot. The SAS only stabilizes one or more unstable modes

via the feedback of the necessary parameters. The command autopilot is more
sophisticated, involves many channels of feedback and can even fly the plane from
shortly after takeoff to just before approach for landing. Further details about the process

of f d b a c k for automatic aircraft control are external to the scope of this research and
the interested reader is rcfemd to Bryson (1994) for details.

In airborne gravimetry, the goal of the pilot or autopilot interaction is to control the
components of the motion that cause significant e m in the system. Ideally, such
interaction would remove di accelerations along a flight line. Because this is not possible

in practice, some acceleration must k tolerated. For a given application, the appropriate

tenns in equation 7.13 can be used to roughly estimate the magnitude of the maximum
allowable accelerations in each component. In order to keep the effccts of each term
below 1 mGal for the scalar gravimetry case, for example, an accelerometer scale fsctor

error of 25 ppm implies that the deviations in upward acceleration must remain below
0.40 m/s2 (in the relevant bandwidth) and a horizontal misalignment of 30 arc seconds
implies that the net horizontal acceleration must be less than 0.07 m/s2 (also in the
relevant bandwidth).
Using data from the onboard DGPS and very accurate SMS, the next section will
evaluate how successhlly the deviations from ideal motion were minimized in two recent
airborne campaigns.
7.2 Examples of the aircraft motion observed during recent campaigns

This section uses the navigation data from two recent airborne gravity campaigns to
demonstrate the characteristics of the dynamics that the aircraft underwent. Different
approaches to approximating the ideal motion were employed in the two tests. The first

I SO
used a basic autopilot to control various aspects of the motion and the second was

controlled entirely by the pilot. Each is discussed in turn below.
7.2.1 The Kananaskis campaign

Details about the survey specifications for this campaign can be found in Appendix A. 1.
Recall fiom there that the aircraft used for the survey was a Cessna Conquest turbo prop,
that the average flying speed was 100 m/s and that the goal of the survey was to collect
data for geoid detembahn. An autopilot was used during the campaign. W

e little is

known about its design, it is known that it was a basic SAS autopilot that controlled the
heading and altitude. Although it is not certain what parameters were used in the

feedback systems, it is likely that the heading and altitude were controlled by separate

systems. For the first, the h d i n g was probably maintained by adjusting the roll, based
on feedback of the heading to the compass card heading channel. For the second, it is
likely that the altitude would have been maintained using the pitch trim, based on

fadback of the altitude. It is known that the pilot used the throttle to maintain the speed
of the airnaft. This infommtion is based on personal communication with K. Tennant at
Intermap Technologies Corporation.
Consider Figure 7.9 that shows the trajectory of a sample flight line fiom that campaign.
Figure 7.9a shows the deviation in east position fiom the intended north-south trajectory
(note that the scale inthe east-west d o i t i o nhas been exaggerated for clarity) and Figure
7.9b shows the deviations in height htm the average ellipsoidal height of 4357 m. While
the autopilot system king used limits the deviations in height to well within i 10 m,

there is a clear deviation in horizontal position that is made up by a low-frequency
component that causes the trajectory to vary by over 800 m and by a higher frequency
periodic component that has an amplitude of roughly 50 m.
The low-frequency component looks suspiciously like the Slow Spiral mode that was
identified in Section 7.1.3. Given that the heading was controlled by the autopilot,
however, this is an unreasonable explanation. The observed deviations could also be
explained if the heading was controlled by a magnetic compass, an idea that is supported
by Figure 7.10. A straight Line was fit to the observed trajectory for each flight line that
was flown on September 10 to generate this figure. Clearly, such a pattern would arise if
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the aircraft was flying according to a compass and if the magnetic declination had only

been input once for the whole survey (near the central longitude in this case). While such
low-frequency deviations in position have no effect on acceleration, they may cause

errors due to interpolation to the intended grid, especially in areas with rough gravity
fields or when closely spaced profiles are to be flown.
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Figure 7.9 Trajectory of a sample flight line of the Kananaskis campaign
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More troublesome for airborne gravimetry are the sinusoidal deviations of the aircraft

trajectory from these low-frequency curves. Consider Figure 7.1 1 that demonstrates the 1-

frame components of the specific force experienced by the aircraft for the flight line that
was displayed in Figure 7.9. These were derived h

m the available DGPS position data
by differentiating it and accounting for CoMlis acceleration and normal gravity. In other
words, at the scale used here, the values shown differ negligibly from the true specific
force experienced by the a i r e d . Ihe data in Figure 7.11 has been bandlimited to 0.05
Hz to isolate it to the bandwidth that is relevant for airborne gravirnetry. For
completeness, the total (i.e. unfiltered) specific force is shown in Appendix D.3. The
deviations seen in Figure 7.9a clearly result mainly in sinusoidal deviations in specific
force in the east component that have a maximum amplitude of 0.51 rn/s2.Obse~ationof

Figure 7.11 shows that the period of the deviations in the east direction varies between 40
and SO s.

Sample flight line, bandlimited to 0.05 Hz
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Figure 7.1 1 Accckration experienced during the Kananaskis campaign (0.05 Hz)

There are at least two possible explanations for this lateral motion. 7he fmt and least
likely is that the aircraft is undergoing a Dutch Roll motion that has an
uncharacteristically long period (recall from Section 7.1.2, that the period of the Dutch
Roll mode is typically no longer than IS s). This seems especially unlikely in light of the

fact that the period of the Dutch Roll for the much larger Boeing 747 was shown to be
only 7 s in Section 7.1.3. A second possible explanation is that it comes indirectly from
the Phugoid motion of the aircraft. This argument is supported by equation 7.12 that
predicts the period of the motion to be 45 s for the speed at which the aircraft was flying;
a value very close to the observed value (of between 40 and 50 s) in this case. It is

154

possible chat the Phugoid mode (that was shown in Section 7.1 to be longitudinal) is
causing the observed lateral motion because of some interaction with the autopilot. For
example, in trying to counter the periodic change in altitude and pitch caused by the
Phugoid mode, the autopilot may be causing a change in roll and therefore horizontal
position and acceleration that all share the same period. For completeness, the speed and
attitude of the aircraft are also shown in Appendix D.3 for the same flight line.

Whatever the explanation for this lateral motion, it can have severe effects on the
estimation of gravity. Consider again the scalar gravimetry example. Recall the example

from Section 7.1.6 that showed that the upward acceleration must be kept below 0.40
rnls2 and the horizontal accelerations must be kept below 0.07 mls2in order to keep their

respective effects less than 1 mGal (given certain assumptions about the magnitude of the
scale factor and misalignment errors). While this does not appear to be a problem for the
upward aceeleration, which only reaches 0.09 mls2, it is clearly a problem for the
horizontal aceledon, which teaches 0.5 1 m/s2.

The common way to deal with this problem is by low-pass filtering the gravity estimate.
This works well because the magnitude of the specific force is significantly smaller as the
bandwidth is reduced. Consider Figure 7.12, for example, that shows the specific force of
the aircraft within the bandwidth corresponding to fiapuencies below 0.01 Hz. They are
clearly much smaller in this bandwidth in all components, explaining why it is so much
easier to estimate gravity for geodetic applications (fkquencies lower than 0.01 Hz) than
for geophysical applications (which try to include fnquencies between 0.0 L Hz and 0.05

Hz). Consider also F i p 7.13 that shows estimates of the gravity field after filtering to
90 and 30 s, and the obvious advantage of the heavier filtering.
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Figure 7.13 Estimates of the gravity fwld in different bandwidths

7.2.2 The Alexandria campaign

Details about this campaign can be found in Appendix A.3. It differed from the
khanaskis carnpaip in several important ways. The first is that the flying speed was
half as much (45 m/s) because one of the goals was to test the performance of the system
for higher resolution applications, i.e. for fnquencies above 0.0 1 Hz. The second is that it
was flown in a Cessna Caravan that was not using an autopilot. Instead, the pilot

controtted the flight. The goal of this sub-section is to highlight the effects that those

differences have on the dynamics of the aircraft.
Consider F i p 7.14 that shows the deviations in trajectory from the ideal straight-line
case. By comparing this to Figure 7.9, one can see that the horizontal deviations h

m

ideal are smaller for the Alexandria campak than for the Kananaskis campaign. Figure
7.15 shows that the amplitude of the specific force occurring in the bandwidth around the

Phugoid period is smaller than in the Kaaanaskis campaign. The standard deviation of the
horizontal accelerations is only 0.06 inls2 in this case, compared to 0.27 m/s2 in the
Kananaskis case. Also, then are no low-fkquency deviations, most likely due to the fact
that the pilot was flying according to a heading derived fmm GPS.
For completeness, Appendix D.3 contains plots of the observed attitude, speed and
specific force (without filtering). It can be noted from the appropriate figure in Appendix
D.3 that although the deviations in height are similar in this campaign to what they were

in the Kammaskis campaign, the unfiltered upward acceleration is considerably larger for
the Alexandria campaign than for the Kananaskis campaign. Fortunately, as shown in

Figure 7.15, it is considerably smaller in the relevant bandwidth.
The appropriate figure in Appendix D.3 shows that the specific force of the aircratt after

low-pass filtering to 0.01 Hz is roughly the same as for the Kananaskis campaign.
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73 Estimating spectra of the SINS induced gravity e m l s
As touched upon in the last two sections, the dynamics experienced by the survey aircrafi

induce SINS sensor errors and highlight modeling errors that result in emn in the
estimated gravity field. Although it is extremely dW~cultto define these as a function of
time (if we could, we would simply subtract them h m our estimates), it is possible to

characterize them in the frequency domain if the dynamics are sufficiently well
understood. This section does this by building on the howledge of the aircraft dynamics

that was gained in the last section and using it to isolate and quantiw the effect of each of
the S M S related errors.

Recall from equation 2.7 that the errors in the upward component of the estimated gravity

disturbance are given by the right hand side of the following:

where the first term is due to SINS sensor errors, the second term is due to the horizontal
misalignment errors and the last term is due to time synchronization errors. Figure 7.16

and Figwe 7.17 show estimates of the individual error spectra for each of these for the

Kananaskis and Alexandria campaigns respectively.
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The spectra of the SINS smsor mon, df, , (i.e. Figure 7.16a and Figure 7.17a) were
calculated from raw data collected using the upward pointing accelerometer during the

, static period at the outset of each of the suweys. The aircraft engines were on in both
cases, meaning that the effect of the associated vibrations can be roughly evaluated by

m to the solid line in Figun 7.1. For now, it will be assumed that
these error spectra also represent the SINS erron while in flight. Strictly speaking, this is

comparing these s

not true because scak faftor m o m may play a role (especially in the turns between flight

lines).
The spectra of the errors owing to horizontal misalignments, (f&

,- f , , ~,) , were

estimated by multiplying the average spectra of the horizontal specific force experienced
during all of the flight lines by a constant approximate horizontal misalignment E = 30 arc

seconds. This was done for each campaign to generate the spectra shown in Figure 7.16b
and Figure 7.17b.

The choice of 30 arc seconds as an approximate value for the

misalignment was made based on the experiences with a navigation grade SINS that are
reported in Skaloud (1999). Despite this, the choice is somewhat arbitrary and will be

evaluated in Section 7.4. The c w e in Figure 7.16b is an effective demonstration of how

the interaction of misalignment errors with dynamics can cause a sharp rise in the enor
spectrum at a fiequency corresponding to the period of the Phugoid motion of the aircraft
(approximately 0.022 Hz

=

1/45 s, in that case). Equation 7.12 is therefore a usehi

expression because it helps in identifying the bandwidth in which a gravity survey will be
usem. For example, unless the Phugoid mode can be suppressed, the maximum useful

resolution of the data coming from a given airborne gravity s w e y is given by this
period.

Because the bracketed portion of the third tenn in equation 7.14 is a time dependent
h c t i o n of the vehicle dynamics, it can be computed for each epoch of the surwy. This is
done according to equations 2.8 and 2.9 using the values of specific force and attitude

that were observed by the SINSIDGPS system (recall Section 7.2 and Appendix D.3 for
examples). The vector of time synchronization emrs, dT, is assumed to be due to
registration mcns tha! occur when the data acquisition and time tagging pmcess is
blocked by otha proassccr with higher priority. As a result, they an assumad to vary
randomly at the level of 0.5 ms and haw a whitemiac-like spectrum. Note that this is a
rather pessimistic assumption about the nature of the eyacbroniZaton errors and therefore
represents a worst-case d o . See Schwan and Li (19%b) for more details about this
type of error. Finally, the spectra in Figure 7.16~and Figure 7.17~are computed €iom the
combination of the spcctra of these two sequences.
The most noticeable diffetences between Figure 7.16 and Figure 7.17 are the facts that
the errors due to the misalignment arc not concentrated around some central fiequency
for the Alexandria campaign and that they are of a much smaller magnitude than for the
Kananaskis campaign. The former observation supports the argument that it was the
interaction of the autopilot that caused the Phugoid modes to show up as lateral motion in
the Kananaskis test and the latter observation is probably due in part to the slower flying

speed. Also evident is the fact that the synchronization errors are smaller for the lower
dynamics of the Alexandria campaign. Overall, the result is that the combined SMS
errors are significantly smaller for the Alexandria campaign, especially above about 0.02

Hz.
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This demonstrates the importance of effectively controlling the motion of the aircraft. It
appears that the pilot in the Alexandria campaign did a better job of controlling the
natural motion of the aircraft than the autopilot in the Kananaskis campaign, especially in
the horizontal. It is not possible to draw any broad conclusions regarding the
appropriateness of automatic control at this point, however, because the autopilot used in
the latter was not very sophisticated. For example, a different autopilot might do a better
job of controlling the motion. This should be evaluated when more data becomes

available.
Note that the individual components of Figure 7.16 were used in Chapter 2 to create
Figure 2-2 and that the shaded error spectra that were shown in Figure 5-5 and Figure 5-

10 are the sum of each of the spectra in parts a, b and c of Figure 7.16 and Figure 7.1 7,
respectively. The former was also used in Figure 7.1.
7.4 Reducing the dynamics induced SINS errors
It was seen in Section 7.2 that despite efforts by pilots and autopilots to control the

accelerations expsrienced by survey aircraft they remain at potentially significant levels.
Then, in Section 7.3, the effect of the remaining motion on the determination of gravity
was characterized as a function of frequency. Ways of reducing the effects of these errors

so that the bandwidth of airborne gravity systems can be widened are the subject of the
current section.

There are three ways of reducing the dymmics induced SMS errors. The first is to reduce
the level of motion occurring within the relevant bandwidth, essentially eliminating the
cause of the errors. Although this is not straightforward, it might be of interest in Mure
studies to consider the natural motion of various aircraft and to study the potential of
more sophisticated types of autopilots. In theory, both of these can be done in pre-mission
analyses (along the lines of the examples that were given in Section 7.1.4.), if sufficiently
accurate models of the aircraft and the feedback systems are available. Currently, these
have not been found for typical survey aircraft. Despite this, a thorough investigation

may be appropriate and could result in a better understanding of the necessary qualities of
both the aircraH and the autopilot. Extension of such analyses to include helicopters is a
very realistic possibility, again assuming the required data can be found. Alternatively,
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navigation data could be collected during airborne testing of various aircraft under
various conditions and studied in much the same way as in the examples of Sections 7.2
and 7.3. In turn, either of these approaches may aid in the choice of an ideal airborne

platform and pilot/autopilot configuration.
The second way to reduce the SINS errors within the bandwidth of interest is to improve
the quality of the sensors and systems for those components that are sensitive to aircraft

dynamics, essentially reducing the magnitude of the effect that the dynamics have. This is
generally an expensive approach. For example, by using better quality gyroscopes and by
upgrading the system responsible for the synchronization of the SINS and DGPS data
streams, the corresponding misalignment and synchronization errors in Figure 7.16 and

Figure 7.17 could be significantly reduced. Improvement of the quality of the

accelerometerscould also result in better performance in terms of biases, noise limits and

scale factors.
If the dynamics cannot k reduced and in the &sarc of better sensor systems, the third
way to widen the Width of

thc system is by improving the modeling that is done.

Although this is the least attractive alternative because it tries to treat the symptoms of

the underlying problem mther than its caws, it offers considerable potential, especially

for data that has already km collected. In concept, the idea is to make use of the
relationship between the dynamics and the error characteristics of the system in such a
way that the errors can be estimated as a hction of time and used to improve its

perfomance. Of the errors discussed in Section 7.3, only the misalignment and scale
factors can be modeled; although the noise and synchronization errors can be roughly
characterized in the frequency domain, they c m a t be modeled as a k t i o n of time. A
brief example of how the residual misalignment e m can be modeled is the subject of
the next section.
7.4.1 An example of modeling: estimating the misalignment of the SINS

Recall from Chapter 2 that the role of the gyroscopes in a SINS-based gravimeter is to
provide the orientation of the accelerometers in space, R: ,so that the measured specific
force can be rotated from the b - h e to the 1-level frame. By now, the reader should be

familiar with the notion that the errors in this orientation matrix cause errors in the
estimated gravity fieid that are a direct function of the dynamics (recall Figure 7.16b that
shows this for the specific force experienced during the Kananaskis campaign. for
example). Although this clearly defines the dependence of gravity on accurate estimates
of the attitude of the aircraft, it is important to discuss the other side of the same coin;
accurate estimates of attitude also depend on a good knowledge of the gravity field.
Estimation of the attitude of the aircraft using a SINS is a complex process that is
implemented in KMGSPAD and described in detail in Schwan. (1998) and Skaloud
(1999). In short, it requires the solution of the following system of equations that relates
both sets of measurements (fband a
)
:

to the variables of interest (the position and

velocity of the aircraft, re and ve ,and especially the attitude matrix,

where the matrix ,Q:,

RL ):

is the rotation rate of the Earth (expressed in the b-frame), the

gravity vector, ge,is usually approximated by the normal gravity vector and as usual, the
dot above the variables denotes their derivative with respect to time.

~g

is the

transformation matrix'that relates the e-frame to the b h e (the derivation of which is
sufficient information to obtain R: because the relationship between the e-fiame and the
I-fiame is a simple function of the position that can be reliably estimated using DGPS).

This system of equations is typically linearized, augmented by states that represent the
biases of the S M S sensors and solved in a recursive manner using a Kalrnan filter that
uses the position and velocity obtained from DGPS as regular updates.
The second set of the above equations says that the attitude that is derived depends on the
gravity field itself. This implies a somewhat circular problem in any effort to solve
simultaneously for attitude and gravity; a model of the gravity tield is needed in order to
solve for the attitude of the vehicle, but the attitude of the vehicle is needed in order to
solve for the gravity field.

From the perspective of SlNSs optimized for navigation and attitude determination, this
problem has long been recognized. In this case, a common solution is to derive the
gravity vector, gc, from a global model of the gravity field rather than using the normal
gravity model. As discussed in detail in Chapters 1 and 6, the drawbacks of such an
approach include the band-limited nature of current and future global models and the
relatively large e n o a in the current models. This means that considerable portions of the
gravity field are not well represented and can resuit in a poorer estimate of the attitude.
From the perspective of SMSs optimized for gravity determination, this problem was
discussed in Schwan and Li (1996b) where an iterative method for solving it was first
proposed. In the first step of this method, an initial estimate of the gravity field is
obtained using the process given by equation 7.15 and by low-pass filtering the difference
between the SINS and

DGPS streams (as it has been throughout this dissertation so far,

according to the process outlined in Section 2.3.1). This estimate is then used in a second
step to correct the specific force data before using it again in the same process. It was

proposed that by repeating this procedure, the estimate of the gravity field would
converge to a final and accurate solution.
As it is presented, however, this approach is difficult for several reasons. The first is that
the conected specific force data (that the second step yields) still contains the effects of
the accelerometer biases; it was assumed in Schwarz and Li (1996b) that the Kalman
filter would be able to estimate them.Detailed analyses presented in Glennie (1999)
showed, however, that it cannot. The second reason is that even in the absence of biases

and noise in the specific force data, the Kalman filter does not have a very accurate
means of specifying the presence of different error sources by bandwidth. For example,

as shown in Figure 7.16b, the majority of the misalignment error only influences a very
small portion of the spectrum of the estimated gravity field (between 0.010 and 0.030

Hz). It is difficult to take advantage of this knowledge in a Kalman filter approach.
The remainder of this section provides an example of how modeling can be done to
estimate and remove selected errors. It implements an alternative method of estimating
the misalignment terms. It is similar in spirit to both approaches outlined above. Like the

first, it makes use of a relatively accurate representation of the gravity field in order to

improve estimates of the attitude, and like the second, it uses a band-limited estimate of
the gravity disturbance coming from the system as a starting point. It is best introduced
by again using equation 2.6 and approximating it as follows for the bandwidth between
0.010 and 0.030 Hz:

where d6

gimdlimitd
is the band-limited error in the gravity disturbance, and e is a white

measurement noise sequence that represents the sum of the SMS errors, the DGPS errors
and the synchronization errors. For the SINS errors, this approximation is justified rather

heuristically for now by considering Figure 7.16 and keeping in mind that the
synchronization errors in Figure 7.16~represent a worst-case scenario. For the DGPS
enors, recall Figure 5-5 that implies that the DGPS errors can be very nearly
c).iaractnized as white noise within this bandwidth if the acceleration is derived using a
single Frequency approach.
It is hypothesized at this point that if the true specific force, F ~ and
, the errors in the
estimated gravity disturbance within the same bandwidth, d6 g~mdlimitd9 can be
sufficiently well estimated, then equation 7.16 can be used to solve for the misalignment
term, EI .
This hypothesis is evaluated using a Kalman filter with the following state vector, x,
design matrix, H, and measurement vector, z:

at each time epoch, k. The values of specific force f, , f, , and f, are derived from

DGPS as they were in Section 7.2. As shown, the error in the estimate of

the

gravity

disturbance is estimated from the difference between the solutions obtained by low-pass
filtering to 30 and 90 s, respectively. As suggested in Schwan and Wei (1997), the
misalignment states are modeled as first-order Gauss Markov processes, meaning that

their correlation decays exponentially. According to Gelb (1974), the appropriate
transition matrix is given as follows:

where At is the sampling period, and the correlation period, T, of the process is given by

T = I/P. The corresponding process noise matrix is given by the following:

where a, is the standard deviation of the misalignment state elements. Further, the initial
state and associated covariance matrix are given by:

The covariance matrix of the measurements is given by:

where ahand o, are the standard deviations of the horizontal and vertical components
of the measurement vector, z.

The hypothesis is tested using the first four flight lines of data collected on September 10
of the Kananastds campaign. The fillowing values wne used for the test:
T = 14400 s,

cr, = 10 arc seconds,

oh= 25 mGal, and a,= 2 mGal.

The estimated misalignment state histories are shown in Figure 7.18 for the four flight
lines. These agree well with the values that were prrscnted in Skaloud (1999). Also, this
confirrms that the value of 30 arc seconds that was assumed for the horizontal

misalignments in Section 7.3 was roughly eomct Following the modeling of these

misalignment terms, the measured specific force of the system can k converted from the
b - W e to the true I-fiame using the following equation:
I'= ~ $ f ~ ,
where

RL-

(7.25)

is the roktion matrix between the b h m e and the true 1-frame and is given

by:

where in turn,

RIW

is given by the misalignments as follows:

The rotated specific force is then used as usual in equation 2.3 to yield an improved
estimate of the gravity disturbance. The results of this are summarized in Table 7.1 that
shows the agreement of the resulting solution with the upward continued reference both

before and after correction for the misaiignrnent terms. Also consider Figure 7.19 that
demonstrates the improvement in the time domain.

estimated misalignment
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Figure 7.18 Estimated misalignments for the Kananaskis campaign
Table 7.1 Standard deviation of the agreement with reference afier filtering to 30 s

Flight line
1
2
3
4
average

-

-

--

Residual (mGa1)
original

corrected

11.5
9.0
11.9
13.9
11.6

5.5
3 .ti
5.8
7.8
5.7

-

-

-

--

-

-
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Feure 7.19 Sunplts of the miduds, before md rAcr modeling of the misalignment
'Ibis preliminary result is very encouraging. It shows that it is mdeed possible to model

and estimate the enor terms in an airborne gravity system, eff&ely removing the effect
of the observed Phugoid motion. As a result, the standard deviation of the difference
between the estimated gravity disturbance and the refmnce is approximately halved to
just below 6 mGal. Because the aircraft was flying at a speed of 100 mls, the
corresponding resolution is a half-wavelength of 1.5 km.The remaining emrs are due to
errors in the upward continued reference, DGPS noise, synchronization e m a and
probably residual scale factor errors.
7.5 Summary

The errors affecting an airborne gravity system within the bandwidth corresponding to
high-resolution gravity field estimation were dealt with in this chapter. The natural
motion of the a i r e d was studied in detail and the components of that motion that cause

errors in the spectrum relevant to airborne gravimetry were identified as being due
mainly to the Phugoid mode. Using real data, it was then seen that a pilot and autopilot

can significantly reduce the magnitude of these dynamics. It was also seen that they still

exist at potentially dangerous levels despite this. In the studies presented here, the pilot
did a better job of controlling the motion. It would be very useful to evaluate the use of a
more sophisticated autopilot for controlling the motion. It is certainly not possible to say

which aircraft is better in this case because it appears to depend heavily on the form of
control used.
The relationships between the residual dynamics and the errors in gravity were then
studied. This provides a good understanding of the behaviour of each error source in the
frequency domain.

Methods of reducing the dynamics induced errors were discussed in the last section. This
called for fiture studies into reducing the dynamics thcmsclves and echoed calls made in

the modeling of residual errors was discussed
and a method of estimating the misalignment e m was proposed and irpkmented. It
was shown to improve the accuracy of the SINS airborne gravity system by a factor of
two at a v a y high resolution.
This suggests a possible compomise bctwetn new sensors and modeling. Because
gymcopes arc generally the most expensive smwr set,it seems more convenient to treat
the misalignment terms by modeling. Because accelerometers are cheaper and clearly the
weakest component (especially considering the arguments about their low-resolution
pertormance made in Chapter 6), their replacement is advised.
It is also concluded that the pursuit of methods for modeling SINS enors that are induced
by dynamics should be a priority for hture work. The model should incorporate scale
factor errors that are likely to be problematic during vehicle turns.
other chapters for better sensors. Finally,

Concluding Remarks

The primary objective of the research described in this dissertation is to simultaneously
improve both the accuracy and the resolution of the SINStDGPS gravimeter that is used
by the University of Calgary. This goal has been met.

The major contributions of the research include a detailed analysis of the behaviour of the
system and all of the components of the enor budget under various dynamic conditions,
an improvement of the p*rormance of the system in the bandwidth corresponding to
medium-mulution applications such es geoid determination, and a demonstration of the
good pcrformanu of the system in the bandwidth corresponding to high-resolution

applications such as resource exploration.

In the following, more detailed comments en made about the above contributions and
improvements d t i n g from the mearch. Important results are highlighted, conclusions
are drawn and recommendations an given. More detailed conclusions can also be found
at the end of each chapter.
Specific contributions

The major contributions of the research include:
a) A fkequency domain analysis of the mors affecting a SiNS/DGPS airborne
gravity system. Using a number of operational strategies, data processing

strategies and estimation techniques, m o r spectra have been estimated for
each portion of the error budget of the estimated gravity disturbance. This

includes error spectra for eachof the SINS errors in equation 2.7. In addition, a
detailed understanding has been obtained about the effect that each of the DGPS
errors in equation 2.14 has on the determination of acceleration. The spectra are

derived for fkquencies below 0.05 Hz,thereby offering a complete definition of
the behaviour of the system for half-wavelengths as short as 450 m for a flying
speed of 45 d s .
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b) The accuracy of airborne positioning using carrier phase DGPS has been
assessed in Chapter 3. The assessment includes analyses that categorically isolate
and quantify the effects of each portion of the enor budget given by equation
2.14. Because the accuracy of this type of kinematic positioning is often quoted to
be at or below the decimetre level, these analyses contribute to research in this

field by:
providing an evaluation of the observed positioning accuracy for a variety of
realistic conditions during airborne gravity campaigns and showing that an
accuracy of a decimetrc cannot be assured, and
confirming that DGPS i s capable of comfortably providing the positioning

accuracy of SO cm that is required for airborn gravimetry, provided that
certain conditions arc not violated. See Section 3.4 for details.
c)

A fundamental conridemtion of the variom proccrwr of diaerentirtion has
been given in Cbpta 4 and particular diffhntiating film have ban poposed
for the pmblcma at hand. The pafonnance and implcmcatation of these filters has
been investigated with real DGPS data that was collcftcd under thne realistic and
different conditions: that is, for static receivers, for low dynamics and for
dynamics with high hqucncy content. In each case, independent means were
employed to assess the paformanct of the methods. The following conclusions
have been reached:

Appropriate differentiation methods must be employed, depending on a

careful consideration of the vehicle dynamics and of the hquency domain

.

characteristics of the differentiating filters.
Simple methods of differentiation (such as those based on low-order Taylor
series approximations and curve fitting) are only appropriate for use in static
or very low-dynamic applications. Otherwise, their use is likely to lead to
incorrect estimates of velocity and acceleration and therefore lead to major
errors.

Using a precise motion table, it has been verified that the velocity accuracy of
5 cmls that is required for airborne pvirnetry can be comfortably achieved.
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d) The topic of optimal estimation of acceleration for airborne gravimetry has
been treated in Chapter 5 where specific emphasis is placed on estimating
acceleration for geoid determination and resource exploration. In addition to the
error spectra that are mentioned in a) above, major conclusions of this research
include a set of recommendations for estimating acceleration for each of these

areas of applications. These recommendations are given in Section 5.4.
e) A detailed analysis of the low-frequency biases that affect a SINS airborne

gravity system is given in Chapter 6. The limitations of the SINS in estimating

relative gravimetry are quantified in tmas of maximum spatial resolution. The

SINS gravimeter has ken shown to be useful for half-wavelengths shorter than
200 laand to worm best for half-wavelmgthsshorter than 100 lon.
A simple method has been proposed and implemented for combining the lowresolution information from a geopotential model with the medium and highresolution information h m the SINS gravimeter. Although the SINS that is used
by the University of Calgary has ken shown to k insufficiently accurate to k
used in this way in ail geographic arcas,Intermap Technologies Corporation now
uses it as part of the services they provide.
f) A thorough investigation of the motion erperionced by survey aircraft has
been given in Section 7.1 and Section 7.2. This study is in response to the need
for a better understanding of the d y d c s that the aircraft undergoes, including
Phugoid motion. The observed dynamics of several survey aircraft have been

analyzed in detail under conditions when the natural motion is either controlled by
an autopilot or by a pilot.

g) A detailed analysis of the high-frequency crron affmting a SINS airborne
gravity system is the subject of Sections 7.2 and 7.3. This analysis characterizes
each error in the fieguency domain, as discussed in a) above. The misalignment

error has been confirmed to be a major barrier to high-resolution gravity field
estimation when aircraft dynamics are high.
h) A method for modeling and removing the misalignment errors is given in

Section 7.4. This increases the accuracy of the estimated gravity disturbance by a
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factor of two for the Kananaskis data, to 6 mGal, for a spatial resolution of 1.5

km.
Demonstrated performance of the SINS/DGPS gravimeter

The performance of the SINSIDGPS gravimeter had been demonstrated in Wei and
Schwarz (1998) to be 2-3 rnGal for medium-resolution applications (i.e. having a half-

wavelength of 5 km). The same level of performance was demonstrated in Glennie
(1999). The research presented herein has demonstrated an improvement in the

performance of the system for medium-resolution applications and has also demonstrated

for the fkst time that the system performs very well for high-resolution applications.

Important highlights of the new results include the following:
a) Using data from the Alexandria campaign, which was designed in part to test the
pnformance of the system for high-resolution applications, it has been
demonstratedthat the performance of the SMS/DGPS gravimeter is at the level of

1.5 mGal for a resolution of 2.0 km and at the level of 2.5 mGal for a resolution

of 1.4 km.See Section 5.5 for more details.
b) Using data from the ICmamkis campaign, it has ken shown that the effect of
Phugoid motion on a SINS gravimeter can k largely removed by employing the

method that is proposed in Section 7.4 for modeling misalignment errors.
C)

The performance of the systean for the iCamnaakis campaign has been improved
by using an ionospheric-ha approach for the DGPS processing. See Section 5.2.4
for details.

d) An improvement of about 4W has been demonstrated for the SINS data collected

during the Greenland campaign, when compand to the shipborne reference data
(see Appendix E). Agreement with that data is at the level of 1.3 and 2.0 mGal for

the two flight lines where the reference w u available. The performance of the

SINS has been demonstrated to be slightly better than hat of the LaCoste and

Romberg for that campaign.

Recommendations

Finally, several interesting points have come to light as a result of the work presented
herein. discussions with colleagues and discussions with the examining committee. These
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form the basis of the following brief list of recommendations that may in tum form the
basis of hture work.

In Chapter 3, the accuracy of current DGPS methods was evaluated for airborne
positioning. It is recommended that for evaluation purposes, a future field
campaign be planned to include an independent reference for the position of the
aircraft. This might make use of photogrammetry or LIDAR, for example, and
could dlow for the fur(hn quantification of the influence of individual mor
sources, especially the differential troposphere.
Also, it is recommended that the applicability of future Global Navigation
Satellite Systems (GNSS)for positioning in airborne gravimetry is evaluated.

This includes GPS modernization efforts (a new civil coarse- acquisition code on

.

.

L2 and eventually a new civil frequency). This also includes the fbture Galileo
system and combinations of such systems.
In Chapter 4, the accuracy of current DGPS methods was evaluated for velocity
and acceleration determination. This evaluation is one of few in the literature that
uses real (not simulated) kinematic data and an independent truth for evaluation.
Because real data often reflects realistic levels of performance, this approach is
recommended for future work whenever possible. It is recommended that
different receiver types be evaluated under such conditions in order to quantify
the effects of the different data processing strategies they employ (to derive a
Doppler and to reduce noise and multipath).
In Chapter 5, the accuracy of current DGPS methods was evaluated for
acceleration determination. This used examples from recent campaigns to
quantify the components of the DGPS enor budget as a function of freguency for
half-wavelengths as short as 450 m. It was seen then, that major road blocks to
widening the bandwidth of all airborne gravimetry systems include the effects of
changing satellite geometry and raeiver noise (especially if an ionospheric-fk
approach is required). It is recommended that, at least, the following research be
conducted into reducing these error sources:
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a) It was seen in Chapter 4 that accurate estimates of acceleration can be

obtained using estimates of velocity that are based on a derived Doppler.
Because this approach is simple (relative to the traditional approach of
deriving position and differentiating it), it is recommended that future research
be conducted into the optimal use of the derived Doppler for acceleration
determination. Optimization should consider the requirements to minimize
noise and the effects of changes in geometry, especially as the bandwidth is
widened to include high-resolution applications.

b) Evaluation of the potential of GPS modemiraton efforts for improving the
accuracy with which accc1don can be dctemined (e.g. the coarse-

acquisition code on L2 might result in a W r signal-to-noise ratio for the L2
carrier and in turn better ionospheric-fke results).
It remains a challenge to combine the relative information h m airborne

gravimetry with otha sources of information about the gravity field. This was
made clear in Chapter 6 and will become increasingly important as data h m
hnnt satellite missions

becomes available. Efforts in this & i o n are

recommended.

The work presented in this dissertation has resulted in an increased understanding

of the fnquency domain behaviour of the emw sources influencing airborne
gravimetry. This should form the basis of a set of standard error spectra for
understanding and predicting the performance of airborne gravity systems under a

variety of expected conditions and operational ranges. Also, it is felt that this
detailed frequency domain analysis opens the door for appropriate statistical
modeling of the remaining errors. A study of this approach to noise reduction is
recommended as a complement to current band-limitation techniques.
Future designs based on SINS technologies should include accelwometers of
higher quality than those in the LRF-111 system. Especially important is the
compensation for e h l g e s in temperature.
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Further studies into the modeling of SMSIDGPS system erron should be
conducted along the lines of the example that is presented in Section 7.4. This
might include adding a model for scale factor errors.
Finally, a general recommendation is reiterated here that has been made on
several occasions by researchers at the University of Calgary over the last few
years. The SMS and accelerometer triad approaches to airborne gravimetry have
been proven to provide very accurate and high-resolution information about the
relative gravity field. Because of this and because of the significant practical
advantages of such systems (e.g. size, power consumption and especially cost),

they should k the basis of fbturt airborne gravimetry systems.

Overall, it is exciting and encouraging to see that high-resolution surveys of the gravity

field can be carried out with good accuracy using the SINSlDGPS gravimeter. It is
sincerely hoped that this research contributes to fuNnwork in this field.
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APPENDICES

There are five appendices that follow.
The goal of Appendix A is to describe the airborne field campaigns that are used for the

research presented herein. They are described in the order in which they took place and
specific ftfmncc is made to the author's contributions to their planning and execution.
Refmace is also made to other publications that have employed the data from each field
-paign=

The technical specifications of the Honeywell Laseref 111SINS are given in Appendix B.
In Appendix C, a number of scientific assumptions that arc mede at diffmnt places in the
dissertation are described,

The god of Appendix D is to supplement the analyses of aircraft dynamics that are
presented in Chapter 7.
Finally, Appendix E updates previously published results of the SINS data processing for
the Greenland campaign. The appendix describes work done by the author to improve the
performance of the LRF-IlI for that campaign.

Appendix A: Description of the Airborne Field Campaigns

The objective of this appendix is to describe the airborne field campaigns that are used in
the research presented herein. These SMSfDGPS data sets constitute a portion of the
database that has been created at the University of Calgary.

The field campaigns (hat are dncrikd below were prerrdcd by an airbomt test that was

camied out by the Univemity of Calgary in June 1995. In that initial field test, a single
east-west profile over the Canadian Rocky Mountains was flown four times with the goal

of assessing the potential accuracy of a SINS/'PS gravimetry system for geoid

dctednation. The test is the fvst known use of a SINS for gravimetry. As shown in Wei

and Schwarz (1998), it yielded encouraging results in the very rough gravity field of that
mountainous a m . As a mult, it prompted the Mcr tests that are described in thc
following. Otlsn publications that make use of the data b m the 1995 campaign are
Bnrton and Schwan (1997) and Jekeli and Kwon (1999).
Figure A-1 shows the location of each of the campaigns that are described in the
followiag sections;namely, the Karmaskis, Greenland and Alexandria campaigns.
Details about the Kananaskis campaign are given in Section A.1. It took place in
September 1996 with the goals of assessing the long-term accuracy and repeatability of
the SINS system and further evaluating its potential for geoid determination. The author
was responsible for data collection at one of the DGPS master stations. The other
individuals from the University of Calgary who participated in the data collection were
Y. Li, J. Skaloud, G. Chevalier, C. Glennie, G. Kerschbaumer and A. Mohamed. Flight
services wete provided by Intermap Technologies Corporation. Detailed processing of
the data collected during this campaign is described in Glennie and Schwarz (1997) and

Glennie and Schwm (1999). The latter two publications also makc up parts of Glemie
(1999). Another publication that makes use of the data from the 1996 campaign is Li
(2000).

Figure A-1 Airborne gravity campaigns used in this research

In September 1999, the author coordinated an effort to increase the density of the surface
gravity data available in the vicinity of the Kananaskis campaign. Using a helicopter, the
densification resulted in the addition of over 70 high-elevation points to the database of
surface measurements available in that area. The author was responsible for planning the
test, hiring the helicopter company and for the positioning component of this
densification campaign. The gravity measurements were made and processed by P. Salib

from the Geodetic S w e y Division of Geomatics Canada (GSD). Some processing was
also done by P. Novak of the University of Calgary.
Details about the second airborne campaign are given in Section A.2. It took place after
the Airborne Gravity and the Polar Grmtiry Field Worhhop in Kangerlussuaq, Greenland
between June 2 and 4,1998. The University of Calgary was invited by R. Forsberg from

Kort & Matrikelstyrelsen (KMS)to participate in the workshop and the joint flight that
followed it. The goal was to compare the LRF-III SINS gravimeter to their stable
platform LaCostc & Rombcrg gravimeter on the same aircraft. In this test, the author

shared the responsibility with C. Gleaaic for planning, testing and execution with respect
to the role of the University of Calgary. Flight p l d n g and d c e s were carried out by

KMS.First results from this campaign can k found in Glennie ct al. (1999) and an
improvement of the LRF-111 results can be found herein, in Appendix E.

'file third field campaign is described in Section A.3. It was carried out near Ottawa,
Canada in April and May 2000, as part of the AGEM project of the GEOIDE NCE. Flight
services were farrier out by Sander Geophysics Ltd. The first goal of the campaign was

to compare each of the three available airborne gravity system concep?s on a single
aircraft (see Section A.3 for a list of them). The second goal of the campaign was to
assess the performance of the systems for geophysical applications. This was possible
because the aircraft used is capable of flying as slow as 45 m/s. The author represented
the University of Calgary in this campaign. He was responsible for testing, planning and

execution with respect to the role of the University of Calgary. Since the campaign took
place, he also has been responsible for coordinating a project that compares the results

obtained with each gravity system. Although the comparison is still undwway,
preliminary results from the SINS system can be found in Bruton et al. (2000a) and
Chapter 5 of this dissertation.

A.1 The Kananaskis campaign

Following the promising results obtained from the initial flight test canied out in June
1995, this second more extensive test took place on September 9, 10 and 1 1, 1996. It was

carried out over the Canadian Rocky Mountains, centred above Banff, Alberta. As in
1995, the test area was chosen for the very high variability of the gravity field and
because of the dense surface gravity coverage available in the area. The height of the
terrain varies between approximately 800 and 3600 m in the area and the gravity
disturbances at flight height vary from about -70 to 100 mGal. For plots of the

topography and the anomalous gravity field in the area, the reader is referred to Glennie
and Schwan (1999) and Li (2000).

On each day of testing, data was collected in a 100 by 100 km area with flight lines
spaced 10 km apart. The average ellipsoidal flying height was 4357 m on September 9
and 10, and 7300 m on September 11. Data was collected at night (24:OO to 6:UO local

time) in an effort to minimize the eff-

of the atmosphere on the GPS signals and to

minimize turbulence. As shown in Figuns A-2 and A-3, the bulk of the flight lines were

flown in an cast-west direction on Scptcmber 9 and 11 and a north-south direction on
Septemkr 10. The legend for the maps shown in this appendix is given in Table A-1.
A Cessna Conquest nvbo prop airplane was used for the testing and the average flying
speed on all three days was 360 km/h (100 m/s). An Ashtech 2-12 and a Trimble 4000
SSI receiver were both used on the aircraft. They sharad the same antenna. GPS master
stations were located at the Calgary sirport (one NovAtel GPS Card), Banff (one Ashtech
2-12 and one Trimble SSI) and hvennere (one Trimble SSI). All GPS data was collected
at a sampling frequency of 1 Hz.
Two SMS were onboard: LRF-111 and a Litton-101 Flagship. The data from the LRF-111
was acquired using a dedicated system that is owned and operated by intermap. The

dedicated system simultaneously obtains data born the GPS and INS using the pulse-persecond (PPS) timing trigger that is provided as output by the GPS. The data from the
Litton- 101 was acquired using a University of Calgary personal computer that emulates

the behaviour of the dedicated system owned by Intennap. Only data from the LRF-III
and the Banff and lnvermere master stations is used in this dissertation. Data from

September 1 1 is not used herein.

A reference gravity field was computcd by

V.

Argeseanu by upward continuing the

available ground gravity data in the area. For details about this process, see Argeseanu
(1995). The

RMS accuracy of the upward continued reference after interpolation to the

flight lines is about 1.5 mGal.
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Figure A-2 Flight pattern for September 9 and 1 1 of the Kananaskis campaign

Table k l Legend used in Figure A-2 through Figure A-6
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Figure A-3 Flight pattern for September 10 of the Kmanaskis campaign

A.2 The Greenland campaign

The University of Calgary and KMS carried out this joint airborne gravity survey off the

west coast of Greenland on June 6, 8 and 9, 1998. The LRF-111 and the LaCoste and
Romberg were mounted together in a Twin Otter airplane so that they could be directly
compared. The LRF-111 was on loan to the University of Calgary fiom Intermap. The

LaCoste and Romberg meter is owned by the University of Bergen, Norway. Data from
the LRF-III was acquired using the same University of Calgary personal computer that
wes mentimed in Section A-1. Also on board was an odmgomd triad of acctltrometers

that is owned and operated by the Bavarian Academy of Sciences and Humanities in

Munich.
As shown in Figure A-4, the flights in this campaign took place mainly over the ocean.

Flight lines A, B and C were flown on June 6. Flight lines F and G1 were flown on June
8. The lines flown on June 9 are not shown because the data acquisition system used for
the LRF-III dfimctioncd. The aircraft took off fiom Kangalussuaq and landed at

Jakobshavn on June 6 and the sineip at Jakobshavn was used for all subsequent flights.
Data was collected in the afternoon in all cases (between approximately 15:Wand 18:W
local time) at an average flying speed of 250 km/h (70 mls) aad an average ellipsoidal
height of 300 m.
The GPS master stations at kangerltlssuaq and Aasiaat were each equipped with Trimble
4000 SSI tccciws and the stati~nat Jakobshavn was equipped with an Ashtech 2Surveyor receiver. On June 6, GPS data was collected at Kangerlussuaq and Jakobshavn
On June 8 and 9, GPS data was collected at all three master stations. Two dual frequency
GPS antennas were mounted on the k l a g e of the aircraft, separated by over 3 m. The
tiont antenna was attached to a Trimble 4000 SSI receiver and the s i ~ a fiom
l
the rear
antenna was split to a Trimble 4000 SSI and an Ashtech 2-12 receiver. Ail GPS data was
collected at a sampling frequency of 1 Hz.
Flight lines A and G1 were in part flown over existing shipbome gravity profiles, in order
to obtain an independent reference. As mentioned in Glennie (1999), the accuracy of the
shipbome profiles is 1 rnGal.

Figure A 4 Flight patterns for the Greenland campaign

A 3 The Alexandria campaign

The Alexandria campaign took place on six days b e e n April 17 and May 4,2000 over
a 70 by 120 km test field conveniently located with respect to the main office of Sander
Geophysics Ltd. in Ottawa, Canada. The test field was chosen h a u s e the variations in
the gravity field are considerable, but the variations in the height of the terrain are small,
meaning that the effect of the terrain on the gravity signal is small. Consider Figure A-5
that shows the gravity disturbance at an altitude of 600 m that varies between 4 1 and
+19 mGal. This was calculated and supplied to the author by Sander Geophysics Ltd.
using surface data that is available at a spacing of 1-2 km.The height of the terrain varies
between approximately 27 and 253 m.

Figure k S Variations in the gravity field within the Alexandtia range (contours in rnGal)
A Cessna 208B Grand Caravan airplane was used to house the three different types of

gravity systems. The participants of the test included lntmnap Technologies Corporation
(Intarnap) and the University of Calgary (who jointly operated the LRF-III SINS),

Sander Geophysics Ltd. (who operated AIRGRAV, the custom inertially stabilized threeaxis platform gravity system that they have developed) and the Geodetic Survey Division
of Geomatics Canada (who operated a Lacoste and Romberg gravimeter, model SL-I).
Data from the LRF-111 was acquired using the University of Calgary personal computer.
Two

GPS antennas were used on the aircraft; one on the fuselage directly above the

gravimeters and one on the tail. Each of these antennas was each attached to a NovAtel

MiLLennium GPS receiver collecting data at a sampling frequency of 10 Hz. The signal
from the antenna on the fuselage was also split to an Ashtech Z-12 receiver that was
logging data at a sampling fiequency of 1 Hz. On the ground, there were three GPS

master stations. Two of these master stations were located near the Ottawa airport as
shown in Figures A-6 and A-7 and the third was located in the centre of the test area. The
third master station is not shown in the figures because it is not used in this dissettation.
Only two surveys that were carried out during the campaign are used herein. The first
was flown on April 19,2000 between 16:00 and 21 :00 and the second on May 4, 2000

between 09:30 and 1230. The May 4 flight was flown in the morning in an effort to

minimize the effect of turbulence and the atmosphere. As shown in Figures A-6 and A-7,

the flight lines were flown parallel to a line running from south-west to north-east The
spacing between lines was 10 Lm.The average flying height was 600 m and the average

flying speed was just under 160 kmh (45 m/s).
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Figure A-7 Flight trajectory for May 4,2000
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Appendix B: Technical Specifications of the Honeywell Laseref I11 SINS

The Honeywell Laseref III is a navigation-grade strapdown inertial navigation system. It
is nwned by Interrnap Technologies Corporation of Calgary, Alberta. It contains QA2000 (10) accelerometers and dithered GG t 342 ring laser gyroscopes, and has the

following technical specifications:

General:

grade: Navigation
free-inertial spec.: 1 nmlh
data rate: 50 Hz

Gyroscopes:

Acccbrometers:

drift:
scale factor:
misalignment:
random

0.003 degh
1 ppm
2 luc sec
0.001 deg/&(l-o)

bias: 10-25 mGal
scale fixtor: 25-50 ppm
misalignment: 5 arc see
random W: 5 mGal (la)

.

Appendix C: Scientific Background and Assumptions

In this appendix, a number of scientific assumptions that are made at different places in
the dissertation are described. Background information is provided in each case.
C.l Oa the resolution of the true and measured gravity fields

The gravity field of the Earth has spectral energy at all spatial frequencies. However,

representation of the gravity field using discrete, spatial samples results in a band limited
estimate of the continuous gravity field. Fortunately, band limited representations of the
gravity field are sufficient for many applications because the spectral energy of the
anomalous gravity field dcenasfir rapidly with increasing fnquency.

The accuracy and resolution requirements for diffcrtnt applications w a e introduced in
Chapter 1 in terms of the high, medium and low-resolution components of the gravity
field. These were defined such that they conepond to spatial ttsolutions blow 5 ha,
ktwtcn 5 and 150 km and abovc 150 km, respectively. For the purposes of this research,
data represented by a given spatial resolution implies having an image of the field
conespondiig to a sample distance, x, given in Iudsample. For example, a low-resolution

image of the gravity 'field corresponds to sample distances greater than x = 150 km.
According to Nyquist's sampling theorem, this means that such an image only represents
gravity signals with wavelengths longer than 300 km. It should be pointed out that it is
atso common in airborne gravimetry to c U z e spatial resolution in terms of either

a) the htll-wavelength, which is 300 krn in this example, or
b) the half-wavelength, which is 150 krn in this example.
In this dissertation, the terms spatiul resolution and haw wavelength are used
synonymously.

In airborne applications, discrete samples of the gravity field are collected as a function
of time. The spatial data is acquired at a specific uniform temporal sampling frequency,

f,, in samples per second (i.e. Hz). The corresponding spatial resolution, x, of the raw

sampled data is therefore approximated by x = s l f,, where s is the nearly constant
aircraft speed. Typically, the effective value of f, for GPS receivers is I Hz and the
flying speed varies between 180 km/h (50 d s ) and 720 km/h (200 mls). This means that
the raw spatial resolution varies between 0.05 and 0.20 km.If the temporal data were free
of errors, the spatial resolution of the gravity data along the flight path would therefore be

as high as 50 m. However, this is not the case because of the noise characteristics of the
sensors and the inaccuracies of the kinematic models that are used, see Chapter 2.

Because the typical way of handling these errors is to apply a low-pass filter to the
estimates, the upper limit of their spatial resolution is given by x, = s/(2 fc) ,where f,
is the cutoff fnsuency of the low-pass filter. Typical low-pass filters used in c m n t

airborne gravity systems have c u t ~ f frequencies
f
between 0.0050 and 0.0166 Hz. They
are often r e f d to by their corresponding periods, Tc = I/ f, ,of between 200 and 60 s,

respectively. For example, at a speed of 180 kmh, these correspond to effective

maximum spatial resolutions of 5 and 1.5 km, resp&vtly. At a speed of 720 lanm they
correspond to 20 and 6 Ian, mpcctively.
W o n 6.1 in Chapter 6 includes a detailed discussion of the sample spacing of surface

and airborne data and a comparison of the spatial resolution that is implied in each case.
C.2 Relating spatial resolution to harmonic d t g m

Global models of the gravity potential are typically expressed as an expansion in
spherical harmonic fuactions, see Heiskanen and Moritz (1969).The maximum degree, n,
of that expansion implies a minimum spatial resolution xmin= (40000kn)l(2n). For
example, a spherical harmonic expansion to degree 360 implies a sample spacing of
approximately 55 km. This is discussed in more detail in Sideris (1 993) and NRC (1997),
for example.

C.3 Attenuation of gravity with altitude
According to Newton's inverse-square law, the strength of the gravitational attraction
decays as a function of distance fiom the attracting mass. This decay is also a hction of
resolution; for a given distance fiom the source, high-resolution signatures are attenuated
less than low-resolution signatures. This was demonstrated in Section 6.1.2 where a plot

of the attenuation factor, A, was generated for several examples using the following
equation:

where h is the height above the surface a. The spatial resolution is obtained from the
degree of the expansion, n, according to the equation given in the last section. Equation
C.1 is quoted fiom NRC (1997) where it is derived fiom the spherical harmonic
expansion for the a a d o u s gravity field.

Appendix D: More About Aircraft Dynamics

11.1 Solutions with complex eigenvalu~

It was stated in Chapter 7 that the solutions to the characteristic equations for natural

motion are always real, even when the eigenvalues are complex. The following simple
proof of this fact is based on a similar proof presented in Etkin (1982). Because the
complex eigenvalues always appcar in conjugate pairs, A = u f j,the solution (i.e.

equation 7.1 1) will be given by:

where vl and v 2 are the eigenvectors comsponding to the complex eigenvalues.
Because the real and imaginsry parts of a complex exponential sequence vary
sinusoidally with t, this can also be written ss follows:

where the coefficients c l =vl + v 2 and c2 = j(vI - v 2 ) arc both real. The latter is red
because the elements of vl and v2 are themselves complex conjugate numbers. In other
words, the solution corresponding to a pair of eomplex eigenvalues is a real-valued,
exponentially weighted sinusoid, as shown by the dotted lines in Figwe 7-3.

D.2 Calculation of the nrfnnl modcr for sample aircraft
Chapter 7 includes examples where the nahnal motion of the Navion and Boeing 747
aircraft are demonstrated. The characteristic equations for each of these are borrowed for
from Bryson (1994) who calculates them from dynamic control data available for those
aircraft. They are given as follows for the Navion (for the state vector that has units of

Ws,centitadds and centirads):

and as follows for the Boeing 747:

The temporal histories of the state variables presented in Figures 7-4 through 7-7 were
obtained by solving equations 7.8 and 7.9 as o u t l d in Section 7.1.3. The Matlab
bction ODE45 was uscd for this purpase. The eigcnvalues and their comsponding
eigmvectors were daamincd using the Matlab function EIG and the latter w m

normalized using the largest elanent of cseh ss recommended in Bryson (1994). They are
given in Tables D.1 to D.4. When the cigenvectors are complex, their d parts are used
as initial conditions. .
Table D.1 Eigensystem for the nahral longitudinal modes of the Navion

modos

Short period
-0.0029 i0.0 195 i

normalized -0.1200 i0.6562 i
eigenvectom I .WOO f 0.0000i
-0.1926 i0.3934 i

Phugoid
1.0000 f 0.0000i
-0.0592 T 0.0013 i
0.1430 T 0.0086 i
-0.0934 T 0.6627i

Table D.2 Eigensystern for the natural lateral modes of the Navion

modes

Eigenvalues
-8.4327
-0.4862 f -2.5949 i

-0.0088

Pure roll

Pure spiral

Dutch roll
-

-

normalized
eigenvecton

0.0135
0.0411
1,ooo()
-0.1186

-

-0.0947
1.0000
-0.0924
-0.3550

-

-

f 0.0195 i
f 0.0000 i
T 0.8835 i
i 0.1136 i

0.0506
0.1759
-0.0088
1.OOOO

Table D3 Eigcnsystcm for the natural longitudinal modes of the 747

Eigenvalues
-0.3750 k 0.88 18 i

modes Short period
0.0111 T 0.0079 i

normaliud 1.0000 f: 0.0000 i
eigenv~tom -0.0071 f 0.1 139 i
0.1 123 T 0.03% i

-0.0005 f 0.0674 i

Phugoid
1.0000 f 0.0000 i
0.1382 i0.0124 i
0.0 142 f 0.0007 i
0.0088 i0.2107 i

Tnbk D.4 Eigensystem for the natwal lateral modes of the 747

Eigenvrluea
4.6837
-0.4862 f -2.5949i
modea Pure roll
Dutch roll

-0.0098

Pure spiral

D3 Observed specific force, attitude and speed
For completeness, this section of Appendix D contains a number of plots that are
supplemental to the information presented in Chapter 7. Figures D3-Iand D3-2 show the
observed specific force for the sample flight lines of the Kananaskis and Alexandria

campaigns, respectively, i.e. they have not been band-limited. Figure D3-3 shows the
specific force during the Alexandria campaign, after filtering to 0.01 Hz. Figures D3-4to
D3-7 show the attitude and speed of the aircraft during the same flight lines.

Sample flight line, not bandlimited
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Figure D3-S Speed for the sample flight line of the Kananaskis campaign

Figure D3-6Attitude for the sampk fight line for the Ottawa campaign
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Appendix E: Improved Results for the Greenland Campaign

This appendix updates previously published results of the SINS data processing for the
Greenland campaign. As in Glennie (1999), the goal of this appendix is to process data
using the GREATGUN package and to analyze the results.
See Appendix A.2 for a description of the Greedand campaign and recall that its

objective was to compare results obtained with the LaCoste and Romberg to those

obtained with the LRF-IIISINS for the same flights. First results of the processing for the
Greenland campaign can be found in Glennie et al. (1999).The pedormce of the SINS
was not as good as expected in the initial analysis, due mLdy to unexplained

irregularities in the data, as mentioned in Glennie (1999).

This appendix descriks work done by the author to explaiu the irregularities mentioned
above and improw the paformance of the LRF-IIIfor that campaign. The irrcgulsrities
are removed and the d t s are significantly improved. The performance of the LRF-III

is dernonstmtd to be slightly kner than that of the LaCoste and Romlmg for this data
set. In order to remain consistent with the data provided by KMS for the LaCoste and
Romberg,all processkg instances desaibed below make use of a filter that has a filtering
period of 200 s. All solutions also make use of the same DGPS solution that K M S used (a
dual frequency ionospheric-free solution obtained using Trimble's GPSwey). As in
Glennie et al. (1999), a line of best-fit was r.emovd from the LRF-IIIand LaCoste and
Romberg data prior to any comparisons, meaning that only relative gravity information is
being evaluated.
E.1 Analysis and repair of the irregular behavio~!rof the SINS
After considerable analysis, the author discovered that fhe observed irreylarities were

caused by the data acquisition system that was used for the LRF-III in the campaign, and
not due to errors in either the SINS or GPS sensors. 'here are several problems with the
synchronization of the raw S M S data and the raw GPS data in this campaign. The errors
that result can be classified as problems with the time intervals and the time offset.

The errors in time intervals are characterized by many jumps in the recorded time
interval. Most of the jumps are krge, often reaching values of +/- 0.8 s and often occur in
complementary pairs (i.e. a forward time jump is usually followed by a backward time
jump of roughly equal maglitude). In these cases, they are most likely due to the
incorrect labeling of the data for epochs within the time period between jumps and fixing
is relatively easy. Unfortunately, however, there are also several cases in which single,
unp+p+ ,-.,pi uicur. Consider the top portion of Figure E-1 where an example of this is
:--.,

shown for the data collected on June 8 during line F. Because the sampling fkquency is
50 Hz, the time interval should be 0.02 s for this data. Clearly, there is a significant jump
in the interval at approximately 1200 s. As shown in the bottom portion of Figure E-1,
this results in a large error in the gravity field centered about the same cpoch. This type of

error occurs on a number of occasions on all three days of testing. They correspond to
similar errors in the gravity field in all cases. By visual inspection, the time jumps were

understood well enough that a general purpose algorithm could be devised. A simple
program was written to do this for all of the data sets. The result for line F is also shown
in the bottom portion of Figure E-1.
E.2 New results for the SINS
This section summarizes the results of the Greenland campaign after correction for the
irregularities discussed above. Table E. 1 compares the results obtained using the LRF-111

with the shipbome gravity data. The performance is clearly significantly better after the
timing problems have been repaired, reaching the level of 1.3 and 2.0 mGal for the flight
lines A and GI. Also shown in Table E.1 are the same values for the LaCoste and
Romberg gravimeter. Afler correction, the performance of the LRF-111 is slightly better
than the LaCoste and Romberg. Figures E-2 and E-3 show the solutions obtained for the

same flight lines as well as the reference values obtained from the shipbome dala (after
shifting by 20 meal for clarity). For flight line A, note that the shipborne data is only
available for a portion of the line and that the data from the LaCoste and Romberg is not
available for the first five minutes due to a problem nulling it. For flight line GI,note that
about half of the LaCoste and RomLcrg da!-l waq discarded because of poor quality.

The results obtained with the LRF-IIIare compared to those obtained with the LaCoste
and Romberg in Table E.2. The level of agreement is considerably improved for three of

the flight lines, as a result of repairing the timing problems in the acquisition of the LRF-

UI data
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Table E.1 Agreement of the LaCoste and Romberg (LCR) and LRF-III with the shipborne data
Standard deviation of the agreement

flight line
A
G1

LRF-III before repair

LRF-iII after repair
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Figure E-2 Estimates of the gravity disturbance for linc A on June 6
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Figure E-2 Estimates of the gravity disturbance for linc GI on June 8
Table E.2 Agreement of the LCR and LRF-111 with each other
Standard deviation of the agreement
flight line

before

after repair of time jumps

