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Both nonequilibrium and equilibrium molecular dynamics techniques have been employed
in order to obtain mechanical transport coefficients for Coulombic systems at low densities.
These computer experiments, in which the response of the systems to applied electrical fields
varying in magnitude and frequency was investigated, were carried out under isothermal
conditions. In the static field nonequilibrium molecular dynamics (NEMD) simulations the
influence of the field strength on the static conductivities has been examined in detail; linear
field dependence was obtained over a wide range of applied fields for all studied densities.
Nonsphcrical distributions of ions, as well as spatial oscillations of the ionic density, were
observed in the systems subjected to strong electrical fields. The frequency-dependent
electrical conductivities were evaluated in nonequilibrium simulations with alternating fields
and were found to be in a good quantitative agreement with the spectra obtained from
equilibrium calculations. Generally, the NEMD technique proved to be particularly efficient
for these ionic systems in the low density regime. Comparison was also made with the data
available from kinetic (Chapman-Enskog) theory and it was found that the concentration
dependence of the self-diffusion coefficients demonstrates a systematic deviation from the
simulation results.

1. Introduction
Although extensive efforts have been made over the past decades in the
statistical mechanical description of fluid dynamics, no comprehensive theory
for the transport properties of Coulombic fluids has yet been developed.
Whereas computer experiments (simulations) have contributed substantially to
the recent progress in the equilibrium theory of the ionic systems [1,2], many
questions still remain open regarding dynamical processes. For dense Coulombic systems (such as molten salts) their linear transport coefficients, which are
the usual output of dynamical theories [2-4], can be routinely obtained from
an equilibrium MD simulation [5], while the calculation of these transport
coefficients at the low densities by standard MD techniques can require
exceedingly large computations. As a result no systematic MD study has been
undertaken for these dilute systems.
0378-4371/93/S06.00 © 1993 - Elsevier Science Publishers B.V. All rights reserved
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Recent advances in molecular dynamics simulation techniques, known as
nonequilibrium molecular dynamics (NEMD) [6,7], have now made it possible
to study computationally dynamical processes as they essentially occur in
physical experiments, i.e. the response of a charged system to applied external
fields. Interest in nonequilibrium techniques has been facilitated, in part, by
the fact that for simple Lennard-Jones fluids NEMD has proven to be a more
efficient approach for the study of dynamical phenomena than traditional
equilibrium MD methods (which involve the accumulations of the appropriate
time-correlation functions).
In this article we report results from MD simulations (employing both
equilibrium and nonequilibrium techniques) of ionic fluids at low densities,
primarily focusing attention on the frequency-dependent electrical conductivity. The transport properties of low density ionic fluids, in contrast to their
static properties [8-10], have not been studied systematically by computer
simulation. It would also be interesting to compare some theoretical estimates
for the transport coefficients with accurate numerical values obtained from MD
calculations over a wide range of ionic densities. Indeed, results from classical
Chapman-Enskog [11,12] theory for a gas of interacting ions have not yet been
tested against MD simulations; the present study carries out such a comparison. The dynamical properties of a dense ionic fluid with state parameters
corresponding to those of a typical molten salt have been examined in detail in
a previous NEMD study [13]. In determining the transport properties of this
fluid, the NEMD technique was found to be at least as computationally
efficient as the equilibrium approach (considering the total time required and
the statistical uncertainty obtained). As in our earlier NEMD simulations of
dense ionic fluids, the present work in the low density regime recovers the
spectra of the electrical conductivity directly from the response of the system to
applied electrical fields (varying in magnitude and frequency). We then compare them with results from equilibrium calculations obtained via the timeautocorrelation functions of the electrical current. We have also briefly considered the nonequilibrium structure of low density Coulombic systems subject to
strong electrical fields.
The systems under investigation in this study can also be viewed as models
for electrolyte solutions. Thus our results can be interpreted as been those of a
symmetrical "restricted primitive model" (RPM) electrolyte in which cations
and anions are represented by soft spheres of equal diameter carrying charge
Qt and —Q„ respectively. In the case of the primitive model of electrolyte
solutions, the solvent in which the ions are embedded is treated as a structureless dielectric continuum and consequently the Coulombic interactions between
the ions in this model are scaled by the value of the dielectric constant. It has
been well-established [1] that many ionic (thermodynamic and structural)
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properties of electrolyte solutions can be characterized by the RPM. As a
recent example we refer to the Coulombic phase transition which is believed to
exist in ionic systems at sufficiently low temperatures and densities and which
has been detected in a number of equilibrium computer simulations [14] and
theoretical investigations [15] of the RPM. At the same time, detailed information on the dynamics of the low density RPM is clearly missing. In the present
study the state parameters have been chosen in such a fashion that the
equilibrium properties of the RPM can be related to those of the 1-1 aqueous
(the dielectric constant of the solvent, e, is equal 78.3) electrolyte solutions at
room temperature at low and moderate concentrations (0.001-1.0 M). Correspondingly, the nonequilibrium regime of our RPM reflects the dynamics of the
fluid of the moderately interacting ions with state points belonging to the
"gas-side" (dielectric constant of the medium e = 1.0) of the phase diagram for
Coulombic systems.
The remainder of this paper is organized as follows. In section 2 we outline
the computational procedure used in our simulations. Then in section 3 we
summarize the results from our equilibrium simulations, while section 4 is
devoted to our nonequilibrium calculations for systems in static and oscillating
electrical fields. Finally, our conclusions are given section 5.

2. Methods and model
The computational scheme used in this study is based on the Gaussian
isokinetic algorithm of Evans and Morriss which was originally applied in
simulations of "color current" in Lennard-Jones fluids. The details of this
isokinetic algorithm are described elsewhere [6,16]. Briefly, this simulation
technique utilizes more general non-Newtonian (Gaussian) equations of motion which include a perturbation field as part of the statistical mechanical
description. When the applied field does work on the system these equations of
motion employ an appropriate thermostatting mechanism to remove the
dissipative heat.
2.1. Nonequilibrium

ionic dynamics

When a uniform external electrical field £ ; (usually but not necessarily
time-dependent) is applied in the Z-direction to a system of spherical particles
with charge <2, a n d mass m, it will induce an electrical current 7. in the same
direction. This current can be expressed as
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(1)

/* = £&%,*

where vt• are Z-components of the individual particle velocities.
Formally, the Gaussian isokinetic equations of motion that govern the
behaviour of charged particles in an external electrical field are

(2a)

**- I = *
and
P, = F, + zQiEz -a(Pi-z

~r^ j .

(2b)

In eqs. (2), q- and pt are, respectively, the position and momentum of particle
i. Pt is the force on particle i, z is a unit vector in the Z-direction, and N is the
total number of particles in the system. In eq. (2b),

2 F1 P,
N

>nQ,Jz
:.
mQ,J-_

S pi Pi z 2
Q ,N

is the so called Gaussian thermostatting multiplier. In the isokinetic equations
of motion, the Gaussian multiplier plays a role similar to that of a friction
coefficient by applying a force of constraint parallel to the peculiar velocity of
each particle. The value of a is such that the kinetic energy is a constant of the
motion, thus allowing a nonequilibrium steady state to be maintained during
the evolution of the system. Since the multiplier removes (or adds) energy from
the system, its average value must functionally depend upon the applied field.
Obviously the average value of the thermostatting multiplier at equilibrium (in
the absence of the external fields) must be zero.
For an ionic system, a nonequilibrium steady state exists when thermal
balance,
3M: B 7-<a) = - < A ( f ) ) £ - .

(4)

is satisfied. The left side of eq. (4) represents the heat removed per unit time
from the system by the Gaussian thermostat, while the right side is the energy
dissipation rate in the system due to the applied electrical field. In eq. (4) the
angle brackets denote an ensemble average. In NEMD simulations of conduct-
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ing fluids, the maintenance of thermal balance is a necessary condition for the
correct analysis of their electrical properties. The temperature of the
nonequilibrium isokinetic system is obtained through the constraint [6]
equation
1

N

-2
2.2. Electrical conductivity
As a simple application of the isokinetic NEMD algorithm described above,
we have considered the electrical conductivity of a system of charged particles
[2,6,17], The general relationship
^(J:(t))

= a*(c)Ez(t)

(6)

defines the specific (per unit volume) complex electrical conductivity, cr*(w).
In the case of the linear (or £ z —»0) response to real oscillating fields this
expression becomes
Re/^e11""^'
J.„
(r(w) = R e <7*(w) = lim
'•
r~r = lim ——;—cos <p .
£_-„-<> V Re Ezl)e'""
t-.„-<> K£ z „

(7)

In eqs. (6) and (7), V is the volume of the simulation cell and tp is the relative
phase of the induced electrical current to that of the field. Hence, from the
amplitude Jz „ and the relative phase <p of the electrical current one can
calculate the electrical conductivity of the system at any frequency of interest.
For static electrical fields (w = 0) the specific conductivity is simply the ratio of
amplitudes,

-n= Hm 4 ^ -

(8)

Because of the fundamental relationship that exists between the linear
nonequilibrium response and time-dependent equilibrium fluctuations, we may
also express the specific electrical conductivity as the Fourier transform ot the
equilibrium electrical current autocorrelation function, namely
a'((o)=v~j(J:(0)L{t))^c-dt.

m
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Eqs. (7) and (8) and eq. (9) provide alternative routes for the evaluation of the
electrical conductivity.
2.3. Computation details and potential model
In the present study we consider a fluid of charged soft spheres. The pair
potential can be expressed in the form
u{r)=ujr) + uQ(r),

(10a)

where

is the soft-sphere potential and

is the Coulombic potential. In eqs. (10), r is the interparticle separation and d
is the ionic diameter. The thermodynamic state points in our calculations can
be characterized numerically by the values of the dimensionless plasma coupling parameter. F* = Q/kTed = 2.387, and the reduced ionic densities,
p* = pd\ varying in range from 0.0000325 to 0.0325 (0.001 M < c < 1.0 M). In
order to convert transport coefficients and state parameters from the reduced
units used exclusively in our calculations into real units, we have chosen a
particular set of molecular quantities (4e ss /k K = 1265 K. d = 3 A, m + _ = 23 au)
employed in the earlier work on a dense ionic fluid [13]. We again remark that
the parameters chosen are also consistent with a 1-1 aqueous electrolyte
solution.
Most of our equilibrium and NEMD simulations were carried out for systems
of 108 (54 + 54) particles. In order to examine the influence of the sample size
on the properties of interest, both equilibrium and nonequilibrium simulations
were also carried out for a system of /V = 256 at the concentration 0.01 M. In
our calculations we have utilized periodic boundary conditions [5,17] and
truncated octahedral geometry for the simulation cell [18]. The equations of
motion were integrating using a fourth order Gear algorithm [17.19]. The size
of the reduced timestep, A//T, where r = y md~/e^s varied significantly with the
density of the system (see table I). We note that in order to maintain thermal
balance in our NEMD simulations with strong fields (far from the linear
response regime), timesteps —20% shorter than in equilibrium calculations at
the same density were required.

634

I.M. Svishchev, P.G. Kusalik I Coulombic systems at low densities

All our equilibrium MD simulations consisted of runs of more than a few
million timesteps in order to obtain a precision of —4% in the autocorrelation
function (ACF) of the electrical current. Table I summarizes the equilibrium
simulations which have been performed. The computational cost of determining these autocorrelation functions was found to grow rather dramatically as
the density was reduced. Thus, we have not reported an equilibrium result for
the frequency-dependent conductivity from the simulation E4 (0.001 M) because of the poor convergence of the corresponding electrical current ACF.
NEMD runs with applied fields were significantly shorter, usually —300 000
timesteps in length for high frequency and static fields, and 300 000-600 000
timesteps for low frequency calculations. These run lengths were sufficient to
give a numerical uncertainty in the electrical conductivity of about 3%. In a
few cases at the lowest concentration, longer NEMD calculations (~1 500 000
timesteps) were performed to confirm our numerical accuracy.
The Ewald summation technique was used exclusively to evaluate the
long-range Coulomb forces, with conducting boundary conditions being applied [5,17]. The real space sums were carried over all nearest images, with the
truncation in the Fourier space sums (n2 =£ n2m.tx) and the values of the
convergence parameter, K being adjusted to attain a sufficient level of accuracy. The number of independent lattice vectors was determined by examining
the dependence of the total Coulomb energy upon nm.iX and K. For a given
density, several sample configurations were generated and "exact" (corresponding to n2mux =£49 and K = 6.75) values of the total Coulomb energy were
computed. Following the procedure employed in the analogous analysis of
dipole-dipole lattice sums [20], relative errors in the total Coulomb energy
were determined as functions of n~miiX and K for all configurations. We found the
total Coulomb energy to be relatively insensitive (less a 0.005% error) to the
number of lattice vectors for «^ 5=24 at densities less than or equal to 0.1 M
and for n2m.ix 5= 28 at 1.0 M. The optimal value of the convergence parameter $
has found to be 5.5 for all densities. A spherical cutoff at 2.6d was used for the
short-range interactions.

Table I
Equilibrium molecular dynamics simulations performed.
N

P*

c(M)

timestep/r

length (step*)

108
MIS
108
256
108

0.0325
0.00325
0.000325
0.000325
0.0000325

1.0
0.1
0.01
0.01
0.001

0.0035
0.008
0.015
0.015
0.02

1300 000
2 300 000
3 700 000
1 500 000
2 000 000
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3. Equilibrium simulations
Results from our equilibrium studies, including the average Coulombic
energy, (UQ)/NES!.,
and the average total configurational energy, (tl)JNg
are reported in table II.
Systems of 108 particles have been been examined at all four concentrations
considered (0.001,0.01,0.1 and 1.0M), while at the concentration 0.01 M, a
sample of 256 ions has also been investigated and the corresponding data
included in table II. As we might expect, the thermodynamic properties are
essentially independent of the sample size.
Pair distribution functions for both like and unlike charges have been
calculated at all concentrations and compared with estimates available from the
Debye-Huckel theory. We have found that the Debye-Huckel functions are
virtually identical (except at very small separations) to our data at 0.001 and
0.01 M. At higher concentrations the observed behavior is in agreement with
previous work [21]. Again, system size was observed to have a negligible effect
on structural properties.
Unlike the equilibrium radial distribution functions of ions, the equilibrium
time-autocorrelation functions have not been examined in the earlier simulation studies of the low density RPM [10b]. In fig. 1 we show time-autocorrelation functions (both velocity and electrical current) for all studied densities.
One can see that the related single (velocity) and collective (electrical current)
ACF do not coincide even at low densities, although the difference between
the velocity ACF and the electrical current ACF appears smallest at 0.01 M.
Unfortunately, poor convergence of the electrical current ACF for the system
E4 makes it difficult to provide a similar comparison at 0.001 M. These
observed differences between the single and collective ACF represent the
effect of cross-correlations of the type (y,_(/) t v ( 0 ) } and, as in the case of
molten salts [2,22], indirectly indicate the formation of short-living interionic
complexes which contribute to the diffusion but not to the electrical current.

Tabic II
Thermodynamic and transport properties of the low density Coulombic systems.

an

c(M)

D'\ equil.MD

M0SS

1.0
0.1
0.01 (/V == 108)
0.0! (A' == 256)
0.001

-0.5686
-0.2714
-0.1066
-0.1051
-0.0376

-0.5248
-0.2651
-0.1058
-0.1043
-0.0375

± 0.0028
±0.0017
±0.0007
+ 0.0008
±0.0006

3.53 ±0.12
22.19 ±0.88
132.2 + 4.3
138.4 + 4.2
1020 ± 40

" The equilibrium result is not available (see section 2.3.).

IT*

—r, equil.MD
P
7.87 + 0.30
44.92 ±1.75
266.5 ± 8 . 3
266.8 + 8.1
al

^f.NEMD
P
7.75+0.24
45.50 ±1.25
266.6 ±7.6
266.3 ± 7 . 5
1997 ± 57

1.0 M

<V(0)V(t)>
<J(0)J(t)>

o
<

o
<

u.

o
<

200

300

500

t IT
Fig. 1. Time-autocorrelation functions for low density Coulombic systems: (a) 1.0 M. (b) 0.1 mm
0.01 M. (d) 0.001. The solid lines are the velocity ACF and the dashed lines are the electnca
current ACF.
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2000
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Fig. 1 (com.).

In order to allow direct comparison with NEMD simulation results (section
4), in fig. 2 we have plotted the normalized spectra of the electrical conductivity for the systems E l , E2, E3 (solid lines) obtained from the Fourier transform
of the corresponding equilibrium ACF of the electrical currents (eq. (9)). The
absolute values of the static conductivities for these systems estimated from the
zero-frequency limit of eq. (9) are given in table II.

3

Fig. 2. The spectra of electrical conductivity of low density Coulombic systems. The solid lines
represent the Fourier transforms of the equilibrium current autocorrelation functions. The squares,
dots and triangles are the results obtained from nonequilibrium simulations with alternating fields
al 0.1 M. 0.01 M and 0.001 M. respectively.
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The self-diffusion coefficient, D, is related to the velocity ACF through the
well-known expression
/)

(v(Q)v(t))^dt,

(ID

and numerical values for the present systems can be found (in reduced units) in
table II. It can be easily seen that the transport coefficients (i.e. D and trip) of
the ionic fluid diverge rapidly as infinite dilution is approached (in the absence
of interparticle interactions each ion is indefinitely accelerated by the external
field).
We have also compared our values for the transport coefficients with those
predicted by the kinetic theory of non-uniform gases. For this purpose we have
used the Chapman-Enskog solution of the Boltzmann kinetic equation given in
ref. [12]. In the Chapman-Enskog theory, the self-diffusion coefficient for a
Coulombic gas can (by adopting in the evaluation of the transport integrals the
Debye length Ld as the effective cut-off for the long-range Coulombic forces
and neglecting all the contributions from short-range interactions) be expressed

1200

800

400

10000

20000

30000

40000

1/p*
Fig. 3. Comparison of equilibrium MD simulation results for the self-diffusion coefficient with the
Chapman-Enskog theory. The solid line is the theoretical curve and the squares are the
self-diffusion coefficients from our simulations.
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as
(12a)

where

w

A, = l n

and
L„

AT
4irpQ J

(12b)

(12c)

A comparison of these theoretical results and self-diffusion coefficients obtained from our simulations is given in fig. 3. We remark that to within the
statistical uncertainty of the MD calculations the relative difference between
the simulation points and the theoretical curve, (D, hcor ~DMD)/Dth
is
about 18%, independent of the concentration.

4. Nonequilibrium simulations
4.1. Static fields
In this section we report results from our NEMD simulations of ionic fluids
in static electrical fields. The field dependencies of the specific conductivities
are summarized in fig. 4. Limiting (£,—»()) values for a obtained by extrapolation of the present NEMD results are included in table II along with data from
our equilibrium simulations. We find very good agreement between our
equilibrium and NEMD calculations and, as with the thermodynamic and the
structural properties, the transport properties were found to be quite insensitive to sample size for N = 108 and N = 256. The present results for the specific
conductivity, as well as those obtained earlier for a molten salt [13]. indicate
that the static conductivity of ionic systems demonstrates essentially linear field
dependence (to within the numerical uncertainty) for a wide range of field
strengths for ionic densities ranging over several orders of magnitude. It is
interesting to point out that the sign of this dependence appears to change with
the ionic concentration.

0.29

1.0

O (mho/cm)

(a)

M

Equil.MD

0.23
0.00

0.02

0.04

0.08
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E'z.O
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(b)
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I

0.154-

Eq uil.MD
0.150"

0.146"
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Ez.o
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M

(c)

0.13-

0.11-

\ ^^

^ ^ Equil.MD
0 090.000

0.002

0.004

0.006

Fig. 4. Dependence of the specific electrical conductivity of low density Coulombic systems o
applied field strength obtained from static field NEMD simulations: (a) l.OM, (b) 0.1 M. P
0.01 M, (d) 0.001 M.

I.M. Svishchev, P.G. Kusalik I Coulombic systems at low densities
0.001

0 (mho/ cm)

641
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E

. 0.0004
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Fig. 4 (cont.).

In fig. 5 we compared two nonequilibrium distribution functions, g(r, 0), for
unlike ions in a 0.1 M system subject to an electrical field E* =0.02 with the
corresponding equilibrium radial distribution function, g(r). The nonequilibrium direction-dependent distribution functions reflect the local structure in the
U.1D -

\

3.5-1
OI

Wx

CO

*0)

2.5

0.00 -

^^^

i=ig ^ ir _

z.
t-~

Ol

r/d
-0.15-

1

j

1

J

1

1

D5

g ( r , t h e t a = 0)
g ( r , t h e t a = 180)
9(r)

1.5

0.5

1 o

20

r/d
Fig. 5. Comparison of the equilibrium g(r) and nonequilibrium pair distribution functions for
unlike charged ions in a system with an ionic concentration of 0.1 M. For the nonequilibrium
distributions, g(r, 8 = 180) is the charge distribution behind the ions moving in an external electric
field, and g(r, $ = 0) is the distribution in front of the ions. The insert shows the difference
between the equilibrium and nonequilibrium functions at large separations.
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nonequilibrium fluid within particular spatial sectors of interest, whereas g(r) is
the usual average over the entire angular space. In this study we have
accumulated the pair correlations of ions in nonequilibrium fluids within the
sectors of - 1 0 ° < 6 < +10° and 170° < 9 < 190°, where 6 is defined as the angle
between the field-vector and the separation-vector. Hence, the function
g{r, 9 = 0) represents the distribution of unlike charges in front of an ion
moving in the flow generated by the external field and g(r, 9 = 180) reflects the
distribution behind the ion.
As can be seen from fig. 5, the large external electrical field (wc note
E* = 0.02 was the largest field considered at this concentration) perturbs the
structure of this low density ionic fluid to the extent that spherical symmetry no
longer exists in the interionic binary correlations. Generally, the local density
of the counter-ions in the nonequilibrium fluid is lower in front of a moving ion
(in comparison with the average equilibrium values). In the opposite direction
(behind the moving ion) the ionic density significantly increases for most
separations, although a decrease can be observed near contact (the maximum
position). Another interesting feature of these nonequilibrium distributions is
that they demonstrate not only the breakdown of the spherical symmetry in the
interionic correlations but also the appearance of oscillations in the density of
counter-ions. These density oscillations are clearly evident at large separations
(see insert in fig. 5). We might then conclude that a Coulombic gas subject to a
sufficiently large electrical field becomes micro-inhomogeneous.
The detailed information conveyed by these nonequilibrium distribution
functions could be very helpful in the general theory of ionic transport. In a
future article we hope to carry out a more complete analysis of these
nonequilibrium distributions and their link with transport coefficients.

4.2. Alternating fields
Having examined the static electrical response of our low density ionic
systems, we will now focus our attention on the behaviour of these ionic fluids
in oscillating electrical fields, where for reasons of practical importance the
spectra of the electrical conductivity will be of particular interest.
We have already seen that electrical conductivity spectra can be obtained
from equilibrium simulations through eq. (9). However, this has proven to be a
rather difficult computational task at low ionic densities due to the very
time-consuming accumulations of the current ACF. This is a major difficulty o
the traditional (equilibrium) technique. In the present study the exploitation o
a NEMD approach (eq. (7)) has enabled us to determine the frequencydependent electrical properties with substantially shorter simulation runs-
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fact it was only through the use of the NEMD method that we were able to
produce a conductivity spectrum for the 0.001 M system.
NEMD results obtained at several sample frequencies for systems with ionic
concentrations of 0.1, 0.01 and 0.001 M are shown as the separate points in fig.
2 (along with the equilibrium curves discussed earlier). It can be seen from fig.
2 that the agreement between the results from the equilibrium and nonequilibrium simulation techniques is very good for all concentrations where comparative data are available (systems E2, E3). In fig. 6 we have plotted the
corresponding phase behaviour of the electrical currents induced in our 0.01 M
system for two different frequencies of the external field. The magnitude of the
field in these MD runs was chosen to be sufficiently low (£* =0.001) so as to
give an essentially linear response. We observe that the current and the applied
field are essentially in phase at the frequency COT = 0.001 (see fig. 6a), whereas
at a very much higher frequency, COT = 0.109 (see fig. 6b), the phase lag is quite
considerable, approaching its limiting value of -IT/2. As we would expect, we
find that the spectral sampling by the NEMD method becomes more effective
in the high frequency limit.

5. Conclusions
In this article we have reported results from equilibrium and nonequilibrium
MD simulations of ionic systems at low densities. We have examined the
structural, thermodynamic and transport properties of these fluids at concentrations ranging from 0.001-1.0 M, with our main focus of attention being on
the electrical conductivity. One of our principle aims has been to compare
these two alternate simulation methods for the evaluation of the electrical
properties of low density conducting fluids. The Ewald summation technique
was used in the calculation of the ion-ion interactions and the influence of the
parameters appearing in the Ewald sums upon the equilibrium thermodynamic
properties was systematically tested. Effects of sample size on the thermodynamic and transport properties have been explored and no differences were
detectable between systems of 108 and 256 particles.
The concentration dependence of the self-diffusion coefficients of low density Coulombic systems were examined and it was found that estimates from
kinetic (Chapman-Enskog) theory demonstrated a systematic deviation from
our simulations results. It was also apparent from these simulations that
collective electrostatic interactions give rise to non-negligible differences between the self-diffusion (single-particle) and the electroconductivity (collective) phenomena even in a very dilute Coulombic gas.
In our static field NEMD simulations we have considered the dependence of
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Fig. 6. Phase behavior of induced alternating electrical currents in a Coulombic gas (c = 0.01 M)
(a) Electrical response to a low frequency electrical field, WT = 0.001. (b) Electrical response to a
high-frequency electrical field, WT = 0.109. In both figures the solid line is the applied field and the
squares represent the induced electrical currents.

the electrical conductivity upon the field strength. Linear dependence in the
static conductivities was observed over a wide range of applied fields at all
studied densities (although both negative and positive slopes were found). The
limiting ( £ z ^ 0 ) values for the electrical conductivities were compared with
equilibrium results and the two methods were found to be in good agreement.
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The nonequilibrium structure of these fluids was also examined and nonspherical distributions of ions were observed in systems in strong electrical fields.
Generally, the particles moving in a flow generated by the external field have
fewer counter-ions in front of them than behind them. Oscillations in the ionic
(pair) density were also evident in these systems.
Nonequilibrium simulations with alternating fields were of particular interest
in this study and the NEMD technique proved to be an efficient computational
tool in the low density regime. At low densities, the run length required by the
traditional equilibrium MD approach increased rapidly with the dilution, so
much so that we were unable to generate a reliable conductivity spectrum at
0.001 M. However, using the NEMD sampling we were able to determine the
frequency dependence of the electrical conductivity at this concentration with
substantially less computational effort.
Given our success, it would be very interesting to apply nonequilibrium
methodologies in the simulations of electrolyte solutions employing models
with a discrete (as opposed to a continuum) solvent. Relatively large statistical
errors in the calculations of electrical properties for these models from
equilibrium simulations are due to a large extent to the small number of ions
involved in the system and the very slow convergence of the ACF [23].
Accurate estimates may be more readily obtained from nonequilibrium calculations. We also remark that use of a multiple or variable timestep algorithm in
studies of RPM electrolyte solutions has been shown [10b] to improve greatly
the computational efficiency.
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